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Abstract

Much of the vibration in fast moving vehicles is caused by distributed ran-

dom excitation, such as turbulent flow and road roughness. Piping systems

transporting fast flowing fluid is another example, where distributed random

excitation will cause unwanted vibration. In order to reduce these vibrations

and the noise they cause, it is important to have accurate and computationally

efficient prediction methods available.

The aim of this thesis is to present such a method. The first step towards

this end was to extend an existing spectral finite element method (SFEM)

to handle excitation of plane travelling pressure waves. Once the elementary

response to these waves is known, the response to arbitrary homogeneous ran-

dom excitation can be found.

One example of random excitation is turbulent boundary layer (TBL) exci-

tation. From measurements a new modified Chase model was developed that

allowed for a satisfactory prediction of both the measured wall pressure field

and the vibration response of a turbulence excited plate.

In order to model more complicated structures, a new spectral super ele-

ment method (SSEM) was formulated. It is based on a waveguide formulation,

handles all kinds of boundaries and its elements are easily put into an assem-

bly with conventional finite elements.

Finally, the work to model fluid-structure interaction with another wave

based method is presented. Similar to the previous methods, it offers an in-

creased computational efficiency compared to conventional finite elements.

Key-words : Spectral finite element method, distributed excitation, turbulent

boundary layer measurements, random vibration, spectral super element method,

wave expansion difference scheme, fluid-structure interaction
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The contents of this thesis has also been presented at nine workshops

within the ENABLE project and at the following conferences:

• The 8th International Congress on Sound and Vibrations 2001, Hong Kong China.
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A literature review, made by the author on measurements of structural re-

sponse to turbulent boundary layer excitation, is available in the literature

[1]. This review has been updated since its first publication and will be sup-

plied on request, but also handed out to anyone interested at the day of the

dissertation.
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1 Introduction

The importance of random vibrations has continued to increase over the years.

These random vibrations are in vehicles generated by a number of different

sources, such as engines, road conditions and turbulent flow. However, the

same methods of analysis can be applied to describe a number of these differ-

ent phenomena.

The thesis explores five ideas, that have all proven to be quite useful, when

predicting random vibration. These ideas are presented in separate sections,

where references are made to the included papers. The interested reader may

thus approach those papers that seem of interest to him/her.

The presented work began with finding the structural response to dis-

tributed excitation using a spectral finite element method (SFEM) [2, 3].

Normally, the SFEM, and equally the dynamic stiffness method (DSM) [4],

considers excitation at the element ends only. A remedy for excitation in the

form of a plane pressure wave was however proposed by Langley [5], where,

besides the homogenous solutions to the equation of motion, the particular

solution was included in the set of trial functions. Upon this basis, the nodal

equations of motion were formulated and the forced motion described as a

function of excitation amplitude and wavenumber. The only previous applica-

tions for distributed excitations with spectral methods are those by reference

[5] and, more recently, by Leung [6]. Leung describes the distributed excitation

with interpolating FE polynomials instead of a superposition of plane wave

excitations.

The structural response to a travelling pressure wave is in fact the sensitiv-

ity function, as defined by for example Newland [7] and Lin [8]. For a structure

excited by homogenous random excitation, the cross-spectral density of the

vibration response was determined by integrating the wavenumber frequency

description of the excitation and the sensitivity function over all wavenum-

bers, c.f. [7]. Another approach often used is to calculate the cross-spectral
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density of the response to random excitation in terms of a double integral

over the surface of the system of the frequency response functions and the

cross-spectral density of the excitation. For standard finite elements calcula-

tions, the corresponding summation twice over the surface will be very costly.

The wavenumber approach is more efficient and also more informative, since

the spatial characteristic of the excitation can be directly compared to that of

the response [9, 10].

In the wind tunnel at MWL a number of different turbulent boundary

layer (TBL) measurements were made. These included measurements with a

hotwire to find velocity profiles of the TBL and measurements of the wall

pressure cross-correlation using two microphones. Furthermore, the response,

i.e. acceleration and sound power, of different plate configurations that were

excited by turbulent flow, was measured with light-weight accelerometers and

a rotating microphone in a reverberation chamber. This work was mainly re-

alized within the Enable project and is described in internal reports. Some

results are nevertheless used along with similar results from measurements

at École Centrale de Lyon, when developing a new wall pressure model or

validating predicted vibration response. A thorough review of measurements

available in the literature on TBL induced sound and vibration [1] has been

updated and can be supplied on request.

A waveguide approach [11–13] was used to develop a new spectral super

element method (SSEM). The waveguide approach requires the element to

have uniform properties along one dimension, but places little restriction on

the other dimensions. Thus the derived element could be used to model curva-

ture and a variety of different boundary conditions. The elements are shown

to couple conveniently to conventional finite elements, which means that a

structure can be divided into sub structures, where large wave carrying parts

are modelled entirely with the SSEM and smaller parts are modelled with the

FEM. When projecting the wave solutions onto the nodal degrees of freedom,

it was found that numerical instability sometimes resulted. Hence, two differ-
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ent methods were developed to solve this problem.

The calculation of emitted sound power from a randomly excited plate is

not explicitly shown in any of the papers and has instead been included in

Appendix A. Because an exact evaluation of most involved integrals is possible

for the SSEM and SFEM, the presented method is quite efficient. It also does

not suffer from bias error, which is usually the case if the Rayleigh integral is

evaluated numerically using a fast Fourier transform [14].

The implementation of fluid-structure interaction was investigated using a

recently developed wave expansion method (WED), see references [15–17], to

model the fluid. The WED has the advantage of maintaining its accuracy at

nodal spacings as low as two per wavelength. The structure is modelled with

a conventional FEM or a modal analysis and the coupling is then based on

the continuity and equilibrium conditions at the fluid-structure interface. The

method has been validated against known analytical solutions and the results

from a finite element software program. Simulations describing the pressure

and vibration response of a point driven plate, set in a finite or infinite baffle

and fully coupled to air, were carried out. Knowing this frequency response

function it is possible to predict the pressure at a point in space from, for

example, a turbulence excited plate. The behaviour of two acoustic cavities

coupled by a beam or a plate structure was also studied and some of the results

are presented.

2 Distributed force and sensitivity function

(Papers 1, 2, 5 and 7)

For conventional finite elements it is often simple to handle distributed forces

as long as the force varies slowly within each element. The distributed force

is then approximated as a set of point forces acting at the nodes.

The dynamic stiffness and the spectral finite element method, on the other

hand, are often used in order to model large parts of a structure in a computa-
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tionally efficient way with a minimum of elements. Over these large elements

the force can no longer be considered as slowly varying and some consideration

are called for.

2.1 Theory

The way this problem has been approached is to start by looking at one-

dimensional structures, such as rods and beams (paper 7). Over these struc-

tures a distributed force of the form of a travelling pressure wave,

p(x, t) = p0e
−iαxxe−iωt, (1)

acts. i is
√−1, p0 is pressure amplitude, ω is angular frequency, t is time

and αx is the wavenumber of the excitation. Most distributed forces can be

expressed as a sum of these pressure waves, by either a Fourier transform or a

Fourier series. The equation of motion for a structure can generally be written

as

Lu(x, t) = p(x, t), (2)

where the force (1) has been included on the right hand side. L is a linear

differential operator, containing derivatives with respect to space and time,

and u is the displacement. Given that this equation has constant coefficients,

it can be solved as a combination of the homogeneous and the particular

solution

u(x) =
∑

i

Ci e
kix +c e− i αxx, (3)

where ki will be referred to as wavenumbers and Ci are wave amplitudes.

The time dependence is generally dropped, keeping in mind that we are deal-

ing with harmonic motion and linear systems. The wave amplitudes can be

found from fulfilling the boundary conditions. In this thesis, similar to a fi-

nite element method, the variational parameters will be taken as the nodal

displacements at the element’s ends. It is possible to express the displacement
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as function of these nodal displacements instead of the wave amplitudes

u(x) = eKx A(U−Up) + c e− i αxx . (4)

A vector notation was adopted. K is a vector containing the wavenumbers

ki and the components of U are the nodal displacements. This equation is

described further in the papers, where a scaling is also introduced in order to

increase the numerical stability.

So far the procedure is similar for both the DSM and the SFEM. The DSM

now derives a relationship between the displacement and forces at the ends

of the element and thereby the dynamic stiffness matrix D and nodal force

vector F are found

DU = F. (5)

With the SFEM the solutions are inserted into the equation of virtual work

for the structure. Then, by requiring the first variation of the nodal displace-

ment in an adjoint system to be zero, the same dynamic stiffness matrix is

found. The latter approach requires the analytic calculation of integrals and

may seem more tedious, but has the advantage that it can be formulated solely

with the knowledge of the virtual work. Once the dynamic stiffness matrix is

found, equation (5) can be solved for the nodal displacements. Substituting

for these nodal displacements in equation (4), the displacement of the whole

element is given.

The approach outlined for the spectral finite element method above is fol-

lowed also for more complicated structural elements, such as plates (paper 1),

pipes (paper 2) and in parts for the spectral super element (paper 5). The

virtual work for a pipe and a plate is given in for example references [18, 19]

and the equations of motion can then be found from the calculus of variation.

The response to a travelling pressure wave with pressure amplitude 1 N/m

(or 1 N/m2 for 2D structures) will be referred to as the sensitivity function

G. This function may, similar to Newland [7, chap. 16], also be expressed as
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an integral

G(r,α, ω) =
∫

S
H (r, s, ω) e− i α•s ds, (6)

S is the surface (or length) of the structure, ’•’ denotes vector scalar product

and H (r, s, ω) represents the response at location r to a harmonic point load

of unit magnitude at location s. For 2D structures lying in the xy-plane, α,

r and s are vectors that can be written as (αx αy)
T, (x y)T and (xs ys)

T,

respectively. This sensitivity function is essential in the following sections.

2.2 Numerical simulations
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Figure 1. Mean square plate velocity: solid, point force and equally distributed

excitation with 201 pressure terms; dashed, distributed excitation with 11 terms;

dotted, distributed excitation with only 3 terms.

One way to validate the response to a travelling pressure wave has been to

approximate a point force by a number of superposed travelling pressure waves.

Figure 1 shows the mean square velocity for a plate excited by a point force

compared to the added response to a number of travelling pressure waves. With

a large number of these waves the superposed force is starting to resemble the

point force and the response was then seen to converge towards the response

of the point force as expected. Another way to validate the method has been
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to compare results from the DSM and the SFEM. It was noted that they gave

the same response and differed mainly in the way the dynamic stiffness matrix

was derived.

Figure 2. Modulus of sensitivity function for a beam as function of frequency and

wavenumber.

In Figure 2 the modulus of the sensitivity function for a beam at a fixed

position has been predicted. It was seen to have maxima close to structural

resonance frequencies and whenever the wavenumber of the excitation closely

matched the wavenumber of the structure, c.f. coincidence effect.

3 Wavenumber approach to predict random vibration

(Papers 1, 2 and 3)

Consider a continuous linear system, which is stable and time-invariant. This

system is subjected to random excitation, where the excitation is assumed

to be a sample function from a process, which is stationary and homogenous

in space. In this section a wavenumber approach is developed to efficiently

predict the random response of such a system.
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3.1 Theory

Normally, the response to distributed excitation is given by Newland [7] as

Sww (r1, r2) =
∫

S

∫

S
H∗ (r1, s1, ω) H (r2, s2, ω) Spp (s1, s2, ω) ds1 ds2, (7)

where H is the frequency response function of the structure. The cross spectral

densities of the response Sww and the pressure Spp are defined as in Newland.

If the distributed excitation is assumed to be a sample function from a process,

which is stationary and homogenous in space, Spp (s1, s2, ω) is a function of

only the frequency and the spatial separations,

ξx = xs1 − xs2 and ξy = ys1 − ys2. (8)

The cross-spectral density of the pressure can be expressed as an expo-

nential Fourier series in the x and y direction. The period of the exponential

Fourier series has to be taken as at least twice the length Lx and width Ly

of the structure, because the integral (7) of xsi and ysi is over the length and

width and thus ξx and ξy need to be evaluated in the interval −Lx... Lx and

−Ly... Ly, respectively. Outside this interval the cross-spectral density can be

made periodic as any existing pressure outside the integration limits will not

affect the result. Upon this basis the cross-spectral density is given by

Spp (s1, s2, ω) = Φpp (ω)
∞∑

m=−∞

∞∑

n=−∞
SPP (αm, αn)eiαmξxeiαnξy , (9)

where αm = 2πm/2Lx, αn = 2πn/2Ly. In this thesis turbulence excitation

will be studied more closely and either a Chase- or Corcos-like model are used

to describe the cross-spectral density of the wall pressure. The Fourier series

coefficients SPP (αm, αn) can be found analytically for Corcos’ model, as in

reference [9, equations 39 and 40]. It is however also possible to find these

coefficients numerically with a two-dimensional fast Fourier transform (FFT).

The series in equation (9) is inserted into the integral (7) and the order

of summation and integration interchanged. Then the definitions of the sen-
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sitivity functions in equation (6) is used. Considering only the auto-spectral

density of the response at location r, the following convenient expression is

found

Sww(r, r, ω) = Φpp(ω)
∑
m

∑
n

SPP (αm, αn) |G(r, αm, αn, ω)|2 . (10)

Following the same procedure as above, but using a Fourier transform

instead, a similar expression results [7]

Sww(r, r, ω) = Φpp(ω)
∫ +∞

−∞
SPP (α) |G(r,α, ω)|2 dα. (11)

For most problems studied here, equations (10) and (11) represent a great im-

provement in computational efficiency compared to equation (7), as the double

integral is replaced by a single integral or summation in the wavenumber do-

main. Similar to describing excitation in the frequency domain, the description

in the wavenumber domain also provides for a physical understanding of the

phenomenon at hand, that might otherwise be hidden.

3.2 Numerical simulations
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Figure 3. (left) Wavenumber frequency representation of the wall pressure cross

correlation in dB at 2000 Hz. (right) Sensitivity function at 2000 Hz.

Figure 3 (left) shows the cross-spectral density in the wavenumber domain for

a modified Corcos model, whereas Figure 3 (right) is the sensitivity function

of the structure. Thus the response can be found from a weighting of these
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Figure 4. Velocity response to TBL excitation. Solid, modal analysis and equally

spectral FEM with large number of terms; dashed, spectral FEM with insufficient

number of terms.

two functions, see equation (10). Figure 4 compares the predicted velocity

response using this approach and a modal analysis. If enough terms in the

wavenumber domain are included, the results are indistinguishable.

4 TBL measurements and a new wall pressure model

(Papers 2, and 3)

Measurements were carried out at MWL in order to understand and establish

properties of the wall pressure field and also to measure the structural re-

sponse of a flexible panel. The frequency range of interest was from 100 up to

5000 Hz. Above 5000 Hz the vibration and emitted sound power of the plate

was comparatively low.
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Figure 5. Wind tunnel with test section located in the reverberation room.

4.1 Measurement setup

The wind tunnel used for the measurements is depicted in Figure 5 and occu-

pied all four measurement rooms of the MWL. The fan system in the basement

was capable of producing a maximum volume flow of about 10 m3s−1 and a

pressure drop of 10 kPa. This system produced an overpressure in the anechoic

room, which in turn was a silent source of flow through the wind tunnel. In

fact, when standing in the anechoic room, it was not possible to hear the fans,

but only a rumbling from within the tunnel. The flow quality was good and

the background noise level was below 25 dB(A).

The tunnel was a suspended 9 metre long steel duct of rectangular cross

section with wall thickness 12 mm, height 175 mm and width 375 mm. The

corners of the cross section were rounded in order to avoid corner effects in

the flow. The maximum flow velocity for the duct was 120 m/s. Part of the

tunnel was used as a test section with a horizontal aperture for mounting of

test panels. This section was located in a reverberation room, which made it

relatively easy to determine the emitted sound power from any test panel. To

minimize vibration of the test panels due to vibration of the duct, the duct

wall was stiffened by two 40 × 40 mm steel bars both upstream and down-

stream from the test section. Furthermore, a constrained damping layer was

attached to the duct reducing the vibration level in the high frequency do-

main. Special sound isolation panels were mounted around duct sections to

reduce the sound radiation from the duct. Validation measurements proved
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that any transmission of duct vibration to the test plates was neglible [20].

A special plexiglas panel was used for TBL wall pressure measurements. It

had two microphone and the distance between them could be varied from 13

mm to 130 mm, allowing for a great variety of microphone positions for corre-

lation measurements. Small 1/8-inch microphones with their protection grids

removed were used in order to minimize errors at high frequencies caused by

their finite size. At frequencies below 150 Hz the influence of acoustic modes

in the wind tunnel had a noticeable effect on the measured pressure spectra.

All curve fitting to measured correlation data was made in a frequency range

from 250 up to 3000 Hz where the data was considered to be the most reliable.

4.2 Measurement results
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Figure 6. Velocity profile for a free flow velocity of 100 m/s at a distance z from

wall scaled with the boundary layer thickness. Circles are measured velocities and

solid line corresponds to a power velocity distribution law [21] with n = 8.3.

The boundary layer thickness δ at the test section was found from hot wire

measurements and theory given in reference [21] and was large enough at the

test section, without having to be triggered. Figure 6 shows the measured

velocity profile for a free flow velocity of 100 m/s. The convection velocity

12



Uc had only a weak dependence on frequency and the average values were

considered to give a satisfactory description for both the response and wall

pressure predictions.
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Figure 7. Streamwise coherence as function of frequency for three separation dis-

tances. Solid, measurements; dashed, modified Chase; dotted, modified Corcos.

Figure 7 shows the measured streamwise coherence as function of frequency

for three different separation distances. A comparison to wall pressure models

developed in paper 3 is also provided.

Light-weight accelerometers were used to measure the plate response at five

points and in Figure 8, a comparison between measured and predicted velocity

response is made. Figure 9 displays a similar comparison taken from another

measurement series conducted on a pipe, see paper 2.
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Figure 8. Non-dimensional vibration response for a clamped plate excited by tur-

bulent flow with a free flow velocity of 100 m/s. Solid line, measurements; dashed

line, predictions with the SSEM using a modified Chase model.
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Figure 9. Vibrational velocity of turbulence excited pipe, dB rel 1 m2/s2. Solid line,

measured; dashed line, predicted with the SFEM.

5 Waveguide approach to find a spectral super element

(Papers 4 and 5)

For sub structures that have uniform properties along one direction, say, the

x-direction, the local solution on the cross section, i.e. in the y-z plane, can
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conveniently be approximated by polynomial displacement functions. This fi-

nite element technique will here be referred to as the waveguide FEM and one

of its advantages compared to conventional FEM is that different wave types

are readily identified and can be analysed, allowing for a physical understand-

ing of the investigated structure.

The study is a new application of the waveguide FEM [11–13], where the

found wave solutions are expressed as functions of nodal displacement at the

wave-guide ends and inserted in the equation of virtual work. Requiring the

first variation of these displacements to be zero, the structural response is

found. This method can be seen as a merger of the waveguide FEM with the

SFEM and was named spectral super element method (SSEM). These spectral

super elements are characterized by that they easily can be put into an assem-

bly with proper coupling to neighbouring elements. Hence, large wave carrying

parts of a structure can be described by this method, whereas smaller parts

with complex geometry are modelled entirely by conventional finite elements.

The advantages with the SSEM, as compared to the SFEM, is that ma-

terial and geometric inhomogeneities in the waveguide cross-section can be

modelled, a variety of boundaries can be used and the elements couple natu-

rally to finite elements. The main disadvantage is the increase in size of the

problem. However, the size will still remain an order of magnitude less than if

conventional finite elements were used.

5.1 Element formulation

First the equation of motion for a rectangular plate strip, see Figure 10, is

derived. A plate structure can then be seen as built up from a number of such

strips. The strain energy of an isotropic thin plate is for harmonic motion of

the form eiωt, given by [12]

Ep =
∫ ∫ ∫

ε∗T C ε dx dy dω, (12)
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Figure 10. Plate structure divided into plate strips (a) and single strip element (b).

where ∗ denotes complex conjugate, T denotes transpose and h is the thickness

of the plate. C is the rigidity matrix and the vector ε contains the components

of strain, which are linear functionals of the displacement u and its spatial

derivatives, see paper 4. The integral of the kinetic energy is given on a similar

form by

Ek =
∫ ∫ ∫

ω2ρh u∗Tu dx dy dω, (13)

where ρ is density of the plate.

Hamilton’s principle states that the true motion of a system is the one

that minimises the difference between the time integrals of the strain and

kinetic energies. For dissipative motion, Hamilton’s principle does not apply

and instead a modified version is used here, see reference [2, 22]. The resulting

functional is here denoted the Lagrangian L,

L =
∫ ∫

εaT C ε − ω2ρh uaTu dx dy, (14)

where superscript a denotes the complex conjugate of the response variable in

the adjoint system. This Lagrangian is minimised for the true motion of the

system, subject to the boundary conditions.

Figure 10 (b) shows a thin strip element with two node points and a

width of 2ly. There are four degrees of freedom at each node, namely the

three displacement components and the rotation about the x-axis. Since there

are all in all eight degrees of freedom, the shape functions in the y-direction
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can be represented by polynomials having eight terms as shown in paper 4.

Evaluating these functions as well as the rotation at the ends of the element

makes it possible to express the displacements as functions of the nodal degrees

of freedom V. Given the assumption that the geometry in the x-direction is

constant, the nodal displacements V can be considered as functions of x. With

these shape functions it is possible to rewrite the terms ε and u in equation

(14) as follows

ε = ε0V(x) + ε1
∂V(x)

∂x
+ ε2

∂2V(x)

∂x2
, u = u0V(x), (15)

where εi and u0 are given in paper 4. Inserting these expressions in the La-

grangian and assembling similar to a conventional finite element method,

where the strip elements are transformed to the global co-ordinate system,

yields

L =
∫ 2∑

m=0

2∑

n=0

∂mVaT

∂xm
εmn

∂nV

∂xn
− ω2VaTm00V dx, (16)

εmn and m00 are symmetric banded matrices detailed in paper 4.

The equations of motion are found from equation (16) with the calculus

of variation as

(
A4

∂4

∂x4
+ A2

∂2

∂x2
+ A1

∂

∂x
+ A0 − ω2M

)
V(x) = 0 (17)

where

A4 = ε22, A2 = ε02 − ε11 + ε20, A1 = ε01 − ε10, A0 = ε00, M = m00. (18)

A3 turns out to be zero for the investigated element and is not included. For

curved shell elements it is generally non-zero, see reference [13], and needs to

be accounted for. From reasons of symmetry, the same equation of motion can

be derived for the adjoint system.

For a given frequency, equation (17) is a set of coupled ordinary differential

equations with constant coefficients. Its solution are therefore given by expo-

nential functions and a polynomial eigenvalue problem follows. This problem

is then transformed to a standard linear eigenvalue problem, see for example

17



reference [12] and Appendix B, with solutions of the form

V(x) = ΦE(x)a, (19)

where a are wave amplitudes and the entries of the diagonal matrix E are

given by

(E)ii = eκiix−(κp)iilx , (20)

where κ is a diagonal matrix of eigenvalues. To each component κii the i’th

column of Φ gives the corresponding eigenvector. The wave expressions are

scaled for reasons of numerical stability using a diagonal matrix κp. The eigen-

values κii, here also referred to as wavenumbers, are solved numerically for

a given frequency once the equations of motion have been assembled. These

wave solutions are used to describe the displacement. Now, suppose that at

the nodes the displacement Wi is prescribed, it is then possible to solve the

wave amplitudes a as functions of the prescribed nodal displacements and thus

write the displacement functions as

V(x) = ΦE(x)AW, (21)

where A is found from solving a system of equations, given by the boundary

conditions at the element ends.

Often, many degrees of freedom are used in order to obtain the wave so-

lutions. Then, similar to a modal substructuring, only few degrees of freedom

are used in the global model. Thus the number of waves is greater than the

number of prescribed boundary conditions, i.e. vector a has more components

than vector W. If it was possible, when deciding among the possible wave

solutions from which to find the true displacement of the plate, to select those

that are the most likely to contribute to this displacement, the predictions

would become more accurate. Considering this, three methods were devel-

oped in order to find matrix A and the difference in numerical stability is

commented in paper 4.

The element displacement functions are now described by equation (21)

18



and from symmetry of the bi-linear Lagrangian the complex conjugate of the

displacement functions for the adjoint system can similarly be found. Substi-

tuting these displacement functions into the Lagrangian (16) and rewriting

yields

L = WaTDW, (22)

where the dynamic stiffness matrix D is given by

D = AT (Θ. ∗ EI)A, (23)

Θ =

(
2∑

m=0

2∑

n=0

(
κm(ΦTεmnΦ)κn

)
− ω2(ΦTm00Φ)

)
, (24)

EI =
∫ lx

−lx
(diag E(x)) (diag E(x))T d x. (25)

The integral in equation (25) is solved analytically and consequently the entries

of the matrix generating function EI is described in paper 4.

The dynamic stiffness matrix (23) does not depend on the excitation of the

structure and an arbitrary forcing can be considered by the inclusion of the

virtual work of this force in the Lagrangian,

Lf =
∫ lx

−lx

∫ ly

−ly
−p∗Tu− uaTp dy dx = −F∗TW −WaTF, (26)

where F is a generalised force vector. Requiring the first variation with respect

to the nodal displacements of the adjoint system Wa to be zero in equations

(22) and (26), a system of equations for the nodal displacement W is found

DW = F. (27)

Solving equation (27) gives the nodal displacements W and from equation

(21) the displacement of the structure at any position is given.

5.2 Numerical simulations

Figure 11 shows one of the structures used for investigations. Plate 3, 4 and

5 were modelled entirely with conventional finite elements, whereas plate 1

and 2 were modelled either with two spectral super elements or hundreds of
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Figure 11. Geometry of the one of the plate structures used for validation.
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Figure 12. Out-of-plane transfer mobility given a horizontal point force acting on the

stringer. Solid, SSEM-FEM; dashed, FEM; dotted, SSEM-FEM without weighting

or reduction of waves.

finite elements. In Figure 12 the results for the transfer mobility due to a

point force are compared and show very good agreement. If all waves were

used without any numerical conditioning of matrix A in equation (21), some

instability resulted at certain frequencies.
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6 Wave expansion model for fluid-structure interaction

(Paper 6)

A numerical analysis of the dynamic behavior of coupled fluid-structure sys-

tems requires a discretisation of the fluid and the structure. These two sub-

systems behave quite differently and there is no obvious reason why the same

numerical method should be applied to both. For a complex structure, with

possible inhomogeneities and anisotropy, the finite element method (FEM)

is a natural choice. The fluid, however, might often require the modeling of

different features such as an infinite domain. A possible choice is then given

by the boundary element method (BEM) and the combination of these two

methods is reported in for example reference [23].

This paper instead investigates the implementation of fluid-structure inter-

action using a recently developed wave expansion method (WED) to model

the fluid, see for example [15–17]. It has the advantage of maintaining its ac-

curacy at nodal spacings as low as two per wavelength, which therefore offers

a considerable numerical advantage compared to the FEM. It models infinite

domains with relative ease and is applicable to both 2D and 3D problems.

In this paper, the WED and FEM are briefly introduced and formulated

to model the fluid-structure coupling. The coupling is based on the continuity

and equilibrium conditions at the WED-FEM interface and special emphasis

is placed on the validation of the method.

6.1 Fluid-structure coupling

 

x0 

j 

 

  x0 

 
 

j 

Figure 13. 2D and 3D Computational cell.
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The finite difference scheme, proposed by Caruthers et al [16] and Ruiz et al

[15, 17], was used to model the fluid both in the 2D and 3D case. Consider the

computational cells in Figure 13. The solution for the acoustic pressure at the

central position x0 is approximated locally as a combination of plane waves

p (x0) =
M∑

m=1

(
e−ikdm•x0

)
γm = hγ, (28)

where k is the wavenumber, i is
√−1 and dm is the unit propagation direction

vector of the mth plane wave with complex amplitude γm. h is an 1 × M

row vector of the plane wave functions evaluated at x0 and γ is a column

vector with the amplitudes. These plane waves directly satisfy the Helmholtz

equation

∇2p + k2p = 0. (29)

In this study, in contrast to reference [15, 17], each cell is given a local coor-

dinate system with origin at the center node. Thus h is a row vector of ones.

Applying the same approximation to all other J nodal positions in the cell

gives

p = Hγ, (30)

where p is a J×1 vector of the pressures at each node j. Combining equations

(28) and (30) gives a computational template

p (x0) = hH+p, (31)

where H+ is a Morse-Penrose pseudo-inverse, that guarantees a minimum

norm solution if the number of waves M is greater than the number of nodes

J . Neumann conditions can be applied to augment the constraint equation

(30) to yield a template equation, which now includes a forcing term

p(x0) = h(H+
aug)Lp + h(H+

aug)Rq. (32)

Radiation conditions are included by only considering outwards propagating

directions, when H is formed. Given these templates, an overall sparse equa-
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tion system

Kp = qfluid (33)

may be assembled with each template independently contributing a row. Solv-

ing this system gives the pressures at any nodal point. Interpolation between

points may then be performed using equations (30) and (28).

The investigated beam/plate structure was modeled here using the well

developed Finite Element Method (FEM), eg. [18, chapter 3.5 and 6.4]. Thus

the following equations of motion result

D U = f ext, (34)

where D is the dynamic stiffness matrix, f ext is a column vector of equivalent

nodal forces and U is a column vector of nodal displacements.

Consider a structure coupled to a fluid at an interface and denote the

fluid nodes at the interface f and the structural nodes s. The momentum

conservation gives a relationship between the displacement of the structure

and the pressure driving the fluid

∂pf

∂n
= −ω2ρ (Uz)s , (35)

where harmonic motion was assumed and Uz are the out-of plane degrees of

freedom. A minus sign was here introduced in front of the nodal displacements

as a matter of convention, given that the surface normal is opposite to the

displacement. The velocity at node s is a Neumann condition, which leads to

an augmented H matrix and thus to

pf (x0) = h(H+
aug)Lp + h(H+

aug)R

(
−ω2ρ

)
(Uz)s′ , (36)

where s′ here denotes all coupled structural nodes within the cell. This pressure

acts as a distributed force on the structure and will be used to calculate the

nodal force vector.
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The element force vector for a beam element is given by [18, chapter 3.5]

f = lx

∫ +1

−1
N (ξ)Tp (ξ) dξ, (37)

where N (ξ) contain the polynomial displacement shape functions and lx is

half the length of the element. For a small element length, the pressure can be

assumed to be constant within an element and equal to the average of the pres-

sure at the end nodes. The element force vector (36) is then given by reference

[18, p.90] and the nodal force vector is found by a simple assembly process.

Thus it is possible to directly relate the nodal forces to the nodal pressures

and the length of the elements. If the pressure is assumed to vary linearly

or only act as point forces within an element instead, a similar nodal force

vector can be derived. Explicit calculation of the element force vector requires

local evaluation of the strength function γ, thus complicating the interaction

formulation slightly. However, above the acoustic coincidence frequency, the

wavelength of the fluid will become smaller than the structural. This increases

the error introduced by the previous approximations, as the pressure is no

longer a sufficiently smooth function over one element. The exact expression

for the pressure distribution over the element is given by equation (36). Sub-

stituting this expression for the pressure into equation (37) gives the element

force vector

f = INh

(
H+

aug

)
L
p + INh

(
H+

aug

)
R

(
−ω2ρ

)
(Uz)s , (38)

where

INh = lx
∫ +1
−1 (N(ξ))Th(ξ)dξ,

(h (ξ))m = e−ik(dm)x(ξlx)e−ik(dm)x(±lx).

(39)

Note that every cell has a local coordinate system and that for the two beam

elements within the cell the integral in equation (39) has to be calculated twice

with the correct sign for the wave solutions. INh may be calculated exactly

without the need for numerical quadrature. The same procedure as outlined

above was also used for a plate structure.
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The assembly process is the same as in the FEM. Given equations (33),

(34), (36) and one of the above structural force models the following system

of equations may be established to describe the fully coupled fluid-structure

interaction 


K

(
I1 0

)




I2

I3




D







p

Uz

Uθ




=




pfluid

f ext
z

f ext
θ




. (40)

f ext
z are external transverse forces acting on the structure, whereas f ext

θ are

external moments. pfluid are the external mass flow rate acoustic loadings. The

components of Uθ are the rotational displacements of the structure. I1 is zero

except for the rows filled with ω2ρh(H+
aug)R. With a point collocation method,

I3 is a zero matrix and (I2)s,f = 2lx. With an element force vector formulated

by equation (38), I2 and I3 will be replaced by slightly more complicated

matrices. A similar approach as described above was successfully applied also

for coupling the WED with a structure modelled using a modal analysis.

6.2 Numerical simulations
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Figure 14. Magnitude of pressure in dB from exciting a double acoustic cavity by a

piston from the left. (a) 500 Hz; (b) 800 Hz.

Figure 14 shows the predicted pressure in a double acoustic cavity, where the

cavities were separated by a structure and one cavity was excited by a piston.
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7 Summary and conclusions

A method to predict random vibration in structures has been presented. It is

characterized by a high computational efficacy, stemming from the fact that

it uses newly developed spectral elements for distributed excitation and is

based on a wavenumber approach. The wavenumber approach makes a direct

comparison of excitation and structural response possible in the wavenumber

domain.

The method has been successfully applied to TBL excitation with a good

agreement between measured and calculated vibration response. The measure-

ments were made in wind tunnels at the MWL and École Centrale de Lyon.

A waveguide approach was used to find a new spectral super element, that

can be put into assembly with finite elements. It models a great variety of

boundaries and, similar to the SFEM, it reduces the degrees of freedom greatly

for large wave carrying elements compared to conventional finite elements.

Fluid-structure interaction was modelled using a newly developed wave

based method, which maintains its accuracy at nodal spacings as low as two

per wavelength. Numerous simulations proved the versatility of this approach.

Even though the thesis focuses on TBL excitation, the method is applicable

to numerous other cases, such as for example tyre excitation by road rough-

ness. Of key importance will always be the correct modelling of the excitation,

which in turn requires measurements of high quality. During the course of this

thesis it was discovered that the use of Corcos model might result in errors

for the response predictions of the order 10 dB at high frequencies. Therefore,

a Chase-like model was developed from wall pressure measurements instead,

allowing for accurate predictions of the structural response for an increased

frequency range.
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Appendix

A Sound power

To accurately predict the sound power emitted by a randomly excited struc-

ture is important in most design processes. Here a panel set in an infinite

baffle is studied and it is assumed that any fluid loading on the panel caused

by its vibrations can be neglected. The sound power Π radiated by this panel

is thus given by

Π(ω) =
1

2
Re

(∫ ∞

−∞
p (r, z = 0) v∗ (r) d r

)
(A1)

where r = (x, y), p is the sound pressure and v is the normal velocity of the

structure. Only the power radiated into the z > 0 half plane is considered. The

spatial Fourier transform of the velocity field of the panel and the pressure

field are defined by

v (r) =
1

2π

∫ ∞

−∞
V (k)eikr dk, p (r, z) =

1

2π

∫ ∞

−∞
P (k)ei kzzeikr dk (A2)

where k = (kx ky)
T is the wave vector variable in the plane of the panel. kz

is the z component of the wave number ka in the acoustic field. The pressure

field satisfies Helmholtz equation

(
∇2 + k2

a

)
p(r, z) = 0,

k2
a = k2 + k2

z ,
(A3)

where k =
√

k2
x + k2

y is the structural wavelength. In the z-direction and at

z = 0, the fluid velocity equals the panel velocity

v (r) = −
(

i

ωρa

) (
∂p

∂z

)

z=0

, (A4)

from which the following equality is obtained

P (k) =
ρacaka

(k2
a − k2)1/2

V (k) . (A5)
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Taking the Fourier transform of the pressure and velocity in equation (A1)

gives

Π (ω) =
1

2

1

(2π)2
ρacaka Re

(∫ ∞

−∞
V ∗ (k) V (k)

(k2
a − k2)1/2

dk

)
. (A6)

A similar equation is also derived by Maidanik [24, eq. 2.11]. Now, the veloc-

ities have to be related to the TBL excitation. A distributed pressure F and

the velocity response are related by the frequency response function H,

v(r) = i ω
∫

R
H(r, s)F (s) d s, (A7)

which gives the following relationship

V (k) = i ω
∫ ∞

−∞

∫

R
H(r, s)F (s) d s eikr d r. (A8)

This can be substituted into equation (A6) to get the sound power

Π (ω) =
1

2

1

(2π)2
ρacakaω

2 Re

(∫ ∞

−∞
Ivv dk

(k2
a − k2)1/2

)
, (A9)

where

Ivv =
∫ ∞

−∞

∫

R
H∗(r1, s1)F

∗(s1) d s1 e− ikr1 d r1

×
∫ ∞

−∞

∫

R
H(r2, s2)F (s2) d s2 eikr2 d r2.

(A10)

The statistical expectation of the integral Ivv is evaluated as follows

< Ivv > =
∫

R

∫

R

∫ ∞

−∞

∫ ∞

−∞
H∗(r1, s1)H(r1, s2)

× < F ∗(s1)F (s2) > d s1 d s2e
− ikr1eikr2 d r1 d r2

=
∫

R

∫

R

∫ ∞

−∞
G∗(r1,−k′)G(r2,−k′) SPP (k′) dk′ e− ikr1eikr2 d r1 d r2,

(A11)

where SPP is the wavenumber frequency representation of the wall pressure

cross correlation. The innermost integral is Sww(r1, r2), and to improve the

efficiency a Fourier series can be introduced for this expression, c.f. equation

(10), which transforms the equation into

< Ivv > = Φpp

∑

m′

∑

n′
SPP (αm′n′)

×
(∫

R
G(r1, αm′n′)e

ikr1 d r1

)∗ ∫

R
G(r2, αm′n′)e

ikr2 d r2.

(A12)
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G is the sensitivity function of the plate and, once inserted, the integrals can

be evaluated exactly. For every given combination of kx and ky a value for

< Ivv > is found, with which equation (A9) can be evaluated numerically.
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Figure A1. Predictions of Sound power (non-dimensional) for simply-supported

plate. Dotted, SFEM with 25 points to calculate integral; solid, SFEM with 250

points to calculate integral and equally a modal analysis with cross-modes; dashed,

modal analysis without cross-modes.

Figure A1 shows the non-dimensional sound power of a turbulence excited

simply supported plate. The presented method to predict sound power is com-

pared to a modal analysis with and without cross-modes, see references [24–

26]. A very good agreement was found especially to the modal analysis that

included cross-modes. If not enough points were used, when evaluating the in-

tegral in equation (A12) numerically, some discrepancy was noted, especially

at low frequencies.
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B Formulation of the eigenvalue problem

Assuming that the equations of motion consists of a set of coupled ordinary

differential equations with constant coefficients, e.g. equation (17), the sought

solutions will be exponential functions and a polynomial eigenvalue problem

follows. This eigenvalue problem can be solved directly using for example the

MATLAB function ’polyeig’. Given that one matrix is singular, the problem

remains well posed, but some predicted eigenvalues will be infinite. These

solutions should simply be ignored and will thus not cause any problems.

Nevertheless, a different formulation of the problem was seen to be twice

as fast for the problems at hand and was therefore preferred. The formulation

is the same as found in reference [12, Appendix A], except that some minor

typing mistakes have been corrected. The assembled equations of motion can

be written as
(
K4κ

4 + K2κ
2 + K1κ + K0

)
V0 = 0. (B1)

With the transformation, V1 = κV0,V2 = κV1,V3 = κV2, it may be ex-

panded as 


κI −I 0 0

0 κI −I 0

0 0 κI −I

K0 K1 K2 κK4







V0

V1

V2

V3




= 0. (B2)

Because K4 is rank deficient and cannot be inverted, this system cannot be

rearranged as a standard eigenvalue problem. Instead K4 is decomposed into

a diagonal matrix K with singular values and the two orthogonal matrices

Q1,2

K4 = Q2KQH
1 . (B3)

Inserting this expression in equation (A1) and pre-multiplying by QH
2 yields

(
κ4K + κ2QH

2 K2Q1 + κQH
2 K1Q1 + QH

2 K0Q1

)
U0 = 0, (B4)
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where V0 = Q1U0. The rank deficiency of K4 is reflected by the fact that K

may be partitioned as

K =




S 0

0 0


 . (B5)

S is a diagonal matrix with r entries, where r is the rank of K4. It is possible

to determine the size of S by choosing some truncation level for the singu-

lar values of K, e.g. as a factor 1e5 or more above the numerical resolution

used in the calculations, and thus setting all values below to zero. Physically

this means that some of the degrees of freedom are neglected in the strain

energy, when calculating the wavenumber. Equation (B4) can be rewritten in

a partitioned form as


κ4




S 0

0 0


 + κ2(A2,1 A2,2) + κ(A1,1 A1,2) + (A0,1 A0,2)







U0,1

U0,2


 = 0,

(B6)

where (Ai,1 Ai,2) = QH
2 KiQ1. Given the transformations, U1,1 = κU0,1,U2,1 =

κU1,1,U3,1 = κU2,1 and U1,2 = κU0,2, it may be expanded as







0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 0 I 0

0 0 0 0 0 I

A0,1 A1,1 A2,1 A0,2 0 A1,2




− κ




I 0 0 0 0 0

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 I 0 0

0 0 0 0 R







X0 = 0, (B7)

v



where

X0 =




U0,1

U1,1

U2,1

U0,2

U3,1

U1,2




and R = −




S

0

A2,2




. (B8)

R has full rank. Thus equation (B7) can be multiplied by




I 0

0 R−1


 and

a standard eigenvalue problem results

(A0 − κI)X0 = 0, (B9)

where

A0 =




0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 0 I 0

0 0 0 0 0 I

R−1A0,1 R−1A1,1 R−1A2,1 R−1A0,2 0 R−1A1,2




. (B10)

The dimension of A0 is 4N∗ × 4N∗, where N∗ = (N + r)/2, N being the

number of degrees of freedom of the original FE model and r the rank of K4.

The eigenvector associated with κn is given from V0 = Q1U0.

vi
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