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Abstract
The main objective of this master thesis was to construct an automatic
method for calibrating a projector to display images on a curved screen
without the images looking deformed from a certain intended viewing
position. Since the method was thought to be used in a flight simulator,
where the intended viewing position has an occluded view of the screen,
the method needed to be able to handle these occlusions in some way,
and the proposed solution was to use two cameras for the calibration;
one in the intended viewing position and one with a more clear sight of
the screen.

This thesis adds the multi-camera functionality to an existing al-
gorithm for projector calibration using a single camera, which was de-
veloped in 2013. This algorithm performs well in calibrating projectors
with respect to views that have a clear sight of the screen but lacks the
functionality to do a calibration when its single camera cannot capture
all parts of the screen from its viewing position.

The algorithm developed uses point transfer between camera views
to supply the camera in the viewing position with enough information to
make a suitable calibration even for the regions of the screen it cannot
capture itself.

A program has been developed, showing that it is possible to do
this projector calibration for situations where up to half of the screen is
occluded from the intended viewing position, with a result that is not
notably worse than when using the single camera algorithm for similar
situations with clear sight of the screen. It might be possible to run
the algorithm with less than half the screen visible from the viewing
position, but an upper limit of how much of the screen can be occluded
with an accepted result has not been found.

The algorithm should be usable with any pair of cameras, and any
projector, and does not assume that the cameras are stereo calibrated
beforehand. However in the testing done in this thesis, camera images
with resolution 640 × 480 have been used, and the displayed projector
images have had the resolution 256× 192 in the calibration.





Referat
Automatisk projektorwarping med hjälp av flera

kameravyer

Huvudmålet med detta examensarbete var att konstruera en metod för
att automatiskt kalibrera en projektor till att projicera bilder på en
kurvad skärm, på så sätt att bilderna som projiceras på skärmen inte
ser deformerade ut från en viss åskådarposition. Eftersom målet var att
kunna använda metoden för att kalibrera projektorerna i en flygsimula-
tor, där den tilltänkta åskådarpositionen har en något skymd sikt över
skärmen, behövde metoden hantera detta problem på något sätt, och
den föreslagna lösningen var att använda två kameror för att genomfö-
ra kalibreringen; en kamera i den tilltänkta åskådarpositionen och en
kamera i en annan position, med en friare sikt över skärmen.

Detta arbete är en utvidgning av en sedan tidigare existerande al-
goritm för projektorkalibrering, som använder en ensam kamera i den
tilltänkta åskådarpositionen och utvecklades 2013, genom att funktiona-
litet för att använda multipla kameror har lagts till. Den tidigare algorit-
men, som detta arbete är en utvidgning av, presterar bra i tillämpningar
då den tilltänkta åskådarpositionen har fri sikt över skärmen, men fun-
gerar inte alls om den ensamma kameran är det minsta skymd och inte
kan fånga alla delar av skärmen på film.

Algoritmen som föreslås i detta arbete använder punktöverföring
mellan kameravyer för att förse huvudkameran i den tilltänkta åskådar-
positionen med tillräcklig information om områden som den inte kan
se själv för att kunna göra en lämplig kalibrering av projektorn med
avseende på hela skärmen.

Ett program har utvecklats, för att visa att det är möjligt att ge-
nomföra en sådan projektorkalibrering även för situationer då upp till
halva projektorskärmen är skymd från den tilltänkta åskådarpositio-
nen, med resultat som inte är märkbart sämre än vad som uppnås då
åskådarpositionen har fri sikt över skärmen och således kan använda
algoritmen för en ensam kamera för en i övrigt identisk uppställning.
Det kan mycket väl vara möjligt att ha sikt över betydligt mindre än
halva skärmen, men fokus har inte lagts på att hitta en övre gräns på
hur stora delar av skärmen som kan vara skymd och ändå generera ett
acceptabelt resultat för projektorkalibreringen.

Den föreslagna algoritmen ska gå att använda med två godtyckliga
kameror och vilken projektor som helst, och den utgår inte ifrån att
kamerorna är stereo-kalibrerade i förhand. I testandet som har gjorts
för detta examensarbete har dock kameror med upplösning 640 × 480,
och projektorbilder med upplösning 256× 192 använts.
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Chapter 1

Introduction

The aim of this master thesis is to improve on the work made by Carl Andersson [1],
who developed an algorithm for automatic calibration of projectors for projecting
on curved screens. This algorithm used a camera in the intended viewing position
and the calibration was made with respect to this view.

This algorithm was tested for configurations of one and two projectors projecting
on a curved screen, with the intended viewing position being such that a camera in
that position has clear sight over the entire screen. It turns out however that for
large configurations with more than two projectors, and obstacles occluding regions
of the screen from the intended viewing position, the algorithm has been proved to
work poorly.

In this thesis work, one additional camera is added to the calibration algorithm,
to help capture those parts of the screen not visible from the first camera view.
To be able to do this the field of multiple view geometry in computer vision was
studied.

In chapter 2 a review considering some of the previous work in the field of
projector calibration can be found. In chapter 3 the relevant background theory for
understanding the methods of this thesis is given, and in chapter 4 the methods
that have been used is outlined. Chapter 5 provides the reader with some results
from the thesis work, and lastly chapter 6 is a discussion of these results.

1.1 Problem statement

The problem to be solved in this master thesis is to develop an algorithm that can
calibrate projectors in order to display images on a screen of arbitrary shape, with
respect to any position viewing the screen that has a clear sight of a reasonably
large part of the screen (not necessarily the entire screen).

The approach that will be used to solve this problem is to use two cameras,
where the second camera is not placed in the intended viewing position, and transfer
points between the two camera views in the calibration process. To be able to do
this a suitable method for performing point transfer between camera views must be
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CHAPTER 1. INTRODUCTION

constructed, which will be a large sub-problem in this thesis.
The aim of this work is that the algorithm could be used to calibrate the pro-

jector of a flight simulator, projecting on a spherical dome sometime in the near
future.

Figure 1.1. The projector calibration can be used for projecting in domes, as is
done in many flight simulators. This is an image capturing the calibration process of
a flight simulator used by the Swedish Air Force, simulating the plane SK60

1.2 Image Warping
Image warping is the process of manipulating images such that shapes are distorted.
In the case of projector calibration warping will be used in order to transform the

4



1.2. IMAGE WARPING

images being displayed by the projector in a way such that the distortion caused
by the shape of the screen will be corrected for. Thus image warping is basically
a function mapping image coordinates to new image coordinates, without changing
the colors of the image points. [10]

Most of the details of how to determine the image warping have been covered
by Andersson [1], and will thus only be explained briefly in this thesis. The concept
of image warping will however be a very central concept, and is an important one
to understand in order to understand this thesis.

Figure 1.2. Image warping applied to an image of a tree
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Chapter 2

Previous Work

This chapter will list some of the previous work done in areas related to this thesis,
as well as some work that has been used to aid this thesis. Some of the previous work
might however be found in chapter 3 instead, if it can be argued to be considered
as established background theory of some sort.

2.1 Automatic Calibration Algorithms

There have been a lot of different approaches to solve the problem of automatically
calibrating a projector to project on a curved screen, and only a fraction of these
approaches will be covered in this section.

The common features of almost all projector calibrations using a camera is
the process of the projector-camera calibration, to get a relationship between the
camera view and the projector view, and the warping process, where given some
measurements of image points an image transformation is determined to be applied
to images before being displayed. The perhaps easiest way to do the first part is
to light pixels up one by one and let a camera in the viewing position detect the
pixels, which is the approach that Raskar et al [9] used in 1998, but which might
be very time consuming, especially if high accuracy is required.

Other, perhaps more sophisticated approaches for projector-camera calibration
is by using judicial markers, which were used by Audet for doing projector-camera
calibration (not necessarily for application within the field of automatic projector
calibration and image warping) [2], or a structured light approach, especially using
Gray code patterns [1], [4] and [7]. The former is limited in resolution compared
to the latter, since you can get more projector-camera correspondences using the
latter approach.

The Gray code pattern approach has been widely used, however there are some
variations in the way of using the Gray code patterns. Moreno and Taubin [4]
use the Gray code pattern projected on a checkerboard in order to find a local
homography between camera image and projected image in the neighbourhood of
each checkerboard corner. Using that homography they are able to find the intrinsic
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CHAPTER 2. PREVIOUS WORK

parameters of the projector, as well as the camera, using a method proposed by
Zhang [11]. Knowing the intrinsic parameters of both camera and projector then
simplifies the stereo calibration severely.

The work done by Jordan [7] is very similar to the work of Andersson [1], in that
he uses Gray code patterns to produce a mapping between camera and projector
space, which he uses to compute the image warping with interpolation.

2.2 Open Source Libraries
The programming language of this thesis is C++, and two major open source li-
braries is used in the thesis to help with the software development. The first one
is OpenCV, which is a computer vision library including methods for basic image
manipulation, and some matrix functionality. The version used was OpenCV 2.4.8.
[3].

The existing implementation of Andersson’s algorithm [1] uses OpenCV 2.4.8.
as well, and OpenCV will thus be important for the interface between the code
produced in this thesis and the existing code.

The other major library used is called Eigen and is used for the more advanced
matrix algebra, such as Singular Value Decompositions and eigenvalue problems.
The version used is in this case Eigen 3.2.8. [5]. The parts of the code that uses
Eigen will be encapsulated in a way such that the original program by Andersson
will not be have to include Eigen in order to work properly.

8



Chapter 3

Theory

This chapter will present to the reader some of the established theory in fields
relevant to this project. Basic computer vision will be covered, especially some
theory considering multiple views and their relations, as well as some optimization
algorithms which will be used in the project.

3.1 Computer Vision, Single View

3.1.1 Homogeneous coordinates

It is probably known to most readers that a point in three dimensions can be
represented as a vector

X =

XY
Z

 (3.1)

and a point in two dimensions can be represented as a vector

x =
[
x
y

]
(3.2)

Since a camera image is a projection of the three dimensional world, from now
on the notation (3.1) for world coordinates and (3.2) for image coordinates will be
used.

In computer vision it is often convenient to use homogeneous coordinates instead
of the regular world and image coordinates [6]. Homogeneous world coordinates are
defined by a vector

X =


wX
wY
wZ
w

 (3.3)
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CHAPTER 3. THEORY

where X, Y , Z and w are real numbers, with w being an extra parameter scaling
the homogeneous vector.

Given a homogeneous vector
[
X1 X2 X3 X4

]T
the corresponding world co-

ordinate point X′ is easily obtained asX ′Y ′
Z ′

 =

X1/X4
X2/X4
X3/X4


Of course the same reasoning can be used when considering two dimensions.

Thus given a point in homogeneous image coordinates
[
x1 x2 x3

]T
the corre-

sponding image coordinates is given by[
x′

y′

]
=
[
x1/x3
x2/x3

]

3.1.2 Camera Model

The simplest camera model, and the one to be considered in this thesis, is the
pinhole camera model [6]. The pinhole camera model is essentially a projection
between world coordinates and image coordinates. This can be done using a camera
matrix P such that

x = PX

where x is a homogeneous image point and X is a homogeneous world point.
The camera matrix can be decomposed into an intrinsic part K and an extrinsic

part which will be denoted Ẽ, such that P = KẼ. K is in this case a 3x3 matrix
with 5 parameters, given by αx s x0

0 αy y0
0 0 1


where the parameters αx and αy are the focal lengths in the two pixel dimensions
respectively, s is a skew parameter that is zero for most cameras, and (x0, y0) is
the so called principal point, i.e. the intersection between the optical axis and the
image plane, in pixel coordinates.

The extrinsic part of the decomposition contains all information of the cameras
placement and orientation. If the coordinate systems are chosen so that the origin of
the image plane and the world coordinates coincide, as well as the optical axis and
the z-axis of the world coordinate system, Ẽ gets into its simplest form Ẽ =

[
I 0

]
with I being the identity matrix of dimensions 3x3.

If the camera is less conveniently located, a rotational 3x3 matrix R and a
translational three dimensional vector T can be used to transform the coordinates.
Given a three dimensional world point X̃ in the given coordinate system we get the

10



3.1. COMPUTER VISION, SINGLE VIEW

point X̃cam in the coordinate system corresponding to the simplest case which was
described earlier by

X̃cam = R(X̃−T)
if R is the 3x3 rotation matrix describing the rotation of the camera relative to
the original coordinate system, and T is the coordinates of the camera center in
the original coordinate system. If we instead let X be the homogeneous coordinate
world point corresponding to X̃, it can be verified that

X̃cam = R
[
I −T

]
X

Since it is clear the setting R = I and T = 0 corresponds to the simplest case
considered earlier it can be concluded that Ẽ = R

[
I −T

]
and that a projection

of a homogeneous point X is given by

x = KR
[
I −T

]
X

It should however be pointed out that the parameters of K is generally not known
but has to be estimated in some way, and that the rotational matrix R and the
translational vector T depends on the choice of coordinate system.

Distortion

The camera model discussed in the previous section does not in any way take into
account the nonlinear distortion that is present, to some extent, in more or less
all cameras. In this thesis radial distortion will be considered, or more specifically
distortions of the type [

xd
yd

]
= L(r̃)

[
x̃
ỹ

]
(3.4)

where (x̃, ỹ)T is the position of an image point according to the linear projection
theory discussed earlier, (xd, yd)T is the position of the corresponding image point
with radial distortion present, r̃ =

√
x̃2 + ỹ2, and L(r̃) is the distortion factor

depending on the distance from the image center [7].
Thus the correction for radial distortion can be found as[

x̂
ŷ

]
=
[
x0
y0

]
+ L(r)

[
x− x0
y − y0

]
(3.5)

where (x, y)T are the measured image coordinates, (x̂, ŷ)T is corrected image coordi-
nates and (x0, y0)T is the centre of distortion. In this case r =

√
(x− x0)2 + (y − y0)2

is the distance from the center of distortion in the image. This correction is com-
plicated by the fact that L(r) is generally unknown, although it can typically be
modelled as a Taylor expansion

L(r) = 1 + k1r
2 + k2r

4 + ... (3.6)

with k1, k2, ... being the distortion parameters, which can be estimated along with
the intrinsic parameters following some camera calibration procedure.

11



CHAPTER 3. THEORY

3.2 Computer Vision, Multiple Views

3.2.1 Epipolar Geometry
Epipolar geometry is the relative projective geometry between two views and is
completely independent of the structure of the scene being captured by the camera.
There are a few useful properties of epipolar geometry which will be very briefly
explained in this section, starting with a few important concepts concerning epipolar
geometry. [6] A sketch explaining the most important concepts of epipolar geometry
can be found in figure 3.1.

Epipoles

An epipole is the intersection between the baseline, i.e. the line joining the two
camera centres, and an image plane. Consequently there are two epipoles for every
configuration of two views, one in each of the two image planes. In the case where
the image planes are coplanar, such that the line joining the camera centres lies
within the image planes, the epipoles are assumed to be at infinity. [6]

Epipolar Lines

An epipolar line is, in short, an intersection between an epipolar plane, i.e. a plane
containing the baseline, and a certain image point or world point. Given an arbitrary
choice of a world point X in space, this gives rise to one unambiguous epipolar plane
containing X and the baseline, and consequently one epipolar line for each image
plane. One useful property is that the projection of X onto each of the image planes
will be at a point on that image plane’s epipolar line. Another thing worth noting
is that all epipolar lines contain the epipole for that image plane. [6]

3.2.2 The Fundamental Matrix F
A consequence of the fact that a world point X gives rise to an epipolar line in each
image plane is that given an image point x in one of the images, the epipolar line,
on which the corresponding image point x′ in the other image can be found, can be
obtained. Thus there exists a mapping between an image point x in one image and
the corresponding epipolar line l′ in the other image [6]

x 7→ l′

where a line l in a plane is given by three coordinates l = (a, b, c) representing the
line ax+ by + c = 0, and x is simply a homogeneous image point.

It is no surprise that this mapping can be described by a 3x3 matrix, which is
denoted by F , such that.

l′ = Fx

F is called the fundamental matrix, and relates the two cameras intrinsic parameters
as well as their pose.

12



3.2. COMPUTER VISION, MULTIPLE VIEWS

Figure 3.1. An illustration of a two image planes, corresponding to cameras with
camera centres C and C′, for a certain choice of epipolar plane. The epipoles are
marked in the image as e, e′

Given two corresponding points x, x′ in the two views we get the relation

x′TFx = 0 (3.7)

since x′ lies on the epipolar line l′, and thus by the definition of lines x′T l′ = 0,
which results in (3.7) if the substitution l′ = Fx is made. This relation can be
used to determine the fundamental matrix, given a large enough number of point
correspondences. The way to do this is to let F be parametrized

F =

F11 F12 F13
F21 F22 F23
F31 F32 F33


Now letting f =

[
F11 F12 F13 F21 F22 F23 F31 F32 F33

]T
it is possible to

construct a system of equations using the fact that given two corresponding points
x = (x, y, 1)T , x′ = (x′, y′, 1)T the relation (3.7) can be written[

x′x x′y x′ y′x y′y y′ x y 1
]
f = 0

This means that given n point correspondences x1,x′1,...,xn,x′n we can construct a
matrix

A =

x
′
1x1 x′1y1 x′1 y′1x1 y′1y1 y′1 x1 y1 1
...

...
...

...
...

...
...

...
...

x′nxn x′nyn x′n y′nxn y′nyn y′n xn yn 1
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CHAPTER 3. THEORY

and get the parameters of f as the solution to
Af = 0

Since the fundamental matrix is determined up to scale, the parameters (given
eight or more point correspondences) is usually found minimizing ‖Af‖ under the
constraint ‖f‖ = 1.

Another thing that is worth noting is that the fundamental matrix always has
rank 2, since the epipole (in homogeneous coordinates) will always define the kernel
of F . This is a constraint that will have to be satisfied when finding an estimate of
F .

3.2.3 The Trifocal Tensor τ
For a configuration with three camera views the trifocal tensor (a 3x3x3 tensor)
plays a similar role as that of the fundamental matrix in a two view configuration, i.e.
the trifocal tensor relates the three views intrinsic and extrinsic camera parameters
to each other.

Since the three view geometry is a bit more complicated than the two view ge-
ometry, the theory on the trifocal tensor might be a bit hard to grasp. If that is
the case the reader may feel free to look into Multiple View Geometry in Computer
Vision [6] chapters 15-16 for further reading on the subject.

Suppose now that we have three camera views of some arbitrary scene, where the
three cameras are enumerated and have camera centres C, C′, C′′ respectively in
homogeneous coordinates. We then assume, without loss of generality, that the first
view has a camera projection matrix P =

[
I 0

]
and the second and third view

has projection matrices P ′ =
[
A a4

]
and P ′′ =

[
B b4

]
respectively, with A,

B being 3x3 matrices and ai, bi three dimensional vectors representing the columns
of each respective camera matrix, for i = 1, ..., 4.

An important remark is that a4 and b4 are the epipoles of the second and third
view respectively, when pairing them up with the first camera according to the
theory on epipolar geometry covered earlier. These epipoles, e′ and e′′, are given by
e′ = P ′C, e′′ = P ′′C respectively.

It can be shown, through a geometric derivation found in [6](p366-367) which is
omitted here, that given three image lines l,l′,l′′ corresponding to the same line in
space, there is a relation

li = l′Taib4
T l′′ − l′Ta4bi

T l′′

for i = 1, 2, 3. Introducing Ti = aib4
T − a4bi

T we can write the relation as
li = l′TTil′′ (3.8)

and the trifocal tensor in matrix form can be defined by τ = {T1, T2, T3}. Thus the
trifocal tensor on tensor notation can be defined as

τ jki = aji b
k
4 − a

j
4b
k
i (3.9)

14



3.2. COMPUTER VISION, MULTIPLE VIEWS

Calculating τ from point correspondences

By using the fact that for a point x on the line l it holds that ∑i xili = 0, we get
the relation

l′T
(∑

i

xiTi

)
l′′ = 0 (3.10)

by multiplying with xi and summing over the index i on both sides of equation
(3.8). This is an equation similar to (3.7), which could be used to calculate the
fundamental matrix, but with the difference that several line correspondences are
needed in this case, whereas in the previous case only point correspondences were
used.

It is possible to get a similar relation, with a three-point correspondence instead
of the corresponding line, by rewriting (3.10) (the proof can be found on page 370
of [6]) so that it becomes

[
x′
]
×

(∑
i

xiTi

) [
x′′
]
× = 03×3 (3.11)

using [x]× as the notation for a matrix defining the cross product of x = (x1, x2, x3)T ,
i.e.

[x]× =

 0 −x3 x2
x3 0 −x1
−x2 x1 0


Now it is possible to use (3.11) to calculate the trifocal tensor in a similar way

as in the previous section; all the entries of the trifocal tensor is stored in a vector
t, and using (3.11) a system of equations

At = 0

is constructed. This is once again usually solved approximately by minimizing ‖At‖
under the constraint ‖t‖ = 1. There are however a few other constraints that must
be enforced for the trifocal tensor to be valid. One such constraint is that each
matrix Ti in the matrix representation of τ must have rank 2. We will come back
to the other constraints later in this section.

Retrieving epipoles from the trifocal tensor

Given the trifocal tensor of a configuration with three cameras, it is possible to
retrieve the epipoles e′ and e′′, i.e. the epipole in the second and third view respec-
tively, when being paired up with the first view.

To link e′ to the trifocal tensor we first note that each Ti has a one dimensional
left null-space, i.e. one null-vector, vi, defined up to scale. These vi:s can be
interpreted as image lines, since multiplication of a line l by a scalar does not
change the properties of the line. The epipole e′ can then be retrieved as the
common intersection of all the lines given by vi with i = 1, 2, 3. e′′ is then found in
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the same way, but using the right null-vectors of Ti instead of the left null-vectors.
[6].

In the presence of noise an estimate of the Ti:s might sometimes not be of rank
2. The null-vectors vi can then be estimated by finding the unit vector minimizing
‖Tivi‖. The epipole e′′ however can be found by letting vi be the i:th row of the
matrix V , and finding the unit vector e′′ minimizing ‖V e′′‖.

If Ti is switched to T Ti in the previous paragraph, the epipole e′ can be retrieved
from an estimate of τ using the same method as presented above.

Extracting fundamental matrices from the trifocal tensor

Given the trifocal tensor it is easy to extract the fundamental matrices between the
first and second view, F21 as well as the fundamental matrix between the first and
third view, F31. [6]

F21 is given by
F21 =

[
e′
]
× [T1, T2, T3] l′′

for any line l′′ that is not in the null-space of any Ti. If we choose l′′ = e′′ this
will never be the case, since e′′, according to the theory of the previous section, is
perpendicular to the null-space of all Ti. Therefore

F21 =
[
e′
]
× [T1, T2, T3] e′′ (3.12)

Similarly F31 can be extracted as

F31 =
[
e′′
]
×

[
T T1 , T

T
2 , T

T
3

]
e′ (3.13)

Unfortunately there is no formula this simple to extract F32, the fundamental
matrix between the second and third view.

Retrieving the camera projection matrices from the trifocal tensor

Since the trifocal tensor can be unambiguously determined from information con-
tained within images alone, it is independent of the 3D environment being captured
by the cameras. Therefore there is infinitely many camera projection matrices
corresponding to one trifocal tensor. For example: translating all cameras in one
direction exactly the same distance will change each cameras projection matrix, but
it will not change the trifocal tensor. Thus it is only possible to retrieve the camera
projection matrices up to projective ambiguity.

The way to retrieve the matrices is usually to assume that the first view has a
camera projection matrix P =

[
I 0

]
, and then use that to determine P ′ and P ′′.

We can then get P ′ as
P ′ =

[
[T1, T2, T3] e′′ e′

]
(3.14)

and P ′′ as
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P ′′ =
[

(e′′e′′T − I) [T1, T2, T3] e′ e′′
]

(3.15)

where I is the 3x3 identity matrix.
The derivation of these results are omitted here, but can be found in chapter 15

of [6] for the curious reader.

Internal constraints on the trifocal tensor

It was mentioned earlier that there are some constraints that an estimate of the
trifocal tensor must satisfy to be geometrically valid. Those constraints can be for-
mulated in a most compact way [6]

Definition: A trifocal tensor is said to be geometrically valid if an only if there
exist camera matrices P =

[
I 0

]
, P ′ =

[
A a4

]
and P ′′ =

[
B b4

]
such

that the trifocal tensor τ corresponds to

τ jki = aji b
k
4 − a

j
4b
k
i

Using this definition it is possible to get a geometrically valid tensor from any
estimate of τ that can be found using the equation At = 0 where t contains the
entries of τ , which was discussed earlier.

The algorithm for getting a geometrically valid tensor τ̂ from our original esti-
mate τ starts with retrieving the epipoles e′ and e′′ from τ . Using those epipoles it
is possible to use

τ̂ jki = ajie
′′k − e′jbki (3.16)

to construct a system of equations t = Ea, where a is the entries of aji and bki , and
E is a matrix obtained from the relationship in (3.16).

Now instead of minimizing ‖At‖ with ‖t‖ = 1 as a constraint, we replace t by
Ea, so ‖AEa‖ is minimized with the constraint ‖Ea‖ = 1.

When a has been found due to the minimization, it is possible to get a new,
geometrically valid, estimate of the trifocal tensor by inserting e′, e′′ and the entries
of a in (3.16).

It is possible to use some optimization algorithm varying e′, e′′ to find the set of
epipoles (e′, e′′) that minimizes the error ε = ‖AEa‖ if one wants to have a slightly
more accurate estimate of τ̂ .

3.2.4 Point Transfer

One of the most important problems of this project was the point transfer problem,
i.e. the problem of obtaining the coordinates of a point in one image, knowing the
coordinates of corresponding points in one or several other images.
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Unfortunately point transfer between two views is not possible in general, i.e.
given two views and their fundamental matrix F as well as a point x in one of the
views, it is not possible to determine the point x′ corresponding to x in the other
view without any additional information.

If instead three camera views are considered, it is possible to determine the
coordinates of a point x given the location of corresponding points x′, x′′ in the two
other views. There are a two main ways of doing point transfer using three camera
views, which will be explained in this section.

Epipolar Transfer

Given three views and the fundamental matrices of each pair, F21, F31, F32 it is
possible to perform point transfer using the intersection of epipolar lines. [6]

Consider the case where the corresponding points x and x′ in the first and
second views respectively are known. Then F31x give rise to an epipolar line in
the third image, and according to the theory on fundamental matrices the point x′′
corresponding to x in the third image must be located on that epipolar line. On the
other hand F32x′ generates another epipolar line which x′′ must lie within. Thus
x′′ can be found as the common intersection of the two epipolar lines

x′′ = (F31x)× (F32x′) (3.17)

The major drawback to this method is the fact that if the epipolar lines F31x and
F32x′ are parallel the epipolar transfer will fail, and the accuracy of the transfer will
decrease as the lines become increasingly parallel. This will result in the epipolar
transfer failing for all 3D-points lying in the plane defined by the three cameras
camera centres, and getting increasingly ill-posed for points close to this plane. [6]

Point Transfer via a homography induced by a plane

If it is known that the points to be transferred between views all lie in the same
plane in 3D space it is possible to determine a homography that transfers points
from one view to another.

For a world point X lying in a plane that maps to an image point x by the
camera with projection matrix P , there is a homography H1 such that

x = PX = H1xp

where xp = (x1
p, x

2
p, 1) is the point coordinates in the plane, i.e. if the plane has a

"centre point" po and two basis vectors u and v then X = po +x1
pu+x2

pv describes
the relationship between the world point and the plane point.

If the same point xp is being viewed by another camera view with camera matrix
P ′ we have

x′ = P ′X = H2xp
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and thus, since H1, H2 are 3x3 matrices, and are of full rank, we can easily get a
homography [6] H : x 7→ x′ as

x′ = H2H
−1
1 x := Hx

Point Transfer using the Trifocal Tensor

Using the trifocal tensor and the theory on homographies it is actually possible to
obtain a somewhat general formula for point transfer that does not have the same
drawbacks as the epipolar transfer.[6]

The idea is that given three camera views, a line l′ in one of the views (it will be
assumed to lie in the second view for now) together with the location of that views
camera center defines a plane Π in space in which all points X̃ that are projected
onto the line l′ lies. If this plane is known, it would be possible to transfer points
x in the first view, corresponding to a point on l′ in the second view, to the third
view via a homography induced by the plane Π. Thus we can conclude that there
is a homography H such that

x′′k = Hk
i x

i

and it turns out that this homography can be described by

Hk
i = l′jτ

jk
i

where τ of course is the trifocal tensor.

Figure 3.2. An illustration showing the schematics of point transfer between view
number 1 and number 3 via a plane induced by a line in view number 2

Thus it is possible to transfer a point from one view to another given a line
correspondence to a third view. If no line correspondences can be found it is possible

19



CHAPTER 3. THEORY

to modify this, such that given two corresponding points in the first two views, the
corresponding point in the third view can be obtained.

The way to do this is simple, since given an image point x′ there are infinitely
many lines l′ that contains x′. Thus the only modification needed is to choose a
line l′ containing x′ and then proceed exactly as if a point-to-line correspondence
had been given.

The problem however is that if we choose l′ to be the epipolar line of x, then

xil
′
jτ
jk
i = 0k

which means that x′′ is undefined.
To avoid making that choice it might be clever to choose a line that is perpendic-

ular to the epipolar line of x, which we now denote l′e = F21x. Given l′e = (l1, l2, l3)T
and x = (x1, x2, 1)T the choice of l′ becomes

l′ = (l2,−l1,−x1l2 + x2l1)T

and the point transfer can be done using

x′′k = xil
′
jτ
jk
i (3.18)

as before.

3.2.5 Estimation using the Gold Standard method
Both the fundamental matrix and the trifocal tensor can be estimated using another
approach than the one presented earlier. This approach is called the Gold Standard
method, and is basically a Maximum Likelihood estimation assuming measurements
of the image point measurements to follow a gaussian distribution.

A brief explanation on how to use the Gold Standard method to estimate the tri-
focal tensor will follow, and little need to be changed in order to use it for estimating
the fundamental matrix.

Estimating the trifocal tensor using Gold Standard method

As with previous methods for estimating the trifocal tensor, what is needed to start
the estimation is a set of point correspondences xi,x′i,x′′i for the three camera views.
The Gold Standard method revolves around minimizing the cost function∑

i

d(xi, x̂i)2 + d(x′i, x̂′i)2 + d(x′′i , x̂′′i )2 (3.19)

where d(x,y) =
√

(x1 − y1)2 + (x2 − y2)2 is the euclidean distance between two
points, and x̂i,x̂′i,x̂′′i are three estimated points corresponding to xi,x′i,x′′i , satisfying
the trifocal constraints, i.e. for three camera matrices P =

[
I 0

]
, P ′ and P ′′

extracted from the trifocal tensor, and a world point Xi viewed by all three cameras,
the estimated points satisfy x̂i = PXi, x̂′i = P ′Xi and x̂′′i = P ′′Xi.
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When using the Gold Standard method one usually starts with an initial esti-
mate τ of the trifocal tensor, from which one can obtain initial estimates of the
camera matrices P ′ and P ′′. Using these it is possible to get an estimate of the
world point X̂i corresponding to each set of image correspondences xi,x′i,x′′i , by
using triangulation.

One way of doing the triangulation is by using x × Px = 0 to get a system on
the form (assuming x = (x, y, 1)T )

xp3
T − p1

T

yp3
T − p2

T

x′p′3
T − p′1

T

y′p′3
T − p′2

T

x′′p′′3
T − p′′1

T

y′′p′′3
T − p′′2

T


X̂ = 0

where pi is the i:th row of P , which can be solved for X̂, for example. [6]
When an initial estimate X̂i is obtained, initial estimates of x̂i = P X̂i,x̂′i =

P ′X̂i, x̂′′i = P ′′X̂i can be computed easily.
With all the initial estimates in place, one can use the Levenberg-Marquardt

algorithm to minimize (3.19) with respect to the parameters of P ′ and P ′′ to obtain
an optimal estimate of the trifocal tensor.

The Levenberg-Marquardt method will be explained in the next section, where
a few optimization methods will be covered.

3.3 Optimization methods
There are several optimization methods used in this project, especially in the process
of finding a good estimate of the trifocal tensor. In this section the most commonly
used optimization methods will be summarized in a hopefully comprehensible way.

3.3.1 Unit vector minimization
One of the most common optimization problems in the process of estimating the
fundamental matrix, as well as the trifocal tensor, is problems of the form

minimize
x

‖Ax‖

subject to ‖x‖ = 1

where A is a matrix and x is a vector. The easiest way to solve this is to use the
Singular Value Decomposition (SVD) of the matrix A

Definition: The Singular Value Decomposition of an m× n matrix A can be
written as

A = UDV T
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where U is an m×m unitary matrix, V is an n× n unitary matrix and D is a
diagonal m× n matrix containing the singular values of A in descending order.

Using the SVD and replacing A with UDV T the problem turns into minimizing
‖UDV Tx‖ with the constraint ‖x‖ = 1. However, since U and V are unitary this
is equivalent to minimizing ‖DV Tx‖ with the constraint ‖V Tx‖ = 1. Now let
y = V Tx to obtain the simple problem

minimize
y

‖Dy‖

subject to ‖y‖ = 1

which obviously has the solution y = (0, 0, ..., 1) since D is a diagonal matrix where
the entries are decreasing with increasing row number. Now x is obtained by x =
V y, which means the solution to the problem is simply the last row of V in the
SVD of A = UDV T . [6]

3.3.2 Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm is an iterative algorithm widely used for solv-
ing different least squares curve fitting problems.

The algorithm is commonly used to minimize a cost function F (X,P) with
respect to some parameter vector P. The function F can be assumed to be on the
form

F (X,P) =
N∑
i

f(xi,P)2

where xi are some measurements that can remain constant throughout the opti-
mization process.

The process of optimizing F using the Levenberg-Marquardt algorithm requires
an initial guess for the parameter vector P, which will be denoted P0. Then in each
iteration step of the algorithm, P is replaced by a new parameter vector P + δ.

The way to compute δ is by a linear approximation

f(xi,P + δ) ≈ fi(xi,P) + Jδ

where
Jij = ∂f(xi,P)

∂Pj

is the Jacobian matrix.
Using this approximation one obtains

F (X,P + δ) =
N∑
i

(f(xi,P) + Jδ)2 (3.20)
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Now let f(P) denote f in vector notation, i.e.

f(P) =

f(x1,P)
...

f(xN,P)


Then taking the derivative of (3.20) and setting the result to zero yields

JTJδ = −JT f(P)

which leads to the Gauss-Newton algorithm if we solve for δ.
In the Levenberg-Marquardt algorithm one does a slight modification from the

Gauss-Newton algorithm, which is that the equation for δ is replaced by

(JTJ + λJTJ)δ = −JT f(P) (3.21)

where λ is a damping factor. [8]
The value of the damping parameter λ is usually set to a starting value λ = λ0

and a factor v < 1 is chosen such that if the choice of λ does in fact lead to an
improvement (i.e. a smaller value of F ) the increment is accepted and λ is updated
by λ = λ · v, and in the other case λ is updated by λ = λ

v . Typical values for λ0
and v is 10−3 and 0.1 respectively. [6]

The reason to use the Levenberg-Marquardt algorithm over simpler methods like
Gauss-Newtons method and the Gradient Descent method is that the Levenberg-
Marquardt algorithm can combine the advantages of the two methods for faster
convergence. That is due to the fact that for damping parameters close to zero
the method is very close to the Gauss-Newton method, and thus has quadratic
convergence, whereas for large λ the method is closer to a simple Gradient Descent
method, thus being able to move faster than the Gauss-Newton method when the
initial estimate is far from the optimum. [6]
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Chapter 4

Method

The main idea behind this project was to improve on the work done by Carl
Andersson[1] by adding an extra camera to the camera-projector calibration pro-
cedure. The first view will commonly be referred to as the master view, and the
calibration will be done with respect to this view. The second view, which will be
referred to as the satellite view will be an aid for situations where the master view
is inconveniently located and may have an occluded view of the screen.

It was concluded that the simplest way to incorporate a second camera in the
calibration process was to simply transfer the points from the satellite view to the
master view. In order to do that, a program that transfers points between camera
views with high accuracy had to be constructed. Therefore the first part of this
chapter will focus on how the point transfer works, and also how the accuracy of
the point transfer was evaluated, whereas the second part will focus on how the
two-camera calibration works.

4.1 The Point Transfer-program

In doing the point transfer the fact that a projector can be viewed as an inverse
camera was used. This made point transfer of image points displayed by the pro-
jector possible, given either the trifocal tensor relating the projector view and the
two camera views, or the three fundamental matrices relating each unit to another.
In the latter case epipolar transfer was used, and in the former point transfer using
the trifocal tensor was the employed point transfer method.

In both cases the point transfer itself is a straightforward use of the theory in
chapter 3, so the difficulty lies in estimating the fundamental matrices or the trifocal
tensor.

For estimating the fundamental matrix given 8 or more correspondence points
between two views there is an OpenCV-function called findFundamentalMat, that
essentially uses the method outlined in section 3.2.2, to produce an estimate of
the fundamental matrix given a set of point correspondences. This function was
used to find all three fundamental matrices before performing the epipolar transfer.
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However, the procedure for estimating the trifocal tensor given a number of three
way correspondences was more tedious and will be explained in the following section.

4.1.1 Estimating the trifocal tensor
The algorithm for estimating the trifocal tensor takes three corresponding sets of
points as input parameters, and produces an estimate of the trifocal tensor as the
output.

Step 1 of the algorithm is to normalize the sets of points for increased numerical
stability in the estimation. This is done by finding the mean x̄i = (x̄i, ȳi)T and
standard deviances in the x and y directions (sxi , syi) for each of the three sets of
points, and transferring each point by

x̃ij = H ixij =


1
sxi

0 − x̄i

sxi

0 1
syi

− ȳ
i

syi

0 0 1


xijyij

1



such that each transformed set of points x̃,x̃′,x̃′′ is a centroid around the origin,
with a mean distance of

√
2 from the origin, and H,H ′,H ′′ is the transformation

matrices applied to each of the three sets of points. [6]
Using the three normalized sets of points x̃, x̃′, x̃′′ one can use the algorithm

that was outlined in chapter 3, except that (3.11) can be simplified using the fact
that some of the upcoming equations are linearly dependent, and the fact that the
points are on the form x = (x1, x2, 1)T , one arrives at the equation

xk
(
x′ix
′′
l τ

33
k − x′′l τ i3k − x′iτ3l

k + τ ilk

)
= 0 (4.1)

for the four choices i,l = 1, 2. [6]
Equation (4.1), with each of the normalized three way point correspondences

inserted, is then used to obtain a system of equations At = 0 with t containing the
entries of τ as described in chapter 3. This is then solved for t using the unit vector
minimization algorithm from chapter 3.

The trifocal tensor obtained when using the normalized points x̃, x̃′, x̃′′ will
naturally be in the normalized coordinate system itself. To convert between the
normalized tensor τ̃ and the world coordinate tensor τ there is the relation

τ jki = Hr
i (H ′−1)js(H ′′−1)kt τ̃ str (4.2)

Before converting the tensor back from the normalized coordinates, the algo-
rithm of section 3.2.3 for enforcing the internal constraints on the trifocal tensor is
applied to τ̃ . This will result in a geometrically valid estimate of the trifocal tensor,
which will hopefully perform better when doing the point transfer later. [6]

When all the previous steps are done, a geometrically valid estimate of the tensor
τ will have been calculated. Now there are two options: either the calculated trifocal
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tensor is used to perform point transfer, or the tensor is optimized further using the
Gold Standard method. In reality, the optimization of the tensor will take place
right before denormalizing the tensor using (4.2). The benefit of the Gold Standard
method optimization will be evaluated later in this report.

Optimization of the trifocal tensor estimate

This optimization process is a fairly straightforward application of the Gold Stan-
dard method, and the Levenberg-Marquardt algorithm, covered in sections 3.2.5
and 3.3.2 respectively, using the objective function

F =
∑
i

(d(xi, x̂i)2 + d(x′i, x̂′i)2 + d(x′′i , x̂′′i )2)2

as a variation of the original Gold Standard method, to make it easier to adapt to
our version of the Levenberg-Marquardt algorithm.

It is necessary however to add some kind of convergence criterion to the Levenberg-
Marquardt algorithm, and the main criterion used here is that the iteration termi-
nates when the relative change between iterations is too small. In other words the
iteration will terminate whenever the inequality

1− ν < Fi
Fi−1

< 1 + ν

begins to hold, for some value ν such that 0 < ν < 1, and where Fi,Fi−1 is two
values of the objective function for subsequent iterations.

To avoid unnecessary optimization for cases where the trifocal tensor estimate
performs acceptably well, a threshold value t is introduced, such that if

F̄ < t

the iteration will be terminated. In this case F̄ is the value of the objective function,
normalized by division with three times the number of three way correspondences
n used in the estimation process.

If n grows too large the computation time might be inconveniently large, which
is why for n > N a RANSAC like approach will be used to try and keep the
computation time low, as well as making the algorithm a bit more robust to outliers.

What is done is that for n > N , N of the point correspondences is chosen, at
random, to use in running the Levenberg-Marquardt algorithm. When the process
is done, the estimated camera parameters is used to compute

Fmin =
n∑
i=1

(d(xi, x̂i)2 + d(x′i, x̂′i)2 + d(x′′i , x̂′′i )2)2

using all the n point correspondences, and then terminate if 1
3nFmin < t̃, for some

threshold value t̃. In case the value never gets below the threshold value an iteration
counter is also added, so that the algorithm stops after a certain maximum number
of iterations.
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4.1.2 Testing the point transfer methods
A point transfer test was constructed and performed to examine the accuracy of the
different point transfer methods. The outline of the test was to let the projector dis-
play two chessboards, of different size, in sequence on a screen. Two cameras would
then take one image each of the first chessboard, and the location of the corners in
each image would be found using the OpenCV-function findChessboardCorners.

The corners would then be used as corresponding points for the estimation algo-
rithms outlined in the previous section. Three fundamental matrices is calculated
(one for each projector-camera or camera-camera pair), and two trifocal tensors,
one where the Gold Standard optimization method had been used to improve the
tensor, and one where it had been omitted. Note that in the case where the Gold
Standard method is used to optimize the trifocal tensor, the optimization is done
using the normalized image data points, and thus takes place before renormalizing
the trifocal tensor using (4.2).

The second chessboard would now also be captured by both cameras and the
corners would be found in one camera image, and transferred to the other image
using three different point transfer methods:

• epipolar transfer using the calculated fundamental matrices

• point transfer using the non-optimized trifocal tensor

• point transfer using the optimized trifocal tensor

After the point transfer is done, the corners in the second image (the image
to which the corner locations from the first image is transferred) are found using
findChessboardCorners and the results compared. The mean residual between the
corner location according to the point transfer algorithm, and findChessboardCorners
is computed for each point transfer method, as well as the computation time, so a
comparison of how fast and how accurate the different methods are, can be made.

4.2 Projector calibration using two cameras
In this section the method for calibrating the projector and warp the images being
displayed in a correct manner with respect to the shape of the screen will be briefly
explained. The method is an extension of the one used by Andersson, and some of
the details of the method will not be outlined here, but can be found in [1].

4.2.1 Camera calibration for intrinsic parameters
The first step of the calibration is to perform a camera calibration to find the
intrinsic parameters of the camera projection matrix for each of the two cameras,
as well as the radial distortion parameters.

This is done by using a method proposed by Zhang [11], which is used by several
others, such as Andersson[1] and Jordan [7] before this project.
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This method includes taking several pictures of a planar pattern with the camera
to be calibrated, detecting certain feature points in the images, and using these
feature points to estimate the intrinsic camera parameters, as well as the radial
distortion coefficients. The planar pattern will in this case be a chessboard pattern,
and the interest points are therefore all the corners where four chessboard squares
meet. [11]

The intrinsic parameters and the radial distortion parameters will be used in
order to remove radial distortion from images being used during the rest of the
projector calibration.

4.2.2 Gray code calibration

The basis of the calibration revolves around using several Gray code patterns dis-
played in sequence to find a mapping between projector pixels and camera pixels.

For those not familiar with Gray coding it can be thought of as a slight alteration
to binary coding. The idea behind Gray coding is that adjacent numbers should
differ by only one bit, which is not the case for regular binary coding. A simple
example is that in binary coding the number 2 is represented by the binary string
"10", whereas using Gray coding 2 is denoted "11" (and 3 is denoted "01"). Thus
the adjacent numbers of 2, which are 1 and 3, differ only by one bit compared to
the number 2 (1 is written as "01" in both binary coding and Gray coding) which
is not the case for binary coding.

What is done in the Gray code calibration is that Gray code patterns, i.e. black
and white patterns dividing the projector space into regions (either horizontally or
vertically) that are either black or white, are displayed in sequence. The size of the
regions are shrunk as the calibration goes on.

To avoid misreadings due to events captured by the camera, happening outside
of the projector image, each Gray code calibration starts off with each projector
displaying an all white and an all black image captured by the camera, and the
difference between the images is used to calculate a projector mask in the cam-
era space, where only pixels inside the projector mask are considered during the
calibration.

The pixels of the projector mask in the camera space are assigned two binary
strings (one for the x-direction and one for the y-direction) depending on which
sequence of black and white they witness. Thus if a camera pixel would have
captured the sequence white-black-white after three patterns being displayed, it
would be assigned the binary string "101".

These binary strings are then used to create mappings between the projector
space and the two camera spaces. These mappings are stored in two matrices, M1,
M2, of the same size as the projector resolution. Then M jk

i will be the coordinate
in the i:th camera space of the pixel viewing the projector pixel at column j, row
k. If a projector pixel does not map to a camera pixel, that entry will simply be
the zero vector.

All indexes j, k for which both M1 and M2 has a corresponding camera pixel
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Figure 4.1. An illustration showing a Gray code pattern being captured by a camera

will give rise to a three way correspondence. In those cases (j, k, 1)T will be stored,
along withM jk

1 ,M jk
2 so that these points can be used to estimate the trifocal tensor

and the fundamental matrices, using one of the algorithms tested in the first part
of this chapter.

The function of the second camera

When the trifocal tensor has been estimated, all the projector pixels that has not
been viewed by the master view camera but has been viewed by the satellite camera,
which for certain configurations will be a lot of pixels, is added toM1 by performing
point transfer on the corresponding entry of M2. The effect of this will be that if
the satellite camera is placed strategically, large regions of the projector space that
do not map to any camera pixel, can be avoided. This will hopefully simplify the
warping process significantly.
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4.2.3 Warping the projector image
When the mapping M1 from the projector space has been found, it is used to deter-
mine the image warping which is to be applied to images displayed by the projector.
The details of how this is done is more thoroughly explained in Andersson’s thesis
[1], but a brief explanation will be given here.

First of all, the mappingM1, mapping to image coordinates in the master camera
view space, will be transformed into a new mapping M̃ , mapping from projector
image coordinates to gnomic coordinates. Each image coordinate (xi, yi)T will be
converted into a corresponding gnomic coordinate (xg, yg)T using

[
xg
yg

]
=

([
xi
yi

]
−
[
x0
y0

])
f

where f and (x0, y0)T is the focal length and the image center point of the camera
model.

As a next step spline interpolation is used to fit the data in M̃ , and construct
a continuous mapping from the projector space to the gnomic coordinate space
corresponding to the master view camera.

Using this mapping, and knowledge about the field of view of the projector, a
lookup table mapping projector pixels to camera pixels can easily be constructed,
and this lookup table is what is used to finally warp the projector image.
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Chapter 5

Results

In this chapter a few results, such as images projected on screens before and after
running the calibration algorithm as well as quality measurements of point transfer
algorithms, will be posted. The results will be further analysed in chapter 6.

5.1 Experimental Setup

The cameras used in all the experiments where web cameras of the model Logitech
C920, with both automatic focus and shutter control turned off to avoid unexpected
behaviour from the cameras.

The projector screen used is curved in a cylindrical manner, and is approximately
3 meters wide along the curve and 1.5 meters high. The room in which the projector
is located has no windows, so there are no additional light sources apart from the
projector and the screen of the working computer.

The computer used for calculations is a DELL Precision M4800 with the oper-
ating system Windows 7. This unit has a processor working at 2.4 GHz and 16GB
RAM.

All the algorithms in this thesis are implemented using C++ with the IDE Visual
Studio 2010. Some of the code controlling the GUI of the projector calibration
program is however written in C# and C++/CLI.

5.2 Camera Calibration

The camera calibration is done according to the algorithm outlined by Zhang [11],
using about 20 images of a chessboard image with 6× 8 squares.

The two camera matrices of intrinsic parameter are

K1 =

1385 0 943
0 1385 536
0 0 1

 K2 =

1388 0 961
0 1388 556
0 0 1
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where K1 is the intrinsic parameters of the master view camera and K2 is the
intrinsic parameters of the satellite view camera.

The distortion parameters used to correct the images from radial distortion are
k1 = 0.107, k2 = −0.215, k3 = 0 k4 = 0 and k5 = 0.071 for the master view camera,
and k1 = 0.109, k2 = −0.216, k3 = 0 k4 = 0 and k5 = 0.073 for the satellite view
camera.

5.3 Point transfer methods
The point transfer methods was tested using the method outlined in section 4.1.2.
In this particular case, the first chessboard to be displayed was a board with 10× 7
squares, and the second chessboard to be displayed was one with 5× 4 squares.

The resolution of the used cameras was set to 640×480, and the resolution of
the projector was set to 1024×768. In using the Levenberg-Marquardt algorithm to
optimize the normalized trifocal tensor, the values ν = 10−4, t = 10−10 was inserted
in the method outlined in section 4.1.1.

After performing a point transfer, the results were saved and the cameras were
moved to new positions. The cameras were 2-4 meters away from the projector
screen and 1-2 meters from each other for all samples of the point transfer test,
and the cameras’ viewing angles were adapted so that the cameras would have and
non-occluded view of the projector screen.

After performing 10 point transfers the results for the average error (in pixels)
of point locations compared to the locations suggested by findChessboardCorners
was calculated for each of the point transfer methods, as well as the average com-
putation time for the calibration. The results can be found in table 5.1.

Type of point transfer RMS-error [pixels] Computation time [seconds]
Epipolar transfer 111.5 0.197

Trifocal tensor, without optimization 1.14 0.213
Trifocal tensor, using Gold Standard method 0.978 2.544

Table 5.1. A table of the average error and computation time for 10 samples of the
point transfer test

Note that even though the epipolar transfer had by far the highest error on
average in this case, for a lot of samples the epipolar transfer actually had the most
accurate performance. The main reason why the epipolar transfer has an average
error much higher than the other methods is that it failed completely for some
samples, giving an extremely high error for those samples.

5.4 Single Projector Calibration
As a comparison of how well the multi-camera approach to projector calibration
works compared to the single camera approach, two projector calibrations were
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made for the same setup, with the master view camera approximately 3 meters
away straight in front of the screen. For one of the calibrations the master view
camera had clear sight of the entire screen, but for the other calibration the bottom
half of the screen was occluded from the master view, and thus the satellite camera
would be needed. In the first setup Andersson’s original algorithm [1] could be used
to do the calibration, whereas in the second setup the modified version of this thesis
was used.

The resolution of the cameras used were, in both cases, 640 × 480, and the
resolution of the projector was set to 256× 192.

Figure 5.1. An unwarped image of a pattern of squares displayed on a screen

Figure 5.2. A warped image of the same pattern of squares using the single camera
algorithm for the calibration

The results can be found in figures 5.1-5.4, where figure 5.1 is an unwarped
image of the squared pattern that is displayed on the screen, figure 5.2 shows the
warped image when the projector is calibrated using Andersson’s [1] method, figures
5.3 and 5.4 shows the warped image of the squared pattern when the calibration is
done using the multi camera algorithm of this thesis with and without the obstacle
occluding the master view camera during the calibration.

35



CHAPTER 5. RESULTS

Figure 5.3. A warped image of the same pattern of squares using the multi camera
algorithm for the calibration, with the bottom half of the image being occluded

Figure 5.4. A warped image of the same pattern of squares using the multi camera
algorithm for the calibration, with the obstacle occluding the image removed
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Chapter 6

Discussion

In this chapter the results of the previous chapter will be further analysed. Some
possible future work relating to the work of this thesis will also be discussed, as well
as some flaws of the algorithm.

6.1 Analysis of the point transfer methods

The point transfer test of chapter 5 clearly favoured the point transfer done by
the trifocal tensor as opposed to the epipolar transfer done with the fundamental
matrix. This is mostly due to the fact that for certain setups, the epipolar transfer
fails completely, since for a lot of individual samples the epipolar transfer actually
performed better than the trifocal tensor did.

Of course it is not desirable for an algorithm to fail completely in certain spe-
cial cases, but one could argue that since the angle between epipolar lines can be
computed using dot product, there is the possibility of using epipolar transfer for
cases where the angle between epipolar lines are large enough. It would also be
relevant to perform a test to see if there actually is a correlation between low angles
between epipolar lines, and a poor performance of the epipolar transfer, but it is to
be expected from the theory of chapter 3.

When comparing the two versions of estimating the trifocal tensor, it was hard
to establish if there is any significant difference in performance between the two
methods, but it is clear that the optimized method uses about 10 times as much
time for computations, with only a very slightly more accurate performance in this
particular case.

One hypothesis is that since the Gold Standard algorithm uses the point corre-
spondences, the ones given to estimate the tensor, to get a trifocal tensor optimized
to transfer these points in an optimal way, the effects of the optimization might
increase with an increasing number of points. If that is the case, the Gold Stan-
dard algorithm could have an equal performance, or even a worse performance, as
the regular algorithm for estimating the trifocal tensor if few point correspondences
are given, but could perform considerably better if sufficiently many point corre-
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spondences are given. This hypothesis should of course be tested with a similar
test.

However, since there is little that points to the Gold Standard method having a
less accurate performance of the point transfer than the simple method of estimating
the trifocal tensor, the Gold Standard method has been chosen as the algorithm used
in the final projector calibration algorithm, since for most applications the need for
accuracy in the point transfer algorithm is greater than the need for a fast algorithm.

It can be concluded however that regardless of which method is used to estimate
the trifocal tensor, the average error seems to stay around one pixel, which has to
be considered quite acceptable.

6.2 Analysis of the warping algorithm

From the images in figures 5.1-5.4 it is hard to establish any difference between
the image warped using the method of Andersson [1] and the one warped using the
algorithm of this thesis. That is to be expected, considering the methods are very
much alike, but it can be considered a success that there are no obvious artefacts
in the bottom half of the image, which is not visible from the master camera view.

One of the major drawbacks of the warping algorithm seems to be that the
accuracy of the point transfer seems to decrease when the number projector pixels
visible for both the master view and the satellite view camera gets too low. For
such cases it has been noted that the image warping can look irregular, with some
apparent errors. Unfortunately no tests have been performed to decide how big the
common intersection between the camera views has to be for a good result to be
guaranteed, but it can be expected to depend on a number of parameters, such as
resolution of cameras and projector, distance from cameras and projector to the
screen and probably many more parameters.

It can be argued that some quality measure should be introduced, in order to
more rigorously compare the quality of different samples of warped images dis-
played by the projector. This would simplify the process of perfecting the projector
calibration process significantly, but it is not easy to find a good measure for the
quality of the warping, especially not in the regions of the screen occluded from
the master view. Also it can be argued that in all real life applications, a projector
calibration that is satisfactory to the human eye will probably be considered good
enough, so the approach of displaying patterns on the screen and letting humans
decide whether the quality of the of the warping is satisfactory or not is probably
not a horrible approach.

Some artefacts have been found to be reappearing in the projector calibrations,
but all of the artefacts seem to have the same appearance regardless of whether
the implementation of Andersson’s original single camera algorithm [1] or the multi
camera algorithm of this thesis is used. Therefore the implementation of Andersson’s
original algorithm have to be perfected before the software produced in making this
thesis can be used in real life applications.
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In this thesis the focus has been on testing the projector calibration algorithm on
single projector configurations. It has however been confirmed, although not with
very rigorous testing, that if the placement of the satellite view camera is placed
strategically with respect to the master view camera, the result for multi-projector
configurations does not seem to differ from the what has been seen with the single
projector setup.

One feature that actually was added to simplify the calibration process for multi-
projector applications, or single projector applications where the master view cam-
era cannot capture all of the screen at once, is that a color encoded image of the
mapping between projector space and master view camera space is shown to the
user before the interpolation can be started. In this way the user can see if one
mapping contains discontinuities or other strange artefacts, and redo the Gray code
calibration for that particular view. This will hopefully save future users a lot of
time, since they will not have to redo their entire calibration of a five projector
setup just because one Gray code calibration fails for one view, but rather find
about the Gray code failing in an early stage and redo it before having to wait for
the interpolation process to take place first.
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Chapter 7

Conclusion

In conclusion to this master thesis it can be stated that automatic projector calibra-
tion is possible even when the intended viewing position is partially occluded during
the calibration, using a second camera capturing the occluded regions. This func-
tionality has been added to an existing implementation of Andersson’s algorithm
[1] for automatic projector calibration, with a decent result. However, before the
software is used in real life applications like flight simulators, it has to be perfected
to remove some artefacts and be made more user friendly.

A C++ library for performing point transfer using the trifocal tensor, as well
as estimating the trifocal tensor has also been developed in this thesis. The point
transfer algorithm shows an average accuracy of around 1 pixel in testing during
certain conditions, using 64 point correspondences for estimating the trifocal tensor.
In addition, all observations point to the accuracy of the point transfer increasing
with increasing number of point correspondences used for estimating the trifocal
tensor, although the computational time will naturally also increase with an in-
creasing number of point correspondences.

7.1 Further Work and Possible Improvements

The approach of this thesis has been very focused on around improving an existing
projector calibration by adding multiple camera functionality, even though there is
not a lot of previous work on this subject. Therefore there is a lot of investigative
research of how changing resolutions, screen shape, cameras among other things,
will affect the performance of both the point transfer algorithms and the projector
calibration algorithm. This investigative research could prove very useful in future
applications.

The area where more investigative research is perhaps most crucial is in the
area of finding the limitations of the multi-camera calibration algorithm outlined
in this thesis. For example, how large must the common intersection between the
two views be for a successful calibration to occur and what is the lower limit on
resolution, could be two interesting questions to try to answer.
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However since this thesis from the beginning has had a purpose of eventually
being used in a flight simulator, the main focus is the implementations of the algo-
rithms and how the software works. There is definitely some future work in this area
as well, there is still some work to be done in order to obtain a seamless projector
calibration without any visible artefacts. There is also a lot of work to be done
to make the software used for the projector calibration more user-friendly so that
anyone could use it to calibrate their projectors without any aid.

Also more testing needs to be done to determine how this algorithm performs
when there is a larger configuration of several projectors to be calibrated to try and
tackle the possible new problems that arises with a more complex projector setup.
Hopes are high however that this algorithm will be able to show an acceptable
performance with more complex setups than the original algorithm by Andersson
[1] was able to manage.
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