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Abstract
The hottest candidate for dark matter, nowadays, is the WIMP; a hypothetical
weakly interacting massive particle. This thesis will perform an analysis whether
dark matter galactic halos can be explained through a Bose-Einstein condensate
(BEC). The halo can then, to first approximation, be described by a single wave
function obeying the Schrödinger equation with a quartic interaction term. We
deduce the matter density using the Madelung representation of the wave func-
tion, the equation of motion is found to decouple into the continuity equation and
the hydrodynamic Euler equation. The halo is then described on a macroscopic
level as a quantum fluid with an equation of state relating the pressure to the den-
sity as P ∝ ρ2

m. The obtained matter density is used to obtain an expression for
the rotation curve, calculate deflection angles through the concept of gravitational
lensing and determining velocity dispersions. We compare the theoretically calcu-
lated deflection angles and velocity dispersions to observations from 10 galaxies (by
performing several χ2 tests) in order to find the optimal free parameters (in the
theory). We found that the BEC dark matter halo theory with just one species of
scalar condensate particles fails to produce acceptable fits to data (within reason-
able parameter limits).

Key words: Dark matter, Bose-Einstein condensate, Galactic halo, Rotation
curve, Gravitational lensing, Velocity dispersion
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Chapter 1

Introduction

Dark matter is the expression used for the ”invisible” matter that makes up around
23% of our universe[1]. It was proposed as a solution to the ”missing of gravity” that
is observed through out the universe. There are currently many strong evidence
for the existence of an unknown (dark) matter in the universe. The most well
known is that the rotation curve of spiral galaxies does not follow the expected
shape of a Keplerian motion outside the luminous matter. If the motion were
Keplerian, the tangential velocity of a test particle in the galactic plane would fall
off as one over the square root of the distance from the center, vtg ∝ 1/

√
r. While

instead, the observed tangential velocity, is not tending to zero but rather remains
roughly constant (around velocities of 200 km/s[2]) in the outer part of the galaxy
discs. Evidence of its existence is also found from the bending of light (gravitational
lensing) from galaxy clusters[3]. These observations reveal that there is some unseen
mass that does not interact through the electromagnetic force but, only interacts
gravitationally and possibly also by the weak force. The mass distribution that
would fit together with the observed rotations curves is found to be that of a
(approximately) spherical mass distribution[4]. This fact has nowadays given rise
to the general believe that the dark matter is located in a spherical halo surrounding
the galaxies.

There are many theories of what the dark matter can be. The most popular
idea is that some kind of weakly interacting massive particle (WIMP); a new sub-
atomic particle that the particle physicists are currently searching for in a number
of experiments around the world. Another theory is the existence of massive com-
pact halo objects (MACHO). These could be brown dwarfs, which are Jupiter-sized
stars located in the galaxy halo that never became real stars. However, this falls
under the category of baryonic dark matter and due to studies of big bang nucle-
osynthesis, baryonic dark matter can only make up a small part of the whole dark
matter content[5]. Also there exist theories that the theory of gravity might not be
complete and it needs to be modified. Although, following the work of [6], it seems
to be improbable for a gravity theory to explain the behavior of galaxies without
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2 Chapter 1. Introduction

dark matter. A recent DM-theory is that the DM-halo is made up of one (or more)
species of fundamental particles in a Bose-Einstein Condensate (BEC)[2, 3]. The
particles in the condensate will then all (or nearly all) occupy the same ground
state and the halo can be treated as a quantum mechanical object under one single
wave function. This gives rise to a macroscopic quantum effect that can be treated,
mathematically, as a quantum fluid. If the reader is not familiar with the phe-
nomenon of Bose-Einstein Condensate, I recommend reading Appendix A or take
a look at [7]. The theory of dark matter as a BEC yields the interesting fact that
the galactic radius is fixed by the properties of the condensate particle[2]

R =
√
π2~2a

Gm3

where a is the interaction length and m is the DM-particle mass. Hence, if there
is only one species of dark matter particles, all galaxies should exist with the same
radius (ignoring the small effect of the baryonic matter). This interesting result
will be used in order to see if the BEC dark matter model can fit observational
data of velocity dispersions and gravitational lensing obtained from [8].

Figure 1.1. The structure of a galaxy. The luminous matter is surrounded by a
(approximately) spherical halo of dark matter that makes up around 90%[9, 10] (or
even higher for dwarf galaxies[1]) of the total mass of the galaxy.



Chapter 2

The density and pressure of
a spherically symmetric BEC

2.1 The Gross-Pitaevskii Equation
In this section we shall deduce the matter distribution (density) and the pressure
distribution in a spherical (galaxy) halo of Bose-Einstein condensed bosons. If the
particles (bosons) in the halo are part of a BEC, a very large fraction of the particles
will occupy the lowest quantum state possible[7]. The result of this behavior is that
the condensed particles can be described by one single wave function[2]. This gives
rise to a very sharp peak both in position and momentum space[7]. However, there
will always be a small fraction of the bosons that will not condensate into the
ground state[7]. Hence, we take the boson field to be a small perturbation away
from the expectation value of the boson field itself[2] as

Ψ̂(r, t) =
〈
Ψ̂(r, t)

〉
+ Ψ̂′(r, t) (2.1)

where Ψ̂′(r, t) is a small perturbation and the expectation value is called the con-
densate wave function[2] and will henceforth be denoted by ψ(r, t). The boson field
can be decomposed as

Ψ̂(r, t) = ψ(r, t) + Ψ̂′(r, t). (2.2)
The condensed particles is assumed to be scalar particles and cold, meaning that
they move at velocities much less then the speed of light. The equation of motion of
the boson field wave function can then be obtained from the Schrödinger equation

i~
∂

∂t
Ψ̂(r, t) = ĤΨ̂(r, t) (2.3)

where the Hamiltonian in (2.3) is[2]

Ĥ = p̂2

2m + Vrot(r) + Vext(r) + g
(
Ψ̂†Ψ̂

)
. (2.4)

3



4 Chapter 2. The density and pressure of a spherically symmetric BEC

The Hamiltonian is made up of four terms, The kinetic energy, rotation energy,
external potential (in this case gravity) and a non-linear interaction term between
the condensed particles[2]. Here we assume the interaction term to be an arbitrary
function of the boson field squared. Using the momentum operator, p̂ = −i~∇, and
inserting the Hamiltonian in equation (2.4) in (2.3) give us the equation

i~
∂Ψ̂
∂t

(r, t) =
[
− ~2

2m∇
2 + Vrot(r) + Vgrav(r) + g

(
Ψ̂†Ψ̂

)]
Ψ̂(r, t). (2.5)

If we now insert (2.2) in (2.5) we obtain to zero order (neglecting the perturbation)
the Gross-Pitaevskii equation[2] for a rotating Bose-Einstein condensate trapped in
a gravitational potential

i~
∂ψ

∂t
(r, t) =

[
− ~2

2m∇
2 + Vrot(r) + Vgrav(r) + g′

(
|ψ|2

)]
ψ(r, t). (2.6)

2.2 The matter density
The condensate wave function should be normalized in such a way that |ψ(r, t)|2 =
ρ(r, t), where ρ(r, t) is the number density in the condensate. Hence, an ansatz for
the condensate wave function can be stated using the Madelung representation[11]
as

ψ(r, t) =
√
ρ(r, t) exp

(
i

~
S(r, t)

)
. (2.7)

Using this wave function, the following expressions can easily be obtained

∂ψ

∂t
= ρ̇

2ρψ + iṠ

~
ψ (2.8)

and
∇2ψ =

∇2√ρ
√
ρ
ψ +

2i∇S · ∇√ρ
~√ρ

ψ − (∇S)2

~2 ψ + i∇2S

~
ψ (2.9)

where a dot represent the time derivative. Inserting (2.8) and (2.9) in (2.6) give us
the equation

i~ρ̇
2ρ −Ṡ = −

~2∇2√ρ
2m√ρ −

i~∇S · ∇√ρ
m
√
ρ

+ (∇S)2

2m − i~∇
2S

2m +Vrot+Vgrav+g′(ρ). (2.10)

If we now introduce the velocity

v = ∇S
m

, (2.11)

the mass density
ρm = mρ, (2.12)
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and the quantum potential[11]

VQ = −
~2∇2√ρ
2m√ρ . (2.13)

Eq. (2.10) turns into:

i~ρ̇m
2ρm

− Ṡ = VQ −
i~v · ∇√ρm√

ρm
+ mv · v

2 − i~∇ · v
2 + Vrot + Vgrav + g′(ρ) (2.14)

Separating eq. (2.14) into its imaginary and real part will give us the two equations:

1
2ρm

∂ρm
∂t

= −
v · ∇√ρm√

ρm
− ∇ · v2 (2.15)

−∂S
∂t

= mv2

2 + VQ + Vrot + Vgrav + g′(ρ) (2.16)

Expanding the first term in the RHS of eq. (2.15) as

−
v · ∇√ρm√

ρm
= −v · ∇ρm

2ρm
(2.17)

and multiplying with ρm. While for eq. (2.16) we apply the gradient and divide
with the mass, m:

∂ρm
∂t

= −v · ∇ρm − ρm∇ · v, (2.18)

− ∂

∂t

(
∇S
m

)
= ∇v

2

2 +∇
(
VQ
m

)
+∇

(
Vrot
m

)
+∇

(
Vgrav
m

)
+ ∇g

′(ρ)
m

. (2.19)

From the definition of the velocity of the quantum fluid, (2.11), we see that the flow
is irrotational because the curl of a gradient is always zero; ∇× v = 0. Using this,
together with (2.11), ∇v2 = 2v ·∇v + 2v× (∇×v), v ·∇ρm + ρm∇·v = ∇· (ρmv)
and introduce a total potential as

V = VQ + Vrot + Vgrav + g′(ρm), (2.20)

eq:s (2.18) and (2.19) can be rewritten as

∂ρm
∂t

+∇ · (ρmv) = 0, (2.21)

Dv
Dt

= −∇
(
V

m

)
, (2.22)

where I’ve introduced the material derivative as
D

Dt
≡ ∂

∂t
+ v · ∇.
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Since the function g is arbitrary, we can change it to be a function of the matter
density, ρm, instead of the number density, ρ, without loss of generality. We recog-
nize eq. (2.21) as the continuity equation without a source term and if we multiply
eq. (2.22) with ρm and break up the total potential V , we can write eq. (2.22) as

ρm
Dv
Dt

= −∇P (ρm) + ρm∇
(
Vgen
m

)
(2.23)

where
P (ρm) = ρmg

′(ρm)− g(ρm) (2.24)

and
Vgen ≡ −VQ − Vrot − Vgrav. (2.25)

Now we see that eq. (2.22) takes the form of the Hydrodynamic Euler equation
where the function P (ρm) can be identified as the pressure. Assuming the conden-
sate to be ideal and static[2], we can set v = 0 in eq. (2.22) and hence obtain

VQ + Vrot + Vgrav + g′(ρm) = const. (2.26)

If the density gradient in the quantum fluid is small, the quantum potential [defined
in eq. (2.13)] can be neglected[11] in eq. (2.26). Assuming no time dependence in
the rotation potential, it can be expressed as

Vrot(r) = mω2r2

2 (2.27)

where r is the distance from the center of the condensate and ω is the angular
velocity of the condensate. However, to first approximation[2] we can assume ω ≈ 0,
hence the generalized potential in eq. (2.26) is reduced to

Vgrav + g′(ρm) = const. (2.28)

Operating with the Laplace operator on both sides of eq. (2.28) and using that the
gravitational potential fulfills

∇2Vgrav = 4πGρm (2.29)

then gives
4πGρm +∇2g′(ρm) = 0. (2.30)

In order to find an expression for the non-linear term we examine eq. (2.24). For
many astrophysical objects, e.g. compact objects and dense nuclear matter[3], The
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pressure and density follow an polytropic equation of state. Hence, it is reasonably
to assume an polytropic equation of state for the BEC as[3]

Pρ−γ = const. (2.31)

This gives the pressure as a function of the matter density as

P (ρm) = kργm (2.32)

where k is a positive constant. Inserting this in (2.24), it is trivial to see that

g(ρm) = k

γ − 1ρ
γ
m (2.33)

which gives
g′(ρm) = kγ

γ − 1ρ
γ−1
m = Cργ−1

m . (2.34)

Expressing γ using the polytropic index n as γ = 1 + 1
n and inserting (2.34) in

(2.30) results in
4πG
C

ρm +∇2(ρ1/n
m

)
= 0. (2.35)

Eq. (2.35) is a differential equation for the matter density in a non-rotating spherical
BEC. To make it tidier, we introduce the dimensionless coordinates θ and x as[2]

ρm = ρcmθ
n (2.36)

and

r =
[
Cρ

1/n
cm

4πGρcm

]1/2
x. (2.37)

Here ρcm is the density in the center of the condensate and inserting equations
(2.36) and (2.37) into (2.35) yields the so called Lane-Emden equation:

1
x2

d

dx

(
x2 dθ

dx

)
+ θn = 0 (2.38)

To find the matter density as a function of the distance from the center of the
condensate, the Lane-Emden equation need to be solved for a given polytropic
index n together with a set of boundary conditions. The galaxy halo of a BEC can
be assumed to have a very well defined boundary at some radius R. Hence,

θ(x1) = 0 (2.39)

and
θ(0) = 1 (2.40)

are reasonable boundary conditions, where x1 =
[

4πGρcm

Cρ
1/n
cm

]1/2
R and the condition

(2.40) states that the density at the center of the condensate is ρcm.
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The Lane-Emden equation has exact analytical solutions only for the three n-
values n = 0, n = 1 and n = 5[12]. The n = 0 case would yield γ → ∞ in
(2.33), which is not physical in our theory and for n = 5 an analytical solution
can be found in [12]. However, this solution exhibits an oscillating behavior with
indefinitely growing amplitude as r → 0 and hence we turn our focus towards the
n = 1 case.

For n = 1, we obtain the linear second order differential equation

1
x2

d

dx

(
x2 dθ

dx

)
+ θ(x) = 0. (2.41)

This is the defining equation of the spherical Bessel functions of order zero[13].
Hence, the solution to eq. (2.41) can be written as

θ(x) = C1j0(x) + C2y0(x) (2.42)

where C1 and C2 are again constants and j0(x) and y0(x) are Bessel functions. The
boundary conditions in (2.40) yields C2 = 0, C1 = 1 and if we use that the spherical
Bessel function, j0, can be expressed with elementary functions[13] as

j0(x) = sin(x)
x

(2.43)

we obtain
θ(x) = sin(x)

x
. (2.44)

Note that (2.39) and (2.42) give us an expression for the condensate radius

R =
(

C

4πG

)1/2
π (2.45)

or using the definition of C in (2.34) with γ = 2:

R =
(
kπ

2G

)1/2
(2.46)

The interaction term g(ρm) in (2.33), can be expressed as[2]

g(ρm) = km2ρ2 = λρ2

2 (2.47)

where the coupling constant λ = 4π~2a/m[14]. Hence, we obtain

k = 2π~2a

m3 (2.48)
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where a is the interaction length and m is the mass of the condensate particle.
Inserting eq. (2.48) into eq. (2.46) yields

R =
(
π2~2a

Gm3

)1/2
. (2.49)

We see that the condensate radius depends solely on the interaction length a and
the mass m of the condensate particle.

Switching back to the dimensional coordinates using equations (2.36) and (2.37)
in (2.44) we get an expression for the matter density inside a spherical BEC as

ρm(r) = ρcm
sin(πr/R)
πr/R

. (2.50)

A plot of equation (2.50), is seen in Figure 2.1.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

r/R

ρ
m

(r
)/
ρ
c
m

Figure 2.1. The matter density, ρm(r), of a BEC dark matter halo.

2.3 The Pressure of the BEC
The pressure in the condensate can be obtained from the equation of state in eq.
(2.32) together with the expression for the matter density obtained in eq. (2.50) to
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be
P (r) = kρ2

m(r) = kρ2
cm

sin2(πr/R)
π2r2/R2 . (2.51)

We can solve for the constant k in eq. (2.46), in order to express eq. (2.51) in the
condensate radius R instead of the constant k. The resulting expression for the
pressure is then

P (r) = 2GR4ρ2
cm

π3r2 sin2(πr/R). (2.52)

2.4 Pressure and the Newtonian Limit
Before ending this section we return to eq. (2.29),

∇2Vgrav = 4πGρm (2.53)

where Vgrav is the well known Newtonian gravitational field. Eq. (2.53) is obtained
in the Newtonian limit of Einsteins field equations of general relativity

Rµν −
1
2Rgµν = 8πGTµν (2.54)

where Rµν is the Ricci tensor and Tµν is the stress energy tensor containing the
matter density and pressure. If one invoke the weak field limit on (2.54) it will
reduce to[15]

∇2Φ ≈ Rtt (2.55)

where Φ is the gravitational potential. Hence, the relativistic gravitational potential
is generated by the tt-component of the Ricci tensor[16]. The tt-component of the
Ricci tensor can be expressed in terms of the matter density and pressure using the
Einstein field equations (2.54) as

Rtt = 4πG(ρm + Pr + 2Pt) (2.56)

where Pr and Pt is the radial pressure and transverse pressure resp. Inserting (2.56)
in (2.55)

∇2Φ = 4πG(ρm + Pr + 2Pt) (2.57)

we see that eq. (2.57) reduces to (2.53) only if the pressure can be neglected. At
a first glance this looks a bit troubling, since we used eq. (2.53) in (2.28) when we
deduced the matter density and then stating an equation of state as eq. (2.51),

P (ρm) = kρ2
m.

However, if we instead use (2.57) in (2.28) and assuming a perfect fluid where
Pr = Pt = P we instead obtain the equation

4πG(ρm + 3kρ2
m) + 2k∇2ρm = 0. (2.58)
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If we now switch from natural units to SI-units, to get a better feel of the order
of magnitude of the different terms, by inserting a factor 1/c2 in the pressure term
and at the same time divide through with 4πG eq. (2.58) can be written as

ρm + 3k
c2
ρ2
m + k

2πG∇
2ρm = 0. (2.59)

Now we can rewrite (2.59) in the dimensionless coordinates defined in (2.36) and
(2.37)

r =
(

k

2πG

)1/2
x , ρm = ρcmθ

with the polytropic index n = 1 and hence C = 2k. Equation (2.59) then transforms
into

1
x2

d

dx

(
x2 dθ

dx

)
+ θ +Reθ2 = 0 (2.60)

where Re is defined as
Re = 3kρcm

c2
= 6GR2ρcm

πc2
. (2.61)

Note that from the definition of the dimensionless variable θ, it is clear that 0 ≤
θ ≤ 1. Hence, inspecting eq. (2.60), we see that if Re� 1, the last term in (2.60)
can be neglected and we would recover eq. (2.41) and our result from section 2.1
and 2.2 would be saved. We can make an estimate of Re by using typical values on
the condensate radius R and the density at the center ρcm. Since the aim of the
theory is to describe the dark matter content in a galaxy, we find in [2], that center
dark matter densities lies around approximately 5 · 10−22 kg/m3 and galactic halos
in the range of 10 kpc up to 100 kpc. To be on the safe side, we assume a galaxy
with ρcm ∼ 10−21 kg/m3 and R ∼ 100 kpc in (2.61). This give us

Re = 1.3 · 10−5. (2.62)

Hence, Re� 1 and we can safely discard the quadratic term in eq. (2.60) and the
matter density and pressure is hence given by equations (2.50) and (2.52) respec-
tively.
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Chapter 3

Rotation Curve, Velocity
Dispersion and Gravitational
Lensing

The purpose of this chapter, is to derive quantities such as the rotation curve,
velocity dispersion and the bending of light by galaxies (gravitational lensing).

In the following sections, so called geometrical units will be used (if not stated
otherwise). This means that c = G = 1 and all quantities will have the dimension
of length to some power (see Table B.2 in Appendix B).

3.1 Rotation Curve
The space-time within a BEC galactic halo with a matter density given by equation
(2.50) must exhibit spherical symmetry. Hence, the metric can be expressed as[16]

ds2 = −e2Φ(r)dt2 + e2Ψ(r)dr2 + r2dΩ2 (3.1)

where dΩ2 = dθ2 + sin(θ)2dφ2, Φ(r) is the gravitational potential and Ψ(r) is the
space curvature. Note that Φ(r) is not the Newtonian gravitational potential since
we also have a non-zero pressure as discussed in section 2.3. The functions Φ and
Ψ are called metric functions and are arbitrary functions of the distance from the
center of the galaxy and (t, r, θ, φ) are the (curvature) coordinates[16].

In order to find the velocity for a test particle moving within the condensate (or
dark matter halo) we start by consider the Lagrangian

L = 1
2gµν ẋ

µẋν (3.2)

13
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where xµ = (t, r, θ, φ). Since the test particle is moving in the galactic disc, we can
set θ = π/2. Using the metric in (3.1), the Lagrangian becomes

L = −1
2e

2Φ(r)ṫ2 + 1
2e

2Ψ(r)ṙ2 + 1
2r

2φ̇2 (3.3)

where dot means differentiation with respect to the proper time τ . The Lagrangian
in (3.3) does not depend explicitly on the t and φ coordinates. These symmetries
are, according to Noether’s theorem, associated with two constants of motion given
by

l = ∂L

∂φ̇
= r2φ̇ (3.4)

and
E = ∂L

∂ṫ
= −e2Φ(r)ṫ. (3.5)

We can now use the condition that a particle with four-velocity Uµ must satisfy

UµU
µ = ds2

dτ2 = −1. (3.6)

Using the metric defined in (3.1) inserted into (3.6) yields an expression as

−1 = −e2Φ(r)ṫ2 + e2Ψ(r)ṙ2 + r2φ̇2 (3.7)

which can be expressed with the two constants of motion in equations (3.4) and
(3.5) to give

−1 = −e−2Φ(r)E2 + e2Ψ(r)ṙ2 + l2

r2 . (3.8)

The equation in (3.8) can be rearranged as

E2 = e2Φ(r)+2Ψ(r)ṙ2 + e2Φ(r)
[
1 + l2

r2

]
(3.9)

and we recognize (3.9) as the conservation of energy. We can introduce an effective
potential as

Veff = e2Φ(r)
[
1 + l2

r2

]
. (3.10)

and for a circular orbit we have the conditions

∂Veff
∂r

= 2Φ′e2Φ
[
1 + l2

r2

]
− e2Φ 2l2

r3 = 0 (3.11)

and ṙ = 0. We can solve for the constant l2 in (3.11) in order to express it in terms
of the metric function Φ and the curvature coordinate r. We find

l2 = r3Φ′

1− rΦ′ . (3.12)
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This can then be inserted into (3.9), together with ṙ = 0, to yield (after some
algebra)

E2 = e2Φ

1− rΦ′ . (3.13)

If we now use that the line element in (3.1) can be alternatively expressed as[17]

ds2 = −dτ2 = −e2Φdt2(1− v2) (3.14)

and comparing (3.1) with (3.14) we see that

e2Φv2dt2 = e2Ψ(r)dr2 + r2dφ2. (3.15)

Solving for the velocity squared and using that for a stable circular orbit dr/dt = 0
yields

v2 = r2

e2Φ

(
dφ

dt

)2
(3.16)

where the angular velocity can be obtained from (3.4) and (3.5) as

l

E
= r2

e2Φ
dφ/dτ

dt/dτ
= r2

e2Φ
dφ

dt
. (3.17)

Solving for the angular velocity in (3.17) and inserting it in (3.16) then yields

v2 = e2Φl2

r2E2 . (3.18)

Finally using the expressions of l and E in (3.12) and (3.13) we obtain the velocity
of a particle moving in a circular orbit in the galactic plane as

vtg(r) =
√
r
dΦ
dr
. (3.19)

We find in equation (3.19) that the rotation curve of a galaxy (under the assump-
tion of circular orbits) is independent of the space curvature Ψ(r). It only depends
on the gravitational potential Φ(r) which can be obtained from equation (2.57) in
section 2.4 together with our expressions for the density ρm(r) and pressure P (r).

3.2 Velocity Dispersion
For elliptical galaxies, the stars (or baryonic matter) are not moving as they do in
spiral galaxies. Instead of the circular motion found in spiral galaxies they have
a more random motion and hence a better concept for elliptical galaxies is the so
called velocity dispersion. Velocity dispersion measure the statistical dispersion
about the mean velocity of a group of objects[18].
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The velocity dispersion is an important quantity in astronomy because of its
relation to the total mass circulated by the group objects. For elliptical galaxies
[19] found a correlation between the luminosity and the velocity dispersion for
galaxies while [20] found a relation between the supermassive black hole mass and
the stellar velocity dispersion of the central bulge in galaxies.

The radial velocity dispersion in spherical coordinates is given by[21]

σ2
r(r) = 1

ν(r)r2ζ

∞∫
r

ν(r)r2ζΦ′(r)dr (3.20)

where ζ is a constant and ν(r) is the luminosity density[22]. However, when ob-
serving galaxies from earth, (they are so far away) all you see is a two-dimensional
disc. It is therefore appropriate to calculate an average over the line of sight and
obtain the velocity dispersion as a function of the cylinder coordinate s as

σ2
s(s) =

∞∫
−∞

ν(r)
(

1− ζ s
2

r2

)
σ2
r(r)dz

∞∫
−∞

ν(r)dz
(3.21)

where r =
√
s2 + z2. However, when we want to compare the theoretical calculated

values of the velocity dispersion with the observed ones, we need to also average
over the effective spectrometer aperture[22]. This can be expressed as

〈σ2
?〉 =

Rmax∫
0

sw(s)
∞∫
−∞

ν(r)
(

1− ζ s
2

r2

)
σ2
r(r)dzds

Rmax∫
0

sw(s)
∞∫
−∞

ν(r)dzds
(3.22)

where w(s) is a weighting function[22].

3.3 Gravitational Lensing and The Lensing
Potential

Gravitational lensing is a phenomenon that governs the fact that light rays (pho-
tons) bend in the presence of a gravitational field. In fact, in the language of general
relativity, the light is following a straight line through the curved space-time. The
curvature comes from massive objects, i.e. objects such as galaxies, black holes or
heavy stars.

Consider two galaxies very far from each other as in Figure 3.1. The distances
dLS and dL (defined in the caption of Figure 3.1) are much larger then the extent
of the lensing galaxy. The lensing galaxy can then be viewed as a thin lens with an



3.3. Gravitational Lensing and The Lensing Potential 17

effective refractive index n(r). The idea that light ray travels along the extremal
paths between two points is called Fermat’s principle[16]. Following this idea, the
first variation of the optical length between two points (observer and source) along
the path should vanish[16]

δ

r2∫
r1

n(r̃)2
[
dr̃2 + r̃2dΩ2

]
= 0 (3.23)

where n(r̃) is an effective refractive index and r̃ is a coordinate that depends on r.
From the metric in (3.1) we can obtain an expression for r̃(r) and hence n(r̃) by
rewriting it in isotropic coordinates. We start by rewriting (3.1) as

ds2 = e2Φ(r)[−dt2 + e2Ψ(r)−2Φ(r)dr2 + e−2Φ(r)r2dΩ2]. (3.24)

We see that in order to get the spatial 3D-part of the metric in (3.24) to be on the
same form as the integrand in (3.23) we must demand

e2Ψ(r)−2Φ(r)dr2 = n(r̃)2dr̃2 (3.25)

and
e−2Φ(r)r2 = n(r̃)2r̃2. (3.26)

Equation (3.26) now yields the effective refractive index

n(r̃) = r

r̃
exp

(
− Φ(r)

)
(3.27)

and (3.27) can then be used in (3.25) to yield a differential equation for r̃(r) as

dr̃

dr
= r̃

r
exp

(
Ψ(r)

)
. (3.28)

If we invoke the weak field limit, which means that the metric functions fulfill
2Φ� 1 and 2Ψ� 1, we can Taylor expand the exponential in eq. (3.28) and keep
only the first order term to obtain

dr̃

dr
= r̃

r

(
1 + Ψ(r) +O(Ψ2)

)
(3.29)

which now can be integrated to yield r̃(r)

r̃ = r exp
(∫ Ψ(r)

r
dr

)
. (3.30)

Inserting (3.30) in (3.27) then yields the effective refractive index as

n(r̃) = exp
(
− Φ(r)−

∫ Ψ(r)
r

dr

)
= 1− Φ(r)−

∫ Ψ(r)
r

dr +O(Φ2,ΦΨ,Ψ2).

(3.31)
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Note that to first order we have from eq. (3.30)

r̃ = r +O
(∫ Ψ(r)

r
dr

)
(3.32)

hence the r̃-coordinate and the r-coordinate are interchangeable. This means that
we can write the effective refractive index as a function of the curvature coordinates
as

n(r) = 1− Φ(r)−
∫ Ψ(r)

r
dr = 1− 2Φlens(r) (3.33)

where the lensing potential has been introduced as

Φlens(r) ≡
1
2Φ(r) + 1

2

∫ Ψ(r)
r

dr. (3.34)

The path of the light rays are completely determined by the effective refractive
index of the lensing object and the refractive index is in turn determined by the
lensing potential. Hence we see from (3.34) that the lensing of light rays depend
both on the relativistic gravitational potential Φ(r) and the space curvature Ψ(r).
This is different compared to the rotation curve result in (3.19) that only depend
on Φ(r).

When the lensing potential is determined, it can be used to calculate the de-
flection angle α̂ (see Figure 1) through the expression[21]

α̂ = 2
dL∫

−dLS

∇⊥Φlensdl (3.35)

where the integration is taken along the path of the light ray. Since the distances
between observer, lens and source is typically very large and the angles very small,
equation (3.35) can be written

α̂ = 2
∞∫
−∞

∇⊥Φlensdz (3.36)

where the integration is taken over the z-axis in a cylindrical coordinate system.
This makes the integration a lot easier because otherwise one would have to know
the entire light path which would be quite extensive to work out. From the geometry
of Figure 3.1, the so called lens equation can be deduced. Assuming that the angles
β, θ, α and α̂ are small we get

dS~θ ≈ dS ~β + dS~α(~θ) (3.37)

where the arrow indicate that the angles are (can be) vectorial. Now, using that

dLSα̂ ≈ dSα
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in (3.37) above gives us the lens equation[23]

~β = ~θ − dLS
dS

α̂(~θ). (3.38)

Studying the lens equation (3.38) and Figure 3.1, we see that there is a special
case when β = 0, i.e. when the source object is located directly behind the lensing
object. From the symmetry, it can be realised that the light will bend in such a way
as to form a ring around the lensing object. Such a ring is called Einstein ring and
an expression can be obtained by inserting the expression for the deflection angle
in (3.36) and setting β = 0 in the lensing equation (3.38)

~θE = 2dLS
dS

∞∫
−∞

∇⊥Φlensdz. (3.39)

The Einstein ring is a very important quantity in lensing, because it provides a
characteristic scale for lensing measurement[23]. Hence, it can be measured exper-
imentally, unlike the deflection angle which would require knowledge of the source
original location.

Figure 3.1. The set up for gravitational lensing. dL is the (angular diameter)
distance between observer and the lensing galaxy, dLS is the (angular diameter)
distance between the source and lensing galaxy and α̂ is called the deflection angle.
The picture is taken from [23].

Another method to obtain the deflection angle (and hence Einstein rings) is
through the concept of surface mass density. Since the distances between the galax-
ies are very large, the lensing galaxy can be treated as a thin two-dimensional lens.
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It can then be shown[24] that the deflection angle is proportional to the enclosed
”projected” mass within an impact parameter s and is given by the following ex-
pression (in SI-units)

α̂ = 4GM(s)
c2s

= 4G
c2

2π
∫ s

0 Σ(s′)s′ds′

s
(3.40)

where s is the cylindrical coordinate (see Figure 4.4) and Σ(s) is the surface mass
density defined as

Σ(s) =
∞∫
−∞

ρm(s, z)dz. (3.41)

An excellent derivation of these two formulas can be found in [24].

3.4 Pseudo-Masses
As seen from sections 3.1 and 3.2, the equation of motion for massive particles is
only determined by the gravitational potential (metric function Φ) while for mass-
less particles, like photons, both the metric functions, Φ and Ψ, play an important
role in determining the motion. Hence, we can express it like

ΦRC(r) = Φ(r) (3.42)

Φlens(r) = 1
2Φ(r) + 1

2

∫ Ψ(r)
r

dr (3.43)

where ΦRC is the potential that governs the motion of galaxy rotation curves and
Φlens is the lensing potential, defined in eq. (3.34), that governs the bending of
light.

Consider now acting with the Laplace operator on equations (3.42) and (3.43).
Starting with eq. (3.42), we can make use of eq. (2.57) to obtain

1
r2

d

dr

(
r2 dΦRC

dr

)
= 4π(ρm + 3P ) (3.44)

which can be integrated to yield

r2Φ′RC =
∫

4πr2(ρm + 3P )dr. (3.45)

We recognize the first integral in the RHS of (3.45) as the total mass m(r) enclosed
within a radius r. So in general, the motion for a massive test particle in a grav-
itational field is not decided just by the enclosed mass but, also by the enclosed
volume integrated pressure. The enclosed mass measured in galaxies rotation curves
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is therefore not the enclosed mass of the galaxy but, rather what is measured is a
so called pseudo-mass

mRC(r) =
∫

4πr2(ρm + 3P )dr (3.46)

which is only equal to the real mass if the pressure is absent or can be neglected.
Following the same procedure with the lensing potential in (3.43) by operating with
the Laplacian we obtain

1
r2

d

dr

(
r2 dΦlens

dr

)
= 2π(ρm + 3P ) + 1

2r2
d

dr

(
rΨ(r)

)
(3.47)

which can be integrated to yield

r2Φ′lens = 1
2

∫
4πr2(ρm + 3P )dr + 1

2rΨ(r) (3.48)

which becomes, after using (3.46)

r2Φ′lens = 1
2mRC(r) + 1

2rΨ(r). (3.49)

The metric function Ψ(r) can be expressed as[3]

Ψ(r) = m(r)
r

(3.50)

and using the tt-component of Einsteins equations with (3.50) inserted into the
metric we obtain[16] to first order

8πρm(r) = 2m′

r2 (3.51)

where it becomes clear that

m(r) =
∫

4πr2ρm(r)dr (3.52)

again is the total mass enclosed within a radius r. Hence, using (3.50) in (3.49)
then yields

r2Φ′lens = 1
2mRC(r) + 1

2m(r) = mlens(r) (3.53)

where mlens is the pseudo-mass that governs the motion of photons in a gravi-
tational field and if we use the equations (3.52) and (3.46) it can be expressed
as

mlens(r) =
∫

4πr2
(
ρm + 3

2P
)
dr. (3.54)
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The two pseudo-masses obtained in (3.54) and (3.46) can be used to investigate the
pressure in galactic dark matter halos. Taking the difference of the derivatives of
the lensing pseudo-mass and the rotation curve pseudo-mass yields

m′RC(r)−m′lens(r) = 6πr2P (r) (3.55)

and we see that their difference is proportional to the pressure in the halo. The
two terms in the LHS of eq. (3.55) states how the energy-density profiles appears
in the different cases and they can be measured experimentally[16]. The general
belief of dark matter being a cold pressure-less medium[2, 3, 16] would yield

m′RC(r) ≈ m′lens(r), (3.56)

and measurements of the energy-density profiles can be obtained through rotation
curve measurement and lensing measurement and can, together with eq. (3.55), be
used to gain information about the dark matter equation of state[16].

We see that, if the pressure terms can be neglected, the lensing mass and the
rotation curve mass will be the same and equal to the total mass enclosed within r.
In order to get a feel for how much the pressure in the condensate are contributing
to the potentials, we can consider the ratio of the pressure to the matter density
(in SI-units)

W = P (r)/c2

ρm(r) . (3.57)

Inserting equations (2.52) and (2.50) in (3.57) yields

W = 2GρcmR2

πc2
sin x
x

(3.58)

where x = πr/R and it is clear that 0 ≤ x ≤ π which in turn gives 0 ≤ sin x/x ≤ 1.
Note that from (3.52) one can obtain the total mass as

M = m(R) =
R∫

0

4πr2ρm(r)dr = 4ρcmR3

π
(3.59)

hence (3.58) can be written as

W = GM

2c2R
sin x
x

= Rs
4R

sin x
x

(3.60)

where Rs = 2GM/c2 is the Schwarzschild radius of the total condensate. Hence, it
is now easy to draw the conclusion that

W = Rs
4R

sin x
x
� 1. (3.61)

Hence, the matter energy density will dominate over the pressure.



Chapter 4

Testing the BEC Dark
Matter Theory

In the previous section we derived and/or stated the mathematical expressions for
the rotation curve, gravitational lensing and velocity dispersion of a galaxy. We
can now apply these formulas on a galaxy made up of a BEC dark matter halo in
order to compare the result with observational data taken from [8]. In this section,
SI-units will be used.

4.1 Rotation Curve of the BEC
The tangential velocity can be obtained from eq. (3.19). According to section 3.4,
the pressure of the condensate will be negligible compared to the matter density,
and we can set

GmRC(r) = Gmlens(r) = Gm(r) = r2Φ′. (4.1)

With (4.1) we can express eq. (3.19) as

vtg =
√
Gm(r)
r

(4.2)

where the enclosed mass at radius r is obtained from (3.52) and (2.50) to be

m(r) =
r∫

0

4πr2ρcm
sin(πr/R)
πr/R

dr = M

π

(
sin(πr/R)− πr

R
cos(πr/R)

)
. (4.3)

where M is the total mass calculated in (3.59) and expression (4.3) can be seen
in Fig 4.1. Now inserting (4.3) into (4.2) gives us an expression for the tangential

23
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velocity

vtg(r) = vR

√
sin(πr/R)
πr/R

− cos(πr/R) (4.4)

where vR =
√
GM/R is the tangential velocity at the condensate boundary r = R.

The expression for vtg(r) in (4.4) is plotted in Figure 4.2. This can be compared
to Figure 4.3 which shows both the measured and the modelled rotation curve(s) of
the galaxy NGC 3198. We see that the measured points gives a flattened behavior
for large distances from the center which can be explained by superimposing a dark
matter halo as the green line in Figure 4.3.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6
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1

r/R

m
(r
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M

Figure 4.1. The enclosed mass within the radius r of a BEC with matter density
given by eq. (2.50).
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Figure 4.2. The theoretically predicted rotation curve of a galaxy consisting solely
of a BEC dark matter halo (dark galaxy). The velocity has been normalized with the
velocity at the condensate boundary vR and the radial distance with the condensate
radius R.
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Figure 4.3. URC (universal rotation curve) mass modelling of the galaxy NGC
3198. The tangential velocity data (filled circles with error bars) are modelled (red
line) by the halo (green line), stellar disc (magenta line) and HI disc (azure line).
The plot is taken from [25].

4.2 Gravitational Lensing of the BEC

When it comes to gravitational lensing, the deflection angle can be calculated the-
oretically through eq. (3.36). However, the deflection angle is something that can’t
be measured directly but is related to the Einstein ring by the ratio dLS/dS as seen
in eq. (3.39). The (angular) distances can be obtained by measuring the redshift
of the foreground and background (source and lens) galaxies. In order to keep the
theoretical value ”purely” theoretical, the observed deflection angle will be recalcu-
lated from the observed Einstein rings and compared to the theoretically calculated
values.

The deflection angle α̂ is given by eq. (3.36). Neglecting the pressure, the
lensing potential reduces to the gravitational potential, Φ(r), which can be obtained
by integrating eq. (2.57) with the pressure terms set to zero and the expression for
the matter density in (2.50)

Φlens(r) = Φ(r) = GM

R

(
sin(πr/R)
πr/R

− 1
)

r ≤ R (4.5)

where (we demand) Φ(R) = −GMR .
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√
R2 − s2zmin = −

√
R2 − s2

z

direction to observer

Figure 4.4. The Lensing integration geometry. For a fixed impact parameter s, the
integration (inside the condensate) is over the dashed line between zmin and zmax.

Note that equation (4.5) is only valid inside the condensate, while outside we
have

Φ(r) = −GM
r

; r > R, (4.6)

which is that of a point mass with total mass M . In order to perform the inte-
gration along the line of sight and the perpendicular gradient in (3.36), we switch
to cylindrical coordinates (s, ϕ, z) where the z-coordinate is along the line of sight
and the s-coordinate will be the impact parameter of the light ray (see Figure 4.4).
The deflection angle will then be given by

α̂ = 2
c2

∞∫
−∞

d

ds
Φ(s, z)dz (4.7)

(in SI-units). Since the expression for the potential is different whether we are inside
or outside the condensate, we introduce the scaled (dimensionless) coordinates as

x = r

R
, ξ = s

R
, u = z

R
(4.8)
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from the geometry in Figure 4.4 we have r2 = s2 +z2, hence Φ(s, z) will be an even
function of both s and z. Inserting the expressions (4.5) and (4.6) in (4.7) yields

α̂ = 4GM
Rc2

[ √1−ξ2∫
0

d

dξ

(
sin(π

√
ξ2 + u2)

π
√
ξ2 + u2

)
du+

∞∫
√

1−ξ2

d

dξ

(
− 1√

ξ2 + u2

)
du

]

which can be simplified into

α̂ = 4GM
Rc2

[
1−

√
1− ξ2

ξ
+ ξ

√
1−ξ2∫
0

(
sin(π

√
ξ2 + u2)

π(ξ2 + u2)3/2 −
cos(π

√
ξ2 + u2)

π(ξ2 + u2)

)
du

]
.

(4.9)
Expression (4.9) provide us with the deflection angle of an image with impact

parameter s = Rξ (where 0 ≤ ξ ≤ 1). The integral in (4.9) has to be solved
numerically and worth noting is that since the total mass is given byM = 4ρcmR3/π
[eq. (3.59)], the deflection angle (at a given impact parameter s) is decided solely
by two parameters, the condensate radius R and the central density ρcm (or the
mass M) of the condensate.

4.2.1 Comparison to the Singular Isothermal Sphere (SIS)
Dark Matter Halo Theory

Before comparing the deflection angles obtained from eq. (4.9) to observational
data, it can be worthwhile to compare with another well established dark matter
density profile, the singular isothermal sphere (SIS). The density profile of the SIS
is the simplest parameterization used when modelling a matter distribution[26]
in astrophysics. This density profile has the simple r-dependence, ρm(r) ∝ r−2.
Despite the unphysical behavior of infinite density at r → 0 and that it fails to
give a finite total mass integrated to infinity, it is still useful because of its simple
r-dependence and decent fit to data. The density can be expressed as

ρm(r) = C

r2 (4.10)

where C is a constant. We want to compare the BEC galactic halos to Isothermal
spheres of the same size. Hence we assume the SIS size to abruptly stop at the
condensate radius R.

Consider a SIS with radius R and total mass M . The constant C can be
expressed using (4.2) and (4.10) as

C =
v2
tg

4πG. (4.11)
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We can calculate the surface mass density by projecting (4.10) along the line of
sight using (3.41)

Σ(s) = 2
v2
tg

4πG

√
R2−s2∫
0

dz

s2 + z2 (4.12)

where the integration is the same as illustrated in Figure 4.4. Introducing the
dimensionless coordinates (4.8) into (4.12) yields

Σ(ξ) =
v2
tg

2πGR

√
1−ξ2∫
0

du

ξ2 + u2 =
v2
tg

2πGRξ arctan
(√

1− ξ2

ξ

)
. (4.13)

Inserting the surface mass density (4.13) into (3.40) yields the deflection angle

α̂SIS =
4v2
tg

c2

∫ ξ
0 arctan

(√
1−ξ′2

ξ′

)
dξ′

ξ
. (4.14)

The integral in (4.14) can be integrated analytically as
ξ∫

0

arctan
(√

1− ξ′2
ξ′

)
dξ′ = ξ arctan

(√
1− ξ2

ξ

)
−ξ

2
√

1− ξ2

3 −2
√

1− ξ2

3 − (1− ξ2)3/2

3 +1

(4.15)
and if we use the fact that outside the SIS, it can be treated as a point mass,
we obtain vtg =

√
GM
R . Inserting (4.15) in (4.14) gives the deflection angle at an

impact parameter Rξ for an isothermal sphere

α̂SIS = 4GM
c2R

[
arctan

(√
1− ξ2

ξ

)
− ξ

√
1− ξ2

3 − 2
√

1− ξ2

3ξ − (1− ξ2)3/2

3ξ + 1
ξ

]
.

(4.16)
In order to compare the BEC-theory with the SIS-theory we define the param-

eter
∆ = α̂BEC

α̂SIS
(4.17)

where α̂BEC is given by equation (4.9) and α̂SIS by (4.16). Inserting those expres-
sions into (4.17), we are left with

∆(ξ) =

1−
√

1−ξ2

ξ + ξ

√
1−ξ2∫
0

(
sin(π
√
ξ2+u2)

π(ξ2+u2)3/2 −
cos(π
√
ξ2+u2)

π(ξ2+u2)

)
du

arctan
(√

1−ξ2

ξ

)
− ξ
√

1−ξ2

3 − 2
√

1−ξ2

3ξ − (1−ξ2)3/2

3ξ + 1
ξ

. (4.18)

The plot of (4.18) can be seen in Figure 4.5. The ratio is quite close to unity for
high ξ-values and it tends to zero for low values of ξ. This is because the light ray
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passes through the center of the galaxy and isn’t deflected, while for the SIS-profile,
ρ→∞ when r → 0 and the light ray will be deflected. Note also that outside both
the condensate and isothermal sphere, the light ray will feel the gravitational pull
of a point mass with mass M . Since we compared BEC:s and SIS:s with the same
mass and radius, ∆ should tend to one at ξ = 1 (Which seems to be the case).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.2

0.4
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ξ = s/R

∆

Figure 4.5. The ratio, ∆, between the deflection angles from the BEC-theory and
the SIS-theory. The expression in (4.18) is solved numerically for each ξ marked by
the squares.

4.2.2 Comparison to Observational Data

In order to compare the theoretically calculated deflection angles with the observed
ones, we use relation (3.38) and assume β ≈ 0 for all our data

α̂obs = dS
dLS

θE,obs. (4.19)

Assuming that we live in a flat universe, which the Planck spacecraft has nailed
down to 0.5%[27], we can use dLS = dS − dL in (4.19) to obtain

α̂obs = θE,obs

1− dL

dS

. (4.20)
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The angular distances dL and dS can be obtained using the measured redshifts,
seen in Table 4.2. The angular distance, is given by the expression[28]

d = 1
1 + z

z∫
0

cdz′

H(z′) (4.21)

where
H(z) = H0

√
Ωm(1 + z)3 + ΩΛ (4.22)

is the Hubble parameter at a given redshift z for a flat (Ωk = 0) universe. The
Planck spacecraft gives Ωm = 0.286± 0.012[27] and ΩΛ = 1−Ωm = 0.714 (in order
to yield a flat universe). Hence, introducing the shorthand notation

f(z) ≡ 1
1 + z

z∫
0

dz′√
0.286(1 + z′)3 + 0.714

, (4.23)

we can combine (4.21), (4.22) and (4.23) to obtain

dL
dS

= f(zl)
f(zs)

(4.24)

which inserted into (4.19) gives the ”observed” deflection angle

α̂obs = θE,obs

1− f(zl)
f(zs)

(4.25)

where zl and zs are the redshift to the lens and source respectively. Also the impact
parameter (needed to calculate the theoretical value) for our measured Einstein
rings can be calculated. Using the geometry of Figure 3.1

b

dL
= tan θE ≈ θE (4.26)

which, using (4.21), (4.22) and (4.23), yield b as

b = c

H0
f(zl)θE (4.27)

where c is the speed of light and H0 = 67.8 ± 0.9 km/s/Mpc[27] is the Hubble
constant. From the high precision measurements of the spectral line emissions
of atoms[8], the errors in the redshifts will be quite small compared to the other
quantity’s errors, and will here be ignored. The error in the Einstein rings is set to
be 2% of the measured value[8]. Hence, the fractional error on α̂obs will be set to
2% as well.



32 Chapter 4. Testing the BEC Dark Matter Theory

We now turn to test the theory using the measured values, obtained from [8],
in Table 4.2. The theoretical deflection angle in (4.9), can be written as

α̂th = 4GM
Rc2

ξT̃ (ξ) = 4GMb

R2c2
T̃ (ξ) (4.28)

where we introduce the ”Tilde-function”, T̃ (ξ), which has to be solved numerically
and is defined as

T̃ (ξ) ≡ 1−
√

1− ξ2

ξ2 +

√
1−ξ2∫
0

(
sin(π

√
ξ2 + u2)

π(ξ2 + u2)3/2 −
cos(π

√
ξ2 + u2)

π(ξ2 + u2)

)
du. (4.29)

Some of its values can be seen in Table 4.1. Note that α̂th is decided by the three
parameters M , R and b. The impact parameter b typically lies around 4 kpc and
will be different for each set of Einstein rings (arcs) as can be seen in Table 4.2.
For M , we need to know the total (dark matter) mass of each lensing galaxy (or its
central density ρcm, because of the relation M = 4ρcmR3/π). As for the condensate
radius

R =
√
π2~2a

Gm3 , (4.30)

it is fixed by the fundamental properties (mass m and interaction length a) of the
dark matter particle[2, 14], as mentioned in chapter 1.

Since we want the BEC dark matter halo to explain as many of the observations
as possible, we perform a χ2-sum over all observations. In general we want

χ2 =
N∑
i

(fth − fobs)2

σ2
i

≤ N (4.31)

where N is the number of observations which in our case is 10. This will correspond
to having all theoretical values within their error range. Hence, proposing that each
lensing galaxy have the same radii R but, not necessarily the same mass, we can
perform a least square goodness-of-fit[29] in order to find the R and masses Mi that
minimizes the sum of the χ2

i -values

χ2 =
10∑
i=1

(α̂th,i − α̂obs,i)2

σ2
i

=
10∑
i=1

(
0.4MibiT̃ (R, bi)/R2 − α̂obs,i

)2
σ2
i

(4.32)

where (4.28) has been inserted in the last step and b and R is given in kpc, M is given
in terms of 1010M�, α̂obs,i is the ”observed” deflection angle (see Table 4.2) and
σi = 0.02α̂obs,i is the error of α̂obs,i[21]. Equation (4.32) shall be minimized with
respect to the parameters R and Mi. Note that in our case Mi is 10 parameters,
one for each lensing galaxy. The procedure will be as following; For a given value
of the condensate radius R, find the mass Mi for each observation that minimizes
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the χ2
i -value of that observation. The χ2

i :s are then summed together to obtain
the total χ2-value [in (4.32)] for the given R. This procedure is then repeated for
a range of R:s and the minimum χ2-value can be decided together with the best-
fit masses and condensate radius. However, since the mass of each galaxy will be
picked out to yield the best χ2

i , we will always be able to find a mass Mi that fits
the data perfectly considering all possible masses (or even sufficiently large mass
ranges). It will be no point in testing masses over a too large range since the
procedure will then always pick out the perfect fit for each observation (see eq.
(4.36) below). Therefore, we estimate a smaller range of mass by using the fact
that a galaxy’s total mass is generally made up of around 90% of dark matter[9, 10]
or higher. The mass limits can then be estimated from the visible baryonic matter,
which can be obtained from the luminosity measurement (seen in Table 4.2) of each
foreground galaxy by assuming that the number of solar luminosities corresponds
to the number of solar masses.

An iteration process is done for 6 ≤ R ≤ 100 with a step length of 0.1 kpc and
the results can be seen in Table 4.3. The minimum χ2-value in (4.32) was found to
be

χ2
α̂ = 4.0 · 10−4 (4.33)

at a condensate radius of
R = 29.9±0.6

0.5 kpc (4.34)

using a confidence level of 3σ i.e. 99.7% level of confidence[29] calculated keeping
the best-fit mass for each observation fixed. The mass ranges was set assuming
dark matter fraction of 85-99% of the total mass and the low mass (LMB) resp.
high mass boundary (HMB) are obtained from

Mboundary = η

1− ηMB (4.35)

where η is the fraction of the total mass made up of dark matter and MB is the
visible matter estimated from the luminosity. The higher R-limit at 100 kpc is set
after considering the high-R limit in (4.32). In Table 4.1, we see that the ”Tilde-
function” is roughly constant T̃ (ξ) ≈ 2.91 as R → ∞. Using this, we see that the
χ2 for one observation is zero if

0.4Mb · 2.91
R2 = α̂obs. (4.36)

Taking b ∼ 4 kpc and α̂obs = 〈α̂obs〉 ≈ 2 we obtain

M

R2 ∼ 0.1

where if R > 100 kpc, all the galaxy masses have to, in principle, be higher then
1014M� to yield an acceptable χ2. Since galaxy cluster masses range between 1012-
1015M�[30], it seems very unlikely that most, or all, of our galaxies should be that
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massive. Hence, we set the upper limit to 100 kpc. The lower limit is set as low as
possible while still have all impact parameters inside the condensate.

ξ = b/R T̃ (ξ)
0.9 1.22
0.7 1.73
0.5 2.24
0.3 2.65
0.1 2.88
0.05 2.90
0.01 2.91
0.001 2.91

Table 4.1. Numerical values (up to two decimals) of the ”Tilde-function”, defined
by the expression in (4.29).

zl zs L (109L�) b (kpc) θE,obs (as) α̂obs (as) σv,obs (km/s)
0.2270 0.9313 76.3 3.60 0.96 1.79 229±18
0.1955 0.6322 120.5 5.11 1.53 2.91 279±14
0.1196 0.1965 68.8 1.76 0.79 2.34 266±13
0.2939 0.5248 77.2 3.12 0.69 2.32 251±19
0.3317 0.5235 206.4 5.70 1.16 4.90 333±23
0.0753 0.9818 55.8 1.53 1.04 1.27 164±12
0.2058 1.0709 82.3 3.8 1.10 1.89 212±21
0.3223 0.8098 15.8 3.86 0.80 2.12 168±8
0.2414 0.6877 91.2 4.91 1.25 2.71 214±11
0.1642 0.5812 177.8 2.91 1.00 1.75 338±17

Table 4.2. Observational data, taken from [8]. zl and zs is the redshifts to the lens
resp. source galaxy. The impact parameter, b, is calculated through relation (4.27)
and the observed deflection angle is calculated by eq. (4.25) using the Einstein ring
and redshift at the same row. L is the luminosity of the lensing galaxy and σv,obs
the velocity dispersion. The fractional error on α̂obs is set to be 2% of the obtained
value.
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M ± σ (1010M�) 2σ (95.4%) 3σ (99.7%) LMB-HMB (1010M�)
128.6±2.5 ±5.1 ±7.7 43.0 - 756.0
213.1±4.2 ±8.5 ±12.7 68.0 - 1193.0
164.6±3.2 ±6.5 ±9.8 38.0 - 682.0
165.4±3.2

3.3 ±6.5
6.6 ±9.8

9.9 43.0 - 765.0
361.4±7.2 ±14.4 ±21.6 116.0 - 2044.0
88.8±1.7 ±3.5 ±5.3

5.6 31.0 - 553.0
135.8±2.6

2.7 ±5.3
5.4 ±8.1 46.0 - 815.0

152.4±3.0 ±∗5.2 ±∗9.6 8.0 - 157.0
197.6±3.9 ±11.8 ±12.6

12.7 51.0 - 903.0
124.6±2.4

2.5 ±4.9 ±7.4 100.0 - 1761.0

Table 4.3. The best-fit masses M along with confidence intervals of the observed
deflection angles assuming galaxy dark matter masses in the range of 85-99% of the
total mass. The low mass boundary (LMB) and the high mass boundary (HMB) are
calculated from (4.35) using η = 0.85 and 0.99 resp., where the estimated baryonic
mass MB , is obtained from the luminosity measurements in Table 4.2. A condensate
radius of R = 29.9 kpc was obtained in the intervall [6, 100] with step length 0.1 kpc.
The asterisk means that the limit was outside of the HMB.

4.3 Velocity Dispersion of the BEC
The radial velocity dispersion is given by equation (3.20). However, if we want to
compare with observational data, we have to average over the whole spectrometer
aperture i.e. use equation (3.22). The luminosity weighting function, ν(r), we will
take to follow that of a power law[22]

ν(r) = ν0

(
r

r0

)−δ
(4.37)

and the anisotropy parameter ζ = 1− σt

σr
≈ 0, is assumed to be close to zero. For the

exponent δ, it usually lies between values of 2-3[22] but, here it will be set to 2 for all
galaxies because these values on ζ and δ represents that of an isothermal sphere[21].
The weighting function, w(s), is related to the error in the measurements from the
SDSS (Sloan Digital Sky Survey) spectra[8] and is taken to be represented by a
Gaussian[22] of the form

w(s) = exp
(
− s2

2R2
max

)
(4.38)

where Rmax is the effective spectroscopic aperture at 1.4′′, (as done in) [21].
Inserting ζ = 0 and (4.37) into (3.20) yields

σ2
r = r2

∞∫
r

Φ′(r)
r2 dr (4.39)
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where the derivative of the potential can be obtained from (4.5) to yield

σ2
r = GMr2

R

R∫
r

(
πr cos(πr/R)−R sin(πr/R)

r4π

)
dr (4.40)

where the infinite limit in (4.40) has been replaced with R, because of the sharp
condensate boundary condition. Performing the integration of (4.40) we obtain

σ2
r = GM

3R

[
(Ci(π)π2 − 1)r2

R2 −Ci(πr/R)π2r2

R2 −cos(πr/R)+R sin(πr/R)
πr

(
1+π2r2

R2

)]
(4.41)

where Ci(x) =
∫∞
x

cosx′/x′dx′ is the cosine integral.
The expression for σ2

r in (4.41) shall be inserted into (3.22). However, the double
integration when calculating the averaging is over the cylindrical coordinates s and
z. Hence, inserting r2 = s2 + z2 in (4.41) will give us

σ2
r(s, z) =GM

3R

[
(Ci(π)π2 − 1)(s2 + z2)

R2 − Ci(π
√
s2 + z2/R)π2(s2 + z2)

R2 −

cos(π
√
s2 + z2/R) + R sin(π

√
s2 + z2/R)

π
√
s2 + z2

(
1 + π2(s2 + z2)

R2

)]
.

(4.42)

The theoretical expression for the averaged velocity dispersion is then given by eq.
(3.22) together with (4.38) and (4.37)

〈σ2
?〉th =

Rmax∫
0

s exp
(
− s2/2R2

max

) ∞∫
−∞

(s2 + z2)−1σ2
r(s, z)dzds

Rmax∫
0

s exp
(
− s2/2R2

max

) ∞∫
−∞

(s2 + z2)−1dzds

(4.43)

where σr(s, z) is given by (4.42). Since the BEC isn’t reaching out to infinity, we
get the z-integration limits from Figure 4.4 and if we introduce the dimensionless
coordinates in (4.8) we can rewrite (4.43) as

〈σ2
?〉th =

ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

(ξ2 + u2)−1σ2
r(ξ, u)dudξ

ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

(ξ2 + u2)−1dudξ

(4.44)

where ξmax = Rmax/R. If we now insert the expression for σr(ξ, u), which is just
(4.42) with the coordinate transformation (4.8), we obtain the theoretical averaged
velocity dispersion on the form

〈σ?〉th =

√
GM

3R
(I1 + I2 + I3 + I4 + I5)

I6
(4.45)
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where the Ii:s are the following integrals:

I1 = (Ci(π)π2 − 1)
ξmax∫
0

ξ
√

1− ξ2 exp
(
− ξ2/2ξ2

max

)
dξ (4.46)

I2 = −π2
ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

Ci(π
√
ξ2 + u2)dudξ (4.47)

I3 = π

ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

sin(π
√
ξ2 + u2)√

ξ2 + u2
dudξ (4.48)

I4 = −
ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

cos(π
√
ξ2 + u2)

ξ2 + u2 dudξ (4.49)

I5 = 1
π

ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

sin(π
√
ξ2 + u2)

(ξ2 + u2)3/2 dudξ (4.50)

I6 =
ξmax∫
0

ξ exp
(
− ξ2/2ξ2

max

) √1−ξ2∫
0

1
ξ2 + u2 dudξ (4.51)

The integrals in (4.46)-(4.51) can be solved numerically in order to evaluate
(4.45). We can then perform the same procedure as done in the previous section in
order to find the condensate radius R that yields the best χ2-sum

χ2
v =

10∑
i=1

( 〈σ?〉th(R,Mi, R
(i)
max)− σ(i)

v,obs

σi

)2
. (4.52)

Here σi is the standard deviation of σ(i)
v,obs (the observed velocity dispersion mea-

surements seen in Table 4.2). Note that, besides R and M , each term in (4.52)
will also depend on Rmax which will be different for each observation through the
distance to each galaxy and the lowest R-limit in the iteration will be taken so that
all Rmax,i ≤ R for all R.

Performing the same iterating process as for the deflection angles, we will here
as well be able to obtain a perfect fit for all the Mi:s considering a sufficiently large
mass range. Hence, if we restrict our self to the same mass range as before η = 85%
to η = 99%. The resulting best-fit masses from the iterating process is shown in
Table 4.4. We obtained

χ2
v = 2.8 · 10−6 (4.53)



38 Chapter 4. Testing the BEC Dark Matter Theory

which is an extremely good result and the condensate radius is found to be

R = 28.7±1.8
1.6 kpc (4.54)

under a confidence level of 99.7%[29] calculated using the best-fit mass for each
observation. The χ2-value in (4.53) show that the mass fitting parameters, Mi, can
be chosen very well within the chosen dark matter mass range of 85-99% of the
total mass.

M ± σ (1010M�) 2σ(95.4%) 3σ(99.7%) LMB-HMB (1010M�)
309.0±50.5

46.6 ±104.8
89.4 ±162.9

128.5 43.0 - 756.0
502.4±51.6

49.7 ±105.8
95.7 ±162.6

139.8 68.0 - 1193.0
642.5±∗61.3 ±∗119.4 ±∗174.6 38.0 - 682.0
322.5±50.6

46.9 ±105.0
90.2 ±163.1

129.8 43.0 - 765.0
535.5±76.5

71.4 ±158.1
137.7 ±244.9

198.9 116.0 - 2044.0
353.5±53.5

49.7 ±110.8
95.7 ±172.0

138.0 31.0 - 553.0
280.9±52.8

50.7 ±122.3
100.2 ±191.7

142.1 46.0 - 815.0
125.3±12.9

12.2 ±26.3
23.8 ±∗34.7 8.0 - 157.0

260.5±27.4
26.1 ±56.2

50.8 ±86.5
74.1 51.0 - 903.0

826.6±85.1
81.0 ±174.6

157.9 ±268.2
242.0 100.0 - 1761.0

Table 4.4. The best mass parameters M with confidence intervals of the velocity
dispersion assuming galaxy dark matter masses in the range of 85-99% of the total
mass. The low mass boundary (LMB) and the high mass boundary (HMB) are
calculated from (4.35) using η = 0.85 and 0.99 resp., where the estimated baryonic
mass MB , is obtained from the luminosity measurements in Table 4.2. The obtained
condensate radius was R = 27.8 kpc using the intervall [7, 100] with step length
0.1 kpc. The asterisk means that the limit was outside of the HMB.

4.4 Combining the Velocity Dispersion and
Gravitational Lensing into a goodness of fit
measure

From the two previous sections, we see that the χ2-values yields a very satisfactory
result on both the deflection angle and the velocity dispersion observations. Hence,
the BEC dark matter halo can describe them pretty well separately. However,
studying the best-fit masses (denoted by M in Tables 4.3 and 4.4) one sees that
the ones obtained from the velocity dispersion are higher and exhibits larger errors
then the ones for the deflection angles. Since each observation must have the same
mass and all (observations) the same radii, we will investigate the two cases using
the combined χ2-values and χ2-sum, by defining

χ2
ev = χ2

α̂ + χ2
v. (4.55)
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Performing the same iterating process as done on the deflection angles and velocity
dispersion independently but, this time instead minimizing the χ2

ev in (4.55) give
us for the same dark matter mass range 85-99% and R-range used in the separated
cases above

χ2
ev = 354.4

at a condensate radius of R = 24.6 kpc. Table 4.5 shows the total χ2-value and the
condensate radius at different mass ranges. In Tables 4.6, 4.7 and 4.8 is shown the
separate χ2-values for each observation along with the best-fit masses. Note that
all the χ2-values in (4.5) is much larger then the number of terms (observations)
in the sum. Hence, this is a very poor fit, compared to the separate treatment of
the deflection angles and velocity dispersion seen in (4.33) and (4.52). Taking a
look at the individual χ2:s in Tables 4.6, 4.7 and 4.8, we note that the χ2

α̂:s are,
overall, quite more satisfactory then the χ2

v-values. Also, the last observation has
its best-fit mass at the LMB in Table 4.6. Since this observation’s χ2-values are
extremely bad, we want to find a minimum that has all the best-fit masses inside
their mass interval. This is found in Table 4.7, where we’ve set η = 0.5 in (4.35).
This corresponds to setting the LMB to be the estimated baryonic mass of the
galaxy.

χ2
ev,tot ηlow R (kpc)

354.4 0.85 21.9
166.2 0.50 7
166.2 0.10 7

Table 4.5. The best total χ2-values and the condensate radius R obtained for
different lower mass boundaries when combining the data from the Einstein rings
and velocity dispersion measurement.
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χ2
ev,tot = 354.4 and mass range 85-99%

χ2
α̂ χ2

v M (1010M�) LMB-HMB (1010M�)
0.1 15.8 96.4 43.0 - 756.0
0.7 35.1 162.6 68.0 - 1193.0
1.1 85.5 124.0 38.0 - 682.0
0.1 10.3 123.6 43.0 - 765.0
0.05 3.5 273.5 116.0 - 2044.0
0.2 38.9 66.1 31.0 - 553.0
0.03 6.8 101.6 46.0 - 815.0
0.5 9.3 112.0 8.0 - 157.0
0.06 1.9 148.9 51.0 - 903.0
16.6 127.8 100.0 100.0 - 1761.0

Table 4.6. The separate χ2
α̂ and χ2

v-values for each observation along with the
best-fit masses for a mass range of 85-99% dark matter fraction of the total mass.

χ2
ev,tot = 166.2 and mass range 50-99%

χ2
α̂ χ2

v M (1010M�) LMB-HMB (1010M�)
0.01 1.0 35.7 7.0 - 756.0
0.006 0.03 63.1 12.0 - 1193.0
0.4 12.9 42.0 6.0 - 682.0
0.03 1.0 44.8 7.0 - 765.0
0.03 1.0 107.4 20.0 - 2044.0
0.02 3.0 22.2 5.0 - 553.0
0.001 0.1 38.1 8.0 - 815.0
4.4 56.8 41.0 1.0 - 157.0
1.3 21.9 56.9 9.0 - 903.0
1.0 61.3 33.9 17.0 - 1761.0

Table 4.7. The separate χ2
α̂ and χ2

v-values for each observation along with the
best-fit masses for a mass range of 50-99% dark matter fraction of the total mass.
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χ2
ev,tot = 166.2 and mass range ηlow = 0.1 and ηhigh = 0.99

χ2
α̂ χ2

v M (1010M�) LMB-HMB (1010M�)
0.01 1.0 35.7 0 - 756.0
0.006 0.03 63.1 1 - 1193.0
0.4 12.9 42.0 0 - 682.0
0.03 1.0 44.8 0 - 765.0
0.03 1.0 107.4 2 - 2044.0
0.02 3.0 22.2 0 - 553.0
0.001 0.1 38.1 0 - 815.0
4.4 56.8 41.0 0 - 157.0
1.3 21.9 56.9 1 - 903.0
1.0 61.3 33.9 1 - 1761.0

Table 4.8. The separate χ2
α̂ and χ2

v-values for each observation along with the
best-fit masses for a LMB with η-value of 0.1.
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Chapter 5

Conclusions and Discussion

We have investigated whether dark matter in galactic halos can be explained
through a Bose Einstein Condensation described by a single wave function ful-
filling the Schrödinger equation with a quartic non-linear interaction term. The
galactic halo can then be described on a macroscopic level as a quantum fluid.
This gives rise to an equation of state given by (2.51). At first glance it seems
that the pressure will play a great part within the condensate because of its density
dependence, P ∝ ρ2

m. However, we find that, with an equation of state as (2.51)
and a density distribution as (2.50), the ratio of the pressure to the mass density
is proportional to the Schwarzchild radius over the condensate radius

P

ρmc2
∝ Rs

R

which will always be much smaller than one and hence the pressure can be safely
neglected compared to the mass density. This is consistent with the general as-
sumption of dark matter being a pressure-less medium[2, 3].

The rotation curve of the BEC dark matter theory is seen in Fig 4.2. We see
that for large r, it can produce the flat behavior that is observed for galaxy rotation
curves through out the universe[2, 9]. Note that we have just considered the halo
of a galaxy, with the visible matter neglected. Seen from the mass profile in Figure
4.1, the dark matter enclosed within a radius r is relatively small at small r:s and
could probably (depending on the fraction of dark matter and visible matter) be
at the same order of the enclosed visible matter at that region. However, including
the visible matter would not change the behavior of the rotation curve for large r
since it is concentrated at the central regions of the condensates. Hence, despite
this relatively simple model of the halo as a macroscopic quantum effect, the theory
fit rotation curve measurement quite well[2].

A potential weakness of this theory is the fixed condensate radius [given in
expression (4.30)]. It is decided solely by the mass and interaction length of the
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dark matter (condensate) particle. This is true assuming the dark matter (con-
densate) particle is of scalar type and interacts through a non-linear quartic (in
the wave function) term in the equation of motion. The fixed condensate radius
is used together with gravitational lensing and velocity dispersion measurements
of 10 galaxies to perform a χ2 goodness-of-fit test. The two cases above (lensing
and velocity dispersion) yield two physical quantities for each galaxy which shall
be described with the same condensate radius, while the mass Mi remains a free
parameter for each galaxy. Despite that the lensing galaxy masses is chosen for
every observation i to minimize each χ2

i -value, we get really bad fits to our data.
As seen in Table 4.5, the χ2:s are all much greater then the number of observations.
The best one(s)

χ2
ev,tot = 166.2� 10

is obtained at a condensate radius of 7 kpc using a very large mass range (see
Tables 4.8 and 4.7). However, this χ2-value occurs at the lowest possible R within
the range, which is not optimal. To study even lower R:s one has to treat the
observations with impact parameters outside the condensate as point masses but,
condensate radii at these low values seems very unlikely because then, from the
spectroscopic aperture size, the halo should be down at the same size of the galactic
discs of the lensing galaxies.

Hence the BEC dark matter halo theory with just one species of scalar con-
densate particles fails to produce acceptable fits to data for large mass ranges and
reasonable halo radii (see Table 4.5). However, there could be more then just one
species of dark matter particles, which could explain the variation in galactic radii.
We have also just considered the n = 0, 1, 5 case of polytropic index. A different n
would yield another equation of state and the Lane-Emden equation must be solved
numerically in order to obtain the matter density. We conclude that a BEC dark
matter galactic halo consisting of one species of scalar particles under an equation
of state with polytropic index n = 1 cannot explain both velocity dispersion and
gravitational lensing measurements.



Appendix A

Bose-Einstein Condensation
(BEC)

Consider a quantum gas consisting of non-interacting bosons with spin S. The total
number of particles (bosons) in the gas can be obtained through an integration over
all particle states[7]

N =
∞∫

0

f(k)dk
eβ(E(k)−µ) − 1

(A.1)

where f(k) is a density of states factor, β = (kBT )−1, µ is the chemical poten-
tial, E(k) is the energy of the particle with wave number k and the denominator
comes from the fact that the particles are bosons and therefore follow Bose-Einstein
statistics.

If the states in k-space are uniformly distributed, the density of states can be
expressed as

f(k)dk = (2S + 1) 4πk2dk

(2π)3/V
(A.2)

where V is the volume of the quantum gas. Using that the energy of a particle is

E(k) = ~2k2

2m (A.3)

the density of states factor can be rewritten in terms of the energy E instead of the
wave number

f(E)dE =
(

2m
~2

)3/2 (2S + 1)V E1/2dE

4π2 . (A.4)
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Using equations (A.3) and (A.4), the integral in (A.1) can be taken over the energy
E as well and the total number of bosons is then given by

N =
(

2m
~2

)3/2 (2S + 1)V
4π2

∞∫
0

E1/2dE

z−1eβE − 1 (A.5)

where z is called the fugacity[7].
The integral in (A.5) can be shown to be[7]

∞∫
0

E1/2dE

z−1eβE − 1 = (kBT )3/2Γ(3/2) Li3/2(z) (A.6)

where Γ(3/2) =
√
π/2 is the Gamma function and Lin(z) is the polylogarithm

function. Inserting this result in our expression for the total number of bosons in
the gas, given by eq. (A.6), gives

N =
(

2mkBT
~2π

)3/2 (2S + 1)V
8 Li3/2(z) = (2S + 1)V

λ3
th

Li3/2(z). (A.7)

Introducing λth =
(

2~2π/mkBT

)1/2
, we can obtain an expression for the number

density ρ = N/V in a quantum gas of non-interacting massive bosons with integer
spin S as

ρ = 2S + 1
λ3
th

Li3/2(z). (A.8)

For a dispersion relation as (A.3), the chemical potential µ has to be negative[7].
This means that the fugacity will take on values between 0 < z < 1. Examining
eq. (A.8), rewritten as

ρλ3
th

2S + 1 = Li3/2(z) (A.9)

we see that the LHS in (A.9) can be increased to an arbitrarily large number if
the number density ρ is increased or if the temperature is decreased (remember
λth ∝ T−1/2). However, the RHS takes on a maximum value when z = 1

Li3/2(1) = ζ(3/2) = 2.612 (A.10)

i.e. the chemical potential is approaching zero. Here ζ(n) is the Riemann zeta
function. This conundrum give us a lowest temperature that can be solved from
(A.9) together with (A.10) to be

Tc = 2π~2

kBm

(
ρ

2.612(2S + 1)

)2/3
. (A.11)

When the temperature of the gas falls below this temperature, the lowest en-
ergy level has been macroscopically occupied[7]. This phenomenon is called Bose-
Einstein condensation.



Appendix B

Units

Natural Units (n.u.)

In natural units, the fundamental constants c (speed of light in vacuum) and ~
(reduced planck constant) are put to unity and all quantities has the dimension of
energy1. A conversion table is seen in Table B.1.

Quantity SI-dimension n.u. dimension conversion factor
Length [L] [E]−1 ~−1c−1

Time [T ] [E]−1 ~−1

Mass [M ] [E] c2

Velocity [L][T ]−1 1 c
Frequency [T ]−1 [E] ~

Density [M ][L]−3 [E]4 ~3c5

Pressure [M ][L]−1[T ]−2 [E]4 ~3c3

Force [M ][L][T ]−2 [E]2 ~c
Energy [M ][L]2[T ]−2 [E] 1

Table B.1. Conversion table between standard SI-units and n.u. for some relevant
quantities. The conversion factor should be multiplied to the quantity in SI-units in
order to yield the quantity in natural units.

Geometrical Units

In geometrical units, the fundamental constants c (speed of light in vacuum) and
G (Newtons gravitational constant) are put to unity. A conversion table is seen in
Table B.2.

1You can also use the mass [M] as the natural unit dimension, but I prefer energy [E].
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Quantity SI-dimension Geometrical-dimension conversion factor
Length [L] [L] 1
Time [T ] [L] c
Mass [M ] [L] Gc−2

Velocity [L][T ]−1 1 c−1

Frequency [T ]−1 [L]−1 c−1

Density [M ][L]−3 [L]−2 Gc−2

Pressure [M ][L]−1[T ]−2 [L]−2 Gc−4

Force [M ][L][T ]−2 1 Gc−4

Energy [M ][L]2[T ]−2 [L] Gc−4

Table B.2. Conversion table between standard SI-units and geometrical units[31]
for some relevant quantities. The conversion factor should be multiplied to the
quantity in SI-units in order to yield the quantity in geometrical units.
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