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Abstract

This work considers an aerial robot system composed of an Unmanned Aerial
Vehicle (UAV) and a rigid manipulator, to be employed in mobile manipula-
tion tasks. The strategy adopted for accomplishing the aerial manipulation is
a decomposition of the previous system in two decoupled subsystems: one con-
cerning the center of mass of the aerial robot; and another concerning the ma-
nipulator’s orientation. Two Lyapunov-based controllers are developed, using a
backstepping procedure, for solving the trajectory tracking problems related to
the two subsystems. In the controller design, three inputs are assumed avail-
able: a translational acceleration along a body direction of the UAV; an angular
velocity vector of this body rotation; and, finally, a torque at the spherical, or
revolute, joint connecting the UAV and the manipulator. The first two inputs
are generated by the same controller in order to drive the center of mass on
a desired trajectory; while a second controller drives, through the third input,
the manipulator’s orientation to track a desired orientation. Formal stability
proofs are provided that guarantee asymptotic trajectory tracking. Finally, the
proposed control strategy is experimentally tested and validated.

Key words: Mobile Manipulation, Aerial Robots, Quadrotor, Backstepping,
Lyapunov-based Control.
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Chapter 1

Introduction

Aerial manipulation is a growing topic inside robotic research. The main objec-
tive is the execution of complex manipulation tasks in unstructured and dynamic
environments. Although many researches have been based on ground robots,
aerial robots evidently extends the ability of the mobile manipulation to the
three dimensional space, opening the doors to new applications, such as the
inspection and maintenance of buildings and too high structures or located in
sites inaccessible from the ground. For this purpose, multirotor helicopters are
generally preferable to others types of UAVs thanks to their capability to hover,
to take off and land vertically, and the high manoeuvrability. Quadrotors, in
particular, have received considerable attention.

Different forms of manipulation with aerial vehicles are found in the litera-
ture. One approach to aerial manipulation is to install a gripper at the bottom
of the UAV to grasp and hold an object [1], [2]. Drawing inspiration from
aerial hunting by birds of prey, in [3], the problem of high-speed grasping and
transportation of loads is studied. In [4], a team of quadrotors are employed
for collaboratively picking up a relatively large object using a similar gripper.
Carrying an external load rigidly connected to the UAV body through a gripper
significantly changes the flight characteristics of the aerial vehicle, for instance
it increases the inertia of the system implying a slower attitude response. More-
over, the accessible grasping range is confined because of the UAV body and
blades.

In order to preserve the agility of the aerial vehicle during the transportation
task, another approach is to suspend the object to transport through a cable.
In [5], the critical step of lifting from the ground a cable-suspended load with
unknown mass is studied before proceeding with the effective transportation. In
[6], the movement of the suspended load is suppressed by a trajectory optimiza-
tion, while in [7] an adaptive controller is presented to avoid swing excitation.
In [8] the problem of controlling multiple robots manipulating and transporting
a load in three dimensions via cables is addressed. Manipulation by means of
cable suspension is limited and inefficient, in the sense that the loads position
relative to the transporting UAV depends on the trajectory the load is required
to track.

These limitations are overcome using a robotic manipulator which can ac-
tively interact with the environment thanks to actuated joints. Combining the
mobility of the aerial vehicle with the versatility of a robotic manipulator, the

7



8 CHAPTER 1. INTRODUCTION

performance of mobile manipulation is maximized. Furthermore, the extra de-
grees of freedom introduced by the manipulator can compensate the oscillations
and the positioning error that are always present in aerial vehicles, stabilizing
the end effector on the target point.

When employing a robotic manipulator, its dynamics are coupled with the
aerial vehicle. This fact should be carefully considered in the controller design.
In many researches these two parts of the aerial robot, vehicle and robotic arm,
are considered as separate systems and their coupling is seen as external dis-
turbances. In [9] and [10]the controller considers the variation of the center of
mass position and of the inertia matrix caused by the manipulator motion. The
solution proposed in [9] is a variable parameter integral backstepping controller,
where the inertia moments explicitly appear in the controller parameters, giving
it the ability to adapt to substantial changes in the inertia moments of the mul-
tirotor when the arm moves. In [10] instead, the flight control is based on a PID,
while manipulator’s mass, moments of inertia, and motion are estimated and
regarded as disturbances to the multirotor model. However, estimating these
variation on the model when the manipulator has many joints leads to moment
of inertia too complicated to be presented in analytic form [10]. To reduce the
couplings in the overall dynamic model, a task-based control strategy is pro-
posed in [11], where the manipulator tracks the aerial robot attitude dynamics
during all the translational motion. Following the opposite approach, in [12],
the arm static effects on the UAV are estimated and compensated through the
thrust and torques with a multilayer architecture control. In [13] the problem
of disturbance due to manipulator is handled purely by adaptation of an outer
adaptive control loop in position to correct the external moments introduced
on the airframe, then the manipulator is controlled with an independent joint
control method using a PI-D-I configuration.

An alternative approach considers the aerial robot as a unique system, and
thus the controller is designed on the basis of the complete dynamics. In [14]
Cartesian impedence control and redundancy are studied using Euler-Lagrange
formulation. In [15] a passivity-based controller is designed, and global asymp-
totic stability is ensured in an open set, but only with the manipulator locked.
A robust-adaptive control is developed in [16] to achieve the motion control of
the multirotor while the manipulator is driven to a desired position.

In this work we opt for a decomposition on the aerial robot system, which
facilitates the control design and analysis. We provide a change of coordinates
which splits the system into two decoupled subsystems, one concerning the dy-
namics of the center of mass of the aerial robot system (hereafter denoted as
flight dynamics); and another concerning the dynamics of the manipulators
orientation (hereafter denoted as manipulator dynamics). These subsystems’
dynamics are similar to those of quadrotor’s dynamics, and we propose con-
trollers that guarantee that the quadrotor tracks a desired position trajectory,
while the manipulator’s orientation tracks a desired orientation.

Several position trajectory tracking controllers for quadrotors are found
in the literature. Due to their simplicity, linear control methods, such as
proportional-derivative controllers or linear quadratic regulators, are widely
used [17], [18], [19], [20], but their applicability is limited by working regions
where nonlinearities are negligible, thus aggressive maneuvers can break the
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approximated linearity of the system. Also nonlinear controllers based on a
linearized model [21] present the same problem when the nonlinearity becomes
significant. In any case, better performance can be achieved by using nonlinear
control techniques which consider the full nonlinear dynamics of the vehicle [22].

Feedback linearization has been demonstrated to be a nonlinear control tech-
nique capable of expanding the fight-envelope over linear methods [23]. On the
other hand, in order to invert the dynamics, a complete knowledge of the sys-
tem model and parameters must be assumed. Moreover, as pointed out in [24],
because of the high-order derivative terms arising from the differentiation of
dynamic equations, the feedback linearization controllers are quite sensitive to
external disturbance or sensor noise. Sliding mode [25],[26] and adaptive [27],[28]
controllers are able to overcome these problem, indeed the formers presents high
robustness to bounded uncertainties, such as modeling errors, sensor noise and
external disturbances, while the latters adapt themselves to the varying or un-
certain parameters. However, in order to compensate for these uncertainties,
sliding mode controllers tend to cause large input gains, which could be a serious
limitation in power-limited systems. In [24] an adaptive sliding mode controller
is proposed, which yields smaller input gains by adapting the estimates on slid-
ing mode controllers . Furthermore, the sliding mode is affected by a chattering
phenomenon, which can be solved with a second order sliding mode control
[29], but such a solution turns out to be very sensitive to noise. Then a lin-
earized H∞ controller [30] and a switching model predictive controller [31] have
been designed. The first is robust to uncertainties in parameters and distur-
bances, while the second provides precise trajectory control under the presence
of forcible wind.

Since all of these controllers are based on Euler angles, they exhibit singu-
larities which significantly restrict their ability to achieve complex rotational
maneuvers on flight. As solution of such singularities, attitude control systems
based on quaternions can be applied [32],[33], nevertheless they still have a sign
ambiguity in representing the rotational dynamics, which implies that a sin-
gle physical attitude of a rigid body may yields two different control inputs,
causing inconsistency in the resulting control system. Control techniques di-
rectly based on rotation matrices and applied on the special Euclidean group
SE(3) = R3 × SO(3), as done in [34] [35] [36], lead to intrinsic and coordinate-
free controllers , thereby avoiding the singularities of Euler angles and the sign
ambiguities of quaternions.

For this reason, we focus on controllers developed directly in SE(3), for
both the two subsystems obtained by the change of coordinates, namely flight
and manipulation. In particular, the rotation formalisms used is based on unit
vector belonging to the unit sphere S2, corresponding to the columns of a rota-
tion matrix on the special orthogonal group SO(3). Due to its simplicity, the
design follows a Lyapunov-based backstepping procedure which leads through
systematic recursive steps to stabilizing non-linear controls. Unlike [34] [35] [36],
here attitude and heading are controlled separately. Further improvements are
introduced to extend the stability, by replacing part of the flight control struc-
ture with a bounded functions, and reject constant disturbances, through an
integral action. The proposed controllers are proven to guarantee asymptotic
stability, and experimental tests validate the flight control and the center of
mass decomposition with a locked manipulator.
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1.1 Project Context

The work presented in this thesis has been conducted as part of the European
project AEROWORKS: Collaborative Aerial Robotic Workers [37], whose aim
is to create a novel aerial robotic team able to conduct autonomously tasks as
inspection and maintenance of the large infrastructures, which are subject to
aging and deterioration, in order to reduce costs and minimize risks to personnel
and asset safety.

Figure 1.1: The AEROWORKS impact.

Quoting [37], the AEROWORKS robotic team will consist of ”multiple heteroge-
neous collaborative Aerial Robotic Workers, a new class of Unmanned Aerial Ve-
hicles equipped with dexterous manipulators, novel physical interaction and co-
manipulation control strategies, perception systems, and planning intelligence.”

1.1.1 Objectives

In order to contribute to this a project the goals we set are:

- Design a control strategy for executing aerial manipulation tasks indepen-
dent on the specific platform.

- Prove asymptotic stability on the desired trajectory for the closed-loop
systems concerning the dynamics of the center of mass of the aerial robot
and the one concerning the manipulator’s orientation dynamics

- Validate the theoretical results achieved with experimental tests.

1.2 Contributions

With respect to the stated goals and the current state of the art, the main
contributions of this thesis are:

- Provide a smooth coordinate transformation that simplifies the control
design, and with a clear physical interpretation.
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- Develop two Lyapunov-based controllers for the trajectory tracking per-
formed on the aerial robot’s center of mass and the manipulator’s orien-
tation.

- Formally prove, with Lyapunov methods, the asymptotic stability on the
desired equilibrium trajectory for the entire system and each decoupled
subsystems.

- Provide experimental validation of the proposed control strategy on a
quadrotor helicopter with a one-link rigid manipulator assumed locked.

1.3 Notation and Terminology

In order to facilitate the comprehension, we denote all the vectors with bold
letters, e.g. x ∈ Rn, while we add a bar on the unit vectors, e.g. x̄ ∈ Rn if
∥x̄∥ = 1. The matrices instead are denoted by a capital letter not bold, e.g.
M ∈ Rn×m.

Consider the system ẋ(t) = fx(x(t), t) where x = x(t). Every time we
write the time derivative of a Lyapunov function Vi(x, t), denoted by V̇i(x, t),

we actually mean the Lie derivative LfVi(x, t) = ∂V (x,t)
∂t

T
+ ∂V (x,t)

∂x

T
fx(x, t)

of Vi(⋅) along the system trajectory x(t). Moreover, the Candidate Lyapunov
Function, for brevity, will be denote simply as CLF.

Since we will consider trajectory tracking problems, we say that x∗(t) is an
equilibrium trajectory of the system ẋ(t) = fx(t,x(t)) if ẋ∗(t) = fx(t,x

∗(t))
and if 0 is an equilibrium of ė(t) = fe(t,e(t)), where e(t) = x(t) − x∗(t) and
fe(t,e) = fx(t,e +x

∗(t)) − ẋ∗(t).
Given the control input v(t) of a system ẋ(t) = fx(t,x(t),v(t)), we denote

the particular control low chosen for such an input by vc(t,x(t)) = v(t).
In order to lighten the notation, when not strictly necessary, we omit the

dependency on the time and on the other variables. In some case we also replace
the dependencies with a vector composed of all the variables that the function
depends on, for instance the reader can find V (t,x) where x = [x1 x2 x3]

T

instead of V (t, x1, x2, x3).
Besides mathematical notation, we also need to introduce some particular

terminology used in the rest of the thesis. In particular, the entire system
composed of aerial vehicle and manipulator is defined as aerial robot and we
refer to the its center of mass as the global center of mass. As already anticipate
in the introduction, we often refer to the motion on SE(3) of the vehicle, or the
aerial robot, as flight.

1.4 Thesis Overview

We organized the rest of this thesis in three parts: the first one concerns the
design of a trajectory tracking control for a multirotor helicopter; in the second
part we address the problem of the aerial manipulation, where all the results
of the first part are reused for the flight of the entire aerial robot; in the last
part we describe the implementation and the experimental set-up, exhibiting
the respective results.
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First Part: Flight
A model for a multirotor helicopter, i.e. a quadrotor, is derived in Chapter
2, describing the dynamics of the position and velocity errors in a trajectory
tracking problem and of the body’s attitude dynamics. Then, in Chapter 3, we
develop a controller employing a backstepping procedure composed of three re-
cursive steps. To cope with the requirement of a restriction on the initial states
set, in Chapter 4 we replace part of the control structure (corresponding to the
first two steps) with a bounded function. In Chapter 5 and 6 we add, respec-
tively, an integral action to reject constant disturbances and a heading control
for an additional degree of freedom on the rotational dynamics not considered
in the previous chapters.

Second Part: Manipulation
In Chapter 7 we extend the model including also the manipulator dynamics and
the resulting coupling and reaction forces with the quadrotor system. Then,
in Section 7.1, we perform the decomposition of such a system into two decou-
pled subsystems. Since the flight control developed before are applicable to the
global center of mass dynamics, in Chapter 8 we design only a controller for the
manipulator’s orientation.

Third Part: Implementation and Tests
The experimental platform for the implementation and validation of the pro-
posed algorithms is described in Chapter 9. In Chapter 10 we briefly explain
the implementation and finally in Chapter 11 the obtained experimental results
are shown.

The thesis is organized in a modular structure, leaving open the possibility
of future improvements of each component on the project. In particular, dif-
ferent candidate Lyapunov function can be found and the consequent controller
can be easily replaced for each step of the backstepping procedure (as in fact
we will do in Chapter 3), for the disturbance rejection and for the yaw control.
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Chapter 2

Aerial Vehicle Model

Consider a quadrotor helicopter, whose simplified model is illustrated in Figure
2.1. This is a system of four identical rotors and propellers lying in the same
plane, which generate a thrust normal to this plane. We choose an inertial (or
world) reference frame {I} and a body-fixed frame {B}, characterized respec-
tively by the right handed basis sets {x̄, ȳ, z̄} ∈ R3 and {x̄b, ȳb, n̄} ∈ R3. The
origin of the body-fixed frame is located at the center of mass of this vehicle.
The first and the second axes of the body-fixed frame, x̄b and ȳb, lie in the
plane defined by the centers of the four rotors, as illustrated in Figure 2.1. The
third body-fixed axis n̄ is normal to this plane. The axes convention chosen for
the inertial reference frame is the East-North-Up (ENU). The rotation matrix
R ∈ SO(3) ⊂ R3×3 represents the orientation of {B} with respect to {I}. Let us
define

� m ∈ R+ the vehicle’s mass.

� p(t) ∈ R3 the position of the vehicle’s center of mass in {I}

� T (t) ∈ R+ the total thrust magnitude along the n̄ axis

� ωb(t) ∈ R3 the vehicle’s angular velocity with respect to {B}

The configuration of this quadrotor is defined by the position p(t) of its center
of mass on R3 and the orientation of the body-fixed frame with respect to the
inertial frame, represented by the rotation matrix R(t) on the special orthogonal
space SO(3). In this case, the configuration manifold is the special Euclidean
group SE(3) = R3 × SO(3).

We assume that the thrust of each propeller is normal to the quadrotor
plane and it is directly controlled. The first and third propellers are assumed to
generate a thrust along the direction of n̄ when rotating clockwise; the second
and fourth propellers are assumed to generate a thrust along the same direction
of n̄ when rotating counterclockwise. Thus, the total thrust magnitude T is
given by the sum of the thrust generated by each propeller Ti. We also assume
that the torque generated by each propeller is directly proportional to its thrust,
with a constant ratio cτ that depends on blade geometry. The torque generated
by the ith propeller about n̄ can be written as τi = (−1)icτTi.

Under these assumptions, the total thrust magnitude T (t) ∈ R and moment
vector µ(t) ∈ R3 on the vehicle, with respect to {B}, are expressed as functions

15
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n̄

x̄b

ȳb

x̄ ȳ

z̄

fIg

fBg

p

Figure 2.1: Quadrotor helicopter model with inertial {I} and body-fixed {B}
reference frames.

of the propeller thrusts

[
T
µ
] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1
−d sinα −d sinα d sinα d sinα
−d cosα d cosα d cosα −d cosα
−cτ cτ −cτ cτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T1

T2

T3

T4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.0.1)

where d ∈ R is the the distance from the center of mass to the center of each
rotor.

Given the thrust magnitude T and the moment vector µ, we can obtain the
thrust of each propeller T1,T2,T3,T4 from the inverse of the matrix in (2.0.1),
which has determinant −4cτd

2 sinα(3 cosα + sinα), hence it is invertible for
opportune values of α (and assuming all the constants different from zero).

The dynamics of the vehicle’s angular velocity ωb are regulated by the mo-
ment vector µ through the Euler’s equation of motion

Jω̇b +ωb × Jωb = µ, (2.0.2)

where J ∈ R3×3 is the inertia matrix of the vehicle, and it is constant.
Assuming that an inner controller µc is already available, and assuming also

that such a controller fulfill perfectly the trajectory tracking of the reference
angular velocity, then we can simply consider ωb as a control input of the rota-
tional dynamics, and hence design an outer loop which provides the reference
trajectory of this vector.

Let us define T (t) ∈ R as the body translational acceleration along n̄, it
follows that we can rewrite the thrust as

T =mT, (2.0.3)

while the angular velocity ω(t) with respect to {I} is given by

ω = Rωb. (2.0.4)

Hereafter we will assume that T and ω are the two inputs available in the
aerial vehicle system. The choice of ω instead of ωb, is only for simplicity of
notation on the design, in fact choosing ωb we should multiply for RT all the
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equations of the controller that we are going to design in the next chapter.

The translational dynamics of the vehicle in world coordinates are given by
Newton’s second law

mp̈ = T n̄ −mgz̄, (2.0.5)

which yields the equation for the vehicle position in world coordinates

p̈ = T n̄ − gz̄. (2.0.6)

Since we are interested on a trajectory tracking problem, we rewrite the
double integrator p̈ = T n̄ − gz̄ in an equivalent state-space model in terms of
the error vectors

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = T n̄ − gz̄ − p̈
∗ , (2.0.7)

where ep(t) = p(t) − p
∗(t) is the position error, and ev(t) = ṗ(t) − ṗ

∗(t) is the
velocity error, for each time instant t ≥ 0.

The rotational dynamics of the vehicle body is described by

Ṙ = S(ω)R. (2.0.8)

However, we point out that, in order to address the trajectory tracking
problem, we can simply control the vehicle attitude, characterized by unit vector
n̄ ∈ S2, whose dynamics are also dependent on ω and given by

˙̄n = S(ω)n̄. (2.0.9)

This leads to consider the following system

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ėp = ev

ėv = T n̄ − gz̄ − p̈
∗

˙̄n = S(ω)n̄

, (2.0.10)

where we define the state as

ξ(t) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ep(t)
ev(t)
n̄(t)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∈ X ⊆ R3 ×R3 × S2, (2.0.11)

and the input as

γ(t) = [
T (t)
ω(t)

] ∈ R ×R3. (2.0.12)

Hence, (2.0.10) can be represented as the open-loop vector field

ξ̇ = f(t,ξ,γ). (2.0.13)

Note that, by using this model, which takes into account only the attitude
dynamics, we are going to develop a controller with a degree of freedom corre-
sponding to the rotation of the vehicle around the n̄ axis. Indeed, the dynamics
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of rotation, to which we will refer as heading, are described by the axes x̄b and
ȳb, which are missing in (2.0.10). In terms of Euler angles, according to the
convention detailed in Appendix C, we could also say that the controller ωc we
are going to design in the next chapter affects only the pitch and roll angles,
thus the control for the yaw can be designed separately.

Lastly, we underline that the dynamics of the quadrotor, as any mechanical
system, are described by a second order differential equation M q̈+Cq̇+G = Fγ,
where q ∈ R3 × R2 is a vector of generalized coordinates and it is composed of
three components for the translational position and two for the rotation about
the axes x̄b and ȳb; while M(t) ∈ R5×5, C(t) ∈ R5×5, G(t) ∈ R5 and F (t) ∈ R5×4

are particular coefficient time-varying matrices. Since the generalized coordi-
nates are five but the overall control inputs are only four, the system is under-
actuated, therefore it cannot be driven to follow arbitrary trajectories in config-
uration space. In fact, notice that the two coordinates for the body direction
where the thrust is provided depend on the others three position coordinates.
However, observe that if we could directly control the translational acceleration
vector T n̄ ∈ R3, the resulting system would be fully-actuated, and we could also
execute lateral maneuvers without changing the attitude.



Chapter 3

Flight Control Design

The quadrotor system (2.0.10) has a recursive structure, where the control input
T influences directly the velocity error state ev and only indirectly the position
error state ep, while ω controls directly the non-linear dynamics of the attitude
n̄ but affects the rest of the states through a cascade connection of other two
equations. For this class of nonlinear dynamical systems, built from subsys-
tems that radiate out from an irreducible subsystem, a technique based on the
Lyapunov theory, known as backstepping, for designing stabilizing controls has
been developed [38]. Because of this recursive structure, we can start the design
process from the inner subsystem and “back-out” new virtual controllers that
progressively stabilize each outer subsystem. The procedure terminates when
we obtain a explicit expression for each control input such that stabilizes the
final external system.

3.1 Backstepping Procedure

The first two steps of the following procedure are trivial, in fact we will see that
the system can be reduced to a simple double integrator, which has already been
widely studied in the literature. However, for a complete analysis, we provide a
method for designing the control also for this type of systems.

3.1.1 First Step

Consider the inner subsystem of (2.0.10) given by the single integrator

ėp = ev. (3.1.1)

Introducing the virtual control input u1(t), the above equation becomes

ėp = u1 + (ev −u1) (3.1.2)

= u1 + ε1, (3.1.3)

where ε1 = ev − u1 is defined as the 1st backstepping error. Let us assume on
this step a null error ε1 = 0 and consider the system

ėp = u1, (3.1.4)

19
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which can be represented as ξ̇1 = f1(ξ1,γ1), where ξ1(t) = ep(t) ∈ X
′ ⊆ R3 is

the state, and γ1(t) = u1(t) ∈ R3 is the input.

In order to design a controller that drives the position error ep to the origin,
we consider the quadratic CLF

V1(ep) =
1

2
µ1e

T
p ep, µ1 > 0, (3.1.5)

which has time derivative along the trajectories of (3.1.4) given by

V̇1(t,ep) = µ1e
T
p ėp (3.1.6)

= µ1e
T
p u1. (3.1.7)

Choosing the control input

uc1(ep) = −k1ep, (3.1.8)

we obtain the time-invariant function

V̇1(t,ep) = −µ1k1e
T
p ep (3.1.9)

= −µ1k1 ∣∣ep∣∣
2

(3.1.10)

= −W1(ep), (3.1.11)

which is negative definite, for any k1 > 0.
Observe that the closed-loop system obtained replacing the control input

(3.1.8) in the system (3.1.4) is autonomous and can be rewritten as

ξ̇1 = h1(ξ1) (3.1.12)

Therefore, we simply apply the Lyapunov Theorem B.2.1 (see Appendix B.2)
to conclude that the equilibrium state ξ∗1 = 0 of (3.1.12) is globally asymptoti-
cally stable. In fact, it is exponential stable, since we can easily solve the differ-
ential equation and find that the trajectory of (3.1.12) are ep(t) = ep(0)e

−k1t.

3.1.2 Second Step

Consider the double integrator in (2.0.10) given by

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = T n̄ − gz̄ − p̈
∗ . (3.1.13)

We introduce now another virtual input u(t) on the dynamics of ev, thus

ėv = u − gz̄ − p̈
∗ + (T n̄ −u) (3.1.14)

= u − gz̄ − p̈∗ + ε2, (3.1.15)

where ε2 = T n̄ − u is the 2nd backstepping error. Let us assume, as in the
previous step, a null error ε2 = 0 and consider the system

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = u − gz̄ − p̈
∗ , (3.1.16)
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which is controlled by u(t). Hence, by choosing

u(t) = p̈∗(t) + gz̄ +u2(t), (3.1.17)

where p̈∗ and gz̄ are a feed-forward term and a gravity compensation term, then
we rewrite (3.1.16) as

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = u2

, (3.1.18)

which corresponds to another, simpler, double integrator system, represented by

the vector field ξ̇2 = f2(t,ξ2,γ2) where ξ2(t) = [ep(t) ev(t)]
T
∈ X ′′ ⊆ R3 ×R3

is the state, and γ2(t) = u2(t) ∈ R3 is the input.

Since the designed control law uc1(ep) for the velocity is only a virtual input,
and not directly accessible, the 1st backstepping error ε1 cannot be neglected,
so we rewrite the equation (3.1.4) as

ėp = u
c
1 + ε1, (3.1.19)

where, considering the control (3.1.8) for u1(t), the backstepping error ε1 be-
comes

ε1 = ev −u
c
1 (3.1.20)

= ev + k1ep, (3.1.21)

and has dynamics described by the differential equation

ε̇1 = ėv + k1ėp (3.1.22)

= u2 + k1ev. (3.1.23)

Our objective at this step is to design a controller for u2(t) that drives the
1st backstepping error ε1 to zero. Therefore, we consider the CLF incorporating
the 1st backstepping error with a quadratic term, namely

V2(ep,ev) = V1(ep) +
1

2
µ2ε

T
1 ε1, µ2 > 0, (3.1.24)

which depends only on ep and ev, since ε1 = ε1(ep,ev). Computing the time
derivative along the trajectories of (3.1.16) we obtain

V̇2(t,ep,ev) = −W1(ep) +
∂V1

∂ep

T

ε1 + µ2ε
T
1 ε̇1 (3.1.25)

= −W1(ep) +
∂V1

∂ep

T

ε1 + µ2ε
T
1 (u2 + k1ev) (3.1.26)

= −W1(ep) + µ2ε
T
1 (u2 + k1ev +

1

µ2

∂V1

∂ep
) , (3.1.27)

and choosing

uc2 = −k1ev −
1

µ2

∂V1

∂ep
− k2ε1, (3.1.28)
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we have the time-invariant function

V̇2(t,ep,ev) = −W1(ep) − µ2k2ε
T
1 ε1 (3.1.29)

= −W1(ep) − µ2k2(ev + k1ep)
T (ev + k1ep) (3.1.30)

= −W1(ep) − µ2k2 ∣∣ev + k1ep∣∣
2

(3.1.31)

= −W2(ep,ev), (3.1.32)

which is negative definite, for any k2 > 0 (assuming −W1(ep) negative definite).
Note that the controller uc2 in (3.1.28) is a function of the errors ep, ev,

since both ∂V1

∂ep
and ε1 are functions of such errors. Therefore, the controller

uc(t,ep,ev) = p̈+ gz̄ +u
c
2(ep,ev) is a function of the time and the position and

velocity errors.
The closed loop system, obtained replacing the control input uc(t,ep,ev)

into the system (3.1.16), becomes autonomous

ξ̇2 = h2(ξ2), (3.1.33)

since γc2 = uc(t,ξ2) cancels the time dependency in the open loop vector field
f2(t,ξ2,γ2).

Like the previous step, the Lyapunov Theorem guarantees global asymptotic
stability of (3.1.33) on the equilibrium state ξ∗2 = 0.

3.1.3 Third Step

Consider finally the full model (2.0.10). Since the designed control law uc is
again only a virtual input, the 2nd backstepping error ε2 must be reintroduced
in the second equation of (3.1.16),

ėv = u − gz̄ − p̈
∗ + ε2. (3.1.34)

On this step we finally design the real control input T and ω, and we want
to choose them in order to obtain for the double integrator (3.1.13) the same
behavior obtained for (3.1.16) using uc.

Controller for T

We propose to choose the controller T c defined as the projection of uc on the
n̄ axis, namely

T c = n̄Tuc, (3.1.35)

which is a function of the the time and the full state T c = T c(t,ep,ev, n̄), since
we chose uc = uc(t,ep,ev).

Replacing (3.1.35) on the 2nd backstepping error leads us to rewrite

ε2 = T
cn̄ −uc (3.1.36)

= (n̄Tuc)n̄ −uc (3.1.37)

= n̄(n̄Tuc) −uc (3.1.38)

= −(I − n̄n̄T )uc (3.1.39)

= −(I − n̄n̄T )n̄∗ ∥uc∥ (3.1.40)

= −en ∥uc∥ , (3.1.41)



3.1. BACKSTEPPING PROCEDURE 23

where we define the attitude error as

en = Π(n̄)n̄∗, (3.1.42)

in which Π(n̄) = I − n̄n̄T = S(n̄)S(n̄)T is the orthogonal projection matrix on
the subspace orthogonal to n̄ (which is a plane), and

n̄∗ =
uc

∥uc∥
, (3.1.43)

is the unit vector representing the desired attitude. Defining n̄∗ as in (3.1.43)
we must assume that ∃ε > 0 such that ∥uc(t,ep,ev)∥ > ε for all the time t and
every state ep, ev, or in other words it cannot be zero nor arbitrarily close to
zero. We also remark that both n̄∗ and en depend explicitly on time and the
states n̄∗ = n̄∗(t,ep,ev) and en = en(t,ep,ev, n̄) .

Note 3.1.1. Observe that, the attitude error en corresponds to the orthogonal
projection of n̄∗ on the subspace normal to n̄, and it can be interpreted as the
direction in which to rotate the vehicle’s body. Moreover, if the system reaches
the desired attitude trajectory n̄(t) = n̄∗(t), then en(t) = 0,∀t ≥ 0. Nevertheless,
notice that en(t) converges to zero also when n̄(t) = −n̄∗(t), which corresponds
to a configuration diametrically opposed to the desired.

Replacing the expression (3.1.41) of ε2, the equation (3.1.34) becomes

ėv = u
c −Π(n̄)n̄∗ ∥uc∥ − gz̄ − p̈∗. (3.1.44)

Therefore, we rewrite the system (2.0.13) as

ξ̇ = f3(t,ξ,γ3), (3.1.45)

where the inputs are only represented by γ3(t) = ω(t), since we have already
replaced T c(t,ξ).

Controller for ω

In order to find a control law for ω which minimizes the 2nd backstepping error,
a new CLF including that error is introduced, namely

V3(t,ep,ev, n̄) = V2(ep,ev) + µ3(1 − n̄
T n̄∗), µ3 > 0, (3.1.46)

For convenience, let us define Vn(t,ep,ev, n̄) = µ3(1− n̄
T n̄∗). The time deriva-

tive of V3, along the trajectories of (3.1.45), is

V̇3(t,ep,ev, n̄) = −W2(ep,ev) +
∂V2

∂ev

T

ε2 − V̇n(t,ep,ev, n̄) (3.1.47)
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Computing

V̇n(t,ep,ev, n̄) =
dn̄T n̄∗

dt
(3.1.48)

= ˙̄nT n̄∗ + n̄T ˙̄n∗ (3.1.49)

= −n̄TS(ω)n̄∗ + n̄TS(ω∗)n̄∗ (3.1.50)

= n̄T [S(ω∗) − S(ω)]n̄∗ (3.1.51)

= n̄TS(ω∗ −ω)n̄∗ (3.1.52)

= n̄TS(n̄∗)(ω −ω∗) (3.1.53)

= −(ω −ω∗)TS(n̄∗)n̄, (3.1.54)

where ω∗ ∈ R3 is the desired angular velocity vector, such that ˙̄n∗ = S(ω∗)n̄∗,
and replacing

ε2(t,ep,ev, n̄) = −S(n̄)S(n̄)
T n̄∗ ∥uc∥ (3.1.55)

= −S(n̄)S(n̄∗)n̄ ∥uc∥ , (3.1.56)

we rewrite (3.1.47) as

V̇3(t,ep,ev, n̄) = −W2(ep,ev) − ∥uc∥
∂V2

∂ev

T

S(n̄)S(n̄∗)n̄ + µ3(ω −ω∗)TS(n̄∗)n̄

(3.1.57)

= −W2(ep,ev) + µ3 (ω −ω∗ +
∥uc∥

µ3
S(n̄)

∂V2

∂ev
)

T

S(n̄∗)n̄,

(3.1.58)

that suggests to choose the control law

ωc = ω∗ −
1

µ3
∥uc∥S(n̄)

∂V2

∂ev
− knS(n̄

∗)n̄, (3.1.59)

and consequently have the time-varying function

V̇3(t,ep,ev, n̄) = −W2(ep,ev) − µ3knn̄
TS(n̄∗)TS(n̄∗)n̄ (3.1.60)

= −W2(ep,ev) − µ3kn ∣∣S(n̄∗)n̄∣∣
2

(3.1.61)

= −W3(t,ep,ev, n̄), (3.1.62)

where 0 ≤ ∣∣S(n̄∗)n̄∣∣
2
≤ 1 and W2(ep,ev) is a positive-definite function derived

in the previous backstepping step. Therefore, we have that the time-varying
function W3(t,ep,ev, n̄) dominates the time-invariant function W2(ep,ev), null
for ep,ev = 0 and greater than or equal to zero for any ep,ev ≠ 0. According to
Definition B.3.2, this means that W3(t,ep,ev, n̄) is positive semi-definite, and

V̇3(t,ep,ev, n̄) is negative semi-definite. Note that, since W2(0,0) = 0 for any
value of n̄, we have only the semi-definiteness [38].

Replacing the designed control inputs (3.1.35) and (3.1.59), on the system
(2.0.10) we obtain an non-autonomous closed-loop system

ξ̇ = h(t,ξ) (3.1.63)
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The basic idea of the Lyapunov stability analysis can be extended to non-
autonomous system with the Theorem B.3.1. Nevertheless, with a negative
semi-definite CLF, as we already noticed for the autonomous system on the
previous step, the Lyapunov theorem shows only stability. However, also for
non-autonomous system is still possible to prove the asymptotic stability thanks
to the Corollary B.3.2, based on Barbalat’s Lemma (see Appendix B.3).

The first two conditions are already verified, since we proved that V̇3(t,ξ)
is negative semi-definite while V3(t,ξ) is always non-negative, and hence it is
lower bounded by zero. Note that if V̇3(t,ξ) ≤ 0 then V3(t,ξ(t)) ≤ V3(0,ξ(0))
∀t ≥ 0, which implies that also V2(ep(t),ev(t)) ≤ V3(0,ξ(0)), therefore, once
fixed the initial states, also ep(t),ev(t) are bounded over the time. We want

now to prove the boundedness of V̈3(t,ξ), hence we compute the derivative

Ẇ3(t,ep,ev, n̄) = Ẇ2(t,ep,ev) + µ3kn
d

dt
∥S(n̄∗)n̄∥ (3.1.64)

where

Ẇ2(t,ep,ev) = 2µ1k1e
T
p ėp + 2µ2k2(ev + k1ep)

T (ėv + k1ėp) (3.1.65)

= 2µ1k1e
T
p ev + 2µ2k2(ev + k1ep)

T (T cn̄ − gz̄ − p̈∗ + k1ev) (3.1.66)

and

d

dt
∥S(n̄∗)n̄∥

2
=
d

dt
[n̄TS(n̄∗)TS(n̄∗)n̄] (3.1.67)

=
d

dt
[1 − (n̄T n̄∗)

2
] (3.1.68)

= −2(n̄T n̄∗)
dn̄T n̄∗

dt
(3.1.69)

= 2(n̄T n̄∗) [(ωc −ω∗)TS(n̄∗)n̄] (3.1.70)

= 2(n̄T n̄∗) [(ks ∥u
c∥S(n̄)

∂V2

∂ev
+ knS(n̄

∗)n̄)
T

S(n̄∗)n̄]

(3.1.71)

= −2(n̄T n̄∗) [ks ∥u
c∥
∂V2

∂ev

T

S(n̄)S(n̄∗)n̄ + kn ∥S(n̄∗)n̄∥]

(3.1.72)

Since, once fixed the initial conditions, the solution ep(t) and ev(t) are bounded
in norm, while n̄ is a unite vector, then all the system trajectories are bounded.
Moreover, under the assumption of ∥uc∥ sufficiently far from zero, also n̄∗ is
a well-defined unit vector with norm ∥n̄∗(t,ep,ev)∥ = 1,∀t ≥ 0, while gz̄ is a
constant in R3 and p̈∗(t) is the desired translational acceleration, and is chosen
bounded. This allows us to prove that uc(t,ep,ev) and T c(t,ep,ev, n̄) have
norm bounded in t ≥ 0. Assuming also V2(ep,ev) to be a sufficiently smooth

function, then its partial derivative
∂V2(ep,ev)

∂ev
is ensured to be bounded. Thus,

we have finally verified that Ẇ3(t,ep,ev, n̄), and consequentially V̇3(t,ep,ev, n̄),
is bounded along the trajectory.

Once verified these three conditions, the above mentioned Corollary B.3.2
guarantees that V̇3(t,ξ(t)) → 0 as t → ∞, thus W2(ep(t),ev(t)) → 0 and
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∥S(n̄∗(t,ep(t),ev(t)))n̄(t)∥
2
→ 0, which imply that ep(t) → 0, ev(t) → 0 and

n̄(t)→ ±n̄∗(t,0,0). This means that the system state always converge asymp-

totically to the desired equilibrium trajectory ξ∗(t) = [0 0 n̄∗00(t)]
T

, or its

opposite −ξ∗(t) = [0 0 −n̄∗00(t)]
T

, where we defined n̄∗00(⋅) = n̄∗(⋅,0,0).
Notice that the CLF in (3.1.46) evaluated along the trajectory of n̄(⋅) has a
minimum in n̄∗00(t) and a maximum in −n̄∗00(t), therefore we can say that
V3(t,ξ

∗(t)) ≤ V3(t,0,0, n̄(t)) ≤ V3(t,−ξ
∗(t)),∀t ≥ 0, where V3(t,ξ

∗(t)) = 0 and
V3(t,−ξ

∗(t)) = 2µ3. Since V3(t,ξ(t)) is decreasing on time, choosing an ini-
tial state ξ0 = ξ(0) such that V3(0,ξ0) < 2µ3 we can ensure that V3(t,ξ(t)) <
2µ3,∀t ≥ 0 which implies that ξ(t) never converges to the trajectory −ξ∗(t).

Therefore, we finally conclude that ξ∗(t) = [0 0 n̄∗00]
T

is an asymptoti-
cally stable equilibrium trajectory of the closed loop system (3.1.63), and the
convergence to this trajectory is always assured when the initial states are within
the level set

X0 = {ξ0 ∈ X ∶ V3(0,ξ0) < 2µ3} ⊆ X , (3.1.73)

which implies that the initial attitude error should correspond to an angle lesser
than 180○, or in other words, the initial attitude cannot be diametrically opposed
to the desired one.

The constraint on ∥uc(t,ep,ev)∥, as we are going to show in the next chapter,
can be turned into a condition on the initial states of ep and ev. Unfortunately,
this means that, the initial states set must be reduced to the intersection be-
tween the level set X0 and another set Xu,0 that guarantees to keep always uc

sufficiently far from 0.

3.2 Summary

Before we move to the next chapter, let us to simplify and recall synthetically
here the control laws we designed on this chapter and remark some interesting
point.

Notice that, since the inputs designed at every step refers to the results
achieved before in a generic way, i.e. without explicitly specifying the particular
choice of the CLF, then each step can be easily modified keeping intact the
structure of the controller resulting from the rest of the procedure. However,
let us now consider V1 given by (3.1.5) and therefore replace ∂V1

∂ep
= µ1ep in the

virtual input (3.1.28). In such a way we are able to collect the error states,

uc2 = −k1ev − µ1
1

µ2
ep − k2(ev + k1ep) (3.2.1)

= −(k1 + k2)ev − (k2k1 +
µ1

µ2
)ep, (3.2.2)

and recognize the structure of a PD controller, where we define kP = k2k1 +
µ1

µ2

as the proportional gain and kD = k1 +k2 the derivative gain. Thus, we redefine
uc2 = upd, and

upd(ep,ev) = −kPep − kDev. (3.2.3)

Furthermore, note that choosing the arbitrary positive coefficients µ1 = k2k1 > 0
and µ2 = 1, then kP = k2k1 +

µ1

µ2
= 2k2k1 and we can say that for any positive

value kP , kD also k2, k1 are always positive.
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Hence, the entire control input for the double integrator

uc(t,ep,ev) = p̈∗

¯
feed-

forward

+ gz̄
¯

gravity
compens.

+upd(ep,ev)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

feedback
PD action

(3.2.4)

includes the feed-back PD action given by (3.2.3), a feed-forward action and a
gravity compensation term.

This expression gives the translational acceleration vector necessary to drive
to zero the position and velocity errors, and it can be interpreted as an outer
loop for the position and velocity control on the whole structure we designed.
Observe that, if uc was the real control input, we could use the fully-actuated
system given by (3.1.16) to describe the translational dynamics of the vehicle.
Since the considered system is under-actuated, to generate the real inputs T c =
T c(t,ep,ev, n̄) and ωc = ωc(t,ep,ev, n̄) we add another inner loop described by
the equations

T c = n̄Tuc (3.2.5)

ωc = ω∗
¯
feed-

forward

−ks ∥u
c∥S(n̄)

∂V2(ep,ev)

∂ev
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

feedback
position-velocity

regulation

−knS(n̄
∗)n̄

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
feedback
attitude

regulation

, (3.2.6)

where we have redefined the coefficient ks =
1
µ3

and we remind that n̄∗ = uc

∥uc∥ .

If we use the V2 given by (3.1.24) and uc by (3.2.4), we could replace

∂V2(ep,ev)

∂ev
= ev + k1ep. (3.2.7)

As shown in Prop A.0.5 (see Appendix A), the expression of ω∗ can be

obtained as solution of the equation ˙̄n∗ = S(ω∗)n̄∗ = (I − n̄n̄T ) u̇c

∥uc∥ , therefore

we have

ω∗ = S(n̄∗)
u̇c

∥uc∥
(3.2.8)

where u̇c(t,ep,ev, n̄) =
...
p∗ − kPev − kDėv and ėv = T

cn̄ − gz̄ − p̈∗, thus it is a
function of the time and all the states ω∗ = ω∗(t,ep,ev, n̄).

The flight control designed in this chapter, through a backstepping proce-
dure, is proved to ensure asymptotic convergence to the desired equilibrium
trajectory on the non-linear non-autonomous closed-loop system, when it starts
from a state within the level set X0 defined in (3.1.73). However, we must
remark one more time that the outer-loop control given by uc(t,ep,ev) has a
further restriction on its norm, which cannot be null or arbitrary close to zero.
This issues is left pending until now, but it is going to be addressed in the next
chapter.
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Chapter 4

Requirement of
Boundedness for the
Double Integrator

In this chapter we want to tackle the issue related to the smoothness of the
desired attitude vector n̄∗ when the function uc(t,ep,ev) is null. In Section 4.1,
we first show that the constraint ∥uc∥ > 0 can be turned into a requirement of
boundedness on the correction term uc2, and then we provide a suitable condition
on the initial states which guarantees to never fall into this situation. Since, this
solution drastically reduces the initial states set, in Section 4.2, we propose to
replace the correction term uc2 in the controller for the double integrator with a
bounded control, so that the closed-loop system can simply start from any state
in X0.

4.1 Reduction of the Initial States Set

In this section, we present a conservative set of initial states that guarantees to
avoid the ill-defined point ∥uc∥ = 0 in (3.1.43). For this purpose the required
condition can be stated as

∥uc(t,ep(t),ev(t))∥ > 0, ∀t ≥ 0, (4.1.1)

or equivalently as

gz̄ + p̈∗(t) +uc2 (ep(t),ev(t)) ≠ 0, ∀t ≥ 0, (4.1.2)

where gz̄ − p̈∗(t) describes a ball centered in g = gz̄ ∈ R3 and with radius
∥p̈∗∥max = sup

t≥0
∥p̈∗(t)∥. Thus, we can see uc as a point in the ball Bδ(g) ⊆ R3

with center in g and radius δ = ∥p̈∗∥max + ∥uc2(ep,ev)∥max ∈ R, as depicted in
Figure 4.1. The previous condition, (4.1.1) or (4.1.2), can be interpreted as a
constraint on the radius δ, which must be strictly smaller than g, in order to
ensure that Bδ(g) never contains the origin. Since g is a constant and p̈∗(t) is
a known function of t that we choose, the condition (4.1.1) can be rewritten as

29
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g

δ = kp̈∗k
max

+ kuc

2
k
max

u
c

z

u
c

x

u
c = 0

Bδ(g)

Figure 4.1: Bi-dimensional view of the domain of uc(t,ep,ev).

a bound on the norm of uc2, which is

∥uc2(ep,ev)∥ < g − ∥p̈∗∥max , ∀t ≥ 0, (4.1.3)

where, using uc2 = upd given by (3.2.3), we observe that

∥kPep + kDev∥ ≤ kP ∥ep∥ + kD ∥ev∥ (4.1.4)

≤ max{kP , kD}(∥ep∥ + ∥ev∥) (4.1.5)

≤ max{kP , kD}
√

2∥[
ep
ev

]∥ , (4.1.6)

therefore, (4.1.3) is verified if

∥[
ep(t)
ev(t)

]∥ <
g − ∥p̈∗∥max

max{kP , kD}
√

2
, ∀t ≥ 0. (4.1.7)

Consider now the Lyapunov function V3(t,ξ(t)) in (3.1.46). Since the deriva-
tive of V̇3 along the trajectories of (3.1.45) is negative semi-definite, then V3 is
bounded over time by V3(t,ξ(t)) ≤ Vξ0 , where we defined Vξ0 = V3(0,ξ(0)) for
lighten the notation, which means that

V2(ep(t),ev(t)) ≤ V2(ep(t),ev(t)) + Vn(t,ξ(t)) ≤ Vξ0 , ∀t ≥ 0. (4.1.8)

Furthermore, using a quadratic function like (3.1.24), which can be rewritten as

V2(ep,ev) =
1

2
µ1e

T
p ep +

1

2
µ2(ev + k1ep)

T (ev + k1ep) (4.1.9)

= [eTp eTv ]P [
ep
ev

] , (4.1.10)

where

P =
1

2
[
µ1 + µ2k

2
1 µ1k1

µ1k1 µ2
] , (4.1.11)
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we know that the inequalities

λ1 ∥[
ep
ev

]∥

2

≤ V2(ep,ev) ≤ λ2 ∥[
ep
ev

]∥

2

(4.1.12)

are satisfied, with λ1 = min{λ(P )} and λ2 = max{λ(P )} are respectively the
minimum and maximum eigenvalue of P .

Using (4.1.8) on the first inequality of (4.1.12) we have

λ1 ∥[
ep(t)
ev(t)

]∥

2

≤ V2(ep(t),ev(t)) ≤ Vξ0 , ∀t ≥ 0, (4.1.13)

hence

∥[
ep(t)
ev(t)

]∥ ≤

√
Vξ0
λ1

, ∀t ≥ 0. (4.1.14)

Therefore, the (4.1.7) is implied by satisfying the following condition

√
Vξ0
λ1

≤
g − ∥p̈∗∥max

max{kP , kD}
√

2
, (4.1.15)

which gives the level set where the trajectories have to start within

Vξ0 < λ1 (
g − ∥p̈∗∥max

max{kP , kD}
√

2
)

2

. (4.1.16)

At this point, we are able to define the conditions set

Xu,0 = {ξ0 ∈ X ∶ V3(0,ξ0) < c} ⊆ X (4.1.17)

where c ∈ R is equal to the right side of the inequality (4.1.16). Using now also
the second inequality of (4.1.12), we have

V3(0,ξ(0)) = V2(ep(0),ev(0)) + Vn(0,ξ(0)) (4.1.18)

≤ λ2 ∥[
ep(0)
ev(0)

]∥

2

+ Vn(0,ξ(0)), (4.1.19)

and combining this with (4.1.16), we obtain another condition more conservative
but written on the initial position an velocity error states

∥[
ep(0)
ev(0)

]∥ ≤

¿
Á
ÁÀλ1

λ2
(

g − ∥p̈∗∥max
max{kP , kD}

√
2
)

2

−
Vn(0,ξ(0))

λ2
. (4.1.20)

In summary, the result of this computation is a very conservative condition
on the initial states ep(0),ev(0) which guarantees that ∥uc∥ > 0. Obviously, the
initial states set obtained in this way can be much smaller than the effective
set that ensure this property on uc, indeed (4.1.20) defines a circle E0 ⊆ X ′′

centered in 0 with radius δe0 (equal to the square root on the right side of the
inequality) entirely contained on the effective set.
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4.2 Bounded Control for the Double Integrator

In this section we present a bounded solution for the control of the double in-
tegrator that does not require to reduce the initial states in order to guarantee
smoothness in n̄∗. Before addressing the multidimensional problem, let us in-
troduce a bounded controller for a generic scalar double integrator based on the
procedure detailed in [39] where an extension of the backstepping approach to
design stabilizing bounded control families is shown.

4.2.1 Solution for a Scalar Double Integrator

Consider the linear system given by the two following scalar differential equa-
tions

⎧⎪⎪
⎨
⎪⎪⎩

ṗ = v

v̇ = ub
, (4.2.1)

which can be rewritten as

ξ̇b = fb(ξb,γb), (4.2.2)

where we defined the state

ξb = [
p
v
] ∈ Xb ⊆ R2, (4.2.3)

and the control input

γb = ub ∈ R. (4.2.4)

Let us propose now the following control law

ucb(p, v) = −kb
v + σ(p)

Ω(v) + σ(p)
⋅
σ(p)

Ω′(v)
−
σ′(p)v

Ω′(v)
− ρ(Ω(v) + σ(p)), (4.2.5)

where ρ ∶ R→ R and σ ∶ R→ R are both saturation functions such that

∃ρ̃ ∈ R ∶ ∣ρ(s)∣ < ρ̃,∀s ∈ R, (4.2.6)

∃σ̃ ∈ R ∶ ∣σ(s)∣ < σ̃,∀s ∈ R, (4.2.7)

instead Ω ∶ R→ R is a function which must satisfy the following conditions:

C1. v+δ
Ω(v)+δ ≤ 1,∀δ ∈ [−σ̃, σ̃];

C2. ∃M ∈ R ∶ supv∈R ∣ v
Ω′(v) ∣ ≤M ;

C3. Ω′(v) ≥ 1;

C4. ∃B≥ σ̃ ∶ Ω(v) = v,∀v ∈ [−B,B].

Thanks to these conditions we easily verify that (4.2.5) input is bounded by

ucb(p, v) ≤ ρ̃ + kbσ̃ +Mσ̃′, ∀p, v ∈ R, (4.2.8)

where σ̃′ is the upper bound of σ′(⋅), such that ∣σ′(s)∣ < σ̃′,∀s ∈ R, σ̃ and ρ̃ are
the saturation values of σ(⋅) and ρ(⋅), kb is the gain of the control and M is the
upper bound specified in condition C2.
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Note 4.2.1. Notice that the denominator of v+σ(p)
Ω(v)+σ(p) can be zero when Ω(v) =

−σ(p). However, this situation can occur only when ∣Ω(v)∣ < σ̃, since σ(p) is
bounded by (4.2.7). Hence, thanks to the condition C4 , we guarantee that the
above-mentioned fraction is well-defined:

v + σ(p)

Ω(v) + σ(p)
=

⎧⎪⎪
⎨
⎪⎪⎩

1 ∀p, v ∶ Ω(v) = −σ(p)

a ∈ R otherwise
. (4.2.9)

The closed-loop system obtained replacing (4.2.5) in (4.2.1) is autonomous

ξ̇b = hb(ξb), (4.2.10)

therefore, in order to prove that the designed controller is stabilizing, let us
consider the following time-invariant function

Vb(p, v) = kb ∫
p

0
σ(s)ds +

1

2
(Ω(v) + σ(p))2, (4.2.11)

which has derivative along the trajectories of (4.2.1) given by

V̇b(p, v) =
∂Vb
∂p

ṗ +
∂Vb
∂v

v̇, (4.2.12)

where

∂Vb(p, v)

∂p
= kb

∂

∂p
∫

p

0
σ(s)ds +

1

2

∂

∂p
(Ω(v) + σ(p))2 (4.2.13)

= kbσ(p) + (Ω(v) + σ(p))σ′(p), (4.2.14)

(4.2.15)

∂Vb(p, v)

∂v
=

1

2

∂

∂v
(Ω(v) + σ(p))2 (4.2.16)

= (Ω(v) + σ(p))Ω′(v). (4.2.17)

Thus, we can write

V̇b(p, v) = [kbσ(p) + (Ω(v) + σ(p))σ′(p)]v + [(Ω(v) + σ(p))Ω′(v)]ub. (4.2.18)

In order to lighten the notation, let us omit, only for the following computations,
all the dependencies on the functions

V̇b(p, v) = [kbσ + (Ω + σ)σ′]v + [(Ω + σ)Ω′]ucb (4.2.19)

= [kbσ + (Ω + σ)σ′]v + [(Ω + σ)Ω′] (−kb
v + σ

Ω + σ

σ

Ω′ −
σ′v

Ω′ − ρ) (4.2.20)

= [kbσ + (Ω + σ)σ′]v − kb(v + σ)σ − (Ω + σ)σ′v − (Ω + σ)Ω′ρ (4.2.21)

= kbσv − kb(v + σ)σ − (Ω + σ)Ω′ρ (4.2.22)

= −kbσ
2 − (Ω + σ)Ω′ρ. (4.2.23)

We can now easily observe that (4.2.23), is negative definite

V̇b(p, v) = −kbσ
2(p)

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
≥0

− (Ω(v) + σ(p))ρ(Ω(v) + σ(p))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≥0

Ω′(v)
²
≥1

, (4.2.24)

since sign(ρ(s)) = sign(s), which implies that sρ(s) ≥ 0,∀s, and thanks C3, we
have Ω′(v) ≥ 1.

This means that, applying the Corollary B.2.1, the equilibrium point ξ∗b = 0,
of the closed-loop system (4.2.10), is globally asymptotically stable.



34 CHAPTER 4. REQUIREMENT OF BOUNDEDNESS

4.2.2 Component-wise Bounded Control

Using the results achieved in the previous subsection, for a simple scalar dou-
ble integrator, we solve now the problem for our vectorial translational system
(3.1.18) designing a controller ucb ∈ R3 bounded in norm, which replaces uc2.
Consequentially the fully-actuated system (3.1.16) can be controlled through
the virtual input

uc(t,ep,ev) = p̈
∗ + gz̄ +ucb(ep,ev). (4.2.25)

The first possibility for the design of ucb is to extend the scalar solution and
find a vectorial bounded control inspired by (4.2.5) such that ∥ucb∥ ≤mb,∀t ≥ 0
where mb ∈ R can be chosen such that mb < g − ∥p̈∗∥max. However, we want
to propose a second easier alternative, which consists in simply applying the
(4.2.5) to each component, namely

ucb(ep,ev) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ucb(epx , evx)
ucb(epy , evy)
ucb(epz , evz)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (4.2.26)

where evi , epi for i = x, y, z are the components respectively of ev = [evx evy evz]
T

,

ep = [epx epy epz]
T

.

In order to prove the stability we re-define the CLF as

V2(ep,ev) = Vb(epx , evx) + Vb(epy , evy) + Vb(epz , evz), (4.2.27)

which has time-invariant and negative definite derivative along the trajectories
of (3.1.16),

V̇2(ep,ev) = V̇b(epx , evx) + V̇b(epy , evy) + V̇b(epz , evz) (4.2.28)

= −W2(ep,ev). (4.2.29)

Applying again the Theorem B.2.1, since the closed-loop system is autonomous,
we prove that the controller (4.2.25) with (4.2.26) and (4.2.5) is stabilize the
double integrator (3.1.16) in the equilibrium ep,ev = 0.

At this point, we can repeat exactly the same calculations from the Third
Step of the backstepping procedure done in Chapter 3, which leads to design
the control inputs T c and ωc with the same expression given by (3.2.5) and
(3.2.6), taking into account that now the outer loop corresponds to the controller
uc defined in (4.2.25) and V2 corresponds to the function defined in (4.2.28).
Therefore, we have also to replace inside (3.2.6) the following vector

∂V2

∂ev
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂V2(ep,ev)
∂evx

∂V2(ep,ev)
∂evy

∂V2(ep,ev)
∂evz

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂Vb(epx ,evx)
∂evx

∂Vb(epy ,evy )
∂evy

∂Vb(epz ,evz )
∂evz

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.2.30)

where each component is given by the scalar function in (4.2.17), evaluated on
the respective components of the velocity and position error vectors ep,ev ∈ R3.
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Moreover, note that also ω∗ is given again by (3.2.8), but u̇c must be replaced
by u̇c =

...
p∗ + u̇cb where

u̇cb =
∂ucb
∂ep

ėp +
∂ucb
∂ev

ėv =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂uc
b(epx ,evx)
∂epx

evx +
∂uc

b(epx ,evx)
∂evx

ėvx
∂uc

b(epy ,evy )
∂epy

evx +
∂uc

b(epy ,evy )
∂evy

ėvy
∂uc

b(epz ,evz )
∂epz

evx +
∂uc

b(epz ,evz )
∂evz

ėvz

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.2.31)

and each component is given by the functions

∂ucb(p, v)

∂p
= −

vσ′′(p)

Ω′(v)
+ σ′(p) (−ρ′(σ(p) +Ω(v)))

kb
σ(p)2 + 2σ(p)Ω(v) + vΩ(v)

(Ω(v) + σ(p))2

σ′(p)

Ω′(v)
(4.2.32)

∂ucb(p, v)

∂v
=
vσ′(p)Ω′′(v)

Ω′(v)2
−
σ′(p)

Ω′(v)
−Ω′(v)ρ′(σ(p) +Ω(v))

kbσ(p)
(v + σ(p))Ω′(v) − (Ω(v) + σ(p))

(Ω(v) + σ(p))2

+ kbσ(p)
v + σ(p)

Ω(v) + σ(p)

Ω′′(v)

Ω′(v)2
, (4.2.33)

evaluated on the respective components of ep and ev.

Note 4.2.2. Notice that all the fraction in (4.2.32) and (4.2.33) are well defined
for any Ω that satisfy conditions C1, C2, C3 and C4. In fact, condition C3
guarantees that Ω′(v) ≠ 0,∀v, while, as discussed in Note 4.2.1, the function in
(4.2.9) is smooth and its derivative exist and are smooth.

Since the closed-loop system is still non-autonomous, and V̇3(t,ep,ev, n̄)
is a time-varying negative semi-definite function, we apply again the Corollary
B.3.2 to prove the asymptotic stability. Notice that for the controller uc defined
in (4.2.25), the initial conditions set does not require to be reduced. Indeed,
according to what stated in Section 4.1, the condition ∥uc∥ > 0 is always satisfied
if ∣∣ucb(ep,ev)∣∣ < g − ∥p̈∗∥max, and, since ucb is bounded by

∣∣ucb(ep,ev)∣∣ ≤ ∣ucb(epx , evx)∣ + ∣ucb(epy , evy)∣ + ∣ucb(epz , evz)∣ (4.2.34)

≤ 3(ρ̃ + kbσ̃ +Mσ̃′) (4.2.35)

we choose the functions Ω(⋅), σ(⋅), ρ(⋅) and the gain kb such that

3(ρ̃ + kbσ̃ +Mσ̃′) < g − ∥p̈∗∥max (4.2.36)

Note that, since the inequality (4.2.35) is conservative, solving (4.2.36) leads to
a controller with a norm that might be significantly smaller than necessary, with
a consequent slowdown of the closed loop system response. This disadvantage
could have been avoided by designing directly the bounded control in the vec-
torial system instead of using a component-wise solution, in fact this designing
would provide a limit directly expressed on the norm of the vector uc2, avoiding
to use the triangle inequality (4.2.34) on the components.
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Figure 4.2: Bounded control functions

4.3 Summary

In this chapter, a condition on the initial states is derived that ensures to have
the outer loop control uc(t,ep,ev) sufficiently far from zero, in order to avoid
the singularity in the desired attitude unit vector n̄∗ defined in (3.1.43). In this
way the flight control developed in Chapter 3 stabilizes the closed-loop system on
the desired trajectory, when it starts from a state within the set X b0 = X0 ∩Xu,0,
given by the intersection of (3.1.73) and (4.1.17). As already mentioned, the
condition (4.1.16) that defines Xu,0 is conservative and can drastically reduce
the initial states set.

Then we considered another approach, and we modified the outer loop
(3.2.4) of the attitude control previously designed replacing the PD controller
upd(ep,ev) in (3.2.3) with a component-wise bounded controller ucb(ep,ev) de-
fined in (4.2.26), where each component (x, y, z) is given by the scalar bounded
function (4.2.5) evaluated for the corresponding components of the velocity and
position error vectors ep,ev ∈ R3. We noticed that the inner-loop structure
does not need to be modified, indeed we can still use the equations given by
(3.2.5) and (3.2.6) for computing T and ω, where we only have to replace uc,
u̇c, ∂V2

∂ev
with the new expressions. Therefore also the asymptotic stability is pre-

served, and the initial states set now corresponds to the entire set X0 in (3.1.73).

For the sake of completeness, we propose here some functions that can be
used into the bounded control. Other alternatives exist, which respect the given
conditions. The saturation function we consider for both σ(⋅) and ρ(⋅), and its
derivative, have the expression

σ(s) = ρ(s) = k̃
c̃s

√
c̃2 + s2

, (4.3.1)

σ′(s) = ρ′(s) = k̃
c̃3

(c̃2 + s2)3/2 , (4.3.2)

σ′′(s) = ρ′′(s) = −k̃
3c̃3s

(c̃2 + s2)5/2 , (4.3.3)

where k̃ ∈ R and c̃ ∈ R are two constant coefficients that modify respectively, the
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width and the slope of the linear region. An example of this function, for k̃ = 1
and c̃ = 2, is shown in Figure 4.2a.

Finding a correct expression for Ω(⋅) can be quite demanding, one possible
choice, with its derivative, is shown in Figure 4.2b and has the expression

Ω(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
6
(3v2 + 3v + 7) v < −2

1
6
(v3 + 3v2 + 9v + 1) −2 < v ≤ −1

v ∣v∣ ≤ 1
1
6
(v3 − 3v2 + 9v − 1) 1 < v ≤ 2

1
6
(3v2 − 3v + 7) v > 2

, (4.3.4)

Ω′(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
6
(6v + 3) v < −2

1
6
(3v2 + 6v + 9) −2 < v ≤ −1

1 ∣v∣ ≤ 1
1
6
(3v2 − 6v + 9) 1 < v ≤ 2

1
6
(6v − 3) v > 2

, (4.3.5)

Ω′′(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1 v < −2

v + 1 −2 < v ≤ −1

0 ∣v∣ ≤ 1

v − 1 1 < v ≤ 2

1 v > 2

. (4.3.6)

Notice that all these functions and their derivatives (at least up to the second
derivative) are continuous, thus are of class C2, and they fulfill all the required
conditions. In particular we have for σ(⋅) and ρ(⋅) that

∣σ(s)∣ ≤ σ̃ = k̃,∀s ∈ R, (4.3.7)

∣ρ(s)∣ ≤ ρ̃ = k̃,∀s ∈ R, (4.3.8)

and we can identify the values M = 1.5 and B = 1 used in conditions C2 and
C4,which means that

sup
v∈R

∣
v

Ω′(v)
∣ < 1.5, (4.3.9)

Ω(v) = v,∀v ∈ [−1,1]. (4.3.10)

The coefficients k̃ and c̃ can be tuned with all the gains of the controller,
however note that it must be k̃ ≤ B = 1, for the reasons explained in Note 4.2.1.
Moreover, k̃ and kb should be chosen in order to guarantee the validity of the
inequality (4.2.36), that becomes

3k̃ (kb +
3

2
) < g − ∥p̈∗∥max . (4.3.11)
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Chapter 5

Disturbance Rejection

In this chapter we address the problem of rejecting constant additive bounded
acceleration disturbances by including an integral action into the Lyapunov-
based control previously designed without corrupting the stable results already
achieved. The disturbance can model external effects, such as constant wind,
and internal phenomena, such as the discharge of the battery or the slow dete-
rioration of the components, but also it can describe the model uncertainties,
such as imperfect knowledge of the mass of the vehicle or an unknown gain in
the thrust input.

Assume that all these effects are enclosed into a constant δ ∈ Bδ ⊂ R3, which
perturbs the translational system. Therefore the position and velocity error
dynamics (3.1.18) can be rewritten as

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = u2 + δ
. (5.0.1)

In order to compensate such disturbance we include on the controller

ucδ2 (t,ep,ev, δ̂) = v(ep,ev) − δ̂(t) (5.0.2)

an estimation δ̂(t) of δ, where v can be replaced by either the PD controller
upd(ep,ev) in (3.2.3) or the component-wise bounded controller ucb(ep,ev) in

(4.2.26). Defining the estimation error δ̃(t) = δ − δ̂(t), we can rewrite the
system (5.0.1) as

⎧⎪⎪
⎨
⎪⎪⎩

ėp = ev

ėv = v + δ̃
, (5.0.3)

and define the open loop vector field ξ̇δ = fδ(t,ξδ,γ) with extended state space
ξδ(t) = [ep(t) ev(t) n̄(t) δ̂(t)] ∈ Xδ ⊆ R3×R3×S2×Bδ which has equation

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ėp = ev

ėv = v + (δ − δ̂)

˙̄n = S(ω)n̄
˙̂
δ = fδ(t,ep,ev, n̄)

. (5.0.4)
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The objective of this chapter is to design a vector field fδ(⋅), by choosing

a opportune dynamics of the state component δ̂, such that the affect of δ is
asymptotically cancelled.

Observe that, reusing the function V3 defined in (3.1.46) for the ideal unper-
turbed system, we obtain the derivative

V̇3(t,ep,ev, n̄, δ̂) = −W3(t,ep,ev, n̄) +
∂V3

∂ev

T

δ̃, (5.0.5)

where −W3(t,ep,ev, n̄) is still negative definite, but the unknown variable δ̃, if

sufficiently big, can compromise the negative definiteness of V̇3. Let us introduce
another function which includes also the estimation error

V3I(t,ep,ev, n̄, δ̂) = V3(t,ep,ev, n̄) +
1

2
µI δ̃

T δ̃, (5.0.6)

whose derivative along the trajectories of (5.0.3) is

V̇3I(t,ep,ev, n̄, δ̂) = −W3(t,ep,ev, n̄) +
∂V3

∂ev

T

δ̃ + µI δ̃
T ˙̃
δ (5.0.7)

= −W3(t,ep,ev, n̄) + µI δ̃
T (

˙̃
δ +

1

µI

∂V3

∂ev
) , (5.0.8)

assuming that the disturbance is constant, we have that δ̇ = 0, hence
˙̃
δ = −

˙̂
δ.

This leads us to choose the dynamics of the estimated disturbance as

˙̂
δc =

1

µI

∂V3

∂ev
, (5.0.9)

in order to obtain

V̇3I(t,ep,ev, n̄, δ̂) = −W3(t,ep,ev, n̄), (5.0.10)

which is coincident with the derivative of V3 on the unperturbed system (4.2.28)
and it is negative definite, thus the stability analysis on the closed-loop system
is unchanged.

Integrating (5.0.9) we finally have the estimation of the constant disturbance
to include in the control

δ̂c(t,ep,ev, n̄) = kI ∫
t

t0

∂V3(s,ep,ev, n̄)

∂ev
ds, (5.0.11)

where ep = ep(s), ev = ev(s), n̄ = n̄(s) and we defined kI =
1
µI

as the integral
gain. Therefore, rewriting the correction term, which is now function of the en-
tire state ucI2 (t,ep,ev, n̄) = u

cδ
2 (t,ep,ev, δ̂

c(t,ep,ev, n̄)), we notice the presence
of an integral action

ucI2 (t,ep,ev, n̄) = v(ep,ev) − kI ∫
t

t0

∂V3(s,ep,ev, n̄)

∂ev
ds. (5.0.12)
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5.1 Summary

An integral action has been designed and introduced into the double integrator
control input, which can be now replaced by

uc(t,ep,ev, n̄) = p̈
∗(t)

²
feed-

forward

+ gz̄
¯

gravity
compens.

+ ucb(ep,ev)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

component-wise
bounded control

+ δ̂c(t,ep,ev, n̄)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

integral
action

, (5.1.1)

where δ̂c is given by (5.0.11). Using the component-wise bounded control de-
veloped in Subsection 4.2.2, we replace the argument of the integral with

∂V3

∂ev
=
∂V2

∂ev
+

∂

∂ev
(1 − n̄T n̄∗) (5.1.2)

=
∂V2

∂ev
− n̄T

∂n̄∗

∂ev
, (5.1.3)

where we ∂V2

∂ev
is simply given by (4.2.30), while

∂n̄∗

∂ev
=

∂

∂ev

ucb
∥uc∥

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂
∂evx

uc
b(epx ,evx)√

(p̈∗x+uc
b
(epx ,evx))2+cx(t,epy ,evy ,epz ,evz )

∂
∂evy

uc
b(epy ,evy )√

(p̈∗y+uc
b
(epy ,evy ))2+cy(t,epx ,evx ,epz ,evz )

∂
∂evz

uc
b(epz ,evz )√

(p̈∗z+g+uc
b
(epz ,evz ))2+cz(t,epy ,evy ,epx ,evx)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (5.1.4)

which is obtained simply computing for each component i = x, y, z the scalar
function

∂

∂evi

ucb(epi , evi)√
(ai + ucb(epi , evi))

2 + ci
=
ci + a

2
i + aiu

c
b(epi , evi)

∂uc
b(epi ,evi)
∂evi

[ci + (ai + ucb(epi , evi))
2
]
3/2 , (5.1.5)

with ucb,
∂uc

b

∂v
given respectively by (4.2.5) and (4.2.33), and with the correspond-

ing variables

ax =p̈
∗
x, cx = (p̈∗y + u

c
b(epy , evy))

2 + (p̈∗z + g + u
c
b(epz , evz))

2, (5.1.6)

ay =p̈
∗
y, cy = (p̈∗x + u

c
b(epx , evx))

2 + (p̈∗y + u
c
b(epy , evy))

2, (5.1.7)

az =p̈
∗
z + g, cz = (p̈∗y + u

c
b(epy , evy))

2 + (p̈∗x + u
c
b(epx , evx))

2. (5.1.8)

The inner-loop structure for T and ω remains unmodified and described by
the equations in (3.2.5) and in (3.2.6). Notice only that the expression for ω∗

requires to calculate u̇c, and since we added a time-varying term in uc, it will
also appear into its derivative, therefore we have

u̇c =
...
p∗ + u̇cb −

˙̂
δc (5.1.9)

Since (5.1.1) is still a component-wise control, we can even choose a different
gain for the integral action for each component, that we define as kIx , kIy and
kIz . In fact, the altitude, corresponding to the coordinate along z̄, can be
strongly dependent on the battery level, thus we could set the gain in order to
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remove such a disturbance, which is slowly-varying and assumed constant. The
(5.0.11) can be rewritten as

δ̂c(ep,ev) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

kIx ∫
t
t0

∂V3(s,ep,ev,n̄)
∂evx

ds

kIy ∫
t
t0

∂V3(s,ep,ev,n̄)
∂evy

ds

kIz ∫
t
t0

∂V3(s,ep,ev,n̄)
∂evz

ds

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5.1.10)

Lastly, we must warn that the solution developed in this chapter requires a
disturbance δ to be bounded. In fact, it is sufficient to ensure that the estimation

δ̂c is bounded and in particular it should satisfy the inequality ∥ub − δ̂∥
c
<

g − ∥p̈∗∥max for the reasons already discussed in Chapter 4. In this work we
do not address this problem, which is left to future work, however a possible
solution is to apply a projection operator, like the one introduced in [40], which
confines the estimation within some a priori defined range. Clearly, employing
a limited estimation, we guarantee the required smoothness on n̄∗, but, if the
assumption of boundedness on the disturbance fails, the rejection would not be
complete.



Chapter 6

Heading Control

As announced in Chapter 2, the designed controller leaves a degree of freedom
concerning the rotation around the n̄ axis, or in other words the heading direc-
tion. In this chapter we complete the control structure showing how to easily
include also the regulation of this parameter.

6.1 Rotational Degree of Freedom

The expression (3.1.59) for ω, achieved in Chapter 3, has been developed from
(3.1.58) in order to satisfy the following equation

(ωc −ω∗ +
∥uc∥

µ3
S(n̄)

∂V2

∂ev
)

T

S(n̄∗)n̄ = knn̄
TS(n̄∗)TS(n̄∗)n̄, (6.1.1)

where S(n̄∗)n̄ is a vector orthogonal to both n̄ and n̄∗. Thus, projecting the
control (3.1.59) into the body plane, orthogonal to n̄, and adding a term parallel
to n̄, the above equation holds. This means that, the following expression can
be replaced (3.1.59), obtaining the same results for the control of the attitude,
but introducing also the control of the heading direction

ωc = Π(n̄)(ω∗ − ks ∥u
c∥S(n̄)

∂V2(ep,ev)

∂ev
− knS(n̄

∗)n̄)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
orthogonal to n̄

+ ωcyn̄
±

parallel
to n̄

. (6.1.2)

Observe that the new angular velocity vector can be split into two addi-
tional terms, one in the x̄bȳb-plane for the attitude control and one along the
n̄-axis for the heading control, which are mutually orthogonal, and therefore de-
coupled. This clearly shows the separation between the controls, that we have
already mentioned, and which allows to maintain valid all the stability results
achieved and design now a controller only for ωy(t). Let us also point out that,
looking from the body-fixed frame, the attitude control involves only the first
two components of ωb = R

Tω, while the heading is controlled only through the
third component which correspond to ωy(t).

43



44 CHAPTER 6. HEADING CONTROL

Controller for ωy

Despite of the problem with the singularities already pointed out in the Intro-
duction, here we propose a control based on Euler angles. However, as any other
component of the control structure we developed, also the heading control can
be improved in future works simply designing another controller which provides
ωy and ensures higher performance for accomplishing this maneuver.

The Euler angles convention adopted is the Roll-Pitch-Yaw convention, de-
tailed in Appendix C. Here the heading dynamics corresponds to the so-called
yaw angle, and denoted by ψ. From the third row of (C.0.9) we obtain the
differential equation describing the dynamics of such a angle

ψ̇ =
1

cos θ
(ωy cosφ + ωc2 sinφ) , (6.1.3)

where ωc2 is the second component of ωcb , and it has already been fixed on the
attitude control design, while ωy corresponds to the available input for the yaw
control. Le us choose

ωy =
1

cosφ
(ν cos θ + ω2 sinφ) , (6.1.4)

in this way the above equation becomes

ψ̇ = ν, (6.1.5)

where ν(t) must be designed in order to lead ψ(t) to the desired yaw angle
ψ∗(t) with a null error, defined as eψ(t, ψ) = sin(ψ − ψ∗). Consider the CLF

Vψ(t, ψ) =
1
2
µψe

2
ψ with derivative V̇ψ(t, ψ) = µψeψ ėψ = µψeψ(ν − ψ̇

∗) cos(ψ −ψ∗)
along (6.1.5). By choosing

νc(t, ψ) = ψ̇∗ − kyeψ, (6.1.6)

we have V̇ψ(t, ψ) = −kyµψe
2
ψ cos(ψ −ψ∗) which is a time-varying negative semi-

definite function.
Since the closed-loop system is non-autonomous we consider again the Corol-

lary B.3.2. The second derivative of the CLF V̈ψ(t, ψ) = −kyµψ[2 cos2(ψ −ψ∗)−

sin(ψ − ψ∗)](ψ̇ − ψ̇∗), where ψ̇ − ψ̇∗ = −ky sin(ψ − ψ∗), is clearly bounded since
it is a combination of sin and cos, which are limited in [−1,1]. Therefore we
have that Vψ(t, ψ) → 0 as t →∞, which implies that sin(ψ − ψ∗) → 0, and thus
ψ → ψ∗ + πk,∀k ∈ Z.

Note that the presence of the sinusoid on the error is indispensable to map
the difference between the angles into a value (in [−1,1]) having a spatial inter-
pretation in terms of direction, which means that such a value must be the same
for different angles corresponding to the same direction. In particular observe
that the desired heading is achieved not only for ψ = ψ∗, but also for every other
angle obtained by a rotation of πk,∀k ∈ Z.

6.2 Summary

In this chapter we showed how to include an heading control in the already
developed controller structure without a need of further modifications. The
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complete rotational control is now given by (6.1.2), where ωcy is designed inde-
pendently. For completeness, we provided a possible solution based on Euler
angles, namely

ωcy(t,ep,ev, n̄, x̄b, ȳb) =
sinφ

cosφ
ωc2 +

cos θ

cosφ
[ψ̇∗ − ky sin(ψ − ψ∗)] , (6.2.1)

where ωc2 = ω
c
2(t,ep,ev, n̄) is the second component of ωcb , while φ = φ(x̄b, ȳb, n̄),

θ = θ(x̄b, ȳb, n̄) and ψ = ψ(x̄b, ȳb, n̄) are computed respectively by (C.0.7),
(C.0.5) and (C.0.6). This solution is proven to asymptotically stabilize the yaw
angle dynamics for initial states sufficiently close to the equilibrium trajectory
ψ∗(t). However, we must underline that this function as proposed is ill-defined
every time that cos(φ) = 0, which means for any roll angle within the set ΦI =
{φ = π

2
+2kπ,∀k ∈ Z}. The improvement of this part, with controllers that avoid

Euler angles and singularities, is left to future works.
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Part II

Aerial Manipulation
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Chapter 7

Aerial Robot Model

Consider the aerial robot, whose simplified model is illustrated in Figure 7.1.
This system consists of a quadrotor, which is the same described in Chapter 2,
and a one-link manipulator, of length ` ∈ R+, attached to the quadrotor’s center
of mass by an actuated spherical joint. We define ` as the distance between
joint and end-effector, and we also define d ∈ R+ as the distance between the
joint and the manipulator’s center of mass. In order to find a model and design
the controller for this system we do not need to make any assumption on the
end-effector (EEF), which can be either a simple gripper with one degree of
freedom or something more articulated. Let us define

� mq ∈ R+ the vehicle’s mass.

� ml ∈ R+ the manipulator’s mass (including link, joint and EEF).

� pq(t) ∈ R3 the position of the vehicle’s center of mass in {I}

� pl(t) ∈ R3 the position of the manipulator’s center of mass in {I}

� T (t) ∈ R the total thrust magnitude along the n̄ axis

� ω(t) ∈ R3 the vehicle’s angular velocity with respect to {I}

� ωl(t) ∈ R3 the manipulator’s angular velocity with respect to {I}

� τ (t) ∈ R3 the torque acting on the manipulator

We introduce a new manipulator-fixed reference frame {L} with the origin lo-
cated at the center of mass of the manipulator and characterized by the right
handed basis sets {s̄�, s̄, r̄} ∈ R3. As illustrated in Figure 7.1, the third axis r̄
passes through pq and pl, while the the second axis s̄ is the unit vector parallel
to the torque τ and the first s̄� is chosen to complete the base.

The manipulator configuration is identified by the position of its center of
mass pl. Note that with a one-link rigid manipulator the distance d = ∣∣pq−pl∣∣ ∈
R+ between pq and pl is constant, hence the manipulator’s configuration is fully
described by r̄, which can be written as

r̄(t) =
pq(t) − pl(t)

d
, (7.0.1)
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n̄

x̄b

ȳb

x̄ ȳ

z̄

fIg

fBg

r̄
s̄

s̄?

fLg

pq

pl

p

Figure 7.1: Aerial robot model with inertial {I}, body-fixed {B} and manipu-
lator {L} reference frames.

and pl = pq − dr̄ is simply obtained inverting the above formula. Notice that,
using a multi-joint manipulator, d is variable, hence the vector dr̄ gives a com-
plete description of the manipulator configuration. In the rest of the chapter we
will always assume d constant.

The translational dynamics of the robot in world coordinates are given by
Newton’s second law

⎧⎪⎪
⎨
⎪⎪⎩

mqp̈q = T n̄ − ftr̄ − fls̄� −mqgz̄

mlp̈l = ftr̄ + fls̄� −mlgz̄
, (7.0.2)

where ft is the tension on the manipulator along r̄ and fl =
∥τ∥
`

is the reaction
force induced on the system by the torque τ acting on the manipulator. Observe
that, by introducing this force, we are able to rewrite the torque as τ = `fls̄.

The rotational motion can be described by the two rotation matrices

Ṙ = S(ω)R, (7.0.3)

Ṙl = S(ωl)Rl. (7.0.4)

However, since we will focus only on the quadrotor’s attitude and the pointing
direction of the manipulator, leaving the third rotation as a degree of freedom,
we can simply consider the dynamic of n̄ and r̄, namely

˙̄n = S(ω)n̄, (7.0.5)

˙̄r = S(ωl)r̄, (7.0.6)

instead of the entire rotation matrices.
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7.1 Decomposition

Let us identify the position of the entire aerial robot system by the position of
its center of mass, defined as

p(t) =
mqpq(t) +mlpl(t)

mq +ml
. (7.1.1)

Summing both sides of the two equations in (7.0.2), we obtain

mqp̈q +mlp̈l = T n̄ −mqgz̄ −mlgz̄, (7.1.2)

and defining T (t) = T (t)
m

as the acceleration along n̄ where m = mq +ml is the
total mass, we obtain the dynamics of the center of mass position in the inertial
reference frame, which is given by the equation

p̈ = T n̄ − gz̄. (7.1.3)

This procedure can be interpreted as a change of coordinates, from pq, pl
to p, which transforms the initial model (7.0.2) to a simple double integrator,
having the same structure of the system already studied in the previous part of
this work. In other words, we have proved that the translational motion of the
entire system is reducible to an equation with the same structure of that one
for the dynamics of the aerial vehicle without manipulator. This allows us to
reuse all the results obtained on the fight control part. Furthermore, observe
that this transformation permit to neglect the internal forces between the body
and the manipulator, which are mutually compensated on the center of mass.

From Prop A.0.5 (see Appendix A) we obtain the manipulator’s angular
velocity, namely

ωl = S(r̄)
ṗq − ṗl

∣∣pq − pl∣∣
(7.1.4)

= S(r̄)
ṗq − ṗl

d
(7.1.5)

= S(r̄) ˙̄r. (7.1.6)

Let us compute the time derivative

ω̇l =
dS(r̄)

dt
˙̄r + S(r̄)¨̄r, (7.1.7)

where

dS(r̄)

dt
˙̄r = S( ˙̄r) ˙̄r = ˙̄r × ˙̄r = 0, (7.1.8)

while ¨̄r =
p̈q−p̈l

d
, with p̈q and p̈l given by (7.0.2), and hence

p̈q − p̈l =
T

mq
n̄ −

mq +ml

mqml
(ftr̄ + fls̄�) . (7.1.9)
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Therefore, we compute (7.1.7) as

ω̇l =
1

d
S(r̄)(

T

mq
n̄ −

mq +ml

mqml
(ftr̄ + fls̄�)) (7.1.10)

=
1

d
(
T

mq
S(r̄)n̄ −

mq +ml

mqml
(ftS(r̄)r̄ + flS(r̄)s̄�)) (7.1.11)

=
1

d
(
T

mq
S(r̄)n̄ −

mq +ml

mqml
flS(r̄)s̄�) (7.1.12)

=
mq +ml

dmqml
(mlTS(r̄)n̄ − flS(r̄)s̄�) (7.1.13)

=
mq +ml

`dmqml
(`mlTS(r̄)n̄ − `fls̄) (7.1.14)

=
mq +ml

`dmqml
(`mlTS(r̄)n̄ − τ ) , (7.1.15)

and by choosing

τ = `mlTS(r̄)n̄ −
`dmqml

mq +ml
α, (7.1.16)

the (7.1.15) turns into the single integrator

ω̇l = α, (7.1.17)

where α ∈ R3 is an arbitrary vector (parallel to τ ) and can be interpreted as
the angular acceleration vector of the manipulator.

We found that the dynamics of the aerial robot system, can be modeled as

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

p̈ = T n̄ − gz̄

˙̄n = S(ω)n̄

˙̄r = S(ωl)r̄

ω̇l = α

. (7.1.18)

where we distinguish two decoupled subsystems: one for the translational dy-
namics of the robot on SE(3)

⎧⎪⎪
⎨
⎪⎪⎩

p̈ = T n̄ − gz̄

˙̄n = S(ω)n̄
; (7.1.19)

and the other for the manipulator’s orientation on S2

⎧⎪⎪
⎨
⎪⎪⎩

˙̄r = S(ωl)r̄

ω̇l = α
. (7.1.20)

Let us define the state of the system for the manipulator’s orientation as

ζ(t) = [r̄(t) ωl(t)]
T
∈ X` = S

2 × R3 and the input as Υ(t) = α(t) ∈ R3. This

allow us to rewrite (7.1.20) into the vector field representation ζ̇ = g(t,ζ,Υ)
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Note that the dynamics of (7.1.20) are fully actuated, since the generalized
coordinates for this mechanical system consist only of two components for the
orientation while the input is three-dimensional. Thus we can drive the manip-
ulator orientation to follow any desired trajectory.

Once defined the position and velocity tracking errors ep(t) = p(t) − p
∗(t)

and ev(t) = ṗ(t) − ṗ
∗(t), the system (7.1.19) can be written as (2.0.10), where

the only difference is that now p and p∗ are respectively the real and desired
positions of the canter of mass of the entire robot and not only of the quadrotor.
Notice that, like p, the desired position is defined as

p∗(t) =
mqp

∗
q(t) +mlp

∗
l (t)

mq +ml
, (7.1.21)

choosing the desired position for both the vehicle p∗q and the manipulator p∗l .
Similarly, also for the manipulator we consider a trajectory tracking problem,
where we want to drive the orientation r̄(t) on the desired trajectory, which can
be defined as

r̄∗(t) =
p∗q(t) − p

∗
l (t)

d
. (7.1.22)
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Chapter 8

Aerial Manipulation
Control Design

In the previous chapter we highlighted the possibility to decouple the flight of
the aerial robot and the motion of the manipulator. In particular the transla-
tional dynamics model (7.1.19) can be turned into (2.0.10), while the model for
dynamics of the manipulator’s orientation are given by (7.1.20). This means
that we can also control the two systems separately. The flight control for
a trajectory tracking problem can be achieved simply applying the solutions
developed in the Part I. Therefore, we will use the component-wise bounded
control with integral action and heading regulation for the flight of the aerial
robot, while on the rest of this chapter we are going to design the control for
the motion of the manipulator.

8.1 Manipulator Control

Due to the recursive structure of the system, we apply again a backstopping
procedure composed of two steps.

8.1.1 First Step

Consider the equation describing the manipulator orientation

˙̄r = S(ωl)r̄, (8.1.1)

and introduce a virtual control input w(t) ∈ R3, hence

˙̄r = S(ωl)r̄ (8.1.2)

= S(ωl +w −w)r̄ (8.1.3)

= S(w + εw)r̄, (8.1.4)

where we define εw = ωl −w as the 1st backstepping error. Assume on this step
a null error εw = 0 and consider the system

˙̄r = S(w)r̄, (8.1.5)
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which can be rewritten in the vector field representation ζ̇1 = g1(ζ1,Υ1) where
ζ1(t) = r̄(t) ∈ X

′
` ⊆ S

2 is the state, and Υ1(t) =w(t) ∈ R3 is the input.

In order to design a controller for the virtual input w such that r̄(t) follows
a desired trajectory r̄∗(t), le us consider the CLF

V`1(t, r̄) = µ`1(1 − r̄
T r̄∗), µ`1 > 0, (8.1.6)

whose time derivative along the trajectories of r̄ is given by

V̇`1(t, r̄) = −µ`1
dr̄T r̄∗

dt
(8.1.7)

= µ`1(w −ω∗l )
TS(r̄∗)r̄, (8.1.8)

where we have replaced

dr̄T r̄∗

dt
= r̄T ˙̄r∗ + ˙̄rT r̄∗ (8.1.9)

= r̄TS(ω∗l )r̄
∗ − r̄TS(w)r̄∗ (8.1.10)

= r̄TS(ω∗l −w)r̄∗ (8.1.11)

= r̄TS(r̄∗)(w −ω∗l ) (8.1.12)

= −(w −ω∗l )
TS(r̄∗)r̄. (8.1.13)

Choosing as control

wc = ω∗l − klS(r̄
∗)r̄ (8.1.14)

where ω∗l = ω
∗
l (t) ∈ R3 is the desired angular velocity vector, then the derivative

V̇`1(t, r̄) = −µ`1kl ∥S(r̄
∗)r̄∥

2
(8.1.15)

= −W`1(t, r̄), (8.1.16)

is a time-varying negative semi-definite function, since 0 ≤ ∥S(r̄∗)r̄∥ ≤ 1, hence
W`1 is lower bounded by a (time-invariant) function identically null.

Lastly, let us define the manipulator orientation error as

er = S(r̄
∗)r̄, (8.1.17)

which is a function of the time and the manipulator orientation er = er(t, r̄).
Thus, the virtual control (8.1.14) can be rewritten as

wc(t, r̄) = ω∗l − kler. (8.1.18)

8.1.2 Second Step

Consider the whole system (7.1.20), where we have ωl =w
c +εw, with wc given

by (8.1.14) and the 1st backstepping error given by

εw = ωl −ω
∗
l + klS(r̄

∗)r̄ (8.1.19)

= ωl −ω
∗
l + kler, (8.1.20)
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which is a time-varying function εw = εw(t, r̄,ωl) and has derivative

ε̇w = α − ω̇∗l + klėr, (8.1.21)

where ω̇∗l = ω̇∗l (t) ∈ R3 is the desired angular acceleration vector, while ėr =
ėr(t, r̄,ωl) is the time derivative of the orientation error (8.1.17).

Le us consider the function

V`2(t, r̄,ωl) = V`1(r̄) +
1

2
µ`2ε

T
wεw, (8.1.22)

whose derivative is

V̇`2(t, r̄,ωl) = −W`1(t, r̄) −
∂V`1
∂r̄

T

S(r̄)εw + µ`2ε
T
wε̇w (8.1.23)

= −W`1(t, r̄) + µ`2ε
T
w (ε̇w −

1

µ`2
S(r̄)

∂V`1
∂r̄

) (8.1.24)

= −W`1(t, r̄) + µ`2ε
T
w (α − ω̇∗l + klėr −

1

µ`2
S(r̄)

∂V`1
∂r̄

) , (8.1.25)

hence, choosing

αc = ω̇∗l − klėr +
1

µ`2
S(r̄)

∂V`1
∂r̄

− kωεw, (8.1.26)

the above derivative becomes

V̇`2(t, r̄,ωl) = −W`1(t, r̄) − µ`2kωε
T
wεw (8.1.27)

= −W`2(t, r̄,ωl). (8.1.28)

Since this is a time-varying negative semi-definite function and the respective
closed-loop system is non-autonomous, the Theorem B.3.1 can be used only to
ensure stability. In order to prove asymptotic stability we recall the Corollary
B.3.2 already used for the flight control. We can easily see that V`2 is lower
bounded by zero, hence it remains to show the boundedness of V̈`2. Let us to
calculate the derivative

Ẇ`2 = Ẇ`1 + µ`2kω
d

dt
∥εw∥

2
(8.1.29)

= Ẇ`1 + 2µ`2kωε
T
wε̇w, (8.1.30)

where

Ẇ`1 = µ`1kl
d

dt
∥er∥

2
(8.1.31)

= µ`1kl
d

dt
(r̄TS(r̄∗)TS(r̄∗)r̄) (8.1.32)

= µ`1kl
d

dt
[1 − (r̄T r̄∗)

2
] (8.1.33)

= −2µ`1kl(r̄
T r̄∗)

dr̄T r̄∗

dt
(8.1.34)

= 2µ`1kl(r̄
T r̄∗) [(ωl −ω

∗
l )
TS(r̄∗)r̄] (8.1.35)

= 2µ`1kl [(ωl −ω
∗
l )
Ter] (r̄

T r̄∗). (8.1.36)
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The error er = S(r̄∗)r̄ is a cross product of two unit vectors, thus bounded
0 ≤ ∥er∥ ≤ 1. Now note thet, since V̇`2(t,ζ) ≤ 0 then V`2(t,ζ(t)) ≤ V`2(0,ζ(0)),
hence εw = ωl −ω

∗
l + kler is bounded over time by the initial conditions. This

implies, that also ωl −ω
∗
l is bounded. Moreover, using the controller αc defined

in (8.1.26) and the function V`1 defined in (8.1.6), we state that

ε̇w = α − ω̇∗l + klėr (8.1.37)

=
1

µ`2
S(r̄)

∂V`1
∂r̄

− kωεw (8.1.38)

= −
µ`1
µ`2
er − kωεw (8.1.39)

is bounded. Finally, given the above observations, which show that all the
variables of Ẇ`2 are bounded, we conclude the boundedness also of V̈`2.

The Corollary B.3.2 asserts that V̇`2(t,ζ(t)) → 0 as t → ∞, which implies
that er(t)→ 0 and εw(t)→ 0, hence we are able to conclude that r̄(t)→ ±r̄∗(t)
and ωl(t) → ω

∗
l (t). Analogously to the attitude unit vector in the flight con-

trol, r̄(t) has two equilibrium trajectories, which correspond to the desired
orientation of the manipulator r̄∗(t) and its opposite −r̄∗(t). Therefore, sim-
ilarly to the flight control, let us notice that, evaluated along the trajectory
of r̄, the function V`2(t, r̄,ω

∗
l ) = µ`1(1 − r̄

T r̄∗) + 1
2
µ`2kl ∥ωl −ω

∗
l + S(r̄

∗)r̄∥
2

has a minimum in r̄∗(t) and a maximum in −r̄∗(t), therefore we state that
V`2(t,ζ

∗(t)) ≤ V`2(t, r̄(t),ω
∗
l (t)) ≤ V3(t,−ζ

∗(t)), where V`2(t,ζ
∗(t)) = 0 and

V`2(t,−ζ
∗(t)) = 2µ`1. Since V`2(t,ζ(t)) is decreasing with time, choosing an ini-

tial state ζ0 = ζ(t) such that V`2(0,ζ0) < 2µ`1, we can ensure that V`2(t,ζ(t)) <
2µ`1,∀t ≥ 0 which means that ζ(t) never reaches the state −ζ∗(t).

We finally conclude that ζ∗(t) = [r̄∗(t) ω∗l (t)]
T

is an asymptotically stable
equilibrium trajectory of the closed loop system with initial condition set given
by

X`,0 = {ζ0 ∈ X` ∶ V`2(0,ζ0) < 2µ`1} ⊆ X`, (8.1.40)

which implies that the initial orientation error should correspond to an angle
lesser than 180○, or in other words, the initial orientation cannot be diametrically
opposed to the desired one. However, in a real aerial robot the effective
workspace of the manipulator is practically limited by the physical and material
structure of the quadrotor’s body and the manipulator’s links not considered
in our model. In particular, we can often assume that the r̄ is able to move
only of with an angle lesser than 90○ with respect the n̄ axis orthogonal to the
quadrotor’s body plane.

8.2 Summary

In this chapter, we designed a controller for the manipulator modeled by (7.1.20)
which ensures asymptotic stability on the desired equilibrium trajectory ζ∗(t) =

[r̄∗(t) ω∗l (t)]
T

for any initial state within the set X`,0 specified in (8.1.40).
Employing a coordinates transformation, we control the flight of the aerial robot
reusing the same controller previously designed for the quadrotor.

In the rest of this section we want to rewrite synthetically the controller,
adding some observation on the results achieved. First, let us to replace ∂V`1

∂r̄
=
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−µ`1r̄
∗ and εw with (8.1.20), thus we obtain

αc = ω̇∗l − kωkler + klėr −
µ`1
µ`2

S(r̄)r̄∗ − kω (ωl −ω
∗
l ) (8.2.1)

= ω̇∗l − (kωkl −
µ`1
µ`2

)er − klėr − kω (ωl −ω
∗
l ) , (8.2.2)

then, defining eω = ωl − ω
∗
l and kr = kωkl −

µ`1

µ`2
, the controller, designed to

perform a trajectory tracking of the manipulator’s dynamics, can be simply
written as

αc(t, r̄,ωl) = ω̇∗l
¯
feed-

forward

− krer
±

feedback
P action

−klėr − kωeω
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

feedback
D action

, (8.2.3)

where we defined the angular velocity error eω = eω(t,ωl) as

eω = ωl −ω
∗
l , (8.2.4)

and the orientation error er = er(t, r̄) as

er = S(r̄
∗)r̄, (8.2.5)

whose derivative ėr = ėr(t, r̄,ωl) is

ėr = S(r̄)S(r̄
∗)ω∗l − S(r̄

∗)S(r̄)ωl. (8.2.6)

If we assume to have access only at the torque of the joint, as usually hap-
pens, we need to convert the angular acceleration control αc into the torque
vector control τ c through the expression (7.1.16).

Notice that the desired trajectory for the manipulator is specified by the
desired orientation r̄∗, the angular velocity ω∗l and angular acceleration ω̇∗l .

Note 8.2.1. After proving the asymptotic stability for the two decoupled system
(7.1.19) and (7.1.20) controlled through designed controllers, we can now show
that also the complete system (7.0.2) performs an asymptotically stable trajectory
tracking with these controllers. From (7.1.1) and (7.0.1) we can immediately
derive the expressions

pq(t) = p(t) +
mld

mq +ml
r̄(t) (8.2.7)

pl(t) = p(t) −
mqd

mq +ml
r̄(t) (8.2.8)

and similarly, from (7.1.21) and (7.1.22) we have

p∗q(t) = p
∗(t) +

mld

mq +ml
r̄∗(t) (8.2.9)

p∗l (t) = p
∗(t) −

mqd

mq +ml
r̄∗(t) (8.2.10)

since r̄(t) → r̄∗(t) and p(t) → p∗(t) as t → 0, then clearly pq(t) → p
∗
q(t) and

pl(t)→ p
∗
l (t) as t→ 0.
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Note 8.2.2. Note that the two systems describing the flight and manipulator
dynamics, correspond to the same class of system. In fact, notice the affinity
between the equations developed in Part I and, here, in Part II. Consider, indeed,
the following system where T and β are supposed to be the inputs,

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ėp = ev

ėv = T n̄ − gz̄ − p̈
∗

˙̄s = S(ν)s̄

ν̇ = β

(8.2.11)

In this case no interpretation is associate to these vectors, neither physical
nor related to the aerial robot system so far considered.

The translational system (2.0.10) used for the design of the flight control
can be extracted from (8.2.11) by eliminating the last equation and assuming
s̄(t) = n̄(t) and ν(t) = ω(t). In the same way, eliminating the first two equations
and considering this time s̄(t) = r̄(t), ν(t) = ωl(t) and β(t) = α(t) we obtain
(7.1.20).

Therefore, also the two controllers we have developed for translational mo-
tion and manipulator orientation can be seen as particular parts of a controller
designed to perform the trajectory tracking on the system in (8.2.11). In fact,
notice that by removing the outer virtual loop, uc(t,ep(t),ev(t)) = 0,∀t ≥ 0, in
the quadrotor’s angular velocity control ωc given by (3.2.6), we achieve the same
expression in (8.1.14), obtained for the virtual control input wc(t, r̄) in the first
step of the backstepping procedure for the manipulator control design. Hence,
the flight control can be extended, adding a fourth step on the procedure which
take into account the further equation ω̇ = β, where the controller βc(t, s̄,ν)
will have the same structure of (8.2.3).



Part III

Implementation and Tests
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Chapter 9

Experimental Platform

In this chapter we describe the hardware and software used to implement and
test the designed controllers. We divide the experimental platform in four main
parts which are described in the four sections of this chapter. In Section 9.1 we
introduce the aerial vehicle controlled by a ground station described in Section
9.2. The position of the aerial robot is provided by a motion capture system
which is briefly described in Section 9.3, and finally, in Section 9.4, we give some
details of the manipulator mounted on the vehicle’s body.

9.1 Quadrotor

The aerial vehicle type used, Figure 9.1, is the commercial quadrotor 3DR
IRIS+ from 3D Robotics [41]. The IRIS+ weighs about mq = 1442g with the
battery mounted, and it has a maximum payload of 0.40kg. It measures 210mm
in height and 550mm from motor to motor. The power in flight is supplied by
a 5100mAh 3S Lipo battery with 11.1V nominal voltage which provides up to
22 minutes of flight time (with no extra load).

The IRIS+ uses the autopilot Pixhawk [42] designed by the PX4 open-
hardware project and manufactured by 3D Robotics, with a 32 bit ARM Cortex
M4 Processor running a real-time operating system NuttX RTOS. The Pixhawk
provides eight main outputs, MAIN OUT 1-8, and six auxiliary outputs, AUX
OUT 1-6. The outputs MAIN OUT 1-8 update at a rate of 400Hz by default,
in fact MAIN OUT 1-4 are used to control the four rotors, while AUX OUT 1-6
update at 50Hz, standard for controlling servos.

The quadrotor has 14 available flight modes. In order to implement the
controller designed, we select the ACRO mode, which uses the radio input signals
to set the angle rates (roll, pitch and yaw rates) and the throttle. The autopilot
Pixhawk takes care of translating these inputs into the opportune signals for
the motors of the quadrotor.

9.2 Ground Station

As ground station we use a computer running the Linux operating system
Ubuntu 14.04 LTS, where a software environment based on ROS - Robot
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Figure 9.1: Quadrotor 3DR IRIS+ with servo manipulator.

Operating System [43], Indigo Igloo version, has been built for the imple-
mentation of the entire control structure. ROS is an open source collection
of software frameworks for robot software development, providing operating
system-like functionality such as hardware abstraction, low-level device control,
implementation of commonly used functionality, message-passing between pro-
cesses, and package management.

For an eventual calibration or for changing the internal parameters on the
quadrotor’s autopilot another ground station software running on a Windows
7, namely Mission Planner [44], is used.

The commands for the aerial robot control, for both flight and manipula-
tion, are processed by the ground station and sent to the autopilot. The wire-
less radio communication between ground station and autopilot is established
through a telemetry radio at a frequency of 433MHz. Such a communication
uses MAVLink protocol [45] and is handled by the ROS package Mavros [46],
implementing a MAVLink extendable communication node for ROS with UDP
proxy for the ground station. Mavros is used to directly overrides the signals
sent from the radio transmitter. These signals are organized in 8 channels,
where roll, pitch, yaw and throttle reserve the first four, leaving the other four
available for other purposes.

9.3 Motion Capture System

The pose of the quadrotor is estimated using the Qualisys motion capture sys-
tem, and it is based on the data acquired from passive reflective markers at-
tached on the vehicle and captured by 12 cameras mounted in strategic locations
of the environment.

9.4 Manipulator

The manipulator used is an aluminum arm with a 1DOF revolute joint and a
clamp gripper, as shown in Figure 9.1. The weight is about ml = 290g. Both the
joint and the gripper are actuated by two servomotors MG995, with working
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voltage 4.8−6V (when the gripper open) and stall torque 6.5 Kg cm. When the
gripper is closed, the length of the manipulator, from the joint to the extremity
of the gripper, is ` = 140mm. The distance δl between the joint and the center
of mass of the entire manipulator is approximately 55mm when the gripper is
closed, and 50mm when is open.

In the model used for the design we assumed to attach the manipulator in
the center of mass of the vehicle. Nevertheless, since the real quadrotor’s body
is not a point mass and the base of the manipulator has a height not null, it is
necessary to add an offset δb along the axis −n̄ between the vehicle’s center of
mass and the joint’s position. The error along the x̄b and ȳb axes is assumed
negligible. The manipulator is attached to the quadrotor body in such a way
that it can rotate around a axis orthogonal to ȳb of an angle γ between [0, π],
where γ = 0 means that the gripper is pointing forward, γ = π/2 that it is
pointing downward and γ = π that it is pointing backward.

The PWM signals to control the two servomotors are provided by the output
lines AUX OUT 1-2 of the autopilot Pixhawk. Using Mission Planner we can
then link these outputs to the channels RC6-7 of the RC commands vector.

Since Pixhawk does not provide power to the servos itself, these are powered
by an external ESC, providing 5V, which can be connected to the servo outputs
on the Pixhawk or to a servo directly.

Because of its small size and its structure that concentrates all the weight
relatively far from the EEF, this manipulator induces a relatively small dis-
placement of the global center of mass of the robot. This feature generally is
obviously appreciable, as it means that the effect of the manipulator on the
flight is almost negligible. However, in order to appreciate more the designed
control and show the effectiveness of the change coordinates, in some tests the
manipulator is replaced by an aluminum rod of length `′ = 350mm attached
along the n̄ axis and with a load at the end, shown in Figure 9.2 . Since the
total mass, about m′

l = 350g, is approximatively all concentrate in one extremity
we obtain a slightly more visible shift of the center of mass.

Figure 9.2: Quadrotor 3DR IRIS+ with rigid bar and load.
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Chapter 10

Implementation

Almost all the scripts are written in Python for a ROS environment. The
architecture used in the code is schematically illustrated in Figure 10.1 where
the ellipsoids represent the ROS nodes, while the rectangles are object of a
Python class. Moreover, every arrow indicates a services, a topic, or the
initialization and access to a class object. In the next section we outline such
a structure, then in the subsequent sections are added more details on the
controller implementation and on the specific manipulation task developed.

10.1 Code Architecture

The ROS node called MAIN node in the scheme, is the core of the entire struc-
ture since it provides the commands for the robot to which mavros is subscribed.
The control inputs to send to the robot and the desired quadrotor state (po-
sition, velocity and acceleration) are generate at each time instant respectively
by the objects named Controller and Trajectory of the corresponding Python
classes, created and set inside the main node. The controller implements the
equations for the component-wise bounded flight control with constant distur-
bance rejection and includes also a function which estimate the global center of
mass according to the manipulator position and the mass of the load grasped.

The MAIN node is also responsible for the working rate of the entire control
system, which is set at 35Hz. This frequency is limited by the characteristics of
the antenna used, which create a communication at 433MHz, and the protocol
used. This means that the commands sent to the robot and the current position
revived by the motion capture system are refreshed approximately every 28ms.

Another object, of the class called MoCap, is created to acquire from the
motion capture system the current pose of the specified body. Since this system
provides only the position and orientation, we must estimate the velocity and
acceleration. For this purpose a simple backward Euler method is implemented
with a third order median filter.

The node called Task Planner makes the aerial robot executing a specific
task a priori programmed, which can be selected from a dictionary of multiple
available tasks. Through the services provided by the main node, Task Planner
can set the desired trajectory for the translational dynamics of the quadrotor
and the pose of the manipulator according to the current state of the task, the

67



68 CHAPTER 10. IMPLEMENTATION

robot position and the state of the environment it has to interact with.
In order to facilitate the tests, a Graphical User Interface (GUI) is developed

using the toolkit PyQt4, a blending of Python and the Qt GUI library. The
GUI allows us to easily arm/unarm the quadrotor, choose the flight mode or
land, connect to the motion capture system, save the data, set the controller
and the desired trajectory or task.

Set Controller
Set Trajectory
Set Qualisys
Save Data

Arm - Unarm

Settings
States

Commands

Settings
Desired Staes

Settings
Quadrotor Pose

Settings
Settings

MAIN
node

Controller

Trajectory

MoCap

Task
Planner

GUI

Mavros

RC

Robot

override

Set
Task

Target Objects

Figure 10.1: Conceptual scheme of the code structure. The ellipsoids represent
the ROS nodes, while the rectangles are object of a Python class. The double
rectangle is an object of the Qt GUI library.

10.2 Controller

As already mentioned, inside the controller is implemented the component-wise
bounded flight control, including the heading control and the constant distur-
bance rejection. The commands generated from the controller must be converted
in opportune signals in order to be read by the autopilot and interpreted as roll,
pitch and yaw rates and throttle. Notice that using (2.0.4) we can obtain an-
gular velocity vector with respect to the body-frame, then from (C.0.9) we can
transform such a vector into the three Euler angle rates.

The control approach, for the aerial manipulation, consists on a controller
based on a dynamic coordinate transformation. Every time the manipulator
pose changes or a load is grasped/released, the controller is refreshed adjusting
the parameters of the total mass and the global center of mass. Therefore,
besides the actual and the desired states and the time instant, this controller
requires to know the manipulator position and the mass of the load.

The vector and matrix derivatives inside the controller are computed with
a component-wise backward Euler method and filtered through a third order
median filter. This can be a somewhat relatively raw approximation, however,
it is shown to be precise enough for the system considered which has a sample
time of about 28ms and the dynamics are assumed to be quite slow. Obviously,
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to reduce the estimation error, besides increase the working frequency, a more
accurate approximation can be implemented.

10.2.1 Coordinate Transformation

The estimation of the manipulator’s center of mass position pl in {I} is com-
puted as

pl = pq −R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

δl cosγ
0

δb + δl sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (10.2.1)

by simple geometrical considerations, illustrated in Figure 10.2, and it is a
function of the quadrotor’s position (provided by the motion capture system)
and the angle of the manipulator (simply assumed be equal to the reference).
Hence, the center of mass position of the entire robot used in the state of the
system can be written as

p = pq −
ml

m
R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

δl cosγ
0

δb + δl sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(10.2.2)

When an external load is grasped the above formula must be modified. Let
us first to express the position of the EEF in {I} as

pef = pq −R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

` cosγ
0

δb + ` sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(10.2.3)

Assuming to grasp a mass mL, we rewrite the position of the global center of
mass as

p = pq −
ml

m
R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

δl cosγ
0

δb + δl sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

−
mL

m
R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

` cosγ
0

δb + ` sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(10.2.4)

where the total mass now includes also the load m =mq +ml +mL.

`

δb

δ`

pef

pl

pq

p

Figure 10.2
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In the tests where we replace the manipulator with the rigid bar and the
load, we simply calculate

p = pq −
m′
l

m
R

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0
0

δb + `
′

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(10.2.5)

where m = mq +m
′
l. Notice that, the shift of the center of mass ∥p − pq∥ with

the bar is about 7cm.

10.3 Task Planning

The specific task we mainly focused on is a Pick-and-Place task. In this scenario
the aim of the aerial robot is to pick an object from its initial position, Target
1, and place it in a new position, Target 2. The task algorithm can be split in
a grasping task and a releasing task. Both of these two subtasks are composed
of three phases: first the robot moves over the target point keeping the same
altitude; then it starts a progressive descent; finally, when the object is grasped,
the robot goes back to the initial altitude. During the descent phase, the position
on the x̄ȳ-plane is continuously monitored in order to pause the motion as
soon as the error exceeds a time-varying threshold, because of some external
disturbance not completely rejected by the integral action. Such a threshold is
gradually decreasing with the approaching to the target point. Completed the
descendant phase, another section of the algorithm is run to verify if the end
effector is in the desired position, with a specific tolerance, and thus ready to
effectively pick or place the object. When the load is grasped or released, the
controller is updated, and the center of mass recomputed before set any other
trajectory.

Since Qualisys provides only the quadrotor’s pose and the load’s position,
but we specify the reference trajectory for the global center of mass, inside the
algorithm we have to perform a coordinate transformation. In particular, the
position of the load is converted into a desired position of the center of mass
using the equation

p∗ = p∗ef +

⎡
⎢
⎢
⎢
⎢
⎢
⎣

` cosγ
0

δb + ` sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

−
ml

m

⎡
⎢
⎢
⎢
⎢
⎢
⎣

δl cosγ
0

δb + δl sinγ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (10.3.1)

which is derived from (10.2.2) and (10.2.3) where we set the desired rotation
matrix equal to the identity matrix R∗ = I3 ∈ R3×3. The actual position of end-
effector and center of mass are estimated respectively through the equations in
(10.2.3) and in (10.2.2), or in (10.2.4), depending on the presence or absence of
the load.
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Experiments

The experiments conducted, can be classified into two categories, shown respec-
tively in Section 11.1 and in Section 11.2. First we performed three experiments
in order to validate the proposed control strategy and show the efficacy of the
coordinate transformation. After this test, we experimented the applicability of
developed controller in a more realistic scenario consisting of a pick-and-place
task.

11.1 Flight tests

In this section we present three experiments conducted with a manipulator
rigidly attached to the quadrotor. In the first experiment, trajectory tracking
of the center of mass of the quadrotor without manipulator is performed, Figure
11.1a; in the second, trajectory tracking of the center of mass of the entire aerial
robot system is performed, Figure 11.1b; and, in the third, trajectory tracking
of the center of mass of the quadrotor is performed, but where manipulator is
attached and where the controller is oblivious to its presence, Figure 11.1c.

Trajectory
In order to have a easier comparison among the results, the same trajectory is
tested for each experiment, and it can be split into the following simple steps:

1. Hovering on the initial position

2. Move to a point A

3. Move to a point B

4. Follow a circular trajectory

5. Return to the initial position

The initial and final position is the origin of the x̄ȳ-plane and the hovering
is done on a reference altitude of 2m. Each sub-trajectory is kept for 30 seconds
before switch to the successive. The first target point A where to move has

reference coordinates pA = [0 1 2]
T

. After 30 seconds of hovering on this

point, the new target is set in coordinates pB = [1 −1 2]
T

. Finally, before
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return to the initial position, is tracked a circular trajectory in the x̄ȳ-plane and

centered in c = [0.6 −0.3 2]
T

with r = 1m of radius and 0.1rad/s of speed.

System Configuration
Since the manipulator used is too short and light for having a significant shift
of center of mass, in these tests it has been replaced by a fixed longer bar with
a load, as already described in the end of Section 9.4. For this manipulator,
the center of mass of the quadrotor-manipulator system shifts by approximately
7cm away from the quadrotor center of mass.

Control Parameters
For fair comparison, all the experiments are performed with the same control
gains, tuned for the flight of the quadrotor devoid of the manipulator. The
specific values chosen are: kb = 0.5 for the bounded control, ks = 0.15 and kn = 4
for the angular velocity input, ky = 5 in the heading control and kIx = 1.5,
kIy = 1.5 and kIz = 2 for the three components of the integral action. Moreover,

the gain of the saturation functions, σ(⋅) and ρ(⋅), is chosen as k̃ = 0.5, while
the width of the linear region is set at 2m by c̃ = 1.

Results
As expected, the tracking performance and behavior on the first two tests, on
the simple quadrotor and the entire robot, Figure 11.1a and Figure 11.1b, are
relatively similar and both sufficiently close to the reference. In particular, the
second experiment, Figure 11.1b, shows that the aerial robot controlled with the
strategy proposed in Part I and the coordinate transformation presented in Part
II, follows closely the desired trajectory, with negligible error in steady state.
However, in the circular trajectory we notice a small position error, which can
be attributed to unmodeled dynamics of the system. We should also observe
that the integral action introduced in Chapter 5, turned out to be necessary
and sufficient, to correct the sensitiveness to the battery level. Indeed, the
performance, especially the altitude, of the quadrotor are evidently affected by
the the discharging of the battery.

In the third experiment, Figure 11.1c, the tracking performance is slightly
worse, with slower convergence and some extra oscillations around the steady
state, when compared to the previous two experiments; in this case, the ma-
nipulator is presented but it is seen as a disturbance on the system, which
explains the decrease in performance. This means that considering the manip-
ulator presence and driving the global center of mass dynamics, as done in the
second experiment with the proposed control strategy, can benefit the tracking
performance. However, also the dynamics on the second experiment, with the
coordinate transformation, present a small overshoot and a slight oscillation on
the reference. This can be attributed to an error on the center of mass estima-
tion or to the simplicity of the model. In both the cases, in fact, the system
has internal dynamics which are not take into account in the model used for
designing the controller. In particular, note that a inaccurate estimation of
the center of mass implies that the mutual compensation of the internal forces
between quadrotor and manipulator in (7.0.2) is not perfect. Nevertheless, this
behavior can be easily correct adjusting the gains, that are only tuned on the
first test for the quadrotor without manipulator.
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(a) Tracking of center of mass of quadrotor system, without manipulator.
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(b) Tracking of center of mass of aerial robot system.
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(c) Tracking of center of mass of quadrotor system, with manipulator attached
(control oblivious to manipulator presence).

Figure 11.1: Position trajectory tracking for different configurations of the aerial
robot and control strategy.
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11.2 Pick and Place test

The pick-and place task described in Section 10.3 has been tested on the exper-
imental platform with the 1DOF manipulator described in Section 9.4.

The load handled weights approximately 236g, and consist of a wooden brick
with a piece of sponge on the top to facilitate the grasping. Also the position
of this object is estimated by the motion capture system using four reflective
markers.

Figure 11.2a shows that the task is successfully accomplished. Starting from
the initial point Home, the robot picks the load in Target 1, which is then
transported and placed in Target 2. At the end on the task the robot return to
the initial point and it lends there.

During the descent phase the robot’s actual trajectory leaves the tolerance
region in two occasions. In particular, we noticed that when the quadrotor is
flying at low altitudes, as it happens close to the picking or dropping place,
the air flow generated from the propellers hits the ground and bounce back
chaotically, generating turbulence that destabilize the system. Furthermore,
since the grasping points on the load is quite large and flexible, it can involve
two problems. The first occurs, when the load is grasped relatively far from the
center of mass. In this case a disturbance torque is introduced in the dynamics.
The second problem corresponds to a possible oscillation on the load, which is
instead assumed rigidly attached with the manipulator. This oscillation can be
caused by the fast motion of the robot but also by the air flow generated from
the propellers.

However, as visible in Figure 11.2b, in both these occasions the algorithm
pauses the motion until the position error returns within the tolerance region.
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(a) Reconstruction on the three-dimensional space of the desired trajectory (in blue)
and the real trajectory (in red); Target 1 as the picking point, and Target 2 as the
dropping point.
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(b) Time evolution of the aerial robot position

Figure 11.2: Pick and place experiment.
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Chapter 12

Conclusion

In the first part of this thesis we developed, through backstepping procedure,
a Lyapunov-based controller to perform trajectory tracking with a multirotor
helicopter. The control structure, consists of an inner loop and an outer loop.
The outer loop provides the translational acceleration necessary to drive the
position and velocity errors to zero. The inner loop, considers such a transla-
tional acceleration as reference and computes the total thrust and the angular
velocity inputs of the under-actuated aerial vehicle. The controller proposed in
the inner loop includes a feed-forward term, an gravity compensation term, a
correction term and an integral action. For the correction term we designed a
PD controller and a component-wise non-linear bounded controller. For both
the solutions, the controller smoothness was investigated. A conservative condi-
tion on the initial states set was found for the PD controller in order to ensure
smoothness and avoid singularity in the control functions, while we showed that
the bounded solution always satisfies these properties. The integral action is
proved to asymptotically compensate constant disturbance. For the outer loop
we developed separately the attitude regulation and the heading regulation.
Asymptotic stability on the desired equilibrium trajectory was formally proved
with Lyapunov methods and experimental tests was conducted to validate the
flight controller.

In the second part, we addressed the problem of controlling an aerial robot
composed of a multirotor helicopter and a rigid manipulator. The strategy
presented is based on a decomposition between the translational dynamics of
the center of mass of the entire system and the rotational dynamics of the
manipulator. The purpose of such a decomposition was to overcome the coupling
problems between aerial vehicle and manipulator, without involving complex
control strategy to compensate the mutual disturbance introduced in the two
systems. We pointed out that the dynamics of the global center of mass, after
the coordinate transformation, correspond to the dynamics of a quadrotor’s
center of mass. This allowed to reuse the controller developed in the first part
for the flight without manipulator. Then another Lyapunov-based control law
for the manipulator’s orientation was designed through backstepping procedure.
This controller provides the angular acceleration vector, or the torque vector,
applied on the one-link manipulator. Also in this case we proved the asymptotic
stability of the desired equilibrium trajectory for the two subsystems and for
the entire aerial robot. Experimental tests showed the benefit of the coordinate
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transformation in a quadrotor helicopter with a rigid long bar and a load.
Remarkable importance was placed on the implementation and experimental

verification of the theoretical results through flight testing. The successful im-
plementation of the controller for trajectory tracking of a quadrotor helicopter
and an aerial robot, composed of a quadrotor helicopter and a rigid manipulator,
is considered a key aspect of the overall contribution. In particular, the trajec-
tory tracking performed with the quadrotor and with the entire aerial robot
provided positive results, visibly similar for the two systems as expected. In
both the cases, the real trajectory in steady state was always considerably close
to the reference. Further experiments showed the benefit induce by the pro-
posed coordinate transformation on the tracking performance with aerial robot.
Besides experiments expressly focused on testing the particular characteristics
of the designed controller, a more complex and realistic scenario, namely a pick
and place task, was successfully implemented and tested.

12.1 Future Work

Although the results presented in this thesis have demonstrated noteworthy the
effectiveness on the problem of quadrotor flight and aerial manipulation, further
improvements and extensions are still available.

Specifically, in Chapter 3 and in Chapter 8, we proved the asymptotic sta-
bility of the desired equilibrium trajectory, respectively for the flight and the
manipulation dynamics, and we noticed that both the closed loop systems have
another equilibrium corresponding to an attitude (of the quadrotor) and an
orientation (of the manipulator), which are diametrically opposite to that one
proved to be stable. We leave for future works to prove the instability of these
others two trajectories.

Additionally, the specific heading controller (6.2.1) provided in Section 6.1
can be improved. In particular, in conformity with the rest of the solutions
presented, also the heading control can be developed avoiding Euler angles.
Moreover, further attention should be spent on the smoothness for the corre-
sponding solution, as done for the attitude control.

Another improvement concern the robustness, which has not been analyzed
in this thesis. Although experimental results showed a correct functioning with-
out significant problems related to disturbances or uncertain parameters, the
backstepping procedure is generally quite weak in terms of robustness.

Besides improvements on the theoretical part, future works should also con-
sider the experimental validation of the controller designed for the manipulator’s
orientation and test the effects of this in combination with the flight controller,
where the proposed strategy based on the coordinate transformation is adopted.
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Appendix A

Some Properties

We list below some properties to which we often refer directly or indirectly
within the thesis.

Proposition A.0.1. Derivative of a generic unit vector x̄ = u
∥u∥ ∈ R

n:

˙̄x =
d

dt

u

∣∣u∣∣
=
u̇∣∣u∣∣ −uu

T u̇
∣∣u∣∣

∣∣u∣∣2

=
u̇∣∣u∣∣2 −u(uT u̇)

∣∣u∣∣3

= (I −
uuT

∣∣u∣∣2
)
u̇∣∣u∣∣2

∣∣u∣∣3

= (I −
u

∣∣u∣∣

uT

∣∣u∣∣
)
u̇

∣∣u∣∣

⇒ ˙̄x = (I − x̄x̄T )
u̇

∣∣u∣∣

Proposition A.0.2. The skew-symmetric matrix S(x) of a vector x = [a b c]
T
∈

R3, can be seen as the map S(⋅) ∶ R3 → so(3) defined as

S(x) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 −c b
c 0 −a
−b −a 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

and has the following properties:

S(x)T = −S(x)

RS(x) = S(Rx)R

S(x)y = x × y

for any R ∈ SO(3) and x,y ∈ R3.
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Proposition A.0.3. Let R = [x̄ ȳ z̄] ∈ SO(3) be the rotation matrix which
represent the rotation from the frame {A} to the frame {B}, then its derivative
can be always written as

Ṙ = S(ω)R

and similarly

˙̄x = S(ω)x̄

˙̄y = S(ω)ȳ

˙̄z = S(ω)z̄

where ω ∈ R3 represent the angular velocity vector of the frame {B} with respect
to {A}. Note that, this property holds for the derivative of any unit-vector.

Proposition A.0.4. Let R ∈ SO(3) be the a rotation matrix such that

n̄ = Rz̄

then the derivative of n̄ can be written as

˙̄n = Ṙz̄

= RS(ω)z̄

= S(Rω)Rz̄

= S(Rω)n̄

Proposition A.0.5. The angular velocity vector related to an unit vector x̄ =
u
∥u∥ ∈ R

n can be obtained as follow. Consider the two equivalent expressions for

the derivative of an unit vector

˙̄x = S(ω)x̄

˙̄x = (I − x̄x̄T )
u̇

∣∣u∣∣

these lead to the identity

⇒ S(ω)x̄ = (I − x̄x̄T )
u̇

∣∣u∣∣

S(ω)x̄ = S(x̄)S (
u̇

∣∣u∣∣
) x̄

S(ω)x̄ = −S(x̄)S(x̄)
u̇

∣∣u∣∣

S(ω)x̄ = S (S(x̄)
u̇

∣∣u∣∣
) x̄

notice now that the following expression of ω is solution for the equality

ω = S(x̄)
u̇

∣∣u∣∣
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Proposition A.0.6. Let n̄ ∈ R3 be an unit vector. The projection of a generic
vector in into the plane orthogonal to n̄ can be obtained through the projection
matrix Π(n̄) which can be written as

Π(n̄) = I − n̄n̄T

= S(n̄)S(n̄)T

and has the following properties:

Π(n̄)T = Π(n̄)

Π(n̄)Π(n̄) = Π(n̄)

Π(n̄�)
T = I −Π(n̄)

where n̄� is another unit vector orthogonal to n̄.
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Appendix B

Stability of Nonlinear
Systems

In this section we synthetically recall some important result of the Stability
Theory for Nonlinear Systems extracted from [47] and [38]. We start reminding
some definition for non-linear system in Section B.1, then in Section B.2 and
B.3 we highlight the main differences on the stability analysis for Autonomous
and Non-Autonomous systems. In Section B.3, we also finally remind a very
useful Corollary of the Barbalat’s Lemma, which allows us to prove that the
controllers designed guarantee asymptotic stability for the closed-loop system.

B.1 Nonlinear system

A nonlinear dynamic system can usually be represented by a set of nonlinear
differential equations in the form

ẋ = f(t,x) (B.1.1)

where f ∶ Rn → Rn is a n-dimensional nonlinear vector function, and x is the
n-dimensional state vector. A solution x(t) of the equations (B.1.1) usually
corresponds to a curve in the state space with t varying from zero to infinity,
also called state trajectory or system trajectory.

Definition B.1.1. The nonlinear closed-loop system (B.1.1) is said to be au-
tonomous if f(⋅) does not depend explicitly on time and thus the system’s state
equation can be written

ẋ = f(x) (B.1.2)

Otherwise, the system is called non-autonomous.

The fundamental difference between autonomous and non-autonomous sys-
tems lies in the fact that the state trajectory of an autonomous system is inde-
pendent of the initial time, while that of a non-autonomous system generally is
not.
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Note B.1.1. It is important to note that equation (B.1.1) does not explicitly
contain the control input as a variable. The reason is that equation (B.1.1) can
represent the closed-loop dynamics of a feedback control system, with the control
input being a function of state x and time t, and therefore disappearing in the
closed-loop dynamics. In particular, if the system dynamics is ẋ = h(t,x,u) and
some control law has been selected u = g(t,x) then the closed-loop dynamics is
ẋ = h(t,x,g(t,x)) which can be in fact rewritten as (B.1.1).

Note B.1.2. The Definition B.1.1 is made on the closed-loop dynamics. In-
deed, a time-invariant system with dynamics ẋ = f(x,u) may lead to a non-
autonomous closed-loop system if we choose a controller dependent on time
u = g(t,x).

Definition B.1.2. The state x∗ is said to be an equilibrium state of the system
if it has the property that once the system trajectory x(t) is equal to x∗, it
remains equal to x∗ for all future time.

B.2 Stability for Autonomous Systems

Definition B.2.1. For the autonomous system of the form (B.1.2), the equi-
librium states (or equilibrium states) x∗ are the real roots of the equation

f(x∗) = 0 (B.2.1)

Definition B.2.2. A scalar time-invariant function V (x) is said to be locally
positive definite if

� V (0) = 0

� V (x) > 0, ∀x ∈ Bρ0/{0}

where Bρ0 is a ball in Rn centered on x = 0 and with radius ρ.
If the above property holds over the whole state space, then V (x) is said to

be globally positive definite.

Furthermore, we can extend Definition B.2.2 saying that V (x) is

� negative definite if −V (x) is positive definite;

� positive semi-definite if V (x) ≥ 0 for ∀x ∈ Bρ0/{0};

� negative semi-definite if −V (x) is positive semi-definite.

Theorem B.2.1. (Lyapunov theorem for autonomous systems) If, in
a ball Bρ0 centered in x∗, there exists a scalar function V (x) with continuous
first partial derivatives such that

� V (x) is positive definite (locally ∀x ∈ Bρ0)

� V̇ (x) is negative definite (locally ∀x ∈ Bρ0)

then the equilibrium state x∗ = 0 is locally asymptotically stable. In case of
V̇ (x) only semi-definite the equilibrium is simply stable.

If the above property holds over the whole state space and
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� V (x)→∞ as ∣∣x∣∣→∞

then the equilibrium state x∗ = 0 is globally asymptotically stable.

Often happens that the derivative of the Lyapunov function candidate, is
only negative semi-definite. In this kind of situation, fortunately, it is still pos-
sible to draw conclusions on asymptotic stability, with the help of the powerful
invariant set theorems, attributed to La Salle.

Definition B.2.3. A set G is an invariant set for a dynamic system if every
system trajectory which starts from a point in G remains in G for all future
time.

Theorem B.2.2. (Local Invariant Set) Let V (x) be a scalar function of the
state x with continuous first partial derivatives. Assume that

� ∃` > 0 s.t. Ω` = {x ∈X ∶ V (x) < `} is bounded

� V̇ (x) ≤ 0, ∀x ∈ Ω`.

then x(t) tends to M as t→∞, for every solution x(t) originating in Ω`, where
M is the largest invariant set in R = {x ∈ Ω` ∶ V̇ (x) = 0}.

Theorem B.2.3. (Global Invariant Set) Let V (x) be a scalar function of
the state x with continuous first partial derivatives. Assume that

� V (x)→∞ as ∣∣x∣∣→∞

� V̇ (x) ≤ 0, ∀x ∈X.

then x(t) tends to M as t→∞, for every solution x(t) originating in Ω`, where
M is the largest invariant set in R = {x ∈X ∶ V̇ (x) = 0}.

A very common application of the invariant set theorem is for conclude
asymptotic stability of an equilibrium state for systems with negative semi-
definite V .

Corollary B.2.1. (of Invariant Set Theorem) Consider the autonomous
system (B.1.2) and let V (x) be a scalar function with continuous partial deriva-
tives. Assume that in a certain neighborhood Ω of the origin

� V (x) is locally positive definite

� V̇ (x) is locally negative semi-definite

� R = {x ∈ Ω` ∶ V̇ (x) = 0} = {0}

then, the equilibrium state x∗ = 0 is locally asymptotically stable.

The above corollary replaces the negative definiteness condition on V in
Lyapunov’s local asymptotic stability theorem by a negative semi-definiteness
condition on V , combined with a third condition on the trajectories within R.

Furthermore, the corollary can be simply extended to a global result, by
requiring the radial unboundedness of the scalar function V rather than the
existence of a bounded Ω`.
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B.3 Stability for Non-Autonomous Systems

The concepts of stability for non-autonomous systems are quite similar to those
of autonomous systems. However, due to the dependence of non-autonomous
system behavior on initial time t0, the definitions of these stability concepts
include t0 explicitly.

Definition B.3.1. For the non-autonomous system of the form(B.1.1), the
equilibrium states x∗ are the real roots of the equation

f(t,x∗) = 0, ∀t ≥ t0 (B.3.1)

Definition B.3.2. A scalar time-varying function V (t,x) is said to be locally
positive definite if

� V (t,0) = 0

� V (t,x) > U(x), ∀t > t0

where U(x) is a time-invariant locally positive definite function (see Definition
B.2.2).

If the above property holds for a U(x) globally positive definite, then V (t,x)
is said to be globally positive definite

Thus, a time-variant function is locally positive definite if it dominates a
time-invariant locally positive definite function.

Also for non-autonomous system we can extend the previous definition saying
that V (t,x) is

� negative definite if −V (t,x) is positive definite;

� positive semi-definite if U(x) is positive semi-definite;

� negative semi-definite if −V (t,x) is positive semi-definite.

Theorem B.3.1. (Lyapunov theorem for non-autonomous systems)
1) If, in a ball Bρ0 centered on x∗, there exists a scalar function V (t,x) with

continuous first partial derivatives such that

� V (t,x) is positive definite (locally ∀x ∈ Bρ0)

� V̇ (t,x) is negative definite (locally ∀x ∈ Bρ0)

then the equilibrium state x∗ = 0 is locally asymptotically stable. In case of
V̇ (x) only semi-definite the equilibrium is simply stable.

2) If the above property holds over the whole state space and

� V (t,x) is radially unbounded

then the equilibrium state x∗ = 0 is globally asymptotically stable.

For autonomous systems, the invariant set theorems are powerful tools to
study stability, because they allow asymptotic stability conclusions to be drawn
even when V is only negative semi-definite. However, the invariant set theorems
are not applicable to non-autonomous systems. Therefore, asymptotic stability
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analysis of non-autonomous systems is generally much harder than that of au-
tonomous systems, since it is usually very difficult to find Lyapunov functions
with a negative definite derivative.

This drawback is partially compensated by the Barbalat’s lemma.

Lemma B.3.2. (Barbalat) If the differentiable function f(t) has a finite limit
as t→∞, and if ḟ is uniformly continuous, then ḟ(t)→ 0 as t→∞

Definition B.3.3. A function g is said to be uniformly continuous on [0,∞) if

∀R > 0,∃η(R) > 0,∀t, τ ≥ 0, ∣t − τ ∣ < η ⇒ ∣g(t) − g(τ)∣ < R (B.3.2)

In other words, g is uniformly continuous if one can always find an η which
does not depend on the specific point τ - and in particular, such that η does
not shrink as τ →∞.

Since a very simple sufficient condition for a differentiable function to be uni-
formly continuous is that its derivative be bounded, an immediate and practical
corollary of Barbalat’s lemma can be stated as follows:

Corollary B.3.1. (of Barbalat’s Lemma) If the differentiable function f(t)
has a finite limit as t → ∞, and if f̈ exists and is bounded, then ḟ(t) → 0 as
t→∞

Remark B.3.3. Given a differentiable function f of time t

� ḟ → 0⇏ f converges

� If f is lower bounded and ḟ ≤ 0 , then it converges to a limit.

Barbalat’s lemma allows to formulate the following corollary, which looks
very much like an invariant set theorem in Lyapunov analysis

Corollary B.3.2. Consider the autonomous system (B.1.1) and let V (x, t) be
a scalar function with continuous partial derivatives. Assume that

� V (x, t) is lower bounded

� V̇ (x, t) is negative semi-definite

� V̈ (x, t) exists and is bounded

then V̇ (x, t)→ 0 as t→∞.

Such an analysis based on Barbalat’s lemma shall be called a Lyapunov-
like analysis. It presents two subtle but important differences with Lyapunov
analysis, however. The first is that the function V can simply be a lower bounded
function of x and t instead of a positive definite function. The second difference
is that the derivative V must be shown to be uniformly continuous, in addition
to being negative or zero. This is typically done by proving that V is bounded



92 APPENDIX B. STABILITY OF NONLINEAR SYSTEMS



Appendix C

Euler Angles Convention

According to Euler’s rotation theorem, the rotation represented by the matrix
R, from the body to the inertia frame, can be also described using three angles
(ψ, θ, φ). These angles are known as Euler angles and they represent a sequence
of three elemental rotations about the axes of a coordinate system. Depending
on the choice of such axes are defined several conventions and one of the most
widely used is the Roll-Pitch-Yaw convention. In this convention, the rotation
matrix R can be represent by the composition of intrinsic rotations about axes
which change their orientation after each elemental rotation. The first rotation
is by an angle φ about the x̄-axis using

Rx(φ) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0
0 cosφ − sinφ
0 sinφ cosφ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(C.0.1)

the second rotation is by an angle θ about the former ȳ-axis (now ȳ′) using

Ry(θ) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(C.0.2)

and the third rotation is by an angle ψ about the former z̄-axis (now z̄′′) using

Rz(ψ) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(C.0.3)

As result R is obtained via post-multiplication of the above matrices of elemen-
tary rotation

R = Rz(ψ)Ry(θ)Rx(φ) (C.0.4)

from this expression it is now possible also extract by inspection the three Euler
angles from the components of a known R:

θ = arcsin(−R31) (C.0.5)

ψ = atan2(
R21

cos θ
,
R11

cos θ
) (C.0.6)

φ = atan2(
R32

cos θ
,
R33

cos θ
) (C.0.7)
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Once chosen the convention, it is also possible to find the relationship be-

tween the angular velocity in the body-frame ωb = [ω1 ω2 ωy]
T

and the Euler

angle rates Γ̇ = [ψ̇ θ̇ φ̇]
T

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ω1

ω2

ωy

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0 − sin θ
0 cosφ cos θ sinφ
0 − sinφ cos θ cosφ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

φ̇

θ̇

ψ̇

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(C.0.8)

whose inverse is

⎡
⎢
⎢
⎢
⎢
⎢
⎣

φ̇

θ̇

ψ̇

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 sinφ tan θ cosφ tan θ
0 cosφ − sinφ
0 sinφ sec θ cosφ sec θ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ω1

ω2

ωy

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(C.0.9)
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