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Abstract

The polaron, a fermionic particle embedded in a bosonic heat bath, is studied with
a diagrammatic Monte Carlo (DMC) method at zero temperature. This involves
the development and implementation of a Metropolis-Hastings algorithm with dia-
gram order, topology and internal variables as elements of the configuration space.
The Fröhlich Hamiltonian with non-dispersive optical phonons is the starting point
for the analysis.
The ground state energy E0 of the polaron is calculated with the DMC method for
low to intermediate coupling parameters α. The results, E0(α), are compared to
the analytic results from perturbation theory. The DMC results coincide very well
with those of perturbation theory for α . 3 but as the coupling parameter reaches
intermediate values around α ≈ 5 the results start to differ mentionably. Also, the
Z0(α)-factors of the polaron are extracted by the DMC approach.
For a given coupling strength α, the momentum dependance of the polaron ground
state energy and its Zk-factor are also studied with the DMC method. This results
in a dispersion curve E0(k) which is compared to perturbation theory. As expected,
the results match for k ≈ 0 but starts to diverge for k & 1 in the conventional units.
The dispersion curve also shows that the endpoint at k =

√
2 given by first order

perturbation theory is not correct.

Key words: Diagrammatic Monte Carlo, polaron problem, perturbation theory,
Monte Carlo simulation, Green function, Fröhlich polaron, Metropolis-Hastings al-
gorithm, imaginary time formalism.
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Preface

This thesis is the result of my Master’s degree project, which has been from January
2016 to June 2016 at the Department of Theoretical Physics at the Royal Institute
of Technology in Stockholm, Sweden. The thesis treats the polaron problem with
the diagrammatic Monte Carlo method.

Overview of the thesis
This paper has six chapters and one appendix which are structured as follows.
Chapter 1 introduces the polaron problem with an historical background, from the
early theoretical work of Landau and Pekar to the more recent numerical develop-
ment of the diagrammatic Monte Carlo method. This method involves the basics of
sampling random numbers with Monte Carlo techniques which is presented in Ch. 2.
To analyze the polaron, one needs the mathematical tools in many particle physics
such as Green functions and perturbation theory. These tools are described in Ch.
3. Chapter 4 is dedicated to a detailed presentation of the diagrammatic Monte
Carlo approach and its application to the polaron problem. Chapter 5 goes through
the results obtained by the diagrammatic Monte Carlo method, showing e.g. po-
laron dispersion relation for the ground state energy and its coupling parameter
dependence. In Ch. 6, the results are discussed and the thesis work is summarized
and concluded with the outlook of the diagrammatic Monte Carlo method and
how it may prove useful in other physical systems. Finally, appendix A contains
a derivation of the Dyson series for the time evolution operator in the interaction
picture.

The following conventional units are used in this paper: m = ~ = ωq = 1 with m
being the electron mass, ~ the reduced Planck’s constant and ωq the non-dispersive
phonon frequency.
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Chapter 1

Introduction

We have always been interested in that which lies beyond the range of the naked
eye. In the cradle of human existence, many of our ancestors must have looked
upon the night sky to seek the purpose of the stars and their patterns. Still today,
we ask ourselves: what is the clockwork of the Universe and what makes it tick?
However, it was not just the infinity of space and its countless stars that made us
wonder. Rather recently, in terms of human history, we have also gained interest
in the smallest constituents of the cosmos. What is all matter made of and how do
these constituents interact with each other?

The process that we have invented to ask and answer the questions, such as those
above, about Nature and the Universe in a systematic and unbiased way is called
science. We use science to gain knowledge about the different aspects of phenom-
ena that we encounter or perceive. To study these aspects we have introduced
disciplines and their respective subdisciplines. Physics is one of these disciplines
and aims to ask, investigate and possibly answer the most fundamental questions
regarding space, matter, time and energy. The progress in physics may therefore
bring major implications for our understanding of Nature as well as technological
advancements. Quantum mechanics and general relativity theory, the two major
discoveries in physics of the 20th century, are good examples of this as they partly
altered our conception of the very small and the vastly big but also lead to inven-
tions such as the computer, accurate space-based navigation systems and highly
efficient light-emitting diode sources.

Historically, physics has been divided into two branches. Theoretical physics is and
has been the study of physical phenomena with mathematical models and logic,
often compelling to those who seek symmetry and beauty in Nature. Experimental
physics is the branch which considers the construction of physical experiments to
gain information about the physical world in a more direct way. Although these
two branches may seem different, they rely on each other for progress and research
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2 Chapter 1. Introduction

projects in physics are nowadays often done mutually by both theorists and ex-
perimentalists. In addition to these two common branches, computational physics
has become a possible third branch of physics due to the advent of high perform-
ing computers. It aims to simulate physical phenomena by constructing computer
programs with algorithms that provides data of the physical system to the extent
not otherwise attainable by pure theoretical treatment or experimental setups. As
such, one may argue that computational physics can not be put under any of the
two traditional branches.

Condensed matter physics is a sub-discipline of physics which considers study-
ing the properties of all matter in the condensed form. The scope of condensed
matter physics is therefore very large, ranging from the study different magnetic
materials [1] to the study of phase transitions [2] and the rather recent discovery of
high-temperature superconductivity [3]. Most systems studied in condensed mat-
ter physics are also very complex and deal with how a large number of particles
interacts and how this interaction manifests itself macroscopically. The notion of
emergence, that the collective behaviour of interacting particles behaves different
than what you would expect by considering the behaviour of the individual parti-
cles themselves, has become very important in condensed matter physics and adds
to its complexity. To simplify these systems, the concept of quasiparticles has been
introduced. They are named as such since they are not fundamental particles by
themselves but rather particles dressed with a cloud of other particles. The particle
which is studied in this thesis is a quasiparticle.

Research in condensed matter physics was heavily focused on the motion of electrons
in crystals and semiconductors in the mid 20th century, partly due to the inven-
tion of the transistor. As such, many interesting results regarding electrons in these
materials were produced during this time period. Bloch [4] and other prominent
physicists showed that an electron moving freely under the influence of a periodic
potential from a crystal lattice will have an effective mass different than the mass
of an electron in vacuum. This was derived from the assumption that the crystal
lattice is rigid. However, the positions of the ions or atoms in a lattice are vari-
able so when an electron moves through a crystal it will polarize the surrounding
crystal lattice. The deformation of the lattice, i.e. the displacements of the crystal
ions/atoms from their equilibrium positions, is described with collective excitations
called phonons [5]. The resulting interaction can thus be called an electron-phonon
coupling. The polarization will follow the electron as it moves throughout the crys-
tal. The electron and its accompanying polarization can thus be regarded as one
entity and called a polaron. It is interpreted as a fermionic quasiparticle, an electron
dressed with phonons. The polaron problem is to calculate and obtain all physical
properties of the polaron such as ground state energy and effective mass.

The first work on the polaron problem was made by Landau and Pekar [6][7].
They were among the first to note that the motion of the ions in a crystal lattice,
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and the induced polarization that follows from it, has considerable effects on the
charge carrier responsible for the polarization. Through a variational calculation
they obtained an estimation of the polaron effective mass higher than that of the
electron effective mass in a periodic potential. They also considered the polaron
under the effect of an external electric field.

Fröhlich et al. [8] proposed a model that treats the dynamics of the polaron quantum
mechanically. The model assumes a continuous media with the polaron wavefunc-
tion extending over several lattice sites. It neglects the effects of spin and considers
only slow moving polarons, i.e. relativistic effects are also neglected. The strength
of the electron-phonon interaction is determined by a dimensionless coupling con-
stant α which varies from 0 to 5 for most crystals [9] but may also extend to higher
values to simulate strong-coupling materials. Furthermore, the phonons are as-
sumed to be non-dispersive with constant frequency. The Fröhlich model and its
corresponding Hamiltonian is among the most studied analytically. Fröhlich [10]
published the perturbation theory results for the polaron ground state energy and
effective mass for small α in 1954. The study of the intermediate and strong cou-
pling regime of the polaron has however mainly been of variational character [11].
Most notably, the results obtained by Feynman [12] [13] is applicable in all coupling
regimes. His variational treatment with path integrals is among the best solutions
to the polaron problem.

For some crystal lattices, the continuum approximation of the Fröhlich model fails.
Holstein [14] developed a model that describes small polarons which dimensions
are of the order of the lattice constant. The model takes the local structure of the
lattice into consideration as the small polaron will experience the potentials of the
individual lattice atoms. Considerable amount of research has been on the Holstein
model and the small polaron concept [15][16][17], but the Fröhlich model will be
the model of interest in this thesis.

The polaron has gained permanent interest in theoretical physics as it can be
considered a starting ground for almost all other many-body problems in quan-
tum condensed matter due to its fundamental setup. In essence, it is the model
of a quantum particle coupled to an environment from which it exchanges energy.
Therefore, many other polaron-like particles has been introduced [9]. One exam-
ple is the acoustic polaron which considers the interaction with acoustic dispersive
phonons. Another example is the bi-polaron which is the concept of two fermionic
quasiparticles being coupled to each other and interacting with a bosonic environ-
ment. The resemblance of the bi-polarons, and possibly multi-polarons in general,
to Cooper pairs in a superconductor has led to a renewed interest in this model due
to its potential applicability to the theory of high-temperature superconductivity.
A polaron can also be considered under the influence of external electromagnetic
fields or as an impurity of a Bose-Einstein condensate etc. The list of polaron-like
concepts is growing and will probably continue to do so.
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When the analytical treatments of the polaron failed, the numerical methods gained
prominence. One of these methods is the diagrammatic Monte Carlo method de-
veloped by Prokof’ev et al. [18]. They used Monte Carlo techniques to generate a
random walk between diagrams in the perturbation expansion of the polaron Green
function. The frequency of each term in the expansion is related to the Feynman
diagram corresponding to that term, i.e. the weight of the term is its diagrammatic
expression given the Feynman rules. The diagrammatic Monte Carlo method can
however be expanded to treat other systems than the polaron and the hopes are
that it will become a general tool to calculate the properties of any strong-coupling
phenomena for which low order perturbation theory fails.

This thesis investigates the diagrammatic Monte Carlo method in detail and applies
it to the polaron problem. Both of these subjects will be discussed and the details
of the diagrammatic Monte Carlo method applied to the polaron will be explained.
In the process, we will answer the following main questions:

1. What are the ground state energy, the ground state weight function and the
effective mass of the Fröhlich polaron for low to intermediate electron-phonon
coupling?

2. How well does the perturbation results match the acquired values of question
1?

3. How is the diagrammatic Monte Carlo method implemented and does it yield
credible results regarding question 1 and 2?

To conclude this introduction the main results of this thesis are listed here:

1. Development, implementation and testing of a unique, self-made code that
does the diagrammatic Monte Carlo method.

2. Reproduction of the known Fröhlich polaron properties, such as ground state
energy and dispersion relation, with the named code.

3. Showing the deviation of the low order perturbation results from the correct
results at intermediate couplings and high polaron momentum.



Chapter 2

Monte Carlo Simulation

To perform a diagrammatic Monte Carlo-approach to the polaron problem, some
background theory is needed. In this chapter, we will cover the Monte Carlo meth-
ods in statistical physics and the basic method called the Metropolis-Hastings al-
gorithm. These Monte Carlo concepts of sampling random numbers to simulate
stochastic phenomena is the underlying engine of this paper. It is also fundamen-
tal to anyone who wishes to pursue knowledge in the application of computational
methods to statistical physics etc. A short summary of the most important con-
cepts in Monte Carlo and Markov chain theory relevant to this work is presented
here.

Apart from the following headings, Monte Carlo will be abbreviated MC and dia-
grammatic Monte Carlo as DMC from here.

2.1 Detailed balance and ergodicity

A Markov process is defined by its transition probabilities P (x → x′) i.e. the
probability to transition from state x to another state x′. Thus, it is imposed that
0 ≤ P (x → x′) ≤ 1 and

∑
x′ P (x → x′) = 1 for any pair of states x and x′.

At equilibrium, we can also define the stationary distribution of states π(x) which
measures the probability of the system to be in state x. Setting the Master equation
[19] equal to 0, the stationary distribution π(x) should satisfy∑

x′

π(x)P (x→ x′) =
∑
x′

π(x′)P (x′ → x) (2.1)

i.e. the net flow of probability to a state must be equal to the net flow of probability
out of the state. Equation (2.1) is called the global balance equation and may be
fulfilled by setting detailed balance

5



6 Chapter 2. Monte Carlo Simulation

π(x)P (x→ x′) = π(x′)P (x′ → x). (2.2)

Detailed balance will be used extensively in our description and implementation of
the DMC method later.

Uniqueness is also imposed on the stationary distribution π(x) of the Markov pro-
cess. This will follow from the ergodicity of the Markov chain. It simply means that,
given any initial state x, all other final states x′ are obtained with finite probability
after a finite number of steps.

2.2 Importance sampling

In many systems, physical or not, some states of the system are more frequent than
others. This can often be described by a distribution function of states e.g. the
Boltzmann distribution of energies in statistical physics or the Gaussian distribution
of variables common in statistics. If we wish to take a finite representative subset
of a large, sometimes infinite, domain of states through random sampling, it is
crucial to generate states whose probability is high since these states contribute the
most to system’s process. Therefore, we sample the states with weights according to
the distribution functions describing the phase space by a process called importance
sampling. Importance sampling will be used to a large extent in the implementation
of the DMC method later.

Monte Carlo integration

Importance sampling may be best described through integration with random num-
bers. Consider the general multidimensional integral

I =

∫
Ω

f(x)dx (2.3)

in which f(x) is an integrable function over the total phase space Ω to be integrated
over having a volume

V =

∫
Ω

dx. (2.4)

We can estimate I as

I ≈ V

N

N∑
i=1

f(xi) = V 〈f〉 ≡ I (2.5)

by sampling N states x uniformly from Ω. To get an error estimate of the estimate
of the integral we can use the unbiased sample variance
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σ2
I =

V 2σ2
f

N
=
V 2

N

(
1

N − 1

N∑
i=1

(f(xi)− 〈f〉)2

)
. (2.6)

The standard error σI =
√
σ2
I ∝ 1/

√
N is independent of dimensionality giving

MC integration an advantage for computing higher dimensional integrals compared
to other known numerical methods (Simpson’s rule etc). Now, by introducing a
normalized positive weight function w(x) and writing (2.3) as

I =

∫
Ω

f(x)

w(x)
w(x)dx =

∫
Ωw

f(y)

w(y)
dy (2.7)

in which dy = w(x)dx and Ωw the integration domain with the changed variables
(normalization yields Vw = 1) we may write

I ≈ 1

N

N∑
i=1

f(yi)

w(yi)
= Iw. (2.8)

With this there will be

σ2
Iw =

σ2
f/w

N
=

1

N

(
1

N − 1

N∑
i=1

(
f(yi)

w(yi)
−
〈
f

w

〉)2
)

(2.9)

As such, we may choose a weight function w(x) that resembles f(x) to minimize
σ2
f/w in (2.9). The standard error σIw will however still decrease as 1/

√
N but

σf/w may be greatly reduced by choosing an appropriate weight function instead
of always choosing x uniformly.

2.3 Metropolis-Hastings algorithm

Metropolis et al. [20] put forth an algorithm that generates a Markov process which
reaches the unique stationary distribution π(x) by sampling states from a desired
distribution P (x) such that π(x) = P (x).

One may separate the transition (x → x′) in two steps. Firstly, a state x′ is
proposed from a proposal distribution g(x → x′) given the current state x. Sec-
ondly, the proposed state is accepted with an acceptance distribution A(x → x′).
As such, the transition probability may be written

P (x→ x′) = g(x→ x′)A(x→ x′). (2.10)

Now, if equation (2.2) is rewritten with π(x) = P (x), the unique stationary distri-
bution equal to the desired distribution, we have
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P (x→ x′)

P (x′ → x)
=
P (x′)

P (x)
(2.11)

By then inserting Eq. (2.10), the following relation can be constructed

A(x→ x′)

A(x′ → x)
=
P (x′)

P (x)

g(x′ → x)

g(x→ x′)
. (2.12)

The acceptance probabilities are now chosen to fulfill equation (2.12) and the
Metropolis choice is

A(x→ x′) = min

(
1,
P (x′)

P (x)

g(x′ → x)

g(x→ x′)

)
. (2.13)

Consequently, the transition is accepted with the probability P (x′)
P (x)

g(x′→x)
g(x→x′) if this

expression is below 1 and always if above 1. The proposal functions g(x→ x′) are
in general arbitrary and may be set to ease the problem at hand.
The algorithm consists of the following steps:

1. Sample an initial state x randomly.

Step 2 → 4 is iterated N times.

2. Given the state x, propose a new state x′ with the proposal function g(x →
x′).

3. Calculate P (x), P (x′) and g(x′ → x). This yields A(x → x′) according to
(2.13).

4. Generate a random number r uniformly between 0 and 1.

(a) If A(x→ x′) < r, reject the transition and return to step 2.

(b) If A(x→ x′) > r, accept the transition, set x = x′ and return to step 2.

Regarding the efficiency of the algorithm, we generally wish to keep the acceptance
ratio close to unity. This means that we will accept the majority of the updates
and in that sense mostly visit the more probable states using importance sampling.

Random numbers and computers
Random numbers generated with computers are not truly random since computers
use deterministic algorithms called pseudo-random number generators to generate
the numbers. In this project we used mt19937, a Mersenne-Twister generator
with a state size of 19937 bits [21]. Whenever reference is made to the sampling
of a random number in the algorithms later discussed, we are in fact considering
pseudo-random numbers.



Chapter 3

Many particle physics and the
polaron

The function of interest in this paper is the Green function, or the single-particle
propagator otherwise known as the 2-point correlation function for the polaron in
the momentum-imaginary time representation. Here, we will consider the properties
of the Green function in this representation and later apply the formalism to the
polaron and derive its Feynman rules. The perturbational aspects of the polaron
will also be considered as we wish to compare these to the results from the DMC
method.

3.1 Green functions

In the momentum- and imaginary time representation (k, τ) the Green function is
defined as

G(k, τ) = 〈vac|ak(τ)a†k(0)|vac〉 . (3.1)

In (3.1) we have the imaginary time τ ≡ it ≥ 0, the annihilation operator ak(τ) =
eHτake−Hτ in the Heisenberg representation with its respective creation operator
a†k(τ) = eHτa†ke−Hτ and |vac〉 being the vacuum state ket. In words, the creation
operator a†k(0) in Eq. (3.1) creates an electron with momentum k at the time origin
0 when acting upon the vacuum state ket. The annihilation operator ak(τ) will
then annihilate the electron at a later time τ .

The Green function in (3.1) contains all the relevant physical information about
the system being studied. Defining {|νk〉} as the complete set of eigenvectors to H
such that H |νk〉 = Eν(k) |νk〉 and by using the identity operator

9



10 Chapter 3. Many particle physics and the polaron

∑
ν

|νk〉 〈νk| = 1 (3.2)

it is possible to expand the Green function in Eq. (3.1) as

G(k, τ) =
∑
ν

∣∣∣〈ν|a†k|vac〉
∣∣∣2 e−(Eν(k)−Evac)τ . (3.3)

Evac = 0 is used throughout this paper and will therefore be omitted below. By
rewriting (3.3) as

G(k, τ) =

∫ ∞
0

e−ωτgk(ω)dω (3.4)

we define the spectral function gk(ω) as

gk(ω) =
∑
ν

δ (ω − Eν(k))
∣∣∣〈ν|a†k|vac〉

∣∣∣2 . (3.5)

If the particle is stable and in its ground state, the long-term behaviour of the
Green function will be the dominant contribution of (3.3)

G(k, τ →∞) = Zke−E0(k)τ (3.6)

where the quasiparticle weight is Zk =
∣∣∣〈ν|a†k|vac〉

∣∣∣2 and its ground state energy
E0(k). The accuracy of this approach is dependent on the energy gap ∆ between
the ground state and the first excited state. For the ground state energy, we may
estimate the error to be ∝ e−∆τ . This means that if we measure at times τ > 5/∆
we will have an error smaller than 1%.

We also wish to have a perturbational expression of the Green function. It is
derived in [22] that the Green function may be written

G(k, τ) =
〈T{U(τ, 0)ak(τ)a†k(0)}〉

0

〈U(τ, 0)〉0
(3.7)

with the time ordering operator T defined in (A.8) and in which 〈 〉0 is the average
of the ensemble of non-interacting particles and U(τ, 0) the time evolution operator
in the interaction picture. By using the expansion (A.10) of the time evolution
operator U(τ, 0) from the appendix we may obtain a perturbational expression of
the Green function G by insertion of U . It is

G(k, τ) =

∑∞
n=0

(−1)n

n!

∫ τ
0

dτ1 . . .
∫ τ

0
dτn 〈T{HI(τ1) . . . HI(τn)ak(τ)a†k(0)}〉

0∑∞
n=0

(−1)n

n!

∫ τ
0

dτ1 . . .
∫ τ

0
dτn 〈T{HI(τ1) . . . HI(τn)}〉0

. (3.8)

This expansion is the basis for the development of G in terms of Feynman diagrams
and further derivation may be found in [22].
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3.2 The Fröhlich polaron

The Fröhlich Hamiltonian is commonly used to describe the dynamics of the po-
laron. Its derivation can be found in various papers and textbooks [10][23]. Here,
for one polaron with momentum k, it is simply presented as

H = He +Hph +He−ph =
k2

2
+
∑
q

b†qbq +
∑
q

V (q)(b†q − b−q)a†k−qak (3.9)

with V (q) = i(2
√

2απ)1/2q−1, with α being the electron-phonon coupling constant
and ak (bq) is the annihilation operator for an electron (phonon) with momentum k
(q) and correspondingly for their respective creation operators. In (3.9) there is also
the q-independent phonon frequency ωq ≡ 1 which is set to unity for convenience.
For continuous momenta the sums in (3.9) will become integrals as∑

q

→
∫

dq

(2π)d
(3.10)

in the d-dimensional case. In this paper d = 3 although the same approach applies
in any dimension.

Feynman rules

In the model described by the Hamiltonian (3.9), there are two relevant bare prop-
agators shown in Fig. 3.1

k
0 τ = G0(k, τ) = e−

k2

2 τ

q
0 τ = D(q, τ) = e−τ

Figure 3.1: The bare propagators of the electron and the phonon and their respec-
tive mathematical factors G0(k, τ) and D(q, τ).
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There are also one relevant vertex shown in Fig. 3.2.

q

= V (q) = i(2
√

2απ)1/2 q−1

Figure 3.2: The electron-phonon vertex and its equivalent mathematical factor
V (q).

All relevant diagrams of the Fröhlich polaron will be built by these three building
blocks. At each vertex we impose momentum conservation and for each phonon
line there will be an integral over its momenta

∫
dq

(2π)3
. (3.11)

Perturbation results and variational treatment

In the polaron problem, some of the properties that one wishes to obtain are the
ground state energy and the effective mass. For small electron-phonon couplings α
it is possible to calculate these properties’ values through perturbation theory. The
results of these calculations, here provided, will be compared to the results acquired
by the DMC method later. Feynman’s variational treatment will be mentioned here
as well for completeness.

Considering the Fröhlich Hamiltonian, it is possible to do a perturbation treat-
ment to calculate energy shifts by dividing the Hamiltonian into two parts, one
unperturbed Hamiltonian

H0 = He +Hph =
k2

2
+
∑
q

b†qbq (3.12)

and one interaction Hamiltonian

HI = He−ph =
∑
q

V (q)(b†q − b−q)a†k−qak. (3.13)

The perturbation expansion of the ground state energy is given by
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∆E0 = 〈0|HI|0〉+
∑
n

|〈n|HI|0〉|2

E
(0)
0 − E(0)

n

+ . . . (3.14)

in which |n〉 is the energy eigenstate of the free Hamiltonian H0 and with H0 |n〉 =

E
(0)
n |n〉. SinceHI changes the number of phonons when acting on a state, 〈0|HI|0〉 =

0. The first order correction in (3.14) has been calculated [23] yielding an integral
over phonon momenta q

∆E0 = −2
√

2απ

∫
dq

(2π)3

2

q2(q2 − 2q · k + 2)
= −α

√
2

k
arcsin

k√
2

(3.15)

in which the integral is done with Feynman parameters. Setting the electron mo-
mentum k = 0 one obtains ∆E0 = −α. However, E. Haga [24] did the next order
calculation with perturbation theory giving ∆E0 = −α− 1.26(α/10)2 for k = 0.

Considering k close to 0, one may expand (3.15) to

∆E0(k ≈ 0) = −α
√

2

k

(
k√
2

+
1

6

(
k√
2

)3

+ . . .

)
= −α

(
1 +

1

6

(
k√
2

)2

+ . . .

)
.

(3.16)
Adding the bare electron kinetic energy to the expansion we obtain

E0(k ≈ 0) =
k2

2
− α

(
1 +

1

6

(
k√
2

)2

+ . . .

)
=

k2

2(1 + α/6)
− α (3.17)

by using the Taylor expansion of 1/(1 + x) for small |x| � 1. By identifying the
polaron effective mass as m∗ = 1 + α/6 we find

m∗

m
= 1 +

α

6
(3.18)

as we have set the electron mass equal to unity in this paper.

Feynman introduced a variational scheme [23], using path integrals and the free
energy inequality E ≤ E′ + 1

β 〈S − S
′〉 for a system with free energy E and action

S and with the corresponding quantities E′ and S′ for a trial system. β → ∞ is
the relevant inverse temperature region. Instead of the electron being bound to a
crystal lattice, he considered the electron being bound to a fictitious particle with
mass M by a spring with spring constant K. The action for this system is
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S′ =
1

2

∫ ∞
0

Ẋ2(t)dt+
C

2

∫ ∞
0

∫ ∞
0

(X(t)−X(s))2e−W |t−s|dtds (3.19)

with W =
√
K/M and C = MW 3/4. This trial system yielded results not only for

small α but also for the intermediate and strong coupling regime. His derivation
led to an integral equation for the ground state energy

E0 ≤
3

4V
(V −W )2 − αV√

π

∫ ∞
0

e−u√
W 2u+

(
V 2−W 2

V

)
(1− e−uV )

du (3.20)

with V 2 = W 2+4C/W . Choosing the set of V andW that generate to lowest upper
bound, he obtained estimates for E in all coupling regimes. Table 3.1 shows some
of the calculated values of E0 from Eq. (3.20) for intermediate to strong coupling
[25].

α 3 5 7 9 11
E0 -3.1333 -5.4401 -8.1127 -11.486 -15.710

Table 3.1: Ground state energy as a function of α for k = 0 calculated with
Feynman’s variational approach.



Chapter 4

Diagrammatic Monte Carlo

4.1 General idea

A method has been developed by Prokof’ev et al. [18] that uses MC techniques
to generate a random walk between terms in a sum of integrals with a varying
number of integration variables, suitable for e.g. Feynman diagrams. The general
mathematical object being considered in this method is a distribution function Q
depending on a set of external variables y and constructed from a infinite series of
integrals with increasing number of dimensionality

Q (y) =

∞∑
n=0

Q(n) =

∞∑
n=0

∑
ξn

∫
dx1...dxnF (ξn, y, x1, ..., xn) (4.1)

where ξn indexes terms with the same order n and the functions F are integrable
functions defined by the diagrammatic rules at hand. The internal and external
variables may be of both discrete and continuous form.

The method is based on a Metropolis-Hastings algorithm in which updates will
have acceptance ratios on the form of Eq. (2.13) with detailed balance between
all states. The updates can be a possible change of e.g. diagram order, diagram
topology, external and internal variables. The main update type will however be
the diagram order change, generating or eliminating sets of internal variables x
according to a selection function W (x). The internal variables can be generated
uniformly, from a exponential function, from a Gaussian distribution or any other
distribution fit for the update and this determines the form of W (x).

15
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General diagram order update

Let us assume that we are at diagram order n and propose a positive diagram order
change m > 0. The detailed balance equation will be

pn→n+mW (x)F (ξn, y, x1, ..., xn) = pn+m→nF (ξn+m, y, x1, ..., xn,x) (4.2)

with pn→n+m being the probability to adress the update that raises the diagram
order and vice versa for pn+m→n. The vector x = (xn+1, xn+2, ..., xn+m) is the
collection of new parameters that are generated from the selection function W (x).
To satisfy this balance equation we can construct an acceptance ratio for raising
the diagram order

A(n→ n+m) = min

(
1,
R(x)

W (x)

)
(4.3)

where
R(x) =

pn+m→n

pn→n+m

F (ξn+m, y, x1, ..., xn,x)

F (ξn, y, x1, ..., xn)
. (4.4)

Conversely, if we wish to lower the diagram order from order n + m → n to order
n, the acceptance ratio is

A(n+m→ n) = min

(
1,
W (x)

R(x)

)
. (4.5)

Note that, in general, it is natural to choose the quotient pn+m→n
pn→n+m

6= 1.

Although we are able to raise and lower the diagram order with any integer m
(such that the diagram order is n ≥ 0), we will restrict ourselves with m = 1 in the
following.
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4.2 The polaron case

This paper applies the expansion (4.1) to the polaron problem. The function of
interest to compute is the momentum-imaginary time Green function G(k, τ) as in
Eq. (3.1). Therefore, we associate Q = G, Q(n) = G(n) and {y} = (k, τ). Equation
(4.1) is interpreted as the expansion of G in Feynman diagrams with electron- and
phonon propagators defined in Fig. 3.1 and the vertex in Fig. 3.2 determining the
form of the functions F (ξn, y, x1, ..., xn) according to the Feynman rules. The in-
ternal variables (x1, ..., xn) are the phonon times and momenta of the diagram ξn.
Also, for brevity, we define D̃(q, τ) = |V (q)|2D(q, τ) since all phonon propagators
has their two respective vertices.

By sampling internal and external variables and accepting these with the accep-
tance ratios defined in (4.3) and (4.5), the goal is to collect enough statistics
for G(k, τ) to yield the long term behaviour properties Zk and E0(k) as in Eq.
(3.6). However, as E0(k) < 0, we use a chemical potential µ < E0(k) and define
G(k, τ, µ) = eµτG(k, τ) to ensure that the contributions and the histogram of G do
not diverge. This means that all diagram contributions G(n) in the expansion of
the Green function will have the prefactor eµτ and that the long-term behaviour of
the Green function becomes

G(k, τ →∞, µ) = Zke−(E0(k)−µ)τ . (4.6)

Thus, the implementation of a chemical potential µ does not alter any of the phys-
ical properties.

Although there are various types of possible updates for the polaron system, we will
focus on two of them: diagram order updates i.e. inserting and removing phonon
propagators, and updates of the diagram time length τ .
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4.2.1 Diagram order updates

0th ←→ 1st order transitions

Let us, in detail, consider the transition from 0 phonons to 1 phonon propagator
and vice versa. The Feynman diagrams for these transitions are in Fig. 4.1.

k
0 τ

←→

k k− q

q

k
0 τ

τ1 τ2

Figure 4.1: From order 0 to order 1 and vice versa.

We will use the Feynman rules presented in Sec. 3.2 and write the corresponding
equations with an additional exponential factor eµτ as prescribed by the DMC
method. As such, the zeroth order term is simply

G0(k, τ, µ) = eµτe−
k2

2 τ . (4.7)

From this we identify F0(k, τ, µ) = e−( k
2

2 −µ)τ . The first order term is

G1(k, τ, µ) = eµτ
∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫
dq

(2π)3
× (4.8)

×
(
G0(k, τ1 − 0)D̃(q, τ2 − τ1)G0(k− q, τ2 − τ1)G0(k, τ − τ2)

)
.

Given this, we set

F1(k, τ, µ,x) = e−( k
2

2 −µ)τ 2
√

2απ

(2π)3q2
e(k·q− q

2

2 −1)(τ2−τ1) (4.9)

after simplifying the exponential factors in G0 and D̃. We can now form the accep-
tance ratios from the detailed balance equation

p0→1W (x)F0(k, τ, µ) = p1→0F1(k, τ, µ,x) (4.10)

which gives

A(0→ 1) = min

(
1,
p1→0

p0→1

2
√

2απ

(2π)3q2
e(k·q− q

2

2 −1)(τ2−τ1) 1

W (x)

)
(4.11)

with (x) = (τ1, τ2,q). The reversed acceptance ratio A(1 → 0) is obtained by
inverting the expression
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A(1→ 0) = min

(
1,
p0→1

p1→0

(2π)3q2

2
√

2απ
e−(k·q− q

2

2 −1)(τ2−τ1)W (x)

)
(4.12)

By using spherical coordinates, it is possible to cancel the q2-factor in the de-
nominator from the functional determinant q2 sin θ, leaving only the trigonometric
function left as

A(0→ 1) = min

(
1,
p1→0

p0→1

2
√

2απ sin θ

(2π)3
e(k·q− q

2

2 −1)(τ2−τ1) 1

W (x)

)
(4.13)

and

A(1→ 0) = min

(
1,
p0→1

p1→0

(2π)3

2
√

2απ sin θ
e−(k·q− q

2

2 −1)(τ2−τ1)W (x)

)
. (4.14)

1st ←→ 2nd order transitions

We have determined the 1st order term in Eq. (4.8). If we wish to study the
transitions from first order to second order, we need to consider all three possible
second order diagrams. We will consider these three cases separately.

a) τ1 < τ2 < τ3 < τ4: The no overlap diagram denoted G2a is depicted in Fig.
4.2.

k

q1

k− q1 kk

q2

k− q2

0 τ
τ1 τ4τ2 τ3

Figure 4.2: Second order diagram with non overlapping phonon lines.

This contribution is

G2a(k, τ, µ) = eµτ
∫ τ

0

dτ1

∫ τ

τ1

dτ2

∫
dq1

(2π)3

∫ τ

τ2

dτ3

∫ τ

τ3

dτ4

∫
dq2

(2π)3
×

×
(
G0(k, τ1 − 0)D̃(q1, τ2 − τ1)G0(k− q1, τ2 − τ1)× (4.15)

×G0(k, τ3 − τ2)D̃(q2, τ4 − τ3)G0(k− q2, τ4 − τ3)G0(k, τ − τ4)

)
which, after simplifying the exponential terms, leads to F2a = F2a(k, τ, µ,x1,x2) as
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F2a = e−( k
2

2 −µ)τ

(
2
√

2απ

q1q2(2π)3

)2

e(k·q1−
q21
2 −1)(τ2−τ1)e(k·q2−

q22
2 −1)(τ4−τ3). (4.16)

b) τ1 < τ3 < τ2 < τ4: The simple overlap diagram G2b is shown in Fig. 4.3.

k

q1

k− q1 kk− q2

q2

k− q1 − q2

0 τ
τ1 τ4τ2τ3

Figure 4.3: Second order diagram with simple overlapping phonon lines.

This diagram will have the contribution

G2b(k, τ) = eµτ
∫ τ

0

dτ1

∫ τ

τ1

dτ3

∫
dq1

(2π)3

∫ τ

τ3

dτ2

∫ τ

τ2

dτ4

∫
dq2

(2π)3
×

×
(
G0(k, τ1 − 0)D̃(q1, τ2 − τ1)G0(k− q1, τ3 − τ1)× (4.17)

×G0(k− q1 − q2, τ2 − τ3)D̃(q2, τ4 − τ3)G0(k− q2, τ4 − τ2)G0(k, τ − τ4)

)
.

We set F2b = F2b(k, τ, µ,x1,x2) as

F2b = e−( k
2

2 −µ)τ

(
2
√

2απ

q1q2(2π)3

)2

e(k·q1−
q21
2 −1)(τ2−τ1)e(k·q2−

q22
2 −1)(τ4−τ3)eq1·q2(τ2−τ3) =

= F2a eq1·q2(τ2−τ3) (4.18)

after simplifying the exponentials.
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c) τ1 < τ3 < τ4 < τ2: Finally, the double overlap diagram G2c is depicted in
Fig. 4.4.

k

q1

k− q1 k

q2

k− q1 − q2 k− q1

0 τ
τ1 τ2τ3 τ4

Figure 4.4: Second order diagram with double overlapping phonon lines.

We will have

G2c(k, τ) = eµτ
∫ τ

0

dτ1

∫ τ

τ1

dτ3

∫
dq1

(2π)3

∫ τ

τ3

dτ4

∫ τ

τ4

dτ2

∫
dq2

(2π)3
×

×
(
G0(k, τ1 − 0)D̃(q1, τ2 − τ1)G0(k− q1, τ3 − τ1)× (4.19)

×G0(k− q1 − q2, τ4 − τ3)D̃(q2, τ4 − τ3)G0(k− q1, τ2 − τ4)G0(k, τ − τ2)

)
.

This corresponds to setting F2c = F2c(k, τ, µ,x1,x2) as

F2c = e−( k
2

2 −µ)τ

(
2
√

2απ

q1q2(2π)3

)2

e(k·q1−
q21
2 −1)(τ2−τ1)e(k·q2−

q22
2 −1)(τ4−τ3)eq1·q2(τ4−τ3) =

= F2a eq1·q2(τ4−τ3). (4.20)
This gives

F2c(k, τ, µ,x1,x2) = F2a(k, τ, µ,x1,x2) eq1·q2(τ4−τ3). (4.21)
From this we see that G2c = G2b under the interchange τ4 ↔ τ2.
With F1 in (4.9), F2i with i = {a,b, c} in (4.16), (4.18) and (4.20) respectively, the
acceptance ratios can be formed

A(1→ 2i) = min

(
1,
p2i→1

p1→2i

F2i

F1

1

W (x2)

)
(4.22)

with (x2) = (τ3, τ4,q2).
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4.2.2 Appropriate forms of W (x)

The functional form of the selection function W (x) is arbitrary and may be suited
for the specific problem at hand. However, for the polaron case presented above,
there are some choices of W that will be more appropriate for better convergence.

We consider W (x) = W (τ1, τ2,q), i.e. when we insert one phonon propagator
with time length τ2−τ1 and with momentum q = (q, θ, φ). It is useful to work with
spherical momentum coordinates as many of the functions involved are spherically
symmetrical and contains only the momentum modulus q.

We start by generating τ1 uniformly over the whole time length τ of the full polaron
propagator. This will contribute with a factor Wτ1 = 1/τ to W. Then, we generate
τ2 between τ1 and τ with a normed exponential weight according to

r =

∫ τ2
τ1
e−(s−τ1)ds∫ τ

τ1
e−(s−τ1)ds

=⇒ τ2 = τ1 − ln(1− r(1− e−(τ−τ1))) (4.23)

with r ∈ U(0, 1) being a uniformly random number generated between 0 and 1.
This will lead to another factor Wτ2 = e−(τ2−τ1)/(1− e−(τ−τ1)) in W .

Given τ1 and τ2, we generate q to cancel more terms in the acceptance ratios.
Working with spherical coordinates, θ and φ are generated uniformly between (0, π)
and (0, 2π) respectively givingWθ = 1/π andWφ = 1/(2π). The modulus q, on the
other hand, is more useful to generate with a Gaussian-like distribution centered
at zero. Consider first the Lorentzian form

r =

∫ q
0

ds
1+s2∫∞

0
ds

1+s2

=⇒ q = tan

(
2r

π

)
(4.24)

yielding a factor Wq = (2/(π(1 + q2))) to the function W . It is also possible to
consider the 1/(1 + s)-distribution as it resembles the Gaussian for s > 0. How-
ever, Gaussian random numbers are possible to generate with e.g. the following
Box-Müller method.[26]

Generate two random numbers r1, r2 ∈ U(0, 1). Then define

η1 =
√
−2 ln r1 cos(2πr2) , η2 =

√
−2 ln r1 sin(2πr2). (4.25)

η1 and η2 will be two random numbers generated with a standard normal distribu-
tion, i.e. η1, η2 ∈ N (0, 1).

Given the Box-Müller transform, it is possible to take one of the η’s and multiply
it with any factor fit to be the standard deviation σ of the distribution. There-
fore, choosing σ = (τ2 − τ1)−1/2 the appropriate normalized factor in the selection
function W will be
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Wq =
2√

2πσ2
e−

q2

2σ2 =

√
2

π
(τ2 − τ1)e−

q2

2 (τ2−τ1). (4.26)

The extra factor 2 in Wq comes from the fact that we are only interested in
q ∈ (0,∞), i.e. half the domain of the Gaussian distribution which is why we
need to normalize with half as much.

Now that we have generated x = (τ1, τ2,q) we have a complete form of the se-
lection function

W (x) = Wτ1Wτ2WθWφWq =
1

τ

e−(τ2−τ1)

(1− e−(τ−τ1))

1

π

1

2π

√
2

π
(τ2 − τ1)e−

q2

2 (τ2−τ1).

(4.27)

The quotient pn+1→n/pn→n+1

The quotient pn+1→n
pn→n+1

depends on the chosen method for updating the diagram order
i.e. how phonons are added and removed from the diagram. If the phonon start time
τ1 is chosen continuously anywhere on (0, τ) there is no additional factor needed
in pn→n+1 as this is accounted for in Wτ1 . Then pn→n+1 = 1. However, when we
choose to remove a phonon propagator randomly with uniform probabilities for the
existing phonons, pn+1→n will be

pn+1→n =
1

Nn+1
ph

=
1

n+ 1
(4.28)

with Nn+1
ph = n+1 being the number of phonon propagators at diagram order n+1.

Thus, the quotient is

pn+1→n

pn→n+1
=

1

n+ 1
. (4.29)

4.2.3 Diagram time length updates
To change the diagram time length τ , we choose a new end time between the nearest
left vertex at τL and ∞ according to the G(0)(k, τ − τL, µ)-distribution. We choose
to include the chemical potential to make sure that the Green function do not
diverge as τ →∞. Explicitly, we have

r =

∫ τ
τL

e−( k
2

2 −µ)(s−τL)ds∫∞
τL

e−( k
2

2 −µ)(s−τL)ds
=⇒ τ = τL −

ln(r)
k2

2 − µ
(4.30)

with r ∈ U(0, 1). This update is always accepted. Also, since τ may be in the
expression ofW (x) depending on the sampling of random numbers, factors ofW (x)
of the diagram must be adjusted every time τ is changed.
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4.3 Simple tests

To test the developed DMC code it is important to consider test cases whose results
are easily calculated by hand or by MC-integration.

We start by considering the simple two term expansion

Q = 1 +

∫ 1

0

x dx =
3

2
. (4.31)

This result may be obtained with the DMC method by alternating between the two
terms setting F0 = 1 and F1 = x. By doing N simulations steps, adding +1 to a
sum for each simulation step and normalizing this sum by the number of times the
system was in the F0-state we obtain 3/2.

The next step is to consider the Eq. (4.31) to 2nd order and then eventually to
any order

Q = 1 +

∫ 1

0

x1 dx1 +

∫ 1

0

x1 dx1

∫ 1

0

x2 dx2 + . . . =

∞∑
m=0

∫ 1

0

x1...xm dx1...dxm =

=

∞∑
m=0

(
1

2

)m
=

1

1− (1/2)
= 2

(4.32)

In this example, we have Fm = x1 . . . xm with F0 = 1.

We are not restricted to change integrand dimensionality with ±1 and we may
set integration limits as part of the external variables {y}. For example, taking
dimension steps of ±2 and limiting x1 < x2 < y will yield an expansion

Q(y) = 1 +

∫ y

0

dx1

∫ y

x1

dx2 +
1

2

∫ y

0

dx1

∫ y

x1

dx2

∫ y

0

dx3

∫ y

x3

dx4 + . . . =

= 1 + I +
1

2
I2 + . . . =

∞∑
m=0

Im

m!
= eI .

(4.33)

with

I = I(y) =

∫ y

0

dx1

∫ y

x1

dx2 =
y2

2
. (4.34)

The symmetry factors in the denominators of (4.33) arise from overcounting in-
distinguishable diagrams and has the same origin as the symmetry factors of the
Dyson series in (A.7).
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G0, G1 and G2 plots

With G0(k, τ, µ) = e−(k2/2−µ)τ and the integral expressions of G1(k, τ, µ) and
G2i(k, τ, µ) with i = {a,b,c}, we can plot these contributions with MC integra-
tion. In Fig. 4.5 we show these contributions with α = 2, k = 0, µ = −2.2 and τ
ranging from 0 to 5.

0 1 2 3 4 5

τ

0.0

0.2

0.4

0.6

0.8

1.0

G
(k
=
0,
τ)

α=2, µ= − 2. 2

G0

G1

G2

G0 +G1 +G2

Figure 4.5: This plot shows the Green function generated by MC integration with
k = 0, α = 2 and µ = −2.2.

The DMC-approach must generate the same plot within arbitrary small statistical
difference given the same external variables. This is a crucial test for the code being
implemented and will serve as an indicator of the reliability of the DMC method.
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Simulation results

We will here present the results from the DMC simulations. Firstly, the zeroth,
first and second order of the Green function are plotted with the DMC method
and compared to the same plots generated by MC integration. Later, we evaluate
the total Green function and show how the ground state energy E0(k) and the
Zk-factors are calculated. These properties are also plotted as functions of α for
k = 0. Finally, we show the DMC results for the dispersion curve E0(k) and the
corresponding Zk-factors with α = 1. When possible, the results are compared to
that of perturbation theory.

5.1 Low orders of G(k, τ, µ)

In Fig. 5.1, the zeroth, first and second contributions of G(k = 0, τ, µ) are plotted
for 0 ≤ τ ≤ 5 and α = 2. The relevant equations for these are (4.8), (4.15), (4.17)
and (4.19) with k = 0. These plots are generated with DMC.

In Fig. 5.2 we have the difference ∆G0+1+2 between the G0+1+2 generated by DMC
and that by MC integration. The purely statistical difference betweenG0+1+2 shows
the exactness of the DMC method and raises its credibility. By generating these
plots one can be sure that the implemented DMC code is correct and that the
analysis can be taken to include all orders of the Green function.
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Figure 5.1: This plot shows the Green function with k = 0, α = 2 and µ = −2.2
generated by DMC.

0 1 2 3 4 5

τ

−0.006

−0.005

−0.004

−0.003

−0.002

−0.001

0.000

0.001

0.002

0.003
α=2, µ= − 2. 2

∆G0+ 1+2

Figure 5.2: A difference plot between G0+1+2 generated by DMC and that by MC
integration.
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5.2 G(k, τ, µ) and its properties

In Fig. 5.3 the total Green function with α = 2, k = 0 and µ = −2.2 is plotted. In
the same figure, a lnG vs. τ -plot is presented for instructive reasons.
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Figure 5.3: In the upper plot, the solid line shows G(k = 0, τ) generated with DMC
and with an exponential fit for large τ as the dashed line. In the lower logarithmic
plot, the same Green function is plotted with a linear fit.
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The exponential fit G(0, τ) = Z0e−(E0−µ)τ for the Green function at large τ yields
the ground state energy E0 and the factor Z0. The long term behaviour of the
Green function in Fig. 5.3 demonstrate how E0(α) and Zk(α) are obtained. The
slope of the linear fit in the lower plot of Fig. 5.3 is −(E0− µ) and the intersection
of the linear fit with the vertical axis is lnZk. These plots has been made for all
the relevant (α,k, µ)-setups in this thesis.

5.2.1 Ground state energy and the Z0-factor
The ground state energy has been calculated for 0 ≤ α ≤ 6 with k = 0. The DMC
results are shown as a function of α in Fig. 5.4 and compared to the second order
perturbation theory result E0 ≈ −α− 1.26(α/10)2 for small α.

0 1 2 3 4 5 6 7

α

−8

−7

−6

−5

−4

−3

−2

−1

0

E
0

Pert. theory 2nd order

DMC

Figure 5.4: The ground state energies for the polaron. The markers are the DMC
results and the dashed line shows the second order perturbation theory results.

As we see, for low coupling parameters α ≤ 3, the DMC results for the energy
coincide very well with the result from second order perturbational theory. However,
for α ≥ 4 the results start differ mentionably and with increasing magnitude.
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Figure 5.5 is showing the DMC result for the α-dependance of the Z0-factor with
k = 0.
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Figure 5.5: The markers are showing the DMC results of the Z0-factor for the
polaron.



5.3. Polaron dispersion relation E0(k) 31

5.3 Polaron dispersion relation E0(k)

The polaron dispersion relation for α = 1 are plotted in Fig. 5.6. The first order
perturbation theory result E0(k) ≈ −α(

√
2/k) arcsin(k/

√
2) are also shown and its

parabolic expansion for small k.
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Figure 5.6: The dispersion relation for the polaron with α = 1. The dots are the
DMC-results. The dashed lines shows the secnd order perturbation theory results
starting at the computed value of E(k = 0). The dashed-dotted line is the parabolic
result with m∗ = 1 + α/6.

The dispersion relation in Fig. 5.6 shows how the ground state energy depends on
the magnitude of the initial momentum k of the polaron. Two additional curves has
been added in the plot to show the match of perturbational theory to the results
for k < 1.
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5.4 The Zk-factor

For completeness, the Zk-factors for α = 1 are shown in Fig. 5.7.
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Figure 5.7: The polaron Zk-factors with α = 1.

Although the error bars increase with k, the overall decreasing trend of the plot is
evident.



Chapter 6

Summary, conclusions and
outlook

This thesis has investigated the DMC method, how it is implemented and the re-
sults it yields when applied to the polaron problem. A self-made program that does
the DMC method has been developed by the author and all presented DMC results
are generated from this program. In general, these results show agreement with the
results of perturbation theory for low coupling parameters α but as α enters the
intermediate regime the results diverge.

Let us recapitulate the contents of this paper. In Ch. 1 we introduced condensed
matter physics and discussed the early work on the polaron. We also gave a brief
introduction to the DMC method and clarified the purpose of the thesis. In Ch. 2
the basic theory of MC simulation and the sampling of random numbers was dis-
cussed. The Metropolis-Hastings algorithm is the key concept of this chapter as it is
fundamental to the implementation of the DMC method. Chapter 3 was devoted to
the study of the Green function in the momentum-imaginary time representation.
We showed that the long-term behaviour of the Green function in this represen-
tation yields the ground state energy of the particle and its Zk-factors. We also
presented the perturbational and variational results of the polaron. In Ch. 4, we
introduced the DMC method and discussed its application to the polaron problem
in great detail. Chapter 5 presented the results obtained by the DMC method and
Ch. 6 is the summary presented here. Additionally, a derivation of the expansion
of the time evolution operator in the interaction picture is presented in appendix A.

The main results of this thesis can be seen in Fig. 5.4 and in Fig. 5.6. From these
figures we can deduce that the DMC approach does yield credible results as they
show the expected deviation from the perturbational results at intermediate α and
k respectively. We can also deduce that the end point k =

√
2 of perturbational
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theory in Fig. 5.6 is not correct as the DMC method gives results for k >
√

2. Also,
the small errors of the DMC method in these two figures are remarkably low given
that the DMC program runtime to generate one of the markers in any of the two
figures is only on the order of one hour. Therefore, it should be easy to minimize
the error bars given enough computation time. The only plot with bad error bars
are the one in Fig. 5.7. The reason for this is probably that the Green function was
not considered at large enough diagram time lengths τ .

Future work on the subject presented in this thesis would involve upgrading the
code developed so far. As mentioned before, we have only considered the two most
basic updates of the method. There are a number of other possible updates to in-
clude. The coupling constant α and the initial electron momentum k may both be
assigned updates as well as for the internal variables (x1, ..., xn). Also, we have only
considered the polaron with 0 external phonons. It is possible to define a N -phonon
Green function with N disconnected phonon lines and implement updates regarding
these as well. One may also consider restrictions on diagram structure and work
with skeleton diagrams and the Dyson equation. The spectral function, defined
in (3.5), may also be considered in greater detail with analytical continuation. Fi-
nally, one may of course consider other models such as the one for acoustic polarons.

There are many possible applications of DMC. Future research possibilities include
the study of bipolarons, multipolarons, polaron in magnetic field, Bose-Einstein po-
larons [27], anisotropic crystals, discrete models (e.g. graphene) and other Hamil-
tonians etc [9]. Due to the underlying field-theoretical aspects of the method it
could very well gain prominence in particle physics and in high energy physics
calculations. The generality of the DMC approach is one of its strengths. It is how-
ever important to implement the algorithm in a representation which gives positive
definite contributions as the convergence of the method strongly depends on this
[28].



Appendix A

Time evolution operator

Consider an Hamiltonian H that one is able to divide in to two terms, one free
particle part H0 and one interaction part HI such that H = H0 + HI. In the
interaction picture we define the time evolution operator as

U(t, t0) = eiH0teiH(t−t0)eiH0t0 (A.1)

that evolves the interaction picture state ket |ψ(t0)〉 according to

|ψ(t)〉 = U(t, t0) |ψ(t0)〉 (A.2)

which satisfies the Schrödinger equation

i
∂

∂t
|ψ(t)〉 = HI |ψ(t)〉 . (A.3)

Substituting (A.2) into (A.3) and cancelling |ψ(t0)〉 we obtain a differential equation
for the time evolution operator

i
∂

∂t
U(t, t0) = HIU(t, t0). (A.4)

Integrating once yields

U(t, t0) = 1− i

∫ t

t0

HI(t1)U(t1, t0)dt1 (A.5)

since U(t0, t0) = 1 according to (A.2). This integration may be iterated to obtain
a Dyson [29] series expansion solution for U(t, t0)

U(t, t0) =

∞∑
n=0

U (n) =

∞∑
n=0

(−i)n
∫ t

t0

dt1 . . .

∫ tn−1

t0

dtnHI(t1) . . . HI(tn). (A.6)

Using the symmetrical integration domains, we may rewrite (A.6) to
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U(t, t0) =

∞∑
n=0

(−i)n

n!

∫ t

t0

dt1 . . .

∫ t

t0

dtnT{HI(t1) . . . HI(tn)} (A.7)

using the time ordering operator

T{HI(t1)HI(t2)} =

{
HI(t1)HI(t2) if t1 > t2

HI(t2)HI(t1) if t2 > t1

(A.8)

such that the time argument grows from the right to the left. Equation (A.7) is a
series expansion of exponential character so we may rewrite it to

U(t, t0) = T

{
exp

(
−i

∫ t

t0

HI(t
′)dt′

)}
. (A.9)

From this expression it is evident that U(t, t0) = U(t, t1)U(t1, t0).

An imaginary time expression for the time evolution operator in the interaction
picture is obtained by substituting it → τ in the previous derivation. Equation
(A.7) becomes

U(τ, τ0) =

∞∑
n=0

(−1)n

n!

∫ τ

τ0

dτ1 . . .

∫ τ

τ0

dτnT{HI(τ1) . . . HI(τn)} (A.10)

and (A.9) becomes

U(τ, τ0) = T

{
exp

(
−
∫ τ

τ0

HI(τ
′)dτ ′

)}
. (A.11)
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