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Abstract

Contingent Convertibles (CoCos) are a new type of hybrid debt instrument characterized
by forced equity conversion or write-down under a specified trigger event, usually indicat-
ing a state of near non-viability of the issuing institution. Under strict conditions, these
CoCo bonds can belong to the Additional Tier 1 capital category, giving them additional
features such as possible coupon cancellation. In this thesis, the structure of CoCos is
presented and different pricing approaches are introduced. A special focus is put on struc-
tural models with the Analytically Tractable First Passage Time (AT1P) Model and its
extensions. Two models are applied on the write-down CoCo issued by Svenska Handels-
banken, starting with the equity derivative model and followed by the AT1P model.

Keywords: Contingent Convertibles, Pricing, Structural model, First passage time model,
AT1P model, Calibration.





Sammanfattning

Contingent Convertibles (Cocos) - villkorade konvertibla obligationer, är en ny typ av
hybridinstrument som kännetecknas av konvertering till eget kapital eller nedskrivning av
lånet vid en viss utlösande händelse, som vanligtvis indikerar ett tillstånd där den emitte-
rande banken har behov av att absorbera förluster. Under strikta villkor kan dessa CoCo
obligationer tillhöra primärkapital, där de kännetecknas av bland annat möjlig inställning
av kuponger. I denna avhandling presenteras CoCons struktur och olika prissättnings-
modeller läggs fram. Ett särskilt fokus läggs på strukturella modeller med “Analytically
Tractable First Passage Time (AT1P) Model” och dess utvidgningar. Två modeller tilläm-
pas på CoCon emitterad av Svenska Handelsbanken: “equity derivative” modellen och
AT1P modellen.
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Chapter 1

Introduction

1.1 Background

Following the financial crisis of 2007-2008, it became obvious that banks had insufficient
available capital in order to absorb losses and they therefore became insolvent. This
resulted in the use of tax-payers’ money to bail out the banks that were considered too
big to fail, a quite unpopular solution. Pressure was set on regulators to see to that such a
situation would not arise again. Out of this came the new Basel III regulatory standards,
imposing new capital requirements on financial institutions.

A bank’s balance sheet consists of assets and liabilities. Liabilities consist of mainly
deposits and senior debt, as well as the bank’s capital. The different components of the
bank’s liabilities have different seniority levels, meaning that there is an order in which
the losses the bank faces are absorbed. The lowest seniority is the bank’s equity, and the
highest seniority are the deposits and senior debts. Capital serves as a buffer to absorb
unexpected losses as well as to fund ongoing activities of the bank. Capital itself is divided
into categories, so called “Tiers”. Tier 1 consists primarily of common stocks (referred to
as CET1) and retained earnings. As for Additional Tier 1 capital, only loss-absorbing
subordinated instruments can be included [AMFE]. Tier 2 is supplementary bank capital
where dated subordinated debt and hybrid instruments are included [AMFE].

In the Basel III framework, certain levels of Tier 1 ratio and Tier 2 ratio are required in
order for the bank to be considered capitalized, see Figure 1.1. These ratios are calculated
using the capital over the risk weighted assets (RWA), where different assets are assigned
different weights based on their riskiness.
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Figure 1.1: Capital requirements.

Following these new, stricter capital requirements, there has been a rise in hybrid debt
issuance by banks in the European Union. The idea is that such hybrid debt would lower
the issuing bank’s credit risk, as shown in [Avdjiev et al. (2015)]. They estimate the total
amount of contingent debt outstanding at banks in the EU to $200 billions as of September
2014.

This thesis will focus on a special type of hybrid debt called Contingent Convertible
bonds. The purpose is to introduce this relatively new type of instrument and investigate
some of the different pricing approaches known to this day in order to find a suitable
model to price the Contingent Convertible issued by Svenska Handelsbanken in 2015. The
thesis starts with an introductory chapter on Contingent Convertibles and their structure.
Chapter 2 describes briefly the basic pricing approaches (reduced form approach, structural
approach, equity derivative approach) while Chapter 3 focuses on the structural approach
and presents an extension of it, the Analytically Tractable First-Passage Time (AT1P)
model. Chapter 4 presents the results of applying the theory in Chapter 3 to the case of
the Handelsbanken CoCo.

1.2 Structure of Cocos

Contingent Convertibles, usually called CoCos, are a type of hybrid debt instrument issued
by financial institutions. They behave as a normal corporate bond in good times, but can
end up behaving as equity during stressed times for the issuing institution. More precisely,
a CoCo is an issued bond, usually paying coupons, with the feature that it is converted
into equity or has its face value written down in case of a so called trigger event. This
trigger event occurs in times of distress and can take several different forms. The fact
that the bond converts or is written down leads to a loss-absorbing effect for the issuer.
Figure 1.2 shows a simplified version of a CoCo’s possible behaviour during its lifetime.
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Due to the extra risk embedded in the conversion or write down feature, CoCos usually
pay a much higher coupon than regular subordinated or senior bonds. CoCos are not to
be confused with convertible bonds.

Issue

Distress 
Coupon Coupon

Coupon Coupon CouponCoupon Coupon

Redemption

Trigger

Write Down Conversion

or

Figure 1.2: Simplified structure of a CoCo.

The details of the CoCos features are described in the following sections and are based on
the description provided by [Spiegeleer and Schoutens (2012)].

1.2.1 Trigger Type

As mentioned, the CoCo converts or is written down in the event of the trigger breaching
a barrier. The trigger specifies the conditions for when the bond will convert or be written
down and these conditions should represent a situation when the bank needs a stronger
capital structure. There a several trigger types, but some conditions should be fullfilled in
order to have a good trigger as it is mentioned in [Spiegeleer and Schoutens (2012)]:

• Clarity: The trigger should have the same meaning independently of the jurisdic-
tion of the issuer. Consider for example an accounting ratio calculated differently
depending on the jurisdiction of the bank. This makes it difficult to compare banks
in different countries.

• Objective: The process driving the life of the CoCo should be known at the issue
date and clearly stated in the prospectus. A regulator deciding that the conversion
or write down of the CoCo is necessary is an example of a nonobjective trigger.

• Transparent: The quantity measuring the trigger should be available at all times.
For example, the share price of the bank breaching a certain floor is a transparent
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trigger: share prices are available at all time through the stock market. An account-
ing trigger is less transparent as these figures are usually only published quarterly
or semi-annually and with a delay.

• Fixed: The trigger is fixed and cannot be changed during the life of the CoCo.

• Public: The trigger event or the information driving a possible conversion/write
down should be available to the public.

It can be noted that to this date there are not really any optimal triggers satisfying all the
requirements. Three general types of triggers can be found: market triggers, accounting
triggers and regulatory triggers.

• Market trigger:
The CoCo converts or is written down when the share price of the issuing institution
falls below a certain threshold STrigger. This is usually set below the share price at
issuance.

• Accounting trigger:
The CoCo converts or is written down when an accounting ratio measuring the
issuing institution’s solvency falls below a certain threshold. The most common
accounting ratio is the CET1 (Core Tier 1) ratio.

• Regulatory trigger:
The CoCo converts or is written down when a national regulator decides that the
issuing institution is becoming non-viable.

In addition to this, it is possible to create multi-variate triggers when combining several
types. For more information on the different types of triggers, the reader is referred to
[Spiegeleer and Schoutens (2012)].

1.2.2 Conversion Type

The CoCo bond can either be a conversion CoCo or a write-down CoCo. In the case
of conversion, the holder of the CoCo receives a certain number of shares of the issuing
institution at a predetermined price. The number of shares received at conversion is called
the conversion ratio Cr. It can be related to the face value K, the conversion fraction (the
portion of the face value converted) α and the conversion price Cp through

Cr =
αK

Cp
. (1.1)

The conversion price can be of different nature. With a high conversion price, the losses
at conversion would be substantial for the investor as he/she would be acquiring shares
at a much higher price than the market price (it is assumed that the share price would

4



have fallen quite a lot if conversion occurs). In practice, there are three different possible
conversion price choices:

• Cp= Share price on Trigger date.
The investor acquires shares for the current market price. This does not imply losses
for the investor as the investor could immediately sell those shares in the market. It
does however lead to an important dilution of share holding for the share holders.

• Cp= Price on the Issue date.
The investor acquires shares at the price of the share on the issue date. It lowers
the conversion ratio substantially and the holder may face large losses as the share
price will likely have fallen in periods of distress for the issuing company.

• Cp = Price with a floor.
A compromise between the two previous choices is to use the share price observed
on the trigger date (denote it S∗) and to set a lower bound SF to the conversion
price:

Cp = max (S∗, SF ).

Another type of conversion mechanism is that the face value K of the bond is written
down by an amount αK upon the trigger event. In this case, α is the fraction by which
the face value of the bond is written down. For α = 1, the CoCo is a full write-down
CoCo. It is often stated that the amount written down will be just enough to bring the
bank back to viability again. In practice, it almost always implies that there will be a full
write-down (or a full conversion) as the bank will be in such a fragile shape already as the
trigger is often set at a low level. What is more, putting the bank just above the point of
viability does not restore the faith in the bank. There are a lot of discussions on how a
CoCo should be structured and regulated (see [EBA-2015]), and more specifically the role
of Additional Tier 1 CoCo bonds, described in Section 1.3.

1.3 Features of a CoCo in order to be AT1 eligible

In light of stricter capital requirements coming from e.g Basel III, it has become favourable
for banks to issue CoCos that can count as Tier 1 capital. Tier 1 capital is an important
category of capital for a bank as it consists of instruments that can absorb losses without
being forced to halt business operations. Tier 1 can be divided into two subcategories:
CET1 capital (Core tier 1 capital) and AT1 capital (Additional Tier 1 capital). The
amount of CET1 capital on a bank’s balance sheet is an important quantity to measure,
and it can be weighted against the bank’s assets and off-balance sheet exposures weighted
according to their level of risk. This measure is called the CET1 ratio and it is defined as
the amount of CET1 capital divided by the amount of risk-weighted assets.

Instruments that are not CET1 but still loss absorbing enough for Tier 1 fall into the
category AT1. Most of recent CoCo issues have been AT1 eligible, but as the understand-
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ing of these instruments gets better, legislation changes rapidly (see [EBA-2015]). Listed
below are the most important conditions to fullfill in order to be AT1 eligible according
to [EP and CEU (2013b, June)]:

• The instrument has to be subordinated to Tier 2 capital in the event of insolvency.

• The coupon payments are fully discretionary and non-cumulative at the discretion
of the issuer or the regulator1 (the CoCo is coupon-cancellable).

• The instrument must be perpetual, i.e. it has no scheduled maturity date. There
must be no incentive to redeem the instrument on call dates2, and the regulator can
decide whether or not the instrument is allowed to be called on the call dates.

• The first call date must be at least five years after the issue date.

• The trigger is the CET1 ratio of the bank or the group, with the lowest trigger
threshold at 5.125%. The regulator may decided to force conversion/write down.

The second and third requirements are in contrast to the fixed-income market as it is
known today: cancelling coupons of a standard bond implies bankruptcy, and skipping a
call date implies a coupon step-up which is an incentive to call. Banks are required to have
enough Available Distributable Items (ADI)3 in order to pay dividends and bonuses. The
ability to pay CoCo coupons is also restricted by this amount of Available Distributable
Items. It can be noted that cancelling coupons, or signs that coupons may not be paid
are not received well by the market. In the begining of 2016, there was uncertainty on
whether Deutche Bank would be able to pay the 2015 coupon for its issued CoCos. The
price of the CoCos, which had already fallen since the issue date (see Figure 1.3), plunged
even further on the announcement from CEO John Cryan that the bank was “ absolutely
rock-solid” ([FT 2016]).

1e.g. Finansinspektionen in Sweden.
2A callable bond is a bond that can be called back before the maturity date. If the issuing institution

decides to call back the bond on a call date, the full face value of the bond is paid back.
3ADI is defined as the portion of a company’s accumulated realized profit available for dividend distribu-

tion. This amount is limited by capital requirements, as the bank must first fullfill its capital requirements
before being able to distribute dividends.
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Chapter 2

CoCo Pricing Methods

Due to the hybrid nature of the CoCo bond, it seems natural that different pricing ap-
proaches have been explored. The CoCo has credit-like characteristics, as it acts as a
regular corporate bond when the trigger is far from the threshold. The price must thus
depend on interest rates, the issuer’s creditworthiness and probability of default. However,
the fact that the bond could convert into equity must not be disregarded and leads one
to believe that its price is driven by the equity market as well.

The existing litterature on CoCo pricing can be divided into three categories: reduced-
form approach(e.g. in [Spiegeleer and Schoutens (2012)]), equity derivative approach (e.g.
[Corcuera and Valdivia], [Spiegeleer and Schoutens (2012)]) and structural approach (e.g.
in [Brigo et al.(2013)], [Pennacchi (2011)]). A critical assessment of some of the existing
pricing approaches can be found in [Wilkens and Bethke (2014)]. An overview of basic
models is given in the following section. The equity derivative approach and the reduced-
form approach are only treated briefly. The focus will be on structural models, with
Chapter 3 dedicated to extensions of existing structural models. It can be noted that the
existing literature focuses on conversion CoCos and disregards write-down CoCos in most
cases. As the Handelsbanken CoCo is a write-down CoCo, this thesis aims to treat that
type of CoCo as well by pricing an issued write-down CoCo, and thus add to the existing
literature.

2.1 General Formula for the CoCo Price

Considering only the structure of the CoCo, a general expression for the price of the CoCo
can be derived, as it is done in the work of [Corcuera and Valdivia].

Consider a filtered probability space (Ω,F ,P, {Ft}t∈[0,T ]) and a martingale X on the
space. Define a stopping time w.r.t the filtration {Ft}t∈[0,T ] as a random variable τ such

9



that
{τ ≤ t} ∈ Ft, for every t ≥ 0. (2.1)

A stopping time is thus characterized by the fact that at any time t, based on the infor-
mation available at t, it can be decided whether τ has occured or not (definition taken
from [Björk(2009)]).

Let K be the face value of the CoCo and T the maturity date of the CoCo. Let τd be
the random time at which the issuing institution defaults, τc the random stopping time at
which the CoCo converts or is written down, Cp the conversion price and the conversion
ratio Cr = αK

Cp
. It holds that τd > τc, i.e. conversion always happens before default.

Suppose the CoCo pays k coupons c1, . . . , ck during its life time. These coupons are
subject to cancellation, whether it is before conversion or after conversion, as was seen in
Section 1.3. Therefore, it is necessary to define random times at which the coupon may
be cancelled. Denote these time τ1, . . . , τk and denote T1, · · · , Tk the times where coupons
are scheduled to be paid, where Tk = T . It is here assumed that τ1 ≤ · · · ≤ τk ≤ τc.
An additional assumption is that the issuer does not pay dividends on the received stocks
after the conversion time1. The conversion CoCo’s payoff is thus

K · 1{τc>T} +
αK

Cp
Sτc1{τc≤T} +

k∑
j=1

cje
∫ T
Tj
rudu

1{τj>Tj}, (2.2)

where St and rt are the share price and the short rate respectively. The first term represents
the redemption of the face value at maturity if no conversion event has occurred. The
second term is equal to αK

Cp
Sτc if there is conversion, otherwise it is zero. The last term

represents the coupon stream: each term in the sum is subject to cancellation and is either
zero if conversion occurs or the value of the coupon payment if no conversion occurs.

Consider now a write-down CoCo. As CoCos are deeply subordinated, the CoCo holder
will not receive anything in case of default as more senior bond holders will be prioritised.
The write-down CoCo payoff is thus

K · 1{τc>T} + (1− α)K1{τc≤T}1{τd>T} +
k∑
j=1

cje
∫ T
Tj
rudu

1{τj>Tj}. (2.3)

The first and third terms are the same as in equation (2.2), but the second term represents
the fact that the face value is written down in case of the trigger event occurring, and is
set to zero in case of default.

It is possible to give a model-free formula for the CoCo price as seen in [Corcuera and Valdivia]
by considering a complete probability space (Ω,F ,P) with a filtration (Ft)t∈[0,T ]. Consider
the process for the money account:

1The economical explanation for this is that after conversion of the CoCo, the bank will likely still be
in need of capital, and will thus not have enough ADI in order to pay dividends.
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Bt = exp

{∫ t

0
rudu

}
, 0 ≤ t ≤ T. (2.4)

Assume the existence of the equivalent risk-neutral probability measure Q such that the
discounted stochastic processes are Q-martingales.

[Corcuera and Valdivia] derive the discounted conversion CoCo arbitrage-free price as

ΠCoCo(t)

Bt
:= EQ

[
K

BT
1{τc>T}|Ft

]
+ CrEQ

[
ST
BT

1{τc≤T}|Ft
]

+
k∑

j:Tj>t

EQ
[
cj
BTj

1{τc>Tj}|Ft
]
.

(2.5)

The discounted write-down CoCo arbitrage-free price is presented as

ΠCoCo−WD(t)

Bt
:=EQ

[
K

BT
1{τc>T}|Ft

]
+ (1− α)EQ

[
K

BT
1{τc≤T}1{τd>T}|Ft

]
+

k∑
j:Tj>t

EQ
[
cj
BTj

1{τc>Tj}|Ft
]
. (2.6)

2.2 Reduced Form Approach

In the reduced form setup, also called intensity based credit modeling, the CoCo pricing
boils down to finding the extra credit spread that represents the risk of facing a loss at
conversion or write down. The model is based on Duffies seminal work on credit models
[Duffie and Singleton] and the application to CoCos is covered in [Spiegeleer and Schoutens (2012)]
and described here. This approach takes the viewpoint of a fixed-income investor and aims
to model default probability through a default intensity parameter λ where the default
event is modelled as the first jump of a Poisson process with intensity parameter λ. It is
defined such that the probability that a financial institution defaults in the time [t, t+ dt]
while surviving up to the time t is equal to λdt. Thus, the survival probability is given
by

ps = exp(−λT ),

and the default probability over time horizon T is

pd = 1− exp(−λT ).

This approach is known as the reduced form approach and is extensively covered by
[Duffie and Singleton]. When trying to price a bond, investors generally consider a certain
recovery rate R, i.e. a portion of the investment that they expect to get back in case of
default. This recovery rate depends largely on the seniority of the bond. The relationship
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between the credit spread cs, recovery rate R and the default intensity can be given
by

cs = (1−R) · λ. (2.7)

When applying this to CoCos, it is possible to consider a trigger intensity λTrigger rep-
resenting the extreme event that is the breaching of the trigger (leading to conversion
or write-down). By construction, it is more plausible that the trigger is hit than facing
default, thus one can assume that λTrigger > λ. The extra credit spread associated with
the additional risk in a CoCo is thus

csCoCo = (1−RCoCo) · λTrigger, (2.8)

where RCoCo is the recovery rate of the CoCo. What is the loss associated with the CoCo
in case of a trigger event? For conversion CoCos, it depends heavily on the choice of
conversion price. As stated in [Spiegeleer and Schoutens (2012)], the loss is

LossCoCo =K − CrSτc

=K

(
1− αSτc

Cp

)
, (2.9)

where Sτc is the share price on the moment the bond is converted into shares. αSτcCp can
thus be considered as the recovery rate for the conversion CoCo. Estimating the value of
Sτc would allow to estimate the expected loss (1−RCoCo) in Equation (2.8). What is left
is trying to model the intensity λTrigger.

For a write-down CoCo, the situation is a bit more complicated. If the CoCo is written
down by αK, the investor may receive (1−α)K at maturity if the issuer does not default.
Given that many write-down CoCos have write-up options embedded in their structure2,
the investor could receive more than (1−α)K at maturity if the bank becomes financially
stable again.

The probability that the trigger event occurs in the time interval [t, t+dt] while not being
triggered up to t is given by λTriggerdt. The task of modeling the trigger event depends
heavily on the type of trigger. All CoCo issues up to date use an accounting trigger,
sometimes in combination with a regulatory trigger. Modeling an accounting trigger is no
easy task, thus [Spiegeleer and Schoutens (2012)] decides to replace an accounting trigger
where the CET1 ratio drops below a minimum level by an equivalent trigger where the
stock price of the issuing bank drop below a barrier STrigger.

2Meaning that the face value can be reinstated would the bank manage to bounce back from financial
instability.
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The stock price is assumed to follow a stochastic process

dS = (r − q)Sdt+ σSdWQ. (2.10)

The probability that a stock price price S will reach a level STrigger at a time between
today and the maturity date of the CoCo bond T is

pTrigger =Φ

(
ln(STrigger/S − µT

σ
√
T

)
+

(
STrigger

S

)2µ/σ2

Φ

(
ln(STrigger/S + µT

σ
√
T

)
,

µ =r − q − σ2

2
.

The probability that the trigger event occurs is pTrigger = 1 − exp(−λTriggerT ). The
intensity can be derived to equal

λTrigger = −
ln(1− pTrigger)

T
. (2.11)

For a CoCo spread calculation example, see [Spiegeleer and Schoutens (2012)].

2.3 Equity Derivative Approach

In the equity derivative approach, CoCos are priced by replicating their cash flows with
a portfolio of equity derivatives. In a Black-Scholes framework, explicit formulas can be
given. This section uses the same notation as in previous sections.

This approach is developed by [Spiegeleer and Schoutens (2012)] and they start by noting
that the final payoff at T of a zero coupon conversion CoCo with face value K and
conversion ratio Cr is

PT = ((1− α)K + CrST )1Trigger +K(1− 1Trigger), (2.12)

where 1Trigger denotes the indicator function for the trigger event. It is argued in
[Spiegeleer and Schoutens (2012)] that a conversion into share can be approximated by a
knock-in forward on Cr shares of the issuer with barrier STrigger and thus that

Price of Zero Coupon Conversion CoCo = Zero Coupon Corporate Bond
+ Knock-In Forwards

Adding coupons, one must consider the fact that coupons are only paid out up until the
trigger event. Suppose the bond pays out a total of k coupons with value c at times ti.
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When the trigger event occurs and the CoCo converts, the coupon is reduced to (1−α)c.
This can be valued as a short position in a binary down-and-in option (BDI) for every
coupon: each binary option (there are as many BDIs as coupon payments) cancels partially
or completely by −αc the coupon payment expected at that date.

Price of Conversion CoCo = Corporate Bond
+ Knock-In Forwards

−
∑

Binary Down-in Options

For write-down CoCos, no shares are received. The loss of the face value in case of write
down can be modelled the same way as the loss of the cancelled coupons with a binary
down-an-in option which cancels by −αK the portion of the face value written down.

Price of Write Down CoCo = Corporate Bond
−Binary Down-in Option for face value

−
∑

Binary Down-in Options for coupons.

In [Spiegeleer and Schoutens (2012)], the factor α is purely theoretical, at least when it
comes to the coupon cancellation. In practice, when a bank is in a position to write down
or convert only enough to get above the barrier/point of viability, it would certainly not
be in a position to pay coupons. Usually, when a bank is financially stretched, it starts
by cancelling bonuses and dividends on equity. Cancelling coupons comes next, and lastly
the CoCo bond converts or is written down. What is more, in practice, the whole CoCo
will be written down or converted when it comes to this point.

Assuming a Black-Scholes framework, constant risk free rate r and volatility σ, a closed
form formula for the price can be given, using the expressions for the price of the different
components, given in [Spiegeleer and Schoutens (2012)] by:

CB =K exp(−rT ) +
k∑
i=1

c exp(−rti), (2.13)

KIF =Cr · [S exp(−qT )(
S∗

S
)2λΦ(d2)− Cp exp(−rT )(

S∗

S
)2λ−2Φ(d2 − σ

√
T )

− Cp exp(−rT )Φ(−d1 + σ
√
T ) + S exp(−qT )Φ(−d1)], (2.14)

BID =− α
k∑
i=1

c exp(−rti)[Φ(−d1i + σ
√
ti) + (

S∗

S
)2λ−2Φ(−d2i − σ

√
ti)], (2.15)
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with

λ =
r − q + σ2/2

σ2
,

d1 =
log(S/S∗)

σ
√
T

+ λσ
√
T ,

d2 =
log(S∗/S)

σ
√
T

+ λσ
√
T ,

d1i =
log(S/S∗)

σ
√
ti

+ λσ
√
ti,

d2i =
log(S∗/S)

σ
√
ti

+ λσ
√
ti.

See [Teneberg (2012)] for CoCo price sensitivity to different variables.

This approach provides closed form formulas and is quite easy to grasp. The problem is
that it does not work well in practice as there are no CoCos with market triggers, and it
is hard to try to estimate an appropriate implied market trigger.

For extensions of the equity derivative model, see [Corcuera et al. (2014)] for coupon can-
cellation and [Spiegeleer and Schoutens (2014)] for extension risk.

2.4 Structural Model - Balance Sheet Model

2.4.1 Introduction

Contingent Convertibles depend heavily on the bank’s balance sheet as well as different
accounting figures, especially CoCos with a CET1 ratio trigger. One is thus led to model
the balance sheet in order to price the CoCo. Merton introduced in 1974 [Merton (1974)]
such an approach in order to price bonds where the balance sheet is assumed to follow a
stochastic process, such as a Geometric Brownian Motion (GBM). This approach has been
extended to CoCos, with examples such as [Hilscher and Raviv (2014)]. In this section,
the Merton structural model is introduced and applications to CoCos is presented.

2.4.2 Original Merton

Let (Ω,F ,P) be a probability space and consider a standard Brownian Motion W P
t as well

as the filtration {Ft}t≥0 generated by it. Let Vt denote the value of a firm (a bank), Et
the total equity of the firm and Dt the value of the outstanding debt at time t.
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At time t, the total value of the bank is given by

Vt = Et +Dt. (2.16)

One important assumption in the Merton model is that default can only occur at maturity
T , the maturity of the final debt. Let D denote the notional (par) value of the debt at
maturity T . Default is defined as follows: if the firm value is below the debt par level D,
the firm is in default. Because default can only occur at maturity in this framework, the
default time is thus T if VT < D, or more formally:

τd = T · 1{VT<D} +∞ · 1{VT≥D}. (2.17)

At maturity, the total value is either less than the par value of the debt at maturity,
or greater than the par value of the debt at maturity. The pay-off for creditors is DT =
min(VT , D) = D−(D−VT )+, whereas the pay-off for stockholders is ET = max(VT−D, 0).
The relation between debt and equity at maturity is thus

ET = (VT −D)+. (2.18)

In the Merton framework, the market consists of Vt and a money account B(t) = B(0)ert

with interest rate r, where Vt has dynamics

dVt = µV Vtdt+ σV VtdW
P
t , (2.19)

where µV is the drift and σV is the volatility. Under the equivalent risk neutral probability
measure Q, the dynamics are

dVt = rVtdt+ σV VtdW
Q
t . (2.20)

With constant r and σV and from Equation (2.18) and (2.20), the value of the equity Et
can be considered as a call option on the value of the firm. The value of equity can be
obtained through the Black-Scholes-Merton formula for call option pricing, given here as
in [Martellini et al.],

Et =VtΦ(d1)− e−r(T−t)DΦ(d2), (2.21)

d1 =
ln(Vt/D) +

(
r +

σ2
V
2

)
(T − t)

σV
√
T − t

, (2.22)

d2 =d1 − σV
√
T − t, (2.23)

where Φ(x) is the distribution function of a standardised Gaussian. The value of the risky
debt is obtained as Dt = Vt − Et.

Problems arise when wanting to implement the Merton model: neither Vt nor σV are
directly observable for a certain t, in contrast to Et (find the total number of outstanding
shares and multiply by the current share price) and σE (implied volatility from option
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prices). Some approximation can be performed as stated in [Martellini et al.], such as
relating the volatility of equity and the volatility of assets through

σEE0 = Φ(d1)σV V0 (2.24)

Solving Equation (2.21) and (2.24) simultaneously yields estimates for σV and V0. An
obvious limitation to the Merton model is the fact that default can only occur at maturity.
This limitation was addressed by Black and Cox (1976), where the model is extended to
cases in which creditors can force the bank into bankruptcy at any time during the life
of the bond if the asset value of the firm falls below a certain predefined threshold, also
known as breaching a safety covenants barrier. Black and Cox assume this barrier to be
exponential and the dynamics of the default barrier H are given by

Ht = D · 1{t=T} +Ke−γ(T−t) · 1{t<T}, (2.25)

with (γ,K) ∈ R+ ×R+. The default time is now defined as

τd = inf{t ∈ [0, T ] : Vt ≤ Ht}, inf{∅} =∞. (2.26)

2.4.3 Application to CoCos

Having introduced the Merton model in the previous section, the idea is now to apply
the methodology to the valuation of the CoCo bond. An example of a structural pricing
model is the one elaborated by [Hilscher and Raviv (2014)]. The setting is the same as
in Section 2.4.2, with Vt denoting the total asset value of the bank and which evolves
according to Equation (2.20). They consider a simplified capital structure of a bank that
issues Contingent Convertibles such that the capital structure includes deposits, a CoCo
and equity. The deposits are the most senior claims and have a face value FD. Default
occurs either if the value of assets falls below the face value of deposits at maturity T ,
or if the value of assets touches the default threshold HD = FD(1 − γ) at time t, where
0 < t < T and γ ∈ [0, 1]. The default time is thus

τd = inf{t ∈ [0, T ] : Vt ≤ HD}, inf{∅} =∞.

The CoCo bond is the second debt security in the capital structure, payingK at maturity if
there is no conversion. Conversion occurs if the value of assets drops below the conversion
threshold HC = (1 + β)(FD + K) at t ∈]0, T [. The coefficient β ∈ [0,∞[ measures the
distance between the conversion threshold and the bank’s book value of debt. Here, it is
assumed that the CoCo holder receives a fraction δ of the equity in case of conversion and
the payoff at maturity is thus δ(VT − FD). If default occurs, the value of equity is zero
and the CoCo holder receives nothing. The time of conversion is defined as
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τc = inf{t ∈ [0, T ] : Vt ≤ HC}, inf{∅} =∞.

The CoCo payoff at maturity is thus

PT = K · 1{τc>T} + δmax{(VT − FD), 0} · 1{τc<T<τd}.

In a way similar to the approach taken in Section 2.3, the payoff of the CoCo can be
replicated using a combination of different barrier options. In [Hilscher and Raviv (2014)],
the payoff at maturity if no conversion has occurred is modelled by K units of a binary
down-and-out barrier (BDO) option with a barrier of HC , paying K at maturity if the
barrier is not hit, and 0 otherwise. If the CoCo converts and there is no default before
maturity, the holder receives δ units of a down-and-in call (DIC) option on the asset value
with a strike price equal to the face value of deposits FD and a barrier HC . If the CoCo
converts and there is default, the value of equity drops to zero and the holder receives
nothing. This last event can be incorporated in the payoff with a short position in a
down-and-in call (DIC) option on the asset value with a strike price equal to the face
value of deposits FD and a barrier HD. The conversion CoCo value is thus given by

ΠCoCo = K ·BDO(HC) + δ ·
(
DIC(HC , FD)−DIC(HD, FD)

)
. (2.27)

The closed form formulas for these options can be found in [Hilscher and Raviv (2014)].

Note that this approach is simplified in the way that [Hilscher and Raviv (2014)] only
consider a zero coupon CoCo.
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Chapter 3

Extension of Existing Structural
Models

3.1 From Merton to AT1P and Application to Cocos

As seen in Chapter 2, there are several ways of pricing Contingent Convertibles, all of
them with downsides and upsides. In this section, the focus is on discussing exten-
sions of the structural model introduced in Section 2.4. The structural model given by
[Hilscher and Raviv (2014)] does not have the flexibility necessary to incorporate all the
features of CoCos, such as coupon cancellation and extension risk. A more flexibel model
is necessary, and this section introduces the Analytically Tractable First Passage Time
(AT1P) model developed by [Brigo and Tarenghi (2004)]. The AT1P model is adapted to
CoCo pricing and further discussed following the work of [Ritzema (2015)].

3.1.1 Analytically Tractable First Passage Time (AT1P) Model

Brigo and Tarenghi ([Brigo and Tarenghi (2004)]) develop an extension to the Black and
Cox model, allowing for more degrees of freedom in order to calibrate the model to CDS
market quotes while still yielding analytical formulas. This model allows for time depen-
dent short rate rt, dividend yield qt and asset volatility σt.

Let (Ω,F ,P) be a probability space and consider a standard Brownian Motion W P
t as well

as the filtration {Ft}t≥0 generated by it. Let Vt denote the value of a bank, r the short
rate and q the dividend yield. For tractability, [Brigo and Tarenghi (2004)] suggest the
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use of constant r and q. A formulation of the model is as follows:

dVt =(r − q)Vtdt+ σ(t)VtdW
Q
t , (3.1)

Ĥ(t) =He(r−q)t−L
∫ t
0 σ

2(s)ds, (3.2)

Q(τd > T ) =Φ(d1)−
(
H

V0

)2L−1

Φ(d2), (3.3)

with

d1 :=
log V0

H + 2L−1
2

∫ T
0 σ(s)2ds(∫ T

0 σ(s)2
)1/2

,

d2 :=d1 −
2 log V0

H(∫ T
0 σ(s)2

)1/2
,

describing the firm-value process, the default barrier Ĥ and the survival probability (de-
scribing the probability of hitting the barrier before T ) Q(τd > T ). H and L are shaping
parameters for the default barrier. Note that in (3.3), H and V0 never appear alone,
but always in ratios such as H

V0
. Hence, the initial value of the firm may be rescaled

to V0 = 1 and the parameter H can be expressed as a fraction of V0 as pointed out in
[Brigo, Morini and Pallavicini (2013)], Chapter 3. The real value of the firm need not be
known and the default barrier may be rewritten as

Ĥ(t) =
H

V0
E0[Vt] exp

(
− L

∫ t

0
σ2
udu

)
.

Thus, the default barrier has a simple economic interpretation: it consists of a proportion
of the expected value of the company assets at t, controlled by the parameter H. This
parameter depends on the general capital structure of the considered institution. The
default barrier can also be modified through the parameter L: L > 0 means that when
volatility increases, the barrier is slightly lowered to give a chance to the issuing institution
to recover before going bankrupt (this can be interpreted as regulators letting the bank
going through a reconstruction before going bankrupt). L = 0 means that the barrier does
not depend on volatility.

In order to get the survival probabilities in Equation (3.3), the idea put forward by Brigo
and Tarenghi is to calibrate the model to Credit Default Swap (CDS) spreads. The
missing values are H,L and σ, and the goal is to manage to calibrate these parameters
using market data. The volatility is chosen as a piecewise constant function, partitioned
over a number n of time intervals [t0, t1), . . . , [tn−1, tn):

σ(t) =

n∑
i=1

σi · 1[ti−1,ti)(t). (3.4)
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The partitioning is determined by the calibration procedure, i.e the number of available
CDS contracts. For a definition of the CDS contract, see Appendix A.1.

The CDS par spead ST is the spread for the today-issued maturity T contract such that
the value of the contract is zero. If one manages to express it as a function of the model
parameters to be calibrated, available market quotes of spreads can be used in order
to find parameter values matching the observed CDS spreads. Under the martingale
measure Q and conditional on the filtration Ft, the CDS spread ST0,TN (0) for a contract
on a reference entity whose recovery rate is R starting at T0, with maturity TN and
with premium payments made at dates T1, T2, . . . , TN is given by (expression stated in
[Brigo et al.(2013)]):

ST0,TN (0) =
(1−R)

∑
i
B(0)
B(Ti)

(Q(τ > Ti−1)−Q(τ > Ti)))∑
i
B(0)
B(Ti)

αi
(
Q(τ > Ti) + 1

2(Q(τ > Ti−1)−Q(τ > Ti))
) (3.5)

where αi = (Ti − Ti−1), B(t) = ert and Q(τ > Tj) are given by (3.3).

3.1.2 Adapting to CoCos

The application of the AT1P model to CoCo pricing is treated in [Brigo et al.(2013)]. The
model aims to simulate paths for the different variables needed in order to price the CoCo.
These paths can be simulated using Monte Carlo simulation once the model is calibrated.
The paths needed is this model are the paths for the firm value Vt, the equity value Et
and the CET1 ratio Ct. Once these paths are generated, the payoff of the CoCo can be
found for each path. A large number of paths will yield a good approximation of the CoCo
price.

How can the payoff of the CoCo be expressed in this setting? First of all, one must take
into account two random times: the default time τd and the conversion time τc.

The default time is defined as

τd = inf{t ≥ 0 : Vt ≤ Ĥ(t)}. (3.6)

The conversion time is defined as

τc = inf{t ≥ 0 : Ct ≤ Cmin}, (3.7)

where Ct is the CET1 ratio and Cmin is the trigger level below which the CoCo is converted
or written down. Some assumption are made on the relationship between τd and τc:

P(τd < τc|τd < T ) = Q(τd < τc|τd < T ) = 0, (3.8)

i.e conversion always happens before default.
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Back to the payoff. Consider first a conversion CoCo. If the CoCo does not convert, its
cash flows are the same as a regular bond paying coupons. If it does convert, the coupons
are cancelled and instead the investor receives a certain number of share Cr at a conversion
price Cp. Let PC(t, T ) and PB(t, T ) be the discounted payoffs at t of the CoCo and the
price of a risk free bond with the same maturity and paying the same coupons respectively.
The payoff of the CoCo can be expressed as

PC(t, T ) = 1{τc>T}PB(t, T ) + 1{τc≤T}

(
PB(t, τc) +

B(t)

B(T )
CrSτc

)
.

This can be rewritten using the fact that N is set at the issuance day in such a way
that N · Sc = E0[PC(0, T )]. Noting that bonds are issued at par, E0[Pc(0, T )] = 1 and
thus

PC(t, T ) = 1{τc>T}PB(t, T ) + 1{τc≤T}

(
PB(t, τc) +

B(t)

B(T )

Sτc
Cp

)
. (3.9)

Now the question boils down to model the behaviour of the regulatory capital ratio Ct.
In [Brigo et al.(2013)], their approach is to consider Ct as an exogenous variable with a
certain proxy. They argue that the Asset (At) over Equity (At−Lt) ratio is the driver for
the change in capital ratio and suggest the following statistical model:

Ci =a+ bXi + εi, (3.10)

Xi :=
Ai

Ai − Li
,

where the coefficients a and b are to be evaluated using a cross-sectional Ordinary Least
Squares over end-of-year balances for several banks (for several rating classes) and for
several dates and ε is the residual. They approximate the total Assets to the firm value
Vt and the total Liabilities to the barrier, i.e. Lt ≈ Ĥ(t). The calibrated parameters are
chosen as the average of the evolution over time of the two parameters a and b, ā, b̄. Thus,
the proxy for the capital ratio is

C(Vt, Ĥ(t); y) =

{
ā+ b̄ Vt

Vt−Ĥ(t)
, Vt ≥ Ĥ(t),

0 Vt < Ĥ(t).
(3.11)

Using the coefficients ā and b̄ from the regression, this expression can be used in the
calibration procedure as noted in [Brigo et al.(2013)]

For the Monte Carlo simulation, [Brigo et al.(2013)] find the need to decorrelate the CET1
ratio from the assets-on-equity value as the previous setting implied extreme values for
the correlation between the capital ratio and the asset-over-equity ratio. They introduce
a new random shock ξ ∼ N (0, 1) and propose a modified proxy for the CET1 ratio to be
used in the Monte Carlo simulation:
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Ct = ā+ b̄ · std(Xt)

(
%

Xt

std(Xt)
+
√

1− %2ξ

)
, (3.12)

where corr(Ct, At/Et) = % · sign(b̄).

Another variable used in the calibration and in the Monte Carlo simulation is the equity
value Et. Brigo gives a closed form formula for the equity value seen as a down-and-out
option on the firm value, namely

Et =
B(t)

B(T )
EQ
t

[
(VT − Ĥ(T ))+

1{τd>T}

]
=
B(t)

B(T )

(
(Vte

∫ T
t (µ(t)+σ(s)2/2)ds(1− Φ(d3))− Ĥ(T )(1− Φ(d4))

− Ĥ(t)

(
Ĥ(t)

Vt

)2L

e
∫ T
t (µ(t)+σ(s)2/2)ds(1− Φ(d5)) + Ĥ(T )

(
Ĥ(t)

Vt

)2L−1

(1− Φ(d6))

)
,

(3.13)

with

d3 =

(
ln( Ĥ(T )

H )
)+
− ln Vt

H −
∫ T
t (µ(t) + σ(s)2)ds(∫ T

t σ(s)2ds
)1/2

,

d4 =

(
ln( Ĥ(T )

H )
)+
− ln Vt

H −
∫ T
t σ(s)2ds(∫ T

t σ(s)2ds
)1/2

,

d5 =

(
ln( Ĥ(T )

H )
)+
− ln Ĥ(t)2

HVt
−
∫ T
t (µ(t) + σ(s)2)ds(∫ T

t σ(s)2ds
)1/2

,

d6 =

(
ln( Ĥ(T )

H )
)+
− ln Ĥ(t)2

HVt
−
∫ T
t σ(s)2ds(∫ T

t σ(s)2ds
)1/2

,

µ(t) =r − q − σ(t)2

2
.

The expression above is derived in [Rapisarda (2005)].
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Calibration

Now, using Equation (3.11) and (3.13) as well as the expression for the CDS spread, the
calibration of the volatilities, H and L found in Equation (3.3) can be done. Stated below
is the calibration procedure described in [Brigo et al.(2013)].

Consider n quoted CDS par spreads for different maturities(ST1 , · · · , STn), the latest pub-
lished Tier 1 capital ratio C0 and the market equity value E0. Consider a state space Θ for
the parameters, market observable values ψM = (ψM1 , · · · , ψMNM ) and their corresponding
model calculated quantities ψ(x) = (ψ1(x), · · · , ψNM (x)) where x ∈ Θ are model param-
eters. The calibrated model parameters vector p = (σ1, · · · , σn, H, L) is such that

OF (p) = min
x∈Θ

OF (x),

where OF is an objective function measuring a distance between ψ(x) and ψM .

1. Simulated annealing is used to set a starting point x0.

2. Starting from x0, Levenberg-Marquardt was used to find the optimum point p in the
state space, considering the set of market observables ψM = (ST1 , ST2 , · · · , STn , C0, E0).
The optimum point p is defined as the point minimizing

OF (x) =

NM∑
i=1

1

NM

(
ψi(x)− ψMi

ψMi

)2

. (3.14)

Simulation

Once the model is calibrated, Monte-Carlo simulation is used with the payoff (3.9) to price
a real-life CoCo issued by Lloyds in [Brigo et al.(2013)].

Consider the time axis [0, T ]. Dividing into M equally spaced intervals of length ∆t = T
M ,

one can perform a Monte Carlo simulation in order to generate paths for the asset, equity
and CET1 ratio.

Through the algorithm, the values of the functions Ĥ and σ are known and calculated
through their expressions (found in Equation (3.2) and (3.4)).

At the starting point t = 0, the initial values are V0 = 1, Ĥ0 = H, where H is from the
calibration step and E0 is extracted from the market and financial statements (available
in Bloomberg).

For t = T
M , . . . , T , the following steps are performed iteratively a number of times:

1. Calculate Vt using the Euler-discretization of Equation (3.1) and drawing
εt ∼ N (0, 1):

Vt = Vt−1 exp

{(
rt−1 − q −

σ2

2
(t− 1)

)
∆t+ σ(t− 1)

√
∆tεt

}
.
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2. Calculate Ĥ(t) using Equation (3.2).

3. Calculate Ct using Equation (3.12) by inserting the values for Vt and Ĥ(t) found in
1 and 2.

4. Calculate Et using Equation (3.13).

5. Calculate St with St = Et
O , where O is the number of outstanding shares.

This algorithm yields simulated paths that can now be used to price the CoCo based on
the pay-off for each path and adding all the payoffs. Each contribution can be calculated
using the following steps.

• When Ct hits Cmin from above for the first time and t ≤ T , the CoCo is converted,
the holder receives α

[
K

max{Sc,F}Sτc

]
in shares and t = τc. The present value of the

amount left is

α

[
K

max{Sc, F}

]
Sτc exp

(
−
∫ τc

0
rudu

)
.

• On each coupon payment date ti, check whether Cti ≥ Cmin or not. As long as there
has not been any conversion, the present value of the coupon payment is
ci exp

(
−
∫ ti

0 rudu
)
. If conversion occurs, the present value of these coupons are

zero.

• At maturity T , the CoCo holder receives the face value K and the present value of
this cash flow is K exp

(
−
∫ T

0 rudu
)
, given that no conversion has occurred.

Generating a large number of paths yields an approximation for the CoCo price through
the sum of the contributions.

3.2 Modeling Coupon Cancellation and Extension Risk

In this section, the particular type of CoCo presented in Section 1.3 is considered: the
AT1 CoCo. This CoCo can have its coupons cancelled at any time, and does not have a
predetermined maturity date. Instead, the CoCo may be called on specific call dates, but
the redemption of the face value on call dates is subject to conditions. Considering the
fact that investors often assume that the bond in question will be called back on call dates,
there is a real extension risk with CoCos, as regulators can decide that the bank does not
have the means to call back the bond. The work of [Brigo et al.(2013)] is extended by
[Ritzema (2015)] by considering specifically AT1 CoCos and modifying the model of the
CET1 ratio as well as considering the possibility of coupon cancellation before conversion
and extension risk.

25



Extension risk:
Historically, bonds with a perpetual characteristic have been expected by investors to be
called back on call dates. So has often been the case, as a non-call implies a coupon
step-up which is expensive for the issuer, and a non-call would be seen as a bad sign for
investors, determining investors view on the issuing institution, making it difficult for that
institution to raise capital in the future. But during the financial crisis, there were some
notable non-calls that took place, such as a non-call of the $650 mn Deutsche Bank Note
in January 2009. These non-calls were caused by the effect of flight-to-quality that took
place, which would make it very difficult and expensive for the bank to refinance itself
compared to not calling the bond and paying the coupon step-up.
The game changes when it comes to AT1 CoCos: they are not allowed to include a coupon
step-up after call dates, and regulators may decide that the CoCo should not be called
back due to a weak situation for the bank.

Coupon cancellation:
As noted before in the case of Deutsche Bank, cancelling coupons is seen as a bad sign
and the market reacts to the smallest uncertainty regarding the ability of the issuer to pay
coupons. But in this regulated world, the bank in question may not have the possibility
to choose whether or not it should pay coupons as regulators can step in and forbid
coupon payments if the bank does not have enough Available Distributable Items and/or
the payment exceeds the Maximum Distributable Amount. These amounts cannot be
modelled directly in the proposed framework, but it is possible to associate a CET1 ratio
Ccc for which coupon payments will be cancelled. This is in line with directions from
the Swedish Finansinspektionen, which prohibits coupon payments if the CET1 ratio falls
below 10.6 %.

3.2.1 The Model

The setting is the same as the one described in Section 3.1, as is the notation used. In
addition, cancellation of coupons is introduced: if the CET1 ratio drops below a certain
level Ccc, no more coupons are paid.

The possibility of having the bond extended after the call date is proposed. The call time
is defined as

τcall = inf{t ≥ 0 : Ct ≥ Ccall}, (3.15)

where Ccall is the level over which the bond is called. If the CoCo bond is not called,
it is extended up to the next call date. In order to make a practical pricing possible, a
fictitious “maturity” T is introduced. Setting T to be 10 years after issuance is reasonable,
as it can be assumed that there will be at least one call date on which the CoCo is called,
or a CoCo conversion date before the end of the 10 years.
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Extended ATP1 Model for the CoCo

Considering a CoCo with full conversion (α = 1) to equity (with conversion price with a
floor), its unique arbitrage-free price at time t is

ΠCoCo(St, Ct, rt, T ) =
∑
ti>t

ciEQ
t

[
e−

∫ ti
t rudu1{Cti>Ccc,τc>ti,τcall≥ti}

]
+KEQ

t

[
e−

∫ T
t rudu1{τc>T,τcall>T}

]
+KEQ

t

[
e−

∫ τcall
t rudu1{τcall≤T,τcall<τc}

]
+ EQ

t

[(
K

max(Sτc , F )

)
e−

∫ τc
t rudu1{τ≤T,τc<τcall}

]
.

The goal of this section is to construct a Monte Carlo approach in order to approximate
this expression. This can be done if the underlying processes can be modelled under the
Q-measure.

Recall that dVt = (rt − q)Vtdt + σV (t)VtdW
Q
t . Using Itô, Vt can be explicitly expressed

as

Vt = V0 exp

{∫ t

0

(
ru − q −

1

2
σ2
V (u)

)
du+

∫ t

0
σV (u)dWQ

u

}
. (3.16)

The value of equity is given by Equation (3.13), but the model for the CET1 ratio differs
from the approach in [Brigo et al.(2013)]. As pointed out in [Ritzema (2015)], Brigo et
al. use a market value pricing approach but derive a relationship based on book values
of equity in the regression on bank’s capital ratios. As it is not possible to get the
total asset value directly (it is not observable in the market), a solution is proposed by
[Calomiris and Herring (2013)]: using the Quasi-Market Value of the Assets (QMVA).
Let Ft be the book value of liabilities at time t, MCt the bank’s market capitalization at
time t, St the share price of the firm at time t and Ot the number of outstanding shares
at time t. It holds that MCt = Ot · St and

QMVAt = MCt + Ft.

Using the book value of liabilities for the market value of debt is a good enough approx-
imation, as it is likely that the market and book value of debt are close to each other
(except when a major interest rate shock occurs).

The market value of equity Et is equal to the firm’s market capitalization MCt. The
stock price at time t is equal to Et/O. From now on, the number of shares outstanding is
assumed to be constant over time, i.e. Ot = O, ∀t.

From the assumptions above, the model for the CET1 ratio is established as

Ci = a+ b

(
QMVAi
MCi

)
+ εi, i = 1, . . . ,W, (3.17)
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where W is the number of banks used in the OLS regression. The regression is performed
on only one date, using data from a range of European banks. This is in contrast to the re-
gression in [Brigo et al.(2013)] where they use data from a range of dates. [Ritzema (2015)]
point out that this approach is problematic as the definition of the CET1 ratio has changed
over the past five years while requirements from regulators have become stricter, yielding
an upward trend in the behaviour of the CET1 ratio, see Figure 3.2.1.
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Figure 3.1: CET1 ratio of Svenska Handelsbanken as a function of time.

With ā and b̄ denoting the estimated parameters from the regression, the proxy for Ct is
expressed as

Ct =

(
ā+ b̄

(
Vt
Et

))
1{Et>Emin} (3.18)

where
Emin = |min{b̄/ā, 0}| · Vt.

The CET1 ratio is decorrelated from the assets-on-equity value in the same way as
in[Brigo et al.(2013)] by introducing a new random shock ξ ∼ N (0, 1):

Ct = ā+ b̄ · std(Vt/Et)

(
%

Vt/Et
std(Vt/Et)

+
√

1− %2ξ

)
, (3.19)
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where corr(Ct, Vt/Et) = % · sign(b̄).

Calibration

Recall that the volatility function σ(t) is a piecewise constant function. In [Ritzema (2015)],
the function consists of 6 volatility parameters, where the first volatility σ1 corresponds to
0 < t ≤ 2, the second volatility σ2 corresponds to 2 < t ≤ 3 and so on. The partitioning
depends on the CDS spreads available. The calibration procedure now aims to find values
for the parameters σ1, · · · , σ6, H and L yielding CDS rates, market value of equity and
CET1 ratio as close as possible to those observed in the market. The calibration procedure
is as follows:

Consider 6 quoted CDS par spreads for different maturities(ST1 , · · · , ST6), the latest pub-
lished Tier 1 capital ratio C0 and the market equity value E0. Consider a state space Θ for
the parameters, market observable values ψM = (ψM1 , · · · , ψM8 ) and their corresponding
model calculated quantities ψ(x) = (ψ1(x), · · · , ψ8(x)) where x ∈ Θ are model parameters.
The calibrated model parameters vector p = (σ1, · · · , σ6, H, L) is such that

OF (p) = min
x∈Θ

OF (x)

where OF is an objective function measuring a distance between ψ(x) and ψM .

1. Set a starting point x0 using a global search algorithm.

2. Starting from x0, use a local search algorithm in order to find the optimum point p in the
state space, considering the set of market observables ψM = (ST1 , ST2 , · · · , ST6 , C0, E0).
The optimum point p is defined as the point minimizing

OF (x) =

NM∑
i=1

1

NM

(
ψi(x)− ψMi

ψMi

)2

. (3.20)

Monte Carlo pricing algorithm

Consider the time axis [0, T ]. Dividing into M equally spaced intervals of length ∆t = T
M ,

one can perform a Monte Carlo simulation in order to generate paths for the asset, equity
and CET1 ratio.

Through the algorithm, the values of the functions Ĥ and σ are known and calculated
through their expressions (found in Equation (3.2) and (3.4)).

At the starting point t = 0, the initial values are V0 = 1, Ĥ0 = H,E0 = MC0
QMV A0

, where
H is from the calibration step and MC0, QMV A0 are extracted from the market and
financial statements (available in Bloomberg). The elements in the ratio C0 = CET10

RWA0
can

be obtained from financial statements.
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For t = T
M , . . . , T , the following steps are performed iteratively:

1. Calculate Vt using the Euler-discretization of Equation (3.16) and drawing
εt ∼ N (0, 1):

Vt = Vt−1 exp

{(
rt−1 − q −

σ2

2
(t− 1)

)
∆t+ σ(t− 1)

√
∆tεt

}
.

2. Calculate Et using Equation (3.13).

3. Calculate Ct using Equation (3.19) by inserting the values for Vt and Et found in 1
and 2.

4. Calculate St with St = Et
O .

This algorithm yields simulation paths that can now be used to price the CoCo based on
the payoff for each path and adding all the payoffs. Each contribution can be calculated
using the following steps.

• When Ct hits Cmin from above for the first time and t ≤ Tcall ≤ T , the CoCo is
converted, the holder receives α

[
K

max{Sc,F}Sτc

]
in shares and t = τc. The present

value of the amount left is

α

[
K

max{Sc, F}

]
Sτc exp

(
−
∫ τc

0
rudu

)
.

• On each coupon payment date ti, check whether Cti ≥ Ccc or not (given that con-
version or redemption has not occurred). As long as there is no coupon cancellation,
the present value of the coupon payment is

ci exp

(
−
∫ ti

0
rudu

)
.

If the coupon is cancelled or there has been a conversion, the present value of this
coupon is zero.

• On the call date Tcall, check whether CTcall > Ccall. If CTcall > Ccall, the CoCo is
called and t = Tcall. The CoCo holder receives the face value K and the present
value of this cash flow is

K exp

(
−
∫ Tcall

0
rudu

)
.

• At maturity T , the CoCo holder receives the face value K and the present value of
this cash flow is K exp

(
−
∫ T

0 rudu
)
, given that no conversion or call has occurred.

The sum of the contributions is the price of the CoCo.
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Chapter 4

Case study: Handelsbanken AT1
Notes

4.1 Introduction

In this chapter, the CoCo issued by Svenska Handelsbanken (SHB) will be introduced
and priced using the equity derivative approach and the AT1P model. This first section
describes the instrument and the features taken into account for the valuation.

4.1.1 Description of the Instrument

The AT1 Notes (ISIN XS1194054166) are characterised by the fact that they, in case of
a trigger event, are partially or fully written down (no conversion to shares). They are
included in the Tier 1 Capital of the Bank and the Group. The currency is the U.S.
dollar and nominal amount is $1,200,000,000. These Notes are perpetual so they have no
scheduled maturity date.

The Notes pay a coupon of 5.25% annually up until the first Reset date, which is the same
as the Call date. Thereafter, the coupon is calculated as the sum of the relevant Mid Swap
Rate and the Margin. The Notes bear interest on their Outstanding Principal Amount
but they are Coupon Cancellable CoCos: the Bank may decide to cancel at any time (in
whole or in part) at the Bank’s discretion, any interest payment that would be due. The
Notes are callable every five years from the first Call date (also called Redemption date)
on the 1st of March 2021. On these Call Dates, the full Outstanding Principal amount
can be redeemed.

When the Common Equity Tier 1 (CET1) Capital Ratio of the Bank is less than 5.125%,
or if the CET1 Capital Ratio of the Group is less than 8.0%, the CoCo is triggered and
partially or fully written down. This Capital Ratio is calculated quarterly but could be
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calculated at any time if required. The write down amount is chosen as the minimum
amount required for the bank to be considered viable again. In practice this will almost
certainly be the full nominal amount.

If the Bank records a net profit after the Note has been written down, there is a possibility
for an increase of the Outstanding principal amount (the amount left after the write down).
This is a so called reinstatement, and the principal can be increased up to the Original
nominal amount under certain conditions.

Other aspects which are of importance but difficult to include in a pricing setting are
consequences of Capital/Tax events. In the event of a so called Capital event, the Bank
becomes obliged to pay the remaining coupons. The Bank may also decide to call back the
bond. A Capital event is defined as a decision of the regulators that the Notes no longer
can be included in the Tier 1 Capital of the Bank or the Group. In the event of a so called
Tax event, the Bank may at its full discretion decide to call back the Note. A Tax event is
defined as a decision from a legislative body, governmental authority or regulatory body
that subjects the Bank to additional taxes or charges which were not applicable on the
Issue Date.

Summary:

• Issue date: 15 of February 2015.

• Maturity date: None, the instrument is perpetual.

• Nominal amount: $1,200,000,000.

• Coupon: 5.25% annually up to the first Call date/ Redemption date, thereafter the
sum of the Mid Swap rate (the five year U.S. dollar mid-market swap rate) and the
Margin (3.335 %).

• Call date: 1st of March 2021 and thereafter each date which falls on an integral
multiple of five years after the first Call date.

• Trigger event: CET1 Capital Ratio of the Bank is < 5.125%, or of the Group < 8.0%.

• Full or partial write down.

• Reinstatement of the Write Down amount.

• Coupon Cancellable.

• Capital/tax event: optional redemption + obligation to pay coupons.

This is a very short summary of information found in the Offering Circular [SHB1].
Figure 4.1 illustrates the structure.
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Figure 4.1: Simplified structure of the SHB CoCo.

4.1.2 Features Taken Into Account

The complex structure of CoCos implies many different outcome scenarios. Will the CoCo
be called on the Call date? Will some of the coupons be cancelled? In case of conversion
or write down, what is the conversion/write down fraction?

When pricing the Svenska Handelsbanken (SHB) CoCo, some assumptions must be made
regarding the conditions for the events mentioned above. It is in SHB’s interest to keep
their investors content and industry talks motivate the following assumptions:

• The bank will call back the CoCo unless Finansinspektionen prohibits it from doing
so (i.e. the CET1 ratio is below 10.6%).

• The bank will pay out coupons unless the Pillar 1 requirements are not satisfied (i.e.
the CET1 ratio is below 10.6%).

• In practice, if write down occurs, it will be a full write down, i.e. α = 1.

4.2 Pricing

Having described the CoCo in question, the following section aims to apply some of the
pricing methods developed in previous sections to the SHB CoCo. The study starts with
the equity derivative model and ends with the AT1P model.
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4.2.1 Using the Equity Derivative Approach

The equity derivative (ED) approach presented in Section 2.3 is implemented in this section
and its performance on the SHB CoCo is assessed. In this model, the fact that coupons
can be cancelled before write down and that the CoCo may not be called back is omitted.
Instead, it is assumed that the CoCo will be called back on the first call date, giving it a
fixed maturity date.

The cash flows are replicated using binary options and the expressions for the formulas
are given by Equation (2.13) and Equation (2.15).

CoCo Price = Corporate Bond
−Binary Down-in Option for the Face value

−
∑

Binary Down-in Options for the cancelled coupons.

The model was implemented in R and a short study on parameter influence was per-
formed.

The data in Table 4.1 is for 1st of April 2016. The implied trigger barrier STrigger was
found by calculating the value for STrigger yielding a price at par on the issue date.

Variable Value
S0 103.1
σS 0.276

STrigger 31.22
r 1.4%
q 5.8%

Coupon 5.25%
T 1st March 2021
α 1

Table 4.1: Summary of relevant variables for the ED model.

A dataset with daily implied stock volatilities from October 2015 to April 2016 as well as
daily stock values for the same time frame was used in order to investigate the performance
of the model using the implied trigger STrigger found earlier.

All prices are in percentage of the face value (nominal). Figure 4.2a displays price quotes
extracted from Bloomberg for the SHB CoCo. Figure 4.2a can be compared to Figure
4.2b which displays the CoCo price calculated through the ED model, using daily values
of stock volatility and SHB share price. As can be seen from these two plots, the ED
model generates prices between 56.27 and 120.53, while the quotes from Bloomberg are
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in the range 88.27 to 97.14 for the same time period. In order to assess which parameters
influence the price, the CoCo price was calculated in two manners: first for σS1 and SB
held constant but using the daily stock price for each pricing date, and second for S2 and
STrigger held constant but using the daily stock volatility for each pricing date.
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(b) Calculated price (% of nominal) using daily
value of S and σ, with constant STrigger.
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(a) CoCo price (% of nominal) when S varies,
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(b) CoCo price (% of nominal) when σ varies,
with S and STrigger held constant.

Figure 4.3

1using the mean volatility of the dataset σS = 30.1%.
2using the mean stock price of the dataset S = 111.96.
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As can be seen in Figure 4.3a and Figure 4.3b, the value of the volatility influences the price
to a much greater extent than the value of the stock price. Moreover, the similarity between
Figure 4.2b and Figure 4.3b are striking. Figure 4.4 shows that the price fluctuations are
mostly due to the volatility, indicating that using stock volatility in a model for the CoCo
price would lead to higher CoCo price volatility than those observed in the market.
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Figure 4.4: Fig 4.2(b) and 4.3(b) superimposed.

4.2.2 Using a Structural Approach

The main part of the study was the implementation of the AT1P structural model de-
scribed in Section 3.2.1. This section describes the steps taken and the difficulties that
arose along the way. The implementation was done using R.

The coupon cancellation and the extension risk are modelled as in Section 3.2.1, where the
CoCo is assumed to have been triggered or been called back after T = 10 years. Due to
the difficulty of estimating the dividend parameter q, it is set to zero through this study.
For the constant interest rate r, the 5 year USD swap rate is used.

CET1 ratio model

As suggested in previous sections, an OLS regression of the CET1 ratio is performed us-
ing the data extracted from Bloomberg for all European banks where the QMVA, the
market value of equity and the latest CET1 were available (the regression is performed
on one single date for reasons motivated in Section 3.2.1). For a list of the banks used,
see Appendix A.3. The output from the regression can be found in Table 4.3. Note that
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Swedish banks have stricter capital requirements (imposed by the Swedish Finansinspek-
tionen) than other European banks, meaning that they have significantly higher CET1
ratios than the rest of the banks in the sample. This is a problem as the model outputs a
capital ratio significantly lower than the current one. In order for this approach to yield
realistic results, one can resort to the following: considering that it is the parameter b̄
which controls how much impact the ratio Vt/Et has, the parameter ā is merely a level
around which b̄ · Vt/Et fluctuates. If one pushes up this level by choosing ā such that
the ratio output by the model is near the real CET1 ratio but keeps b̄, then the general
trend of how the ratio Vt/Et influences the CET1 ratio is kept while yielding a reasonable
level.

Another solution could be to perform the regression only on data from Swedish banks,
but on several dates. Due to the scarce amount of data, the results are not very reliable
and perform poorly in the rest of the study. It is a general trend through the study that
the output is sensitive to the input and this will be discussed later on.

Hopefully, results will stabilize as time passes and more data becomes available. Another
suggestion would be to try to model the ratio as a mean reverting process.

Calibration

The calibration is performed using CDS spreads, the value for equity and the CET1 ratio
as presented in Section 3.2.1.

Recall that the volatility function σ(t) is a piecewise constant function. The function
consists of 6 volatility parameters, where the first volatility σ1 corresponds to 0 < t ≤ 2,
the second volatility σ2 corresponds to 2 < t ≤ 3 and so on. The available CDS spreads
can be found in Table 4.2. The calibration procedure now aims to find values for the
parameters σ1, · · · , σ6, H and L yielding CDS rates, market value of equity and CET1
ratio as close as possible to those observed in the market. The calibration procedure is as
follows:

Consider 6 quoted CDS par spreads for different maturities(ST1 , · · · , ST6), the latest pub-
lished Tier 1 capital ratio C0 and the market equity value E0. The latest capital ratio and
the market value of equity were extracted from Bloomberg.

Consider a state space Θ for the parameters, market observable values ψM = (ψM1 , · · · , ψM8 )
and their corresponding model calculated quantities ψ(x) = (ψ1(x), · · · , ψ8(x)) where
x ∈ Θ are model parameters. The calibrated model parameters vector p = (σ1, · · · , σ6, H, L)
is such that

OF (p) = min
x∈Θ

OF (x)

where OF is an objective function measuring a distance between ψ(x) and ψM .

1. Set a starting point x0 using a global search algorithm.
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2. Starting from x0, use a local search algorithm in order to find the optimum point p in the
state space, considering the set of market observables ψM = (ST1 , ST2 , · · · , ST6 , C0, E0).
The optimum point p is defined as the point minimizing

OF (x) =
6∑
i=1

1

6

(
SAT1P
Ti

− SmarketTi

SmarketTi

)2

+

(
EAT1P

0 − Emarket0

Emarket0

)2

+

(
CAT1P

0 − Cmarket0

Cmarket0

)2

.

(4.1)

Term CDS Rate (bps)
2Y 60.50
3Y 82.10
4Y 102.66
5Y 116.10
7Y 135.13
10Y 149.69

Table 4.2: CDS term structure on junior debt issued by Svenska Handelsbanken (from
Bloomberg).

The optimization of the function (4.1) turned out to be harder than expected. The function
has multiple local minima and could yield parameter values that were not realistic (very
high asset volatilities for example). Several optimization packages for R were used and
evaluated, see Appendix A.2 for short descriptions. Limiting the search to X := (0, 1)8

and using Generalized Simulated Annealing in combination with a damped least-squares
method helped, but there were still two main minima yielding a similar value for the
objective function, see Table 4.4. That would maybe not have been a problem if the
outcome of the simulation would have been the same, but performing the simulation
using these two points generates very different results. Due to a shortage of time, the
optimization problem was not examined further, but it should be looked into in future
research. The calibration procedure might also need to be reassessed, as it depends on
CDS spreads. Unfortunately, CDS spreads are usually not very liquid instruments and
thus their calibration worthiness could be questioned. The upside of CDS spreads is that
they represent a pure form of credit risk in the market, making them suitable for finding
survival probabilities.

Monte Carlo simulation

A maturity of 10 years is set, the dividend q is assumed to be zero. It is assumed that
the CoCo is a full write down CoCo so α = 1. The coupon cancellation threshold is set
to Ccc = 10.6%, the call threshold is set to CCall = 10.6% and the trigger level is set to
Cmin = 8%
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Consider the time axis [0, T ]. Dividing into M equally spaced intervals of length ∆t = T
M ,

one can perform a Monte Carlo simulation in order to generate paths for the firm value,
equity and CET1 ratio.

Through the algorithm, the values of the function Ĥ and σ are known and calculated
through their expressions (found in Equation (3.2) and (3.4)).

At the starting point t = 0, the initial values are V0 = 1, Ĥ0 = H,E0 = MC0
QMV A0

, where
H is from the calibration step and MC0, QMV A0 are extracted from the market and
financial statements (available in Bloomberg). The elements in the ratio C0 = CET10

RWA0
can

be obtained from financial statements.

For t = T
M , . . . , T , the following steps are performed iteratively:

1. Calculate Vt using the Euler-discretization of Equation (3.16) and drawing
εt ∼ N (0, 1):

Vt = Vt−1 exp

{(
rt−1 − q −

σ2

2
(t− 1)

)
∆t+ σ(t− 1)

√
∆tεt

}
.

2. Calculate Et using Equation (3.13).

3. Calculate Ct using Equation (3.18) by inserting the values for Vt and Et found in 1
and 2.

This algorithm yields simulation paths that can now be used to price the CoCo based on
the pay-off for each path and adding all the payoffs. Each contribution can be calculated
using the following steps.

• When Ct hits Cmin from above for the first time and t ≤ Tcall ≤ T , the CoCo is
written down by an amount α, and t = τwd. The present value of the amount left is

(1− α)K exp

(
−
∫ τwd

0
rudu

)
,

which totals up to zero as α = 1.

• On each coupon payment date ti, check whether Cti ≥ Ccc or not (given that write
down or redemption has not occurred). As long as there is no coupon cancellation,
the present value of the coupon payment is ci exp

(
−
∫ ti

0 rudu
)
. If the coupon is

cancelled or there has been a write down, the present value of these coupons are
zero.

• On the call date Tcall, check whether CTcall ≥ CCall or not (given that write down
has not occurred). If CTcall ≥ CCall, the holder of CoCo receives the face value K
and the present value of this is K exp

(
−
∫ Tcall

0 rudu
)
.
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• At maturity T , the CoCo holder receives the face value K and the present value of
this cash flow is K exp

(
−
∫ T

0 rudu
)
, given that no conversion or call has occurred.

The price is stable for 10 000 simulation paths. More accurate prices could be obtained
by running more scenarios but the computation time becomes too long. As there were
two parameter combinations generated in the calibration procedure, the Monte Carlo
Simulation was performed for both of these parameter combinations. As seen in
Section 4.2.3, these two different parameter vectors yield different simulation outcomes.
This illustrates the fact that the model is not as stable as desired.

4.2.3 Results

Regression

ā b̄ sd t-value Pr(>|t|)
EU banks 15.99707 -0.07648 0.89839 / 0.02698 17.806 / -2.835 < 2e-16 / < 0.00788

SWE banks 31.1030 -0.8594 2.46 / 0.1785 12.615 / -4.814 < 1.51e-11 / < 8.28e-05

Table 4.3: Regression results.

Calibration

σ1 σ2 σ3 σ4 σ5 σ6 H L OF (p)

Min. 1 0.01048 0.00759 0.00789 0.00765 0.00777 0.00788 0.96469 0.62562 6.013 · 10−5

Min. 2 0.02025 0.01476 0.01538 0.01493 0.01520 0.01547 0.93316 1.0000 6.013 · 10−5

Table 4.4: Calibration results.

As can be seen from the calibration table, several parameter combinations yield a similar
value for the objective function. As the study of the optimization part would take a lot
of time in itself, the decision to test only these two parameter combinations, denote them
p1 and p2, in the Monte Carlo simulation was made.

Monte Carlo Simulation

Running the Monte Carlo simulation for parameter values p1 and p2 yield the prices
presented in Table 4.5.

40



Parameters CoCo Price (% of nominal) 95% Confidence Interval
p1 119.1412 119.1411 ; 119.1413
p2 87.45848 86.51131; 88.40565

Table 4.5: Pricing outcome using different parameter combinations.
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Figure 4.5: Different paths for the CET1 ratio using parameter combination p1.

An observation of the outcomes show that the first parameter combination p1 never leads
to write-down or coupon cancellation. The CoCo is always called back on the call date
and a fall in the CET1 ratio only occurs after the call date, as illustrated in Figure 4.5.
This result can be compared to the latest trade made of the instrument on the 25th of
May, where it was traded at 97.25. This parameter combination overestimates the price
of the CoCo.

On the other hand, the second parameter combination p2 under-evaluates the price, see
Table 4.5.

In the case of the second parameter combination, one would expect to observe coupon
cancellations without write downs, extensions and write downs, but instead the majority
of the paths result in either a write down or a call on first call date. One would think
that there should be an intermediate between an extreme event and no extreme event,
suggesting a fallacy in the proxy for the ratio.

41



42



Chapter 5

Conclusion

In this thesis, a relatively new type of hybrid debt called Contingent Convertible has
been examined. Basic pricing models were presented, and a special focus was put on the
Analytically Tractable First Time Passage model and its application to CoCo valuation.
The many different pricing approaches reflect the complex hybrid nature of CoCos, showing
that to this date, there is no straightforward or best practice way of pricing them.

The equity derivative approach was used in an attempt to price the CoCo issued by Han-
delsbanken. The ED model proved to be too sensitive to stock volatility when compared
to market quotes. The implementation of an AT1P model was performed and tested on
the same Handelsbanken write-down CoCo. The results from the implementation showed
that calibrating the model was no easy task. The model suffers from lack of data when
trying to model the CET1 ratio, as well as the fact that legislation differs in European
countries, making it harder to compare CET1 ratios between countries. Moreover, the
calibration procedure suffers from the fact that the objective function seems to have mul-
tiple local optima, making it difficult for the optimization methods to find a consistent
minimum. Performing a Monte Carlo simulation using parameter sets from two different
local minima results in different price outcomes and CET1 ratio behaviour.

The AT1P model introduces computational challenges but has the potential to yield sat-
isfactory results if the calibration part is well handled. It has the flexibility to incorporate
coupon cancellation features and extension risk. A further development would be to in-
corporate the write-up option present in write-down CoCos and to consider another model
for the CET1 ratio. Examples of other models for the CET1 ratio include mean reverting
processes such as in [Gupta et al.(2013)]. More work needs to be done on the calibration
part. As CDS contracts are not very liquid instruments for many banks, an alternative
solution could be to calibrate to zero coupon bond prices instead.
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Appendix A

Appendix

A.1 The CDS Contract

A Credit Default Swap (CDS) is a special kind of swap designed to transfer the credit
exposure of fixed-income products between two parties. In a Credit Default Swap, the
buyer of the swap makes payments to the seller up until the maturity date of the contract
or until default. In return, in case of default, the seller agrees to pay a premium to
the buyer. As defined in [Brigo and Mercurio (2007)], consider a CDS where protection
payment rates S are exchanged at times T1, · · · , TN or until default (the “premium leg”)
in exchange for a single protection payment LGD (Loss given default, the “protection leg”)
at the default time τd, given T0 < τd < TN . The contract starts in T0, has maturity TN
and recovery rate R. The contract discounted payoff at time t < T0 is given by

CDST0,TN (t;S) =
∑
i:Ti>t

(
S
[ B(t)

B(Ti)
(Ti − Ti−1)1{τd>Ti} +

B(t)

B(τd)
(τd − Td)1{Ti−1<τd≤Ti}

]
− B(t)

B(τd)
(1−R)1{Ti−1<τd≤Ti}

)
.

A.2 Optimization Packages

As the implementation was done in R, some additional packages were required in order to
perform the optimization step in the calibration procedure. As the problem is complex and
the objective function happens to have numerous local minima, several algorithms were
tested in order to assess their performance. As well deterministic as stochastic methods
have been used. At a first try, the deterministic method had problems finding good
solutions. The use of stochastic methods in order to find a starting point is motivated by
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the fact that a good stochastic algorithm can find a satisfactory solution by sampling the
search space in a reasonable amount of time, see [Collet and Rennard].

Stochastic methods:

Generalized Simulated Annealing for Global Opimization (GenSA) is an R package de-
veloped to find global minimum of multidimensional functions, see [Xiang et al.(2013)].
The package applies generalized simulated annealing to process complicated non-linear
objective functions with many local minima.

CEoptim implements the cross-entropy (CE) method, a technique for optimization based on
Kullback-Leibler (or cross-entropy) minimization, see [Benham et al.(2015)]. It is a global
optimization method, thus useful when treating functions with many local minima.

DEoptim implements the Differential Evolution algorithm for global optimization of a
real-valued function of a real-valued parameter vector, see [Mullen et al.(2011)]. Performs
poorly compared to GenSA and CE for the objective function in question here, both in
computational time and precision of answer.

minpack.lm is an R package for solving nonlinear least-squares problems by a modifica-
tion of the Levenberg-Marquardt algorithm, with support for lower and upper parame-
ter bounds, see [Elzhov et al.(2015)]. The Levenberg-Marquardt method is a combina-
tion of two minimization methods: the Gauss-Newton method and the gradient descent
method.

A.3 List of Banks

The following banks were used in the regression for the proxy of the CET1 ratio:

Credit Agricole, Barclays, BBVA, Banco Comercial Portugues, Banco de Sabadell, Banco
Santander, Belfius Banque SA, BNP Paribas, Banca Popolare Di Milano, Commerzbank
AG , Credito Miliano, Credit Suisse, Credito Valtelli, Danske Bank, Deutsche Bank AG,
Eurobank Ergasias, HSBC Holdings plc, ING Bank N.V., Intesa Sanpaolo S.p.A., KBC
Group NV, Komplett Bank, Mediobanca S.p.A. , Nordea Bank AB, Banca Popolare Di
Milano, Raiffeisen Zentralbank Österreich, Royal bank of Scotland, SEB AB, Sharbrook
Group, Svenska Handelsbanken, Swedbank AB, UniCredit S.p.A , Unicaja Banco.
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