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Abstract

Magnetic reconnection is an omnipresent phenomenon in plasma physics, and its understanding
is therefore of major importance. Most of the models of magnetic reconnection existing nowadays
are two-dimensional in space, or require at least a dependence of the magnetic field on two coordi-
nates instead of all three. Relatively recently, three-dimensional reconnection models have begun
to appear. In a recent model of three-dimensional reconnection, the process is triggered as soon as
the topology of the magnetic field reaches a complexity threshold. It is suggested that at this point
even an exponentionally small non-ideality in the magnetic field evolution can trigger magnetic
reconnection, at way lower currents than expected in two-dimensional models. This master thesis
work presents main ideas of this model and a pseudospectral numerical approach to test its pre-
dictions. A pseudospectral approach was chosen due to its high numerical precision. To simplify
the verification of this model, non-periodic boundary conditions are necessary along one spatial
direction. As pseudospectral approaches are mostly used with full-periodic boundary conditions,
analytical work is necessary in order to find relevant boundary conditions and a way to implement
them using a pseudospectral approach. In addition to the model and the underlying physics, this
report presents how the use of a pseudospectral approach can be maintained with proper boundary
conditions and shows first encouraging outputs of the numerical code. The numerical code, as it
is today, can bring the plasma topology to a maximum number of exponentiations of about 5 (this
number characterizes the topological complexity of the magnetic field). Still unresolved numerical
issues prevent the code to bring the number of exponentiations to a value high enough to test
the validity of the model itself, where reconnection is expected to happen starting a number of
exponentiations of about 10 to 20. Nevertheless, the thesis suggests a number of possible ways to
improve the numerical performance of the chosen model that can be pursued in the future.
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Chapter 1

Introduction

Nearly all the visible matter in the universe is in the plasma state, and virtually all these
plasmas, as they consist of charged particles, can carry electric current and magnetic fields
([Priest and Forbes, 2000], chapter 1). Thus, there is a continual interaction between plasmas
and the electro-magnetic field. In the magnetohydrodynamic approximation, the plasma is, for
simplicity, considered as a non-relativistic, electrically conducting and continuous fluid. In this
framework, if it has an infinite electrical conductivity, then the magnetic field lines are frozen
into the fluid: they move at the same velocity as the fluid they are in ([Priest and Forbes, 2000],
section 1.4). This result is called Alfvén’s frozen in theorem, named after its discoverer Hannes
Alfvén.

Thus, in such a plasma, the magnetic field lines maintain their “identity”. Even though they can
become more and more distorted and entangled, the magnetic field lines will not change their
connectivity.

Of course however, an infinite conductivity is in most cases an unattainable asymptotic limit.
Even though for many astrophysical or terrestrial plasmas, the resistivity is indeed so low that
one can say that the field lines are very efficiently frozen into the plasma, they are never absolutely
frozen into it. Thus, magnetic field lines can, under certain conditions, change their connections.
When this happens, often, a lot of energy that was accumulated in the magnetic field is suddenly
released in the form of kinetic energy and heat while the magnetic field topology relaxes to an
energetically more favorable state. This happens for example in solar flares and coronal mass
ejections (see figure 1.1) where magnetic energy stored in the corona is suddenly released on a
time-scale of about 100s, when it would take about 106 years ([Priest and Forbes, 2000], section
1.1) to release the same amount of energy on the time-scale of resistive diffusion. Hence, magnetic
reconnection is a very fast way to convert large quantities of magnetic energy into other forms.

Magnetic reconnection happens in a rich variety of plasmas and is responsible for many physical
phenomena. In order to quote some more examples, it is believed that magnetic reconnection
between the solar wind and the magnetosphere causes the entrance of electrons from the solar
wind into the magnetosphere (charged particles gyrate around magnetic field lines and, in the
low-resistivity environment of the magnetosphere, they are effectively tied to them, hence the re-
connection of magnetic field lines leads to particle exchange along them). Collisions with particles
in the ionosphere create atoms and molecules in an excited state, which deexcite by releasing pho-
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4 CHAPTER 1. INTRODUCTION

tons, causing auroras ([Baumjohann and Treumann, 2004], section 4.6, see figure 1.1). Staying on
Earth, in plasma fusion research, reconnection phenomena also occur, for example in tokamaks,
which are experimental devices to investigate the magnetic confinement of thermonuclear fusion
plasmas for future energy production (see figure 1.1). This degrades the confinement of the plasma
([Wesson, 1997], section 7.1), which is one of the biggest issues in unlocking the controlled fusion
as an energy source.

Figure 1.1: Illustration of three domains where magnetic reconnection plays (or is believed to play)
an important role. Top: Coronal Mass Ejection on the Sun. Bottom-left: Aurora images taken in
Alaska. Bottom-right: ITER, as for today the world’s largest tokamak, under construction until
2019 (predicted). Hence magnetic reconnection occurs in a wide range of spatial scales. Credits
(top, bottom-left and right respectively) : NASA, NASA (Courtesy of Sebastian Saarloos), ITER.

Hence, because of its universality, a better understanding of magnetic reconnection means a better
understanding of several key-problems in plasma fusion research and astrophysical plasmas, among
many others. As better understanding and modelling go hand in hand, many models have been
developed since the first magnetohydronynamical model of steady-state reconnection by Sweet and
Parker around 1960 ([Sweet, 1958], [Parker, 1963]), which is schematically drawn in figure 1.2. One
of their main aims is to explain how reconnection can occur on timescales significantly shorter
than the one of resistive diffusion (this is why many“fast-reconnection”models appeared). Most of
these models are however two-dimensional, or require at least a dependence of the magnetic field
on only two coordinates. It is just relatively recently that 3D models for magnetic reconnection
began to appear.
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Figure 1.2: Illustration of the classical steady-state reconnection model by Sweet and Parker.
Black arrows represent the incoming and outcoming flows. The incoming flows, which magnetic
field lines are in red and blue, enter a diffusion region (in gray) where the magnetic field lines
reconnect and are accelerated towards the sides ([Priest and Forbes, 2000], section 4.2).

The aim of this master thesis is to explore by direct numerical simulations a 3D model of
topologically-driven magnetic reconnection, described in [Boozer, 2013]. In this paper, it is shown
that neighbouring magnetic field lines behave in a fundamentally different manner when the mag-
netic field depends on all three spatial coordinates, compared to when it only depends on two
spatial coordinates. In the later case, only a small proportion of the magnetic field lines tend
to exponentially separate from or get closer to one another, whereas when the magnetic field
depends on all three coordinates, typically all magnetic field lines tend to exponentiate apart or
together1. Thus, even when the magnetic field evolution is ideal, the magnetic field lines become
more and more entangled, becoming so exponentially close to one another that an exponentially
small non-ideality can cause them to reconnect ([Boozer, 2013], section I). This can be referred
to as a “butterfly-effect”. Furthermore, 3D topologically-driven magnetic reconnection could be
triggered at way lower currents than expected in models where the magnetic field depends only
on two coordinates.

1“exponentiating apart” means that two infinitesimaly close magnetic field lines at a certain location will tend
to be further and further away from one another with an exponential function of the distance along them. As
magnetic field lines are suppposed to close on themselves, if they “exponentiate apart” at some location, they must
also, somewhere else, “exponentiate together” – get closer to one another exponentially.
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Chapters 2 and 3 are about the motivation and the physics behind the numerical experiment.
Chapter 2 gives some elements in order to understand the explored model, discussing the impor-
tance of the number of exponentiations in 3D reconnection models, including why 3D reconnection
models behave in a fundamentally different manner than 2D models. Chapter 3 describes more
directly the physics of the considered system: which are the magnetohydrodynamics (MHD) equa-
tions to be solved, what is the applied forcing, and which choice of boundary conditions can be
relevant.

Because of its accuracy, the spatial-derivatives of the right-hand sides of the MHD equations are
computed using a pseudospectral approach. A pseudospectral approach is ordinarily used with
full-periodic boundary conditions (periodic boundary conditions in all three spatial directions).
Hence, a way to keep the pseudospectral approach with a non-periodic boundary condition along
one direction is presented in chapter 4. More generally, this chapter presents how the numerical
integration is done and mentions several subtleties that have to be taken care of. This is a
new numerical approach: a numerical experiment in order to test this model was already run in
2014 [Huang et al., 2014] using the compressible MHD code DEBS [Schnack et al., 1986], which
computes the derivatives pseudospectrally along the directions with periodic boundary conditions,
but uses finite differences in the directions along which the boundary conditions are non-periodic.

Chapter 5 presents how to compute the exponential separation of neighbouring magnetic field
lines in practice and gives some outputs from the numerical code.

Finally, chapter 6 discusses the obtained results and concludes by giving possible guidelines in
order to improve the numerical code.



Chapter 2

Number of exponentiations and
reconnection

As mentioned in the Introduction and as will be shown in the next sections, the magnetic field
lines defined by a magnetic field depending on all three spatial coordinates tend to exponentiate
apart or together. Noting ~δ0 the separation of two infinitesimaly close magnetic field lines at a
certain reference position (~δ0 = ~r2 − ~r1, where ~ri is the position of line i) and ~δ(l) the separation
of these two lines when following them a certain distance l, then the number of exponentiations
σ is defined by ([Boozer, 2012b], section I):

σ(l) = lim
‖~δ0‖→0

ln
(
‖~δ(l)‖
‖~δ0‖

)
(2.1)

so that ‖~δ(l)‖ = ‖~δ0‖eσ(l). The number of exponentiations σ expresses the tendency of initially
infinitesimaly close lines to get exponentially far from one another.

Hence, quoting an example from the abstract of [Boozer, 2012b], taking two lines separated by
c/ωpe ≈ 10cm in the solar corona, with c the speed of light and ωpe the electron plasma-frequency,
a number of exponentiations of σ ≈ 23 would make these lines separated by more than the Sun’s
radius (about 7.1010cm) somewhere else (c/ωpe corresponds to the smallest distance two magnetic
field structures can be isolated due to electron inertia). With such a number of exponentiations,
magnetic reconnection becomes very simple. An appropriate forcing can deform the magnetic field
in such a way that it attains such high number of exponentiations [Boozer, 2013].

The three next sections describe the possible importance of the number of exponentiations for
magnetic reconnection, and why its relevance is only visible in 3D models. A summary of the
ideas is presented in section 2.4.
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2.1 A fundamental difference between 2D and 3D-depending
models

The following is a more detailed (with more “intermediate steps”) derivation of [Boozer, 2013],
section IV.B, with some arguments from [Boozer, 2012b]. Assuming a magnetic field of the shape:

~B = B0~z + ~∇A× ~z =

 ∂yA
−∂xA
B0

 , (2.2)

where B0~z is a constant strong guide field along ~z, perturbed by contributions with zero-divergence
~∇A × ~z in the (x, y) plane. In the above mentioned paper, it is shown that if A is a function of
the three spatial coordinates (x, y, z), all neighbouring magnetic field lines tend to exponentiate
apart, and when A depends only on (x, y), only a small part of the magnetic field lines exponentiate
apart, showing thus fundamentally different behaviours.

Indeed, when ~B can be expressed in the shape written in equation 2.2, the magnetic field lines are
given by:

dx

dz
= ∂yA

B0
, (2.3)

dy

dz
= −∂xA

B0
. (2.4)

Now taking a central line with coordinates (x0, y0) at a certain z, and an arbitrary neighbouring
line with coordinates (x, y) at the same z, the separation between both lines is:

~δ = (x− x0)~ux + (y − y0)~uy, (2.5)

with ~ux and ~uy the unit vectors along the ~x and ~y directions. In order to find a differential equation

for ~δ, one can make a Taylor expansion of A around (x0, y0), with z fixed:

A = A0 +Ax(x−x0)+Ay(y−y0)+Axx
(x− x0)2

2 +Axy(x−x0)(y−y0)+Ayy
(y − y0)2

2 +· · · , (2.6)

where Ai = ∂iA(x = x0, y = y0) and Aij = ∂ijA(x = x0, y = y0) for i, j ∈ (x, y). Plugging this
Taylor expansion of A into equations 2.3 and 2.4 yields:

B0
dx

dz
= Ay +Axy(x− x0) +Ayy(y − y0) + · · · , (2.7)

B0
dy

dz
= −(Ax +Axx(x− x0) +Axy(y − y0) + · · · ). (2.8)
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Hence, δx = (x− x0) follows the differential equation:

B0
dδx
dz

= dx

dz
− dx0

dz
(2.9)

= Ay +Axy(x− x0) +Ayy(y − y0) + · · · −Ay (2.10)

= Axy(x− x0) +Ayy(y − y0) + · · · (2.11)

= Axyδx +Ayyδy + · · · . (2.12)

Similarly,

B0
dδx
dz

= −Axxδx −Axyδy − · · · . (2.13)

Hence, in the limit ~δ → ~0 (but with ‖~δ‖ > 0 of course), ~δ follows:

B0
d

dz

(
δx
δy

)
=
(
Axy Ayy
−Axx −Axy

)(
δx
δy

)
. (2.14)

Assuming then that the magnetic field depends on only two coordinates, which means that A is a
function of (x, y) and not of z anymore, then the matrix with the Aij coefficients is constant. Its
eigenvalues λ are given by solving:

∣∣∣∣∣Axy − λ Ayy
−Axx −Axy − λ

∣∣∣∣∣ = 0, (2.15)

λ2 −A2
xy +AyyAxx = 0, (2.16)

λ2 = A2
xy +AyyAxx. (2.17)

In a physical system, the case A2
xy + AyyAxx = 0 will never strictly be fulfilled, giving thus two

distinct solutions, λ and −λ with λ2 = A2
xy + AyyAxx which can be real or imaginary. Then the

matrix with the Aij coefficients can be written:

(
Axy Ayy
−Axx −Axy

)
= P

(
λ 0
0 −λ

)
P−1, (2.18)

with P an invertible matrix. Making the variable change P−1~δ = ~̃δ changes equation 2.14 into:

d

dz

(
δ̃x
δ̃y

)
=
(
λ/B0 0

0 −λ/B0

)(
δ̃x
δ̃y

)
, (2.19)

which has the solution:
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(
δ̃x
δ̃y

)
=
(

˜δx0e
λz/B0

˜δy0e
−λz/B0

)
. (2.20)

Hence, depending on whether λ is real or imaginary, the magnetic field lines tend to exponentiate
apart (or together) or twist around the central line. To grasp the physical meaning, it is necessary
to resort to the Hamiltonian theory of magnetic field lines1, which introduces the quantities kq
and kω in order to rewrite kσ = λ/B0, as in [Boozer, 2013], section IV.B:

k2
σ = k2

q − k2
ω, (2.21)

k2
q =

(
Axy
B0

)2
+
(
Axx −Ayy

2B0

)2
, (2.22)

k2
ω =

(
Axx +Ayy

2B0

)2
. (2.23)

The term k2
q , corresponds to the tendency of the magnetic field lines to exponentiate apart (when

k2
q − k2

ω ≥ 0 then kσ is real), and the term kω for the tendency of the neighbouring lines to twist
around the central line (when it is sufficiently big, kσ is imaginary).

Actually, kω is proportional to the current along ~z. Indeed, Ampère’s law gives:

µ0jz = ∂xBy − ∂yBx = −(Axx +Ayy). (2.24)

Hence:

k2
ω =

(
µ0jz
2B0

)2
. (2.25)

As a consequence, when the current along ~z is sufficiently low (|kq/kω| > 1), neighbouring field
lines will tend to exponentiate apart or together, and when it is high, field lines will twist around
the central line.

In the most favorable case for exponentiation, and in order to simplify the discussion, when
kω = 0, the Taylor expansion 2.6 is only valid in a region of order 1/kq around (x0, y0) (in order
to see why, assume that all the second derivatives are of the same order of magnitude Am so that
1/kq ∼ B0/Am and plug (x − x0) ∼ B0/Am in equation 2.7). Thus, the maximum number of
exponentiations is given by (x̃s− x̃0)eσ = 1/kq where x̃s and x̃0 are respectively the starting point
of the neighbouring line and the central line in the ~x direction, transformed with the matrix P−1.
This is the scaling behaviour along one direction. Hence, for a given number of exponentiations
σ, only the lines residing in an area scaling as exp(−2σ) around the central magnetic field line
can attain this value of σ ([Boozer, 2012b], section II.A.3).

1More details about the Hamiltonian theory of magnetic field lines would be beyond the scope of this report.
The interested reader can refer to [Boozer, 2012b].
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Hence, if A depends only on the two coordinates x and y, a very small proportion of the lines
exponentiate apart.

On the contrary, when the magnetic field (and the second derivatives of A) depend on all three
coordinates, then all neighbouring field lines tend to exponentiate apart. These derivations are
however more complicated and explaining them in detail would go beyond the scope of this thesis.
They can be found in [Boozer, 2012b]. The main difference between both situations is that, when
kq and kω depend on z, which term is greater depends on z as well. As a consequence, since the
second derivatives of A are characteristically of comparable magnitudes, kσ is sometimes real, and
sometimes imaginary (when A does not depend on z, kσ also does not and hence remains real or
imaginary). Thus, if k2

q > k2
ω along ~z for a distance at least of the order of 1/kσ, then all lines will

exponentiate apart ([Boozer, 2013], section IV.B).

2.2 How an exponentially small non-ideality can trigger recon-
nection

In [Boozer, 2013], section III, it is shown that an exponentially small non-ideality in the evolution
of the magnetic field can cause a scrambling of the magnetic field lines, and hence magnetic
reconnection. The demonstration is done as follows: cutting the physical domain in two parts:
the upper-half u (for Lz/2 ≤ z ≤ Lz) and the lower-half l (for 0 ≤ z ≤ Lz/2), and defining the
functions xLz/2(x0, y0) and yLz/2(x0, y0), so that a line starting at (x0, y0) in the z = 0 plane will
arrive at (xLz/2(x0, y0), yLz/2(x0, y0)) in the z = Lz/2 plane (see figure 2.1), one can carry out a
Singular Value Decomposition of the Jacobian Jl of this mapping (x0, y0) 7→ (xLz/2, yLz/2), which
is related to the number of exponentiations σ through:

Jl =

∂xLz/2
∂x0

∂xLz/2
∂y0

∂yLz/2
∂x0

∂yLz/2
∂y0

 = U ·
(
eσ 0
0 e−σ

)
· V T , (2.26)

with U and V orthogonal matrices (UUT = V V T = I with V T the transpose of matrix V ). These
matrices correspond in 2D to a rotation with or without an inversion in sign of both coordinates.

Similarly, one can define the Jacobian Ju for the mapping of the upper domain, where (xLz/2, yLz/2) 7→
(xLz , yLz). Then, the complete mapping (x0, y0) 7→ (xLz , yLz) has the Jacobian Jul = Ju ·Jl. When
no magnetic reconnection occurs, xLz = x0 and yLz = y0, hence:

Jul = Ju · Jl =
(

1 0
0 1

)
(2.27)

and the matrices Ju and Jl are inverse of each other. As a consequence, according to 2.26:

Ju = V ·
(
e−σ 0
0 eσ

)
· UT . (2.28)

This is valid for an ideal evolution of the magnetic field (where no reconnection is possible). But,
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Figure 2.1: Illustration of the mapping. The physical domain is divided in an upper domain u
and a lower domain l. A line at (x0, y0) in the z = 0 plane passes by (xLz/2, yLz/2) in the middle
plane and ends up at (xLz , yLz) at z = Lz.

if the evolution deviates slightly from an ideal evolution, so that the mapping in the upper part
is slightly changed, becoming:

Ju = V ·
(
e−σ 0
∆ eσ

)
· UT , (2.29)

where the off-diagonal term ∆ corresponds to the deviation from an ideal evolution. Since the
mapping has to preserve the area, the determinant of Ju has to be unity, hence only one off-diagonal
term is allowed2. Then, assuming that Jl hasn’t changed, Jul becomes:

Jul = V ·
(
e−σ 0
∆ eσ

)
· UT · U ·

(
eσ 0
0 e−σ

)
· V T (2.30)

= V

(
1 0

∆eσ 1

)
V T . (2.31)

Hence, when ∆eσ is of order 1, the mapping (x0, y0) 7→ (xLz , yLz) is far from unity, which means
that magnetic reconnection has occured. This shows that an exponentially small deviation ∆
from an ideal evolution can cause magnetic reconnection if the number of exponentiations σ of
the involved magnetic field line is sufficiently large.

2This is not exactly what is required: actually, magnetic-flux conservation is required, not area conservation.
Nevertheless, area conservation means magnetic flux conservation if the magnetic field strength does not depend on
the position. A derivation with magnetic flux conserving Jacobians is possible but would unnecessarily complicate
the discussion. The interested reader can refer to [Boozer, 2012a], section V.E.
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2.3 The influence of σ on the current density needed for recon-
nection

Knowing that an exponentially small non-ideality can trigger magnetic reconnection, one has now
to quantify and determine of which order of magnitude the term ∆ in 2.29 is.

In [Boozer, 2013], section I.A, the non-dimensional number B is defined as follows:

B = |
∫
~E · ~dl|
| ~E|L

, (2.32)

with ~E the electric field and | ~E| its characteristic magnitude, V =
∫
~E · ~dl the voltage along a

magnetic field line and L a characteristic spatial scale. In [Boozer, 2013], appendix A, it is shown
that magnetic reconnection happens if and only if V 6= 0. The proof of this result requires concepts
from the mathematics of general coordinates that are far beyond the scope of this report.

This number B corresponds to the inverse of the Lundquist number S in the case of a plasma
model verifying Ohm’s law ~E = 1

σ(c)
~j where σ(c) is the conductivity and ~j the current density,

and with an Alfvénic ~E × ~B flow ([Boozer, 2013], section I.A). | ~E| is then indeed BvA with B
the characteristic magnitude of the magnetic field and vA the Alfvén velocity, and relation 2.32
becomes :

B = |
∫
~j · ~dl|

BvALσ(c) (2.33)

= |
∫
~∇× ~B · ~dl|

µ0BvALσ(c) (2.34)

≈ B

µ0BvALσ(c) (2.35)

≈ 1
S
. (2.36)

This number characterizes how much the magnetic field evolution deviates from an ideal evolution.
Indeed, as will be shown in chapter 3, the magnetic field evolution is governed, in the framework
of this model, by the equation:

∂t ~B = ~∇× (~v × ~B) + 1
µ0σ(c)

~∆ ~B, (2.37)

with ~v the velocity of the plasma considered as a conducting fluid of electrical conductivity σ(c).
The evolution is ideal when the conductivity is infinite and the dissipation term 1

µ0σ(c)
~∆ ~B disap-

pears. The ratio between the two terms of the right-hand side is roughly:
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‖~∆ ~B‖
µ0σ(c)‖~∇× (~v × ~B)‖

≈ LB0
µ0σ(c)v0B0L2 (2.38)

≈ 1
µ0σ(c)v0L

, (2.39)

with v0, B0, L characteristic velocities, magnetic field strength and length. With a characteristic
velocity of the order of the Alfvén speed v0 = vA, this gives the Lundquist number S.

Hence, on a time-scale of the order of the Alfvén time tA = L/vA, the contours of a magnetic flux
tube will tend to evolve in a non-ideal manner in inverse proportion of the Lundquist number.
This means in turn that the exponentially small deviation ∆ in equation 2.29 becomes of order
1/S ≈ B on this time-scale.

This number B is thought to be of order 10−4 to 10−20 in many problems in astrophysics ([Boozer, 2013],
section I.A). The most common explanations for magnetic reconnection in the literature are that
when the magnetic field evolution is strongly forced, the current j (i.e. the magnetic field’s
derivatives) becomes large enough so that B ∼ 1 in small regions of space, triggering magnetic
reconnection, or alternatively that turbulence increases B sufficiently. The 3D topologically-driven
reconnection model considered in this work evokes the possibility of a “butterfly effect”. Indeed,
according to the previous section, if the topology of the magnetic field is complicated enough so
that:

eσB ∼ 1, (2.40)

then magnetic reconnection occurs, even though B can be very close to 0 (almost ideal evolution).
This implies that magnetic reconnection can already be triggered at way lower currents than
expected by considering models where the magnetic field depends on only two coordinates. Indeed,
with kq and kω of the same order of magnitude (see section 2.1), and with all the second derivatives
of A of comparable magnitudes, relation 2.24 imply that kq is roughly of the order of µ0jz/B0
(the factors of order of magnitude 1 are not taken into account).

According to equation 2.20, the number of exponentiations would be roughly (considering only
the coordinate x̃):

δ̃x = ˜δx0e
λz/B0 , (2.41)

ln( δ̃x˜δx0
) = λz

B0
, (2.42)

ln( δ̃x˜δx0
) = kσz. (2.43)

Hence, the maximum attainable number of exponentiations would occur when kσ = kq all the way
along z on the total distance Lz ([Boozer, 2013], section IV.B):

σmax ∼ kqLz ∼
µ0jzLz
B0

. (2.44)
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Notice that kσ = kq strictly when kω = 0, which would imply jz = 0, but the above relation is
here to state order of magnitudes. Of course, in the absence of currents, magnetic reconnection
cannot occur.

Now, noting that σmax corresponds also to the maximum number of exponentiations before re-
connection occurs, this verifies equation 2.40 and allows to determine that, when B is vanishing
(B → 0), the required current density for reconnection scales as:

eσmaxB ∼ 1, (2.45)

σmax ∼ ln
( 1
B

)
, (2.46)

jz ∼
B0
µ0Lz

ln
( 1
B

)
. (2.47)

The number B grows only linearly with the current density (with ~E proportional to ~j for a plasma
following Ohm’s law in equation 2.32), whereas eσB grows exponentially with ~j. Even though the
latter is only valid for very small B (and hence ~j), this criterion eσB ∼ 1 can be verified for a way
lower current density than the criterion B ∼ 1, giving thus a reconnection trigger at lower currents
than with models depending on only two spatial coordinates ([Boozer, 2013], sections I.A-I.B).

2.4 Summary: motivation for a 3D topologically-driven recon-
nection model

Summarizing the three last sections allows to understand the motivations behind developing the
numerical code:

• in section 2.1, it is argued that when the magnetic field depends on all three spatial coor-
dinates, basically all magnetic field lines tend to exponentiate apart, showing thus a funda-
mentally different behaviour than when it depends only on two coordinates. In the latter
case, only an exponentially small proportion of the magnetic field lines tend to exponentiate
apart.

• in section 2.2, it is shown that an exponentially small deviation from an ideal evolution can
already trigger magnetic reconnection provided that the number of exponentiations is big
enough.

• in section 2.3, the order of magnitude of such an exponentially small deviation is quantified,
and the relation between the maximum number of exponentiations before reconnection and
the current density jz explicited, defining thus a current density required for triggering
reconnection that can be way lower than expected by 2D models for the magnetic field.

Because of these considerations, a numerical experiment has been implemented following the lines
of [Boozer, 2013]. The aim is to stirr a plasma vigorously in order to reach the highest possible
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number of exponentiations, and see whether magnetic reconnection occurs. Because B is typically
between 10−20 and 10−4, magnetic reconnection is expected to happen around σ of the order of
10-20, even with a very small resistive non-ideality.



Chapter 3

Physics of the numerical experiment

Figure 3.1: Schematic evolution of the system. The boundary conditions are chosen so that the
“feet” and “heads” of the magnetic field lines are fixed in the absence of reconnection. When
magnetic reconnection occurs in the plasma, a line beginning at (x0, y0) in the z = 0 plane would
arrive at (x1, y1) 6= (x0, y0) in the z = Lz plane.

The system considered in this work is an incompressible plasma contained in a box of size
[0, Lx] × [0, Ly] × [0, Lz] governed by the incompressible MHD equations, neglecting the effects
of temperature and gravitation, and subject to a forcing field. Incompressibility is a good approx-
imation for a plasma which flow velocities are much smaller than the sound speed of the medium.
It is very often assumed for the sake of simplicity, as in this work. Initially, a mean magnetic field
along the ~z direction is assumed, so that all field lines are vertical. Periodic boundary conditions
are assumed along the ~x and ~y directions. Under the influence of a vigorous stirring, the magnetic
field lines become more and more entangled, raising and diminishing thus the number of exponen-
tiations along them. When this number of exponentiations is sufficiently high, an exponentially
small non-ideality will cause them to reconnect (see section 2.2). In order to detect easily that
magnetic reconnection has occured, boundary conditions along ~z which fix the “feet” and “heads”
of the magnetic field lines are chosen, so that whenever a line starting at the position (x0, y0) in
the plane z = 0 but not ending at the position (x0, y0) in the plane z = Lz is observed, one can
be sure that magnetic reconnection occured.

All these descriptive aspects are summarized in figure 3.1.

17
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In section 3.1 the MHD equations to be solved are presented. In order to grasp better their
physical meaning, they are made non-dimensional in section 3.2. The section 3.3 presents the
shape of the forcing field that is used to stirr the plasma. As for the boundary conditions, they
are presented in section 3.4.

3.1 Deriving the incompressible MHD equations

In magnetohydrodynamics, the plasma is described as a conducting fluid. This is a good ap-
proximation when the space and time-scales at the particle-level are way smaller than the space
and time-scales of the considered total system (for example, the mean free path of the particles
has to be very small compared to a characteristic length of the system). In this framework, the
forces acting on a fluid element of volume δV and of mass ρδV with ρ the fluid mass density are
([Biskamp, 2003], section 2.1):

1. the Lorentz force q( ~E+~v× ~B), which acts on each charged particle of charge q and velocity ~v
under the influence of the electro-magnetic field ( ~E, ~B). For a fluid element, the contribution
of the Lorentz force is the sum of all the contributions on all charged particles contained
in the fluid element. The quasineutrality of the plasma imposes q ~E ≈ 0, but the current
δ ~J =

∑
i qi~vi can be non-zero, leading to the total contribution on the fluid particle δV~j× ~B

with ~j = δ ~J
δV the current density.

2. the pressure force. The system is assumed close to local thermodynamic equilibrium, hence
the pressure tensor is assumed isotropic and results in the force −~∇PδV .

3. the viscuous force, acting as δV ~∇ · σ(µ), where σ(µ) is the viscuous-stress tensor defined by

σ
(µ)
ij = µ(∂ivj + ∂jvi− 2

3δij
~∇ ·~v) where µ is the viscosity (δij is the Kronecker symbol, equal

to 1 if i = j and 0 otherwise),

4. an external forcing term ~F ,

5. for the simplicity of the equations, and as the aim is to explore the possibility of topologically-
driven magnetic reconnection, the influences of temperature and gravity are neglected.

Adding up these contributions gives the momentum equation:

ρ
d~v

dt
= ~j × ~B − ~∇P + ~∇ · σ(µ) + ~F . (3.1)

This equation tells how the velocity of a certain fluid element evolves in time. It is a Lagrangian
description: using such a description means storing for each fluid element all information about it,
such as position and velocity, and integrate them in time. For our purpose however, an Eulerian
description of the system is better. In this description, the positions where we want to know the
velocity are fixed, and correspond to the grid points of the storage arrays. The fluid elements are
not followed individually, but the characteristics in time of the fluid at certain fixed positions is
studied. Both descriptions are linked by the relation:
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d~v

dt
= ∂~v

∂t
+ (~v · ~∇)~v. (3.2)

It follows that the momentum equation to be solved is:

ρ∂t~v = −ρ(~v · ~∇)~v +~j × ~B − ~∇P + ~∇ · σ(µ) + ~F . (3.3)

In order to solve this equation, one needs expressions for ρ, P , ~j and ~B.

First, the use of Maxwell’s equations allows to find relations for ~j and ~B. The plasma velocities
being non-relativistic, the displacement current 1

c2∂t ~E can be neglected. Ampère’s law yields then:

~∇× ~B = µ0~j. (3.4)

Faraday’s law tells the dynamics of the magnetic field:

∂t ~B = −~∇× ~E, (3.5)

where Ohm’s law allows to determine the electric field. In the restframe of the fluid element:

~Erf =
~j

σ(c) , (3.6)

where the subscript rf means “restframe” and σ(c) is the electrical conductivity, not to be mixed
up with the viscous-stress tensor σ(µ). The fluid moving at the non-relativistic velocity ~v in the
laboratory frame, the electric field in the laboratory ~E results from the Galilean transformation
([Biskamp, 2003], section 2.1):

~E = ~Erf − ~v × ~B. (3.7)

Hence, plugging equations 3.6 and 3.7 in equation 3.5 yields:

∂t ~B = ~∇× (~v × ~B)− 1
σ(c)

~∇×~j. (3.8)

Plugging Ampère’s law (equation 3.4) in 3.8 and using Gauss’ law ~∇ · ~B = 0 gives:

∂t ~B = ~∇× (~v × ~B)− 1
µ0σ(c)

~∇× (~∇× ~B) (3.9)

= ~∇× (~v × ~B)− 1
µ0σ(c) (~∇(~∇ · ~B)− ~∆ ~B) (3.10)

= ~∇× (~v × ~B) + 1
µ0σ(c)

~∆ ~B. (3.11)
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The coefficient η = 1
µ0σ(c) is called “magnetic diffusivity”. So far, the system of equations that has

to be solved is (see equations 3.3, 3.4 and 3.11):

ρ∂t~v = −ρ(~v · ~∇)~v +~j × ~B − ~∇P + ~∇ · σ(µ) + ~F , (3.12)

∂t ~B = ~∇× (~v × ~B) + η~∆ ~B, (3.13)

~j = 1
µ0
~∇× ~B. (3.14)

In order to close this system of equations, relations have to be found for the mass density ρ and
the pressure P . In the present thesis, the system is considered to be incompressible. This means
that the mass density is constant along the trajectory of the fluid particle, both in time and space,
allowing to write ρ = ρ0, where ρ0 is a constant so that:

dρ

dt
= 0, (3.15)

or, equivalently, because of the mass continuity equation ∂tρ+ ~∇ · ~v = 0:

~∇ · ~v = 0. (3.16)

This allows a lot of simplifications ([Biskamp, 2003], section 2.2):

1. the viscuous term ~∇ · σ(µ) becomes µ~∆~v:

(~∇ · σ(µ))j =
∑
i

∂iσ
(µ)
ij (3.17)

= µ
∑
i

∂i(∂ivj + ∂jvi) (3.18)

= µ(
∑
i

∂2
i vj + ∂j

∑
i

∂ivi) (3.19)

= µ
∑
i

∂2
i vj , (3.20)

which is the expression of (µ~∆~v)j (~∇ · ~v = 0 is the same as
∑3
i=1 ∂ivi = 0).

2. the term−ρ(~v·~∇)~v can be simplified, when introducing the vorticity ~ω = ~∇×~v and redefining
the pressure. Using the identity ~∇(~f.~g) = (~f.~∇)~g+ (~g.~∇)~f + ~f × (~∇×~g) +~g× (~∇× ~f) with
~f = ~g = ~v, one deduces:

−ρ(~v · ~∇)~v = ρ0~v × ~ω − ~∇(1
2ρ0v

2). (3.21)

Then, redefining the pressure by adding the contribution 1
2ρ0v

2 called“dynamic pressure”, so

that −~∇P → ~∇(P+ 1
2ρ0v

2), the term −ρ(~v ·~∇)~v becomes ρ0~v×~ω. From now on, the pressure
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P contains also this dynamic pressure term, even though no changes in the notations occur.
The reason of this change is explained in the next point.

3. the pressure term, redefined with the contribution from the point before, can be eliminated
by taking the curl of relation 3.12:

~∇× (ρ0∂t~v) = ~∇× (ρ0~v × ~ω +~j × ~B − ~∇P + µ~∆~v + ~F ), (3.22)

ρ0∂t~ω = ~∇× (ρ0~v × ~ω +~j × ~B + ~F ) + µ~∆~ω. (3.23)

This means that one could integrate the vorticity in time, and deduce the velocity by solving
the Poisson equation ~∆~v = −~∇×~ω. Hence, the pressure (including the dynamic pressure) is
not an independent variable anymore and can be, if needed, computed afterwards by taking
the divergence of 3.12 and solving the resulting Poisson equation. With the chosen boundary
conditions however (see in section 3.4), nothing practical can be assumed for the x and y
components of the vorticity field at the borders, making it more practical to integrate the
velocity field in time. But this remark still means that the pressure is not an independent
variable. Its influence will simply be a projection step in Fourier space, as will be shown in
section 4.3.3.

In the end, the incompressible MHD equations that are to be solved are:

∂t~v = ~v × ~ω + 1
ρ0

(~j × ~B − ~∇P + µ~∆~v + ~F ), (3.24)

∂t ~B = ~∇× (~v × ~B) + η~∆ ~B, (3.25)

~j = 1
µ0
~∇× ~B, (3.26)

~ω = ~∇× ~v, (3.27)

~∇ · ~v = 0, (3.28)

~∇ ·~b = 0. (3.29)

3.2 Non-dimensional variables

Since both sides of the equations have the same dimension, it is possible to reformulate the set of
equations 3.24-3.29 by using non-dimensional variables. For each variable ~v, ~ω, ~j, ~B, P , without
forgetting the time t and the position ~r, one can say that they are equal to a dimensional constant
times a non-dimensional variable. For example t = t0t

′, ~r = r0~r
′ where t0 and r0 are constants

with a dimension and t′ and ~r′ have no dimension. By choosing the constants wisely, this allows
a change of variables (u 7→ u′) which simplifies the set of equations and allows to see better its
physical meaning.

The time derivative ∂t becomes 1
t0
∂t′ and the nabla operator becomes 1

r0
~∇′ where ~∇′ is the space

derivative along ~r′ (instead of ~r for ~∇).
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Doing this for all variables changes the set of equations 3.24-3.29 into:

∂t′~v
′ = ω0t0~v

′ × ~ω′ + t0j0B0
ρ0v0

~j′ × ~B′ − t0P0
v0r0ρ0

~∇′P ′ + µt0
ρ0r2

0
~∆′~v′ + t0F0

v0ρ0
~F ′, (3.30)

∂t′ ~B
′ = v0t0

r0
~∇′ × (~v′ × ~B′) + ηt0

r2
0
~∆′ ~B′, (3.31)

~j′ = B0
j0µ0r0

~∇′ × ~B′, (3.32)

~ω′ = v0
ω0r0

~∇′ × ~v′, (3.33)

~∇′ · ~v′ = 0, (3.34)

~∇′ ·~b′ = 0. (3.35)

If ~v′ is defined in the most natural way ~v′ = d~r′

dt′ , there is actually no choice for v0. Indeed:

~v = d~r

dt
= r0
t0

d~r′

dt′
= v0~v

′. (3.36)

Hence v0 = r0
t0

. For the other dimensional constants, wise links can be made in order to simplify
the equations. For example, for ω0, there is a very natural choice:

~ω = ~∇× ~v = v0
r0
~∇′ × ~v′ = ω0~ω

′. (3.37)

Setting ω0 = v0
r0

= 1
t0

would give ~ω′ = ~∇′ × ~v′.

In the same way, if we choose j0 = B0
µ0r0

, then equation 3.32 becomes very simple, namely:

~j′ = ~∇′ × ~B′. (3.38)

With these choices, the system of equations becomes:

∂t′~v
′ = ~v′ × ~ω′ + B2

0
ρ0v2

0µ0
~j′ × ~B′ − P0

ρ0v2
0
~∇′P ′ + µ

ρ0v0r0
~∆′~v′ + t0F0

v0ρ0
~F ′, (3.39)

∂t′ ~B
′ = ~∇′ × (~v′ × ~B′) + η

r0v0
~∆′ ~B′, (3.40)

~j′ = ~∇′ × ~B′, (3.41)

~ω′ = ~∇′ × ~v′, (3.42)

~∇′ · ~v′ = 0, (3.43)

~∇′ ·~b′ = 0. (3.44)

As will be shown in section 4.3.3, the pressure term P0
ρ0v2

0
~∇′P ′ simply ensures that the velocity

field remains divergence-free. Hence, choices for P0 are not really important. Defining F0 = ρ0v2
0

r0
,

the factor before ~F ′ becomes 1.
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The last simplifying choice that can be made is by setting wisely the term
B2

0
ρ0v2

0µ0
. The term

B2
0

ρ0µ0

is equal to v2
A, where vA is the Alfvén velocity associated with the magnetic field strength B0.

Hence, by setting
B2

0
ρ0v2

0µ0
= v2

A

v2
0

= 1, which consists in saying that the velocity is measured in units

of Alfvén velocity associated with B0, the factor before ~j′ × ~B′ becomes 1.

Two numbers appeared by doing the natural choice v0 = r0
t0

and setting v0 = vA(B0): if B0
corresponds to a characteristic magnetic field strength and r0 to a characteristic length, ρ0v0r0/µ
is the Reynolds number Re, provided that a characteristic speed of the system is the Alfvén velocity
(which is the case in the system considered in this work), and S = v0r0/η is the Lundquist number.
Both of these number translate how important the dissipation terms are. A low Reynolds number
means a comparatively high viscosity, which implies that the flow is laminar (in many astrophysical
systems, the viscosity is very small and hence the flow is turbulent). When the evolution is strictly
ideal, η = 0 and no magnetic reconnection can occur (but an exponentially small deviation from
this can already cause magnetic reconnection if the number of exponentiations is big enough,
as shown in chapter 2). Relevant considerations about the Lundquist number for the choice of
boundary conditions will be mentioned in section 3.4. Introducing these numbers and taking into
account the previous links, the system simplifies to:

∂t~v = ~v × ~ω +~j ×~b− ~∇P +R−1
e
~∆~v + ~F , (3.45)

∂t~b = ~∇× (~v ×~b) + S−1~∆~b, (3.46)

~j = ~∇×~b, (3.47)

~ω = ~∇× ~v, (3.48)

~∇ · ~v = 0, (3.49)

~∇ ·~b = 0, (3.50)

where the primes (such as ~v′) have been removed for the sake of simplicity of notations and ~b = ~B
so that there are only lowercase letters.

This set is valid for any choice of the dimensional constants verifying the above-mentioned rela-
tions. However, in order to be able to use the Lundquist number S and the Reynolds number Re,
r0 should be a characteristic length and B0 a characteristic magnetic field strength (so that v0
really corresponds to an Alfvén velocity relevant for the system). Hence, a good choice is r0 = Lz
and setting B0 to the value of the mean guide field along ~z.

All terms appearing in 3.50 are non-dimensional. Even though the precise physical quantities are
not important in the frame of this master thesis, precise dimensional values can be obtained by
fixing the parameters B0, L0, ρ0, η and µ. These dimensional quantities are linked through the
relations chosen before and summarized in table 3.1.
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Quantity Set to/Link

η free

µ free

ρ0 free

B0 set to mean guide field along ~z

r0 set = Lz
v0 set = vA(B0) = B0√

ρ0µ0

t0
r0
v0

ω0
v0
r0

j0
B0
µ0r0

F0
ρ0v2

0
r0

P0 not important, see section 4.3.3

Table 3.1: Choices and links between dimensional quantities. In order to know the physical quan-
tity from the output of the numerical program, one must fix all the free parameters B0, Lz, ρ0, η, µ
and multiply the outputs of the program by the corresponding value with subscript 0.
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3.3 The forcing field

Figure 3.2: Forcing field on a 32x32x32 size system in different (x, y) planes with constant z.
From top-left to bottom-right: for z near 0 (top-left), for z near Lz/4 (top-center), near Lz/2
(top-right), near 3Lz/4 (bottom-center) and near Lz (bottom right). The amplitude of the field
varies with z, and is strictly zero at the top and the bottom (see equation 3.51) – that is why the
field is shown “near” the top and the bottom. One can see “twisting cells” of low amplitude at the
top and the bottom (note that the twist is in opposite directions at the top and the bottom), an
almost shear-like forcing for z ≈ Lz/4 and z ≈ 3Lz/4 and bigger-amplitude “twisting cells” for z
in the middle.

The forcing field applied to the system is the one proposed in [Boozer, 2013], section II:

~F (x, y, z, t) = FA(1− e−t/T )


2π
Ly

(− sin(2πx
Lx

) cos(2πy
Ly

) sin( πzLz ) + cos(2πx
Lx

) sin(2πy
Ly

) sin(2πz
Lz

))
2π
Lx

(cos(2πx
Lx

) sin(2πy
Ly

) sin( πzLz )− sin(2πx
Lx

) cos(2πy
Ly

) sin(2πz
Lz

))
0

 ,
(3.51)

where FA is the forcing amplitude, with the dimension of a length so that the forcing term ~F is
non-dimensional.

The forcing term vanishes at the boundaries z = 0 and z = Lz, in order to ensure 0 velocity
there, which is in combination with well-chosen boundary conditions a possibility to ensure that
the magnetic field lines “feet” and “heads” are fixed, as shown in section 3.4. Two terms with
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a different dependence along ~z make the field non-symmetric with regard to z = Lz
2 . If it were

symmetric with regard to this plane, unphysical results would occur as for example the prevention
of changes in the magnetic field line connections ([Boozer, 2013], section II).

Pictures of this field are shown in figure 3.2

3.4 Boundary conditions

In order to approximate an infinite system along the ~x and ~y directions, periodic boundary condi-
tions are chosen. The chosen forcing is compatible with such boundary conditions ([Boozer, 2013],
section II). Periodic boundary conditions mean, that for any field ~f and any integers m,n ∈ Z:

~f(x+mLx, y + nLy, z) = ~f(x, y, z). (3.52)

An illustration of this relation is shown in figure 3.3.

Figure 3.3: Illustration of periodic boundary conditions along ~x and ~y. The “physical” box simu-
lated is in the middle (visible with full opacity), and is replicated along the ~x and ~y directions to
approximate an infinite system (the replications are represented with a lower opacity).

For the ~z direction, in order to be able to see easily whether and where magnetic reconnection did
occur, the boundary conditions are chosen so that the “feet” and the “heads” of the magnetic field
lines do not move, as shown in figure 3.1.
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The magnetic field is governed by the equation 3.46:

∂t~b = ~∇× (~v ×~b) + S−1~∆~b. (3.53)

The Lundquist number is defined by S = µ0σ
(c)v0r0. When it is very big, the magnetic field

lines are “frozen” into the fluid motion ([Priest and Forbes, 2000], section 1.4): the magnetic field
lines follow very closely the fluid. Hence, if the conductivity of the plasma is sufficiently high,
by choosing a zero-velocity at the boundaries z = 0 and z = Lz, the “feet” and “heads” of the
magnetic field lines should not move. These are the so-called “no-slip” boundary conditions:

vx = 0
vy = 0
vz = 0

 . (3.54)

The boundary conditions for ~b should then be chosen so that initially a mean-magnetic field B0
along ~z is present. One could imagine for example a magnet surrounding the plasma with two
insulating layers at the top and the bottom, as in figure 3.4.

Figure 3.4: Possible way of imagining insulating boundary conditions along ~z.

Insulating boundary conditions impose that ~j = ~∇ × ~b = ~0 at the boundaries. Because of the
uniformity of the magnetic field generated by the magnet, one has ∂y = ∂x = 0 at the boundaries,
and ~j simplifies to:

~j =

−∂zby∂zbx
0

 . (3.55)

Hence, in order to have ~j = ~0, one can impose ∂zby = ∂zbx = 0. Furthermore, for the ~z component,
Gauss’ law implies:
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∂xbx + ∂yby + ∂zbz = 0, (3.56)

0 + 0 + ∂zbz = 0. (3.57)

Hence, by choosing: ∂zbx = 0
∂zby = 0
∂zbz = 0

 , (3.58)

insulating boundary conditions can be ensured.

Here, several questions can arise. For example, when 1
σ(c) > 0, an insulator would not be able to

strictly fix the magnetic field lines. On the contrary, a perfect conductor would be able to: as
soon as a magnetic field line would move, the flux accross a fixed surface would change, inducing
a current that would make the field line come back to its previous place. This could also work.
However, no magnetic field line would be able to penetrate into such a perfect conductor, so the
field lines coming from the magnet would not be able to enter in the plasma.

Another question that could arise is this one: looking at figure 3.4, one could also have chosen
bx = 0 and by = 0 at the boundaries, instead of the derivatives along ~z being zero...

These two questions, among others that one could ask, are just here to show that the chosen
boundary conditions for ~b are somewhat artificial. However, the main aim of the programmed
numerical code is to explore the possibility of magnetic reconnection triggered by the topology of
the magnetic field lines, and fixing the lines at the top and the bottom is just a practical way to
see if and where magnetic reconnection occured. Which boundary conditions are chosen does not
really matter: if it happens with such boundary conditions, it could happen with any other, even
though it would be more difficult to detect. As will be shown in chapter 5, the choices 3.54 and
3.58 fullfill their role, as they fix “heads” and “feet” of the lines, which is actually the main reason
why they are chosen.



Chapter 4

Numerical integration

The system, contained in a box of volume [Lx, Ly, Lz] is fully described by the knowledge of the

velocity field ~v and the magnetic field ~b. In order to represent it, a discretization of the domain
[0, Lx]× [0, Ly]× [0, Lz] is done. Assuming that nx equidistant points are used in the ~x direction
(and similarly ny and nz for the other directions), the sampling points are located at:

x = 0.5Lx
nx
, 1.5Lx

nx
, 2.5Lx

nx
, ..., (nx − 0.5)Lx

nx

And similarly for the sampling points in the ~y and ~z directions, see figure 4.1. The reason why
the sampling points are not at the borders (it could have been x = 0, Lxnx , 2

Lx
nx
, ..., (nx−1)

nx
Lx for

example), is that the boundary conditions are treated in an implicit way, as will be shown in
section 4.2.

Figure 4.1: Discrete sampling of the domain [0, Lx]× [0, Ly]× [0, Lz]. The grid points are strictly
inside the domain, and the points at the extremities are at a distance of half a grid-size to the
boundaries. This is important for the implicit representation of the boundary conditions along ~z
presented in this report.

In order to integrate the equations 3.45 and 3.46, space-derivatives have first to be performed
in order to obtain the right-hand sides. Because of its accuracy, a pseudospectral approach is
used to compute them. This approach has the advantage of the accuracy of calculation of the

29
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space-derivatives in Fourier space (as opposed to other methods like finite differences in real
space), without the drawback of having to calculate convolutions directly [Canuto et al., 1988].
The section 4.1 presents what this approach is.

In the frame of this approach, the representation of the boundary conditions is explored in section
4.2.

Section 4.3 presents in detail how the right-hand sides are computed.

When this step is done, a time-integration has to take place. The method chosen is a third-order
Runge-Kutta integration, which is presented in section 4.4.

As computers cannot store an infinite quantity of information, numerical approximations are
unavoidable. This can lead to numerical effects which can be amplified over time and eventually
lead to divergent and/or unphysical results. Ensuring the solenoidality of the velocity (that is,
~∇ · ~v = 0) revealed itself to be an issue, which is presented in section 4.5.

Lastly, some considerations concerning the Fourier transformations and parallelisation are pre-
sented in section 4.6.

4.1 Pseudospectral method

The fields are represented in Fourier space using a discrete Fourier transform. Each component j
of field ~f is represented by the finite sum:

fj(x, y, z) =
∑
~k

ei(kxx+kyy+kzz)f̂j(kx, ky, kz), (4.1)

where ~k = (kx, ky, kz) is the wavevector, the sum is done for −nj
2 ≤ gj ≤ nj

2 − 1 with kj = 2π
Lj
gj

and nj the number of sampling points in the j direction (j being x, y or z). f̂j is the Fourier
coefficient, defined by:

f̂j(kx, ky, kz) = 1
nxnynz

∑
(x,y,z)

e−i(kxx+kyy+kzz)fj(x, y, z). (4.2)

In Fourier space, all the space-derivatives become multiplications: a consequence of the uniqueness
of the Fourier decomposition is that differentiating along ~x in real space corresponds to multiplying
all the Fourier coefficients by ikx, and similarly for differentiation along the ~y and ~z directions.

The cross-product terms, ~v×~ω, ~j×~b and ~v×~b become thus sums of convolutions. The problem is
the following: knowing the Fourier coefficients of the functions f and g, defined in one dimension
for the sake of simplicity (the generalisation to 3D is immediate), we want to know the Fourier
coefficients of the function defined for every x by h(x) = f(x)g(x). For an infinite series expansion,
the coefficient of the mode of wavenumber kx is given by the convolution ([Canuto et al., 1988],
section 3.2):
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ĥ(kx) =
∑

mx+nx=kx
f̂(mx)ĝ(nx). (4.3)

In practice, one can only deal with finite sums with computers, giving thus the truncated sum for
N modes:

ĥ(kx) =
∑

mx+nx=kx
−nx/2≤(mx,nx,kx)·Lx/(2π)≤nx/2−1

f̂(mx)ĝ(nx). (4.4)

The notation ∗ is commonly used for convolutions, so that ĥ = f̂ ∗ ĝ. The cross-products appearing
in equations 3.45 and 3.46 involve of course 6 products in real space (2 for each dimension), and
hence 6 convolutions in Fourier space, but for simplifying the notations, the symbol ∗ will also be
used. For example : “~̂v∗ ~̂ω” means the vector for which the first component is vy ∗ωz−vz ∗ωy where
∗ is the familiar convolution, and similarly for the two other components of the cross-product.

The equations 3.45 and 3.46 become then, in Fourier space:

∂t~̂v = ~̂v ∗ ~̂ω + ~̂j ∗ ~̂b+R−1
e

 −k2
x

−k2
y

−k2
z

 ~̂v + ~PF + ~̂
F , (4.5)

∂t
~̂
b =

 ikx
iky
ikz

× (~̂v ∗ ~̂b) + S−1

 −k2
x

−k2
y

−k2
z

~̂b, (4.6)

where ~PF is the pressure term in Fourier space, which will be explicited in section 4.3.3, and
~̂
F

the Fourier transform of the forcing field defined in section 3.3.

In Fourier space, the current ~̂j and the vorticity ~̂ω can easily be deduced from
~̂
b and ~̂v respectively.

For example, for ~̂j:

~̂j =

 ikx
iky
ikz

× ~̂b. (4.7)

More generally, it is very easy and accurate to compute derivatives. However, the convolutions are
numerically more expensive. For example, in equation 4.4, the sum can be computed in O(N2) in
one dimension. In three, it would naively take O(N6) operations, even though one can use some
techniques to make it in O(N4) ([Canuto et al., 1988], section 3.2).

A pure spectral method would consist in calculating everything in Fourier space, including those
convolutions. In order to avoid this huge complexity, one can put the fields of interest in real
space, calculate all the cross-products there, and then put them back into Fourier space. This
is the so-called pseudospectral approach. The idea is to calculate easily the cross-products in
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real space, and accurately the derivatives in Fourier space at the same time. This requires a fast
way to transform functions from real to Fourier space and vice-versa. In order to achieve this,
the library FFTW3 (Fastest Fourier Transform in the West) [Frigo and Johnson, 2005] is used,
which implements a Fast Fourier Transform (FFT) algorithm and also allows for MPI (Message
Passing Interface) parallelization. Some aspects about the use of FFTW3 with a lot of processors in
parallel are presented in section 4.6. This algorithm allows to perform the Fourier transformations
in O(N3 log(N)), and in real space, the cross-products are computed in O(N) leading to a final
complexity of O(N3 log(N)), which is way better than O(N4) or even O(N6).

Computing the cross-products in real space involves however a subtle point called “aliasing error”,
which is explained in section 4.3.2.

4.2 Representing the boundary conditions

With non-periodic boundary conditions along z, it is not possible to use immediately the corre-
spondence ∂z ↔ ikz between real and Fourier space. As is shown in figure 4.2 the derivative would
be incorrect for the samplings at the extremities (which would be z = 0.5Lznz and z = (nz−0.5)Lznz in
the ~z direction), and more or less correct for the other ones (the further away from the boundaries,
the more correct).

Figure 4.2: Sketch showing why the derivatives computed are incorrect at the boundaries when
the boundary conditions assumed are not periodic. Between the dashed vertical lines, the function
f from which we want to know the derivatives, sampled on each black dot, and which values at
the boundaries are determined through boundary conditions other than periodic. Putting f into
Fourier space in order to compute its derivatives would be equivalent to compute the derivatives
of the corresponding periodic function f̃ built on the sampling points. The derivatives obtained
at the extremities would be similar to those of the red dashed curve (instead of the black curve),
and as such completely wrong.

Because of this difficulty, many codes work in semi-Fourier space: each (x, y) plane is Fourier-
transformed in order to compute the derivatives along ~x and ~y, but the derivatives along ~z are
computed through other methods, for example finite differences.

Luckily however, in the case of the boundary conditions studied here (see section 3.4), there is
a way to overcome this difficulty and use the identity ∂z ↔ ikz, which means that there is the
possibility to stay entirely in Fourier space for the computation of the derivatives in the three
directions. The following idea is the key-point of the numerical code developed during this master
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thesis.

The boundary condition fj(x, y, z) = 0 on the coordinate j of field ~f for z = 0, Lz is equivalent
to making the field component fj antisymmetric along ~z with respect to the boundaries z = 0
and z = Lz, and the boundary condition ∂zfj(x, y, z) = 0 of making it symmetric along this same
direction. “Symmetric” and “antisymmetric” both refer to the parity of the mapping of fj in [0, Lz]
to [Lz, 2Lz]. Concretely, one can define f̃j on the domain [0, Lx] × [0, Ly] × [0, 2Lz], by setting
f̃j(x, y, z) = fj(x, y, z) for all (x, y, z) ∈ [0, Lx]× [0, Ly]× [0, Lz], and:

{
f̃j(x, y, Lz + z) = −fj(x, y, Lz − z), if fj = 0 at the boundaries,

f̃j(x, y, Lz + z) = fj(x, y, Lz − z), if ∂zfj = 0 at the boundaries.

The function f̃j is then fully-periodic on the two-times bigger domain [0, Lx] × [0, Ly] × [0, 2Lz]
and, for this function, the correspondence ∂z ↔ ikz is valid. The two cases fj = 0 and ∂zfj = 0
at the boundaries are illustrated in figure 4.3.

Figure 4.3: With the same values at the sampling points strictly inside the domain, the boundary
condition ∂zf(z) = 0 at the boundaries can be represented by symmetrizing f into f̃s (top case),
which is fully periodic, and similarly f(z) = 0 can be represented by antisymmetrizing f (bottom
case).

In practice, this means that for any field in real space, a step making it symmetric or antisymmetric
has to be implemented to enforce the boundary conditions, before transforming this field in Fourier
space and computing the derivatives there. For the backward transformation to real space, only
what is contained in the domain 0 ≤ z ≤ Lz is physically relevant. This is of course done at
the cost of more computational time and space, since the array to be Fourier- and back-Fourier
transformed is twice as big.

The reason why this step is needed can also be understood by looking at an example. Any real
function g defined on a domain D = [a, b] which value is 0 at the domain boundaries (g(a) =
g(b) = 0) can indeed be decomposed as a series of sine functions: g(x) =

∑
k sin( kπ

b−a(x− a)) (see
for example [Mathews and Walker, 1970], section 4.1). Similarly, if the derivatives of g are 0 at
the domain boundaries (g′(a) = g′(b) = 0), then the result applies for g′ and g can be expressed
as a series of cosine functions. Let’s now take the particular case g(x) = cos(2x) − cos(x) on
D = [0, 2π]. Then, as g(0) = g(2π) = 0 this theorem implies that g can be expressed as a series of
sine on this domain. However, according to the uniqueness of the Fourier decomposition, g can be



34 CHAPTER 4. NUMERICAL INTEGRATION

uniquely expressed as a sum of sine and cosine, which is already the case... The solution to this
paradox is that only the restriction of the sine series on the domain [0, 2π] coincides with g on this
domain, not the sine decomposition itself. This sine decomposition is indeed of odd symmetry
when g is of even symmetry. If one considers the two times bigger domain D̃ = [−2π, 2π], and
considers the antisymmetric function g̃ defined by:

{
g̃(x) = cos(2x)− cos(x), for x ∈ [0, 2π]
g̃(x) = −(cos(2x)− cos(x)), for x ∈ [−2π, 0].

Then the Fourier decomposition of g̃ is indeed a pure sine decomposition. Figure 4.4 compares
the plots of the functions x 7→ cos(2x) − cos(x) and x 7→ a1 sin(1

2x) + a2 sin(x) + a3 sin(3
2x) +

... + a10 sin(5x) which is the sine decomposition using 10 modes (with (ai) the coefficients of the
decomposition for which the precise values are of little importance here). One can realise that half-
integer modes appear: 1

2 ,
3
2 , .... Indeed, in the two times bigger domain D̃, the mode of pulsation

1 in D (cos(x)) becomes a mode of pulsation 2, and the mode of pulsation 2 (cos(2x)) becomes
of pulsation 4. For these “half-integer” modes in D (which are integer modes in D̃), a two times
bigger Fourier space is hence needed.

Figure 4.4: Comparison of the functions x 7→ cos(2x)− cos(x) and the ten first modes of the sine
decomposition of the corresponding antisymmetric function on [−2π, 2π].

4.3 Computing the terms

As the equations are integrated in Fourier space, at a certain iteration step, the aim is first
to compute the right-hand sides of equations 4.5 and 4.6, starting with the knowledge of the

representation of
~̂
b and ~̂v. There are four kinds of terms that appear:
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1. the terms coming from the cross-products in real space (~̂v ∗ ~̂ω, ~̂j ∗ ~̂b and ~∇× (~̂v ∗ ~̂b)),

2. the pressure term ~PF ,

3. the two dissipation terms R−1
e
~∆~̂v and S−1~∆~̂b,

4. the forcing term
~̂
F .

As mentioned before, the forcing term is simply the Fourier transform of the field defined in section
3.3, and the dissipation terms (the Laplacians), are computed in a straightforward way in Fourier
space, as for a field ~f , its Laplacian is:

~∆

fxfy
fz

 =

−k2
xfx

−k2
yfy

−k2
zfz

 . (4.8)

Hence, only the computation of the convolutions and the pressure terms remain to be clarified.
This is done in sections 4.3.1 and 4.3.3 respectively.

Two subtle aspects, the aliasing error and the problem of preserving the symmetries are presented
in sections 4.3.2 and 4.3.4 respectively. A diagram summarizing all the steps is also presented in
this section 4.3.4.

4.3.1 Computing the convolutions (or cross-products in real space)

This section describes how to compute the three terms ~̂v ∗ ~̂ω, ~̂j ∗~̂b and ~∇× (~̂v ∗~̂b) of equations 4.5
and 4.6.

In order to compute a term of the form
~̂
f ∗ ~̂g, for example ~̂j ∗ ~̂b, the following procedure can be

applied:

1. knowing
~̂
b in Fourier space, deduce ~̂j through the relation:

~̂j =

 ikx
iky
ikz

× ~̂b (4.9)

(this step is of course not needed for ~∇× (~̂v ∗ ~̂b))

2. transform ~̂j and
~̂
b to real space, in order to obtain ~j and ~b ,

3. compute ~j ×~b in real space,

4. put ~j ×~b in Fourier space (and take care of the aliasing error, see section 4.3.2),

5. only for the term ~∇× (~̂v ∗ ~̂b): apply the curl operator in Fourier space.
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Special care has to be taken for step number 4. Indeed, when knowing the field in Fourier space,
one can deduce the field in real space by restraining oneself to half of the domain, the other half
being there to express the symmetries (as explained in section 4.2). However, when returning to
Fourier space, one has to know which boundary conditions (i.e., which symmetries) have to be
applied. For example, with a magnetic field of the following form:

~b =

ss
s

 , (4.10)

where “s” stands for a symmetric function along ~z, the resulting ~j has the symmetries1:

~j =

∂x∂y
∂z

×
ss
s

 =

s− aa− s
s

 , (4.11)

where“a”stands for an antisymmetric function along ~z. This is due to the relations“∂xs = ∂ys = s”
and “∂zs = a” : the derivatives along ~x and ~y do not change the parity because of the periodic
boundary conditions, but a symmetric function along ~z has an antisymmetric derivative along ~z.
Similarly, “∂xa = ∂ya = a” and “∂za = s”. Also, “s+ s = s”, “−s = s”, “a+ a = a” and “−a = a”
are useful relations.

At last, the term ~j ×~b does not have any particular symmetry:

~j ×~b =

s− aa− s
s

×
ss
s

 =

 (a− s)s− ss
ss− s(s− a)

(s− a)s− (a− s)s

 =

a+ s
a+ s
a+ s

 . (4.12)

(The relations “ss = s”, “as = sa = a”, “aa = s” were used.)

This is a difficulty, since in order to perform step 4, which is to put ~j ×~b in Fourier space, one
has to know which symmetry to apply.

The key to this problem is to separate the symmetric and antisymmetric parts of the two terms.
Assuming for example that the fields ~b and ~j are decomposed in a symmetric and an antisym-
metric part: ~b = ~bs +~ba, ~j = ~js + ~ja, where the subscripts “s” and “a” stand for symmetric and
antisymmetric respectively, so that ~bs = (s, s, s) and ~ba = (a, a, a) (with our boundary conditions,
~ba would be equal to ~0), the cross-product ~j ×~b becomes:

~j ×~b = (~js +~ja)× (~bs +~ba) (4.13)

= (~js ×~bs +~ja ×~ja) + (~ja ×~bs +~js ×~ba). (4.14)

1Reading equation 4.11, a careful reader may notice a discrepancy with what was written in a previous section.
This discrepancy will be explicited and discussed in chapter 6.
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Since the product of two functions with the same parity is symmetric and the product of two
functions of opposite parity is antisymmetric, the left term ~js ×~bs +~ja ×~ja of the equation 4.14
is symmetric, and the right term ~ja × ~bs + ~js × ~ba is antisymmetric. When performing step 4,
the left term has to be made symmetric, the right term antisymmetric, and the sum of these two
symmetrized and antisymmetrized fields can then be put in Fourier space, as illustrated in figure
4.5.

Figure 4.5: Before putting a function f = fs + fa in Fourier space, one must apply separately the
right symmetries to the even (fs) and odd (fa) part of the function and transform their sum to
Fourier space. This is important in order to get the right derivatives.

In order to obtain this decomposition in symmetric and antisymmetric parts, one could think of
the following: expressing equation 4.11 in Fourier space with more details yields:

~̂j =

iky b̂z − ikz b̂yikz b̂x − ikxb̂z
ikxb̂y − iky b̂x

 (4.15)

=

 iky b̂z
ikxb̂z

ikxb̂y − iky b̂x

+

−ikz b̂y−ikz b̂x
0

 , (4.16)

where the left term gives the symmetric part in real space and the right term the antisymmetric
part. One could store these two parts separately in Fourier space, transform them to real space
and then know that the left term would go into ~js and the right one into ~ja. However, this has
the drawback of requiring six back-Fourier transformations instead of three, which would increase
a lot the computation time for this term.

There is a better solution. Indeed, any function can be decomposed as a sum of a symmetric and
an antisymmetric function. Namely, if f : x 7→ f(x) is a real function, it can be decomposed in:

f(x) = f(x) + f(−x)
2 + f(x)− f(−x)

2 . (4.17)

The term fs(x) = f(x)+f(−x)
2 is symmetric (and is called the “symmetric part of f”), and the term



38 CHAPTER 4. NUMERICAL INTEGRATION

f(x)−f(−x)
2 is antisymmetric (the “antisymmetric part of f”).

Hence, after having back-Fourier transformed ~̂j and having ~j in real space in the two-times bigger
domain [0, Lx] × [0, Ly] × [0, 2Lz], ~js and ~ja on the physical domain [0, Lx] × [0, Ly] × [0, Lz] can
be determined using relation 4.17.

Doing this for each field allows to know how to put correctly the cross-products from the domain
[0, Lx]×[0, Ly]×[0, Lz] in the two-times bigger domain [0, Lx]×[0, Ly]×[0, 2Lz] before transforming
them into Fourier space.

4.3.2 The aliasing error

Let us assume that, as in section 4.1, we want to compute the Fourier coefficients of h : x 7→
f(x)g(x) knowing the Fourier coefficients of f and g, namely:

f(x) =
N/2−1∑
m=−N/2

e
i2πmx
N f̂(m), (4.18)

g(x) =
N/2−1∑
n=−N/2

e
i2πnx
N ĝ(n). (4.19)

Then:

f(x)g(x) =
N/2−1∑
m=−N/2

N/2−1∑
n=−N/2

e
i2π(m+n)x

N f̂(m)ĝ(n). (4.20)

Through this equation, one can see that not only the modes m and n such that m + n = p will
contribute to the mode p, but the modes such that m + n = p ± N will do this as well, due to
the 2π periodicity of the function x 7→ exp(i2πx) ([Canuto et al., 1988], section 3.2.1). In other
words, the Fourier coefficients of h = fg would be:

ĥ(p) =
∑

m+n=p
f̂(m)ĝ(n) +

∑
m+n=p±N

f̂(m)ĝ(n). (4.21)

This expression is different from relation 4.4. The term
∑
m+n=p±N f̂(m)ĝ(n) is called the aliasing

error. Modes that are actually “outside” the chosen truncation are influencing modes inside it,
located at ±N . This is illustrated in figure 4.6.

A way to avoid it is to use less Fourier modes, as written in [Canuto et al., 1988], section 3.2.2. For
example, even though N sampling points are used in Real space, if the Fourier transformations are
truncated so that only nearly 2

3N modes are used, and the others set to 0, then this phenomenon
would disappear. Concretely, only the modes n for which n < 2

3(N + 1) are conserved, the rest of
the Fourier coefficient arrays being padded with zeros. This dealiasing method, called the “2

3 -rule”
is illustrated in figure 4.7, where the case considered in figure 4.6 doesn’t cause an aliasing error
anymore as the mode 5 + 6 = 11 = −9 mod 20 is not used to describe the system.
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Figure 4.6: Illustration of the cause of the aliasing error. Modes 5 of f and 6 of g would contribute
to mode 11 of h. But with N = 20, mode 11 doesn’t exist, and hence this interaction would
contribute to mode -9 of h.

Figure 4.7: Graphical illustration of the “2
3 -rule”. As the system is described with less modes,

removing nearly 1
3 of the modes of high frequency, interactions between modes that go beyond

N/2 are not considered as they go in the region where the modes are anyways set to 0.

This is of course done at the cost of using less modes to describe the system, and hence by needing
a higher resolution in real space in order to obtain the same resolution in Fourier space if no
dealiasing procedure had to be applied.

4.3.3 Influence of the pressure term

Since the divergence of ~v in Fourier space is i~k ·~̂v, having ~∇·~v = 0 means that ~̂v is orthogonal to the
wavevector. According to [Pope, 2000], section 6.4.2, the pressure term in an incompressible fluid
simply removes the component of ~̂v that is parallel to the wavevector in order to ensure that the
divergence of ~v remains zero. Hence, the influence of the pressure term ~PF can be computed after
having computed all the other terms on the right hand side of equation 4.5 and doing a projection
in the plane orthogonal to the wavevector in Fourier space. This will remove the contribution
along the wavevector which corresponds to the non-zero-divergence part of the right-hand side.
Noting all the other terms on the right hand side ~̂u, so that:

~̂u = ~̂v × ~̂ω + ~̂j × ~̂b+R−1
e
~∆~̂v + ~̂

F. (4.22)

Then:

∂t~̂v = ~̂u+ ~PF = ~̂u⊥, (4.23)

where ~̂u⊥ = ~̂u− ~k(~k · ~̂u)/‖~k‖2, as shown in figure 4.8.
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Figure 4.8: Illustration of the influence of the pressure term, which role is to ensure the zero-
divergence of the velocity field. Only ~̂u⊥ remains after applying the projection corresponding to
this pressure term in Fourier space.

4.3.4 Preserving the symmetry

After the right-hand sides of both equations 4.5 and 4.6 are computed, another step has to be
done before performing the time-integration. Indeed, as was already shown in section 4.3.1, even
though the terms ~v and ~b have a well-defined symmetry, the term ~j×~b has no particular symmetry

at all. In the same way, for the right-hand side ~∇× (~̂v ∗ ~̂b) + S−1~∆~̂b of equation 4.6, even though

~∆~̂b corresponds to a term of symmetry (s, s, s) because the derivatives are done two times (see
section 4.3.1 for the notations “s” and “a”), the other corresponds to the symmetries:

~v ×~b =

ss
s

×
aa
a

 , (4.24)

~∇× (~v ×~b) =

∂x∂y
∂z

×
aa
a

 , (4.25)

~∇× (~v ×~b) =

a− ss− a
a

 . (4.26)

This means that after computing the right-hand sides of equations 4.5 and 4.6 as described in

section 4.3, the right-hand sides have different symmetries than the left-hand sides ∂t~̂v and ∂t
~̂
b,

which should be respectively antisymmetric and symmetric. Hence, noting
~̂
dvns and

~̂
dbns the

right-hand sides of equations 4.5 and 4.6 after doing the steps previously described, one has to
perform a “symmetrizing” step through the following:

1. back-Fourier transform
~̂
dvns and

~̂
dbns to real space,
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2. keep only the part in the physical domain [0, Lx]× [0, Ly]× [0, Lz] ,

3. apply the proper symmetry to the resulting fields (antisymmetric for velocity and symmetric
for magnetic field),

4. put the fields back in Fourier space in order to obtain the right-hand sides
~̂
dv and

~̂
db with

the proper symmetries.

For step 2, one really has to truncate the resulting terms from the domain [0, Lx]× [0, Ly]× [0, 2Lz]
to [0, Lx] × [0, Ly] × [0, Lz], not only take the antisymmetric part from

~̂
dvns and the symmetric

part from
~̂
dbns, since this would correspond to ignore all the terms of the opposite symmetries in

the equations. To illustrate this with
~̂
dbns: if after computing this term, one would transform it to

real space, separate it in a symmetric field ~dbs and an antisymmetric field ~dba using relation 4.17,
keep only ~dbs, symmetrize it and return it in Fourier space, this would be in the end equivalent
to removing all antisymmetric terms of equation 4.6. Rewriting this equation by noting the
antisymmetric term ~h = ~v ×~b, so that:

∂t
~̂
b =

 ikx
iky
ikz

× ~̂h+ S−1

 −k2
x

−k2
y

−k2
z

~̂b (4.27)

=

ikyĥz − ikzĥy − S
−1k2

xb̂x
ikzĥx − ikxĥz − S−1k2

y b̂y
ikxĥy − ikyĥx − S−1k2

z b̂z

 , (4.28)

keeping only ~dbs in the end would be equivalent to integrate the equation:

∂t
~̂
b =

−ikzĥy − S
−1k2

xb̂x
ikzĥx − S−1k2

y b̂y
−S−1k2

z b̂z

 , (4.29)

where all the antisymmetric contributions have simply been removed (remember that
~̂
h corre-

sponds to an antisymmetric term, hence it gives a symmetric term only when being differentiated
along ~z). This would hence break apart the physics of the problem. One absolutely has to keep
~db = ~dbs + ~dba truncated to the physical domain [0, Lx]× [0, Ly]× [0, Lz] and symmetrize the sum
of these two terms to the two-times bigger domain [0, Lx]× [0, Ly]× [0, 2Lz], not just take one of
the two contributions.

When all these steps have been done, the time-integration can take place. Figure 4.9 summarizes
a way to compute the right-hand sides of equations 4.5 and 4.6 starting with the knowledge of ~̂v

and
~̂
b in Fourier space. This is however not the end of the troubles! In section 4.5, the numerical

issue of preserving the free-divergence of the velocity field (~∇ · ~v = 0) will be presented.
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Figure 4.9: Diagram showing a possible order to compute the right-hand sides of equations 4.5
and 4.6. The cyan boxes correspond to terms in Fourier space, the white ones to terms in real
space. Dashed arrows correspond to Fourier or back-Fourier transformations. Remember the need
for dealiasing when putting the cross-products in Fourier space!
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4.4 Time integration

For the time integration, a third-order Runge-Kutta scheme was chosen, and namely the scheme
number 7 in [Williamson, 1980] (see table 1). As written there, starting from a certain variable x
known at a certain instant t and verifying the differential equation ∂tx = f(x), one can compute
the value of the variable x at t+ ∆t where ∆t is the time-step by computing:

k1 = ∆t · f(x(t)) (4.30)

k2 = ∆t · f(x(t) + 1
3k1) (4.31)

k3 = ∆t · f(x(t) + −3
16 k1 + 15

16k2) (4.32)

x(t+ ∆t) = x(t) + 1
6k1 + 3

10k2 + 8
15k3 (4.33)

In our case, x would be the state of the system (all components of
~̂
b and ~̂v), and f corresponds to

the value of the right-hand sides. k1 is the value of the right-hand sides at the instant t, k2 at the
instant t+ 1

3∆t and k3 at the instant t+ 3
4∆t (see table 1 in [Williamson, 1980]). The value of x

at t+ ∆t is finally computed by a linear combination of the right-hand side at t and at these two
intermediate instants t + 1

3∆t and t + 3
4∆t (with 1

6 + 3
10 + 8

15 = 1). A third-order Runge-Kutta
scheme was chosen because its accuracy is better than a second order scheme, and its use is not
as time-consuming as a higher-order scheme.

Naively, one would need to use 3 arrays of storage for k1, k2 and k3 in order to deduce x(t+ ∆t)
from x(t). The article [Williamson, 1980] gives a practical way to use only one storage array, in
addition of course to one array to store the values of the fields x, which reduces the number of
storage arrays by 2. This feature was implemented, as memory issues can be significant when
using computer clusters. Readers interested in the practical details can have a look at this paper.

The choice of the value of the time-step ∆t is also important. The smaller it is, the longer the
simulations have to be launched in order to know the state of the system at at certain physical
time. But when it is too big, and namely does not verify the so-called CFL (Courant-Friedrichs-
Lewy) stability condition, then the solutions to the integration scheme diverge very quickly. The
CFL condition is [Press et al., 1992], section 19.1:

ux∆t
∆x + uy∆t

∆y + uz∆t
∆z ≤ Cmax (4.34)

where ∆t is the time-step, ∆x, ∆y, ∆z are the spatial resolutions in the ~x, ~y, ~z directions respec-
tively (equal to Lj/nj for j ∈ (x, y, z)) and uj is the maximum norm of any quantity that can be
propagated in the scheme (an estimate of uj is max(|vj |, |bj |)). Cmax is a constant that depends
on the problem and that is usually between 0.1 and 1.

Hence, one usually tries to launch the simulations with ∆t as close as possible to the maximum
value allowed by the CFL condition. When uj evolves much in time, it is an advantage to adapt
∆t dynamically at each iteration step so that it is always near the maximum allowed. This feature
was implemented.
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4.5 Ensuring the solenoidality of the velocity field

When using computers, numerical approximations are unavoidable. As a result, even though
performing the projection step in Fourier space described in section 4.3.3 for the pressure term

should lead to a solenoidality (that is, zero-divergence) of the velocity field, the resulting
~̂
dv has

still some very small divergence. On one iteration step, this doesn’t matter. But as this small
non-divergent free contribution is added over time to the velocity field ~̂v, at some point, it will
become big enough to cause non-physical results.

For example, figure 4.10 shows what happens with the total energy (kinetic energy+magnetic
energy) when the forcing is stopped at various instants. One can realise that the total energy is
not conserved.

Figure 4.10: Variation of total energy in time when projecting only
~̂
dv and stopping the forcing at

different instants. The time is shown in units of Alfvén time tA = r0/v0. In red, reference curve,
when the forcing is never switched off. The other colored curves correspond to the switching off
of the forcing at a certain instant. One can see that the energy is clearly not conserved, when it
should be.

As a result, there is the need to also do the projection step described in section 4.3.3 on ~̂v directly.
Figure 4.11 compares both situations, when applying the projection step at each iteration on ~̂v as
well, and without doing this, and shows that the unphysical result of non-conserved total energy is
removed. This means in turn that the cause of it was indeed the non-conservation of the velocity
field’s solenoidality over time because of numerical approximations. This non-solenoidality of the
velocity field implies that the condition for incompressibility does not hold anymore, which means
that incorrect physical equations are integrated (the pressure term is not simply a projection in
spectral space in that case), giving thus without surprise unphysical results.

One could think that this can occur for the magnetic field as well (Gauss’ law tells that ~∇·~b = 0).
This is true: the curl in equation 4.6 will numerically also not be absolutely divergence-free.
However, this is expected to happen on way bigger time-scales than the projection step for ~̂v.

Still, for safety reasons, it was decided to apply the projection step to
~̂
b as well at each time-step.

What one has to keep in mind is that this is only one example of numerical issues that can occur.
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Figure 4.11: Left: comparison of the evolution of total energy in time when doing the projection

step only on
~̂
dv (red) or on both

~̂
dv and ~̂v (black). As they are clearly different, this shows that

a non-divergence free part indeed appears step by step in ~̂v. Right: doing the projection step for
~̂v as well, one can see that the problem of non-conservation of total energy seen in figure 4.10
disappears. The time is shown in units of Alfvén time tA = r0/v0.

The numerical code, as it is today, still presents some other issues which have to be solved. More
details will be provided in chapter 5.

4.6 About MPI and FFTW

Because of the considerable amount of Fourier transformation carried out (6 forward and 4 back-
ward transforms, which is 10 in total for every Runge-Kutta step – see figure 4.9, which means
3x10=30 for every time-step), a fast way to compute them is needed.

As mentioned in section 4.3, the FFTW3 library is used for this purpose [Frigo and Johnson, 2005].
Since for high resolution systems (512x512x512 for example), the computations would still require a
lot of time, the use of several processors in parallel is highly appreciable. FFTW3 was implemented
so that it respects MPI (Message Passing Interface), a message-passing system designed so that a
lot of processors can communicate with one another and compute operations in parallel.

For FFTW to work in the MPI framework, a slab decomposition of the arrays is necessary.
This means that for np processors working in parallel and nx, ny, nz sampling points in the ~x, ~y
and ~z directions, each processor stores the fields in arrays of size (nx/np, ny, nz) (it is of course
of advantage to have nx a multiple of np in order to have the same size of the arrays for all
processors). Each processor stores hence all the information about the system in a certain slice,
as shown in figure 4.12.

A single processor does never have access to the fields in the complete domain. If it were the case,
the memory requirements for each processor would be huge. Assuming a resolution of 512x512x512,
a field in real space would use 3x5123 ≈ 4.108 variables. If each variable is encoded using 8 bytes,
then this corresponds to roughly 3GB of memory for a single field in real space. Having (naively,
but without counting temporary variables) to store the symmetric and antisymmetric parts of the
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Figure 4.12: Illustration of the memory repartition with 4 processors. In this case, each processor
stores one quarter of the information, and exchanges the information it needs with the others
(especially during Fourier transformations).

~v,~b,~j, ~ω fields in real space and the complex Fourier coefficients of ~̂v,
~̂
b,
~̂
dv and

~̂
db leads to roughly

48GB. This is prohibitively expensive. One could think of having only one processor knowing
everything, and all the other asking it about the field in the region they are responsible for, but
this would bring to a communication bottleneck, when all processors ask roughly at the same time
only one processor to deliver them the proper information. Hence, the solution of each processor
having a local memory is preferred. FFTW handles this very well. One only has to think that
when one wants to compute, say, the total energy of the system, one has first to compute the total
energy in each slice for each processor, and then not forget to make the sum on all the processors.
Very practical interfaces were implemented in the MPI framework so that it is not a big problem
in the end.



Chapter 5

Simulation results

This chapter presents some numerical experiments performed with the current numerical code.
Once the simulations have been run, the relevant pieces of information have to be extracted from
the obtained magnetic and velocity fields. In the framework of exploring the possibilities of this
3D topologically-driven magnetic reconnection model, it is necessary to be able to follow magnetic
field lines and compute the number of exponentiations along them. The way it is done is presented
in section 5.1.

Section 5.2 presents first encouraging results from the driven simulations. For example, the evo-
lution of the magnetic field lines and maps showing the temporal behaviour of the number of
exponentiations are presented. The current numerical code allows to reach a maximum number
of exponentiations of the order of 5 before diverging. The next chapter presents some guidelines
for possible future investigations in order to find out the cause of this divergence and enhance the
numerical code.

5.1 Following a field line and computing the number of exponen-
tiations

5.1.1 Differential equation obeyed by the separation

The following is a slightly more detailed explanation of what can be found in [Boozer, 2012b],
section II.3.B.

The magnetic field lines can be determined by integrating the following differential equation:

d~r

dl
= b̃, (5.1)

where ~r = (x, y, z) is the position of the magnetic field line and b̃ = ~b

‖ ~b‖
is the normalized magnetic

field.
∫
dl is then the total length along the line.

47
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As mentioned in the introduction of chapter 2, the number of exponentiations σ is defined by:

σ(l) = lim
‖~δ0‖→0

ln
(
‖~δ(l)‖
‖~δ0‖

)
. (5.2)

To compute it in practice, let us consider a magnetic field line at the position ~r0 = (x0, y0, z0) and
a neighbouring line at the position ~r = (x, y, z). The distance between those two lines is initially
the norm of the separation ~δ = ~r − ~r0. One can also write this ~r = ~δ + ~r0. Plugging this into
equation 5.1, one can get a differential equation for ~δ:

d(~δ + ~r0)
dl

= b̃(~δ + ~r0), (5.3)

d~δ

dl
= b̃(~δ + ~r0)− d~r0

dl
, (5.4)

d~δ

dl
= b̃(~δ + ~r0)− b̃(~r0). (5.5)

(5.6)

Then, at the limit of two infinitesimaly close lines ~δ → 0, this becomes:

d~δ

dl
= ~δ · (~∇b̃)~r0 , (5.7)

with ~∇b̃ the Jacobian of b̃ defined by (~∇b̃)ij = ∂ib̃j . Expressed in coordinates x, y, z, this gives
the three differential equations:

dδx
dl

= δx∂xb̃x + δy∂y b̃x + δz∂z b̃x, (5.8)

dδy
dl

= δx∂xb̃y + δy∂y b̃y + δz∂z b̃y, (5.9)

dδz
dl

= δx∂xb̃z + δy∂y b̃z + δz∂z b̃z. (5.10)

Hence, the number of exponentiations along the magnetic field lines can be obtained through the
following procedure:

1. start at the foot of a certain magnetic field line ~r = (x0, y0, 0) with an arbitrary ~δ0 (since
the exponentiation number is σ = ln( δδ0

), the choice of the initial ~δ0 doesn’t matter),

2. compute the right hand sides of equations 5.1 and 5.7,

3. update ~r and ~δ, deduce σ = ln( δδ0
),

4. while the top of the physical domain is not reached (z < Lz), go to step 2.
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In order to perform step 2, an interpolation has to be done. Indeed, one can know the magnetic field
and its Jacobian only precisely on every grid point, but not in between. A trilinear interpolation
method was chosen, which is described in the following section. For the integration along l, the
same Runge-Kutta method as in chapter 4 was chosen.

5.1.2 Trilinear interpolation

Knowing the value of a certain function f at the eight corners of a box [x0, x1]× [y0, y1]× [z0, z1], a
trilinear interpolation consists of estimating the function’s value at a point of coordinates (x, y, z) ∈
[x0, x1] × [y0, y1] × [z0, z1] in the following manner ([Press et al., 1992], section 3.6, see figure 5.1
for the notations):

1. compute:

c00 = f(x0, y0, z0)(1− xd) + f(x1, y0, z0)xd, (5.11)

c01 = f(x0, y0, z1)(1− xd) + f(x1, y0, z1)xd, (5.12)

c10 = f(x0, y1, z0)(1− xd) + f(x1, y1, z0)xd, (5.13)

c11 = f(x0, y1, z1)(1− xd) + f(x1, y1, z1)xd, (5.14)

with xd = (x− x0)/(x1− x0). Similarly, yd = (y− y0)/(y1− y0) and zd = (z− z0)/(z1− z0).
This step consists of calculating the value of the points located at the same x coordinate
on each of the four edges of the box parallel to ~x by making a 1D linear interpolation along
each edge. These are the blue points in figure 5.1.

2. knowing the value of these 4 points, deduce the linear interpolation of the two points that
have the same (x, y) coordinates on the faces (x, y, z0) and (x, y, z1) (the purple points on
figure 5.1):

c0 = c00(1− yd) + c10yd, (5.15)

c1 = c01(1− yd) + c11yd, (5.16)

3. finally, linearly interpolate along the remaining coordinate ~z:

finterpolated(x, y, z) = c0(1− zd) + c1zd. (5.17)

The order of the linear interpolations (here first along ~x, then ~y, finally ~z) does not matter. This
interpolation method, although simple, revealed itself to be acceptable to determine magnetic field
lines and the number of exponentiations along them.
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Figure 5.1: Illustration of the steps required for a trilinear interpolation. The value of the field is
desired at the coordinates (x, y, z) of the red point located inside a box [x0, x1]× [y0, y1]× [z0, z1]
where the value of the field is known at the vertices of the box.
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5.2 Outputs from the numerical code

The pictures presented in this section were obtained by driving the simulations in a cube (Lx =
Ly = Lz = L), with resolution 64x64x64, without viscosity or resistivity and with the time-
constant T of the forcing field (see equation 3.51) set to 0, that is, a constant forcing amplitude.
The time t is expressed in units of Alfvén time tA = L/vA = r0/v0.

In figure 5.2, one can see that the chosen boundary conditions ensure indeed, as desired in chapter
3, that the “feet” and “heads” of the magnetic field lines are fixed.

Figure 5.2: Evolution of the magnetic field lines for a forcing amplitude of 2π
L FA = 0.1 (first two

lines) and 2π
L FA = 0.3 (third line). The second and third lines are top-views, whereas the first line

shows another view angle on a certain region of the second (see black circle). The chosen boundary
conditions ensure indeed that the magnetic field lines are fixed at the top and the bottom.

Figure 5.3 shows the temporal evolution of the energy for a forcing amplitude of 2π
L FA = 0.1

(see equation 3.51). One can see that the behaviour is pseudo-periodic: the mean kinetic energy
reaches a minimum at every mtA with m ∈ N, whereas the mean magnetic energy reaches a
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maximum at every (2m+ 1)tA and a minimum at every 2mtA. The forcing plays hence due to its
geometry a driving and a resisting role alternatively.

Figure 5.3: Temporal behaviour of the energy for 2π
L FA = 0.1. One can see a pseudo-periodic

behaviour. Note that the magnetic energy corresponding to the mean-magnetic field along ~z was
removed from both magnetic energy and total energy.

Since the number of exponentiations has a central importance in the studied reconnection model,
figure 5.4 shows, superimposed to the magnetic field lines for a forcing amplitude of 2π

L FA = 0.1,
a colormap of the minimum and maximum number of exponentiations reached for each magnetic
field line starting at a grid-point in the z = 0 plane.

As for now, a maximum number of exponentiations of the order of 5 could be reached. Figure 5.5
shows for example the maximum and minimum reached with the already above-mentioned two
forcing amplitudes. At the instant corresponding to the end of these two curves, the magnetic field
lines stop to be fixed at the top and bottom boundaries, indicating a numerical problem (see figure
5.6), and very soon after the energy of the system diverges. Since the number of exponentiations
is still low and suddenly raises with the diverging energy, this displacement of the magnetic field
lines “feet” and “heads” is not due to reconnection but shows a problem in the numerical code.
The cause of this divergence is still under investigation, but one can see that it grows already
quite early in Fourier space: in figure 5.7, the temporal behaviour of the kinetic energy in spectral
space is shown. One can see that very high frequency modes, that contain very low energy at
the beginning, tend to grow faster and faster and contain at some point more energy than low
frequency modes. This issue will be discussed in the next and final chapter.
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Figure 5.4: Temporal evolu-
tion in space of −min(σ) and
max(σ) along each line su-
perimposed to the shape of
the magnetic field lines (in
black) for a forcing of 2π

L FA =
0.1. One can see that at
t = 1tA, the regions where
the lines have a very low
maximum number of expo-
nentiations correspond to the
regions where the minimum
value is very negative (one
could fit the red “bow-tie”-
shapes of −min(σ) in the blue
regions of max(σ)). With t =
2tA, even though the module
of the number of exponentia-
tions reached is way smaller,
the number of exponentia-
tions reaches its extreme val-
ues, minimum and maximum,
roughly in the same regions,
which mean that following
the same line, neighbouring
magnetic field lines would be
at one location getting ex-
ponentially closer and at an-
other going exponentially fur-
ther away to and from one an-
other. As the magnetic field
lines become more and more
entangled (see for t = 13.5tA
and t = 14tA), the spatial
distribution of the number of
exponentiations extremes be-
comes more complicated as
well.
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Figure 5.5: Temporal evolution of the extreme values of the number of exponentiations, considering
all magnetic field lines of a frame starting at a grid-point in the plane z = 0, for the forcings
2π
L FA = 0.1 and 2π

L FA = 0.3. The numerical code gives a divergent energy short after the end of
these curves, for a reason that is under investigation.

Figure 5.6: For t > 17tA, the magnetic field lines are not fixed anymore (see the red line dis-
placement between 17tA and 17.5tA, before all lines move). One can also see that Fourier modes
with high frequencies have suddenly way more energy, since the trajectory of the lines is more
oscillating (see figure 5.7). Shortly after, the numerical code gives a divergent energy.
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Figure 5.7: Evolution of the kinetic energy in the spectral space (that is, the kinetic energy as a
function of ‖~k‖ is shown), for 2π

L FA = 0.1. The magnetic energy evolution has similar features: it
seems that high frequency noise is amplified more and more, containing at some point even more
energy than the low frequency modes and causing divergence after all.
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Chapter 6

Discussion and Conclusion

As is shown in chapter 2, which summarizes a recent model of topologically-driven three-dimensional
magnetic reconnection, neighbouring magnetic field lines behave in a fundamentally different man-
ner when the magnetic field depends on all three spatial coordinates instead of on only two of them.
When the magnetic field and its evolution depend on all three coordinates, the magnetic field lines
tend to exponentially separate or come closer to one another. When the magnetic field lines are
sufficiently entangled, which means that the number of exponentiations is sufficiently large, even
an exponentially small non-ideality in the magnetic field evolution could cause magnetic recon-
nection according to the three-dimensional model of topologically-driven magnetic reconnection
studied [Boozer, 2013].

In order to explore such a model, a numerical code using a pseudospectral approach has been
implemented. Following an approach presented in chapter 4, suitable non-periodic boundary con-
ditions along ~z are imposed in such a way that the pseudospectral approach can be maintained. A
program able to compute magnetic field line trajectories and the number of exponentiations along
them has also been implemented. Driving numerical simulations allowed to see encouraging results
concerning the chosen boundary conditions and the approach in general and reach a maximum
number of exponentiations of the order of 5 at a comparably low spatial resolution of 643 grid
points.

However, since B is thought to be of the order 10−4 to 10−20 (see section 2.3), a number of
exponentiations σ > 9 would be necessary to observe magnetic reconnection according to this
model (or even 20 depending on the system). Hence, the numbers of exponentiations obtained
through this code are as for now too low to draw any conclusion concerning the reconnection
model itself.

The reasons of the divergence of the code, probably linked with high frequency amplification (see
figures 5.6 and 5.7), are under investigation. Several possibilities are explored. Here are some of
them:

• in order to counter the amplification of high-frequency modes, one could add some viscosity
to the plasma. Actually, since there is a limited amount of available Fourier modes and
the energy tends to propagate to lower scales ([Pope, 2000], section 6.1.1), there should be
the need of some dissipation at these scales, otherwise energy would pile-up there. It was
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observed that adding some viscosity reduced indeed the quantity of energy in high frequency
modes, but did not prevent the eventual divergence. Hence, even though adding viscosity
is probably necessary as well for longer simulation runs, there is another more immediate
problem to solve.

• the divergence could be caused by a numerical problem due to the finite precision of com-
puters. One of these problems was already mentioned and solved in section 4.5, about the
issue of ensuring the solenoidality of the velocity field: even though the projection was done

to
~̂
dv, so that

~̂
dv was numerically divergence-free, ~̂v gathered step by step some small non-

divergence-free contributions, showing hence the need to apply the projection step on ~̂v as
well. In the same way, this problem could also somehow be linked with numerics, one must
“just” see where something is not behaving properly.

• there could be a problem in the way the pressure term is applied. Indeed, it is applied

for the moment before the antisymmetrizing step of
~̂
dvns (see section 4.3.4), which means

that it is applied on a
~̂
dv without the proper symmetries. The reason why this choice was

made is that it physically corresponds to adding the pressure term. Maybe it would be
more proper to apply it after the step preserving the symmetry. Both possibilities have been
tested and gave slightly different results, but both lead to a divergence at roughly the same
time. This could be because neither way of applying this projection step, before or after the

antisymmetrizing step of
~̂
dvns, is coherent with the chosen boundaries for ~b, see next point.

• as mentioned in a footnote in section 4.3.1, there is a discrepancy between the choice of
insulating boundary conditions with ~j = ~0 (section 3.4) and relation 4.11 where ~j is not
antisymmetric. This discrepancy is due to the fact that one handles the boundary conditions
in an implicit way, by symmetrizing or antisymmetrizing the fields, and hence the picture
3.4 (the one with a magnet surrounding the plasma bounded by two insulating plates) is
not really relevant, since the magnetic field lines are virtually not straight outside of the
plasma. This matter of finding a physical interpretation of the boundary conditions should
be of secondary importance, since, as mentioned in section 3.4, the boundary conditions are
there only to fix “heads” and “feet” of the magnetic field lines. However, it may have an
importance here to enforce strictly ~j = ~0 at the boundaries (that is, ~j antisymmetric), since

when it is the case, all the terms of the right hand side of ∂t~v: ~v×~ω, ~j×~b and ~∆~v would have
the same symmetry, and in addition to this, the right one (antisymmetric, like ~v)! Hence,
there would be no question about when and how to apply the pressure term (see previous
point).

In order to really ensure ~j = ~0 at the boundaries, one could integrate over time the current
~̂j instead of the magnetic field

~̂
b. Its temporal evolution is governed by the curl of equation

4.6, and in order to deduce
~̂
b, one would have to solve:

~∇× ~̂j = ~∇× (~∇× ~̂b) (6.1)

= ~∇(~∇ · ~̂b)− ~∆~̂b (6.2)

= −~∆~̂b, (6.3)

which has the solution
~̂
b(~k) = 1

k2
~∇× ~̂j in Fourier space for ‖~k‖ > 0 and

~̂
b(~0) corresponds to

the mean-magnetic field which is constant in time.
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This possibility should be explored, and would not require big changes in the existing code.
If this boundary condition ~j = ~0 instead of ∂zbx = ∂zby = ∂zbz = 0 preserves as well “feet”
and“heads”of the magnetic field lines, then it can be used as well for testing the reconnection
model’s predictions. Testing what happens with such boundary conditions would anyways
isolate the problem of handling the pressure term correctly, which is unclear at the moment.

As can be seen from the previous discussion, several possibilities can be explored to finalize the
numerical code, making it robust and stable. The way to obtain such a code is very probably a
combination of all the above-mentioned points, in addition with some other points that have not
been found for the moment.

Hopefully, this code will soon be stable long enough to allow higher number of exponentia-
tions allowing to experience magnetic reconnection and measure the reconnection rate of the
3D topologically-driven magnetic reconnection model considered in this work, to be compared
with other existing models.
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