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doktorsexamen tisdagen den 20:e maj 2003 kl 10.15 i Kollegiesalen, Admin-
istrationsbyggnaden, Kungliga Tekniska Högskolan, Valhallavägen 79, Stock-
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Abstract
Experimental findings show that transition from laminar to turbulent flow

may occur also if the exponentially growing perturbations, eigensolutions to
the linearised disturbance equations, are damped. An alternative non-modal
growth mechanism has been recently identified, also based on the linear ap-
proximation. This consists of the transient growth of streamwise elongated
disturbances, with regions of positive and negative streamwise velocity alter-
nating in the spanwise direction, called streaks. These perturbation are seen
to appear in boundary layers exposed to significant levels of free-stream tur-
bulence. The effect of the streaks on the stability and transition of the Blasius
boundary layer is investigated in this thesis. The analysis considers the steady
spanwise-periodic streaks arising from the nonlinear evolution of the initial
disturbances leading to the maximum transient energy growth. In the absence
of streaks, the Blasius profile supports the viscous exponential growth of the
Tollmien-Schlichting waves. It is found that increasing the streak amplitude
these two-dimensional unstable waves evolve into three-dimensional spanwise-
periodic waves which are less unstable. The latter can be completely stabilised
above a threshold amplitude. Further increasing the streak amplitude, the
boundary layer is again unstable. The new instability is of different character,
being driven by the inflectional profiles associated with the spanwise modu-
lated flow. In particular, it is shown that, for the particular class of steady
streaks considered, the most amplified modes are antisymmetric and lead to
spanwise oscillations of the low-speed streak (sinuous scenario). The transi-
tion of the streak is then characterised by the appearance of quasi-streamwise
vortices following the meandering of the streak.

Simulations of a boundary layer subjected to high levels of free-stream
turbulence have been performed. The receptivity of the boundary layer to the
external perturbation is studied in detail. It is shown that two mechanisms are
active, a linear and a nonlinear one, and their relative importance is discussed.
The breakdown of the unsteady asymmetric streaks forming in the boundary
layer under free-stream turbulence is shown to be characterised by structures
similar to those observed both in the sinuous breakdown of steady streaks and
in the varicose scenario, with the former being the most frequently observed.

Descriptors: Fluid mechanics, laminar-turbulent transition, boundary layer
flow, transient growth, streamwise streaks, lift-up effect, receptivity, free-stream
turbulence, secondary instability, Direct Numerical Simulation.
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This thesis considers the study of bypass transition in a zero-pressure-gradient
boundary layer. The first part is a summary of the research presented in the
papers included in the second part. The summary includes an introduction to
the basic concept, a review of previous works and a presentation and discussion
of the main results obtained.
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Paper 5. Cossu, C. & Brandt, L. 2003 On the stabilizing role of boundary
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layer transition under free-stream turbulence.
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Division of work between authors

The Direct Numerical Simulations (DNS) were performed with a numerical
code already in use mainly for transitional research, developed originally by
Anders Lundbladh, Dan Henningson (DH) and Arne Johansson. It is based on
a pseudo-spectral technique and has been further developed by several users,
including Luca Brandt (LB) for generating new inflow conditions and extracting
flow quantities needed during the work.

The DNS data and secondary instability calculations presented in Paper 1
were done by LB, who also collaborated in the writing process. The theory
and the writing was done by Paul Andersson, Alessandro Bottaro and DH.
The simulations presented in Paper 2 were performed by LB with help from
Carlo Cossu (CC). The writing was done by LB and Patrick Huerre, with
feedback from J.-M. Chomaz and DH. The DNS in Paper 3 were performed by
LB. The writing was done by LB with help from DH.

The simulations presented in Paper 4 were performed by CC and LB. The
paper was written by CC with help from LB. The numerical code for the
stability calculations in Paper 5 was implemented by CC, who also carried out
the computations. The paper was written by CC with help from LB.

The numerical implementation of the perturbation model presented in Pa-
per 6 was done in collaboration between LB and Donatella Ponziani (DP). The
writing was done by LB and DP with help from DH.

The turbulent inflow generation used in Paper 7 was implemented by
Philipp Schlatter (PS) with help from LB and DH. The simulation were carried
out by PS and LB. The paper was written by LB with help from PS and DH.
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CHAPTER 1

Introduction

The motion of a fluid is usually defined as laminar or turbulent. A laminar
flow is an ordered, predictable and layered flow (from Latin “lamina”: layer,
sheet, leaf) as opposed to the chaotic, swirly and fluctuating turbulent flow.
In a laminar flow the velocity gradients and the shear stresses are smaller;
consequently the drag force over the surface of a vehicle is much lower than in
a turbulent flow. One of the major challenges in aircraft design is in fact to
obtain a laminar flow over the wings to reduce the friction in order to save fuel.
On the other hand a turbulent flow provides an excellent mixing in the flow
because of the chaotic motion of the fluid particles, and it is therefore required
in chemical reactors or combustion engines.

In real applications, as the velocity of the fluid or the physical dimension
limiting the flow increase, a laminar motion cannot be sustained; the pertur-
bations inevitably present within the flow are amplified and the flow evolves
into a turbulent state. This phenomenon is called transition.

Transition and its triggering mechanisms are today not fully understood,
even though the first studies on this field dates back to the end of the nineteenth
century. The very first piece of work is traditionally considered the classical
experiment of Osborne Reynolds in 1883 performed at the hydraulics laboratory
of the Engineering Department at Manchester University. Reynolds studied
the flow inside a glass tube injecting ink at the centreline of the pipe inlet.
If the flow stayed laminar, he could observe a straight coloured line inside
the tube. When transition occurred, the straight line became irregular and
the ink diffused all over the pipe section. He found that the value of a non
dimensional parameter, later called Reynolds number, Re = Ur

ν , where U is
the bulk velocity, r the pipe radius and ν the kinematic viscosity, governed
the passage from the laminar to the turbulent state. This non dimensional
parameter relates the inertial effects to the viscous forces acting on the moving
fluid particles. The two latter forces are therefore the only involved in the
phenomenon under consideration. Reynolds stated quite clearly, however, that
there is no a single critical value of the parameter Re, above which the flow
becomes unstable and transition may occur; the whole matter is much more
complicated. He noted the sensitivity of the transition to disturbances in the
flow before entering the tube. For large disturbances at the pipe inlet, in fact,
the flow became unstable at lower critical velocities and the chaotic motion
appeared intermittently for short distances, like flashes, along the pipe.

1
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Figure 1.1. Boundary layer flow with free-stream velocity
U∞. The velocity has components u, v and w in the coordinate
system x, y and z.

The knowledge of why, where and how a flow becomes turbulent is of great
practical importance in almost all the application involving flows either internal
or external; therefore there is a need to improve the models able to predict the
transition onset currently available. In gas turbines, where a turbulent free
stream is present, the flow inside the boundary layer over the surface of a blade
is transitional for 50 − 80% of the chord length. Wall shear stresses and heat
transfer rates are increased during transition and a correct design of the thermal
and shear loads on the turbine blades must take into account the features of
the transitional process.

The present thesis deals with transition in the simplified case of the bound-
ary layer over a flat plate subject to a uniform oncoming flow. The friction at
the wall will slow down the fluid particles; due to viscosity the velocity of the
flow will vary from the free-stream value a distance above the wall (boundary
layer thickness) to zero at the plate surface, with the thickness growing as the
flow evolves downstream, see figure 1.1. This flow is also referred to as Blasius
boundary layer after the scientist who, under certain assumptions, solved the
governing fluid dynamics equations (Navier–Stokes equations) for this partic-
ular configuration. This is one of the simplest configurations, but still helps
us to gain some physical insight in the transition process. It has been in fact
observed that independently of the background disturbances and environment
the flow eventually becomes turbulent further downstream. The background
environment determines, however, the route the transition process will follow
and the location of its onset. Other effects present in real applications such
as curvature of the surface or pressure gradients, which give an accelerating or
decelerating flow outside the boundary layer, will not be considered.

The transition process may be divided into three stages: receptivity, dis-
turbance growth and breakdown. In the receptivity stage the disturbance is
initiated inside the boundary layer. This is the most difficult phase of the full
transition process to predict because it requires the knowledge of the ambient
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disturbance environment, which is difficult to determine in real applications.
The main sources of perturbations are free-stream turbulence, free-stream vor-
tical disturbances, acoustic waves and surface roughness. Once a small distur-
bance is introduced, it may grow or decay according to the stability charac-
teristics of the flow. Examining the equation for the evolution of the kinetic
energy of the perturbation (Reynolds–Orr equation), a strong statement can be
made regarding the nonlinear effects: the nonlinear terms redistribute energy
among different frequencies and scales of the flow but have no net effect on
the instantaneous growth rate of the energy. This implies that linear growth
mechanisms are responsible for the energy of a disturbance of any amplitude
to increase. After the perturbation has reached a finite amplitude, it often
saturates and a new, more complicated, flow is established. This new steady
or quasi-steady state is usually unstable; this instability is referred to as “sec-
ondary”, to differentiate it from the “primary” growth mechanism responsible
for the formation of the new unstable flow pattern. It is at this stage that the
final nonlinear breakdown begins. It is followed by other symmetry breaking
instabilities and nonlinear generation of the multitude of scales and frequen-
cies typical of a turbulent flow. The breakdown stage is usually more rapid
and characterised by larger growth rates of the perturbation compared to the
initial primary growth.



CHAPTER 2

Transition in Blasius boundary layers

2.1. Natural transition

Historically, the first approach to transition was the analysis of the stability of
a flow. Equations for the evolution of a disturbance, linearised around a mean
velocity profile were first derived by Lord Rayleigh (1880) for an inviscid flow.
He considered a two-dimensional basic flow consisting only of the streamwise
velocity component assumed to vary only in one cross-stream direction (paral-
lel flow assumption). Assuming a wave–like form of the velocity perturbation
and Fourier transforming the equation, it reduces to an eigenvalue problem for
exponentially growing or decaying disturbances. From this equation, Rayleigh
proved his inflection point theorem which states that a necessary condition for
inviscid instability is the presence of an inflection point in the basic velocity
profile. Later Orr (1907) and Sommerfeld (1908) included the effects of viscos-
ity, deriving independently what we today call the Orr–Sommerfeld equation.
The latter is an equation for the wall-normal component of the perturbation
velocity and it suffices to describe the evolution of two-dimensional disturban-
ces. To describe three-dimensional perturbation one more equation is needed;
for this, an equation for the wall-normal vorticity is commonly used (Squire
equation). The first solutions for two-dimensional unstable waves in the Bla-
sius boundary layer were presented by Tollmien (1929) and Schlichting (1933).
The existence of such solutions (TS-waves) was experimentally shown to exist
by Schubauer & Skramstad (1947).

About at the same time, Squire’s theorem (1933), stating that two dimen-
sional waves are the first to become unstable, directed the early studies on
stability towards two-dimensional perturbations. The stability of such eigen-
modes of the Orr–Sommerfeld problem depends on their wavelength, frequency,
and on the Reynolds number, defined for a boundary later flow as Re = U∞δ

ν ,
with δ =

√
(xν/U∞) the boundary layer thickness. Since δ is increasing in the

downstream direction, see figure 1.1, the Reynolds number varies and the TS-
waves growth rate is also function of the downstream position along the plate.
The classical stability theory assumes that the boundary layer has a constant
thickness, the so called parallel flow assumption. The stability of a distur-
bance is evaluated for different Reynolds numbers, mimicking the downstream
evolution of the Blasius flow. This proved to be a reasonable approximation
(Fasel & Konzelman 1990; Klingmann et al. 1993), even if different models

4
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have been now developed to include the boundary layer growth in the stability
calculations (see for example the Parabolized Stability Equations introduced
by Herbert & Bertolotti 1987).

If an amplified Tollmien–Schlichting wave grows above an amplitude in
urms of 1% of the free-stream velocity, the flow become susceptible to sec-
ondary instability. Klebanoff, Tidstrom & Sargent (1962) observed that three-
dimensional perturbations, which are present in any natural flow, were strongly
amplified. The three-dimensional structure of the flow was characterised by re-
gions alternating in the spanwise direction of enhanced and diminished pertur-
bation velocity amplitudes, denoted by them “peaks and valleys”. The spanwise
scale of the new pattern was of the same order of the streamwise wavelength
of the TS-waves and the velocity time signal showed the appearance of high
frequency disturbance spikes at the peak position. This transition scenario
was later denoted as K-type after Klebanoff but also fundamental since the
frequency of the secondary, spanwise periodic, fluctuations is the same as the
one of the TS-waves. In the non-linear stages of the K-type scenario, rows of
“Λ-shaped” vortices, aligned in the streamwise directions, have been observed.
An other scenario was also observed, first by Kachanov, Kozlov & Levchenko
(1977). This is denoted N-type after Novosibirsk, where the experiments were
carried out or H-type after Herbert, who performed a theoretical analysis of
the secondary instability of TS-waves (Herbert 1983). In this scenario, the
frequency of the secondary instability mode is half the one of the TS-waves
and, thus, this is also known as subharmonic breakdown. “Λ-shaped” vortices
are present also in this case, but they are arranged in a staggered pattern.
Experiments and computations reveals that the N-type scenario is the first to
be induced, when small three-dimensional perturbations are forced in the flow.

Transition originating from exponentially growing eigenfunctions is usually
called classical or natural transition. This is observed in natural flows only
if the background turbulence is very small; as a rule of thumb it is usually
assumed that natural transition occurs for free-stream turbulence levels less
than 1%. For higher values, the disturbances inside the boundary layer are
large enough that other mechanisms play an important role and the natural
scenario is bypassed.

2.2. Bypass transition

In 1969 Morkovin coined the expression “bypass transition”, noting that “we
can bypass the TS-mechanism altogether”. In fact, experiments reveal that
many flows, including channel and boundary layer flows, may undergo tran-
sition for Reynolds numbers well below the critical ones from linear stability
theory. The first convincing explanation for this was proposed by Ellingsen
& Palm (1975). They considered, in the inviscid case, an initial disturbance
independent of the streamwise coordinate in a shear layer and showed that the
streamwise velocity component may grow linearly in time, producing alternat-
ing low- and high-velocity streaks. Hultgren & Gustavsson (1981) considered
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the temporal evolution of a three-dimensional disturbance in a boundary layer
and found that in a viscous flow the initial growth is followed by a viscous
decay (transient growth).

Landahl (1975) proposed a physical explanation for this growth. A wall-
normal displacement of a fluid element in a shear layer will cause a perturbation
in the streamwise velocity, since the fluid particle will initially retain its hor-
izontal momentum. As a consequence, since weak pairs of quasi streamwise
counter rotating vortices are able to lift up fluid with low velocity from the
wall and bring high speed fluid towards the wall, they are the most effective in
forcing streamwise oriented streaks of high and low streamwise velocity, alter-
nating in the spanwise direction. This mechanism is denoted lift-up effect and
it is inherently a three-dimensional phenomenon. Some insight in it may also
be gained from the equation for the wall-normal vorticity of the perturbation
(Squire equation), which is proportional to the streamwise velocity for stream-
wise independent disturbances. The equation is, in fact, forced by a term due
to the interaction between the spanwise variation of the wall-normal velocity
perturbation and the mean shear of the base flow.

From a mathematical point of view, it is now clear that since the linearised
Navier–Stokes operator is non-normal for many flow cases (e.g. shear flows),
a significant transient growth may occur before the subsequent exponential
behaviour (see Schmid & Henningson 2001). Such growth is larger for distur-
bances mainly periodic in the spanwise direction, that is with low frequency or
streamwise wave numbers; it can exist for sub-critical values of the Reynolds
number and it is the underlying mechanism in bypass transition phenomena.
In particular, for the Blasius boundary layer, Andersson, Berggren & Henning-
son (1999) and Luchini (2000) used an optimisation technique to determine
which disturbance present at the leading edge gives the largest disturbance in
the boundary layer. This optimal perturbation was found to consist of a pair
of steady streamwise counter-rotating vortices, which induce strong streamwise
streaks.

For real applications, the most interesting case in which disturbances orig-
inating from non-modal growth are responsible for transition, is probably in
the presence of free-stream turbulence. Inside the boundary layer in fact, the
turbulence is highly damped, but low frequency oscillations, associated with
long streaky structures, appear. The first experimental study of such distur-
bances is due to Klebanoff (1971). Arnal & Juillen (1978) also showed that
for free-stream turbulence levels higher than 0.5–1%, the dominant disturban-
ces inside the boundary layer are characterised by low frequencies and they
are not TS-waves. Kendall (1985) denoted these disturbances as Klebanoff
modes. As the streaks grow downstream, they breakdown into regions of in-
tense randomised flow, turbulent spots. The leading edge of these spots travels
at nearly the free-stream velocity, while the trailing edge at about half of the
speed; thus a spot grows in size and merges with other spots until the flow is
completely turbulent. Westin et al. (1994) presented detailed measurements
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of a laminar boundary layer subjected to free-stream turbulence and showed
how different experiments with apparently similar conditions can disagree on
the location and extent of transition. A recent review on the experimental
studies of boundary-layer transition induced by free-stream turbulence can be
found in Matsubara & Alfredsson (2001), while the first numerical simulations
are presented in Jacobs & Durbin (2001). This scenario is usually observed for
high levels of free-stream turbulence and transition occurs at Reynolds numbers
lower than in the case of natural transition.

An other case where transient growth plays an important role is in the
so called oblique transition. In this scenario, streamwise aligned vortices are
generated by non-linear interaction between a pair of oblique waves with equal
angle but opposite sign in the flow direction. These vortices, in turn, induce
streamwise streaks, which may grow over a certain amplitude and become un-
stable, initiating the breakdown to a turbulent flow. Oblique transition has
been studied in detail both numerically and experimentally by Berlin, Wiegel
& Henningson (1999).

Transition to turbulence may, thus, follow different routes, according to
the disturbance environment. In general, as soon as streamwise vortices are
present in the flow, strong streamwise streaks are created, and the breakdown to
turbulence occurs through their growth and breakdown. In this thesis, bypass
transition is analysed; first, the instability and breakdown of steady, spanwise
periodic streaks is studied as a model problem to understand the mechanisms
involved in the scenario under consideration. The results are then applied to the
case of a boundary layer subject to high levels of free-stream turbulence. The
different approaches used and the main results obtained are shortly summarised
in the next chapters.



CHAPTER 3

Direct numerical simulations

3.1. Numerical method

Most of the results presented in this thesis have been obtained by means of di-
rect numerical simulations (DNS). That is, the temporal and spatial evolution
of the flow is obtained by numerical solution of the governing Navier-Stokes
equations without any simplifying assumptions. This requires larger computa-
tional efforts, both in term of memory and effective time of the calculations,
since all the relevant scales characterising the flow configuration under exami-
nation must be resolved.

The rapid development of fast parallel computers in recent years has pro-
vided the scientific community with the possibility of simulating fully turbulent
flows. A clear advantage is that, once a flow is simulated, it is completely acces-
sible to observation including three-dimensional views and derived quantities
which are usually impossible to obtain in an experiment. Also important is the
possibility of simulating ’unphysical’ flows, obtained by equations and bound-
ary conditions which differ from the real ones, so as to allow us to study partial
processes, to verify hypothetical mechanisms or to test possible control strate-
gies. The numerical simulation has lead to important improvements of our
physical understanding of transitional and turbulent flows, especially on the
dynamics of flow structures. However, in the case of turbulent flows the simu-
lations are limited to Reynolds number lower than those of typical applications.
The available computational resources may also limit the physical dimension
of the computational domain, leading to crucial choices of the boundary condi-
tions. On the other hand, experiments allow to study larger Reynolds number
and more complicated geometries. In a experiment, it is also simpler to per-
form a parametric study; once the set-up is validated, it is relatively cheaper
to perform a new experiment than a completely new simulation.

The direct numerical simulations presented in this thesis have all been
performed with the pseudo-spectral algorithm described in Lundbladh et al.
(1999). In spectral methods the solution is approximated by an expansion
in smooth functions, trigonometric functions and Chebyshev polynomials in
our case. The earliest applications to partial differential equations were devel-
oped by Kreiss & Oliger (1972) and Orszag (1972), who also introduced the
pseudo-spectral approach. In this, the multiplications of the nonlinear terms
are calculated in physical space to avoid the evaluation of convolution sums.

8
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Figure 3.1. The boundary layer thickness δ (dashed) of a
laminar mean flow that grows downstream in the physical do-
main and is reduced in the fringe region by the forcing. The
flow profile is returned to the desired inflow profile in the fringe
region, where the fringe function λ(x) is non-zero.

As a consequence, transformations between physical and spectral space are re-
quired during the numerical integration of the equations and therefore efficient
implementations of pseudo-spectral methods must rely on low-cost transform
algorithms. These are the Fast Fourier Transform (FFT) algorithms, that be-
came generally known in the 1960’s.

The fast convergence rate of spectral approximations of a function and its
derivatives results in very high accuracy as compared to finite-element or finite-
difference discretizations. Further, the data structure makes the algorithms
suitable for both parallelisation and vectorisation. The high density of points
close to the physical boundaries naturally obtained by Chebyshev series can
also be profitable for wall-bounded flows. However, the spectral approximation
and the associated boundary conditions (as example, periodic in the case of
trigonometric functions) limit the applications to simple geometries. Pseudo-
spectral methods became widely used for a variety of flows during the 1980’s.
Early simulations of a transitional boundary layer were performed by Orszag
& Patera (1983) in a temporal framework (i.e. parallel boundary layer) and by
Bertolotti, Herbert & Spalart (1988) for a spatially evolving Blasius boundary
layer.

The numerical code used solves the three-dimensional, time-dependent,
incompressible Navier-Stokes equations. The algorithm is similar to that of
Kim, Moin & Moser (1987), using Fourier representation in the streamwise
and spanwise directions and Chebyshev polynomials in the wall-normal direc-
tion, together with a pseudo-spectral treatment of the nonlinear terms. The
time advancement used is a four-step low-storage third-order Runge–Kutta
method for the nonlinear terms and a second-order Crank–Nicolson method
for the linear terms. Aliasing errors from the evaluation of the nonlinear terms
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are removed by the 3
2 -rule when the FFTs are calculated in the wall parallel

plane. In order to set the free-stream boundary condition closer to the wall,
a generalisation of the boundary condition used by Malik, Zang & Hussaini
(1985) is employed. It is an asymptotic condition applied in Fourier space with
different coefficients for each wavenumber that exactly represents a potential
flow solution decaying away from the wall.

To correctly account for the downstream boundary layer growth a spatial
technique is necessary. This requirement is combined with the periodic bound-
ary condition in the streamwise direction by the implementation of a “fringe
region”, similar to that described by Bertolotti, Herbert & Spalart (1992). In
this region, at the downstream end of the computational box, the function λ(x)
in equation (3.1) is smoothly raised from zero and the flow is forced to a desired
solution v in the following manner,

∂u
∂t

= NS(u) + λ(x)(v − u) + g, (3.1)

∇ · u = 0, (3.2)

where u is the solution vector and NS(u) the right hand side of the (unforced)
momentum equations. Both g, which is a disturbance forcing, and v may
depend on the three spatial coordinates and time. The forcing vector v is
smoothly changed from the laminar boundary layer profile at the beginning of
the fringe region to the prescribed inflow velocity vector. This is normally a
boundary layer profile v0, but can also contain a disturbance. This method
damps disturbances flowing out of the physical region and smoothly trans-
forms the flow to the desired inflow state, with a minimal upstream influence
(see Nordström et al. 1999, for an investigation of the fringe region technique).
Figure 3.1 illustrates the variation of the boundary layer thickness in the com-
putational box for a laminar case together with a typical fringe function λ(x).

3.2. Disturbance generation

Using this numerical code, disturbances can be introduced in the laminar flow
by including them in the flow field v, thereby forcing them in the fringe region;
by a body force g, and by blowing and suction at the wall through non ho-
mogeneous boundary conditions. The first of these three methods is the most
used in the simulations presented in the thesis. In fact, to study the instability
and breakdown of steady, spanwise periodic streaks, the velocity fields vs and
vd are added to the Blasius solution v0 to give a forcing vector of the form
v = v0 + vs + vde

iωt. vs represents the steady streaks: those linear optimal
computed by Andersson et al. (1999) are forced at the inflow in Paper 1 and
the nonlinearly saturated streaks obtained are then used as inlet conditions in
some of the following studies. The time periodic disturbance vd is an insta-
bility mode riding on the streak which is used to simulate the full transition
process of a steady streak in Paper 3.

To simulate a boundary layer under free-stream turbulence (Paper 7) a
more involved methodology has been implemented. Following Jacobs & Durbin
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(2001), a turbulent inflow is described as a superposition of modes of the contin-
uous spectrum of the linearised Orr-Sommerfeld and Squire operators. These
modes have also been added to the forcing vector v and thus introduced in the
fringe region. Isotropic grid turbulence can be reproduced by a sum of Fourier
modes with random amplitudes (see Rogallo 1981); however in the presence of
an inhomogeneous direction an alternative complete basis is required; in partic-
ular, in the present case, the new basis functions need to accommodate the wall.
A natural choice is therefore the use of the modes of the continuous spectrum.
It is useful to recall, in fact, that the Orr-Sommerfeld and Squire eigenvalue
problem for a parallel flow in a semi-bounded domain is characterised by a
continuous and a discrete spectrum (Grosch & Salwen 1978). The discrete
modes decay exponentially with the distance from the wall, while modes of
the continuous spectrum are nearly sinusoidal in the free stream. As a con-
sequence, a three-dimensional wave-vector κ = (α, γ, β) can be associated to
each eigenfunction of the continuous spectrum: The streamwise and spanwise
wave numbers α and β are defined by the normal mode expansion in the ho-
mogeneous directions of the underlying linear problem while the wall-normal
wavelength is determined by the eigenvalue along the continuous spectrum. In-
voking Taylor’s hypothesis, the streamwise wavenumber α can be replaced by
a frequency ω = αU∞ and the expansion may be written

u =
∑

AN ûN (y) e(iβz+iαx−iωt),

where the real values of β and ω and the complex wavenumber α are selected
according to the procedure described below. Note that the desired wall-normal
wavenumber γ enters through the eigenfunction shape ûN (y) and it is defined
by the eigenvalue α. In particular, the wave numbers pertaining to the modes
used in the expansion are selected by defining in the wavenumber space (ω, γ, β)
a number of spherical shells of radius |κ|. 40 points are then placed randomly
but at equal intervals on the surface of these spheres. The coordinates of these
points define the wave numbers of the modes used in the expansion above. The
complex coefficients AN provide random phase but a given amplitude. The
amplitude |AN | is in fact the same for all modes on each shell and reproduces the
following analytical expression for a typical energy spectrum of homogeneous
isotropic turbulence

E(κ) =
2
3

a (κL)4

(b+ (κL)2)17/6
LTu. (3.3)

In the expression above, Tu is the turbulence intensity, L a characteristic inte-
gral length scale and a, b two normalisation constants. The methodology briefly
introduced here is able to satisfactorily reproduce a boundary layer subject to
free-stream turbulence as documented in Paper 7.



CHAPTER 4

Instability and breakdown of steady optimal streaks

4.1. Steady saturated streaks

The two linear disturbance-growth mechanisms usually encountered in flat-
plate boundary layers have been introduced in chapter 2. These are the ex-
ponential growth of Tollmien-Schlichting waves and the transient growth of
streamwise elongated streaks. If the amplification of either of the two is large
enough, the disturbances eventually reach an amplitude where nonlinear ef-
fects become relevant. These primary perturbations saturate and take the flow
into a new more complicated steady or quasi-steady laminar state. The lin-
ear stability of this new flow configuration is the object of secondary stability
investigations.

The analysis performed here concerns the linear secondary stability of the
streaks resulting from the nonlinear evolution of the spatial optimal pertur-
bation in a Blasius boundary layer. The investigation is motivated by the
need to understand in a simpler configuration the physics of bypass transi-
tion in boundary layers with high levels of free-stream turbulence, where low
frequency streaks are the type of perturbations induced inside the boundary
layer. The base flows under consideration are computed by solving the full
Navier-Stokes equations (see Paper 1). In particular, the complete velocity
field representing the initial evolution of the steady, spanwise periodic, linear
optimal perturbations calculated by Andersson et al. (1999), is forced in the
fringe region as described in the previous chapter. The downstream nonlinear
development of the streaks is monitored for different upstream amplitudes of
the input disturbance. To quantify the size of this primary disturbance at each
streamwise position, an amplitude A is defined as

A(X) =
1
2

[
max
y,z

(
U(X, y, z) − UB(X, y)

)
− min

y,z

(
U(X, y, z)− UB(X, y)

)]
,

where UB(x, y) is the Blasius profile and U(X, y, z) is the total streamwise
velocity in the presence of streaks and they are made non dimensional with
respect to the free-stream velocity U∞.

The downstream amplitude development is displayed in figure 4.1(a) for
the set of upstream amplitudes considered. The abscissa X in the figure in-
dicates the distance from the leading edge and it is divided by the reference
length L, where L = 1 is the station at which the linear growth of the upstream

12
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Figure 4.1. (a) Downstream development of the streak am-
plitude A versus streamwise coordinate X for different up-
stream amplitudes A0. (b) Streamwise velocity contour plot of
the nonlinear base flow in a (y, z) cross-stream plane at X = 2,
A = 0.36. The coordinates have been made non-dimensional
sing the local Blasius length scale δ. Maximum contour level
0.98, contour spacing 0.1.

streamwise vortices has been optimised (see Andersson et al. 1999). The span-
wise wavenumber β = 0.45 is the optimal one and it is scaled with respect
to the local Blasius length δ =

√
xν/U∞ at position x = L. In figure 4.1(b),

a typical nonlinearly saturated streak is illustrated by its streamwise velocity
contour plot in the cross-stream (y, z) plane. Regions of strong spanwise shear
are formed on the sides of the low-speed region, which is also displaced further
away from the wall during the saturation process.

It is worth introducing a scaling property of the considered nonlinear
streaks which will be used to extend the validity of the results obtained, to
a wide range of Reynolds numbers and spanwise wave numbers. In fact, it
is shown in Paper 1 that a streak family U(x, y, z), defined by the upstream
amplitude A0 and by the spanwise wavenumber β0 at the inlet X0, obeys the
boundary layer equations and it is therefore independent of the Reynolds num-
ber if scaled by the boundary layer scalings. This results in a scaling property
that couples the streamwise and spanwise scales, implying that the same so-
lution is valid for every combination of x = x∗/L and β = β∗δ such that the
product xβ2 stays constant (the star denotes dimensional quantities). Alter-
natively, one could consider the product between the local Reynolds number
based on the distance from the leading edge Rex = U∞x∗/ν and the wavenum-
ber β̄ = β∗ν/U∞ and keep Rexβ̄

2 = const. In other words, it is possible to
freely choose the local Reynolds number pertaining to a given streak profile
U(y, z). This amounts to moving along the plate and varying the spanwise
wavenumber β0 so that the local spanwise wavenumber β0δ/δ0, where δ0 indi-
cates the local Blasius thickness at the upstream positionX0, remains constant.
Note also that in the non dimensional form of the boundary layer equations
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the cross-stream velocities v and w are multiplied by the Reynolds number
Re =

√
Rex. As a consequence, the amplitude of the initial vortex needed to

produce a fixed amplitude of the streak along the curve Rexβ̄
2 = const de-

creases in a manner inversely proportional to the square root of Rex. Using
the coupling between the streamwise and spanwise scales, this corresponds to
say that the amplitude of the initial vortex is proportional to the spanwise
wavenumber β̄.

4.2. Streak instability

If the amplitude of the streak grows to a sufficiently high value, instabilities
can develop which may provoke early breakdown and transition to turbulence
despite the predicted modal decay of the primary disturbance. A possible
secondary instability is caused by inflectional profiles of the base flow velocity,
a mechanism which does not rely on the presence of viscosity.

In flows over concave walls or in rotating channels, the primary exponential
instability results in streamwise vortices, which, in turn, create streaks. It is
therefore not surprising that the first studies on the secondary instability of
streaky structures refer to these types of flows and it can be expected that the
secondary instability mechanisms of the flat-plate boundary-layer streaks con-
sidered here will show similarities with the instabilities observed in the flows
mentioned above (see Schmid & Henningson 2001 among others). The exper-
iments of Swearingen & Blackwelder (1987) were the first to document the
emergence of streaks with inflectional profiles due to the formation of stream-
wise vortices (called Görtler vortices) in the boundary layer over a concave
wall. This investigation demonstrated that time-dependent fluctuations ap-
pear in the flow either in a spanwise symmetric (varicose) or antisymmetric
(sinuous) pattern with respect to the underlying streak. The varicose pertur-
bations are more closely related with the wall-normal inflection points while
the sinuous oscillations are related with the spanwise inflectional profile and
they were found to be the fastest growing. These findings were successively
confirmed by theoretical analysis of the instability of Görtler vortices, both
assuming inviscid flow and including the effect of viscosity (e.g. Park & Huerre
1995; Bottaro & Klingmann 1996). The instability of streaks arising from the
transient growth of streamwise vortices in channel flows has been studied the-
oretically by Waleffe (1995, 1997) and Reddy et al. (1998) and experimentally
by Elofsson, Kawakami & Alfredsson (1999). These studies confirmed that the
instability is of inflectional type and that the dominating instability appears
as spanwise (sinuous) oscillations of the streaks.

The secondary instability of the steady, spanwise periodic streaks intro-
duced in the previous section is studied under two basic assumptions. Since
the streaks satisfy the boundary layer approximation, the downstream variation
of the streamwise velocity is slow and the wall-normal and spanwise velocities
are very small, of the order O(1/Re1/2

x ), as compared to the streamwise com-
ponent. Therefore the basic flow will consist only of the streamwise velocity
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U . Further, the secondary instability is observed in flow visualisations to vary
rapidly in the streamwise direction. Hence, we will assume a parallel mean flow
U(y, z), dependent only on the cross-stream coordinates. This basic parallel
flow is extracted at different streamwise stations X from the spatial numerical
simulations presented in figure 4.1.

The equations governing the linear evolution of a perturbation velocity
u(x, y, z, t) = (u, v, w), of corresponding pressure p, on the streak profile U(y, z)
are obtained by substituting U + u into the Navier-Stokes equations and ne-
glecting the quadratic terms in the perturbation. This yields

ut + Uux + Uyv + Uzw = −px +
1
Re

∆u, (4.1)

vt + Uvx = −py +
1
Re

∆v, (4.2)

wt + Uwx = −pz +
1
Re

∆w, (4.3)

ux + vy + wz = 0. (4.4)

Following a procedure similar to that used in the derivation of the Orr-Sommerfeld
and Squire system, the above equations can be reduced to two equations in
terms of the normal velocity v and the normal vorticity η = vz − wx

∆vt + U∆vx + Uzzvx + 2Uzvxz − Uyyvx − 2Uzwxy − 2Uyzwx = 1
Re∆∆v,

ηt + Uηx − Uzvy + Uyzv + Uyvz + Uzzw = 1
Re∆η.

(4.5)
In the above, the spanwise velocity w can be eliminated by using the identity

wxx + wzz = −ηx − vyz .

Since the flow is assumed parallel, solution can be sought in the form of
streamwise waves. Further, due to the spanwise periodicity of the flow, Floquet
theory can be applied (e.g. Nayfeh & Mook 1979). As a consequence, for any
flow quantity q, the instability modes of the basic flow U of spanwise wavelength
λz = 2π/β may be expressed in the form

q(x, y, z, t) = q̃(y, z) ei [α x+θ z−ωt], (4.6)

where q̃ is spanwise periodic and it has the same periodicity λz of the basic
flow. α, the streamwise wavenumber, and ω, the circular frequency, can assume
complex values; θ is a real detuning parameter or Floquet exponent. Due to
the spanwise symmetry of the basic streak profile U(y, z) (see figure 4.1b),
the modes can be divided into separate classes according to their odd or even
symmetry. Further, it is sufficient to study values of the parameter θ between
zero and π/λz , with θ = 0 corresponding to a fundamental instability mode of
spanwise wavelength λz and θ = π/λz corresponding to a subharmonic mode of
wavelength twice that of the underlying streak. Symmetric and antisymmetric
modes are called varicose and sinuous respectively, with reference to the visual
appearance of the motion of the low-speed streak.
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Figure 4.2. Sketch of streak instability modes in the (x −
z)-plane over four streamwise and two spanwise periods, by
contours of the streamwise velocity. The low-speed streaks
are drawn with solid lines while dashed lines are used for the
high-speed streaks.

A sketch of the sinuous and varicose fundamental and subharmonic modes
is provided in figure 4.2: it is shown how the symmetries of the subharmonic
sinuous/varicose fluctuations of the low speed streaks are associated to stag-
gered varicose/sinuous oscillations of the high speed streak.

To gain physical understanding of the mechanisms responsible for the in-
stabilities, the production of perturbation kinetic energy is analysed. The
basic idea is to derive the evolution equation for the kinetic energy density
e = (u2 + v2 + w2)/2, from the Navier-Stokes equations (4.1-4.4) linearised
around the basic profile U(y, z). A normal mode expansion as in equation (4.6)
is assumed for the perturbation variables. If the wavenumber α is assumed real,
non-trivial solutions q̃(y, z) of system (4.5) will generally require a complex
value for the frequency ω, thus eigenvalue of the problem. These solutions are
called temporal modes and represent spatially periodic waves of infinite extent,
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travelling with phase velocity cr = wr/α and being damped or amplified at
temporal growth rate ωi (the suffix r and i indicate the real and imaginary
part respectively). This type of modes is considered in the analysis of the per-
turbation kinetic energy production. Upon integration over a wavelength of the
secondary mode in the streamwise and spanwise directions and from the wall
to infinity in the wall-normal direction, the divergence terms in the evolution
equation give a zero global contribution to the energy balance and one is left
with

∂Ẽ

∂t
= T̃y + T̃z − D̃, (4.7)

where

Ẽ =
1
λz

∫ λz

0

∫ ∞

0

ẽ dy dz , D̃ =
1
λz

∫ λz

0

∫ ∞

0

d̃ dy dz, (4.8)

T̃y =
1
λz

∫ λz

0

∫ ∞

0

τ̃uv
∂U

∂y
dy dz , T̃z =

1
λz

∫ λz

0

∫ ∞

0

τ̃uw
∂U

∂z
dy dz, (4.9)

and

ẽ = (ũũ∗ + ṽṽ∗ + w̃w̃∗) , d̃ = 2
(
ξ̃ξ̃∗ + η̃η̃∗ + ζ̃ ζ̃∗

)
/Re,

τ̃uv = − (ũṽ∗ + ũ∗ṽ) , τ̃uw = − (ũw̃∗ + ũ∗w̃) .

The quantity Ẽ is the total perturbation kinetic energy and D̃ is the vis-
cous dissipation term given by the square of the perturbation vorticity vector
(ξ, η, ζ). T̃y and T̃z are the perturbation kinetic energy production terms asso-
ciated with the work of the Reynolds stresses τ̃uv and τ̃uw against, respectively,
the wall-normal shear ∂U/∂y and spanwise shear ∂U/∂z of the basic flow. The
following identity is immediately derived from equation (4.7) by noting that the
quadratic quantities (Ẽ, D̃, T̃y, T̃z) have an exponential time behaviour e2ωit:

ωi =
T̃y

2Ẽ
+
T̃z

2Ẽ
− D̃

2Ẽ
. (4.10)

In order to evaluate the different terms entering equation (4.10) one has to
solve the system (4.5) for the eigenmode and eigenvalue corresponding to the
selected velocity profile U(y, z), Reynolds number and streamwise wavenumber
α. In the absence of errors in the computation, the left-hand side, coming
from the eigenvalue computation, and the right-hand side derived from the
corresponding mode shape, should match. Equation (4.10) provides an insight
into the instability mechanisms by separating the three terms which contribute
to the temporal growth rate ωi. An instability is seen to appear when the
work of the Reynolds stresses against the basic shears is positive and able to
overcome viscous dissipation.
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4.2.1. Viscous instabilities in low-amplitude streaks

According to Rayleigh’s criterion, velocity profiles without inflection points,
typical of wall-bounded shear flows such as the Blasius boundary layer of inter-
est here, are linearly stable in the inviscid approximation. However, it is demon-
strated that viscous effects may, paradoxically, be destabilising for a range of
finite Reynolds number thus leading to the growth of the Tollmien-Schlichting
waves. Inviscid instabilities develop on a convective time scale τi ≈ L/v, with
L and v characteristic length and velocity. For flows destabilised by viscosity
instead, the growth rates are smaller and the perturbation evolves on a diffusive
time scale τv ≈ L2/ν.

As discussed earlier, small amounts of streamwise vorticity in a laminar
boundary layer are very effective in moving low-momentum particles away from
the wall and high-momentum particles toward the wall, thus forming elongated
spanwise modulations of the streamwise velocity. Since streamwise streaks can
be expected to arise whenever a boundary layer is subject to weak perturbations
with streamwise vorticity, it is interesting to study the behaviour of the viscous
instability in a streaky boundary layer. This analysis is the first step in the
study of the effect of streamwise vortices and streaks on the transition in the
Blasius boundary layer and it can be considered more relevant in the case of
low-amplitude stable streaks.

Previous experimental work on the subject have given somewhat surprising
results. Kachanov & Tararykin (1987) generated streamwise steady streaks by
blowing and suction at the wall and used a vibrating ribbon to generate TS-
waves. They found three-dimensional waves, modulated by the underlying
streaks, having essentially the same phase speed as the TS-waves developing
in an undisturbed Blasius boundary layer, but with lower growth rates. Boiko
et al. (1994) also forced TS-waves with a vibrating ribbon but in a boundary
layer subject to free-stream turbulence, therefore with randomly appearing
low-frequency streaks. They also found waves less amplified than in a two-
dimensional Blasius flow.

Before considering the different energy production terms in equation (4.10),
the viscous temporal stability of the steady optimal streaks presented in fig-
ure 4.1(a) is studied. The eigenvalues having largest imaginary part ωi are
computed over a range of wave numbers α for the Blasius boundary layer and
three streak profiles extracted at position X = 2. The local Reynolds number
is selected to be Re = 1224. Note that all the streaks under consideration are
stable in the inviscid approximation, as shown in the next section. The tem-
poral growth rate curves ωi(α) and the corresponding phase speeds cr = ωr/α
of varicose perturbations of respectively fundamental and subharmonic type
are displayed in figure 4.3. Sinuous perturbations resulted stable. Increasing
the amplitude of the streak reduces the growth rates of fundamental modes
up to their complete stabilisation for the largest amplitude considered. The
phase speeds of the fundamental modes are roughly unchanged with respect
to the Blasius-TS waves; they are only are slightly reduced as the amplitude
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Figure 4.3. Growth rate ωi and corresponding real phase
speed cr versus streamwise wavenumber α of fundamental, plot
(a) and (c), and subharmonic modes, plot (b) and (d), for
the Blasius boundary layer (dotted line) and streaky flows of
amplitude A = 0.13 (♦), A = 0.2 (×) and A = 0.25 (◦) at
X = 2 for Reδ = 1224.

and/or wavenumber is increased. The fundamental varicose mode therefore
appears to be a sort of ‘continuation’ of the two-dimensional Blasius-TS waves
into three-dimensional streaky-TS waves. Subharmonic modes exhibit growth
rates which are an order of magnitude smaller than their fundamental coun-
terparts except for the streak with largest amplitude which is stable to fun-
damental perturbations but is slightly unstable to subharmonic perturbations.
The subharmonic-mode phase speeds may differ up to 25% from the Blasius-
TS phase speeds and they follow an opposite trend since they decrease with
increasing wave numbers.

The different terms entering equation (4.10) are reported in table 4.1 for
the wave numbers giving the maximum temporal growth, i.e. at the peak of
the ωi(α) curves in figure 4.3(a). The instability of the Blasius boundary layer
must be ascribed to the excess of kinetic energy production T̃y, over the viscous
dissipation D̃. The subtle role of viscosity as cause of the instability can be
briefly explained as follows. In the case of the Blasius profile, ∂U/∂z = 0 and
therefore T̃z = 0. In the inviscid case, moreover, also D̃ = 0 since Re = ∞
and ωi = 0 since the equation governing the evolution of inviscid perturbations
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Case ωi,max ∗ 103 T̃y/2Ẽ ∗ 103 T̃z/2Ẽ ∗ 103 D̃/2Ẽ ∗ 103

A 3.91668463 6.3942359 0. 2.47534592
B 2.63927744 9.7013363 -2.82568584 4.23475597
C 1.26350209 12.0851384 -4.88611863 5.94099013
D -0.498663542 13.6826327 -6.28768442 7.89361186

Table 4.1. Maximum growth rates and normalised kinetic
energy production and dissipation pertaining to the most un-
stable varicose fundamental mode for the streaks considered
in figure 4.3. Case A indicates the undisturbed Blasius profile,
while Cases B, C and D streaks of amplitude A = 0.13, A = 0.2
and A = 0.25.

admits either neutral waves or unstable waves (but the latter is not possible
according to Rayleigh’s criterion). As a consequence, τ̃uv is also identically
zero. From the expression above one can see that the Reynolds stress

τ̃uv = − (ũṽ∗ + ũ∗ṽ) = |ũ| |ṽ| cos(φu − φv)

is controlled by the phase difference between the streamwise and wall-normal
velocities. The fact that τ̃uv = 0 in the inviscid case implies that u and v are
in quadrature. However, for finite Reynolds numbers, viscosity may affect this
phase difference so as to generate a Reynolds stress large enough to more than
balance the stabilising effect of dissipation. If the Reynolds number is too small,
however, the flow is again stable due to the large amount of dissipation. It is
possible to show (Drazin & Reid 1981) that in the large Reynolds number limit
a finite Reynolds stress is created in the layer close to the wall as a result of the
phase difference between ũ and ṽ induced by viscosity. In order to satisfy the
zero condition in the free stream, the value of the Reynolds stress returns then
to zero at a distance yc from the wall (the critical layer), such that UB(yc) = c,
where c is the phase speed of the wave.

In the case of the three-dimensional streaky base flow U(y, z), a third pro-
duction term enters the scene, namely T̃z. This is shown to give a stabilising
contribution in the case of varicose modes. The absolute value of the normalised
production and dissipation terms is seen to increase with streak amplitude but
the stabilising contribution (T̃z − D̃)/2Ẽ grows more than the destabilising
contribution T̃y/2Ẽ, thereby ultimately leading to stability. The negative pro-
duction term T̃z/2Ẽ is of the same order of magnitude as the dissipation term
D̃/2Ẽ and therefore it plays an essential role in the stabilisation process.

Thus one may conclude that the viscous instability is, in the presence of the
streaks, fed by the work of the uv-Reynolds stress against the wall normal shear
∂U/∂y, just as in the two-dimensional boundary layer. However, the work of
the uw-Reynolds stresses against the spanwise shear ∂U/∂z is stabilising. This
stabilising contribution and the viscous dissipation increase with the streak
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amplitude, thereby reducing the growth rate and eventually leading to stability.
These results enable to envision a possible control strategy for applications in
boundary-layer transition delay in low-noise environment where the classical
transition scenario is the most likely to occur. Further investigation is needed
on possible streak-generation schemes and on the computation of total spatial
growth-rate reductions in the presence of streaks.

4.2.2. Inviscid instability

As discussed earlier, high-amplitude streak develop inflectional profiles which
can lead to strong inviscid secondary instabilities. Therefore, the marginal
condition for streak instability is investigated here under the assumption of
inviscid flow. If viscosity is neglected it is possible to find an uncoupled equation
for the perturbation pressure (Henningson 1987; Hall & Horseman 1991)

(
∂

∂t
+ U

∂

∂x
)∆p− 2Uypxy − 2Uzpxz = 0. (4.11)

This equation governs the linear stability of a parallel streak. Such basic flow
is said to be stable in the inviscid approximation, if all possible perturbations
superposed on the streak are damped. On the contrary, if some perturbations
grow in amplitude the flow is said to be unstable. In the control parame-
ter space, two domains corresponding to either stability or instability may be
identified. These are separated by the so called neutral surface.

The inviscid instability is analysed in the temporal framework so that a
complex value for the frequency ω is obtained as eigenvalue of the system (4.11).
The flow is thus unstable if it is possible to find a value of α for which ωi > 0.
Further it is possible to show that when all temporal modes are damped, the
flow is linearly stable (e.g. Huerre & Rossi 1998). Thus, a temporal analysis
completely determines the stability or instability of a given flow.

Since the flow has been assumed inviscid, a single control parameter, the
streak amplitude A, is allowed to vary and the neutral surface reduces to a
neutral curve in the (α,A) plane. The curves obtained are displayed in figure 4.4
for the fundamental and subharmonic sinuous symmetries. The dashed lines
in the plots represent contour levels of positive growth rates. These results are
obtained with the streak profiles extracted at x = 2 in figure 4.1(a), where the
primary disturbance has saturated and, for the cases with lower initial energy,
the streak amplitude achieves its maximum value. It is immediately observed
that a streak amplitude of about 26% of the free-stream velocity is needed for
an instability to occur. This critical value is much larger than the threshold
amplitude for the secondary instability of Tollmien-Schlichting waves (1− 2%)
and roughly around the value of about 20% reported from the experimental
study of Bakchinov et al. (1995). Similarly, in the case of plane Poiseuille
flow, Elofsson et al. (1999) have shown that the threshold amplitude for streak
breakdown is 35% of the centre line velocity. It can also be noticed from the
figure that the subharmonic mode is unstable for lower amplitudes than the
fundamental mode. When increasing the amplitude, not only do the growth
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Figure 4.4. Neutral curves for streak instability in the (α,A)
plane (solid line). The dashed lines represent contour levels of
positive growth rates ωi = 0.008 and ωi = 0.016. The data
have been made non-dimensional using the local Blasius length
scale δ.

rates increase but their maxima are also shifted towards larger values of the
wavenumber α. For values of A larger than 0.3 the fundamental symmetry has
slightly larger growth rates. It is also found that in the case of the sinuous
instability, the production of kinetic energy of the perturbation is entirely due
to the work of the Reynolds stress τ̃uw against the spanwise shear of the streak.
The contribution from the term T̃y, related to the wall-normal shear of the basic
flow, is negative and about one order of magnitude smaller than its counterpart
T̃z.

No results are presented here on the varicose instabilities. In fact, the
varicose modes result unstable only for amplitudes larger than A = 0.37, with
growth rates smaller than one fifth of the corresponding sinuous growth rates.
From the results presented, it seems more likely that the transition of the
considered steady optimal streaks is triggered by a sinuous instability, either of
fundamental or subharmonic type. The common feature of the two scenarios
is the spanwise oscillation of the low-speed streak.

4.2.3. Spatio-temporal behaviour

The boundary layer flow is an open flow, i.e. the fluid particles are not recycled
within the physical domain of interest but leave it in a finite time (see Huerre
& Monkewitz 1990). Linearly unstable open flows can be classified according
to the evolution of amplified perturbations in space and time into two distinct
classes. To introduce this distinction, we consider the response of the system
to an impulse in space and time δ(t)δ(x). The flow is initially perturbed at
t = 0 and x = 0 and left free to evolve. The solution to this problem represents
the Green function G(x, t) of the particular linear system under considerations
and contains the information concerning the evolution of any disturbances. In



4.2. STREAK INSTABILITY 23

fact, the response to any forcing functions may be obtained by convolution of
such forcing with the Green function.

In linearly unstable flows, two distinct asymptotic behaviours of the im-
pulse response can be observed. The flow is said to be linearly convectively
unstable if the amplified perturbations are convected away, downstream or
upstream of the source, so that the perturbation ultimately decreases at any
location and the flow returns to its basic state as t → ∞. Conversely, a flow
is said to be linearly absolutely unstable if the disturbance generated by the
impulse spreads both upstream and downstream of the source and gradually
contaminates the entire medium.

Formally, a given flow is convectively unstable if

lim
t→∞G(x, t) = 0, along the ray x/t = 0

and absolutely unstable if

lim
t→∞G(x, t) = ∞, along the ray x/t = 0.

In the case of parallel flows, that are invariant under Galileian transforma-
tions, this distinction seems to be related to the selected frame of reference:
a simple change of reference frame may transform an absolutely unstable flow
into a convectively unstable. However, in flows forced at a specific streamwise
station x the Galileian invariance is broken and a ’laboratory frame’ can be
unambiguously defined. In these cases, the distinction between convective and
absolute instability becomes of interest. Convectively unstable flows essentially
behave as noise amplifiers: they are very sensitive to external perturbations.
The characteristics of the latter determine, in fact, the type of waves amplify-
ing in the flow. Absolutely unstable flows, on the contrary, display an intrinsic
dynamics. They behave as hydrodynamic oscillators. The features of the per-
turbations amplifying in the flow are determined by the control parameters and
do not depend on the external noise. The flow beats at a well-defined frequency
independently on the frequency at which it is forced (see Huerre & Rossi 1998).

From the definitions above, it follows that the spatio-temporal analysis of
a linearly unstable flow aims at computing the asymptotic temporal growth
rates σ attained along rays x/t = v, that is the temporal growth rate perceived
by an observer moving at velocity v. This is equivalent to the study in Fourier-
Laplace space of modes of real group velocity v, as reviewed, for instance, in
Huerre (2000). This analysis shows that the impulse response takes the form of
a wave packet, the long time behaviour along each spatio-temporal ray being
(Bers 1983)

q(x, t) ∝ t−1/2 ei[α∗(v)x−ω∗(v)t], t→ ∞
where α∗ and ω∗ represent the complex wavenumber and frequency observed
moving at the velocity v. The temporal growth rate σ is defined by the real part
of the exponential σ = ω∗

i − v α∗
i . In unstable flows, σ > 0 for some values of v

and the curve σ(v) completely defines the growth of the wave packet generated
by the impulse. The wave packet extent is determined by the rays along which
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Figure 4.5. Temporal growth rate versus ray velocity x/t =
v for different increasing saturated streak amplitudes A =
0.28, 0.31, 0.34, 0.36, 0.38 at X = 2 computed for Re = 610.
The solid line corresponds to the base flow at A = 0.36 de-
picted in figure 4.1 (b). The other curves correspond to scan-
ning the vertical lineX = 2 of unstable streaks in figure 4.1 (a).

neutral waves are observed, i.e. σ(v) = 0. These velocities are denoted v−,
the trailing edge velocity of the wave packet, and v+ > v−, the leading edge
velocity of the wave packet. If v− > 0, the wave packet is advected downstream
and the base flow is convectively unstable. Conversely, if v− < 0, the trailing
edge moves upstream and the flow is absolutely unstable.

The study of the spatio-temporal instability of the steady saturated streaks
introduced above, is presented in Paper 2. The analysis is performed in physical
space and the instability characteristics are retrieved from the direct numerical
simulations of the response of the flow to a localised disturbance. Note that,
as a consequence of the numerical code used, the spatio-temporal instability is
studied without the assumption of inviscid flow. As in the temporal stability
analysis discussed in the previous section, the basic flow consists only of the
steamwise velocity U(y, z) and it is assumed parallel. Since such a basic flow is
solution of the Euler equations, a body force −Re−1∆U(y, z) is implemented
into the Navier-Stokes solver to compensate for diffusion and keep the flow
steady and parallel. The procedure used to evaluate the temporal growth rates
σ(v) from the evolution of the wave packet riding on the streaks is described in
detail in Paper 2 and references therein. In particular, the analysis performed
here extends to the case of a three-dimensional periodic unidirectional flow the
technique developed by Delbende, Chomaz & Huerre (1998) and Delbende &
Chomaz (1998). The temporal growth rate curve of the fundamental sinuous
mode versus group velocity is displayed in figure 4.5 for the unstable streak
amplitudes at position X = 2 in figure 4.1(a). This diagram represents the
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spatio-temporal analogue of the inviscid temporal growth rates reported in
figure 4.4(a). It can be seen in figure 4.5 that the trailing edge velocity v−

is always positive and therefore it may be concluded that the instability is
convective. The growth rates ad the spreading rates ∆v = v+ − v− of the wave
packet increase with the streak amplitude and the maximum growth σ occurs
approximately at the group velocity v = 0.8 for all amplitudes.

It is interesting to note that the secondary streak instability is travelling
at velocities higher than those of the Tollmien-Schlichting waves in the undis-
turbed Blasius boundary layer. In the latter case, in fact, the leading and trail-
ing edge velocities of the wave packet are respectively v+ = 0.5 and v− = 0.36
at Re = 580 (see Gaster 1975; Gaster & Grant 1975), while sinuous instability
waves have a trailing edge velocity of about 70% of the free-stream velocity.
This difference is due to the fact that the two instabilities are driven by dis-
tinct physical mechanisms. The Tollmien-Schlichting instability is viscous in
nature and its production is located in a low-velocity region close to the wall.
The streak instability, instead, is inviscid in character and it is induced by the
spanwise shear of the basic flow. It can be seen in figure 4.1(b) that the regions
of largest spanwise shear are located further up in the boundary layer where
the local streamwise velocities are large. Thus, the instability is produced in
high-velocity regions and this can explain the values of the group velocities
pertaining to the sinuous instability modes.

The sinuous streak instability is induced by the mean spanwise shear on
the sides of the low-velocity region as in two-dimensional wakes past a bluff
body. This similarity has been further confirmed by comparing the abso-
lute/convective instability properties of the streak under consideration with
the family of wake profiles introduced by Monkewitz (1988). It is shown in
Paper 2 that the streak profile U(y, z) may be approximately modelled by a
two-dimensional wake profile U(z), which is independent of the wall-normal
coordinate, provided one selects the plane parallel to the wall corresponding to
the maximum production of kinetic energy of the instability modes. As said
before, this roughly correspond to the location of maximum spanwise shear.

The convective nature of the secondary streak instability implies that the
by-pass transition scenario considered here is noise-driven, i.e. the streaks be-
have as noise amplifiers in terms of the classification introduced above. As a
consequence, transition prediction criteria cannot be only related to the con-
trol parameters but they need to depend on the level of external noise. From a
theoretical point of view, the convective nature of the instability implies that
a spatial instability analysis of the flow has a physical significance. The spatial
analysis denotes the study of unstable modes of real frequency ω and complex
wavenumber α. These represent time-periodic waves of amplitude amplified
exponentially in the streamwise direction but constant in time at a fixed loca-
tion. The study of the nonlinear stages following the spatial amplification of
the fundamental sinuous instability mode are presented in the next section.
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4.3. Streak breakdown

The full transition scenario resulting from the fundamental sinuous instability
of the steady saturated streaks is presented in Paper 3. The saturated streaks
and one of the instability modes of highest spatial growth rate are forced as in-
flow perturbation in the fringe region of the numerical code. The direct numer-
ical simulation of the streak transition requires extensive computer resources
since a turbulent flow is induced at the end of the computational domain and
this needs to be fully resolved.

First, the perturbation velocity fields obtained at each streamwise sta-
tion are transformed in time and in the spanwise direction to Fourier space.
To present the results, the notation (ω, β) is used, where ω and β are the
frequency and spanwise wavenumber each normalised with the fundamental
frequency and wavenumber of the secondary instability mode. In the present
analysis we therefore consider the amplitude of the spanwise Fourier compo-
nents of the periodic eigenfunction q̃(y, z) and of its harmonics in time. The
downstream energy growth in some selected time and spanwise Fourier modes
is displayed in figure 4.6. The zero-frequency mode, i.e. the streak, and the
secondary instability (ω = 1) are present at the beginning of the computation,
while the higher harmonics (ω > 1) are excited as the flow evolves downstream.
Initially the growth is exponential with the growth rate of the first harmonic
(ω = 2) twice that of the fundamental mode and similarly, for higher frequen-
cies, the growth rate is proportional to the harmonic order (not shown here, see
Paper 3). This can be explained by the fact that the nonlinear interaction of
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the fundamental mode q̃ ≈ ei(αx−ωt), the only time-dependent mode initially
in the flow, with itself gives a forcing term of the type ≈ ei(2αx−2ωt). This
introduces in the flow the frequency 2ω with associated spatial growth rate
2αi, where αi is the spatial growth rate of the fundamental instability. Thus,
in general, the exponential behaviour at a frequency is given by the sum of the
exponential of the modes whose interaction gives a contribution at the specific
frequency considered. Hence, in the same way, the mode ω = 3 is induced by
the interaction of the modes ω = 1 and ω = 2 and it has a spatial growth
rate that is about 3αi. Thus, at these early stages in the transition process,
nonlinear interactions become appreciable. However, one can note that the be-
haviour of the most energetic modes (the streak and the secondary instability)
is hardly affected by the generation of the higher harmonics. The behaviours
of these, in turn, can be explained simply by the interaction of modes of higher
energy. This type of behaviour is usually referred to as weakly nonlinear and
it accounts for the simplest type of nonlinear effects; the interaction between
high energy modes induce new harmonics in the flow without affecting the
interacting modes.

It can also be seen in figure 4.6 that the energy content is of the same
order for modes of different spanwise wave numbers but same frequency. This
is due to the fact that the streak develops to a highly nonlinear stage before it
becomes unstable to time-dependent disturbances. Therefore the harmonics in
β are generated during the streak growth and they are responsible for the large
spanwise shear of the flow. The instability of the streaks is characterised by
modes localised in the spanwise direction so that a number of spanwise wave
numbers is needed to correctly capture it.

The growth in the different modes starts to saturate around position Re =
650 and soon the energy become of the same order for the different frequencies.
From this point, the weakly nonlinear approximation is no longer valid. In fact,
it can be noted in the figure how the energy in the (0, 1) and (0, 2) modes,
representing the spanwise modulation of the flow, decreases by a factor of ten,
which implies that the streak is disrupted. Conversely, the (0, 0) perturbation
mode is growing since the mean laminar velocity profile is approaching its
turbulent counterpart. The late stages of the transition process, before the
flow reaches a fully turbulent state, are then analysed in terms of large-scale
flow structures.

Vortical structures can be identified in the flow by plotting regions of low
pressure, or, alternatively, regions where the second largest eigenvalue λ2 of
the Hessian of the pressure assumes negative values (Jeong et al. 1997). Both
quantities enable to locate regions of strong rotational fluid motion. A top and
side view of the flow structures characteristic of the late stages of the sinuous
streak breakdown are shown in figure 4.7. The dark gray isosurfaces represent
low-pressure regions while the low-speed streak is depicted with lighter grey.
The main structures observed consist of quasi streamwise vortices located on
the flanks of the low-speed streak, which is oscillating in the spanwise direction.
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Figure 4.7. (a) Top and (b) side view of the structures at
the late stages of transition. Lighter grey represents negative
streamwise velocity perturbation and dark grey regions of low
pressure. In (a) two spanwise streaks are displayed.

Vortices of alternating sign are overlapping in the streamwise direction in a
staggered pattern and they are symmetric counterparts, both inclined away
from the wall and tilted in the downstream direction toward the middle of the
undisturbed low-speed region. The strength and extent of these vortices and the
spanwise motion of the low-speed streak increase downstream. It is also evident
from the top view that the downstream end of the streamwise vortices, located
in the outer part of the boundary layer, is tilted in the spanwise direction to
form arch vortices.

It is interesting to note that the single streamwise vortex observed in fig-
ure 4.7 show similarities to the leg of the Λ-structures seen in transition initiated
by TS-waves (e.g. Rist & Fasel 1995; Bake, Meyer & Rist 2002) and in oblique
transition (Berlin et al. 1999). In fact, in the latter scenarios, positive and neg-
ative streamwise vortices are also present on the side of the low-speed region
but they are not staggered in the streamwise direction. Instead the left and
right streamwise vortices join at the centre of the streak and form the typical
Λ-structures. The different relative position of the streamwise vortices is found
to depend on the symmetry of the streamwise vorticity of the secondary insta-
bility mode. In the present case, the vorticity disturbance is symmetric, while
in oblique transition and TS-wave induced transition the streamwise vorticity
is antisymmetric.

Note finally that the streamwise vortices and streaks are fundamental struc-
tures also in the near-wall region of turbulent boundary layers and the vortices
seem to be related to streak instability. In fact, the structures identified as
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typical of the transition of a laminar streak show important similarities with
the streak instability observed in turbulent flows (Jeong et al. 1997; Schoppa
& Hussain 2002; Jiménez & Pinelli 1999). On the other hand, the experiments
of Acarlar & Smith (1987) and the related simulations of Skote et al. (2002)
among others, show that the appearance of an unstable inflectional wall-normal
velocity profile is a precursor to the formation of horseshoe vortices, thus asso-
ciated to the varicose instability of near-wall streaks.



CHAPTER 5

Transition in boundary layers subjected to free-stream

turbulence

Flow visualisations and analogies with transition in vortex-dominated flows
led to believe that transition in boundary layers subjected to free-stream tur-
bulence proceeds via the breakdown of the streaks induced inside the bound-
ary layer. This motivated the studies presented in the first part of the thesis,
where the streak transition is analysed in the simpler case of a steady spanwise-
periodic configuration. In this chapter, simulations of a boundary layer sub-
jected to free-stream turbulence are presented, where a synthetic turbulent
inflow is generated by the procedure outlined in chapter 3. The hypothesised
scenario resulting from the previous studies will find partial confirmation and
new relevant elements will arise. In particular, the present study is focused
upon the receptivity stage and the final breakdown into turbulent spots.

5.1. Receptivity

The occurrence of streamwise elongated structures in boundary layers subject
to free-stream turbulence was first identified by Klebanoff (1971) in terms of
low-frequency oscillations in hot wire signals caused by slow spanwise motions
of the streaks. However, the first theoretical explanations of this phenomenon
were proposed about 25 years later. Bertolotti (1997) has assumed as initial
disturbances vortical modes, solutions of the linearised Navier-Stokes equa-
tions in the free stream, which are waves periodic in the spanwise direction
and decaying in the streamwise. He has found receptivity to modes with zero
streamwise wavenumber and has shown that the streak growth is connected
to the theories of non-modal growth. Essentially the same linear mechanism
for streak generation caused by the diffusion of a free-stream streamwise vor-
tex into the boundary layer has been studied by Andersson et al. (1999) and
Luchini (2000) using the boundary layer approximation and by Wundrow &
Goldstein (2001) by means of asymptotic expansions. These studies assume
the presence of the vortex at the leading edge show that the growth of the
streak amplitude is proportional to the Reynolds number Re.

Besides these linear models, Berlin & Henningson (1999) have proposed a
nonlinear mechanism. Numerical simulations have in fact shown that oblique
waves in the free stream can interact to generate streamwise vortices, which,
in turn, induce streaks inside the boundary layer. The latter process is further

30
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investigated in this thesis by means of a weakly nonlinear model based on
a perturbation expansion of the disturbance truncated at second order. The
perturbation equations are derived directly from the Navier-Stokes equations,
superimposing a perturbation field to the base flow, the Blasius profile which
is assumed parallel in the streamwise direction. A single equation is then
obtained for each wavenumber pair (α, β) of the perturbation velocity field.
The problem for the first order disturbance velocity and for the second order
correction are both governed by the Orr-Sommerfeld and Squire operators.
The solution for the first order perturbation velocity is induced by an external
forcing of small amplitude amplitude ε. At second order, O(ε2), the problem
is forced by the nonlinear interaction of first order solutions with wavenumber
pairs such that their combination is equal to the wavenumber of the mode under
consideration. In particular, the long time response of the boundary layer to
a couple of oblique modes of given frequency ω travelling in the free stream is
studied. Oblique modes are associated to (α,±β) modes and their quadratic
interactions produce perturbations of wavenumber (0,±2β), which correspond
to streamwise elongated structures.

The results of this analysis are presented in Paper 6, where two types of
free-stream perturbations are considered: the first case amounts to the receptiv-
ity to oblique waves generated by a wave-like external forcing term oscillating in
the free-stream, the second the receptivity to free-stream turbulence-like dist-
urbances, represented as superposition of modes of the continuous spectrum
of the Orr-Sommerfeld and Squire operators. In both cases, the generation of
a strong streamwise component of the disturbance in streamwise-independent
modes is the dominant feature. The underlying mechanism can be reduced to
a two-step process, first the nonlinear generation of streamwise vorticity forced
by the interactions between disturbances in the free stream and then the for-
mation of streaks by the linear lift-up effect. An interesting result is that the
importance of the two steps in the receptivity process is comparable. In fact,
the analysis of the equations derived applying the weakly nonlinear approach
shows that an amplification of O(Re) occurs both for the generation of the
streamwise vortices and, afterwards, for the formation of streaks. Thus, the
streak growth is of order O(Re2). Recall, however, that the nonlinear mech-
anism assumes a forcing of amplitude ε2, i.e. quadratic in the amplitude of
the free-stream disturbances, in comparison with the stronger direct forcing of
amplitude ε of the linear receptivity models cited above.

The two mechanisms are compared by means of DNS to try to identify
which of the two can be considered as the most relevant in cases with known
free-stream perturbations. In order to do so different levels of free-stream
turbulence intensity are considered and, moreover, the free-stream turbulence
generation is manipulated in order to involve few or many modes with very low
values of the frequency ω. In this way, we are able to control the amount of low-
frequency perturbation part of the inflow turbulence. As shown by Hultgren &
Gustavsson (1981) among others, modes of the continuous spectra with very
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Figure 5.1. Streamwise evolution of the wall-normal maxi-
mum of urms for three levels of free-stream turbulence inten-
sity: - - -, Tu = 4.7%; —–, Tu = 3% and - · -, Tu = 1.5%. The
results in (a) pertain to the case of few low-frequency modes as
part of the inflow perturbation spectrum, while the data in (b)
to a free-stream turbulence spectrum rich with low-frequency
modes. (c): The same rms-values as in (a) are scaled with
the square of the free-stream turbulence intensity Tu. (d):
The same rms-values as in (b) are scaled with the free-stream
turbulence intensity Tu.

low values of α and ω do not feel the shear layer and they are therefore not
zero inside the boundary layer.

The wall-normal maximum of the streamwise velocity perturbation induced
inside the boundary layer is displayed in figure 5.1 versus the local Reynolds
number for six cases considered. The results in figure 5.1(a) pertain to three dif-
ferent free-stream turbulence levels, Tu = 4.7%, Tu = 3% and Tu = 1.5%, with
integral length scale L = 7.5δ∗0 , where δ∗0 is the boundary-layer displacement
thickness at the inlet of the computational domain (Reδ∗

0
= 300). For all cases

only few modes characterised by low frequency are introduced as part of the
inflow perturbation spectrum. It is shown in figure 5.1(c) that by dividing the
urms values in figure 5.1(a) with the square of the turbulence intensity Tu, the
growth of the perturbation follows, after an initial phase, almost parallel lines.
This is more evident in the case of largest intensities. Therefore the dominating
receptivity mechanism is the nonlinear one (see Paper 7 for more details). The
results in figure 5.1(b) pertain to cases with the same free-stream turbulence
levels and integral length scale, but this time the perturbation spectrum is
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characterised by many low-frequency modes, as shown by the high urms-values
already at the inlet of the computational domain. In this case, the streaks
formed in the boundary layer further downstream are stronger than before; the
urms scales linearly with the perturbation intensity Tu (see figure 5.1d) and
the receptivity mechanism responsible for the streak growth is the linear one.
From the results in the figure it is possible to conclude that the linear mech-
anism is the most relevant if the free-stream turbulence contains significant
low-frequency modes.

5.2. Effect of the integral length scales of the free-stream
turbulence

Simulations have then been performed to follow the subsequent breakdown and
transition to turbulence. Results are presented for three cases. In all of them
the inlet of the computational box is at Reδ∗

0
= 300 (Rex0 = 30000) and the

free-stream turbulence intensity is 4.7%. Different integral length scales of the
inflow turbulence have been used, that is L = 2.5 δ∗0 , L = 5 δ∗0 and L = 7.5 δ∗0
where L is related to the longitudinal two-point correlation as L11 = 0.643L.
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Figure 5.2. (a) Skin friction coefficient, (b) maximum u2
rms

(thick lines) and its wall-normal position (thin lines), and (c)
first minimum of the spanwise correlation of the streamwise
velocity fluctuations scaled with the local displacement thick-
ness δ∗; plotted for L = 7.5δ∗0 (dashed line), L = 5δ∗0 (solid
line) and L = 2.5δ∗0 (dash-dotted line).
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Some of the data obtained by averaging in time and in the spanwise direc-
tion are displayed in figure 5.2. The friction coefficient is shown in figure 5.2(a);
also the values for a laminar and a turbulent boundary layer are displayed for
comparison. For the case with the smallest integral length scale transition does
not occur within the computational domain, while the transition location is at
lower Rex for L = 7.5δ∗0 , in agreement with the experimental findings in Jonáš
et al. (2000). In figure 5.2(b) the maximum u2

rms at each downstream position
is depicted to show the evolution of the streaks. In all cases the energy of the
streaks is proportional to the distance from the leading edge, as observed in
the experiments, and the growth is initially largest in the case of L = 2.5 δ∗0 ,
indicating that the smallest scales penetrate easier into the boundary layer.
However, this growth can not be sustained as in the other cases. In fact, the
free-stream turbulence decays faster for smaller L and therefore it is less ef-
fective in continuously forcing the streaks along the plate. In figure 5.2(a) the
wall-normal position of maximum urms is also shown. This is reported in units
of δ∗, the local boundary-layer displacement thickness. The laminar streaks
have a maximum at about y = 1.3δ∗, while their turbulent counterparts are
located much closer to the wall. In figure 5.2(c) one can see the evolution of
the first minimum of the spanwise correlation of the streamwise velocity fluc-
tuations at the wall normal position of maximum urms; this is a measure of
half the spanwise wavelength of the streaks. It can be seen from the figure that
the length scale of the perturbation inside the boundary layer is only slightly
dependent on the free-stream turbulence characteristic scale. The spanwise
scales observed are in agreement with the prediction of optimal amplification
(Andersson et al. 1999).

5.3. Turbulent spot generation

A snapshot of the flow is shown in figure 5.3 where the instantaneous streamwise
and spanwise velocities are plotted in a plane parallel to the wall. The overall
picture of the transition scenario can be deduced from the figure. Starting from
the inlet position, the perturbation in the boundary layer appears mainly in the
streamwise velocity component, in the form of elongated structures. Patches of
irregular motion are seen to appear further downstream; these are more evident
in the spanwise component, otherwise very weak in the streaky boundary layer.
As they travel downstream, the spots become wider and longer. Note also
that laminar streaks can be observed downstream of the spots. The turbulent
region at the end of the domain is created by the enlargement and merging of
the various spots and therefore the streamwise position at which the flow is
turbulent varies with time; the turbulent flow is convected downstream and it
would not be seen if new spots were not formed all the time.

The breakdown is analysed in detail by looking at the instantaneous three-
dimensional flow configurations for a number of spots, tracing back in time
the location of their formation. An important feature of the spot precursors,
observed in all cases considered, is the presence of regions of positive and nega-
tive wall-normal and spanwise velocity arranged in a quasi-periodic array. Such
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Figure 5.3. (a) Instantaneous streamwise velocity and (b)
spanwise velocity (bottom figure) in a plane parallel to the
wall at y/δ∗0 = 2. The plots are not at the actual scale since
the domain depicted is 900 units long and 90 units wide in
terms of δ∗0 . The fringe region is not shown.

quasi regular distribution of the cross-stream velocity components is responsible
for the observed wavy motions of the streaks preceding the breakdown. Visual
inspection of many velocity fields enabled to classify the type of breakdown
occurring on the streaks by considering the spanwise symmetry of the wall-
normal and spanwise velocities and their position relative to the underlying
streak.

The flow structures at the incipient spot stage resemble very much those
observed in previous study on the breakdown of steady symmetric streaks, both
in the case of the scenario following a sinuous instability (see Paper 3 in this
thesis) and in the case of a varicose scenario (see the experiments by Asai et al.
2002). The similarity with either of the two cases is observed in all spots under
consideration.

In the case of the sinuous breakdown, a single low-speed streak under-
goes spanwise antisymmetric oscillations, with strong high-frequency pertur-
bation velocity located in the region of largest spanwise shear between the
low- and high-speed streaks. An instantaneous flow configuration for this type
of scenario is displayed in figure 5.4. The characteristic vortical structures,
represented in green by negative values of the eigenvalue λ2, consist of quasi-
streamwise vortices located on the flanks of the low-speed streak (depicted
here in blue colour). Vortices of alternating sign are overlapping in the stream-
wise direction in a staggered pattern, exactly as observed in figure 4.7 for the
breakdown of a periodic array of steady streaks.
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In the case of varicose or symmetric breakdown the oscillations of the
streaks are driven by the wall-normal shear and the transition scenario is char-
acterised by the appearance of horse-shoe or hairpin structures. An example
of such vortical structures is displayed in figure 5.5. One can note the forma-
tion of hairpin vortices, with pairs of counter-rotating quasi-streamwise vor-
tices joining in the middle of the streak, pointing alternatively upstream and
downstream. The streaks generated by free-stream turbulence are obviously
not symmetric and the perturbations riding on them are not symmetric either;
however the velocity components of the high-frequency oscillations show almost
the same pattern with respect to the mean shear of the streaks as in the model
studies mentioned above. In particular, for the ’quasi-sinuous’ breakdown, it
is observed that, for a significant number of spots considered, only streamwise
vortices of same sign are clearly identified on one flank of the low-speed region.
In these cases, in fact, the spanwise shear is sufficiently high only on one side
of the low-speed streak.

From the analysis of flow visualisations and animations, it is further noticed
how the interaction between low- and high-speed streaks plays an important
role for the formation of incipient spots. It can be seen in figure 5.5, for example,
how the interaction of the low-speed streak with a fast-moving incoming region
of high streamwise velocity is the triggering cause of the instability leading to
the formation of the hairpin vortices. It is observed in experiments (Lundell &
Alfredsson 2003) that the streaks are tilted downstream so as the front part is
located in the upper part of the boundary layer whereas the rear part is located
closer to the wall. Such a structure is growing in the streamwise direction
while convected downstream. As a consequence, highly inflectional wall-normal
velocity profiles are induced by the high-speed region when reaching the tail of
the low-speed region ahead, which thus becomes the site of a local instability.
Similarly, the antisymmetric type of breakdown is induced whenever high-speed
fluid is approaching a low-speed region on a side. In this case, an inflectional
profile is forming in the spanwise direction (see figure 5.4). Note also that the
streaks are not perfectly aligned in the streamwise direction but they slowly
oscillates in the boundary layer.

It is finally important to note that the antisymmetric sinuous breakdown
is found to be the most likely to occur; it is observed in 16 of the 28 spots
considered. From the results presented one may conclude that the breakdown
is related to local instabilities associated to the strong shear of the streaks;
the fact that almost identical structures are observed in the case of transition
induced by free-stream turbulence and in the previous model studies on streaks
leads to believe that the relevant physics has correctly been captured by these
studies on the breakdown of steady symmetric streaks.
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bation streamwise velocity, while blue indicates the low-speed
streak. The green structures are regions of negative λ2, used
to identify vortical structures.
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down of a streamwise streak. Red represents positive pertur-
bation streamwise velocity, while blue indicates the low-speed
streak. The green structures are regions of negative λ2, used
to identify vortical structures.



CHAPTER 6

Conclusions and outlook

The investigations presented in this thesis are motivated by the need to un-
derstand bypass transition in boundary layers with high levels of free-stream
turbulence. The overall picture of the transition scenario has been elucidated by
flow visualisations and velocity measurements in previous experimental studies
(see the review articles by Kendall 1998; Matsubara & Alfredsson 2001; Saric
et al. 2002). However, some important issues still remain unclear and have
been the object of the present work. These concern the receptivity stage, dur-
ing which perturbations enter the boundary layer, and the mechanisms of the
breakdown into turbulent spots occurring on isolated streaks.

The phenomena under consideration occur randomly in a boundary layer
subject to free-stream turbulence and are characterised by a high degree of
intermittency. Therefore, they have first been analysed in detail using simpler
flow configurations and known repeatable disturbances. In particular, a weakly
nonlinear model for the receptivity of a parallel boundary layer to free-stream
disturbances has been developed. This model provided an efficient tool to
disentangle the sequence of events in the receptivity process. This amounts
to be a two-step process: the generation of streamwise vortices due to the
nonlinear interactions of oblique waves in the free stream, and the formation
of streaks by the linear lift-up effect.

The streak instability and breakdown have been studied by considering
spanwise-periodic perturbations resulting from the nonlinear saturation of the
optimal upstream perturbations computed by Andersson et al. (1999) for a non
parallel zero-pressure-gradient boundary layer. The perturbations considered
are steady and optimal only in the linear sense and therefore they represent
one of several plausible approximations of the streaks observed in boundary
layers subject to relatively high free-stream turbulence levels. However, the
wall-normal shape of the linearly optimal disturbance theoretically determined
by Andersson et al. (1999) and Luchini (2000) is found to be remarkably similar
to the measured urms values (Matsubara & Alfredsson 2001). The streak can
be regarded, in fact, as a ’pseudo-mode’ triggered in a boundary layer subject
to significant outside disturbances.

The instability of the boundary layer flow perturbed by such streaks has
been studied both in the inviscid approximation and considering the effect of
viscosity. A viscous analysis is required to assess the effect of low-amplitude
streaks on the viscous exponential instability of the undisturbed Blasius profile.
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It is found that the two-dimensional TS-waves evolve into three-dimensional
spanwise-periodic viscous instability modes which are damped by increasing
the streak amplitude. Above a certain threshold these waves are quenched
and the boundary layer is thus stable at intermediate streak amplitudes (of
the order of 20% of the free-stream velocity). However, sinuous antisymmet-
ric perturbations are found to become unstable when further increasing the
streak amplitude. This instability is of completely different nature, it is in
fact of inflectional type and is driven by the spanwise shear of the basic flow.
Moreover, this instability is convective with the most unstable waves travelling
downstream at relatively high velocities (of about 80% of the free-stream ve-
locity). It is also shown that the sinuous instability can lead the flow directly
into the turbulent state, the transition scenario being characterised by the ap-
pearance of quasi-streamwise vortices alternating in the streamwise direction
in a staggered pattern.

Extensive numerical simulations of a boundary layer subjected to free-
stream turbulence have then been performed also to confirm the mechanisms
predicted by the previous studies. The simulation of a fully transitional bound-
ary layer is a formidable task also for the modern supercomputers and therefore
one cannot hope to reproduce as rich parametric studies as in experimental
works. However, it is possible to correctly reproduce the main features of the
transition scenario under consideration (see Jacobs & Durbin 2001) and, as
a consequence, simulations can be designed to investigate specific problems,
thus exploiting the advantages of a numerical study. An obvious advantage of
numerical simulations is that, once the flow has been simulated, all variables,
including those difficult to obtain experimentally, are accessible to observation
at the same instant. This enabled us to identify the relevant flow structures
at the breakdown, which is not possible in an experiment due to the random
nature of the spot appearance.

The structures at the breakdown are found to be very similar to those ob-
served in previous model studies on the breakdown of steady streaks, both for
the sinuous symmetry, which resulted the most likely to occur, and for the vari-
cose symmetry (see Asai et al. 2002, for a recent experimental investigation).
Hence, one can assume that the relevant physics has correctly been captured
by these studies on the breakdown of steady symmetric streaks.

Further, the numerical methodology used allows to determine and manip-
ulate the energy content of the turbulent inflow. In this way, it has been possi-
ble to investigate the receptivity mechanism and the effect of the characteristic
length scale of the free-stream turbulence. The relevance of the nonlinear re-
ceptivity mechanism proposed could be verified and compared with the linear
receptivity process presented in previous studies (Bertolotti 1997; Andersson
et al. 1999; Luchini 2000).

The direct numerical simulations have also shown the importance of el-
ements not considered in the model studies. Probably the most important
concerns the interaction between the low- and high-speed streaks, which is
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seen to be the main triggering mechanism of the streak instability. The rele-
vance of such interactions was first suggested by Johansson, Alfredsson & Kim
(1991) and Landahl (1990) for the case of near-wall turbulent streaks. This
could be the object of future investigations, for example assuming simpler and
repeatable initial conditions.

The physical understanding of transition in boundary layers under free-
stream turbulence can be used to implement future control strategies. The
first experimental studies show that it is possible to reduce the streak growth
(Lundell 2003); however, the design of a control system, which is able to detect
the presence of dangerous situation and decide when to act, needs to be im-
proved. In the light of the observation above, a successful control strategy may
aim at reducing the streak interaction and can be based on the detection of
the relative position between streaks (through the gradients of the streamwise
velocity), rather than on their presence or amplitude.

It is also important to note that the similarity between the wall-layer
streaks in turbulent boundary and their instability (Jiménez & Pinelli 1999;
Schoppa & Hussain 2002) and the structure observed in transitional boundary
layers. One can speculate that the near-wall streamwise vortices and streaks
are driven by the turbulence in the outer part of the boundary layer in the
same way laminar streaks are induced by the free-stream turbulence. As a
consequence, the receptivity stage becomes an important ingredient of the re-
generation cycle of near-wall turbulence, together with the streak formation by
the linear lift-up effect and the streak breakdown.
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Lindgren, Gustaf Mårtensson, Jens Fransson, Kristian Granne Angele, June
Shiomi, Fredrik Lundell, Davide Medici, Roland Wyberg, Luca Facciolo.

Several friends have contributed to make these Swedish years even more en-
joyable: Marco, Claudio, Gianantonio, Francois, Alessandro, Karin, Barbara,
Cecilia, Roberto, Dick, Francesca and Torkel, Alessandra and Alessandro, Da-
vide and Lena, Rosanna and Flavio, Matteo Luca, the Rissne Slow Motion
football team, the volleyball team and Hemsparkat innebandy lag.

Grazie ai miei familiari per esserci stati vicini in questi anni.

Tack Giulia, för all din kärlek, ditt stöd, t̊alamod och hjälp.

41



Bibliography

Acarlar, M. S. & Smith, C. R. 1987 A study of hairpin vortices in a laminar
boundary layer. Part 2. Hairpin vortices generated by fluid injection. J. Fluid
Mech. 175, 43–68.

Andersson, P., Berggren, M. & Henningson, D. S. 1999 Optimal disturbances
and bypass transition in boundary layers. Phys. Fluids 11, 134–150.

Arnal, D. & Juillen, J. C. 1978 Contribution expérimentale à l’étude de la reptivité
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