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Abstract

Measuring the dynamics of a quantum bit (qubit) relies on the accurate
detection of the quantum state of the system. A widely used method to
measure the state of a solid state Josephson junction qubit is to measure the
switching current of a Josephson device.

This work investigates the measurement of the switching current of SQUID
samples by means of fast current pulses. The response of a SQUID to a square
current pulse has to be measured at the top of a dilution refrigerator through
long cables, resulting in bandwidth limitations. A switch in the last instance
of a pulse will not be detected, resulting in uncertainties in the detection. We
explain how a square bias pulse that is directly followed by a hold level of lower
amplitude can be used to circumvent the bandwidth limitations by latching
the state of the system it was in after the bias pulse. This corresponds to a
sample and hold measurement.

Every single measurement in a quantum mechanical probability measure-
ment has to be statistically independent. We show correlation measurements
for different settings of the pulse parameters and at different magnitudes of
the switching current. A figure of merit for a quantum detector is its resolu-
tion. The measurements show that with the sample and hold technique good
current resolutions can be obtained, even at very small magnitudes and short
pulse durations. In order to make a fast measurement of the switching cur-
rent, the switching process must occur during the bias pulse. We show in both
measurements and computer simulations that a fast switch pulse can induce
switching by the hold level,even when the hold level was initially adjusted to
a value where it never switched the sample. The computer simulations show
that by choosing the hold amplitude low enough, switching occurs rapidly,
determined by the bias pulse alone.
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Chapter 1

Introduction

The fundamental property of quantum mechanics, that a system can be in a super-
position of two eigenstates, is intriguing from an information technology point of
view. By using what is called massive parallelism of quantum algorithms, computa-
tional tasks can be performed exponentially faster on a processor working according
to the laws of quantum mechanics, than on a classical computer. When Peter Shor
demonstrated for the first time in 1994 that a quantum computer can factor a large
number much more efficiently than a classical computer [23], research interest in
this field greatly increased.

The basic building block of a quantum processor is the quantum bit or qubit.
A quantum bit can be realized by essentially any kind of quantum mechanical two
level system. Different physical systems are presently being studied, such as NMR,
trapped ions, quantum dots or Josephson junctions, just to name a few.[10, 1, 16,
19, 29, 17, 2, 6, 22, 31] In order to perform controlled quantum computation, the
basic sequence of the experiment is the same for all physical systems, consisting of
state preparation, time evolution of the system, and read-out.

The state preparation is essential in order to repeat the experiment many times
with exactly the same initial conditions. This is because quantum mechanics makes
predictions about the probability of a particular read-out, and in order to measure
these probabilities we need to perform experiments on a huge number of identical
systems, or many measurements on a single system prepared in an identical way.
During the time evolution, a controlled manipulation of the quantum state is per-
formed. Finally, the result has to be projected onto an eigenstate of the system.
As long as the system is completely isolated from any other degree of freedom the
system freely evolves according to the laws of quantum mechanics and no errors are
induced into the system. However, in a real application, a quantum processor would
be connected to its environment in order to perform manipulation of the states and
read-out. This coupling to the environment induces relaxation and dephasing into
the system, causing errors in the final result. It is therefore necessary that the state
manipulation can be performed faster than the dephasing time and the read-out
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2 CHAPTER 1. INTRODUCTION

has to be completed before the system has time to relax to its ground state. In
the context of Josephson junction based quantum circuits, there are two different
regimes, circuits using the phase and those operating in a charge eigenbasis for
readout.

A milestone in the manipulation of Josephson junction based quantum circuits
was the famous experiment by Nakamura in 1999 where he showed coherent os-
cillations between the ground state and the excited state of a Cooper pair box
(CPB).[19] Here, a very fast pulse to the gate of the CPB brings the system to a
degeneracy point of two different charge states on the box. The system starts to
oscillate between the 0 and 1 state for the time the pulse is applied. After the pulse
the system is moved away from the degeneracy point. In case the CPB is in the
excited state with an excess Cooper pair on the island, a small probe current from
the decaying Cooper pair through a probe junction is measured.

In 2000 the Delft group reported spectroscopic measurements on the quantum
superposition of persistent current states in a SQUID.[28] A loop interrupted by
three Josephson junctions is biased close to the flux degeneracy point Φ0/2. At this
point the system is in a superposition of two counter-flowing persistent currents.
This loop was weakly coupled to a surrounding SQUID. The SQUID is biased with
a current and the loop induces via the coupling a circulating current in the SQUID
which is either added or subtracted from the bias current, resulting in two different
levels of bias currents at which the SQUID switches from the superconductive to
the normal conductive state.

Qubits demonstrating Rabbi oscillations and Ramsey fringes were successfully
measured in 2002 by groups in Saclay [29], NIST [17] and 2003 in Delft [2] and
Chalmers [6]. The quantronium circuit from the Quantronics group in Saclay con-
sists of a Cooper pair transistor, shunted by a large Josephson junction. A circulat-
ing current depending on the state of the Cooper pair transistor is induced in the
ring formed by the transistor and the big junction. This circulating current is ei-
ther added or subtracted to a bias current applied to the big junction. This results,
similar to the Delft scheme, in two different magnitudes of switching current. The
Delft experiment relies on the same readout scheme but the quantum bit itself is re-
alized by different flux states in a SQUID, resulting in clockwise and anti-clockwise
circulating currents in the SQUID. The NIST qubit uses a large Josephson junc-
tion where the two qubit states are the two lowest levels within the potential well
of the Josephson junction. Readout here is also achieved by probing the junction
with a bias current. In case the qubit was in its excited state, the particle tunnels
with a high probability out of the potential well and switches to the normal voltage
state. In the ground state, the Josephson junction remains in the superconducting
state. The qubit in the Chalmers experiment is operated in the same way as in
the experiment by Nakamura. Read-out is performed by coupling the qubit to an
rf-set, resulting in different resonance frequencies of a tank circuit. Very recently a
superconducting quantum circuit was implemented into an RF cavity by a group
in Yale, demonstrating a working qubit.[31]

Different read-out strategies include measurement of a probe current (Naka-
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mura), switching current (Saclay, Delft and NIST, PTB[33]), and response from a
tank circuit in combination with an rf-set (Chalmers, Yale). A new detector based
on a non-destructive measurement where the tank circuit is replaced by a Josephson
junction has recently been demonstrated in Yale (bifurcation amplifier).[24]

During read-out, the state of the quantum system is projected onto an eigenstate
in some basis, either charge or phase. The measurement has to be completed
before the system has time to relax to its ground state. The associated timescale
is the relaxation time and usually denoted by T1. The detector itself introduces
back-action onto the quantum state of the system which causes decoherence and
relaxation. It is advantageous if the readout is switchable, so that the detector
can be in an “on” or “off” state, with minimal back action in the off state. In the
on state the detector must quickly dephase the system, projecting to an eigenstate
before relaxation occurs. The measurement time or the time the detector is in the
on state is as short as possible. The time associated with dephasing, or decoherence
is denoted by T2.

A read-out strategy which has been successfully implemented in both, the phase-
and the charge regime, is the measurement of the current level at which the Joseph-
son circuit switches from the superconductive state to the normal conductive state.
If, on the one hand, the system is in its ground state, a small circulating current
is subtracted from a bias current and a large bias current is needed to switch the
detector to the normal conductive state. If on the other hand the system is in its
excited state, a small circulating current is added to a bias current, thus a smaller
bias is needed to exceed the critical current and switch to the normal conductive
state. Ideally there is a sharp separation between the two bias currents that are
needed to switch the system in either state. However, in a real experimental situa-
tion noise is present in the system, causing distribution in the current level needed
to switch the detector. If the switching distributions from the two states are well
separated, a single measurement is enough to determine the state of the system and
one speaks of “single shot” measurement, which is the ideal situation. In many ex-
periments it is however the case that there is an overlap of the switching histograms
and determination of the quantum probability is masked by classical fluctuations.
Present experiments have a visibility of around 60%.

The present work focuses on a read-out scheme using the switching of a Joseph-
son junction as a possible detector for a quantum state. The detector was optimized
in order to get a good binary detection between a switch and a no switch of the
junction, even in the case of small critical currents. In this regime the system is
described by overdamped phase dynamics and theoretically hard to access. It can
be qualitatively described by a heavily overdamped particle that has to escape out
of a potential well and can be mapped onto a Kramer’s escape problem in a “meta
potential” [14]. The work shows that by using a bias pulse that is immediately
followed by a hold level in order to latch the circuit, the measurement time can
be reduced below the time scale for reading the voltage across the junction.[29, 2]
Even in the heavily overdamped regime, a good resolution of the switching current
is achieved.
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The measurement of a quantum state is a probability measurement and the
quantum system has to be prepared many times in an identical state. It is impor-
tant that the repetition time between the measurements does not become too small
in order that the measurements stay statistically independent and do not depend
on the outcome of any previous measurement. Therefore the correlation function
for the switching of the detector as a function of the wait time between two mea-
surements was studied. A complete characterization of the detector would include
the level of back-action of the detector onto a quantum bit. This problem has not
yet been solved at the completion of this thesis but efforts in this direction have
been started.



Chapter 2

Josephson Junctions

2.1 The Josephson effect

The remarkable effect that a supercurrent of considerable magnitude can flow
through an insulating barrier connecting two superconductors, was predicted in
1962 by Brian D. Josephson.[11] A sandwich consisting of a superconductor insu-
lator superconductor (SIS) is called a Josephson junction (JJ), see figure 2.1. Each
of the superconductors has a phase ϕν coming from the Ginzburg-Landau wave-
function in each electrode and a number of charge carriers (Cooper pairs) nν , with
ν = 1, 2. The difference between the two phases on either side of the insulator is
denoted by δ = ϕ1−ϕ2. The current and voltage across such a junction is described

n1

n2

CJ

ϕ1

ϕ2
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Superconductor 1

Insulating barrier

Superconductor 2

Figure 2.1: The two superconductors with the phases ϕ1 and ϕ2 and the number
of charge carriers n1,2, respectively are separated by an insulating barrier. The two
surfaces that are separated by the insulator form a capacitor with capacitance CJ .

5



6 CHAPTER 2. JOSEPHSON JUNCTIONS

by the two Josephson equations:

I = I0 sin δ (2.1)

V = ϕ0

dδ

dt
. (2.2)

Here, I0 is called the critical current of the junction and is the maximum current
that the junction can provide while remaining in the superconducting or zero voltage
state, corresponding to V = 0 or δ̇ = 0. ϕ0 = ~/2e is the reduced flux quantum.
The first equation shows that a supercurrent with maximum amplitude I0 can flow
across the junction with a 2π periodicity of the phase δ. If a voltage is fixed across
the junction, the phase difference starts to increase with an oscillating current as
the result which can be shown by combining both Josephson relations.

There are two characteristic, yet competing energies associated with a Josephson
junction. A junction, which is initially unbiased, develops a voltage V during a time
t, until the phase δ has changed to its final value. Thus, by using the Josephson
equations 2.1 and 2.2, the energy stored in the junction can be calculated according
to

EJ =

∫ t

0

IV dt′ =

∫ t

0

I0 sin(δ)ϕ0

dδ

dt′
dt′ = const − E0 cos(δ), (2.3)

where E0 = ϕ0I0 is called the Josephson energy. The other energy is the charging
energy which arises when charges build up on either side of the capacitor

E2e =
Q2

2C
=

4e2

2CJ
, (2.4)

where Q is the charge of the superconducting charge carrier, the Cooper pair with
Q = 2e.

2.2 Simple model of a damped Josephson junction

The tilted washboard model

The behavior of a damped Josephson junction can be modeled by a simple lumped
element circuit as shown in Figure 2.2. The circuit consist of an ideal Josephson
element which is characterized by its critical current I0. A capacitor in parallel with
the ideal junction of the order CJ models the geometric capacitance of the junction
and the parallel resistor R is responsible for damping the phase dynamics of the
junction. A current source provides the bias current Ib. This model is called the
resistively and capacitively shunted junction model (RCSJ model).[27, 21] Applying
Kirchhoff’s rules and making use of eqns. 2.1 and 2.2 results in

ICJ
+ IR + IJ = Ib (2.5)

CJ
dV

dt
+

V

R
+ I0 sin δ = Ib (2.6)

ϕ0CJ
d2δ

dt2
+

ϕ0

R

dδ

dt
+ I0 sin δ = Ib (2.7)
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CJI0

Ib R

Figure 2.2: The simplest model of a damped Josephson junction consists of three
elements, an ideal Josephson element, a resistor and a capacitor.

One can introduce the dimensionless time variable τ = ωpt, with

ωp =
√

I0/ϕ0CJ , (2.8)

and the quality factor Q which is defined as

Q = ωpRCJ . (2.9)

ωp is called the plasma frequency of “small angle” oscillations of the phase δ. The

quality factor Q is identical with the damping parameter β
1/2
c which was introduced

by Stewart and McCumber.[26, 18] Using these variables, equation 2.7 becomes

d2δ

dτ2
+ Q−1 dδ

dτ
+ sin δ =

Ib

I0

. (2.10)

An intuitive way of understanding the behavior of a Josephson junction is obtained
by identifying eqn. 2.10 with the equation of motion of a massive particle in a
potential of shape U(δ) = −EJ cos δ − ϕ0Ibδ subjected to a frequency dependent
friction κ(ω), see figure 2.3. The tilt of the potential depends on the ratio s = Ib/I0.
If s is initially chosen to be zero, the particle oscillates with ωp in one of the potential
minima. Now assume that the slope of the potential is gradually increased. In the
absence of any noise source (temperature is regarded as a noise source here), the
particle will remain in a minimum until a critical tilt s = 1 is reached. Tilting
the washboard slightly above the critical tilt, the particle will start to accelerate
and roll down the potential. When now the tilt of the washboard is decreased to
less than the critical tilt s = 1 the particle will continue along its trajectory due
to inertia. Depending on the magnitude of the inertia, friction and depth of the
washboard, the particle may eventually retrap in a minimum. The retrapping can
happen at a value of s = 0 in the extreme case of vanishing friction, (underdamped
behavior, Q � 1). If however friction is excessive (overdamped, Q < 1) and s falls
below the critical tilt, the particle is immediately retrapped in one of the minima
of the potential. At intermediate values of Q, the particle will continue to roll even
at s < 1 but it will eventually stop, when friction exceeds inertia.



8 CHAPTER 2. JOSEPHSON JUNCTIONS

0 π 2π 3π 4π
δ

U
(δ

)

Figure 2.3: The tilted washboard model. A particle of mass CJ moves in a potential
U(δ) with a damping force ∝ 1/R. The coordinate is identical with the phase
difference δ.

Washboard model Josephson junction

κ 1/R
m C
x δ

Table 2.1: Comparison of the tilted washboard model and the Josephson junction
parameters.

In the presence of noise, the particle can be “activated” above the potential
barrier and start to accelerate even when s < 1. In the overdamped case, an
escaped particle will immediately retrap in the next potential well, leading to a
diffusive motion of the particle. This diffusive state can persist until the critical tilt
s = 1 is reached.

In terms of the properties of the Josephson junction, the position of the particle
corresponds to the phase δ across the junction, the mass is equivalent to CJ and the
friction force is proportional to 1/R, see table 2.1. As long as Ib < I0, i.e. s < 1, the
phase is fixed around a minimum of the potential and the junction is superconduct-
ing. When the particle escapes from a minimum and its phase starts to evolve in
time, a voltage develops across the junction according to eqn. 2.2, and the junction
is no longer in a superconducting state. The transition from the superconducting
state to the finite voltage state is called switching and is explained in more detail
in chapter 4. While reducing the bias current, the particle will eventually retrap
at the so called retrapping current Ir, returning to the superconducting branch. If
noise causes premature switching to the running state, the current value at which
this switching occurs is called the switching current Isw.

The current voltage characteristic of the junction can be calculated in all the
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I b/I
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0 1 2
<v>/I

c
R

0 1 2

a) b) c)

Figure 2.4: The three limits of the RCSJ model. a) Overdamped limit without
any hysteresis. b) Underdamped limit with hysteretic behavior and c) intermediate
damping with hysteresis.

three limits.[21] Analytical solutions exist for overdamped junctions with Q � 1,
whereas numerical simulations must be performed for underdamped and interme-
diately damped junctions with Q & 1.

The overdamped limit

This limit is the case if Q � 1. In the mechanical analog, the friction force (1/R)
dominates over the inertia (C).

By looking at the damping parameter Q2 = βc = RC/tj it can be seen that
RC � tj , where tj = ϕ0/I0R is a time constant associated with the Josephson
junction. It means that the time for the charge needed to relax from the capacitor
is much faster than the evolution time of the phase δ. The circuit dynamics is
dominated by the evolution of the phase and the circuit simplifies to a parallel
combination of the ideal Josephson element and R. The corresponding current
voltage characteristic (IV) is plotted in figure 2.4.a.

The underdamped limit

The underdamped limit is called the case where Q � 1. In the mechanical analog,
this corresponds to a vanishing friction force (1/R) in comparison with a huge mass
(C), leading to hysteretic behavior. The RC time constant of the parallel combi-
nation of resistor and capacitor dominates over tj . A discharge of the capacitor
takes much longer time than for the phase to evolve. Thus, the capacitor is still
charged and sustains a voltage, even when the bias current is lowered below the
critical current. Figure 2.4.b shows this behavior.
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Ib in Z(  )ω I0

I0
CJ

R1

C1

R0Ib

CJ

δ

u

δ

b)

a)

I

I

Figure 2.5: a) A Josephson junction with capacitance CJ is connected via leads
of impedance Z(ω) to the measurement apparatus. The simplest model of the
junction environment consists of the three elements R0, R1 and C1. in is a noise
source modelling the noise from dissipative elements.

Intermediate damping

The behavior of the system in the parameter region where Q ≈ 1 shows a combina-
tion of the both effects. Describing the behavior when the bias current is reduced
from s > 1 to s = 0, the slow discharging of the capacitor first sustains a voltage.
After C is emptied from all charges, the circuit jumps to the zero voltage state, see
figure 2.4.c.

2.3 The junction in a frequency dependent environment

In a realistic experiment the Josephson junction is placed in a cryostat and con-
nected to the measurement apparatus via electrical leads. At alternating currents
(AC) these leads represent transmission lines with some characteristic frequency
dependent impedance Z(ω) due to the distributed inductance, resistance and ca-
pacitance of the leads. This is represented in figure 2.5.a.[13] For instance a junction
with a plasma frequency of the order of a few GHz is shunted by this lead impedance
which is typically of the order of Z0 = 50Ω at those frequencies.

The low value of the environment impedance at the plasma frequency results in a
low Q value (not really true for large C junctions) corresponding to the overdamped
limit. It requires an engineering effort to place the junction in a high impedance
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Figure 2.6: The upper panel shows the real part of the impedance of a simple
frequency dependent environment with R0 = 1000Ω, R1 = 50Ω and C1 = 1nF. The
quality factor Q for a junction with typical parameters of I0 = 250nA and CJ = 5fF
is plotted in the lower panel

environment. One possible solution is to place large resistors close to the sample[15]
or place it in a tunable environment of SQUID arrays[32, 3].

The simplest model of a frequency dependent environment which approximates
reality is obtained by placing a resistor in parallel with a resistor-capacitor series
combination, as it is shown in fig. 2.5.b. The resistors are labeled with R0,1 and the
capacitor is denoted by C1. To match the high frequency impedance of a typical
cable with Z ≈ 50Ω, the resistor R1 has to be of the same order. A voltage source
U in series with a large bias resistor Rb is used in experiments. This combination is,
according to Norton’s theorem, equivalent to the parallel combination of a current
source I and a resistor identical to Rb. The resistor R0 in fig. 2.5 is therefore
of the order of Rb which typically is a couple of kΩ. Finally the capacitance of
measurement leads is usually around 1 − 2nF.

Figure 2.6 shows the Z(ω) behavior of such an environment together with the
quality factor Q2(ω) = Re[Z(ω)]2CJ/tJ for a junction with the typical parameters
used during this thesis (I0 = 250nA, CJ = 5fF). The plot of the quality factors
shows that around 1MHz there is a transition from underdamped behavior with
QDC ≈ 2(slow phase dynamics when the particle rolls down the washboard with
〈v〉 ∝ 〈δ̇〉 6= 0) to overdamped behavior with Qhf ≈ 0.1(fast phase dynamics when

the particle oscillates in a potential minimum with 〈v〉 ∝ 〈δ̇〉 ≈ 0) for such a
junction.



12 CHAPTER 2. JOSEPHSON JUNCTIONS

2.4 Josephson junction in an environment with thermal

fluctuations

All circuits with a real part to their impedance also have noise or fluctuations
at finite temperature, according to the fluctuation-dissipation theorem. This is
modeled by adding a parallel noise current source in0 and in1 to the resistors R0

and R1, respectively. The noise currents satisfy

< inj(t)inj(t) >=
2kbT

Rj
δ(t) j = 0, 1 (2.11)

with the Dirac delta function δ(t). In a similar manner to eqns. 2.5-2.7, we can de-
rive an equation for the phase dynamics of this circuit. The equation that describes
such a circuit reads

CJϕ0δ̈ + ϕ0

∫ ∞

0

δ̇(t − t′)y(t′)dt′ + I0 sin δ = Ib + in(t). (2.12)

The dissipation term is now non-local in time, due to the frequency dependence
of the shunt impedance, where y(t) =

∫ ∞

−∞
Y (ω) exp(iωt)dω is the inverse Fourier

transform of the admittance Y (ω) = 1/Z(ω). In the special case of fig. 2.5, the
admittance is described by

Y (ω) = R−1
0 +

1

R1 + (iC1ω)−1
. (2.13)

For high damping the current flowing through CJ is negligible compared with the
current flowing through Y and the first term in eqn. 2.12 can be dropped. Defining
u(t) as the voltage across the capacitor C1, equation 2.12 can be expressed as a set
of two coupled first-order differential equations

ϕ0 = R||(Ib + in0 +
u

R1

+ in1 − I0 sin(δ)) (2.14)

R1C1u̇ = R||(Ib + in0 −
R1

R0

in1 − I0 sin(δ) − u

R0

). (2.15)

R|| is the parallel combination of the two resistors R0 and R1. The equations 2.14
and 2.15 can be analytically solved in the limit where R1C1 → ∞ and CJ = 0,
i.e. where the junction is overdamped at all frequencies (RSJ model). Here one
can separate the timescales of the evolution of u/R||I0 and of δ. First one solves
equation 2.14 with u as a constant parameter. With this result one can solve
eqn. 2.15 for the slow u dynamics. The solution to this special case is given by [9]

I(u) = I0=[
I1−iη(EJ/kbT )

I−iη(EJ/kbT )
] (2.16)

V (u) = R||[I
′
b(u) − I(u)], (2.17)
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Figure 2.7: The presence of noise in the overdamped case of a junction in its
environment leads to phase diffusion, hence small voltages in the superconducting
state. The ratio of the noise energy and the Josephson energy for the shown curves
from top to bottom is 0.01, 0.3, 1 and 3.

where η = I ′
b(u)EJ/I0kbT and I ′b(u) = Ib +u/R1. Iν is the modified Bessel function

of complex order. The result of these equations is plotted in figure 2.7. At finite
temperatures, the particle escapes from a minimum but is immediately retrapped
in the next potential well due to the high damping. In average this leads to a
diffusive motion of the particle down the washboard potential, resulting in a finite
but small voltage across the junction. With increasing temperature, the activation
occurs more often or a strong fluctuation provides the particle with enough energy
to diffuse over several minima before retrapping, leading to a larger phase diffusion
voltage. A free running state with a large voltage across the junction is reached once
a critical tilt of the potential is exceeded and the phase particle quickly accelerates
to a terminal velocity. This transition between the diffusive state to the high
voltage state is called switching of the junction. Higher temperature decreases the
current value where the switch to the free running state occurs. This switching is
fundamentally different to that in the simple RSJ model as it involves a transition
between two dynamical states, the diffusive and the free running state, where the
fictitious particle has to be activated above a “dissipation barrier”. The particle has
to gain enough inertia that it will roll down the slope of the potential and that not
all of its kinetic energy is dissipated so that it comes to a rest in the next potential
minimum.[30, 12]
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I 0
I 0

Φ

Figure 2.8: The schematics of a SQUID junction. Two Josephson junctions in
parallel form a ring structure. The magnetic flux that is enclosed by the ring
determines the maximum current that can flow through the SQUID.

2.5 Superconducting quantum interference device

The simplest circuit that can be built out of two Josephson junctions is obtained
when the two junctions are placed in parallel forming a loop (see figure 2.8) and
is called a superconducting quantum interference device (SQUID).[27, 21] When a
magnetic field penetrates the loop, it can be shown that the critical current of the
device behaves like

IC = |2I0 cos
πΦ

Φ0

|. (2.18)

Φ denotes the flux threading the loop while Φ0 = h/2e stands for the flux quantum
and I0 is the critical current of one single junction. Equation 2.18 is only valid
in the case of two identical Josephson junction and if the flux stemming from the
circulating current and the self inductance of the loop is negligible, i.e. Lloop �
LJ = ~/2eIc. The characteristic behavior of such a SQUID is plotted in fig. 2.9.
As one can see, the critical current can be continuously varied from the maximum
value to zero by applying magnetic field to the device. The SQUID can therefore
be seen as an effective Josephson junction with tunable critical current.
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Figure 2.9: The behavior of the current through a SQUID vs. the applied magnetic
field.





Chapter 3

Experimental realization

Fabrication of the samples for this work was done in the Nanostructure Physics
clean room facilities at the AlbaNova University center. Three basic steps are
followed in sample fabrication: definition of a shadow mask, evaporation of the
metal structure and lift off of redundant metal. For the measurement, a sample
is mounted on a specially designed PC board, enclosed in a radiation tight copper
box. The measurement itself is performed at milikelvin temperatures in a dilution
refrigerator.

3.1 E-beam lithography

An important requirement for quantum-control experiments is that the charac-
teristic energy scales of the system are much greater than the thermal energy,
(E2e, EJ � kbT ). The characteristic capacitance of Al/Al2O3/Al tunnel junction
as used for the experiments described here is ζ ≈ 45fF/µm2. With an area of
A < 0.08µm2, the charging energy becomes E2e > 1K and fulfills the requirement
E2e > kbT at milikelvin temperatures as they are present in a cryostat. Junctions
of these dimensions are easily fabricated with e-beam lithography.

The e-beam lithography system used for sample fabrication is a Raith 150
Turnkey. It consists of a scanning electron microscope (SEM) from LEO with
an additional pattern generator, a high-precision laser-interferometric stage and a
beam blanker from RAITH GmbH. The Gemini column provides an accelerating
voltage of 30kV resulting in an electron beam diameter as small as 1.2nm at the
specimen.

The sample substrate, a Si chip with a 1µm thick layer of SiO2 is spin-coated
with two layers of e-beam resist. The bottom layer is PMGI SF7 and roughly
400nm thick. The top layer consist of ZEP520A, a high resolution e-beam resist,
which is diluted in Anisol (1 : 2) with a nominal thickness of 63nm. The thickness
of the polymer layers is controlled by the rotational speed of the spinner used for
coating.

17
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Top layer resist
ZEP520A

SiO  Substrate2

Dolan bridge

Figure 3.1: An example shadow mask. The openings are defined by the electron
beam and developed in a chemical process. The bottom layer is removed in this
figure for clarity. The two arrows indicate the direction of incident for the 2-angle
evaporation.

PMGI SF7 ZEP520A

dilution - 1:2 Anisol
thickness [nm] 400 63

spinner freq. [rpm] 3000 6000
developer MF322:H2O, 3:2 P-xylene

developing time [min] 3:30 1:15

Table 3.1: Parameters for the two types of e-beam resist.

When the electron beam hits the resist, it breaks the polymer structure into
small fragments. Subsequent development of the polymer will dissolve the ex-
posed parts, resulting in a resist mask with openings to the SiO2 surface. The
schematics of such a mask is depicted in figure 3.1. The developer for the top layer
(ZEP520A:Anisol) is P − xylene with a development time around 1 : 15min. The
PMGI SF7 is developed in a mixture of MF322 and water with a ratio 3 : 2 for
about 3 : 30min. Depending on the development time, the amount of PMGI that
shall be removed can be controlled. It is important that enough of it is removed in
order to create a so called undercut. The undercut is important in order to perform
an angle evaporation as explained below. The specimen is finally rinsed in water
for about 1 : 00min. A summary of the resist parameters is listed in table 3.1.

Spurious resist that is not completely removed by the development is removed
by light ashing in an oxygen plasma for 15sec at an rf power of around 10W.
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Superconducting
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Superconducting
electrode 1

Oxide
barrier

Substrate

Figure 3.2: Aluminum is evaporated at one angle through a shadowmask. The
electrode is exposed to oxygen under a certain pressure for a certain time, leading
to an oxide barrier around the electrode. Finally, the second electrode is evaporated
at another angle resulting in a tunnel junction in the overlap region of the two
electrodes.

3.2 2-angle evaporation

The evaporation is performed in an UHV chamber with a base pressure pbase <
1 · 10−8torr. The beam of an electron gun melts the aluminum which is contained
in a crucible, creating a metal vapor condensing finally on the Si substrate.

A Josephson junction is formed by two angle evaporation through a shadow
mask. The mask defined by the preceding fabrication step consists of so called Dolan
bridges[5], see fig. 3.1. As a first step a thin layer of approximately 20nm aluminum
is evaporated onto the substrate through the mask at a certain angle. Then, the
vacuum chamber is filled with oxygen gas until a predefined pressure is reached.
The oxidization time together with the pressure control the thickness of the oxide
layer that is formed on the surface of the aluminum structure. The longer the time
and the higher the pressure, oxygen molecules diffuse deeper into the aluminum,
resulting in a thicker tunnel barrier and thus in a higher tunnel resistance. After
the oxygen is removed from the chamber, a second layer of aluminum is evaporated
onto the sample at a different angle. This angle is chosen in a way that an overlap
of the electrodes is achieved. The overlap region of the two aluminum electrodes
separated by the oxide layer forms the Josephson junction, see figure 3.2.

After deposition the chip is completely covered with layers of aluminum and
aluminum-oxide. The aluminum is directly attached to the chip in the areas where
the mask had openings. Elsewhere the aluminum lies on the resist mask. As the
final fabrication step the chip is put into a chemical named microposit remover 1165
to perform “lift-off”. This chemical dissolves the PMGI resist and removes it from
the chip with all the metal on top of it. The structure that is left on the chip is the
desired circuit.



20 CHAPTER 3. EXPERIMENTAL REALIZATION

20
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15mm
Figure 3.3: A PC board for mounting the chips. The chip is glued to the middle area
of the board. Electrical connection is achieved by bonding from the pads of the PCB
to corresponding pads on the chip. A 10-pin subminiature connector is soldered to
the holes in the board to make connection to the measurement apparatus.

3.3 Sample mount

The chips are glued onto specially designed printed circuit boards (PCB). The
layout of such a board is shown in figure 3.3. Electrical connection to the chip is
achieved by bonding from the copper pads on the board onto corresponding pads
on the chip. Copper tracks lead to a subminiature connector which is soldered to
the board. The PCB is mounted in a radiation tight copper can, the sample holder.
The copper frame around the PCB is pressed down by the lid of the copper box,
thermalizing it well with the sample holder. Note that the copper frame is extended
under the chip for thermal anchoring of the chip.

Small surface mount components could be mounted close to the sample in a
series connection with it by scraping a small break in the copper strips of the
PCB. The distance between strips was chosen in a way that a small surface mount
component could be added in parallel between adjacent leads of the sample. A
photograph of a sample mounted onto a circuit board together with the sample
holder is shown in fig 3.4. This particular chip included two 10kΩ on-chip bias
resistors and two 1000pF on chip shunting capacitors.
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Figure 3.4: Left: A mounted chip on the PC board. Two 10kΩ surface mount re-
sistors and two 1000pF surface mount capacitors are included in the circuit. Right:
The sampleholder mounted to the mixing chamber of the dilution refrigerator with
the twisted pair cable connected to it.

3.4 Dilution refrigerator

The sample holder is mounted to the mixing chamber of an Oxford Kelvinox AST
Minisorb dilution refrigerator with a base temperature of 25mK and a cooling power
of roughly 40µW at 100mK.

The mixing chamber of a dilution refrigerator contains two phases of a mixture
of 3He and 4He, each phase with a different concentration of the 3He. At the
phase boundary between the two phases, the 3He from the concentrated phase is
“evaporated” into the dilute phase. The latent heat of evaporation is taken from
the concentrated phase, thus causing cooling.

The process of evaporation is driven by constantly removing 3He from the dilute
phase by heating a still, and pumping on the still with a charcoal sorbtion pump
which has a temperature around 2K. Due to the reduced concentration in the
dilute phase, more 3He is evaporated from the concentrated phase. Eventually,
the sorbtion pump will saturate. Therefore, the cryostat consists of two sorbtion
pumps. While one of the pumps is pumping, the other pump is regenerated by
heating it to 40K. The hot gas that is released from the pump is condensed by a
1K-pot into the collector, before it is fed back into the mixing chamber through a
counter-flow heat exchanger.





Chapter 4

Measurement process

4.1 Measurement setup

The measurement can be divided into two major parts, the bias circuitry and the
detection circuitry. Most of the devices used for bias and detection are commercial
instruments with the exception of a home-built amplifier.

A schematic diagram of the measurement setup is shown in figure 4.1. The
room temperature bias circuitry consists typically of an arbitrary waveform gen-
erator (AWG) from Agilent (33120A), attenuators, bias resistors Rb and low-pass
MiniCircuit filters. The signal detection is achieved by a fast digital phosphor oscil-
loscope (DPO) from Tektronix (TDS5104), a home-built pre-amplifier and a signal
counter from Agilent (53131A).

The electrical connection between the sample mounted in a cryostat and the
equipment at room temperature consists of twisted pair cables. One twisted pair
is part of a loom of 24 wires (12 pairs). The two wires from one twisted pair
are connected to two mirror opposite strip lines of the PCB (fig. 3.3). At room
temperature, the twisted pairs are connected to a 24 pin Fisher connector and then
to a home made switch box with BNC connectors.

4.2 The bias circuit

One method to determine the switching distribution of the junction is to ramp the
bias current at a given rate İ and measure the time tsw from the start of the ramp
to the time when the junction gets normal conductive.[7] The switching current is
easily calculated as Isw = İtsw. The limitation of this method is the accuracy of
the measurement of the time tsw . Another possibility to measure the switching
distribution is to apply N0 square current pulses of magnitude Isw to the sample
and measure the number of times N the sample switched.[4]. The problem with this
technique is that a switch in the very last instance of the pulse cannot be captured
by the measurement instruments. However, by making use of the non-linear IV
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Figure 4.1: Schematics of the measurement setup consisting of an arbitrary wave-
form generator (AWG), attenuator, bias resistor, low-pass filter, amplifier, fast
digital phosphor oscilloscope (DPO) and counter.

characteristic of a Josephson junction, the state of the sample after a pulse can
be latched for the time needed to perform the measurement. This is achieved by
applying a hold level of lower amplitude immediately after the bias pulse.

Imagine a circuit like the one shown in figure 4.2.d, where the non-linear Joseph-
son junction has an IV of the form as shown in fig. 4.2.b. This IV curve results
from the overdamped phase behavior of the Josephson junction at temperatures
kbT/EJ � 1 and at high frequencies due to the RC shunt. The DC voltage across
resistor and the junction is determined by the “loadline”[8] with slope −1/Rb in
the IV diagram. Stable operation points are present where the loadline and the
non-linear IV intersect. While the junction is superconductive, all the voltage drop
is across the bias resistor, and no voltage V = V0 is measured across the junction.
In case the bias current exceeds the critical current, it switches to the new stable
operating point OP1. By choosing the bias resistor small enough, the point OP1
lies below the gap 2∆/e (not shown), where the quasi-particle resistance Rqp � Rb.
Here, the power dissipation is minimal due to the small currents. Yet Rb cannot
be chosen arbitrarily small. It is important that the slope −1/Rb of the loadline
is larger than the negative differential resistance of the IV in order to obtain a
switch to OP1. Immediately after the bias pulse the hold level is applied, which
will lock the junction in the operating point OP2 with a voltage V1 for the time
needed to read out the signal with the detector. In case the switch pulse doesn’t
switch the junction, the hold pulse keeps the system at a voltage V0. Figure 4.2.a-c
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Figure 4.2: The voltage source outputs a pulse which is immediately followed by
a smaller hold level a). The IV characteristic of the junction is non-linear. The
dashed lines have a slope of −1/Rb and where they intersect with the IV there is
a stable operating point b). In case the junction switches, a voltage of magnitude
V1 builds up and is held for the duration of the hold level. If it does not switch,
the voltage stays at V0 c). The simplified circuit consist of a voltage source U , a
bias resistor Rb and the sample. The series combination of the resistor and the
capacitor Ctp model the frequency dependence of the environment.

shows this behavior. Only if the hold level is present, a switch which occurs in the
last instance of the switch pulse has time to build up a voltage greater than the
threshold voltage for detection. This is the purpose of the hold pulse and the key
element for a reliable binary detection. This pulse and hold method also allows us
to measure the switching (or not) of the junction voltage faster than the limited
bandwidth of our voltage measurement would otherwise allow.

The complete pulse shape is programmed into the memory of the AWG. The
rise- and falltime of a pulse was limited to 25ns, corresponding to one buffer point of
the generator. Because of this and due to dispersion in the twisted pair, the shortest
pulse that was reasonably square consisted of 4 buffer points, or τp = 100ns. The
minimum voltage amplitude at the output of the AWG is Vb,min = 50mV. This
signal amplitude is reduced by an attenuator and then applied to a bias resistor
Rb. Since the phase-diffusion resistance Rpd of the junction in its superconducting
state is of the order of a few Ohms, and the DC resistance of the bias leads is
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Figure 4.3: Comparison between the switching behavior of a rectangular bias pulse
and a bias pulse that is followed by a hold level (top left and top right panel,
respectively). The response of the rectangular pulse are random switches (bottom
left), even in the very last instance. With a hold level present, switch and no switch
can be well distinguished (bottom right).

Rl ≈ 135Ω, the bias resistor with a value around Rb = 1kΩ defines the bias current
through the sample.

The bias resistor has to be chosen in a way that the difference Vh = V1 − V0

is greater than the noise voltage, i.e. that a good separation between a switch-
and no-switch event can be measured. Furthermore, in the case of a frequency
dependent environment, the slope of the DC loadline must be less than the slope of
the negative differential resistance of the junction in the free running state in order
to avoid “retrapping”. In this case hysteretic behavior of the circuit is obtained
and the voltage V1 can be latched.

A comparison between square switch pulses and pulse-and-hold is plotted in
figure 4.3. The panels shows six identical pulses overlaid onto each other. It can
easily be seen in the bottom left panel that the junction randomly switches or
does not switch during the duration of the square pulse. A switch in the very last
instance will not be registered and it is necessary to drive the voltage well above
the trigger level in order to count as many switches as possible. The top right panel
shows six identical pulses which are followed by a hold level immediately after the
switch pulse. When the sample switches the voltage has enough time to build up
so that it can be well distinguished from the no-switch signal, as can be seen in
the bottom right panel of figure 4.3. Note that even in the no-switch case a small
voltage is detected, which is due to the finite resistance of the measurement leads.
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4.3 The detection circuit

The signal showing the response of the sample is detected after the bias resistor. If
the junction did not switch, most of the voltage drops across the bias resistor and
a small voltage is measured. A switch to a voltage below the gap voltage, where
the quasi-particle resistance is large Rqp � Rb, causes the voltage to be dropped
across the junction and a large voltage is measured.

A counter which distinguishes between a switch and no-switch event has a
threshold voltage Vth which lies in between the two states (V0 < Vth < V1). A
voltage greater than Vth will add one count to the counter. However, the input
sensitivity of the counter with a minimum voltage of Vth,min = 50mV is too poor
to detect voltages in the gap region of the order of V1,max . 400µV. A homebuilt
pre-amplifier converts the signal to a detectable magnitude before it is fed into the
counter (see below for the amplifier details).

Limitations of this detection scheme arise when RC-times of the circuitry are
taken into account. The twisted pair cable and the input of the voltage amplifier
have intrinsic capacitances Ctp. The time needed to change the voltage across the
junction is set by the bias current and Ctp according to

dVh

dt
=

1

Ctp
Ib (4.1)

dVh

dt
=

1

Ctp

Vb

Rb
. (4.2)

A large capacitance and a large bias resistor decrease the rise time of the measured
voltage. To have a measurement time which is as short as possible, it is desirable to
have a bias resistor and a capacitance as small as possible. The first requirement is
easily met by the choice of an appropriate resistor. Yet, the bias resistor has to be
larger than the negative differential resistance of the IV as pointed out earlier. The
latter requirement is harder to cope with. The only way to reduce the capacitance
is to move the amplifier closer to the sample which means to implement a cold
amplifier. This however is an experimental difficulty by itself and no attempt was
made to solve this particular problem.

In order to be able to perform correlation analysis of the switching event, a
fast digital phosphor oscilloscope with large memory capability is connected to the
circuit. Channel 1 of the DPO records the complete bias signal while channel 2
records the corresponding response from the sample in temporal order.

The pre-amplifier

The amplifying circuit is based on a standard instrumentation amplifier scheme,
see figure 4.4. The amplification factor is given by

g = 1 +
2R

Rg
(4.3)
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Figure 4.4: Schematics of a basic differential amplifier. The amplification factor is
set by the values of the resistors R and Rg.

where in the experiments here input V2 was set to ground. A single integrated circuit
(IC) of the whole scheme is available from TexasInstruments (formerly BurrBrown)
under the name INA110. This circuit has a bandwidth of 100kHz at an amplification
of 500 and a low input noise of typically 10nV/

√
Hz. The IC is placed in a radiation

tight aluminum box with BNC input and output terminals. A rechargeable lead-
acid battery is used as the power supply.

4.4 Measurement of the switching probability

The switching probability by means of pulses is performed by applying N0 identical
pulses. Each pulse consist of a switch pulse of duration τp, a hold level of duration
τh and a wait time τw between the pulses, see figure 4.5. The wait time is necessary
that the system can relax to the idle state between pulses. The hold level is initially
set to a level where it does not switch the junction, the no-switch level, and its
amplitude is kept constant during the whole measurement. The detection circuit
with the threshold voltage for detection is set to V0 < Vth < V1 and counts the
number of switches N during the N0 pulses. The switching probability is then
simply

P = N/N0. (4.4)

Starting with a switch pulse that does not switch the junction (P=0), one gradually
increases its amplitude. With each amplitude setting, P is measured for typically
N0 = 104 pulses. This is repeated until P reaches a value of 1. 2
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Figure 4.5: The pulse waveform consist of a switch pulse of duration τp, a hold level
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Chapter 5

Measurements and Results

5.1 IV characteristic

SQUID samples allowing for the tuning of the critical current of the sample by
applying a magnetic field through the SQUID loop were used throughout this work.
A micrograph of a typical sample in SQUID geometry is shown in figure 5.1.

1µm

Figure 5.1: An e-beam image of a sample in SQUID geometry. The two parallel
Josephson junctions are the two brighter vertical bars in the center of the image
with dimensions 100× 800nm each.

From the IV measurement of the sample, several important parameters can be
deduced, such as critical current, switching current, normal state resistance and

31



32 CHAPTER 5. MEASUREMENTS AND RESULTS

Sample R [Ω] I0 [nA] Isw [nA] EJ [µeV] C [fF] E2e [µeV] EJ/E2e

4JJenv2 1150 273 220 561 7.2 44.5 12.6
ST02 280 1120 1000 2300 7.2 44.5 51.7

Table 5.1: Parameters of the two main samples.

the superconducting energy gap. An overview over the parameters of the two main
samples is presented in table 5.1

Since the experimental setup for sample 4JJenv2 in these initial measurements
did not contain any cold filter stage, excess noise from dissipative elements at higher
temperatures reaches the sample. As a consequence, the theoretical critical current
I0 = 273nA is suppressed and the switching current Isw is observed. It can be seen
in figure 5.2 that a switching current of 80% of I0 is measured, or Isw ≈ 220nA.
A further feature in the IV curve is the finite slope of the superconducting branch,
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Figure 5.2: A typical IV curve of a sample. The observed switching current is
around 80% of the theoretical current. The finite slope is due to phase diffusion with
high damping. Hysteresis is observed for underdamped circuits. The occurance of
both effect indicate the presence of a frequency dependent environment.

caused by phase diffusion. The heavy damping at high frequencies (Qhf � 1)
together with the excess noise are the cause for this effect. The hysteresis that is
measured is due to the high Q value at low frequencies where the real impedance
seen by the junction is given by the bias resistor (QDC = RbCJ/LJ � 1), see chap-
ter 2.3. The combined observation of phase diffusion and hysteresis is a signature
of circuits with a frequency dependent environment as first pointed out by Ono et.
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Figure 5.3: By applying magnetic fields B through a SQUID loop, the critical
current I0 can be modulated. The solid line is a calculated plot with I0(B =
0) = 273nA, assuming identical junctions in the SQUID. The dashed line shows the
measured data for Isw.

al. [20] with a low impedance at high frequencies Qhf � 1 and a high impedance
at low frequencies (QDC � 1). Another property of the junction that is contained
in the IV curve is the normal state resistance Rn which is deduced from the slope
of the normal conductive state (1/Rn).

The SQUID layout of the sample allows the tuning of the critical current and
thus the tuning of the EJ/EC ratio. A plot of I0 and Isw versus the applied magnetic
field for sample 4JJenv2 is shown in fig. 5.3. At zero magnetic field, 80 percent of I0

is observed while the measured switching current at a magnetic field of B = 12.1G is
Isw = 12.4nA, corresponding to 44 percent of I0(B = 12.1G) = 28.1nA. The solid
line is a theoretical plot of the current modulation of a SQUID with I0 = 273nA,
assuming identical junctions in the SQUID.

5.2 Measurement time

When using the bias method of a switch pulse that is immediately followed by a
hold level, it is important that the hold level does not induce any switching. When
this requirement is met, the measurement time is completely determined by the
duration of the switch pulse.

During the experiment, the hold level was initially adjusted to a level that it
alone did not switch the sample, called the no-switch level Ins. The hold level
was kept constant at this magnitude as the level of the switch pulse was increased.
However, by looking at the scope trace of figure 5.4 it seems that the junction
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Figure 5.4: The top panel shows the bias pulse with subsequent hold level as
measured at the output of the voltage source. The lower panel shows the response
from the sample with a good binary detection between switch and no switch.

switches even after the pulse itself was applied. Unfortunately the measurement
setup was too slow to measure the time between applying the pulse and escape of
the particle from the zero voltage state.

Simulations that were performed parallel to this work [25] show that the hold
level itself can induce switching even in the case were it was set below Ins. The
simulations numerically solve eqn. 2.12 using the simple environment of figure 2.5
and a sample and hold bias pulse. Figure 5.5 shows the probability of switching
for different level of hold amplitudes and a switch pulse of τp = 100ns duration.
The different hold levels corresponds to a level of 25%, 30% and 34% of the critical
current (small letters). Initially in these simulations, the hold level was adjusted so
that it alone never switched the junction. This no-switch level was obtained for a
ratio of ih = 0.34. The data however shows that for this setting the measurement
time was of the order of 500ns indicating that a major part of the switch was induced
by the hold level itself when preceded by a switch pulse. However, the switching
for the pulse with ih = 0.25 occurs during an interval of 100ns, corresponding to



5.3. CORRELATION FUNCTIONS 35

0 200 400 600 800 1000
t [ns]

0

0.05

0.1

0.15

0.2
P(

t)

i
h
=0.25

i
h
=0.3

i
h
=0.34

Figure 5.5: The lines show the simulated escape probability as a function of the
time for an applied bias pulse with τp = 100ns, for various values of the hold level
ih = Ihold/I0 = 0.25, 0.3 and 0.34.

the duration of the switch pulse. The simulations show that the choice of the hold
level is important for the measurement time. Only a hold level that is well below
Ins results in a measurement time that is determined by τp alone. The delay of
the measured switching probability is due to RC times that were included in the
simulation.

5.3 Correlation functions

The measurement of a quantum state is a probability measurement where the sys-
tem has to be prepared many times in an identical state and measured each time.
It is important that the outcome of any previous measurement does not influence
the result of the current measurement, in other words the measurements have to
be statistically independent. By calculating the auto-correlation function

rk =

∑N0−k
i=1

(Yi − Ȳ )(Yi+k − Ȳ )
∑N0

i=1
(Yi − Ȳ )2

(5.1)

one can check for this statistical independence. N0 is the total number of events and
k is the lag between the events. The auto-correlation for k = 1 checks correlation
between adjacent events. Higher lags are used to look for higher order correlation
and can be used to easily detect periodic influences (such as 50Hz pick-up from
ground loops) which affect switching. A correlation of r = 1 means that a switch of
the sample causes the sample to switch with probability 1 during the next pulse. A
correlation of r = 0 indicates complete randomness between the pulses, and r = −1
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Figure 5.6: Correlation coefficients for lag 1 as a function of the duration between
pulses τw. The pulse duration is τp. The switching probability was set to P =
0.5 ± 0.05. The inset shows the correlation coefficients as a function of the lag.

corresponds to adjacent pulses having opposite outcome with probability 1. There
are two parameters in the bias waveform which can influence the outcome between
adjacent pulses, the hold level of a preceding pulse and the wait time between
pulses.

In the experiments that were performed to check for the correlation, the am-
plitude of the switch pulse was adjusted so that the switching probability P (I) is
fixed at a desired value for a trace of N0 = 104 identical pulses. The response from
the sample was stored in the digital phosphor oscilloscope and later analyzed to
determine the sequence of switches in temporal order with index k. Each of the
events is assigned a binary number, a 1 if the sample switched and a 0 if the sample
did not switch. With this information, the auto-correlation for this measurement
can be calculated. Initially, the wait time τw was set to a minimum and then in-
creased after each measurement, readjusting P before the next measurement. This
was done until a maximum value of τw was reached where r was fluctuating within
the noise level.

Figure 5.6 shows the auto-correlation for sample 4JJenv2 at zero magnetic field
as a function of τw for a switching probability of P = 0.5 ± 0.05. It can be seen
that for the shortest wait time τw = 12.5µs the auto-correlation is r = 0.134. For
increasing τw, r falls exponentially according to r = 0.29 · exp(−0.04τw), resulting
in a decay time of t1/2 ≈ 17.2µs. For τw > 40µs the auto-correlation fluctuates
around a noise floor of around r = 0.03.

Such a long decay time is not expected if one looks at the scope trace plotted in
figure 5.4. Two interpretations for the long decay time can be considered. While
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Figure 5.7: Correlation coefficients as a function of time. The wait time was set to
τw = 25µs. The critical current of this junction was suppressed by a magnetic field
to a level around 28nA.

the junction is biased away from the idle point, either in the phase diffusive state
or in case it switched in the finite voltage state, power is dissipated W = U ·I . This
could cause the junction and surrounding area to overheat and the time needed to
cool the circuit is reflected in the decay time of the correlation function. The other
interpretation is the RC time for discharging of the junction voltage. However, this
time was measured to be around 2µs and probably does not cause the long decay
time. The inset of figure 5.6 shows the correlation coefficient as a function of the
lag for a pulse trace with τw = 25µs. The fluctuating singal around the noise floor
shows that no periodic signals were distrubing the measurement.

A plot of the correlation coefficient rt as a function of the lag for sample 4JJenv2
at a magnetic field of around 12G is plotted in figure 5.7. The wait time for this
measurement was set to τw = 25µs and the probability was fixed to a value of
P = 0.5 for N0 = 104 pulses. The signal shows a periodicity in the correlation
of 20ms. This behavior is easily explained by an interference of the measurement
system with a 50Hz signal of the power line. The 50Hz signal periodically increases
and decreases the probability of switching by adding a periodic signal to the bias
waveform. It is important to calculate the correlation function and check that such
pick-up is not present when collecting data.

Figure 5.8 shows a summary of the correlation function for sample ST02 at zero
magnetic field for 10%, 50% and 90% switching (left to right). The correlation
coefficient was calculated from 104 pulses and the measurement for each point was
repeated 20 times. For each measurement, the hold level was initially adjusted to
the no-switch level (top panel). After all measurements for the entire interval of
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hold times was completed, the hold level has been reduced twice by 20% (middel
and bottom panel). The switch-pulse duration and the hold duration for all the
measurements were τp = 0.1µs and τh = 1µs, respectively.
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Figure 5.8: The correlation function for different switching probabilities and hold levels. From left to right the switching
probability is set to 10%, 50% and 90%, respectively. Top to bottom shows the results where the hold level Ih was
adjusted to 100%, 80% and 60% of the no-switch level Ins, respectively.
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It can be seen that there is an increased scatter of the correlation coefficient
for decreased level of the hold amplitude. Furthermore the correlation coefficient
is largest where the switching probability is set to P = 0.5. The large fluctuations
for the values measured at P = 0.5 could have the following explanation. At
this setting the slope of the P (I) curve is steepest and therefore most sensitive to
small fluctuations, such as repeatability of the amplitude of the arbitrary waveform
generator (AWG). A feature which occurred in all the measurements is the negative
correlation at values of τp around 60µs and around 140µs. The measurement for
each point of fig. 5.8 was repeated 20 times and averaged. Periodic disturbances
should therefore null out for the 20 independent measurements. This time is also
too long to be due to a pulse reflection. A possible answer of these fluctuations may
be due to problems with the AWGs and the way the buffer is stepped at different
frequencies.
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Figure 5.9: The correlation coefficient as a function of the wait time for sample
ST02 where the critical current was suppressed to 50nA by means of a magnetic
field.

Figure 5.9 shows the correlation coefficient r1 as a function of the wait time for
sample ST02 where the critical current was suppressed by a magnetic field to 50nA.
The probability of switching was set to P = 0.5 and each single measurement was
repeated for 20 times. The hold level was lowered to a value of 20% below the
no-switch level. For a wait time τw < 100µs there is a negative correlation present.

Note that all the results shown for the correlation coefficient are very close to
the level of fluctuations around the noise floor and consequently the measurement
has to be refined in order to perform more quantitative measurements.
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5.4 Switching probability

Resolution at large switching currents

The measurement of the switching probability as explained in chapter 4.4 gives
the resolving power of the binary detector. In order to use the switching of a
Josephson junction as a quantum detector, the current resolution should be high
enough to distinguish the two quantum states, or the difference in switching current
between the two states must be so large that the switching distributions overlap
as little as possible. If the quantum state can be determined with more than 90%
confidence, one speeks of single shot measurement. Another imortant feature for
a quantum detector is its speed, which must be faster than the relaxation time
when the detector is in the ON state. In order to characterize these parameters for
the system the resolution for different pulse times τp was measured. We define the
resolution of the detector as the width of the switching probability at the values
∆I = I(P = 90%) − I(P = 10%), see figure 5.10.
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Figure 5.10: Probability of switching as a function of the applied current through
the Josephson junction. The width ∆I is defined as the difference between the
current values at 90% and 10% probability. I is the current value at 50% probability.

The current through the sample I = U/RΣ is determined form the output of
the waveform generator and the sum resistance in series with the sample RΣ =
Rout +2 ·Rl +Rb where Rout is the output resistance of the waveform generator, Rl

is the DC lead resistance and Rb is the bias resistance. Measurements of the pulse
as seen by the junction are shown in figure 5.11. The upper left panel shows the
pulse at the output of the waveform generator and the lower left panel the signal
at the sample space. The right panel shows the two signals magnified around the
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switch pulse and overlaid onto each other. The voltage scale in the right panel is
adjusted for better comparison between the ratios of the switch and hold levels of
the signals at the top and the bottom of the cryostat. The attenuation of the signal
seen at the sample space is due to the voltage division from the resistors. The
rounding of the edges is due to dispersion of the twisted pair leads. Consequently
pulses of different duration have different effective pulse amplitudes and can not
be compared with each other directly. However, pulses of the same duration τp

“feel” the same dispersion independent of the applied amplitude. By calculating
the ratio of ∆I/I , where I is the current value at 50% switching probability (see
figure 5.10), scaling factors dissapear and it is possible to compare the resolution
even for different pulse durations.
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Figure 5.11: The upper left panel shows a pulse that is sent from the waveform
generator and the lower left panel shows the signal that arrives after the bias circuit
and the twisted pair at the sample. The right panel shows the switch pulse of the
two signals overlaid onto each other. The scales for the right panel are adjusted for
better comparison between the ratios of the pulse and the hold levels.

The measured current resolution for the junction 4JJenv2 at zero magnetic field
is shown in figure 5.12. The best resolution with ∆I/I = 0.007 is reached for the
longest pulse time 100µs. With a switching current of 220nA this corresponds to a
current resolution of 1.54nA. The resolution gradually decreases with decreasing τp

and reaches a value of ∆I/I = 0.091 for τp = 100ns, corresponding to a resolution
of 20nA

The resolution of switching of a Josephson junction can be theoretically modeled
by first calculating the probability of switching of a junction by a square pulse of
duration τp

P = 1 − exp (−Γτp). (5.2)

Let us assume that the escape rate Γ is due to thermal activation, as in the Kramer’s
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Figure 5.12: The switching resolution ∆I/I for pulse durations between 100ns and
100µs at B = 0G and T = 25mK.

problem [14]

Γ = a(ωp/2π) exp (−∆U/kbT ), (5.3)

where the value a is close to unity, ∆U is the barrier height [7] and ωp is the
frequency of small phase oscillations at the bottom of the well [26, 18],

ωp = ωp0(1 − (I/I0)
2)1/4, (5.4)

where ωp0 = (2πI0/Φ0C)1/2. Using this assumption we can calculate P (I) and the
resolution ∆I . The calculations of ∆I/I for a junction with the same parameters
as for sample 4JJenv2 is plotted for two effective temperatures T = 15mK and
T = 200mK in figure 5.12 as the solid lines. The resolution for short pulse duration
can be approximated with a temperature of T = 200mK while the resolution for
long τp is best met with a temperature of T = 15mK.

The measured and the simulated resolution (dashed and solid line in figure 5.12)
differ by a fair amount. However, the prefactor a ≈ 1 in eqn. 5.3 is strictly true
only in the case of underdamped junctions which is not the case here. The switch-
ing behavior of this sample is actually described by a very complicated transition
between two dynamical states (see chapter 2.4). [30, 12] Yet, the generic behavior,
that the resolution gets worse with shorter pulse duration τp is as expected. The
thermal activation model assumes a white noise source which is not the case in the
experiment. Simulations [25] of the current resolution not relying on the prefac-
tor a show that the resolution of a measurement can be achieved with reasonable
assumptions.
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Resolution at small switching currents

In order to test the limit of the detection scheme at low critical currents, I0 of the
SQUID junction 4JJenv2 was suppressed to I0 ≈ 28.1nA with a magnetic field of
the magnitude B = 12.1G. The switching current at this level of suppression is
Isw = 12.4nA and a good binary detection of switch and no-switch could still be
measured. The Q value for I0 = 28.1nA is Qhf = 0.04 � 1, resulting in a heavily
overdamped behavior.

The resolution ∆I/I vs. τp is shown in figure 5.13. It decreases from ∆I/I =
0.03 for long pulses with τp = 100µs to ∆I/I = 0.106 for the shortest pulses of
duration τp = 100ns, corresponding to absolute resolutions of 0.4nA and 1.3nA, re-
spectively. Note that this resolution is achieved for the case of dynamical switching
between the phase diffusive state and the free running state of the phase particle.
Because the switching current level is so low, the hold time had to be at least 50µs
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Figure 5.13: The switching resolution ∆I/I for pulse durations between 100ns and
100µs at B = 12G and T = 25mK.

in order to get a clear separation between switch and no-switch of the junction.

Temperature dependence of switching probability

The temperature dependence of Isw for sample 4JJenv2 for a pulse with τp = 10µs
and a hold time of τh = 25µs is shown in figure 5.14. The data shown is for
temperatures 25mK, 50mK and 100mK to 700mK in steps of 100mK. From the
measured data of the probability the escape rate Γ can be calculated for a fixed
bias current for the lowest five temperatures by making use of equations 5.2 and
5.3. The escape rate itself can be used to calculate the height of the barrier of the



5.4. SWITCHING PROBABILITY 45

200 210 220 230 240 250
I [nA]

0

0.2

0.4

0.6

0.8

1
P 25mK

50
100
200
300
400
500
600
700

Figure 5.14: Switching probability P(I) at zero magnetic field. The pulse length is
τp = 10µs and the temperature range from 25mK to 700mK.

washboard potential ∆U according to

ln Γ = ln ω0 − ∆U/kT. (5.5)

The barrier height is given by the slope of a plot of ln Γ vs. 1/T . Within the context
of the simple thermal escape model, the barrier height ∆U should be constant for
a fixed value of the bias current. However, figure 5.15 shows a barrier height which
depends on temperature for the data from figure 5.14 at the constant switch pulse
amplitude I = 232nA. Computer simulations that we have performed [25] after the
measurements were recorded show that switching can be induced during the hold
level itself. Although the hold level was initially adjusted to a value that it alone
never switched the junction, the hold level induced switching when it was following
directly after a bias pulse. Only when the hold level was reduced to a low enough
value, all switches occurred during the bias pulse, see chapter 5.2 and fig. 5.5. The
measurements resulting in fig. 5.15 had a hold amplitude just below Ins, which was
readjusted for every new temperature setting. When the temperature was increased,
the hold level had to be decreased, resulting in a higher barrier. The increase of
the barrier height with increasing temperature is another indication of switches
induced by the hold level. In a future measurement it is important to adjust the
hold amplitude to the no-switch level at the highest temperature that is reached
during the experiment. This value has to stay fixed for all other temperatures.

The temperature dependence of P (I) was even measured for shorter pulse du-
rations τp = 1µs and τp = 100ns. The readjustment of the hold level at every
temperature to the no-switch level resulted in data that could not be used for
analysis.
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Figure 5.15: The barrier height of the tilted washboard potential as a function of
temperature for a pulse with I = 232nA and τp = 10µs.
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