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Abstract

This thesis covers an investigation regarding the failure in the bridge slab of
Gruvvägsbron, which was the result of the full scale test that the bridge was sub-
jected to prior to demolition. Using the non-linear finite element software ATENA
3D, a model of the bridge was assembled, with the purpose to attempt to reenact
the test procedure and realistically capture the failure load and behaviour. This in
order to be able to conclude what kind of failure that occurred.

The initial part of this thesis presents a summary of a conducted literature study,
which aims to give deeper knowledge regarding the linear shear and punching shear
phenomena and their respective failure mechanisms, and how they are applied on
bridge slabs. Furthermore, the shear capacity of the bridge was calculated according
to current design codes.

A parameter study was conducted on the model, which initially showed a over-
stiff response. The aim of this was to study the influence of key variables on the
outcome of the analysis, and hopefully get closer to the failure load acquired in
the experiment. From the studied parameters, it was observed that a combined
reduction of the tensile strength and fracture energy, together with a low fixed crack
coefficient had the largest influence on the outcome of the analysis. It was also
observed that the location of the failure and failing load was dependant on how the
loading was applied to the model, i.e. via load control or deformation control.

The final model failed at a load which surpassed the actual failure load by 10.5%.
The mode of failure obtained in all the analyses were the result of a large shear crack
propagating from the edges of the loading plate, through the slab to the slab/girder-
intersection. This indicates that the type of failure that occurred was primarily due
to a linear shear mechanism with a secondary punching effect.

The design values calculated by keeping with the current codes resulted in too con-
servative values when compared to the obtained failure load from the experiment.
This proves the difficulty in regarding the internal force distribution in slab struc-
tures as well as the shear carrying width, which from the analysis were found to be
larger than that obtained from the code.
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Sammanfattning

Denna uppsats behandlar en utredning gällande brottet i plattan på Gruvvägsbron,
som var resultatet av det fullskaletest som bron utsattes för innan rivning. Med hjälp
av den icke-linjära finita element-programvaran ATENA 3D skapades en modell av
bron, med syfte att på ett realistiskt sätt försöka återskapa experimentet och fånga
brons verkliga beteende. Detta för att således kunna dra slutsatser angående brottets
natur.

Den första delen av denna uppsats innehåller en sammanfattning av en utförd lit-
teraturstudie, som ämnar ge en ökad förståelse angående fenomenen skjuvning och
genomstansning, tillsammans med olika brottmekanismer relaterade till dessa. Vi-
dare har brons motstånd mot skjuv- och genomstansningbrott beräknats enligt rå-
dande normer.

En parameterstudie utfördes på modellen, då den ursprungligen uppvisade ett över-
styvt beteende. Syftet med detta var att studera nyckelparametrars påverkan på
analysens resultat, och eventuellt komma närmare den verkliga brottlasten i ex-
perimentet. Av de studerade parametrarna observerades att en samtida reduktion
av draghållfasthet och brottenergi, samt ett lågt värde på den så kallade "fixed
crack"-koefficienten gav störst inverkan på resultatet. Vidare observerades att brot-
tets lokalisering och brottlasten var beroende av hur lasten påfördes modellen, dvs
genom last- eller deformationsstyrning.

Den slutgiltiga modellen gick till brott vid en last som översteg den verkliga brot-
tlasten med 10.5%. Brottet som skedde var i samtliga analyser resultatet av en
skjuvspricka som sträckte sig från kanten av lastplattan, genom plattan, ner till
mötet mellan platta och balk. Detta indikerar att den typ av brott som skedde var
ett primärt skjuvbrott med en sekundär stanseffekt.

Lastvärdena beräknade enligt rådande normer tycks vara för konservativa, om jäm-
förelse görs med lasten som uppnåddes i experimentet. Detta visar på svårigheten i
att bedöma den inre kraftspridningen i plattor, och även dess skjuvbärande bredd,
då analysen visade att denna var betydligt större än vad som ges i koden.
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Chapter 1

Introduction

1.1 Background

Due to ongoing ground subsidence from underground mining activity, Gruvvägsbron,
located in Kiruna, Sweden, was to be demolished. Prior to demolition, the bridge
was subject to a set of full scale non-destructive and destructive tests. These tests
were performed by a group of researchers from Luleå University of Technology, with
the aim to calibrate and improve the methods for assessment of existing pre-stressed
concrete structures (Bagge, 2014). The non-destructive test consisted of pre-loading
and determination of the residual forces in the post-tensioned cables, while the
destructive tests consisted of loading the bridge girders and slab, respectively, to
failure. The latter of the two destructive tests resulted in a sudden, highly brittle
failure, of which the nature was uncertain. This uncertainty regards whether the
acquired failure was due to punching shear, linear shear, or a mix between them
both. The wish to clarify these circumstances led to the topic of this thesis.

1.2 Problem Description

The extension of this thesis is to study the influence of a concentrated load acting
on a bridge slab resulting in a shear failure. Most existing bridges are designed
in consideration of flexural failure, instead of shear failure. Due to higher traffic
load as well and more conservative codes, part of the existing bridge stock can have
insufficient shear capacity. The shear failure mechanism can be divided into two
different categories, linear shear and punching shear. Linear shear entails that a
shear crack forms in the intermediate distance between the support and the load
in the 2D plane, with the propagation of this cracks eventually resulting in failure.
Punching shear failure starts with the formation of radial and tangential cracks.
This is followed by the formation of a conical surface, which creates a punching cone
leading to a 3D failure (Lantsoght, 2013).
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CHAPTER 1. INTRODUCTION

The shear capacity in present codes are based on semi-empirical expressions. For
linear shear these expressions originate from experiment made on simply supported
(heavily) reinforced (slender) beams, subjected to four-point bending. These con-
ditions are tremendously different from those of a slab loaded with a concentrated
load, as a slab with a greater width might be prone to redistribution of forces. The
set-up for punching shear experiments most often consist of a centric loaded un-
confined slab supported on a column. The knowledge obtained from these tests are
therefore most often not directly applicable on bridge slabs. The shear capacity
in beams was proven to be highly dependant on the width of the beam, while the
capacity of slabs depend on the shear carrying width. This width can be difficult to
approximate and is a known source for error (Lantsoght, 2013).

1.3 Aim

The main aim of this thesis was to evaluate and accurately be able to determine
what kind of failure occurred in the bridge slab. To achieve this, another aim was
to perform an extensive literature study. This in order to obtain enough theoretical
knowledge on the subject. The main focus of the study was theory regarding gen-
eral concrete behaviour, shear failure, as well as theory regarding non-linear finite
element (NLFE) modelling of concrete. After ending the literature study, a series
of NLFE-models were analysed using the FE-software ATENA 3D. The aim of the
FE-analysis (FEA) was to simulate and reenact the test on the bridge slab with
essentially the same results.

1.4 Limitations

The limitations of this thesis mainly regard the NLFEA. Simplifications of the model
and other assumptions made are discussed in detail in Chapter 3. Furthermore, the
shear capacity of the model was compared to calculated values from the proposed
models of the European Standard (CEN, 2005) and the CEB-FIP Model Code 2010
(MC10, 2012). For punching shear this limitation was based on the fact that the
model proposed in (Kinnunen and Nylander, 1960), and the modified model by (Hall-
gren, 1996), both were derived from tests on column supported polar-symmetrical
slabs subjected to a uniformly distributed load. Thus, they were deemed difficult
to apply on the problem studied for this thesis, since the slab in Gruvvägsbron was
loaded eccentrically and not supported in a similar manner.
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1.5. OUTLINE OF THESIS

1.5 Outline of Thesis

The thesis is divided into 6 chapters with associated appendices, each covering
different parts of the working process. In order to give a brief overview of their
content, each chapter is given a description below.

Chapter 2 describes specific properties of Gruvvägsbron such as geometry and ma-
terials used. Furthermore it describes the experiment procedure and presents
results acquired.

Chapter 3 contains necessary theoretical background for the studied subject,
which was obtained through the literature study mentioned in Section 1.3.
It also presents different design approaches regarding the covered subjects of
linear shear and punching shear.

Chapter 4 contains information regarding the assumptions and simplifications
made when building a model in ATENA 3D. Furthermore it describes chosen
material models, together with theoretical background associated with these.

Chapter 5 presents input material data used in the model, together with the re-
sults of a parametric study focusing on clarifying the impact that different key
parameters had on the outcome of the analysis.

Chapter 6 discusses the eventual effects of limitations and assumptions made
throughout this thesis.

Chapter 7 presents the conclusions and proposed subjects for further research.
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Chapter 2

Gruvvägsbron

2.1 Bridge Geometry

Gruvvägsbron was a 121.5 m continuous post-tensioned reinforced concrete girder
bridge, divided into 5 spans with a length of 18.00, 20.50, 29.35, 27.15 and 26.50
m, respectively. It was built with both longitudinal and transversal inclinations of
5% and 2.5%, respectively. According to drawings, the bridge girders and slab was
curved with a radius of 500 m in the western part of the bridge, the real geometry
however, showed that the girders consisted of straight segments, with discontinuities
at the supports (Bagge, 2014).

The bridge superstructure was built up by three parallel longitudinal girders, spaced
5.00 m apart. The girders were connected by a slab on top, and the height of the
girders were 1923 mm, slab thickness included. Each girder was supported by a
550×550 mm2 column over the intermediate supports. The width of the girders var-
ied, from 410 mm in the spans, gradually increasing to 650 mm over intermediate
supports, while gradually increasing to 550 mm at anchorage locations of the post-
tensioned cables. The girders were connected by transverse beams, one at each sup-
port, and two in each span, spaced approximately a third of the spans length apart.
Furthermore, the girders were fitted with a BBRV pre-stressing system consisting of
post-tensioned cables. Each cable was composed of 32 wires, each with a diameter
of 6 mm (Bagge, 2014). The thickness of the bridge slab varied from 300 mm at the
girder-slab intersection, to 220 mm, 1.00 m from the slab/girder-intersection. The
total width of the superstructure was 15.60 m, edge beams included. The geometry
of the bridge is depicted in Figure 2.1.
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CHAPTER 2. GRUVVÄGSBRON

Figure 2.1 Geometry of Gruvvägsbron, and location of the applied load in the
destructive tests (Bagge, 2014).

2.2 Bridge Materials

According to drawings, the bridge superstructure was cast with concrete quality
K400, while being reinforced with bars of steel quality Ks40 and Ks60, according to
Swedish standards (SOU, 1949) and (SOU, 1938), respectively. The steel quality of
the cables used for the post-tensioning system was denoted St145/170.

Each bridge girder was reinforced with three longitudinal φ16 reinforcement bars at
the bottom, which was complemented by additional φ10 bars at the edges which was
spaced 150 mm or 200 mm from eachother in the vertical direction. Furthermore the
girders were fitted with φ10 vertical stirrups spaced 150 mm apart in the longitudinal
direction.
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2.3. TEST SET-UP

The bridge deck slab was reinforced with a mix of φ10 and φ16 in both longitudinal
and transversal direction, which is presented in detail in Figure 2.2.

Ks40 φ16 s300-A
Ks40 φ10 s300-A

Ks60 φ10 s250-A
Ks60 φ10 s150-A

2 Ks40 φ10-A

Ks60 φ10 s250-A

Ks40 φ10-A

Ks40 φ10 s150-L
Ks40 φ10 s150-L

(a)

Ks60 φ16 s440-A

Ks60 φ16 s440-A

Ks60 φ10 s220-A

Ks60 φ16 s440-A

Ks60 φ16 s440-A

(b)

Ks60 φ10 s270-A

Ks60 φ16 s360-A

Ks60 φ16 s360-A

Ks60 φ10 s270-A

(c)

Figure 2.2 Schematics for reinforcement used in ATENA 3D: (a) section view of
sub-span 2; (b) top layer reinforcement; (c) bottom layer reinforce-
ment.

2.3 Test Set-Up

All tests were conducted midspan, between the second and third intermediate sup-
ports. The first non-destruvctive test consisted of a pre-loading procedure, which
was followed by a strengthening of the southern and middle girders. This strengthen-
ing was performed with two different types of systems using carbon fiber reinforcing
polymers (Bagge, 2014). This was followed by another pre-loading procedure, and
then by the first destructive tests of the strengthened girders. As can be seen in
Figure 2.3, four hydraulic jacks, connected to a cable anchored in the bedrock below,
were used to pull two steel beams mounted atop steel plates down onto the bridge.
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The load applied from the hydraulic jacks was systematically increased until failure
of both girders occurred (Bagge, 2014).

Figure 2.3 Set-up for the first destructive test of strengthened bridge girders
(Bagge, 2014).

For the destructive test on the bridge slab, a set-up similar to that which European
standard (CEN, 2003) refers to as load model 2 was used. This was achieved by ro-
tating the northernmost beam, denoted Beam 1 in Figure 2.3, 90◦, placing its centre
880 mm from the outer edge of the northern girder. Hydraulic jack 1 was reused,
and the beam was pulled down onto the bridge slab via two 350×600×100 mm3 steel
plates, spaced 2 m apart. Due to both the transversal and longitudinal inclinations
of the bridge, horizontal concrete surfaces were cast locally under each plate (Bagge,
2014). The loading was then applied at an approximate rate of 80 kN/min, until
failure occured in the slab (Bagge et al., 2015). The test set-up is illustrated in
Figure 2.4.

Figure 2.4 Set-up for destructive test of the bridge slab (Bagge, 2014).
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2.4. SLAB TEST OUTCOME

Prior to all tests, the pavement on the bridge slab was removed, and existing cracks
in the relevant span were thoroughly mapped. The bridge behaviour during the tests
were measured by a total of 141 sensors (Bagge and Elfgren, 2016). However, due
to the extreme external forces, and budgetary constraints, direct measurements of
the applied forces and reaction forces was not possible, which lead to the utilisation
of indirect measurements.

For further information regarding the bridge instrumentation, see (Bagge, 2014) or
(Bagge et al., 2014), and (Bagge and Elfgren, 2016).

2.4 Slab Test Outcome

The bridge slab failed suddenly under the western loading plate at a total applied
load of 3.32 MN, i.e. 1.66 MN per plate. The behaviour displayed was very brittle
and the failure occurred with no prior indication. From the pictures in Figure 2.5, it
can be seen that the western loading plate punched through the slab, while the area
around the eastern loading plate seems completely uncracked on both the upper
and lower surface of the slab. Looking at the failure from below, it can be seen
that the reinforcement bars are still intact. Furthermore, the smooth crack surface
shows that trans-aggregate fracturing occurred, which indicates a high compressive
strength in the concrete.

Figure 2.5 Pictures taken from above and below the bridge deck after remov-
ing the loading device, looking south and north, respectively (Bagge,
2014).
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The load-displacement curves acquired from the experiment are presented in Fig-
ure 2.6. The curves denoted "Northern girder" and "Central girder" represents the
deflection of each girder mid-span. The curves "Western loading plate" and "East-
ern loading plate" shows the deflection of the bridge slab directly underneath its
represented loading plate. Finally, the two curves "Western northern girder" and
"Eastern northern girder" displays the deflection of the northern girder 2 m west
and east from mid-span, respectively.

5 10 15 20 25 30 35 40

0.5

1

1.5

2

2.5

3

3.5

Displacement [mm]

Lo
ad

[M
N
]

Northern girder
Central girder
Western loading plate
Eastern loading plate
Western northern girder
Eastern northern girder

Figure 2.6 Load-displacement curves for sensors in the vicinity of the loading
plates (Bagge et al., 2015).
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Chapter 3

Theoretical Background

3.1 Linear Shear in Reinforced Concrete Slabs

Shear failure in slabs subjected to concentrated loads can occur as either linear shear
or punching shear, by some referred to as two-way shear, see Figure 3.1. Linear
shear is a failure mechanism in which the slab fails as a wide beam, by a shear crack
that developed at one side. Punching shear occurs when a conical failure surface
propagates through the slab, this is further explained in Section 3.2 (Lantsoght,
2013).

Inclined crack

Linear shear Punching shear

Figure 3.1 Shear failure mechanism. Modified from (Attaullah, 2012).

Linear shear behaviour in slabs is a well studied area originating from the beginning
of the 20th century, when the first design methods based on truss models for beams
with stirrups were proposed. It has since been studied using a variety of different
approaches, this due to the complexity of capturing the system of internal forces in
cracked concrete (Lantsoght, 2013).
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CHAPTER 3. THEORETICAL BACKGROUND

3.1.1 Modified Compression Field Theory

Compression Field Theory was first introduced by Mitchell and Collins, and is appli-
cable for concrete members with shear reinforcement subjected to pure torsion. This
method is based on the assumption that the concrete does not carry tension after
cracking, which causes a diagonal compression field to form (Mitchell and Collins,
1974).

In 1986, Vecchio and Collins presented aModified Compression Field Theory (MCFT),
which considers the concretes residual tensile stresses. The theory is based on con-
crete panels fitted with shear reinforcement, subjected to axial stresses and in-plane
shear. The proposed analytical model that resulted from these tests, captures the
tensile and compressive softening behaviour of the cracked concrete (Vecchio and
Collins, 1986). The theory was later extended by Adebar and Collins to include
concrete structures without shear reinforcement. The extension introduced tension
ties perpendicular to the compression strut, to account for the effect from aggregate
interlocking (Adebar and Collins, 1996).

MC10 is based on the modified compression field theory for linear shear. This
theory is not extended to include the behaviour in slabs and is therefore not a
valid design method to use for punching shear, and can be seen as less suitable
for problems concerning slabs with concentrated loads in the near vicinity of the
support (Lantsoght, 2013).

3.1.2 Design According to Model Code 2010

The linear shear resistance of a slab consists of the sum of the resistance of the
concrete and the shear reinforcement as

VRd = VRd,c + VRd,s ≥ VEd (3.1)

where VRd,c is the design shear resistance of the concrete [N];
VRd,s is the design shear resistance of the shear reinforcement

[N];
VEd is the design shear force [N].

If the slab is designed without shear reinforcement VRd,s is set to zero.

For cases when the load is applied at a distance less than twice the slabs effective
height from the support, the design load VEd may be reduced by a factor β calculated
as

β =

{
av
2·d , for d < av ≤ 2 · d
0.5, for av < d

(3.2)
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3.1. LINEAR SHEAR IN REINFORCED CONCRETE SLABS

where av is the intermediate distance between the edge of the sup-
port to the edge of the loading area [mm];

d is the effective depth of slab [mm].

The design shear resistance of the concrete is calculated as

VRd,c = kv ·
√
fck
γc
· z · bw (3.3)

where kv is the coefficient of concrete contributions [-];
fck is the characteristic value of compressive strength of con-

crete,
√
fck should be no greater than 8 [MPa];

γc is a partial safety factor for concrete material properties,
set as 1.39 [-];

z is the effective shear depth, calculated as 0.9 · d [mm];
bw is the length of the control section, as shown in Figure

3.2 [mm].

The control section is taken at the smallest distance between d and av/2 from the
inner edge of the support, as seen in 3.2.

α = 45◦ for clamped slabs,

α = 60◦ for simply supported slabs

αα

bw

av a
dd ≤ av/2

Control
section

Figure 3.2 Control section for shear in slabs. Modified from (MC10, 2012).

The parameter kv is calculated based on the level of approximation used in the
conceptual design, design, or assessment.
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CHAPTER 3. THEORETICAL BACKGROUND

The Model Code 2010 design methods is based on levels of approximations. This
approach regulates the level of accuracy obtained through the calculations. Where
a lower level of approximation yields a lower accuracy. The lower levels can be used
in early stages of the design process since these levels require less calculation time
and effort (Muttoni and Fernández, 2012).

Level I Approximation

For slabs that is not subjected to a significant axial load, with a characteristic
concrete compressive strength fck ≤ 70 MPa, and a characteristic reinforcement
yield strength fyk ≤ 600 MPa.

kv =
180

1000 + 1.25 · z
(3.4)

Level II Approximation

kv =
0.4

1 + 1500 · εx
· 1300

1000 + kdg · z
(3.5)

where εx is the strain in the flexural reinforcement [-];
kdg is a parameter dependant on the maximum aggregate

size [-].

εx =
1

2 · Es · As

(
MEd

z
+ VEd +NEd

(
1

2
∓ ∆e

z

))
(3.6)

where Es is the modulus of elasticity for steel, set as 210 000
[MPa];

As is the area of the longitudinal reinforcement [mm2];
MEd is the design bending moment [Nm];
NEd is the design axial load [N];
∆e is the eccentricity of the axial design load [mm].

To use Eq. 3.6 numerous conditions has to be fulfilled, see (MC10, 2012) for further
information.

The maximum aggregate size is used to calculate the parameter kdg as

kdg =


32

16+dg
≥ 0.75, for dg < 16mm

32
16
, for HSC

1.0, for dg ≥ 16mm
(3.7)

where dg is the maximum aggregate size [mm].
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3.1. LINEAR SHEAR IN REINFORCED CONCRETE SLABS

The shear resistance, VRd, for the analysed bridge slab was calculated as described
in this section, which resulted in a capacity of 532 kN per loading plate with Level II
Approximation. This value is 32.0% of the failure load obtained in the experiment.
The calculations are presented in its entity in Appendix A.

3.1.3 Design According to EN 1992-1-1

The design shear resistance, VRd, in a slab without shear reinforcement should fulfil
the following criterion

VRd = VRd,c ≥ VEd (3.8)

where VRd,c is the design shear resistance of the concrete [N];
VEd is the design shear force [N].

The design shear resistance of concrete cracked by bending, is calculated as

VRd,c =
[
CRd,c · k (100 · ρl · fck)1/3 + k1 · σcp

]
bw · d ≥ (vmin + k1 · σcp) bw · d (3.9)

where CRd,c is a coefficient, calculated as 0.18
γc

, where γc is a partial
factor for the concrete set as 1.5 according to (BFS,
2011) [-];

k is a coefficient, calculated as 1 +
√

200
d
≤ 2.0 [-];

ρl is the reinforcement ratio, calculated as Asl
bw·d , where Asl

is the reinforcement area, ρl ≤ 0.02 [-];
fck is the concrete characteristic compressive cylinder

strength [MPa];
k1 is a coefficient, set as 0.15 according to (BFS, 2011) [-];
σcp is the compressive stress in the concrete from axial load

[MPa];
bw is the smallest cross-section width [mm];
d is the effective depth of slab [mm];
vmin is the minimum resistance stress in a slab, calculated as

0.035 · k3/2 · f 1/2
ck according to (BFS, 2011) [MPa].

For regions of the slab that is uncracked by bending, Eq. 3.9 is replaced with an
alternative equation that can be found in (CEN, 2005).

The smallest cross-section width, or the shear carrying width, is based on the hori-
zontal spreading of the load to the support. Extensive tests have been carried out,
in which the shear capacity were tested for bridge slabs. To approximate bw different
approaches were tested. The results indicated that the French practice gave the best
approximation for the capacity of the slab. The width is calculated by spreading
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CHAPTER 3. THEORETICAL BACKGROUND

the load with a 45 ◦ angle from the far side of the load to the edge of the support,
see Figure 3.3 (Lantsoght et al., 2013).

45◦45◦

bw

Figure 3.3 The smallest cross-section width based on the French practice. Modi-
fied from (Chauvel et al., 2007).

The shear resistance is calculated in a similar manner as the punching shear resis-
tance, see section 3.2.6. The difference lays in the area that the shear resistance
stress is calculated for. For the punching shear resistance a control perimeter is
used, while the shear resistance uses the smallest width of the cross-section.

For slabs loaded close to the support the design load VEd may be reduced with the
reduction factor β, calculated as

β =

{
av
2·d , for 0.5 · d ≤ av ≤ 2 · d
0.5·d
2·d , for av ≤ 0.5 · d

(3.10)

where av is the intermediate distance between the edge of the sup-
port to the edge of the loading area [mm].

Slabs should fulfil the criterion

VEd ≤ VRd,max = 0.5 · bw · d · ν · fcd (3.11)

where VEd is the design load without reduction [N];
VRd,max is the design maximum shear force [N];
ν is the strength reduction factor for concrete cracked in

shear according to (BFS, 2011) [-];
fcd is the design value of the concrete compressive strength

[MPa].

The strength reduction factor is calculated as

ν = 0.6

[
1− fck

250

]
(3.12)

16



3.2. PUNCHING SHEAR IN REINFORCED CONCRETE SLABS

The shear resistance, VRd, for the analysed bridge slab was calculated as described in
this section, which resulted in a capacity of 741 kN per loading plate. This value is
44.6% of the failure load obtained in the experiment. The calculations are presented
in its entity in Appendix B.

3.2 Punching Shear in Reinforced Concrete Slabs

In the beginning of the 20th century, a new method of constructing concrete slabs
was introduced. For the first time, slabs were directly supported on columns, with-
out any intervening beams. The advantage of these so-called flat slab structures,
compared to the conventional slab on beam structures, was the low structural depth
together with the increased flexibility of planning (Hallgren, 1996). However, the
decreased contact area in the slab-column connection leads to high concentrations
of stresses, which eventually may lead to a punching shear failure.

Punching shear, by some referred to as two-way shear, is a highly brittle phe-
nomenon, which is characterised by a conical plug, or punching cone, being pushed
out of the slab under the load from the column, causing failure (Amir, 2014). Flat
slab structures are not the only kind of structures prone to punching. Overall, con-
crete slabs subjected to high local stresses have to be designed against punching. In
bridge deck slabs, punching shear failure can be caused by concentrated loads under
wheels of heavy vehicles.

Punching shear failure generally develops through a combination of radial, flexural
and inclined shear cracks, caused by a combined action of shear and flexural loading.
At low loads, the cracks initiates as flexural cracks in the bottom part of the slab,
within the area formed by the projection of the load. Tangential moments then
cause the formation of radial cracks, spreading from the load projection perimeter.
When the load increases further, radial moments induce the development of inclined
shear cracks, propagating from the tangential cracks. These inclined shear cracks
are what starts to form the punching cone, as can be seen Figure 3.4. With even
further loading, the shear cracks propagates towards the load perimeter, until the
punching capacity is reached and the failure occurs (Amir, 2014).

Figure 3.4 Visualisation of a punching cone. Modified from (Muttoni, 2008).
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CHAPTER 3. THEORETICAL BACKGROUND

There exists a number of different methods to determine punching shear strength.
The following sections among other things presents the ones that are commonly
used. The mechanical model by Kinnunen and Nylander, and the modified model
by Hallgren, are both derived from tests performed on polar-symmetrical slabs. Due
to the complexity of the calculations they were not used in this thesis. They will,
however, still be given a brief explanation.

3.2.1 Compressive Membrane Action

For slab structures, membrane forces are commonly present as a contribution from
possible deformations and boundary conditions. Compressive membrane action
(CMA) initiates from stiff boundary elements that restricts movement in the lat-
eral direction while compressive forces arise as the slab deforms, which causes the
edges of the slab to press outwards against the boundary elements, see Figure 3.5.
This action is beneficial to the flexural capacity of the slab in the close proximity
of the yield lines, as well as giving the slab an increased punching shear capacity.
For larger deflections the slab edges will push inwards, creating tensile membrane
action which favours the reinforcement bars by creating a catenary action (Park and
Gamble, 2000).

Load

Compressive membrane force

Figure 3.5 Compressive membrane actions acting in a slab. Modified from (Amir,
2014).

3.2.2 Mechanical Model by Kinnunen and Nylander

Kinnunen and Nylander made extensive experimental tests on reinforced concrete
slabs to derive an idealised mechanical model, that would describe the punching
shear phenomenon, and to predict an ultimate failure load. The tests were con-
ducted on a series of polar-symmetrical concrete slabs, without shear reinforcement,
supported on column stubs.

The model, as seen in Figure 3.6, is based on the equilibrium of vertical forces
acting upon a sectorial element of the slab portion outside the shear crack. From
these conditions of equilibrium, a system of equations is derived, as functions of the
distance from the bottom surface of the slab to the bottom of the shear crack, y.
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3.2. PUNCHING SHEAR IN REINFORCED CONCRETE SLABS

The system is solved for y using an iterative procedure, which then can be used to
determine the failure load.

h

P

B

r = c
2

r = c0

Q2

P · ∆·ϕ
2·π

R1 ·∆ · ϕ
R3 R2

α R4 ·∆ · ϕ1
3
· y

y
Q1T · ∆·ϕ

2·π

P · ∆·ϕ
2·πR2R3
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∆ϕ

R1 ·∆ϕ

R1

R4

R4 ·∆ϕ
T · ∆·ϕ

2·π

P

T · ∆·ϕ
2·π
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3
· y

y

B
2
− Z2 · cotα + y

3
· cotα

Q1

Z2α

Z1 2 · C1

Figure 3.6 Mechanical model proposed by Kinnunen and Nylander. Modified from
(Kinnunen and Nylander, 1960).

From the tests they observed that the deflection of the slab portion outside the
shear crack increased as a nearly linear function, leading to the conclusion that it
rotated as a rigid body. In the model, this slab portion is carried by a compressed
conical shell, or punching cone, that develops from the column to the bottom of the
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shear crack. The criterion of failure proposed, states that failure occurs when the
tangential concrete strain at the bottom of the slab reaches a characteristic value
(Kinnunen and Nylander, 1960).

Moreover, Kinnunen and Nylander found that the amount of flexural reinforcement
influences the behaviour of the failure, a lower reinforcement ratio, leads to a more
ductile failure. In slabs with low reinforcement ratios, the reinforcement yields
prior to the punching failure, while slabs with high reinforcement ratios fails due to
punching prior before the reinforcement yields.

The procedure to determine the punching shear failure load according to this model,
is presented in its entity in (Kinnunen and Nylander, 1960).

3.2.3 Modified Model by Hallgren

The modified model proposed by Hallgren to determine the punching shear capacity
of reinforced HSC slabs, is based on the model of Kinnunen and Nylander. Similar
to the original model, it considers a polar-symmetrical slab supported on a column
stub, that is externally loaded with a uniformly distributed load. Furthermore,
it also utilises the conclusion made by Kinnunen and Nylander regarding the slab
portion outside the shear crack behaving as a rigid body. The punching load is
similarly calculated by a force equilibrium for the sector element, however, Hallgren
introduces a failure criterion to consider the brittleness of concrete and the size effect
(Hallgren, 1996).

Hallgren derived an advanced algorithm, which based on the equations of force equi-
librium, iteratively solves for the compression zone height and the ultimate punching
shear load. The equations used to solve for the compression zone height considers
the state of elasticity or plasticity of the reinforcing steel within the distance between
the shear crack and the centre of the column. The same consideration is taken into
account to calculate the resulting force of the tangential steel stress, the resulting
radial reinforcement force and the dowel force. The resulting force of the tangential
concrete stress is calculated by considering if the concrete is in an elastic or plastic
state in the tangential direction within a radius that is dependent on the radius of
the column, and the compression zone height, calculated according to the original
model by Kinnunen and Nylander (Hallgren, 1996).

The procedure to determine the punching shear failure load according to this mod-
ified model, is presented in its entity in (Hallgren, 1996).
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3.2.4 Critical Shear Crack Theory

The Critical Shear Crack Theory (CSCT) was introduced in (Muttoni, 1985). For
concrete members without transverse reinforcement the theory arises from the as-
sumption that the linear shear and punching shear strength is dependant on the
roughness and width of a shear crack, which forms through an inclined shear carry-
ing compression strut. This crack propagation, as depicted in Figure 3.7, leads to a
reduced shear strength, and ultimately, a shear failure.

Figure 3.7 Inclined shear carrying strut. Recreated from (Muttoni, 2008).

This theory forms the basis on which Muttoni created his failure criterion for the
punching shear load, with the assumption that the critical shear crack width is
proportional to the product of the rotation of the slab outside the shear crack, ψ,
and the effective depth of the slab. The punching shear load is determined by finding
the intersection of the load-rotation curve and the failure criterion, illustrated in
Figure 3.8, where V is the shear load and Ψ is the rotation of the slab (Muttoni,
2008).

V

ΨΨR

VR

Failure criterion

Punching failure

Load− rotation curve for slab

Figure 3.8 Procedure to calculate the design punching shear load. Modified from
(Muttoni, 2008).

MC10 uses the design method proposed by Muttoni, with some simplified correction
factors to calculate the punching shear load.
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3.2.5 Design According to Model Code 2010

The punching shear resistance is calculated over a basic control perimeter, b1. This
control perimeter is dependant on the effective shear-resisting depth of the slab, dv.
This depth is taken as the distance between the supported area and the centroid of
the reinforcement. The basic control perimeter is taken from a distance of 0.5 · dv
from the outer circumference of the loaded area, see Figure 3.9. If an edge of the slab
cuts through the control perimeter, this edge limits the perimeter. Furthermore, a
shear-resisting control perimeter is calculated, to consider that the shear forces are
non-uniformly distributed along the basic control perimeter.

0.5 · dv 0.5 · dv 0.5 · dv

b1 b1 b1

Figure 3.9 Control-perimeter dependant on the column geometry. Recreated from
(MC10, 2012).

The punching shear resistance is calculated as the sum of the resistance of the
concrete and the resistance of the shear reinforcement as

VRd = VRd,c + VRd,s ≥ VEd (3.13)

where VRd is the design punching shear resistance [N];
VRd,c is the design punching shear resistance of the concrete

[N];
VRd,s is the design punching shear resistance of the shear re-

inforcement [N];
VEd is the design shear force [N].

Only slabs without shear reinforcement will be further discussed in this report, a
detailed description of the design method used for slabs with shear reinforcement
can be found in (MC10, 2012).
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The design punching shear resistance in the concrete is calculated as

VRd,c = kΨ ·
√
fck
γc
· b0 · dv (3.14)

where kΨ is a parameter dependant on the rotation of the slab [-];
fck is the characteristic value of compressive strength of con-

crete [MPa];
γc is a partial safety factor for concrete material properties,

1.39 [-];
b0 is the shear resisting perimeter [mm];
dv is the effective depth of the slab considering support

penetration [mm].

kΨ is calculated as

kΨ =
1

1.5 + 0.9 · kdg · Ψ · d
≤ 0.6, (3.15)

where Ψ is the rotation of the slab [-];
d is the mean effective depth of the slab [mm].

The parameter kdg is calculated according to Eq. 3.7.

The rotation of the slab is calculated using different levels of approximation.

Level I Approximation

The rotation for a flat slab is calculated according to elastic theory with little to no
redistribution of the internal forces as

Ψ = 1.5 · rs
d
· fyd
Es

(3.16)

where rs is the radius of circular isolated slab element, can be
taken as 0.22 ·Lx or 0.22 ·Ly where the maximum value
is used [mm];

fyd is the design yield strength of reinforcing steel in tension
[MPa];

Es is the modulus of elasticity for steel, put as 210 000
[MPa].

To use this level of approximation the criteria 0.5 ≤ Lx
Ly
≤ 2.0 should be fulfilled.
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Level II Approximation

Considers a redistribution of the bending moment, the rotation of the slab is then
calculated as

Ψ = 1.5 · rs
d
· fyd
Es
·
(
mEd

mRd

)1.5

(3.17)

where mEd is the average moment acting on a unit length of the
slab [Nm];

mRd is the design strength on a unit length of the slab [Nm].

The average moment is calculated as

mEd =

VEd
(

1
8

+ |eu,1|
2·bs

)
, for inner columns

VEd

(
1
8

+ |eu,1|
bs

)
≥ VEd

2
, for corner columns

(3.18)

If the tensile reinforcement is considered for the edge columns, the average moment
is calculated as

mEd =

VEd
(

1
8

+ |eu,1|
2·bs

)
≥ VEd

4
, for reinforcement parallel to the edge

VEd

(
1
8

+ |eu,1|
bs

)
, for reinforcement perpendicular to the edge

(3.19)

where eu,i is the eccentricity of the shear force for the investigated
direction (i = x, y, z), from the centre of the control
perimeter [mm];

bs is the support strip width, calculated as 1.5·√rs,x · rs,y ≤
Lmin [mm].

Level III Approximation

This case can be used for irregular slabs or if the criteria 0.5 ≤ Lx
Ly
≤ 2.0 is not

fulfilled.

The average moment is calculated at the circumference of the support area, which
will maximize its value.

Eq. 3.17 can be used to calculate the rotation of the slab. The coefficient 1.5 can be
replaced by 1.2, if rs and mEd is calculated from a linear elastic model. The radius,
rs, is calculated as in Level II, with the restriction for corner or edge columns that
rs ≥ 0.67 · bsr.
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Level IV Approximation

A non-linear analysis is used to calculate the rotation of the slab.

The punching shear capacity for the analysed bridge slab was calculated as described
in the section and is presented in its entity in Appendix C.The capacity, VRd, was
calculated to 387 kN per loading plate with Level II Approximation. This value is
23.3% of the failure load during the experiment.

3.2.6 Design According to EN 1992-1-1

The design model for punching shear failure described in (CEN, 2005) is based
on a fictive control perimeter, u1. The perimeter is taken as the circumference of
fictive area, at a distance of two times the effective depth of the slab from the
circumference of the loaded area, see Figure 3.10. Special measures are taken for
slabs with enlarged column heads, slabs with edge columns, and slabs with varying
effective depth. The design procedure differs, depending on whether or not the slab
is fitted with shear reinforcement. This thesis only covers the method used for slabs
without shear reinforcement.

2 · d 2 · d 2 · d

u1 u1 u1

Figure 3.10 Control perimeter based on the column geometry. Recreated from
(CEN, 2005).

The perimeter of the loaded area needs to fulfil below specified criteria

vEd < vRd,c (3.20)

where vEd is the design value of the applied punching shear stress
[MPa];

vRd,c is the design punching shear resistance of the slab along
the control perimeter [MPa].
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The design value of the applied punching shear stress can be reduced if the reaction
from the support is eccentric with regard to the control perimeter as

vEd = β · VEd
u1 · d

(3.21)

where β is a reduction factor, see (CEN, 2005) for further infor-
mation regarding values [-];

u1 is the control perimeter [mm];
d is the effective depth of slab [mm].

For slabs without shear reinforcement, the design value of the punching shear resis-
tance of a slab is calculated as

vRd,c = CRd,c · k (100 · ρl · fck)1/3 + k1 · σcp ≥ (vmin + k1 · σcp) (3.22)

where CRd,c is a coefficient, calculated as 0.18
γc

, where γc is a partial
factor for the concrete set as 1.5 according to (BFS,
2011) [-];

k is a coefficient, calculated as 1 +
√

200
d
≤ 2.0 [-];

ρl =
√
ρly · ρlx. Is the reinforcement ratio which considers

the ratio in both y- and x-direction, calculated as the
mean over a width of the column width plus 3 · d on
both sides of the column, ρl ≤ 0.02 [-];

fck is the characteristic compressive cylinder strength of the
concrete [MPa];

k1 is a coefficient, set as 0.1 according to (BFS, 2011) [-];
σcp is the compressive stress in the concrete from axial load

[MPa];
vmin is the minimum resistance stress in a slab, calculated as

0.035 · k3/2 · f 1/2
ck according to (BFS, 2011) [MPa].

The compressive stress in the concrete from axial load is calculated as

σcp =
σcy + σcx

2
(3.23)

where σcy is the normal concrete stress in the y-direction, calcu-
lated as NEd,y

Acy
where Acy is the concrete area [MPa];

σcx is the normal concrete stress in the x-direction, calcu-
lated as NEd,x

Acx
where Acx is the concrete area [MPa].

The punching shear capacity, VRd, for the analysed bridge slab was calculated as
described in this section, and the calculations are presented in its entity in Appendix
D. The acquired value for VRd was 611 kN per loading plate, which is 36.8% of the
failure load during the experiment.
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3.3 Finite Element Analysis

The finite element method (FEM) is a numerical method for obtaining an approxi-
mate solution to any given boundary value field problems, which mathematically are
described by differential equations or integral expressions (Cook et al., 2002). The
FEM has advantages over other numerical methods by, amongst other things, being
versatile. A few examples of this versatility is e.g. no restrictions for the geometry,
boundary conditions and loading, together with the ability to combine components
with different mechanical behaviour (bar, beam, plate, cable, and friction elements)
in a single FE-model (Cook et al., 2002). Within structural analysis, FEA provides
means of solving both static and dynamical problems.

In FE-modelling, real structures are stepwise simplified and idealised into mathe-
matical models, before finally being discretised into a FE-model consisting of small
pieces, elements. These elements are connected to one another at points called nodes.
These are subjects of possible displacements, translations and rotations, which are
the structures degrees of freedom. The particular way the elements are arranged to
represent the structure is called a mesh. The process of simplification, idealisation
and discretisation can be seen in Figure 3.11.
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Figure 3.11 Simplification and discretisation of structure into a FE-model. Recre-
ated from (Cook et al., 2002).

The FE-model is in general assembled by first defining the geometry of the structure.
The different structural members are assigned with material properties and mechan-
ical behaviour, while the overall model is assigned with boundary conditions, loads,
prescribed deformations, etc (Malm, 2015). The model is meshed with elements
found suitable to analyse the response of the actual structure.

27



CHAPTER 3. THEORETICAL BACKGROUND

Eventual simplifications give rise to so called modelling and discretisation errors,
which can be reduced by improving the geometry of the model and refining the
mesh into more elements, respectively (Cook et al., 2002).

The solving procedure in a FEA can according to (Andersson, 2015) and (Pacoste,
2015) roughly be described in the five following steps:

1. Assemble global stiffness matrix from
the elements local stiffness matrices.

∑
elem

[k] = [K]

2. Assemble global force vector.
∑
elem

{r} = {R}

3. Impose boundary conditions.

4. Solve the equation of equilibrium. [K] · {D} = {R}

5. Compute internal forces in each ele-
ment.

{i} = [Ni Vi Mi Nj Vj Mj]
T

{D} → {d} {i} = [k] · {r}

where small and capital letters represent local and global matrices, respectively.

3.4 Non-Linear Finite Element Analysis

Linearly behaving FE-models provide satisfactory approximations for most field
problems, however, it is not uncommon that the behaviour of a structure is far
from linear. Within structural analysis, examples of non-linear behaviours are e.g.
material yielding, local buckling, creep, and alternately closing and reopening of
gaps (e.g. cracks in concrete) (Cook et al., 2002). If one wants to portrait a realistic
response of these types of behaviours, a NLFEA needs to be addressed.

Cook et al. (2002) differentiates between three different categories of non-linearity
as following:

Material non-linearity, in which the properties of the material are functions of
the state of stress or strain (e.g. material yielding and creep).

Contact non-linearity, in which the contact between different parts changes, such
as opening and closing of gaps, or surfaces sliding against each other.

Geometric non-linearity, in which equilibrium equations must be solved based
on the deformed shape of the structure due to the size of the deformations.
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Performing a NLFEA is, however, not without trade-off. The increasing complexity
of the analysis demands both increased effort from the analyst in terms of imple-
mentation of materials, loads, and boundary conditions, as well as increased com-
putational cost (Shu, 2015). This increase in computational cost can be accounted
for the fact that stiffness, and possibly even loads for problems within the above
mentioned categories, are functions of displacement or deformation. Consequently,
in the equation of equilibrium [K] · {D} = {R}, both [K] and (possibly) {R} be-
come functions of {D}. Thus, in order to solve the equation for {D}, an iterative
procedure is necessary. In linear FEA, the deformation is assumed to increase pro-
portional to the load, thus, the loads can be applied to the model in a single step,
also called an increment. This is however not the case in NLFEA, where the de-
formation and size of the load varies independently. The result of this is that the
load application has to be divided into several small increments, and the iterative
procedure of finding {D} needs to be repeated for each one of these (Cook et al.,
2002). The cost of each iteration is close to that of a complete linear FEA (Malm,
2015). It should however be noted that increased computational cost is becoming
less of an issue due to the increasing capacity of computers today. As a result of
this, NLFEA is a more frequently undertaken task (Cook et al., 2002).

3.4.1 Iterative Procedure

The procedure to evaluate the non-linear response of a structure subjected to the
load increment, ∆P , begins with the tangential stiffness K0. This stiffness is used
to, through extrapolation, obtain a displacement correction value for the structure,
ca, which is then used to update the structures displacement from u0 to ua. In the
next step, the structures internal forces , Ia, are calculated based on the updated
displacement. The internal forces are subtracted from the total applied load, P , and
forms Ra, the so called force residual for the iteration. The objective of the iteration
is to update the displacement until the force residual meets a beforehand specified
tolerance criterion. With the criterion met, the structure is considered to be in
equilibrium, and the iterative procedure for the next load increment may proceed.
The process is graphically portrayed in Figure 3.12 (Malm, 2015).

Ka

ca

∆P
K0

u0 ua

Ra

Load

Displacement

P

Ia

Figure 3.12 Iteration of an increment in a non-linear finite element analysis.
Recreated from (Malm, 2015).
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3.4.2 Fracture Mechanics

Fracture mechanics is commonly used to describe the non-linear behaviour of crack
opening in concrete. According to fracture mechanics, the three different modes of
failure that can occur in concrete are the tensile, shear and tear failure modes. Out
of these, the tensile mode is the only failure that can occur in concrete in its pure
form, while e.g. shear cracks also initiate as tensile cracks (Malm, 2015).

Figure 3.13 illustrates the stress distribution near the crack tip of a tensile crack.
The figure shows a macro crack that has propagated with a length a0. The length lp
represents the fracture process zone, wherein micro cracks are developed into macro
cracks. Together they form the total crack length. The width of micro and macro
cracks are denoted w and wc, respectively, and as can be seen from the figure, the
stress σ(w) at the transition from micro to macro crack is 0, meaning that the macro
crack is stress free. This stress increases in the fracture process zone, and equals the
tensile strength ft at the crack tip (Malm, 2015).

wc w

σ(w)
ft

a0 lp

crack length

Figure 3.13 Stress distribution near a crack tip for a tensile crack. Recreated from
(Hillerborg et al., 1976).

Concrete crack opening displacement is related to a material property known as frac-
ture energy, Gf , which is defined as the amount of energy needed to obtain a stress
free tensile crack of unit area, and corresponds to the area under the descending
part of the concrete tensile behaviour curve, or crack propagation process, depicted
in Figure 3.14.
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Unloading response
at maximum load

w w
ε · L ε Gf

σ σ σ

∆L ε w

= +

σ = f(w)

Figure 3.14 Crack propagation process of concrete at uniaxial tensile loading.
Recreated from (van Mier, 1984).

Prior to reaching the point of peak tensile strength, further propagation of micro-
cracks will stop if the present load is maintained, and no further loading occurs.
Beyond this point, crack propagation becomes unstable, meaning that the cracks
are able to propagate at loads under the maximum load. The descending part of
the curve following peak tensile strength, which explains this behaviour, known as
tensile softening, describes the crack opening law in which micro-cracks propagate
and finally merge into a stress free macro-crack (Malm, 2015).

Fracture energy for normal strength concrete (NSC) is primarily dependant on the
maximum aggregate size, age of concrete, and the water/cement ratio. In HSC,
aggregate type and content also influence the fracture energy. This influence can be
accounted for by the transition from the interfacial fracturing that occurs in NSC,
to the trans-aggregate fracturing that occurs in HSC (MC10, 2012).

Fracture energy is most desirably determined from a uniaxial tension test of the
known concrete composition. In the absence of these kinds of experimental data,
the fracture energy for normal weight concrete can be estimated according to MC10
as

Gf = 73 · f 0.18
cm (3.24)

where fcm is the concrete mean compressive strength [MPa].

The estimation of Gf according to MC90 includes the influence of aggregate size as

Gf = Gf0

(
fcm
fcm0

)0.7

(3.25)

where Gf0 is the base value of fracture energy as a function of the
aggregate size [Nm/m2];

fcm0 is a reference value for the concrete compressive
strength, set to 10 [MPa].
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Gf0 depends on the maximum aggregate size, dmax and is given in Table 3.2.

Table 3.2 Base value of fracture energy depending on maximum aggregate size.

dmax [mm] Gf0 [J/m2]
8 25
16 30
32 38

3.4.3 Smeared Crack Models

There are two fundamental approaches to model cracking of concrete, the discrete
crack approach, and the smeared crack approach (Malm, 2015).

With the smeared crack approach, the crack openings, which originates from the
elements integration points, are distributed over the entire element and represented
by means of strain. The total strain in the element can consist of both an elas-
tic contribution from the uncracked concrete, together with a non-linear fracturing
strain contribution from the crack opening (Malm, 2015). The total strain may thus
be defined as

εtotal = εelastic + εcrack (3.26)

where εelastic is the elastic strain from the uncracked concrete in the
element [-];

εcrack is the non-linear fracturing strain from the crack opening
in the element [-].

Within the smeared crack approach, there exists two different models, namely the
fixed crack model and the rotated crack model, presented in Figure 3.15.
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τ
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Figure 3.15 Stress and strain state for the fixed and rotated crack models within
the smeared crack approach. Recreated from (Červenka et al., 2016).

In both the fixed crack and rotated crack models, the cracking initiates in the
maximum principal direction, when the maximum principal stress equals the tensile
strength of the concrete. What separates them both is that, in the fixed crack
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model, the crack direction is fixed once the crack opens up, and stays the same
for the remainder of the crack propagation process, regardless of how the state of
stress and strain change due to subsequent loading. This may yield a crack surface
with potential shear stresses, due to the crack direction being different to that of the
maximum principal direction. In the rotated crack model, however, as the maximum
principal direction rotates due to subsequent loading, the crack direction will rotate
too, in order to always coincide with the maximum principal direction, yielding a
crack surface free from shear stresses (Malm, 2015).
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Chapter 4

Finite Element Analysis Using
ATENA 3D/Studio

In order to reenact the bridge slab test, and to study the influence of different
parameters on the cracking and overall behaviour of the slab, a series of NLFEA were
performed with the ATENA 3D Engineering v.5 and ATENA Studio v.5 softwares.
Pre-processing took place in ATENA 3D, while analysis execution, post-processing
and data extraction took place in ATENA Studio. This chapter aims to give a
brief overview of the chosen parameters, program mechanics, as well as underlying
theories and models used in ATENA 3D/Studio.

4.1 Modelling Assumptions and Limitations

Due to both the size and geometric complexity of the bridge, numerous limitations
were made, in order to limit both the CPU-time and size of output files. The
model was limited to represent the span between the second and third support,
longitudinally, while spanning from the outer edge of the superstructure to the
mid-point of the central bridge girder, transversally. This in order to simplify the
support conditions. The longitudinal and transversal inclinations of the bridge were
neglected, and the geometry of the pedestrian walkway was simplified, in order to
reduce the risk for possible singularities caused by sudden changes in geometry.

The model was fictively divided into three sub-spans, with the transverse beams
acting as borders. The central sub-span, which contained the area where the exper-
iment was conducted, was modelled using non-linear material properties. The outer
sub-spans, bridge girders, and transversal beams were all modelled with linear ma-
terial properties. The areas divided into linear and non-linear concrete is presented
in Figure 4.1.
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Non-linear concrete
Linear concrete
Loading plate

Sub-span 1 Sub-span 2 Sub-span 3

(a)

Load

Non-linear concrete

Linear concrete

(b)

Figure 4.1 Representation of model in ATENA 3D: (a) plan view; (b) section view
of sub-span 2.

The post-tensioned cables in the girders were neglected, based on the assumption
made that the girders were previously cracked, and therefore already had an ad-
vantageous effect on the stiffness properties. Reinforcement was only provided for
the non-linear part of the bridge, but was extended into the linear part to simulate
continuity. The reinforcement of the bridge model can be seen in Figure 2.2.

For all performed analyses, the only effects that were considered was the structures
self-weight and the load applied from the hydraulic jack.

4.2 Material Behaviour Definitions

ATENA 3D offers the user three different methods for defining materials and their
properties: direct definition, load from a file, and select from a catalogue. For the
duration of this thesis, all material properties were defined using the direct definition
option. This lets the user select a material type from available models, and defines
the properties based on a few input values (Červenka and Červenka, 2015).

The following sections presents the material models used for the duration of this
thesis, as well as relevant properties and behaviours of these materials.
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4.2.1 Concrete Material Models

As previously mentioned in this chapter, the concrete was modelled with different
behaviour depending on whether or not the cracking of the concrete in that particular
part of the bridge was considered to be of interest. This resulted in the use of
two different concrete material models, presented below, together with essential
behaviours employed by these. The chosen material properties of the concrete are
presented in the parametric study covered in Chapter 5.

Linear Concrete

The linear concrete properties of the bridge girders, transverse beams, and outer
sub-spans, were portrayed using the simplest 3D Elastic Isotropic material model.
This yields a material behaving according to a perfectly linear elastic stress-strain
law, in which no cracking or plastic behaviour can occur.

Non-Linear Concrete

To portray the non-linear behaviour of the concrete in the central sub-span, the
fracture-plastic constitutive material model, CC3DNonLinCementitious2, was used.
This in turn yields a material behaving according to the uniaxial stress-strain law
shown in Figure 4.2.

Ecεc
εc ε0

εd

Loading

σt

σc

Unloading

U

σ

ε

Figure 4.2 Uniaxial stress-strain law of non-linear concrete in ATENA 3D. Recre-
ated from (Červenka et al., 2016).
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Bi-axial Stress Failure Criterion

To describe the bi-axial behaviour of concrete, the CC3DNonLinCementitious2 ma-
terial model utilises the bi-axial stress failure criterion proposed in (Kupfer et al.,
1969). If the state of stress reaches the boundary of the bi-axial stress envelope, de-
picted in Figure 4.3, the material yields. The shape of the stress envelope indicates
that the strength increases with bi-axial compressive stresses. This effect can be
accounted for due to confinement in the concrete, and can give up to a 16% increase
in strength. It can also be seen that a state of combined compression and tension
results in lower strength (Malm, 2015).

σc2

σc1

Tensile
failure

Compressive
failure

fc
ft

ft

fc

Figure 4.3 Biaxial failure envelope for concrete. Recreated from (Červenka et al.,
2016).

Tri-axial Stress Failure Criterion

CC3DNonLinCementitious2 employs two models for the different behaviours of con-
crete in a tri-axial state of stress. For cracking, it employs Rankine failure criterion,
while crushing of concrete is described by a plasticity model based on the failure
criterion by (Menétrey and Willam, 1995). The plasticity model calculates the state
of stress using a predictor-corrector function as

σij = σtij − σ
p
ij (4.1)

where σtij is the predictor stress state [MPa];
σpij is the plastic corrector [MPa].
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The plastic corrector is calculated from the yield function by a so called return
mapping algorithm. The crucial aspect of this algorithm is the return direction, in
which the predictor stress state returns to the failure envelope. The return direction
is given by the plastic potential of the concrete as

Gp (σij) = β · ξ + ρ (4.2)

where β is the factor which determines the return direction [-];
ξ is the hydrostatic stress invariant [MPa];
ρ is the deviatoric stress invariant [MPa].

The value for β is dependant on how the material acts when crushed. If the material
is being compacted during crushing, β is less than 0, if the material volume is
preserved, β is equal to 0, and if the material is dilating, β is greater than 0.

Figure 4.4 presents the Menétrey and Willam failure criterion together with the so
called plastic predictor which shows the return directions for different values of β.

σ1

σ2σ3

ρ
θ

ξ1 ξ2 ξ3

Return
direction

β < 0

β = 0
β > 0

σnij σn−1
ij

σtij

ξ

ρ

Figure 4.4 Menétrey and Willam failure criterion for tri-axial states of stress and
plastic predictor. Modified from (Menétrey and Willam, 1995) and
(Červenka et al., 2016).

The shape of the failure envelope is dependant on an eccentricity factor, e, which
can vary between 0.5 and 1. With an eccentricity factor of 0.5, the failure envelope
takes the form of a triangle, while taking the form of a circle with an eccentricity
factor of 1 (Menétrey and Willam, 1995).
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Concrete Cracking Models

The fracture model of CC3DNonLinCementitious2 is based on an orthotropic smeared
crack formulation and crack band model, and features the fixed crack model and the
rotated crack model described in Chapter 3.4.3. During this thesis work, analyses
were performed using both the fixed and rotated models.

The crack opening law utilised in CC3DNonLinCementitious2 to describe the post
peak tensile softening behaviour is based on the exponential function experimentally
derived by (Hordijk, 1991) as

σ

ft
=

{
1 + (c1 ·

w

wc
)3

}
exp

(
−c2 ·

w

wc

)
− w

wc

(
1 + c3

1

)
exp

(
−c2

)
(4.3)

where σ
ft

is the relative stress [-];
c1 is a constant, set to 3 [-];
c2 is a constant, set to 6.93 [-];
w is the crack width [m];
wc is the critical crack width at which the crack is stress

free [m].

The critical crack width is calculated as

wc = 5.14 · Gf

ft
(4.4)

where Gf is the fracture energy [Nm/m2];
ft is the concrete tensile strength [MPa].

CC3DNonLinCementitious2 computes the crack width, w, by multiplying the sum
of the total value of fracturing strain and current increment fracturing strain, with
the characteristic length Lt. This characteristic length, known as the crack band
width, was introduced by (Bažant and Oh, 1983), and represents the length of the
element over which the crack is distributed. Figure 4.5 depicts the curve represented
by Eq. 4.3, together with the crack band width of a finite element.
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Figure 4.5 Exponential tensile softening and crack band width employed by
ATENA. Recreated from (Červenka et al., 2016).

4.2.2 Reinforcement Material Model

ATENA 3D gives the option to model reinforcement as smeared or discrete reinforce-
ment. Modelling with smeared reinforcement yields special element layers, wherein
a specified reinforcement ratio is smeared over the entire layer, while discrete rein-
forcement is in form of actual reinforcement bars, modelled with 1D truss elements.

The reinforcement in the central sub-span was modelled with the discrete approach.
The material properties were defined using the Reinforcement material model, be-
having according to a bi-linear elastic-perfectly plastic stress-strain law, shown in
Figure 4.6.

σ

ε

Es

σy

σy

Figure 4.6 Bi-linear elastic-perfectly plastic stress-strain law for reinforcement in
ATENA. Recreated from (Červenka et al., 2016).
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The reinforcement was modelled with a perfect bond to the concrete. This was
based on the assumption that every reinforcement bar was continuous over the area
of the failure, thus eliminating possible effect of bond slip between reinforcement
and concrete.

4.3 Boundary Conditions and Loading

ATENA 3D defines boundary conditions and loads as load cases, which then can be
defined for joints, lines, surfaces, or macroelements. To correctly be able to capture
the interaction between the modelled bridge span, and adjacent spans and columns,
the boundary conditions played an important role.

Figure 4.7 shows the applied boundary conditions on the model. In order to account
for the stiffness contribution from the southern part of the bridge superstructure, a
symmetry boundary condition was imposed along the southern longitudinal edge of
the model, as can be seen in Figure 4.7(a). In a similar manner, in order to account
for the stiffness contribution from the adjacent spans, another symmetry boundary
condition was imposed on both the east and west transversal edge of the model,
which is shown in Figure 4.7(b). The columns were considered as rigid supports.
The column boundary conditions were applied on both sides of each girder, over
a surface representing one fourth of column area at the central bridge girder, and
half of the column area at the northern bridge girder, which can be seen in Figure
4.7(c). The rest of the column areas were accounted for by the symmetry boundary
conditions.

42



4.3. BOUNDARY CONDITIONS AND LOADING

(a) (b)

(c)

Figure 4.7 Boundary conditions applied to the model: (a) symmetry boundary
condition; (b) continuous boundary condition; (c) column boundary
condition.

Full details concerning the restrictions for each boundary condition is presented in
Table 4.1.

Table 4.1 Boundary conditions applied to the model.

Boundary Condition Direction
X Y Z

Symmetry Free Fixed Free
Continuous Fixed Free Free
Column Fixed Fixed Fixed

The self-weight was applied to the model in five load increments. The load from the
hydraulic jack was converted to a pressure at the top surfaces of the loading plates,
and was applied through a large number of increments, each adding 2.4% of the
total failure load. This represents the loading ratio of 80 kN/min during the bridge
deck slab test (Bagge et al., 2015).
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4.4 Mesh

Mesh density is highly correlated to the amount of time needed to perform an
analysis, as well as to the result obtained, and therefore, mesh size has to be properly
considered before being decided. This is best done through a convergence analysis,
in which the results for different mesh sizes on the same analysis are compared. If
the difference in results between the mesh sizes are small enough, it can be seen as
an indication that the chosen size is sufficient.

For the model in this thesis, only a small area in the close proximity of the loading
plates was of interest, and thus, the only area where the mesh needed to be refined.
The rest of the model was of lesser importance, and therefore meshed with a coarser
element size. The macroelements in the critical area under the loading plates were
modelled with a mesh size of 50 mm, while surrounding elements and remaining
model were given a mesh size of 120 mm and 500 mm, respectively. The meshed
model is presented in Figure 4.8. For how the specific mesh size was determined,
see Chapter 5.1.

Figure 4.8 Meshed model with a close-up on the refined area, as visualised in
ATENA Studio.

To get a smooth transition between the different mesh densities, and to avoid trouble
with invalid master and slave conditions, all contact surfaces were assigned forced
mesh compatibility (Pryl and Červenka, 2014).
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4.5 Elements

For the duration of this thesis work, the model was meshed with 4-noded CCIsoTe-
tra elements, which are 3D solid tetrahedra elements employing linear interpolation
functions, as shown in Figure 4.9. This choice was based on the fact that the ge-
ometrical complexity of the bridge made it difficult to use rectangular CCIsoBrick
elements due to non-planar surfaces in ATENA 3D, as well as the fact that CCIsoTe-
tra significantly reduced the CPU-time due to the element having fewer nodes and
integration points.
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Figure 4.9 Geometry of a CCIsoTetra element. Recreated from (Červenka et al.,
2016).

4.6 Non-Linear Iterative Solvers

ATENA 3D provides the Newton-Raphson and Arc-Length iterative solvers. Differ-
ent iteration algorithms are used for the two methods in order to calculate for the
stiffness matrix, but both are computational efficient solvers used for material and
geometrical non-linearity.

The Newton-Raphson solver uses a fixed load or displacement for each step, and
obtains the load-displacement response through an iterative procedure and using the
tangential stiffness from previous iterations, see Figure 4.10(a) (Malm, 2015). The
Arc-Length method can be used for cases when the Newton-Raphson method fails
to find convergence, or when wanting to capture the snap-back and snap-through
behaviour of the load-displacement curve (Memon and Su, 2004). The solver changes
both the displacement and loading for each step, with a constant solution path, see
Figure 4.10(b). Therefore it is not suitable for all kinds of problems, for example as
a solver used for body-forces, as it will change the structures self-weight (Červenka
and Červenka, 2015) (Červenka et al., 2016).
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Figure 4.10 Iterative solvers: (a) Newton-Raphson Method recreated from
(Malm, 2015); (b) Arc-Length Method modified from (Memon and
Su, 2004).

For the duration of this thesis work, each analysis was performed using the Newton-
Raphson solver until the point where the load was equal to that of the experiment.
Beyond this point, the Arc-Length solver was used in order to try to capture a
post-peak behaviour in the load-displacement curves.

46



Chapter 5

Parametric Study

A parametric study was conducted in order to analyse the effect changes of key
variables had on the failure load, crack pattern and load-displacement curve. The
initial properties of the materials were fully, or partly based on values obtained from
tests performed on material samples taken from site. For the concrete, these tests
consisted of compressive tests on concrete cylinders with a diameter of 100 mm and
a height of 200 mm (Bagge and Elfgren, 2016). The properties of the linear and
non-linear concrete is presented are Table 5.1.

Table 5.1 Material properties for the concrete.

Property Concrete
Linear Non-linear

Modulus of elasticity [MPa] 32 32
Poisson’s ratio [-] 0.2 0.2

Specific weight [kN/m3] 23 23
Tensile strength [MPa] - 4.377

Compressive strength [MPa] - 62.3
Specific fracture energy [MN/m] - 1.368 · 10−4

Crack shear stiffness factor [-] - 20
Fixed crack coefficient [-] - 0.1

The modulus of elasticity and compressive strength were obtained from the above
mentioned material sample tests, with results presented in (Bagge and Elfgren,
2016). The value for the tensile strength is the default value given by ATENA
3D, and is calculated according to (CEN, 2005) as

ft = 0.24 · fcu2/3 (5.1)

where fcu is the cube compressive strength for concrete [MPa].
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The fracture energy, Gf , was calculated according to the expression from MC90,
given in Eq. 3.25, with an assumed aggregate size of 32 mm. The choice to calculate
according to MC90 was based on the fact that the expression from MC10, given in
Eq. 3.24 yields a higher fracture energy, which may lead to less cracking of the
concrete. The built in function for calculating fracture energy in ATENA 3D is
based on that of (Vos, 1983) as

Gf = 0.000025 · ft (5.2)

This gives a linear relationship between the fracture energy and the tensile strength,
which is not present in the approach given in MC90 or MC10. As a result of this the
influence of the tensile strength and the fracture energy was first studied in isolation,
before being changed in combination to be able to capture the relationship described
in Eq. 5.2.

For the reinforcement, the yield strength and the modulus of elasticity were ob-
tained from uniaxial tensile tests according to (Bagge and Elfgren, 2016), while the
properties for the steel loading plates were taken as default values for steel. The
material properties for the reinforcement and loading plates are presented in Table
5.2 and Table 5.3, respectively.

Table 5.2 Material properties for the reinforcement bars. (Bagge and Elfgren,
2016)

Property Reinforcement
Ks40 φ10 Ks40 φ16 Ks60 φ10 Ks60 φ16

Modulus of elasticity [GPa] 210 210 210 210
Yield strength [MPa] 484 439 679 584

Specific weight [kN/m3] 78.5 78.5 78.5 78.5

Table 5.3 Material properties for the steel loading plates.

Property Steel loading plates
Modulus of elasticity [GPa] 210

Poisson’s ratio [-] 0.3
Specific weight [kN/m3] 78

For the duration of this parametric study, if failure did not occur by the time the
loading reached that of the experiment, it continued loading up until a point that
represented a 60% extra load. If failure was not reached prior to this, the analysis
was interrupted, thus being unable to capture any failing behaviour. Furthermore,
the displacement was compared as the relative between two data points, located in
the middle of the western loading plate and at a point on the girder placed two
meters from mid-span. These points are presented in Figure 5.1.
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Section assessed for the
parametric study

Data point

Figure 5.1 Plan view of sub-span 2, showing data points and section viewed during
the parametric study.

The figures showing the development of compressive stresses presented in this study
were taken at the edge of the loading plate that failed. In the figures showing the
load-displacement curves for each analysis, each saved loading increment is repre-
sented by a mark. The figures presenting the results from each analysis were in
the case of no failure acquried taken from the last step of the analysis, i.e. the
last mark on the load-displacement curve. In the case of failure acquired, the re-
sults were taken from the loading increment prior to the failure, i.e. the mark on
the load-displacement curve just before the sudden change in inclination. This was
done based on the fact that the last increment was interrupted, leading to no con-
vergence in said increment and thus yielding unreliable results. For the cases when
the relative displacement in the post-failure increment vastly exceeded that of the
previous increment, the load-displacement curves seem to abruptly come to an end.
It should however be kept in mind that these curves continue beyond the observed
span of 8.5 mm, this limit was set purely in order to keep a good level of legibility
in the figures.

5.1 Mesh Convergence Analysis

Prior to the study on parameters, a convergence analysis was conducted in order
to find a suitable mesh size for the macroelements directly underneath the loading
plates and to study the mesh sensitivity of the results. Three different mesh sizes of
60 mm, 50 mm and 40 mm were used, while all other variables were being kept con-
stant. The properties studied for the convergence analysis was the crack pattern in
the area surrounding the western loading plate together with the load-displacement
response in comparison with the obtained curve from the experimental set-up.

From the convergence analysis it was observed that all the studied mesh sizes led to
similar results, as can be seen in Figure 5.2. All analysis results show a great amount
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of tensile cracks forming in an increasingly more arc-like pattern in the area of the
lower part of the slab surrounding the loading plates. The minor difference when re-
fining the mesh from 60 mm to 50 mm was a slight increase in shear cracks emerging
from the the top of the slab close to the edges of the loading plate. With a further
refinement of the mesh to 40 mm, the shear cracks continue to increase slightly.
However, the analysis with the 40 mm mesh suffered from problems finding conver-
gence, leading to an approximate increase in CPU-time by 300%. Post-processing
was also made difficult due to the size of the generated input files.

(a) (b)

(c)

Figure 5.2 Isometric view of crack pattern with crack widths greater than 0.3 mm
for the studies mesh sizes: (a) 60 mm mesh; (b) 50 mm mesh; (c) 40
mm mesh.

The load-displacement curves from the mesh convergence analysis are presented in
Figure 5.3. Regardless of the mesh sizes chosen, the curve follows essentially the
same path. The only difference becomes more visible towards the end, when the 50
mm mesh model deflects slightly less than that of the 60 mm model, while the 40
mm deflects slightly more. This difference is however small enough to be considered
insignificant. None of the analyses led to any type of failure occurring in the bridge
deck.
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Figure 5.3 Comparison of load-displacement behaviour for the mesh convergence
study.

As a result of the convergence study, the mesh size of 50 mm was implemented.
This was based on the fact that it yielded slightly more shear cracks than the mesh
sizes of 60 mm, as well as the fact that the finest mesh setting gave a considerable
increase in CPU-time, and led to a low degree of workability in the post-processing
stage. Thus, the complete results of the analysis with 50 mm mesh is presented in
Figure 5.4.
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(a) (b)

(c)

Figure 5.4 Results from analysis with default parameters according to Table 5.1-
5.3: (a) isometric view of crack pattern; (b) section view of crack
pattern; (c) development of compressive stresses. (a) and (b) displays
cracks with widths greater than 0.15 mm, with a maximum crack width
of 1 mm.

5.2 Reduction of Tensile Strength

It is known that both the tensile and compressive strength of concrete increases
up until a certain point in time as the concrete hardens and ages, however, the
relationship between the increase in tensile and compressive strength is not linear,
as can be seen from Eq. 5.1. Furthermore, while the development of the compressive
strength eventually fades and stays essentially the same, the tensile strength will
begin to decrease due to micro cracks originating from effects such as creep and
shrinkage, as well as cracks originating from restraint forces due to temperature and
other kinds of mechanical loading.

According to (Pryl and Červenka, 2014), the tensile strength of the concrete material
model can be reduced down to one tenth of the original tensile strength, in order to
take effects of shrinkage into consideration. With this in mind, the tensile strength
was reduced in two steps, by 50% and 75%, representing an approximate tensile
strength of 2.19 MPa and 1.09 MPa, respectively.
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The results from the analyses, as can be seen in Figure 5.5, shows that a reduction of
tensile strength yields an increasing amount of shear cracks, while the overall crack
pattern is concentrated over a smaller area. The width of the cracks decrease slightly,
which can be explained by the fact that the fracture energy remains unchanged. A
decrease in tensile strength with constant fracture energy yields a more ductile
material behaviour. This can in turn be explained by the fact that the critical crack
width was increased, as can be seen in Eq. 4.4, thus resulting in requiring larger
deformations for a macro crack to form and propagate, ultimately yielding smaller
cracks. This may also explain the more concentrated crack pattern. Furthermore it
can be seen that higher compressive stresses develop, forming a more pronounced
compression strut from underneath the plate to the edge of the beam.

(a) (b)

(c)

Figure 5.5 Results from analysis with a 75% reduction of tensile strength: (a)
isometric view of crack pattern; (b) section view of crack pattern; (c)
development of compressive stresses. (a) and (b) displays cracks with
widths greater than 0.15 mm, with a maximum crack width of 0.9 mm.

The load-displacement diagram in Figure 5.6 shows a continuous increase in deflec-
tion with decreasing tensile strength, which at a 75% reduction tends towards that
measured in the experiment. However, the model still exhibits a large overcapacity,
thus, no analysis led to any kind of failure within the considered loading time frame.
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Figure 5.6 Comparison of load-displacement behaviour with reduced tensile
strength.

5.3 Reduction of Fracture Energy

The fracture energy is one of the key parameters when it comes to crack propagation
in concrete. It is known that a reduction of the fracture energy will increase the
amount of cracks acquired, but not to what extent. Similar to the tensile strength,
the fracture energy was reduced in two steps, by 50% and 75%, representing a
fracture energy of 3.42 · 10−6 MN/m and 1.71 · 10−6 MN/m, respectively.

The results presented in Figure 5.7 shows that reducing the fracture energy yields
a slight increase in both tensile and shear cracks. Furthermore, the analysis shows
an increase in crack widths. The overall increase in crack width can be explained in
the same manner as for the tensile strength. A decrease in fracture energy with a
maintained tensile strength yields a more brittle material behaviour, since for this
case the critical crack width decreases, thus resulting in requiring less deformation
for macro cracks to form and propagate, ultimately yielding larger cracks.
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(a) (b)

(c)

Figure 5.7 Results from analysis with a 75% reduction of fracture energy: (a)
isometric view of crack pattern; (b) section view of crack pattern; (c)
development of compressive stresses. (a) and (b) displays cracks with
widths greater than 0.15 mm, with a maximum crack width of 1.1 mm.

Figure 5.8 shows that the reduction of 50% and 75% result in an almost identi-
cal load-displacement curve. However, the analysis with the greater reduction was
unable to finish the loading procedure due to problems with convergence, which
might be the result of the concrete being too brittle. The extreme brittleness of
the concrete leads to rapid crack growth in each loading step, which in turn leads
to problems for the solver to find convergence, thus interrupting the analysis with
errors.
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Figure 5.8 Comparison of load-displacement behaviour with reduced fracture en-
ergy.

5.4 Combined Reduction of Tensile Strength and
Fracture Energy

The previous sections showed that only reducing one of the factors, tensile strength
or fracture energy, while keeping the other constant, only had a relatively small
effect on the outcome of the analysis. This was concluded to be due to the fact that
changing the parameters one by one changed the material behaviour in terms of
brittleness or ductility. In order to not affect this property, the tensile strength and
fracture energy were reduced in combination, by equal amounts as was performed
in Section 5.2 and 5.3.

The results in Figure 5.9 shows that reducing the tensile strength and fracture
energy in combination drastically increases the development of shear cracks cracks,
while the amount of tensile cracks decreased together with the overall crack width.
No significant change could however be seen in the development of compressive
stresses in the concrete. Figure 5.9(b) shows two fully developed struts of shear
cracks stretching from both sides of the loading plates down to the bottom of the
slab close to the beam-slab intersection, as well as a large tensile crack that not
entirely propagated through the entire slab. Furthermore a shear crack can be seen
propagating from the slab section directly above the beam down towards the beam-
slab intersection.
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(a) (b)

(c)

Figure 5.9 Results from analysis with a 75% reduction of tensile strength and
fracture energy: (a) isometric view of crack pattern; (b) section view
of crack pattern; (c) development of compressive stresses. (a) and (b)
displays cracks with widths greater than 0.15 mm, with a maximum
crack width of 0.7 mm.

As can be seen from the load-displacement curves in Figure 5.10, the model with a
50% reduction fails at a total applied load of 5.12 MN, which is 52% more load than
was applied during the experiment. At the time of failure, the relative displacement
between the beam and slab was 5.31 mm. The model with the 75% reduction failed
at a much earlier stage, at a total applied load of 3.92 MN, which is 17% more than
was applied during the experiment, at a relative displacement of 3.91 mm. The
failures are as previously mentioned represented by sudden changes of inclination in
the load-displacement curves.
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Figure 5.10 Comparison of load-displacement behaviour with reduced tensile
strength and fracture energy.

From this point in the study, the model with the 75% reduction was used the new
calibrated model.

5.5 Reduction of Concrete Modulus of Elasticity in
the Girder

The girders were modelled without any consideration taken to them being cracked
by previous loading. As a result to this the girders contributed with a stiffer re-
sponse than the real behaviour documented for the bridge. In order to account for
the cracked state in which they presently were, and to analyse the response, the
northern girder was given a locally reduced modulus of elasticity in sub-span 2. The
reductions was 10% and 20%, giving a modulus of elasticity of 28.8 GPa and 25.6
GPa, respectively.

Figure 5.11 shows the results of the analysis with a 20% reduction of the modulus
of elasticity. From both the analyses with 10% and 20% reduction, it could be seen
that the crack pattern in the concrete did not change noticeably with a decrease of
the modulus of elasticity.
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(a) (b)

(c)

Figure 5.11 Results from analysis with a 20% reduction of the modulus of elas-
ticity: (a) isometric view of crack pattern; (b) section view of crack
pattern; (c) development of compressive stresses. (a) and (b) dis-
plays cracks with widths greater than 0.15 mm, with a maximum
crack width of 0.8 mm.

The load-displacement curves for the three different cases are presented in Figure
5.12. As can be seen, the curves are fairly similar, however, as the modulus of
elasticity is reduced the displacement increases, which would be expected due to
the increased ductility the material displays as a result of the reduction. However,
while the default model and the 20% reduction captures the post-peak behaviour
of the curve at the exact same load, the curve for the 10% reduction simply stops.
The reason for this is unknown, since crack patterns for this analysis shows similar
results to those displayed in Figure 5.11(b).
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Figure 5.12 Comparison of load displacement behaviour with reduced modulus of
elasticity.

The model with the 20% reduction was chosen as the new calibrated model due to
the slightly better load-displacement curve.

5.6 Fixed/Rotated Crack Approach

The fixed crack coefficient in ATENA 3D regulates at which stress level the direction
of the crack is fixed. A value of 1.0 represents a fixed crack approach, whereas 0
exemplifies a rotated crack approach. The intermediate values determine the locking
level for the crack direction. This entails that if the parameter is set to 0.5 the crack
direction will be fixed once the tensile strength is reduced (due to softening) to 0.5
times that of the initial value (Červenka et al., 2016). The default value given by
ATENA 3D for the fixed crack coefficient is 1.0. This value is however not likely
to represent the reality and a value closer to zero was considered more feasible. A
fixed crack value of 0.1 was therefore set as the default starting value for this study.
To study the influence of this parameter, analyses were run with a fixed crack value
of 1.0, i.e. a completely fixed crack approach, 0.5, and 0, i.e. a completely rotated
crack approach.

The fixed crack coefficient was seen to be highly influential on the crack width
and pattern. When comparing the results from an analysis with the completely
fixed crack approach, to the one with a fixed crack coefficient of 0.1, the amount of
shear cracks greatly decreased in the former, while tensile cracks stayed more or less
the same for both, which can be seen when comparing Figure 5.13 to Figure 5.11.
Furthermore an overall increase in crack width was observed. The same tendencies
were seen when comparing the analysis where the fixed crack coefficient was set to
0.5 to that with 0.1.
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(a) (b)

(c)

Figure 5.13 Results from analysis with a fixed crack coefficient of 1.0, i.e. a fully
fixed crack approach: (a) isometric view of crack pattern; (b) section
view of crack pattern; (c) development of compressive stresses. (a)
and (b) displays cracks with widths greater than 0.15 mm, with a
maximum crack width of 1.3 mm.

The rotated crack approach yielded a model with a somewhat extreme amount of
both shear and tensile cracks, as can be seen from Figure 5.14. Compared to the
completely fixed crack model, the maximum crack width was decreased. When
comparing to the analyses with a fixed crack coefficient of 0.1 and 0.5 however, the
maximum crack width had increased, which might point towards that the completely
fixed or rotated crack approaches yielding larger cracks than the mixed approaches.
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(a) (b)

(c)

Figure 5.14 Results from analysis with a fixed crack coefficient of 0, i.e. a fully
rotated crack approach: (a) isometric view of crack pattern; (b) sec-
tion view of crack pattern; (c) development of compressive stresses.
(a) and (b) displays cracks with widths greater than 0.15 mm, with
a maximum crack width of 1 mm.

The load-displacement curves in Figure 5.15 displays a behaviour which might lead
to a conclusion that an increased fixed crack coefficient increases the stiffness of the
structure. The fully fixed crack analysis failed at a total applied load of 4.64 MN,
the 0.5 fixed crack analysis was interrupted at a total load of 4.16 MN, however,
without capturing the post-peak behaviour of the load-displacement curve. What
is interesting to note is that the rotated crack analysis, despite its large amount of
cracks, finished the analysis without displaying any failing behaviour. The reason
for this is not known, as it would be expected that a model with an increased amount
of cracks would fail at an earlier stage.
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Figure 5.15 Comparison of load displacement behaviour with varying fixed crack
coefficient.

5.7 Crack Shear Stiffness Factor

The crack shear stiffness factor can be denoted as the shear retention factor, and
is the ratio between the reduced shear modulus and the elastic shear modulus. As
the strain normal to the cracks grow, the shear modulus will be reduced as a result
of cracks opening up, thus resulting in a reduced shear stiffness (Červenka et al.,
2016). The shear retention factor is only applicable in the cases with a fixed crack
coefficient greater than 0, since the rotated crack approach yields crack surfaces free
from shear stresses. The default value for this parameter was set to 20 by ATENA
3D. To study its influence on the results, two analyses were run with the factor set
to 30 and 10, respectively.

As the shear factor was decreased the crack pattern stayed essentially the same,
with the only noticeable difference being a slight decrease in maximum crack width.
Figure 5.16 illustrates the crack pattern and the compression strut obtained when
using the shear retention factor 10.
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(a) (b)

(c)

Figure 5.16 Results from analysis with a value of 10 for the shear factor: (a)
isometric view of crack pattern; (b) section view of crack pattern; (c)
development of compressive stresses. (a) and (b) displays cracks with
widths greater than 0.15 mm, with a maximum crack width of 0.7
mm.

The load-displacement curves for the three different models are illustrated in Figure
5.17. The three curves are identical, with the exception of the failure load, which
decreased as the shear factor was reduced. The analysis with the shear factor set to
10 failed at a total applied load of 3.67 MN, i.e. a 10.5% higher value than in the
experiment, while no obvious failure behaviour was displayed in the analysis with
the shear factor set to 30.
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Figure 5.17 Comparison of load-displacement behaviour with varying the shear
retention factor.

The model with a shear factor of 10 thus became the final and proposed model.

5.8 Analysis With Prescribed Deformation

As an extra parameter to study, the way in which the load was applied was changed
from a pressure to a prescribed deformation, as this could influence the outcome
of the analysis. The loading plates were applied with a deformation of 0.1 mm in
each loading step until failure was reached. The failure load obtained when using
prescribed deformation was 3.53 MN which is only 6.3% higher than the one failure
load in the experiment.

The analysis was interrupted as the slab reached failure after a shear crack had
propagated through the slab around the eastern loading plate. The result from this
analysis is presented in Figure 5.18. The crack width as well as the amount of cracks
were significantly reduced when compared to the default model. The majority of
shear cracks were concentrated in the intermediate distance between the support
and the load in a much more distinct way than for the default model, which can be
explained by the shorter distance between the eastern loading plate and the support.
This affects the compression strut as this has a much steeper inclination than for
the default model, covering a much smaller area of the slab.
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(a) (b)

(c)

Figure 5.18 Results from analysis using prescribed deformation: (a) isometric
view of crack pattern; (b) section view of crack pattern; (c) develop-
ment of compressive stresses. (a) and (b) displays cracks with widths
greater than 0.15 mm, with a maximum crack width of 0.5 mm.

The load-displacement curves for the two slab sections underneath the loading plates
were plotted and are presented in Figure 5.19 together with the curves obtained
through the experiment. Both curves exhibits a lower displacement than the curves
representing the experimental outcome, with the results of the western loading plate
showing the biggest difference. The difference in the displacement of the slab sections
indicates that the model is over-stiff. However, no further conclusions can be drawn
from this due to the shifting of the failure section between the experiment and the
model. What is interesting to note is that the load-displacement curve still ascends
between the increment just prior to and after the failure. With a prescribed defor-
mation it was hoped to capture a descending behaviour on the load-displacement
curve, however this was not the case, and the reason for this is unknown.
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Figure 5.19 Comparison of load-displacement behaviour with prescribed deforma-
tion.

The location of the failure was proven to be highly dependant on the mode of load
application, which can be explained by the local widening of the northern girder
close to the eastern loading plate. With an applied pressure this part of the northern
girder will be able to carry more load than the section close to the western loading
plate. This is due to the increased stiffness obtained from the shorter shear span.
If instead a prescribed deformation was used this stiffness was disadvantageous as
it lead to a reduced flexural capacity, resulting in this section being the critical one.
The way the load was applied in reality, i.e. via a beam, can be approximated as a
combination of the two methods used in the NLFEA.

5.9 Concluding Remarks

The way in which the load was applied to the model highly influenced the location of
the failure. Where an applied pressure resulted in failure in the vicinity of the west-
ern loading plate, regardless of any change in the studied key variables. Prescribed
deformation however gave a failure of the slab in the vicinity of the eastern loading
plate. What was constant throughout the analysis was the failure mode obtained,
with the shear cracks being the most critical cracks, resulting in a primary linear
shear failure, and not a punching shear failure.

The crack propagation process was studied for the models that were loaded with
applied pressure. It was found that the formation of cracks and in what order they
propagated was common to all analyses performed that reached failure. Initially
tensile cracks formed underneath the far end of the loading plates. As the load
was increased these cracks propagated further in the slab, with a small amount
of new tensile cracks forming further away from the loading plates. Shear cracks

67



CHAPTER 5. PARAMETRIC STUDY

then started to form in the intermediate distance between the support and loading
plates, resulting in the abrupt stop of the propagation of the tensile cracks. With
further increased load, the shear cracks propagated at a rapid pace with a high
amount of new shear cracks beginning to propagate in a more horizontal direction.
Eventually shear cracks also started to form in the slab area over the northern
girder. With increasing load levels, the shear cracks continued to grown significantly,
while propagating through through the slab. Eventually, the shear cracks had fully
propagated through the slab, penetrating the top surface at at both the inner and
outer edge of the loading plate, leading to failure.

Common to all the analyses in which the model went to failure was that the the
reinforcement bars in the bottom layer, directly underneath each loading plate,
locally had reached the yielding stress, which can be seen in Figure 5.20. The top
layer reinforcement however, never yielded but locally reached stresses close to the
yielding stress, which can be seen from Figure 5.21.

Figure 5.20 Development of stresses in the bottom layer reinforcement around the
loading plates.

Figure 5.21 Development of stresses in the top layer reinforcement around the
loading plates.
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For the post-failure increment in the analyses, a large number of reinforcement bars
directly underneath the loading plates had yielded. This was however not of interest
since these steps never achieved convergence. For the models that did not display
any failing behaviour, the reinforcement was still in an elastic state at the end of all
analyses.

The shear carrying width was measured from the final model in the pressure loaded
analysis to 2400 mm. This value significantly higher than the width calculated using
the French practice, see Appendix B.
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Chapter 6

Discussion

6.1 Comparison to the Experimental Results

Obtaining a similar failure response for the numerical model as the real-life response
of the bridge proved to be challenging. The material properties used in the simula-
tions were based on results from experimental test on specimen of the bridge. The
uncertainty behind these test are palpable and should be considered when analysing
the results. The concrete in the bridge was in a naturally cracked state after a life-
time of wear and tear, which was later made worse by the experiments conducted
on it. The resulting strength and condition of the bridge is highly dependant on
these factors, and how to implement these effects in the numerical simulations was
not obvious and is therefore a source of error.

The assumptions made when neglecting the longitudinal and transversal inclinations,
as well as the simplifications made to the geometry of the bridge is another source
of uncertainty. The load was applied equally over the two loading plates. However
in reality the load was applied on a beam supported on the loading plates. The
distribution was most likely not uniform, instead it would be considered probable
that a higher load was distributed to the eastern loading plate which is stiffer because
of the girder being locally widened due to the anchorage of the post-tensioned cables.
Had the full test set-up been implemented in the model, this effect could have been
captured, which may have led to different results, such as the model failing even
later than was seen from the performed analyses. Furthermore, an implementation
of the hole in the bridge slab for the hydraulic jack cables may have affected the
results, as it probably would have led to high concentrations of stresses in the close
vicinity of the hole.

Since the bridge was not modelled in its entity, boundary conditions had to be
implemented over a rather large area. The way the restraints are chosen can have
a rather large impact on the results. It is not known if the model was able to
correctly capture the interaction between the modelled span and adjacent spans,
in terms of stiffness and displacements. If the column boundary conditions were
modelled as deformable springs instead of being completely fixed as in the analysis,
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a total deformation more closely resemblant to that of the experiment may have
been acquired.

ATENA 3D utilises the smeared crack approach. This method is known for giving
a stiffer response than when modelling with discrete cracks, which might be one of
the contributing factors to why the model can take a significantly higher load than
the real-life response the bridge displayed. Furthermore, the material property of
aggregate interlocking for the non-linear concrete was constantly off in the model.
This decision was based on the high compressive strength in the concrete and from
the photos and videos of the failure surface that indicated trans-aggregate fracturing,
which is common in HSC. The effect of aggregate interlock would likely increase the
stiffness of the structure, thus for this case leading to even more unfavourable results.

The reinforcement bars were modelled with perfect bond, which is an assumption
that can be questioned. The bond quality might be reduced as the reinforcement
bars ages and corrodes, which can be considered by using a bond model for the
reinforcement. Due to the difficulty of assessing the degree of corrosion in the bars,
this was neglected. Furthermore, the reinforcement bars in the real structure were
spliced every four meters, which makes the assumption of continuous bars with no
risk for slipping quite coarse.

6.2 Current Design Code Values

The design values obtained according to the calculations from current design codes
were very conservative compared to what was achieved in the experiment, with the
calculations based on EN 1992-1-1 being that which came closest to reality. Both
design methods indicated that the bridge would fail due to punching shear prior to
linear shear. The performed calculations are however subject to many uncertainties,
mainly regarding the applicability of the design methods on bridge slabs.

The calculated linear and punching shear capacity calculated according to MC10
Level I Approximation was very low. However, with Level II Approximation the
calculated capacities approached the results obtained using EN 1992-1-1.

6.3 Parametric Study

The choice to continuously update the default model after each studied key variable
was based on previously performed analyses, where all variables were studied in isola-
tion on the original default model given as a result of the convergence analysis. Since
this model exhibited relatively low amounts of cracks due to its over-stiff behaviour,
the impact of each variable was insignificant at most. However, when continuously
updating the default model, the effect of all the variables were made more apparent
due to the greatly increased amount of cracks due to the lower stiffness of the model.
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The choice of comparing the results in terms of relative displacement between the
bridge slab and girder were based on the fact that the overall deformation of the
model was significantly lower than what was observed in the experiment. Thus, the
relative displacement made it easier to locally compare the model behaviour to that
of the bridge.

Choosing a loading rate of 80 kN per increment was solely based on the loading rate
used for the experiment. However, some analyses show relatively small cracks prior
to the loading increment before failure occurs, only to crack at an extreme rate when
the last increment is applied. This might show the brittle nature of the failure, or
indicate that the applied load in each increment is too large. Further research would
be needed in order to analyse if a lower loading rate would affect the results.

The 75% reduction on tensile strength and fracture energy was based solely upon
the recommendations presented in (Červenka et al., 2016) in order to account for
long term effects, which can be assumed to have occurred in the bridge. Moreover,
the previous loading activity from the experiment on the bridge girders can be
assumed to have further reduced these properties. The amount of reduction chosen
was however not justified by any other means than this, and could thus have been
studied further in order to determine whether or not this was a reasonable reduction.
The initial value for the fracture energy is also a source of great uncertainty, as the
expressions given in design codes such as MC90 and MC10 are empirical expressions
based on approximations, when in reality the most favourable way to obtain this
value is through a uniaxial tension test of the concrete.

The results from the analyses with reduced modulus of elasticity in the northern
girder indicates that the influence of this parameter was less significant than pre-
viously assumed. This could mean that a smaller portion of the bridge could be
modelled and still yield the same results. A possible side-effect from a smaller model
is the increased stiffness due to the influence of the boundary conditions being closer
to the loading devices. This slightly reduced CPU-time for a smaller model might
not outweigh the unwanted effect of increased stiffness. However, since the reduc-
tion was relatively small compared to that of other parameters, further investigation
would be needed to be able to draw any conclusions regarding this matter.

From the study it could be seen that all analyses with applied pressure failed in
the close vicinity of the western loading plate, while the analysis with applied de-
formation failed at the eastern loading plate, as concluded in Chapter 5.8. Due to
the superior stiffness of the area under the eastern loading plate, this failure may
always be the case for analyses with prescribed deformation, regardless of material
parameters, since they change in unison. This is however an issue that needs further
research to be clarified.
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Chapter 7

Conclusions and Further Research

7.1 Conclusions

The results of the literature study and non-linear finite element analysis indicates
that:

• The bridge slab failed as a result of a linear shear mechanism in the slab, indi-
cating that the punching-like behaviour seen in the experiment is a secondary
effect.

• The location of the failure is dependant on the method of load application.
By applied pressure the failure occurs around the loading plate furthest from
the girder, while applied displacement results in a failure around the loading
plate closest to the girder.

• A combined reduction of tensile strength and fracture energy, the shear re-
tention factor, and the fixed crack coefficient are all highly influential in the
context of cracking behaviour and shear capacity.

• The code methods in MC10 and EN 1992-1-1 used to calculate the shear
carrying width are conservative. The shear width observed from the results of
the analysis exceeds that given in current design codes.
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CHAPTER 7. CONCLUSIONS AND FURTHER RESEARCH

7.2 Further Research

This model used during this thesis omits several aspects of the bridge that may have
an influence on the outcome of the analysis, such as geometrical features and post-
tensioned cables. Many of the uncertainties during this thesis regarded material
parameters regarding the non-linear behaviour of cracked concrete. Based on this,
suitable subjects for further studies may include:

• Conduct a study regarding assumptions that can be made in terms of changes
in material parameters to consider the current state of concrete due to long
time effects and previous loading.

• Study the influence of a more accurately modelled bridge, such as including
inclinations, post-tensioned cables, and a more accurately modelled test set-up
to account for the redistribution of forces due to cracking.

• Expand the model to include a larger section of the bridge to decrease the
influence of boundary conditions close to the test set-up.

• Build a model that simulates the entire test procedure from the pre-loading
and girder tests, in order to account for the cracked state of the concrete prior
to the slab test.

• Perform an extended parametric study that includes deeper coverage of
analyses loaded with prescribed deformations.
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Appendix A

Shear Capacity According to Model
Code 2010

Measured compressive
strength fc = 62.3 MPa

√
fc ≤ 8 OK

Modulus of elasticity Es = 210 000 MPa

Parameter dependant on the
maximum aggregate size.
High strength concrete is assumed.

kdg = 32
16

= 2

Minimum slab height hmin = 220 mm

Maximum slab height hmax = 300 mm

Width of loading plate w = 350 mm

Length of loading plate l = 600 mm

Concrete cover hc = 30 mm

Diameter of reinforcement bar φ16 = 16 mm
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APPENDIX A. SHEAR CAPACITY ACCORDING TO MODEL CODE 2010

Diameter of reinforcement bar φ10 = 10 mm

Intermediate distance between
support and load av = 295 mm

Effective height

d =

(
hmin−(hc+φ16

2 )+hmax−(hc+φ16
2 )

2

)
= 222 mm

Effective shear depth z = 0.9 · d = 199.8 mm

Control section angle,
assumed to be clamped α = 45 ◦

Control section

bw = l + 2 ·
(
av − av

2
+ w

)
· tan (α) = 1595 mm

Level I approximation gives:

Parameter kv = 180
1000+1.25·z = 0.144

Shear resistance in slab

VRd,c = kv ·
√
fc · z · bw = 3.623 ·105 N

The shear resistance is increased due to the contribution of the small
distance to the support

VRd = VRd,c · 1
β

= VRd,c · 2·d
av

= 5.453 ·105 N
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Level II approximation gives:

The moment at the closest support is calculated based on the assumption
of a fully clamped beam at both supports.

Distance from load to closest support a = 470 mm

Distance from load to furthest support b = 4636 mm

Length of slab in X-direction Lx = 5106 mm

Design moment MEd =
VRd,c·a·b2

L2
x

= 387.5·VRd,c Nm

Design shear load VEd =
VRd,c·b2
L2
x

(
1 + 2·a

Lx

)
= 0.976 · VRd,c N

Design axial load NEd = 0 N

Reinforcement area in the X-direction, top layer

Asl = 8 · π · φ
2
10

4
+ 8 · π · φ

2
16

4
= 2237 mm2

εx = 1
2·Es·As

(
MEd

z
+ VEd

)
= 3.103 ·10−9 · VRd,c N

kv = 0.4
1+1500·εx ·

1300
1000+kdg ·z

= 0.372
1+4.655·10−6·VRd,c

VRd,c = kv ·
√
fc · z · bw = 934543.7

1+4.655·10−6·VRd,c
N

This gives VRd,c = 3.533 ·105 N

The shear resistance is increased due to the contribution of the small
distance to the support

VRd = VRd,c · 1
β

= VRd,c · 2·d
av

= 5.318 ·105 N
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Appendix B

Shear Capacity According to EN
1992-1-1

Coefficient CRd,c = 0.18

Coefficient k1 = 0.15

Minimum slab height hmin = 220 mm

Maximum slab height hmax = 300 mm

Width of loading plate w = 350 mm

Effective height

d =

(
hmin−(hc+φ16

2 )+hmax−(hc+φ16
2 )

2

)
= 222 mm

Intermediate distance between
support and load av = 295 mm

Smallest cross-section width, according to French practice

bw = l + 2 · tan (45) (av + w) = 1890 mm

Concrete cover hc = 30 mm
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APPENDIX B. SHEAR CAPACITY ACCORDING TO EN 1992-1-1

Diameter of reinforcement bar φ16 = 16 mm

Diameter of reinforcement bar φ10 = 10 mm

Normal force in the X-direction NEd,x = 0 N

Concrete area in the X-direction Acx = - mm2

Normal concrete stress
in the X-direction

σcx =
NEd,x
Acx

= 0 MPa

Compressive stress in concrete
from axial load

σcp = σcx = 0 MPa

Measured compressive
strength fc = 62.3 MPa

Reinforcement area in the X-direction, top layer

Asl = 9 · π · φ
2
10

4
+ 9 · π · φ

2
16

4
= 2516 mm2

Reinforcement ratio

ρl = Asl
bw·d = 0.006 ≤ 0.02 OK

Coefficient

k = 1 +
√

200
d

= 1.949≤ 2.0 OK

Minimum resistance in slab

vmin = 0.035 · k3/2 · f 1/2
c = 0.752 MPa

Shear resistance

VRd,c =
[
CRd,c · k (100 · ρl · fc)1/3 + k1 · σcp

]
bw · d = 4.921·105 N
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(vmin + k1 · σcp) bw · d = 3.154·105 N ≤ VRd,c OK

Coefficient taking into
account long term effects αcc = 1

Concrete compressive
strength fc = αcc · fc = 62.3 MPa

Strength reduction factor
for concrete cracked by shear ν = 0.6

(
1− fc

250

)
= 0.45

Maximum resistance shear force in the slab with regards to crushing of
the compression strut

VRd,max = (0.5 · ν · fc) bw · d = 58.877·105 N

VRd,c < VRd,max OK

The shear resistance is increased due to the contribution of the small
distance to the support

Reduction factor β = av
2·d = 0.664

VRd = VRd,c · 1
β

= 7.411 ·105 N
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Appendix C

Punching Shear Capacity According
to Model Code 2010

Measured compressive
strength fc = 62.3 MPa

Modulus of elasticity Es = 210 000 MPa

Measured average yield strength for
the reinforcement bars

fyd = 546.5 MPa

Minimum slab height hmin = 220 mm

Maximum slab height hmax = 300 mm

Average slab height of the
control section

havg = 259 mm

Width of loading plate w = 350 mm

Length of loading plate l = 600 mm

Concrete cover hc = 30 mm

Diameter of reinforcement bar φ16 = 16 mm
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APPENDIX C. PUNCHING SHEAR CAPACITY ACCORDING TO MODEL CODE 2010

Effective height

d =

(
hmin−(hc+φ16

2 )+hmax−(hc+φ16
2 )

2

)
= 222 mm

Effective depth considering
support penetration dv = d = 222 mm

Basic control perimeter

b1 = 2 [(w + 0.5 · dv) + (l + 0.5 · dv)] = 2344 mm

Shear resisting control perimeter,
with no reductions made

b0 = b1 = 2344 mm

Length of slab in X-direction Lx = 5106 mm

Length of slab in Y-direction Ly = 6123 mm

Level I Approximation is used with the
assumption of insignificant redistribution
of internal forces.

0.5 ≤ Lx
Ly

= 0.834 ≤ 2 OK

Position for the radial bending moment,
using the maximal length Li

rs = 0.22 · Ly = 1347 mm

rs,x = 0.22 · Lx = 1123 mm

Rotation of slab Ψ = 1.5 · rs
d
· fyd
Es

= 0.024

Parameter dependant on
the rotation of the slab

kΨ = 1
1.5+0.9·kdg ·Ψ ·d

= 0.091≤ 0.6 OK
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Punching shear resistance in slab

VRd = VRd,c = kΨ ·
√
fc · b0 · dv = 3.746·105 N

If Level II approximation is used instead the shear resistance is
calculated by iteration considering the X-direction.

Reinforcement ratio in the X-direction, bottom layer

ρlx =
3·π·φ

2
10
4

+5·π·φ
2
16
4

havg(l+d)
= 5.829·10−3

Reinforcement ratio in the Y-direction, bottom layer

ρly =
3·π·φ

2
10
4

havg(w+d)
= 1.590·10−3

Reinforcement ratio

ρl =
√
ρly · ρlx = 3.044·10−3 ≤0.02 OK

Distance from load to closest support a = 470 mm

Distance from load to furthest support b = 4636 mm

Length of slab in X-direction Lx = 5106 mm

Resistance bending moment

mRd = ρl · d2 · fyd
(

1− 0.5 · ρl · fydfc
)

= 0.809·105 Nm/m

The moment at the closest support is calculated based on the
assumption of a fully clamped beam at both supports.

Design moment

MEd,x =
VRd,c·a·b2

L2
x

= 387.5·VRd,c Nm
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APPENDIX C. PUNCHING SHEAR CAPACITY ACCORDING TO MODEL CODE 2010

Support strip width

bs = 1.5 ·
√

0.22 · Lx · 0.22 · Lx = 1845 mm ≤ Lx OK

The average moment for inner columns

mEd = VRd,c

(
1
8

+ |eu,1|
2·bs

)
=

VRd,c
8

+
MEd,x

2·bs = 0.230·VRd,c Nm/m

Ψ = 1.5 · rs,x
d
· fyd
Es
·
(
mEd
mRd

)1.5

= 9.466·10−11 · V 1.5
Rd,c

kΨ = 1
1.5+0.9·kdg ·Ψ ·d

= 1
1.5+3.783·10−8·V 1.5

Rd,c

VRd,c = kΨ ·
√
fc · b0 · dv = 4107283

1.5+3.783·10−8·V 1.5
Rd,c

N

VRd = VRd,c = 3.871·105 N

This gives kΨ = 0.09 ≤ 0.6 OK

Level II approximation is chosen with no reductions made to
account for punching eccentricities.
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Appendix D

Punching Shear Capacity According
to EN 1992-1-1

Coefficient CRd,c = 0.18

Coefficient k1 = 0.1

Minimum slab height hmin = 220 mm

Maximum slab height hmax = 300 mm

Width of loading plate w = 350 mm

Length of loading plate l = 600 mm

Average slab height of the
control section

havg = 259 mm

Concrete cover hc = 30 mm

Intermediate distance between
support and load av = 295 mm
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APPENDIX D. PUNCHING SHEAR CAPACITY ACCORDING TO EN 1992-1-1

Effective height

d =

(
hmin−(hc+φ16

2 )+hmax−(hc+φ16
2 )

2

)
= 222 mm

Diameter of reinforcement bar φ16 = 16 mm

Diameter of reinforcement bar φ10 = 10 mm

Normal force in the Y-direction NEd,y = 0 N

Normal force in the X-direction NEd,x = 0 N

Concrete area in the Y-direction Acy = - mm2

Concrete area in the X-direction Acx = - mm2

Normal concrete stress
in the Y-direction

σcy =
NEd,y
Acy

= 0 MPa

Normal concrete stress
in the X-direction

σcx =
NEd,x
Acx

= 0 MPa

Compressive stress in concrete from axial
load

σcp = σcy+σcx
2

= 0 MPa

Reinforcement ratio in the Y-direction, bottom layer

ρly =
7·π·φ

2
10
4

havg(w+6·d)
= 1.262·10−3

Reinforcement ratio in the X-direction, bottom layer

ρlx =
7·π·φ

2
10
4

+11·π·φ
2
16
4

havg(l+6·d)
= 5.519·10−3
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Reinforcement ratio

ρl =
√
ρly · ρlx = 2.639·10−3 ≤0.02 OK

Coefficient

k = 1 +
√

200
d

= 1.949≤ 2.0 OK

Measured compressive strength fc = 62.3 MPa

Minimum resistance in slab

vmin = 0.035 · k3/2 · f 1/2
c = 0.752 MPa

Shear resistance

vRd,c = CRd,c · k (100 · ρl · fc)1/3 + k1 · σcp = 0.892 MPa

vmin + k1 · σcp ≤ vRd,c OK

Coefficient taking into
account long term effects αcc = 1

Concrete compression
strength fc = αcc · fc = 62.3 MPa

Perimeter of fictive area

u1 = (w + 2 · d+ av) + 2 (l + d) = 3083 mm

Resistance shear force in the slab

VRd = VRd,c = vRd,c · d · u1 = 6.106·105 N

No reductions are made to account for punching eccentricities.

95





Appendix E

Crack Propagation

The crack propagation was studied for all the analyses loaded with an applied pres-
sure obtaining common results for all these analyses. This appendix presents the
crack propagation for the final model around the western loading plate, as this area
proved to be the critical one regarding the failure. All figures in this Appendix
shows cracks with a width greater than 0.15 mm.

The crack initiation occurred with the formation of tensile cracks at a total applied
load of 1.28 MN, which can be seen in Figure E.1.

Figure E.1 Tensile crack initiation at a total applied load of 1.28 MN.

As the load was increased the existing tensile cracks propagated further and new
tensile cracks were formed, see Figure E.2.

Figure E.2 Tensile crack propagation at a total applied load of 1.67 MN.
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APPENDIX E. CRACK PROPAGATION

When the total applied load reached 2.47 MN, shear cracks were initiated in the slab
in the intermediate distance between the support and the loading plate, see Figure
E.3.

Figure E.3 Shear crack initiation at a total applied load of 2.47 MN.

As the applied load was increased the shear cracks propagated further meanwhile
the tensile cracks were constant, see Figure E.4. This can be explained by a shift in
the distribution of stresses that from this point is concentrated around the area of
the shear crack.

Figure E.4 Shear crack propagation at a total applied load of 2.87 MN.

When the applied load reached approximately the experimental failure load the
shear cracks had almost propagated through the entire slab. The tensile cracks were
constant with just a small amount of new cracks forming in the outer edges of the
slab. New shear cracks had also formed in the slab section over the northern girder,
see Figure E.5.

Figure E.5 Crack level at approximately the experimental failure load, 3.35 MN.
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At a total applied load of 3.67 MN the model failed as two shear cracks had formed
through the entire slab. It can be noted from Figure E.6 that the shear cracks over
the northern girder had increased while the tensile cracks were constant.

Figure E.6 Crack level at failure load of 3.67 MN.

The post-failure behaviour of the slab is presented in Figure E.7, illustrating an
extremely cracked slab. Due to the large amount of cracks displayed a larger crack
width would have to be chosen as the smallest cracks displayed. However, this would
make it more difficult to compare with the above presented figures. The largest crack
obtained in this analysis was 7 mm which is unrealistically high.

Figure E.7 Crack level at a post-failure load of 3.75 MN.
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