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Adiabatic guiding of matter waves

Markku Jääskeläinen
Laser Physics and Quantum Optics, Royal Institute of Technology, 2003

Abstract

Recent efforts in the field of ultracold atoms have gone into creating wave
guides of sub-micron sizes. In this thesis, the quantum dynamics of mat-
ter waves in such confining potential structures with minima extended
in space is investigated. A general framework based upon the separation
of the wave function for the quantum particle using a discrete set of
mode functions is introduced to reduce the dimensionality of the prob-
lem. Conditions for propagation in the form of independent modes, i.e.

adiabatic propagation, are determined for the case of matter waves with
spatially varying width and found to be connected to the diffraction of
matter waves through a dimensionless parameter, the Fresnel parameter.

Further, the analysis is extended to include situations where a transi-
tion to completely non-adiabatic dynamics takes place. Here it is found
that focusing of matter waves due to energy redistribution at the end of
adiabatic guiding is determined by the Fresnel parameter found earlier.
In the adiabatic regime, the essential dynamics in the direction trans-
verse to the minimal valley of the guiding potential structure occurs at
a time-scale much shorter than that of changes in the propagating di-
rection. As a result of this, reflection of matter waves is likely to occur
unless the changes are made over very long distances.

The formalism of adiabatic propagation is also applied the situation
of splitting of matter waves in potential structures. It is found that the
adiabaticity criteria are identical to those for a single guide of spatially
varying width. A formulation of adiabatic splitting in terms of states
localized close to either of the two minima is developed. The influence of
longitudinal localization on the splitting of coherent superposition states
is examined and found to be described by a simple analytical expression.
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1 Introduction

The advent of laser cooling and trapping of neutral atoms [1, 2] opened
the new research area of ultracold matter [3]. As the thermal motion of
atoms becomes progressively smaller, the quantum properties come into
sight, most dramatically manifested in the new state of matter known as
Bose-Einstein condensate (BEC) [4] first observed in 1995 [5] and later
confirmed by many groups.

When the confining potential gives rise to quantum states of sizes
around or below microns, which for ultracold atoms can become compa-
rable to the de Broglie wave length, the quantum nature of the atoms
becomes dominating. As a result, the dynamics has to be described us-
ing the wave function of the particles, and nonclassical features due to
the wave nature will appear. The field has appropriately been given the
name atom optics [6, 7] due to the similarities with the theory of classical
light fields. The new phenomena can be used to explore new features
involving the fundamental properties of quantum dynamics.

The wave properties of light have long been used, both for funda-
mental measurements in basic research and for commercial applications
in optoelectronics. It appears then natural to try to create the atom
optical analogues of standard optical components. From a metrological
point of view, the very short de Broglie wave lengths of material particles
offer the possibility for an increased resolution. This is mainly due to the
fact that the resolution of interferometric setups is directly related to the
wave length used. The recent interest is partially motivated by the possi-
bility to utilize matter-wave guides for quantum logic [8] using controlled
collisions of neutral atoms [9]. The guiding of neutral atoms in tightly
confined structures has been achieved using several different techniques,
among them magnetic confinement both inside hollow glass tubes [10]
and above current carrying wires [11], permanent micro-magnets [12],
light force trapping [15], with micro-fabricated optics [16] and various
other schemes based on the interaction of electromagnetic radiation with
atoms.

Quantum dynamics is inherently microscopic as it, for individual par-
ticles, takes place predominantly when the length-scales are around mi-
crons or smaller. Likewise, the new phenomena due to quantum me-
chanics take place over very short time-scales, as has been shown in the
recently developed area of femtosecond spectroscopy of molecular pro-
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cesses [17]. When the essential physical phenomena are of short duration,
they are best understood in the time domain, a fact that has spurred a
great deal of theoretical research in the field of wave packet dynamics
[18, 19, 20]. To perform time domain simulations of realistic systems,
one needs to consider many degrees of freedom, which makes the numer-
ical work difficult and in many cases well beyond the resources of even
the most powerful modern computers. Due to the exponential growth
of Hilbert space with the number of degrees of freedom, the amount of
data to be processed increases exponentially with the number of dimen-
sions. Any method which reduces this number is extremely interesting
and will find uses in diverse areas. The use of separated channels or
modes offers such an approach and constitutes the methodological ba-
sis of the research reported in thesis. The structure of the thesis is as
follows: Chapter 2 reviews the physics behind different techniques for
trapping of neutral atoms and also discusses the fundamental charac-
teristics of atom micro-traps. Chapter 3 describes the physics behind
guiding of matter waves in single guides. Here the formalism of sepa-
rating the wave function into propagating modes is introduced, and the
question of propagation without coupling between the separate modes is
outlined. Different quantitative measures for deviation from this behav-
ior are also discussed and applied to wave packets propagating in a single
guide. The conditions for neglecting the mode coupling are derived and
an analogy with diffraction in classical optics is made to interpret the
results. The extreme situation of sudden termination of the confining
potential, which corresponds to the transition from adiabatic guiding of
the separate modes to free expansion of wave packets is investigated in
chapter 4. It is shown that there will be redistribution of energy between
the bound and propagating degrees of freedom before the exit and that
this gives rise both to reflection back into the matter wave guide and
also to focusing of the wave packets escaping from the guiding region.
Chapter 5 describes the adiabatic propagation of matter wave in poten-
tial structures which are split into two identical guides. The analysis
is done both in terms of transverse energy eigenstates of the potential
energy surface and in terms of basis states which are localized in either
of the two guides. Finally chapter 6 summarizes the work and discusses
some general questions omitted in the individual chapters. In addition
two appendices are included. In the first, a brief presentation of the
dimensionless units used throughout the thesis is made. The second dis-
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cusses the numerical methods used in this work and some complications
from the fact that much of the work was performed under adiabatic
conditions.
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Short introduction to the papers

Paper I

We consider the propagation of matter waves in confined geometries
similar to those realized in recent atom optical experiments. An ansatz
is applied to separate the wave function into a set of propagating modes
with transverse distribution determined by the confining potential. The
condition for adiabatic propagation, i.e. negligible mode coupling, is
found to be related to the diffraction of matter waves.

Paper II

The possibility to measure the transverse state of a matter-wave packet is
investigated. Measurement is performed by spatially resolved detection
of laser induced fluorescence from atoms exiting an abruptly terminated
potential structure. The dynamics, both in the guiding potential and in
the region of free expansion is described in detail.

Paper III

The backscattering of matter waves from suddenly changing guiding po-
tentials is investigated. An approximate model for the transition from
adiabatic to non-adiabatic evolution is found to partially account for the
observed reflection.

Paper IV

The propagation of matter waves in split potential structures is exam-
ined. Adiabatic propagation is found to be limited by diffraction of
matter waves.
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Paper V

The adiabatic splitting of matter waves is described using both the trans-
verse eigenstates and a basis that interpolates between the transverse
energy eigenstates of a single well and states localized in the separated
guides.
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2 Trapping of neutral atoms

The application of electromagnetic fields to slow down neutral atoms
an thus effectively cool them was suggested by Hänsch and Schawlow in
1975 [21]. Since its birth, the field of laser cooling has seen a tremendous
development in the advent of different techniques for trapping and cool-
ing atoms. For sufficiently low temperatures, the de Broglie wavelength
of the particles will be the same size as the confining structures. As a
result, the wavelike properties start to dominate the dynamics. It will
then be possible to produce the matter wave counterparts of devices in
integrated optics. Similar devices for electronic matter waves have al-
ready been achieved. There are, however, important differences between
neutral atoms and electrons. For one, the atoms only interact weakly
whereas the electrons repel each other due to the strong Coulomb force.
This also causes strong coupling with the environment, which threatens
to destroy the coherence on very short time scales. Trapping of neutral
atoms takes place in almost perfect vacuum, almost void of disturbances,
in contrast to the comparatively hot semiconductors used for electrons.

2.1 Mechanisms

Common to all schemes for trapping and guiding neutral atoms is that
they utilize the interaction with electromagnetic fields. Here I present a
brief overview of the basic physics behind the different schemes in use.
Further information can be found in [1], where the field is covered in a
clear manner.

For the case of optical trapping, an off-resonant laser field is used to
create a spatially varying potential. The optical dipole potential for an
atom in laser light detuned from resonance is given by

Uopt(~r) = −1

2
Re(α)|~ε(~r)|2, (1)

where α is the dipole polarisability of the atom in question and ~ε(~r)
is the amplitude of the laser field. The use of dipole trapping assumes
that the laser is sufficiently detuned away from resonance in order to
minimize heating through absorption of laser photons. For this situation
the polarisability will decrease with the detuning ∆, and the potential
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in Eq. (1) will decrease according to

Uopt(~r) ∼
Γ

∆
|~ε(~r)|2, (2)

where Γ is the scattering rate for spontaneous decay of the excited state
without the laser field on. With the laser on the scattering rate due to
spontaneous decay is

Γscatt(~r) ∼
( Γ

∆

)2

|~ε(~r)|2. (3)

To reduce the unwanted influence of spontaneous emission, the laser thus
has to be detuned far from the transition frequency. This will also reduce
the potential depths achievable, but the scattering rates goes down faster
due to the quadratic dependence on the detuning in Eq.(3).

An alternative to optical trapping is to use the Zeeman effect, i.e.

the interaction of atoms with a static external magnetic field.
The potential energy of an atom with a magnetic dipole moment ~µ

in an external, spatially varying magnetic field is given by

Umag(~r) = −~µ · ~B(~r) = gµBmF B(~r), (4)

where µB is the Bohr magneton, g the Landé g-factor, and mF the mag-
netic quantum number for an atom in the hyperfine state F. Depending
on the sign of gmF the atom experiences a magnetic force either towards
field minima (gmF > 0, weak-field-seeking state), or towards maxima
(gmF > 0, high-field-seeking state). It can be shown that Maxwell’s
equations do not allow the magnetic field to attain a maximum in free
space [23], and as a consequence only weak-field seeking states can be
used for magnetic traps.

2.2 Microstructures

The coherent guiding of atoms in channelling structures was first achieved
using standing wave laser fields [22]. Subsequently several techniques for
guiding atoms have been established, which are promising for creating
traps allowing manipulation of individual quantum states.

Light fields in hollow glass tubes were suggested in 1993 [24], and
demonstrated a few years later [25]. The main idea is to keep the atoms
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from sticking to the wall by using a light field guided along the tube.
This can be achieved either by attracting the atoms away using a red de-
tuned laser field that is guided at the center of the core. This technique
has the disadvantage of high heating rates due to the intensities needed
to keep the atoms from sticking to the tube surface. The alternative is
to guide a blue detuned light field, suggested in [26] and implemented
in [27] inside the glass tube to repel the atoms form the surface. The
potential usefulness of this technique is limited as the light induced bar-
rier which separates the guiding region from the glass surface is difficult
to make wide enough to prevent atoms from tunneling through it. In
order to produce trapping potentials with spatial variations of the order
of microns and down to nanometers the electromagnetic fields must have
large gradients with large variations over distances of the order of the in-
tended trap sizes. For optical trapping, the achievable trap sizes are set
by the wave length and intensity of the laser used. Diffraction prevents
the focusing of laser a beam to considerably smaller sizes than the wave
length in use. The size of the microtraps depends, however, on both
the gradient and the curvature of the laser intensity, which for a given,
possibly diffraction limited, spot size is proportional to the intensity.
Recent development have mainly focused on production of micro-optical
elements [16]. For optical dipole trapping as discussed in section 2.1, the
size of the ground state will be determined by the curvature of the field
distribution, i.e. the second derivative of the optical trapping potential
(1), which scales as

∂Uopt

∂x2
∼ Γ

∆λ2
L

|~ε(~r)|2, (5)

where λL is the wave number of the laser used for the trapping. We thus
see that higher intensities and shorter laser wave lengths give narrower
traps. The use of lithographically patterned micro-size conductors for
magnetic atom traps was suggested in [28], and such configurations are
promising since they for a certain current I and trap size S give field
strengths roughly around

B ∼ I/S, (6)

and curvatures around
∂2B

∂x2
∼ I/S3. (7)

The maximal achievable field strength determines the trap depth, and
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the curvature gives the ground states size, and as a result also the energy
split between the lowest bound states. The first trapping experiment
in a lithographic micro-size magnetic trap was reported in [29], at the
same time as guiding of atoms was demonstrated using millimeter size
current-carrying structures of sub-millimeter size on a substrate [30, 31].
All these experiments were performed using thermal atomic clouds and
thus far from exhibiting the coherent behavior needed for true integrated
atom optics. Production of a Bose-Einstein condensate in mircotraps was
a natural next step, although not easily achieved initially. The first two
experiments reached condensation almost simultaneously, only separated
by four days [32, 33], and were soon followed by other groups [34, 35].
The creation of BEC in micro-traps close to surfaces which are at room
temperature, offers the possibility to investigate the effects of heating
and decoherence on the quantum state, a topic that until recently only
had received theoretical interest [37]. The fragility of the condensate to
perturbations of any kind has also proved to be a sensitive probe for any
perturbations, and the presence of an anomalous magnetic field near the
surface has been reported [38] as a first result.
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3 Guiding of matter waves

Ultracold neutral atoms trapped in potential structures created using
the techniques described in chapter 2 will for favorable conditions dis-
play wavelike behavior. If the potential structures used are extended
in one dimension, the system constitutes a matter wave guide and its
dynamics will evolve in a manner similar to its optical counterpart fre-
quently employed in modern communications technology. Here we in-
vestigate the dynamics using a basis of mode functions localized around
the minimal valley of the potential surface. These functions are used
to separate the time-dependent wave function into a set of longitudinal
modes. Such separation methods are standard in theoretical treatments
of quantum dynamics and have been used in not only chemical reac-
tion theory [39, 40] and nano-structures for ballistic electrons [41] but
also in other areas. The main focus in this chapter, which contains
results from paper I, is on the question when propagation takes place
as a single guided mode with negligible transitions to and from other
modes. Such questions have recently motivated investigations into the
time-dependent Born-Oppenheimer approximation from a more mathe-
matical perspective [42, 43, 44, 45]. Within the matter wave community
theoretical studies of adiabatic evolution of BEC in time-dependent traps
have been performed recently [46].

3.1 Mathematical framework

The dynamics of a quantum particle in a static potential structure is
governed by the time-dependent Schrödinger equation

i
∂Ψ(x, y, t)

∂t
= −1

2
∇2Ψ(x, y, t) + V (x, y)Ψ(x, y, t), (8)

where the configuration space will be taken to be two-dimensional for
simplicity. This should not be considered as an extreme simplification
as the main features we are interested in are captured by this treatment.
The units used here and in the rest of this thesis are, unless other-
wise stated, dimensionless. Some consequences of this are discussed in
appendix A. As the potential energy surfaces under investigation corre-
spond to geometries with confined motion in one direction, we take the
potential energy surface to be separable along the minimal valley into a
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continuum of one-dimensional potential energy functions

V (x, y) = V0(x) + VTrans(x, y), (9)

where V0(x) is the minimum value of the potential which will be taken to
be zero as its influence on the dynamics is of no interest here. The trans-
verse binding gives us a one-dimensional time-independent Schrödinger
equation for a discrete set of states

En(x)ηn(x, y) = −1

2

∂2ηn(x, y)

∂y2
+ VTrans(x, y)ηn(x, y). (10)

As the Eq. (10) is of Sturm-Liouville type, the set of solutions {ηn(x, y)}∞n=0

is for every value of the longitudinal distance x, complete and orthonor-
mal

∫ ∞

−∞

ηn(x, y)ηm(x, y)dy = δnm, (11)

and thus allows us to represent any function as an unique expansion
in these transverse eigenstates. Next, we use this property to write an
ansatz for the full two-dimensional wave function as

Ψ(x, y, t) =

∞
∑

n=0

ϕn(x, t)ηn(x, y), (12)

where the functions ϕn(x, t) are the longitudinal wave functions that
are yet to be determined. If we insert the ansatz (12) into (8), multi-
ply by ηm(x, y), integrate over the transverse coordinate y, and use the
orthonormality of the basis functions (11), we arrive at

ih̄
∂ϕm

∂t
= −1

2

∂2ϕm

∂x2
+ En(x)ϕm +

∞
∑

n=0

Anm(x)
∂ϕn

∂x
+ Bnm(x)ϕn, (13)

where we have introduced the fist order (or kinetic) couplings

Anm(x) = −
∫ ∞

−∞

ηn(x, y)
∂ηm(x, y)

∂x
dy, (14)

and the second order (or potential) couplings

Bnm(x) = −1

2

∫ ∞

−∞

ηn(x, y)
∂2ηm(x, y)

∂x2
dy. (15)
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The set of equations (13) constitute a set of coupled one-dimensional
Schrödinger equations with spatially varying couplings. Through the
procedure outlined above, the solution of a two-dimensional partial dif-
ferential equation has been transformed into an equivalent set of coupled
one-dimensional ones. This can in many circumstances be advantageous
in terms of the computational resources needed to solve the problem in
question. In appendix B the numerical methods used in this thesis are
described and it is shown why it is especially advantageous to employ a
mode separation of the form (12) in the adiabatic regime.

For many purposes it is sufficient to assume that the potential energy
surface is harmonic in the direction transverse to the minimal valley

VTrans(x, y) =
1

2
ω(x)2y2, (16)

where the longitudinal variation of the oscillator frequency causes the
couplings given by Eqs. (14), (15) above to be nonzero. The quantum
mechanical harmonic oscillator is a textbook problem and the corre-
sponding eigenfunctions are known analytically

ηn(x, y) =
(

√

ω(x)√
π2nn!

)1/2

e−
√

ω(x)y
2

2 Hn

(

√

ω(x)y
)

. (17)

This allows us to calculate the couplings (14), and (15) explicitly which
gives the results in terms of the oscillator frequency and its first and
second derivatives with respect to the longitudinal coordinate x. The
advantage of this is that numerical errors due to the calculation of the
coupling matrix elements are now eliminated, given that the oscillator
frequency and its derivatives can be calculated to arbitrary accuracy.

3.2 Adiabaticity

In quantum dynamics, few problems with explicit solutions are known,
and as a consequence approximation methods are necessary for most sit-
uations of interest. When the system considered contains explicit time
dependence due to external applied fields, different approaches are possi-
ble. One particularly useful result is the adiabatic theorem which states
that, if perturbations of a system are sufficiently slow, the transitions in-
duced between the states of the system are negligible. Only the relative
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phases of the states will then change as a result of the perturbations. As
a mathematical tool, adiabatic methods have been used in many differ-
ent contexts and they have usually turned out to be highly successful;
in fact, often beyond what could be expected from näıve validity ar-
guments. We here ask the question when a wave packet propagating
according to Schrödinger’s equation can be described by an adiabatic
ansatz i.e., under how rapid changes of the guiding potential the influ-
ences of the couplings (14),(15) still can be neglected.

First we need to define how to measure the influence of the cou-
plings in quantitative terms. A convenient measure of how different two
wave functions are is the L2-norm [47, 48] of their arithmetic difference.
Here we prefer to use the square for convenience as this also measures
probability in quantum mechanics

ε(t) = ||Ψ2D(x, y, t)−Ψ0(x, y, t)||2 =
∫ ∞

−∞

∫ ∞

−∞

|Ψ2D(x, y, t)− φA
0 (x, t)η0(x, y)|2dxdy, (18)

where φA
0 (x, t) is the longitudinal wave function obtained from solving

Eq. (13) with only one channel. We thus calculate the error as the devi-
ation from adiabatic propagation in the transverse ground state mode.
If Ψ2D(x, y, t) is calculated using the coupled set of equations (13), the
expression for ε(t) simplifies to

ε(t) =

∫ ∞

−∞

|φ0(x, t)− φA
0 (x, t)|2dx +

∞
∑

n=1

Pn(t), (19)

where Pn(t) denotes the total probability of population in the transverse
mode n at time t. It is seen that ε(t), in addition to the probability
of being excited to higher transverse modes also measures the redistri-
bution of ground state probability in the longitudinal direction, due to
interaction with the other modes.

Traditionally, validity criteria for adiabatic approximations are ex-
pressed using a comparison between two time-scales for the system un-
der consideration. Adiabatic dynamics takes place when the time-scale
of the external perturbation is much longer than that of the internal,
periodic, evolution

Tint � Text. (20)
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In the case of matter waves guided in harmonic potential structures, the
internal time-scale is the period of transverse oscillation. As evolution in
a spatially varying potential does not include a time scale of variation for
the longitudinal degree in a straightforward way, it is more convenient to
work in terms of geometrical quantities instead. It appears reasonable to
assume that the free spreading of the wave packet ultimately will limit
the change of the potential in the transverse direction which still allows
adiabatic propagation. The free spreading is governed by the transverse
momentum distribution, which in turn is related to the initial width
of the potential. The situation is very similar to beam diffraction in
optics [49], where field distributions evolve into fully opened beams over
distances larger than or comparable with the Rayleigh length

zR =
a2

λ
, (21)

where a is the width of the aperture. The number of Fresnel zones
contributing to the diffraction pattern at a distance z is given by the
Fresnel number, which for a square aperture is given by the expression

N =
zR

z
=

a2

zλ
. (22)

Small Fresnel numbers correspond to the far field zone where the trans-
verse distribution is determined by the contribution from a single Fresnel
zone only. Inclusion of several Fresnel zones causes the field distribu-
tion to have rapid spatial variations. In the quantum mechanical case
of transverse bound motion, this would correspond to the inclusion of
higher excited states in the wave function. For a wave packet initially
in the ground state, this can be achieved only by non-adiabatic transi-
tions. The presence of nonadiabatic transitions in quantum dynamics
thus bears a great similarity to the situation of large Fresnel numbers
in classical optics of light beams. It is then useful to define a quantum
mechanical analog of the Fresnel parameter of Eq. (22) as

N =
h̄

mLλω0
. (23)

Here the Fresnel number, for clarity, is given in dimensionally correct
units. In paper I extensive numerical investigations of the deviation
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Figure 1: A contour-plot of the error, as defined in Eq. (18), versus
Fresnel parameter and relative squeeze of the oscillator frequency.

from adiabatic propagation were conducted. The error as given by Eq.
(18) was calculated for wave-packets obtained by solving both the two-
dimensional Schrödinger equation (8) and the set of one-dimensional
equations (13), the latter using only a single channel. This was repeated
for potentials where the width varied along the minimal path. Different
spatial variations were used with initial states consisting of Gaussian
wave packets traveling with a momentum kx, which was also varied,
along the minimal path. It was found that for changes in the transverse
width of the matter wave guide, the amount of nonadiabatic excitation
that will occur is mainly dependent on the value of the Fresnel parameter.
If the transverse oscillator frequency was changed from an initial value
of ω0 to a higher one given by ω0 + ∆ω0, the corresponding error could
be reduced to arbitrary size by making the Fresnel parameter smaller.
This was confirmed to be the case even for large relative changes of the
transverse oscillator frequency. In Fig. 1 a contour-plot of the error ε
as a function of the Fresnel parameter and the relative change in the
oscillator frequency is shown. As the Fresnel parameter is reduced, all
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the contours curve towards higher values of ∆ω/ω0. For small relative
changes only small errors are to be expected at most, and even these can
be made completely negligible be choosing the Fresnel parameter small
enough. As the Fresnel parameter is connected to the diffraction of mat-
ter wave beams of a certain width, the results indicate that adiabatic
guiding of matter waves in a potential structure of longitudinally varying
transverse width is limited by diffraction. A criterion for determination
whether or not the propagation will be adiabatic is then if the Fresnel
parameter, as defined by Eq. (23), is considerably smaller than unity
or not. The adiabatic theorem in the old quantum mechanics is due
to Ehrenfest [50], this result stresses the classical features inherent in
quantum mechanics. Heisenberg stressed the close connection between
the uncertainty relations and diffraction of matter waves [51]. The con-
nections between adiabaticity, diffraction and the uncertainty relations
are fundamental and may seem self evident. It is, however, worth to
stress their importance as they give a clearer picture of the complemen-
tary properties of adiabaticity.
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4 Terminated potential structures

4.1 Dynamics of sudden widening

In the previous chapters, the guiding of matter waves was investigated
for potential structures where the transverse width was varied within
finite bounds. Here the focus will be on changes from finite to infinite
width, i.e. the termination of the guiding potential into a region where
the matter wave packets evolve freely. It appears, at least intuitively,
clear that the guiding will be adiabatic only up to the point where the
potential widens more rapidly than the spreading of the wave packet
allows.

The contents of this chapter are based on the investigations in papers
II and III. As mentioned earlier, the first experiments in the channelling
regime for atoms was performed already in 1987 [22]. Because the ex-
periment in question involved crossing an atomic beam at and around
orthogonal angle with a standing-wave laser field, the atoms were guided
through an array of wave guides. This experiment thus involved free
propagation for the atoms, followed by guiding in the off-resonant laser
field, and finally free propagation, or in other words transitions between
free propagation and channeling in narrow guides. In [52] the effects
of the transition between adiabatic and free dynamics was observed for
a standing wave light field. In [53] a similarly periodic structure was
investigated and an analytical solution for the wave function was found
in the limit of a sudden transition. Here we treat a single wave guide
that is terminated in a smooth manner which allows for effects due to
adiabaticity to be included. Geometries of the wide-narrow type have
been subject to interest for some time, especially in the condensed mat-
ter community where focus has been on transport properties for ballistic
electrons. The transmission properties for a quantum point contact was
calculated in [54] using an ansatz in the same spirit as Eq. (12), i.e. us-
ing a discrete basis set. This has the disadvantage of being only slowly
convergent with the number of terms included when the quantum state
is localized in the free region. Other approaches to calculate transmis-
sion properties of such geometries can be found in the literature, see e.g.

[55]. Experimental observations of the mode structure of electrons prop-
agating through quantum point contacts have recently been reported
[56, 57].
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Figure 2: Snapshots of wave packets propagating in matter wave guides
that are suddenly terminated. In a) the wave packet was initially in
the ground state mode, whereas it in b) initially was in the first excited
state.

In order to model the termination of a matter wave guide in a sim-
plified manner, the oscillator frequency ω(x) as a function of distance is
taken to be

ω(x) =
ω0

2

[

1− tanh(
x

L
)
]

. (24)

The potential VTrans(x, y) is for large negative values of the longitudinal
coordinate x a matter wave guide of very nearly constant width. Beyond
x = 0 the transverse dynamics is essentially that of a free quantum parti-
cle. If the transition from the guiding region occurs instantaneously, the
wave packet retains its original shape and starts to expand immediately
in the transverse direction while propagating forward in the longitudinal
direction. An example of this dynamics is shown in Fig. 2 where snap-
shots a wave packets propagating in identical terminated structures are
shown. The contour-lines in Fig. 2 trace out the instantaneous probabil-
ity density of the propagating states. In Fig. 2 a) the initial wave packet
in the guiding region was in the transverse ground state whereas in Fig.
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2 b) it was in the first excited state. For both initial states the wave
packet exits the guiding region and starts to expand in the transverse
direction. From the time evolution, the wave packets are seen to trace
out areas of a finite angular extent in the x− y plane. If the transverse
energy distribution of the wave packet in the free region equals that of
the initial state, the diffraction angle will be maximal and is given by

tan(θM ) =

√

ω0

k2
x

≡ √
q (25)

where kx denotes the average longitudinal momentum in the guiding
region. The auxiliary quantity q is the ratio between the transverse
ground state energy and the kinetic energy in the longitudinal direction.

4.2 Focusing of matter wave beams

In reality, the transfer into the free region is not instantaneous. Around
x = 0, as the potential starts to widen, the matter waves will initially be
able to adjust to the changing potential, and as a result the transverse
energy will be lowered due to this adiabatic adjustment. This results in
an increase of the longitudinal kinetic energy. Adiabatic redistribution
of energy ceases at some point as the wave packet can no longer increase
its width rapidly enough to keep in touch with the potential energy sur-
face. The transverse momentum distribution is thus altered during the
transfer to the free region. This was examined numerically in paper II

as wave packets were propagated in the terminated potential. This sim-
ulation was repeated for different values of the potential parameters and
longitudinal momentum. After the wave packets had transferred to the
free region, the transverse momentum width was determined numerically
according to

∆k2
y = 〈k2

y〉 =

∫ ∞

−∞

∫ ∞

−∞

k2
y|Ψ(ky, kx, t)|2dkydkx, (26)

where Ψ(kx, ky, t) is the momentum space wave function. Using this
result the transverse momentum squared was divided with the oscillator
energy for the ground state in the guiding region

Q ≡
∆k2

y

ω0
. (27)
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This quantity, the ratio between transverse energies of the outgoing and
incoming states was found to depend on the Fresnel parameter only.
The function Q(N) is connected to the diffraction of matter waves, it
is a measure of how much the angular extent of the matter wave beam
decreases. We can calculate the change of angular extent in the far field
zone to conclude the amount of focusing. The total energy has to be
conserved

k2

2
+

∆k2

2
=

1

2
ω0 +

k2
x

2
. (28)

When there is significant transfer of energy from the transverse to the
longitudinal degree of freedom, energy conservation (28) gives the new
longitudinal momentum

k = kx

√

1 + q(1−Q(N)). (29)

The diffraction angle of the beam after exit will then be

tan(θ) =
∆ky

k
=

√

qQ(N)

1 + q(1−Q(N))
(30)

where the transverse momentum width ∆ky is defined by Eq.(26). The
focusing due to adiabatic redistribution during the exit is then

θ

θM
=

arctan
(√

qQ(N)
1+q(1−Q(N))

)

arctan(
√

q)
. (31)

This expression depends only on two dimensionless quantities, namely
the energy ratio q and the Fresnel parameter N through the numerically
determined function Q(N). In Fig.3, the relative focusing as a function
of Fresnel parameter N for five different values of the energy ratio q is
shown.

4.3 Reflection

It is well known in wave physics that reflection can occur even when
transmission is energetically allowed. For wave guides and other com-
ponents, like interferometers and directional couplers intended to use
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Figure 3: The relative focusing of matter wave beams versus Frensel
parameter for different values of the ration between kinetic and potential
energ.

wave properties, reflection is unwanted and should be kept to a mini-
mum. Likewise, it will be of importance to limit reflection in matter
wave devices.

During the transition to the free region, as the wave packet is still
adiabatically guided, the transverse energy of the guided mode decreases.
In the framework of adiabatic propagation described in chapter 3, the
propagation equation for each mode in the adiabatic limit is a one-
dimensional Schrödinger equation where the potential is given by the
transverse energy of the mode. Reflection will in general occur when the
potential changes drastically over a distance short compared with the
wavelength of the wave. This corresponds to propagation at kinetic en-
ergies that are much smaller than the transverse binding energy, which
for most modes gives

k2
x � ω0. (32)

An example of a situation where this is satisfied is shown in Fig. 4
where a Gaussian wave packet of momentum kx = 0.1 propagates in a
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Figure 4: The reflection of a ground state wave packet propagating in a
suddenly terminated wave guide. Time increases from a) to e) in equal
steps

wave guide with transverse oscillator frequency ω0 = 1. In the adiabatic
regime, the transverse dynamics is faster than the longitudinal changes of
the guiding potentials. This means that Eq. (32) is satisfied and reflec-
tion occurs unless the changes are made over distances large compared
with the longitudinal wave length. It is, however, not obvious that this
will be possible to achieve in practice because the lengths available for
design of potential structures will be limited from above by requirements
on the total propagation time in order to avoid decoherence.
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5 Splitting of matter waves

The wave nature of particles is most dramatically exhibited in situations
where interference occurs. It is thus not surprising that matter wave
interferometers hold great promises to explore fundamental physics and
also to make it possible to create new interesting metrological devices.
In optics and electro-optics the Mach-Zender interferometer is perhaps
the most common configuration in use. For matter waves, however, the
early interferometers have relied on diffractive gratings in the case of neu-
tral atoms [58] and on diffraction in double slits in the case of ballistic
electrons in nano-structures [59]. It was only recently that an operat-
ing Mach-Zender interferometer for matter waves demonstrated coherent
operation [60] in the single channel regime. For atoms the splitting and
propagation of a BEC in a micro-fabricated optical trap with interfer-
ometer structures [61] has been demonstrated, although there has been
no direct evidence of interferometric operation.

The physics of guided matter wave interferometry has been the sub-
ject of several theoretical studies. In [62] and in [63], wave-guide inter-
ferometers based on magnetic trapping and a time dependent bias field
were described. Ways to achieve interferometry of atoms using time
dependent currents were considered in [64]. The physics of an atomic
interferometer in the multimode regime was investigated in [65]. In [66]
the behavior of a Tonks gas in an interferometer was investigated theo-
retically. The splitting and recombination regions were here treated by
assuming that the physics of the splitting could be treated using appro-
priated boundary conditions. In [67] it was shown that the presence of
a weak nonlinearity could cause an instability of the transfer of popula-
tion in the guided modes. In a recent work [68] it was suggested that
an optical lattice could be used as a conveyor belt to transport atoms
through split potential structures in order to achieve entanglement of
neutral atoms.

Localized states are commonly used in both optoelectronics [69] and
in quantum chemistry [70]. For guided matter waves in split potentials,
localized states were first used for approximate solution of the trans-
verse problem [71] and later used to treat the propagation in directional
couplers [72, 73]. In this chapter, the splitting of matter waves is investi-
gated with respect to adiabaticity and localization properties. Both the
basis set of transverse eigenstates as outlined in chapter 3 and used in
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paper IV, and an extension of the localized basis formalism, which was
used in paper V are presented here. We extend the formalism in such
a way that we acquire a system of equations that is uncoupled, both in
the single well, and in the asymptotic limit of far separated wells.

5.1 Adiabatic splitting

The study of adiabatic propagation in potential structures, as was out-
lined in chapter 3, is greatly simplified if the transverse eigenstates are
known in closed analytical form. One possible way to achieve this is to
use potentials with known solutions, in other words to chose functions
from a very limited set. If the main interest is in dynamics involving only
the ground state, it is possible to proceed in the reverse order, namely to
first choose the ground state and then calculate the potential for which
the state solves the time-independent Schrödinger equation (10). If we
choose the ground state to be a sum of two identical Gaussians, centered
at distances y = ±d(x) from the origin

η0(y, d(x)) =
[

√
ω0

2
√

π(1 + e−ω0d(x)2)

]
1
2
[

e−
ω0
2 (y+d(x))2 + e−

ω0
2 (y−d(x))2

]

,

(33)
then we find that the potential is a symmetric double well potential

VDW (y, d(x)) =
1

2
ω2

0

[

y2 + d(x)2 − 2yd(x)tanh
(

ω0yd(x)
)]

, (34)

and that the ground state energy is constant

E0(d(x)) =
1

2
ω0. (35)

The aim is to study the splitting of matter waves under adiabatic con-
ditions. To achieve this the distance function is chosen as

d(x) =
1

2
dmax

[

1 + tanh
( x

X

)

]

, (36)

where dmax is the asymptotic distance between the minima and X is a
parameter which controls the extent of the region where the transition
from a single guide to a double guide takes place. In Fig. 5 the symmetric
double well potential is shown. In a) contours for the potential are
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Figure 5: The structure of the potential used to study splitting of matter
waves. The parameters for the potential (34) and distance function (36)
were ω0 = 1, dmax = 5 and X = 10.

shown, and in b) the transverse energies for the first two transverse
states.

In paper IV the limiting conditions for adiabatic propagation in the
SDV potential (34) were studied. It was found that the condition for
adiabatic propagation of ground state wave packets was that the Fres-
nel parameter, as defined by Eq. (23), has to be smaller than unity if
nonadiabatic excitations are to be negligible.

5.2 Transverse localization

The intuitive notion of how adiabatic guiding of matter waves takes
place, is that particles smeared by quantum mechanics over a finite area
propagate in a way not very different from the propagation of point-like
particles. Any deformations of the wave guide have only local influence
and do not disturb wave packets localized far away in any appreciable
way. For splitting in terms of transverse eigenstates this picture is not
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Figure 6: Mode structure of the two lowest transverse modes. In a)
|η0(y, d(x))|2, and in b) |η1(y, d(x))|2 is shown.

correct as the propagation is described as a concerted motion of two
spatially separated identical wave packets that propagate with the same
longitudinal wave function. The aim here is to construct a localized
propagation scheme which models wave packets as being localized in
one minimum only.

To achieve this we take as basis states linear combinations, with
spatially dependent coefficients, of the transverse eigenstates. In order
to preserve orthonormality, we choose the states to be transformed to
the new localized basis through a unitary transformation

[

ηL(x, y)
ηR(x, y)

]

=

[

cos θ(x) − sin θ(x)
sin θ(x) cos θ(x)

] [

η0(y, d(x))
η1(y, d(x))

]

, (37)

where the transformation angle θ(x) is chosen in such a way that the
new basis states at all positions along the waveguide are localized at each
well in the sense that the expectation values of the transverse coordinate
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taken with respect to either state will equal the positions of the minima

〈ηL/R|y|ηL/R〉 = ∓d(x), (38)

where the signs were chosen in order to localize ηL in the left minimum,
i.e. at negative transverse coordinate values. Using Eq.(37) in Eq.(38)
we arrive at

θ(x) = ±1

2
arcsin

( d(x)

y01(x)

)

, (39)

where y01 denotes the dipole matrix element between η0 and η1

y01 =

∫ ∞

−∞

η0(x, y)yη1(x, y)dy. (40)

For small values of separation dmax, the transformation angle θ will be
close to zero whereas for large separations it will approach π/2. The
structure of the localized modes can be seen in Fig. 7. Here the well
called left is the lower one. The total wave-function is now given by

Ψ(x, y, t) = ηLϕL + ηRϕR = η0

[

ϕL cos θ(x) + ϕR sin θ(x)
]

+

η1

[

− ϕL sin θ(x) + ϕR cos θ(x)
]

. (41)

We thus see that, writing the total wave-function as a linear combination
of two localized transverse modes, is equivalent with transforming the
longitudinal modes according to

[

ϕL(x, t)
ϕR(x, t)

]

=

[

cos θ(x) sin θ(x)
− sin θ(x) cos θ(x)

][

ϕ0(x, t)
ϕ1(x, t)

]

. (42)

If we now use the ansatz (42) in the time dependent Schrödinger equation
and project away the dependence on the transverse coordinate, we arrive
at the propagation equations for the localized modes

i
∂ϕL(x, t)

∂t
= −1

2

∂2ϕL(x, t)

∂x2
+ EL(x)ϕL(x, t) + W (x)ϕR(x, t)

i
∂ϕR(x, t)

∂t
= −1

2

∂2ϕR(x, t)

∂x2
+ ER(x)ϕR(x, t) + W (x)ϕL(x, t) (43)

where the potentials and the off-diagonal coupling are given by

EL(x) = cos2 θ(x)
[

E0(x) + B00(x)
]

+ sin2 θ(x)
[

E1(x) + B11(x)
]

,
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Figure 7: Mode structure of the localized modes given by Eqs. (37). In
a) |ηL(x, y)|2, and in b) |ηR(x, y)|2 is shown.

ER(x) = sin2 θ(x)
[

E0(x) + B00(x)
]

+ cos2 θ(x)
[

E1(x) + B11(x)
]

,

W (x) = sin θ(x) cos θ(x)
[

E0(x) + B00(x)−E1(x)−B11(x)
]

, (44)

where the couplings Aii(x), and Bii(x) are the ones defined by Eqs.
(14),(15). We have here neglected the spatial variation of the transfor-
mation angle θ(x) in that its derivatives with respect to the longitudinal
coordinate x have been dropped. The dominating off-diagonal term is
determined by W (x) in Eq.(44) and this can be considered to give the
coupling matrix elements to lowest order in the spatial derivatives of
θ(x). In the new basis of localized states, the coupled Eqs. (43) thus
look like those for a two level system with spatially varying coupling and
energies.

It is thus possible to propagate wave packets using either the trans-
verse eigenstates, or the localized basis. These give identical results for
the double well potential used here. If, however, there are any asym-
metric perturbations in the region where the wells are far separated, it
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is expected that only the localized modes, which then can be approxi-
mated with Gaussians in single wave-guides, can treat the situation in a
satisfactory manner. This is expected to be the case in interferometric
applications.

5.3 Coherent superpositions

In quantum mechanics, the possibility to form coherent superpositions
influences the dynamics in a profound way as interference effects can
give rise to very nonclassical behavior. In the previous section, the lin-
earity was used to transform the basis functions so that the new ones
become local with respect to the expectation value of the transverse co-
ordinate. Here the effects of wave-packet localization in the longitudinal
direction are investigated by propagating coherent superpositions of the
ground and first excited state through a split potential. To investigate
the dynamics of superposition states with limited spatial extent in the
longitudinal direction, we take the initial state to be a general coherent
superposition of equal amounts of ground and first excited states

Ψ =
1√
2

(

η0 + ei∆θη1

)

(45)

where ∆θ denotes the relative phase between the states, a quantity that,
due to the energy difference between them, will evolve with time caus-
ing the probability distribution to shift in space. In Fig.8, the splitting
of a coherent superposition is shown. The outgoing state is not local-
ized in either well or even nearly so. Rather, it has been distributed
evenly between the outgoing guides in a string of fragments smaller than
the original wave packet. This happens because different longitudinal
sections of the wave packet reach the splitting region at different times
and thus acquire different final values for ∆Θ when the phase evolution
slows down. If the longitudinal momentum is sufficiently large, the wave
packet will not perform any oscillations as it propagates through the
splitting region, and thus not acquire any inhomogeneous phase between
it transverse components. The condition for this to hold is

∆xω0

kx
� 1. (46)
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Figure 8: The adiabatic splitting of a coherent superposition state.

where ∆x is the longitudinal extent of the wave packet which has the
longitudinal momentum kx. This requirement is equivalent to demand-
ing that the time it takes to propagate a distance comparable to the wave
packet size should be shorter than the transverse oscillation period. For
a longitudinally extended wave packet, propagating with longitudinal
momentum in the double well used here, it is possible to estimate the
fraction exiting through either of the guides. This was done in paper V,
and the result for the probability of exiting the left guide is

PL =
1

2

[

1− exp
(

− 1

4

∆x2ω2
0

k2
x

)

cos
( C

kx

)]

, (47)

where the constant C is the total change in relative phase during the
propagation since the initialization. As a result, the maximal transverse
localization into the outgoing guides depends, apart form an oscillatory
factor, on the validity of condition (46). This shows that localization in
either outgoing matter wave guide for a wave packet of finite longitudinal
extent is determined by the number of transverse oscillations that are
completed during passage through the splitting region.
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In paper V this picture was tested by propagating wave packets ini-
tially prepared in a coherent superposition state through a potential
splitting, varying the longitudinal momentum and observing the frac-
tion of the wave packet entering the left guide. The results are shown
in Fig. 9. Open circles show the results from wave packet simulation
and the solid line is given by Eq. (47) where the constant C was used
as single fitting parameter. In the derivation in paper V, the longitudi-
nal momentum was taken to be constant during all of the propagation.
In reality the excited state component will be accelerated as the energy
difference goes to zero after the split causing an additional phase shift
which has been neglected. The expression given by Eq. (47) agrees well
with the numerical results over the whole range of momenta used. For
low momenta, there is a probability close to one half for going into ei-
ther guide due to the periodic slicing of the wave packet, as illustrated
in Fig. 8. For increasing momenta, the wave packet starts to get split
asymmetrically as fewer oscillations take place during the splitting. The
probability of going either way shows an oscillatory behavior with in-
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creasing amplitude, as predicted by Eq. (47).
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6 Conclusions

In this thesis, the propagation of matter waves in guiding potential struc-
tures has been investigated using a basis consisting of mode functions
for the transverse probability distribution. The main focus has been on
the influence of spatial changes of the guiding potentials. In paper I the
general formalism was outlined for the specific example of a matter-wave
guide with a spatially varying width. Conditions for evolution without
mode coupling, i.e. adiabatic propagation, were determined and found
to be connected to the intrinsic diffraction of matter waves through a
dimensionless parameter, the Fresnel parameter.

In paper II the motion of wave packets, in terminated guiding poten-
tials was described in detail, both in the guiding region and in the region
of free expansion. The sensitivity of the transition of wave packets be-
tween the two regions was investigated numerically and connections with
diffraction were found. Using this, the focusing of matter wave beams
was treated in terms of two dimensionless parameters. The reflection of
matter waves from guiding potentials of rapidly varying transverse width
was treated quantitatively in paper III. It was shown that considerable
amounts of backscattering may occur under conditions of adiabatic prop-
agation. This threatens to impose design limits on the use of guiding
structures for applications as, in addition to adiabaticity, decoherence
due to coupling to the external environment restricts the propagation
times allowed for.

In paper IV adiabatic splitting of matter waves in guiding potential
structures was investigated. Limits due to nonadiabatic excitations and
backscattering were investigated, and found to be similar to those in-
ferred from the studies in papers I, III. The guided motion of matter
waves is for a pair of far separated guides almost entirely local in the
sense that the properties of the potential around either of the minima
completely determines the propagation.

The transverse modes of the total potential are not a suitable basis in
situations were two or more guides are subject to local perturbations. In
paper V a propagation scheme in terms of modes which are local, both
for single and for double minimum, was developed. This scheme was
found to describe the splitting of matter waves in symmetric potentials
under adiabatic conditions equally well as the one used in paper IV.
It is expected that such a framework will be of interest for simulations
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of matter wave interferometers which are under development, and for
interpreting the results acquired in experimental work. The influence of
longitudinal localization on the splitting of coherent superposition states
was also examined and found to be described by a simple analytical
expression.
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A Dimensionless units

In dimensional units the time-dependent Schrödinger equation for the
single wave guide problem treated in chapter 3 reads

ih̄
∂Ψ(x, y, t)

∂t
= − h̄2

2m
∇2Ψ(x, y, t) +

m

2
ω2(x)y2Ψ(x, y, t). (48)

In numerical work all quantities are dimensionless by necessity, com-
puters have no units for floating point numbers. The simplest way to
achieve this is to set the dimensional constants occurring in Eq.(48) to
unity. This procedure is equivalent to re-scaling all dimensional variables
by introducing scaling parameters according to

x → x

X
,

y → y

Y
,

t → t

T
,

ω → ω

Ω
. (49)

Introducing this scaling into Eq.(48) gives us

i
∂Ψ(x, y, t)

∂t
=

h̄T

mX2

(

− 1

2

∂2Ψ

∂x2

)

+
h̄T

mY 2

(

− 1

2

∂2Ψ

∂y2

)

+

mTY 2

h̄

(1

2
ω2(x)y2Ψ(x, y, t)

)

. (50)

All the prefactors on the right hand side of Eq.(50) now have to be set
to unity to comply with our choice of dimensionless units. This forces
the scale parameters to be connected through the following relations:

X = Y =

√

h̄Ω

m
(51)

T =
1

Ω
. (52)

There is thus only one scale parameter that can be chosen arbitrarily,
the other will follow. The form of Eqs. (52) shows us that working with
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dimensionless units is equivalent to requiring the three dimensionless
prefactors in the rescaled Schrödinger equation (50) to equal unity and at
the same time choosing the one remaining scale parameter to correspond
to a harmonic oscillator determined by this parameter choice. We are
thus free to choose one reference quantity at will and are then forced to
use the units supplied by Eqs.(52) for the other variables when relating
the numerical results to dimensional quantities. The reference value
chosen does not have to correspond to the transverse binding frequency,
which can be chosen at will, as it only serves to pin down the physical
units in use.
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B Numerical wave packet dynamics

Interest in numerical quantum dynamics has increased as studies, both
theoretical and experimental, of individual quantum systems has come
into focus. Efficient numerical methods to study quantum systems have
been developed, see [19] and references therein. The annual progress
in computer technology has caused an increase in both CPU-speed and
memory size. This makes it possible to study quantum dynamics in
both one and two dimensions comfortably even on portable computers
targeted at a nonscientific market. Simulations in three or more spa-
tial dimensions, however, do still lie within reach only for more powerful
hardware, which is mainly found at academic centers for high perfor-
mance computing.

B.1 Quantum dynamics

In quantum dynamics the aim is to solve the initial value problem posed
by the time-dependent Schrödinger equation

i
∂Ψ(x, y, t)

∂t
= −1

2
∇2Ψ(x, y, t) + V (x, y)Ψ(x, y, t), (53)

with Ψ(x, y, t) given everywhere in the configuration space at t = 0. In
general Eq. (53) can only be solved numerically for a given potential
energy surface V (x, y), as analytical solutions are known only for special
cases. The known analytical solutions for simple systems do, however,
provide valuable insight into the behavior of the solution of Eq. (53). It is
instructive to consider the time evolution of a one-dimensional Gaussian
wave packet of momentum kx initially centered at x = 0

Ψ(x, t) = (2π∆x2)−
1
4

√

w(t) exp
[

(− x2

4∆x2
+ ikxx− i

k2
xt

2
)w(t)

]

, (54)

where kx is the average wave number in the x-direction, ∆x is the initial
width, and the function w(t) is given by

w(t) =
1

1 + i t
2∆x2

. (55)

The solution (54) tells us that a free wave packet moves linearly with the
initial momentum kx, and spreads with time due to the initial momentum
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spread, which is related to the initial wave packet size. The insights,
both qualitative and quantitative, gained from this simple example is
an invaluable aid in the planning of numerical simulations where wave
packets evolve almost freely. This is true for the situation of wave packets
propagating along the minimal valley of a potential surface.

B.2 Numerical methods

Av variety of methods to solve Eq.(53) have been developed. For suf-
ficiently smooth and time-independent potentials V (x, y), two different
methods, both developed in the context of chemical reaction dynam-
ics, have gained popularity, namely the split-operator scheme, first used
in quantum dynamics in [75], and the Chebychev scheme, developed in
[76]. Both schemes rely on approximating the formal solution of Eq.
(53), which is given by

Ψ(x, y, t) = exp(−iĤt)Ψ(x, y, 0), (56)

where H is the Hamiltonian operator

Ĥ = −1

2
∇2 + V (x, y). (57)

The split-operator scheme approximates the time evolution operator in
Eq. (56) by assuming it factors into

exp(−iĤ∆t) ≈ exp (−i∇2∆t) exp (−iV (x, y)∆t), (58)

for short time time-intervalls ∆t. There exist several ways to factor-
ize the exponential in Eq. (56), each approximate with corrections de-
pending on different powers of the time interval ∆t. The application of
(58) to the initial state is most conveniently done by first performing
the potential part of the propagation in the configuration space, where
it simply is given by the multiplication with the complex exponential
exp (−iV (x, y)∆t). This is followed by a Fourier transformation of the
wave function which transforms the second order derivative operator to

∇2 → −k2, (59)

and thus makes it possible to calculate the kinetic part of the propa-
gation by multiplying with exp(−ik2∆t), followed by an inverse Fourier
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transform to obtain the wave function in the coordinate representation
again.

The Chebychev propagation scheme relies on expanding the time-
evolution operator in Eq.(56) according to

exp(−iĤ∆t) = exp(iĒ∆t)
[

J0(α)Φ0(H̃) + 2

∞
∑

n=1

Jn(α)Φn(H̃)
]

, (60)

where Jn(α) are the Bessel functions of integral order and Φn are the
complex Chebychev polynomials, which are calculated from the initial
state using the recursion relation

Φn(H̃) = 2Φn−1(H̃) + Φn−2(H̃) (61)

with the first two terms given by

Φ0(H̃) = 1,

Φ1(H̃) = H̃. (62)

The operator H̃ , which appears on the right hand side of Eq.(60) is
the Hamiltonian operator normalized to map its spectral range onto the
interval [-1,1] by

H̃ =
1

∆E
(Ĥ − Ē), (63)

where Ē is the average energy and ∆E is the range of energies present
in the problem at question. The argument in the Bessel functions in Eq.
(60) is given by

α = ∆E∆t. (64)

The summation in Eq. (60) shall include terms such that n < 1.2α, as
this has been shown to converge the calculations. Both schemes outlined
here are formulated using the Fourier transform. This is due to the su-
perior accuracy when it comes to calculating derivatives. For numerical
purposes it is convenient if the function to be transformed is periodic
as this allows for the use of the Fast Fourier Transform (FFT), which is
computationally less intensive as it requires O(n log n) operations, much
less than the O(n2) required for the full transform. Of the two methods
the Chebychev scheme has been shown to have a far superior accuracy for
a given computational time, although the split-operator scheme is useful
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for situations where information about the phase of the wave function is
not crucial.

In the adiabatic regime the dynamics of the fast transverse motion
has to be resolved for the long times associated with the slow longitudinal
motion along the guiding potential. For both propagation schemes the
number of times the FFT has to be computed during a time interval is
proportional to the inverse of the energy spread of the wave function,
which in the adiabatic limit is dominated by the transverse oscillator
period. The number of FFTs during a propagation is thus proportional
to the total propagation time times the oscillation frequency

nFFT ∝ ωTfinal = ω
L

kx
∼ 1

N
. (65)

We thus see that the number off FFTs, which determines the total com-
putational time, is inversely proportional to the Fresnel parameter.

In addition the longitudinal diffraction has to be reduced in order to
eliminate unphysical effects due to finite gridsize. This can be done by
using initial distributions wide enough to have long enough spreading
times, which in turn forces an increase in the coordinate range used,
which increases the computational time even further. The adiabatic
regime is thus computationally expensive since the dynamics due to a
fast degree of freedom has to be resolved over time-scales determined by
the slow propagation in the longitudinal direction.

For the adiabatic approach outlined in this thesis, the computational
efforts does not depend directly on the fast transverse degree of freedom,
but rather on its change along the longitudinal direction. This makes
it possible to reduce the number of FFTs needed for single propagation
by, typically, one order of magnitude. As the computational time for a
1D FFT is at least two orders of magnitude shorter than that for the
2D case, a substantial reduction of the computational time is possible
whenever an adiabatic propagation scheme can be used. This further
stresses the value of knowing the limiting criteria and errors for adiabatic
approximations in wave packet dynamics of matter wave guides.
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