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Abstract

In this thesis two di�erent problems regarding real options are studied. The �rst
paper discusses the valuation of a timing option in an irreversible investment
when the underlying model is incomplete. It is well known that in a complete
model there is no �nite optimal time at which to invest if the underlying asset, in
our case the value of the developed project, does not pay out any strictly positive
cash �ows. In an incomplete model, the situation is di�erent. Depending on the
market price of risk in the model, there could be an optimal �nite investment
time even though the underlying asset does not pay out any strictly positive
cash �ows. Several examples of incomplete models are analyzed, and the value
of the investment opportunity is calculated in each of them.

The second paper concerns the valuation of random start American perpe-
tual options. This type of perpetuate American option has the feature that it
can not be exercised until a random time has occured. The reason for studying
this type of option is that it provides a way of modelling the initiating of a
project, e.g. the optimal time to build on a piece of land, which can not occur
until a permit, or some other form of clearance, is given. The random time in
the project application represents the time at which the permit is given. Two
concrete examples of how to calculate the value of random start options is given.
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Sammanfattning

I den här avhandlingen studeras tv̊a olika typer av problem avseende realop-
tioner. Den första uppsatsen diskuterar värderingen av optionen att bestämma
tidpunkten för en irreversibel investering när den underliggande modellen är in-
komplett. Det är väl känt att i en komplett modell �nns det ingen ändlig optimal
investeringstidpunkt om inte den underliggande tillg̊angen, i v̊art fall värdet p̊a
bebyggd mark, utbetalar strängt positiva kassa�öden. I en inkomplett model är
situationen annorlunda. Beroende p̊a marknadspriset för risk i modellen s̊a kan
det �nnas en ändlig optimal även om den underliggande tillg̊angen inte beta-
lar ut n̊agra strängt positiva kassa�öden. Ett �ertal olika inkompletta modeller
analyseras, och investeringsmöjlighetens värde bestäms i vart och ett av dem.

Den andra uppsatsen behandlar värdering av amerikanska optioner med evig
löptid som har en stokastisk starttid. Den här typen av amerikanska optioner
med evig löptid har den egenskapen att den inte kan användas förrän en slump-
mässig tidpunkt har inträ�at. Anledningen till att studera den här typen av
option är att den ger en möjlighet att modellera möjligheten att p̊abörja en inve-
stering, till exempel tidpunkten d̊a mark ska bebyggas, vilken inte kan p̊abörjas
förrän ett tillst̊and i n̊agon form har erh̊allits. Den slumpmässiga tidpunkten
representerar d̊a den tidpunkt d̊a tillst̊andet ges. Tv̊a konkreta exempel p̊a hur
värdet av denna typ av option kan beräknas ges.
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Introduction

The notion of a `real option' is introduced in Myers [11]. This paper concerns
corporate borrowing, and applies option theory to that area of corporate �-
nance. The seminal paper by McDonald & Siegel [12] marks the start of using
option theory to value the optimal timing of irreversible investmets. One of the
important insights presented in McDonald & Siegel [12] is that even though the
present value of the expected future cash �ows exceeds the investment cost, it
is not necessarily optimal to invest; there is a value in the possibility of waiting.
Using methods developed by Samuelson [17] and McKean [13], the approach
taken by McDonald & Siegel [12] is an example of using real option theory,
i.e. valuing investment opportunites using methods from the theory of valuing
�nancial options.

In this thesis two aspects of the optimal time of making an irreversible
investment are studied. The �rst essay discusses the di�erences between having a
model where the underlying asset, e.g. the value of developed land, is considered
to be the value of a traded or a non-traded asset respectively. If the value is
assumed to be the value of a traded asset, then there is a non-trivial optimal
investment time if and only if the developed land generates a strictly positive
yield. Here, and henceforth, by `non-trivial' optimal investment time is meant
an optimal time that is �nite with strictly positive probability. In the case of
a traded asset that does not deliver any strictly positive cash �ows, the option
is always worth more `alive', and the investment is never done. In other words,
the optimal time in this case is trivial rather than non-trivial.

But if the model is incomplete and the value of the underlying asset is not
the price of a traded asset, then there is a possibility of having a non-trivial
optimal investment time even though the developed project does not deliver
any strictly positive cahs �ows. As an example, consider a �rm that is planning
to build small homes on vacant land. These homes do not generate any cash
�ows after they are sold, and in a complete market model, since the land is
worth more vacant, the small homes would never be built. Since small homes
are de facto built on vacant land, and assuming that the �rms are not irrational,
this constitutes an inconsistency. To circumvent this problem it is often assumed
that the model is complete and that there is a �ctitious, non-monetary, yield, in
the real estate literature this is sometimes referred to as an imputed rent, and
in some literature (e.g. Dixit & Pindyck [6]) the fact that model is complete is a
crucial assumption. As an alternative to this approach, where there is no need
to introduce the somewhat ad hoc non-monetary yield, is to use an incomplete
model. Assuming that the model is incomplete, and the underlying asset is not
the price of a traded asset, it is possible to get a non-trivial solution to the
optimal timing problem without needing to assume a non-monetary yield.

In the second essay another type of problem is studied. The focus is still to
�nd the value of an investment opportunity, but now the investment can not be
done until a random time has occured. The idea is to model the fact that in many
cases an investor need to wait for a permit or some other type of clearance before
an invest can be done. This means that even though it is optimal to initiate an
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investment, if the permit or clearance is not given, then it is not possible to
make the investment. The value of this type of optionality is calculated both
in the case of the standard optimal timing problem, i.e. the same problem that
is studied in Paper 1, and also for a version of an abandonment option. It is
assumed that random time is exponentially distributed and independent of the
underlying stochastic process representing the value of the developed project.

Theoretical framework

The main methods and techniques used in this thesis comes from continuous-
time mathematical �nance; mainly models driven by one or more Brownian
motion, such as the geometric Brownian motion, but examples of models were
a Poisson process and more general jump processes are used are also given.

Both papers concern incomplete models. In an incomplete model there are
in�nitely many probability measures that can be used to consistently value
�nancial assets. Such a measure is refered to as a pricing measure. See e.g.
Björk [1] or Karatzas & Shreve [10] for the general theory.

In the �rst essay there is only one source of randomness: the value of deve-
loped land. If this value is assumed to be the price of a traded asset, then its
dynamics under the pricing measure is determined by no-arbitrage arguments.
In order for the optimal timing investment problem to have a non-trivial solu-
tion, the underlying asset must generate a strictly positive stream of cash �ows.
If the underlying asset is modelled as a non-traded asset, then a non-trivial solu-
tion could be found even if there are no cash �ows. In order to achieve this, the
assumption that the model is incomplete is needed. This also means that one
pricing measure among in�nitely many must be chosen. There will, however, not
exist a non-trivial optimal solution under all of these pricing measures. Under
which ones there exists a non-trivial solution is connected to the Girsanov kernel
that de�nes the Radon-Nikodym derivative between the objective measure and
the pricing measure.

In the second essay the incompleteness occurs since the random time present
in the model generates randomness that is not assumed to be traded. In the �rst
essay incompleteness helps in the sense that non-trivial optimal investment ti-
mes without needing to assume a non-monetary yield can be found, while in the
second essay incompleteness is something that must be accepted in order to get
a reasonable model. Among all the possible pricing measures, the one chosen
in this paper is what is called the minimal martingale measure. The idea with
the minimal martingale measure is to use the pricing measure that, in a sense,
changes the dynamic and stochastic properties of the involved stochastic pro-
cesses as little as possible. See Föllmer & Schweizer [8] for a precise statement.
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Application: Land valuation

Background

Real estate developers recognize that ownership of vacant (or undeveloped or
underdeveloped) land can be viewed as owning a real option. Titman [18] de-
monstrated the essential insight that land values become higher as uncertainty
about future built property prices increase. Developers can choose to keep land
vacant as long as the land is more valuable undeveloped than constructing a
particular building immediately. This phenomenon can explain the existence of
vacant land, although the landowner currently has a legal right to construct
buildings on it. Hence, vacant land can be viewed as a real option, and this me-
ans that the theoretical value of vacant land should be computed using option
valuation models.

Many real option models used in land valuation relies on the concept of
opportunity cost, alternative cost or some other form of non-monetary cash
�ows. In many cases the reason for introducing this concept is to get non-trivial
solutions to investment problems. In the complete market case it does not exist a
non-trivial solution to the optimal timing problem, i.e. when to build on vacant
land, unless the assumption that the underlying asset generates a, monetary or
non-monetary, cash �ow is made.

A short literature review

In this literature review a summary of di�erent option valuation methodologies
and models that have been developed and applied for the purpose of valuing land
options, and hence land values, is presented. The review shows that the land
option valuation models that have been developed span from valuing �nite-lived
European call options using simple discrete time (binomial-tree) models under
the assumption that markets are complete, to valuing in�nite-lived American
options using continuous time �nance and under the assumption that markets
are incomplete.

Titman [18] developed an option valuation model for valuing vacant land
spots that is close in its approach to the Cox-Ross-Rubinstein binomial option
pricing model (Cox et al. [5]), and the two-stage option pricing model of Rend-
leman & Bartter [16]. Titman [18] used standard �nancial options valuation
methodology developed by Black & Scholes [2] and Merton [14] in which con-
tingent claims are valued by forming a hedge portfolio that perfectly replicates
the return and risk characteristics of the vacant land. In the absence of risk-less
arbitrage, any discrepancies between the value of the vacant land and the hedge
portfolio can not exist.

Williams [19], Quigg [15] and Capozza & Li [4] relaxed the restrictive as-
sumption of discrete-time �nite expiration framework used in Titman [18], by
developing land valuation models based on the Samuelson [17] and McKean
[13] in�nite horizon, continuous time model where perpetual American call op-
tions are valued. These land valuation models are based on the general real

8



options literature on the optimal timing of irreversible investments (see Dixit
and Pindryck [6] for an overview). The real options models of Brennan and
Schwartz [3], and McDonald and Siegel [12], constitute other important refe-
rences. Market completeness is in many cases a common core assumption. This
assumption is however unrealistic for many real options applications, such as
land development options. Henderson [9], Floroiu and Pelsser [7]

Results and conclusions

In the two essays that constitute this thesis techniques from continuous time
mathematical �nance is used. The �rst essay uses a model that goes back to
Samuelson [17] and McKean [13]. An important observation made is that when
valuing the optionality that is present in the possibility of choosing an optimal
time at which an irreversible investment should be done, incompleteness in the
model helps rather than hinders. By considering incomplete models, there is no
need to introduce a �ctitous non-monetary yield in order to get a non-trivial
solution to the invest problem.

Paper 2 is more technical than Paper 1, and developes a technique of how to
value options with a random starting time. Interest lies both in calculating the
value of random start options, in which case the pricing measure is used, and in
calculating the mean time until an option of this time is optimally exercised. To
do this, the objective measure is needed. Examples of explicit valution formulas
as well as explicit expresisons for the mean time until the option is exercised are
also given.

Summary of the papers

Paper 1: On the use of implied yields in real option model-

ling

In the �rst paper the classical real option problem of �nding the optimal time of
making an irreversible investment is considered. In many cases the value of the
developed project (which is the investment that can be made) can not be con-
sidered as the value of a traded asset. The value of the investment opportunity
can be written as the value of an American call option where the underlying as-
set is the value of the developed project. Only the perpetual case is considered,
i.e. that there is no last time at which the investment can be done.

From a valuation point of view this means that if the value of the developed
project can be considered as the value of a traded asset, then the developed
project needs to pay out a strictly positive cash �ow in order for there to be a
non-trivial optimal investment time. If, on the other hand, the developed project
can not be considered as the value of a traded asset, then there can be a �nite
optimal investment time even in the case when the developed project does not
pay out any (positive) cash �ows. This is due to the fact that in general the
model now is incomplete.
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The value V of the developed project is assumed to follow a geometric Brow-
nian motion (GBM):

dVt = µVtdt+ σVtdWt.

Here µ ∈ R, σ > 0 and W is a one-dimensional Brownian motion under the
objective measure P . Under the assumption of the existence of a bank account
with constant interest rate r > 0, the value of the irreversible investment is
given by

sup
τ
EQx

[
e−rτ max(Vτ − I, 0)

]
,

where I > 0 is the investment expenditure of the project, and Q is the pricing
measure. The dynamics of V under Q is given by

dVt = (µ− λσ)Vtdt+ σdZt,

where Z is a Q-Brownian motion and −λ is the constant Girsanov kernel con-
necting the objective measure P with the pricing measure Q:

dWt = −λdt+ dZt.

To get a non-trivial solution the condition

µ− λσ < r ⇔ λ >
µ− r
σ

must hold. One can interpret λ as a market price of risk, and the inequality
can be seen as a lower bound on the market price of risk, where the bound is
explicitly given by the Sharpe ratio (µ− r)/σ.

Extensions of this basic model is also considered and solved. They include
adding a traded asset, together with another Brownian motion, a model which
also includes a Poisson process, and a model where the randomness is driven by
a counting process with state dependent intensity.

Paper 2: Random start American perpetual options

This paper concerns American perpetual options which can only be exercised
after a random time has occured. To value these type of random start options
the value of a standard American perpetuate option is �rst calculated. The
underlying stochastic process X is assumed to be a time-homogeneous Markov
under the objective measure P , and the gain function G : R → R+ is assumed
to be time-independent. Under these assumptions, the value at time t ≥ 0 of
the option can be written V (Xt), where

V (x) = sup
τ
EQx

[
e−rτG(Xτ )

]
,

and where r > 0 if the constant rate on a risk-less bank account, Q is the pricing
measure and the supremum is taken over stopping times.
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The random time at which the option can earliest be exercised is denoted
τS . For t < τS the value of the random start option is equal to

EQt,x

[
e−r(τS−t)V (XτS )

]
.

When t ≥ τS , the optionalty is active, so in this case the value is given by V (Xt).
This can written as

Value = EQt,x

[
e−r(τS−t)V (XτS )

]
1(t < τS) + V (Xt)1(t ≥ τS).

This expression for the value holds in general, but in order to get explicit ex-
pressions assumptions on the random time τS has to be made. In Paper 2 this
time is assumed to have the same exponential distribution under both P and Q.
It is also assumed to be independent of (Xt) under both P and Q. In the langu-
age of incomplete market models, this means that Q is the minimal martingale
measure.

Two examples of gain functions are considered:

(i) G(x) = max(x− I, 0) for some I > 0, and

(ii) G(x) = max(x,K) for some K > 0.

The gain function in (i) is the one representing the opportunity of investing in a
project by paying the investment cost I, and the gain function in (ii) represents
the possibility of making the investment or get the amount K. In case (ii) the
investment cost has already been made, and since it is a sunk cost it does not
in�uence the value of the invement. In both of these cases the value of the
random start American perpetual options is calculated. The expected value of
the time until the options are optimally exercised is also calculated.
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