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Abstract

In response to stricter requirements on increased efficiency and reduced
environmental impact, production plants in the process industries are
becoming tightly integrated with extensive recycling of material and en-
ergy. This thesis considers some consequences of such recycling for the
dynamic behavior of process systems. The focus is on the dynamics of
main importance for the ability to handle process systems using feedback
control, i.e. the plant controllability.

It is shown that material and energy recycling impose partial feedback
mechanisms in a plant, and that such partial feedback can induce unsta-
ble zero dynamics in control relevant transfer-functions. The presence
of unstable zero dynamics will imply a hard limitation in the process
controllability. Necessary and sufficient conditions for the existence of
unstable zero dynamics as a consequence of partial feedback are derived.
The conditions are well suited for incorporation in a process design frame-
work for dealing with controllability through process design. The derived
results are of relevance also to other systems with partial feedback, e.g.
decentralized feedback control systems.

The disturbance sensitivity of an integrated plant is to a large extent
caused by interactions between various process units, imposed by recycle
flows. In this thesis, a systematic method is proposed for modifying these
interactions, so as to reduce the disturbance sensitivity to a desired level,
using storage capacities integrated in the plant. It is shown that the
minimal required capacity for a given disturbance sensitivity reduction
is obtained with a plug flow (delay) tank integrated in the recycle path,
combined with a mixed tank cascaded with the plant. The delay tank
serves to modify the feedback properties imposed by the recycle flow,
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while the mixed tank acts as a low-pass filter. It is shown that the size of
capacities required with the proposed method can be significantly smaller
than that required by a traditional cascaded buffer system. The use of
integrated buffers with the aim of stabilizing unstable process systems is
also addressed.

The last part of the thesis considers the effect of process integration
on the controllability of a bleach plant in the pulp and paper industry.
A flexible dynamic model, allowing for various degrees of integration
to be studied, is constructed and calibrated against available data. A
controllability analysis reveals that, while the low-frequency disturbance
sensitivity is significantly increased by the integration, the controllability
is only slightly affected. A systems analysis, based on decomposing the
overall model, is used to explain the results of the controllability analysis.
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Chapter 1

Introduction

1.1 Background

A typical plant in the process industries consists of a large number of
process units, such as chemical reactors and separators, interconnected
through material and energy flows. Traditionally, the units were mainly
cascaded in a series connection, i.e. all flows went downstreams only. In
such a setting, the individual units behave essentially independently and
the dynamic behavior of the plant may therefore easily be deduced from
knowledge about the individual unit behavior. Similarly, controllers can
be designed more or less independently for the individual units as each
unit simply sees disturbances coming from its upstream neighbor. Process
control research has until recently almost exclusively been based on this
concept, and a wealth of knowledge on how to design easily controllable
processes and configure effective control systems are available for a large
number of unit operations.

1.1.1 Integration through Material and Energy

Recycling

During the last decades, plants have steadily become more and more
tightly integrated in the sense that material and energy flows to an in-
creasing extent are recycled to upstream units. The driving forces that
have brought about this change are both economical, i.e. improved raw
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material utilization and reduced energy consumption, and environmental,
i.e. requirements on reduced emissions to the environment. For instance,
pulp and paper mills in Sweden are currently making strong efforts to
realize an ecocyclic pulp mill that minimizes the need for non-renewable
resources and at the same time is essentially effluent free (KAM, 2003).
This will require recycling of most of the water flows used in the process,
e.g. water used for pulp washing in one bleach stage can be recycled to di-
lute the incoming pulp of another stage, and at the same time integration
of heat sources and sinks at various positions in the process.

The presence of recycling and heat integration imposes stronger in-
teractions between the units of a plant. As a result of this, the dynamic
behavior of a unit within an integrated plant can be highly different
from the behavior of the same unit when operated individually, or in a
cascaded plant. In addition to changing the fundamental dynamics of
a plant, the presence of recycle flows also results in a complex process
structure which can make it a challenging task to determine the sources
of specific behaviors.

One of the earliest published reports of industrial problems caused by
process integration is given by Anderson (1966). A reactor feed preheat-
ing system was redesigned to utilize the reactor effluent as a heat source.
However, the energy recycle destabilized the system for certain operating
conditions (high throughput), and the reactor temperature started oscil-
lating. A more recent report of similar problems can be found in Naess
et al. (1993). Indeed, plant integration is still often cited as a potential
source of difficulty in process operations, e.g. Marlin (1995).

Existing theoretical results on the dynamic behavior of integrated
plants are relatively scarce. An overview of previous work is presented in
Chapter 2 of this thesis. Most existing results are related to specific case
studies and specific control design methods, e.g. Luyben (1993a,b,c). The
work in this thesis aims at deriving general results on the effects of recy-
cling. The approach taken is largely inspired by Bilous and Amundson
(1956) and Gilliland et al. (1964), who were among the first to recognize
the relationship between the physical feedback present in recycle systems
and the feedback utilized in control systems. Denn and Lavie (1982)
and Morud and Skogestad (1994) took this idea further by introducing a
linear systems approach to the analysis of recycle systems. The results
presented in this thesis are also to a large extent based on analyzing re-
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cycle systems as feedback systems using tools from linear systems theory.
However, while previous results in this area mainly have focused on over-
all dynamic properties, such as response time, steady-state disturbance
sensitivity and stability, the focus here is on the impact of recycling on
the dynamics related to the ability to control the plant.

1.1.2 Controllability of Integrated Plants

This thesis deals with the effect of plant integration, i.e. material and
energy recycle, on the controllability of a plant. With controllability is
here understood input-output controllability, i.e. the ability to maintain
the process outputs within certain bounds using the process inputs and
in the presence of setpoint changes and disturbances, e.g. (Skogestad
and Postlethwaite, 1996). It is important to stress that controllability is
a property of the process system itself only. Thus, if a plant does not
have acceptable controllability, e.g. the outputs can not be kept within
the specified bounds in the presence of expected disturbances, then only
a redesign of the process can remedy the problem.

There exists a long tradition in the process industry for dealing with
control problems through process design. Also, as stated above, there
exists a wealth of knowledge on how to redesign process units with the
aim of improving their control properties when operated individually. In
this thesis, the aim is at deriving results, which make the effect of process
integration on the controllability transparent, in such a way that existing
knowledge on how to tailor the dynamics of process units can be used
also in an integrated environment.

1.2 Contributions and Thesis Outline

The thesis consists of three distinctive parts. The first part considers gen-
eral effects of recycling on the process dynamics and is mainly an overview
of existing results in this area. In addition, the chapter serves as an intro-
duction to the approaches and methods adopted in subsequent chapters.
The second part deals with effects of recycling on dynamic properties
related to the controllability of a plant. Results concerning the effect
of material and energy recycle on control limitations as well as control
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requirements are derived. Based on the derived results, a systematic ap-
proach to deal with controllability through design of integrated plants is
proposed. The third and final part presents an analysis of the effect of
recycling on the controllability of a specific process - a bleach plant in a
pulp and paper mill.

A more detailed description of the individual chapters and their con-
tributions is given below.
In Chapter 2, an overview of some previous results on the dynamics
of integrated plants is presented. The results are classified according to
the various aspects they concern and comments as to how they relate to
controllability are provided. The validity of some “established truths” in
this area are also discussed. In particular, it is emphasized that conclu-
sions regarding the effects of recycling will depend on the type of signals
considered, e.g. the frequency range of the plant frequency response.
For instance, it is shown that recycling, while generally considered to
contribute to increased disturbance sensitivity, always will contribute to
disturbance damping in some frequency range. Finally, a general frame-
work for analyzing integrated plants, based on linear systems theory, is
introduced.
In Chapter 3, the effect of material and energy recycling on the plant
zero dynamics is considered. The zero dynamics is important for the plant
controllability, and in particular unstable zero dynamics can severely limit
the plant controllability. Necessary and sufficient conditions for the ex-
istence of non-minimum phase (unstable) zeros caused by the presence
of recycling are derived. The conditions amount to model based tools,
which relate the non-minimum phase behavior in an integrated plant to
the properties of the individual units, hence being well suited for incor-
poration in a process design environment. The results in this chapter are
derived based on making analogies between integrated plants and partial
feedback systems, and are hence of relevance also to other systems with
partial feedback, such as decentralized feedback control systems.
In Chapter 4, design modifications for reduced disturbance sensitivity of
integrated plants are considered. In particular, the use of physical capaci-
ties (buffers) with the aim of obtaining acceptable disturbance sensitivity
in the frequency range where feedback controllers can not be made ef-
fective is considered. It is shown that, in order to obtain the maximum
disturbance damping effect of a given buffer, the capacity should partly
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be used to modify the process unit interactions so as to obtain favorable
physical feedback properties in the frequency range around the control
system bandwidth. The optimal buffer system for an integrated plant
is shown to be a plug-flow (delay) tank integrated in the recycle flow,
adjusting the phase-lag of the recycle feedback loop, combined with a
mixed tank placed outside the recycle loop, damping the magnitude of
incoming disturbances. Model based tools for design of minimum size
buffer systems for a given level of disturbance attenuation are provided.
In Chapter 5, a systematic approach to process design for controllabil-
ity of integrated plants, based on the results in Chapters 3 and 4, is pre-
sented. The results are illustrated by application to a simple integrated
plant consisting of a reactor and a distillation column, with recycle of un-
converted reactant. This chapter has been written for a forthcoming book
on integration of process design and control (Seferlis and Georgiadis, To
appear), and has a certain overlap with Chapters 3 and 4.
Chapters 6 and 7 present results on modeling and controllability analy-
sis of a bleach plant, in the pulp and paper industry, with a large degree of
material recycling. This work has been performed as part of a Swedish in-
terdisciplinary research program on developing environmentally friendly
pulp and paper mills (KAM, 2003). The aim of the subproject on sys-
tem dynamics, which this thesis work is part of, has been to consider
the effects of recycling of washer filtrates on the controllability of bleach
plants. The overall plant is described in Chapter 6. In Chapter 7, a
single peroxide bleaching stage with local recycling is first considered,
through dynamic modeling and controllability analysis. Non-minimum
phase behavior, from chemical charge to brightness, is shown to exist
due to the filtrate recycling. However, it is also shown that this non-
minimum phase behavior does not pose a control limitation, provided
the pH of the pulp is controlled. The overall conclusion of the analysis
is that, while the overall disturbance sensitivity is significantly increased,
the overall controllability is in fact slightly improved by recycling. The
improvement is partly explained by the fact that the physical feedback
imposed by filtrate recycling serves to reduce the disturbance sensitivity
in the most critical frequency range. Finally, the effect of integrating the
stage in a complete bleach plant with several recycle flows is briefly ana-
lyzed, based on a model presented in Appendix C. The main conclusion
is that the plantwide integration does not have a significant effect on the
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controllability of the peroxide bleaching stage.
In Chapter 8, the thesis is summarized and possible directions for future
research are outlined.

1.3 Publications

Two journal papers based on the results presented in this thesis have
been published in international journals:

• Cui, H. and E. W. Jacobsen, “Performance Limitations in Decen-
tralized Control Systems”, Journal of Process Control, 12(04), 485-
494, 2002.

• Cui, H. and E. W. Jacobsen, “Optimal Design of Buffers in Plants
with Recycling”, Pulp & Paper Canada, 103(6), 25-29, 2002.

One invited book chapter has been written and will appear as

• Carlemalm, H. C. and E. W. Jacobsen, chapter “Design for Con-
trollability of Integrated Plants” in book Integration of Design and
Control, (Editor: Seferlis, P. and M. Georgiadis), Computer-Aided
Chemical Engineering (CACE) Series, Elsevier. To appear.

In addition to the above papers and the book chapter, which have been
published based on special invitation, one paper has been submitted for
journal publication:

• Carlemalm, H. C. and E. W. Jacobsen, “Buffer Design for Re-
duced Disturbance Sensitivity of Integrated Plants”, Submitted to
Ind. Eng. Chem. Res., 2003.

Results contained in this thesis have also been presented at several inter-
national conferences (ordered by date):

• Jacobsen, E. W. and H. Cui, “Zero Crossings due to Loop Closure in
Decentralized Control Systems”, Proceedings 1998 AIChE Annual
Meeting (Paper 233f), Miami, USA, Nov. 15-20, 1998.

• Cui, H. and E. W. Jacobsen, “Dynamic Modeling, Simulation and
Analysis of a PO Bleaching Stage with Filtrate Recycle”, Proceed-
ings 1999 AIChE Annual Meeting (Paper 276d), Dallas, USA, Oct.31
- Nov. 5, 1999.
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• Cui, H. and E. W. Jacobsen, “Optimal Design of Buffers in Plants
with Recycle”, Proceedings Control Systems 2000, Victoria, Canada,
pp. 27-31, May 1-4, 2000.

• Jacobsen, E. W. and H. Cui, “Performance Limitations in De-
centralized Control”, Proceedings International Symposium on Ad-
vanced Control of Chemical Processes (ADCHEM 2000), Pisa, Italy,
pp. 153-158, June 14-16, 2000.

• Cui, H. and E. W. Jacobsen, “Design Modifications for Improved
Controllability of Plants with Recycle”, Proceedings 2001 AIChE
Annual Meeting (Paper 265c), Reno, USA, Nov. 4-9, 2001.

• Cui, H. and E. W. Jacobsen, “Modeling and Control of a PO Bleach-
ing Stage with Filtrate Recycling”, Proceedings Control Systems
2002, Stockholm, Sweden, pp. 219-223, June 3-5, 2002.

• Cui, H. and E. W. Jacobsen, “Design Modifications for Improved
Controllability of Integrated Plants – Buffer Design”, Proceedings
15th IFAC World Congress, Barcelona, Spain, July 21-26, 2002.

In addition, two reports have been published as internal reports in the
project Ecocyclic Pulp Mills (KAM), sponsored by the Swedish Foun-
dation for Strategic Environmental Research (MISTRA), of which this
thesis is also a part.

• Cui, H., “The Pulpmaking Process”, KAM internal report B31,
STFI, Sweden, 1998.

• Cui, H., “Literature Survey over Models of Bleaching Kinetics”,
KAM internal report B32, STFI, Sweden, 1998.

Finally, the following technical reports have been written as complements
to the KAM project bleach plant.

• Cui, H. “Modeling of a Bleach Plant with the Sequence Q(OP)(DQ)
(PO)”, Technical report. Royal Institute of Technology, 2002.

• Cui, H. “Analysis of a Bleach Plant with the Sequence Q(OP)(DQ)
(PO)”, Technical report. Royal Institute of Technology, 2002.
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Fundamentals





Chapter 2

Dynamics and

Controllability of

Integrated Plants

- An Overview

An overview of some known effects of material and energy recycle on
process dynamics and control is provided. The results are classified ac-
cording to the different aspects they concern and their relation to the
plant controllability is discussed. A framework for analyzing integrated
plants using results from linear systems theory is also presented. Based
on this, it is shown that the common assumption that recycling always
increases the disturbance sensitivity of a plant only is partly correct, since
the feedback imposed by recycling in fact always will provide disturbance
attenuation in some frequency range.

2.1 Introduction

A plant in the process industries typically consists of a large number of
process units that are integrated, that is, interconnected through mate-
rial and energy flows. The specific way in which the units are integrated,
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i.e. the structure of the overall process flowsheet, is known to have a con-
siderable impact on the process dynamics. From a systems perspective,
process integration can be classified into three types of interconnections:
series, parallel and feedback (Morud and Skogestad, 1996).

Traditionally, plants have mainly been designed as a cascade of pro-
cessing units, i.e. using series and parallel interconnections only. In this
setting, the units behave essentially as when isolated and each unit simply
sees upstream units as sources of disturbances. A wealth of knowledge
exists on the dynamic behavior and controllability of individual process
units, and also on how to modify them in order to improve the control-
lability. In a cascaded plant, this knowledge can be more or less directly
utilized. See e.g. Buckley (1964).

During the last decades, plants have tended to become more and
more integrated, i.e. raw materials and energy are recycled to upstream
units for economic and environmental reasons. The presence of recycling
implies that the different units have stronger interactions. In particular,
disturbances no longer simply propagate downstream, but are fed back
from downstream units to upstream units. This again implies that the
behavior of each unit within the overall system may be highly different
from the behavior of the same unit when operated in isolation. It is
therefore a challenging task to understand the dynamic behavior of an
integrated plant, where the design of effective control systems becomes
more complex than for traditional plants, due to the increased number
of interconnections between units.

In this chapter, some effects of recycling on the overall system dynam-
ics and, in particular, on the controllability, will be considered. Specifi-
cally, the effects of recycling on the system response time, stability, dis-
turbance sensitivity, zero dynamics, effects of manipulated variables and
interactions (RGA) will be considered. It is also shown how linear sys-
tems theory can be utilized to relate the behavior of an integrated plant
to the properties of the individual units that constitute the plant.

The outline of the chapter is as follows. First, the analogy between
recycling and feedback is introduced. Then, previous works on the effects
of material and energy recycling on the system dynamics are classified
and reviewed. For each aspect of interest, the review is followed by a
simple example and an analysis from a linear systems point of view. The
implications of different effects for the plant controllability are discussed.
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Some other works related to recycle processes are summarized and com-
mented in Section 2.3. Finally, a discussion and some conclusions are
given in Section 2.4.

2.2 General Effects of Recycling

2.2.1 Recycling and Feedback

Recycling imposes a feedback effect, similar to that utilized in feedback
control systems. This was pointed out more than four decades ago by
Bilous and Amundson (1956), who studied a tubular reactor with mate-
rial recycle. Based on this analogy they concluded that recycling could
have a significant impact on the process dynamics. Gilliland et al. (1964)
studied a process consisting of a reactor and a separator with recycling
of unconverted reactant and concluded that the typical dynamics of the
process was a consequence of the positive feedback nature of the recycle.
Denn and Lavie (1982) considered recycle processes from a more general
point of view, using a linear systems approach, and also concluded that
recycling can be seen as equivalent to positive feedback.

Luyben (1993a), however, points out that, in some cases, recycling
may also provide negative feedback. He illustrates the point with an
example in which the product of a reforming reaction, hydrogen gas, is
used as the fuel gas to heat the feed stream into the reactor. As he shows,
increasing the heat load to the furnace increases the amount of hydrogen
gas, which thereby lowers the heat content in the recycle flow. Morud
and Skogestad (1996) also provide examples, e.g. an endothermic reactor
with energy recycle, in which recycling provides negative feedback. In
Jacobsen and Berezowski (1998), it is shown that heat-integration of
exothermic reactors can provide negative feedback when the reactor wall
is cooled.

The difference between these two opposite feedback effects concerns
whether the variation in an input variable is amplified or suppressed by
the feedback. It is important to realize that the feedback properties,
i.e. negative or positive, in general will depend on the type of input
considered. For instance, with sinusoidal inputs, i.e. frequency response,
negative feedback can be present for some frequencies ω > 0, although
positive feedback exists at steady-state (ω = 0). Here a clear definition
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is needed to ease the discussion later. For this purpose, consider Figure
2.1 with two scalar linear systems G0(s) and GR(s) with a feedback
interconnection.

d y
G0(s)

GR(s)

Σ

Figure 2.1: Feedback interconnection of linear systems

The overall system transfer function from the input d to the output
y becomes

Gyd(s) =
y

d
(s) =

G0(s)
1 − G0(s)GR(s)

(2.1)

At steady-state, it is clear that the feedback will amplify the effect of d,
provided the two systems have the same sign of the gain, i.e. G0(0)GR(0)
> 0, and attenuate the effect otherwise1. However, if we instead consider
the frequency dependent effect of feedback, it is difficult to talk about the
feedback sign at a given frequency since the phase lag of G0(jω)GR(jω)
in general is not an integer multiple of π. It is therefore natural to
define negative feedback to exist for frequencies where feedback provides
sensitivity reduction, i.e. where the magnitude of the sensitivity function

S(jω) =
1

1 − G0(jω)GR(jω)
(2.2)

is less than one, provided the closed-loop system is stable. Thus, with
this general definition, the concept of negative and positive feedback is
frequency dependent. Since most previous work in this area has focused
on steady-state effects only, we will in this chapter refer to the feedback
effect at steady-state, unless otherwise stated.

In most processes, the feedback effect imposed by recycling will be
positive at steady-state. In the following, we therefore assume, unless

1G0(0)GR(0) > 1 can easily be shown to imply instability, when dynamics are

included.
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otherwise stated, that recycling corresponds to positive feedback at ω =
0.

It is important to stress that the results discussed above, and also in
the following, relate to the effects of a recycle flow in a given process. That
is, they can not be directly applied to analyze the effect of introducing
recycling in an existing process. In the latter case, the recycling will have
two separate effects. First, the operating conditions of the process will, in
general, be changed when recycling is introduced. This will have the effect
that the open-loop characteristics of the process, as given by G0(s)GR(s),
will change. This effect will in general be highly process specific, and it is
difficult to draw any general conclusions. Second, the presence of recycle
has the consequence that small changes, or disturbances, will be fed back
by the recycle flow, thereby introducing a feedback effect. The discussion
in this chapter concerns the latter effect only.

2.2.2 Speed of Response

Gilliland et al. (1964) studied the dynamics of a stirred isothermal reactor
followed by a distillation column with recycling of unconverted reactant
from the column bottom. Through a simple linear analysis, assuming that
the dynamics of one of the process units was dominating, they concluded
that the response time of the recycle system would be larger than the
corresponding response time of the individual units. Denn and Lavie
(1982) performed a slightly more general analysis of the overall system
dynamics by considering a recycle system with first-order dynamics in
both forward and recycle path. They showed, consistently with Gilliland
et al., that the overall dynamics will have a larger time constant than the
individual elements. They also considered the effect of a flow delay and
found that this could give rise to resonances from input to output. For
the case of distillation, Kapoor et al. (1986) pointed out that the large
time constant for high-purity distillation is due to the internal recycling
provided by the reflux and boilup.

Luyben (1993a) considered how a particular recycle process behaved
with increased steady-state feedback gain kR = GR(0), employing Root
Locus analysis. In the example considered, with first order dynamics
assumed for both paths, Luyben (1993a) found that recycling may cause
the overall system dynamics to become slower (0 < kR < 1), unstable
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(kR >1), or oscillating (kR <0, i.e. negative feedback).
Morud and Skogestad (1994) studied feedback effects in processes

from a more general perspective, including internal feedback effects, e.g.
imposed by chemical reactions. They found that positive feedback does
not necessarily give rise to a slower behavior and that it instead may
induce instability or oscillatory behavior.

From the above, there clearly exists a need to define more precisely
what is meant by “slower dynamics”. The speed of response of a sys-
tem is usually described in terms of the step response. Two properties
of the step response that characterize “speed” is the rise time and the
settling time. The rise time is the time it takes for the system to reach
the vicinity of its new steady-state, and is determined by the distance
of the system poles from the origin. The settling time is the time it
takes for the system transients to decay. It is generally determined by
the distance of the system poles from the imaginary axis. This can be
found in any undergraduate text book on control theory. Thus, if the
closed loop system has no complex poles, i.e. no oscillations, then the
speed of response is uniquely determined by the magnitude of the poles.
For a system with positive feedback, a real pole will eventually approach
the origin as the steady-state loop gain is increased, and hence positive
feedback will in this case make the system respond more slowly, i.e. in-
crease the rise time. This can easily be seen by considering the fact that
the transfer-function Gyd(s) for the closed-loop in (2.1) will have a pole
at s = 0 when G0(0)GR(0) = 1. On the other hand, if the closed loop
system also has complex poles, then the movement of these poles in the
complex plane, as the loop gain is increased, will be highly system depen-
dent and often quite irregular. Thus, in this case it is difficult to draw
any general conclusions with respect to how the feedback will affect the
settling time of the system.

From a controllability point of view, it will usually be the rise time
which is most important. If the response time concerns the effect of a
disturbance, it is how fast the disturbance needs to be counteracted that
is important. Similarly, it is how fast we can counteract the disturbance
with the input that is most important. Thus, from a controllability point
of view, the focus should be on how the feedback affects the rise time, i.e.
the distance of the system poles from the origin. For most processes, the
dominating poles will be real and the positive feedback effect imposed by
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recycling will increase the rise time. However, we stress that the effects
of feedback on responses to disturbances and inputs are more clearly seen
in the frequency domain, which is considered below.

2.2.3 Stability

Having established that recycling imposes a feedback mechanism, it be-
comes evident that recycling can affect the stability of a process. There
exist a number of case studies that investigate the stability of processes
with recycle, e.g. Bilous and Amundson (1956), Reilly and Schmitz
(1966), Luss and Amundson (1967), Recke and Jørgensen (1997), Push-
pavanam and Kienle (2001). Gilliland et al. (1964) showed that a process
with recycle may be unstable although the individual units are stable by
themselves. Gilliland et al. also noted that recycling may give rise to
two different types of instability, and termed these ’snowball’ instability
and ’oscillatory’ instability, respectively. From a dynamic systems per-
spective, the snowball and oscillatory instabilities correspond to real and
complex poles in the complex RHP, respectively. Below, two examples
are presented, which illustrate both these instabilities.

Example 2.1. Stability of a reactor-separator system, see Figure 2.2.
A stirred tank reactor is designed to convert A to R at maximum

production rate. A distillation column is used to increase the product
purity to the desired level. Here the product R is assumed to be the more
volatile component and the reflux L is chosen as the input to control the
distillate purity yD. The unconverted reactant A, enriched at the bottom
of the distillation column, is recycled and mixed with the fresh feed into
the reactor. Data for the example can be found in Jacobsen (1999b).
When the recycle flow B is increased so that B/F ≥ 0.76, the system
exhibits the ’snowball’ instability, i.e. the outputs grow exponentially in
response to a step disturbance. See Figure 2.3.

In order to verify that the instability indeed is a result of the feedback
effect imposed by the recycle, one should tear the recycle flow, i.e. replace
the recycle by a constant feed equivalent to the nominal recycle stream,
and then develop the “open-loop” models

G0(s) =
xB(s)
xR(s)

; GR(s) =
xR(s)
xB(s)

(2.3)
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Figure 2.2: Reactor-separator system.
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Figure 2.3: Linear response of xB to step in xF0 for the reactor-
separator system (B/F = 0.9). Dashed: with recycle torn (replaced
by equivalent fresh feed); Solid: with recycle.
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for the individual distillation column and reactor, respectively. See also
Figure 2.1. With B/F = 0.9, we find that G0(s) and GR(s) are both
stable. Thus, we can conclude that the instability is caused by the feedback
induced by recycling.

Example 2.2. Consider the dynamics of a fixed-bed tubular reactor with
a single irreversible exothermic reaction (Jacobsen and Berezowski, 1998).
The reactor is heat-integrated in the sense that the reactor effluent is used
to pre-heat the reactor feed in an external heat-exchanger; see Figure 2.4.

θ0 θ(0) θ(1)

z=0 z=1

A → B

Figure 2.4: Heat-integrated tubular reactor.

The nominal operating conditions correspond to 98% conversion of
A. It turns out that, at the nominal steady-state, with a heat-exchanger
efficiency of 0.3, the reactor is unstable and eventually settles in a large
amplitude limit cycle. Figure 2.5 shows the linear response, from which
a large oscillatory amplification of the reactor temperature is evident.

In this case, it is easily confirmed that the reactor is stable when the
heat recycle is replaced by an equivalent external heat source. Thus, it
can be concluded that the observed instability also in this case is due to
the feedback effect from recycling, i.e. heat integration.

Gilliland et al. (1964) stated that a snowball instability will occur
when the steady-state gain of the recycle loop exceeds 1. Luyben (1993a)
reached the same conclusion through Root Locus analysis of a specific
case. This observation can also easily be confirmed by a simple analysis.
Consider the feedback structure (cf. Figure 2.1) and assume the loop
transfer function of the recycle loop

L(s) = G0(s)GR(s) (2.4)
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Figure 2.5: Step response of reactor outlet temperature θ(1) to step
in feed temperature θ0 for the heat-integrated tubular reactor. Dashed:
without heat integration; Solid: with heat integration.

is stable, i.e. the individual process units are stable. Then, according to
the Bode criterion (Bode, 1945), instability occurs if there exists a single
frequency ω0 such that

|G0GR(iω0)| ≥ 1, ∠G0GR(iω0) = −k2π, k = 0, 1, 2, . . . (2.5)

If the amplitude |G0GR(iω0)| = 1, then the system will have poles on
the imaginary axis with the imaginary parts equal to ±ω0. With positive
feedback at steady-state and loop-gain G0GR(0) > 1, we have ω0 = 0
and hence a real pole crosses the imaginary axis as the loop is closed
(“snowball” instability). If the critical frequency ω0 > 0, a pair of com-
plex conjugate poles crosses the imaginary axis (“oscillatory” instability).
Note that, if the feedback is positive at steady-state, then there must be
a (resonance) peak in the loop gain |L(jω0)| ≥ 1 > L(0) for complex
poles to cross the imaginary axis when recycling is introduced.

An unstable process puts a lower limit on the required bandwidth of
the control system. The further the RHP poles are from the origin, the
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higher bandwidth is required (Skogestad and Postlethwaite, 1996). Thus,
RHP poles are mainly a problem when combined with control limitations
in the frequency range around the frequency corresponding to the RHP
pole. However, since the control system stability will be conditional when
the process is unstable, i.e. the process will become unstable again if the
feedback control system has a failure, operation at open-loop unstable
operating points is often avoided in practice.

2.2.4 Disturbance Sensitivity

As stated in Section 2.2.1, positive feedback implies that the feedback
serves to increase the steady-state gain from input to output. Thus, for
disturbances entering the recycle loop, the feedback effect imposed by the
recycle will typically increase the disturbance sensitivity at steady-state,
i.e. at ω = 0.

Based on observations in early works in this area, e.g. Gilliland et
al. (1964), Denn and Lavie (1982), Morud and Skogestad (1994), it also
appears to have been generally accepted that recycle flows always serve
to increase the disturbance sensitivity of a plant. However, it should
be pointed out that there are a number of important exceptions to this
rule. First, as stated above, recycling may in some cases impose negative
feedback at steady-state and will in that case reduce the steady-state
disturbance sensitivity. Second, the results strictly apply only to cases in
which the disturbance acts on the output via variables in the recycle loop
only. For other cases, see Section 2.2.6 on input sensitivity below. Finally,
as discussed above, although the recycle imposes positive feedback at
steady-state, the feedback can be negative at higher frequencies. To see
this, consider again the sensitivity function for the loop in Figure 2.1

S(s) =
1

1 − G0(s)GR(s)
(2.6)

The feedback provides disturbance amplification for frequencies at which
|S(jω)| > 1, while it serves to dampen the effect of disturbances for
frequencies at which |S(jω)| < 1. If we assume both the individual
units and the overall process to be stable, and furthermore that the loop
transfer-function G0(s)GR(s) has at least two more poles than zeros, then



22 2 Dynamics and Controllability of Integrated Plants - An Overview

the Bode Sensitivity Integral applies∫ ∞

0

ln|S(jω)|dω = 0 (2.7)

See e.g. Skogestad and Postlethwaite (1996). According to (2.7), if
|S| > 1 for some frequencies, then we must have |S| < 1 for some other
frequencies. Thus, based on this result we can conclude that recycling
always will provide disturbance attenuation at some frequencies. We il-
lustrate this in the example below.

Example 2.3. The reactor-separator system continued. See Figure 2.2.
We here consider the operating point B/F = 0.5, i.e. the system is

stable. Figure 2.6 shows the response of the product composition yD to
a step change in the reactor feed composition xF0. Also shown is the
response when the recycle flow is torn, i.e. the recycle flow is replaced by
an equivalent fresh feed. It is easily seen that the recycling increases the
disturbance sensitivity significantly, and in particular at steady state.
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Figure 2.6: Linear response of yD to step in xF0 for the reactor-
separator system. Solid: with recycle, Dashed: with recycle torn.

The frequency response of the corresponding sensitivity function S

is shown in Figure 2.7. As expected, the sensitivity exceeds 1 at low
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frequencies and becomes less than 1 in some intermediate frequency range.
At high frequencies the sensitivity is 1, and thus the recycling has no
effect there. Note that high frequencies essentially correspond to the initial
response to a step change.
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Figure 2.7: Frequency response of sensitivity function S for the reactor-
separator system.

In conclusion, recycling will typically increase the disturbance sen-
sitivity at low-frequencies, while it serves to reduce the sensitivity at
some intermediate frequencies. The sensitivity reduction in the example
above may seem minor, but in Chapter 4 of this thesis we shall see that
significant reduction can be achieved through a careful process design.
At high frequencies the recycling will usually not have any effect on the
disturbance sensitivity.

From a controllability point of view, disturbances put a lower limit
ωd on the required bandwidth of the control system. Thus, whether
the increased disturbance sensitivity represents a controllability problem
depends on the presence of control limitations in the frequency range
where the disturbance sensitivity is increased.
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2.2.5 Zero Dynamics

Most previous studies on the effect of recycle on process dynamics have
focused on the speed of response, stability and disturbance sensitivity.
As stated above, these aspects concern controllability mainly by affecting
the bandwidth requirements imposed on the control system. Thus, it is
important to understand whether these bandwidth requirements can be
met, i.e. if there exist bandwidth limitations that are in conflict with the
bandwidth requirements. The zero dynamics of a process can represent
such limitations, in particular when the zero dynamics are unstable. It
is therefore important to understand if process integration can introduce
unstable zero dynamics in a plant. Unstable zero dynamics are, in the
linear case, often referred to as non-minimum phase behavior, or RHP
zeros.

Morud and Skogestad (1996) performed a linear analysis of different
types of process integration and concluded that only parallel interconnec-
tions affect the zero dynamics. They also pointed out that some process
units internally may have processes in parallel, such as competing reac-
tions, which may cause non-minimum phase behavior in an individual
process unit.

It is usually assumed that, while feedback moves poles, the zeros
are unaffected by feedback. To understand this, consider the transfer-
function of the closed loop in Figure 2.1. The overall transfer-function
is

y

d
(s) =

G0(s)
1 − G0(s)GR(s)

(2.8)

The zeros of the closed-loop is simply the union of the zeros of G0(s)
and the poles of GR(s). Thus, the closed-loop will only have zeros in
the RHP, if the forward path has RHP zeros, or if the backward path
has RHP poles, i.e. is unstable. Similar results apply when the feedback
system is multivariable. We can thus conclude that RHP zeros of the
feedback loop itself only can be introduced by recycling when some units
in the recycle path are unstable.

However, in a process with recycle, usually only a few variables are
directly part of the recycle loop. Thus, a plant with recycling can be
considered analogous to a partial feedback control system as shown in
Figure 2.8. Based on this observation, Jacobsen (1999b) showed that
recycling may introduce RHP zeros in control relevant transfer functions
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external to the recycle loop. The term “external” here means that the
input and output in question are connected via a path which does not
involve the recycle loop. Relating to the work of Morud and Skogestad
(1996), the RHP zeros can in this case be attributed to the fact that the
recycling introduces a path parallel to the direct path from the input u

to the output y in Figure 2.8.

d

y

xG
+

u

gR

Figure 2.8: Partial Feedback Structure

In Chapter 3 of this thesis, the effects of recycling on the zero dy-
namics will be examined in detail and necessary and sufficient conditions
for RHP zeros introduced by recycling are derived. We here provide a
simple example, illustrating how recycling may introduce non-minimum
phase behavior.

Example 2.4. The reactor-separator system continued. See Figure 2.2.
The dynamic response of yD to a step change in the control input L

is shown in Figure 2.9. Also shown is the response for the distillation
column isolated, i.e. with the recycle to the reactor torn. In this case
the recycle ratio B/F = 0.5, so the system is stable. However, the re-
sponse with recycle exhibits a large overshoot and the steady-state gain
(dyD/dL)B(0) = 0. This implies that yD is essentially uncontrollable
using L and indicates that there is a transmission zero at s = 0 in the
transfer function for the recycle case. Since the response with the re-
cycle stream torn does not have this zero, we may conclude that it is a
consequence of the process integration, i.e. the material recycle.
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Figure 2.9: Linear response of product composition yD to step in reflux
L for the reactor-separator system. Dashed: with recycle torn; Solid:
with recycle.

Note that this example was not constructed, in the sense that the data
were chosen so as to give a zero at s = 0. Rather, as shown in Jacobsen
(1999b), the zero at s = 0 is a generic property for any reactor-separator
system with recycle, for which the reactor is designed to operate at the
maximum reaction rate, i.e. minimum volume.

2.2.6 Input Sensitivity and Input Constraints

While many studies have considered the effects of recycling on the distur-
bance sensitivity of a plant, few have considered the corresponding effect
on the input sensitivity, i.e. the gain from control inputs to outputs.
However, it is clear that if this sensitivity is not increased in a similar
way as the disturbance sensitivity, then recycling implies that larger in-
put changes are needed to reject disturbances. This will again imply that
problems with input constraints become more likely.

In principle, there should perhaps be no need to distinguish between
disturbances and control inputs here, since they both belong to the class
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of system inputs. However, while control inputs and outputs usually are
local, i.e. belong to the same process unit, disturbances are typically
imposed from other parts of the plant. This implies, as discussed below,
that the relationship between control inputs and outputs often have direct
paths, i.e. paths that do not involve variables in the recycle loops, while
disturbances typically will act through process flows that are part of the
recycle loop.

Jacobsen (1999a) showed through an example that, for a given pro-
cess with recycle, recycling may increase the effect of disturbances while
simultaneously reducing the effect of control inputs. An extreme exam-
ple is the reactor-separator system considered in the previous section, in
which the recycling was seen to increase the low-frequency disturbance
sensitivity by a factor of about 10, while simultaneously reducing the
steady-state effect of the control input to 0.

The fact, that the effect of control inputs can be reduced as a result
of recycling, can be explained using similar arguments as used for the
zero dynamics above. That is, control inputs and outputs of a plant are
often parts of the same process unit and hence the recycling can be seen
to impose an external feedback effect, as in partial feedback systems.
Consider again Figure 2.8. If we decompose the transfer-matrix G(s) as

(
y

x

)
=

(
G11 G12

G21 G22

)(
u

d

)
(2.9)

then the transfer-function from the input u to the output y, after closing
the lower loop in Figure 2.8, becomes (Jacobsen, 1999a)

Ĝ11 =
y

u
= G11

1 − G22GR

λ22

1 − G22GR︸ ︷︷ ︸
Su

(2.10)

Here λ22 is the 2, 2-element of the Relative Gain Array Λ = G× (G−1)T

(Bristol, 1966), and is a measure of the interactions in G. Similarly, the
transfer-function from the disturbance d to y becomes

Ĝ12 =
y

d
= G12

1
1 − G22GR︸ ︷︷ ︸

S

(2.11)
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Thus, the effect of the feedback on y/u is given by the input sensitivity
Su, while the effect on y/d is given by the sensitivity S.

If we assume positive feedback at steady-state and closed-loop stabil-
ity, i.e. 0 < G22(0)GR(0) < 1, then the steady-state input sensitivity is
reduced by the partial feedback, i.e. |Su(0)| < 1, if

G22(0)GR(0)
2 − G22(0)GR(0)

< λ22(0) < 1 (2.12)

Thus, the effect of recycling on the input sensitivity depends on the feed-
back loop gain as well as on the interactions between the direct path from
u to y and the feedback loop, as expressed by λ22.

When 0 < G22GR

λ22
(0) < 2, the steady-state effect of the input is

reduced relative to the effect of the disturbance at steady state, i.e.
|Su(0)| < |S(0)|. If this is the case, problems with input constraints
are more likely to occur at steady state.

Similar to the disturbance sensitivity, the input sensitivity can also
be extended to any frequency ω > 0. That is, the input sensitivity
is increased at frequencies ω for which |Su(jω)| > 1, and decreased if
|Su(jω)| < 1. For instance, Figure 2.10 shows the input sensitivity for
the reactor-separator system considered above. From the figure we see
that the effect of the input on the output is significantly reduced at low
frequencies, while increased for some intermediate frequencies.

Note that we here have assumed the control input and output to be
external to the recycle loop, while the disturbance was assumed to enter
directly in the recycle loop. We believe this is a quite common scenario in
plants with recycle. However, we stress that in some cases disturbances
may also be seen as external to the recycle loop, and then the above
discussion for inputs applies also to these disturbances. That is, the
effect of the feedback imposed by the recycle depends not only on the
properties of the loop, but also on the type of interactions in the plant.

2.2.7 Interactions

The level of interactions between different inputs in a multivariable sys-
tem is usually measured by the Relative Gain Array (RGA) (Bristol,
1966). Strong interactions, in terms of large RGA elements, can imply
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Figure 2.10: Frequency response of input sensitivity Su for the reactor-
separator system. Control input is reflux, output is distillate composition.

problems when applying decentralized control. However, large RGA ele-
ments even impose fundamental problems with multivariable controllers
since they indicate a high sensitivity of the control system to independent
input uncertainty. Such uncertainty is essentially always present (Sko-
gestad and Postlethwaite, 1996). Thus, strong interactions, in terms of
large RGA elements, are usually undesirable in a plant.

Only a few studies have considered the effect of recycling on the in-
teractions in a plant. Papadourakis et al. (1987) considered the effects
of recycling on the interactions at the process unit level for a specific
process system. The example they considered was a reactor-separator
system similar to the one considered above, i.e. a CSTR followed by a
distillation column with recycle of unreacted material. By comparing the
steady-state RGA for the column with and without recycle, they con-
cluded that the recycling had a significant impact on the interactions.
Dimian et al. (1997) reported, in their case study of a VCM process,
that the recycle flow had an opposite effect on the interactions in the
distillation column, i.e. making them less severe.

We present below an example, which shows that the steady state RGA
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may be either improved or deteriorated by recycling, depending on the
feedback loop gain.

Example 2.5. Reactor-separator with sidestream, taken from Jacobsen
(1999b). In a reactor-separator system with recycle of unconverted reac-
tant from the column bottom, a sidestream is introduced to allow for two
different product grades in a single system. A simplified linear model of
the isolated distillation column is

 dyD

dxS

dxB


 =

1
30s + 1


 0.0292 −0.00359 0.147

0.239 −0.0667 1.328
−0.102 0.123 1.538





 dL

dS

dxR



(2.13)

and the reactor
dxR = Gr(s)dxB (2.14)

We consider the reflux L and sidestream S as control inputs for keeping
the product compositions yD and xS at their setpoints. Assume here that
the steady state gain of the reactor Gr(0) can be changed independently,
i.e. without affecting the dynamics of the distillation column. The varia-
tions of the steady-state RGA of the control transfer-matrix Gu(s), from
(L, S) to (yD, xS), as a function of the steady state gain of the reactor
Gr(0) is shown in Figure 2.11. From the figure we see that the 1,1-RGA
element λ11(0) for Gu(0) may vary between (−∞, +∞), depending on
the steady-state gain of the reactor.

From the above, it is clear that recycling has a significant impact on
the interactions at the unit level of a plant. This is not surprising. How-
ever, at present, there exist no results, or tools, to predict how recycling
will affect the interactions in a plant. Also, interactions around the con-
trol system bandwidth are more important for controllability than the
steady-state, and hence should be focused.

2.2.8 Multi-Component Recycling

It is important to point out that essentially all works reviewed above
assume the recycling to impose a feedback effect which is monovariable.
However, in a real plant, the recycle flow will usually contain a num-
ber of chemical components as well as energy. This implies that the
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Figure 2.11: Variation of 1,1-RGA element in reactor-separator system
as a result of recycling with various reactor gains Gr(0).

feedback effect imposed by recycling typically will have a multivariable
nature. Thus, there exists a need for extending previous results based on
monovariable feedback to the case with multivariable feedback.

2.3 Other Related Work

In addition to works that address the effect of recycling on the fundamen-
tal process dynamics, a large number of papers have appeared on control
of recycle processes. Since these treat specific case studies as well as
specific control structures and algorithms, we only review some of them
briefly here.

2.3.1 Recycle Compensator

Taiwo (1986) considered the possibility of using a feedback controller to
compensate for the feedback effects from recycling. He proposed that
such a controller, termed a recycle compensator, should be implemented
prior to designing the rest of the plantwide control system. Taiwo (1986)
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also claimed that the performance of the compensator can be guaranteed
subject to known plant parameter variations. In Taiwo (1993), several
examples are presented, in which the recycle compensator is found to im-
prove the overall control performance. However, the results are restricted
to setpoint tracking and no disturbances are considered.

Scali and co-workers (Scali and Antonelli, 1995, 1996; Scali and Fer-
rari, 1999) have considered the recycle compensator in more detail, and
point out a number of weaknesses of the method, e.g. when dealing with
disturbances.

2.3.2 Control Structure

The control system of a chemical plant is usually highly structured. Typ-
ically, only a subset of the available control inputs and measurements are
used in the control system. Furthermore, the control system is usually
decentralized, i.e. the overall controller is (block) diagonal. Both the
choice of inputs and measurements, as well as the pairing of inputs and
outputs, can have a significant impact on the overall controllability. For
plants with recycle, Morud and Skogestad (1994) noted that the choice of
controlled variables can have a significant influence on the plant behavior
when under control.

For flow disturbances, the level control system will determine to what
extent the disturbance is recycled. Luyben and co-workers have through
several case studies considered how the level control configuration can
influence the behavior of a recycle plant, e.g. Luyben (1993b,c) and Yi
and Luyben (1997a,b,c). The conclusion is that the level control system
needs to be taken into account when studying the effect of recycling on
flow disturbances.

Luyben and co-workers (Luyben, 1992, 1993b,c; Tyreus and Luyben,
1993) have in particular focused on what they term the “snowball effect”,
which can occur when the recycle flow is employed as a control input.
The “snowball effect”, which should not be confused with the “snowball
instability” discussed above, refers to the fact that in many processes,
involving reaction, the recycle flow can have a relatively small effect on the
control output and thus small disturbances can require very large changes
in the recycle flow. To avoid this problem, Luyben (1994) proposes to
fix at least one flow in the recycle loop. However, as shown by Larsson
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(2000) and Larsson et al. (2003), this rule will often give poor results,
when considering the overall plant economics.

2.3.3 Process Modifications for Improved Controlla-

bility

According to the results presented in this chapter, material and energy
recycling will often reduce the controllability of a process. If the con-
trollability does not allow for an acceptable control performance, then
a modification of the process itself is required. As stated earlier in this
chapter, there exists a wealth of knowledge on how to design easily con-
trollable process units, when operated individually. However, in order
to enable this knowledge to be used in strongly integrated plants, it is
essential that tools which relate the overall plant controllability to the
properties of the individual units are developed. The results presented
e.g. in Morud (1996) and Jacobsen (1997), show that linear systems
theory provides a powerful basis for deriving such tools.

2.4 Conclusions

It is well known that the dynamics of a plant is strongly affected by the
way in which the units are integrated. In particular, material and energy
recycling is known to have a significant impact on the process dynamics.
Through a review of previous works in this area, combined with linear
systems analysis, it has been shown that some typical effects of material
and energy recycling are

• increased disturbance sensitivity at low frequencies

• slower, or more oscillatory, transients

• reduced stability margins

These effects usually imply an increased need for control. Thus, it is also
important to consider the effect of recycling on the ability to control the
process. Some potential effects of recycling on controllability that have
been considered in this chapter are

• unstable zero dynamics from control inputs to outputs
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• reduced effects of control inputs on outputs

• increased interactions between control inputs

We have in this chapter also stressed that, when considering controlla-
bility, one should focus on the frequency response around the expected
control bandwidth rather than the steady-state. For instance, we showed
that while recycling typically increases the low-frequency disturbance sen-
sitivity, the sensitivity will always be reduced in some frequency range.

While many effects of recycling are by now well established, there are
still a number of aspects which need to be considered in more detail. This
includes, for instance, the effects of recycling on input interactions and
the effects of multivariable recycle as opposed to monovariable recycle. It
is also important that the qualitative results in this area can be translated
into model based tools, which can be used in a systematic approach to
the design of integrated plants with acceptable controllability.
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Chapter 3

Partial Feedback and

Unstable Zero Dynamics

in Plants with Recycle

Recycling of material and energy in integrated plants impose a partial
feedback mechanism. In this chapter we show that partial feedback may
introduce unstable zero dynamics in input-output relationships external
to the recycle loop. Necessary and sufficient conditions for zeros crossing
the imaginary axis due to partial feedback are derived. The results are
presented in the form of model based tools, based on models of individ-
ual process units, and can be used to remove control limitations due to
process integration at the stage of process design. The derived results
are applicable to all partial feedback systems and are of relevance also to
decentralized feedback control systems.

3.1 Introduction

It is well known that integration of process units, in particular with ma-
terial and energy recycling, can have a significant impact on the plant
dynamics. Typical effects, such as slower dynamics, potential instability
and increased disturbance sensitivity, are today well established (Gilliland
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et al., 1964; Denn and Lavie, 1982; Morud and Skogestad, 1994). Only
recently, however, was it pointed out by Jacobsen (1999b) that not only
the poles but also the transmission zeros of an integrated plant may be
affected by recycle structures. This is important, since the transmission
zeros affect the plant controllability, i.e. they affect how well the plant
can be handled by a feedback control system.

A system, for which the transfer-function from control input to output
has one or more zeros in the complex RHP, is called non-minimum phase
and has fundamental limitations in the achievable control performance.
A number of results quantifying the performance limitations from RHP
zeros can be found e.g. in Skogestad (1996). One specific result states
that, if a scalar system G(s) has a real RHP transmission zero at z, then
the bandwidth of the closed-loop system is limited by ωB < z.

In this chapter, we consider the effects of plant integration, and in
particular material and energy recycling, on the zero dynamics. We first
show that recycling imposes a partial feedback effect and then derive
results for general partial feedback systems. In particular, we consider
conditions for when partial feedback causes zeros to cross the imaginary
axis, i.e. introduce RHP zeros and hence fundamental control limitations.
We also discuss how the derived results may be utilized to remove RHP
zeros by means of process design modifications.

We start the chapter with an overview of the problem and review
some previous related work. Then, general effects of closing feedback
loops on subsystems external to the loop are studied. Zero crossings in
partial feedback systems, under the assumption of high-gain loop feed-
back are considered in Section 3.4. In Section 3.5, necessary and sufficient
conditions for zero crossings under finite bandwidth are derived for mono-
variable feedback. Real and complex zero crossings for positive as well
as negative feedback are examined. The conditions are shown to be re-
lated to the relative gain array RGA (Bristol, 1966) of the system. In
Section 3.6, we illustrate with an example that, for integrated processes,
undesired non-minimum behavior introduced by recycling can be avoided
through process design modifications on the process unit level. In Sec-
tion 3.7, the case with multivariable feedback is considered and conditions
for the existence of RHP zeros in this case are presented.

The results presented in this chapter apply to all linear partial feed-
back systems. Since the main interest here is partial feedback in in-
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tegrated plants, and such feedback typically is positive at steady-state,
the emphasis of the presentation is on positive feedback systems. The
results are, however, applicable also to negative feedback, as employed
in control systems. Results presented specifically for negative feedback
systems, and in particular decentralized control systems, can be found in
Cui and Jacobsen (2002d). Examples presented in this chapter include
both positive and negative feedback systems.

3.2 Problem Description

L

V

+
+

   A+R -> R+R

H

F0, xF0

F, xF

xR

B, xB

D, yD

Figure 3.1: Reactor-separator system.

Consider the plant in Figure 3.1, consisting of a reactor followed by
a distillation column, for separating reactant and product, and recycling
of reactant back to the reactor. A control system is needed to keep the
distillate composition yD at its setpoint in the presence of disturbances.
A possible, and typical, strategy would be to control the composition
using the reflux flow L. However, when considering such a plant, Jacobsen
(1999b) found that the transfer-function from reflux L to top composition
could contain a severe RHP zero, preventing effective composition control.
This was surprising, since there is consensus on that distillation columns
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can not have RHP zeros from reflux to distillate composition. However,
the RHP zero was found to be a consequence of the interaction between
the reactor and distillation column, imposed by the recycle flow.

3.2.1 Recycling, Partial Feedback and

Zero Dynamics

Recycling in a plant introduces a feedback mechanism. From linear sys-
tems theory it is well known that, while poles in general are moved by
feedback, the transmission zeros of a feedback loop are unaffected by
the feedback. However, in a plant with recycle flows, usually only a small
subset of the plant variables are part of the recycle loop. For instance, for
the reactor-separator problem above, only the reactor composition and
the bottom composition of the distillation column are part of the recycle
loop, while the distillate composition is external to the loop. Thus, recy-
cling in a process can be considered to be analogous to applying partial
feedback to the overall system. See Figure 3.2. For subsystems external
to the feedback loop, e.g. the one involving L and yD in Figure 3.1,
the partial feedback introduces a path parallel to the direct path. Hence
the zeros as well as the poles of these subsystems may be moved by the
feedback.

G(s)

g (s)
R

u1
y1

u2
y2

un
yn

Figure 3.2: Partial Feedback Structure
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3.2.2 Decentralized Control

When closing loops in a decentralized control system, the remaining sys-
tem as seen from a particular loop is a partial feedback system as dis-
cussed above. Thus, closing loops in a decentralized control system may
cause non-minimum phase zeros in other loops. The results presented in
this chapter are hence of relevance also to decentralized feedback control
systems.

Decentralized feedback control implies that the overall system is de-
composed into a number of (interacting) subsystems. For each one of
these, individual controllers may be designed, so the overall controller
may be written on a block-diagonal form. Such a decomposition of
the total control system is often preferred due to increased robustness,
both with respect to model uncertainty (reduced modeling cost) and sen-
sor/actuator failures, as well as ease of implementation. However, there
is a potential cost in form of reduced closed-loop performance, due to the
presence of interactions among the subsystems. In this chapter, perfor-
mance limitation in decentralized control of a general square multivariable
n × n system G(s), i.e. a system with n inputs and n outputs, is also
considered.

There exist a number of tools for analyzing the effect of interactions
in decentralized control systems, of which the most widespread is the Rel-
ative Gain Array (RGA) (Bristol, 1966). Most of the theoretical results
related to these tools concern stability only. For example the common rule
that one should not close loops around scalar subsystems corresponding
to negative steady-state RGA elements, is related to integrity (conditional
stability) only.

Hovd and Skogestad (1992) have derived conditions, in terms of re-
quired minimum loop gains for the individual subsystems, in order to sat-
isfy given specifications on the overall closed-loop performance for a de-
centralized controlled system. However, whether the required loop gains
are achievable, under the constraint of closed-loop stability, depends on
the presence of control limitations in the system. For the case of full mul-
tivariable controllers, a number of results on performance limitations are
available. For instance, if the system G(s) has a real RHP transmission
zero at z, the bandwidth of the closed-loop system is limited by ωB < z.
This is further discussed by e.g. Skogestad and Postlethwaite (1996).
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It should also be noted that since a decentralized, or block-diagonal,
controller is just a special case of a full controller, the same limitations
apply in decentralized control. However, it seems reasonable that a lim-
ited control structure may impose additional performance limitations.
In particular, if closing a loop in a minimum-phase system introduces
non-minimum phase behavior in some other loop, then this implies a
performance limitation specific to the use of decentralized control.

3.2.3 Previous Work

The fact that RHP zeros can exist due to decentralized loop closure was
in fact recognized already by Bristol (1966), in his original work on the
Relative Gain Array (RGA). He proposed that a scalar (SISO) loop cor-
responding to a negative steady-state RGA-element would have either
a zero or a pole in the RHP when all other loops were perfectly con-
trolled at steady-state, i.e. with integral action. Grosdidier et al. (1985)
provided proof for this under certain assumptions about the open loop
system. Shinskey (1988) argued, using heuristic arguments, that closing a
loop around a negative steady-state RGA-element in a 2×2 system would
introduce an inverse response, corresponding to an RHP zero, from the re-
maining input to the remaining output of the system. Rosenbrock (1970)
showed that, if all outputs but one in a multivariable system were per-
fectly controlled, the remaining open-loop transfer-function would have
the transmission zeros of the multivariable system as its zeros. RHP ze-
ros in a multivariable system would thus imply non-minimum phase for
the remaining scalar subsystem.

Jacobsen (1999b) considered the case of positive scalar feedback re-
sulting from recycling and derived a sufficient condition for when the
feedback would introduce a single real RHP zero in a control relevant
transfer-function. In this chapter we derive necessary and sufficient con-
ditions for real as well as complex zeros crossing the imaginary axis, in
either direction. The results apply to zero crossings of multivariable sub-
systems and are extended from monovariable feedback to multivariable
feedback, which is the most common situation in plants with recycle. To
ensure that the results are applicable to physical feedback systems, e.g.
plants with recycle, the conditions are derived without any assumptions
of perfect control.
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3.3 Effects of Loop Closure on Subsystems

External to the Loop

Following linearization, a plant with recycle can be represented as a linear
feedback system. We consider here a general linear square n× n system,

y = G(s)u (3.1)

and want to analyze the effect of closing the loop between a subset of y

and u on the transfer-matrix between the remaining inputs and outputs.
See also Figure 3.2. At first, we limit ourselves to consider closure of a
scalar loop only. Thus, we decompose the plant model according to

y1 = g11(s)u1 + G12(s)u2 (3.2)

y2 = G21(s)u1 + G22(s)u2 (3.3)

where y1 and u1 are scalars and y2 and u2 are vectors of dimension n−1,
and study the effect of closing the loop between y1 and u1 on the transfer-
matrix between u2 and y2.

Closing the loop between output y1 and input u1 with the feedback
dynamics

u1 = gR(s)y1 (3.4)

yields, for the transfer-function Ĝ22(s), between inputs u2 and outputs
y2,

Ĝ22(s) = G22(s) +
gR(s)

1 − gR(s)g11(s)
G21(s)G12(s) (3.5)

Thus, the feedback (3.4) affects the transfer-matrix from u2 to y2, pro-
vided G21(s)G12(s) is not identically zero.

Note that the feedback loop transfer-function is given by gR(s)g11(s).
At steady state, the feedback effect can be either positive (gR(0)g11(0) >

0) or negative (gR(0)g11(0) < 0). It is known that recycling in most
cases imposes positive feedback at steady state. In feedback control on
the other hand, negative feedback is employed to reduce the disturbance
sensitivity at steady state. In order to emphasize that negative feedback
is imposed by a control system, the controller is commonly written on
the form

u1 = −c1(s)y1 (3.6)
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where c1(s) is the control law employed. Note that (3.4) and (3.6) are
equivalent, with

gR(s) = −c1(s) (3.7)

We are here mainly interested in the effect of the feedback on the zeros
of Ĝ22(s) in (3.5). The transmission zeros of a general square transfer-
matrix G(s) can be expressed in terms of the determinant of the matrix

det G(s) = K

∏
i=1,nz(s + zi)∏
j=1,np(s + pj)

(3.8)

Here s = −zi and s = −pj are the zeros and poles, respectively, of G(s).
Note that there in general may be poles and zeros in the same location,
without canceling in the system. From (3.5), the following expression for
the determinant of Ĝ22(s) is derived (see Appendix A)

det Ĝ22(s) =
det G22(s) − gR(s) det G(s)

1 − gR(s)g11(s)
(3.9)

It is clear from (3.9) that the poles as well as the zeros of the subsystem
Ĝ22(s) are moved by the feedback (3.4). Our aim is, based on (3.9), to
derive conditions for when there is a different number of RHP zeros in the
two systems G22(s) and Ĝ22(s). Or equivalently, for when one or more
zeros of the subsystem with inputs u2 and outputs y2 cross between the
complex LHP and RHP, as the loop (3.4) is closed. To do so we will first
employ the simplifying assumption that the loop (3.4) is closed perfectly
(infinite bandwidth), and then consider the more general case where the
loop is closed with finite bandwidth.

3.4 Zero Crossings under Infinite Bandwidth

Feedback

Here the loop (3.4) is assumed to be closed with infinite loop gain over all
frequencies, corresponding to perfect control of the loop output. Perfect
control of y1 corresponds to zero sensitivity of the feedback loop, i.e.

1
1 − gR(s)g11(s)

= 0 (3.10)
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which is equivalent to

−gR(s)
1 − gR(s)g11(s)

=
1

g11(s)
(3.11)

Note that the stability of the closed-loop is of no concern here, as we are
only interested in zeros at this point. With (3.10) and (3.11), equation
(3.9) becomes

det Ĝ22(s) =
det G(s)
g11(s)

(3.12)

From (3.12) it is clear that the only RHP zeros of Ĝ22(s) will be
those of G(s) which are not simultaneously zeros of g11(s)1. Thus, if
the multivariable system is minimum phase, there will be no limitations
in the remaining subsystem Ĝ22(s) after closing the first loop perfectly.
Note that this applies regardless of whether G22(s) has RHP zeros or not.

Rosenbrock (1970) has previously shown that if all outputs but one of
a multivariable system G(s) are perfectly controlled, then the remaining
scalar subsystem will have the zeros of G(s) as its zeros. The result
presented above shows that the subsystem remaining after closing any
number of loops perfectly will have the zeros of G(s) as its zeros, and is
thus a generalization of Rosenbrock’s result. In Section 3.6 the result is
extended to the case with multivariable feedback, i.e. multivariable gR(s)
and g11(s).

Example 3.1. Consider the 3 × 3 system,

G(s) =
1

(s + 1)2


 1 −s −1

4 −1 −1
−1 −2 −3


 (3.13)

which has a transmission zero at s=0.77. The transfer-matrix G22(s)
between (u2, u3) and (y2, y3) is minimum phase. Closing the loop around
g11(s) with infinite gain gR = ±∞ yields

Ĝ22(s) =
1

(s + 1)2

(
4s − 1 3

−(s + 2) −4

)
(3.14)

1Note that any RHP poles in g11(s) will be canceled by their equivalents in det G(s),

and will hence not appear as RHP zeros in Ĝ22(s).
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which has a zero at s=0.77, corresponding to the RHP zero of G(s) men-
tioned above. Note that the transfer function from u2 to y2 now has an
RHP zero at s=0.25, implying that the original open-loop subsystem with
u3 to y3 removed must have this zero.

Feedback with infinite bandwidth is of course a theoretical concept
only, but the results derived above may serve as asymptotic results. An
example of their usefulness as such will be given later. We consider next
the case where the assumption of perfect feedback is relaxed.

3.5 Zero Crossings under Finite Bandwidth

Loop Closure

3.5.1 Necessary and Sufficient Conditions

When the loop involving y1 and u1 is closed with a finite bandwidth, the
determinant for the remaining subsystem Ĝ22(s) is given by (3.9), i.e.

det Ĝ22(s) =
det G22(s) − gR(s) det G(s)

1 − gR(s)g11(s)
(3.15)

In the following we assume stability of the open loop systems G(s) and
gR(s). With this assumption, Ĝ22(s) will have zeros in the RHP if and
only if

detG22(s) − gR(s) det G(s) = 0 , Re(s) > 0 (3.16)

To check for RHP zeros in Ĝ22(s) one can now apply the Argument Prin-
ciple to (3.16). As we are here mainly interested in the case when the
number of RHP zeros differs between Ĝ22(s) and G22(s), we divide (3.16)
by detG22(s) to obtain

1 − gR(s) det G(s)
det G22(s)

= 0 , Re(s) > 0 (3.17)

The following theorem then provides necessary and sufficient conditions
for when Ĝ22(s) and G22(s) have a different number of transmission zeros
in the RHP.
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Theorem 1. Assume G(s) and gR(s) stable and G21(s)G12(s) �≡ 0.
Then the image of

δ(s) =
gR(s) det G(s)

det G22(s)
(3.18)

as s follows clockwise around the Nyquist D-contour, will encircle the
point 1, in the complex plane, N = Ẑ −Z times, where Ẑ is the number
of RHP zeros of Ĝ22(s) and Z is the number of RHP zeros of G22(s).

Proof: The result follows directly from application of the Argument Prin-
ciple to (3.17), using the fact that, when G(s) and gR(s) are stable, the
RHP zeros and poles of 1 − δ(s) are equivalent to the RHP zeros of
Ĝ22(s) and G22(s), respectively. If G21(s)G12(s) = 0,∀s, then from (3.5)
Ĝ22(s) ≡ G22(s). In this case 1 − δ(s) = 1 − gR(s)g11(s) and any RHP
zeros of 1 − δ(s) will be exactly canceled by equivalent RHP poles. �

Theorem 1 states that if the image of δ(s) encircles the point 1 in the
complex plane n times, for s = (−j∞, j∞), then n zeros of the subsystem
involving y2 and u2 cross between the complex LHP and RHP as the loop
(3.4) is closed.

If the encirclements are clockwise, as s goes clockwise around the
Nyquist D-contour, the crossings are from the LHP to the RHP, while
they are from the RHP to the LHP if the encirclements are anti-clockwise.
If δ(s) is strictly proper all zero crossings are through the imaginary axis,
while they may be through ±∞ if δ(s) is semi- or improper. The latter
is easily understood by considering (3.17), which can not have roots at
s = ±∞ if δ(s) is strictly proper.

For systems in which the Nyquist curve δ(jω), for ω > 0, crosses the
positive real axis once only, a simpler criterion for zero crossings can be
employed, as follows.

Corollary 1. Assume G(s) and gR(s) stable, that δ(s) is strictly proper
and that δ(jω) is positive real for one frequency ω = ω0 ≥ 0 only. Then
G22(s) and Ĝ22(s) will have a different number of RHP zeros if

|δ(jω0)| > 1 , ∠δ(jω0) = −k2π, k = 0, 1, . . . (3.19)

Proof: The condition follows directly from Theorem 1, since it ensures at
least one encirclement of the point 1. The assumption that δ(s) is strictly
proper ensures that δ(jω) → 0 as ω → ∞. �
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Note that the zero crossing will be real if ω0 = 0, while it will be
complex conjugate if ω0 > 0. Thus, a simplified condition for a real zero
crossing is

gR(0) det G(0)
det G22(0)

> 1 (3.20)

Note that this condition does not provide information about whether the
crossing is from the LHP to the RHP, or vice versa. In principle, condition
(3.20) says that if the steady-state gain changes sign, and the initial
response is unchanged, then the process must have an inverse response,
corresponding to a real RHP zero, either before or after closing the loop.

The next result concerns the case in which the function δ(s) contains
a pure integrator, i.e. a pole at s = 0, which may either be due to the
presence of physical integration, e.g. level or pressure tanks, in a process
system, or be due to the application of a controller with integral action.

Corollary 2. Assume G(s) and gR(s) stable and that δ(s) is strictly
proper with one pole at s = 0, i.e. δ(s) = δ′(s) 1

s , where δ′(s) is analytic
with no zeros at s = 0. Then G22(s) and Ĝ22(s) will have a different
number of RHP zeros, provided δ′(0) > 0.

Proof: The result follows directly from Theorem 1 by considering the
Nyquist curve for the small semicircular detour of s = 0 in the Nyquist
D-contour, i.e. s = rejθ, |r| → 0, θ ∈ [−π/2, π/2]. Then the image
of δ(s) makes an infinite semi-circle around the RHP if it contains an
integrator and δ′(0) > 0. �

Note that corollary 2 provides a sufficient condition only.

For cases in which δ(s) is not strictly proper, it is recommended to
employ Theorem 1, i.e. consider the full Nyquist curve for δ(s). However,
we stress that this is unlikely to occur for recycle systems, since then all
elements of G(s) as well as gR(s) will have low-pass characteristics, i.e.
have more poles than zeros, in which case δ(s) is proper.

The function δ(s) is closely related to the Relative Gain Array (RGA)
(Bristol, 1966). In particular, the 1, 1-element of the RGA of G(s) is given
by

λ11 =
g11 det G22

det G
(3.21)
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and thus we get from (3.18) that

δ(s) =
gR(s)g11(s)

λ11(s)
(3.22)

In terms of the RGA, the condition (3.17) for a different number of RHP
zeros in Ĝ22(s) and G22(s) can then be written

1 − gR(s)g11(s)
λ11(s)

= 0 , Re(s) > 0 (3.23)

It is interesting to note that condition (3.23) for RHP zeros in Ĝ22(s)
under finite bandwidth loop closure of y1 corresponds to the condition for
RHP poles, i.e. instability, in loop 1 under infinite bandwidth feedback
of y2. This follows from the fact that the loop gain for loop 1 will be
g11gR/λ11 when loop 2 is closed perfectly, i.e. with infinite bandwidth.

3.5.2 Real Zero Crossings

In terms of the RGA, the sufficient condition (3.20) for a real zero crossing
becomes

g11(0)gR(0)
λ11(0)

> 1 (3.24)

The fulfillment of (3.24) requires λ11(0) > 0, when the feedback is positive
(g11(0)gR(0) > 0), and λ11(0) < 0 with negative feedback (g11(0)gR(0) <

0).
Grosdidier et al. (1985) have previously shown that, under certain

assumptions, a SISO loop corresponding to a negative steady-state RGA
element will have an odd number of RHP zeros, or an RHP pole, when
all other loops are closed with integral action. The above result shows
that closing the loop around an element corresponding to a negative
steady-state RGA element, using negative feedback with integral action,
is a sufficient condition for moving a zero of the remaining subsystem
across the imaginary axis. It is thus in some sense dual to the result by
Grosdidier et al. However, we stress that our results show that it is a
sufficient condition only, and by no means necessary, for zero crossings.

Note that the sufficient condition (3.24) only requires steady-state
models of the individual process units only. Thus, the condition is well
suited for incorporation in a process design framework, in which dynamic
models are often lacking.
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Example 3.2. Reactor-separator system (cf. Example 2.4 in Chapter 2).
See Figure 3.1.

A reactor, operated at maximum reaction rate, is used to convert a
component A into component R, and a distillation column is used to in-
crease the product purity to the desired level. The bottom product of the
distillation column, enriched in reactant, is recycled back to the reactor.
We want to control the product composition yD using the reflux L. How-
ever, the transfer function (dyD/dL)B(s) contains a zero at s = 0, as was
shown in Example 2.4. As it is well known that such zeros can not occur
in distillation columns operated in isolation, the zero must be a result of
the integration of the reactor and the distillation column.

Figure 3.3 shows the response in distillate composition yD to a step
in reflux L. The response exhibits a large overshoot and the steady-state
gain (dyD/dL)B(0) = 0, corresponding to a zero at s = 0. This implies
that yD is essentially uncontrollable using L.

time (min)

y D
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Figure 3.3: Linear response of product composition yD to step in reflux
L for the reactor-separator system.

Using the results derived above we can easily check whether the zero
at s = 0 is a consequence of the material recycle. Since we are dealing
with a real zero at s = 0, it should be sufficient to check the steady-
state condition (3.24). Steady-state models of the individual units, i.e.
the isolated process units when the recycling stream is replaced by an
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equivalent constant feed, are
reactor:

dxR = 0.551︸ ︷︷ ︸
gR(0)

dxB (3.25)

distillation column:(
dxB

dyD

)
=

(
1.676 −0.0268
0.171 0.0328

)
︸ ︷︷ ︸

G(0)

(
dxR

dL

)
(3.26)

Computing the steady-state RGA of G(s) and the recycle loop-gain yields

λ11(0) = 0.923; g11(0)gR(0) = 0.923 (3.27)

Thus, condition (3.24) is at the limit of being fulfilled and we can conclude
that the feedback imposed by the recycle will introduce a zero at s = 0
between reflux L and distillate composition yD.

To illustrate how the zero location depends on the properties of the
process units, assume here that the steady state gain of the reactor can be
modified independently, e.g. by changing the reactor size. Furthermore,
assume that the dynamics of the individual reactor and column are first-
order with time-constants 10 and 75, respectively. In Figure 3.4, the root
locus for the zeros of (dyD/dL)B(s) is plotted as a function of the reactor
gain kgR(0). From the figure we see that a real zero moves towards the
right and crosses the imaginary axis as k increases, i.e. as the reactor
gain increases. For higher reactor gains than considered above we thus
get an RHP zero from L to yD.

We end this subsection with a few examples illustrating the applica-
tion of the derived results to decentralized feedback control systems.

Example 3.3. Consider the minimum phase 3 × 3 system

G(s) =
1

10s + 1


 4 4 2

0.9 1 1
1 2 3


 (3.28)

in which all subsystems are also minimum phase. Apply negative propor-
tional feedback around g11(s), i.e.

u1 = −ky1 (3.29)
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Figure 3.4: Reactor-separator system: root locus for zeros of
(dyD/dL)B(s) with the reactor gain kgR(0) as free parameter.

The corresponding RGA element is negative, i.e. λ11(0) = −3.33. Thus,
the condition (3.24) for a real zero crossing becomes

−4k

−3.33
> 1 ⇒ k > 0.833 (3.30)

Since G22(s) is minimum phase, a zero crossing must be from the LHP
to the RHP. Indeed, with k = 1, corresponding to a bandwidth of approx.
0.5 for y1, we get

Ĝ22(s) =
1

20s2 + 12s + 1

(
2s + 0.28 2s + 0.64
4s + 1.2 6s + 2.6

)
(3.31)

which has a zero at s = 0.02, which implies that the bandwidth for this
subsystem is limited by ωB < 0.02.

Note that although we choose to only pair on positive RGA elements
for an n×n system, this pairing may correspond to pairing on a negative
RGA for some subsystems. We illustrate this in the example below.
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Example 3.4. Consider the 3 × 3 system

G(s) =
1

100s + 1


 0.3 −1.8 −0.9
−1.7 0.32 1.4
0.50 −0.50 −0.63


 (3.32)

which is minimum phase. The RGA is, at all frequencies,

Λ =


 0.76 3.40 −3.16

5.92 0.42 −5.35
−5.68 −2.83 9.51


 (3.33)

The common pairing rules based on the RGA, i.e. to prefer pairings for
which the RGA-elements are closest to 1 and avoid pairing on negative
RGA-elements, suggest pairing on the diagonal. However, the RGA for
the 2 × 2 subsystems obtained by removing (y3, u3) and (y2, u2), respec-
tively, both have negative RGA-elements on the diagonal. Thus, according
to the results above, closing the loop around g11(s) with a controller con-
taining integral action will introduce RHP zeros in the transfer-functions
from u2 to y2 and from u3 to y3, respectively. It is easy to show that
these zeros can not be moved back to the LHP by closing further loops.

As stated above, a common rule in decentralized control is to avoid
pairings on negative steady-state RGA-elements. However, this is mainly
related to integrity, i.e. the system should remain stable as loops are
taken in and out of service. See e.g. Skogestad and Postlethwaite (1996).
Furthermore, the rule is in general only necessary and not sufficient. On
the other hand, if some elements contain RHP zeros, then pairing on
negative RGA elements may be advantageous from a performance point
of view, as we show in the next example.

Example 3.5. Consider the minimum phase system

G(s) =
1

(5s + 1)2

(
s + 0.1 s + 0.1
s − 0.05 s − 0.025

)
(3.34)

Both transfer-functions for output y2 contain a severe RHP zero, where
the worst one appears to be from input u2, since this zero is closest to
the imaginary axis. However, from the results above, it is clear that these
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zeros will be moved as soon as the loop for y1 is closed. Furthermore,
since the overall system is minimum phase, closing the loop for y1 with
infinite bandwidth will remove the RHP zero for y2, independent of which
pairing is used. Thus, with perfect control, it is theoretically possible to
remove the non-minimum phase behavior with decentralized control, using
either pairing. However, from the results above, it is evident that with
finite bandwidth control of y1, the RHP zero for y2 can be fully removed
only if we pair on negative steady-state RGA-elements. The steady-state
RGA is

Λ(0) =
(−1 2

2 −1

)
(3.35)

Consider choosing either input u1 or input u2 to control y1 with the PI-
controller

ui = k
5s + 1

5s
(r1 − y1) ; i = 1, 2 (3.36)

Figure 3.5 shows the zero with maximum real part for output y2 as a
function of the controller gain k for output y1, when controlled with u1

and u2, respectively. As seen from the figure, with y1 controlled using
u1 (negative RGA), the RHP zero for y2 moves towards the LHP for
increasing k and moves into the LHP for k > 11.5, corresponding to a
bandwidth ωB > 0.3 for output y1. However, with y1 controlled using u2

(positive RGA), the RHP zero for y2 moves further into the RHP as the
gain k is increased. Since, for a real RHP zero at s = z, the bandwidth
is limited by wB < z, we have a bandwidth limitation for output y2 if
we choose to pair on positive RGA. With k = 25, corresponding to a
bandwidth of 1 for y1, we get a zero at s = 0.16 for y2 and so a maximum
bandwidth of 0.16 for this loop. If we want to achieve a bandwidth of 1
for output y2 using control input u1, we need to increase k above 970,
corresponding to a bandwidth exceeding 45 for y1.

Note that for the above example, integrity can not be guaranteed
for either pairing if the bandwidth for y2 is to exceed 0.05. Thus, if a
bandwidth higher than 0.05 is required, then one should pair on negative
RGA elements since this most likely will provide the best performance.
One might argue that if integrity can not be incorporated, then one might
as well employ full multivariable control. However, there are a number



3.5 Zero Crossings under Finite Bandwidth Loop Closure 55

0 5 10 15 20 25
−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

u1

u2

controller gain k

z m
a
x

Figure 3.5: Example 3.5. Maximum real part of zeros of transfer-
functions for output y2 when y1 is controlled using u1 and u2, respectively,
with the controller (3.36).

of factors, apart from integrity, such as robustness (reduced modeling
requirements), which motivate the use of decentralized control.

3.5.3 Complex Zero Crossings

For complex zero crossings, i.e. ω0 > 0 in (3.19), assuming ω0 is unique,
the criterion (3.19) may be written as

log|g11gR| − log|λ11| > 0 , ∠g11gR − ∠λ11 = −2kπ, k = 0, 1, 2, . . .

(3.37)
Note that this condition is valid only for a case in which we apply posi-
tive (negative) feedback around a negative (positive) steady-state RGA-
element, i.e. opposite to the condition for real zero crossings. Otherwise,
the full Nyquist condition in Theorem 1 must be employed to check for
complex zero crossings.

From the above expression we see that complex zero crossings are
most likely to occur for small values of |λ11|.

Example 3.6. Positive feedback. Consider the 2 × 2 minimum phase
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system

G(s) =
1

(s + 1)2

(
1 s + 15
1 1

)
(3.38)

Apply positive feedback around g11(s)

u1 =
k

s + 1
y1, k > 0 (3.39)

The steady-state RGA for G is λ11(0) = −0.071, implying that we can
not get a real zero crossing with positive feedback. In this case condition
(3.37) can therefore be employed. We find that ∠δ(jω) = 0 at ω0 = 1.93
and at this frequency we have |δ(jω0)| = 1.38k. Thus, condition (3.37)
for complex zero crossings is satisfied if k > 0.73. For instance, with
k = 1 we find that the transfer-function from u2 to y2 contains zeros at
s = 0.10 ± j2.16.

Example 3.7. Negative Feedback. The plant G(s) in this example is
selected from Hovd and Skogestad (1992).

G(s) =
1 − s

(1 + 5s)2


 1 −4.19 −25.96

6.19 1 −25.96
1 1 1


 (3.40)

Note that λii = 1 for all frequencies, indicating that there should be no
problem with interactions between the diagonal subsystems. Based on this
assumption, Hovd and Skogestad designed the controllers

ui(s) = − 4.46
7.58s + 1

7.58s︸ ︷︷ ︸
ci(s)

yi(s) (3.41)

for each single loop, using the Ziegler-Nichols tuning rule. However, when
the controllers were applied to the diagonal elements, the system became
unstable. As we show here, this can probably be explained by a complex
zero crossing occurring in the subsystems, when the loops are closed. Note
that the diagonal RGA-elements for the 2 × 2 diagonal subsystems will
all be about 0.04. Consider now the effect of closing the loop between y1

and u1 on the transfer-function between u2 and y2.
Figure 3.6 shows the Bode plot for the corresponding δ(s), and we see

that at ω0 = 0.5, ∠δ(jω0) = −2π and |δ(jω0)| > 1. This implies that
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Figure 3.6: Amplitude and phase of δ(s) in Example 3.7, with diagonal
pairing in subsystem from (u1, u2) to (y1, y2).

closing the first loop will cause a complex pair of zeros to cross into the
RHP for the loop 2. Similar results apply for the other loops, and after
closing all loops we find that the diagonal subsystems all contain zeros at
s = 1.18 and s = 8.1, in addition to the original plant zero at s = 1.
That the zeros are real is explained by the fact that, after having crossed
the imaginary axis, the complex conjugate zeros become real and split.

Note that one situation in which zero crossings in Ĝ22(s) is expected,
as the bandwidth for y1 is increased, is when the overall system G(s)
is non-minimum phase with more RHP zeros than G22(s). Here, the
asymptotic result derived using infinite bandwidth for y1 guarantees that
zeros of Ĝ22(s) will cross from the LHP to the RHP as the bandwidth of
y1 is increased beyond a critical value. If the pairing for y1 corresponds
to a positive steady-state RGA-element, and we apply negative feedback,
the crossing must be in the form of complex conjugate zeros (assuming
the zeros can not cross through ±∞, i.e. assuming δ(s) strictly proper).

We next consider an example which shows how the asymptotic result
of Section 3.4 can be combined with the results derived above to deduce
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information about the zero root locus.

Example 3.8. Based on Example 2.7 in Rosenbrock (1970).

G(s) =

(
1

s+1
2

s+3
1

s+1
1

s+1

)
(3.42)

G(s) has a transmission zero at s = 1. Consider applying the feed-
back u1 = −ky1, for which the corresponding RGA-element λ11(0) = 3.
According to the results of Section 3.4, the transfer-function ĝ22(s) will
have exactly one RHP zero at s = 1 as k → ∞. Thus, there will be a
zero crossing the imaginary axis for some value of k > 0. Since the loop
is closed with negative feedback around a positive RGA-element, the zero
crossing of ĝ22(s) must be complex. As k is increased, a complex conju-
gate pair of zeros will cross the imaginary axis, then become real, with
one moving to s = 1 and one toward s = ∞, as k → ∞. For instance,
for k = 10, we find a pair of complex zeros at s = 3 ± j2 in ĝ22(s).

We have so far only shown that RHP zeros may appear as a result
of partial feedback, without discussing the actual location in the RHP.
However, the performance limitations imposed by RHP zeros strongly
depend on the location of the zero. For e.g. a real RHP zero at s = z,
the upper bandwidth of the control system is ωB < z (Skogestad and
Postlethwaite, 1996). In general, the zero location of Ĝ22(s) will be case
specific and it is difficult to derive any general results. However, to get
some insight, consider the case in which all elements of G(s) have the
same dynamics, which is quite common in process systems, so that the
RGA is frequency independent. Assume furthermore that we close the
loop around g11(s), using negative feedback, and the controller c1(s) is
based on model inversion (Direct Synthesis) so that

c1(s) =
ωc

s

1
g11(s)

(3.43)

From (3.23) we then find that Ĝ22(s) will get exactly one extra RHP zero
at

s = − ωc

λ11
(3.44)

provided λ11 < 0. Note that the RHP zero in this case is directly propor-
tional to the bandwidth ωc and inversely proportional to the magnitude
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of the RGA-element. Thus, the performance limitation will in this case
become less severe with increasing bandwidth ωc in the other loop, while
becoming more severe with increasing interactions, as measured by |λ11|.

3.6 Process Design Modifications

Improving Controllability

As we have shown, the partial feedback imposed by material and energy
recycling may introduce non-minimum phase transmission zeros in cer-
tain subsystems of a plant. If the subsystems involve control inputs and
outputs, these RHP zeros will imply inherent control performance limi-
tations. The RHP zeros can then only be avoided by selecting different
control inputs and/or outputs, or redesigning the process. In many cases,
the latter option will be the only alternative.

The main advantage of the conditions derived above is that they allow
a plant designer to relate RHP zeros to the properties of the individual
units. Thus, at the design stage, the derived conditions can be applied
to predict operation and control limitations resulting from process inte-
gration. If a specific performance requirement can not be satisfied for
a given design alternative, the conditions will provide guidelines as to
how the RHP zeros caused by integration may be avoided through design
modifications at the unit level. We illustrate this through an example
below.

Example 3.2 continued: Consider again the reactor-separator system
in Example 3.2. To keep the product purity yD at a desired level, despite
disturbances entering the plant, the reflux L is chosen as the manipulated
input. As we have seen, the corresponding transfer-function has a zero at
s = 0, implying that yD could not be controlled by L, at least not at low
frequencies. The zero can not be attributed to any single process unit, but
is a result of the process integration, as was shown above.

As a first remedy one could consider other control inputs, e.g. select-
ing boilup V or recycle flow B as the manipulated input. However, a zero
at s = 0 exists also with these inputs. Thus, the process is essentially
uncontrollable if considering control of yD only. In fact, the problem with
a zero at s = 0 is generic when the reactor is designed as proposed by



60 3 Partial Feedback and Unstable Zero Dynamics

Levenspiel (1972), i.e. to be operated at maximum reaction rate in order
to achieve the minimum required reactor volume (Jacobsen, 1999b).

To avoid the real zero at the origin, one possible solution is to modify
the design so that all zeros stay in the LHP. From condition (3.24), it
can be concluded that in order to achieve this, the steady state loop gain
gR(0)g11(0) should be reduced. This can be achieved by increasing the
reactor holdup, by which the reactor gain gR(0) is reduced, assuming the
modification to have a relatively small effect on g11(0). We here choose
to increase the reactor volume so that the reactor conversion is increased
from xR = 0.5 to xR = 0.55.

After the modification, the steady-state models of the individual units
become, for the reactor:

dxR = 0.411dxB (3.45)

and for the distillation column:(
dxB

dyD

)
=

(
1.840 −0.0353
0.179 0.0345

)(
dxR

dL

)
(3.46)

Computing the steady-state RGA and loop-gain yields:

λ11(0) = 0.910; g11(0)gR(0) = 0.757 (3.47)

Note that the design modification only has a small effect on the steady-
state properties λ11(0) and g11(0) of the distillation column. The loop-
gain of the recycle feedback is hence reduced, and condition (3.24) is no
longer fulfilled. Indeed, we find that the transfer-function from L to yD

now has all its zeros in the LHP.

3.7 Multi-variable Partial Feedback

We have so far assumed the feedback imposed by recycling to be mono-
variable, i.e. considering closing one SISO loop only. In an integrated
plant, however, a recycle flow will often contain several variables. The
feedback imposed by recycling will thus correspond to multivariable, but
partial, feedback. Similarly, in decentralized control, block-diagonal con-
trollers with multivariable sub-controllers are often employed.
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In the following, we derive conditions for non-minimum phase zeros
induced by multivariable partial feedback, i.e. when closing the loop
around a multivariable subsystem will drive zeros of other subsystems
between the complex LHP and RHP.

Consider again decomposing the overall n × n system G(s), as in
(3.2)-(3.3), but now let y1 and u1 be vectors of any dimension less than
n. The corresponding square transfer-matrix is written G11(s). Closing
the multivariable loop

u1 = GR(s)y1 (3.48)

(where GR(s) = −C1(s) in decentralized feedback control) yields for the
remaining subsystem

Ĝ22(s) = G22(s) + G21(s)(I − GR(s)G11(s))−1GR(s)G12(s) (3.49)

In Appendix A, the determinant of Ĝ22(s) is derived as

det Ĝ22 = det G22 det(I − GRG11)−1 det(I − GR(G11 − G12G
−1
22 G21))

(3.50)
With perfect loop closure, i.e. when

(I − GR(s)G11(s))−1 = 0 (3.51)

(3.50) can be simplified to (see Appendix A)

det Ĝ22(s) =
det G(s)

det G11(s)
(3.52)

which is a generalization of the SISO result in (3.12). A similar result can
be found in decentralized control design (Johansson and Rantzer, 1999).

The next theorem provides necessary and sufficient conditions for
when closing the loop (3.48) causes zeros in the sub-system involving
y2 and u2 to cross between the LHP and RHP. That is, Theorem 1 for
scalar feedback is extended to the case with multivariable but partial
feedback.

Theorem 2. Assume G(s) and GR(s) stable, and neither G12(s) nor
G21(s) identically zero. Define

∆(s) = GR(s)(G11(s) − G12(s)G−1
22 (s)G21(s)) (3.53)
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Then the image of det(I−∆(s)), as s follows clockwise around the Nyquist
D-contour, will encircle the origin N = Ẑ − Z times, where Ẑ and Z are
the number of RHP zeros of Ĝ22(s) and G22(s), respectively. Equiva-
lently, the eigenvalue loci, i.e. the graphs of the eigenvalues λi(∆(s)), as
s follows clockwise around the Nyquist D-contour, will encircle the point
1 in total N times.

Proof. Define

f(s) = det(I − ∆(s)) =
det Ĝ22(s)
det G22(s)

det(I − GR(s)G11(s)) (3.54)

and apply the Argument Principle to f(s). With G(s) and GR(s) sta-
ble, I − GR(s)G11(s) is stable. Furthermore, any RHP zeros of I −
GR(s)G11(s) (RHP poles of the closed loop) are canceled in f(s) by
equivalent RHP poles in Ĝ22(s), provided neither G12(s) nor G21(s) is
identically zero. Thus, the RHP zeros and poles of I − ∆(s) are equiva-
lent to the RHP zeros of Ĝ22(s) and G22(s), respectively. Finally, using
the fact that det(I − ∆(s)) =

∏
i(1 − λi(∆(s)) and arg det(I − ∆(s)) =∑

i arg(1 − λi(∆(s)), as shown by e.g. Maciejowski (1989), yields the
eigenvalue result. �

Similar to in the SISO case, we propose a simple sufficient condition
for checking the existence of zeros crossing the imaginary axis.

Corollary 3. Assume that G(s) and GR(s) are stable, ∆(s) is strictly
proper and that one eigenvalue λ(∆(jω)) is real and larger than one for
one frequency ω0 > 0 only. Assume also that neither G12(s) nor G21(s)
is identically zero. Then there is a difference of at least one RHP zero
between Ĝ22(s) and G22(s).

Proof: The Corollary follows from Theorem 2 and considers the case in
which the eigenvalue loci encircle the point 1 once only. �

Like in the SISO case, it is easily shown that the zero crossing is real
if ω0 = 0 and complex conjugate otherwise. For a real zero crossing, the
simplified condition (Corollary 3) becomes that one eigenvalue of ∆(0)
should be real and larger than 1.

Example 3.9. Consider a high temperature peroxide (PO) bleaching
stage, used in paper pulp production; see Figure 3.7. The incoming pulp
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is diluted with water, and bleaching chemicals are added, before enter-
ing the tower, which amounts to a plug flow reactor. In the reactor, the
dark pulp components are bleached through reaction with the bleaching
chemicals. After the tower the pulp is washed and pressed. In traditional
plants the filtrate from the washer was released to the environment, while
fresh water was used to dilute the incoming pulp. Nowadays, mainly due
to environmental regulations, the filtrate is partly recycled to dilute the
incoming pulp.

We consider a bleaching stage in which the pulp is bleached to reach the
final brightness of 87.5% ISO (Cui and Jacobsen, 2002b). The bleaching
chemical added is peroxide H2O2, and in addition NaOH is added to keep
a certain pH in the pulp. When the filtrate is partly introduced back into

(Washed pulp)

Switch

Fresh water

Shower

Tower

Feed

CSTR

PFR

Pulp Slurry

Mixer

Chemicals

Dilution Stream

Fresh wash water 

Effluent

Wash Press

Discharge

Figure 3.7: A typical bleaching stage with internal recycle of washer
filtrate.

the bleaching stage, the residual bleaching chemicals {YP , YB} as well as
an inert component {YN} and a pseudo-component COD {YA} are fed
back into the tower.

In Cui and Jacobsen (2002b), it was found that the outlet brightness
displayed a severe inverse response to an increase in the added bleaching
chemical H2O2. We here use the tools derived above to analyze whether
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this is a consequence of the recycling.
The system G(s) is in this case the transfer-matrix from the inputs –

chemical components Yj,d in the dilution stream where j = P,B,N,A and
H2O2 charge MP,a – to the outputs – chemical components in the washer
filtrate Yj,E and the brightness B. The subsystem G11(s) under feedback
is thus defined as having inputs Yj,d and outputs Yj,E. The external
subsystem G22(s) is from the H2O2 charge MP,a to the brightness B.
Finally the recycle path is simply GR(s) = 1. The steady-state of the
matrix G(s) is


YP,E

YB,E

YN,E

YA,E

B


 =




0.4 −0.6 −0.001 −0.007 0.01

−0.08 0.24 −0.0007 −0.004 −0.002

0 0 0.55 0 0

−0.3 −0.7 −0.004 0.52 −0.008

294 4557 −10.2 −195 8.1




︸ ︷︷ ︸
G(0)




YP,d

YB,d

YN,d

YA,d

MP,a




(3.55)

The eigenvalues of the matrix

∆(s) = GR(G11 − G12G
−1
22 G21)(s) (3.56)

are, at steady state,

Λ(∆(0)) = diag{0.003, 1.16, 0.57, 0.55} (3.57)

As one of the eigenvalues is larger than 1, Corollary 3 states that the
feedback effect imposed by the filtrate recycling will cause a zero, in the
transfer-function from chemical charge to outlet brightness, to cross the
imaginary axis. To verify this, the Nyquist plot of ∆(s) is shown in Figure
3.8. According to Theorem 2, since the eigenvalue loci encircle the point
1 once only, the feedback effect will introduce one, and only one, RHP
zero from peroxide charge to brightness.

We stress that the main advantage of the derived results is that they
can be used to understand how the process design should be modified to
avoid the RHP zero. We do not consider that here, but refer to Cui and
Jacobsen (2002b), who use the results derived above to show that the main
reason for the RHP zero is the feedback of component B, corresponding
to OH−, and that some form of pH control therefore could be used to
remove the non-minimum phase behavior.
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Figure 3.8: Eigenvalue loci of ∆(s) in Example 3.9.

Example 3.10. We finally consider an example involving negative feed-
back control of a minimum phase system

G(s) =
1

10s + 1




0.3 1.9 0 −0.5
0.1 1.8 −0.1 −0.8

−0.4 −0.7 −0.8 −0.7
−0.5 0.7 1.8 0.3


 (3.58)

for which all subsystems are also minimum phase. Consider controlling
the two first outputs with the two first inputs using the IMC controller

u1(s) = − ωc

s
G−1

11 (s)︸ ︷︷ ︸
C1(s)

y1(s) (3.59)

which provides a bandwidth ωc for the subsystem G11(s). The correspond-
ing function ∆ is

∆(s) = −ωc

s

(−0.70 −1.36
0.56 1.40

)
(3.60)

and the eigenvalues λ(∆′(0)), i.e. after removing the integrator, become
λ = 0.23ωc,−0.93ωc. Thus, since one eigenvalue is positive, we should
expect an RHP zero in the remaining subsystem Ĝ22(s) involving the two



66 3 Partial Feedback and Unstable Zero Dynamics

last inputs and outputs. Indeed, with ωc = 1 in (3.60), the system Ĝ22(s)
has a zero s = 0.1, imposing a severe performance limitation for this
subsystem. The limitation can be relaxed by increasing the bandwidth ωc

of the subsystem G11(s).

3.8 Conclusions

Recycling of material and energy in an integrated plant typically imposes
a partial feedback effect, as seen from the control inputs and outputs, sim-
ilar to that found in decentralized feedback control systems. We have in
this chapter shown that closing loops in partial, or decentralized, feed-
back systems can move zeros of subsystems external to the feedback loop
into the complex RHP, thereby causing fundamental control limitations
in these subsystems.

Necessary and sufficient conditions for zero crossings as a result of
loop closure, considering scalar as well as multivariable feedback inter-
connections, have been derived. The conditions show that the crossings
between the LHP and RHP may be in either direction, and may be real
or complex. The zero crossings may be a result of positive feedback, as
imposed by recycling in integrated plants, or of negative feedback, as
implemented in control systems.

The results presented in this chapter should be used at the process
design stage to ensure that process integration does not impose unaccept-
able control limitations. The derived conditions constitute model based
tools, based on models of the individual process units, and are hence
well suited for incorporation in a process design environment. For some
aspects, such as real zero crossings, steady-state models are sufficient for
evaluating the conditions.



Chapter 4

Design for Reduced

Disturbance Sensitivity

of Integrated Plants

The disturbance sensitivity of an integrated plant is to a large extent
caused by interactions between the process units, imposed by material
and energy recycle flows. In this chapter, we consider the use of storage
capacities (buffer tanks) to modify these interactions, in order to reduce
the overall disturbance sensitivity. The principle idea is to utilize the
dynamic properties of the capacities to obtain favorable physical feedback
properties in the frequency range where feedback controllers can not be
made effective. The optimal solution, i.e. minimum capacity required for
a given level of disturbance attenuation, is shown to be a plug-flow (delay)
tank integrated in the recycle path, adjusting the phase-lag of the physical
feedback loop, combined with a mixed tank placed outside the recycle
loop, damping the magnitude of incoming disturbances. As we show,
the total required capacity for a given level of disturbance attenuation
with the proposed method can be significantly smaller than that required
by a traditional cascaded buffer system, serving as a low-pass filter. In
addition to address disturbance sensitivity reduction, we also discuss the
use of capacities for stabilizing unstable process systems.
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4.1 Introduction

Controllability concerns the ability to maintain a desired process behavior
using control systems. Ideally, a feedback control system is used to sta-
bilize a process, track setpoints and attenuate the effect of disturbances
to an acceptable level. However, there always exist fundamental control
limitations imposed by the process properties. If these are in conflict
with the required control performance, the process does not have accept-
able controllability. The controllability then has to be improved through
modifications of the process design, aiming at either relaxing the control
limitations, e.g. by adding measurements or actuators, or by reducing
the control requirements, e.g. by reducing the disturbance sensitivity of
the process.

In this chapter we consider the use of capacities, i.e. buffer or surge
tanks, to reduce the disturbance sensitivity of an integrated process sys-
tem. Buffer tanks are commonly used in plants in the process industries,
both to dampen disturbances and to facilitate operations. In a traditional
cascaded plant, consisting of process units connected in series, the buffers
act as low-pass filters that dampen the magnitude of high-frequency dis-
turbances. For composition disturbances this is achieved using mixing
of the tank contents (mixing tanks), while for flow disturbances it is
achieved by tank level variations (surge tanks). For a number of reasons,
including investment and operational costs, operational flexibility as well
as hazardous and environmental risks, it is important that the number
and size of tanks is kept at a minimum.

For the case of cascaded buffers, acting as low-pass filters, Faanes and
Skogestad (2000, 2003) present results on how to determine the mini-
mum required buffer volume to obtain acceptable disturbance sensitivity
for frequencies above the attainable control bandwidth. Cui and Jacob-
sen (2002c) consider buffer design for plants with recycle and show that
the total required volume can be reduced by placing buffers at the recycle
flow, rather than simply cascading them. Mahajanam and Zheng (2002)
consider minimization of the total buffer capacity for a given desired
disturbance sensitivity, using pre-designed controllers, in plants with re-
cycle. They place a mixed buffer tank at each process flow and then
employ constrained optimization methods to determine the minimum to-
tal buffer volume. All the works above consider the use of mixed tanks
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and surge tanks only.
In this chapter we present a systematic approach to the optimal design

of buffer systems for integrated plants. By decomposing the plant, the
overall disturbance sensitivity of the plant can be separated into one part
due to the sensitivity of the individual process units and one part due to
the interactions between these units. Based on this we show that buffer
tanks can be used to modify the process properties, in order to reduce the
disturbance sensitivity caused by interactions. While traditional buffer
tanks only utilize the amplitude damping properties, we show that the
phase shift of buffer tanks becomes important when integrated in a recycle
loop. In fact, in most cases the largest effect is obtained by using a plug-
flow tank, corresponding to a time delay, rather than a mixing tank.
The reason is that the former gives a larger phase shift for a given tank
residence time. Based on these observations, we derive model based tools,
which can be used to directly design the optimal buffer system, given a
process model and the expected control system bandwidth.

We start the chapter by defining controllability based on linear dy-
namic models. The results by Faanes and Skogestad (2000), on optimal
design of cascaded buffers, are then briefly reviewed, since this forms a
basis for comparisons later. We then present the method used for decom-
posing the plant, and discuss the effect of unit interactions on disturbance
sensitivity by making an analogy to feedback control systems. Based on
this, the effect of mixed buffers and delay tanks, respectively, on the plant
interactions is considered. The results are illustrated by application to a
reactor-separator system with recycle of unconverted reactant. Towards
the end of the chapter, we briefly discuss the effect of integrated buffers
on the plant stability and show that buffers can be used to stabilize un-
stable plants. As an example we consider a heat-integrated fixed-bed
reactor.

4.2 Controllability

4.2.1 Input-Output Controllability

By input-output controllability of a process is here understood the in-
herent ability to achieve a certain control performance using available
measurements and control inputs. The performance may be related to
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attenuation of disturbances and/or tracking of setpoint changes.
It is important to stress that controllability is independent of the

control system and a property of the process only. This can be seen from
a linearized dynamic model of the process

y(s) = G(s)u(s) + Gd(s)d(s) (4.1)

where y is the output to be controlled, u is the control input (actuator)
and d is the disturbance, all in deviations from their nominal steady-
state values. We assume here all signals to be scalar, but extension to
multivariable systems is straightforward. In order to easily assess whether
the required control performance can be obtained, the variables y, u and
d, and hence also the models G(s) and Gd(s), are scaled in such a way
that |d| = 1 corresponds to the maximum expected disturbance, |u| = 1
to the maximum allowed control input, while acceptable performance
corresponds to keeping |y| ≤ 1. Scaling also ensures that all variables
have comparable magnitudes, which further simplifies the controllability
analysis, in particular for multivariable systems.

Consider now a frequency based analysis and define ωd as the fre-
quency where the scaled disturbance gain is unity, i.e.

|Gd(jωd)| = 1 (4.2)

Assume that this frequency is unique. For ω < ωd, we then have |y|/|d| >

1 and hence the disturbance sensitivity needs to be reduced in the fre-
quency range ω ∈ [0, ωd]. This can be achieved either through feedback
control, a modification of the process design, or a combination of the two.
Usually, feedback control is the least expensive solution and thus a modi-
fication of the process design should only be considered, when acceptable
performance can not be achieved through feedback control alone.

Applying the feedback control law u(s) = −C(s)y(s), the system can
be described as

y(s) = S(s)Gd(s)d(s) (4.3)

where
S(s) =

1
1 + G(s)C(s)

(4.4)

is the closed-loop sensitivity function. Acceptable disturbance sensitivity
is obtained when |SGd(jω)| < 1, ∀ω. Define the bandwidth ωB as the
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frequency for which |S(jωB)| = 1. Then, for acceptable disturbance
rejection, we get the bandwidth requirement ωB > ωd, i.e. the control
must be effective at least up to the frequency ωd.

A plant always has fundamental limitations which restrict the high-
est bandwidth ωB that the feedback control system can achieve, even
with the best possible controller. Fundamental limitations come from
the process itself, e.g. in the form of time delays θ and right half plane
(RHP) zeros z. In addition, when restricted complexity controllers are
used, such as PID-controllers, also the phase lag of a plant imposes a
limitation. Assume that the plant model can be written on the form

G(s) =
ke−θs(s − z)

(τ1s + 1)(τ2s + 1) · · · (τns + 1)
(4.5)

where τ1 > τ2 > ... > τn. Then the upper bound on the bandwidth ωB

is approximately determined as

ωB < ωB∗ = 1/θe (4.6)

where θe is the effective delay defined as (Skogestad, 1999)

θe = θ + 1/z + τ2/2 +
∑
i≥3

τi (4.7)

In addition, constraints on the control input u impose a limitation.
In particular, with |y| = |d| = 1, we require |u| = |G−1|(|Gd| − 1) ≤ 1.
Thus, effective feedback control can only be achieved at frequencies for
which (Skogestad and Postlethwaite, 1996)

|G| > |Gd| − 1 (4.8)

For frequencies where this is not satisfied, acceptable disturbance atten-
uation can not be achieved using feedback control alone. The smallest
frequency for which (4.8) is not satisfied is denoted ωBu.

If ωB = min(ωB∗, ωBu) is smaller than ωd, acceptable disturbance
sensitivity can not be achieved using feedback control alone, and some
modification of the process design is required in order to either increase
the attainable bandwidth ωB , or reduce the disturbance sensitivity of the
process in the frequency range ω ∈ [ωB , ωd]. In this chapter we consider
the latter option and base our design modification on the addition of
capacities, or tanks, to the process.
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4.2.2 Controllability of Integrated Process Systems

Plants in the process industries are nowadays usually designed in a highly
integrated fashion, i.e. extensive use of material and energy recycling be-
tween process units is employed for economic and environmental reasons.
The presence of recycling implies that the process units have stronger in-
teractions. In particular, disturbances no longer simply propagate down-
stream, but are fed back from downstream units to upstream units. This
again implies that the behavior of each unit within the overall system
may be highly different from the behavior of the same unit when oper-
ated isolated.

It is well known that the recycling of material and energy can have a
significant impact on the dynamics of a plant. Recycling usually imposes
a positive feedback effect at low frequencies, thereby increasing the low-
frequency disturbance sensitivity as compared to the process without
recycle, e.g. Gilliland et al. (1964). At the same time, slower dynamics
(transients) and reduced stability margins are also commonly observed
due to positive feedback effects imposed by recycling, e.g. Morud and
Skogestad (1994).

These effects usually imply an increased need for control, i.e. an
increased frequency ωd for which the disturbance sensitivity must be re-
duced. However, recycling can in many cases also reduce the controlla-
bility of a plant, i.e. the achievable bandwidth ωB , e.g. due to RHP
zeros from control inputs to outputs and reduced effect of control inputs
(Jacobsen (1999b) and Chapter 3 in this thesis). Thus, recycling usually
increases the need for disturbance attenuation while potentially decreas-
ing the possibility to do so by feedback control. Thus, tighter process
integration usually implies an increased need for process design modifi-
cations in order to achieve desired dynamic properties of the process.

4.3 Cascaded Buffers

One simple and traditional design modification, with the aim of reducing
the disturbance sensitivity of a plant, is the addition of buffer tanks. In
order to minimize investment and operational costs, the buffers should
be designed as complements to the control system. That is, they should
mainly handle disturbances in the frequency range where feedback con-
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trollers can not be made effective due to inherent limitations in the con-
trollability.

Most previous work on buffer design has been carried out for oper-
ational and safety purposes, not focusing on controllability. Often the
total residence time of a buffer system is simply given as a rule of thumb,
e.g. Walas (1987); Wells (1986). Some early methods for buffer design
utilizing system knowledge originated from averaging control, e.g. Buck-
ley (1964); Harriott (1964). Only recently were systematic tools for buffer
design, based on linear controllability analysis, presented in Faanes and
Skogestad (2000, 2003). Using these tools, the design of buffers for tradi-
tional cascaded plants, i.e. units connected in series and parallel, becomes
a quite straightforward task.

For quality (e.g. composition and temperature) disturbances, the
transfer function of a perfectly mixed buffer tank, with incompressible
contents, has the standard form

GB(s) =
1

τBs + 1
(4.9)

where the residence time τB = V/q1 is given by the ratio between the
nominal buffer volume V and the flow q. For flow rate disturbances a
similar transfer-function is obtained with τB = 1/K, where K is the level
control gain. Note that GB(0) = 1; hence the buffer has no effect on the
system at steady state. At higher frequencies, however, |GB(jω)| < 1,
and it is this property that can be exploited to attenuate disturbances
by cascading a buffer next to the process.

As pointed out in Faanes and Skogestad (2000), in order to minimize
the buffer size, the main task should be to reduce the scaled disturbance
sensitivity to be less than 1, where the feedback control system can not
be made effective, i.e. so that |SGdGB(jω)| ≤ 1,∀ω. If we assume
|S(jω)| = 1, ω > ωB , i.e. the control system has no effect above the
bandwidth ωB , and that Gd(s) has low-pass characteristics, then the
buffer design problem simply corresponds to solving the equation

|GdGB(jωB)| = 1 (4.10)

1For gas flows the residence time is proportional to both volume and pressure of

the tank, while for energy flows it is proportional to the total heat-capacity in the

buffer.
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Solution of (4.10) gives the required residence time of a single buffer tank
(Skogestad, 1996)

τB =

√
k2

d − 1
ωB

(4.11)

where
kd = |Gd(jωB)| (4.12)

is the scaled disturbance sensitivity at the control bandwidth ωB .
If the disturbance sensitivity is relatively large at ωB , then it may be

more efficient to employ several buffers in series (Faanes and Skogestad,
2000), i.e.

GB(s) =
1

( τh

n s + 1)n
(4.13)

where τh, the required total residence time of the buffer tanks, is now
given by

τh =
n

√
k

2/n
d − 1

ωB
(4.14)

By minimizing the total residence time with respect to the number of
tanks n, we derive the optimal number of tanks as

n =
log10(kd)

0.356
(4.15)

A derivation of (4.15) is given in Appendix B. Note that the solution n in
general will be non-integer and hence difficult to implement in practice.
One should therefore consider the two integers closest to the optimal
value of n and choose the one with the smallest total residence time τh.

From (4.15) we find that multiple tanks become optimal when kd > 3
and, as a rule of thumb, every time the disturbance sensitivity at ωB

increases by a factor 10, approximately three more buffer tanks should
be used. However, if no significant reduction in total residence time is
achieved, fewer tanks will be favorable in order to lower the investment
and maintenance costs and to reduce phase lag contributions2.

We finally remark that the above results are based on the assumption
that the process has low-pass characteristics so that reducing the distur-
bance sensitivity to be unity at ωB will reduce the sensitivity to be less

2The contribution of the phase lag is important only when the location of buffer

tanks has an influence on the effect of control inputs.
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than 1 for all frequencies ω > ωB . This will hold in all cases in which
the sensitivity |Gd(jω)| is decreasing in the region ω ∈ [ωB , ωd]. If this
is not the case, and |Gd| has a peak Mp at ωp ∈ [ωB , ωd], then the buffer
should be designed as

τh = max(np

√
M

2/np
p − 1/ωp, n

√
k

2/n
d − 1/ωB) (4.16)

where np is calculated from (4.15) with kd = Mp.

Example 4.1. Chemical reaction followed by separation and recycling
of unconverted reactant is a typical process arrangement in the process
industry. Figure 4.1 shows the simple reactor-separator system we will
consider here.

L

V

+
+

   A+R -> R+R

H

F0, xF0

F, xF

xR

B, xB

D, yD

Figure 4.1: Reactor-separator system.

We will throughout most of the chapter use a simple low-order model
to represent the reactor-separator system. Towards the end of the chapter
we will, however, consider an example involving a more rigorous model.

For the case of flow disturbances it is necessary to design a level con-
trol system for the process; then have to deal with the issue of also choos-
ing the optimal control configuration. To keep the exposition simple, we
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therefore restrict the examples here to consider composition related distur-
bances only, considering in particular disturbances in the feed composition
xF0.

The individual model for the reactor is assumed to be

dxR =
0.42

2s + 1︸ ︷︷ ︸
Gr

(dxF0 + dxB) (4.17)

where xR is the fraction of the reaction product in the reactor and xF0

and xB are the corresponding fractions in the two feed flows, F0 and B,
respectively. By “individual model” we here imply that the input xB is
assumed to be an independent variable when deriving the model, while in
the overall plant xB is determined by the separation unit.

For the separator we employ the individual model

dyD =
0.09

10s + 1︸ ︷︷ ︸
Gc1

dxR; dxB =
2

10s + 1︸ ︷︷ ︸
Gc2

dxR (4.18)

where yD and xB are the product fractions in the two product flows of
the separator.

The recycle flow is assumed to be equal to the fresh feed flow, i.e.
B = F0. Combining the two models (4.17) and (4.18), i.e. by eliminating
xR and xB, we obtain the overall transfer-function from the disturbance
xF0 to the product composition yD

yD(s) =
0.236

(73s + 1)(1.7s + 1)
xF0(s) (4.19)

We assume that the feed composition xF0 at most can change by 20% and
that acceptable deviations in the product composition yD is ±0.005. This
implies that the disturbance model (4.19) should be scaled by a factor 40.
Thus the scaled disturbance model becomes

Gd(s) =
9.45

(73s + 1)(1.7s + 1)
(4.20)

Figure 4.2 shows the frequency response of Gd. Recall that, since the
model is scaled, acceptable disturbance sensitivity corresponds to |Gd(jω)|
< 1 ∀ ω > ωB where ωB is the expected bandwidth of the control system.
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Figure 4.2: Reactor-separator system. Frequency response of distillate
composition yD to the disturbance feed composition xF0. Dashed line
shows response after addition of cascaded buffer with residence time τB =
45.4 min.

From Figure 4.2 we find that the disturbance sensitivity exceeds 1, and
hence needs to be reduced, for all frequencies up to ωd = 0.125. To achieve
this using feedback control only requires a corresponding bandwidth ωB =
ωd, or a closed-loop time-constant of approximately 1/ωB = 8 min. If
the achievable bandwidth is less than this, then the process design must
be modified to reduce the disturbance sensitivity for ω ∈ [ωB , ωd].

Assume that measurement delays and actuator dynamics prevent us to
achieve a bandwidth exceeding ωB = 0.05, corresponding to a closed-loop
time-constant of approximately 20 min. Then we find that the process
disturbance sensitivity must be reduced by a factor kd = 2.5 at ω = 0.05.
The required size of a cascaded mixed buffer system that achieves this can
be calculated using (4.14) and (4.15), from which we find that the optimal
case is to have a single tank with residence time τB = 45.4 min. The
resulting modified disturbance sensitivity is shown in Figure 4.2.

As seen from (4.14) and (4.15), the optimal number and total size
of the buffer tanks will depend on the achievable control bandwidth ωB

and the disturbance sensitivity kd at this frequency. Figure 4.3 shows the
optimal residence time of the buffer system as a function of the control



78 4 Design for Reduced Disturbance Sensitivity of Integrated Plants

bandwidth for the reactor-separator system. The corresponding number
of tanks is 3 for bandwidths lower than 0.01, 2 for bandwidths between
0.01 and 0.04 and 1 tank only for higher bandwidths.
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Figure 4.3: Reactor-separator system. Total cascaded mixed buffer
residence time required to reduce disturbance sensitivity to 1 for different
control bandwidths ωB .

We will next consider whether we can reduce the required buffer size
by integrating the buffer with the process, rather than simply cascading
it.

4.4 Integrated Buffers

In a traditional cascaded plant there exists only limited interaction be-
tween the process units; downstream units simply see upstream units
as sources of disturbances. A traditional cascaded buffer tank serves to
directly dampen the magnitude of these disturbances. However, in an in-
tegrated plant, the disturbances are propagated also upstream by recycle
flows and hence the overall disturbance sensitivity is largely determined
by interactions between the process units. Thus, one can potentially use
a buffer tank placed inside a recycle loop to modify these interactions.
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4.4.1 Disturbance Sensitivity in Plants with Recycle

To better understand how the process unit interactions affect the overall
disturbance sensitivity of a plant with recycle, we here employ a linear
systems representation. A block diagram for a typical recycle process is
shown in Figure 4.4. Note that we for simplicity assume all variables to
be scalar and that the disturbances act on the output via variables in the
recycle loop only. We discuss later how these assumptions can be relaxed.
Here Gf (s) is the transfer function of the forward path of the recycle loop,

1

d y
+ 2

3

Gf (s)Gs1(s)
Gs2(s)

GR(s)

Figure 4.4: Block diagram representation of a typical recycle system.
The numbers 1, 2 and 3 denote possible locations for a buffer tank.

GR(s) represents the recycle path transfer function and Gs1(s), Gs2(s) are
transfer functions representing process units placed outside the recycle
loop. For instance, for the reactor-separator in Figure 4.1 with xF0 as
input and yD as output, the reactor is in the forward loop, the separator
bottoms in the recycle path, while the effect of reactor composition xR

on the top of the column yD is external to the loop. Note that we here
include variable scaling, as discussed above, in Gs1(s) and Gs2(s), so that
|d| ≤ 1, |y| ≤ 1 correspond to acceptable performance. Also note that
all transfer-functions in Figure 4.4 are derived for the unit operations
individually, i.e. with the recycle flow replaced by an equivalent constant
fixed flow.

The block-diagram in Figure 4.4 can be put on the simpler standard
form shown in Figure 4.5 with

G0 = GfGR ; Gk =
Gs1Gs2

GR
(4.21)
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+
d y

G0(s)Gk(s)

Figure 4.5: Block diagram for a normalized recycle system.

With this representation the overall scaled disturbance sensitivity be-
comes

Gd(s) =
y(s)
d(s)

=
Gk(s)G0(s)
1 − G0(s)

(4.22)

Based on (4.22), we are in a position to divide the overall disturbance
sensitivity into one part caused by the individual units, i.e. the forward
part Gk(s)G0(s), and one part caused by the unit interactions, i.e. the
feedback part

Sp(s) =
1

1 − G0(s)
(4.23)

The function Sp, which describes the feedback amplification of distur-
bances, is known as the sensitivity function in feedback control theory.
Here we correspondingly label it the process sensitivity function, to em-
phasize that it describes the relative change in disturbance sensitivity
due to the physical feedback present in the process itself. Note that a
cascaded buffer, as discussed above, only will affect the forward sensitiv-
ity and will not have any effect on the sensitivity due to feedback, i.e.
the process sensitivity function Sp.

In feedback control systems, the sensitivity is typically made small at
low frequencies by making the loop-gain |G0| large and the phase ∠G0

close to −π (negative feedback). However, a typical process unit has a
positive steady-state gain, e.g. increasing composition of a component
into a reactor or separator eventually increases the outlet composition,
and hence ∠G0(0) = 0. If we also assume stability of the individual
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process units as well as of the integrated plant, then it follows from
Bode’s stability theorem that G0(0) < 1. With these assumptions we get
from (4.23) that

Sp(0) > 1 (4.24)

Thus, for most processes the physical feedback imposed by recycling will
serve to increase the steady-state disturbance sensitivity. This is a well
known fact, see e.g. Gilliland et al. (1964).

For higher frequencies, the gain |G0(jω)| and phase lag ∠G0(jω) of
the process units will however change and hence the feedback properties
will also change with frequency. For feedback systems, which are open-
loop stable, i.e. individual process units stable, and for which there are
at least two more poles than zeros in G0(s), the Bode Sensitivity Integral
applies ∫ ∞

0

ln|Sp(jω)|dω = 0 (4.25)

See e.g. Skogestad and Postlethwaite (1996). According to (4.25), if
|Sp| > 1 for some frequencies, then we must have |Sp| < 1 for some
other frequencies. Thus, while recycling serves to increase the disturbance
sensitivity at some frequencies it will effectively reduce the disturbance
sensitivity at other frequencies.

Figure 4.6 shows the process sensitivity function |Sp| for the reactor-
separator process in Example 4.1. As can be seen, the recycle serves to
increase the disturbance sensitivity by a factor more than 6 at low fre-
quencies, while it serves to slightly attenuate disturbances for frequencies
above 0.15 rad/s.

Thus, we can conclude that while recycling typically provides distur-
bance amplification at low frequencies, it will always provide disturbance
attenuation in some frequency range. This suggests that a design modifi-
cation aimed at reduced disturbance sensitivity should, at least partially,
aim at modifying the properties of the loop units so that the recycling
provides disturbance attenuation, rather than amplification, in the fre-
quency range where feedback controllers can not be made effective, i.e.
around the control system bandwidth ωB .

To better understand the conditions for when the feedback imposed
by recycling will provide disturbance damping, consider Figure 4.7. Ac-
cording to (4.23), the feedback provides sensitivity reduction when |1 −
G0(jω)| > 1, i.e. when the distance from the point 1 to the frequency
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Figure 4.6: Process sensitivity function Sp as a function of frequency
for reactor-separator in Example 4.1.
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Figure 4.7: Region (scratched) of complex plane where the frequency
response of the recycle loop G0(jω) should be for recycle feedback to
provide disturbance damping.

response G0(jω) in the complex plane exceeds unity. Thus, |Sp| < 1
when G0(jω) is outside a circle with centre at 1 and radius 1. See Figure
4.7. If we also assume that |G0(jω)| < 1 ∀ω, corresponding to assuming
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that the process units has low-pass properties and that recycling does not
affect stability, which applies to most process units, then we get that the
feedback imposed by recycling will provide disturbance damping when
the frequency response G0(jω) is within the scratched region of Figure
4.7.

Write the frequency response of the loop transfer-function G0 on polar
form

G0(jω) = rejθ (4.26)

where r = |G0(jω)| and θ = ∠G0(jω). Then, the region outside the
white circle in Figure 4.7, i.e. for which |1 − G0| > 1 corresponding to
disturbance damping from recycling, can be shown to correspond to

cos(θ) <
r

2
(4.27)

With the additional condition 0 < r < 1, a sufficient condition for |Sp| <

1 is that θ ∈ [−3π/2,−π/2] while θ ∈ [−π/3, π/3] is a sufficient condition
for |Sp| > 1. For other values of θ the conclusion will depend on the
size of r. The minimum sensitivity is achieved for θ = −π and r = 1 for
which |Sp| = 0.5.

By integrating a buffer in the recycle loop, we will modify both the
loop-gain r as well as the phase-lag θ and can therefore expect to sig-
nificantly modify the feedback properties. In particular, from the above
discussion we see that the phase lag of the loop is crucial to obtain re-
duced disturbance sensitivity from process unit interactions. We consider
this in more detail below.

4.4.2 Integrated Mixed Buffer Tank

We here consider adding a mixed buffer, with transfer-function

GB(s) =
1

τBs + 1
(4.28)

inside the recycle loop of a process system, with the aim of modifying
the recycle feedback properties. In principle, we may add the buffer tank
either in the forward path of the recycle loop (location 2 in Figure 4.4)
or in the recycle path (location 3 in Figure 4.4). However, placing a
buffer tank in the forward path can easily be shown to be equivalent to
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combining a buffer tank outside the loop, i.e. cascaded, with one in the
recycle path. This follows from the fact that the flow in position 2 equals
the sum of the flows in position 1 and 3, i.e. q2 = q1 + q3. We therefore
first consider placement in the recycle path and consider a combination
of cascaded and integrated buffers later.

When a buffer is located in the recycle path of the loop, the transfer
function for the disturbance sensitivity of the modified process becomes

Gd1(s) =
y(s)
d(s)

=
Gk(s)G0(s)

1 − G0(s)GB(s)
(4.29)

where the residence time of GB(s) is given by τB = V/q3 and q3 is the
recycle flow, i.e. the flow at position 3 in Figure 4.4.

The aim of the buffer design is to determine τB so that

|Gd1(τB , jωB)| = 1 (4.30)

Write the frequency response of the recycle loop without the buffer, i.e.
with τB = 0, at ωB as

G0(jωB) = rejθ (4.31)

Similarly, the frequency response of a single first order buffer at the fre-
quency ωB is given by

1
GB

(jωB) = τBωBi + 1 (4.32)

The required buffer residence time can now be determined by inserting
the frequency responses into (4.29) and solving for |Gd1(jωB)| = 1. This
gives the required residence time of the buffer as

τB =
rsinθ ± √

r2sin2θ + (k2
d − 1)(1 − k2r2)(kr/kd)2

(1 − k2r2) ωB
(4.33)

where k = |Gk(jωB)|.
Note that the values of τB , as computed from (4.33), may not be

physically realizable, being either complex or negative. If no solutions
of (4.33) are positive real, it simply implies that the required buffering
effect can not be achieved with a mixed buffer placed in the recycle path.
When there are two positive roots τB1 and τB2 of (4.33), the smallest
value gives the optimal residence time. Also note that in this case only
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buffers with residence time τB ∈ (τB1, τB2) could effectively attenuate
|Gd1(jωB)| to be less than 1.

Although it may not be possible to reduce the disturbance sensitiv-
ity to 1 at ωB , i.e. (4.33) lacks a real positive solution, it may still be
advantageous to place a mixed buffer in the recycle path to get a partial
reduction of the disturbance sensitivity. One possibility is to search for
the largest k, such that kd > 1, for which (4.33) has a real positive solu-
tion. If there exists no real positive solution for any k, such that kd > 1,
it means that adding a buffer in the recycle loop will have a deteriorating
effect on the feedback properties of the recycle. Based on the discussion
above, on when recycling will provide disturbance damping, we find that
a buffer in the recycle path will always deteriorate the feedback proper-
ties, i.e. increase |Sp(jωB)|, when the phase-lag of the recycle loop is in
the range θ ∈ [−3π/2,−π]. This follows from the fact that a single mixed
buffer has a gain r < 1 and a phase-lag in the range θB ∈ [−π/2, 0]. It
will thus move G0(jωB)GB(jωB) closer to the point 1 in the complex
plane, thereby decreasing |1 − G0GB(jωB)|. See also Figure 4.7.

Example 4.2. The reactor-separator problem in Example 4.1 revisited.
Writing the reactor-separator system in the form shown in Figure 4.5, we
have

G0(s) = Gr(s)Gc2(s) ; Gk(s) = 40
Gc1(s)
Gc2(s)

(4.34)

From (4.33) we find that the smallest frequency for which the integrated
buffer can reduce the disturbance sensitivity |Gd1(jω)| to 1 is ω = 0.09,
at which the disturbance sensitivity is kd = 1.4. For this bandwidth
an integrated buffer with residence time τB = 8.3 min is sufficient. A
buffer cascaded with the process requires a slightly higher residence time
of τB = 10.9 min. If we assume that the control system bandwidth is
limited to ωB = 0.05, then an integrated buffer is not sufficient. How-
ever, Figure 4.8 shows the overall disturbance sensitivity as a function
of the buffer residence time at ω = 0.05, with an integrated and cascaded
buffer, respectively. As can be seen, the integrated buffer is significantly
more effective in reducing the disturbance sensitivity at low τB, but is not
able to reduce the disturbance sensitivity below 1.25. and in fact increases
the sensitivity if τB is increased further. This latter effect is explained by
the fact that increasing the buffer size further will start to increase the
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Figure 4.8: Reactor-Separator system. Disturbance sensitivity at ωB =
0.05 rad/min as a function of buffer residence time for integrated mixed
buffer (solid) and cascaded mixed buffer (dashed), respectively.
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Figure 4.9: Reactor-Separator system. Process sensitivity function Sp

prior to (dashed) and after (solid) addition of a mixed buffer with resi-
dence time τB = 20 min in the recycle path.
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process sensitivity function |Sp| due to phase-lag effects.
The effect of an integrated buffer on the process sensitivity is illus-

trated in Figure 4.9, which shows the process sensitivity of the reactor-
separator process before and after the addition of a buffer with residence
time τB = 20min. As can be seen, the buffer significantly reduces the
sensitivity in the frequency range ω ∈ [0.002, 0.2], while it increases the
sensitivity slightly for ω > 0.2.

4.4.3 Buffers in Series

As seen from the above, the phase-lag property of a buffer is impor-
tant for the effective disturbance reduction achieved when placed inside
a recycle loop. For a single buffer tank, the phase-lag is restricted to
∠GB ∈ [−π/2, 0] and is furthermore directly connected to the amplitude
|GB |. By allowing for several tanks connected in series, we can increase
the phase-lag. By adjusting the number of tanks we can also decouple
the amplitude from the phase-lag contribution. Thus, to get the opti-
mal effect of buffers on the process sensitivity, one should optimize with
respect to the number of tanks.

For a given level of disturbance attenuation, i.e. reducing the distur-
bance sensitivity at the frequency ωB to 1, a buffer at the recycle path
should satisfy

|Gd1(jωB)| = | GkG0

1 − G0GB
(jωB)| = 1 (4.35)

or, equivalently,
| 1
G0(jωB)

− GB(jωB)| = k (4.36)

where k = |Gk(jωB)|. With n tanks, a buffer system GB(jωB) can in
general be expressed as GB(jωB) = (rBejθB )n, where rB = n

√|GB(jωB)|
and θB = ∠GB(jωB)/n are the amplitude and phase-lag of a single tank,
respectively. Since for a system of n buffer tanks in series, GB(jωB) =
1/(τBjωB + 1)n, we get that rB = cosnθB .

Thus, by inserting
G0(jωB) = rejθ

and
GB(jωB) = cosnθBej(nθB) (4.37)
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into (4.36), we can solve the equation using the law of cosines to obtain

cos2nθB − 2r−1cosnθBcos(θ + nθB) + r−2 − k2 = 0 (4.38)

By solving the nth order equation (4.38) with respect to θB, given n, the
required total residence time of the buffer system GB is given by

nτB = −n tanθB/ωB (4.39)

In case there does not exist a positive real solution to (4.39), it implies
that the required disturbances sensitivity reduction can not be achieved
with n mixed buffers placed in the recycle path. To determine the optimal
number of tanks, one can simply solve (4.38) and (4.39) for different
values of n and choose the one that gives the smallest total residence
time.

Example 4.3. Reactor-separator problem in Example 4.1 revisited. If we
consider the control system bandwidth ωB = 0.05 we find that equation
(4.38)-(4.39) does not have a positive real solution for n ≤ 3. However,
for n = 4 we find that the total residence time τB = 30.2min will reduce
the disturbance sensitivity |Gd1| to 1 at ω = 0.05 rad/min. For a cascaded
buffer we found that a residence time τB = 45.4 min was required. Since
the recycle flow equals the fresh feed flow, this implies a 35% reduction
in required buffer volume. As seen from the disturbance sensitivities in
Figure 4.10, the integrated buffer system is more effective at reducing
the disturbance sensitivity below ωB, while the cascaded buffer is more
effective at higher frequencies (where it is not needed). By increasing
n further we find that the total required buffer volume can be reduced
further, e.g. for n = 5 the required total residence time is τB = 27.9 min

and for n = 6 we find τB = 26.8 min. Note, however, that the cost of
a buffer system in general will increase with the number of tanks for a
given total volume. Below we show that, by avoiding mixing in the buffer
tanks, there is in fact no need for several tanks.

Above we assumed all disturbances to act on the output via variables
in the recycle loop only, i.e. the relationship could be represented by the
block diagram in Figure 4.4. For most disturbances in integrated plants
this is also the case, since most disturbances will act across several process
units, of which some are part of the recycle loop. However, note that when
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Figure 4.10: Disturbance sensitivity of Reactor-Separator system.
Dashed: original, Solid: with 4 mixed buffers with total residence time
4τB = 30.2 min in recycle path. Dotted: with a mixed buffer with resi-
dence time τB = 45.4 min cascaded with the process.

a disturbance has a direct effect on the output, which does not involve
variables in the recycle loop, then the feedback effect imposed by recycling
will be an additive effect; one effect which is direct and one indirect
effect which comes via the feedback loop and hence is proportional to the
process sensitivity Sp. For instance, this will be the case if we consider
the effect of disturbances in reflux L on the distillate composition yD for
the reactor-separator plant. For such cases, the direct effect can only
be treated by a cascaded mixed buffer while the indirect effect can be
treated by considering integrated buffers.

4.4.4 Integrated Delay Tank

As described above, the aim of integrating a buffer is to reduce the effect
of process unit interactions on the overall disturbance sensitivity, i.e.
to reduce |Sp(jωB)|. According to (4.23), this corresponds to increasing
|1−G0GB(jωB)|. The geometrical interpretation is that the buffer should
be used to increase the distance of the loop-gain G0GB(jωB) from the
point 1 in the complex plane. See also Figure 4.7.
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Let us first consider the integrated buffer that will give the mini-
mum process sensitivity at ωB . Write the frequency response of the loop
transfer-function G0 and the buffer GB , respectively, on polar form

G0(jωB) = rejθ ; GB(jωB) = rBejθB (4.40)

As before we assume r < 1 and for a buffer we always have that rB ≤ 1.
Then, the maximum of |1 − rrBej(θ+θB)| is achieved for rB = 1 and
θB = −θ − (2m + 1)π, with m an integer, and this yields the minimum
sensitivity function

min
GB

|Sp(jωB)| =
1

1 + r
(4.41)

Thus, the buffer GB(s) which yields the minimum process sensitivity
function has unit magnitude and a non-zero phase-lag. This can be
achieved with an infinite number of mixed tanks in series, or equivalently,
by a pure delay process

GB(s) = e−τBs (4.42)

Such a delay process can be realized by a plug-flow tank with residence
time τB .

The optimal solution to the buffer design problem, i.e. to make
the disturbance sensitivity |Gd1(jωB)| = 1 for the smallest total buffer
volume, does not necessarily correspond to making |Sp(jωB)| minimal.
However, we find that for most values of G0(jωB), the distance |1 −
G0GB(jωB)| is indeed maximized for a given τB by employing GB(s) =
e−τBs, i.e. a pure delay.

By integrating a delay GB = e−τBs in the recycle path, the transfer-
function for the modified disturbance sensitivity becomes

Gd2 =
GkG0

1 − G0e−τBs
(4.43)

and the frequency response at ω = ωB

|Gd2(jωB)| =
kr

|1 − rej(θ−τBωB)| (4.44)

where r and θ are defined by (4.40) and k = |Gk(jωB)|. The requirement
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|Gd2(jωB)| = 1 then yields

τB = (θ + cos−1(
1 + (1 − k2)r2

2r︸ ︷︷ ︸
E1

))/ωB (4.45)

Note that the addition of a delay will not always be sufficient to reduce
the overall disturbance sensitivity |Gd2| to 1 at ωB . This will occur when
reducing the process sensitivity function to its minimum |Sp| = 1/(1+ r)
is not sufficient to reduce the total disturbance sensitivity kd = kr|Sp| to
be less than 1, i.e. when

kr

1 + r
≥ 1 (4.46)

This is equivalent to the magnitude of E1 in (4.45) exceeding 1 and
implies that (4.45) does not have a solution.

Example 4.4. Reactor-separator problem in Example 4.1 revisited. With
ωB = 0.05 we find from (4.45) that a delay tank with residence time
τB = 23.5 min will reduce the overall disturbance sensitivity to 1 at ωB.
The resulting disturbance frequency response and process sensitivity are
shown in Figure 4.11.

As can be seen, the delay reduces the process sensitivity function at
ωB from about 2 to 0.7, i.e. almost by a factor 3. Note that the delay
introduces a resonance in the system such that the sensitivity is increased
at higher frequencies. However, the total disturbance sensitivity |Gd2|
stays less than 1 for all frequencies above the bandwidth. The required
delay tank size is almost half of the optimal mixed cascaded buffer which
requires a residence time of τB = 45.4 min.

The effective filtering effect obtained by an integrated delay with resi-
dence time τB = 23.5 and a corresponding cascaded buffer with the same
residence time is shown in Figure 4.12. As can be seen, the filtering effect
of the delay tank is almost twice as large as the one of the cascaded mixed
tank at the frequency ω = 0.05.

Figure 4.13 shows the required residence time of an integrated delay
tank as a function of the control system bandwidth. As can be seen the
difference between an integrated delay buffer and a cascaded mixed buffer
becomes even more significant for lower control bandwidths.



92 4 Design for Reduced Disturbance Sensitivity of Integrated Plants

10
−4

10
−3

10
−2

10
−1

10
0

10
−2

10
−1

10
0

10
1

ω [rad/min]

|G
d
|

10
−4

10
−3

10
−2

10
−1

10
0

10
0

10
1

ω [rad/min]

|S
p
|

Figure 4.11: Reactor-Separator system with delay tank with residence
time τB = 23.5 min integrated in recycle loop. Top: disturbance sen-
sitivity Gd. Bottom: process sensitivity function Sp. Solid line: delay
buffer. Dashed line: original process. dotted line: cascaded buffer with
τB = 45.4 min.
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Figure 4.12: Reactor-Separator system. Effective disturbance filter-
ing for an integrated delay tank (solid) and for a cascaded mixed tank
(dashed), respectively, both with residence time τB = 23.5 min.
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Figure 4.13: Reactor-separator system. Required residence time of
integrated delay (solid) and cascaded mixed buffer (dashed) to reduce
disturbance sensitivity to one at control system bandwidth ωB . Dash-
dotted line shows required total residence time of delay tank combined
with mixed tank to reduce resonance peaks below one, i.e. so that sensi-
tivity is less than one for all frequencies above ωB .
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As noted above, integrating a delay in the recycle path can give rise
to resonance peaks in the disturbance sensitivity. The fact that a delay
in a feedback system can give rise to resonance peaks is well known. It
is explained by the large shift in phase-lag with frequency, which makes
the system switch between positive and negative feedback, resulting in
resonance peaks at frequencies with positive feedback, i.e. at which
∠G0GB = 0 + m2π. Denn and Lavie (1982) considered the effect of
transport delays on recycle processes and found that severe resonances
would occur when the delay was of the same order of magnitude as the
process unit time-constant. However, we find that the resonances do not
necessarily represent a problem since they occur at frequencies where the
forward path of the process has relatively small disturbance gain, i.e.
they are filtered by the process, as seen for the example above.

In order to check whether resonances will represent a problem, one
should consider the disturbance sensitivity at the first resonance fre-
quency ω0, which will have the maximum peak. This frequency is given
by

∠G0(jω0) − τBω0 = −2π (4.47)

and the requirement is
k0r0

1 − r0
≤ 1 (4.48)

where k0 = |Gk(jω0)| and r0 = |G0(jω0)|. If the requirement is not
fulfilled, then a mixed cascaded buffer needs to be added in order to
reduce the resonance peak to one. In general, this can be achieved by
numerically solving the equations |Gd(jωB)| = 1 and |Gd(jω0)| = 1 for
the residence times of a cascaded mixed buffer and an integrated delay
tank. The pure delay tank solution, i.e. the solution to (4.45), should
then serve as the starting point so as to find the solution closest to a pure
delay, i.e. corresponding to the minimum required cascaded mixed buffer
needed to bring down the first resonance peak to one.

For the reactor-separator example, we find that there will exist res-
onance peaks exceeding 1 if a pure delay tank is used to reduce the
disturbance sensitivity to 1 at a frequency ωB < 0.049. The total res-
idence time of a combined integrated delay tank and a cascaded mixed
tank, such that the disturbance sensitivity is reduced to one at ωB as
well as at the first resonance frequency ω0, is shown by the dash-dotted
line in Figure 4.13. Note that the size of the delay tank in this case is
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reduced compared to the pure delay tank solution, but that the total
required residence time increases slightly due to the use of a cascaded
mixed buffer.

Below we discuss the combined use of integrated delay tanks and
cascaded mixed tanks in more detail.

4.4.5 Combined Cascaded Tanks and Delay Tank

As seen above, integrating a delay tank in the recycle path will often
be more effective for disturbance attenuation than a traditional cascaded
mixed buffer tank. However, this does not necessarily imply that the
optimal solution, in terms of minimum total buffer volume, is to use a
delay tank only. In fact, as discussed above, it may not even be feasible
to get the desired disturbance attenuation using a delay tank only. In
the general case, the optimal solution will consist of a delay tank in the
recycle path combined with one or more mixed tanks placed outside the
recycle loop, i.e. cascaded with the overall process. This follows from the
fact that the optimal use of a capacity inside a recycle loop, as shown
above, in general is a single delay tank, i.e. a mixed tank should in
general not be placed inside the recycle loop.

The overall disturbance sensitivity of a recycle plant represented by
the block-diagram in Figure 4.5, with a cascaded mixed buffer GB1(s)
placed at position 1 and an integrated delay tank GB3(s) placed at posi-
tion 3, is given by (4.22), i.e.

Gd(s) =
Gk(s)G0(s)GB1(s)
1 − G0(s)GB3(s)

= GF (s)Sp(s) (4.49)

where
GF (s) = Gk(s)G0(s)GB1(s) (4.50)

is the transfer-function of the forward (downstream) path of the process
and

Sp(s) = 1/(1 − G0(s)GB3(s)) (4.51)

is the process sensitivity function. The buffer transfer-functions are

GB1(s) =
1

τB1s + 1
; GB3(s) = e−τB3s (4.52)
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At the control system bandwidth ωB we have, with τB1 = τB3 = 0,

|GF (jωB)||Sp(jωB)| = kd (4.53)

and the aim is to reduce it by a factor kd, i.e. so that the disturbance
sensitivity becomes 1 at ωB . As can be seen from (4.53), this can be
achieved either by reducing |GF |, using a cascaded buffer, or by reducing
|Sp|, using an integrated delay tank, or through a combination of the two.
To determine the optimal combination, i.e. requiring the smallest total
tank volume, we introduce a factor ks, which determines the distribution
of the overall disturbance sensitivity reduction between the cascaded and
integrated buffers, i.e. so that

ks|GF (jωB)| = 1 ∧ 1
ks

|Sp(jωB)| = 1 (4.54)

The optimization problem then consists of minimizing the total buffer
volume3 using ks, i.e.

min
ks

(τB1q1 + τB3q3) s.t. |Gd(jωB)| = 1 (4.55)

where q1 and q3 are the flow rates4 at position 1 and 3 in Figure 4.5,
respectively. This optimization problem can in principle be solved using
numerical optimization, but will in general be non-convex, i.e. have local
minima. We therefore aim at a direct algebraic solution instead.

Introduce kdF = |ksGF (jωB)| and kp = |1/(ksG0(jωB))|. Then the
total volume can be computed from (4.11) and (4.45)

f = V1 + V3 = τB1q1 + τB3q3 (4.56)

= q1

√
(kdF )2 − 1

ωB
+ q3

θ + cos−1( 1+(1−k2
p)r2

2r )
ωB

(4.57)

=
1

ωB

(
q1

√
(kskr)2 − 1 + q3(θ + cos−1(

1 + r2 − 1/k2
s

2r
))

)
(4.58)

where G0(jωB) = rejθ and k = |Gk(jωB)|. At the minimum of f , with
respect to ks, the derivative is zero, i.e.

df

dks
= 0 (4.59)

3We do not distinguish between the cost of mixed tanks versus flow tanks here,

but this can of course easily be incorporated.
4Similar derivations can be done for pressurized gas tanks and energy capacities

by considering the quantity holdup.
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Inserting (4.58) into (4.59) and solving (4.59), yields

df

dks
=

1
ωB


 (kr)2ksq1√

(kskr)2 − 1
− 2q3

k3
s

√
4r2 − (1 + r2 − 1

k2
s
)2


 = 0 (4.60)

The optimal factor ks can be obtained by simplifying (4.60) to yield

q2
1(krks)4((k2

s(1 + r2) − 1)2 − 4r2k4
s) + 4q2

3((krks)2 − 1) = 0 (4.61)

This is an 8th order equation in ks, for which all solutions easily can be
obtained numerically. To simplify the calculations, write equation (4.61)
in terms of k2 = k2

s

ak4
2 + bk3

2 + ck2
2 + dk2 + e = 0 (4.62)

with
a = q2

1k4r4(r2 − 1)2 ; b = −2q2
1k4r4(r2 + 1)

c = q2
1k4r4 ; d = 4q2

3k2r2 ; e = −4q2
3

Since we require ks real and positive, equation (4.61) will at most have
four solutions, of which some will correspond to maxima and some to
minima of the function f . Some of the solutions are not feasible since we
can not have negative size buffers, i.e. τB1 ≥ 0, τB3 ≥ 0. Non-negative
buffers corresponds to requiring ks ∈ [1/(kr), kd/(kr)]. Furthermore,
we found above that the minimum achievable process sensitivity function
Sp = 1/(1 + r), which occurs when we have a total loop phase-lag of −π

at ω = ωB . This implies that we require ks > 1/(1 + r). Thus, feasible
solution ks must lie within

ks ∈ [max{1/(kr), 1/(1 + r)}, kd/(kr)] (4.63)

In summary, the optimization problem is non-convex with several
minima and also constrained in the argument. The global minima can
be determined by evaluating the total volume (4.58) at all solutions ks

of (4.61) that lie within the bounds (4.63) as well as the values of ks

corresponding to the boundaries of (4.63) and then selecting the solution
which gives the minimum volume.

Note that we above assumed that the cascaded buffer consists of a
single mixing tank. However, according to (4.15), if the required distur-
bance attenuation by the cascaded buffer exceeds 3, several tanks should
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be used. We here simply propose that one solves the problem for a single
tank, and if the resulting kdF > 3, one should implement the cascaded
buffer with the appropriate n and τB1 according to (4.15) and (4.14).

Finally, it needs to be verified that the optimal solution does not imply
resonance peaks such that |Gd(jω0)| > 1 for some ω0 > ωB. Again, if
this is the case, one should simply solve the combined problem

|Gd(jωB)| = 1 ∧ |Gd(jω0)| = 1 (4.64)

for the residence times of the cascaded mixed tank and the integrated
delay tank. This should be done by starting at the optimal solution and
then using a standard Newton search to find the closest solution to the
combined problem (4.64). Note that ω0 in (4.64) is not a fixed frequency,
but is the frequency of the first resonance peak of |Gd| and will hence
vary with the buffer residence times.

Example 4.5. Reactor-separator problem in Example 4.1 revisited. With
ωB = 0.05, and q1 = q3 = 1, we find that (4.61) has no solutions for ks

within the boundaries (4.63). Thus, the optimal solution is in this case
found at the boundaries of the set of feasible ks. From evaluation of f

at the boundaries, the minimum is found to exist for the lower boundary
ks = 0.743, which corresponds to a pure delay tank

τB1 = 0 ; τB3 = 23.5 min (4.65)

This solution does not give a resonance peak exceeding 1 for any ω0 > ωB.
If we increase the disturbance magnitude by 25%, i.e. increase the

scaling factor in (4.17) from 40 to 50, then we find that (4.61) has two
real positive solutions ks = 0.603 and ks = 0.818 that lie within the
boundaries given by (4.63). Evaluation of the total required volume at
these values, as well as at the boundary values, yields that the minimum
total volume is achieved for ks = 0.818, which yields

τB1 = 18.8 min ; τB3 = 19.3 min (4.66)

Thus, the optimal solution is in this case a combination of an integrated
delay tank and a cascaded mixed buffer. A simple check verifies that there
is no resonance peak exceeding 1 for this solution. Note that it also in this
case is feasible to reduce the sensitivity to 1 using either a single delay
tank or a single cascaded buffer only, but that this will require a larger
tank volume than the optimal solution.
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4.5 Application to an Autocatalytic Reactor-

Separator System

In the examples above we employed simple low-order models to represent
a reactor-separator process. We here consider a more realistic example,
involving a CSTR with an autocatalytic reaction followed by a distillation
column. See Figure 4.1. The fresh feed to the process contains a pure
component A, which is converted into a desired product R by means of
the simple reaction

A + R → 2R rR = k0xR(1 − xR) (4.67)

The aim of the process is to produce a product with 99.5% component
R, corresponding to the distillate composition yD = 0.995. In order to
minimize reactor volume, one should operate the reactor at the maxi-
mum reaction rate, corresponding to 50% conversion. However, we here
choose to move away from this point, since the optimum operating point
is uncontrollable, as shown in Jacobsen (1999b). We therefore choose an
operating point corresponding to a reactor composition xR = 0.55. The
data for the process are given in Table 4.1. The dynamic model we em-
ploy assumes a perfectly mixed isothermal reactor (CSTR) and an ideal
distillation column with constant plate holdups and constant molar flows.

We consider here disturbances of up to 20% in the reaction rate con-
stant k0, which can e.g. be caused by temperature variations in the
incoming feed. Acceptable deviation in the product composition is as-
sumed to be 0.005, i.e. we required yD(t) > 0.99 ∀t. To obtain the
“open-loop” models Gk(s) and G0(s) in Figure 4.5, we linearize the full
nonlinear model around the nominal steady-state, while replacing the
recycle flow with an equivalent fixed flow.

Figure 4.14 shows the scaled disturbance sensitivity of the process.
As can be seen, the disturbance sensitivity needs to be reduced in the
frequency range ω ∈ [0, 0.2] rad/min. Table 4.2 shows the optimal buffer
sizes computed using the results above for various control system band-
widths ωB . In the table we also list the size of the optimal traditional
cascaded buffer system, as given in Faanes and Skogestad (2003), and we
see that a significant reduction in the required size is obtained by using
integrated delay tanks. For all cases we have ensured that the disturbance
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feed flow [kmol/min] 1.0
feed fraction of R 0.0
reactor holdup [kmol] 18.3
rate constant k0 0.22
rel. volatility 4.0
no. of trays 12
feed tray 5
reflux L 0.925
boilup V 1.925
recycle B 0.890
distillate comp. yD 0.995
bottoms comp. xB 0.05
reactor composition xR 0.55

Table 4.1: Design data for reactor-separator system.
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Figure 4.14: Scaled disturbance sensitivity from reaction rate con-
stant to distillate product composition for autocatalytic reactor-separator
problem in Section 4.5.

sensitivity is less than one for all frequencies above ωB , i.e. that there
are no resonance peaks that exceed one in magnitude. For ωB = 0.01
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ωB τB1 τB3 Vtot Vcasc

[rad/min] [min] (n) [min] [kmol] [kmol] (n)
0.01 178 (1) 132 295 555 (3)
0.025 57.9 (1) 57.8 109 193 (2)
0.05 27.8 (1) 23.1 48.4 71.1 (2)
0.1 12.0 (1) 5.9 17.3 19.3 (1)

Table 4.2: Minimum size buffer systems with total volume Vtot, consist-
ing of cascaded mixed tanks with residence time τB1 combined with an
integrated delay tank with residence time τB3, for reducing disturbance
sensitivity of reactor-separator system in Section 4.5 to 1 for all frequen-
cies ω > ωB . Also shown is the required volume Vcasc to achieve the
same with a traditional cascaded buffer system. n is the number of tanks
in series used in the cascaded buffer.

this requires a modification of the optimal solution, i.e. modifying the
residence times to satisfy (4.64). However, the required volume increases
by less than 2% after this modification.

4.6 Stabilizing Buffers

A buffer cascaded with a process has no influence on the process stabil-
ity, at least not in the local sense. However, recycling provides feedback,
which may potentially affect stability, and since an integrated buffer af-
fects the feedback properties it may hence affect the process stability.
The effect of transport delay on the stability of a reactor-separator pro-
cess under feedback control is studied in Balasubramanian et al. (2003).
They find that the transport delay may serve to destabilize the process.

We here consider this problem from a more general point of view
and consider the effect of both delays and mixed buffers on the process
stability. The main aim is to consider the use of capacities for stabilizing,
rather than destabilizing, integrated process systems.

Consider the block-diagram representation of a recycle process in Fig-
ure 4.5, and assume for simplicity that G0(s) has all poles in the complex
LHP, i.e. the individual process units are stable. Then the Bode Stability
Theorem states that the feedback imposed by recycling will destabilize
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the process if there exist some frequency ω∗ for which

|G0(jω∗)| > 1; ∠G0(jω∗) = k2π, k = 0, 1, 2, . . . (4.68)

Most processes have a positive steady-state gain, i.e. ∠G0(0) = 0; hence
|G0(0)| > 1 is a sufficient condition for instability of the integrated pro-
cess. Note that a buffer, mixed or plug-flow, does not influence the
steady-state properties and will therefore not cause such static desta-
bilization. A dynamic destabilization, i.e. caused by complex eigenvalues
crossing the imaginary axis and giving rise to oscillations, will occur if
condition (4.68) is satisfied for some frequency ω∗ > 0, corresponding
to the loop-gain |G0| displaying a (resonance) peak. Since a buffer inte-
grated in the loop always has a gain |GB | ≤ 1, it can not give rise to such
a peak. However, for a system where there is a peak |G0| > 1 for some
frequency, but the phase-lag is such that condition (4.68) is not satisfied,
then the phase-lag contribution from the integrated buffer can potentially
modify the loop phase-lag so that instability is induced. Thus, an inte-
grated buffer can potentially destabilize a process. We illustrate this by
a simple example below.

Example 4.6. Consider a recycle process with the stable loop transfer-
function

G0(s) =
−5s + 0.5

s3 + 1.5s2 + 1.5s + 1
(4.69)

We have G0(0) = 0.5; thus static instability is not induced by closing
the loop, i.e. by introducing recycling. The closed system Sp = 1/(1 −
G0) is stable without any addition of a buffer system. However, if we
integrate a delay tank with residence time τB > 0.3, or a mixed buffer
with residence time τB ∈ [0.63 1.96], then the system becomes unstable.
This is explained by the fact that the system has a loop-gain larger than
unity in the frequency range [0.2, 2], while the phase-lag, without a buffer,
never reaches −2π in this frequency range. Hence condition (4.68) is not
fulfilled without a buffer. However, adding a delay larger than 0.3 yields
sufficient phase-lag, so that the total phase-lag is a multiple of 2π for some
frequency in the frequency range [0.2, 2]. When adding a mixed buffer,
the phase-lag is increased while the loop-gain is reduced. For the interval
τB ∈ [0.63, 1.96], the added phase-lag is sufficient to get ∠G0GB = −2π,
while the loop-gain still satisfies |G0GB | > 1.
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Since a mixed buffer can reduce the loop-gain by an arbitrary amount
at any frequency ω > 0, by simply having a sufficiently large residence
time, it is obvious that it can be used to stabilize a process which has
a dynamic instability due to recycling. We illustrate this with a process
example below.

Example 4.7. Consider the dynamics of a fixed-bed tubular reactor with
a single irreversible exothermic reaction (Jacobsen and Berezowski, 1998).
The reactor is heat-integrated in the sense that the reactor effluent is used
to pre-heat the reactor feed in an external heat-exchanger. The nominal
operating conditions correspond to 99% conversion of A. See Figure 4.15.

θ0 θ(0) θ(1)

z=0 z=1

A → B

Figure 4.15: Heat-integrated fixed-bed tubular reactor.

The model of the reactor consists of one material and one energy
balance

∂α

∂τ
+

∂α

∂z
=

1
PeM

∂2α

∂z2
+ DaRA (4.70)

Le
∂θ

∂τ
+

∂θ

∂z
=

1
PeH

∂2θ

∂z2
+ DaRA (4.71)

where α is the conversion of component A and θ is a dimensionless tem-
perature. The boundary conditions are

θ(0, τ) = εθ(1, τ) + (1 − ε)θ0 +
1

Pe

∂θ

∂z
|z=0 (4.72)

α(0, τ) =
1

Pe

∂α

∂z
|z=0 (4.73)
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where ε is the efficiency of the effluent-feed heat-exchanger. The reaction
rate RA has Arrhenius type temperature dependence

RA = (1 − α)exp

(
γβθ

1 + βθ

)
(4.74)

We discretize the model, using finite differences with 40 nodes, to obtain
a model with 80 ODEs. The parameters we use are

ε = 0.3, β = 0.3, γ = 15, P eH = PeM = 100, Le = 100 (4.75)

Our design parameter is assumed to be the Damkohler number Da, which
is proportional to the reactor residence time. For Da = 0.119 we obtain
the desired steady-state conversion α(1) = 0.99. However, the reactor is
found to be unstable at this operating point. This can also be seen from
Figure 4.16, which shows the response in conversion to a small pulse
in the inlet temperature. The reactor becomes unstable and settles in a
periodic limit cycle behavior.

0 5 10 15 20
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0.96
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1

time

α(
1)

Figure 4.16: Fixed-bed reactor. Response in outlet conversion to a
small pulse disturbance in the inlet temperature.

To understand the source of the instability, we linearize the model
around the nominal steady-state while replacing the heat-integration by
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Figure 4.17: Fixed-bed reactor. Frequency response from inlet temper-
ature to outlet temperature without heat-integration, i.e. feed-effluent
heat-exchanger replaced by equivalent external heat-source. Solid: with-
out buffer, Dashed: with integrated mixed buffer with residence time
τB = 0.4.

an equivalent constant heat-source, i.e. to obtain G0(s) in Figure 4.5.
The inputs and outputs of G0 are the reactor inlet temperature and outlet
temperature, respectively, including the heat-exchanger efficiency ε = 0.3.
By considering the poles of G0(s), we find that the reactor is stable without
the heat recycle, i.e. it can be concluded that it is the heat integration that
causes the instability. This can also be seen from the Bode plot of the loop-
transfer-function G0 in Figure 4.17, which shows that the magnitude has
a peak around the frequency 5, where the phase-lag is about −2π, i.e. we
get a dynamic instability due to feedback according to (4.68).

By integrating a mixed buffer in the recycle path, i.e. at the gas flow
being recycled to heat the inflow, we can reduce the loop-gain to become
less than 1 for all frequencies and thereby stabilize the process. For the
reactor we find, from consideration of the Bode plot of combined reac-
tor and buffer, that a single mixed buffer with residence time τB = 0.24
is sufficient to stabilize the process. However, the system is then only
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Figure 4.18: Fixed-bed reactor with integrated mixed buffer with res-
idence time τB = 0.4. Response in outlet conversion to a small pulse
disturbance in the inlet temperature.

marginally stable, and we therefore choose to integrate a buffer with a
slightly larger residence time τB = 0.4 to get a reasonable stability mar-
gin. The corresponding frequency response of the modified loop gain is
shown in Figure 4.17. Note that the time unit here corresponds to the
residence time of heat in the reactor bed; hence the buffer should have a
total heat capacity almost half of that in the reactor bed. This can for in-
stance be achieved by filling a tank with a material with good heat-transfer
properties and a large specific heat-capacity, providing uniform distribu-
tion of the temperature by either mixing the solid material or have a good
distribution of the gas flow.

Figure 4.18 shows the response in outlet composition to a pulse dis-
turbance in the inlet temperature. By comparing with Figure 4.16 it is
seen that the buffer clearly has a stabilizing effect. To show that the buffer
not only stabilizes the local operating point, but a large operating region,
we compute the bifurcation diagrams for the reactor with and without the
buffer integrated in the recycle path. The diagrams are shown in Fig-
ure 4.19 and as can be seen the buffer completely removes all oscillatory
behavior for all values of the design parameter Da.
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Figure 4.19: Fixed-bed reactor. Bifurcation diagram for outlet temper-
ature with Damkohler number Da as bifurcation parameter. Solid lines -
stable steady-states, Dashed lines - unstable steady-states, Filled circles
- peak of stable limit cycles, Open circles - peak of unstable limit cycles.
Top: original, Bottom: with integrated mixed buffer with residence time
τB = 0.4.
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4.7 Conclusions

The disturbance sensitivity of an integrated plant is to a large extent
determined by feedback interactions between the process units, induced
by recycling of material and energy. In this chapter we have considered
the use of storage capacities to modify the interactions, in order to obtain
favorable feedback properties in the frequency range, where disturbance
attenuation is needed, but infeasible with feedback control. The optimal
solution, i.e. minimum capacity for a given level of disturbance attenu-
ation, is shown to be a plug-flow (delay) tank integrated in the recycle
flow, adjusting the phase-lag of the recycle feedback loop, combined with
a mixed tank placed outside the recycle loop, damping the magnitude
of incoming disturbances. As we show, the total required capacity for a
given level of disturbance attenuation with this structure can be signifi-
cantly smaller than that required by a traditional cascaded buffer system,
which merely serves as a low-pass filter.

In addition to address disturbance sensitivity reduction, we have also
discussed the use of capacities for stabilizing unstable process systems. As
shown, a capacity can serve to destabilize as well as stabilize an integrated
plant.

We have here considered the case in which there is a single monovari-
able recycling only. However, the results can be extended to multivariable
recycle by considering eigenvalues of the feedback loop transfer-matrix in-
stead. The main problem will then be to trade off the effect of integrated
buffers on the various plant directions, corresponding to the eigenvalues
of the loop. How this should be done in a systematic fashion is an open
problem.



Chapter 5

Design for Controllability

of Integrated Plants

The dynamic properties, and hence the controllability, of integrated plants
are to a large extent determined by interactions between process units.
In particular, recycling of material and energy imposes physical feedback
mechanisms that can strongly affect properties such as stability, non-
minimum phase behavior and disturbance sensitivity. In order to ensure
a plant with acceptable controllability, at a minimum cost, it is neces-
sary to understand how these interactions affect the plant behavior and,
furthermore, how they can be modified through process design modifica-
tions. In this chapter we present model based tools, based on systems
theory, which can be used to determine the controllability properties that
are directly attributable to process unit interactions. Furthermore, the
tools make the relationship between individual unit properties and the
overall plant controllability transparent, and are as such well suited for
integration in a process design environment. The results are illustrated
by application to a reactor-separator system with material recycle.

5.1 Introduction

Controllability concerns the ability to provide acceptable dynamic perfor-
mance of a process system by means of feedback control and is a property
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of the process itself only. The process determines both the requirements
on the control system, e.g. in terms of required control bandwidth for
acceptable disturbance attenuation, and the achievable control perfor-
mance through fundamental control limitations, such as non-minimum
phase behavior and time delays. If there exists a conflict between the re-
quired and the achievable performance, this conflict can only be resolved
by modifying the process design. The design modification can then aim
at either reducing the control requirements, e.g. by improving the “built-
in” disturbance damping of the process, or by relaxing the performance
limitations, e.g. by adding measurements. What is preferable in a given
case is at large a question of what is economically more favorable.

For traditional cascaded plants, consisting mainly of process units
connected in series, the controllability properties can easily be deduced
from consideration of the individual units. The disturbance sensitivity is
simply a product of the disturbance sensitivities of the units connecting
the disturbance and output under consideration, where any fundamental
control limitation can be attributed to some individual unit. Since there
exists a wealth of knowledge on how to improve the disturbance sensitiv-
ity, and avoid control limitations, through design of common units like
reactors, distillation columns and heat-exchangers, design for controlla-
bility is fully feasible for cascaded plants.

During the last decades, plants in the process industries have been
steadily tighter optimized, both with respect to economic and environ-
mental factors. One consequence of this optimization has been more
complex plant structures, involving recycle flows of material and energy.
For such plants, the dynamic properties, and hence the system control-
lability, is to a large extent determined by interactions between the pro-
cess units. Previous studies have shown that the interactions due to
recycling can affect stability (Bilous and Amundson, 1956), disturbance
sensitivity and response time (Gilliland et al., 1964), oscillatory modes
(Morud and Skogestad, 1994) and non-minimum phase behavior (Jacob-
sen, 1999b). Recycling may also introduce highly complex dynamics,
including chaotic behavior, in processes with otherwise simple dynamics
(Jacobsen and Berezowski, 1998). During the last decade a large number
of papers, e.g. Luyben (1994), have also been devoted to the so-called
“snow-ball” effect, i.e. excessively large control moves for small distur-
bances, that may occur in processes with recycle. However, this latter
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effect is a consequence of control design only, and is not a fundamental
property of the process, i.e. it is not related to controllability.

The introduction of more complex plant structures, involving recycle
flows, not only affects the fundamental dynamic behavior of a process.
Another important consequence is that the strong interactions introduced
between various process units make it more difficult to understand the
source of various behaviors. Hence it becomes more difficult to know
how the process should be modified in order to improve the controlla-
bility. One way to deal with this problem is to employ optimization
based methods, e.g. Luyben and Floudas (1994); Bansal et al. (2002),
which require little or no process insight. However, while this may be
a feasible approach in some cases, we believe that process knowledge is
essential for designing optimal and controllable plants in most cases. In
this chapter we therefore consider methods and tools which make the
relationship between the overall plant controllability and the properties
of the individual units transparent. In this way, existing knowledge on
how to design traditional process units for controllability can be applied
also in an integrated plant environment.

We start the chapter by introducing a formal definition of input-
output controllability, based on linear dynamic models. We then present
a reactor-separator problem which will be used for illustration through-
out the chapter. The analogy between plants with recycling and feed-
back control systems is then utilized to decompose the plant model and,
furthermore, to separate the dynamics resulting from interactions from
those that can be attributed to single process units only. Based on this
separation, a methodology is presented for relaxing control limitations
and requirements, respectively, caused by process unit interactions. The
derived results are used to ensure acceptable controllability through re-
design of the introductory reactor-separator problem.

5.2 Input-Output Controllability

With input-output controllability of a process is here understood the in-
herent ability to achieve a desired control performance using available
measurements and control inputs. See e.g. Skogestad and Postlethwaite
(1996). The performance may be related to attenuation of disturbances
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and/or tracking of setpoint changes.
It is important to stress that controllability is independent of the

control system, and a property of the process only. Consider a linearized
dynamic model of the process

y(s) = g(s)u(s) + gd(s)d(s) (5.1)

where y is the output to be controlled, u is the control (manipulated)
input and d is a disturbance. Note that setpoint changes also may be
described as disturbances. We here assume all signals to be scalar, but
extension to multivariable systems is relatively straightforward, by con-
sidering singular values or eigenvalues of the resulting transfer-matrices.

In order to more easily assess whether the required control perfor-
mance can be obtained, the variables y, u, d, and correspondingly the
models g(s) and gd(s), are scaled in such a way that |d| = 1 corresponds to
the maximum expected disturbance, |u| = 1 to the maximum allowed con-
trol input, while acceptable performance corresponds to keeping |y| ≤ 1.
Scaling also ensures that all variables have comparable magnitude. This
simplifies the controllability analysis, in particular for multivariable sys-
tems.

Consider the frequency responses of the scaled system (5.1) and define
ωd as the disturbance cross-over frequency, i.e. the frequency where the
scaled disturbance gain is unity

|gd(jωd)| = 1 (5.2)

and assume that this frequency is unique. We then have

|y|
|d| > 1 ∀ω < ωd (5.3)

and hence the disturbance sensitivity needs to be reduced in the fre-
quency range ω ∈ [0, ωd]. This can be achieved either through feedback
control, through a modification of the process design, or a combination
of the two. Usually, feedback control is the least expensive solution and
therefore a modification of the process design should only be considered
when acceptable performance can not be achieved through feedback con-
trol alone.

Applying the feedback control law

u(s) = −c(s)y(s) (5.4)
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yields for the closed-loop system

y(s) = S(s)gd(s)d(s) (5.5)

where
S(s) =

1
1 + g(s)c(s)

(5.6)

is the closed-loop sensitivity function. Acceptable disturbance attenua-
tion is obtained when

|Sgd(jω)| < 1, ∀ω (5.7)

Define the bandwidth ωB as the frequency for which

|S(jωB)| = 1 ; |S(jω)| < 1, ∀ ω < ωB (5.8)

Then, for acceptable disturbance rejection, we get the bandwidth re-
quirement ωB > ωd, i.e. the control must be effective at least up to the
frequency ωd.

Unfortunately, a plant always has fundamental limitations which re-
strict the highest bandwidth ωB that a feedback control system can
achieve, even with the best possible control law. Fundamental limita-
tions stem from the process itself, e.g. in the form of time delays θ and
right half plane (RHP) zeros z > 0. In addition, the phase lag of a plant
imposes a limitation when low order controllers, such as PID-controllers,
are employed. Assume the plant model can be written on the form

g(s) =
ke−θs(s − z)

(τ1s + 1)(τ2s + 1) · · · (τns + 1)
(5.9)

where τ1 > τ2 > ... > τn. Then the upper bound on the bandwidth ωB

is approximately determined as

ωB < ωB∗ = 1/θe (5.10)

where θe is the effective delay defined as (Skogestad, 1999)

θe = θ + 1/z + τ2/2 +
∑
i≥3

τi (5.11)

In addition, constraints on the control input u impose a limitation. In
particular, with |d| = 1 and |y| = 1 we require |u| = |g−1|(|gd| − 1) ≤ 1.
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Thus, effective feedback control can only be achieved at frequencies for
which

|g| > |gd| − 1 (5.12)

For frequencies where this is not satisfied, acceptable disturbance atten-
uation can not be achieved using feedback control with the considered
input as the manipulated variable. The smallest frequency for which
(5.12) is not satisfied is denoted ωBu.

If the maximum attainable ωB = min(ωB∗, ωBu) is smaller than ωd,
then acceptable disturbance sensitivity can not be achieved using feed-
back control alone and some modification of the process design is required
in order to either increase the attainable ωB and/or reduce ωd, i.e. the
disturbance sensitivity of the process in the frequency range ω ∈ [ωB , ωd].

In the next section we apply the controllability analysis, as outlined
above, to a simple integrated process system.

5.3 Introductory Example - Reactor Sepa-

rator Plant

A common process structure in chemical plants is chemical reaction fol-
lowed by separation of products and unconverted reactants, the latter be-
ing recycled to the reaction unit. This kind of setup is particularly advan-
tageous for reactions with some form of autocatalytic mechanism, since
the reaction does not have to be driven very far in the reactor, thereby
avoiding the need for excessively large reactors (Levenspiel, 1972). We
here consider a reactor-separator problem, see Figure 5.1, with a fresh
feed containing pure component A. The feed is converted into a desired
product R by means of the simple autocatalytic reaction

A + R → 2R ; rR = k0xR(1 − xR) (5.13)

where xR is the mole fraction of R in the reactor. The aim of the process
is to produce a product with 99.5% component R, corresponding to the
distillate composition yD = 0.995. We design the system according to
the recommendations in Levenspiel (1972), that is, we choose a design in
which the reactor is operated at the maximum reaction rate, i.e. mini-
mum volume. The data for the process are given in Table 1. The dynamic
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Figure 5.1: Reactor-separator system with recycling of unconverted
reactant.

org. design modification 1

feed flow [kmol/min] 1.0 1.0
feed fraction of R 0.0 0.0
reactor holdup [kmol] 18.0 18.3
rate constant k0 0.22 0.22
rel. volatility 4.0 4.0
no. of trays 12 12
feed tray 5 5
reflux L 1.01 0.925
boilup V 2.01 1.925
recycle B 1.10 0.890
distillate comp. yD 0.995 0.995
bottoms comp. xB 0.05 0.05
reactor composition xR 0.50 0.55

Table 5.1: Design data for reactor-separator system.
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model we employ assumes a perfectly mixed isothermal reactor (CSTR)
and an ideal distillation column with constant plate holdups and constant
molar flows.

The worst-case disturbance considered here is up to 20% changes in
the reaction rate constant k0, e.g. reflecting disturbances in the fresh
feed conditions (a 20% disturbance in feed composition gives essentially
identical results). The performance requirement is that the product com-
position should satisfy yD(t) > 0.99, ∀t. We assume that all nominal
flows correspond to 50% valve openings. All liquid levels are assumed
to be perfectly controlled, but we stress that this is not important for
the results we present, since we consider rejection of composition related
disturbances only. For the case of flow disturbances, not considered here,
the choice of the level control structure will influence the results.

Figure 5.2 shows the frequency response of the linearized model from
the scaled disturbance k0 to the scaled output yD. As seen from the
figure the crossover frequency ωd ≈ 0.2 rad/min, implying that we need
to attenuate disturbances up to this frequency. With feedback control
this would correspond to a closed-loop time-constant around 5 min. This
can be related to the process time-constant which is about 170 min. To
check whether there exist any fundamental properties of the process that
will limit the achievable bandwidth, we compute the zeros of the transfer-
function from the reflux L, considered as the manipulated variable, to the
distillate composition yD and find that the transfer-function has a real
zero at z = 0, i.e. in the open RHP. This is reflected in the frequency
response from the control input L to the output yD in Figure 5.3, in
which it is seen that the amplitude decreases to zero with a slope 1 at low
frequencies. Thus, we have a severe control limitation both in the RHP
zero as well as in the small effect of the control input at low frequencies.
As pointed out in Jacobsen (1999b), these results are inherent for reactor-
separator systems with the reactor operated at the maximum reaction-
rate and can not be avoided by using any combination of available control
inputs.

From the above results it is clear that we need to modify the process
design in order to remove the non-minimum phase behavior and simulta-
neously increase the effect of the control input on the product composi-
tion. However, since the disturbance sensitivity requires a relatively high
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Figure 5.2: Scaled disturbance sensitivity of reactor-separator system.
Effect of changes in reaction rate constant k0 on distillate composition
yD. A magnitude larger than 1 at a particular frequency implies that
the sensitivity needs to be reduced, either by control or through process
design modifications, to achieve acceptable disturbance attenuation.
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Figure 5.3: Scaled frequency response from reflux L to distillate com-
position yD of reactor-separator system.



118 5 Design for Controllability of Integrated Plants

bandwidth of the control system, i.e. ωB > 0.2, it may be relevant to also
modify the design with the aim of reducing the disturbance sensitivity
at higher frequencies. In order to achieve these goals it is necessary to
understand the source of the relevant behaviors, and for this purpose we
shall in the next section consider decomposition of models for integrated
process systems by means of tools from linear systems theory.

5.4 Model Decomposition

As stated above, it is usually difficult to predict whether a specific behav-
ior in an integrated plant can be attributed to a single unit, or is caused
by process unit interactions. For instance, for the reactor-separator ex-
ample it is not obvious whether the non-minimum phase behavior is a
property of the distillation column alone, or caused by interactions be-
tween the column and the reactor. Nor is it clear to what extent the
relatively large disturbance sensitivity is due to unit interactions.

The effects of interactions on plant dynamics can in general be at-
tributed to feedback effects imposed by recycle flows. Thus, similar to
what is done for feedback control systems, it is relevant to decompose
the system by deriving models for the system dynamics in the absence
of feedback (“open-loop”), and then study the effect of closing the loop
(“closed-loop”). Note that, in physical terms, the “open-loop” dynamics
will correspond to the case in which the recycle flow conditions are kept
constant, i.e. changes in the system are not fed back through the recycle
flow.

If we consider a plant, or section thereof, with one or more recy-
cle flows, it can schematically be represented by the block-diagram in
Figure 5.4. Here G(s) represents the forward dynamics, determined by
the properties of the individual units, while gR(s) are the dynamics of
the recycle path. The inputs w1 and w2 may be either disturbances or
manipulated variables. Note that we make a distinction between vari-
ables which are connected via the recycle loop only, and those that are
connected externally to the recycle loop. For instance, for the reactor-
separator problem above, the rate constant k0 will affect the distillate
composition yD only through the reactor composition which is part of
the recycle loop. However, the reflux L has a direct effect on yD which
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w1

w2

y1

y2

G(s)

gR(s)

Figure 5.4: Block-diagram for a general plant with recycling. G(s)
represents dynamics of the forward path while gR(s) represent dynamics
of the recycle path.

is independent of variables in the recycle loop. Thus, k0 belongs to the
input set w2, while L belongs to the input set w1. For inputs belonging
to w1, there will be parallel effects from the input to the output; one
direct and one indirect through the recycle loop.

From the block-diagram in Figure 5.4 we can now derive the closed-
loop dynamics and compare it to the open-loop dynamics represented by
G(s). In this way we can directly compute the effect of the feedback,
provided by the recycle flow, on the overall dynamics. To simplify the
exposition, we here limit ourselves to consider the case in which all vari-
ables are scalar. However, similar results apply when considering the
more general multivariable case. With all variables scalar, G(s) is a 2×2
matrix and can be written

G(s) =
(

g11(s) g12(s)
g21(s) g22(s)

)
(5.14)

From the block-diagram above we then derive, for the closed-loop system,

y1 =
g11(s) − gR(s) det G(s)

1 − g22(s)gR(s)
w1 +

g12(s)
1 − g22(s)gR(s)

w2 (5.15)

y2 =
g21(s)

1 − g22(s)gR(s)
w1 +

g22(s)
1 − g22(s)gR(s)

w2 (5.16)
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From this we see that all transfer-functions involving at least one loop-
variable, w2 or y2, are simply the open-loop dynamics multiplied by the
factor

Sp(s) =
1

1 − g22(s)gR(s)
(5.17)

This is a well known result from linear systems theory. The function
Sp is called the sensitivity function as it gives the relative change in
the input-output sensitivity due to the presence of feedback. The in-
dex p is here used to denote that it is the sensitivity function of the
process itself. For the case with multivariable recycling, we get identi-
cal results, except that the sensitivity function in this case is a matrix
Sp(s) = (I − G22(s)GR(s))−1.

With the above decomposition we are in a position to determine the
part of the dynamics that can be uniquely attributed to individual process
units, and the part which is caused by interactions involving several units.
Furthermore, the effect of interactions can by the use of linear systems
theory easily be related to the properties of the individual units, i.e. to
G(s) and gR(s).

5.5 Relaxing Control Limitations through

Process Design

The fundamental control limitations that can exist in a plant include
time delays, RHP poles and RHP zeros (Skogestad and Postlethwaite,
1996). Time-delays are usually caused by measurements and material
transport and are in general not affected by feedback effects. Feedback
will, however, move the poles of a system and can hence affect the stability
by moving poles across the imaginary axis.

From Eqs. (5.15)-(5.16) it is easily seen that the feedback will induce
instability if the characteristic equation 1−g22(s)gR(s) = 0 has any roots
in the RHP. Provided the open loop system is stable, the Bode criterion
applies, i.e. the feedback will induce instability, provided there exists a
frequency ω for which the loop-gain

|g22(iω)gR(iω)| > 1 ∧ ∠g22(iω)gR(iω) = k · 2π, k = 0, 1, . . . (5.18)

Thus, if a recycle flow is found to induce instability, stability can be
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regained by modifying any of the units in the loop so that the loop-
gain is reduced at the frequencies where the phase-condition of (5.18) is
satisfied. Examples of design modifications to avoid instability caused
by recycling, as well as to stabilize an open-loop unstable process using
recycle feedback, can be found in Cui (2000b). Since RHP poles usually
do not represent any severe control limitation as such, however, we do
not pursue this problem any further here.

It is usually assumed that, while feedback moves the poles of a system,
the system zeros are unaffected by feedback. This is also correct if full
multivariable feedback is considered, e.g. Skogestad and Postlethwaite
(1996). However, as shown in Jacobsen (1999b), the feedback imposed
by recycling can move transfer-function zeros across the imaginary axis.
The reason for this apparent discrepancy is that recycling in a plant cor-
responds to partial, or decentralized, feedback and, as shown in Jacobsen
and Cui (1998) and Cui and Jacobsen (2002d), such feedback will move
zeros of transfer-functions involving subsets of the plant variables. For
the transfer-functions in (5.15)-(5.16) it is only the zeros of the transfer-
function from w1 to y1 that will be affected by the feedback imposed
by the recycle flow. This is true in general, i.e. only transfer-functions
between variables that have a connection external to the recycle loop
will have their zeros moved by the recycle feedback effect. The following
theorem gives a necessary and sufficient condition for the zeros of such
transfer-functions to be moved across the imaginary axis.

Theorem 1. Consider a feedback system as shown in Figure 5.4. Assume
G(s) and gR(s) stable. Then the image of

δ(s) =
gR(s) det G(s)

g11(s)
(5.19)

as s follows clockwise around the Nyquist D-contour (enclosing the RHP),
will encircle the point (1, 0) N = Ẑ − Z times, where Z and Ẑ is the
number of RHP zeros of the transfer-function from w1 to y1 before and
after closing the feedback loop, respectively. That is, N zeros are being
moved from the LHP to the RHP as the feedback loop is closed (while a
negative number implies movement from the RHP to the LHP).

Proof. The proof is based on the Argument Variation Principle (Nyquist
criterion) and can be found in Cui and Jacobsen (2002d). �
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The theorem, which easily can be extended to multivariable systems
(Cui and Jacobsen, 2002d), covers all possible zero crossings due to the
recycle feedback. To make the relationship to individual unit properties
more clear, one can note that det G(s) is a measure of couplings between
the variables in the forward loop. This becomes even more clear by the
fact that we can write (Cui and Jacobsen, 2002d)

δ(s) =
g22(s)gR(s)

λ22(s)
(5.20)

where λ22 is the 2, 2-element of the Relative Gain Array for G(s) (Bristol,
1966), which is a well known measure of interactions in multivariable
systems. Thus, in order to avoid zeros crossing from the LHP to the
RHP as a consequence of recycle feedback, one can either reduce the
gain of the feedback loop g22gR(s), or modify the interactions between
variables of the forward path G(s).

For a real zero crossing from the LHP to the RHP we have the sim-
plified condition

g22(0)gR(0)
λ22(0)

> 1 (5.21)

and in this case it is hence sufficient to consider the steady-state proper-
ties of the individual process units only.

Reactor-Separator problem revisited: For the reactor-separator prob-
lem considered above, we found that there was one real RHP zero (at 0)
from the input L to the output yD. We note that both these variables
are external to the recycle loop, and hence the zero can in principle be
caused by the recycle feedback effect. To investigate whether this is the
case we derive the steady-state models for the reactor and distillation
column separately, as outlined in the model decomposition above,

xR = 0.524xB︸ ︷︷ ︸
gR(0)

(5.22)

(
yD

xB

)
=

(
0.0208 0.135
−0.0189 1.786

)
︸ ︷︷ ︸

G(0)

(
L

xR

)
(5.23)

From this we find that

g22(0)gR(0)/λ22(0) = 1.00 (5.24)
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and hence we can conclude that the zero at 0 is caused by the recycle
feedback. To move this zero into the LHP we have the option of either in-
creasing the interactions of the distillation column, i.e. increasing λ22(0),
or reducing the recycle loop gain gR(0)g22(0). The latter can be done,
without affecting λ22(0) significantly, by simply increasing the reactor
volume slightly, i.e. by moving away from maximum reaction rate in
the reactor. A 2% increase in the reactor volume, such that the reactor
composition xR changes from 0.5 to 0.55 (see also Table 1), yields

g22(0)gR(0)/λ22(0) = 0.82 (5.25)

and hence this modification should remove the RHP zero from L to yD.
Indeed, computations with the full model reveal that the zero is moved
from 0 to −0.02. The new (scaled) frequency response from reflux to dis-
tillate composition in Figure 5.5 also shows that the design modification,
as expected, increases the effect of the control input at lower frequencies.
From the figure we also see that the disturbance sensitivity, from k0 to
yD, is significantly reduced at low frequencies. The reason for this is
discussed in the next section.

5.6 Relaxing Control Requirements through

Process Design

As an alternative, or complement, to changing bandwidth limitations,
as discussed above, one can also change the bandwidth requirements
through process design modifications. This applies in particular to band-
width requirements imposed by the need for disturbance attenuation,
since the process can be modified so as to increase the “built-in” damp-
ing of high-frequency disturbances, that is, by decreasing the disturbance
cross-over frequency ωd. This will of course carry a cost which must
be traded off against the cost of reducing bandwidth limitations, like
measurement delays, and developing a high-bandwidth feedback control
system.

From the expressions for the process transfer-functions in (5.15)-(5.16)
we see that all input-output transfer-functions are proportional to the
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Figure 5.5: Scaled frequency response from reflux L (upper) and re-
action rate constant k0 (lower) to distillate composition yD after design
modification involving increase of reactor volume. Dotted lines show cor-
responding responses prior to design modification.

process sensitivity function

Sp(s) =
1

1 − g22(s)gR(s)
(5.26)

where g22(s)gR(s) is the transfer-function of the recycle loop. For transfer-
functions between variables connected through the recycle loop, which in
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Figure 5.6: Sensitivity function |Sp| of reactor-separator problem as a
function of frequency. Dotted line - before modification 1. Solid line -
after modification 1.

general will include most transfer-functions spanning across more than
one process unit, we have from Eqs. (5.15)-(5.16) that

gcl(s) = gol(s)Sp(s) (5.27)

where gol is the transfer-function of the forward path, i.e. with the recy-
cle feedback removed, and gcl is the transfer-function with the feedback
effect included. Thus, using frequency response analysis, we can conclude
that the recycle feedback serves to increase the disturbance sensitivity at
frequencies where |Sp(iω)| > 1 while it decreases the sensitivity where
|Sp(iω)| < 1.

The process sensitivity function for the modified reactor-separator
problem is shown in Figure 5.6. As seen from the figure, the recycle feed-
back increases the disturbance sensitivity by a factor 4.2 at low frequen-
cies, while it in fact serves to slightly dampen the disturbance sensitivity,
i.e. |Sp| < 1, at high frequencies.

The fact that recycling tends to increase the disturbance sensitivity
of a plant is well known, see e.g. Gilliland et al. (1964). However, as seen
from the reactor-separator example above, the increase applies only at
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low frequencies, while the recycling in fact may have the opposite effect
at higher frequencies. This can be explained using the well known Bode
Sensitivity Integral (Bode, 1945)∫ ∞

0

ln |Sp(iω)|dω = 0 (5.28)

which applies if the open-loop, i.e. the individual process units, is stable
and the loop transfer-function g22(s)gR(s) has a pole excess of at least
two. Equation (5.28) then states that the area for which |Sp| > 1 must
be balanced by a frequency region with |Sp| < 1. Thus, any sensitiv-
ity increase due to recycling feedback in some frequency region will be
compensated by a similar reduction in some other frequency region.

The process sensitivity function Sp provides a direct measure of how
the process unit interactions contribute to the overall disturbance sensi-
tivity of the plant. From (5.17) it is clear that the effect of the interactions
will depend strongly on the dynamic properties of the individual process
units that are part of the recycle loop, i.e. on the loop transfer-function

g0(s) = g22(s)gR(s) (5.29)

For a given frequency ω∗, the frequency response of the loop transfer-
function is a complex number, which can be written

g0(iω∗) = R + iI (5.30)

If we assume that the loop-gain |g0(iω)| < 1 for all frequencies, which
corresponds to assuming that the recycling does not destabilize the pro-
cess, we get a necessary and sufficient condition for when the process
interactions will serve to increase the disturbance sensitivity

|Sp| > 1 ⇔ R2 + I2 < 2R ∧ R2 + I2 < 1 (5.31)

This condition corresponds approximately to the condition (Carlemalm
and Jacobsen, 2003a)

|g0(iω∗)| < 1 ∧ ∠g0(iω∗) ∈ [−π/3, π/3] (5.32)

Since the phase-lag of the process units typically is zero at steady-state,
i.e. positive steady-state gain, we get that the recycling feedback essen-
tially always will serve to increase the steady-state disturbance sensitivity
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of a plant. However, when the phase-lag of the loop transfer-function ex-
ceeds −π/2, the recycle feedback will provide disturbance damping. The
phase-lag for which we get the maximum sensitivity reduction from re-
cycle feedback, for a given loop-gain |g0|, is ∠g0 = −π corresponding to
a negative feedback effect from the recycling at that frequency.

In summary, the phase-lag properties of the individual process units
will play a critical role for the disturbance sensitivity of a plant with
recycle flows and this fact should be utilized when designing integrated
plants for controllability.

For some process units it may be relatively straightforward to modify
the design in order to change the phase-lag properties. If not so, a simple
alternative is to add capacities in the loop, since these can easily be
tailored to provide a desired phase lag, which furthermore can be changed
during operation. Two alternative simple capacities that can be added
to the loop are mixed tanks and plug-flow tanks. A perfectly mixed tank
has the transfer-function

GB(s) =
1

τBs + 1
(5.33)

where τB is the residence time of the tank. Similarly, a plug-flow tank
with residence time τD has the transfer-function

GD(s) = e−τDs (5.34)

The corresponding phase-lags are ∠GB = −atan(τBω) and ∠GD =
−τDω. Hence, for a given residence time, the maximum phase-lag is
achieved with a plug-flow tank. To maximize the residence time and
hence phase-lag, for a given tank size, the plug-flow tank should be placed
at the recycle flow where the flow rate is the smallest. In principle, one
seemingly attractive option would therefore be to design a delay tank
with a size which yields a total loop phase-lag of −π at the frequency
ωd for which the process should have maximum self-damping properties.
However, this may require a relatively large delay tank and is in most
cases not optimal either, i.e. does not give the minimum required tank
volume to provide a controllable plant (Carlemalm and Jacobsen, 2003a).

A systematic design for controllability should, as discussed earlier, aim
at achieving ωd ≤ ωB, i.e. the attainable bandwidth ωB should exceed the
frequency region where active disturbance damping by a control system
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is needed. Thus, given a target bandwidth ω∗
B for the control system,

the aim should be to reduce the disturbance sensitivity of the process
itself, so that ωd < ω∗

B . As seen from (5.27), the disturbance sensitivity
is partly a result of the individual process unit sensitivities, partly a
result of the interactions between these units, as reflected in the process
sensitivity function. The former can be reduced by reducing the gains
of the units, while the latter can be reduced by modifying the gains
and/or the phase lag of the units involved in the recycle loop. If we
consider adding capacities, as discussed above, it can be shown that the
optimal solution, in terms of minimizing the tank volumes for a given
ωd, is to combine a plug-flow (delay) tank in the recycle path with a
mixed tank placed outside the recycle loop (Carlemalm and Jacobsen,
2003a). Thus, the plug-flow tank is used to modify the phase-lag of
the recycle feedback loop, with the aim of reducing the sensitivity due
to process unit interactions as discussed above, while the mixed tank is
used as a traditional buffer tank aimed at damping the magnitude of the
disturbances themselves.

Reactor-Separator problem revisited. In the previous section we modi-
fied the process design with the aim of removing the non-minimum phase
behavior. This was achieved by a modification of the reactor design which
reduced the individual disturbance sensitivity gR(s) of the reactor. Since
this disturbance sensitivity affects the recycle loop gain g22(s)gR(s), this
also resulted in a significant reduction in the disturbance sensitivity of
the overall plant, i.e. from k0 to yD. This can be seen from the lower
plot in Figure 5.5. At steady-state, a 20% reduction in the disturbance
sensitivity gR(0) of the individual reactor resulted in a reduction in the
sensitivity from k0 to yD for the overall plant from 40 to 10, i.e. a 75% re-
duction. That this large reduction is due to a reduced sensitivity caused
by unit interactions can be seen from Figure 5.6, which shows the loop
sensitivity function |Sp| as a function of frequency before and after the
design modification. As can be seen from the figure, the sensitivity is
significantly reduced at low frequencies. However, as seen from Figures
5.5 and 5.6, the disturbance sensitivity is almost unaffected at high fre-
quencies. In particular, the disturbance cross-over frequency ωd is not
affected by the design modification and ωd ≈ 0.2 rad/min with both
designs. Thus, we require a bandwidth ωB > 0.2 in both cases, corre-
sponding to a closed-loop time-constant of approximately 5 min. This is a
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relatively high bandwidth for a process control system and requires small
measurement delays as well as comparatively accurate process models.

We here assume that a reasonable target bandwidth for the control
system is ωB = 0.05 rad/min, corresponding to a closed-loop time-
constant of approximately 20 min. At this frequency, we find from Fig-
ure 5.5 that the disturbance sensitivity is 4.2 and hence needs to be
reduced accordingly to achieve ωd = 0.05. We restrict ourselves here to
only consider modifications by capacity addition. Using the buffer design
rules in Faanes and Skogestad (2000), we find that we can reduce the
disturbance sensitivity to 1 at ωB = 0.05, by placing a perfectly mixed
buffer-tank with residence time τB = 81min outside the recycle loop,
i.e. at the incoming feed. However, this will not affect the disturbance
sensitivity caused by unit interactions, which is quite significant at the
considered frequency 0.05. From Figure 5.6 we see that the sensitivity
|Sp(iωB)| ≈ 2 and hence the interactions amplify the disturbance sensi-
tivity by a factor 2 at the critical frequency ωB . As discussed above, this
can be reduced to a factor less than 1 by adjusting the phase-lag of the
loop units at ωB , e.g. by placing a plug-flow tank at the recycle flow.

Using the results presented in Carlemalm and Jacobsen (2003a), we
find that the optimal solution, i.e. the minimal capacity volume that gives
ωd = 0.05, is a delay-tank with residence-time τD = 23 min combined
with a cascaded mixing tank with residence time of τB = 27 min. See also
Figure 5.7. In terms of volumes, accounting for flow rate sizes, this means
reducing the required capacity volume by 40% compared to a traditional
cascaded buffer. For lower ωd the reduction is even more significant, e.g.
for ωd = 0.002 the optimal solution gives a required capacity volume that
is only one third of the required cascaded buffer volume.

Figure 5.8 shows the scaled disturbance sensitivity from k0 to yD after
the design modification and, as can be seen, we have achieved ωd = 0.05.
Figure 5.9 shows the effect of the delay tank on the process sensitivity
function Sp. Here, the delay reduces the sensitivity Sp at ωd from 2 to 0.8,
implying that the interactions effectively serves to dampen disturbances
at ωd after the design modification. The resonances that appear at higher
frequencies are dampened out by the low-pass properties of the process
units, and do therefore not pose a problem, as can be seen from Figure 5.8.

Effectively, the delay in the feedback path serves as a disturbance
filter. This is shown in Figure 5.10 which demonstrates the effective
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Figure 5.7: Reactor-separator plant with plug-flow (delay) tank and
mixed buffer tank.
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Figure 5.8: Scaled disturbance sensitivity of reactor-separator process
before (dashed) and after (solid) addition of delay tank and mixed buffer.
See also Figure 5.7.
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Figure 5.9: Reactor-separator system. Process sensitivity function |Sp|
before (dashed) and after (solid) addition of delay tank in recycle path.
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Figure 5.10: Filter effect of delay tank in recycle path (solid) and cas-
caded mixing tank of same size (dashed) for reactor-separator system.

disturbance filtering of a delay of τD = 23 min in the recycle path of the
reactor-separator system. In the same figure is shown the corresponding
filtering effect of a mixing tank of the same size cascaded with the process.
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As seen from the figure, the delay provides a filtering effect, which is
significantly better up to a frequency ω ≈ 0.1, while the mixing tank is
better at higher frequencies (where disturbance damping is not required).

We finally check that the addition of buffer tanks has not reduced the
attainable bandwidth by reducing the effect of the control input L, and
find that ωBu > 0.05. That is, the proposed design fulfills the controlla-
bility requirements.

5.7 Conclusions

The dynamic properties of an integrated plant, with recycling of material
and energy, are to a large extent determined by interactions between the
various process units. It is important to understand how these interac-
tions affect the dynamics in general, and controllability in particular, in
order to know where and how to modify the process design with the aim
of improving controllability. We have in this chapter utilized the close
relationship between an integrated plant and feedback control systems to
decompose the overall plant model so that the effects of interactions may
be separated from the overall dynamics. A strength of this approach
is that the results provide a direct relationship between the properties
of individual units and the effects of interactions on properties such as
stability, non-minimum phase behavior and disturbance sensitivity of the
overall plant.

We stress that design for controllability can either aim at reducing
control bandwidth limitations, imposed by fundamental process prop-
erties, or at reducing the control requirements imposed by disturbance
sensitivities. Using results from linear systems theory, we have presented
simple model based tools, based on the decomposed models above, which
can be used to improve stability, non-minimum phase behavior and dis-
turbance sensitivities in plants with recycle. One important conclusion
of the presented results is that the phase-lag properties of the individual
process units play a crucial role for the disturbance sensitivity of an inte-
grated plant. In particular, by a careful design of the recycle loop phase
lag, it is possible to tailor the effect of process interactions so that they
serve to effectively dampen the effect of disturbances in the most critical
frequency region, that is, around the bandwidth of the control system.
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Chapter 6

System Closure in Pulp

Bleaching Plants

Pulp mills are making strong efforts to reduce emissions to the environ-
ment, e.g. by reusing resources such as water to as large an extent as
possible. This implies a high degree of recycling of process flows, termed
system closure within the pulp and paper industry, which potentially
can have a large effect on the system dynamics and controllability. This
chapter provides a brief introduction to system closure in pulp bleaching
plants.

6.1 Background

A pulp mill is a plant for production of wood fiber pulps, intended for
papermaking, using wood chips as the raw material. The main processes
are delignification and bleaching. In delignification the wood fibers are
separated from the undesired polymer lignin, using various types of re-
actors, e.g. digesters and oxygen delignification reactors. The bleaching
involves transforming and/or removing colored chemical components (in-
cluding lignin), so as to get a light colored pulp, and is performed in a
sequence of chemical reactors with the addition of various chemicals. In
all these processes large amounts of water are used for dilution and wash-
ing of the pulp. In traditional plants, fresh water was used throughout
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the plant, and effluent flows were primarily released to the environment.
During the last decades, efforts have been made to reduce the fresh wa-

ter usage, and hence also effluents, in pulp production. In Sweden, a large
interdisciplinary research program “The Ecocyclic Pulp Mill” (acronym
’KAM’, based on the initials of the Swedish program name, ’Kretslopps-
anpassad massafabrik’) was launched in 1996 with the aim of developing
environmentally optimal solutions for production of high quality pulp and
paper products. This involved minimizing the release of environmental
pollutants as well as the usage of non-renewable resources. One obvious
consequence of this is a closure of the water flows, i.e. water flows need
to be recycled and reused in the process. The work presented here is part
of the KAM project and concerns dynamic modeling and controllability
analysis, with the aim of gaining knowledge about the effects of system
closure on the dynamics of a pulp mill and in particular on the ability to
handle disturbances using feedback control. The focus of the work has
been on the bleach plant.

6.2 The KAM Bleach Plant

In a bleach plant, significant amounts of water are used to dilute the
pulp before it is being fed to a bleaching stage (chemical reactor) and
also to wash the pulp at the outlet of the stage. In order to reduce
fresh water usage, and hence also reduce effluent flows, filtrates from the
washers at the stage outlet can be recycled to dilute the incoming pulp,
for washing the pulp in upstream stages, or be recycled to a chemical
recovery system. This type of recycling, which is sometimes also referred
to as “system closure”, is known to cause potential problems in opera-
tion and control. Some of these problems can probably be attributed to
steady-state effects, such as the accumulation of so-called non-process el-
ements (NPE) under nominal operating conditions. However, in addition
to resolving these steady-state problems, it is necessary to ensure that
also disturbances, such as changes in the incoming raw material, can be
handled in a satisfactory way. Thus, it is important to understand how
system closure affects the disturbance sensitivity and the controllability
of a pulp mill.

We will here consider the KAM program reference mill, a so-called “el-
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ementary chlorine free” (ECF) bleach plant with the sequence Q(OP)(DQ)
(PO) (Jönsson et al., 1998; Ledung et al., 2001). See Figure 6.1. The let-
ters are used to denote the type of chemical added in the respective stage
and is described in more detail below. It is seen from Figure 6.1 that the
bleach plant is highly integrated, including both filtrate recycling within
each single stage and a “long” recycle flow of the PO stage filtrate to the
first Q-stage. The primary aim of the work presented here is to explore,
whether increased recycling has a significant effect on the plant control-
lability and, in particular, if the plant design must take dynamic effects
into account in order to ensure a plant that can handle disturbances in
an acceptable manner.

H O2 H O2
H O2

POQ2DOPQ1

Figure 6.1: Structure of the reference bleach plant with the sequence
Q(OP)(DQ)(PO). The plant consists of reactors (towers) and washers
(small boxes). The flows are pulp flow (double lines) and water flow
(single line).

In order to obtain a more detailed understanding of the effects of
filtrate recycling, we start by considering the local effect of internal recy-
cling on the controllability of a single stage. For this purpose we study
the final stage, the PO stage in Chapter 7. The motivation for choosing
this stage is partly that it has been pointed out by industrial represen-
tatives in the KAM program as the most difficult stage to control in
practice, when closing water flows, and partly since it is the final stage
of the pulp mill making control of this stage essential. We then briefly
present results for the PO stage integrated in the complete bleach mill in
order to analyze the effects of the interactions with the other bleaching
stages, imposed by recycling washer filtrate upstreams to previous stages.
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Before concluding this chapter, we provide some general background
on pulp bleaching, which will be useful to follow the derivations and
discussions in the next chapter.

6.3 A Brief Introduction to Pulp Bleaching

We here provide a very brief introduction to pulp bleaching and the
various stages used in bleach plants. A more detailed account can be
found in two reports that were written as a background to the case study
of the KAM bleach plant (Cui, 1998a,b).

Bleaching Chemicals

During bleaching, the colored components of the pulp are degraded and
dissolved and/or decolorized. All the colored material cannot be elimi-
nated by any single chemical in any single step, so bleaching is a multi-
step procedure.

Two types of chemicals are used: 1) oxidants are used to degrade and
decolorize lignin, and 2) alkali is used to degrade lignin by hydrolysis
and to aid in its dissolution. The commonly applied chemical treatments
are as follows: oxygen (O), chlorine (C), alkaline extraction (E), chlorine
dioxide (D), hypochlorite (H), peroxide (P) and ozone (Z). Chemicals
are chosen based on cost, environmental impact and selectivity, i.e. the
ratio of lignin removal to carbohydrate removal during the delignifica-
tion process. Improving the bleach selectivity is one of the main reasons
for using several bleaching stages in a bleach plant. The environmental
impact is the main reason why elementary chlorine is avoided in most
bleach plants.

ECF and TCF Bleaching Sequences

In practice, the bleaching of pulp is accomplished in successive stages. A
bleaching sequence can in general be divided into two parts: delignifica-
tion and brightening. Because of their lower cost, oxygen and chlorine
are used in the early stages of bleaching for delignification, but cannot be
used for more extensive treatment, because of their poor selectivity results
in cellulose degradation. Chlorine is invariably followed by extraction to
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hydrolyze and dissolve chlorolignin. Chlorine dioxide, hypochlorite and
peroxide can be used in the later stages of bleaching because of their
greater selectivity.

There are many possible bleaching sequences. The specific sequence
chosen depends partly on the character of the unbleached pulp to be
treated, the end use etc. The most common bleaching sequences in
the mid-1980s were 1)CEDED, 2)(C/D)EHDED, 3)(C/D)EHD and 4)
(C/D)EH, where the letters refer to the chemicals used, as listed above.
These sequences were widely chosen because of their ability to provide
high brightness with little damage to the pulp and at a reasonable cost.

During the last decades, however, it has become evident that chlo-
rine organic compounds in the effluents of the pulp mill have imposed
significant and detrimental pollution of the environment. This has led
to the development and implementation of new pulp bleaching technolo-
gies which reduce or eliminate the use of chlorine based chemicals in
the bleaching process. During the 80’s, ECF (Elemental Chlorine Free)
bleaching was introduced, in which elemental chlorine is replaced by chlo-
rine dioxide. Then the TCF (Total Chlorine Free) bleaching concept was
proposed and was first applied in industry in 1990. TCF uses oxygen,
ozone and hydrogen peroxide as the main bleaching agents, producing no
chlorinated organic effluents.

Today there are no chlorine stages in any bleach plant in Sweden. In
1999, about 70% of the mills in Sweden were running the ECF sequence,
such as D(EPO)EDD and O-OP-D-Q-PO. The rest, some 30%, were
using the TCF sequence, e.g. two mills running OO-Q-(OP)-ZQ-PO
(Axeg̊ard, 1999). The Q stage is a chelating stage before the P stage
for obtaining an optimal concentration profile of various metals, which
improves the efficiency of the P stage.

Bleaching Stages in the KAM Reference Plant

Q Stage - Chelation
In the Q stage, the chelating chemical EDTA is used to bind metal an-
ions, so as to obtain an optimal metal profile. An optimal metal profile
acts as a catalyzing agent for the delignification and also protects the
carbohydrates from degradation.

The optimal profile has been quantified by Basta et al. (1994): Mg 120
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to 180 ppm, Ca 500-1000 ppm, Mn<5 ppm, Fe 6 to 8 ppm, and Cu<0.2
ppm. Pulp with this profile yields the highest kappa reduction, brightness
and viscosity with the lowest peroxide consumption. The chelation stage
is followed by a standard pulp wash, which is critical for the metals to
be washed out, prior to the alkaline peroxide stage.

(DQ) Stage - Chlorine Dioxide Bleaching with Chelation
It has been recommended that the oxidative treatment with chlorine
dioxide ClO2 is followed by a Q stage before the pulp undergoes per-
oxide bleaching (Axeg̊ard et al., 1996). It is pointed out that the positive
effects of oxidation make the previously embedded metal ions become
more accessible and therefore more easily be removed in the following Q
stage. Comparing the (DQ) stage with the D stage, it is often found that
the (DQ) stage exhibits better performance on higher residual peroxide,
viscosity and brightness (Lindeberg et al., 1996).

(OP)/(PO) Stage - Enhanced Pressurized Stages
In peroxide bleaching, it is believed that oxygen and hydrogen perox-
ide complement each other in a positive way. This is indicated by the
fact that, by adding peroxide H2O2 in an O stage (OP stage) and/or
running the P stage under oxygen pressure and under high temperature
(PO stage), it is possible to reach much better delignifying/brightening
performance (Desprez et al., 1994; Devenyns et al., 1996).



Chapter 7

Modeling and

Controllability Analysis

of PO Bleaching Stage

with Filtrate Recycle

A dynamic model of a bleaching stage with filtrate recycle is constructed,
using high temperature peroxide (PO) bleaching as an example. The
model is analyzed with respect to the controllability and the results are
compared with those of a bleaching stage without recycling. The PO-
stage with filtrate recycle displays non-minimum phase behavior from
chemical charge to brightness. However, provided multivariable control
of both brightness and pH is employed, the non-minimum phase behav-
ior does not represent a severe limitation for control. Furthermore, we
find that the disturbance sensitivity at intermediate frequencies is slightly
smaller for the case with recycle than without; hence recycling does not
appear to have a significant effect on the controllability. A systems anal-
ysis, based on decomposing the model, is performed to obtain insight into
how the system closure contribute to different effects of the overall con-
trollability. The non-minimum phase behavior is shown to exist mainly
due to feedback effects imposed by recycling of OH−. The reduced dis-
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turbance sensitivity with recycling is partly explained by changes in the
nominal operating conditions, partly by the fact that the recycling is im-
posing a negative feedback effect, reducing the process sensitivity, in the
most critical frequency range.

Towards the end of the chapter we consider an extended model, in-
volving a complete bleach plant with both local and plantwide filtrate
recycle, and conclude that the plantwide filtrate recycle only has a minor
influence on the controllability of the PO stage.

7.1 Introduction

In response to environmental regulations and to decrease the detrimental
effects of effluents on the surrounding ecosystem, Swedish pulp and paper
mills are making efforts to realize an ecocyclic, or “effluent-free”, pulp
mill, i.e. to recycle the liquid flows to as large an extent as possible. For
example, in a bleach plant, filtrates from the washers can be recycled
to dilute the incoming pulp, to be used as shower water in washers for
other stages, or as so called black liquor in the chemical recovery system.
This type of recycling, which is sometimes also referred to as “system
closure”, is known to cause potential problems in operation and control.
Some of these problems can probably be attributed to steady-state effects,
such as the accumulation of so-called non-process elements (NPE) under
nominal operating conditions. However, in addition to resolve the steady-
state problems, it is necessary to ensure that also disturbances, such as
changes in the incoming raw material, can be handled in a satisfactory
way. Thus, it is important to understand how system closure affects the
disturbance sensitivity and controllability of bleaching plants.

In this chapter, we consider some effects of system closure on the dy-
namics of a high temperature peroxide (PO) bleaching stage with internal
filtrate recycling, i.e. in which the filtrate from the washing and pressing
of the outlet pulp is recycled to dilute the incoming pulp. To enable a
thorough understanding of how the filtrate recycling affects the control-
lability of the process, a mathematical model of the process dynamics is
required.

Dynamic models of bleaching stages are scarce in literature. Wang et
al. (1995) present a dynamic model of a complete bleach plant with chlo-
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rine bleaching, corresponding to the bleaching sequence (C + D)EDED.
Other published models include peroxide bleaching of mechanical pulp
(Morin, 1989) and oxygen bleaching (Hollander and Saltin, 1998). Re-
cently, Castro and Doyle III (2002) considered control of a complete
pulp mill based on a mill-wide model including the bleaching sequence
(O)DED. However, the details of the model are not provided in the paper.

We here first develop a model of the PO stage in the reference mill
ECF (“elementary chlorine free”) sequence Q(OP)(DQ)(PO) (Jönsson et
al., 1998). The model is based on first principles combined with exper-
imentally determined expressions for the reaction kinetics. In order to
ensure a flexible model, the construction is based on a set of modules,
each one representing a basic unit operation. In this way, different sce-
narios of recycling can easily be incorporated. Furthermore, the model
can easily be modified to account for other bleaching stages by replacing
the chemical components and adding appropriate reaction kinetics. In
Appendix C, a model for the complete bleach plant, with the sequence
Q(OP)(DQ)(PO), is derived based on this concept.

The outline of the chapter is as follows. In Section 7.2, a dynamic
model is developed for a single high temperature peroxide bleaching (PO)
stage with filtrate recycling. In order to illustrate some typical effects of
recycling, simulations based on the model are presented in Section 7.3.
In Section 7.4, a controllability analysis based on a linearized model is
presented. The results are compared with those for a model without
recycling. A systems analysis is presented in Section 7.5, in which the
overall process is decomposed in order to better understand how different
effects contribute to the overall behavior. Finally, in Section 7.6, the effect
of plantwide recycling is analyzed by considering a PO stage integrated
in a complete bleach plant.

7.2 Modeling

7.2.1 Introduction

A typical bleaching stage, see Figure 7.1, mainly consists of a mixer
for diluting the incoming pulp slurry and adding bleaching chemicals, a
retention tower (plug flow reactor) for the completion of bleaching reac-
tions, a wash press for removing residual liquor that would contaminate
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the pulp during subsequent processing steps and, finally, a splitter for
dividing the washer filtrate into a recycle flow and an effluent flow. The
bleaching stage considered here is a continuous process and uses peroxide
H2O2 as the bleaching chemical. See also Figure 7.1.

(Washed pulp)

Switch

Fresh water

Shower

Tower

Feed

CSTR

PFR

Pulp Slurry

Mixer

Chemicals

Dilution Stream

Fresh wash water 

Effluent

Wash Press

Discharge

Figure 7.1: Basic units in a typical bleaching stage.

Below, mathematical models for the different unit operations in the
bleaching stage are developed in two parts. The first part considers the
unit operations with appropriate physical flows of pulp and liquid. The
model equations are formulated from elementary conservation laws, i.e.
mass balances. The second part consists of chemical bleaching reactions,
i.e kinetics and stoichiometry. While we here consider peroxide bleach-
ing, inclusion of proper chemical components and reaction kinetics into
the basic unit operations enables modeling of any particular bleaching
stage. This is illustrated in Appendix C, where a complete bleach plant
is considered.

The retention tower, in which most of the bleaching reactions take
place, has also by far the longest residence time (98% of total residence
time, Wang et al. (1995)) and therefore accounts for most of the dynam-
ics. We therefore model the retention tower as dynamic, while the mixer
and washer are assumed to be static. The initial reaction, which takes
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place in the mixer after mixing pulp and chemicals, is relatively fast,
and is here modeled by assuming a mixing zone at the entrance of the
retention tower. Thus, the flow pattern in the tower is assumed to be
a single continuous stirred tank reactor (CSTR) followed by a plug-flow
reactor (PFR). The CSTR accounts for the dynamics in the mixer as
well as some mixing effects at the inlet of the retention tower. The PFR
model assumes the pulp slurry in the tower to be in a state of plug flow,
however with some axial mixing (dispersion). Such flow patterns match
available tracer responses well (Wang et al., 1995). The wash press is
modeled using a steady-state mass balance and is based on parameters
describing the washer efficiency.

The temperature has a significant effect on the reaction rates, but
is mainly determined by external heating. That is, the heat of reaction
of the chemical reactions can be neglected. Because of this, we do not
include any energy balance here, but simply assume that the temperature
of the pulp can be perfectly controlled.

The chemical components of main concern here are brightness (light
absorption coefficient, a measure of chromophore content), chemical resi-
due (of hydrogen peroxide) and pH (sodium hydroxide concentrations).
The pulp is treated as a slurry consisting of water and solid wood mate-
rial, where the fraction of the latter is described by the pulp consistency.

One of the indicators of water pollution, which is of primary concern
in a pulp mill, is the chemical oxygen demand (COD). It is a measure
of the organic components that can be oxidized through chemical reac-
tions. Such organic components are undesirable because they consume
dissolved oxygen, which is needed by fish and other organisms in the
water. Furthermore, they consume bleaching chemicals, and high COD
values usually imply low pulp yields. Thus, prediction of the contents
of COD contributions is therefore of the utmost concern in a bleaching
plant. However, the COD contributions consist of a large number of dif-
ferent organic compounds and are therefore difficult to quantify. In our
model, we introduce an organic pseudo-component, termed component
A, to represent the COD contributions.

It is well known that some metals may have significant effects on
peroxide bleaching, e.g. by decomposing peroxide. Though, since the
present freely available knowledge of these effects is highly uncertain, we
have not included the effects of metals in the present model. However,
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we include an inert component in our model to enable tracing of any
so-called non-process element (NPE).

In reality, a small amount of oxygen is also added into the PO stage,
mainly to achieve a desired pressure. Here we assume the related kinetics
to be negligible.

Models for the unit operations with suitable kinetics are presented in
brief in the following subsections. A more detailed model of the PO stage
with local filtrate recycling can be found in the Chapter 5 of Cui (2000b)
or the Appendix C. The required nomenclature is provided in Appendix
C.6.

7.2.2 Mixer

The consistency of the incoming pulp slurry, coming from the wash press
of the previous stage (DQ), is typically about 35% (i.e. 65% water con-
tent). In the retention tower, the pulp consistency should be around 10%,
so water or recycled liquor is added to dilute the slurry in a mixer before
entering the retention tower. Chemicals are also added here. For sim-
plicity, the liquor in the chemical solution line is assumed to be included
in the dilution water and therefore not calculated separately (Jönsson et
al., 1998).

We assume the mixer to be static and thus only steady-state mass
balances are needed to calculate the light absorption coefficient K, the
mass flow F , the pulp consistency Zf and the chemical compounds frac-
tions Xj into the tower. For the chemical component j, a mass-balance
yields

Xj = Xj,in + Mj,a/FZf + FdYj,d/FZf

Here Xj represents mass fraction of component j of oven dry pulp, Yj,d

mass fraction of dilution liquor and Mj,a mass of chemicals added, all for
substance j. The indices j=P, B, N, A and M will be used to represent
the substances H2O2, OH−, Na+, COD and metals, respectively.

If the dilution liquor is fresh water, then Yj,d are all equal to 0. With
filtrate recycle, they are given by the concentrations in the washer filtrate.
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Figure 7.2: Variables modeled in the Mixer

7.2.3 Retention Tower

The outputs from the mixer are inputs to the retention tower. The bleach-
ing tower is modeled as a single CSTR (continuous stirred tank reactor)
followed by a PFR (plug flow reactor) with axial dispersion, which ac-
counts for some axial mixing. The equations describing the dynamics in
the tower are derived with the simplifying assumption that the density
and the volume of the pulp are constant.
in CSTR:

dXj

dt
=

Zf,in(Xj,in − Xj)
Zf tcstr

+
∑

i

ri

in PFR:

∂(XjZf )
∂t

= −v
∂(XjZf )

∂z
+ D

∂2(XjZf )
∂z2

+
∑

i

riZf

where Xj denotes contents of the concerned variables, Zf is pulp con-
sistency, D is axial diffusion coefficient, tcstr is the residence time of the
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Figure 7.3: Variables modeled in the Retention Tower

CSTR and ri denotes the relevant reaction rates. The reaction rates con-
sidered here include the bleaching rate for the absorption coefficient K

(rk) and the rates of generation (rr, release) and oxidation (ro) of COD
(component A).

The kinetics for the chromophores in a PO stage, used here, are pro-
posed by Stevens (1998)

rk = −1.22 · 109e−8629/T CHOO
0.3K2

The concentration of the Perhydroxyl anion (HOO−) is calculated based
on

H2O2 + OH− ⇔ HOO− + H2O

CHOO = COHCP /kb (Ni et al., 1997)

−log10kb = 1330/T − 2.13 + 0.15C0.5
Na (Teder and Tormund, 1980a)

Reactions affecting the COD contents include COD oxidization by
active chemicals and COD release due to delignification. The oxidization
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and release rates (ro, rr) are here simply assumed to be proportional to
the concentrations of active reactants and bleaching kinetics, respectively:

ro = −koCCODCHOO

rr = −krrk

The modeling of pseudo-component A, emulating the COD contributions,
deserves some comments. Generally, COD results from different types
of organic compounds, which have different kinetics when reacting with
the active radical HOO−. Some compounds are more easily oxidized
than others and some have more than one group which may be oxidized.
However, as soon as a compound, or group, has been oxidized, it becomes
inactive. In our model, component A models only the active COD, i.e. the
COD which can be oxidized. The kinetics we have assumed implies that
only a fraction of the COD is oxidized when passing through the tower.
To translate this into a context where the COD is defined to encompass
both active and inactive COD, which is often done in industry, the COD
will be less active after passing through the bleaching stage.

The consumption rate of bleaching chemicals is assumed to be pro-
portional to the rates of the reactions, in which they are consumed:

rs,P = ΨP1rk + ΨP2ro

rs,B = ΨB1rk + ΨB2ro

Finally, the boundary conditions for solving the PDE are chosen as
Dirichlet and Neumann at the inlet and outlet, respectively,

• at inlet z=0
Zf (0) = Zf,in

K(0) = Kin

Xj(0)) = Xj,in

Kin, Zf,in, Xj,in, (j = P,B,N,A,M) are the outputs of the CSTR.

• at outlet z=H, no dispersion

∂Zf (H)
∂z

= 0

∂(K(H)Zf (H))
∂z

= 0

∂(Xj(H)Zf (H))
∂z

= 0
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7.2.4 Washer

The pulp needs to be washed after each bleaching stage, with the objec-
tive of removing residual components that would contaminate the pulp
during subsequent processing steps. Here a wash press is employed for
this purpose. The wash press is designed to carry out the operations of
thickening, displacement washing and pressing in a continuous sequence.

The washer has two inlets (feed and water shower) and two outlets
(discharge and effluent). Feed and discharge are both pulp flows, while
shower and effluent (filtrate) are liquor flows. For simplicity, we use the
subscripts ’F’, ’D’, ’S’, ’E’ to represent the respective flows. See also
Figure 7.4.
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Figure 7.4: Variables modeled in the Washer

At present, the wash press is modeled using a steady state mass bal-
ance only, based on two performance parameters - the dilution factor
(DF) and the displacement ratio (DR). The dilution factor is defined as
(Dence and Reeve, 1996)

DF = wash liquor entering - liquor leaving with washed pulp
washed oven dry pulp

= FS−FD (1−Zf,D)
FD Zf,D
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and the displacement ratio is a parameter accounting for the achieved
washing efficiency, based on the premise that the pulp cannot be washed
any cleaner than the wash liquor. It is defined as (Dence and Reeve,
1996)

DR = actual dissolved solids removed
maximal possible dissolved solids removal = Yj,F −Yj,D

Yj,F −Yj,S

where the mass fraction of dissolved solids in the liquor is (with j =
P,B,N,A,M and i = F,D)

Yj,i =
FiZf,iXj,i

Fi(1 − Zf,i)
= Xj,i(Zf,i/(1 − Zf,i))

As only part of the filtrate is recycled as dilution liquor in the mixer,
the degree of closure is defined as

kc = Fd/FE

Finally, the brightness B in % ISO of the pulp can be estimated using
the Kubelka-Munk equation (Kubelka and Munk, 1931)

B =


1 +

(
K

S

)
−

√(
K

S

)2

+ 2
(

K

S

)
 × 100% ISO

where K is the light absorption coefficient and S is the light scattering
coefficient, which is usually assumed to be constant when bleaching a
certain pulp quality.

The pH is also an important indicator for effective bleaching in the
PO stage. There are many different ways to define and measure pH.
Here pH is calculated according to the common definition for aqueous
solutions

pH = 14 − pOH = 14 + log10(COH)

To summarize, we have developed a model covering the different parts of
the PO stage in the reference bleaching plant Q(OP)(DQ)(PO) (Jönsson
et al., 1998). The complete bleach plant model is derived in Appendix C
by connecting the relevant inputs and outputs of the different submodels,
Q, OP, DQ and PO. The overall model will then be in the form of a set
of ordinary and partial differential equations combined with algebraic
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equations. Here, we first calibrate and analyze the PO-stage model to
obtain insight into the effects of filtrate recycling on the controllability
of a single stage.

7.3 Calibration and Simulation

7.3.1 Introduction

In this section we present some simulation results obtained using the
model derived above. The software package gPROMS (1999) has been
chosen for the dynamic simulation. gPROMS can model both lumped
and distributed systems, i.e. systems described by ordinary differential
equations (ODE) and partial differential equations (PDE), as well as
algebraic equations (AE). gPROMS can also provide linear dynamics
models, obtained by linearization of the model equations about a nominal
steady-state.

Prior to performing specific simulations, the model parameters must
be calibrated by comparing typical characteristics of the model with those
observed in industrial scale bleaching towers.

7.3.2 Model Calibration

To obtain realistic results, the operating conditions are taken from refer-
ence mill design data (Jönsson et al., 1998), industry mill data (Jonas-
son, 2000; Annergren, 2000), as well as from the open literature. The
data available for calibration are mainly steady-state data and not com-
plete in the sense that a systematic parameter fit can be made. Rather,
the calibration has aimed at fitting aspects such as brightness, residence
time, chemical consumption, pH profiles etc. Below we simply provide
the resulting model parameters. More details on the calibration for the
complete bleach plant can be found in Appendix C.

7.3.3 Nominal Operating Conditions

The mixer
The chemical charges are

MP,a = 11.5 kg ptp ; MB,a + MN,a = 13.0kg ptp
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where the unit ptp is standard in the pulp and paper industry and denotes
per ton oven dry pulp. This chemical charge gives the desired brightness
B = 87.5 %ISO and pH = 11 out of the tower, at the nominal operating
point.

The chemical carryover, from previous stages, is here assumed to be
negligible, i.e. Xj,in = 0kg/kg o.d. pulp, j = P,B,N,M .

Fin = 14.5 kg/min (Wang et al., 1995)
Kin = 1.9 m2/kg

Zf,in = 0.35 kg o.d. pulp/kg pulp slurry (Jönsson et al., 1998)
XA,in = 0.02 kg/kg o.d. pulp

The tower
The tower is assumed to be operated at the following conditions

Pulp consistency: Zf = 0.10 (Jönsson et al., 1998)
Residence time in tower: t = 120 min

Temperature: T = 373 K (Stevens, 1998)
Dispersion coefficient: D = 0.02 m2/min

Velocity: v = 0.083 m/min

Height of tower: H = 10 m

Crossectional area of tower: Ac = 0.6 m2

Liquor density: ρl = 1000 kg/m3 (Wang et al., 1995)

The residence time of the CSTR is chosen to be 10% of the overall
residence time of the tower, to fit available residence time distributions
based on tracer experiments Wang et al. (1995).

Kinetic and stoichiometric coefficients have been chosen such that the
process, without filtrate recycling, satisfies the following typical industrial
conditions

• About 70% of the chemicals added are consumed when COD is
absent.

• With the presence of COD, about 90% of the chemicals are con-
sumed.

• About 30% of the incoming COD is oxidized and the COD level at
the outlet of the tower is about 110% of that at the inlet.



154 7 Modeling and Analysis of a PO Bleaching Stage

• According to the bleaching mechanism (7.2.3), generation of 1 mol
HOO− consumes 1 mol H2O2 and 1 mol OH−, which gives the
stoichiometric ΨPi = 2ΨBi.

Based on this we obtain the reaction kinetics and stoichiometry

ΨP1 = 0.005
ΨP2 = 0.5
ΨB1 = 0.0025
ΨB2 = 0.25

ko = 3
kr = 0.01

The wash press
The wash press is assumed to have the following performance

Pulp consistency: Zf = 35% (Jönsson et al., 1998)
Dilution factor: DF = 2.5 (Jönsson et al., 1998)
Displacement ratio: DR = 0.5 (Jönsson et al., 1998)

In addition, we assume

Shower liquor is fresh water: Yj,S = 0
Light scattering coefficient: S = 35
Recycle factor (degree of closure): kc = 7.1/11.5 (Jönsson et al., 1998)

The desired pulp consistency at the discharge outlet, the dilution
factor and the pulp consistency in the retention tower can only be satisfied
through controlling the flow rate in the discharge, shower and recycle
stream respectively. The required steady-state flow rates are

FD = 14.5 kg/min
FS = 22.1 kg/min
Fd = 36.25 kg/min

7.3.4 Simulation Results

In order to illustrate how the dynamics of the bleaching stage change,
when recycling of the washer filtrate is introduced, simulations are here
performed for three different cases.
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• Recycle case: the process using recycled filtrate as the dilution flow
in the mixer.

• Fresh water case: the process using fresh water as the dilution flow
in the mixer, i.e. no recycling.

• Torn recycle case: the recycle loop in the recycle case has been
torn, i.e. the recycle flow used for dilution of the incoming pulp is
replaced by an equivalent fixed flow. This ensures that the operat-
ing conditions inside the tower are identical to those of the recycle
case, but that the feedback effect imposed by recycling is removed
(since changes are not fed back).

Remarks:

1. For comparison, the nominal output brightness and pH are chosen
to be the same in all cases. This is obtained by decreasing the
chemical charge from 11.5 kg/tp H2O2 and 13.0 kg/tp NaOH for
the recycle case, to 10.3 kg/tp H2O2 and 10.6 kg/tp NaOH for the
fresh water case.

2. In general, introducing recycling in an existing process has two sep-
arate effects on the dynamics. First, the nominal operating condi-
tions, e.g. concentration profiles, are changed. Second, the presence
of recycling imposes a feedback effect, as discussed in Chapter 2 of
this thesis. The reason for introducing the torn recycle case above
is that it enables us to separate effects of changed operating points
from those of recycle feedback effects.

To study the impact of system closure on the process dynamics, the
output responses to disturbances and changes in control inputs are con-
sidered for all three cases below.

Figure 7.5 shows the responses in outlet brightness to 20% disturbance
in the carryover of component A (COD) and incoming pulp consistency,
respectively. From the figure it can be seen that the initial responses (ap-
prox. first 120 min) are similar for all cases. Note that the residence time
of the tower is 120 min, while the “effective” delay in the step response is
approximately 70 min. However, while the initial response is unaffected,
the response time and the steady-state change are significantly larger for
the recycle case than for the fresh water case, in particular for the COD
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Figure 7.5: Response of outlet brightness to 20% disturbance in a)
COD carryover XA,in (top); b) incoming pulp consistency Zf,in (bottom).
Solid: recycle case; Dashed: fresh water case; Dash dotted: torn case.

disturbance. Since the steady-state change for the torn case is smaller
than for the fresh water case, the increased disturbance sensitivity of the
recycle case is entirely explained by the feedback effect. For a general
discussion of feedback effects imposed by recycling, see Chapter 2 of this
thesis. The slower transient in the recycle case is as expected and is also
explained by the feedback effect imposed by the recycle flow.
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The above observed effects can partially be understood from the
physics of the process. Increasing the inlet COD implies that more chem-
icals are consumed in the oxidizing step, thereby reducing the bleaching
effect. When the filtrate is recycled, the remaining active COD is rein-
troduced in the tower and hence adding to the detrimental effect on
the bleaching reactions. Other disturbances have a similar effect, i.e.
the detrimental effect is typically amplified by the feedback. However,
we stress that care should be exercised when attempting to understand
feedback processes based on process insight, or intuition. A systematic
analysis on the effect of the feedback is presented below.

Despite the observed differences between the three cases above, it can
be concluded from Figure 7.5 that the disturbance sensitivity does not
seem to be severe in either case. Thus, one might expect that there
should be no particular control problems, even in the case with recycling.
However, before drawing such a conclusion, it is important to consider
whether the disturbances can be rejected using the available manipulated
inputs.

In a bleaching plant, the chemical charge is typically used to control
the final pulp brightness. Provided the effect of the charge on the control
outputs is sufficiently large, and there is no non-minimum phase behavior
in terms of inverse responses and time-delays, slow dynamics and large
disturbance sensitivity do not necessarily represent a control problem.

The effect of a 20% increase in chemical charge of peroxide is shown
in Figure 7.6. In the recycle case, it is seen that the brightness has
an inverse response for this change. The inverse response is found to
correspond to a severe non-minimum phase zero, i.e. a right half plane
(RHP) zero in the transfer-function of the linearized system. Such non-
minimum phase zeros impose a fundamental limitation in the achievable
control performance (Skogestad and Postlethwaite, 1996). Note that the
torn case does not exhibit any inverse response. This implies that the
non-minimum phase behavior in the recycle case is a consequence of the
feedback effect imposed by the recycling. We analyze the source of the
inverse response in more detail below.

We conclude this section by noting that the simulations reveal that
the filtrate recycling tends to increase the response time and disturbance
sensitivity of a bleaching stage. For instance, for a disturbance in incom-
ing COD, the response time is increased by a factor of approx. 4, while
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Figure 7.6: Response of outlet brightness to 20% change in chemical
charge H2O2. Solid: recycle case; Dashed: fresh water case; Dash
dotted: torn case.

the steady-state disturbance sensitivity is increased by a factor approx.
2.5 at steady-state.

However, since the disturbance sensitivity is quite small for the fresh
water case, the disturbance sensitivity seems to be relatively mild even
in the recycle case. On the other hand, the responses for changes in
chemical charge reveal an inverse response with filtrate recycling, and
potentially a severe control problem, if the peroxide charge is used as a
control input for outlet brightness.

One should, in general, be careful about drawing general conclusions
based on simulations alone though, since they consider specific cases only.
In the next section we perform a systematic controllability analysis of the
PO stage, both with and without recycling.

7.4 Controllability Analysis

7.4.1 Introduction

The input-output controllability of a process concerns the inherent ability
to achieve a certain control performance using available measurements
and control inputs. The performance may be related to attenuation of
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disturbances and/or tracking of setpoint changes. It is important to
stress that controllability is independent of the control system and is
a property of the process only. Thus, the controllability can only be
affected by changing the process design, including the possible addition
of measurements and actuators.

Linearized Model
The first step of a controllability analysis is the development of a linear
dynamic model on the form

y = G(s)u + Gd(s)d (7.1)

where y denotes outputs to be controlled, u are control inputs and d

disturbances, all given as deviations from the nominal values. The linear
model can be obtained by linearizing the nonlinear model around the
nominal operating point.

Outputs: y1 B, brightness %
y2 pH, pH at the outlet of tower –

Inputs: u1 MB,a, alkaline NaOH charge kg

u2 MP,a, peroxide H2O2 charge kg

Disturbances: d1 Zf,in, pulp consistency %
d2 Kin, absorption coefficient m2/kg

d3 Fin, feed flow kg/min

d4 XA,in, COD carryover kg/tp

Table 7.1: Main variables considered in the controllability analysis. All
disturbances concern variables coming from the previous bleaching stage.

The variables of main concern here are shown in Table 7.1. The
primary output is the pulp brightness. However, pH should also be con-
sidered an output since it is known to affect the strength of the pulp.
Both outputs are here assumed to be measured online, something which
is not always the case in industrial towers.

Control Objectives and Scaling
To decide whether acceptable control can be achieved, the control ob-
jectives must first be defined. For both the recycle case and the fresh
water case, the objectives for the PO bleaching stage are here assumed
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to be that the two outputs, outlet brightness and pH, should be kept
as close as possible to their setpoints, despite disturbances entering the
process. Note that the main overall control objective is to control bright-
ness at the outlet of the PO stage. However, pulp strength should also
be taken into account, which can be done indirectly by controlling pH.
Some other variables, such as the tower temperature and the flows in the
shower stream, discharge stream and recycle stream, are also of impor-
tance. Here they are, however, assumed to be under perfect control and
hence not considered further.

To quantify the control objectives, the allowed variation in the outputs
and control inputs as well as the maximum expected disturbances need
to be specified.

• Maximum allowed variations of the outputs from their setpoints are
±0.5% ISO for brightness and ±0.4 units in pH, respectively.

• Allowed input (actuator) variations are ±100% of the nominal value.

• Maximum magnitudes of all expected disturbances are ±20% of
their nominal values.

The variables y, u and d and the models G(s) and Gd(s) are then scaled
so that the allowed/expected variations correspond to keeping the mag-
nitude of all variables less than 1. For instance, in terms of the scaled
variables, acceptable performance corresponds to |y| < 1. Scaling also en-
sures that all variables have comparable magnitudes and thus simplifies
the controllability analysis.

7.4.2 Controllability Analysis for Multivariable Con-

trol

Controllability analysis is first performed for the case in which it is as-
sumed that both brightness and pH will be controlled using a full mul-
tivariable controller. If acceptable control (|y| < 1) can not be achieved
using a full multivariable controller, then it can hardly be achieved with
any other control strategy, using the same inputs and outputs.

Bandwidth Requirements Imposed by Disturbances
The control objectives, e.g. rejecting disturbances or stabilizing the pro-
cess, give rise to bandwidth requirements for the closed loop performance
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of the feedback control system. For both the recycle case and the fresh
water case, the PO stage is stable, but needs to be controlled in order to
reject disturbances. This can be seen from Figure 7.7 and 7.8, which show
the frequency response of the elements of the scaled disturbance model
Gd(s) with disturbances as listed in Table 7.1. As seen from the figures,
since the effects of several disturbances exceed 1 in some frequency range,
feedback control is needed to attenuate disturbances. The most severe
disturbance, without control, turns out to be the pulp consistency for the
recycle case and the incoming absorption coefficient as well as the pulp
consistency for the fresh water case.

Required bandwidths ωB = ωd,max for brightness and pH are ωB =
0.065 for the recycle case and ωB = 0.07 for the fresh water case. For
disturbances in COD carryover, the tower is self-regulating as |y1| (bright-
ness) and |y2| (pH) are less than 1 for all frequencies.

It is interesting to note that tighter control in fact is required in
the fresh water case than in the case with recycling. Whether this is
caused by changed operating conditions, or feedback effects imposed by
the recycling, is considered in the systems analysis below.

Limitations for MIMO Control
Inherent limitations are system properties that prevent fast control and
thus limit the achievable bandwidth. Such limitations include non mini-
mum phase characteristics, in the form of time delays and RHP zeros, and
constraints on manipulated inputs. In addition, model uncertainty can
also be an important performance limiting factor in many multivariable
systems.

Delay: The time delay θ from control input to output should prefer-
ably be as small as possible, since the input can not take effect until a
time θ has passed. In the simulations (cf. Section 7.3.4), the effective
delay is approximately 70 min for all inputs and outputs, both for the
recycle case and for the fresh water case. The presence of a pure delay θ

is not surprising as the bleaching tower is modeled as a plug flow reactor
with a large residence time (if it were pure plug flow, the delay would
be 120 min). The effective delay of 70 min puts a hard limitation on
the achievable bandwidth, i.e. ωB < 1/70 = 0.0143 (Skogestad and
Postlethwaite, 1996). Since this is significantly lower than the bandwidth
ωd required to attenuate disturbances to an acceptable level, the delay
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Figure 7.7: Frequency response of outputs y1 (brightness) to different
disturbances. Top: recycle case; Bottom: fresh water case. Dotted: d1

(pulp consistency), Dashed: d2 (absorption coefficient), Solid: d3 (feed
flow), Dash-dotted: d4 (COD carryover).

will prevent acceptable performance for both the fresh water case and
the recycle case, using feedback from measurements at the tower outlet.

RHP zeros: RHP zeros imply high gain instability and limit the
achievable bandwidth. The simulations above revealed an inverse re-
sponse from input u2, peroxide charge, to output y1, brightness, in the
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Figure 7.8: Frequency response of outputs y2 (pH) to different distur-
bances. Top: recycle case; Bottom: fresh water case. Dotted: d1 (pulp
consistency), Dashed: d2 (absorption coefficient), Solid: d3 (feed flow),
Dash-dotted: d4 (COD carryover).

presence of filtrate recycle. This is confirmed by a zero at z = 0.0016 in
the corresponding transfer-function, implying a severe limitation if only
this control loop is closed. However, the multivariable transfer-matrix
from both inputs to both outputs has all zeros in the LHP and hence no
limitations from non-minimum phase zeros, neither for the recycle case
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Figure 7.9: The maximum of inputs needed for perfect control of bright-
ness and pH, recycle case. Solid: pulp consistency; Dash-dotted: absorp-
tion coefficient; Dashed: feed flow; Dotted: COD carryover.

nor for the fresh water case. Thus, an important conclusion is that it is
essential to actively control pH when filtrate recycling is introduced in
the PO stage.

Input constraints: Constraints on the manipulated variables can limit
the ability to reject disturbances. For a MIMO system, considering a
single disturbance at a time, problems with input constraints can be ex-
pected if the input |u| required to completely reject the worst disturbance,
|d| = 1, exceeds one. This corresponds to one or more elements of the
matrix G−1Gd(s) exceeding 1 in magnitude at frequencies where feedback
is needed, i.e. for frequencies below ωd. For the PO stage, with or with-
out recycle, we find that there are no problems with input constraints,
even with perfect control. For instance, Figure 7.9 shows the maximum
of inputs needed for perfect control of brightness and pH in the recycle
case. Since the maximum input, over all frequencies, is significantly less
than 1, there should be no problems with input constraints.

Model uncertainty: The Relative Gain Array (RGA) (Bristol, 1966)
can be used as a measure of sensitivity to independent input uncertainty
when full multivariable control is employed. In particular, if a plant has
large RGA elements and an inverse-based controller is used, the over-
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Figure 7.10: RGA 1,1-element. Solid: recycle case; Dashed: fresh water
case.

all system will be highly sensitive to input uncertainty (Skogestad and
Postlethwaite, 1996). Figure 7.10 shows the 1,1-element of the RGA ma-
trix, λ11(jω), which is close to 1 in both cases. Hence, uncertainty is not
expected to be a significant problem for the PO stage.

7.4.3 Summary of Controllability Analysis

In summary, with a full multivariable controller for outlet pH and bright-
ness, there are no expected control limitations imposed by RHP zeros,
input constraints or uncertainties. However, the process delay represents
a significant bandwidth limitation on the achievable bandwidth of the
control system. The delay is approximately the same for both the fresh
water case and the recycle case. Hence similar limitations apply for both
cases.

As the bandwidth limitation imposed by the delay is less than the
bandwidth requirement imposed by the disturbances, i.e. ωB < ωd, the
specified control objective can not be achieved by applying feedback con-
trol from measurements at the outlet of the tower, neither for the recycle
case nor for the fresh water case. Some possible options for dealing with
this problem is to reduce disturbances from upstream units, add feedfor-
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d1 d2 d3 d4

recycle case B 2.16 2.13 2.03 0.18
pH 2.15 1.36 1.67 0.15

fresh water case B 2.57 2.99 2.62 0.26
pH 2.80 2.32 2.36 0.26

Table 7.2: Disturbance gain at maximum bandwidth ωB = 0.0143. Bold
text shows the largest effect on outputs of disturbances at that frequency.

ward control from disturbance measurements, add measurements inside
the tower or redesign the process in order to reduce the disturbance sen-
sitivity.

To keep the output variations within the specified bounds, the max-
imum expected disturbances have to be reduced by a factor correspond-
ing to the critical gains, i.e. the disturbance sensitivity |Gd(jω)| at the
frequency corresponding to the maximum achievable bandwidth ωB =
1/θ = 0.0143. The critical gains in Table 7.2 show that the most severe
disturbances for the recycle case are pulp consistency, incoming bright-
ness and feed flow variations, in decreasing order. The COD carryover
has the least effect and does not require control.

Note that the fresh water case has higher disturbance gains at the
critical frequency. This implies that the PO stage with recycling in fact
can handle somewhat larger disturbances than the corresponding stage
without recycling.

One possible design modification is to add buffer tanks, as discussed in
Chapter 4 of this thesis. Using the results in Chapter 41 we find that the
optimal buffer is obtained with a single cascaded buffer in both cases, and
that the required residence times are 134 min for the case with recycle
and τB = 197 min for the case without recycle. Thus, a larger buffer is
needed for the case without recycling.

Note that it is not optimal to use an integrated delay tank for the re-
cycle process in this case, as was found for some other reaction-separation
processes with recycle in Chapter 4. The reason for this is that the recy-

1Since we have multivariable recycle, we consider integrated delay tank design

for each of the vectors corresponding to the eigenvalues of the loop gain at ωB and

combine this with numerical optimization of the total buffer volume.
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cle feedback in this case in fact is providing disturbance damping at the
considered bandwidth frequency. This is considered in more detail in the
systems analysis presented below.

We finally remark that the above analysis is based on the use of full
multivariable controllers. In practice, single loop controllers, i.e. decen-
tralized control, are often preferred. This restriction on the controller
structure can impose extra control limitations. However, this case has
been analyzed in Cui (2000a), where it is found that, provided a proper
pairing of inputs and outputs is made, the conclusions for MIMO con-
trol above hold also for decentralized control. It is found that the best
pairing, for the recycle case, corresponds to controlling brightness with
NaOH charge and pH with H2O2 charge. This may be somewhat sur-
prising and also counterintuitive, but is partly explained by the fact that
there is an RHP zero in the transfer-function from peroxide to brightness
in the recycle case.

7.5 Systems Analysis

In this section, some of the observations made in the previous sections
are explained through a systems analysis, i.e. we decompose the system
model to distinguish different effects on the overall controllability.

As stated above, introducing recycling in an existing process gener-
ally has two distinctive effects on the process dynamics, i.e. introducing
new nominal operating conditions and imposing a feedback effect. The
effect of operating conditions is case specific and can be analyzed by sim-
ply removing the feedback effect, i.e. by tearing the recycle flow as has
been done in the simulations above. This effect can therefore be seen by
comparing the simulations for the fresh water case and the torn case in
Section 7.3.4. By comparing the worst case disturbance for the torn case
with the worst case for the fresh water case, we find that the change in
operating conditions contributes to approximately 20 % reduction in the
disturbance sensitivity at all frequencies.

The effect of feedback on the disturbance sensitivity can be analyzed
by considering the process sensitivity function

Sp(s) = (1 − G0(s))−1 (7.2)
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where G0(s) is the recycle loop transfer-matrix, i.e. the transfer-matrix
from chemical concentrations (P,B,N,A) into the mixer to chemical con-
centrations in the filtrate from the washer, in the absence of recycling.
Figure 7.11 shows the singular values of the process sensitivity function
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Figure 7.11: Singular values of the process sensitivity function Sp for
the PO stage (solid lines) and the disturbance sensitivity change for the
worst case disturbance (dashed line).

Sp for the PO stage. As can be seen, the feedback significantly increases
the sensitivity in most plant directions at low frequencies, while it de-
creases the sensitivity in most directions in the frequency range around
the bandwidth limitation ωB = 0.0143. Since the sensitivity is dependent
on disturbance directions and furthermore is an additive effect for distur-
bances in components not part of the recycle loop, e.g. pulp consistency,
we also compute the overall disturbance sensitivity change, caused by the
feedback effect, for the worst case disturbance at each frequency. From
Figure 7.11 it can be seen that the recycle feedback provides a slight dis-
turbance damping around ωB for the worst case disturbance. This also
partly explains why it was not found useful to integrate a delay tank to
reduce the sensitivity above.

From the simulations and controllability analysis presented above it
was clear that the recycle feedback had a significant effect both on the
zeros and the poles of the process. The dynamics became much slower
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with recycle feedback and an inverse response corresponding to an RHP
was introduced between peroxide charge and outlet brightness. Figure
7.12 shows the poles and zeros of the transfer-function from peroxide to
outlet brightness for the torn recycle case and the recycle case. As can be
seen, the slowest pole is moved closer to the imaginary axis, while a zero
is moved across the imaginary axis and into the RHP, by the feedback
effect imposed by recycling.

The fact that the recycle feedback causes the transfer-function zero to
cross the imaginary axis can be verified by applying the results in Chapter
3 of this thesis. Since we have a single zero crossing and the feedback is
multivariable, we apply Corollary 3 in Chapter 3, i.e. we form the matrix

∆(s) = GR(s)(G11(s) − G12(s)G−1
22 (s)G21(s)) (7.3)

where the respective transfer-functions are derived from the torn recycle
model. The recycle dynamics GR(s) = I and the forward dynamics G(s)
have as inputs the compositions in the dilution flow Yj,d (j = P,B,N,A)
and the chemical charge MP,a and as outputs the corresponding com-
positions in the washer filtrate flow, i.e. Yj,E and brightness B. The
partitioning of G(s) is based on G11 representing the first four inputs
and outputs, which are part of the feedback loop. This yields that ∆(0)
has eigenvalues

Λ(∆(0)) = diag{0, 1.225, 0.557, 0.557} (7.4)

As one eigenvalue exceeds 1, Corollary 3 in Chapter 3 ensures that the
recycle feedback will cause one zero to cross the imaginary axis.

The main advantage of the results in Chapter 3 is that they can be
used to relate non-minimum phase zeros to process properties in the
absence of recycle feedback and hence be used for design modifications to
remove non-minimum phase behavior. However, since the controllability
analysis above revealed that the control problems caused by the RHP
zero could be avoided by a proper choice of control structure, we do not
consider design modifications here.

In order to gain some insight in the physical source of the RHP zero
observed above, we consider closing the feedback loops for the different
components one at a time in the model. Figure 7.13 shows the pole zero
maps when only the feedback effects from H2O2 and OH−, respectively,
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Figure 7.12: Poles and (transmission) zeros map of dB/dMP,a(s) in the
complex plane. The poles are plotted as x’s and the zeros are plotted as
o’s. Top: torn case; Bottom: recycle case.
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Figure 7.13: Poles and (transmission) zeros map of subsystem from
chemical charge H2O2 to the brightness in the complex plane. The poles
are plotted as x’s and the zeros are plotted as o’s. Top: when only H2O2

is recycled (feedback effect); Bottom: when only OH− is recycled (partial
feedback effect).
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are considered. The figure at the top shows the effect of feedback of
H2O2 only, while the figure at the bottom shows the effect feedback of
OH− only. Since the considered input is H2O2, the recycling in the first
case corresponds to feedback around the considered transfer-function,
i.e. dB/dMP,a(s). Thus, the zeros should in this case not be moved
by the feedback. This is verified by comparing Figures 7.13 with 7.12.
However, when only OH− is recycled, it corresponds to feedback external
to dB/dMP,a(s) and thus the zeros are moved as shown in Chapter 3. As
seen from the bottom plot in Figure 7.13, an RHP zero in fact appears as
a consequence of recycling OH− only. By closing the loops also for the
other components, we find that an RHP zero is introduced only in the case
in which the feedback effect from OH− is included. This indicates that
the RHP zero should disappear if the pH is controlled at a fixed setpoint,
which is indeed confirmed by the controllability analysis presented above.

7.6 Analysis of a Complete Bleach Plant

Above we considered the effect of internal recycle in the PO stage only.
In several industrial mills, as well as in the reference mill of the KAM
project (Jönsson et al., 1998; Ledung et al., 2001) described in Chapter 6,
there are also plantwide recycle flows, i.e. flows spanning several stages.
The KAM reference mill is shown in Figure 7.14. As can be seen, parts
of the filtrate from the washer of the PO stage are recycled to the first
Q bleaching stage of the plant. Thus, there are in this case a number of
physical feedback loops that affect the behavior of the PO stage.

A dynamic model for the complete bleach plant, calibrated against the
reference mill data in Ledung et al. (2001), is derived in Appendix C. The
model is flexible in the sense that a number of different recycle scenarios
can be studied. We do not present a detailed analysis here, but simply
state that we do not find that the plantwide recycle has a significant effect
on the controllability of the PO stage. As a typical example, consider
Figure 7.15, which shows the response in outlet brightness of the PO
stage to a disturbance in the absorption coefficient of the plant feed, i.e.
into the first bleaching stage. As can be seen, the local filtrate recycle,
around each individual stage, has a significant effect on the response time
and steady-state disturbance sensitivity, as found for the PO stage above.
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Figure 7.14: Structure of the reference bleach plant with the sequence
Q(OP)(DQ)(PO). The plant consists of reactors (towers) and washers
(small boxes). The flows are pulp flow (double lines) and water flow
(single line).

However, the long recycle from the PO stage to the first Q stage has a
very small effect on the disturbance response. Similar results are found
for all disturbances and control inputs, and detailed results can be found
in Cui (2002b).

The main reason for the small effect of the long recycle is that the loop
gain for the corresponding “long loop” is relatively small. By calculating
the eigenvalues of the loop transfer-matrix, for the plantwide recycle loop,
we find that they are all less than 0.05 at steady-state and even smaller at
higher frequencies. This implies that the feedback effect, when closing the
loop, will be relatively small. This can also be seen from the frequency
responses in Figure 7.16, which show that there is only a very small
difference between the torn long recycle case and the full recycle case.
The reason for the small loop-gain of the long loop is that the gain for
the compositions of chemical components is significantly less than 1 in
each bleaching stage and, since the long loop gain is a product of these
gains, it becomes accordingly smaller.

It should be mentioned here that the operating point for the complete
bleach plant considered here is slightly different from the PO stage studied
in the previous sections. For instance, comparing Figure 7.15 and Figure
7.5, it can be seen that the brightness at the nominal operating point is
changed from 87.5% to 89% ISO. The reason is that the KAM reference
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Figure 7.15: Plantwide model. Response in PO-stage brightness to
disturbance in chromophore content into bleach plant, i.e. to first Q-
stage. Solid: local filtrate recycle only; Dash-dotted: local and plantwide
recycle; Dashed: fresh water; i.e. no filtrate recycle.
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Figure 7.16: Plantwide model. Frequency response of PO-stage bright-
ness to disturbance in incoming absorption coefficient, i.e. chromophore
content, into bleach plant. Dashed: fresh water case; Solid: local fil-
trate recycle only; Dash-dotted: local and plantwide recycle; Solid with
cross mark: torn local recycle case; Dash-dotted with plus mark: torn
plantwide recycle case.
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mill, of which the bleach plant is part, was updated from version 1998
(Jönsson et al., 1998) to version 2000 (Ledung et al., 2001) at the be-
ginning of the KAM program phase 2. However, this slight change in
operating conditions does not change the main conclusions presented in
this chapter.

7.7 Discussion and Conclusions

A PO stage with filtrate recycling has here been used, as a qualitative
example, to illustrate and analyze some general effects of recycling on
the dynamics, and in particular the controllability, of a bleaching stage.
Dynamic models have been constructed, based on a modular approach,
i.e. modeling the different units of a bleaching stage. The model allows
for two important effects of recycling, i.e. changed nominal operating
conditions and feedback effects, to be considered separately.

Neither simulations nor controllability analysis reveals any specific
control problems caused by filtrate recycling. The main reason is that the
disturbance sensitivity, although it is significantly increased by recycling
at low frequencies, is unchanged or even reduced around the expected
bandwidth of the control system. However, it is stressed that this con-
clusion depends on the control structure employed. In particular, it has
been shown that recycling introduces a severe RHP zero from peroxide
charge to outlet brightness, implying that the control structure preferably
should avoid pairing these two variables.

The positive feedback effect imposed by recycling will typically serve
to increase the disturbance sensitivity of a process at low frequencies, in-
cluding steady-state. The increase will be most significant for processes
which have a relatively large sensitivity prior to introducing recycling,
since this will correspond to having a large gain of the feedback loop.
However, at intermediate frequencies we find that the feedback in fact
serves to decrease the disturbance sensitivity. Therefore, depending on
the frequency range where a control system can be made effective, recy-
cling may either deteriorate or improve the controllability of the bleach
plant.

By considering a plantwide model of a complete bleach sequence, we
find that recycle flows spanning several units only have a small influence
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on the dynamics and controllability. Hence the results above apply in a
plantwide context also.

It is important to emphasize that the analysis, and hence the con-
clusions, in this chapter are based on a model involving a number of
simplifying assumptions. In particular, the effect of metals was not in-
cluded, partly due to a lack of knowledge of their specific effects. It
is, however, believed that certain metals, such as manganese (Mn), can
decompose bleaching chemicals. Thus, potentially, the effect of metals
may turn out to be an important aspect to consider when introducing
recycling in a bleaching stage. Future work in this area should therefore
aim at introducing the effects of metals in the model. This would require
access to more industrial data.



Chapter 8

Summary and Future

Work

8.1 Summary

This thesis has provided understanding about and insight into the effects
of material and energy recycling on the controllability as well as the dy-
namics of integrated processes and plants. In particular, it has presented
model based tools that can aid designers in their work with integrated
processes, improving the plant controllability.

The thesis has consisted of three major parts:

• An overview of effects of process integration

• Process design modifications for improved controllability of inte-
grated processes

• Case studies of a whole bleaching plant

The process design modifications, for both increasing attainable band-
width of feedback control systems, through removing non-minimum phase
behavior, and for reducing control systems bandwidth requirements, by
integrating buffer tanks in a process to reduce the disturbance sensitivi-
ties, have been considered.
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In Chapter 2, previous work, regarding the effects of material and en-
ergy recycling on process dynamics and control, has been reviewed and
comments on how it relates to plant controllability are provided.

In Chapter 3, the effects of recycling on zero dynamics, which play
a central role in the controllability of a process, have been considered.
In this chapter, we have shown that partial feedback may introduce non-
minimum phase (RHP) zeros in subsystems external to the feedback loop
and derived necessary and sufficient conditions for zero crossings due to
partial feedback. Either real or complex zeros may cross between the
left- and right- half complex plane under perfect closure as well as under
finite bandwidth loop closure. Multi-component recycling has also been
dealt with.

The results apply to any system with partial feedback, positive or neg-
ative, and are hence also relevant to e.g. decentralized (block-diagonal)
control design.

As non-minimum phase zeros represent a limit for what can be achieved
with feedback control, they usually need to be removed through design
modifications. The conditions derived in this chapter are very useful as a
model based tool for this purpose, as they relate the non-minimum phase
behavior of an integrated plant to the properties of the individual units.

In Chapter 4, a systematic method for optimal design of buffers (i.e.
storage capacities), for a given level of disturbance attenuation, in plants
with recycling of material and/or energy, has been derived. To be kept
at a minimum cost, the buffers should be designed only as complements
to a control system, i.e. with the aim of handling disturbances in the
frequency range where feedback controllers can not be made effective.

It has been shown that the effective disturbance attenuation from
a buffer will strongly depend on whether it is cascaded with, or placed
within, the recycle loop. This can be explained by that modifying process
units located in the recycle loop affects the loop phase lag and hence the
feedback effect imposed by the recycle loop. It is also shown that the
storage capacity used to reduce the disturbance sensitivity, caused by
the process unit interactions, should be determined to obtain favorable
physical feedback properties in the frequency range around the control
system bandwidth.

Application of cascaded buffers combined with an integrated delay
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tank in many cases provides the minimum cost as well as the best atten-
uation effect, aiming at attenuating both the disturbances coming from
the forward path and those accumulated through the feedback loop.

Furthermore, it has been shown that, while buffers in traditional cas-
caded plants do not affect stability, in plants with recycling they may
provide stabilization.

In Chapter 5, we have utilized the tools derived in the previous two
chapters in an example of a reactor-separator system. There, the derived
tools have been used to determine and modify controllability proper-
ties attributable to process unit interactions, using the analogy between
plants involving recycling and feedback control systems to decompose the
reactor-separator plant model.

In Chapters 6 - 7, we have gone through case studies of a bleaching stage
in a complete, highly integrated bleaching plant in the KAM program
reference mill, which includes both filtrate recycling within each single
stage and long recycling between stages.

In Chapter 6, a general background about the KAM project and the
highly integrated bleach plant studied in the project has been given.

In Chapter 7, a dynamic model of a typical pulp bleaching stage with
filtrate recycle has been developed, where the kinetics for the final high
temperature peroxide bleaching (PO) stage has been chosen as an ex-
ample. Some dynamic simulations combined with controllability analysis
based on the mathematic model have been carried out to study the effects
of partial filtrate recycling on the dynamics of this PO stage. Simula-
tions and analysis have revealed some typical effects of recycling, e.g. an
unstable zero in a control subsystem.

An analysis of the linearized model has been presented, explaining
the observations from the simulations as well as the conclusions from
the controllability analysis. The main conclusion has been, in this case,
that the effects of recycling on controllability are relatively small. This
is partly explained by the fact that the physical feedback imposed by
filtrate recycling serves to reduce the disturbance sensitivity in the most
critical frequency range for control and that the control limitation caused
by the RHP zero can be avoided by proper control structure selection.

Finally, the effect of plantwide integration on the PO stage, when
integrated in the complete bleach plant with both local and long recycle
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flows, is briefly presented, based on a model laid out in Appendix C. The
main conclusion is that the plantwide integration (long recycle path) has
less significant effects on the controllability of the peroxide bleaching
stage.

8.2 Future Work

Many effects of plant integration, in particular the feedback effects im-
posed by recycle flow, on process dynamics are today well established,
but there is still a need for further research on aspects related to process
controllability, especially when it comes to highly integrated plants. Fur-
thermore, model based tools, which can support the design of integrated
plants with acceptable controllability, need to be further developed and a
complete methodology needs to be evolved if possible. Application of the
derived results in this thesis may be extended to other areas with similar
problems, i.e. with highly integrated industrial plants.

The following are some challenging issues and possible directions for
future research - personal as well as otherwise.

• Although this thesis presents conditions for non-minimum phase
zeros introduced by recycling, tools to predict the location of these
zeros in the complex plane are not available. Since it is the location
of the zeros that determine the controllability, it is desirable to
develop such tools. The results furthermore need to be extended to
plants with unstable units.

• There are some other performance limitations that may cause un-
desirable controllability of the plant, e.g. input constraints. It is
known from Chapter 2 that plant integration may potentially re-
duce the effect of control inputs. The possibility of removing such
control performance limitations, through process design modifica-
tions, should be endeavored.

• Another important aspect of plant controllability is that of interac-
tions between different control loops. Strong interactions indicate
that the control system is sensitive to independent input uncertain-
ties and in particular imply problems when applying decentralized
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control. The effects of recycling on such interactions are not clear
and need to be further investigated.

• Effects of material and energy recycling on plant uncertainty should
be studied. Theoretically, by analogizing the process with recy-
cling to a feedback system, how the closed-loop plant uncertainty
is varied, compared to the open-loop plant uncertainty, should be
examined.

• We have so far considered process modifications for reducing dis-
turbance sensitivity at a given potential bandwidth as well as for
stabilizing an unstable system. However, the effect of plant uncer-
tainty on the derived results has not been studied.

• Model based tools for design (modification) of a simple process
with acceptable controllability have been considered in this the-
sis. However, not all results are quantitative, in particular not for
multivariable feedback cases. For example, buffer design for multi-
disturbances in a recycle flow, or for a combination of different
multivariable disturbances, with composition changes in both liq-
uid and gas flows, as well as flow and energy variations at the same
time, could be further developed.

• The model based tools developed in this thesis are general tools that
aim to be applied to any process with material and energy recycling.
Apply them to other areas and study and solve problems caused
by plant integration in various process industry applications. Also
develop a computer program package to facilitate the application
of the derived model tools to an industrial scale.

• The analysis of a bleach plant did not indicate any particular control
problems caused by filtrate recycling. However, from industrial
practice, it is known that filtrate recycle in bleaching stages may
cause severe control problems. This may be related to the effect of
metals, which is not included in the present model, due to a lack of
knowledge of their specific effects. However, future research in this
area should aim at describing these effects in the model.





Appendix A

Effects of Partial

Feedback on External

Subsystems

Consider a multivariable system G and apply feedback around a sub-
system G11 with inputs u1 and outputs y1, u1 = −GRy1. Then the
remaining subsystem Ĝ22, with inputs u2 and outputs y2, is given by
(i.e. 3.49)

Ĝ22 = G22 + G21(I − GRG11)−1GRG12 (A.1)

A. Derivation of Eq. (3.50)

Taking the determinant on both sides of A.1 yields

det Ĝ22 = det(G22 + G21(I − GRG11)−1GRG12)
= det G22 det(I + G−1

22 G21︸ ︷︷ ︸
A1

(I − GRG11)−1GRG12︸ ︷︷ ︸
A2

) (A.2)

Let A1 and A2 be matrices of compatible dimensions such that both
matrices A1A2 and A2A1 are square. Then (Skogestad and Postlethwaite,
1996)

det(I + A1A2) = det(I + A2A1) (A.3)



184 A Effects of Partial Feedback on External Subsystems

Using this result, we have

det Ĝ22 = det G22 det(I + (I − GRG11)−1GRG12G
−1
22 G21)

= det G22 det(I − GRG11)−1

det(I − GRG11 + GRG12G
−1
22 G21)

= det G22 det(I − GRG11)−1

det(I − GR(G11 − G12G
−1
22 G21))

(A.4)

which is the desired form of the determinant of Ĝ22, i.e. (3.50).

B. Derivation of Eq. (3.52)

With loop closure with infinite bandwidth, i.e. when

S = (I − GRG11)−1 = 0 (A.5)

or T = (I − GRG11)−1GRG11

= (I − GRG11)−1(I − (I − GRG11))
= S − I = −I

(A.6)

(A.2) becomes

Ĝ22 = G22 + G21(I − GRG11)−1GRG12

= G22 + G21(I − GRG11)−1GRG11G
−1
11 G12

= G22 − G21G
−1
11 G12

(A.7)

This implies that the determinant of Ĝ22 becomes

det Ĝ22 = det(G22 − G21G
−1
11 G12) (A.8)

Apply Schur’s formula

det G = det
[

G11 G12

G21 G22

]
(A.9)

= det G11 det(G22 − G21G
−1
11 G12) (A.10)

= det G22 det(G11 − G12G
−1
22 G21) (A.11)

Thus, (A.8) is equivalent to

det Ĝ22 =
det G

det G11
(A.12)

which is (3.52).



A Effects of Partial Feedback on External Subsystems 185

C. Derivation of Eq. (3.9)

When the feedback is monovariable, i.e. u1 and y1 are both scalars, (A.4)
becomes

det Ĝ22 = det G22 det(1−gRg11)−1 det(1−gR(g11−G12G
−1
22 G21)) (A.13)

Inserting (A.11) into (A.13) yields

det Ĝ22 = detG22
1 − gR(det G/det G22)

1 − gRg11
=

det G22 − gR det G

1 − gRg11
(A.14)

This gives the result for the case under monovariable feedback, i.e. (3.9).





Appendix B

Derivation of Optimal

Number of Cascaded

Buffer Tanks

Consider designing a series of n buffer tanks to reduce the disturbance
sensitivity of a plant by a factor kd at a frequency ωB . The transfer
function for the series of buffer tanks is

GB =
1

( τh

n s + 1)n
(B.1)

Here we consider the problem of choosing the number of buffer tanks n,
which yields the minimum total residence time τh.

Defining log10(|GB(iωB)|) = a = −log10(kd) yields

−0.5n · log10((τhωB/n)2 + 1) = a (B.2)

and thus

τ2
h = n2 10−

2a
n − 1

ωB
2

(B.3)



188 B Derivation of Optimal Number of Cascaded Buffer Tanks

The problem of minimizing τh with respect to n can be solved by
setting the derivative of τ2

h with respect to n equal to zero

d(τ2
h)

dn
=

d

dn
(n2 10−

2a
n − 1

ωB
2

) = 0 (B.4)

1
ωB

2
(10−

2a
n (2n + 2a · ln10) − 2n) = 0 (B.5)

1 + 1.1513
2a

n
= 10

2a
n (B.6)

Solving (B.6) numerically we get
a

n
= −0.356 (B.7)

Thus the number of tanks that gives the minimum total residence time
τh is n = −a/0.356.

The optimal number of buffer tanks is therefore obtained as

n =
log10(kd)

0.356
(B.8)

with kd = |Gd(iωB)| being the plant disturbance gain at frequency ωB .

Application to Skogestad’s example (Skogestad, 1996):
Design buffer tanks to reduce the effect of a disturbance by a factor
kd = 2.5 × 106 at the frequency ωB = 0.1 (rad/s). This requires

n =
log10(kd)

0.356
=

log10(2.5 × 106)
0.356

= 17.9717 (B.9)

That is, the minimum total volume is obtained with 18 tanks. In (Sko-
gestad, 1996), the same conclusion is obtained by calculating the total
volume required for the different number of tanks applied.

Remark:

1. The optimal number of cascaded buffer tanks is frequency depen-
dent, as kd depends on the frequency ωB .

Rule of thumb:

1. Every time the disturbance sensitivity increases 10 times, approxi-
mately three more buffer tanks are needed.



Appendix C

Modeling of the Bleach

Plant, Sequence

Q(OP)(DQ)(PO)

C.1 Introduction

A bleach plant, usually consisting of several bleaching stages, is located
after the digester cooking in a pulp mill and serves to further increase the
brightness of the pulp. A mathematical model for a bleach plant with the
elementary chlorine free (ECF) sequence Q(OP)(DQ)(PO) in the KAM
reference mill (Ledung et al., 2001) is developed here. See Figure C.1.
The model is intended for comparing dynamic properties, in particular
the controllability, of different designs of process integration.

In order to ensure a flexible model, the plant is hierarchically decom-
posed into stages and the stages further into basic units. The model
is then constructed as a set of modules, each representing a basic unit
operation. In this way, different scenarios of recycling can easily be in-
corporated.

A typical single bleaching stage mainly consists of a mixer for diluting
the pulp slurry and adding bleaching chemicals, a retention tower for
completion of bleaching reactions and a wash press for removing residual
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H O2 H O2
H O2

POQ2DOPQ1

Figure C.1: Structure of a typical bleach plant with the sequence
Q(OP)(DQ)(PO).
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Pulp Slurry

Mixer
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(Washed pulp)

PFR
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Figure C.2: Basic units in a typical bleaching stage.

liquor that would contaminate the pulp during the subsequent processing
steps. The bleaching stage is a continuous process. See Figure C.2.

The bleaching reactions mainly take place in the retention tower which
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has the longest residence time (Wang et al., 1995). However, it is also well
known that the initial phase of the reaction that arises just after adding
the bleaching chemicals into the mixer is a relatively fast one. Therefore
the flow pattern in a bleaching stage is assumed to be a single continuous
stirred tank reactor (CSTR) followed by a plug-flow reactor (PFR). The
CSTR accounts for the dynamics in the mixer as well as some mixing
effects at the inlet of the retention tower. The PFR simulates the pulp
slurry in the tower to be in a state of plug flow, with some axial mixing
(dispersion). Such a flow pattern matches available tracer responses well
(Wang et al., 1995). At present, the wash press is modeled using a steady
state mass balance only, based on wash efficiencies (dilution factor and
displacement ratio).

The variables of main concern, here as in the PO stage previously
described, are brightness (light absorption coefficient), chemical residue
and pH (OH− or H+ concentrations). The COD values are also still of
great importance, measuring the organic components that can be oxi-
dized, modeled with a pseudo-component, as in the PO stage. In reality,
a small amount of oxygen is also added into both the OP and the PO
stage, mainly to achieve a desired pressure. Here the effect of oxygen on
bleaching is assumed to be negligible.

Further, the possible effects of metals on peroxide bleaching, e.g. by
decomposing the peroxide, are still ignored. We assume that the metal
anions are controlled below the critical level during the chelating (Q)
stage, though.

Models are presented in detail in the following subsections. First, the
reasonable flow patterns are chosen for the common unit operations at
different bleaching stages, such as mixer, bleaching tower and wash press.
It is in the form of a set of ordinary and partial differential equations com-
bined with algebraic equations based on mass balances. Then, different
process operating conditions, applied chemicals as well as kinetics and
stoichiometry, are identified and employed for each stage. The model is
completed by calibrating typical characteristics of the model with those
designed in laboratory scale bleaching stages and those observed in in-
dustrial scale bleaching stages.

The required nomenclature is given in Appendix C.6.
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C.2 Basic Unit Operations

C.2.1 Mixer

X

K

Z f

j

Fin

X

K

Z f,in

in

j,in

F

Fd

Yj,d

F j,c

Yj,c

pulp outpulp in F 0 X0 Zf,0 K j,0

dilution stream

chemical additions

CSTR

Figure C.3: Variables modeled in the Mixer

Dilution

Bleaching chemicals are added in mixers. After previous bleaching stage
washing, the pulp slurry is usually kept in high consistency. In order to
set off the bleaching reactions after adding the bleaching chemicals, the
consistency of the slurry needs to be reduced to medium or low consis-
tency. Fresh water or recycled filtrate is commonly employed for diluting
the pulp slurry. See Figure C.3.

The equations presented below are derived based on mass balance and
the assumption that volume and density are kept constant.

• Mass flow
There are three main flows merged into the mixer.

F0 = Fin + Fd +
∑

j

Fj,c
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where F0 is the total mass flow of the pulp slurry within a bleaching
stage, Fin the incoming flow, i.e. the wash press discharge flow
of the previous bleaching stage, Fd the dilution flow and Fj,c the
chemical charge flows.

• Pulp consistency
F0Zf,0 = FinZf,in

where Zf,0 is the mass fraction of oven dry pulp on the total mass
flow of pulp slurry (F0).

• The absorption coefficient K is not affected

K0 = Kin

• Chemical components

Xj,0 = Xj,in + (FdYj,d + Fj,cYj,c)/F0Zf,0

Here Xj,0 represents the mass fraction of component j of oven dry
pulp, Yj,d the mass fraction of dilution liquor and Yj,c the mass
fraction of chemical charge flow. The indices j=P, D, B, H, N, A
and E will be used to represent the substances H2O2, ClO2, OH−,
H+, Na+, COD and EDTA, respectively. If the dilution liquor is
fresh water, then Yj,d are all equal to 0. Otherwise, they are given
by the concentrations in the washer filtrate of the same stage.

Note that the pulp consistency, absorption coefficient and chemical
components in the inlet (Zf,in, Kin, Xj,in) are the same as those in the
previous stage wash press discharge flow. Zf,0, K0 and Xj,0 provide the
very beginning information of the stage profiles and are also the initial
conditions of a set of ordinary differential equations (ODEs) that describe
the flow components mixing. (See below.)

Continuous Stirred Tank Reactor

As mentioned before, a continuous stirred tank reactor (CSTR) is used to
account for the dynamics in the mixer as well as for some mixing effects
at the inlet of the retention tower. Note that bleaching reactions start to
a great extent at this initial mixing phase. The equations describing the
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dynamics are derived with the simplifying assumption that the density
and volume of the pulp are constant.

• Flow
F = F0

• Pulp consistency
dZf

dt
=

Zf,0 − Zf

tcstr

where tcstr is the residence time defined as

tcstr =
Vcstr ρs

F

ρs is the density of the pulp slurry.

• Absorption coefficient
One of the most important purposes of a bleaching stage is to in-
crease the brightness of the pulp. A measurement indication is the
decrease in absorption coefficient, which is accepted to be propor-
tional to the total concentration of colored material (chromophores)
in the pulp.

dK

dt
=

Zf,0(K0 − K)
Zf tcstr

+ rk

where rk is the reaction rate for the absorption coefficient.

• Component A, representing COD
Accompanying the bleaching reactions, COD is released as part of
the organics. At the same time, COD is oxidized by active radicals
and thus competes with the bleaching reactions for the bleaching
chemicals.

dXA

dt
=

Zf,0(XA,0 − XA)
Zf tcstr

+ ro + rr

rr and ro is the generation (release) and the oxidization rate of
component A, respectively.

• Bleaching chemicals
The active bleaching chemicals in OP, D and PO stages are H2O2,
ClO2 and H2O2, respectively. However, inactive chemicals (e.g.
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ClO2 in the OP/PO stage and H2O2 in the D stage) are also consid-
ered here in order to study how they accumulate through recycling
and affect the final bleaching results.

dXP

dt
=

Zf,0(XP,0 − XP )
Zf tcstr

+ ΨP1rk + ΨP2ro

dXD

dt
=

Zf,0(XD,0 − XD)
Zf tcstr

+ ΨD1rk + ΨD2ro

where rk and ro are the reaction rates for the bleaching reaction
and COD oxidation, respectively. The stoichiometric coefficients Ψ
denote the relative consumption of the different chemicals in the
respective reactions.

• Alkaline and acid
In each stage, pH has to be kept within a reasonable range to ensure
pulp quality. This is done by adding some alkaline or acid. In OP
and PO stages, pH are kept about 10-11, while in D and Q stages
pH is kept around 3-5. Alkaline is dominating when pH > 7 and
acid solution otherwise. The dominating anion (OH− or H+) is
consumed/released by the bleaching reactions, along height of the
bleaching retention tower.

dXBH

dt
=

Zf,0(XBH,0 − XBH)
Zf tcstr

+ ΨBH1rk + ΨBH2ro

In OP and PO stages, where the alkaline solution is dominant, XBH

represents the OH− anion, i.e. XBH = XB . Similarly, in D and Q
stages, XBH = XH . Here it is also assumed that the OH− and H+

anions co-exist in the water solution. An equilibrium is thus kept,
i.e.

[H3O
+][OH−] = Kw

• pH
There are many different ways to define and measure pH. Here pH
is calculated according to the common definition for dominating
anions in aqueous solutions.

pH = log10(CH), in D and Q stages
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pH = pKw − pOH = pKw + log10(COH), in OP and PO stages

where CH = [H3O
+] and COH = [OH−].

• Inert
In Q stages, the chelating chemicals EDTA act as a catalyst to
control the metal anions under a certain level. However, no exact
information or mathematical expression is available in the literature
about how much the metal anion level or the EDTA consumption
would be. Here we assume the metal anion is perfectly controlled,
while the EDTA is modeled only as an inert.

dXE

dt
=

Zf,0(XE,0 − XE)
Zf tcstr

Na+ is also modeled as an inert. Its concentration is needed for cal-
culation of the concentration of the active bleaching anion (HOO−).

dXN

dt
=

Zf,0(XN,0 − XN )
Zf tcstr

All kinetic reactions involved, i.e. rk, rr, ro, will be presented more
in detail in Section C.3, while calibration of kinetic and stoichiometry
coefficients, which adapt well to the KAM reference mill, is presented in
Section C.4.2.

C.2.2 Bleaching Tower

The outputs from the mixer are inputs to the bleaching retention tower.
The tower is modeled as an up-flow tower and consists of a single plug
flow reactor (PFR) with axial dispersion, which accounts for some axial
mixing effect.

Plug Flow with Axial Dispersion

• Flow
F = Fin

• Pulp consistency

∂Zf

∂t
= −v

∂Zf

∂z
+ D

∂2Zf

∂z2
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X j
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Z f

F
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C j
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Figure C.4: Variables modeled in the Tower

where v = F
Ac ρs

is the flow velocity in a tower with a crossectional
area Ac. The dispersion coefficient D describes the relative amount
of inter-facial mixing.

• Absorption coefficient

∂(KZf )
∂t

= −v
∂(KZf )

∂z
+ D

∂2(KZf )
∂z2

+ rkZf

• Component A

∂(XAZf )
∂t

= −v
∂(XAZf )

∂z
+ D

∂2(XAZf )
∂z2

+ roZf + rrZf

• Bleaching chemicals

∂(XP Zf )
∂t

= −v
∂(XP Zf )

∂z
+ D

∂2(XP Zf )
∂z2

+ ΨP1rkZf + ΨP2roZf



198 C Modeling of the Bleach Plant, Sequence Q(OP)(DQ)(PO)

∂(XDZf )
∂t

= −v
∂(XDZf )

∂z
+ D

∂2(XDZf )
∂z2

+ ΨD1rkZf + ΨD2roZf

• Acid and alkaline

∂(XBHZf )
∂t

= −v
∂(XBHZf )

∂z
+D

∂2(XBHZf )
∂z2

+ΨBH1rkZf+ΨBH2roZf

XBH = XB in OP and PO stages and XBH = XH in D or Q stage.

• Inert
∂(XEZf )

∂t
= −v

∂(XEZf )
∂z

+ D
∂2(XEZf )

∂z2

∂(XNZf )
∂t

= −v
∂(XNZf )

∂z
+ D

∂2(XNZf )
∂z2

• Reaction rates rk, ro, rr, stoichiometry coefficients ΨP1, ΨP2, ΨB1,
ΨB2 and pH calculation are the same as those in the CSTR of the
same bleaching stage.

• Boundary conditions

– at inlet z=0
Zf (0) = Zf,in

K(0) = Kin

Xj(0)) = Xj,in

Kin, Zf,in, Xj,in, (j = P,B,N,D,H,A,E) are the outputs of
the CSTR.

– at outlet z=H, no dispersion

∂Zf (H)
∂z

= 0

∂(K(H)Zf (H))
∂z

= 0

∂(Xj(H)Zf (H))
∂z

= 0
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C.2.3 Washer

The primary objective of washing operations after each bleaching stage is
to remove dissolved organic and inorganic materials and bleaching chem-
ical residuals. Such material, if carried with the pulp into the subsequent
processing steps, can be harmful by impairing the bleaching as well as the
delignification and by consuming costly bleaching chemicals. Therefore
washing is a necessary step in order to make the end product a pulp with
satisfactory brightness and strength. In the KAM reference mill, wash
presses are employed for this purpose. The wash press is designed to carry
out the operations of thickening, displacement washing and pressing in a
continuous sequence.

The washer is here modeled as static with two inlets (feed and water
shower) and two outlets (discharge and effluent). Feed and discharge
are both pulp flows, while shower and effluent (filtrate) are liquor flows.
For simplicity, we use the subscripts ’F’, ’S’, ’D’, ’E’ to represent the
respective flows. See also Figure C.5. FF , Zf,F , KF and Xj,F (j =
P,B,N,D,H,A,E) of the feed flow correspond to those at the outlet
position z = H of the bleaching tower.

F

K

X j,D

D

D

Z f,D

F

K

X j,F

F

F

Z f,F

FS

Yj,S

FE

Yj,E

Fd

Yj,d

DischargeFeed
Washer

dilution stream

Shower

Effluent

Figure C.5: Variables modeled in the Washer
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• Two performance parameters for the washer are the dilution factor
(DF) and the displacement ratio (DR).
The dilution factor is defined as (Dence and Reeve, 1996)

DF = wash liquor entering - liquor leaving with washed pulp
washed oven dry pulp

= FS−FD (1−Zf,D)
FD Zf,D

The displacement ratio is a parameter accounting for the achieved
washing efficiency, based on the premise that the pulp cannot be
washed any cleaner than the wash liquor. It is defined as (Dence
and Reeve, 1996)

DR = actual dissolved solids removed
maximal possible dissolved solids removal = Yj,F −Yj,D

Yj,F −Yj,S

• Mass fraction of dissolved solids in the liquor

Yj,i =
FiZf,iXj,i

Fi(1 − Zf,i)
= Xj,i(Zf,i/(1 − Zf,i))

where j = P,B,N,D,H,A,E represent components and i = F,D

flows.

• Flows and compositions, following static mass balances

FF + FS = FD + FE

FF Zf,F = FDZf,D

FF Zf,F Xj,F + FSYj,S = FDZf,DXj,D + FEYj,E

After washing out most of the soluble organic and inorganic ma-
terials, the pulp slurry consistency is increased and is supposed to
be kept at a certain level. The desired outlet consistency and the
dilution factor are obtained by controlling the discharge flow FD

and the shower flow FS , respectively. The displacement ratio DR
is assumed to be known here and the fractions Xj,D can thus be
calculated according to the definition of DR. The mass effluent flow
FE and the chemical fractions Yj,E can therefore be solved from the
above mass balances.

• The absorption coefficient, assumed unaffected by the washer

KD = KF
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• The brightness B of the pulp at the outlet can be estimated using
the Kubelka-Munk equation (Kubelka and Munk, 1931)

B =


1 +

(
K

S

)
−

√(
K

S

)2

+ 2
(

K

S

)
 × 100% ISO

Here K is the light absorption coefficient and S is the light scattering
coefficient, which is often constant, when bleaching a certain pulp.

• Mass fraction of dissolved solids in recycle flows such as dilution
streams, is equivalent to those in the effluent flow

Yj,d = Yj,E

C.3 Kinetics

Kinetics describe the reaction rates and must be known in process dy-
namic studies. Reactions considered in the reference bleach plant include
the reductions of chromophores (brightening) and COD release and ox-
idization. At present, kinetics for pulp viscosity are not included due
to incomplete information found in the literature and due to the lack of
reference mill data for kinetics calibration.

C.3.1 Kinetics of Brightening

Kinetics of brightening is considered here for the rate of removal of col-
ored material. The light absorption coefficient is theoretically directly
proportional to the absorptivity of material and thus to the concentra-
tion of chromophores in pulp. The brightness, however, is a complicated
function of the ratio between the light absorption and the light scatter-
ing coefficients, i.e. the Kubelka-Munk equation. It is therefore suitable
and sufficient to apply the light absorption coefficient rather than the
brightness in kinetic expression of brightening.

dK

dt
= rk
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References for Kinetics of Brightening

• OP stage (Brooks, 1996)
The kinetic study is based on a North American softwood kraft
pulp. The pulp is delignified in an oxygen stage and pretreated
in a chelation tower. The pulp is bleached from brightness 35.8%
ISO and light absorption coefficient of 5. The experimental con-
dition varies in a range of temperature 70-95 C◦, pH 11-13, H2O2

concentration 0-4 g/L.

dK

dt
= −5·107 e−(56−0.56K) 103/RT [OH−]0.025[HOO−]0.55(K−K∞)

• D stage (Teder and Tormund, 1980b)
The kinetic study is performed within the range of 2-240 minutes
reaction time, 1-20 mmol/l chlorine dioxide concentration, pH 2-6
and temperature 40-80C◦.

dK

dt
= −k1 (K−2

i + k2) e−59000/RT [ClO2]0.5 [H+]−0.3 (K − K∞)3

• PO stage (Stevens, 1998)
The kinetic study is carried out on oxygen delignified softwood pulp
with an initial kappa number of 17.4. The pulp is then washed and
chelated for 60 minutes at 90 C◦ and pH = 4.5 − 5. The peroxide
bleaching experiments are run at 80, 90 and 110 C◦ over a pH rang-
ing from 10.5-11.5. Two different levels of peroxide concentration,
corresponding to 10 kg/ton and 30 kg/ton peroxide charge on 10%
pulp consistency, are also examined.

dK

dt
= −1.22 · 109 e−8629/T [HOO−]0.3 K2

K : light absorption coefficient
Ki : initial light absorption coefficient
K∞ : the floor level light absorption coefficient
R : gas constant, 8.314 J/mol·K
T : temperature, K
t : reaction time
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Kinetic Structure of Brightening
The above references may not directly be applied into the model, since
the validity of those kinetics could be weak for different types of pulp
or different process operating conditions. Therefore, it is assumed first
here that the kinetics to be employed would have similar structure, but
different parameters, when comparing with the reference kinetics. Then,
a dynamic model for the KAM reference mill may be completed by fitting
some of its characteristics to match those of the reference mill, e.g. a
reasonable stoichiometry curve (Annergren, 2001).

• OP stage
dK

dt
= −c1(c2K

c3 + 1) e−Ea/RT [HOO−]a1 [OH−]a2 Kb

• D stage
dK

dt
= −c1(c2K

c3 + 1) e−Ea/RT [ClO2]a1 [H+]a2 Kb

• PO stage
dK

dt
= − c1(c2K

c3 + 1)︸ ︷︷ ︸
kp

e−Ea/RT [HOO−]a1 [OH−]a2 Kb

Ea : activation energy, J/mol

Compared to the references, K∞ is dropped, while the proportional
coefficient kp becomes more complicated. A fixed K∞ implies a fixed
final brightness of the stage. However, the final brightness of the stage
may often be changed, if disturbances come into the stage, e.g. a higher
incoming brightness. On the other hand, it is known that the reactivity
of chromophores with the bleaching chemicals is reduced as the absorp-
tion coefficient K decreases. The expression of the coefficient kp tries to
capture this property and can also be understood to distinguish between
the fast and the slow reactions.

The parameters in kp (c1, c2 and c3) are supposed to be adapted to the
steady state stoichiometry curve for the reference mill (Annergren, 2001).
The rest of the parameters in the kinetics (a1, a2, b and Ea) are first
kept as fixed parameters during model calibration and are calibrated only
when necessary. Details on model calibration are presented in Section
C.4.2.
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Concentration of Perhydroxyl Anion (HOO−)
It has been commonly accepted that the perhydroxyl anion (HOO−) is
the active species in alkaline hydrogen peroxide bleaching. The aqueous
equilibrium of the perhydroxyl anion (HOO−) has been described by Ni
et al. (1997) and Teder and Tormund (1980a).

H2O2 + OH− ⇔ HOO− + H2O

CHOO = COHCP /kb (Ni et al., 1997)

−log10kb = 1330/T − 2.13 + 0.15C0.5
Na (Teder and Tormund, 1980a)

Concentrations of H2O2, OH−, Na+, ClO2 and H+

CP = 1000XP Zfρl/(1 − Zf )/34 (mol/l)
COH = 1000XBZfρl/(1 − Zf )/17 (mol/l)
CNa = 1000XNZfρl/(1 − Zf )/23 (mol/l)
CD = 1000XDZfρl/(1 − Zf )/67.5 (mol/l)
CH = 1000XHZfρl/(1 − Zf )/1 (mol/l)

ρl is liquor density in pulp slurry. All concentrations are based on the
liquor phase.

C.3.2 Kinetics for COD Release and Oxidization

Other reactions considered include COD release due to delignification
and COD oxidization by active chemicals.

dXA

dt
= rr + ro

• Kinetics rate for COD release

rr = −krrk

It is assumed here that the more chromophores are diminished from
pulp (reduction in absorption coefficient), the more COD is re-
leased.

• Kinetics rate for COD oxidization
It is assumed to be proportional to the concentrations of active
reactants (COD and oxidizing chemicals).

ro = −koXACactive radical
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kr, ko : kinetic coefficients
Cactive radical : [HOO−] or [ClO2]
Note that XA is used instead of CA, since the molecular weight is
unknown.

The modeling of component A, emulating COD contributions, de-
serves some comments. Generally, COD would consist of different types
of organic compounds, which have different kinetics when reacting with
the active radical HOO− or ClO2. Some compounds are more easily
oxidized than others and some may have several groups that may be ox-
idized. However, as soon as a compound, or group, has been oxidized,
it becomes inactive. In the model, component A models only the active
COD, i.e. the COD that can be oxidized. The kinetics employed above
implies that only a fraction of the COD is oxidized when passing through
the tower. To translate this into a context where the COD is defined to
encompass both active and inactive COD, which is often done in industry,
the COD will be less active after passing through the bleaching stage.

Remarks:

1. In Q stages, it is assumed that no bleaching is carried out. Therefore
all kinetic rates (rk, rr and ro) are equal to zero. In this way, only
delay effects are included in the Q stage.

C.4 Model Calibration

In order for the model to be applied to bleach plant controllability analysis
and potential design modifications, the model parameters need to be
calibrated by validating some typical characteristics of the model against
designed ideal data or those observed in an industrial scale bleaching
plant.

To obtain realistic results, the operating conditions are mainly taken
from KAM reference mill design data. Available data from the industry
mill and the literature are also referred to. The data available for cali-
bration are mainly steady-state data and not complete in the sense that
a systematic parameter fit can be performed. Rather, the calibration has
aimed at fitting aspects such as brightness and chemical consumption
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profiles as well as final pH etc. Below, the resulting model parameters
are provided.

C.4.1 Nominal Operating Conditions

Flows and Pulp Consistency
The nominal mass flow rates of the reference mill are not directly

given. But from Figure 4 in Ledung et al. (2001), the nominal volumetric
flow rates of the liquid phase of most streams can be read, i.e.

Fvin = 1.7 m3/ton dry pulp

and

stage Q OP DQ PO
Chemical charge flow Fvc 0.3 0.3 1.1 0.4 m3/ton dry pulp

Dilution flow Fvd 6.4 6.4 6.4 6.4 m3/ton dry pulp

Shower flow FvS 4.4 4.0 4.0 4.0 m3/ton dry pulp

Discharge flow FvD 1.7 1.7 1.7 1.7 m3/ton dry pulp

Feed flow FvF 8.4 8.4 9.2 8.5 m3/ton dry pulp

To apply the model that is developed based on mass balance, all volu-
metric flows need to be transformed to mass flows.

The pulp consistency of the pulp slurry at the inlet of the sequence is

Zf,in = 0.35

With the reference mill fiber line production rate pr maintained at 2000
ton dry pulp per day (Ledung et al., 2001), i.e.

pr = 2000/24/60 ton/min

it can be calculated that the inlet pulp slurry total mass flow is

Fin = pr/Zf,in = 3.968 ton/min

At the fiber line, the desired pulp consistency at the discharge streams
from all wash presses is also supposed to be maintained at 35%. This
implies that, aiming at

Zf,D = Zf,in = 0.35
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the discharge streams should be controlled in such a way that it satisfies

FD = pr/Zf,D = Fin = 3.968 ton/min

To be able to transform the volumetric flow to the mass flow for liquor
streams, it is necessary to know the liquor phase density. The density
of a pure water solution can, without losing generality, be assumed as
ρw = 1 ton/m3. Therefore, the total mass for the chemical charge flow is
assumed as the addition of the chemical charges to the pure water flows.

Fc =
∑

j Fj,c

=
∑

j pr · (Fvj,c · ρw + Xj)
= pr · (Fvc +

∑
j Xj)

where j represents different chemicals (typically two flows, one for active
bleaching chemical charge, another one for acid/alkaline charge). To
distinguish the chemical charge flow rate of the second Q stage from that
of the D stage, it is simply assumed that both Q stages have the same
volumetric chemical charge flow rates.

The chemical additions into the mixers for the KAM reference mill,
Xj , are given by Table 4 in Ledung et al. (2001), i.e.

stage Q OP D Q PO
EDTA 2 0.7 kg/ton dry pulp

H2O2 7 10 kg/ton dry pulp

ClO2 7.5 kg/ton dry pulp

NaOH 14 2 12 kg/ton dry pulp

H2SO4 10 3 kg/ton dry pulp

The shower stream in the wash presses is designed so that the dilution
factor is 2.7 m3/ton dry pulp in the first Q stage and 2.3 m3/ton dry pulp

in OP, DQ and PO stages. The total mass flow for the wash press shower
stream is

FS = pr · FvS · ρh

Normally, it is fresh water that is used as the wash press shower stream.
Therefore the liquor density in the wash press shower stream can be
assumed to be the same that of the pure water, i.e. ρh = ρw = 1 ton/m3.
However, when the effluents from the PO stage wash press are recycled as
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the shower stream for the first Q stage, the density in the shower stream
will be consistent with that in the PO stage filtrate ρf .

The dilution streams are used to reduce the pulp consistency to about
10% so that it is easier for the bleaching reactions to take place. The
liquor density in the dilution streams ρd is normally the same as that in
the effluent stream ρf , where

ρf =
∑

j Fj,c+FS

pr·(FvE−Fvd)

=
∑

j(Fvj,c·ρw+Xj)+FvS ·ρh∑
j Fvj,c+FvS

ton/m3

while ρd = ρw = 1 ton/m3, when fresh water is used in the dilution
stream. The total mass flow for the dilution stream is thus

Fd = pr · Fvd · ρd

Mass flow rates of non-fiber streams are summarized as follows, as an
example for the case when both wash press effluent is used for dilution
and PO stage filtrate used as Q stage shower water.

stage Q OP DQ PO
Chemical charge flow Fc 0.433 0.446 1.546 0.586 ton/min

Shower flow FS 6.142 5.556 5.556 5.556 ton/min

Dilution flow Fd 8.953 8.932 8.912 8.933 ton/min

Remarks

1. The volumetric chemical charge flow Fvc given in Ledung et al.
(2001) has been evenly divided into separate flows for relevant
chemical charges. In this way, the chemical charges can be con-
trolled freely using the flow rate Fj,c. To be more exact, only two
chemical charge flows into each mixer are considered. One is the ac-
tive bleaching chemical (H2O2/ClO2/EDTA) charge flow and the
other one is the alkaline/acid (NaOH/H2SO4) charge flow. Be-
low it is shown, as an example, for the case with intensive recycle
(external recycling of PO stage filtrate to first Q stage wash press):
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Q OP D Q PO
Active chemical flow
FE,c 0.211 0.209 ton/min

FP,c 0.218 0.292 ton/min

FD,c 0.566 ton/min

Alkaline/Acid flow
FH,c 0.222 0.560 ton/min

FB,c 0.228 0.211 0.294 ton/min

Mass fraction of component j
YE,c 0.013 0.005 ton/ton

YP,c 0.045 0.048 ton/ton

YD,c 0.018 ton/ton

YH,c 0.063 0.007 ton/ton

YB,c 0.085 0.013 0.057 ton/ton

2. When all mass flows are under control, the pulp consistency in each
tower can be calculated as Zf = pr/FF = pr/(Fin + Fd +

∑
j Fj,c),

i.e.

stage Q OP D Q PO
Pulp Consistency Zf 0.104 0.104 0.099 0.096 0.103 ton/ton

In case a pulp consistency of exactly 10% is required, the dilution
streams need to be controlled as

stage Q OP D PO
Dilution flow Fd 9.487 9.475 8.794 9.335 ton/min

3. In the mixers and towers, the liquor density in the pulp slurry ρl

and the density of the pulp slurry ρs can be calculated by

ρl = FF (1−Zf )
pr·FvF

= 1−Zf

Zf ·FvF

ρs = FF

pr·FvF
= 1

Zf ·FvF

Initial Conditions of the Bleach Plant
To let the model of the bleaching sequence Q(OP)(DQ)(PO) run,

some data that result from the previous oxygen bleaching and describe
the initial conditions of the sequence need to be known.
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Fin = 3.968 ton/min (Ledung et al., 2001)
Zf,in = 0.35 ton dry pulp/ton pulp slurry (Ledung et al., 2001)
Kin = 15.03 m2/kg (Annergren, 2001)

The chemical carryover, from previous stages, are here assumed to be
negligible, i.e.

Xj,in = 0

where j = P,N,D,E,A and

pH = 7

Operating Conditions of Stages
The residence time and temperature are chosen as following (Ledung

et al., 2001)

stage Q OP D Q PO
Residence time (CSTR+PFR) t 60 120 90 60 180 min

Temperature T 363 373 343 363 383 K

The residence time of the CSTR is chosen to be one tenth of the overall
residence time of the stage. This matches a tracer response experiment
available in literature (Wang et al., 1995). The height of the tower has
been chosen to match the required residence time of the tower.

To calculate final pH or pH profiles of each stage, the constant Kw

needs to be known. In Biermann (1996), some typical values for pKw =
−log10(Kw) are given. For example, 14 at 25◦, 13.26 at 50◦, 12.26 at
100◦, 11.91 at 130◦. By interpolation, pKw values are calculated as 12.26,
12.9, 12.45 and 12.1 respectively for OP, D, Q and PO stages (with a
temperature of 100◦C, 70◦C, 90◦C and 110◦C respectively).

All towers are additionally assumed to be operated with

Dispersion coefficient: D = 0.02 m2/min

Crossectional area of tower: Ac = 28 m2

The crossectional area of the tower refers to the typical value of a bleach-
ing tower size in a modern pulp mill.
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The wash press is supposed to have the following performance

Displacement ratio: DR = 0.5 (Ledung et al., 2001)
Shower liquor when using fresh water: Yj,S = 0
Light scattering coefficient: S = 36.75

The light scattering coefficient is calculated from the reference data given
by Annergren (2001). The desired pulp consistency at the discharge
outlet as well as in the retention tower, and the dilution factor of the
wash press, can only be satisfied through controlling the flow rate in the
discharge, dilution and shower stream respectively.

C.4.2 Kinetic and Stoichiometric Coefficients

The kinetic and stoichiometric coefficients of the reference mill are largely
unknown. The only known property of the reference mill is a reference
stoichiometry curve provided by Göran Annergren in the KAM project
(Annergren, 2001). The reference stoichiometry will be used here to
calibrate unknown parameters in the model kinetics.

The reference stoichiometry curve describes the steady state relation-
ship of the brightness (and absorption coefficient) profile of the reference
mill and bleaching chemical consumption expressed by oxidation equiva-
lent (OXE). See Figure C.6.

One oxidation equivalent (OXE) is defined by Grundelius (1991) as
the quantity of oxidant consumed when one mole of electrons is trans-
ferred during oxidative bleaching. The concept oxidation equivalent al-
lows us to incorporate different oxidizing bleaching chemicals into one
system and thus make the comparison of their efficiency easier, e.g.

1 kg ClO2 = 74.12 OXE

1 kg H2O2 = 58.79 OXE

Below, the final absorption coefficient at each stage and the corre-
sponding chemical consumptions (expressed by oxidation equivalent) for
the model calibration are given as

stage Q OP D Q PO
Absorption coefficient K 15.03 3.44 0.84 0.84 0.25
Oxidation equivalents OXE 0 265 662.2 662.2 850
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Figure C.6: The reference stoichiometry for the Q(OP)(DQ)(PO) se-
quence, provided by (Annergren, 2001). top: brightness; bottom: ab-
sorption coefficient. circle: OP stage; diamond: DQ stage; square: PO
stage.

Note here that the absorption coefficient in the PO stage is about 0.25
m2/kg in order to be consistent with the final product of the KAM ref-
erence mill (89% ISO brightness).

The task left in the model calibration is parameter estimation, i.e.
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identifying the unknown parameters so as to ensure that the model is
representing similar properties as the reference plant. Parameter estima-
tion is typically performed as part of a model identification procedure.
That is, raw real-time data from the plant are collected and substituted
into the predefined model structure set. Then, mainly by using the least
square method, parameters are fitted so that discrepancy between data
and model is minimized.

Since we do not have access to dynamic data here, we limit the pa-
rameter estimation to steady-state properties. The available steady state
data will be the stoichiometric profile of the bleach sequence Q(OP)(DQ)
(PO) provided by Annergren (2001). Some parameters affecting the ki-
netics and stocihiometry are relatively well known from the literature and
hence not fitted, e.g. the order on the active chemical anions and on the
absorption coefficient as well as the activation energy (a1, a2, b, Ea) in the
bleaching kinetics. The rest of the unknown parameters, including the
stoichiometric coefficients, e.g. ΨP1, ΨD1, the kinetic coefficients in the
COD oxidization and release (ko, kr) and the kinetic rates (ci, i = 1, 2, 3),
are fitted to the steady-state data using a least-squares fit.

Note that the release of COD in bleaching stages and the consumption
of bleaching chemicals by active COD cause the stoichiometric curve to
be highly nonlinear (cf. kinetics). Thus, parameter estimation through
applying least square minimization may not provide a globally optimal
solution. Therefore the initial conditions to start the optimization pro-
gram are important. A simple solution to this problem, and what is
actually done is, with fixed chemical charges and some predefined pa-
rameters of operating conditions, first to manually drive the stoichiomet-
ric curve to be close to the Annergren’s reference curve based on some
physical insights; then to apply an optimization routine to perform the
kinetic parameter estimation through local minimization of differences in
stoichiometric curves between the model and the reference.

We finally remark that the available reference stoichiometry curve is
for the bleaching sequence involving only the internal recycling of effluents
as the dilution flow. Below the ready fitted steady state stoichiometry
profiles are shown in Figure C.7. The well-calibrated as well as pre-
defined kinetic and stoichiometric coefficients are listed in Table C.1 and
C.2. Besides, the steady state profiles of COD and pH are tuned to match
available data from the reference mill and the literature.
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Figure C.7: The calibrated and reference stoichiometry for the
Q(OP)(DQ)(PO) sequence. top: brightness; bottom: absorption coef-
ficient. Reference: circle: OP stage; diamond: DQ stage; square: PO
stage. Model: solid: OP stage; dashed: DQ stage; dash-dotted: PO
stage.

C.4.3 Buffering Effect of Pulp

pH is a very important variable in the bleach plant in order to achieve
optimal brightness, viscosity and some other properties of the pulp. This
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OP stage D stage PO stage
c1 1.9e7 1.6e7 2.8e8
c2 2 0 0
c3 1 1 1
a1 0.55 0.5 0.3
a2 0.025 -0.3 0
b 1 3 2
Ea 56000 59000 8629R
ko 0.03 0.05 0.004
kr 0.0012 0.0014 0.012

Table C.1: Kinetic coefficients

OP stage D stage PO stage
ΨP1 1e-5 0 1.3e-3
ΨP2 5 0 6.6
ΨD1 0 2.2e-4 0
ΨD2 0 11 0
ΨBH1 4e-4 -8e-6 5e-3
ΨBH2 0.7 0 0.8

Table C.2: Stoichiometric coefficients. Note that inactive radicals do
not participate in any bleaching reactions.

may partly be explained by the fact that the adsorption capacity of the
pulp, the concentration of organic compounds, the metal catalysis ability
and the scaling problem are highly dependent on the pH value (Jönsson
et al., 1999b).

It is known that some organics released during pulp bleaching have
acid groups. Their concentrations absorbed in the pulp and dissolved
in the aqueous solution are affected by pH and at the same time affect
the pH measurements in all stages. This is the so called buffering effect
of pulp. If such a pH buffering effect is neglected, the pH calculation
based on the pure aqueous solution can go wrong. For example, in the
reference mill, 2 kilograms of NaOH per ton dry pulp are added into the
DQ stage in order to increase the pH value from 3 in D stage to 5 in
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Q stage. However, using calculations for a pure aqueous solution will
instead result in a strong alkaline solution (pH > 10). This implies that
the pulp buffering effect may not be simply ignored.

However, there are no reports or any data that can be referred to
for modeling exactly the pH buffer capacity for the reference mill. It
is therefore decided that the pH buffering effect is handled as a steady
state effect only, with the purpose of keeping the stage final pH within
the correct range. A proposal is to calculate the percentage of charged
alkaline/acid that is used up by the pulp buffer according to the final
pH reference values in all stages. Then such chemical consumption by
pH buffer is removed before the reactions start. An experiment based on
the above proposal has been conducted on a pulp with known buffering
effect expressed by a titration curve (Jönsson et al., 1999a). The result
is consistent with the curve and confirms the proposal can be applicable.

In a bleaching stage, alkaline/acid concentration is varied due to chro-
mophore reduction, COD oxidization and pulp pH buffering. Another
way of handling the buffering effect of pulp is to consider it combined
with other effects. For example, in stages where reactions are going on,
i.e. OP, D and PO stages, a pulp buffering effect may be included in the
chemical consumption by bleaching reaction and COD oxidization. In Q
stages, however, since in principle only the delay effect is modeled, pH
buffering has to be dealt with as a steady-state effect, as proposed above,
as a percentage in alkaline consumption.

In summary, the buffering effects of pulp at different stages are mod-
eled as percentage consumption of alkaline/acid charge

stage Q OP D Q PO
chemical charge consumed 86 0 0 40 0 %

Considering the buffering effect, the final pH at the outlet of the tower
is intended to be kept around (cf. Jönsson et al. (1999b) and Malmberg
(2002))

stage Q OP D Q PO
Final pH 4 10 3 5 10.5
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C.5 Conclusions

Dynamic models have been constructed, covering common unit opera-
tions of bleach stages, i.e. mixer, bleaching tower and wash press. In
each basic unit, mass balances have been set up based on appropriately
chosen physical flow patterns combined with proper bleaching reactions.
The overall model frame of the bleach plant can be obtained by sim-
ply connecting the relevant inputs and outputs of the different bleaching
stages and stages obtained by connecting sub-models of unit operations.
This module based modeling approach increases the flexibility of inte-
grating recycle flows into different positions of the plant.

In each bleaching stage, different kinetics and stoichiometry as well
as different chemicals are employed. The reaction rates, i.e. kinetics
and stoichiometry, are taken from literature but with some parameters
kept free. Finally the model is updated with KAM reference mill oper-
ating conditions (Ledung et al., 2001) and is calibrated against available
reference mill experimental data (Annergren, 2001).

The completed model has been used, as a qualitative example, to
study and illustrate some general effects of recycling on dynamics and
controllability of processes with hard integration, in particular the KAM
reference bleach plant.
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C.6 Nomenclature

Notation and Unit:

Ac tower cross area, m2

B brightness, %
C concentration of chemical, mol/l
D diffusion coefficient, m2/min

DF dilution factor
DR displacement ratio
Ea activation energy
F mass flow rate, ton/min

Fv voluminal flow rate, m3/ton o.d.pulp
H tower height, m

k reaction constant
kb equilibrium constant
kc coefficient of recycle factor
K content of chromophores, expressed as

light absorption coefficient in brightening stage, m2/kg

M mass, kg

rk bleaching kinetic rate, m2/kg · min

ro oxidization kinetic rate, 1/min

rr release kinetic rate, 1/min

pr production rate, ton/min

S light scattering coefficient, m2/kg

t residence time, min
T temperature, K
v velocity, m/min

V volume, m3

X mass fraction, of oven dry pulp (o.d.p.)
Y mass fraction, of liquor
z position in tower
Zf mass fraction of oven dry pulp in pulp slurry (pulp consistency)
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Greek letter:

ρd density of dilution stream, ton/m3

ρf density of effluent stream, ton/m3

ρh density of wash press shower water, ton/m3

ρl liquor phase density, g/l

ρs pulp slurry density, ton/m3

ρw pure water density, ton/m3

Ψ stoichiometry, chemical consumption of o.d.p.

Subscript:

0 initial
a addition (chemical charge)
A component A, representing for ’COD’
B OH−

BH pH dominating anion, OH− or H+

c chemical charge
d dilution
D wash press discharge flow or component ClO2

E wash press effluent flow or component EDTA

F wash press feed flow
H H+

in into a process unit
M metal
N Na+

o oxidized
P H2O2

r released from reaction
S wash press shower flow
∞ the ’floor-level’
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