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Abstract 

Electromagnetic wave propagation is usually reciprocal. However, in 
magneto-optical or gyromagnetic media, the propagation can be nonreciprocal. 
This effect has contributed to many important components in 
telecommunication systems, such as isolators and circulators.  Recently, it has 
even been demonstrated that on the surface of magneto-optical or 
gyromagnetic media, electromagnetic waves can propagate in only one 
direction. This unique property provides us with a very feasible system to 
observe fundamental effects in wave guiding and coupling, and also brings us 
more sophisticated ways to control the electromagnetic waves and obtain 
novel devices. The aim of this thesis is to reveal the fundamental guiding and 
coupling properties of nonreciprocal electromagnetic surface waves and to 
design novel applications based on the properties. 

We introduce the background in the first chapter. We then describe the 
concept of nonreciprocity and the main calculation method used in our papers 
in the second chapter. In the third chapter, we demonstrate that one-way 
waves can be sustained at the edge of a gyromagnetic photonic crystal slab 
under an external magnetic field. The magnetic field breaks the time-reversal 
symmetry and opens a bandgap. In the bandgap, this one-way wave is 
localized horizontally to the slab edge and confined by the index contrast in 
the vertical direction. Next, we study the coupling between two parallel one-
way waveguides.  We find that when the waveguides support modes 
propagating in the same directions, there exists a co-directional coupling 
between them. When they support modes propagating in opposite directions, a 
contra-directional coupling between them can effectively occur in a narrow 
window where the propagation constants of these two modes are very close. 
This contra-directional coupling is related to the concept of a “trapped 
rainbow”. 

In the fourth chapter, we address the concept of a “trapped rainbow”.  It 
aims at trapping different frequency components of the electromagnetic wave 
packet at different positions in space permanently. In previously proposed 
structures, the entire incident wave is reflected rather than trapped due to the 
strong contra-directional coupling between forward and backward modes. To 
overcome this difficulty, we show that utilizing nonreciprocal waveguides 
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under a tapered external magnetic field can achieve a truly “trapped rainbow” 
effect at microwave frequencies. We observe hot spots and relatively long 
duration times around critical positions through simulations and find that such 
a trapping effect is robust against disorders.  

    Lastly, in the fifth chapter, we show a one-way cavity formed by surface 
magnetoplasmon. We find that the external magnetic field can separate the 
clockwise and anti-clockwise modes of the cavity into two totally different 
frequency ranges. This offers us more choices, both in the frequency ranges 
and in the one-way directions, for realizing one-way components. We also 
demonstrate the waveguide-cavity coupling by designing a circulator, which 
establishes the foundation for potential applications. 

 

 

Keywords: wave propagation, coupling, magneto-optical, gyromagnetic, 
photonic crystal, nonreciprocity, one-way, trapped rainbow. 
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Sammanfattning 

Elektromagnetisk vågutbredning är vanligen reciprok. Emellertid, i magneto-
optiska och gyromagnetiska material kan vågutbredningen vara icke-reciprok. 
Denna effekt har bidragit till många viktiga komponenter i 
telekommunikationssystem, såsom isolatorer och cirkulatorer. Nyligen har det 
påvisats att på ytan av magneto-optiska och gyromagnetiska material kan 
elektromagnetiska vågor fås att utbreda sig i endast en riktning. Denna unika 
egenskap möjliggör för oss att studera några grundläggande effekter vad 
gäller att leda vågor och hur de kopplar till varandra, vilket ger oss mer 
sofistikerade sätt att styra elektromagnetiska vågor och därigenom utveckla 
nya komponenter. Syftet med denna avhandling är att klarlägga 
grundläggande egenskaper för hur icke-reciproka ytvågor kopplar och kan 
ledas, och ta fram nya tillämpningar baserade egenskaperna hos riktade vågor. 
 
    I det första kapitlet ger vi bakgrunden, varefter vi i andra kapitlet 
introducerar icke-reciprocitet och den beräkningsmetod vi i huvudsak använt i 
våra publikationer. I det tredje kapitlet, visar vi att en enkelriktad våg kan 
upprätthållas vid kanten av en gyromagnetisk fotonisk kristallplatta i närvaron 
av ett externt magnetfält. Magnetfältet bryter den symmetri som annars råder 
vid tidsinversion och öppnar därigenom ett bandgap. Inom bandgapet är den 
enkelriktade vågen förlagd vågrätt till kanten av plattan och dess lodräta 
utsträckning begränsas av skillnaden i brytningsindex. Därefter studerar vi 
kopplingen mellan två parallella enkelriktade vågledare. Vi finner att när 
vågledarmoderna utbreder sig i samma riktning uppstår en samriktad koppling 
mellan dem. När vågledarmoderna utbreder sig i motsatta riktningar uppstår 
en motriktad koppling mellan dem, som effektivt förekommer i ett smalt 
fönster där utbredningskonstanterna för de två moderna ligger mycket nära 
varandra. Denna motriktade koppling är relaterad till begreppet "instängd 
regnbåge". 
 
    I det fjärde kapitlet behandlar vi begreppet "instängd regnbåge". Det syftar 
till att på olika ställen permanent fånga in olika frekvenskomponenter hos det 
elektromagnetiska vågpaketet. I de tidigare föreslagna strukturerna reflekteras 
hela den infallande vågen, istället för att fångas in, på grund av den starka 
kopplingen mellan moder som utbreder sig i motsatta riktningar. Vi visar att 
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denna svårighet kan övervinnas genom att utnyttja icke-reciproka vågledare, 
belägna i ett gradvis avtagande magnetfält, varigenom vi i sann mening kan 
åstadkomma en "instängd regnbåge" vid mikrovågsfrekvenser. Genom 
simuleringar visar vi att lokal uppvärmning med relativt lång varaktighet kan 
fås runt kritiska ställen och att denna effekt är robust mot störningar. 
 
    Slutligen, i det femte kapitlet presenterar vi en enkelriktad kavitet, som 
bildas av en magnetisk ytplasmon. Vi finner att det yttre magnetfältet kan 
separera de kavitetsmoder som roterar medurs och moturs i två helt olika 
frekvensområden. Detta ger oss fler alternativ, vad gäller såväl 
frekvensområdet som den enkelriktade utbredningen, för att förverkliga 
riktande komponenter. Vi förevisar också kopplingen vågledare-kavitet 
genom att designa en cirkulator, vilket fastställer grunden för potentiella 
tillämpningar. 
 
 
Nyckelord: vågutbredning, koppling, magneto-optisk, gyromagnetisk, 
fotonisk kristall, icke-reciprocitet, enkelriktad, instängd regnbåge. 
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1 Introduction 

 

1.1 Background and Motivations 

Electromagnetic wave propagation is usually reciprocal. However, in 

magneto-optical or gyromagnetic media, the propagation can be nonreciprocal. 

The first evidence of nonreciprocal travelling of light waves was found by 

Michael Faraday in 1845. i.e., the Faraday rotation.  It can rotate the plane of 

polarization when an external magnetic field is applied along the propagation 

direction of the light.  This effect is the basis for many important components 

in telecommunication systems, such as isolators, which protect the laser 

source from the reflected signals, and circulators, which can serve as add-drop 

multiplexers. 

Recently, it has even been demonstrated that on the surface of magneto-

optical or gyromagnetic media, the electromagnetic waves can possess 

unidirectional group velocity, i.e., the waves can propagate in only one 

direction. There are generally two ways to achieve this one-way 

electromagnetic surface wave. One was founded by Haldane and Raghu in 

2008 [1, 2]. It is an analogy of quantum Hall edge states in photonic crystals 

(PhCs) made by nonreciprocal media. The other is based on nonsymmetrical 

dispersion relations for the surface mode on a magneto-optical or 

gyromagnetic media.  

One-way waves in photonic crystals     
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    Photonic crystals (PhCs) are periodic media which are designed to control 

the propagation of electromagnetic waves in specific frequency ranges (i.e., 

so-called photonic band gaps) [3]. The concept of PhCs can be interpreted as 

an analogy between the periodic media in Maxwell’s equations and the 

periodic potentials in Schrödinger equation.  Haldane and Raghu extended this 

analogy to quantum Hall edge states [1, 2]. They proposed that the photonic 

bands and photonic band gaps can theoretically be characterized by 

topological invariants known as the Chern numbers [4]. If the Chern number 

changes across an interface between two media, there exist one-way edge 

states at the band gap frequency range. The Chern number is an integer 

number that vanishes unless time-reversal symmetry is broken [1]. To achieve 

a nonzero Chern number, they suggest using an external magnetic field to 

open a band gap by separating a “Dirac point” in two dimensional (2D) 

magneto-optical photonic crystals. Wang et al. then proved that separating a 

degenerate point can also create a nonzero Chern number [5] and 

experimentally demonstrated reflection-free one-way propagation of 

electromagnetic waves at the edge of gyromagnetic PhCs at microwave 

frequencies in 2009 [6]. This study stimulates numerous subsequent 

theoretical [7-14] and experimental investigations [15-18].  

One-way waves on the surface of nonreciprocal media 

Another way to achieve one-way waves is based on nonsymmetrical 

dispersion relation 𝜔𝜔(𝑘𝑘)  for the surface mode on a magneto-optical or 

gyromagnetic media.  In physics, this nonsymmetrical dispersion relation 

originates from the basis that the left and right hand circular or elliptical 

polarizations have different interactions with nonreciprocal media [19]. When 
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the difference is very large in a specific frequency range, only one type of 

polarization can be obtained. In mathematics, the dispersion relation is 

obtained from a nonsymmetrical characteristic equation of the surface mode 

with respect to the propagation constant [20-23]. This characteristic equation 

usually has a linear term with respect to the propagation constant, which 

originates from the off-diagonal element of the permittivity or permeability 

tensor, and the solution of the characteristic equation is not symmetric i.e., 

𝜔𝜔(𝑘𝑘) ≠ 𝜔𝜔(−𝑘𝑘). In a specific frequency range, the dispersion relation can 

possess a unidirectional group velocity 𝑣𝑣𝑔𝑔=𝑑𝑑𝜔𝜔/𝑑𝑑𝑘𝑘.  There are different ways 

to achieve such one-way waves, such as via a magnetic domain wall with 

antiparallel applied magnetic fields [24], surface plasmons under strong 

magnetic fields [20, 23, 25-27] and semi-infinite gyromagnetic media with 

metal cladding [22].  

The unidirectional propagation of electromagnetic surface waves addressed 

above is a very unique property. It provides us a very feasible system to 

observe fundamental effects in wave guiding and coupling, such as the contra-

directional coupling between a forward mode and a backward mode 

discovered in [28]. In addition, some issues related to one-way wave still need 

investigation, such as the one-way wave in three-dimensional (3D) structures 

and the one-way wave in a cavity system. These investigations can give us 

more knowledge of the nonreciprocal electromagnetic waves and bring us 

more sophisticated ways to control the electromagnetic wave, which can 

contribute to novel devices.  
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1.2 Thesis aim and outline 

 The aim of this thesis is to theoretically reveal the fundamental 

propagation and coupling properties of nonreciprocal electromagnetic surface 

waves and design novel applications based on these properties.  

The present thesis is based on four published journal papers. It will be 

organized as follows: 

In Chapter 2, the concept of nonreciprocity is introduced and the 

calculation method for gyromagnetic photonic crystals is developed.  

In Chapter 3, one-way propagation at the edge of a gyromagnetic photonic 

crystal slab is presented [Paper I] and coupling between two parallel one-way 

waveguides is discussed [Paper II]. Contra-directional coupling is found at a 

narrow frequency range where the propagation constants in these two 

waveguides are very close. 

In Chapter 4, the concept of a “trapped rainbow” is introduced first. The 

difficult in achieving a truly trapped rainbow effect caused by the contra-

directional coupling is discussed. To overcome this difficulty, nonreciprocal 

waveguides under a tapered magnetic field are utilized to achieve a true 

trapped rainbow effect.  [Paper III]. 

In Chapter 5, a one-way cavity based on magnetoplasmons is constructed. 

The coupling between such a one-way cavity and waveguides is also 

discussed. 

    Finally, in Chapter 6, conclusion and future works are discussed. 
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2 Concept and Method 

 

2.1 Concept of Nonreciprocity 

As nonreciprocal components are significant in many systems, many groups 

have gone to great lengths to realize nonreciprocity through many different 

methods. However, some of these methods are unable to provide 

nonreciprocity and might mislead others [29]. It is still necessary to give a 

definition of nonreciprocity here.  Ref. [30] gives a definition based on the 

interaction between two sources.  It considers a harmonic source a ( 𝐽𝐽𝑎𝑎, 𝑀𝑀𝑎𝑎) in 

a field ( 𝐸𝐸𝑏𝑏, 𝐻𝐻𝑏𝑏) produced by source b ( 𝐽𝐽𝑏𝑏, 𝑀𝑀𝑏𝑏). The interaction of source a in 

field b is defined as 

< 𝑎𝑎, 𝑏𝑏 >= ∭ (𝐽𝐽𝑎𝑎 ∙ 𝐸𝐸𝑏𝑏 − 𝑀𝑀𝑎𝑎 ∙ 𝐻𝐻𝑏𝑏)𝑉𝑉 𝑑𝑑𝑑𝑑                      (2.1) 

A system is nonreciprocal if, with respect to sources a and b, 

< 𝑎𝑎, 𝑏𝑏 >≠< 𝑏𝑏, 𝑎𝑎 >                                               (2.2) 

The most common mistake is replacing source b by another source c 

unconsciously, such as replacing the distribution of source b with another [31] 

or altering the distribution of source b by omitting higher order modes [32]. 

2.2 Plane-wave expansion method for gyromagnetic photonic crystals 

The most common nonreciprocal media are magneto-optical materials (e.g., 

bismuth iron garnets at optical frequencies) and gyromagnetic materials (e.g., 

ferrites at microwave frequencies). Their permittivity or permeability tensor 

has off-diagonal elements. In this section, we developed the calculation 
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method for the PhCs formed by these nonreciprocal media. We take a 2D 

gyromagnetic PhC as an example to show the calculation method for the band 

structures of the PhCs and the dispersion relations of the surface modes. 

    The plane-wave expansion method (PWEM) is applied to calculate the 

band structures of gyromagnetic PhCs. This method is widely used among 

the photonic crystal community [3, 33]. It aims at solving an eigenfrequency 

problem: 

         2ˆ ( )H
c
ωψ ψ=                                              (2.3) 

where 𝜓𝜓 is a Bloch wave 

( )ieψ = k r
ku r                                           (2.4) 

with 𝐮𝐮𝐤𝐤(𝐫𝐫) = 𝐮𝐮𝐤𝐤(𝐫𝐫 + 𝐑𝐑)  for all lattice vectors R. Using the periodicity of 

PhCs, PWEM solves this problem by expanding the field components, the 

permittivity 𝜀𝜀(𝐫𝐫), and the permeability 𝜇𝜇(𝐫𝐫) in Fourier series.  

We solve a 2D problem with a rectangular lattice as an example. Consider a 

2D gyromagnetic PhC with a rectangular lattice in the xy plane and 

homogeneous along z axis (i.e., 𝜕𝜕
𝜕𝜕𝜕𝜕

= 0). The relative permeabilityµ  has the 

following form: 

0
0

0 0 1

r

r

i
i

κ

κ

µ µ
µ µ µ

− 
 =  
  

                                      (2.5) 

For a field with time harmonic dependence 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖, Maxwell’s equations yield: 
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0z r xH i E
y

ωε ε∂
= −

∂
                                    (2.6a) 

      
0z r yH i E

x
ωε ε∂

− = −
∂

                                (2.6b) 

0y x r zH H i E
x y

ωε ε∂ ∂
− = −

∂ ∂
                                (2.6c) 

0 ( )z r x yE i H i H
y κωµ µ µ∂

= −
∂

                               (2.6d) 

0 ( )z x r yE i i H H
x κωµ µ µ∂

− = +
∂

                               (2.6e) 

0y x zE E i H
x y

ωµ∂ ∂
− =

∂ ∂
                               (2.6f) 

The field components (𝐸𝐸𝑥𝑥, 𝐸𝐸𝑦𝑦, 𝐻𝐻𝜕𝜕) are governed by (2.6a), (2.6b) and (2.6f), 

which constitute the transverse electric (TE) mode. The field components (𝐻𝐻𝑥𝑥, 

𝐻𝐻𝑦𝑦 , 𝐸𝐸𝜕𝜕 ) are governed by (2.6c), (2.6d) and (2.6e), which constitute the 

transverse magnetic (TM) mode. As the TM mode is related to the magnetic 

parameters, we focus on the TM mode. From (2.6d) and (2.6e), we obtain: 

0 x z zi H E E
y x

ωµ α β∂ ∂
= +

∂ ∂
                           (2.7a) 

0 y z zi H E E
y x

ωµ β α∂ ∂
= −

∂ ∂
                           (2.7b) 

with 2 2-
r

r κ

µα
µ µ

= , 2 2-r

i κ

κ

µβ
µ µ
−

= . 
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    For the rectangular lattice, we set the period in the x direction as a and the 

period in the y direction as b. Expanding the field components in 2D Fourier 

series, we obtain: 

yk
b

ni

mn

xk
a
mi

mnz
yx eeuE

)2()2(

0

1 ++

∑=
ππ

ε
                (2.8a) 

yk
b

ni

mn

xk
a
mix

mnx
yx eevH

)2()2(

0

1 ++

∑=
ππ

µ
                (2.8b) 

yk
b

ni

mn

xk
a
miy

mny
yx eevH

)2()2(

0

1 ++

∑=
ππ

µ
                (2.8c) 

We also expand 𝛼𝛼, 𝛽𝛽, and 𝜀𝜀𝑟𝑟: 

)22( y
b
mx

a
ni

mn
mne

ππ

αα
+

∑=                              (2.9a) 

 
)22( y

b
mx

a
ni

mn
mne

ππ

ββ
+

∑=                             (2.9b) 

 
)22( y

b
mx

a
ni

mn
mnr e

ππ

εε
+

∑=                              (2.9c) 

The coefficients 𝛼𝛼𝑚𝑚𝑚𝑚, 𝛽𝛽𝑚𝑚𝑚𝑚 and 𝜀𝜀𝑚𝑚𝑚𝑚 are calculated by Fourier transformation: 

2 2( )

0 0

1 ( , ) e
n mi x yb a

a b
mn x y dxdy

ab

π π

α α
− +

= ∫ ∫                      
(2.10a) 

2 2( )

0 0

1 ( , ) e
n mi x yb a

a b
mn x y dxdy

ab

π π

β β
− +

= ∫ ∫                      
(2.10b) 

2 2( )

0 0

1 ( , ) e
n mi x yb a

a b
mn r x y dxdy

ab

π π

ε ε
− +

= ∫ ∫                    
(2.10c) 
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By substituting (2.8) and (2.9) into (2.7) and (2.6c), we obtain: 

2 2 2 ' 2 '( ) ( ) ( )

' '
' '

2 2 2 ' 2 '( ) ( ) ( )

' '
' '

2 2( ) ( )

2 '( )

2 '( )

x y

x y

x y

m n m ni x y i k x i k y
a b a b

mn y m n
mn m n

m n m ni x y i k x i k y
a b a b

mn x m n
mn m n

m ni k x i k yx a b
mn

mn

ne k u e e
b

me k u e e
a

v e e
c

π π π π

π π π π

π π

πα

πβ

ω

+ + +

+ + +

+ +

+

+ +

=

∑ ∑

∑ ∑

∑

 

(2.11a) 

2 2 2 ' 2 '( ) ( ) ( )

' '
' '

2 2 2 ' 2 '( ) ( ) ( )

' '
' '

2 2( ) ( )

2 '( )

2 '( )

x y

x y

x y

m n m ni x y i k x i k y
a b a b

mn y m n
mn m n

m n m ni x y i k x i k y
a b a b

mn x m n
mn m n

m ni k x i k yy a b
mn

mn

ne k u e e
b

me k u e e
a

v e e
c

π π π π

π π π π

π π

πβ

πα

ω

+ + +

+ + +

+ +

+

− +

=

∑ ∑

∑ ∑

∑

 

(2.11b) 

2 2( ) ( )

2 2 2 ' 2 '( ) ( ) ( )

' '
' '

2 2[( ) ( ) ] x y

x y

m ni k x i k yy x a b
x mn y mn

mn
m n m ni x y i k x i k y

a b a b
mn m n

mn m n

m nk v k v e e
a b

e u e e
c

π π

π π π π

π π

ω ε

+ +

+ + +

+ − +

= −

∑

∑ ∑
 

(2.11c) 

By setting l=m+m' and q=n+n', we can rewrite (2.11) as: 
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2 2( ) ( )

', ' ' '
' '

2 2( ) ( )

', ' ' '
' '

2 2( ) ( )

2 '( )

2 '( )

x y

x y

x y

l qi k x i k y
a b

l m q n y m n
lq m n

l qi k x i k y
a b

l m q n x m n
lq m n

m ni k x i k yx a b
mn

mn

n k u e e
b

m k u e e
a

v e e
c

π π

π π

π π

πα

πβ

ω

+ +

− −

+ +

− −

+ +

+

+ +

=

∑∑

∑∑

∑

 

(2.12a) 

2 2( ) ( )

', ' ' '
' '

2 2( ) ( )

', ' ' '
' '

2 2( ) ( )

2 '( )

2 '( )

x y

x y

x y

l qi k x i k y
a b

l m q n y m n
lq m n

l qi k x i k y
a b

l m q n x m n
lq m n

m ni k x i k yy a b
mn

mn

n k u e e
b

m k u e e
a

v e e
c

π π

π π

π π

πβ

πα

ω

+ +

− −

+ +

− −

+ +

+

− +

=

∑∑

∑∑

∑

 

(2.12b) 

2 2( ) ( )

2 2( ) ( )

' ' ', '
' '

2 2[( ) ( ) ] x y

x y

m ni k x i k yy x a b
x mn y mn

mn
l qi k x i k y

a b
m n l m q n

lq m n

m nk v k v e e
a b

u e e
c

π π

π π

π π

ω ε

+ +

+ +

− −

+ − +

= −

∑

∑∑
 

(2.12c) 

In (2.12), we replace l with m and replace q with n. After simplification, we 

obtain: 

', ' ' ' ', ' ' '
' ' ' '

2 ' 2 '( ) ( ) x
m m n n y m n m m n n x m n mn

m n m n

n mk u k u v
b a c
π π ωα β− − − −+ + + =∑ ∑     (2.13a) 
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', ' ' ' ', ' ' '
' ' ' '

2 ' 2 '( ) ( ) y
m m n n y m n m m n n x m n mn

m n m n

n mk u k u v
b a c
π π ωβ α− − − −+ − + =∑ ∑

    
(2.13b) 

' ' ', '
' '

2 2( ) ( )y x
x mn y mn m n m m n n

m n

m nk v k v u
a b c
π π ω ε − −+ − + = − ∑

        
(2.13c) 

By substituting (2.13a) and (2.13b) into (2.13c), we obtain: 

', ' ' ' ', ' ' '
' ' ' '

', ' ' ' ', ' ' '
' ' ' '

2
' ' ', '

' '

2 2 ' 2 '( )[ ( ) ( ) ]

2 2 ' 2 '( )[ ( ) ( ) ]

( )

y m m n n y m n m m n n x m n
m n m n

x m m n n y m n m m n n x m n
m n m n

m n m m n n
m n

n n mk k u k u
b b a

m n mk k u k u
a b a

u
c

π π πα β

π π πβ α

ω ε

− − − −

− − − −

− −

+ + + +

− + + − +

=

∑ ∑

∑ ∑

∑

 

(2.14) 

If we set 𝑚𝑚  and 𝑚𝑚′ in [-M, M] and 𝑛𝑛 and  𝑛𝑛′ in [-N, N], we can change (2.14)

to an eigenvalue equation in the following matrix form: 

2( )Ax x
c
ω

=                      (2.15) 

where x is a vector defined as: 

1 (2 1)( ),
i mnx u

i m M M n N
=
= + + + + +

 

and A is a square matrix determined by: 
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1

', '

', ' ', '

', ' ', '

2 2 ' 2 '( )[ ( ) ( )]

2 2 ' 2 '( )[ ( ) ( )]

1 (2 1)( )
' 1 (2 1)( ' ).

ij m m n n

ij y m m n n y m m n n x

x m m n n y m m n n x

A E T
E

n n mT k k k
b b a

m n mk k k
a b a

i m M M n N
j m M M n N

ε

π π πα β

π π πβ α

−

− −

− − − −

− − − −

=
=

= + + + + −

+ + − +

= + + + + +
= + + + + +

 

The value of N and M is determined by obtaining convergence results.     

Sweeping 𝑘𝑘𝑥𝑥 and  𝑘𝑘𝑦𝑦 along the boundary of the irreducible Brillouin zone 

and computing the eigenvalue of A will give the band structure 𝜔𝜔(𝑘𝑘) . 

Sometimes, we also need to calculate the projected band structure along a 

particular direction, such as along the 𝑘𝑘𝑥𝑥 direction. For this case, we need to 

calculate 𝜔𝜔  for each 𝑘𝑘𝑥𝑥  with all possible 𝑘𝑘𝑦𝑦  in the first Brillouin zone by 

PWEM.  

 

Figure 2.1 The supercell for calculating the mode at the interface between two PhCs. 
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To find the dispersion diagram for the surface modes at the edge of a PhC 

or at the interface between two PhCs, we can apply the PWEM in a supercell 

[3], as shown in Fig. 2.1. The supercell is periodic in the x direction, and 

infinitely long in the y direction. In practice, the supercell can be truncated at 

a finite length L and possesses periodicity in y direction. When L is large 

enough (L>20a), we can obtain an accurate dispersion diagram 𝜔𝜔(𝑘𝑘𝑥𝑥)  by 

sweeping 𝑘𝑘𝑥𝑥 in the first Brillouin zone and setting 𝑘𝑘𝑦𝑦 = 0 in the PWEM. This 

dispersion line should be in the bandgap of the projected band structure. In 

addition, the supercell technique can also be used in other calculation methods 

to find the surface modes, such as the finite element method (FEM). 

2.3 Inverse plane-wave expansion method for surface modes 

There is another way to calculate the dispersion diagram for the surface 

modes in PhCs. The basic idea is to find the corresponding wave vector k at a 

given frequency. We call it an inverse plane-wave expansion method.  

Considering (2.13) again, we set 𝑘𝑘0 = 𝑖𝑖
𝑐𝑐

 and Ω = 𝑎𝑎
2𝜋𝜋

𝑘𝑘0  , 𝑘𝑘𝑥𝑥��� = 𝑘𝑘𝑥𝑥/𝑘𝑘0  and 

𝑘𝑘𝑦𝑦��� = 𝑘𝑘𝑦𝑦/𝑘𝑘0, and rewrite (2.13). 

', ' ' ' ', ' ' '
' ' ' '

', ' ' '
' '

' '( ) x
m m n n y m n m m n n m n mn

m n m n

m m n n x m n
m n

n a mk u u v
b
k u

α β

β

− − − −

− −

+ + −
Ω Ω

= −

∑ ∑

∑
               (2.16a) 

', ' ' ' ', ' ' '
' ' ' '

', ' ' '
' '

' '( ) y
m m n n y m n m m n n m n mn

m n m n

m m n n x m n
m n

n a mk u u v
b

k u

β α

α

− − − −

− −

+ − −
Ω Ω

=

∑ ∑

∑
                (2.16b) 
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' ' ', '
' '

( )y x y
mn y mn m n m m n n x mn

m n

m nav k v u k v
b

ε − −− + + = −
Ω Ω ∑

           
(2.16c) 

By changing (2.16) to a matrix form, we obtain: 

x

x

x

Ax Bx y k Cx
Dx Ex z k Fx
Gz Hy Jx k z

 + − = −


− − =
 − + = −                                              

(2.17) 

Where x, y, z are vectors defined by: 

                
))(12(1

,

NnMMmi

vzvyux y
mni

x
mnimni

+++++=

===
 

and A-J are matrices calculated by: 

', '

', '

', '

', '

', '

', '

'( )

'

'( )

'

( )

ij m m n n y

ij m m n n

ij m m n n

ij m m n n y

ij m m n n

ij m m n n

ij

ij y

n aA k
b

mB

C
n aD k

b
mE

F
mG

naH k
b

α

β

β

β

α

α

− −

− −

− −

− −

− −

− −

= +
Ω

=
Ω

=

= +
Ω

=
Ω

=

=
Ω

= +
Ω
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', '

1 (2 1)( )
' 1 (2 1)( ' )

ij m m n nJ
i m M M n N
j m M M n N

ε − −=

= + + + + +
= + + + + +

 

(2.17) can be simplified to: 

x

x x
T k

z z
   

=   
   

                                           (2.18) 

where 
10

( )
F D E I

T
HC I J H A B G

− − −   
=    − − +   

.  

Using the supercell technique and setting  𝑘𝑘𝑦𝑦��� = 0, the eigenvalue of T gives 

us the corresponding 𝑘𝑘𝑥𝑥��� at a specific frequency for the surface modes. This 

inverse PWEM needs to specify the frequency range initially. It is able to 

achieve complex wave vectors, which is very useful to study the coupling 

effect between two waveguides as shown in Section 3.2 (Paper II). 
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3 Propagation and coupling of one-way waves  

 

3.1 One-way propagation at the edge of a gyromagnetic photonic 
crystal slab 

To achieve stable one-way propagation of EM waves in a gyromagnetic PhC, 

most previous structures are tightly surrounded by PEC [6, 15-18]. This might 

not be practical in higher frequency ranges. Paper I demonstrates that a 

freestanding gyromagnetic PhC slab can also support the one-way propagation 

of EM waves at the edge. The basic idea is to make use of the index contrast 

between the gyromagnetic material and free space to confine the EM wave in 

the vertical direction and to use the band gap to localize the EM wave 

horizontally to the edge of the structure. 

 

Figure 3.1 Gyromagnetic PhC slab formed by a triangular lattice of holes in an 

yttrium iron garnet (YIG) slab surrounded by air. The right panel shows the first 

Brillouin zone. [Paper I] 
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The structure is a PhC slab formed by a 2D triangular lattice of holes in an 

yttrium iron garnet (YIG) slab, as shown in Fig. 3.1. The external magnetic 

field is applied in the +z direction. The permittivity is 𝜀𝜀𝑟𝑟, and the permeability 

�̿�𝜇 follows: 

0

0

0 0 1

r

r

i

i
κ

κ

µ µ

µ µ µ

−

=

 
 
 
  

                                              (3.1) 

with 2 2
0 01 ( ) / [( ) ]r mi iµ ω ν ω ω ν ω= + − − −  and 2 2

0/ [( ) ]m iκµ ωω ω ν ω= − − , 

where 0 02 Hω πγ=  is the precession angular frequency, ΔHν πγ=  is 

determined by the resonance linewidth ∆𝐻𝐻, 2m sMω πγ=  is determined by the 

saturation magnetization 𝑀𝑀𝑠𝑠, and 𝛾𝛾 = 2.8E6 rad s−1G−1  is the gyromagnetic 

ratio [34]. 

     We assume the material is lossless 0ν = , and take constant permittivity 

𝜀𝜀𝑟𝑟 and permeability �̿�𝜇 evaluated at the frequency of interest (10GHz).  

 

Figure 3.2 Band structure of TM-like mode for gyromagnetic PhC slab shown in Fig. 

3.1 The gray shaded area is the light cone. (a) Without applying magnetic field. (b) 

With applied magnetic field. [Paper I] 
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For this 3D structure, using a 3D PWEM can give preliminary results about 

the band structure, but it consumes too much time to get an accurate result. 

We use the commercial FEM software COMSOL to calculate the band 

structure alternatively. The band structure of the TM-like mode is shown in 

Fig. 3.2. Without applying a magnetic field, the first band and the second 

degenerate at the Κ point, as shown in Fig. 3.2 (a). With an applied magnetic 

field, the time-reversal symmetry is broken, and the degenerate points can be 

separated, giving rise to a bandgap, as shown in Fig. 3.2 (b). Note that this 

bandgap is under the light cone.  

 

Figure 3.3 Projected band structure (blue dots) along the Γ – Κ′. The solid (red) line 

in the band gap is the dispersion curve of the surface mode. The gray shaded area is 

the light cone. [Paper I] 

Next, we use the supercell technique to calculate the dispersion diagram for 

the surface mode. The edge is cut through the row of holes centered at y = 0, 

and the cutting edge is along 𝑦𝑦 = √3𝑎𝑎/6, where a is the lattice constant. The 
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result in Fig. 3.3 shows that the surface mode is gapless, only exists at 𝑘𝑘𝑥𝑥<0, 

and possesses unidirectional group velocity 𝑣𝑣𝑔𝑔 = 𝑑𝑑𝜔𝜔 𝑑𝑑𝑘𝑘⁄ < 0 .  Since the 

surface mode is inside the bandgap and below the light line, the field of this 

mode decays both in the PhC and free space, and thus the field is localized at 

the edge of the PhC slab. 

 

Figure 3.4 Field distribution (𝐸𝐸𝜕𝜕 amplitude) of the surface wave.  A line current 

operating at 10 GHz is placed at the edge of the YIG PhC slab. (a) Horizontal cross-

section at the mid-height of the YIG slab. (b) Vertical cross-section at y = r. [Paper I] 

Finally, we also simulate the propagation of the surface wave. The field 

distribution is shown in Fig. 3.4. It demonstrates directly the one-way 

propagation of the surface wave.  

3.2 Coupling between two one-way waveguides 

Paper II reveals the coupling properties between two one-way waveguides. 

We start by constructing a simple one-way waveguide structure. The structure 

is formed by an interface between two 2D PhCs with the same square lattice. 
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The upper PhC is made by alumina rods in the air, and the lower PhC is made 

by YIG rods in the air. For the YIG PhC, the external magnetic field separates 

the degenerate point of the second and the third band in k space and opens a 

bandgap [5]. For the alumina PhC, we tune the radius of the rods to obtain a 

common bandgap with the YIG PhC. In the common bandgap, there exists a 

one-way mode at the interface between these two PhCs, as shown in Fig. 3.5. 

 

Figure 3.5 (a) Projected band diagram for 2D YIG and alumina PhCs. Those two 

PhCs have the same square lattice of period a. The dispersion curve (red line) of the 

mode at the interface between these two PhCs shows that 𝑣𝑣𝑔𝑔 > 0  in the whole 

common bandgap. (b) Field distribution (𝐸𝐸𝜕𝜕 amplitude) of the one-way wave excited 

by a point source (indicated by the red dot) located at the interface between the YIG 

(lower half plane) and alumina (upper half plane) PhCs. The YIG is magnetized in 

the +z direction and the operating frequency is f = 0.564 (2πc/a). The excited wave 

propagates only along the +x direction. [Paper II]. 

Next, we investigate the coupling between two parallel one-way 

waveguides as designed above.  Figure 3.6 (a) shows the structure of the 
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coupled one-way waveguides system. The upper and bottom layers are the 

YIG PhCs. The middle layer is the alumina PhC with width W=Ma, where M 

is the row number of the alumina rods in our investigated structure. The width 

of the whole structure is H, and the length of the whole structure is L=Na.  

 

Figure 3.6 (a) Structure of the coupled one-way waveguides. (b) Supercell of the 

composite waveguide. [Paper II] 

We consider two systems: (1) a contra-directional coupling system, in 

which the propagation directions of these two one-way waveguides are 

opposite. To achieve this system, we can apply 𝑧𝑧𝐻𝐻0 in both YIG PhCs. (2) a 

co-directional coupling system, in which the propagation directions of these 

two one-way waveguides are the same. To achieve this system, we can apply 

𝑧𝑧𝐻𝐻0 in the bottom YIG PhC and −𝑧𝑧𝐻𝐻0 in the upper YIG PhC.  

 The coupled waveguide system can be taken a composite waveguide, and 

the coupling process is essentially an interference effect of the supermodes of 

the composite waveguide. The characteristics of these supermodes can be 
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calculated by applying the inverse PWEM we developed in Section 2.3 on the 

supercell shown by Fig 3.6 (b).  

 

Figure 3.7 (a) Imaginary parts of the propagation constants [imag(𝛽𝛽±)] of two 

supermodes  𝜓𝜓± in a contra-directional coupling system. (b) and (c) 𝐸𝐸𝜕𝜕 amplitudes of 

the supermodes at A1 and A2 marked in (a), respectively. (d) Real parts of the 

propagation constants [real(𝛽𝛽±)]  of the supermodes 𝜓𝜓±. (e) and (f) 𝐸𝐸𝜕𝜕 amplitudes of 

the supermodes at C1 and C2 marked in (d) , respectively. [Paper II]    
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Figure 3.8 (a) Propagation constants 𝛽𝛽± of two supermodes 𝜓𝜓± in a co-directional 

coupling system. (b) and (c) 𝐸𝐸𝜕𝜕 amplitudes of the supermodes at F1 and F2 marked in 

(a), respectively. [Paper II] 

    For the contra-directional coupling system, the propagation constants and 

the group velocities in these two individual waveguides are equal in 

magnitude but opposite in sign, i.e., 𝛽𝛽1 = −𝛽𝛽2 = 𝛽𝛽  and 𝑣𝑣𝑔𝑔1 = −𝑣𝑣𝑔𝑔2 .  The 

propagation constant difference is Δ𝛽𝛽 = 𝛽𝛽1−𝛽𝛽2 = 2𝛽𝛽 . When |Δ𝛽𝛽| ≫ 0, the 

coupling between these two waveguides cannot occur. However, when 𝛽𝛽 →

0 and |Δ𝛽𝛽| → 0 , we may achieve contra-directional coupling. Therefore, we 

focus on a frequency window where 𝛽𝛽 is zero or very small. The calculation 

results [Fig. 3.7] by the inverse PWEM show that there are two corresponding 

supermodes 𝜓𝜓±  with different propagation constants 𝛽𝛽± at each frequency. 

Within a narrow frequency window 𝜔𝜔𝐵𝐵, real(𝛽𝛽±) is nearly zero [Fig. 3.7 (d)] 

and imag(𝛽𝛽+) =−imag(𝛽𝛽−) [Fig. 3.7 (a)], and  𝜓𝜓± have field distributions in 

both waveguides [Fig. 3.7 (b) and (c)], thus there exits coupling between these 
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two waveguides. Outside the frequency range  𝜔𝜔𝐵𝐵 ,  𝛽𝛽±  are opposite real 

values, and field distributions of  𝜓𝜓±  are mainly located in only one 

waveguide [Fig. 3.7 (e) and (f)], which means each supermode actually 

corresponds to the mode of an individual waveguide, thus there is no coupling 

between these two waveguides. 

For the co-directional coupling system, as the propagation constants and the 

group velocities in these two individual waveguides are the same, i.e., 

𝛽𝛽1 = 𝛽𝛽2 and 𝑣𝑣𝑔𝑔1 = 𝑣𝑣𝑔𝑔2, the coupling between these two waveguides should 

always be efficient. The calculation results [Fig. 3.8] show that there are two 

corresponding supermodes 𝜓𝜓± with different real propagation constants 𝛽𝛽± at 

each frequency. The field is distributed in both waveguides [Fig. 3.8(b) and 

Fig. 3.8(c)], thus there is coupling between these two waveguides.  

Next, we use coupled-mode theory [35] to calculate the coupling efficiency. 

In the coupled waveguide system, we assume that one waveguide is affected 

by a small perturbation from another, and its modal field profile is almost 

preserved. Therefore, the supermode 𝜓𝜓± can be a superposition of the modes 

in the individual waveguides, that is: 

1 2a bψ ψ ψ± ± ±= +                                           (3.2) 

where 𝜓𝜓1  and 𝜓𝜓2  are the corresponding modal field distributions in the 

individual waveguides 1 and 2, the distributions 𝜓𝜓±  and 𝜓𝜓1,2  are all 

normalized to unity, and the coefficients 𝑎𝑎± and 𝑏𝑏± are constants. We consider 

a wave injected into the left end (at x = 0 and y = −W/2) of waveguide 2. The 
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field distribution in the whole structure can be expressed as the interference of 

the supermodes 𝜓𝜓± or superposition of the 𝜓𝜓1,2 as the following formula: 

1 1 1 2 2 2

( ) exp( ) exp( )
( ) exp( ) ( ) exp( )

zE x, y A i x B i x
C x i x C x i x
ψ β ψ β

ψ β ψ β
+ + − −= +

= +
                   (3.3) 

where A and B are constants, and 1( )C x and 2 ( )C x denote the field amplitude 

varying with x in waveguides 1 and 2, respectively. From (3.2) and (3.3), we 

can have: 

( ) ( )1 1 1( ) exp ( ) exp ( )C x Aa i x Ba i xβ β β β+ + − −= − + −                (3.4) 

( ) ( )2 2 2( ) exp ( ) exp ( )C x Ab i x Bb i xβ β β β+ + − −= − + −               (3.5) 

For convenience, we set the input amplitude at the left end of waveguide 2 to 

be unity, thus 2 (0) 1C = .  

For the contra-directional coupling system, the wave in waveguide 1 comes 

from coupling and propagates in the -x direction, so we have 1( ) 0C L = at the 

boundary x=L. Using this boundary condition, (3.4) and (3.5) give the contra-

directional coupling efficiency 𝜂𝜂: 

2
2 ,

1 ,2

,

2 exp( / 2)
(0) [1 cos( )]

exp( )

a a i L
C L

a b i L a b

β
η β

β
+ − + −

+ −

+ − + − − +

∆
= = − ∆

∆ −
       (3.6) 

where ,β β β+ − + −∆ = − .  

For the co-directional coupling system, the wave in waveguide 1 comes 

from coupling and propagates in the x direction, so we have C1(0) =0 at the 
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boundary x=0. Using this boundary condition, (3.4) and (3.5) give the co-

directional coupling efficiency 𝜂𝜂: 

2
2

1 ,2

2
( ) [1 cos( )]

a a
C L L

a b a b
η β+ −

+ −

+ − − +

= = − ∆
−

                  (3.7) 

If 𝜓𝜓1  and 𝜓𝜓2  are well preserved, the coefficients 𝑎𝑎±  and 𝑏𝑏±  can be 

approximately evaluated as 1( , / 2) / ( , / 2)c ca x W x Wψ ψ± ±= and 

2( , / 2) / ( , / 2)c cb x W x Wψ ψ± ±= − − , where cx  is a position at which 

1( , / 2)x Wψ  and 2 ( , / 2)x Wψ −  reach maximum.  

 

Figure 3.9 Relationship between contra-directional coupling efficiency η and 

coupling length L calculated with Eq. (3.6). Squares, circles, diamonds, and triangles 

correspond to the frequencies of the supermodes A1,2, B1,2, C1,2, and D1,2 marked in 

Fig. 3.7, respectively. [Paper II] 

Next, we calculate the coupling efficiency 𝜂𝜂  and verify our theoretical 

analysis by numerical simulations. For the contra-directional coupling system, 
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we study four cases at different frequencies. Cases A1,2 and B1,2, as marked in 

Fig. 3.7 (a), are within the frequency window 𝜔𝜔𝐵𝐵 with nonzero imaginary 𝛽𝛽±. 

Cases C1,2 and D1,2, as marked in Fig. 3.7 (c), are outside 𝜔𝜔𝐵𝐵,.  The relation 

between 𝜂𝜂  and L [Fig. 3.9] shows that, inside 𝜔𝜔𝐵𝐵 , 𝜂𝜂  increases with L and 

approaches 100%, while outside 𝜔𝜔𝐵𝐵, 𝜂𝜂 oscillates with L and its maximum is 

much less than 100%.  The numerical simulations by FEM at these four 

frequencies [Fig. 3.10] agree well with the above theoretical analysis. 

 

Figure 3.10 FEM simulation for contra-directional coupling system. The initial 

power is injected into the left end of waveguide 2 (lower one). (a)–(d) Simulated Ez 

amplitudes at frequencies of the supermodes A1,2, B1,2, C1,2, and D1,2 marked in Fig. 

3.7, respectively. [Paper II] 

We also calculate the spectrum of contra-directional coupling efficiency 𝜂𝜂 

with fixed L = 11a and two separation distances between waveguides 1 and 2 

W = 4a (blue squares) and W = 5a (red circles) [Fig. 3.11].  It shows that 𝜂𝜂 can 

be close to 100% in the frequency window 𝜔𝜔𝐵𝐵 and decreases rapidly to zero 

outside 𝜔𝜔𝐵𝐵. In addition, a smaller W can contribute to a higher 𝜂𝜂.  
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Figure 3.11 Spectrum of contra-directional coupling efficiency η . The coupling 

length is L = 11a. Squares and circles correspond to W = 5a and W = 4a, 

respectively. [Paper II]    

 

Figure 3.12 Relationship between co-directional coupling efficiency η and coupling 

length L calculated with Eq. (3.7). The circle and square points correspond to the 

frequencies of the supermodes E1,2, F1,2, marked in Fig. 3.8, respectively. [Paper II]    

    For the co-directional coupling system, the property is similar to the 

conventional two-way waveguides. Two cases corresponding to the 
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supermodes E1,2 and F1,2 marked in Fig. 3.8 are analyzed. Figure 3.12 shows 

that η varies periodically with the coupling length L with the period of 

,2 /p π β+ −= ∆ and η reaches 100% when ,(2 1) /L m π β+ −= + ∆ , where m is an 

integer. The numerical simulations by FEM at these two frequencies [Fig. 

3.13] agree well with the above theoretical analysis. 

 

Figure 3.13 FEM simulation for co-directional coupling system. The initial power is 

injected into the left end of waveguide 2 (lower one). (a) and (b) Simulated Ez 

amplitudes at frequencies of the supermodes E1,2 and F1,2 marked in Fig. 3.8, 

respectively. [Paper II]    

    In conclusion, Paper II demonstrates properties of the contra-directional 

and co-directional coupling between two parallel one-way waveguides. It is 

important to note that, in the contra-directional coupling system, although the 

group velocities are opposite for the modes in these two individual 

waveguides, the coupling can still occur when the propagation constants of 

the modes are very close to each other. This effect is also related to the 

concept of a “trapped rainbow” discussed in the next chapter.  
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4 Truly “trapped rainbow” by utilizing nonreciprocal 
surface waves 

 

4.1 Difficulties in achieving “trapped rainbow” effect 

The concept of a “trapped rainbow” has attracted considerable interest in 

optical data storage and processing [36]. It aims to trap different frequency 

components of an EM wave packet at different positions permanently [36], 

which has potential applications to process the signal in wavelength or 

frequency division multiplexing systems. Different waveguide structures are 

proposed to achieve this effect, such as tapered waveguides made by negative 

or hyperbolic metamaterials [36-38], tapered plasmonic waveguides [39-41], 

and tapered PhC waveguides [42]. Many groups want to use the gradually 

tapered structure to slow down the wave at a critical position where the group 

velocity is zero. This position with zero group velocity is coming from the 

degenerate point of the forward mode and the backward mode in the 

dispersion diagram [43, 44]. However, as first discovered in [28] and also 

discussed in Section 3.2 about the contra-directional coupling, although the 

forward mode and backward mode have opposite group velocities, when the 

propagation constants of these two modes are very close, coupling between 

them can still occur. Ref. [28] first demonstrates that near the critical position 

there exists strong coupling between the forward mode and backward mode, 

and the entire incident EM wave will be reflected before reaching the critical 

position due to the strong intermodal coupling.  Thus, it is impossible to 

achieve a completely standstill wave in those waveguides. To completely trap 

the EM wave without reflection, some structures with singular points are 
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proposed, such as “electromagnetic black holes” [45, 46] and magneto-

plasmonic waveguides with a dielectric block at one end [47, 48]. However, in 

these structures, different frequency components cannot be separated to 

different positions because all the frequency components are absorbed or 

blocked at the singular point, rather than distinguished at different positions. 

In Paper III, we present a way to achieve a truly “trapped rainbow” storage 

of EM waves by simultaneously overcoming these two difficulties, namely, 

suppressing the reflection of the incident wave and distinguishing different 

frequency components. Nonreciprocal waveguides at microwave frequencies 

under a tapered magnetic field are used to achieve this effect. Such a trapping 

effect is robust against disorders. Hot spots and relatively long duration times 

of the trapped wave around critical positions are observed through frequency 

domain and time domain simulations. In addition, the influences of the loss 

and the applied magnetic field gradient on the trapping effect are also 

investigated. 

4.2 Physical mechanism  

Firstly, we show the physical mechanism to achieve a true “trapped rainbow” 

storage of EM waves. The physical mechanism is explained by the dispersion 

diagrams of nonreciprocal waveguides under different external magnetic 

fields. The waveguide structure is a PEC-dielectric-YIG sandwich slab, as 

shown in Fig. 4.1. In this waveguide, within the bandgap of the bulky modes 

in the YIG, we only consider the surface TE mode ( 𝐸𝐸𝜕𝜕 , 𝐻𝐻𝑥𝑥 , 𝐻𝐻𝑦𝑦 ) with 

propagation constant k along the x direction.  The dispersion relation of this 

mode is governed by: 
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Figure 4.1 Waveguide structure. The waveguide structure has three layers. The top 

layer is a PEC. The middle layer is a dielectric layer with thickness d and 

permittivity  𝜀𝜀𝑑𝑑 . The bottom layer is a YIG layer with permittivity  𝜀𝜀𝑟𝑟  and 

permeability �̿�𝜇. An external magnetic field H0 is applied on the YIG along the +z 

direction. In this configuration, 𝜇𝜇 �  takes the same form as in Eq. (3.1). The 

parameters are set as 𝜀𝜀𝑑𝑑 = 1,  𝜀𝜀𝑟𝑟 = 15 and 𝑀𝑀s = 1780 G. The wave of transverse 

electric (TE) mode (𝐸𝐸𝜕𝜕, 𝐻𝐻𝑥𝑥, 𝐻𝐻𝑦𝑦) goes along the x direction. [Paper III] 

 

     ( ) tanh( ) 0d v m d
r

k dκµα µ α α
µ

+ + =                            (4.1)                                                 

with 2 2
0d dk kα ε= − , 2 2

0m m vk kα ε µ= − , 2 /v r rκµ µ µ µ= − and 𝑘𝑘0 = 𝜔𝜔 𝑐𝑐⁄  

(where c is the light speed in vacuum) [22]. The linear term (𝜇𝜇𝜅𝜅 𝜇𝜇𝑟𝑟⁄ )𝑘𝑘 with 

respect to k contributes to the nonsymmetrical dispersion relation, which 

brings the nonreciprocal surface wave. In addition, the thickness of the 

dielectric layer also influences the dispersion relation [22], and therefore 

Paper III investigates two cases with different thicknesses 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚 and 

𝑑𝑑 = 0.13𝜆𝜆𝑚𝑚, where 𝜆𝜆𝑚𝑚 = 2𝜋𝜋/𝑘𝑘𝑚𝑚 and 𝑘𝑘𝑚𝑚 = 𝜔𝜔𝑚𝑚/𝑐𝑐.  
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Figure 4.2 Physical mechanism of the trapped rainbow in nonreciprocal waveguide 

with 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚 . (a) Dispersion relation for different 𝐻𝐻0 . (b) Relation curve of 

𝑘𝑘(𝐻𝐻0) for different frequency 𝜔𝜔.  𝐻𝐻𝑐𝑐  indicates the critical field for 𝜔𝜔 = 1.2𝜔𝜔𝑚𝑚. ① 

② ③ denote three positions (white dots) on the relation curve for 𝜔𝜔 = 1.2𝜔𝜔𝑚𝑚. (c) 

Schematic diagram for 𝑣𝑣𝑔𝑔  (orange wide arrow) and k (blue thin arrow) at the 

corresponding positions marked in (b). 𝐻𝐻0(𝑥𝑥)  continuously increases with x.  𝑥𝑥𝑐𝑐 

denotes the corresponding critical position for  𝐻𝐻𝑐𝑐 . The red cross denotes that the 

wave cannot propagate in the –x direction. [Paper III] 

For 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚, this waveguide can trap different frequency components of 

a wave packet at different critical positions. The mechanism to achieve this 

trapped rainbow effect is shown in Fig. 4.2. The basic idea is to utilize the 

zero group velocity at  𝑘𝑘 → −∞ when 𝜔𝜔 = 𝜔𝜔0 + 𝜔𝜔𝑚𝑚 2⁄  [19]. The dispersion 

relation [Fig. 4.2 (a)] shows that this waveguide is a purely single mode one-
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way waveguide, thus there is no contra-directional coupling or backscattering 

in this waveguide. Furthermore, the dispersion relation can be tuned by the 

applied field 𝐻𝐻0. For a specific frequency 𝜔𝜔, the 𝑘𝑘(𝐻𝐻0) relation [Fig 4.2 (b)] 

shows that there is a critical magnetic field 𝐻𝐻𝑐𝑐 = (𝜔𝜔 𝜔𝜔𝑐𝑐⁄ − 1/2)𝑀𝑀𝑠𝑠 at which 

𝑘𝑘 → −∞  and 𝑣𝑣𝑔𝑔 → 0+  . A continuously increasing  𝐻𝐻0(𝑥𝑥)  in space can be 

utilized to slow down the group velocity of the EM wave to zero in this 

waveguide. In the region 𝐻𝐻0 < 𝐻𝐻𝑐𝑐 , the wave can only propagate in the +x 

direction, and it is immune to backscattering caused by disorders. When the 

wave approaches the position 𝑥𝑥𝑐𝑐 where 𝐻𝐻0 = 𝐻𝐻𝑐𝑐, it is trapped there. As each 

different frequency has different corresponding  𝑥𝑥𝑐𝑐 , this waveguide can 

distinguish different frequency components by space. 

For 𝑑𝑑 = 0.13𝜆𝜆𝑚𝑚 , this waveguide is able to cage different frequency 

components of a wave packet at different regions. The mechanism to achieve 

this trapped rainbow effect is shown in Fig. 4.3. The dispersion relation [Fig 

4.3 (a)] of this waveguide has two critical points with zero group velocity. 

One is at the degenerate point of the forward mode and the backward mode. 

The other one is at  𝑘𝑘 → −∞ with 𝜔𝜔 = 𝜔𝜔0 + 𝜔𝜔𝑚𝑚/2  [19]. For the first, the 

contra-coupling can take place, but for the second, there is no such coupling. 

Furthermore, the dispersion relation is also controlled by the magnetic field. 

The relation curve 𝑘𝑘(𝐻𝐻0) in Fig. 4.3 (b) shows that there are also two critical 

magnetic fields,  𝐻𝐻𝑐𝑐1 and  𝐻𝐻𝑐𝑐2, where  𝑣𝑣𝑔𝑔 = 0. Here, 𝐻𝐻𝑐𝑐1 = (𝜔𝜔 𝜔𝜔𝑐𝑐⁄ − 1/2)𝑀𝑀𝑠𝑠   

and 𝐻𝐻𝑐𝑐2 > 𝐻𝐻𝑐𝑐1. When the applied magnetic field  𝐻𝐻0 < 𝐻𝐻𝑐𝑐1, the waveguide is 

a one-way waveguide (① in Fig 4.3 (b)). When 𝐻𝐻0 → 𝐻𝐻𝑐𝑐1
+ , there are two 

different modes: one has finite k (② in Fig 4.3 (b)), the other one has negative 

infinite k (⑤ in Fig 4.3 (b)), and there is no coupling between them. 
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Figure 4.3 Physical mechanism of the trapped rainbow in nonreciprocal waveguides 

with  𝑑𝑑 = 0.13𝜆𝜆𝑚𝑚 . (a) Dispersion relation for different  𝐻𝐻0 . (b) Relation curve of 

𝑘𝑘(𝐻𝐻0) for different frequency 𝜔𝜔.   𝐻𝐻𝑐𝑐1  and  𝐻𝐻𝑐𝑐2  indicate the critical fields for 𝜔𝜔 =

1.2𝜔𝜔𝑚𝑚. ① ② ③ ④ ⑤ denote five positions (white dots) on the relation curve 

for 𝜔𝜔 = 1.2𝜔𝜔𝑚𝑚. (c) Schematic diagram for 𝑣𝑣𝑔𝑔 (orange wide arrow) and k (blue thin 

arrow) at corresponding positions marked in (b). 𝐻𝐻0(𝑥𝑥) continuously increases with x.  

𝑥𝑥𝑐𝑐1 and 𝑥𝑥𝑐𝑐2 denote the corresponding critical positions for  𝐻𝐻𝑐𝑐1 and  𝐻𝐻𝑐𝑐2. ① denotes 

the incident wave at 𝑥𝑥 < 𝑥𝑥c1. The orange arrow with a red cross denotes that the 

wave cannot propagate in the –x direction at 𝑥𝑥 < 𝑥𝑥𝑐𝑐1. The green straight arrow with a 

red cross denotes no coupling between the waves at ② and ⑤. The green curved 

arrow denotes coupling between the waves at ③ and ④. [Paper III] 
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When 𝐻𝐻0 → 𝐻𝐻𝑐𝑐2
− , there are two nearly degenerate modes (③ and ④ in Fig 4.3 

(b)), and there is contra-coupling between them. A continuously increasing 

𝐻𝐻0(𝑥𝑥) in space can be used to cage the electromagnetic wave [Fig. 4.3 (c)]. 

We denote 𝑥𝑥𝑐𝑐1  and 𝑥𝑥𝑐𝑐2  as the corresponding critical positions for  𝐻𝐻𝑐𝑐1  and 

 𝐻𝐻𝑐𝑐2. The wave is incident in the region 𝑥𝑥 < 𝑥𝑥𝑐𝑐1 (① in Fig 4.3 (c)) and passes 

through 𝑥𝑥 = 𝑥𝑥𝑐𝑐1 in a unidirectional manner (② in Fig 4.3 (c)). It then couples 

back (③ and ④ in Fig 4.3 (c)) when approaching 𝑥𝑥 = 𝑥𝑥𝑐𝑐2, and travels in the –

x direction. At last, since the wave cannot go into the region 𝑥𝑥 < 𝑥𝑥𝑐𝑐1, it is 

trapped at 𝑥𝑥 = 𝑥𝑥𝑐𝑐1  (⑤ in Fig 4.3 (c)).  As each different frequency has 

different critical positions, this waveguide can distinguish different frequency 

components by space. Furthermore, such a trapping effect is robust against 

disorders. In the region  𝑥𝑥 < 𝑥𝑥𝑐𝑐1 , the one-way waveguide is immune to 

backscattering. In the region  𝑥𝑥𝑐𝑐1 < 𝑥𝑥 < 𝑥𝑥𝑐𝑐2, the scattering wave propagating 

in the –x direction will be trapped at 𝑥𝑥𝑐𝑐1 , while the scattering wave 

propagating in the +x direction will couple back to the –x direction and still be 

trapped at 𝑥𝑥𝑐𝑐1. 

4.3 Simulation results 

The frequency domain and time domain simulations about the trapped 

rainbow effect discussed above are given in Paper III. These simulations are 

based on FEM. When the group velocity is very slow, loss plays an important 

role. Therefore, we take loss into consideration in the simulations by setting a 

reasonable resonance linewidth ∆𝐻𝐻  (see Eq. (3.1)). In addition, in these 

simulations, we assume the continuously increasing 𝐻𝐻0(𝑥𝑥) as a linear function 

defined by:  
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    𝐻𝐻0(𝑥𝑥) = (𝛼𝛼𝑥𝑥 𝜆𝜆𝑚𝑚⁄ + 0.4)𝑀𝑀𝑠𝑠                                  (4.2) 

where 𝛼𝛼 indicates the increasing rate of 𝐻𝐻0.  

 

Figure 4.4 Simulated results of the trapped rainbow for 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚 . In the 

frequency domain, matched fields are excited at x=0 in the waveguide. The 

distribution of the 𝐸𝐸𝜕𝜕 amplitude is plotted for three different frequencies: (a) 𝜔𝜔 = 𝜔𝜔𝑚𝑚, 

(b) 1.1𝜔𝜔𝑚𝑚  and (c) 1.2𝜔𝜔𝑚𝑚 , respectively. (d) 𝐸𝐸𝜕𝜕 amplitude along the dielectric-YIG 

interface. (e)-(i) Time evolution of 𝐸𝐸𝜕𝜕 amplitude distribution, when a Gaussian wave 

packet with center frequency 𝜔𝜔𝑐𝑐 = 1.1𝜔𝜔𝑚𝑚 is injected into the waveguide. [Paper III] 

    The results of the trapped rainbow for 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚 are shown in Fig. 4.4. 

The frequency domain simulations show that the different frequency 

components are trapped at different critical positions. The amplitude of the 

field in the waveguide increases monotonically to the critical position without 
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ripples because there is no wave traveling in the –x direction. Near these 

critical positions, we observe strong hot spots. The enhancement of the field 

can be higher than 10. The time domain simulations show that the wave 

packet is finally stopped at the critical position and attenuates gradually.  

 

 Figure 4.5 Duration time in the waveguide with 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚. (a) Time evolution 

of the 𝐸𝐸𝜕𝜕 amplitude at four different positions along the YIG-dielectric interface. (b) 

Duration time ∆𝑡𝑡 at for three different cases. [Paper III] 

Time evolution of the 𝐸𝐸𝜕𝜕 amplitude along the YIG-dielectric interface shows 

that the maximum 𝐸𝐸𝜕𝜕 amplitude is located before the critical position [Fig. 4.5 

(a)]. This means, although slower group velocity can enhance the field, when 

the wave packet approaches the critical position, the loss increases 

substantially, and the amplitude of the field decreases. We also note that the 

wave packet at the critical position has a long duration time.  We define the 

duration time ∆𝑡𝑡 as the time interval when the amplitude of 𝐸𝐸𝜕𝜕 is greater than 

half of the maximum value. Figure 4.5 (b) shows the duration time ∆𝑡𝑡 for 

three cases. It shows that the wave packet has longest duration time at the 

critical position, and a lower loss can contribute to a longer duration time. 
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Figure 4.6 Simulated results of a trapped rainbow for 𝑑𝑑 = 0.13𝜆𝜆𝑚𝑚. In the frequency 

domain, matched fields are excited at x=0 in the waveguide. The distribution of the 

𝐸𝐸𝜕𝜕 amplitude is plotted for three different frequencies: (a) 𝜔𝜔 = 𝜔𝜔𝑚𝑚, (b) 1.1𝜔𝜔𝑚𝑚 and (c) 

1.2𝜔𝜔𝑚𝑚, respectively. (d) 𝐸𝐸𝜕𝜕 amplitude along the dielectric-YIG interface. (e)-(i) Time 

evolution of 𝐸𝐸𝜕𝜕 amplitude distribution, when a Gaussian wave packet with center 

frequency 𝜔𝜔𝑐𝑐 = 1.1𝜔𝜔𝑚𝑚 is injected into the waveguide. [Paper III] 

    The results of a trapped rainbow for 𝑑𝑑 = 0.13𝜆𝜆𝑚𝑚  are shown in Fig. 4.6. 

The frequency domain simulations show that the different frequency 

components are separated in different regions defined by (𝑥𝑥𝑐𝑐1, 𝑥𝑥𝑐𝑐2).  In these 

regions, the field is enhanced greatly. There are hot spots near 𝑥𝑥𝑐𝑐1 and 𝑥𝑥𝑐𝑐2. 

Between 𝑥𝑥𝑐𝑐1 and 𝑥𝑥𝑐𝑐2, the amplitude oscillates due to the interference between 

the forward mode and the backward mode. The time domain simulations show 

the contra-directional coupling effect around 𝑥𝑥𝑐𝑐2 and also demonstrate that the 

wave packet is finally trapped and attenuated at 𝑥𝑥𝑐𝑐1. 
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Figure 4.7 Trapped rainbow effect under disorders in the nonreciprocal waveguides. 

The white slabs are dielectric disorders with 𝜀𝜀 =10 inserted into the waveguide. 

[Paper III] 

Paper III also shows that this trapping effect in the nonreciprocal 

waveguides is robust against disorders as shown in Fig 4.7. Compared with 

other slow wave structures, in which disorders can generate reflection and 

destroy the trapped rainbow effect, this immunity to disorders in the 

nonreciprocal waveguide is an important advantage for achieving the trapped 

rainbow effect.  

In Paper III, the influence of the increasing rate 𝛼𝛼 of the external magnetic 

field and the loss on the field enhancement is also investigated.  The main loss 

is from the magnetic material YIG in the bottom layer. This loss is determined 

by ∆𝐻𝐻. The metal loss in the top layer can be included by using an impedance 

boundary condition in the simulation. The results (not presented here) show 

that the metal loss of a good conductor such as copper has quite small 

influence on the enhancement, and thus we can treat the upper metallic layer 

as PEC in our simulation. We define an enhancement factor (EF) as the 

amplitude of 𝐸𝐸𝜕𝜕 at the critical position with respect to the amplitude at x=0 on 
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the dielectric-YIG interface. The frequency domain simulation results for the 

waveguide with 𝑑𝑑 = 0.013𝜆𝜆𝑚𝑚 at  𝜔𝜔 = 1.1𝜔𝜔𝑚𝑚 are shown in Fig. 4.8. It shows 

that a narrow 𝛥𝛥𝐻𝐻 and a faster increasing rate α  can contribute to a stronger 

enhancement factor.  

 

 

 

 

 

 

 

Figure 4.8 (a) Influence of increasing rate 𝛼𝛼 of the external magnetic field and the 

loss of the YIG material on the enhancement factor (EF). The loss is determined by 

the resonance linewidth ∆𝐻𝐻 in Eq. (3.1). The white solid (dashed) line is the contour 

line for EF=1 (EF=10). (b) EF changes with Δ𝐻𝐻 for a fix 𝛼𝛼 = 0.2, corresponding to 

the vertical black dashed line in (a). (c) EF changes with 𝛼𝛼  for a fix  Δ𝐻𝐻 = 3 , 

corresponding to the horizontal black dashed line in (a).  [Paper III]    

    To conclude, in this chapter, we point out the difficulties in the trapped 

rainbow effect and demonstrate that nonreciprocal waveguides can achieve a 

truly trapped rainbow storage of EM waves by using a tapered magnetic field. 

Such an effect is robust against disorders. A low loss gyromagnetic material is 

essential to achieve strong enhancement of the field and long duration times, 



and a more rapidly increasing rate of the tapered external magnetic field can 

produce stronger enhancement of the field. Further research may apply the 

physical mechanism proposed here to investigate light wave or acoustic wave 

trapping [49]. The mechanism we reveal might benefit other applications such 

as wave harvesting and storage and nonlinearity enhancement. 
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5 One-way surface magnetoplasmon cavity 

 

Most structures supporting one-way EM surface waves are planar interfaces 

and use only a single frequency range, such as the structures we discussed in 

the previous chapters and other structures in the literature [20-22, 24-26]. 

Paper IV demonstrates that a circular semiconductor cavity supporting surface 

magnetoplasmons (SMPs) can provide more freedom to select the one-way 

directions and the frequency ranges. The coupling between such a one-way 

cavity and conventional waveguides is also investigated, which lays the 

foundation for potential applications. 

5.1 Cavity modes analysis 

We first analyze the cavity modes to gain insight into the possible 

unidirectional forms. The cavity is a 2D circular semiconductor with radius R. 

At THz frequency range, the surfaces of semiconductors can support surface 

plasmons (SPs).  External static magnetic fields can break the time-reversal 

symmetry and give rise to the nonreciprocal propagation of SPs called surface 

magnetoplasmons (SMPs) [50]. We assume that the semiconductor is lossless, 

and under a magnetic field applied in +z direction the permittivity 𝜀𝜀 ̿of this 

semiconductor in cylindrical coordinates (𝜌𝜌, 𝜑𝜑, z) is modeled by: 

1 2

2 1

3

0
0

0 0

i
i
ε ε

ε ε ε
ε

 
 = − 
 
 

                                           (5.1) 

45 
 



with
2

1 2 2(1 )p
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ω ω∞= −
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2

2 2 2( )
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ω ω
ε ε

ω ω ω∞=
−

, 
2

3 2(1 )pω
ε ε

ω∞= − , where ω  is 

the angular frequency, pω is the plasma frequency of the semiconductor, 

/c eB mω ∗= is the electron cyclotron frequency (B is the applied magnetic 

field, e and m∗  are the charge and effective mass of the electron, 

respectively), and ε∞  is the high-frequency permittivity of the semiconductor 

[50]. We only consider the ( , ,zH E Eρ ϕ ) mode in this cavity, where

0zE H Hρ ϕ= = = .  Maxwell’s equations yield: 

2
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                      (5.2c) 

Taking the field ( ) im
zH e ϕψ ρ= , where m is the azimuthal mode number, we 

obtain the following: 

2
2

2 2

1[ ( )] ( ) 0mk ψ ρ
ρ ρ ρ ρ
∂ ∂

+ + − =
∂ ∂

                 (5.3) 

where 2 2
0 0 vk ω µ ε ε= , with Voigt permittivity 

2
2

1
1

v
εε ε
ε

= − . Inside the circle 

( Rρ ≤ ), the solution of (5.3) is the Bessel function of the first kind ( )mJ kρ . 

46 
 



Outside the circle ( Rρ > ), the solution is the Hankel function of the first kind,
(1)

0( )mH k ρ , for outgoing waves, where 0k  is the wave vector in air. Thus,  

(1)
0

( )
( )

( )
m

m

A J k R

C H k R

ρ ρ
ψ ρ

ρ ρ

 ≤= 
>





                            (5.4) 

Using the boundary conditions that zH  and Eϕ  are continuous at Rρ = , 

we obtain the following eigenfrequency equation of the cavity modes: 

2 1
(1) 2 2 (1)

0 1 2 0 0

( ) ( / ) ( ) ( )
( ) ( ) ( )

m m m

m m

J kR m R J kR k J kR
H k R k H k R

ε ε
ε ε

′+
=

′−

 



                (5.5) 

We can solve Eq. (5.5) numerically to achieve the dispersion relation 

between the eigenfrequency and the mode number m. The linear term 

2( / ) ( )mm R J kRε   with respect to m, which originates from the off-diagonal 

element 𝜀𝜀2 , gives an asymmetric dispersion relation. Therefore, the 

eigenfrequencies and also the field distributions are different for the cavity 

modes m+  and m− , where m+  and m−  represent the modes with 

positive and negative mode numbers, respectively. In addition, we focus on 

the fundamental radial mode, as it has the highest confinement of the fields.  

In paper IV, we give an example showing the solution of (5.5). The 

semiconductor disk is made of InSb with 250R = µm. At room temperature, 

15.68ε∞ = , / 2p pf ω π= = 2 THz, and *
00.014m m=  ( 0m is the free 

electron mass) [51]. Three cases with increasing applied magnetic fields 

0B = T ( 0cω = ), 0.025B = T ( / 40c pω ω= ) and 0.1B = T ( /10c pω ω= ) 
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along the +z axis are investigated. The corresponding solutions are plotted 

in Fig. 5.1. 

  

Figure 5.1 (a) Dispersion relation between the eigenfrequency and azimuthal mode 

number m of the circular cavity. The 2D circular cavity is made of the semiconductor 

InSb, which is a magneto-optical material at THz frequencies. Three cases with 

increasing electron cyclotron frequency 0cω =  (B = 0T, black square dots),

/ 40c pω ω=  (B = 0.025T, red triangular dots) and /10c pω ω=  (B = 0.1T, blue 

circular dots) are plotted. The gray region represents the region above the light line. 

The light line is given by / 2f mc Rπ= . The distributions of the modal field zH  are 

shown in (b) 17m = + , (c) 30m = + , (d) 17m = − , and (e) 30m = − , respectively, 

when /10c pω ω= . [Paper IV] 
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Figure 5.1 shows that the external magnetic field can break the symmetry of 

the dispersion relation. The m+  branch of the dispersion relation is lifted 

above the dispersion relation with B=0 T, while the m−  branch is under that 

with B=0 T.  When m → ±∞ , we obtain the following formula in Paper IV: 

     2 21 ( 4 ) )
4 c p c

air

f εω ω ω
π ε ε

∞
±∞

∞

= + ±
+                     

(5.6) 

Thus, the external magnetic field splits the asymptotic frequencies. Within

f f f−∞ +∞< < , the cavity only supports m+ modes, and SMPs can only 

circulate around the cavity anti-clockwise. Furthermore, our calculation 

also shows that, when m is very small, due to the limitation of the light line, 

the eigenfrequency can be a complex number, which corresponds to a 

radiative mode [52]. For non-radiative cavity modes, the lowest mode with 

a real eigenfrequency defines the cutoff frequency. It is a very different 

property from the planar interface, which does not possess a cutoff 

frequency [26]. We can use the different cutoff frequencies cf±  for m±  to 

construct another one-way frequency range. As c cf f+ −> , within 

c cf f f− +< < , the cavity only supports m− , and SMPs can only circulate 

around the cavity clockwise. If we apply a stronger magnetic field 0.1B =

T ( /10c pω ω= , blue circular dots), we can lift cf+ higher than f−∞ . As a 

result, m+  and m−  are separated in completely different frequency 

ranges. Within cf f f+ +∞< < , only m+  exists, and SMPs can only 

circulate anti-clockwise. Within cf f f− −∞< < , only m−  exists, and 
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SMPs can only circulate clockwise.  The circulation directions are opposite 

in these two different one-way frequency ranges. These interesting features 

offer more choices, both in the one-way directions and in the frequency 

ranges, for designing nonreciprocal components.  

5.2 Coupling between waveguides and one-way cavity 

Waveguide-cavity coupling is the heart of many components, such as filters 

and sensors. Paper IV also demonstrates the coupling between the 

conventional waveguides and the one-way cavity by designing a four-port 

circulator. The structure of the circulator is shown in Fig. 5.2 

 

Figure 5.2 The schematic of the circulator. The circulator consists of the circular 

cavity and two straight dielectric waveguides. The straight waveguides are symmetric 

about the center of the cavity. Ports 1-4 are labeled at the end of the waveguides. 

[Paper IV] 

    To achieve a strong coupling between the cavity and the waveguides, the 

equivalent propagation constant of the cavity needs to match with the 

propagation constant of the waveguide. This matching condition [53] is 

given by: 
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( ) ( )(1 )
2m e
gf m
R

β β≅ −                               (5.7) 

where mf  is the eigenfrequency of the cavity mode m  and ( )e mβ  is the 

equivalent propagation constant of m . When the field is highly confined 

at the edge of the cavity, = /e m Rβ . The term (1 / 2 )g R− includes the 

influence of curve boundary of the cavity on the propagation constant as 

seen by the approximately straight waveguide [53]. ( )mfβ  is the 

propagation constant of the fundamental mode in the waveguide at . 

( )mfβ  can be obtained by solving: 

1 1
2 = tan( )

2d

k k Wk
ε

                                     (5.8) 

where 2 2
1 0 0= dk ω µ ε ε β− , 2 2

2 0 0= -k β ω µ ε [35]. We set m = +17 and 

construct the structure that satisfies (5.7).  

We simulated the wave propagation in the circulator by FEM. Within the 

upper one-way frequency range, in which only m+  exists,  the results at 

the resonance frequency corresponding to m = +17 are illustrated in Fig. 5.3 

(a)-(d), when the input power is at Port 1, 2, 3 and 4, respectively. The input 

wave from Port 1 is not coupled with the cavity mode and goes out at Port 2 

[Fig. 5.3 (a)], while the input wave from Port 2 is coupled with the cavity 

mode and outputs at Port 3 [Fig. 5.3 (b)]. The circulation is in the order 

Port1Port2Port3Port4Port1. For the lower one-way frequency 

mf
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range, at the resonance frequency corresponding to 𝑚𝑚 = −17, the circulation 

is in the reversed order [Fig 5.4 (a)-(d)].  

Figure 5.3 Simulation result of wave propagation in the circulator at the resonance 

frequency corresponding to 𝑚𝑚 = +17. In (a)-(d), input power is at Port 1, 2, 3 and 4, 

respectively. [Paper IV] 

Figure 5.4 Simulation result of wave propagation in the circulator at the resonance 

frequency corresponding to 𝑚𝑚 = −17. In (a)-(d), input power is at Port 1, 2, 3 and 4, 

respectively. [Paper IV] 
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Figure 5.5 S parameters for the circulator. (a) In the upper one-way frequency 

range. The dips are the resonance frequencies corresponding to m= +16, +17, +18. 

(b) In the lower one-way frequency range. The dips are the resonance frequencies 

corresponding to m= -16, -17, -18. [Paper IV]

Fig. 5.5 shows the performance of transmission and isolation by S 

parameters. The transmissions in the whole frequency range are close to 0 

dB. The isolations at the resonance frequencies shown by the dips are lower 

than -20dB. The resonance bandwidth with respect to the center frequency is 

about 0.1% at the −10 dB level, which is very narrow. To achieve a broader 

isolation, cascaded or asymmetric resonator structures may be needed [54, 

55]. Alternatively, the sensitive response might be useful for magnetic 

sensing.  
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6 Conclusion and future work 

 

In conclusion, this thesis focused on revealing the fundamental guiding and 

coupling properties of nonreciprocal electromagnetic surface waves and 

designing novel applications based on these properties.  

We first introduced the concept of nonreciprocity and developed a plane-

wave expansion method and an inverse plane-wave expansion method for 

gyromagnetic photonic crystals. We then demonstrated that unidirectional 

waves can be sustained at the edge of a gyromagnetic photonic crystal slab 

under an external magnetic field. We also investigated the coupling between 

two parallel one-way waveguides. When the waveguides support modes with 

opposite group velocity, a contra-directional coupling between them can still 

effectively occur in a narrow window where the propagation constants of the 

two modes are very close. As mentioned in [28], this contra-directional 

coupling is the main difficulty for achieving a truly “trapped rainbow” effect. 

To overcome this difficulty, we utilized nonreciprocal waveguides under a 

tapered external magnetic field to achieve a truly “trapped rainbow” storage of 

electromagnetic waves. We observe hot spots and relatively long duration 

times around critical positions in these nonreciprocal waveguides through 

simulations and find such a trapping effect to be robust against disorders. 

Finally, we investigated a one-way cavity formed by surface 

magnetoplasmons. We found that the external magnetic field can separate the 

clockwise and anti-clockwise modes of the cavity into two totally different 

frequency ranges. This offers us more choices, both in the frequency range 
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and in the one-way direction, for realizing one-way components. We also 

demonstrated waveguide-cavity coupling by designing a circulator, which 

established the foundation for potential applications. 

Future work after this present thesis can focus on the following two aspects: 

1. Experimentally verify the “trapped rainbow”: 

As we demonstrated in the theoretical study, a properly-designed magnetic 

field and a low loss YIG film are essential to achieve such a trapped 

rainbow effect at microwave frequencies. Low loss YIG film is 

commercially available, and a tapered magnetic field can be created by 

magnets or coils. The measurement can be done by a near field scanning 

system. 

  

2.  Experimentally verify the unidirectional cavity at THz frequencies: 

The main challenge of this experiment is in finding a suitable 

semiconductor material. The losses in the semiconductor material may ruin 

the effect we wish to achieve. 

    For the long term, there is still much work to be done. For example, finding 

a way to demonstrate the one-way wave at optical frequencies is a very 

interesting and challenging problem, since the magneto-optical effect is very 

weak at optical frequencies. Putting this one-way effect into practical devices 

such as isolators and circulators is also an important project. Another direction 

is exploring methods to achieve the trapped rainbow effect at optical 

frequencies, which is very challenging. 
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