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Abstract

The purpose of system identification is to build mathematical models for dynam-
ical systems from experimental data. With the current increase in complexity of
engineering systems, an important challenge is to develop accurate and computa-
tionally efficient algorithms.

For estimation of parametric models, the prediction error method (PEM) is a
benchmark in the field. When the noise is Gaussian and a quadratic cost function
is used, PEM provides asymptotically efficient estimates if the model orders are
correct. A disadvantage with PEM is that, in general, it requires minimizing a
non-convex function. Alternative methods are then needed to provide initialization
points for the optimization. Two important classes of such methods are subspace
and instrumental variables.

Other methods, such as Steiglitz-McBride, use iterative least squares to avoid
the non-convexity of PEM. This thesis focuses on this class of methods, with the
purpose of addressing common limitations in existing algorithms and suggesting more
accurate and computationally efficient ones. In particular, the proposed methods
first estimate a high order non-parametric model and then reduce this estimate to a
model of lower order by iteratively applying least squares.

Two methods are proposed. First, the weighted null-space fitting (WNSF) uses
iterative weighted least squares to reduce the high order model to a parametric
model of interest. Second, the model order reduction Steiglitz-McBride (MORSM)
uses pre-filtering and Steiglitz-McBride to estimate a parametric model of the plant.
The asymptotic properties of the methods are studied, which show that one iteration
provides asymptotically efficient estimates. We also discuss two extensions for this
type of methods: transient estimation and estimation of unstable systems.

Simulation studies provide promising results regarding accuracy and convergence
properties in comparison with PEM.



Sammanfattning

Syftet med systemidentifiering är att bygga matematiska modeller av dynamiska
system från observerade data. Dagens alltmer komplexa tekniska system har gjort
att behovet av att utveckla noggranna och beräkningseffektiva algoritmer ökat.

För skattning av parametriska modeller är prediktionsfelsmetoden (PEM) en
standardmetod inom området. När störningen är Gaussisk, och en kvadratisk kost-
nadsfunktion används, är prediktionsfelsmetodens skattningar asymptotiskt effektiva
om modellens ordningstal är korrekta. En nackdel med denna metod är att den
ofta kräver att en icke-konvex funktion minimeras. I detta fall behövs alternativa
metoder för att hitta initieringspunkter åt optimeringen. Två viktiga klasser av
dessa är subspace-metoder och instrumentvariabelmetoder.

Andra metoder, såsom Steiglitz-McBride, använder minstakvadratmetoden iter-
ativt för att undvika prediktionsfelsmetodens icke-konvexitet. Denna avhandling
fokuserar på denna klass av metoder, med syftet att gå igenom begränsningar med
befintliga metoder samt att föreslå noggrannare och beräkningseffektivare algorit-
mer. De föreslagna metoderna skattar först en icke-parametrisk modell av högt
ordningstal, för att sedan reducera denna skattning till en lägre ordningens modell
genom iterativ användning av minstakvadratmetoden.

Två metoder föreslås. Den första, viktad nollrumsanpassning (WNSF), an-
vänder en viktad variant av minstakvadratmedoten för att reducera den icke-
parametriska modellen till den parametriska modellen av intresse. Den andra,
modellordningsreduktions-Steiglitz-McBride (MORSM), använder förfiltrering och
Steiglitz-McBride för att skatta en parametrisk modell. Metodernas asymptotiska
egenskaper studeras, vilket visar att en iteration ger asymptotiskt effektiva skat-
tningar. Dessutom diskuteras två utvidgningar av denna klass av metoder: tran-
sientskattning och skattning av instabila system.

Simuleringar visar på lovande resultat med avseende på noggrannhet och kon-
vergensegenskaper jämfört med PEM.
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Notation

∥x∥ l2 norm of the vector x—that is, ∥x∥ ∶= √∑nk=1 ∣xk ∣2, with x an
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Ex mathematical expectation of the random vector x
Ēx defined by Ēx ∶= lim

N→∞ 1
N ∑Nt=1 Ext

xN = O(fN) the function xN tends to zero at a rate not slower than fN , as
N →∞, w.p.1

q−1 backward shift operator, q−1xt = xt−1

A⊺ transpose of A
cov(x) covariance matrix of x
Ascov(x) asymptotic covariance matrix of x
AsN (a,R) asymptotic normal distribution with mean a and covariance R
C any bounded constant, which need not be the same in different

expressions
detA determinant of A
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Rn set of n-dimensional column vectors with real entries∶= definitionTn,m(X(q)) Toeplitz matrix of size n × m (m ≤ n) with zeros above the

main diagonal and whose first column is [x0 ⋯ xn−1]⊺, where
X(q) = ∑∞k=0 xkq
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Chapter 1

Introduction

Creating models to describe physical phenomena is the core of science. Models are
representations of the object of study. As such, they are not true descriptions of
the real world, but abstractions that attempt to explain how some object behaves.
Models can provide insight and understanding about the object being studied and
make predictions about its behavior. Also, their accuracy can be tested through their
ability to make predictions, but their usefulness depends as well on the simplicity and
propensity to give insight and understanding. It is thus natural that the same object
may have different models, none being true or false, but each having different points
of interest and ranges of applicability. A classical example is Newton’s universal law
of gravitation and Einstein’s general theory of relativity, which are both models for
the force of gravity. However, while Newton’s theory is sufficient to send a spaceship
to Mars, general relativity would be unnecessarily complex for that purpose; on the
other hand, it is required to explain certain anomalies in the orbit of Mercury, due
to the strong influence of the Sun’s gravitational field.

System identification is about using experimental data to build mathematical
models for dynamical systems. A system is a process where different variables
interact, producing observable signals, which are called outputs. The system can
often be affected by external signals manipulated by the observer—called inputs—
and by disturbances, either measurable or only observable indirectly through their
influence on the outputs. System identification deals with dynamical systems, which
are systems whose current output value depends not only on the current input,
but also on its history. Mathematical models for such systems can be written as
differential or difference equations that describe the relations between the interacting
variables. One possibility to obtain these mathematical models is to derive them
from the physical laws that govern the system dynamics. This approach can become
increasingly complex with the complexity of the system we intend to model. The
alternative is system identification, which consists of using experimental data from
the system—collected input and output signals—to infer the mathematical model.

As pointed out above, these mathematical models are not true descriptions of
the system. The reason is, first and foremost, that physical systems are entities

1



2 Introduction

different in nature than our mathematical models. Mathematics is simply the tool
we use when attempting to describe the behavior of a system. Mathematical models
can be more or less accurate in describing some behavior, or more or less intuitive
in helping to understand that behavior, but an evaluation about how truthfully
they capture the nature of the system cannot be performed. Another reason is that
physical systems are very complex objects, whose behavior is influenced by many
factors that cannot be precisely and individually accounted for. In this sense, a
model is also a simplification of a real life system. Nevertheless, we will often in this
thesis use the notion of a true system, in the sense of a particular mathematical
model that we assume to have generated the collected data. This notion is, of course,
an idealization; nevertheless, it is useful for performing theoretical analysis of system
identification methods.

Using system identification requires going through a procedure that consists,
essentially, of four steps [1]. The first step is to collect the data. Here, an experiment
is conducted with the real system, and the input and measured output signals
are recorded. Sometimes, the user has the possibility to choose the input of the
experiment. The second step is to choose a set of candidate models. Many choices for
model structures exist, which differ in the way that they describe how the input and
the output signals relate. Also, one can choose between different model orders—this
is related to the order of the differential or difference equations that describe the
system. The third step is to choose the best model among the candidate ones. The
best model is typically considered to be the one that best explains the data according
to some criterion. In practice, this is the choice of identification method. Finally,
the fourth step is to validate the model. Here, the purpose is to test if the model
that was obtained in the third step is appropriate for its intended use. This can
be based on prior knowledge about the system or on the model’s ability to explain
other data sets. If the model does not pass the validation test, some of the previous
steps should be revised and repeated, until an appropriate model is found.

There are important challenges in all steps of the system identification procedure.
If the user has the freedom to choose the input of the experiment, for example,
it is important to conduct the experiment that maximizes the information in the
data about the system dynamics. This field of system identification is known as
experiment design (see, e.g., [2–6]). Concerning the choice of model order, some
identification methods bypass this issue by estimating non-parametric models—that
is, they estimate truncated versions of models whose number of parameters ideally
tends to infinity. The main problem with estimating non-parametric models (also
referred to as unstructured models) is that, as the number of parameters increases,
so does the variance of the estimated model. Regularization and kernel methods deal
with this problem (see, e.g., [7–10]). Concerning parametric models (also referred to
as structured models), which have a fixed number of parameters, the model order
can sometimes be decided based on physical intuition. Alternatively, cross-validation
can be used, which consists of testing the model’s ability to explain fresh data sets.
Also, criteria exist based on the parsimonious principle, according to which a model
should not use unnecessarily many parameters. These criteria—such as the Akaike
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Information Criterion (AIC) or the Bayesian Information Criterion (BIC)—weigh
the ability of a model to explain the data against its complexity. For an overview
on model order selection and validation, see [1, Chapter 16].

When estimating parametric models, the best model within a set of candidate
models is typically defined as the one that minimizes a cost function that measures
the ability of the model to predict future outputs based on past data. The main
difficulty here is that this cost function is typically non-convex. Consequently, local
non-linear optimization techniques are required, which depend on good initialization
points to be able to find the global optimum.

1.1 Motivation

One of the main challenges in system identification is thus to find computationally
efficient methods to obtain a model, avoiding the burden of non-linear optimization
techniques, while not compromising the accuracy of the estimated model. This thesis
deals with this challenge. To better specify its motivation, we proceed to cover
advantages and disadvantages of the prediction error method (PEM), which has
been extensively studied in system identification and is a benchmark in the field for
estimation of structured models [1, 11]. Then, we discuss alternative methods to
PEM and how the contributions proposed in this thesis complement them.

The basic idea of PEM is to minimize a cost function of the prediction errors—
that is, the error between the output at a certain time and its predicted value based
on past data. To analyze the properties of PEM, we consider that the true system
(i.e., the mathematical model we assume to have generated the data) is in the model
set. In other words, there is a particular set of model parameters for which the model
corresponds to the true system. Then, PEM is a consistent estimator, meaning that
the model corresponding to the minimizer of the cost function will approach the
true system, as the sample size tends to infinity. Also, for a correctly parametrized
model, if the unmeasured additive output disturbance is Gaussian distributed and
a quadratic cost function is used, the estimates of the model parameters obtained
with PEM are asymptotically efficient. This means that, as the sample size tends
to infinity, the covariance matrix of the estimated parameters corresponds to the
Cramér-Rao bound, which is the minimum covariance achievable by a consistent
estimator.

PEM can also be interpreted as a maximum likelihood (ML) approach. From this
perspective, we consider the joint probability density function of the random output
to be observed, for a certain parametrization. Then, for a particular realization of
the output, the parameters can be chosen such that the likelihood of the observed
event is maximized.

A drawback with PEM (or ML) is that the cost function is, in general, non-convex
in the model parameters. Therefore, PEM requires local non-linear optimization
techniques and good initialization points. Except for some particular model struc-
tures, there are no guarantees of finding the global optimum, as the algorithm may
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converge to minima that are only local.
There exist methods in system identification that avoid the non-convexity of PEM.

Two important classes of such methods are subspace methods [12] and instrumental
variable methods [13]. Subspace methods are non-iterative, and thus attractive for
their computational simplicity. However, they are in general not as accurate as
PEM, and it is difficult to incorporate structural information in the model. As for
instrumental variable methods, they do not employ local non-linear optimization
techniques, but the optimal instruments require knowledge of the true system. This
limitation can be overcome by using multi-step [14] or iterative algorithms [15].
However, to be asymptotically efficient in open loop for a quite general class of
linear systems, [14] still requires applying PEM in some step, while [15] is dependent
on iterations. In closed loop, the Cramér-Rao bound cannot be attained with IV
methods [16], although an extension of [15] exists that attains a lower bound on the
covariance for this family of methods [17].

Moreover, some methods attempt to minimize an ML cost function using alterna-
tive approaches. One such class of methods consists of first estimating a higher order
model, and then using an ML cost function to reduce this estimate to a parametric
model, instead of using the observed data directly. Although this procedure still
requires local non-linear optimization techniques, it may have numerical advantages
in comparison to a direct PEM estimation. For the first step, the estimation of
the higher order model can be made computationally simple, as this model can
typically be chosen linear in the model parameters. For the second step, the data
has now been replaced by a high order model estimate. Even if, in general, the order
of this model has to tend to infinity to approximate the true system arbitrarily
well, an appropriate order to approximately capture the important system dynamics
is potentially of smaller size than the data. Thus, the dimension of the problem
is reduced while asymptotically no information is lost. Indirect PEM [18] and the
ASYM method [19] can be included in this class of methods.

To avoid a non-convex optimization problem, other methods attempt to minimize
an ML cost function by iteratively applying least squares. For example, the Evan-
Fischl algorithm [20] and the Steiglitz-McBride method [21] are part of this class of
methods. The problem with this type of approach is that their range of applicability
is quite limited, with consistency and asymptotic efficiency only achieved in special
cases. Moreover, consistency can typically only be achieved as the number of
iterations tends to infinity.

The Box-Jenkins Steiglitz-McBride (BJSM) [22] method is an important con-
tribution within this class of methods, combining non-parametric estimation with
the Steiglitz-McBride method. The method is consistent for a more general class of
systems than the Steiglitz-McBride, and asymptotic efficiency is achieved in open
loop provided that the Steiglitz-McBride iterations converge [23]. However, these
asymptotic results still rely on an infinite number of Steiglitz-McBride iterations.
On the other hand, it is well known that an ML approach asymptotically provides
an efficient estimate with one Gauss-Newton iteration, if the algorithm is initialized
with a consistent estimate [24].
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This thesis continues this development, by proposing methods that also estimate
a non-parametric model as an intermediate step to obtain the structured model of
interest. The motivation is to provide least squares methods that are non-iterative
and asymptotically efficient, in the sense that, as the sample size grows, an efficient
estimate is obtained in one step. This is an important step to establish a bridge
between methods based on iterative least squares and ML, as well as to provide
computationally efficient methods that have the asymptotic performance of PEM.

1.2 Outline and Contributions

In this section, we provide the outline of the thesis and indicate the contributions
in each chapter.

Chapter 2

In Chapter 2, we provide the necessary background for the thesis. Here, we introduce
generic assumptions regarding the true system and review typical models and system
identification methods that are in some way connected to the methods proposed in
this thesis. The covered material is mostly based on [1]. References to other material
are indicated when appropriate.

Chapter 3

In Chapter 3, we provide more technical assumptions regarding the true system and
and external signals, which will be required to prove the asymptotic results of the
methods proposed. Here, we also provide some convergence and variance results for
the least squares method when the model order needs to tend to infinity for the
system to be in the model set. The approach taken is to let the model order increase
as function of the sample size at a particular rate. The results presented have been
derived in [25].

Chapter 4

Chapter 4 contains the main contribution of the thesis. Here, we propose a weighted
least squares method for estimation of structured models. We provide motivation and
relate the proposed method to other existing methods. Also, we perform an analysis of
the asymptotic properties; namely, we consider consistency, asymptotic distribution
and covariance. Finally, we discuss practical aspects in terms of implementation and
illustrate the properties and performance of the method with a simulation study.

The covered material is based on the following contributions:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A weighted least-squares
method for parameter estimation in structured models. In 53rd IEEE Confer-
ence on Decision and Control, pp. 3322–3327, Los Angeles, California, USA,
2014.
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• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. The weighted null-space fitting
method. (in preparation).

Chapter 5

In Chapter 5, we propose a method for estimation of structured plant models that
does not require a low order estimate of the noise model to be computed. As done
for the method in the previous chapter, we provide motivation and relate to existing
methods. Despite being derived with a different motivation than the method in
Chapter 4, and having apparently distinct algorithms, we observe that the methods
share close similarities. Simulations similar to those in Chapter 4 are performed.
The asymptotic analysis is not provided in this thesis, and it will be submitted as a
journal paper.

The covered material is based on the following contribution, to be submitted
soon:

• N. Everitt, M. Galrinho, and H. Hjalmarsson. Optimal model order reduction
with the Steiglitz-McBride method for open loop data. (in preparation).

Chapter 6

In Chapter 6, we deal with a particular limitation of methods that estimate a high
order unstructured model, regarding the truncation of the data due to unknown initial
conditions. We propose a procedure to include the complete data set and estimate
some transient related parameters. Although this procedure does not improve the
quality of the estimated high order model, we observe that the estimated transient
parameters also contain information about the system. Thus, they can be used
to improve the estimate of a low order model of interest with methods that do
so by making use of the high order model estimate. As the method proposed in
Chapter 4 is one such method, we discuss how the procedure can be incorporated
in this method. Then, in a simulation example, we observe clear improvements for
finite sample size.

The covered material is based on the following contribution:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. On estimating initial conditions
in unstructured models. In 54th IEEE Conference on Decision and Control,
pp. 2725–2730, Osaka, Japan, 2015.

Chapter 7

High order unstructured models are often used to model systems with a low order
structured description. For stable systems, there is a well known correspondence
between the unstructured model polynomials and the polynomials of the structured
model that generated the data. Some methods use this correspondence to perform
model order reduction from the unstructured estimate (e.g., the method proposed
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in Chapter 4). In this chapter, we consider unstable systems and the possibility
of using unstructured models to model them. We derive the relation between the
unstructured model polynomials obtained asymptotically and the polynomials of
the structured model that generated the data, and observe how this relation is more
general than the one for the stable case. This is an important result for methods
that use unstructured models to estimate a structured model. As an example, we
use it to discuss how the method proposed in Chapter 4 can be used to estimate
unstable systems.

The covered material is based on the following contributions:

• M. Galrinho, N. Everitt, and H. Hjalmarsson. ARX modeling of unstable
systems. (accepted for publication in Automatica).

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A weighted least squares
method for estimation of unstable systems. (submitted for publication to 55th
IEEE Conference on Decision and Control).

Chapter 8

In Chapter 8, we summarize the main conclusions of the thesis and provide possibil-
ities for future research directions.

Contributions not included in this thesis

The following contribution has not been included in this thesis:

• M. Galrinho, C. R. Rojas, and H. Hjalmarsson. A least squares method for
identification of feedback cascade systems. In Proceedings of the 17th IFAC
Symposium on System Identification, pp. 98–103, Beijing, China, 2015.

However, the work therein may be considered for further development regarding
application of the proposed methods to systems embedded in networks (see Chapter 8
for more details).





Chapter 2

Background

System identification deals with building mathematical models for dynamical systems
using experimental data from the system. In this chapter, we introduce the type of
systems considered and review common model structures and methods to identify
them. As the purpose of this chapter is to provide the essential background to
contextualize the contributions proposed in the thesis, the choice of covered material,
as well as the point of view and depth with which we review it, relates to how it
will be used in subsequent chapters.

The chapter is structured as follows. In Section 2.1, we provide a mathematical
description of the type of systems we consider. In Section 2.2, we review model
structures typically used in system identification that will be used throughout the
thesis. In Section 2.3, we discuss several identification methods that are in some
sense related to the proposed methods.

Most of the covered material is based on [1]. When based on other sources,
references are provided.

2.1 System Description

The systems considered in this thesis are linear time invariant (LTI). A system is
linear when the output to a linear combination of inputs is equal to the same linear
combination of outputs obtained from the individual inputs. It is time invariant
when the response does not depend on absolute time. The system will also be
assumed causal, meaning that the output at a certain time depends only on inputs
up to that time. Let u(t) be the continuous time input of such a system. Then, the
output y(t) of this system can be written as

y(t) = ∫ ∞
0

go(τ)u(t − τ)dτ, (2.1)

where go(τ) is the impulse response of the system. If y(t) and u(t) are scalars, the
system is said to be single-input single-output (SISO). For multiple-input multiple-

9
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output (MIMO) systems, y(t) and u(t) are vector-valued signals, and go(τ) is a
matrix.

Typically, data is acquired in discrete time. Therefore, we assume that the output
of the system is only available at sampling instants tk = kT , k = 1, 2, ..., at which we
have

yt ∶= y(kT ) = ∫ ∞
0

go(τ)u(kT − τ)dτ. (2.2)

For control applications, the input signal is typically kept constant between sampling
instants. Thus, we have

u(t) = uk, kT ≤ t < (k + 1)T. (2.3)

With these assumptions, and considering T = 1 for notational simplicity (the
choice of sampling time is not considered in this thesis), we have that

yt = ∞∑
k=1

go
kut−k, t = 0,1,2, ..., (2.4)

where t is, from here onwards, used to refer to the sampling instants, and

go
k = ∫ k

k−1
go(τ)dτ. (2.5)

According to (2.4), the output can be observed exactly. In practice, this is often
not the case, due to signals beyond our control that affect the system. In our system
description, we consider that the effect of these signals can be represented by an
additive term {vt} at the output, according to

yt = ∞∑
k=1

go
kut−k + vt. (2.6)

It is then assumed that the disturbance signal {vt} can be described as generated
by a stable and inversely stable filter driven by white noise,

vt = ∞∑
k=0

ho
ket−k, (2.7)

where the white noise sequence {et} is zero-mean, has finite variance and some
probability density function (PDF) fo

e .
Introducing the backward shift operator q−1, where

q−1ut = ut−1, (2.8)

we can re-write (2.4) as

yt = ∞∑
k=1

go
kq

−kut = Go(q)ut, (2.9)
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where
Go(q) ∶= ∞∑

k=1
go
kq

−k. (2.10)

With this description, we call Go(q) the plant transfer function of the system (2.4).
Treating the disturbance analogously, we can write

Ho(q) = ∞∑
k=0

ho
kq

−k, (2.11)

where Ho(q) is the true noise model transfer function. Finally, our LTI system with
additive disturbance can be written as

yt = Go(q)ut +Ho(q)et. (2.12)

All the systems considered in this thesis have the form (2.12).

2.2 Models

Our purpose with system identification is to construct a model that approximates
the behavior of the system description (2.12), using the knowledge of the input
sequence {ut} and the observed output {yt}. If the true system is given by (2.12), a
natural choice for a complete model description is given by

yt = G(q,{gk})ut +H(q,{hk})et (2.13)

and by the PDF of {et}, fe(⋅). Here, {gk} and {hk} are an infinite set of parameters to
be estimated such that, when gk = go

k and hk = ho
k, we have that Go(q) ≡ G(q,{go

k})
and Ho(q) ≡H(q,{ho

k}). If, in addition, fe = fo
e , the output {yt} generated by the

model description (2.13) has the same statistical properties as the one generated by
the true system (2.12).

Obtaining this model requires estimating the parameters {gk}, {hk}, and the
PDF fe. However, due to the infinite sequences {gk} and {hk}, and also the infinite
number of candidates for the function fe, it is impractical to obtain such a model.
Alternatively, the transfer functions Go(q) and Ho(q) can be parametrized by a
finite number of parameters, and the sequence {et} is characterized by its first
and second-order moments (often, {et} will also be considered Gaussian, in which
case the first two moments completely characterize the sequence). If we lump the
alternative finite set parameters to be determined in a vector θ, we may write our
model description with the new parametrization as

yt = G(q, θ)ut +H(q, θ)et. (2.14)

When the parameters characterizing the noise sequence are unknown, the PDF fe(⋅)
can also be parametrized as fe(x, θ) or previously estimated from data.

In this section, we overview different types of models that are common in system
identification, and which will be considered throughout this thesis.
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2.2.1 Transfer function models
In transfer function models, G(q, θ) and H(q, θ) are parametrized as rational transfer
functions, and the parameters to be determined are the coefficients of the numer-
ator and denominator polynomials. We now consider two parameterizations for
this purpose, which will be used in this thesis, and two particular cases of these
parameterizations. The models considered are SISO, but they can be extended to
the MIMO case.

Autoregressive Exogenous (ARX)

Consider the following model describing a linear difference equation,

yt + a1yt−1 +⋯ + anayt−na = b1ut−1 +⋯ + bnbut−nb + et. (2.15)

For this model, the parameters to be determined are

θ = [a1 ⋯ ana b1 ⋯ bnb]⊺ ∈ Rna+nb . (2.16)

In terms of the transfer functions G(q, θ) and H(q, θ) in the model description (2.14),
we have that

G(q, θ) = B(q, θ)
A(q, θ) , H(q, θ) = 1

A(q, θ) , (2.17)

where
A(q, θ) = 1+a1q

−1 +⋯ + anaq−na ,
B(q, θ) = b1q

−1 +⋯ + bnbq−nb . (2.18)

Based on (2.18), (2.15) can alternatively be written as

A(q, θ)yt = B(q, θ)ut + et. (2.19)

This model is called autoregressive exogenous (ARX), and, in the particular
case that na = 0, a finite impulse response (FIR) model. An advantage of the ARX
model is that it can be estimated using prediction error methods by solving a linear
regression problem. The main limitation of this type of model is that the noise
sequence {et} is simply filtered by the same denominator dynamics as the input,
and there is no independence in the parametrization of H(q, θ) from G(q, θ).
Autoregressive Moving Average Exogenous (ARMAX)

A more flexible model description than ARX is the ARMAX model, given by

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (2.20)

where
F (q, θ) = 1+f1q

−1 +⋯ + fnf q−nf ,
L(q, θ) = l1q

−1 +⋯ + lnlq−nl ,
C(q, θ) = 1+c1q−1 +⋯ + fncq−nc .

(2.21)
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Here, the parameter vector to be estimated is

θ = [f1 ⋯ fnf l1 ⋯ lnl c1 ⋯ cnc]⊺ ∈ Rnf+nl+nc . (2.22)

In terms of plant and noise model parametrization, we have

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

F (q, θ) . (2.23)

Thus, for ARMAX models, we observe that there is some independence in the
parametrization of H(q, θ), through the numerator C(q, θ). However, the noise
sequence {et} is still filtered by the same denominator dynamics as the input.

Box-Jenkins (BJ)

A more flexible model description is given by

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

D(q, θ) , (2.24)

where
F (q, θ) = 1+f1q

−1 +⋯ + fnf q−nf ,
L(q, θ) = l1q

−1 +⋯ + lnlq−nl ,
C(q, θ) = 1+c1q−1 +⋯ + fncq−nc ,
D(q, θ) = 1+d1q

−1 +⋯ + dndq−nd .
(2.25)

Here, the parameter vector to be estimated is

θ = [f1 ⋯ fnf l1 ⋯ lnl

c1 ⋯ cnc d1 ⋯ dnd]⊺ ∈ Rnf+nl+nc+nd . (2.26)

This model is called Box-Jenkins (BJ), as it was proposed by Box and Jenkins
in [26]. Its main advantage is the completely independent parametrization of G(q, θ)
and H(q, θ), both parametrized with numerator and denominator polynomials. It
is, thus, a quite general and flexible parametrization for (2.14).

In the case where the additive output disturbance is white noise, we have that
nd = 0 = nc. In terms of G(q, θ) and H(q, θ), we have

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = 1. (2.27)

This is called an output-error (OE) model.
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2.2.2 State-Space Models
An alternative model description is the state-space model. In this case, the relations
between input, disturbance, and output signals are described by a set of first order
difference equations (in discrete time), using an auxiliary vector xt called state. The
methods proposed in this thesis do not use a state-space form. However, this form
will be used sporadically for comparison with other methods. Thus, we will only
present one state-space description in discrete time that serves our purposes.

Although there are several state-space forms, we present here the innovations
form. In this form, we model the relation between input {ut}, white noise source{et}, and output {yt} as

xt+1 = A(θ)xt+B(θ)ut +K(θ)et
yt = C(θ)xt+et, (2.28)

where A, B, C, and K are matrices parametrized by the parameter vector θ.
Although one transfer function description can have several state-space descrip-

tions, due to the freedom of choosing the state vector xt, the transfer function
description is unique. Thus, from a state-space model (2.28), G(q, θ) and H(q, θ)
in (2.14) are given by

G(q, θ) = C(θ)[qI −A(θ)]−1B(θ),
H(q, θ) = C(θ)[qI −A(θ)]−1K(θ) + I. (2.29)

We observe that the denominator polynomials of both G(q, θ) and H(q, θ) are
obtained from the inverse of qI −A(θ). Therefore, if the state-space matrices are not
parametrized to impose specific pole-zero cancellations when converting to transfer
function, estimates of G(q, θ) and H(q, θ) will have the same poles, but different
zeros. This makes a state-space model equivalent to an ARMAX model in the SISO
case. If K(θ) ≡ 0, the state-space model is equivalent to an OE model. A BJ model,
on the other hand, is a more general description than state-space, since, in that
case, G(q, θ) and H(q, θ) are parametrized independently.

2.3 Identification Methods

The purpose of identification methods is to estimate models for dynamical systems.
System identification methods can be divided in several classes. Three important
classes of methods are prediction error methods (PEM), subspace methods, and
instrumental variable methods. Also, some methods are guided by the same objective
function as PEM, but use some indirect approach. We will divide this class of
methods in two separate subclasses: methods that perform an explicit optimization
of a maximum likelihood criterion and methods that use least squares iteratively to
avoid a non-convex optimization. The methods proposed in this thesis belong to the
latter subclass.
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In this section, we review methods that are in some sense related to the methods
that will be proposed. We cover PEM, methods that perform model order reduction
with an explicit maximum likelihood optimization, methods that use iterative least
squares, and subspace methods.

2.3.1 Prediction Error Method
The idea of the prediction error method is to obtain an estimate of the parameter
vector θ by minimizing a cost function of the prediction errors—that is, the difference
between the observed output at a certain time and its predicted value with a certain
model, based on past data.

At a particular value of the parameter vector θ, the model (2.14) can be used
to predict future outputs of the system (2.12), based on past inputs and outputs.
Typically, a one-step-ahead predictor is used. In this case, we want to use our model
to predict yt based on yk and uk, with k ≤ t − 1. The conditional expectation of
yt—given this information—is denoted by ŷt∣t−1(θ), and given by [1]

ŷt∣t−1(θ) =H−1(q, θ)G(q, θ)ut + [1 −H−1(q, θ)]yt. (2.30)

Then, the prediction error is the difference between the observed output yt and its
predicted value ŷt∣t−1(θ):

εt(θ) = yt − ŷt∣t−1(θ) =H−1(q, θ)[yt −G(q, θ)ut]. (2.31)

The variable εt represents the part of the output yt that cannot be predicted from
past data. Thus, if the model describes the true system, the prediction error sequence{εt(θo)} is white noise sequence. Here, θo are the parameter values describing the
true system, assuming that there exists θ = θo for which Go(q) = G(q, θo) and
Ho(q) =H(q, θo). In particular, at the true parameter values we have

εt(θo) = et. (2.32)

Under the criterion of PEM, the parameter vector θ that gives the model that
best describes the system is the one that minimizes a cost function of the prediction
errors,

VN(θ) = 1
N

N∑
t=1
l(εt(θ)), (2.33)

where N is the sample size and l(⋅) is a scalar-valued function. Typically, a quadratic
cost function is used, which is given by

VN(θ) = 1
N

N∑
t=1

1
2
ε2
t (θ) (2.34)

in the SISO case. The parameter estimate of θ obtained with PEM is then given by

θ̂N = arg min
θ

VN(θ). (2.35)
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The prediction error method can also be seen as a maximum likelihood (ML)
estimator. The idea of maximum likelihood is to describe the observed data as
realizations of stochastic variables, which have a certain PDF, parametrized by
θ. Then, the ML estimate of θ is the one that maximizes the likelihood that the
realization should take the observed values.

Suppose that, for a particular SISO model structure, we have a predictor function
and an assumed PDF for the prediction errors, such that

ŷt∣t−1 = gt(ut−1, tt−1; θ)
εt(θ) = yt − ŷt∣t−1, with PDF fe(x, t, θ), (2.36)

where gt is a sequence of functions parametrized by θ and depending on past input
and output data, contained in ut−1 ∶= {ut−1, ut−2, . . .} and yt−1 ∶= {yt−1, yt−2, . . .},
respectively. According to the model (2.36), the output is generated by

yt = gt(ut−1, yt−1; θ) + εt(θ). (2.37)

Then, the joint PDF of the observations

yN = [y1 ⋯ yN]⊺ (2.38)

is given by [1]

fy(θ; yN) = N∏
t=1
fe (εt(θ), t; θ) . (2.39)

Instead of maximizing this function, we can maximize its scaled logarithm,

L(θ) ∶= 1
N

log fy(θ; yN) = 1
N

N∑
t=1

log fe (εt(θ), t; θ) . (2.40)

Defining
l(εt(θ)) = − log fe (εt(θ), t; θ) , (2.41)

and replacing (2.41) in (2.40), we observe that the ML estimate of θ can be obtained
by minimizing (2.33). It is thus possible to see the ML estimator as a particular
case of PEM, with l(εt(θ)) chosen as (2.41).

In the particular case that the prediction errors are assumed to be Gaussian,
zero mean, with variance σ2

o , we have that

l(εt(θ)) = − log fe (εt(θ), t; θ) = C + logσ2
o

2
+ 1

2σ2
o
ε2
t (θ), (2.42)

where C is a constant. In this case, we obtain an estimate of the parameters by
minimizing

VN(θ) = 1
N

N∑
t=1
C + logσ2

o
2

+ 1
2σ2

o
ε2
t (θ). (2.43)
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Since σ2
o is a scalar, it does not play a role in the minimization if it is considered

independent of θ, and (2.43) has the same minimizer as the PEM cost function (2.34).
This implies that PEM with a quadratic cost function is optimal for Gaussian errors,
in a maximum likelihood sense.

Having obtained an estimate θ̂N from (2.35), its asymptotic statistical properties
can be analyzed. To do so, we assume that the system generating the data is in
the model set (2.14)—that is, there exists a parameter vector θo such that data is
generated according to (2.14), with θ = θo. In this case, we denote Go(q) = G(q, θo)
and Ho(q) =H(q, θo). Then, under mild regularity conditions, we have that [1]

θ̂N → θo, as N →∞, w.p.1, (2.44)

and the error
√
N(θ̂N − θo) converges in distribution to the normal distribution

according to √
N(θ̂N − θo) ∼ AsN (0,M−1

CR), (2.45)
where

MCR ∶= 1
σ2

o
E[ψt(θo)ψ⊺t (θo)] (2.46)

and
ψt(θo) = d

dθ
εt(θ)∣

θ=θo

. (2.47)

From (2.44), we have that PEM is consistent, meaning that the estimate θ̂N
converges to the true parameter θo, as N →∞, w.p.1. Otherwise, the estimate is said
to be biased. Moreover, for Gaussian errors and with a quadratic cost function, the
estimate θ̂N obtained in (2.35) is asymptotically efficient, meaning that consistent
estimators cannot asymptotically achieve a covariance lower than (2.46), which
corresponds to the Cramér-Rao bound (the exception are super-efficient estimators,
which can beat the Cramér-Rao bound if the set of parameters θ is a Lebesgue set
of measure zero [27]). In this case, for all θ̂N obtained by a consistent estimator,

Ascov[√N(θ̂N − θo)] ≥M−1
CR. (2.48)

The drawback with PEM is that the optimization problem (2.35) requires solving,
in general, a non-convex optimization problem. Therefore, solving this problem
might be computationally expensive, and the obtained estimate of θ might not be
the global minimizer of VN(θ).

Guarantees of convergence to the global minimum exist only under special
conditions, which depend on the model structure. For example, for ARMA models,
it has been shown that asymptotically there are no non-global minima [28]. For
ARMAX, output-error (OE), or Box-Jenkins (BJ) models, additional conditions are
required [29–32]. Moreover, input design [33] or pre-filtering [34] techniques can be
used to improve the convergence properties of PEM.

Nevertheless, for some model structures, the PEM estimate can be obtained by
solving a linear regression problem. This is the case of the ARX model structure,
which is considered next.
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ARX modeling

Consider the ARX model (2.15), which can be written in regressor form as

yt = (ϕnt )⊺ηn + et, (2.49)

where
ϕnt = [−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n]⊺ , (2.50)

and
ηn ∶= [a1 ⋯ an b1 ⋯ bn]⊺ ∈ Rn (2.51)

is now the parameter vector to be estimated (for reasons of consistency with later
notation for ARX models, we now use ηn for the ARX model parameters). Here,
for simplicity of notation, and without loss of generality, we assumed na = nb = n.

Using (2.31) with (2.17), we have that the prediction errors for this model
structure are given by

εt(ηn) = A(q, ηn) [yt − B(q, ηn)
A(q, ηn)ut] = A(q, ηn)yt −B(q, ηn)ut. (2.52)

Then, using (2.18) and (2.49), we can write

εt(ηn) = yt + a1yt−1 +⋯ + anyt−n − b1ut−1 −⋯ − bnut−n= yt − (ϕnt )⊺ηn. (2.53)

Using a quadratic cost function, the PEM estimate of the parameter ηn is given
by minimizing

VN(ηn) = 1
N

N∑
t=1

1
2
[yt − (ϕnt )⊺ηn]2

. (2.54)

The corresponding minimizer—η̂nN—is obtained by the least squares solution

η̂nN = [RnN ]−1rnN , (2.55)

where
RnN = 1

N

N∑
t=1
ϕnt (ϕnt )⊺, rnN = 1

N

N∑
t=1
ϕnt yt. (2.56)

Thus, for an ARX model structure, minimizing a PEM quadratic cost function
is a linear regression problem. Moreover, if the data are generated by (2.49) at some
ηn = ηno , the estimates η̂nN are asymptotically distributed according to [1]√

N (η̂nN − ηno ) ∼ AsN (0, σ2
o[RnN ]−1) , (2.57)

where σ2
o is the variance of {et}.

Note that constructing ϕnt for t ≤ n requires knowledge of {ut, yt} for t ≤ 0, which
is typically not the case. However, knowledge of initial conditions does not influence
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the asymptotic properties; thus, in Chapter 3, where our assumptions are formally
introduced, we consider the sums in (2.56) starting at t = n + 1. However, initial
conditions can be important for estimation with finite sample size. A procedure for
estimation of initial conditions is proposed in Chapter 6.

Another advantage of ARX models is that, if the model order n is allowed to
tend to infinity, they can approximate a quite general class of systems arbitrarily
well, which includes systems with BJ structure [25]. This will be formally described
in Chapter 3, but we can observe it with the following intuitive argument. Assume
that data was generated according to (2.12), with Go(q) and Ho(q) given by (2.10)
and (2.11), respectively. Consider also the ARX model (2.19), but with polynomials
of infinite order:

A(q, η) = 1 + ∞∑
k=1

akq
−k, B(q, η) = ∞∑

k=1
bkq

−k. (2.58)

This ARX model can also be written in regressor form as

yt = ϕ⊺t η + et. (2.59)

Here, we have that ϕt and η are infinite dimensional vectors, given by

ϕt ∶= [−yt−1 −yt−2 ⋯ ut−1 ut−2 ⋯]⊺ ,
η ∶= [a1 a2 ⋯ b1 b2 ⋯]⊺ . (2.60)

Asymptotically in N , estimates of A(q, η) and B(q, η) are obtained by minimizing
the cost function

V̄ (η) = 1
2
Ē [A(q, η)yt −B(q, η)ut]2 . (2.61)

If we assume that Go(q) is stable—that is, its coefficients in (2.10) decay to zero with
k at some rate—and Ho(q) is stable and inversely stable, the cost function (2.61)
has minimizers Ao(q) and Bo(q) given by [25]

Ao(q) = 1
Ho(q) , Bo(q) = Go(q)

Ho(q) . (2.62)

Furthermore, we observe that the ARX model estimate and its covariance matrix
form an asymptotic (in sample size and model order) sufficient statistic for our
problem. A statistic is said to be sufficient with respect to a model and its unknown
parameters when no other statistic calculated from the same sample can provide
additional information about the unknown parameters. Consequently, for a generic
system given by (2.12), the estimate η̂N and its covariance matrix can replace the
data samples, while no information is lost. Mathematically, if the joint PDF of the
data set yN can be written as

f(η; yN) = g (η;T (yN))h(yN), (2.63)
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T (yN) is a sufficient statistic with respect to η and the data yN [35]. We have that
the joint PDF of yN is given by

f(η; yN) = N∏
t=1

1√
2πσ2

o
exp{−yt − ϕ⊺t η

2σ2
o

}
= Cexp{− 1

2σ2
o
(η⊺ N∑

t=1
ϕtϕ

⊺
t η + 2

N∑
t=1
ϕ⊺t ytη)} exp{− 1

2σ2
o

N∑
t=1
y2
t } .

(2.64)

where we treat σ2
o as a known constant (as discussed before, for practical estima-

tion purposes the noise variance does not play a role in the SISO case). Letting
T (yN) = {RN , rN}, we have that RN ∶= ∑Nt=1 ϕtϕ

⊺
t and rN ∶= ∑Nt=1 ϕ

⊺
t yt form a suffi-

cient statistic for the data yN . Alternatively, since η̂N ∶= R−1
N rN , we can let instead

T (yN) = {RN , η̂N}, and say that η̂N and RN are the sufficient statistic.
The problem is that, if only N data samples are available, an infinite order ARX

model cannot be estimated. However, this does not render the ARX model useless
for the purpose of approximating more general structures. Under the assumption
that Go(q) is stable and Ho(q) is inversely stable, it can be observed in (2.62) that
the coefficients of Ao(q) and Bo(q) decay to zero with k. Therefore, despite the
bias error introduced by the truncation of the ARX model polynomials for finite n,
this error can be made arbitrarily small by letting n increase. This makes η̂nN and
RnN form an asymptotic (in model order) sufficient statistic for our problem. This
means also that using an ARX model with polynomials (2.18) can approximate the
system (2.12) arbitrarily well, if n = na = nb can be chosen arbitrarily large. For a
rigorous asymptotic analysis, we will let the model order n increase to infinity as
function of the sample size N according to some rate (as in [25], and first introduced
in this thesis in Chapter 3). For now, we simply write that, for sufficiently large N
and n,

A(q, η̂nN) ≈ 1
Ho(q) , B(q, η̂nN) ≈ Go(q)

Ho(q) , (2.65)

where the estimate η̂nN is obtained by (2.55).
The limitation of this approach is that, as the number of parameters in the ARX

model increases, so does the variance of the estimated model. Nevertheless, some
methods use a high order ARX model as an intermediate step to obtain an estimate
of a low order model of interest. Because it is of low order, the final estimated
model will have smaller variance. Because the ARX model is asymptotically a
sufficient statistic, the low order estimate may be asymptotically efficient if the
model reduction is performed in a statistically sound way.

2.3.2 Model Order Reduction with Explicit Maximum
Likelihood Optimization

The importance of the ARX model lies in the computational simplicity of the
estimation. At the same time, it can asymptotically approximate more general
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model structures. Therefore, an alternative to applying PEM on the data measured
is to first estimate a high order ARX model and then use a maximum likelihood
criterion to reduce it to the model of interest. We now proceed to discuss this type
of approach.

Exact Maximum Likelihood

Consider that data is generated by (2.12), and that Go(q) and Ho(q) have low
order representations—G(q, θo) and H(q, θo), respectively—and we are interested in
estimating the parameter vector θ. As discussed, an ARX model (2.49) can be used
to consistently model Go(q) and Ho(q) if the order of the ARX model is allowed to
tend to infinity. Then, fixing the order n of the ARX model to be sufficiently large
to capture the dynamics of the true system to a desired precision, the maximum
likelihood estimate of θ given η̂nN can be obtained. Following an approach similar to
the derivation of (2.40), the negative log-likelihood function of θ given ηnN is

L(θ) = −C − 1
2

log det [cov(η̂nN)] − 1
2σ2

o
[η̂nN − ηn(θ)]⊺ [cov(η̂nN)]−1 [η̂nN − ηn(θ)] ,

(2.66)
where C is a constant, cov(η̂nN) is the covariance of the estimates η̂nN (although this
quantity is typically not available, it can be replaced by a consistent estimate based
on (2.56) without affecting the asymptotic properties [36]), and ηn(θ) is the high
order parameter vector given as function of the low order parameter θ.

Because the two first terms in (2.66) are not dependent on θ, we can simply
minimize

VN(θ) = [η̂nN − ηn(θ)]⊺ [cov(η̂nN)]−1 [η̂nN − ηn(θ)] . (2.67)

Since η̂nN and RnN (which can replace [cov(η̂nN)]−1) are asymptotically a sufficient
statistic for this problem, (2.67) can be minimized to obtain an estimate of θ that
is almost asymptotically efficient. The error only lies in the truncation of the ARX
model. However, for exponentially stable systems, this error decreases fast as n
increases, comparing to the increase in variance by estimating more parameters.
Therefore, as shown in [36], by first lettingN →∞ and then n→∞, minimizing (2.67)
will provide asymptotically efficient estimates of θ.

The limitation with this approach is that minimizing (2.67) can still be a rather
complex non-convex optimization problem. Although it is a standard result that, if
initialized with a consistent estimate, an ML criterion provides an asymptotically
efficient estimate in one iteration of a Gauss-Newton method [24], the same is
true about PEM when applied directly to data, which commonly has convergence
problems. Nevertheless, if the data can now be condensed on an asymptotic sufficient
statistic of smaller dimensions, minimizing (2.67) can have numerical advantages
with respect to minimizing (2.34). This has been observed in [18], where this
procedure—called indirect PEM—is systematized for the case where the higher
order model is of fixed order.
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Indirect PEM

Indirect PEM is presented in [18] as follows. Consider that we are interested in
estimating a model structure parametrized by the vector θ, which we will denoteM1(θ). Consider also a model structure parametrized by the vector ηn, which we
will denote M2(ηn), such that M1 is a subset of M2. Note that indirect PEM
assumes thatM2(ηn) is of fixed order—that is,M2(ηn) is a subset ofM1(θ) for
finite n.

The idea of indirect PEM is to, in a first step, apply PEM toM2(ηn), obtaining
an estimate η̂nN of ηn. Then, in a second step, this estimate η̂nN is used to obtain an
estimate of θ using a maximum likelihood approach. The estimate θ̂N obtained in this
manner has the same asymptotic properties as if PEM had been applied toM1(θ)
directly. Although, in general, both steps of indirect PEM require solving non-convex
optimization problems, this can be avoided in some settings. In particular, for some
model structures M1, the model structure M2 can be chosen such that Step 1
becomes a linear regression problem.

Consider, for example, the modelM1(θ)
A1(q, θ)yt = B1(q, θ)ut + 1

D1(q, θ)et, (2.68)

where A1(q, θ), B1(q, θ), and D1(q, θ) are finite order polynomials in q−1, and {et}
is a Gaussian white noise sequence with variance σ2

o . The prediction errors associated
with (2.68) are given by

εt(θ) = A1(q, θ)D1(q, θ)yt −B1(q, θ)D1(q, θ)ut, (2.69)

which is non-linear in the model parameters θ. Therefore, the corresponding cost
function (2.34) will, in general, require local non-linear optimization techniques to
be minimized.

Alternatively, we re-write (2.68) as

A1(q, θ)D1(q, θ)yt = B1(q, θ)D1(q, θ)ut + et. (2.70)

Then, if we use an over-parametrization according to

A2(q, ηn)yt = B2(q, ηn)ut + et, (2.71)

we observe that this model, denotedM2(ηn), is an ARX model, and can be estimated
using PEM by solving a linear regression problem. Also, the model parameters
ηn of M2 can be written as function of the model parameters θ of M1—that is,
ηn = ηn(θ)—based on the polynomial equivalences

A2(q, ηn) = A1(q, θ)D1(q, θ), B2(q, ηn) = B1(q, θ)D1(q, θ). (2.72)

Having obtained an estimate η̂nN , an estimate θ̂N can be obtained by minimiz-
ing (2.67).
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We recall that minimizing (2.67) still requires, in general, local non-linear opti-
mization techniques, as the function ηn(θ) is non-linear. To minimize it, a Gauss-
Newton algorithm may be used, which consists on updating the low order estimates
according to

θ̂k+1
N = θ̂kN + [Q⊺(θ̂kN)[cov(η̂nN)]−1Q(θ̂kN)]−1

Q⊺(θ̂kN)[cov(η̂nN)]−1 [η̂nN − ηn(θ̂kN)] ,
(2.73)

where
Q(θ̂kN) = ∂ηn(θ)

∂θ
∣
θ=θ̂k

. (2.74)

Because it is an ML criterion, one Gauss-Newton step is enough to obtain
an estimate of θ that is asymptotically efficient, as long as the algorithm can be
initialized with a consistent estimate. For our example, a consistent estimate can be
obtained by replacing ηn with its estimate η̂nN in (2.72). In particular, estimates of
A1(q, θ) and B1(q, θ) can be obtained by least squares, based on the polynomial
relation

A1(q, θ)B2(q, ηn) −B1(q, θ)A2(q, ηn) = 0, (2.75)

replacing ηn by its estimate η̂nN . Then, an estimate of D1(q, θ) can be obtained also
by least squares, based on, for example,

A2(q, ηn) −A1(q, θ)D1(q, θ) = 0, (2.76)

replacing ηn by its estimate η̂nN , and A1(q, θ) by its estimate previously obtained.
This provides a consistent estimate, which can be used to initialized the Gauss-
Newton algorithm.

In conclusion, indirect PEM may be used to ease the computational burden of
PEM when the model structure M2 can be chosen such that Step 1 becomes a
least squares problem. Then, Step 2 provides estimates with the same asymptotic
statistical properties as if PEM has been applied toM1 directly. Although Step 2
still requires local linear optimization techniques, numerical issues and convergence
properties are considerably better than with a direct PEM estimation, because the
size of the problem is reduced, asM2 is a model of fixed order.

Asymptotic Maximum Likelihood for Model Order Reduction

Although minimizing criterion (2.67) gives asymptotically efficient estimates, it can
be re-written to provide additional intuition about the problem. This is done by
considering a particular form of the asymptotic maximum likelihood criterion [36].
We now return to the case that the order n may tend to infinity. Also, for the
methods that follow, we assume that the system is operating in open loop.

Consider again criterion (2.67); however, instead of replacing the unknown matrix[cov(η̂nN)]−1 by the consistent estimate RnN , we parametrize it with θ, Rn(θ) (as
argued in [36], this can be done while maintaining the asymptotic properties of the
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estimate). Thus, we minimize

VN(θ) = [η̂nN − ηn(θ)]⊺Rn(θ) [η̂nN − ηn(θ)] . (2.77)

Although minimizing (2.77) seems, at first sight, more complicated than when[cov(η̂nN)]−1 is replaced by RnN (due to extra dependencies on the parameter vector
θ), we have that this criterion can be written as an asymptotic ML criterion that
allows separating the estimation of G(q, θ) from the estimation of H(q, θ). As shown
in [36], if we ignore the truncated tails of the ARX model (which tend to zero
exponentially, and therefore do not affect the asymptotic properties of the estimate),
criterion (2.77) can be translated to the frequency domain using Parseval’s formula,
for large N , by

VN(θ) = ∫ 2π

0
∣G(eiω, η̂nN) −G(eiω, θ)∣2 Φu(eiω)∣H(eiω, η̂nN)∣2 dω

+ σ̂2

2π ∫
2π

0

∣H(eiω, η̂nN) −H(eiω, θ)∣2
∣H(eiω, η̂nN)∣2 dω, (2.78)

where σ̂2 is a consistent estimate of σ2
o and Φu is the spectrum of the input signal{ut}.

Criterion (2.78) allows us to observe that, asymptotically in N and in open loop
operation, the minimization problem to estimate θ can be simplified. This is due
to the first term in (2.78) being only dependent of G(q, θ) and the second term
only of H(q, θ). Therefore, if G(q, θ) and H(q, θ) are parametrized independently,
the estimation of θ can be separated into two smaller problems, one for estimating
G(q, θ) and another for estimating H(q, θ). If only a low order model of the plant
is of interest, we simply have to minimize

VN(θ) = ∫ 2π

0
∣G(eiω, η̂nN) −G(eiω, θ)∣2 Φu(eiω)∣H(eiω, η̂nN)∣2 dω. (2.79)

The asymptotic ML criterion can also provide intuition on how to use alternative
model reduction techniques (e.g., balanced reduction, Hankel norm model reduction).
Some procedures have been proposed in [37]. However, they do not provide optimal
estimates and are considered outside the scope of this thesis.

The ASYM method

Motivated by (2.79), the idea of the ASYM method [19] it to minimize

VN(θ) = 1
N

N∑
t=1

[(B(q, η̂nN)
A(q, η̂nN) −G(q, θ))A(q, η̂nN)ut]2

, (2.80)

which is a consistent estimate of (2.79) in the time domain. The limitation here is
that minimizing (2.80) is still a non-convex optimization problem. However, it is
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pointed out in [19] that this minimization problem has an advantage over directly
estimating G(q, θ) using PEM, which makes the method numerically more reliable:
because the output is not used explicitly in (2.80), and the noise contribution is only
present indirectly through the high order estimates, the influence of the disturbance
is reduced.

2.3.3 Linear Least Squares Methods
Some methods avoid a non-convex optimization procedure by applying least squares
to some fitting criterion, potentially with weighting and iteratively. A great variety
of such methods have been proposed and studied in signal processing and system
identification, for time and frequency domain applications. We now proceed to cover
a few methods that are of interest for comparison with the methods proposed in
this thesis.

For transfer function synthesis from frequency response data, various least
squares methods are presented under a unified framework in [38], which can be
considered to have the Sanathanan and Koerner method [39] as precursor. For sensor
array processing, several methods have also been unified under weighted subspace
fitting [40, 41]. Here, the optimal weighting is derived, and it is also shown that a
consistent estimate of the weighting matrix is sufficient to minimize the variance of
the obtained estimates.

The class of methods we will call iterative quadratic maximum likelihood (IQML)
consists essentially in attempting to optimize a maximum likelihood criterion by
applying iterative weighted least squares on a quadratic approximation. These
methods have been applied to different problems, with different choices for weighting
(e.g., [20, 42–47]). In some cases, these algorithms are asymptotically efficient for the
considered problem. Although with a seemingly different algorithm, the Steiglitz-
McBride method [48] can also be considered an IQML method; in some sense, it is
even equivalent to IQML [49].

We now proceed to review least squares methods related to IQML that we
consider relevant for the methods proposed in this thesis. Although more advanced
techniques have been proposed, for the purposes of our discussion we present the
algorithm in [20], by Evan and Fischl, as an example of what we call IQML. Then,
we review the Steiglitz-McBride method [48], an iterative least squares method,
and establish connections with the previous method. Finally, we present the Box-
Jenkins Steiglitz-McBride algorithm [23], which improves on the Steiglitz-McBride,
extending its range of applicability and improving its asymptotic properties.

Evan-Fischl Method

Consider an OE model, given by (2.24) with C(q) = 1 =D(q)—that is,

yt = L(q, θ)
F (q, θ)ut + et, (2.81)
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where
θ = [f1 ⋯ fn l1 ⋯ ln]⊺ ∈ R2n. (2.82)

For simplicity of notation, we assumed the same orders for L(q, θ) and F (q, θ); for
convenience, we define also

f ∶= [1 f1 ⋯ fn]⊺ ∈ Rn+1,

l ∶= [l1 ⋯ ln]⊺ ∈ Rn. (2.83)

Consider that
G(q, θ) ∶= L(q, θ)

F (q, θ) (2.84)

has impulse response coefficients {gk(θ)} according to

G(q, θ) = ∞∑
k=1

gk(θ)q−k, (2.85)

and assume that we have measured the first N coefficients {gk(θ)} from an impulse
response, which we denote by {ĝk}. Then, defining the error

εk(θ) = ĝk − gk(θ), (2.86)

we can obtain an estimate of θ by minimizing the error criterion

VN(θ) = N∑
k=1

ε2
k(f, l). (2.87)

Instead of performing the minimization explicitly, this can be done as follows.
Note that, by re-writing (2.84) as

F (q, θ)G(q, θ) −L(q, θ) = 0 (2.88)

and expanding its polynomials, we can write the relation between the respective
coefficients as ⎡⎢⎢⎢⎣

l

0

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
Q1

Q2

⎤⎥⎥⎥⎦ f, (2.89)

where

Q1 ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g1 0 ⋯ 0 0
g2 g1 ⋯ 0 0⋮ ⋮ ⋱ ⋮ ⋮
gn gn−1 ⋯ g1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Rn×(n+1),

Q2 ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gn+1 gn ⋯ g1

gn+2 gn+1 ⋯ g2⋮ ⋮ ⋱ ⋮
gN gN−1 ⋯ gN−n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R(N−n)×(n+1).

(2.90)
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Although the matrices Q1 and Q2 are not known, we can replace the coefficients {gk}
by their estimates {ĝk}, denoting the obtained matrices by Q̂1 and Q̂2, respectively.
Observing that

Q̂2f ≈ 0, (2.91)
and because the first term in f equals 1, an initial estimate f̂0 of f can be obtained
by least squares, according to

f̂0 = ⎡⎢⎢⎢⎢⎣
1

− (Q̂⊺
2Q̂2)−1

Q̂⊺
2 q̂2

⎤⎥⎥⎥⎥⎦ , (2.92)

where
q̂2 ∶= [ĝn+1 ĝn+2 ⋯ ĝN]⊺ . (2.93)

Note that f̂0 is a crude estimate, as (2.91) is not satisfied exactly when Q2 is
replaced by Q̂2. In particular, when we do this replacement, we can write

Q̂2f = T ⊺(f)ĝ, (2.94)

with

T ⊺(f) ∶=
⎡⎢⎢⎢⎢⎢⎢⎣
fn fn−1 ⋯ 1 0⋱ ⋱ ⋱
0 fn fn−1 ⋯ 1

⎤⎥⎥⎥⎥⎥⎥⎦
, ĝ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ĝ1

ĝ2⋮
ĝN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.95)

Then, the Evan-Fischl algorithm re-computes an estimate of fo using weighted least
squares, according to

f̂1 = ⎡⎢⎢⎢⎢⎣
1

− (Q̂⊺
2W (f̂0)Q̂2)−1

Q̂⊺
2W (f̂0)q̂2

⎤⎥⎥⎥⎥⎦ , (2.96)

where
W (f) = [T ⊺(f)T (f)]−1

. (2.97)
Then, one can continue to iterate, solving the weighted least squares problem

f̂k+1 = ⎡⎢⎢⎢⎢⎣
1

− (Q̂⊺
2W (f̂k)Q̂2)−1

Q̂⊺
2W (f̂k)q̂2

⎤⎥⎥⎥⎥⎦ (2.98)

until the estimates converge to a parameter vector that we denote by f̂∞. When
they have converged, the relation l = Q̂1f can be used to obtain an estimate of
l using a similar approach. In this case, no more iterations are required, as the
weighting matrix is the same. In particular, it depends only on f , whose estimates
have already converged.

A limitation of this procedure is that it does not consider the statistical properties
of the estimates {ĝk}. In Chapter 4, we will return to this question, and propose a
related algorithm that provides asymptotically efficient estimates for a more general
class of systems.
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The Steiglitz-McBride Method

We now present the Steiglitz-McBride method [48], which is related to IQML.
Consider the OE model (2.24) again, and assume that the data is generated by (2.81)
at some θ = θo. With a PEM estimator, the estimate of θ is obtained by minimizing

VN(θ) = 1
N

N∑
t=1

1
2
[yt − L(q, θ)

F (q, θ)ut]
2

. (2.99)

We observe that, at θ = θo, we have

VN(θo) = 1
N

N∑
t=1

1
2
e2
t . (2.100)

Therefore, the minimum VN(θo) corresponds to a function of a white error sequence,
as is the case when the true system is in the model set. The problem with mini-
mizing (2.99) is that it is, in general, non-convex in θ, requiring local non-linear
optimization routines.

To avoid this limitation, the Steiglitz-McBride method uses iterative least squares
to estimate θ. Consider, first, the following three step scheme. In the first step, an
ARX model

F (q, θ)yt = L(q, θ)ut + et (2.101)

is estimated by least squares, as in (2.55), and an estimate θ̂1
N of θ is obtained. In

the second step, the input and output are filtered by

yFt = 1
F (q, θ̂1

N)yt, uFt = 1
F (q, θ̂1

N)ut. (2.102)

In the third step, the ARX model

F (q, θ)yFt = L(q, θ)uFt + et, (2.103)

is estimated, providing a new estimate θ̂2
N of θ. Then, steps two and three can be

repeated to refine the estimate.
To understand the motivation for the algorithm, we start by observing that the

true system is not in the model set defined by (2.101), which is the model being
estimated. Thus, the cost function being minimized in the first step is

VN(θ) = 1
N

N∑
t=1

1
2
[F (q, θ)yt −L(q, θ)ut]2 . (2.104)

At the true parameters, we have

VN(θo) = 1
N

N∑
t=1

1
2
[F (q, θo)et]2 . (2.105)
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Therefore, the true parameter vector θo does not correspond to the cost function of
a white sequence.

However, in Step 3, at some iteration k, the function being minimized is

VN(θ) = 1
N

N∑
t=1

1
2

⎡⎢⎢⎢⎣
F (q, θ)
F (q, θ̂kN)yt − L(q, θ)

F (q, θ̂kN)ut
⎤⎥⎥⎥⎦

2

. (2.106)

Then, at θ = θo, we have

VN(θo) = 1
N

N∑
t=1

1
2

⎡⎢⎢⎢⎣
F (q, θo)
F (q, θ̂kN)et

⎤⎥⎥⎥⎦
2

. (2.107)

Thus, assuming convergence of θ̂kN to the true parameters θo, as k → ∞, (2.107)
asymptotically corresponds to (2.100).

Convergence of the Steiglitz-McBride has been studied in [21, 50]. The method
is locally convergent when the additive output noise is white; additionally if the
signal-to-noise ratio is sufficiently large, it is also globally convergent. However, for
arbitrarily poor signal-to-noise ratios, the spectral characteristics of the disturbance
term can always be chosen such that no stationary points exist.

Assuming convergence, the estimates are asymptotically Gaussian distributed.
However, the method is not asymptotically efficient: in general, the asymptotic
covariance is larger than M−1

CR.
Thus, although the Steiglitz-McBride is not a PEM algorithm, it attempts to

minimize a loss function of prediction errors without using non-convex optimization
techniques. Instead, it uses iterative least squares with data filtered by a model
based on the estimate obtained at the previous iteration. The main limitations
of Steiglitz-McBride are that it is only consistent with additive white noise (OE
models), and even then it is not asymptotically efficient.

An important remark is that the Steiglitz-McBride method can also be applied
to an impulse response estimate instead of data. In this case, we simply set

ut = ⎧⎪⎪⎨⎪⎪⎩
1, t = 0
0, t > 0

(2.108)

and yt = ĝk with t = k, where ĝk are defined similarly as in the Evan-Fischl algorithm.
If this is done, Steiglitz-McBride and Evan-Fischl are exactly equivalent, in the
sense that they provide the same estimates at each iteration. Although this has been
shown formally in [49], it can be intuitively understood as follows. At each iteration
of both methods, the previous denominator estimate is used to filter the signals. In
the Steiglitz-McBride, that is done by filtering with 1/F (q, θ). In Evan-Fischl, it is
done by weighting; however, the equivalence is due to the fact that the matrix T (f)
(which has Toeplitz structure) can be interpreted as a filtering by F (q, θ).

Evan-Fischl and the Steiglitz-McBride (when applied to an impulse response
estimate) can be seen as a way of performing model order reduction with an indirect
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procedure to minimize a cost function. In particular, instead of using a local non-
linear optimization technique, they apply least squares (combined with weighting
or filtering) iteratively. However, they are restricted to models with additive white
noise, and they do not consider the statistics of the impulse response estimate.
Consequently, the estimates will in general not be asymptotically efficient. The
following method attempts to deal with these limitations.

The Box-Jenkins Steiglitz-McBride Method

The Box-Jenkins Steiglitz-McBride (BJSM) method [22] combines ARX modeling
and the Steiglitz-McBride method. The idea is to estimate a high order ARX model
and use it to pre-filter the input and output data. Then, the Steiglitz-McBride
method is applied to the pre-filtered data set. This procedure not only extends the
range of applicability of the Steiglitz-McBride method to BJ models, but it also
provides asymptotically efficient estimates in open loop.

The method can be motivated as follows. Consider that data is generated
by (2.12), with

Go(q) = L(q, θo)
F (q, θo) , Ho(q) = C(q, θo)

D(q, θo) , (2.109)

where F (q, θo), L(q, θo), C(q, θo) andD(q, θo) are finite order polynomials, according
to (2.25). Here, we are interested in estimating the parameter vector

θ = [f1 ⋯ fnf l1 ⋯ lnl]⊺ ∈ Rnf+nl , (2.110)

with parametrization F (q, θ) and L(q, θ). We observe that, for the Steiglitz-McBride
iterations to be applied, the model of interest must be of OE structure, as (2.81).
Then, the idea is to estimate a high order ARX model and use it to create a data
set that has been generated by a system that is approximately of OE structure.

The first step of BJSM is to estimate an ARX model according to (2.55),
obtaining the estimated parameter vector η̂nN . Having estimated the ARX model,
the next step of the method is to create pre-filtered versions of the input and output
data—ypf

t and upf
t , respectively. This is done according to

ypf
t = A(q, η̂nN)yt, upf

t = A(q, η̂nN)ut. (2.111)

Then, notice that ypf
t and upf

t are related by

ypf
t = L(q, θo)

F (q, θo)upf
t +A(q, η̂nN)Ho(q)et. (2.112)

From (2.65), we observe that, for sufficiently large N and n, we have

A(q, η̂nN)Ho(q) ≈ 1. (2.113)
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Thus, we can write

ypf
t ≈ L(q, θo)

F (q, θo)upf
t + et. (2.114)

We conclude that the pre-filtered sequences {ypf
t } and {upf

t } are related by a system
approximately of OE structure, which is appropriate for the Steiglitz-McBride
method. Then, the final step of BJSM is to apply Steiglitz-McBride to the model
structure

ypf
t = L(q, θ)

F (q, θ)upf
t + et (2.115)

to obtain an estimate of θ.
The estimate of θ obtained with BJSM is asymptotically efficient, provided

convergence of the Steiglitz-McBride iterations and that the data are collected in
open loop [23]. Nevertheless, notice that not all the information in η̂nN is being used,
as the filtering (5.24) only uses A(q, η̂N) and not B(q, η̂N). This implies that the
high order ARX model is not used as a sufficient statistic for this problem. The
reason why it is still asymptotically efficient is that the output is still used. Although
having optimal statistical properties, re-using the data leads to two limitations,
which we proceed to discuss.

The first is quite counter-intuitive. Suppose that Ho(q) = 1 (i.e., the true system
is already of OE structure). Then, we have that Ao(q) = 1, and estimating a finite
impulse response (FIR) model would suffice to asymptotically model the true system.
However, if that is done, we notice that the filtering (2.111) would maintain the
data set unchanged, and BJSM would be reduced to the Steiglitz-McBride method,
which is not asymptotically efficient. If, on the other hand, it is not assumed that
Ao(q) = 1, and an estimate A(q, η̂N) is obtained as if the noise in the true system
were not white, BJSM is still asymptotically efficient. Thus, although an FIR model
is asymptotically a sufficient statistic for a system of OE structure (like the ARX
model is for BJ structures) it is not possible to make use of that information when
applying the BJSM method, since it does not exploit the full statistical properties
of the high-order model.

Second, we observe that although BJSM avoids a non-convex optimization
problem by applying the Steiglitz-McBride algorithm, it is asymptotically an iterative
method, in the sense that it requires the number of iterations of the Steiglitz-
McBride to tend to infinity in order to provide consistent and asymptotically
efficient estimates.

These two limitations separate BJSM from the model order reduction methods
based on maximum likelihood previously discussed. For these methods, the high
order model estimate and its covariance are used as a sufficient statistic, and
consistency with asymptotic efficiency can be guaranteed in one iteration. We return
to this question in Chapters 4 and 5, and establish a deeper connection between the
maximum likelihood methods in Section 2.3.2 and methods that use least squares
iteratively.
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2.3.4 Subspace Identification Methods
We now proceed to discuss another class of identification methods, known as subspace
methods [12]. Various types of subspace identification methods exist in the literature
(e.g., [51–55]; also, an overview is given in [56]). Although the focus of this thesis is
not on subspace identification, the method proposed in Chapter 4 has conceptual
similarities with the main ideas present in this methodology. With that purpose
in mind, we provide an overview of what characterizes these methods, which we
will later connect to the method proposed in Chapter 4. Here, we present Kung’s
algorithm [57]. Although this method is outdated, as more powerful subspace
methods have later been proposed in the literature, it captures some important
ideas that characterize subspace algorithms.

Subspace identification methods are characterized by a rank reduction step
based on a singular value decomposition (SVD) of a weighted matrix. Consider the
state-space model in (2.28); then, the extended observability and controllability
matrices are written as

Oe =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C

CA⋮
CAf−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Ce = [B AB ⋯ Ap−1B] , (2.116)

respectively, where f and p are user-defined parameters, known as future and past
horizon, whose influence has been discussed in [54].

Also, the impulse response coefficients {go
k} of the system, corresponding to the

parameters in (2.10), can be used to construct the Hankel matrix:

H({go
k}) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 go

2 ⋯ go
p

go
2 go

3 ⋯ go
p+1⋮ ⋮ ⋮

go
f go

f+1 ⋯ go
f+p−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.117)

A key observation is that H({go
k}) = OeCe. Thus, it has rank at most equal to the

order of the system [58], denoted by n.
A truncated version of the impulse response parameters can be easily estimated

by applying PEM to an FIR model, as in (2.15) with na = 0. Note that, with the
notation in (2.15) and na = 0, the truncated impulse response parameters correspond
to {bk}nbk=1. Early versions of subspace identification use this procedure to obtain
estimates of the impulse response parameters, {ĝk}. Then, these coefficients are
used to construct an estimate H({ĝk}) of the Hankel matrix. Due to the estimation
error, this Hankel matrix will usually be full rank. The key step is to use a singular
value decomposition of H({ĝk}),

H({ĝk}) = USV ⊺, (2.118)
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to form low rank estimates of Oe and Ce. For example, with f = p,
H({ĝk}) = p∑

k=1
skukv

⊺
k ≈ n∑

k=1
skukv

⊺
k = ÔeĈe, (2.119)

sk are the diagonal entries of S, and uk and vk the column vectors of U and V ,
respectively. Then, the extended observability and controllability matrices can be
estimated, for example, by

Ôe =
⎡⎢⎢⎢⎢⎢⎢⎣

√
s1u

⊺
1⋮√

snu
⊺
n

⎤⎥⎥⎥⎥⎥⎥⎦
, Ĉe = [√s1v1 ⋯ √

snvn]⊺ . (2.120)

In turn, these can be used to estimate the A, B, and C matrices in (2.28) (e.g., by
least squares).

Subspace methods estimate the range space of H({go
k}), represented by Ôe.

They do not employ local non-linear optimization, and thus do not suffer from
problems with local minima. This family of methods is also consistent under general
conditions.

Statistical (and numerical) properties can be improved by pre- and post-mul-
tiplying H({ĝk}) with weighting matrices before the SVD. Different methods are
characterized by different weighting matrices and procedures to estimate the impulse
response coefficients. We now proceed to cover SSARX [55]. This method uses a
high order ARX model, which makes it especially connected to the methods in this
thesis.

Consider, alternatively to the state-space model (2.28), the form

xt+1 = Ãxt+But +Ket
yt = Cxt+et, (2.121)

where
Ã = A −KC. (2.122)

The state-space form (2.121) can be used to write the state xt as

xt = p−1∑
k=0

Ãk (Kyt−k−1 +But−k−1) + Ãpxt−p. (2.123)

Therefore, for stable A, and by choosing p large enough, the state can be estimated
by a linear combination of past outputs,

x̂t = Kφpt , (2.124)

where K is a matrix with unknown coefficients, and

φpt ∶= [yt−1 ⋯ yt−p ut−1 . . . ut−p]⊺ . (2.125)
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Then, if an estimate of K is obtained, the state can be reconstructed, and the
state-space matrices recovered.

If we define
yft ∶= [yt yt+1 . . . yt+f−1]⊺ , (2.126)

where f is a user-defined parameter, and with analogous definitions for uft and eft ,
we can write the relation

yft = Γxt +Φuft +Ψyft + eft , (2.127)

with

Γ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C

CÃ⋮
CÃf−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Φ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ⋯ 0
CB 0
CÃB CB ⋱ ⋮⋮ ⋱ 0

CÃf−2B CB 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Ψ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ⋯ 0
CK 0
CÃK CK ⋱ ⋮⋮ ⋱ 0

CÃf−2K CK 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.128)

Replacing the state in (2.127) with its estimate (2.124) yields

yft −Φuft −Ψyft ≈ ΓKφpt + eft . (2.129)

An important observation is that (2.129) are the stacked outputs of an ARX
model, which is in general of infinite order. However, assuming Ã to be stable, we
can make the approximation of truncating the ARX model. Then, the main idea of
SSARX is to estimate a high order ARX model to obtain estimates of CÃkB and
CÃkK, for k = 0,1, . . . , f − 2, since

bk = CÃk−1B, ak = CÃkK, (2.130)

where {ak} and {bk} are the ARX model coefficients. Having obtained estimates of
these coefficients, they can be used to construct estimates of Φ and Ψ, which we
denote by Φ̂ and Ψ̂, respectively.

Using these estimates, define

zt ∶= yft − Φ̂uft − Ψ̂yft ≈ ΓKφpt + eft . (2.131)

Then, (2.131) can be seen as a low rank linear regression problem in ΓK. Recall
that the objective is to estimate K, so that we can reconstruct the state sequence.
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This is done by performing canonical correlation analysis on zt and φpt as follows.
First, define

M = (R̂zz)−1/2 (R̂zφp) (R̂φpφp)−1/2
, (2.132)

where
R̂zφp = 1

N

N∑
t=1
ztφ

p
t , (2.133)

and analogously for R̂zz and R̂φpφp . Then, compute a singular value decomposition

USV T =M. (2.134)

Finally, the CCA estimate of K is given by

K̂ = V ⊺
n (R̂φpφp)−1/2

. (2.135)

The state sequence is then estimated from (2.124), using K̂ as estimate of K.
Having an estimate of the state sequence, the state-space matrices can be

estimated by applying least squares to the state-space equations (2.121). In particular,
C is obtained by regressing yt on x̂t, while A, B, and K are obtained by regressing
x̂t+1 on x̂t, ut and yt.

A drawback with subspace identification is that it is not easy to incorporate
structural information in the A, B, and C estimates—for example, if, in transfer
function form, the desired model has a different number of parameters in the
numerator and denominator. Also, these methods are difficult to analyze statistically,
although significant contributions have been provided in [54, 59–63]. In general, it is
believed that these methods are asymptotically efficient only in special cases. They
are also commonly used to provide initial estimates for PEM.





Chapter 3

Asymptotic Properties of the Least Squares
Method

As discussed in Chapter 2, the prediction error method is a standard approach to
estimate a model description

yt = G(q, θ)ut +H(q, θ)et, (3.1)

as in (2.14), where G(q, θ) and H(q, θ) are rational transfer functions parametrized
by the parameter vector θ. The limitation of this approach is that, for most parame-
terizations, PEM requires solving a non-convex optimization problem, which can
converge to non-global minima.

However, for some parameterizations, finding the PEM estimate consists of
solving a linear regression problem. Consider, for example, the ARX model

(1 + n∑
k=1

akq
−k) yt = ( n∑

k=1
bkq

−k)ut + et, (3.2)

introduced in (2.15). Because (3.2) is linear in the model parameters {ak, bk}nk=1,
PEM with a quadratic cost function can be minimized explicitly. Then, for the
model (3.2), we have that

G(q, θ) = ∑nk=1 bkq
−k

1 +∑nk=1 akq
−k , H(q, θ) = 1

1 +∑nk=1 akq
−k . (3.3)

Alternatively,

1 + n∑
k=1

akq
−k = 1

H(q, θ) ,
n∑
k=1

bkq
−k = G(q, θ)

H(q, θ) . (3.4)

One limitation of this approach is clear from (3.4). If the data is generated
by (3.1) at some θ = θo such that 1/H(q, θo) and G(q, θo)/H(q, θo) have infinite
impulse responses, {ak, bk}nk=1 will not be able to capture the complete dynamics of
the true system. Consequently, the obtained model estimate will be biased.
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However, by the additional assumption that G(q, θo) and 1/H(q, θo) are stable,
their respective impulse response coefficients tend to zero with some rate. Then, if
n can be made arbitrarily large, the true system can be captured with arbitrary
accuracy by the parameters {ak, bk}nk=1. Thus, asymptotically in n, the obtained
model estimate will be consistent.

The limitation of making n too large is that, as more parameters are estimated,
the variance of the estimated model increases. Nevertheless, as discussed in Chap-
ter 2, high order ARX models are still useful as an intermediate step to obtain a
structured model, since their estimate—together with the covariance matrix—form
an asymptotic sufficient statistic for our problem.

One problem is that n cannot simply be set to infinity, due to the practical
impossibility of estimating a model with more parameters than the amount of
available data samples N . The approach taken in [25] is to let n depend on N .
Then, for an asymptotic analysis of the estimated model, we let n→∞ as N →∞
according to a specified rate. Consequently, even if G(q, θo) and 1/H(q, θo) have
impulse responses of infinite length, the true system is asymptotically in the model
set defined by (3.2).

In [25], the asymptotic statistical properties of the estimated ARX model are
analyzed. Because this thesis deals with methods that estimate high order ARX
models as an intermediate step to obtain the model of interest, the results in [25]
will be used for the statistical analysis of the proposed methods. This chapter
summarizes the results obtained therein that are of importance for the analysis
performed in this thesis.

In Section 3.1, we establish some definitions and assumptions. Results related to
convergence are presented in Section 3.2 and results related to variance in Section 3.3.

3.1 Definitions and Assumptions

Before introducing the assumption on the true system, we have the following
definition.

Definition 3.1 (fN -stability). Let fN be a decreasing sequence of positive scalars,
such that fN → 0 as N →∞. A filter G(q) = ∑∞k=0 gkq

−k is fN -stable if
∞∑
k=0

∥gk∥2 /fk <∞. (3.5)

The true system is subject to the following assumption.

Assumption 3.1 (True system). The data generating system has scalar input {ut},
scalar output {yt} and is subject to the scalar noise {et}, related by

Ao(q)yt = Bo(q)ut + et, (3.6)

where
Ao(q) = 1 + ∞∑

k=1
ao
kq

−k, Bo(q) = ∞∑
k=1

bo
kq

−k. (3.7)
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Moreover, Ao(q) and Bo(q) are fN -stable with fN = √
N—that is,

∞∑
k=1

√
k ∣ao

k ∣ <∞, ∞∑
k=1

√
k ∣bo

k ∣ <∞. (3.8)

Note that, for the methods proposed in this thesis, the true system is typically
of Box-Jenkins structure, as (2.24). Assumption 3.1 includes this case by letting

Ao(q) = 1 + ∞∑
k=1

ao
kq

−k ∶= 1
H(q, θo) , Bo(q) = ∞∑

k=1
bo
kq

−k ∶= G(q, θo)
H(q, θo) . (3.9)

The input {ut} will be later assumed to have a stochastic part. Then, we letFt−1 be the σ-algebra generated by {es, us, s ≤ t − 1}. For the noise, the following
assumption applies.

Assumption 3.2 (Noise). The noise sequence {et} is a stochastic process that
satisfies

E[et∣Ft−1] = 0, E[e2
t ∣Ft−1] = σ2

o , E[∣et∣10] ≤ C,∀t, (3.10)

for some positive finite constant C.

Before stating the assumption on the input sequence, we introduce the following
definition.

Definition 3.2 (fN -quasi-stationarity). Define

RNvv(t) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
N ∑Nt=τ+1 vtv

⊺
tτ
, 0 ≤ τ < N

1
N ∑N+τ

t=1 vtv
⊺
tτ
, −N < τ ≤ 0

0, otherwise.
(3.11)

The vector sequence {vt} is fN -quasi-stationary if

i) There exists Rvv(τ) such that
sup∣τ ∣≤N ∥RNvv(τ) −Rvv(τ)∥ ≤ C1fN

ii) 1
N ∑Nt=−N ∥vt∥2 ≤ C2

for N large enough, where C1 and C2 are finite constants.

For the input, the following assumption applies.

Assumption 3.3 (Input). The input sequence {ut} is defined by ut = −Ko(q)yt+rt,
under the following conditions.

i) The sequence {rt} is independent of {et}, fN -quasi-stationary with fN = √
logN
N

,
and uniformly bounded: ∣rt∣ ≤ C, ∀t.
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ii) Let the spectral factorization of the power spectral density of {rt} be Φrr(z) =
Fr(z)Fr(z−1). Then, Fr(q) is fN -stable with fN = 1.

iii) The closed loop system is fN -stable with fN = √
N .

iv) The feedback transfer function K(z) is bounded on the unit circle.

v) The spectral density of the process {[rt et]⊺} is bounded from below by the
matrix δI, δ > 0 (this implies an informative experiment).

Operation in open loop is obtained by taking Ko(q) = 0.
For the model to be estimated, the following assumption applies.

Assumption 3.4 (ARX model order). The model is given by

A(q, ηn)yt = B(q, ηn)ut + et, (3.12)

where
ηn = [a1 ⋯ an b1 ⋯ bn]⊺ . (3.13)

The estimate of the parameter ηn, η̂nN , is obtained similarly to (2.55), according to

η̂nN = [RnN ]−1rnN , (3.14)

where

RnN = 1
N

N∑
t=n+1

ϕnt (ϕnt )⊺, rnN = 1
N

N∑
t=n+1

ϕnt yt (3.15)

and
ϕnt = [−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n]⊺ . (3.16)

For the model order n, it holds that it depends on the sample size N—n = n(N)—
according to

D1. n(N)→∞, as N →∞;

D2.
√
Nd(N)→ 0, where d(N) = ∑∞k=n(N)+1 ∣ao

k ∣ + ∣bo
k ∣, as N →∞;

D3. n2(N) log(N)/N → 0, as N →∞;

D4. n4+δ(N)/N → 0, for some δ > 0, as N →∞.

Note that, although D4 implies D3, we maintain both conditions for convenience.
Although η̂nN is obtained by (3.14), a regularized estimate is considered for the

statistical analysis, according to

η̂nN ∶= η̂n,reg
N = [Rnreg(N)]−1rnN , (3.17)
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where

Rnreg(N) = ⎧⎪⎪⎨⎪⎪⎩
RnN if ∥[RnN ]−1∥ < 2/δ,
RnN + δ

2I2n otherwise,
(3.18)

for some small δ > 0. Asymptotically, the first and second order properties of η̂n,lsN

and η̂nN are identical [25]. Also, when n = n(N) according to Assumption 3.4, we
denote η̂N ∶= η̂n(N)N .

3.2 Convergence Results

In this section, we present results from [25] related to convergence.
Before introducing the first result, we define R̄nN and r̄nN as

RnN → R̄n (∶= Ē [ϕnt (ϕnt )⊺]) , as N →∞, w.p.1,
rnN → r̄n (∶= Ē [ϕnt yt]) , as N →∞, w.p.1, (3.19)

where the order n is fixed. The fact that these limits exist is a consequence of
Assumptions 3.1, 3.2, 3.3, and [25, Theorem 4.1]. The following lemma concerns
convergence of Rn(N)N .

Lemma 3.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, w.p.1,

∥Rn(N)N − R̄n(N)∥ ≤ 2n(N)
√

logN
N

+Cn2(N)
N

. (3.20)

Proof. See [25, Lemma 4.1].

Lemma 3.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, there exists N̄
such that, w.p.1, ∥RnN∥ ≤ C, ∀n, ∀N > N̄ . (3.21)

Proof. See [25, Lemma 4.2].

Before stating the next result, let

η̄n ∶= [R̄n]−1r̄n. (3.22)

Note that, from (3.14) and (3.19), we have that, for fixed n,

η̂nN → η̄n, as N →∞, w.p.1. (3.23)

The following theorem applies regarding convergence of η̂N .
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Theorem 3.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then,

∥η̂N − η̄n(N)∥ = O⎛⎝
√

n(N) logN
N

[1 + d(N)]⎞⎠ , (3.24)

and ∥η̂N − η̄n(N)∥→ 0, as N →∞, w.p.1. (3.25)

Proof. For the first part, see [25, Theorem 5.1]. The second part follows from the
fact that √

n(N) logN
N

[1 + d(N)]→ 0, as N →∞, (3.26)

using Conditions D2 and D3 in Assumption 3.4.

The following lemma concerns the error made, for fixed n, between the limit
vector η̄n and the truncated true parameter vector

ηno ∶= [ao
1 ⋯ ao

n bo
1 ⋯ bo

n]⊺ . (3.27)

Lemma 3.3. Let Assumptions 3.1, 3.2 and 3.3 hold. Then,

∥η̄n − ηno ∥ ≤ C ∞∑
k=n+1

∣ao
k ∣ + ∣bo

k ∣→ 0, as n→∞. (3.28)

Proof. The lemma is a direct consequence of [25, Lemma 5.1] and Condition D2 in
Assumption 3.4.

3.3 Variance Results

The following theorem concerns asymptotic distribution and covariance of variables
of the form θ = Υnηn, where Υn is an m × 2n deterministic matrix, with m fixed.

Theorem 3.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Also, let ∥Υn∥ be
bounded independently of the dimension 2n. Then, we have that√

NΥn(η̂N − η̄n(N)) ∼ AsN (0, P ), (3.29)

where
P = σ2

o lim
n→∞Υn[R̄n]−1(Υn)⊺, (3.30)

if the limit exists.

Proof. See [25, Theorem 7.3].



Chapter 4

Weighted Null-Space Fitting

In this chapter, we present the weighted null-space fitting (WNSF) method, a three
step weighted least squares method for parameter estimation of structured models.
This is the main contribution of this thesis. Essentially, the method consists of the
following steps. In the first step, a high order ARX model is estimated. In the second
step, this high order estimate is reduced to a structured one by least squares. In the
third step, the structured model is re-estimated by weighted least squares. We argue
that this method lies at the crossroad between PEM and subspace methods and that
it shares favorable properties with both domains—namely, asymptotic efficiency
and flexibility in the parametrization with PEM and guaranteed convergence with
subspace methods. The algorithm has also close similarities with the iterative least
squares methods in Section 2.3.3.

The chapter is organized as follows. In Section 4.1, we introduce the problem
statement with an output-error model. Although this is only a particular case of a
Box-Jenkins model, it allows for a more intuitive explanation of the motivation for
the method, which is provided in Section 4.2, where we compare it with subspace
and maximum likelihood methods. In Section 4.3, the algorithm is presented for
both output-error models and, more generally, Box-Jenkins models, where it is also
pointed out that it is applicable for other model structures, such as ARMAX. In
Section 4.4 we analyze the asymptotic properties of the method. In Section 4.5,
we illustrate the method and discuss practical aspects with a simulation example.
Finally, we summarize the main conclusions in Section 4.7.

The contributions in this chapter are mostly based on [64, 65].

4.1 Problem Statement

Consider an output-error model, which is a particular case of the Box-Jenkins
model (2.24), with C(q, θ) = 1 =D(q, θ), given by

yt = L(q, θ)
F (q, θ)ut + et, (4.1)
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where F (q, θ) and L(q, θ) are rational functions of the delay operator q−1, as

L(q, θ) = l1q
−1 +⋯ + lmlq−ml ,

F (q, θ) = 1+f1q
−1 +⋯ + fmf q−mf , (4.2)

and the sequence {et} is Gaussian white noise with variance σ2
o . The problem is to

estimate the coefficients of the polynomials F (q, θ) and L(q, θ),
θ = [f1 ⋯ fmf l1 ⋯ lml]⊺ ∈ Rmf+ml , (4.3)

using the known input sequence {ut} and the observed output {yt}, for t = 1, 2, ...,N .
We assume the output sequence was generated by (4.1), with some θ = θo. At the
true parameter values θo, we define Fo(q) ∶= F (q, θo) and Lo(q) ∶= L(q, θo).

This is a standard problem in system identification, and various methods to solve
it exist in the literature. Some of these methods have been covered in Chapter 2,
and their advantages and drawbacks were pointed out. In this chapter, we propose a
method that we consider to be formally between PEM and subspace identification,
sharing favorable properties with both domains. Conceptually, the method is close
to the iterative least squares methods discussed in Section 2.3.3.

4.2 Motivation

As motivation for the proposed method, we consider the Hankel matrix H({go
k})

in (2.117), as subspace methods, but we use the information it contains in a different
way. As covered in Section 2.3.4, subspace methods use the information about the
system contained in the range space of H({go

k}). Also, it was pointed out that a
limitation of these methods is to include structural information—for example, if
F (q, θ) and L(q, θ) in (4.2) are parametrized with mf ≠ ml. With this in mind,
we will instead look into the null-space of H({go

k}) and observe that it contains
information about the structure of the system.

We begin by expanding the rational transfer function Lo(q)/Fo(q) as

Lo(q)
Fo(q) = ∞∑

k=1
go
kq

−k. (4.4)

Then, using (4.2), we can write

(1 + fo
1 q

−1 +⋯ + fo
mf
q−mf ) ∞∑

k=1
go
kq

−k = lo1q−1 +⋯ + lomlq−ml , (4.5)

where fo
1 , . . . , f

o
mf
, lo1, . . . , l

o
ml

are the parameters in θ evaluated at θo. This can be
expressed using H({go

k}) in the following way (to keep matters simple, we consider
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mf = 2 and ml = 1). First, write (4.5) in matrix form, as
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 go
1

0 go
1 go

2
go

1 go
2 go

3
go

2 go
3 go

4⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
fo

2
fo

1
1

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣
lo1
0⋮
⎤⎥⎥⎥⎥⎥⎥⎦
. (4.6)

Then, extend it by adding columns:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 go
1 go

2 ⋯
0 go

1 go
2 go

3 ⋯
go

1 go
2 go

3 go
4 ⋯

go
2 go

3 go
4 go

5 ⋯⋮ ⋮ ⋮ ⋮ ⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fo
2 0 ⋯
fo

1 fo
2 ⋯

1 fo
1 ⋯

0 1 ⋯
0 0 ⋯⋮ ⋮ ⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
⎡⎢⎢⎢⎢⎢⎢⎣
lo1 0 ⋯
0 0 ⋯⋮ ⋮ ⋱

⎤⎥⎥⎥⎥⎥⎥⎦
. (4.7)

We recognize that the lower block of the {go
k}-dependent matrix in (4.7) is H({go

k}).
Thus, we see that the null-space of H({go

k}) determines fo
1 and fo

2 . Therefore, using
an estimate {ĝk} of {go

k} (which can be obtained, for example, by estimating a high
order FIR model), it is possible to construct H({ĝk}). As starting point, one can,
in a first step, estimate the null-space of H({ĝk}), and then obtain estimates of f1
and f2.

This method has been outlined in [66]. As in the subspace methods reviewed
in Section 2.3.4, which estimate the range space of H({ĝk}), the SVD of H({ĝk})
can also be used here to obtain an estimate of the space of interest (the null-space).
Likewise, the noisy Hankel matrix can be pre- and post-multiplied by weighting
matrices that influence the statistical properties.

An advantage of this procedure is that it is flexible in parametrization; for
example, we can specify structures such as mf ≠ ml, which is not possible with
the standard approach to subspace identification. To see this, notice that the first
equation in (4.6) relates to lo1. If there are more l-parameters, there will be additional
equations that determine these parameters.

Despite this advantage, this procedure still shares with subspace methods the
characteristic that it is not, in general, asymptotically efficient. We believe that the
problem can be traced to the weighting that is applied to the noisy matrix for which
the SVD is computed. Since it is a matrix weighting, it cannot be tailored to the
statistical properties of the individual elements of the matrix in question.

With this in mind, we will start afresh from (4.6), but will not add any more
columns. This will allow us to tailor the weighting exactly to the statistics of {ĝk},
paving the way for an asymptotically efficient estimate.

Proceeding with the same example, we define

go ∶= [go
1 go

2 go
3 go

4 ⋯]⊺ (4.8)
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and re-write (4.5) as

(go
1 − lo1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=z1(go,θo)

q−1 + (fo
1 g

o
1 + go

2)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=z2(go,θo)
q−2 +⋯ = 0, (4.9)

where
θ = [f1 f2 l1]⊺ . (4.10)

Defining the vector z(go, θo) by

z(go, θo) ∶= [z1(go, θo) z2(go, θo) z3(go, θo) ⋯]⊺ = 0, (4.11)

we reformulate (4.6) as

z(go, θo) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

go
1 0 0 −1
go

2 go
1 0 0

go
3 go

2 go
1 0

go
4 go

3 go
2 0⋮ ⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
fo

1
fo

2
lo1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0. (4.12)

From (4.12), it is clear that the parameter values we want to estimate are part of
the null-space of a matrix that is function of the impulse response of the system.
Since it is a null-space, the statistical considerations can be better tailored than in
the range space approach. To see how, we re-write (4.12) as

z∞(go, θo) = go −Q∞(go)θo = 0, (4.13)

where

Q∞(go) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1−go
1 0 0−go
2 −go

1 0−go
3 −go

2 0⋮ ⋮ ⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (4.14)

Here, we observe that (4.13) is linear in θ. Therefore, if the impulse response is
available, θ is easily obtained. This is true even if we truncate go to

gno ∶= [go
1 ⋯ go

n]⊺ . (4.15)

In this case, we write
z(gno , θo) = gno −Qn(gno )θo = 0, (4.16)
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where

Qn(gn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1−g1 0 0−g2 −g1 0−g3 −g2 0⋮ ⋮ ⋮−gn−2 −gn−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.17)

The truncated impulse response can be estimated with a finite impulse response
(FIR) model—that is, (2.19) with na = 0. This is not computationally costly, since
an FIR model can be obtained with PEM by solving a linear regression problem.
However, when (4.16) is computed with an estimate ĝnN of gno , we have that

z(ĝnN , θo) = ĝnN −Qn(ĝnN)θo, (4.18)

no longer equals zero. Rather, (4.16) and (4.18) can be used to write

z(ĝnN , θo) = z(ĝnN , θo) − z(gno , θo)= (ĝnN − gno ) − [Qn(ĝnN) −Qn(ĝno )] θo= Tn(θo)(ĝnN − gno ), (4.19)

where

Tn(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
f1 1 0 ⋮
f2 f1 1 ⋱ ⋮
0 f2 f1 ⋱ ⋱ ⋮⋮ ⋱ ⋱ 0
0 0 0 ⋯ f1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.20)

The key observation here is that z(ĝnN , θo) is linear in the noise term ĝnN−gno . Moreover,
although ĝnN−gno is unknown, we may assume that its asymptotic statistical properties
are known; in particular, we assume it to be Gaussian distributed with zero mean
and a certain covariance matrix Pg, obtained from the least squares estimator—that
is, √

N(ĝnN − gno ) ∼ AsN (0, Pg). (4.21)
This assumption is motivated by (2.57), where the covariance matrix Pg is specified.
The difference here is that the true system is not in the model set defined by the FIR
model. However, the assumption is reasonable if, for n large enough, the truncation
error is small (a formal argument is given later). Assuming (4.21), we then have
that √

Nz(ĝnN , θo) ∼ AsN (0, Tn(θo)PgT ⊺n(θo)). (4.22)
Knowing the statistics of z(ĝnN , θo) allows solving for θ using a maximum like-

lihood (ML) approach. First, we observe that, by taking the order n of the FIR
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model large enough, ĝnN is almost a sufficient statistic for our problem. The error
only lies in the truncation of the impulse response. Thus, ĝnN can be used to obtain
an estimate of θ that is, in some sense, almost asymptotically efficient. Second,
we observe that the map from z(ĝnN , θo) to ĝnN is unique. Therefore, we can use
z(ĝnN , θo) to obtain an estimate of θ that is almost asymptotically efficient. This we
can achieve by considering the ML estimate of θ based on z(ĝnN , θ). Analogously
to (2.66), the log-likelihood function of z(ĝnN , θ) is given by

L(θ) = log(C) − 1
2

log [2π detPz(θ)] − 1
2
[z(ĝnN , θ)]⊺P −1

z (θ)z(ĝnN , θ), (4.23)

where
Pz(θ) = Tn(θ)PgT ⊺n(θ) (4.24)

and C is a constant. This is a non-convex problem, as both z(ĝnN , θ) and Tn(θ)
depend on θ. However, the parameter-dependent part in the second term of (4.23)
is constant—namely, detT (θ) = 1. Thus, the first two terms are not parameter-
dependent, and we only need to maximize the last term. This is equivalent to (2.67),
where we discussed that a higher order model could be reduced to a structured
model by optimizing an ML criterion. Although this is still a non-convex problem,
we have now written it in a way that allows us to use iterative weighted least squares
instead, as will be detailed in the next section.

We now present our method, which we call weighted null-space fitting (WNSF).
We argue that the proposed approach can be used to obtain an asymptotically
efficient estimate.

4.3 The Algorithm

In this section, we present the WNSF method in detail. It is a three step weighted
least squares method, consisting of the following steps. First, a high order ARX model
is computed by least squares. Second, this model is reduced to a structured estimate
using the least squares method. Third, the structured estimate is re-estimated, using
weighted least squares, with the weighting matrix obtained from the first structured
estimate.

4.3.1 Output-Error
For a more intuitive understanding, we maintain the OE case, which does not require
as heavy notation as BJ.

Step 1: High order FIR model

Consider the FIR model
yt = n∑

k=1
gkq

−kut + et. (4.25)
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Using PEM, the parameter vector

gn ∶= [g1 ⋯ gn]⊺ (4.26)

can be estimated using a least squares approach, as it is only a particular case of the
ARX model (2.49). Using the same steps as for the ARX model, we re-write (4.25)
in the regressor form (2.49), as

yt = (ϕnt )⊺gn + et, (4.27)

where
ϕnt = [ut−1 ⋯ ut−n]⊺ . (4.28)

Then, the least squares estimate of gn, analogously to (2.55), is obtained by

ĝnN = [RnN ]−1rnN , (4.29)

with RnN and rnN as in (2.56)—that is,

RnN = 1
N

N∑
t=n+1

ϕnt (ϕnt )⊺, rnN = 1
N

N∑
t=n+1

ϕnt yt. (4.30)

If initial conditions are known, the sums in (4.30) may be started at t = 1.
We recall from Chapter 3 that, as the sample size increases, we have

RnN → R̄n (∶= Ē [ϕnt (ϕnt )⊺]) , as N →∞, w.p.1,
rnN → r̄n (∶= Ē [ϕnt yt]) , as N →∞, w.p.1. (4.31)

Then, we also have that

ĝnN → ḡn = [R̄n]−1
r̄n, as N →∞, w.p.1. (4.32)

Regarding the asymptotic distribution of the estimates, we have√
N (ĝnN − ḡn) ∼ AsN (0, σ2

o [R̄n]−1) . (4.33)

If the order n is chosen large enough, (4.25) can model (4.1) with arbitrary
accuracy. However, the drawback is that the unstructured estimate (4.29) may have
high variance, especially when n has to be chosen large.

Step 2: Reduction to an OE model

The second step of the WNSF method is to use (4.16) to obtain an estimate of θ
from ĝnN . If gno were known, it would be satisfied that

θo = (Q⊺
n(gno )Qn(gno ))−1

Q⊺
n(gno )gno . (4.34)

With an estimate ĝnN , we use a least squares approach to obtain an estimate of θo:

θ̂LS
N = (Q⊺

n(ĝnN)Qn(ĝnN))−1
Q⊺
n(ĝnN)ĝnN . (4.35)
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Step 3: Re-estimation of the OE model

The third step consists of re-estimating θ in a statistically sound way. Recall that,
when ĝnN replaces gno in (4.16), we obtain (4.19), which are the residuals we attempt
to minimize. These residuals are distributed according to (4.22), but we still have to
determine the matrix Pg in (4.21). If the true system were in the model set defined
by the FIR model (4.25), because PEM is a consistent estimator, we would have that
ḡn = gno , where ḡn is given by (4.32). Then, from (4.33), the statistical properties
of ĝnN − gno would be known. The difference between ḡn and gno is due to the bias
error induced by truncation of the impulse response to n parameters. Because this
bias error can be made arbitrarily small by taking n arbitrarily large, the difference
between these vectors should, in some sense, be close to zero for sufficiently large n.
Then, we will approximately consider that√

N (ĝnN − gno ) ∼ AsN (0, σ2
o [R̄n]−1) , (4.36)

from where we observe that Pg in (4.21) is given by Pg = σ2
o [R̄n]−1. Then, for the

residuals (4.19), we have√
Nz(ĝnN , θo) ∼ AsN (0, Tn(θo)σ2

o [R̄n]−1
T ⊺n(θo)) . (4.37)

Knowing the statistical properties of z(ĝnN , θo), θ can be estimated by weighted
least squares, where the estimate with minimum variance is given by solving the
weighted least squares problem

θ̂WLSo
N = (Q⊺

n(ĝnN)W̄n(θo)Qn(ĝnN))−1
Q⊺
n(ĝnN)W̄n(θo)ĝnN , (4.38)

where the weighting matrix

W̄n(θo) = (Tn(θo)σ2
o[R̄n]−1T ⊺n(θo))−1 (4.39)

is the inverse of the covariance of the residuals z(ĝnN , θo) in (4.19) [67]. This corre-
sponds to maximizing the log-likelihood function (4.23) with Pz(θo)—that is, Pz(θ)
is fixed at the true parameters.

In practice, θo is not available, so we use its estimate θ̂LS
N instead. Likewise,

instead of R̄n, we use the sample covariance RnN . Also, σ2
o can be disregarded, since

a scalar contribution to the weighting does not change the solution of a weighted
least squares problem. Thus, the third step consists on re-estimating θ by

θ̂WLS
N = (Q⊺

n(ĝnN)Wn(θ̂LS
N )Qn(ĝnN))−1

Q⊺
n(ĝnN)Wn(θ̂LS

N )ĝnN , (4.40)

where
Wn(θ̂LS

N ) = T −⊺n (θ̂LS
N )RnNT −1

n (θ̂LS
N ). (4.41)

Recalling the log-likelihood function (4.23), (4.40) maximizes (4.23) if we fix Pz(θ)
to Pz(θ̂LS

N ). Although, as we will show in Section 4.4, one iteration is enough to
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obtain an asymptotically efficient estimate, it is also possible to continue to iterate
and attempt to maximize (4.23) by solving

θ̂k+1
N = (Q⊺

n(ĝnN)Wn(θ̂kN)Qn(ĝnN))−1
Wn(θ̂kN)Q⊺

n(ĝnN)ĝnN (4.42)

iteratively, where θ̂kN is the estimate obtained at iteration k. This technique is known
by iterative weighted least squares, and it could be beneficial for finite sample size,
as discussed in Section 4.5.

The proposed method is related to the IQML algorithm presented in Section 2.3.3.
However, WNSF performs simultaneous estimation of L(q, θ) and F (q, θ) and
considers the statistical properties of the impulse response estimate. As a consequence,
the estimates obtained will be asymptotically efficient.

Moreover, there is a strong conceptual similarity with the weighted subspace
fitting method [40, 41] mentioned in Section 2.3.3. For this method, the optimal
weighting for a subspace fitting problem is also derived, and it is shown that a
consistent estimate of the weighting matrix is sufficient to asymptotically minimize
the variance of the obtained estimates. The proposed method has a similar approach,
but starts by considering the null-space of certain matrix; hence, we name it weighted
null-space fitting.

Summary

The WNSF method consists, for OE models, of the following steps:

1. estimate a high order FIR model by least squares, according to (4.29);

2. reduce the high order model to an OE model, according to (4.35);

3. re-estimate the OE model, according to (4.40).

A limitation here is the assumption that the system if affected by a white
disturbance. In the next subsection, we relax this assumptions by considering
colored disturbances. In particular, we assume that the system is Box-Jenkins (BJ).

4.3.2 Box-Jenkins

Consider the BJ model

yt = L(q, θ)
F (q, θ)ut + C(q, θ)

D(q, θ)et. (4.43)

where
C(q, θ) = 1 + c1q−1 +⋯ + fmcq−mc ,
D(q, θ) = 1 + d1q

−1 +⋯ + dmdq−md , (4.44)
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and F (q, θ) and L(q, θ) are according to (4.2). Here, the parameter vector we are
interested in estimating is

θ = [f1 ⋯ fmf l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd]⊺ ∈ Rmf+ml+mc+md . (4.45)

We assume that data is generated according to (4.43) for some θ = θo, at which
we define Co(q) ∶= C(q, θo) and Do(q) ∶= D(q, θo), while maintaining analogous
definitions for Fo(q) and Lo(q) from the OE case.

Consider also the ARX model

A(q, ηn)yt = B(q, ηn)ut + et, (4.46)

where
A(q, ηn) = 1+a1q

−1 +⋯ + anq−n,
B(q, ηn) = b1q

−1 +⋯ + bnq−n, (4.47)

and the parameter vector to be estimated is

ηn = [a1 ⋯ an b1 ⋯ bn]⊺ . (4.48)

If we let the order n tend to infinity, the ARX model (4.46) approximates the
BJ model (4.43) arbitrarily well. In particular, with

ηo = [a1 a2 ⋯ b1 b2 ⋯]⊺ , (4.49)

we have that
L(q, θo)
F (q, θo) = B(q, ηo)

A(q, ηo) , C(q, θo)
D(q, θo) = 1

A(q, ηo) . (4.50)

In other words, (4.43) evaluated at θ = θo and (4.46) evaluated at η = ηo generate
the same output.

Step 1: High order ARX model

Step 1 of the algorithm consists in estimating the parameter ηn of the high order
ARX model, analogously to the OE case with a high order FIR model. This is done
by writing the ARX model in its regressor form (2.49),

yt = (ϕnt )⊺ηn + et, (4.51)

where ϕnt is, as in (2.50), given by

ϕnt = [−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n]⊺ . (4.52)
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Then, as in (2.55), we compute

η̂nN = [RnN ]−1rnN , (4.53)

with RnN and rnN defined as in (4.30), but with the corresponding ϕnt from (4.52). As
in the FIR case, (4.31) still holds with corresponding RnN and rnN , and, analogously
to (4.32), we now write

η̂nN → η̄n = [R̄n]−1
r̄n, as N →∞, w.p.1. (4.54)

Regarding the asymptotic distribution of the estimates, we have, analogously
to (4.33), √

N (η̂nN − η̄n) ∼ AsN (0, σ2
o [R̄n]−1) . (4.55)

Step 2: Reduction to a BJ model

Inserting the respective polynomial expressions in (4.50), we can write

(1 + co
1q

−1 +⋯ + co
mcq

−mc)(1 + ∞∑
k=1

ao
kq

−k) − (1 + do
1q

−1 +⋯ + do
md
q−md) = 0,

(1 + fo
1 q

−1 +⋯ + fo
mf
q−mf ) ∞∑

k=1
bo
kq

−k − (lo1q−1 +⋯ + lomlq−ml)(1 + ∞∑
k=1

ao
kq

−k) = 0.

(4.56)
In matrix form, the coefficients of q−1 to q−n of these polynomials are related by

z(ηno , θo) = ηno −Qn(ηno )θo = 0, (4.57)

where
ηno = [a1 ⋯ an b1 ⋯ bn]⊺ , (4.58)

Qn(ηn) = ⎡⎢⎢⎢⎣
0 0 −Qcn(ηn) Qdn−Qfn(ηn) Qln(ηn) 0 0

⎤⎥⎥⎥⎦ . (4.59)

Moreover,

Qcn(ηn) = Tn,mc(A(q, ηn)), Qln(ηn) = Tn,ml(A(q, ηn)),
Qfn(ηn) = Tn,mf (B(q, ηn)), Qdn = ⎡⎢⎢⎢⎣

Imd,md
0n−md,md

⎤⎥⎥⎥⎦ ,
(4.60)

where Tn,m(X(q)) is the Toeplitz matrix of size n×m (m ≤ n) with zeros above the
main diagonal and whose first column is [x0 ⋯ xn−1]⊺, where X(q) = ∑∞k=0 xoq

−k.
We notice that the relation (4.57) between the high order model parameters ηno

and the low order model coefficients θo is linear in θo. Therefore, motivated by (4.57),
and analogously to the OE case, Step 2 of the algorithm consists in solving the least
squares problem

θ̂LS
N = (Q⊺

n(η̂nN)Qn(η̂nN))−1
Q⊺
n(η̂nN)η̂nN . (4.61)
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Step 3: Re-estimation of the BJ model

Finally, Step 3 will also be analogous to the third step in the OE case, with a
weighting matrix that we proceed to determine. The optimal weighting matrix is
given by the inverse of the covariance of

z(η̂nN , θo) = η̂nN −Qn(η̂nN)θo = Tn(θo)(η̂nN − ηno ), (4.62)

where Tn(θ) is now given by

Tn(θ) = ⎡⎢⎢⎢⎣
T cn(θ) 0−T ln(θ) T fn (θ)

⎤⎥⎥⎥⎦ , (4.63)

with
T cn(θ) = Tn,n(C(q, θ)), T ln(θ) = Tn,n(L(q, θ)),
T fn (θ) = Tn,n(F (q, θ)). (4.64)

Then, we have that the residuals in (4.62) are still distributed according to (4.37),
but with the corresponding Tn(θo), given by (4.63) evaluated at θ = θo.

Thus, when applied to BJ models, Step 3 of the WNSF algorithm consists in
solving

θ̂WLS
N = (Q⊺

n(η̂nN)Wn(θ̂LS
N )Qn(η̂nN))−1

Wn(θ̂LS
N )Q⊺

n(η̂nN)η̂nN , (4.65)

where W (θ̂LS
N ) is computed as in (4.41), but with the corresponding T (θ̂LS

N ), given
by (4.63) evaluated at the estimated parameters θ̂LS

N .

4.3.3 Other Model Structures
Although we have presented the WNSF method for OE models (unitary noise
model) and BJ models (fully independently parametrized noise model), the method
is applicable for other model structures, for example when G(q, θ) and H(q, θ) share
parameters. This is because the WNSF method is flexible in parametrization, as
long as there is a linear relation between the high order ARX model parameters
and the parameters of the low order model of interest.

Consider, for example, an ARMAX model (2.20), given by

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (4.66)

where F (q, θ), L(q, θ), and C(q, θ) are given as the corresponding polynomials
in (4.44), and

θ = [f1 ⋯ fmf l1 ⋯ lml c1 ⋯ cmc] ∈ Rmf+ml+mc . (4.67)

In the first step, a high order ARX model is estimated. Then, steps two and three
can be derived by writing a relation similar to (4.57), relating the high order ARX
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model parameters with the low order model parameters. In particular, at the true
parameter values, we have

(1 + co
1q

−1 +⋯ + co
mcq

−mc)(1 + ∞∑
k=1

ao
kq

−k) − (1 + fo
1 q

−1 +⋯ + fo
md
q−md) = 0,

(1 + fo
1 q

−1 +⋯ + fo
mf
q−mf ) ∞∑

k=1
bo
kq

−k − (lo1q−1 +⋯ + lomlq−ml)(1 + ∞∑
k=1

ao
kq

−k) = 0,

(4.68)
which are linear in θo. Therefore, (4.68) can be written in form (4.57), and the
remaining steps follow accordingly.

4.4 Asymptotic Properties

We now turn to the asymptotic analysis of the WNSF method. In particular, we will
show that the method is consistent and asymptotically efficient for the model (4.43),
with corresponding true system at θ = θo.

When we let n = n(N) according to Assumption 3.4, we use η̂N ∶= η̂n(N)N . We will
also denote η̄n(N) and ηn(N)o , defined in (4.54) and (4.58), respectively. Concerning
the matrices R̄n (4.31), Qn (4.59), Tn (4.63), W̄n (4.39), andWn (4.41), we maintain
the subscript n even if n = n(N) for notational simplicity. However, we will specify
whether n is fixed or increasing with sample size when it is not obvious from the
context.

Regarding consistency of the estimate θ̂LS
N (4.61), we have the following result.

Theorem 4.1. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, the estimate θ̂LS
N

in (4.61) is a consistent estimate of θo—that is,

θ̂LS
N → θo, as N →∞, w.p.1. (4.69)

Moreover, we have that

∥θ̂LS
N − θo∥ = O⎛⎝

√
n(N) logN

N
(1 + d(N))⎞⎠ . (4.70)

Proof. See Appendix 4.A.1.

Regarding consistency of the estimate θ̂WLS
N (4.65), we have the following result.

Theorem 4.2. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, the estimate
θ̂WLS
N in (4.65) is a consistent estimate of θo—that is,

θ̂WLS
N → θo, as N →∞, w.p.1. (4.71)

Proof. See Appendix 4.B.1.
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Regarding asymptotic distribution and covariance, we first recall that the estimate
of θ obtained with PEM has asymptotic covariance M−1

CR, where

MCR = Ē [ψt(θo)ψ⊺t (θo)] , (4.72)

according to (2.46). For the considered parameter vector θ (4.45), we have that
MCR is given by (4.72) with

ψt(θo) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− Go
HoFo

Γmfut
1

HoFo
Γmlut

1
Co

Γmcet− 1
Do

Γmdet

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Γm =

⎡⎢⎢⎢⎢⎢⎢⎣
q−1

⋮
q−m

⎤⎥⎥⎥⎥⎥⎥⎦
. (4.73)

With Gaussian noise and a correctly parametrized model, M−1
CR corresponds to the

minimum covariance asymptotically achievable by a consistent estimator.
Then, we have the following result regarding asymptotic distribution and covari-

ance of the estimate θ̂WLS
N (4.65).

Theorem 4.3. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Then, the estimate
θ̂WLS
N in (4.65) is asymptotically Gaussian distributed according to√

N(θ̂WLS
N − θo) ∼ AsN (0, σ2

oM
−1
CR), (4.74)

where MCR is given by (4.72).

Proof. See Appendix 4.C.

As consequence of Theorem 4.3, the WNSF method is asymptotically efficient
when the noise is Gaussian, as it has the same asymptotic covariance as PEM.

4.5 Simulation Examples

In this section, we perform two simulation examples. First, we consider a fixed
system, which allows us to illustrate the asymptotic properties of the method.
Second, we perform a simulation with random systems to evaluate performance
of the method compared to PEM. We also discuss practical aspects in terms of
implementation.

4.5.1 Fixed System
The first simulation has the purpose of illustrating that the method is asymptotically
efficient. We consider that data is generated in closed loop with unit feedback,
according to

yt = Go(q)
1 +Go(q)rt + Ho(q)

1 +Go(q)et,
ut = 1

1 +Go(q)rt − Ho(q)
1 +Go(q)et,

(4.75)



4.5. Simulation Examples 57

where
Go(q) = q−1 + 0.1q−2

1 − q−1 + 0.9q−2 , Ho(q) = 1 + 0.7q−1

1 − 0.9q−1 , (4.76)

with {rt} and {et} Gaussian white sequences with variances 1 and 0.25, respectively.
The model we estimate has the correct structure and orders. We perform 1000
Monte Carlo runs, with ten different sample sizes between N = 300 and N = 300000,
as indicated in Fig. 4.1.

We compare PEM and WNSF. As this simulation has the purpose of illustrating
asymptotic properties, PEM is started at the true parameter values. For WNSF, we
consider two different alternatives. One is the standard three step procedure. We
will refer to this alternative as WNSF with one iteration, since Step 2 serves to find
an initial point for the iterative algorithm (4.42), and Step 3 is considered the first
iteration. The other alternative is to continue to iterate, and we choose the model
estimate obtained at the iteration that minimizes the PEM cost function (2.34).

Another concern is how to choose the order n of the ARX model. The approach
we take is to apply WNSF for different ARX model orders. Then, we compute the
PEM cost function

VN(θ) = 1
N

N∑
t=1

{H−1(q, θ) [yt −G(q, θ)ut]}2 (4.77)

for each of the low order models obtained, and the one that provides the lowest
value is chosen.

The following methods are compared:

• prediction error method, as implemented in MATLAB2014b, started at the
true parameters (PEM true);

• weighted null-space fitting, with a grid of ARX model orders n between 50
and 150 with intervals of 20, and one iteration (WNSF1);

• similar to the method above, except with a maximum of 20 iterations (WNSF20).

All the methods are implemented with a stopping criterion of 10−5 as function
tolerance, and zero initial conditions are assumed. PEM performs a maximum of
1000 iterations.

Performance is evaluated by the root mean squared error of the estimated impulse
response,

RMSE = ∥go − ĝ∥ , (4.78)

where go is a vector with the impulse response parameters of Go(q), and similarly
for ĝ but for the estimated model. Sufficiently long impulse responses are taken to
make sure that the respective tails are sufficiently close to zero to not affect the
mean squared error.

The results are presented in Fig. 4.1, with the RMSE as function of the sample
size. We observe that, according to our theoretical result, one iteration of the WNSF
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Figure 4.1: Average RMSE of the plant model impulse response estimate for several
sample sizes, obtained from 1000 Monte Carlo runs.

has the same asymptotic performance as PEM. For small sample sizes, we observe
that continuing to iterate, with a maximum fixed number of times, can be beneficial.

4.5.2 Random Systems
Minimizing the cost function of PEM is, in general, a non-convex optimization
problem. Therefore, good initializations points are often required to find the global
minimum, especially as the number of parameters to estimate increases.

In the following simulation, we use randomly generated systems with structure

Go(q) = lo1q
−1 + lo2q−2 + lo3q−3 + lo4q−4

1 + fo
1 q

−1 + fo
2 q

−2 + fo
3 q

−3 + fo
4 q

−4 ,

Ho(q) = 1 + co
1q

−1 + co
2q

−2 + co
3q

−3 + co
4q

−4

1 + do
1q

−1 + do
2q

−2 + do
3q

−3 + do
4q

−4 .

(4.79)

The coefficients of Lo(q) are generated from a uniform distribution, with values
between −1 and 1. The coefficients of the remaining polynomials are generated such
that Fo(q), Co(q), Do(q) have all roots inside a half ring in the unit disc with a
radius between 0.7 and 0.9 and positive real part. We do this with the objective
of studying a particular class of systems: namely, the systems are effectively of
fourth order (i.e., no poles are considerably dominant over others), they can be
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Figure 4.2: Magnitude Bode plots of the random systems drawn.

approximated by ARX models roughly of orders between 30 and 100, and they
resemble physical systems. The model we estimate has the correct structure and
orders. The magnitude Bode plots of the 100 drawn systems are given in Figure 4.2
to provide an idea of the class of systems used.

The data is generated in closed loop by

yt = Ko(q)Go(q)
1 +Ko(q)Go(q)rt + Ho(q)

1 +Ko(q)Go(q)et,
ut = Ko(q)

1 +Ko(q)Go(q)rt − Ko(q)Ho(q)
1 +Ko(q)Go(q)et.

(4.80)

The controller Ko(q) is derived using a Youla-parametrization to obtain a closed
loop transfer function such that: the fastest open loop pole pair is maintained; the
slowest open loop pole pair is multiplied by a factor of 0.9; the controller has a pure
integration term. Here, {rt} and {et} are Gaussian white sequences, where {rt} has
unit variance, and the variance of {et} is chosen to achieve a signal-to-noise ratio
(SNR) of 10, defined by

SNR ∶= 10 log10

⎡⎢⎢⎢⎢⎢⎣
∑Nt=1 ( Ko(q)

1+Ko(q)Go(q)rt)2

∑Nt=1 (Ho(q)et)2

⎤⎥⎥⎥⎥⎥⎦
. (4.81)

For the class of systems we consider, it is appropriate to choose the ARX model
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order from a grid of values between 25 and 125, spaced with intervals of 25. We
compare the following methods:

• weighted null-space fitting, with 20 iterations (WNSF20);

• weighted null-space fitting, with one iteration (WNSF1).

• prediction error method, initialized at the true parameters (PEM true);

• prediction error method, initialized with the standard MATLAB procedure
(PEM);

• prediction error method, initialized with WNSF1 (PEM wnsf1);

• prediction error method, initialized with WNSF20 (PEM wnsf20)

Iterations stop with a function tolerance of 10−5, while PEM also stops with a
maximum of 1000 iterations. Moreover, PEM estimates initial conditions and WNSF
truncates them. The need for truncation is due to the following. As RnN and rnN are
given by (4.30) and ϕnt by (4.52), we observe that, if the sums in (4.30) start at t = 1,
we need information about {ut} and {yt} for t ≤ 0. This is usually not available,
as a batch of data {ut, yt}Nt=1 is typically collected. Therefore, the sums in (4.30)
need to start at t = n + 1. This can be a limitation when the ARX model order n
needs to be chosen large and the sample size N is small, as a considerable amount
of data is neglected. In Chapter 6, a procedure to also estimate initial conditions is
proposed. However, this procedure is only applicable if the plant and noise model
share the same poles (e.g., ARMA, ARMAX) or if the noise model poles are known
(e.g., OE), which is not the case of BJ models.

The performance of each method is evaluated by calculating the average FIT (in
percent) of the impulse response of the plant, where

FIT = 100(1 − RMSE∥go −mean(go)∥) . (4.82)

One run is performed for each system, with the reference signal fixed and different
noise realizations.

The results are presented in Fig. 4.3, with the average FIT as function of sample
size. We assume that PEM, when initialized at the true parameters, converges to
the global optimum. As expected, this method performs best, as it uses knowledge
of the true system. WNSF with 20 iterations, although performing slightly worse
than PEM (initialized at the true parameters) for small sample sizes, attains the
same performance for sample sizes around 4000 and larger. With only one iteration,
the proposed method performs worse than with 20 iterations for the range of sample
sizes used. On average, WNSF with one iteration performed only slightly better
than PEM when initialized with the standard MATLAB procedure. Therefore, in
practice, it can be worth to continue to iterate, as WNSF20 performs considerably
better.
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Figure 4.3: Average FIT for the plant model estimate obtained with different methods
for randomly drawn BJ systems operating in closed loop.

Fig. 4.3 also allows us to analyze WNSF as a method to initialize PEM. We ob-
serve that, if PEM is initialized with WNSF with only one iteration, its performance
is greatly improved comparing with the standard MATLAB initialization. However,
WNSF with 20 iterations still performs better. Initializing PEM with WNSF20 is
of little value in this example, since WNSF20 already performs very close to PEM
initialized at the true parameters.

4.6 Comparison with Explicit ML Optimization

According to the discussion in Chapter 2, as the available data tends to infinity, a
maximum likelihood method provides an asymptotically efficient estimate in one
iteration, provided that a Gauss-Newton algorithm is initialized with a consistent
estimate. For PEM applied directly to data, one iteration rarely provides an estimate
for which efficiency can be observed in practice, even for considerably large sample
sizes. On the other hand, for WNSF, we have observed one case in Fig. 4.1 where
one iteration provides an estimate for which, in practice, efficiency can be observed.
With random systems (Fig. 4.3), only twenty iterations were enough to observe
efficiency at reasonable sample sizes, while PEM performs considerably worse with
more iterations allowed.

However, PEM uses the complete data set in the optimization procedure, while
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WNSF uses the high order model estimate, which is potentially of smaller size.
Therefore, if one wants to compare the convergence speed of WNSF with an explicit
minimization algorithm, it makes more sense to compare with the exact ML criterion
for model order reduction (2.67) minimized with, for example, a Gauss-Newton
algorithm. This can be seen as an extension of indirect PEM, for which (2.73) is
minimized, but with the order of the over-parametrized model allowed to tend to
infinity.

Both WNSF and minimizing criterion (2.67) with a Gauss-Newton algorithm
reduce a high order model to the low order model of interest based on an ML criterion,
with similar computational effort required at each iteration, as (2.73) and (4.42)
consist of weighted least squares problems of the same dimension. The difference
lies in the optimization procedure: while Gauss-Newton is a direct minimization
method, WNSF uses iterative weighted least squares.

As both approaches provide asymptotically efficient estimates in one iteration,
it makes sense to analyze if there is a practical difference for finite sample size.
Although an extensive simulation study has not been performed yet, initial results
suggest that the standard 3-step WNSF has the same or better performance than
taking one Gauss-Newton iteration initialized at a consistent estimate. Moreover,
WNSF seems to be less sensitive to the choice of initial condition. We proceed to
present a few examples.

Consider the system

yt = q−1 + 0.1q−2

1 − 1.2q−1 + 0.6q−2ut + et, (4.83)

where {et} is Gaussian white noise with unit variance, and {ut} may be given by

ut = uwt (4.84)

or
ut = 1

1 − 0.9q−1u
w
t , (4.85)

where {uwt } is Gaussian white noise with variance chosen to achieve an SNR

SNR ∶= 10 log10 [∑Nt=1 u
2
t∑Nt=1 e
2
t

] = 0. (4.86)

We perform 500 Monte Carlo runs with different noise sequences {et} and sample
size N = 1000. At each Monte Carlo run, we estimate the parameter vector

θ = [f1 f2 l1 l2]⊺ , (4.87)

with the model
yt = l1q

−1 + l2q−2

1 + f1q−1 + f2q−1 + et. (4.88)

The following methods are compared:
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Table 4.1: NMSE obtained from 500 Monte Carlo runs, comparing weighted null-
space fitting with one iteration (WNSF) and exact ML model reduction with one
Gauss-Newton step (ML-GN) initialized with the estimate from Step 2 of WNSF.

White input Colored input
WNSF 4.20 52.9
ML-GN 7.83 1.19 × 103

• weighted null-space fitting with one iteration (WNSF),

• exact ML model reduction (2.67) using one Gauss-Newton step (2.73) initial-
ized with Step 2 (4.35) of WNSF (ML-GN).

The high order model is an FIR model with 50 coefficients. To evaluate performance,
we consider the normalized sample mean square error of the estimated parameter
vector—that is, if we let θ̂kN be the estimate obtained for some method at the Monte
Carlo run k, we consider the performance measure

NMSE = N

500
500∑
k=1

(θ̂kN − θo)⊺ (θ̂kN − θo) . (4.89)

The results are presented in Table 4.1, where we observe that—with one iteration—
WNSF performs better than one Gauss-Newton step. In particular, the performance
in the colored input case is very poor for Gauss-Newton.

However, we observe that there are other possibilities to initialize a Gauss-Newton
algorithm. For example, Step 2 (4.35) of WNSF, using least squares, provides
a consistent estimate of the parameter of interest. But this is chosen only for
convenience, as there are other ways to obtain consistent estimates. For example,
solving the weighted least squares problem

θ̂N = (Q⊺
n(ĝnN)RNn Qn(ĝnN))−1

Q⊺
n(ĝnN)RNn ĝnN (4.90)

also provides a consistent estimate of θ. This corresponds to Step 3 (4.40) of WNSF
but with Tn set to identity, as there is yet no estimate of the parameter vector θ.
To analyze the effect of the initialization, we repeat the previous simulation, but
with Step 2 of WNSF replaced by (4.90), and we also use the estimate obtained in
this step to initialize the Gauss-Newton algorithm.

The results are presented in Table 4.2, where we observe that, for white input,
the results are essentially the same as in Table 4.1. This was expectable, since in this
case RnN tends (asymptotically in N) to a scaled identity. Therefore, it does not play
a significant role to solve a weighted least squares problem with RnN as weighting
instead of the original LS problem. However, using (4.90) as initialization improved,
with colored input, both WNSF and ML with Gauss-Newton. Particularly, the
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Table 4.2: NMSE obtained from 500 Monte Carlo runs, comparing weighted null-
space fitting with one iteration and Step 2 from (4.90) (WNSF) and exact ML model
reduction with one Gauss-Newton step (ML-GN) initialized with the estimate from
Step 2 of WNSF.

White input Colored input
WNSF 4.38 12.5
ML-GN 7.71 89.9

difference is considerably more significant for the Gauss-Newton algorithm, which
suggests that this algorithm is in practice more sensitive to the initial condition
than WNSF. Still, WNSF performs better.

These results are preliminary, and cannot be generalized to conclude that WNSF
is always better than performing one Gauss-Newton step on an exact ML criterion.
Nevertheless, they suggest that these two procedures have different numerical
properties; also, iterative least squares methods have potential in terms of accuracy
and computational effort for model order reduction, as an alternative to explicitly
seeking the optimum of an ML cost function.

4.7 Conclusions

In this chapter, we proposed a method for identification of structured models, which
we denoted weighted null-space fitting (WNSF). It is a three step weighted least
squares method consisting of the following steps: (1) a high order model is estimated
using least squares; (2) least squares is applied again to perform model reduction;
(3) the model is re-estimated using weighted least squares, with the weights obtained
from the estimate in the previous step. We show that these three steps provide
consistent and asymptotically efficient estimates for SISO Box-Jenkins models,
although we point out that the method can be applied analogously to other model
structures, such as OE or ARMAX, with the same asymptotic properties.

We argue that the method connects ideas from PEM and subspace methods,
sharing favorable properties with both domains; particularly, asymptotic efficiency
with PEM, and no converge issues with subspace. Also, the method shares close
similarities with the maximum likelihood methods for model order reduction in
Section 2.3.2 and the least squares methods in Section 2.3.3. In particular, we
use a maximum likelihood criterion to perform model order reduction from a high
order ARX model estimate, but we re-write it in a way that allows us to apply
iterative weighted least squares. This provides asymptotically efficient estimates in
one iteration.

Extending the method to include other model structures, as well as MIMO
versions of the model structures considered, is possible. A general formulation to
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include those cases is considered for future work, as discussed in Chapter 8.

4.A Consistency of Step 2

The main purpose of this appendix is to prove Theorem 4.1. However, before we do
so, we introduce some results regarding the norm of some vectors and matrices.

∥η̂N − ηn(N)o ∥→ 0 when N →∞ w.p.1

Consider the estimated parameter vector η̂N ∶= η̂n(N)N (3.17) and the truncated true
parameter vector ηn(N)o (4.58). Using the triangular inequality, we have

∥η̂N − ηn(N)o ∥ ≤ ∥η̂N − η̄n(N)∥ + ∥η̄n(N) − ηn(N)o ∥ , (4.91)

where η̄n is defined by (4.54). Then, from Lemma 3.3, the second term on the right
side of (4.91) tends to zero as n(N)→∞. Also, from Theorem 3.1, the first term
on the right side of (4.91) tends to zero, as N →∞, w.p.1. Thus,

∥η̂N − ηn(N)o ∥→ 0, as N →∞, w.p.1. (4.92)

∥Qn(η̂N) −Qn(ηn(N)o )∥→ 0 when N →∞ w.p.1

Consider the matrix Qn(ηn(N)o ), given by (4.59) evaluated at the truncated true
parameter vector ηn(N)o , and the matrix Qn(η̂N), given by (4.59) evaluated at the
estimated parameters η̂N . We have that

∥Qn(η̂N) −Qn(ηn(N)o )∥ ≤ ∥Qcn(η̂N) −Qcn(ηn(N)o )∥ + ∥Qln(η̂N) −Qln(ηn(N)o )∥+
∥Qfn(η̂N) −Qfn(ηn(N)o )∥

≤ C ∥η̂N − ηn(N)o ∥ .
(4.93)

Then, due to (4.92), we conclude that

∥Qn(η̂N) −Qn(ηn(N)o )∥→ 0, as N →∞, w.p.1. (4.94)

∥Qn(ηno)∥ is bounded for all n

We have that

∥Qn(ηno )∥ ≤ ∥Qcn(ηno )∥ + ∥Qln(ηno )∥ + ∥Qfn(ηno )∥ + ∥Qdn∥≤ C ∥ηno ∥ + 1≤ C ∥ηo∥ + 1,∀n
(4.95)

which is bounded, by stability of the true system.
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∥Qn(η̂N)∥ is bounded for sufficiently large N w.p.1

Using the triangular inequality, we have that

∥Qn(η̂N)∥ ≤ ∥Qn(η̂N) −Qn(ηn(N)o )∥ + ∥Qn(ηn(N)o )∥ . (4.96)

Then, using (4.95) and (4.93), we observe that while the first term on the right side
of (4.96) can be made arbitrarily small as N increases, the second term is bounded
for all n(N). Then, there exists N̄ such that

∥Qn(η̂N)∥ ≤ C,∀N > N̄ . (4.97)

∥Tn(θo)∥ is bounded for all n

Consider Tn(θo) as the matrix given by (4.20) evaluated at θ = θo. We first introduce
the following result. Let X(q) = ∑∞k=0 xkq

−k and define the infinite dimensional
Toeplitz matrix

T[X(q)] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x0 0 0 ⋯
x1 x0 0 ⋱
x2 x1 x0 ⋱⋮ ⋱ ⋱ ⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (4.98)

If
√∑∞k=0 ∣xk ∣2 < C1, we have, as consequence of [68, Chapter 3, Theorem 1.1], that

∥T[X(q)]∥ ≤ C. (4.99)

When X(q) can be written as a rational transfer function, (4.99) follows from X(q)
having all poles strictly inside the unit circle, since, in this case, the sum of squares
of its impulse response coefficients is bounded.

We observe that T fn (θo), T cn(θo), and T ln(θo)—the blocks of Tn(θo)—are sub-
matrices of T[Fo(q)], T[Co(q)], and T[Lo(q)], respectively. Then, we have that

∥Tn(θo)∥ ≤ ∥T fn (θo)∥ + ∥T cn(θo)∥ + ∥T ln(θo)∥≤ ∥T[Fo(q)]∥ + ∥T[Co(q)]∥ + ∥T[Lo(q)]∥≤ C, ∀n
(4.100)

where the last inequality follows from (4.99) and the fact that Fo(q), Co(q) and
Lo(q) are finite order polynomials.

The following theorem deals with invertibility of Q⊺
n(η̂N)Qn(η̂N), which appears

when solving the least squares problem (4.61).

Theorem 4.4. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Also, let

M(η̂N) ∶= Q⊺
n(η̂N)Qn(η̂N), (4.101)

where η̂N ∶= η̂n(N)N is defined as in (3.17), and Qn(η̂N) is defined by (4.59) evaluated
at the estimated parameters η̂N . Then, assuming that F (q, θo) and L(q, θo) are
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co-prime, and the same is true for C(q, θo) and D(q, θo), there exists N̄ such that
M(η̂N) is invertible for all N > N̄ , w.p.1.

Proof. First, we consider the matrix

M(ηo) ∶= lim
n→∞Q⊺

n(ηno )Qn(ηno ) =∶ Q⊺∞(ηo)Q∞(ηo), (4.102)

Here, Q∞(ηo) is defined analogously to (4.59), but using the infinite vector ηo
from (4.58)—that is, Q∞(ηo) is block Toeplitz with an infinite number of rows, and
its blocks are given by

Qc∞(ηo) = T∞,mc(A(q, ηo)), Ql∞(ηo) = T∞,ml(A(q, ηo)),
Qf∞(ηo) = T∞,mf (B(q, ηo)), Qd∞ = ⎡⎢⎢⎢⎣

Imd,md
0∞,md

⎤⎥⎥⎥⎦ .
(4.103)

We observe that the limit (4.102) is well defined, since the entries of M(ηno ) ∶=
Q⊺(ηno )Q(ηno ) are either zero or sums of the form

n∑
k=1

ao
ka

o
k+p,

n∑
k=1

ao
kb

o
k+p,

n∑
k=1

bo
kb

o
k+p, (4.104)

for some finite integers p, and the coefficients {ao
k} and {bo

k} are coefficients from
stable impulse responses. Thus, these sums converge as n→∞.

We start by showing that M(ηo) is invertible. We have that

M(ηo) = ⎡⎢⎢⎢⎣
M1(ηo) 0

0 M2(ηo)
⎤⎥⎥⎥⎦ , (4.105)

where

M1(ηo) = ⎡⎢⎢⎢⎣
Ql∞(ηo)⊺Ql∞(ηo) −Ql∞(ηo)⊺Qf∞(ηo)−Qf∞(ηo)⊺Ql∞(ηo) Qf∞(ηo)⊺Qf∞(ηo)

⎤⎥⎥⎥⎦ ,
M2(ηo) = ⎡⎢⎢⎢⎣

Qc∞(ηo)⊺Qc∞(ηo) −Qc∞(ηo)⊺Qd∞−[Qd∞]⊺Qc∞(ηo) Imd,md

⎤⎥⎥⎥⎦ .
(4.106)

Noticing the block Toeplitz structure ofM1(ηo) andM2(ηo), which follows from (4.103),
Parseval’s formula can be used to write these matrices in the frequency domain as

M1(ηo) = 1
2π ∫

π

−π Γ̄ml;mf
⎡⎢⎢⎢⎣

∣Ao∣2 −AoB
∗
o−A∗

oBo ∣Bo∣2
⎤⎥⎥⎥⎦ Γ̄∗ml;mfdω,

M2(ηo) = 1
2π ∫

π

−π Γ̄mc;md
⎡⎢⎢⎢⎣
∣Ao∣2 −A∗

o−Ao 1

⎤⎥⎥⎥⎦ Γ̄∗mc;mddω,
(4.107)

where Ao ∶= Ao(eiω), Bo ∶= Bo(eiω), and
Γ̄ml;mf ∶= ⎡⎢⎢⎢⎣

Γml 0
0 Γmf

⎤⎥⎥⎥⎦ , Γ̄mc;md ∶= ⎡⎢⎢⎢⎣
Γmc 0

0 Γmd

⎤⎥⎥⎥⎦ , (4.108)
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with Γm given by (4.73)
Due to its block diagonal structure, M(ηo) is invertible if both M1(ηo) and

M2(ηo) are invertible. We start by analyzing M1(ηo), which is invertible if
x∗M1(ηo)x ≥ C > 0, (4.109)

where x is a unitary vector of dimension ml +mf . We let x1 comprise the first ml

entries of x and x2 the last mf entries. Then, we can write

x∗M1(ηo)x = 1
2π ∫

π

−π ∣Aox
∗
1Γml −Box

∗
2Γmf ∣2 dω, (4.110)

which is bounded from below if
Aox

∗
1Γml −Box

∗
2Γmf = 0 (4.111)

cannot be verified by whatever choice of x such that ∥x∥ = 1. Re-writing (4.111) as
1

HoFo
(Fox

∗
1Γml −Lox

∗
2Γmf ) = 0, (4.112)

we notice that (4.112) has no solution if Fo and Lo are co-prime [1]. Consequently,
M1(ηo) is invertible under the theorem’s assumptions.

Following a similar approach for M2(ηo), we have that

x∗M2(ηo)x = 1
2π ∫

π

−π ∣Aox
∗
1Γmc − x∗2Γmd ∣2 dω. (4.113)

Then,
Aox

∗
1Γmc − x∗2Γmd = 0 (4.114)

can be re-written as
1
Co

(Dox
∗
1Γmc −Cox

∗
2Γmd) = 0, (4.115)

which cannot be satisfied if Do(q) and Co(q) are co-prime. Then, we have that
x∗M2(ηo)x ≥ C > 0 (4.116)

is satisfied if ∥x∥ = 1. Consequently, M2(ηo) is invertible, and so is M(ηo).
We are now interested in using this result to show that M(η̂N) is invertible for

sufficiently large N , w.p.1. Write

∥M(η̂N) −M(ηn(N)o )∥ = ∥Q⊺
n(η̂N)Qn(η̂N) −Q⊺

n(ηn(N)o )Qn(ηn(N)o )∥
≤ ∥Qn(η̂N) −Qn(ηn(N)o )∥ (∥Qn(η̂N)∥ + ∥Qn(ηn(N)o )∥)

(4.117)

Using (4.93), (4.95), and (4.97), and since M(ηno )→M(ηo) as n→∞, we have that
M(η̂N)→M(ηo), as N →∞, w.p.1. (4.118)

Since M(ηo) is invertible, by (4.118) and continuity of eigenvalues there exists N̄
such that M(η̂N) is invertible for all N > N̄ , w.p.1.

Finally, we have the necessary results to prove Theorem 4.1.
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4.A.1 Proof of Theorem 4.1
We start by using (4.61) to write

θ̂LS
N − θo = [Q⊺

n(η̂N)Qn(η̂N)]−1
Q⊺
n(η̂N)η̂N − θo

= [Q⊺
n(η̂N)Qn(η̂N)]−1

Q⊺
n(η̂N) [η̂N −Qn(η̂N)θo]

= [Q⊺
n(η̂N)Qn(η̂N)]−1

Q⊺
n(η̂N)Tn(θo)[η̂N − ηn(N)o ]

(4.119)

where the last equality is due to (4.62). If n were fixed, consistency would follow if
η̂N − ηno would approach zero as N → ∞, provided the inverse of Q⊺

n(η̂N)Qn(η̂N)
existed for sufficiently large N . However, for consistency to be achieved, n = n(N)
must increase according to Assumption 3.4. This implies also that the dimensions
of the vectors η̂N and ηn(N)o , and of the matrices Qn(η̂N) (number of rows) and
Tn(θo) (number of rows and columns), become arbitrarily large. Therefore, extra
requirements are necessary. In particular, we use (4.119) to write

∥θ̂LS
N − θo∥ = ∥M−1(η̂N)Q⊺

n(η̂N)Tn(θo)(η̂N − ηn(N)o )∥
≤ ∥M−1(η̂N)∥ ∥Qn(η̂N)∥ ∥Tn(θo)∥ ∥η̂N − ηn(N)o ∥ , (4.120)

where M(η̂N) ∶= Q⊺
n(η̂N)Qn(η̂N), and observe that consistency is achieved if the

last factor on the right side of the inequality in (4.120) approaches zero, as N →∞,
w.p.1, and the remaining factors are bounded for sufficiently large N , w.p.1. Now,
using (4.97), (4.100), and Theorem 4.4, we have that there exists N̄ such that, w.p.1,

∥θ̂LS
N − θo∥ ≤ C ∥η̂N − η̂n(N)o ∥ ,∀N > N̄ . (4.121)

Using also (4.92), we have that

∥θ̂LS
N − θo∥→ 0, as N →∞, w.p.1. (4.122)

Moreover, using (4.91), we can re-write (4.121) as

∥θ̂LS
N − θo∥ ≤ C (∥η̂N − η̄n(N)∥ + ∥η̄n(N) − ηn(N)o ∥) . (4.123)

From Lemma 3.3, we have ∣∣η̄n(N) − ηn(N)o ∣∣ ≤ Cd(N), which approaches zero faster
than ∥η̂N − η̄n(N)∥, whose decay rate is according to (3.24). Thus, we can neglect
the contribution from ∥η̄n − ηno ∥ and simply write

∥θ̂LS
N − θo∥ = O⎛⎝

√
n(N) logN

N
(1 + d(N))⎞⎠ . (4.124)
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4.B Consistency of Step 3

The main purpose of this appendix is to prove Theorem 4.2. However, before we do
so, we introduce some results regarding the norm of some vectors and matrices.

∥T −1
n (θo)∥ is bounded for all n

We observe that, with Tn(θ) given by (4.63), the inverse of Tn(θo) is given by

T −⊺n (θ) = ⎡⎢⎢⎢⎣
T cn(θ)−1 0

T fn (θ)−1T ln(θ)T cn(θ)−1 T fc (θ)−1

⎤⎥⎥⎥⎦ , (4.125)

evaluated at the true parameters θo. Also, T fn (θo)−1, T cn(θo)−1, and T ln(θo) are
sub-matrices of T[1/Fo(q)], T[1/Co(q)], and T[Lo(q)], respectively, where T[X(q)]
is defined by (4.98). Then, we have that

∥T −1
n (θo)∥ ≤ ∥T fn (θo)−1∥ + ∥T cn(θo)−1∥ + ∥T fn (θo)−1∥ ∥T ln(θo)∥ ∥T cn(θo)−1∥

≤ ∥T[1/Fo(q)]∥ + ∥T[1/Co(q)]∥ + ∥T[1/Fo(q)]∥ ∥T[Lo(q)]∥ ∥T[1/Co(q)]∥≤C, ∀n
(4.126)

where the last inequality follows from (4.99) and the fact that 1/Fo(q), 1/Co(q),
and Lo(q) are stable transfer functions.

∥T −1
n (θ̂LS

N )∥ is bounded for sufficiently large N w.p.1.

Consider the term ∣∣T −1
n (θ̂LS

N )∣∣, where T −1
n (θ̂LS

N ) is given by (4.125) evaluated at θ̂LS
N .

We have that, proceeding as in (4.126),

∥T −1
n (θ̂LS

N )∥ ≤ ∥T[1/C(q, θ̂LS
N )]∥ + ∥T[1/F (q, θ̂LS

N )]∥
+ ∥T[1/C(q, θ̂LS

N )]∥ ∥T[L(q, θ̂LS
N )]∥ ∥T[1/F (q, θ̂LS

N )]∥ (4.127)

for all n. This will be bounded if F (q, θ̂LS
N ) and C(q, θ̂LS

N ) have all poles strictly inside
the unit circle. From Theorem 4.1 and stability of the true system by Assumption 3.1,
we conclude that there exists N̄ such that F (q, θ̂LS

N ) and C(q, θ̂LS
N ) have all roots

strictly inside the unit circle for all N > N̄ . Thus, we have that, w.p.1,

∥T −1
n (θ̂LS

N )∥ ≤ C, ∀n, ∀N > N̄ . (4.128)

∥T −1
n (θ̂LS

N ) − T −1
n (θo)∥→ 0 when N →∞ w.p.1.

Consider the term ∣∣T −1
n (θ̂LS

N ) − T −1
n (θo)∣∣ with n = n(N). We have that

∥T −1
n (θ̂LS

N ) − T −1
n (θo)∥ ≤ ∥T −1

n (θ̂LS
N )∥ ∥Tn(θ̂LS

N ) − Tn(θo)∥ ∥T −1
n (θo)∥ . (4.129)
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Note that ∥Tn(θ̂LS
N ) − Tn(θo)∥ ≤ ∥Tn(θ̂LS

N ) − Tn(θo)∥F
≤
¿ÁÁÀn(N)mf+ml+mc∑

k=1
(θ̂k,LS
N − θko)2

≤ √
n(N) ∥θ̂LS

N − θo∥ .
(4.130)

Then, using Theorem 4.1, we have that

∥Tn(θ̂LS
N ) − Tn(θo)∥ = O⎛⎝

√
n2(N) logN

N
(1 + d(N))⎞⎠ . (4.131)

Due to Conditions D2 and D3 in Assumption 3.4,√
n2(N) logN

N
(1 + d(N))→ 0, as N →∞, (4.132)

and thus ∥Tn(θ̂LS
N ) − Tn(θo)∥→ 0, as N →∞, w.p.1. (4.133)

Together with (4.126), (4.128), and (4.129), this implies that

∥T −1
n (θ̂LS

N ) − T −1
n (θo)∥→ 0, as N →∞, w.p.1. (4.134)

The following theorem deals with invertibility of Q⊺
n(η̂N)Wn(θ̂LS

N )Qn(η̂N), which
appears when solving the weighted least squares problem (4.65).

Theorem 4.5. Let Assumptions 3.1, 3.2, 3.3, and 3.4 hold. Also, let

M(η̂N , θ̂LS
N ) ∶= Q⊺

n(η̂N)Wn(θ̂LS
N )Qn(η̂N), (4.135)

where η̂N ∶= η̂n(N)N is defined by (3.17), Qn(η̂N) is defined by (4.59) evaluated at
the estimated parameters η̂N , and Wn(θ̂LS

N ) is defined by (4.41). Then, there exists
N̄ such that M(η̂N , θ̂LS

N ) is invertible for all N > N̄ , w.p.1.

Proof. Consider the matrix

M̄(ηo, θo) ∶= lim
n→∞Q⊺

n(ηno )W̄n(θo)Qn(ηno ) (4.136)

where W̄n(θo) is given by (4.39), and Qn(ηno ) is defined by (4.59) at the true
parameters ηno . We first establish that the limit in (4.136) is well defined and that
M̄(ηo, θo) is invertible.

Using (4.31) and (4.39), we can re-write (4.136) as

M̄(ηo, θo) = lim
n→∞Q⊺

n(ηno )T −⊺n (θo)Ē [ϕnt (ϕnt )⊺]T −1
n (θo)Qn(ηno ). (4.137)
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Re-writing ϕnt (4.52) as

ϕnt = ⎡⎢⎢⎢⎣
−Γnyt
Γnut

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−ΓnGo(q) −ΓnHo(q)

Γn 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
ut

et

⎤⎥⎥⎥⎦ , (4.138)

we can use Parseval’s relation to write

Ē [ϕnt (ϕnt )⊺] = 1
2π ∫

π

−π Ωn(eiω)ΦzΩ∗
n(eiω)dω, (4.139)

where

Ωn(q) = ⎡⎢⎢⎢⎣
−ΓnGo(q) −ΓnHo(q)

Γn 0

⎤⎥⎥⎥⎦ , (4.140)

and Φz is the spectrum of [ut et]⊺. Then, we can re-write (4.137) as

M̄(ηo, θo) = 1
2π ∫

π

−π lim
n→∞Q⊺

n(ηno )T −⊺n (θo)Ωn(eiω)ΦzΩ∗
n(eiω)T −1

n (θo)Qn(ηno )dω.
(4.141)

Moreover, we can write

Q⊺
n(ηno )T −⊺n (θo) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −T ⊺n,mf (Bo
Fo

)
0 T ⊺n,ml (Ao

Fo
)

−T ⊺n,mc (Ao
Co

) −T ⊺n,mc (LoAo
FoCo

)
T ⊺n,md ( 1

Co
) T ⊺n,md ( Lo

FoCo
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4.142)

where the argument q of the polynomials was dropped for notational simplicity. In
turn, we can write

Q⊺
n(ηno )T −⊺n (θo)Ωn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−T ⊺n,mf (Bo
Fo

)Γn 0
T ⊺n,ml (Ao

Fo
)Γn 0

T ⊺n,mc (Ao
Co

)ΓnGo − T ⊺n,mc (LoAo
FoCo

)Γn T ⊺n,mc (Ao
Co

)ΓnHo−T ⊺n,md ( 1
Co

)ΓnGo + T ⊺n,md ( Lo
FoCo

)Γn −T ⊺n,md ( 1
Co

)ΓnHo

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(4.143)
It is possible to observe that, for some polynomial X(q) = ∑∞k=0 xkq

−k,
lim
n→∞T ⊺n,m(X(q))Γn =X(q)Γm. (4.144)

Then, we have that, using also (4.50),

lim
n→∞Q⊺

n(ηno )T −⊺n (θo)Ωn =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− Go
HoFo

Γmf 0
1

HoFo
Γml 0

0 1
Co

Γmc
0 − 1

Do
Γmd

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=∶ Ω̄n(θo). (4.145)
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This allows us to re-write (4.141) as

M̄(ηo, θo) = 1
2π ∫

π

−π Ω̄n(θo)ΦzΩ̄∗
n(θo)dω, (4.146)

or, equivalently in the time domain,

M̄(ηo, θo) = Ē [ψt(θo)ψ⊺t (θo)] , (4.147)

where ψt(θo) is given by (4.73). From (4.72), we observe that

M̄(ηo, θo) =MCR, (4.148)

which is invertible since the Cramér-Rao bound exists for an informative experi-
ment [1].

We now proceed to show that

M(η̂N , θ̂LS
N )→ M̄(ηo, θo), as N →∞, w.p.1. (4.149)

For that purpose, we analyze

∥M(η̂N , θ̂LS
N ) −Q⊺

n(ηn(N)o )W̄n(θo)Qn(ηn(N)o )∥ ≤
≤ ∥Q⊺

n(η̂N)Wn(θ̂LS
N ) (Qn(η̂N) −Qn(ηn(N)o ))∥

+ ∥(Qn(η̂N) −Qn(ηn(N)o ))⊺Wn(θ̂LS
N )Qn(ηn(N)o )∥

+ ∥Q⊺
n(ηn(N)o ) (Wn(θ̂LS

N ) − W̄n(θo))Qn(ηn(N)o )∥ ,
(4.150)

and want to show that (4.150) tends to zero, as N →∞, w.p.1. We analyze the three
terms on the right side of (4.150).

Starting with ∣∣Q⊺
n(η̂N)Wn(θ̂LS

N )[Qn(η̂N)−Qn(ηn(N)o )]∣∣, and recalling thatWn(θ̂LS
N )

is given by (4.41), we have that

∥Q⊺
n(η̂N)Wn(θ̂LS

N ) (Qn(η̂N) −Qn(ηn(N)o ))∥ ≤
≤ ∥Qn(η̂N)∥ ∥T −1

n (θ̂LS
N )∥2 ∥RnN∥ ∥Qn(η̂N) −Qn(ηn(N)o )∥

→ 0, as N →∞, w.p.1,
(4.151)

where we used Lemma 3.2, (4.94), (4.97), and (4.128). Using the same equations, we
proceed with the second term on the right side of (4.150), for which we have that

∥(Qn(η̂N) −Qn(ηn(N)o ))⊺Wn(θ̂LS
N )Qn(ηn(N)o )∥ ≤

≤ ∥Qn(η̂N) −Qn(ηn(N)o )∥ ∥T −⊺n (θ̂LS
N )∥2 ∥RnN∥ ∥Qn(ηn(N)o )∥→ 0, as N →∞, w.p.1.

(4.152)
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For the third term on the right side of (4.150), we can bound it by

∥Q⊺
n(ηn(N)o ) (Wn(θ̂LS

N ) − W̄n(θo))Qn(ηn(N)o )∥ ≤
≤ ∥Qn(ηn(N)o )∥2 ∥Wn(θ̂LS

N ) − W̄n(θo)∥ . (4.153)

We start by analyzing the difference Wn(θ̂LS
N ) − W̄n(θo), for which we recall that

n = n(N). We have that

∥Wn(θ̂LS
N ) − W̄n(θo)∥ ≤ ∥T −⊺n (θ̂LS

N )RnN (T −1
n (θ̂LS

N ) − T −1
n (θo))∥

+ ∥(T −1
n (θ̂LS

N ) − T −1
n (θo))RnNT −1

n (θo)∥+ ∥T −⊺n (θo) (RnN − R̄n)T −1
n (θo)∥ .

(4.154)

and proceed with the three terms on the right side of (4.154). Concerning the third
term, we have

∥T −⊺n (θo) (RnN − R̄n)T −1
n (θo)∥ ≤ ∥T −1

n (θo)∥2 ∥RnN − R̄n∥→ 0, as N →∞, w.p.1,
(4.155)

where we used (4.126) and Lemma 3.1. In turn, using also Lemma 3.2, it implies for
the first two terms on the right side of (4.154) that

∥T −⊺n (θ̂LS
N )RnN (T −1

n (θ̂LS
N ) − T −1

n (θo))∥ ≤
≤ ∥T −⊺n (θ̂LS

N )∥ ∥RnN∥ ∥T −1
n (θ̂LS

N ) − T −1
n (θo)∥→ 0, as N →∞, w.p.1,

∥(T −1
n (θ̂LS

N ) − T −1
n (θo))⊺RnNT −1

n (θo)∥ ≤
≤ ∥T −1

n (θ̂LS
N ) − T −1

n (θo)∥ ∥RnN∥ ∥T −1
n (θo)∥→ 0, as N →∞, w.p.1.

(4.156)

Then, we can also use (4.154) and (4.155) to conclude that

∥Wn(θ̂LS
N ) − W̄n(θo)∥→ 0, as N →∞, w.p.1. (4.157)

Together with (4.95) and (4.153), we have that

∥Q⊺
n(ηn(N)o ) (Wn(θ̂LS

N ) − W̄n(θo))Qn(ηn(N)o )∥→ 0, as N →∞, w.p.1. (4.158)

Finally, (4.150), (4.151), (4.152), and (4.158) give

∥M(η̂N , θ̂LS
N ) −Q⊺

n(ηn(N)o )W̄n(θo)Qn(ηn(N)o )∥→ 0, as N →∞, w.p.1, (4.159)

which, in turn, implies (4.149). SinceM(ηo, θo) is invertible, continuity of eigenvalues
gives that there exists N̄ such thatM(η̂N , θ̂LS

N ) is invertible for all N > N̄ , w.p.1.

We now have the necessary results to prove Theorem 4.2.
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4.B.1 Proof of Theorem 4.2
Using a similar approach to (4.119), we write

θ̂WLS
N − θo =M−1(η̂N , θ̂LS

N )Q⊺
n(ηno )Wn(θ̂LS

N )Tn(θo)(η̂N − ηn(N)o ), (4.160)

and analyze

∥θ̂WLS
N − θo∥ = ∥M−1(η̂N , θ̂LS

N )Q⊺
n(ηno )Wn(θ̂LS

N )Tn(θo)(η̂N − ηn(N)o )∥ , (4.161)

which can be bounded by

∥θ̂WLS
N − θo∥ ≤ ∥M−1(η̂N , θ̂LS

N )∥ ∥Qn(ηno )∥ ∥Wn(θ̂LS
N )∥ ∥Tn(θo)∥ ∥η̂N − ηn(N)o ∥ .

(4.162)
Due to Theorem 4.5, the inverse of M(η̂N , θ̂LS

N ) exists for sufficiently large N , and
therefore its norm is bounded, since it is a matrix of fixed dimensions. Moreover, we
have that, making explicit that n = n(N),

∥Wn(N)(θ̂LS
N )∥ ≤ ∥T −1

n(N)(θ̂LS
N )∥2 ∥Rn(N)N ∥ . (4.163)

Then, from (4.128) and Lemma 3.2, we have

∥Wn(N)(θ̂LS
N )∥ ≤ C, ∀N > N̄ . (4.164)

Finally, using also (4.95), (4.100) and (4.92), we conclude from (4.162) that

∥θ̂WLS
N − θo∥→ 0, as N →∞, w.p.1. (4.165)

4.C Asymptotic Distribution and Covariance of Step 3

The purpose of this appendix is to prove Theorem 4.3. Before we do so, we recall a
result from [69].

Lemma 4.1. Let {xn} be a sequence of random variables that is asymptotically
Gaussian distributed—{xn} ∼ AsN (0, P ). Let {Mn} be a sequence of random square
matrices that converge in probability to a non-singular matrix M , and {bn} be a
sequence of random vectors that converges in probability to b. Also, let

yn =Mnxn + bn. (4.166)

Then, yn converges in distribution to N (b,MPM⊺).
Proof. See [69, Lemma B.4].

We now proceed to prove Theorem 4.3.
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4.C.1 Proof of Theorem 4.3
We begin by reformulating (4.160) as√

N(θ̂WLS
N − θo) =M−1(η̂N , θ̂LS

N )x(θo; η̂N , θ̂LS
N ), (4.167)

where

M(η̂N , θ̂LS
N ) = Q⊺

n(η̂N)Wn(θ̂LS
N )Qn(η̂N),

x(θo; η̂N , θ̂LS
N ) = √

NQ⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)(η̂N − ηn(N)o ). (4.168)

From (4.148) and (4.149), we have that

M−1(η̂N , θ̂LS
N )→M−1

CR, as N →∞, w.p.1. (4.169)

Then, if we assume that

x(θo; η̂N , θ̂LS
N ) ∼ AsN (0, P ), (4.170)

we have that, using Lemma 4.1,√
N(θ̂WLS

N − θo) ∼ AsN (0,M−1
CRPM

−1
CR) . (4.171)

We will now proceed to show that (4.170) is verified with

P = σ2
o lim
n→∞Q⊺

n(ηno )W̄n(θo)Qn(ηno ) = σ2
oMCR. (4.172)

The second equality follows directly from (4.136) and (4.148), so we are now con-
cerned with the first equality.

Using (4.62) and (4.168), we can write

x(θo; η̂N , θ̂LS
N ) = √

NQ⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)(η̂N − ηn(N)o ), (4.173)

whose asymptotic distribution and covariance we want to derive. If η̂N − ηno were
of fixed dimension, and pre-multiplied by a square matrix converging w.p.1 to a
deterministic matrix, the asymptotic distribution and covariance of x(θo; η̂N , θ̂LS

N )
would follow directly from Lemma 4.1. Because here the dimension of η̂N − ηno
grows with n(N), Theorem 3.2 must be used instead. However, (4.173) is not
ready to be used with Theorem 3.2, since it requires η̂N − ηno to be pre-multiplied
by a deterministic matrix. We will thus proceed to show that (4.173) has the
same asymptotic distribution and covariance as an expression of the form Υn[η̂N −
η
n(N)
o ], where Υn is a deterministic matrix. For this purpose, we will repeatedly use
Lemma 4.1.

We start by re-writing (4.173) as

x(θo; η̂N , θ̂LS
N ) = √

NQ⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)(η̂N − η̄n(N))
+Q⊺

n(η̂N)Wn(θ̂LS
N )Tn(θo)√N(η̄n(N) − ηn(N)o ), (4.174)
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where

∥Q⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)√N(η̄n(N) − ηn(N)o )∥ ≤
≤ ∥Qn(η̂N)∥ ∥T −1

n (θ̂LS
N )∥2 ∥RnN∥ ∥Tn(θo)∥√N ∥η̄n(N) − ηn(N)o ∥ . (4.175)

Then, using Lemma 3.2, (4.97), (4.100), (4.128), and Lemma 3.3, we have, for
sufficiently large N , w.p.1,

∥Q⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)√N(η̄n(N) − ηn(N)o )∥ ≤
≤ C√

Nd(N)→ 0, as N →∞. (4.176)

Using Lemma 4.1, we have that x(θo; η̂N , θ̂LS
N ) and√

NQ⊺
n(η̂N)Wn(θ̂LS

N )Tn(θo)(η̂N − η̄n(N)) (4.177)

have the same asymptotic distribution and the same asymptotic covariance, so we
will analyze (4.177) instead.

Now, we re-write (4.177) as√
NQ⊺

n(η̂N)Wn(θ̂LS
N )Tn(θo)(η̂N − η̄n(N)) =

= √
NQ⊺

n(η̂N)T −⊺n (θo)RnN(η̂N − η̄n(N))
+√

NQ⊺
n(η̂N)T −⊺n (θo) (Tn(θo) − Tn(θ̂LS

N ))⊺ T −⊺n (θ̂LS
N )RnN(η̂N − η̄n(N))

+√
NQ⊺

n(η̂N)T −⊺n (θ̂LS
N )RnN (Tn(θo) − Tn(θ̂LS

N )) (η̂N − η̄n(N)).
(4.178)

For the second and third terms on the right side of (4.178), we can write, for
sufficiently large N , w.p.1,

∥√NQ⊺
n(η̂N)T −⊺n (θo) (Tn(θo) − Tn(θ̂LS

N ))⊺ T −⊺n (θ̂LS
N )RnN(η̂N − η̄n(N))∥ ≤

≤ ∥Qn(η̂N)∥ ∥T −1
n (θo)∥ ∥T −1

n (θ̂LS
N )∥ ∥RnN∥√N ∥Tn(θo) − Tn(θ̂LS

N )∥ ∥η̂N − η̄n(N)∥ ≤
≤ C√

N ∥Tn(θo) − Tn(θ̂LS
N )∥ ∥η̂N − η̄n(N)∥

(4.179)

and

∥√NQ⊺
n(η̂N)T −⊺n (θ̂LS

N )RnN (Tn(θo) − Tn(θ̂LS
N )) (η̂N − η̄n(N))∥ ≤

≤ ∥Qn(η̂N)∥ ∥T −1
n (θ̂LS

N )∥ ∥RnN∥√N ∥Tn(θo) − Tn(θ̂LS
N )∥ ∥η̂N − η̄n(N)∥

≤ C√
N ∥Tn(θo) − Tn(θ̂LS

N )∥ ∥η̂N − η̄n(N)∥ ,
(4.180)

where we used Lemma 3.2, (4.97), (4.126), and (4.128). Notice that, due to (4.130)
and Theorem 3.1,

√
N ∥Tn(θo) − Tn(θ̂LS

N )∥ ∥η̂N − η̄n(N)∥ = O (n3/2(N) logN√
N

(1 + d(N))2) , (4.181)
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where

n3/2(N) logN√
N

= (n4+δ(N)
N

)
3

2(4+δ) logN
N

1+δ
2(4+δ)

→ 0, as N →∞, (4.182)

using Condition D4. So, we conclude that√
N ∥Tn(θo) − Tn(θ̂LS

N )∥ ∥η̂N − η̄n(N)∥→ 0, as N →∞, w.p.1. (4.183)

This implies, using also (4.179) and (4.180), that the second and third terms on the
right side of (4.178) tend to zero, as N →∞, w.p.1. Therefore, x(θo; η̂N , θ̂LS

N ) and√
NQ⊺

n(η̂N)T −⊺n (θo)RnN(η̂N − η̄n(N)) (4.184)

have the same asymptotic distribution and the same asymptotic covariance, so we
will analyze (4.184) instead.

In turn, (4.184) can be written as√
NQ⊺

n(η̂N)T −⊺n (θo)RnN(η̂N − η̄n(N)) = √
NQ⊺

n(η̂N)T −⊺n (θo)R̄n(η̂N − η̄n(N))
+√

NQ⊺
n(η̂N)T −⊺n (θo) (RnN − R̄n) (η̂N − η̄n(N)),

(4.185)

where, for sufficiently large N , w.p.1,

∥√NQ⊺
n(η̂N)T −⊺n (θo) (RnN − R̄n) (η̂N − η̄n(N))∥ ≤

≤ ∥Qn(η̂N)∥ ∥T −1
n (θo)∥√N ∥RnN − R̄n∥ ∥η̂N − η̄n(N)∥ ≤

≤ C√
N ∥RnN − R̄n∥ ∥η̂N − η̄n(N)∥ ,

(4.186)

due to (4.97) and (4.126). Also, using Theorem 3.1 and Lemma 3.1,√
N ∥RnN − R̄n∥ ∥η̂N − η̄n(N)∥ =

= O⎛⎝2n
3/2(N) logN√

N
(1 + d(N)) +C

√
n2(N) logN

N

√
n3(N)
N

(1 + d(N))⎞⎠ ,
(4.187)

where the first term tends to zero due to (4.182), and the second term tends to zero
due to Conditions D3 and D4. Then, from (4.186), the second term on the right
side of (4.185) tends to zero, as N →∞, w.p.1. Thus, x(θo; η̂N , θ̂LS

N ) and√
NQ⊺

n(η̂N)T −⊺n (θo)R̄n(η̂N − η̄n(N)) (4.188)

have the same asymptotic distribution and the same asymptotic covariance, so we
will analyze (4.188) instead.
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Finally, we write (4.188) as√
NQ⊺

n(η̂N)T −⊺n (θo)R̄n(η̂N − η̄n(N)) =
= √

NQ⊺
n(ηn(N)o )T −⊺n (θo)R̄n(η̂N − η̄n(N))

+√
N[Qn(η̂N) −Qn(η̄n(N))]⊺T −⊺n (θo)R̄n(η̂N − η̄n(N))

+√
N[Qn(η̄n(N)) −Qn(ηn(N)o )]⊺T −⊺n (θo)R̄n(η̂N − η̄n(N)).

(4.189)

The second term on the right side of (4.189) satisfies, for sufficiently large N , w.p.1,

∥√N[Qn(η̂N) −Qn(η̄n(N))]⊺T −⊺n (θo)R̄n(η̂N − η̄n(N))∥ ≤
≤ ∥T −1

n (θo)∥ ∥R̄n∥√N ∥Qn(η̂N) −Qn(η̄n(N))∥ ∥η̂N − η̄n(N)∥
≤ C1

√
N ∥Qn(η̂N) −Qn(η̄n(N))∥ ∥η̂N − η̄n(N)∥

≤ C2
√
N ∥η̂N − η̄n(N)∥2

= O (n(N) logN√
N

(1 + d(N))2) ,
(4.190)

using Lemma 3.2, (4.93), (4.126), and Theorem 3.1. Since

n(N) logN√
N

(1 + d(N))2 → 0, as N →∞, (4.191)

because the dominating term decreases at a faster rate than Condition D3 imposes,
we have that the second term on the right side of (4.189) tends to zero, as N →∞,
w.p.1. Concerning the third term, we have, using also Lemma 3.3, for sufficiently
large N , w.p.1,

∥√N[Qn(η̄n(N)) −Qn(ηn(N)o )]⊺T −⊺n (θo)R̄n(η̂N − η̄n(N))∥ ≤
≤ ∥T −1

n (θo)∥ ∥R̄n∥√N ∥Qn(η̄n(N)) −Qn(ηn(N)o )∥ ∥η̂N − η̄n(N)∥
≤ C1

√
N ∥Qn(η̄n(N)) −Qn(ηno )∥ ∥η̂N − η̄n(N)∥

≤ C2
√
N ∥η̄n(N) − ηn(N)o ∥ ∥η̂N − η̄n(N)∥

= O⎛⎝
√

n(N) logN
N

(1 + d(N))√Nd(N)⎞⎠ ,
(4.192)

which tends to zero as N →∞, due to Conditions D2 and D3. Thus, x(θo; η̂N , θ̂LS
N )

and √
NQ⊺

n(ηn(N)o )T −⊺n (θo)R̄n(η̂N − η̄n(N)) (4.193)

have the same asymptotic distribution and the same asymptotic covariance, so we
will analyze (4.193) instead.
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Let Υn ∶= Q⊺
n(ηno )T −⊺n (θo)R̄n. Then, using Theorem 3.2,√

NΥn(η̂N − η̄n(N)) ∼ AsN (0, P ) , (4.194)

where P is given by (4.172).
Finally, using (4.148), (4.171), and (4.172), we have that√

N(θ̂WLS
N − θo) ∼ AsN (0, σ2

oM
−1
CR) . (4.195)



Chapter 5

Model Order Reduction Steiglitz-McBride

In this chapter, we propose a method to estimate structured plant models, while
only a high order noise model is considered. The method estimates a high order
ARX model and then reduces it to a low order model for the plant using the
Steiglitz-McBride method, while the noise model is non-parametric. Moreover, the
method provides an optimal estimate with one iteration of the Steiglitz-McBride.
We name this method Model Order Reduction Steiglitz-McBride (MORSM).

For this method, we separate the open loop and closed loop cases. When PEM
is used in open loop, the plant and noise model estimates are asymptotically
uncorrelated if they are independently parametrized. Therefore, asymptotically
efficient estimates of the plant can be obtained even if a high order noise model is
used. However, in closed loop, a correctly parametrized noise model is required to
achieve asymptotic efficiency for the plant estimates. Nevertheless, there exists an
upper bound on the covariance of the plant estimates when PEM is applied with a
noise model order that tends to infinity. As the proposed method only considers a
high order noise model, efficiency cannot be attained in closed loop. However, the
estimates have the same asymptotic covariance as PEM with an infinite order noise
model.

The chapter is organized as follows. In Section 5.1, we state the problem we want
to solve. In Section 5.2, we provide the motivation for the method. In Section 5.3,
we present the method for open loop, and argue that it provides asymptotic efficient
estimates of the plant. A formal proof is not presented in this thesis, but will be
included in [70], which is under preparation. In Section 5.4, we present the method
for closed loop. Although efficiency is not attained, we argue that the plant estimates
have the same asymptotic covariance as PEM when used with an infinite order
noise model. In Section 5.5, we provide a comparison with WNSF, where we observe
that the methods are essentially equivalent when the noise model is known to be
identity. Simulation examples are performed in Section 5.6, followed by conclusions
in Section 5.7.

The contributions in this chapter are mostly based on [70].

81
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5.1 Problem Statement

Consider that data are generated by

yt = Go(q)ut +Ho(q)et (5.1)

where {ut} is the input, {et} is an unknown Gaussian white noise signal with
variance σ2

o , and Go(q) and Ho(q) are rational functions according to

Go(q) = Lo(q)
Fo(q) = lo1q

−1 +⋯ + lomlq−mo
l

1 + fo
1 q

−1 +⋯ + fo
mf
q−mo

f
,

Ho(q) = Co(q)
Do(q) = 1 + co

1q
−1 +⋯ + co

mcq
−mo

c

1 + do
1q

−1 +⋯ + do
md
q−mo

d
.

(5.2)

The transfer functions Go(q), Ho(q), and 1/Ho(q) are assumed to be stable. The
polynomials Lo(q) and Fo(q)—as well as Co(q) and Do(q)—do not share common
factors.

We consider a Box-Jenkins model, with

yt = G(q, θ)ut +H(q, γ)et, (5.3)

where
G(q, θ) = L(q, θ)

F (q, θ) = l1q
−1 +⋯ + lmlq−ml

1 + f1q−1 +⋯ + fmf q−mf ,
H(q, γ) = C(q, γ)

D(q, γ) = 1 + c1q−1 +⋯ + cmcq−mc
1 + d1q−1 +⋯ + dmdq−md ,

(5.4)

and
θ = [f1 . . . fmf l1 . . . lml]⊺ ∈ Rmf+ml ,
γ = [c1 . . . cmc d1 . . . dmd]⊺ ∈ Rmc+md . (5.5)

The orders of the polynomials of Go(q) are assumed to be known (i.e., mf = mo
f

and ml =mo
l ). For simplicity of notation only, we also assume that mg ∶=mf =ml.

Concerning H(q, γ), we do not assume that the orders mo
c and mo

d are known. Again,
for simplicity, we assume mh ∶=mc =md and mo

h ∶=mo
c =mo

d.
In this chapter, we will discuss the consequences of under-parametrizing and

over-parametrizing H(q, γ) for the estimation of θ. The objective is to propose a
least squares method that non-iteratively provides asymptotically optimal estimates
of G(q, θ), when H(q, γ) is of infinite order. The motivation to do this is explained
next.

5.2 Motivation

As discussed in Chapter 1, the model for a system is an abstraction. The model can
never be a true description of the system, but some form of representation to be
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used with a specific purpose. The choice of a model structure and a model order is
thus an important part of system identification, although not covered in this thesis,
as we assume that the true system is given by the chosen model evaluated at a
particular set of parameter values. Nevertheless, in this chapter we separate the
need to know the true model order of the plant and of the noise model, if only the
plant estimate is of interest.

Even if a model is always an abstraction, an appropriate choice of plant model
order can often be based on physical knowledge or intuition. Surely, different model
orders can be chosen depending on the desired precision of the system dynamics.
However, that is still a choice that, in many cases, feels directly connected to the
physical reality.

On the other hand, the choice of noise model order is typically more difficult to
grasp from a physical perspective. The noise affecting the output can come from
many different sources: sensor noise, unmodeled dynamics, process noise. However,
because it is impossible to distinguish the noise sources individually on the measured
output, their aggregate effect is lumped into a signal consisting of white noise
filtered by the noise model. The objective is to create a noise signal whose spectrum
resembles that of the aggregate effect of the disturbances. From this discussion, it
makes sense that the concept of true order for a noise model requires a higher level
of abstraction than for the plant model.

Therefore, a method where the choice of noise model order is not required would
be more user friendly. This has been observed in [71]. Therein, a frequency domain
method that estimates a parametric model for the plant and a non-parametric noise
model is proposed for estimation of Box-Jenkins systems. Then, it makes sense
to discuss what the consequences are for the plant model estimate when a noise
model that is under- or over-parametrized is chosen. We consider the prediction
error method in open loop and closed loop.

If the data is collected in open loop, an under-parametrized noise model will
still provide consistent estimates of the plant, but asymptotic efficiency is lost. For
an over-parametrized noise model, the plant estimates will still be asymptotically
efficient, even if the noise model order tends to infinity. Therefore, in open loop,
a precise choice of noise model order is not so important: if one is only interested
in consistent estimates, there is no need to worry about the noise model order; to
obtain asymptotic efficiency, one needs to choose the order arbitrarily large.

The closed loop case has been studied in [72], where different approaches to
identification are considered. In this thesis, we consider direct estimation, which
uses the plant input and the measured output to directly estimate the system. If
an under-parametrized noise model is used, the plant estimates will be biased. If
an over-parametrized model is used, the plant estimates will be consistent, but not
asymptotically efficient. Asymptotic efficiency is only achieved when a noise model
with the correct order is chosen. However, when the noise model order tends to
infinity, there is an upper bound on the asymptotic covariance of the plant estimates.

From these considerations, we observe that, if the true noise model order is
unknown, it is appropriate to guarantee that it is in the model set. Therefore, one
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can simply choose the noise model order to be arbitrarily large: in open loop, the
plant estimates are asymptotically efficient; in closed loop, they are consistent and
the asymptotic covariance is bellow a certain bound. The problem is that the more
parameters PEM is required to estimate, the more difficult it is to converge to the
global optimum, due to increased problems with local minima. Thus, choosing the
noise model order arbitrarily large is in general not appropriate with the prediction
error method.

However, with an ARX model, the estimate obtained with PEM has a closed form
solution. In this case, as discussed in Chapter 2, the order can be chosen arbitrarily
large without compromising the obtention of the global optimum. Moreover, an
ARX model estimate asymptotically (in model order) provides consistent estimates
of more general classes of systems, such as Box-Jenkins. Consider, as in (4.46),

A(q, ηn)yt = B(q, ηn)ut + et, (5.6)

where
A(q, ηn) = 1+a1q

−1 +⋯ + anq−n,
B(q, ηn) = b1q

−1 +⋯ + bnq−n, (5.7)

and the parameter vector to be estimated is

ηn = [a1 ⋯ an b1 ⋯ bn]⊺ . (5.8)

Then, the ARX model parameter estimate η̂nN is obtained with PEM by least squares,
as in (4.53), according to

η̂nN = [RnN ]−1rnN , (5.9)

where

RnN = 1
N

N∑
t=1
ϕnt (ϕnt )⊺, rnN = 1

N

N∑
t=1
ϕnt yt. (5.10)

and
ϕnt = [−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n]⊺ . (5.11)

Having an estimate η̂nN , we have (for sufficiently large N and n), as pointed out
in (2.65), that

Go(q) ≈ B(q, η̂nN)
A(q, η̂nN) , Ho(q) ≈ 1

A(q, η̂nN) . (5.12)

Then, using (5.12) and the statistical properties of η̂nN (presented in detail in
Chapter 3), we can obtain low order estimates of Go(q) and Ho(q) from a maximum
likelihood criterion, using the parametrization (5.4). The WNSF method has this
ML interpretation.

However, we are now not interested in a low order estimate of Ho(q). Then, we
could use a similar approach to WNSF, but considering only the first part of (5.12).
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Letting ηno , similarly to (4.58), be the truncated parameter values of the ARX model
for which Go(q) = Bo(q)/Ao(q), we can write

F (q, θ)B(q, η̂nN) −L(q, θ)A(q, η̂nN) ≈ F (q, θ)B(q, η̂nN − ηno ) −L(q, θ)A(q, η̂nN − ηno ).
(5.13)

In vector form, we may define, analogously to (5.13),

z(η̂nN , θ) ∶= η̂nN −Qn(η̂nN)θ = Tn(θ)(η̂nN − ηno ), (5.14)

where

Qn(ηn) = [−Qfn(ηn) Qln(ηn)] , Tn(θ) = [T fn (θ) −T ln(θ)] , (5.15)

with Qfn(ηn) and Qln(ηn) given by (4.60), and T fn (θ) and T ln(θ) by (4.64). Similarly
to (4.23), the log-likelihood function of z(η̂nN , θ) is given by

L(θ) = log(C) − 1
2

log [2π detPz(θ)] − 1
2
[z(η̂nN , θ)]⊺P −1

z (θ)z(η̂nN , θ), (5.16)

where
Pz(θ) = Tn(θ)[cov(η̂nN)]T ⊺n(θ). (5.17)

For WNSF, we argued that we could apply iterative weighted least squares to the
third term of (5.16) as an attempt to minimize it. This is because, when also a low
order noise model is obtained, the second term in (5.16) is not parameter dependent.
We can see this by noticing that Tn(θ) is, in that case, given by (4.63), and thus
detPz(θ) = det[Tn(θ)]2 det[cov(η̂nN)] = det[cov(η̂nN)], since detTn(θ) = 1. However,
Tn(θ) is now given by (5.15), which is not square. Therefore, the term detPz(θ)
will be parameter dependent in general, and the WNSF idea to minimize (5.16)
cannot be applied.

Alternatively, as we argued in Section 2.3.1, an asymptotic ML approach allows
to reduce a high order ARX model by considering the estimation of G(q, θ) and
H(q, γ) separately. In particular, the estimation of G(q, θ) is (in open loop) obtained
by minimizing the criterion (2.79):

VN(θ) = ∫ 2π

0
∣G(eiω, η̂nN) −G(eiω, θ)∣2 Φu(eiω)∣H(eiω, η̂nN)∣2 dω. (5.18)

The idea of the ASYM method [19], described also in Section 2.3.1, is to minimize
the time domain equivalent

VN(θ) = 1
N

N∑
t=1

[(B(q, η̂nN)
A(q, η̂nN) −G(q, θ))A(q, η̂nN)ut]2

, (5.19)

as given in (2.80). However, (5.19) is non-convex. In this thesis, we are interested
in using least squares methods. With that purpose, we make a connection between
the ASYM method and BJSM [22] (see also Section 2.3.1). We use ideas from both
methods to propose a procedure that overcomes the limitations of each.
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5.3 Open Loop

Before stating the proposed method, we will present some results regarding the
asymptotic properties of the plant estimates obtained with PEM when the noise
model is over-parametrized. In this section, the discussion only considers open loop
operation. Then, we will recall the main ideas of the BJSM algorithm as a way to
introduce the proposed method.

5.3.1 Prediction Error Method
For BJ models (5.3), the one step ahead prediction errors (2.31) are given by

εt(θ, γ) = D(q, γ)
C(q, γ) [yt − L(q, θ)

F (q, θ)ut] . (5.20)

The parameter estimates, using PEM with a quadratic cost function, are determined
by minimizing the loss function

VN(θ, γ) = 1
N

N∑
t=1
ε2
t (θ, γ), (5.21)

where N is the number of data samples. We denote by θ̂PEM
N the estimate of θ

obtained by minimizing (5.21). Moreover, θo corresponds to the vector θ evaluated
at the coefficients of Fo(q) and Lo(q).

Since the system operates in open loop, it is well known that the estimate of θ
is asymptotically uncorrelated with the estimated parameters γ in the noise model
H(q, γ), as long as the true noise model is in the model set [1]. In particular, when
PEM is applied to the model (5.3), we have (independently of the estimate of γ)√

N(θ̂PEM
N − θo) = AsN (0, [MCR

OL ]−1) , (5.22)

where (we omit the argument of the transfer functions for brevity)

MCR
OL = 1

2πσ2
o
∫ 2π

0

⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦Φu
⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦dω, (5.23)

with Γm(q) = [q−1 . . . q−m]⊺ and Φu the spectrum of the input {ut}.
When {et} is Gaussian, PEM with a quadratic cost function is asymptotically

efficient, meaning that [MCR
OL ]−1 corresponds to the Cramér-Rao lower bound, the

smallest possible asymptotic covariance matrix for a consistent estimator [1]. Again,
we observe that only the orders of Go(q) need to be chosen correctly to achieve
efficiency, while H(q, γ) only needs to include Ho(q) for some particular values of γ.
Thus, if only a model of Go(q) is of interest, and the order of Ho(q) is unknown,
mh can be allowed to grow to infinity (guaranteeing that Ho(q) is in the model set)
without affecting the asymptotic properties of the estimate of θ.
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An important remark is that the non-convex optimization problem of minimiz-
ing (5.21) becomes yet more challenging if we let the order of the noise model
H(q, γ) be arbitrarily large, due to the presence of more local minima. Thus, the
risk of PEM failing to attain the global optimum increases.

5.3.2 Box-Jenkins Steiglitz-McBride
In Chapter 2, we described the Steiglitz-McBride method [48]. It is an iterative
method to deal with the non-convexity of PEM. The setting of the method is for
OE models. However, instead of estimating the OE model directly, it iteratively
estimates ARX models using data sets filtered by the estimate obtained in the
previous iteration. The estimates obtained in this way can be shown to be consistent
if the true system is of OE structure, assuming convergence of the Steiglitz-McBride
iterations. However, the method is in general not asymptotically efficient (i.e., the
asymptotic covariance of the estimates is larger than [MCR

OL ]−1).
The BJSM method [22] uses the Steiglitz-McBride iterations, but extends its

range of applicability and improves its asymptotic properties. In particular, the
method provides consistent and asymptotically efficient estimates of the plant if the
true system is of BJ structure, under the assumptions that the data is obtained in
open loop and that the Steiglitz-McBride iterations converge.

The algorithm has been described in Chapter 2. Here, we recall that the main
idea is to first estimate an ARX model, obtaining an estimate η̂nN . Then, the
Steiglitz-McBride method is applied to the pre-filtered data set

ypf
t = A(q, η̂nN)yt, upf

t = A(q, η̂nN)ut. (5.24)

The motivation is that the pre-filtered data set satisfies

ypf
t = Lo(q)

Fo(q)upf
t +A(q, η̂N)Ho(q)et, (5.25)

which is asymptotically according to

ypf
t ≈ Lo(q)

Fo(q)upf
t + et. (5.26)

Since (5.26) is of OE structure, the Steiglitz-McBride algorithm can be applied to
the data set {ypf

t , u
pf
t }. The BJSM method is then used with open loop data [23].

Notice that, if we were to apply PEM to the pre-filtered data set, we would
minimize, motivated by (5.26),

VN(θ) = 1
N

N∑
t=1

(ypf
t − L(q, θ)

F (q, θ)upf
t )2

. (5.27)

To avoid a non-convex optimization problem, the Steiglitz-McBride method is used
instead.
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In Section 2.3.3, we observed two limitations of BJSM. First, A(q, η̂N) needs to
be estimated even if Ho(q) = 1 (i.e., an ARX model is still required, although a high
order FIR is sufficient to asymptotically model the true system). This is because
BJSM does not use the complete high order ARX estimate: notice that the data{yt} is still used in the pre-filtering step, and the estimate B(q, η̂N) is never used.
Second, the method requires the number of Steiglitz-McBride iterations to tend to
infinity to provide a consistent and asymptotically efficient estimate.

We now apply the idea of using the Steiglitz-McBride with the ASYM method.
This will allow us to use the full statistical properties of the high order ARX model
and obtain an asymptotically efficient estimate in one iteration.

5.3.3 Model Order Reduction Steiglitz-McBride
The objective of our approach is to minimize (5.19) without using a non-convex
optimization method. To do so, we use an approach similar to BJSM and apply the
Steiglitz-McBride method.

First, we write (5.19) as

VN(θ) = 1
N

N∑
t=1

[B(q, η̂nN)ut − L(q, θ)
F (q, θ)A(q, η̂nN)ut]2

. (5.28)

Then, we notice that (5.28) has the same form as (5.27) if we define

ypf
t ∶= B(q, η̂nN)ut, upf

t ∶= A(q, η̂nN)ut. (5.29)

Thus, the same idea (i.e., applying the Steiglitz-McBride to {ypf
t , u

pf
t }) can be used.

The only difference between this approach and BJSM is in how the pre-filtered data
set is generated. Comparing (5.29) and (5.24), we observe that {upf

t } are identical,
but {ypf

t } are different. The difference lies in the measured output not being used
to construct the new pre-filtered data set. In (5.24), the measured output is used;
in (5.29), the output is simulated from the input and the ARX model estimate. In
particular, we simulate the output according to

yst ∶= B(q, η̂nN)
A(q, η̂nN)ut, (5.30)

and then apply the same filter as in (5.24), but on the simulated output, according
to

ypf
t = A(q, η̂nN)yst = B(q, η̂nN)ut, (5.31)

obtaining the proposed pre-filter (5.29).
In summary, the proposed method is as follows:

(1) estimate an ARX-model using the input-output data {ut, yt}, according to (5.9);

(2) construct the pre-filtered data {upf
t , y

pf
t }, according to (5.29);
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(3) apply the Steiglitz-McBride method to {upf
t , y

pf
t } to obtain estimates L(q, θ̂N)

and F (q, θ̂N) of Lo(q) and Fo(q), respectively.
Note that the pre-filtered data set (5.29) only depends on the original output

data {yt} through the least squares estimate η̂nN . Note that, as with WNSF, the
output is not explicitly required to produce an asymptotically efficient data. With
the presented algorithm, MORSM is asymptotically efficient for open loop data.

Moreover, there are two advantages for disregarding the data after the high order
ARX model has been estimated. First, if the noise contribution affecting the true
system (5.1) is white, a high order FIR model can be estimated instead of an ARX,
and still provide an asymptotically efficient estimate.

Second, asymptotically this procedure requires only one Steiglitz-McBride iter-
ation. To intuitively understand why this is the case, we recall why the Steiglitz-
McBride is an iterative method. Recall from (2.105) that, at the first Steiglitz-
McBride iteration,

VN(θo) = 1
N

N∑
t=1

1
2
[F (q, θo)et]2 ; (5.32)

so, the true parameter vector θo does not correspond to the cost function of a white
sequence. Therefore, the estimate θ̂1

N obtained in this step is biased. In the next
step, we have from (2.107) that

VN(θo) = 1
N

N∑
t=1

1
2

⎡⎢⎢⎢⎣
F (q, θo)
F (q, θ̂1

N)et
⎤⎥⎥⎥⎦

2

; (5.33)

so, θo still does not correspond to the cost function of a white sequence, since
θ̂1
N is not a consistent estimate of θo. Therefore, the new estimate θ̂2

N is still not
consistent. We can then iterate, obtaining a new estimate θ̂k+1

N with F (q, θ̂kN). Under
the conditions observed in [21], we have that θ̂kN → θo, as k → ∞. Concerning
the original BJSM method, since the pre-filtered data is according to (5.25), it is
asymptotically approximately an OE model structure, and a similar procedure takes
place.

On the other hand, the MORSM pre-filtering (5.29), which disregards the original
data, satisfies

ypf
t = Lo(q)

Fo(q)upf
t + (B(q, η̂nN)

A(q, η̂nN) − Lo(q)
Fo(q))upf

t . (5.34)

This is a noise-free equation, except for the noisy parameters in the estimated ARX
model. However, the second term in (5.34) tends to zero asymptotically. As conse-
quence, the variance of the error sequence being minimized by the Steiglitz-McBride
iterations disappears asymptotically, and only one Steiglitz-McBride iteration is
required to obtain an asymptotically efficient estimate.

We observe that the essential idea of the proposed method is to use the Steiglitz-
McBride algorithm to perform model order reduction based on an asymptotic ML
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criterion. We thus refer to the method as Model Order Reduction Steiglitz-McBride
(MORSM).

Also, we note that the idea of using the Steiglitz-McBride to, in some sense,
perform model order reduction, is not new. Variants of the Steiglitz-McBride method
have been applied to estimate rational filters from an impulse response estimate,
instead of applying the method directly to data (e.g., [20, 43, 49]). However, although
some of these procedures are in some sense optimal under specific conditions, we
consider a quite general system identification problem and motivate the application
of the method based on an ML criterion. This, as will be show in [70], not only
provides asymptotically efficient estimates under a quite general class of systems
and external signals, but also does so in one iteration.

5.4 Closed Loop

Consider now that the system (5.1) operates in closed loop. In particular, the input
sequence {ut} is generated by

ut = rt −Ko(q)yt, (5.35)

where {rt} is an external reference signal with spectrum Φr and uncorrelated with{et}, and Ko(q) is a linear controller. The input and output data are then given by

yt = Go(q)So(q)rt +Ho(q)So(q)et,
ut = So(q)rt −Ko(q)Ho(q)So(q)et, (5.36)

where S(q) = [1 +Ko(q)G(q)]−1 is the sensitivity function. We assume that data{ut, yt} are available, where the input can either be available through measurements
according to (5.36) or computed using (5.35) from a known external reference {rt}
and controller Ko(q).

We will now discuss the consequences for the statistical properties of the plant
estimates obtained when using PEM with an over-parametrized noise model. Then,
we will propose a generalization for MORSM to be applicable in closed loop with
optimal statistical properties.

5.4.1 Prediction Error Method
As discussed in Section 5.2, PEM does not provide consistent estimates of θ if
mh < mo

h (i.e., if the noise model is under-parametrized). If mh ≥ mo
h, the plant

estimates will be consistent. However, unlike the open loop case, the asymptotic
covariance of θ̂N depends on the exact value of mh chosen.

In closed loop, if θ̂PEM
N is the estimate obtained with PEM, we have that [72]

√
N (θ̂PEM

N − θo) ∼ AsN (0,M−1
CL) , (5.37)
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where

MCL = 1
2πσ2

o
∫ 2π

0

⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦Φru
⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦dω +∆, (5.38)

with Φru the spectrum of {ut} due to {rt} (i.e., if et ≡ 0) and ∆ a positive semi-definite
matrix. In particular, this matrix reaches a maximum when mh =mo

h, at which point
the covariance M−1

CL reaches a minimum, corresponding to the Cramér-Rao bound
for closed loop. On the other hand, ∆→ 0 when mh →∞. In conclusion, although
θ̂N is only an asymptotic efficiency estimate in closed loop when mh = mo

h, its
asymptotic covariance can be upper bounded if the noise model is over-parametrized.
In particular, for an infinite order noise model, we have

MCL = 1
2πσ2

o
∫ 2π

0

⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦Φru
⎡⎢⎢⎢⎢⎣
− Go
FoHo

Γmg
1

FoHo
Γmg

⎤⎥⎥⎥⎥⎦dω =∶M∞
CL. (5.39)

Moreover, comparing (5.23) and (5.39), we see that estimating θ from a closed loop
experiment with a particular reference signal {r̄t} and an infinite order noise model
provides estimates with the same covariance as performing an open loop experiment
with the input sequence {ut} defined by ut = So(q)r̄t.

Guaranteeing consistency in closed loop without having to decide on a noise
model order has been addressed by other system identification methods. A two stage
prediction error method to obtain consistent plant estimates in closed loop without
having to estimate a noise model has been proposed in [73]. However, this approach
does not give guarantees in terms of asymptotic covariance. On the other hand, the
approach with MORSM is to estimate a non-parametric noise model. This will not
only guarantee consistent plant estimates, but also that they are asymptotically
optimal for an infinite order noise model.

5.4.2 Model Order Reduction Steiglitz-McBride

The idea of MORSM is to use Steiglitz-McBride on an asymptotic maximum
likelihood cost function. In closed loop, the asymptotic negative log-likelihood
function to estimate G(q, θ) from G(q, η̂nN) is given by [19]

V (θ) = 1
2π ∫

π

−π ∣G(eiω, η̂nN) −G(eiω, θ)∣2 Φu(ω)σ2
o − ∣Φue(w)∣2

Φv(ω)σ2
o

dω, (5.40)

where

Φu(ω) = ∣So(eiω)∣2 Φr(ω) + ∣K(eiω)∣2 ∣So(eiω)∣2 ∣Ho(eiω)∣2 σ2
o ,

Φue(ω) = −K(eiω)So(eiω)Ho(eiω)σ2
o ,

Φv(ω) = ∣Ho(eiω)∣2 σ2
o .

(5.41)
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Replacing (5.41) in (5.40), we obtain

V (θ) = 1
2π ∫

π

−π ∣G(eiω, η̂nN) −G(eiω, θ)∣2 ∣So(eiω)∣2 Φr(ω)∣Ho(eiω)∣2 dω. (5.42)

Since So(q) is unknown, we replace it by its high order estimate

S(q, η̂nN) ∶= A(q, η̂nN)
A(q, η̂nN) +Ko(q)B(q, η̂nN) . (5.43)

Concerning Ho(q), we replace it by A−1(q, η̂nN) as before. Then, in the time domain
and with finite sample size, we minimize

VN(θ) = 1
N

N∑
t=1

{[G(q, η̂nN) −G(q, θ)]S(q, η̂nN)A(q, η̂nN)rt}2

= 1
N

N∑
t=1

[B(q, η̂nN)S(q, η̂nN)rt −G(q, θ)S(q, η̂nN)rt]2 .
(5.44)

Comparing (5.44) and (5.27), we may define

ypf
t ∶= B(q, η̂nN)S(q, η̂nN)rt, upf

t ∶= A(q, η̂nN)S(q, η̂nN)rt. (5.45)

Then, similarly to the open loop case, the Steiglitz-McBride method can be applied
to the pre-filtered data set (5.45).

A formal proof that this procedure provides consistent estimates of θ with
asymptotic covariance given by (5.39) is still unpublished.

5.5 Comparison to WNSF

Both WNSF and MORSM can be motivated by different approximations of a
maximum likelihood criterion. Also, both methods use least squares iteratively
instead of explicitly minimizing the corresponding cost function. A difference between
the methods is that MORSM separates the estimation of the plant, and only considers
a high order noise model. However, when we assume that Ho(q) = 1, neither of the
methods estimates a noise model. We will then use this case to understand the
fundamental difference between WNSF and MORSM.

Consider the model
yt = G(q, θ)ut + et, (5.46)

where, for illustration purposes, we assume to be of second order:

G(q, θ) = L(q, θ)
F (q, θ) = l1q

−1 + l2q−2

1 + f1q−1 + f2q−2 . (5.47)

The parameter vector to be estimated is given by

θ = [f1 f2 l1 l2]⊺ . (5.48)
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We will consider the expression for θ̂k+1
N given an estimate θ̂kN , using both WNSF

and MORSM.
MORSM consists in minimizing the cost function (5.28) using the Steiglitz-

McBride. Then, given an estimate θ̂kN , we minimize

VN(θ) = 1
N

N∑
t=1

⎡⎢⎢⎢⎣[F (q, θ)B(q, η̂nN) −L(q, θ)] 1
F (q, θ̂kN)ut

⎤⎥⎥⎥⎦
2

= 1
N

N∑
t=1

[F (q, θ)yf
t −L(q, θ)uf

t]2
,

(5.49)

where we have A(q, η̂nN) = 1 because we assume that Ho(q) = 1, and where we have
defined

yf
t ∶= B(q, η̂nN)

F (q, θ̂kN)ut, uf
t ∶= 1

F (q, θ̂kN)ut. (5.50)

The minimization problem (5.49) has the least squares solution

θ̂k+1
N = [ 1

N

N∑
t=1
ϕf
t(ϕf

t)⊺]
−1

1
N

N∑
t=1
ϕf
ty

f
t, (5.51)

where

ϕf
t = [−yf

t−1 −yf
t−2 uf

t−1 uf
t−2]⊺

= [−B(q,η̂nN )
F (q,θ̂k

N
)ut−1 −B(q,η̂nN )

F (q,θ̂k
N
)ut−2

1
F (q,θ̂k

N
)ut−1

1
F (q,θ̂k

N
)ut−2]⊺ . (5.52)

For WNSF, the estimate θ̂k+1
N is given by, expanding (4.42),

θ̂k+1
N = [Q⊺

n(η̂nN)T −⊺n (θ̂kN) 1
N

N∑
t=1
ϕnt (ϕnt )⊺T −1

n (θ̂kN)Qn(η̂nN)]−1

⋅Q⊺
n(η̂N)T −⊺n (θ̂kN) 1

N

N∑
t=1
ϕnt (ϕnt )⊺T −1

n (θ̂kN)η̂nN , (5.53)

where, analogously to (4.28), (4.17), and (4.20), we have

ϕnt = [ut−1 ⋯ ut−n]⊺ (5.54)

and

Qn(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0−b1 0 0 1−b2 −b1 0 0−b3 −b2 0 0⋮ ⋮ ⋮ ⋮−bn−2 −bn−1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Tn(θ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 ⋯ ⋯ 0
f1 1 0 ⋮
f2 f1 1 ⋮
0 f2 f1 ⋱ ⋮⋮ ⋱ ⋱ ⋮
0 0 0 ⋯ f1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5.55)
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respectively. Then, we can re-write (5.53) as (5.51), where, in the WNSF case,

ϕf
t = [(ϕnt )⊺T −1

n (θ̂kN)Qn(η̂nN)]⊺ ,
yf
t = (ϕnt )⊺T −1

n (θ̂kN)η̂nN . (5.56)

The matrix products in (5.56) can be written in filtering form as

ϕf
t = [−{B(q,η̂nN )

F (q,θ̂k
N
)}
n−1
ut−1 −{B(q,η̂nN )

F (q,θ̂k
N
)}
n−2
ut−2 { 1

F (q,θ̂k
N
)}
n−1
ut−1 { 1

F (q,θ̂k
N
)}
n−2
ut−2]⊺ ,

yf
t = ⎧⎪⎪⎨⎪⎪⎩

B(q, η̂nN)
F (q, θ̂kN)

⎫⎪⎪⎬⎪⎪⎭n ut,
(5.57)

where, if

X(q) = ∞∑
k=0

xkq
−k, (5.58)

we have defined

{X(q)}n ∶= n∑
k=0

xkq
−k. (5.59)

Comparing (5.57) with (5.50) and (5.52), we observe that, in the OE case, the
difference between MORSM and WNSF is only in how the filters are truncated
when constructing the matrices in the least squares problem. In particular, MORSM
uses the infinite coefficients of the filter (in practice, they are limited to the past
data available), while WNSF truncates the filter coefficients. Also, with MORSM,
the data is first filtered, and then the regressor matrix is constructed. With WNSF,
the regressor is first constructed based on the original data and then weighted. For
finite n, this leads to the differences observed. However, as n tends to infinity with
the sample size N , the methods are asymptotically the same.

Essentially, the difference between the methods in this setting lies in the choice of
weighting or pre-filtering. While weighting and pre-filtering serve the same purpose
and yield identical theoretical results, numerical differences for finite sample size are
observed. In practice, from a user perspective, WNSF gives more intuition into how
to tackle problems where we want to estimate a low order noise model, while the
formulation with MORSM is appropriate for estimating only a low order estimate
of the plant.

5.6 Simulation Examples

In this section, we perform several Monte Carlo simulations to illustrate the perfor-
mance of MORSM. We first consider open loop and then closed loop operation.
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5.6.1 Open Loop
We perform two open loop simulations. First, we illustrate how MORSM only requires
one Steiglitz-McBride iteration to provide an asymptotically efficient estimate, while
BJSM requires more. Then, we perform a study with random systems, and observe
that MORSM often has better finite sample convergence properties than PEM.

Asymptotically Efficient Estimates in One Iteration

The first simulation is for illustration purposes regarding the number of iterations
required for MORSM and BJSM. The implementation difference between these
methods is in the pre-filtering. In particular, MORSM does not use the noisy output
to construct the pre-filtered data set. The consequence is that MORSM only requires
one iteration to provide an asymptotically efficient estimate.

In this simulation, the data is generated by

yt = q−1 + 0.1q−2

1 − 1.2q−1 + 0.6q−2ut + 1 + 0.7q−1

1 − 0.9q−1 et. (5.60)

One hundred Monte Carlo simulations are performed with eight sample sizes loga-
rithmically spaced between N = 200 and N = 20000. The sequence {ut} is obtained
by

ut = 1
1 − q−1 + 0.89q−2u

w
t , (5.61)

where {uwt } and {et} are white and Gaussian with unit variance. Performance is
evaluated by the root mean squared error (RMSE) of the estimated impulse response.

We compare the following methods:

• the prediction error method, initialized at the true parameters (PEM true);

• the Box-Jenkins Steiglitz-McBride method, with 100 iterations (BJSM100);

• the Box-Jenkins Steiglitz-McBride method, with one iteration (BJSM1);

• the model order reduction Steiglitz-McBride method, with 100 iterations
(MORSM100);

• the model order reduction Steiglitz-McBride, with one iteration (MORSM1).

All methods estimate a plant parameterized with the correct orders, and PEM
also estimates a correctly parameterized noise model. For BJSM and the proposed
method, an ARX model of order 50 is estimated in the first step. As the objective of
this simulation is to observe convergence and asymptotic variance properties, PEM
is started at the true parameters, and all methods assume known initial conditions.
With MORSM and BJSM, the plant model we estimate has the correct structure
and orders, while only a high order noise model is considered; with PEM, both the
plant and noise model are correctly parametrized.
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Figure 5.1: Average RMSE as function of sample size for several methods, obtained
from 100 Monte Carlo runs with a fixed system.

The results are presented in Fig. 5.1, where the average RMSE from 1000 Monte
Carlo runs is presented for each sample size. The RMSE is defined by

RMSE ∶= ∥go − ĝ∥ , (5.62)

where go is a vector with the impulse response coefficients of Go(q), and analogously
for ĝ with the impulse response of the estimated plant model. In Fig. 5.1, we
observe that MORSM and BJSM perform similarly with 100 iterations for all
the sample size range used. MORSM performs slightly worse with one iteration
than with 100 for small sample sizes, but one iteration gives an asymptotically
efficient estimate, unlike with BJSM. Thus, if allowed to converge, both MORSM
and BJSM attain the asymptotic covariance of PEM. However, BJSM theoretically
needs the Steiglitz-McBride iterations to tend to infinity, while MORSM only needs
one iteration.

Comparison with PEM

In the following simulation, we will compare the performance of PEM and the
proposed method with randomly generated systems, which are the same as in
Chapter 4 (see Fig. 4.2), with structure (4.79). Here, the input {ut} is given as in
the previous simulation, and {et} is Gaussian white noise with variance chosen to
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obtain a signal-to-noise ratio (SNR)

SNR = 10 log10 [ ∑Nt=1(ut)2

∑Nt=1(Ho(q)et)2
] = 10. (5.63)

We perform one hundred Monte Carlo runs, one for each system, with the same
input and different noise realizations. A low order plant model with the correct
structure is estimated, while only a high order noise model is considered.

An important practical aspect in implementing the proposed method is how
to choose the ARX model order, in case we do not previously have information
of an appropriate order to choose, which is typically the case. As we have seen,
theoretically the ARX model order should tend to infinity as function of the sample
size. However, for practical purposes it is sufficient to choose an order that can
correctly capture the dynamics of the true system. The approach taken is similar
to the one taken for WNSF in Section 4.5, consisting of computing a low order
estimate based on several high order ARX models and choosing the low order
model that minimizes the loss function (5.21). However, MORSM does not compute
a low order noise model to replace in (5.21). Therefore, the highest order ARX
polynomial A(q, η̂N) is used instead of 1/H(q, γ) when computing this loss function.
Although this is a very noisy estimate, the error induced will be the same for every
computation of the cost function, and should not have a considerable influence in
choosing the best model. For the class of systems we are considering, we choose the
ARX model order from a grid of values between 25 and 125, spaced with intervals
of 25.

Moreover, when more than one iteration is used, the same criterion can be
applied to optimize over the number of iterations—that is, we choose the model
obtained at the iteration that minimizes the cost function (5.21).

We compare the following methods:

• the prediction error method, initialized at the true parameters (PEM true);

• the prediction error method, initialized with the standard MATLAB procedure
(PEM);

• the Box-Jenkins Steiglitz-McBride method, with 20 iterations (BJSM20);

• the model order reduction Steiglitz-McBride method, with 20 iterations
(MORSM20);

• the model order reduction Steiglitz-McBride, with one iteration (MORSM1).

PEM stops with a maximum of 1000 iterations and a function tolerance of 10−5,
and estimates initial conditions. MORSM and BJSM truncate initial conditions.
With MORSM and BJSM, the plant model we estimate has the correct structure
and orders, while only a high order noise model is considered; with PEM, both the
plant and noise model are correctly parametrized.
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The performance of each method is evaluated by calculating the average FIT of
the impulse response of the plant, where

FIT = 100(1 − RMSE∥go −mean(g)o∥) , (5.64)

in percent.
The results are presented in Fig. 5.2, with the average FIT as function of sample

size. As expected, PEM initialized at the true parameters performs best, as it uses
knowledge of the true system. MORSM with 20 iterations, although performing
worse than PEM initialized at the true parameters for small sample sizes, is very
close for sample sizes around 4000 and larger. With only one iteration, MORSM
performs worse (compared with the 20 interations variant) for the range of sample
sizes used, although asymptotically the same performance is guaranteed. In this
simulation, MORSM1 still performs better than PEM when initialized with the
standard MATLAB procedure, but we observe that it improves with a few iterations.

Moreover, the fact that in practice (i.e., for finite sample size) more than one
iteration is required to observe that MORSM is efficient does not render the proposed
method irrelevant in comparison to BJSM. As we observe in Fig. 5.2, BJSM with
20 iterations does not attain the same asymptotic performance of MORSM because
20 iterations are not sufficient for BJSM to converge in this simulation, while they
are sufficient for MORSM. Thus, we experimentally observe that, even when (for
finite sample size) the proposed method benefits from performing more than one
iteration, it still has better convergence properties than BJSM.

5.6.2 Closed Loop
We now turn to the application of MORSM to systems in closed loop operation.
Our main purpose here is to illustrate the asymptotic properties of the method.
As discussed in Section 5.4, MORSM is not asymptotically efficient in closed loop.
The reason is that, in closed loop, a correctly parametrized noise model must be
estimated to achieve efficiency, while MORSM estimates a high order noise model.
As the order of the noise model increases, the asymptotic covariance of the plant
estimates obtained with PEM tends to a finite limit, given by the inverse of (5.39).
Using a similar procedure to the one used for the open loop case, it is possible to
show that the asymptotic covariance of the plant estimates obtained with MORSM
corresponds to that same limit. However, this work is still unpublished.

Here, we present a simulation to observe that, in closed loop, the plant estimates
obtained with MORSM have the same asymptotic covariance as PEM with an
infinite order noise model. However, due to the numerical difficulty of estimating a
too high order model with PEM, we take a different approach. We observed that
the asymptotic covariance obtained with PEM in these conditions, being given by
the inverse of (5.39), corresponds to the asymptotic covariance obtained with an
open loop experiment where the input has spectrum Φru. We expect this approach
and MORSM in closed loop to have the same asymptotic properties.
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Figure 5.2: Average FIT for several methods, obtained from 100 Monte Carlo runs
with random systems.

For illustration purposes of the asymptotic properties, we compare the following
methods:

• the prediction error method, initialized at the true parameters, operating in
closed loop, with correctly parametrized noise model (PEM);

• the prediction error method, initialized at the true parameters, operating in
open loop with input spectrum Φru, with correctly parametrized noise model
(PEM OL);

• the model order reduction Steiglitz-McBride, with one iteration (MORSM1).

The closed loop data is obtained by (5.36), with

Go(q) = q−1 + 0.1q−1

1 − 1.2q−1 + 0.6q−2 , Ho(q) = 1 + 0.7q−1

1 − 0.9q−1 , (5.65)

and Ko(q) = 1. For PEM with open loop data, to guarantee that the input has
spectrum Φru from the closed loop experiment, we have that

ut = So(q)rt, yt = Go(q)ut +Ho(q)et. (5.66)

Fig. 5.3 shows the average RMSE obtained from 1000 Monte Carlo runs. We
observe that PEM in closed loop performs best. As it is a second order system
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Figure 5.3: Average RMSE as function of sample size for several methods, obtained
from 1000 Monte Carlo runs with a fixed system operating in closed loop.

initialized at the true parameters, we assume that PEM converged to the global
minimum, and that this corresponds to the Cramér-Rao bound. Then, as expected,
MORSM is not asymptotically efficient. However, it performs asymptotically as
PEM in open loop with input chosen to have spectrum Φru from the closed loop data.
This corresponds to the asymptotic covariance obtained with PEM in closed loop
with an infinite order noise model. As expected, MORSM attains this covariance
asymptotically.

5.7 Conclusions

In this chapter, we proposed a least squares method for estimation of models with
a plant parameterized by a rational transfer function and a non-parametric noise
model. The essential idea of the method is to perform model order reduction based
on an asymptotic ML criterion using the Steiglitz-McBride method. We thus name
it Model Order Reduction Steiglitz-McBride (MORSM). The method uses ideas
from the ASYM and BJSM methods. This provides asymptotically efficient plant
estimates in open loop. In closed loop, the estimates are optimal for a high order
noise model.

We perform simulation studies to analyze performance of the method, from which
the following main conclusions are drawn. First, the proposed method provides
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asymptotically efficient estimates with one Steiglitz-McBride iteration, while BJSM
does not. Second, even when extra iterations are required for convergence with
finite sample sizes, the proposed method still converges with less iterations than
BJSM. Third, the proposed method often has better finite sample size convergence
properties than PEM when initialized with the standard MATLAB approach.

We also provided a theoretical comparison with the WNSF method in case an
OE model is estimated. In this case, the methods are almost identical. The essential
difference is between filtering and weighting. From a user perspective, WNSF is
appropriate when low order estimates of the noise model are of interest, while
MORSM is a more user friendly approach when we want to avoid choosing a low
order noise model.





Chapter 6

Transient Estimation with Unstructured
Models

Dealing with unknown initial conditions is an important problem in system identi-
fication. In an experiment, a batch of input and output data {ut, yt} is typically
collected for t = 1,2, . . . ,N . If the system was started from rest at t = 1, the user
usually knows the initial conditions. Otherwise, the input is unknown for past values
of t.

When using the prediction error method (PEM), there are typically three ways
to deal with unknown initial conditions. One is to disregard the transient part of the
data for the estimation. Another is to treat the initial conditions as parameters to
be estimated. Finally, the principle of backforecasting [26, 74] can also be applied.

In this chapter, we propose a technique to deal with unknown initial conditions
in methods that use a high order model. In particular, when the high order model
is estimated, we also estimate some transient related parameters simultaneously.
Then, we show how to incorporate this procedure in the weighted null-space fitting
(WNSF) method. We observe that it can be applied to output-error (OE) models
and model structures where the plant and noise model share the same poles (e.g.,
ARMAX), but limitations exist for application to BJ models.

The chapter is structured as follows. In Section 6.1, we state the problem. In
Section 6.2, we propose a procedure to estimate the transient when the noise is
white. In Section 6.3, we show how to incorporate this procedure into WNSF when
the model of interest is OE. In Section 6.4, we show how to extend the transient
estimate when the noise is not white, and discuss the consequences of incorporating
the procedure into the WNSF method. A simulation example is performed in
Section 6.5 to illustrate the potential benefits for small sample size. Conclusions are
drawn in Section 6.6.

The contributions in this chapter are mostly based on [75].

103
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6.1 Problem Statement

The setting is the same as in Chapter 4, where we consider an OE model (4.1)

yt = L(q, θ)
F (q, θ)ut + et, (6.1)

with
L(q, θ) = l1q

−1 +⋯ + lmlq−ml ,
F (q, θ) = 1+f1q

−1 +⋯ + fmf q−mf , (6.2)

and where the sequence {et} is Gaussian white noise with variance σ2
o . The parameter

vector to be estimated is

θ = [f1 ⋯ fmf l1 ⋯ lml]⊺ ∈ Rmf+ml , (6.3)

and we assume that the output sequence was generated by (6.1) at some θ = θo, and
that we have collected data {ut, yt} for t = 1, . . . ,N .

Also analogously to Chapter 4, we approximate this OE model by a high order
FIR model (4.25),

yt = n∑
k=1

gkq
−kut + et, (6.4)

written in regressor form (4.27) as

yt = (ϕnt )⊺gn + et, (6.5)

where
ϕnt = [ut−1 ⋯ ut−n]⊺ , gn ∶= [g1 ⋯ gn]⊺ . (6.6)

Defining
y ∶= [y1 ⋯ yN]⊺ , e ∶= [e1 ⋯ eN]⊺ , (6.7)

and

Φnu ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

u1 u0 ⋯ u−n+2⋮ ⋮ ⋮
uN−1 uN−2 ⋯ uN−n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (6.8)

we can re-write (6.5) in vector form as

y = Φnugn + e. (6.9)

Equivalently to (4.29), but using the notation in (6.9), an estimate ĝnN of gn can
then be obtained by least squares, according to

ĝnN = [(Φnu)⊺Φnu]−1 (Φnu)⊺y. (6.10)
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A limitation of this approach is that the first n rows in (6.8) usually have to be
truncated. The reason is that a batch of data {ut, yt} is typically obtained from an
experiment for certain time instants t = 1,2, . . . ,N . Therefore, {ut} is not available
for t ≤ 0, which makes the first n rows of Φn

u unknown, requiring these equations
to be removed. This also implies that the first n rows of y are truncated when
estimating ĝnN in (6.10), and not all the available data are used in the estimation.
This situation is particularly limiting for poorly damped systems, when the order
n has to be chosen large. The problem we consider in this chapter is how these
missing data {y1, . . . , yn} can be considered in the estimation, and how the proposed
approach can be applied to the WNSF method, with performance benefits for finite
sample size.

6.2 Estimating the Transient

A straightforward approach to estimate these missing data is as follows. Let

τn ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

0 u0 ⋯ u−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ u0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
gn. (6.11)

Then, if τn is treated as a standalone parameter vector, it can be estimated simul-
taneously with gn from

y = Φnūgn + ⎡⎢⎢⎢⎣
Im

0N−n×n
⎤⎥⎥⎥⎦ τn + e= Φnūgn +Φnδ τn + e= Φ̄nη̄n + e,

(6.12)

where Φnū is constructed as Φnu in (6.8), but using

ūt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
ut , t > 0

, (6.13)

and with

η̄n = ⎡⎢⎢⎢⎣
gn

τn

⎤⎥⎥⎥⎦ , Φnδ = ⎡⎢⎢⎢⎣
Im

0N−m×m
⎤⎥⎥⎥⎦ , Φ̄n = [Φnū Φnδ ] . (6.14)

Notice that (6.12) corresponds, if written in a similar form to (6.4), to the multiple-
input single-output (MISO) FIR model

yt = n∑
k=1

gkq
−kūt + n∑

k=1
τkq

−kδt + et. (6.15)



106 Transient Estimation with Unstructured Models

Then, least squares can be applied to (6.12) as before, now using all N measurements,
according to

ˆ̄ηnN = [(Φ̄n)⊺Φ̄n]−1 (Φ̄n)⊺y. (6.16)
Despite including n extra equations, (6.12) also includes n extra unknowns. This

makes the transient parameters unidentifiable in general, and the accuracy of the
estimate ĝnN does not increase. Nevertheless, trying to estimate these transient
parameters can still help in estimating other identifiable parameters—in particular,
the complete estimate ˆ̄ηnN can be useful in a later step for methods that use a high
order estimate to obtain an estimate of a lower order model. In the next section,
we observe how using the complete estimate ˆ̄ηnN can be beneficial to the WNSF
method.

6.3 WNSF with Transient Estimation

Consider that the OE model in (6.1), at θ = θo, has a state-space realization

xt+1 = Axt +But
yt = Cxt + et, (6.17)

initialized with x0 = xo and u0 = uo. This system is equivalent to [58]

x̄t+1 = Ax̄t + [B B̄] ⎡⎢⎢⎢⎣
ūt

δt

⎤⎥⎥⎥⎦
yt = Cx̄t + et,

(6.18)

initialized with x̄0 = 0 = ū0, where δt is the Kronecker delta, and

B̄ = Axo +Buo. (6.19)

The state-space realization (6.18) can be seen as a MISO system, where one of the
inputs is δt.

In the same way that the OE model (6.1) has a state-space realization (6.17),
the MISO state-space realization (6.18) has a MISO OE equivalent. Using (2.29),
we have that the input ūt is related to the output yt by the transfer function

C(qI −A)−1B ≡ L(q, θ̄o)
F (q, θ̄o) , (6.20)

and the contribution from δt is filtered by the transfer function

C(qI −A)−1B̄ =∶ L̄(q, θ̄o)
F (q, θ̄o) , (6.21)

where θ̄ is an extension of θ to include the parameters of the numerator

L̄(q, θ̄) = l̄1q−1 +⋯ + l̄mlq−ml , (6.22)
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according to
θ̄ = [θ⊺ l̄1 ⋯ l̄ml]⊺ ∈ Rmf+2ml . (6.23)

As usual, subscript (⋅)o denotes evaluation at the true parameters. Note that L̄(q, θ̄o)
depends on B̄, which, in turn, depends on the input realization (due the initial
conditions), according to (6.19). Therefore, in general, there will be no pole-zero
cancellations with F (q, θ̄o).

Then, we can write that the data are generated by

yt = L(q, θ̄)
F (q, θ̄) ūt + L̄(q, θ̄)

F (q, θ̄)δt + et (6.24)

at θ̄ = θ̄o, and we would like to estimate the model (6.24). Comparing (6.24)
and (6.15), we observe that the coefficients {τk} estimated with the proposed
approach are the impulse response coefficients of the transfer function L̄(q, θ̄)/F (q, θ̄),
while, as usual, {gk} are the impulse response coefficients of L(q, θ̄)/F (q, θ̄). The
key observation here is that these two transfer functions share the same denominator
F (q, θ̄), determined by (qI −A)−1 both in (6.20) and (6.21). Therefore, an estimate
of {τk} contains information about the poles of the system, and contributes to the
estimation of the original parameter vector θ.

To see how this information can be incorporated in the WNSF method, let

∞∑
k=1

go
kq

−k ∶= L(q, θ̄o)
F (q, θ̄o) , (6.25)

∞∑
k=1

τo
k q

−k ∶= L̄(q, θ̄o)
F (q, θ̄o) . (6.26)

While Steps 2 and 3 of the standard WNSF algorithm are based on the relation
between {go

k} and the coefficients of L(q, θ̄o) and F (q, θ̄o), established by (6.25), we
can now also make use of the relation between {τo

k} and the coefficients of L̄(q, θ̄o)
and F (q, θ̄o), established by (6.26). Then, re-writing (6.25) and (6.26) as

F (q, θ̄o) ∞∑
k=1

go
kq

−k −L(q, θ̄o) = 0,

F (q, θ̄o) ∞∑
k=1

τo
k q

−k − L̄(q, θ̄o) = 0,
(6.27)

we can relate the first n coefficients of the polynomials in (6.27) by

η̄no − Q̄n(η̄no )θo = 0, (6.28)

where
η̄no ∶= [go

1 ⋯ go
n τo

1 ⋯ τo
n]⊺ (6.29)
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and

Q̄n(η̄n) = ⎡⎢⎢⎢⎣
Qfn(gn) −Qln 0
Qfn(τn) 0 −Ql̄n

⎤⎥⎥⎥⎦ , (6.30)

with

Qfn(gn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
g1 0 0 0
g2 g1 0 0⋮ ⋮ ⋱ 0
gmf gmf−1 g1⋮ ⋮ ⋮
gn−1 gn−2 ⋯ gn−mf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Qln = ⎡⎢⎢⎢⎣
Iml×ml

0n−ml×ml
⎤⎥⎥⎥⎦ = Ql̄n,

Qfn(τn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
τ1 0 0 0
τ2 τ1 0 0⋮ ⋮ ⋱ 0
τmf τmf−1 τ1⋮ ⋮ ⋮
τn−1 τn−2 ⋯ τn−mf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(6.31)

From (6.28), which is in the same form as (4.16) for the standard WNSF, the
remaining steps of the method may be applied.

With inclusion of transient estimation, the WNSF method becomes as follows.
In the first step, compute an estimate ˆ̄ηnN of η̄n from (6.16). In the second step, we
replace η̄no by ˆ̄ηnN in (6.28) and, similarly to (4.35), use a least squares approach,
computing

ˆ̄θLS
N = (Q̄⊺

n(ˆ̄ηnN)Q̄n(ˆ̄ηnN))−1
Q̄⊺
n(ˆ̄ηnN)ˆ̄ηnN . (6.32)

Finally, in the third step, similarly to (4.40), we use

ˆ̄θWLS
N = (Q̄⊺

n(ˆ̄ηnN)Wn( ˆ̄θLS
N )Q̄n(ˆ̄ηnN))−1

Q̄⊺
n(ˆ̄ηnN)Wn( ˆ̄θLS

N )ˆ̄ηnN , (6.33)

where
Wn( ˆ̄θLS

N ) = T̄ −⊺n ( ˆ̄θLS
N )(Φ̄n)⊺Φ̄nT̄ −1

n ( ˆ̄θLS
N ). (6.34)

The matrix T̄n(θ̄) is, as in (4.19), determined by writing the residuals of (6.28)
when η̄no is replaced by ˆ̄ηnN in the form

ˆ̄ηnN − Q̄n(ˆ̄ηnN)θo = T̄n(θ̄o)(ˆ̄ηnN − η̄no ). (6.35)

Performing the required computations, we obtain that

T̄n(θ̄) = ⎡⎢⎢⎢⎣
T fn (θ̄) 0

0 T fn (θ̄)
⎤⎥⎥⎥⎦ , (6.36)
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with T fn given, as in the standard WNSF case, by (4.64).

6.4 Generalizations

The idea presented in this chapter for estimation of the transient in high order
models can be straightforwardly extended for the case when the noise contribution is
not white. In this case, instead of an FIR model, an ARX model is estimated, and we
consider the transient contribution in a similar way. Consider an ARX model (2.15)

(1 + n∑
k=1

akq
−k) yt = n∑

k=1
bkq

−kut + et, (6.37)

which we can write, analogously to (6.9), as

y = Φnηn + e, (6.38)

where

ηn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1⋮
an

b1⋮
bn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Φn = [−Φny Φnu] , Φny =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0 y−1 ⋯ y−n+1

y1 y0 ⋯ y−n+2⋮ ⋮ ⋮
yN−1 yN−2 ⋯ yN−n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.39)

If {ut, yt} are unknown for t ≤ 0, we can proceed analogously to the FIR case,
defining

τn ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u0 u−1 ⋯ u−n+1

0 u0 ⋯ u−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ u0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
bn −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y0 y−1 ⋯ y−n+1

0 y0 ⋯ y−n+2⋮ ⋮ ⋱ ⋮
0 0 ⋯ y0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
an, (6.40)

where
an ∶= [a1 ⋯ an]⊺ , bn ∶= [b1 ⋯ bn]⊺ . (6.41)

Then, we re-write (6.38) as
y = Φ̄nη̄n + e, (6.42)

where we now have

Φ̄n = [Φnū −Φnȳ Φnδ ] , η̄n = [(ηn)⊺ (τn)⊺] , (6.43)

and Φnū and Φnȳ are similar to Φnu and Φny , but constructed with

ūt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
ut , t > 0

, ȳt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
yt , t > 0

. (6.44)
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Notice that (6.42) corresponds to the MISO ARX model

(1 + n∑
k=1

akq
−k) ȳt = n∑

k=1
bkq

−kūt + n∑
k=1

τkq
−kδt + et. (6.45)

Then, as before, we can obtain an estimate ˆ̄ηnN of η̄n according to (6.16).
However, we notice that there is a significant difference to the FIR case. With

τn defined by (6.40) instead of (6.11), τn now contains contributions from initial
conditions both in {ut} and {yt} (or, alternatively, in {et}). Moreover, these separate
contributions are not identifiable, which will have consequences for application of
the procedure with the WNSF method, depending on the model of interest.

Consider that the data was generated by the ARMAX model

F (q, θ)yt = L(q, θ)ut +C(q, θ)et, (6.46)

at some θ = θo, with F (q, θ) and L(q, θ) given by (6.2), and

C(q, θ) = 1 + c1q−1 +⋯ + cmcq−mc . (6.47)

We now have

θ = [f1 ⋯ fmf l1 ⋯ lml c1 ⋯ cmc]⊺ ∈ Rmf+ml+mc . (6.48)

Alternatively to (6.46), we may say that the data is generated by a state-space
realization

xt+1 = Axt +But +Ket
yt = Cxt + et. (6.49)

Then, from the state-space matrices in (6.49), F (q, θo), L(q, θo), and C(q, θo) are
obtained by

C(qI −A)−1B ≡ L(q, θo)
F (q, θo) , C(qI −A)−1K ≡ C(q, θo)

F (q, θo) . (6.50)

Assuming (6.49) was initialized with x0 = xo, u0 = uo, and e0 = eo, it can
alternatively be written as

x̄t+1 = Ax̄t + [B B̄] ⎡⎢⎢⎢⎣
ūt

δt

⎤⎥⎥⎥⎦ +Kēt
ȳt = Cūt + ēt,

(6.51)

similarly to (6.18), initialized with x̄0 = ū0 = ē0 = 0, where δt is the Dirac delta, and

B̄ = Axo +Buo +Keo. (6.52)

A MISO ARMAX model equivalent to (6.51) is then given by

F (q, θ̄)ȳt = L(q, θ̄)ūt + L̄(q, θ̄)δt +C(q, θ̄)ēt, (6.53)
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where

ēt ∶= ⎧⎪⎪⎨⎪⎪⎩
0 , t ≤ 0
et , t > 0

(6.54)

and
θ̄ = [θ⊺ l̄1 ⋯ l̄ml]⊺ ∈ Rmf+2ml+mc . (6.55)

Here, {l̄1, . . . , l̄ml} are given analogously to (6.22), and

C(qI −A)−1B̄ ≡ L̄(q, θ̄o)
F (q, θ̄o) . (6.56)

To observe how the proposed approach can be applied to WNSF, we start by
defining

1 + ∞∑
k=1

ao
kq

−k ∶= F (q, θ̄o)
C(q, θ̄o) ,

∞∑
k=1

bo
kq

−k ∶= L(q, θ̄o)
C(q, θ̄o) ,

∞∑
k=1

τo
k q

−k ∶= L̄(q, θ̄o)
C(q, θ̄o) ,

(6.57)
and re-writing (6.53) at the true parameter values as

F (q, θ̄o)
C(q, θ̄o) ȳt =

L(q, θ̄)
C(q, θ̄o) ūt +

L̄(q, θ̄)
C(q, θ̄o)δt + ēt. (6.58)

Replacing (6.57) in (6.58), we obtain

(1 + ∞∑
k=1

ao
l q

−k) ȳt = ∞∑
k=1

bo
kq

−kūt + ∞∑
k=1

τo
k q

−kδt + ēt. (6.59)

Comparing (6.45) and (6.59), we observe that truncated versions of {ao
k, b

o
k, τ

o
k} can

be estimated through the ARX model (6.45). Then, if we re-write (6.57) as

C(q, θ̄o)(1 + ∞∑
k=1

ao
kq

−k) − F (q, θ̄o) = 0,

F (q, θ̄o) ∞∑
k=1

bo
l q

−k −L(q, θ̄o)(1 + ∞∑
k=1

ao
l q

−k) = 0,

F (q, θ̄o) ∞∑
k=1

τo
k q

−k − L̄(q, θ̄o)(1 + ∞∑
k=1

ao
kq

−k) = 0,

(6.60)

we observe that we can relate {ao
k, b

o
k, τ

o
k} to the coefficients of F (q, θ̄o), L(q, θ̄o),

C(q, θ̄o), and L̄(q, θ̄o), in a form similar to (6.28)—that is, linear in θ̄o. Thus, we
can make use of the estimate ˆ̄ηnN to estimate θ̄o by least squares, and then weighted
least squares, according to the WNSF algorithm. So, if the model of interest is
ARMAX, the transient estimate approach presented in this chapter can be applied
to WNSF.
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However, if we consider a BJ model

yt = L(q, θ)
F (q, θ)ut + C(q, θ)

D(q, θ)et, (6.61)

with
D(q, θ) = 1 + d1q

−1 +⋯dmdq−md (6.62)

and

θ = [f1 ⋯ fmf l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd]⊺ ∈ Rmf+ml+mc+md , (6.63)

the same procedure is not applicable. To observe why, we first re-write (6.61) in an
ARMAX-like form, as

F (q, θ)D(q, θ)yt =D(q, θ)L(q, θ)ut + F (q, θ)C(q, θ)et, (6.64)

and, analogously to (6.53), we re-write (6.64) as

F (q, θ̄)D(q, θ̄)ȳt =D(q, θ̄)L(q, θ̄)ūt + L̄(q, θ̄)δt + F (q, θ̄)C(q, θ̄)ēt. (6.65)

Alternatively (and at the true parameters), we can also write

D(q, θ̄o)
C(q, θ̄o) ȳt =

D(q, θ̄o)
C(q, θ̄o)

L(q, θ̄o)
F (q, θ̄o) ūt +

L̄(q, θ̄o)
F (q, θ̄o)C(q, θ̄o)δt + ēt, (6.66)

where, as before, θ̄ is obtained by extending θ with the parameters of L̄(q, θ̄).
Also as before, this polynomial depends on the input and noise initial conditions,
through (6.52). Therefore, in general, there will be no pole-zero cancellations with
the denominator F (q, θ̄)C(q, θ̄). Then, comparing (6.66) and (6.59), we can write
the relations

C(q, θ̄o)(1 + ∞∑
k=1

ao
kq

−k) −D(q, θ̄o) = 0,

F (q, θ̄o) ∞∑
k=1

bo
l q

−k −L(q, θ̄o)(1 + ∞∑
k=1

ao
l q

−k) = 0,

F (q, θ̄o)D(q, θ̄o) ∞∑
k=1

τo
k q

−k − L̄(q, θ̄o)(1 + ∞∑
k=1

ao
l q

−k) = 0.

(6.67)

We observe that the last equation in (6.67), which appears because we estimate the
transient, is non-linear in θo. Therefore, the WNSF method cannot be applied with
transient estimation to BJ models if the initial conditions are unknown both in the
input and in the noise.
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6.5 Simulation Example

In this section, we perform a simulation example to illustrate how the WNSF benefits
from the transient estimates.

The data is generated by

yt = Go(q)ut + et, (6.68)

where
Go(q) = q−1 − 2q−2

1 − 1.7q−1 + 0.9q−2 , (6.69)

and {ut} and {et} are uncorrelated Gaussian white noise sequences with variances 1
and 3.5, respectively. The transfer function in (6.69) has an impulse response that is
well approximated by 100 coefficients, as shown in Fig. 6.1. Performance is evaluated
by computing the FIT, in percent, given by

FIT = 100(1 − ∥go − ĝ∥∥go −mean(go)∥) , (6.70)

where, in this case, go is a vector with the true impulse response coefficients, and ĝ
with the impulse response coefficients from the estimated model. Sufficiently long
impulse responses are taken to make sure that the respective tails (i.e., for the
true and the estimated system) are sufficiently close to zero to not affect the mean
squared error.

The simulation consists of 200 Monte Carlo runs and seven different sample sizes
between N = 102 and N = 104, as indicated in Fig. 6.2. The following methods are
compared:

• the prediction error method, starting at the true parameters, with a maximum
of 1000 iterations;

• the weighted null-space fitting method with truncated transient, with a maxi-
mum of 10 iterations;

• the weighted null-space fitting method with transient estimated, with a maxi-
mum of 10 iterations.

For all the methods, a function tolerance of 10−5 is used as stopping criterion. For
WNSF, the unstructured model order n is chosen from a grid of ten linearly spaced
values between 20 and N/2, according to which minimizes a quadratic cost function
of the prediction errors for the low order model. To do this, we distinguish two
situations. When the transient is not computed, we consider the cost function value,
for some estimate θ̂N , as

VN(θ̂N) = 1
N − n

N∑
t=n+1

(yt − L(q, θ̂N)
F (q, θ̂N)ut)

2

. (6.71)
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Figure 6.1: Impulse response of Go(q).

This means that we neglect the first n values of yt and their predictions, since to
compute the latter we require knowledge of ut for t ≤ 0. When the transient is
computed, we consider the cost function value to be

VN( ˆ̄θN) = 1
N

N∑
t=1

⎛⎝yt − L(q, ˆ̄θN)
F (q, ˆ̄θN) ūt −

L̄(q, ˆ̄θN)
F (q, ˆ̄θN)δt

⎞⎠
2

, (6.72)

with ūt defined by (6.13). Thus, estimating the transient also allows us to have a
longer prediction error sequence to compute the cost function.

Fig. 6.2 shows the average FIT as function of the sample size, where it can be
observed that WNSF with transient estimation (full red curve) has approximately
the same average performance as PEM (dotted blue curve) for sample sizes N ≥ 200.
If WNSF is applied without transient estimation (dashed green curve), a comparable
performance is only observed for much larger values of N . Regarding the case
N = 100, PEM performs better than WNSF even with estimated transient. This
can be explained by the fact that the maximum order n = N/2 is not large enough
to fully capture the dynamics of the system. Nevertheless, we still observe a great
improvement with respect to the case where the transient parameters are not
estimated.
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Figure 6.2: Average FIT obtained for each sample size, with 200 Monte Carlo runs,
comparing PEM (dotted blue curve) and WNSF, with transient truncated (dashed
green curve) and estimated (full red curve).

6.6 Conclusions

In this chapter, we have proposed an approach for transient estimation with high
order unstructured models. Although the estimates of the high order model coef-
ficients are not improved in this step, some methods can benefit from the extra
estimated variables in subsequent steps to obtain a structured model.

The WNSF method is an example of such a method, as it first estimates a high
order model and then reduces this unstructured estimate to a structured one. In
the model reduction step, the method uses the relation between the high order
model coefficients and the structured model parameters. Since the transient variables
estimated in the unstructured model step also have a relation to the low order model
polynomials, they can be used to improve the estimate of the model of interest.

A simulation showed that this procedure improves the accuracy of th estimates.
In particular, with transient estimation, WNSF performs similarly to PEM started
at the true parameters for much smaller sample sizes. Although the asymptotic
properties remain unchanged, improvements are observed for finite sample sizes.

Although WNSF was chosen to illustrate how the proposed procedure to estimate
the transient parameters can be used, the same idea is in principle applicable to
other methods that use a high order model as an intermediate step to obtain a low
order model, of which MORSM is an example.





Chapter 7

ARX Modeling of Unstable Box-Jenkins
Systems

The methods proposed in this thesis use high order ARX models to approximate
systems described by other structured models, such as ARMAX or Box-Jenkins
(BJ). As a particular case, high order FIR models can be used to approximate
output-error (OE) models. Because high order models have the inherent limitation
that their estimates have high variance in comparison to more parsimonious model
descriptions, the estimated high order model is then used to obtain a structured
model with lower variance. This is the essential idea of the methods proposed in
this thesis.

For many linear system structures, the asymptotic (in both model order and
sample size) values of the estimated ARX model polynomials can be related to
the polynomials of the true system. This standard result has been discussed in
Chapters 2 and 3, and is the basis of methods like WNSF. One limitation of this
result is that it uses the assumption that the plant is stable, or that the unstable
poles are shared with the true noise model. Although this is always the case for
systems with structures where the plant and noise model share the same poles (e.g.,
ARMA, ARMAX), it is not generally true for OE or BJ models. In the latter cases,
the noise model is either fixed to identity or independent of the plant, respectively.
The consequence is that, if the plant dynamics are unstable, these models have
unstable predictors. Then, the result that has been used as basis for the WNSF
method, relating the high order FIR or ARX model parameters to the parameters
of the low order model, is not valid.

In this chapter, we study the following question: if the plant is unstable and the
true noise model does not share the unstable poles, what are the limit values of an
infinite order ARX model? We derive this result and show how the plant, noise model
and noise variance can still be recovered from the ARX model, using appropriate
corrections for the noise model and the noise variance. Also, we demonstrate that,
in the unstable case, an FIR model is no longer sufficient to model an OE structure;
instead, an ARX is required. Then, we observe that the increasing variance associated

117
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with an increasing number of parameters in the ARX model does not affect the
estimation of the unstable poles. Although a formal proof is left for future work,
we provide the theoretical background for that observation. Finally, we discuss how
this procedure can be incorporated in the WNSF method for estimation of unstable
systems. We observe that straightforward application of the method is not possible,
and suggest a procedure for extending WNSF to this case. The proposed procedure
loses asymptotic efficiency, but a simulation example indicates promising results.

The chapter is structured as follows. In Section 7.1, we state the problem to
be analyzed. In Section 7.2, we recall how the analogous result for the stable case
can be derived; in Section 7.3, we extend the result for the unstable case and show
how to asymptotically recover the plant, noise model, and noise variance from the
high order ARX model. In Section 7.4, we discuss practical aspects, followed by
numerical examples in Section 7.5. In Section 7.6, we discuss how PEM can be
applied with unstable predictors, making a parallel with our result. In Section 7.7,
we use the result obtained to suggest a procedure to apply WNSF to unstable
systems. Concluding remarks are given in Section 7.8.

The contributions in this chapter are mostly based on [76, 77].

7.1 Problem Statement

Consider that data is generated by

yt = Go(q)ut +Ho(q)et, (7.1)

where {ut} is the plant input, {et} is Gaussian white noise with variance σ2
o , {yt} is

the output, and Go(q) and Ho(q) are the true plant and noise models, respectively,
which are rational transfer functions in the delay operator q−1, given by

Go(q) ∶=Lo(q)
Fo(q) ∶= lo1q

−1 + ⋅ ⋅ ⋅ + lomlq−ml
1 + fo

1 q
−1 + ⋅ ⋅ ⋅ + fo

mf
q−mf ,

Ho(q) ∶=Co(q)
Do(q) ∶=

1 + co
1q

−1 + ⋅ ⋅ ⋅ + co
mcq

−mc
1 + do

1q
−1 + ⋅ ⋅ ⋅ + do

md
q−md ,

(7.2)

where ml, mf , mc, and md are finite positive integers.
We impose that Co(q) and Do(q) are stable polynomials (i.e., all the roots lie

strictly inside the unit circle), while Fo(q) does not have roots on the unit circle.
Since Fo(q) is not required to be stable, we consider that the data is obtained with
stabilizing feedback,

yt = Go(q)So(q)rt+ Ho(q)So(q)et,
ut = So(q)rt −Ko(q)Ho(q)So(q)et, (7.3)

where {rt} is a known external reference uncorrelated with {et}, and So(q) is the
sensitivity function,

So(q) = 1
1 +Ko(q)Go(q) , (7.4)
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with Ko(q) a stabilizing regulator.
Consider also the ARX model

A(q, η)yt = B(q, η)ut + et, (7.5)

with infinite order polynomials

A(q, η) = 1 + ∞∑
k=1

akq
−k, B(q, η) = ∞∑

k=1
bkq

−k, (7.6)

where
η = [a1 a2 ⋯ b1 b2 ⋯]⊺ . (7.7)

Using a quadratic cost, the PEM estimate of the ARX model asymptotically mini-
mizes the cost function

J(η) ∶= Ē [A(q, η)yt −B(q, η)ut]2 , (7.8)

as the number of samples tend to infinity. Because the data are generated by (7.3),
the limit cost function can be expressed as

J = Ē [(AGo −B)Sort + (A +KoB)HoSoet]2 . (7.9)

Here, and in similar expressions that follow, the polynomial arguments are dropped
for notational simplicity, and we recall that we want to minimize J with respect to the
polynomials A and B, given by (7.6) and parametrized by (7.7). By minimizing (7.9),
the global minimizers of (7.9)—Ao(q) and Bo(q)—can be related to Go(q) and
Ho(q).
7.2 The ARX Minimizer of a Stable BJ Model

To find the global minimizers of (7.9), we first introduce the following result.

Proposition 7.1. Let Zo(q) and its inverse be power series in q−1 that are analytic
outside and on the unit circle, and such that Zo(∞) = 1. Let X(q)—also a power
series in q−1 satisfying X(∞) = 1—be the argument of the cost function

J = 1
2π ∫

π

−π ∣X(eiω)∣2 ∣Zo(eiω)∣2 dω. (7.10)

Then, (7.10) has the unique minimizer Xo(q) = Z−1
o (q) and minimum Jo = 1.

Proof. This is a standard result (e.g., Problem 3G.3 in [1]). A proof is included for
completeness. The product X(q)Zo(q) can be expanded as a polynomial,

X(q)Zo(q) = ∞∑
k=0

gkq
−k, (7.11)



120 ARX Modeling of Unstable Box-Jenkins Systems

where g0 = 1, since X(∞) = Zo(∞) = 1. Using Parseval’s identity on (7.10) together
with (7.11) yields

J = 1 + ∞∑
k=1

∣gk ∣2 ≥ 1. (7.12)

The minimum Jo = 1 is obtained for Xo(q) = Z−1
o (q), since Zo(q) is inversely stable.

Because the inverse is unique, the minimum will not be attained for any other X(q),
since then at least one gk ≠ 0, k > 0.

In the following theorem, we derive the global minimizers of (7.9) when Go(q) is
stable, and Ho(q) is stable and inversely stable. Although this is a standard result,
we include it for completeness.

Proposition 7.2. Let Go(q) be stable and Ho(q) be stable and inversely stable.
The asymptotic minimizers of (7.9) are given by

Ao(q) = 1
Ho(q) , Bo(q) = Go(q)

Ho(q) , (7.13)

and the attained global minimum is

Jo = σ2
o . (7.14)

Proof. Using Parseval’s identity and uncorrelation between {rt} and {et}, (7.9) can
be written as

J = Jr + Je, (7.15)

where

Jr = 1
2π ∫

π

−π ∣AGo −B∣2 ∣So∣2 Φr dω, (7.16)

Je = 1
2π ∫

π

−π ∣A +KoB∣2 ∣HoSo∣2 σ2
o dω, (7.17)

with Φr the spectrum of {rt}. Therefore, since A(q) +Ko(q)B(q) is monic, and
Ho(q)So(q) is monic, stable, and inversely stable, they can be expanded as power
series in q−1 satisfying the conditions of X(q) and Zo(q), respectively, in Proposi-
tion 7.1. Then, we can use this result to conclude that Je is minimized by

A(q) +Ko(q)B(q) = 1
Ho(q)So(q) . (7.18)

If (7.16) can be made zero while satisfying (7.18), a global minimizer for J has been
found. This is done by setting Ao(q) and Bo(q) according to (7.13), which yields
the minimum (7.14).
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A consequence of Proposition 7.2 is that an infinite order ARX model can be
used to asymptotically recover a BJ model, as well as the noise variance σ2

o .
In fact, (7.13) and (7.14) also hold for unstable Go(q), as long as Ho(q) shares

the same unstable poles. We can see this by noticing that, in this case, Ho(q)So(q) is
still inversely stable. However, that is lost when Go(q) is unstable, and its unstable
poles do not cancel with those of Ho(q). This is the reason why Proposition 7.2
does not apply to unstable systems of BJ structure. In the next section, we seek the
minimizers Ao(q) and Bo(q) of (7.9) when Go(q) is unstable and Ho(q) does not
share unstable poles.

7.3 The ARX Minimizer of an Unstable BJ Model

Before stating the main result of this chapter, we introduce the following definitions.
Consider the factorization

F (q) = F s(q)F a(q), (7.19)

where F s(q) and F a(q) contain the stable (magnitude less than one) and anti-stable
(magnitude larger than one) roots of F (q), respectively. Also, we define F a⋆(q) as
the polynomial with the roots of F a(q) mirrored inside the unit circle—that is, if

F a(q) = ma∏
k=1

(1 − pkq−k), (7.20)

where {p1, . . . , pma} are the unstable roots of F (q), then
F a⋆(q) = ma∏

k=1
(1 − p−1

k q
−k). (7.21)

If evaluation at the true values is considered, we denote the unstable roots of Fo(q)
by {po

1, . . . , p
o
ma}.

We now extend Proposition 7.2 to the case where Go(q) is allowed to be unstable.

Theorem 7.1. Let Ho(q) be stable and inversely stable, and factorize Fo(q)
according to (7.19). The asymptotic minimizers of (7.9) are given by

Ao(q) = 1
Ho(q) F

a
o (q)

F a⋆o (q) , Bo(q) = 1
Ho(q) Lo(q)

F so (q)F a⋆o (q) , (7.22)

and the attained global minimum is

Jo = ∣ F ao (eiω)
F a⋆o (eiω) ∣

2

σ2
o

= ∣ ∏mak=1[1 − po
k]∏mak=1[1 − 1/po
k] ∣

2

σ2
o .

(7.23)
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Proof. Using Parseval’s identity and uncorrelation between {rt} and {et}, (7.9) can
be written as

J = Jr + Je, (7.24)

where

Jr = 1
2π ∫

π

−π ∣AGo −B∣2 ∣So∣2 Φr dω, (7.25)

Je = 1
2π ∫

π

−π ∣A +KoB∣2 ∣HoSo∣2 σ2
o dω, (7.26)

with Φr the spectrum of {rt}. Unlike in Proposition 7.2, we cannot directly use
Proposition 7.1 to minimize Je because the inverse of Ho(q)So(q) is not analytic
outside the unit circle. To still apply Proposition 7.1, let

S̃o(q) ∶= So(q)
F ao (q) = F so (q)

Fo(q) +Ko(q)Lo(q) , (7.27)

and re-write (7.26) as

Je = ∣ F ao (eiω)
F a⋆o (eiω) ∣

2 1
2π ∫

π

−π ∣A +KoB∣2 ∣HoS̃oF
a⋆
o ∣2 σ2

o dω, (7.28)

where ∣F ao (eiω)/F a⋆o (eiω)∣ is moved outside the integral since it is an all-pass filter,
and can be written as

∣ F ao (eiω)
F a⋆o (eiω) ∣ = ∣ F ao (1)

F a⋆o (1) ∣ = ∣ ∏mak=1[1 − po
k]∏mak=1[1 − 1/po
k] ∣ . (7.29)

Therefore, since A(q)+Ko(q)B(q) is monic, and Ho(q)S̃o(q)F a⋆o (q) is monic, stable,
and inversely stable, we are in the situation of Proposition 7.1, and Je is minimized
by

A(q) +Ko(q)B(q) = 1
Ho(q)S̃o(q)F a⋆o (q) . (7.30)

If (7.25) can be made zero while satisfying (7.30), a global minimizer for J has been
found. This is done by setting Ao(q) and Bo(q) according to (7.22), which yields
the minimum (7.23).

Notice that if the plant is stable, F ao (q) = 1 = F a⋆o (q) and F so (q) = Fo(q), and
(7.22) reduces to (7.13). Moreover, using a similar approach to Theorem 7.1, it
is straightforward to extend this result to the case with a non-minimum phase
noise model Ho(q). In this case, the noise model Ho(q) in (7.22) will be replaced
by its minimum phase equivalent. This corresponds to the well known result that
PEM identifies an equivalent minimum phase noise model if the true noise model is
non-minimum phase [78].
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Recovering Go(q) from the asymptotic minimizers of the ARX model is straight-
forward, as

Go(q) = Bo(q)
Ao(q) . (7.31)

The following corollary describes how the noise model and the variance σ2
o can be

retrieved.

Corollary 7.1. Let Jo be the asymptotic minimum of (7.9), and Ao(q) the corre-
sponding minimizer. Then, the noise model Ho(q) and the noise variance σ2

o can be
retrieved by

Ho(q) = 1
Ao(q) A

a
o(q)

Aa⋆o (q) (7.32)

and

σ2
o = Jo ∣Aa⋆o (eiω)

Aao(eiω) ∣2

= Jo ∣ ∏mak=1[1 − po
k]∏mak=1[1 − 1/po
k] ∣

2

,

(7.33)

respectively.

Proof. The asymptotic minimizer Ao(q) can be factorized by one polynomial F ao (q)
with anti-stable roots and one polynomial with only stable roots corresponding to
1/Ho(q)F a⋆o (q). Thus, F ao (q) can be retrieved as the anti-stable roots of Ao(q)—that
is,

F ao (q) = Aao(q). (7.34)
Then, (7.32) follows directly from (7.22) and (7.34), while (7.33) follows from (7.23)
and (7.34).

Comparing (7.32) with (7.13), we observe that, if the standard result (7.13) is
used, the magnitude of the noise model Ho(q) will be underestimated by a constant
bias, since Aao(q)/Aa⋆o (q) is an amplifying all-pass filter. Also, comparing (7.33)
and (7.14), we observe that the variance σ2

o will be overestimated if the appropriate
corrections due to the unstable plant are not made.

However, notice that if we are only interested in recovering the noise spectrum

Φv(ω) ∶= ∣Ho(eiω)∣2 σ2
o (7.35)

based on the high order ARX model, we do not need to perform any correction due
to the unstable plant. To see this, assume that we have obtained the asymptotic
minimizer Ao(q) of (7.9), as well as the minimum Jo. Then, using Corollary 7.1, we
can write (7.35) as

Φv(ω) = ∣ 1
Ao(eiω) A

a
o(eiω)

Aa⋆o (eiω) ∣
2

Jo ∣Aa⋆o (eiω)
Aao(eiω) ∣2 = Jo ∣ 1

Ao(eiω) ∣
2

. (7.36)
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On the other hand, if we do not assume that Go(q) is unstable, and use (7.13)
and (7.14) instead, we still directly obtain

Φv(ω) = Jo ∣ 1
Ao(eiω) ∣

2

(7.37)

by replacing (7.13) and (7.14) in (7.35). Nevertheless, if we want to use the high
order ARX model estimate to obtain a parametric noise model—as we will later do
with WNSF—Corollary 7.1 is used.

7.4 Practical Aspects

So far, we have only discussed consistency of the ARX model. For the consistency
results to be valid, the ARX model has to be of infinite order. Otherwise, the
system (7.1) is not in the model set defined by (7.5), and a bias is induced by
the truncation. However, both for practical estimation aspects and for a statistical
analysis of the asymptotic properties, considering an infinite order model is not
adequate.

Instead, consider the ARX model (7.5), but with polynomials given by

A(q, ηn) = 1 + n∑
k=1

akq
−k, B(q, ηn) = n∑

k=1
bkq

−k, (7.38)

with parameter vector

ηn = [a1 ⋯ an b1 ⋯ bn]⊺ . (7.39)

For a particular estimation problem, the order n is chosen large enough such that
these polynomials capture the dynamics of the true system to a desired accuracy.
In that case, the bias error due to the truncation is assumed to be small. For a
statistical analysis of the asymptotic properties of the ARX estimate, consistency is
guaranteed by letting the order n tend to infinity as function of the sample size N
at an appropriate rate, according to [25] and Chapter 4 of this thesis.

The inherent limitation of estimating a high order model is that the estimated
model will have high variance. However, we observe that this does not apply to the
unstable poles of the ARX model, as will be illustrated with a simulation in the next
section. Thus, the estimate of F ao (q) obtained from (7.34) will have high accuracy
in comparison to the complete high order ARX model estimate. In turn, this means
that the noise variance can be estimated according to (7.33) with high accuracy.

There is theoretical support for the observation that the estimate of the unstable
roots of Ao(q) has low variance. For a very general class of models, encompassing
both ARX models and Box-Jenkins models, it has been shown that the variance of
any unstable root will converge to a finite limit (cf. Theorem 5.1 in [79]). However,
this result is not directly applicable to our setting, since such variance analysis
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requires that the model order tend to infinity as function of the sample size N .
There is no conceptual reason limiting the extension of this theorem to our setting.
However, due to the technical effort required, it is considered for future work, as
discussed in Chapter 8.

Theorem 7.1 has also implications for modeling OE structures with high order
models. In this case, a high order finite impulse response model is typically estimated
instead of an ARX, since Ho(q) = 1 = Ao(q). However, that is only the case if Go(q)
is stable. If Go(q) is unstable, a finite order polynomial B(q, ηn) is not sufficient
to approximate Go(q) arbitrarily well. An approach to estimate FIR models for
unstable systems has been proposed in [80]. Alternatively, an ARX model can be
used to asymptotically capture an unstable OE system, as (7.31) remains valid.

7.5 Examples

Consider the plant and noise models

Go(q) = q−1 − 1.7q−2

1 − 2q−1 + 2q−2 , Ho(q) = 1 + 0.2q−1

1 − 0.9q−1 , (7.40)

which are used to generate data according to (7.3) with controller Ko(q) = 1, where{rt} and {et} are uncorrelated Gaussian white noise sequences with unit variance.
Notice that the plant Go(q) has a pair of unstable complex poles at 1 ± i.

We use this system for two examples. First, we illustrate the limit properties of
the ARX model that were shown in Section 7.3; then, we use different orders of the
ARX model to illustrate the observation in Section 7.4 regarding the variance of the
estimated unstable poles.

7.5.1 Limit Properties of the ARX Model
The objective of this example is to illustrate the result obtained in Theorem 7.1,
and how Corollary 7.1 can be used to obtain estimates of Go(q) and Ho(q) when
the plant is unstable. Because these results concern limit values (in both model
order and sample size) of the estimates of A(q, ηn) and B(q, ηn), they can be more
clearly illustrated if the estimation error is kept small. Thus, to minimize the bias
error due to the ARX model truncation, we choose Go(q) and Ho(q) such that the
coefficients of Ao(q) and Bo(q) decay quickly, which allows us to use a relatively low
order (n = 15). The low model order together with a large sample size (N = 100000)
ensure that also the variance error will be small. Finally, we are also interested in
estimating the noise variance, σ2

o .
The procedure is as follows. First, the ARX polynomials A(q, ηn) and B(q, ηn)

are estimated by minimizing the cost function

J(ηn) = 1
N

N∑
t=1

[A(q, ηn)yt −B(q, ηn)ut]2 , (7.41)
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which is a consistent estimate of (7.8) for finite sample size. This is a least squares
problem, solved, similarly to (4.53), by

η̂nN = [RnN ]−1rnN , (7.42)

where

RnN = 1
N

N∑
t=1
ϕnt (ϕnt )⊺, rnN = 1

N

N∑
t=1
ϕnt yt. (7.43)

and
ϕnt = [−yt−1 ⋯ −yt−n ut−1 ⋯ ut−n]⊺ . (7.44)

With (7.42), we obtain estimates of Ao(q) and Bo(q)—A(q, η̂nN) and B(q, η̂nN)—at
which the minimum J(η̂nN) is obtained.

Then, we estimate the plant and noise model from the estimated ARX polyno-
mials. Motivated by (7.31) and (7.32), we compute

Ĝ(q) ∶= B(q, η̂nN)
A(q, η̂nN) , Ĥ(q) ∶= 1

A(q, η̂nN) A
a(q, η̂nN)

Aa⋆(q, η̂nN) . (7.45)

In Fig. 7.1 and Fig. 7.2, the Bode plots of Go(q) andHo(q) are shown respectively
together with their corresponding estimates, and, in the case of the noise model,
also the estimate without the correction for the unstable plant is shown. Here, it
is observed that the ARX model correctly captures the true system, according
to (7.22). In particular, this illustrates the main result of this chapter, that when
the plant Go(q) has unstable poles and is parametrized independently of the noise
model Ho(q), a high order ARX model is still appropriate to consistently model
this system. However, while the standard result (7.13) still applies to consistently
retrieve the plant, a consistent estimate of the noise model is obtained by using a
correction factor according to (7.32).

Finally, we are interested in estimating the noise variance, σ2
o . With this purpose,

motivated by (7.33), we calculate

σ̂2 ∶= J(η̂nN) ∣Aa⋆(eiω, η̂nN)
Aa(eiω, η̂nN) ∣2 . (7.46)

The results obtained for this example were

J(η̂nN) = 3.9816, σ̂2
o = 0.9988. (7.47)

Recalling that σ2
o = 1, this example supports our theoretical result that the high

order ARX model can be used to obtain a consistent estimate of the noise variance,
even in our generalized setting for unstable plants, as long as the appropriate
correction (7.46) is made. Otherwise, taking (7.14) as estimate for the noise variance
would overestimate the noise variance by a factor of four, in this case.
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Figure 7.1: Bode plot of G(q) (red, dashed) and its estimate Ĝ(q) (blue, full).

7.5.2 Variance of the Estimated Unstable Poles

As ARX models typically need to be of high order to capture the dynamics of BJ
systems, the variance of the estimated model will be large. Although this intrinsic
limitation was not evident in the previous example, since the dynamics of the
considered system can be captured with relatively low orders of A(q) and B(q), and
a large sample size was used, it can be made clear by letting the order of the ARX
polynomials increase.

As the variance of the estimated A(q, η̂nN) will be large if more parameters are
estimated, also the variance of the estimated poles of Go(q) should be large, since
the poles of Go(q) are obtained from the roots of A(q, η̂nN). However, following the
discussion in Section 7.4, we observe that this does not apply to the variance of the
unstable poles.

To illustrate this, we perform a Monte Carlo simulation with 50 runs, where two
ARX models with different orders are computed. The roots of A(q, η̂nN) are plotted
in Fig. 7.3 and Fig. 7.4 for n = 15 and n = 100, respectively. From these results, it
is clear that the variance of the unstable poles is small relative to the stable ones,
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Figure 7.2: Bode plot of H(q) (red, dashed), its estimate Ĥ(q) (blue, full), and its
uncorrected estimate Â−1

(q) (green, dash-dotted).

and also that there is no apparent variance increase for the unstable poles when the
number of estimated parameters increases.

7.6 PEM with Unstable Predictors

In this section, we relate our result to PEM when used to directly estimate a correctly
parametrized model with an unstable predictor around the true parameter values.
The prediction error method requires a stable predictor to be applied. However,
as we have discussed in this chapter, BJ models have unstable predictors if the
plant is unstable, and thus a standard prediction error approach cannot be applied
in this case. Techniques to deal with unstable predictors have been proposed in
the literature (e.g., [78, 81]). In this section, we review the approach in [81]. The
purpose is to observe a connection with our result in Theorem 7.1, and it will also
be used in our extension of the WNSF method to unstable BJ systems.

Let the data be generated by (7.1), according to (7.2). We are interested in
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Figure 7.3: Roots of Â(q) obtained with 50 Monte Carlo runs, for n = 15.
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Figure 7.4: Roots of Â(q) obtained with 50 Monte Carlo runs, for n = 100.
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estimating a model with the same structure,

yt = G(q, θ)ut +H(q, θ)et, (7.48)

with
G(q, θ) ∶=L(q, θ)

F (q, θ) ∶= l1q
−1 + ⋅ ⋅ ⋅ + lmlq−ml

1 + f1q−1 + ⋅ ⋅ ⋅ + fmf q−mf ,
H(q, θ) ∶=C(q, θ)

D(q, θ) ∶= 1 + c1q−1 + ⋅ ⋅ ⋅ + cmcq−mc
1 + d1q−1 + ⋅ ⋅ ⋅ + dmdq−md ,

(7.49)

parametrized with the vector

θ = [f1 ⋯ fmf l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd]⊺ ∈ Rmf+ml+mc+md . (7.50)

This is exactly the BJ model estimation described in Section 4.3.2, except that
Go(q) is now not required to be stable.

We recall that, as discussed in Section 2.3.1, the main idea of PEM is to minimize
a cost function of the prediction errors. For the model (7.50), the one step ahead
prediction errors are given by

εt(θ) =H−1(q, θ) [yt −G(q, θ)ut] . (7.51)

The PEM estimate of θ, if a quadratic cost is used, is then given by the minimizer
of the cost function

VN(θ) = 1
N

N∑
t=1

1
2
ε2
t (θ), (7.52)

as in (2.34), where N is the sample size.
If Go(q) is unstable, it is not feasible to minimize the cost function (7.52). The

reason is that G(q, θ)ut explodes when θ corresponds to an unstable model, and
so does the prediction error sequence (7.51). There are several ways to deal with
estimating an unstable system with PEM. A simple approach is to parametrize the
noise model H(q, θ) so that the predictor becomes stable. Consider, for example, an
ARMAX model (2.20), for which

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

F (q, θ) . (7.53)

Then, (7.51) becomes

εt(θ) = F (q, θ)
C(q, θ)yt − L(q, θ)

C(q, θ)ut, (7.54)

which is stable under the assumption that the noise model does not have zeros on
the unit circle. Thus, the ARMAX model guarantees stability of the predictor by
forcing G(q, θ) and H(q, θ) to share the same poles.
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Parametrizing the noise model to have the same poles of the plant is not always
realistic. For example, if the noise model is used to model a sensor, restricting this
model to contain eventual unstable plant dynamics is unreasonable from a physical
perspective. The BJ model structure has the flexibility of allowing the plant and
noise model to be parametrized independently. Thus, if G(q, θ) is unstable, PEM
will have an unstable predictor.

The approach proposed in [81] is a way to deal with unstable predictors. For BJ
models, the idea is to, instead of (7.49), estimate the model

G(q, θ) = L(q, θ)
F (q, θ) , H(q, θ) = C(q, θ)

D(q, θ) F
a⋆(q, θ)
F a(q, θ) . (7.55)

When this model is used, the prediction errors are

εt(θ) = D(q, θ)
C(q, θ) [ F a(q, θ)

F a⋆(q, θ)yt − L(q, θ)
F s(q, θ)F a⋆(q, θ)ut] , (7.56)

which is a stable sequence if the noise model is inversely stable.
Notice that this technique, despite parametrizing the noise model so that the un-

stable poles of G(q, θ) are canceled out in the predictor, it does so while not affecting
the spectrum of the additive noise. The reason is that the factor F a⋆(q, θ)/F a(q, θ)
is an all-pass filter, and its effect can be compensated with the variance of {et}.
In fact, it has been shown in [81] that the model structures (7.49) and (7.55) are
asymptotically equivalent. The difference is that it is numerically possible to mini-
mize (7.52) with the model structure (7.55), since the prediction errors (7.56) will
be stable, even if F (q, θ) is not.

We observe that the result in Theorem 7.1 has an interesting correspondence with
the approach [81] described above. In particular, the additional factor F a⋆o (q)/F ao (q)
appearing in the noise model in (7.55) corresponds to the same quantity appearing
in the minimizer 1/Ao(q) in (7.22).

7.7 WNSF with Unstable Predictors

The WNSF method has been described and analyzed in Chapter 4. Consider that the
model of interest is of BJ structure. Then, the method uses the relation between the
high order ARX model parameters and the parameters of the BJ model polynomials.
Due to the results presented in this chapter, it is expected that the relation between
these parameters will change if the system is unstable.

In this section, we consider again the WNSF method. For convenience, we start
by presenting the method from the first step, to observe where application in its
standard form fails when the model of interest has an unstable predictor. Then, we
observe that the WNSF cannot be straightforwardly extended to the unstable case,
as the relation between the high order ARX model parameters and the parameters
of the BJ model polynomials is no longer linear. Finally, we propose a solution to
maintain the WNSF as a three step weighted least squares method. Although this
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is done at the cost of asymptotic efficiency, a simulation study still shows good
performance.

7.7.1 Algorithm
Following the standard WNSF steps, the first step is to estimate a high order ARX
model (7.5), parametrized according to (7.38) and (7.39).

The second step consists of writing a relation between the high order ARX
model parameters and the BJ model parameters. This was, in the stable case, based
on (7.13). However, we must now consider (7.22) instead. This provides the relations

C(q, θ̃o)F a⋆(q, θ̃o)Ao(q) − Fa(q, θ̃o)D(q, θ̃o) = 0,
F s(q, θ̃o)F a(q, θ̃o)Bo(q) −L(q, θ̃o)Ao(q) = 0,

(7.57)

where we have changed the parameter vector of interest due to the factorization of
F (q) into a stable and an anti-stable part. Accordingly, in (7.57) we consider

θ̃ = [fs1 ⋯ fsms fa1 ⋯ fama l1 ⋯ lml

fs1 ⋯ fsms c1 ⋯ cmc d1 ⋯ dmd]⊺, (7.58)

where
F s(q, θ̃) = 1 + fs1 q−1 +⋯ + fsmsq−ms ,
F a(q, θ̃) = 1 + fa1 q−1 +⋯ + famaq−ma , (7.59)

with ms and ma the number of stable and anti-stable roots of Fo(q), respectively,
and θ̃o denoting, as usual, evaluation at the true parameters.

We observe from (7.57) that a similar approach to the stable case cannot be
taken here. Due to products between entries of θ̃o, (7.57) cannot be written linearly
in θ̃o. Thus, θ̃ cannot be estimated by (weighted) least squares.

One possibility is to attempt to minimize an ML cost function explicitly. When,
motivated by (7.57), Ao(q) and Bo(q) are replaced by A(q, η̂nN) and B(q, η̂nN),
respectively, we can write

C(q, θ̃o)F ⋆
a (q, θ̃o)A(q, η̂nN) − Fa(q, θ̃o)D(q, θ̃o) = C(q, θ̃o)F ⋆

a (q, θ̃o)A(q, η̃nN),
Fs(q, θ̃o)Fa(q, θ̃o)B(q, η̂nN) −L(q, θ̃o)A(q, η̂nN) =

= Fs(q, θ̃o)Fa(q, θ̃o)B(q, η̃nN) −L(q, θ̃o)A(q, η̃nN),
(7.60)

where η̃no ∶= η̂nN − ηno . Since the statistics of A(q, η̃nN) and B(q, η̃nN) are known from
the least squares estimate of η̃no , according to (4.55), the left side of (7.60) could
be minimized using a maximum likelihood approach. A non-linear optimization
procedure could be used to obtain an estimate of the parameter vector θ̃. Then,
since F (q, θ) = F s(q, θ̃)F a(q, θ̃), the parameter vector θ, as defined in (7.50), can
be estimated.
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To avoid an explicit non-convex optimization, which is the purpose of WNSF,
we want to use weighted least squares iteratively. Because that is not applicable
directly, we propose the following alternative. Define Aa(q) and Aa⋆(q) from A(q)
in the same way that F a(q) and F a⋆(q) are defined from F (q) in (7.20) and (7.21),
respectively. Using the observation that the unstable roots of Fo(q) are estimated
with relative high accuracy through the estimate A(q, η̂nN), we use Aa(q, η̂nN) as an
estimate of F ao (q), and assume that this estimate is accurate enough to not require
re-estimation. With these considerations, we re-write (7.57) as

C(q, θ̄o)Aa⋆o (q)Ao(q) −Aao(q)D(q, θ̄o) = 0,
Fs(q, θ̄o)Ao

a(q)Bo(q) −L(q, θ̄o)Ao(q) = 0,
(7.61)

which is linear in θ̄o, where

θ̄ = [fs1 ⋯ fsms l1 ⋯ lml

c1 ⋯ cmc d1 ⋯ dmd]⊺ ∈ Rmfs+ml+mc+md . (7.62)

This allows us to re-write (7.61) as

ηno − Q̄n(ηno )θ̄o = 0, (7.63)

where

Q̄n(ηn) = ⎡⎢⎢⎢⎣
0 0 −T a⋆n (ηn)Qcn(ηn) T an(ηn)Qdn−T an(ηn)Qfsn (ηn) Qln(ηn) 0 0

⎤⎥⎥⎥⎦ . (7.64)

Here, we have that

T an(ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
aa1 1⋮ ⋱
aama aama−1 ⋯ 1

0 aama ⋯ aa1 1⋮ ⋱
0 ⋯ aa3 aa2 aa1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

T a⋆n (ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
aa⋆1 1⋮ ⋱
aa⋆ma aa⋆ma−1 ⋯ 1

0 aa⋆ma ⋯ aa⋆1 1⋮ ⋱
0 ⋯ aa⋆3 aa⋆2 aa⋆1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.65)
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and

Qf
s

n (ηn) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
b1 0 0 0
b2 b1 0 0⋮ ⋮ ⋱ 0
bms bms−1 b1⋮ ⋮ ⋮
bn−1 bn−2 ⋯ bn−ms

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.66)

where the parameters {aa1 , . . . , aama} and {aa⋆1 , . . . , aa⋆ma} are given by

Aa(q, ηn) = 1 + aa⋆1 q−1 +⋯ + aa⋆maq−ma ,
Aa⋆(q, ηn) = 1 + aa⋆1 q−1 +⋯ + aa⋆maq−ma , (7.67)

which are evaluated at the true parameters when the subscript (⋅)o is used in ηno .
Notice that the parameters {aa1 , . . . , aama} and {aa⋆1 , . . . , aa⋆ma} can be obtained from
ηn, and thus we maintain the notation Aa(q, ηn) and Aa⋆(q, ηn). Concerning the
remaining matrices in (7.64)—Qcn(ηn), Qln(ηn), and Qdn—they are given as in the
standard WNSF method, according to (4.60). Then, the second step of the WNSF
is, motivated by (7.63) and using an approach analogous to the stable case,

ˆ̄θLS
N = (Q̄⊺

n(η̂nN)Q̄n(η̂nN))−1
Q̄⊺
n(η̂nN)η̂nN . (7.68)

For the third step, we observe that, when we replace ηno by η̂no in (7.63), we
obtain

η̂nN − Q̄(ηnN)θ̄o = T̄n(θ̄o, η
n
o )(η̂nN − ηno ), (7.69)

with

T̄n(θ̄, ηn) = ⎡⎢⎢⎢⎣
T a⋆n (ηn)T cn(θ̄) 0−Tl(θ̄) T an(ηn)T fsn (θ̄, ηn)

⎤⎥⎥⎥⎦ , (7.70)

where

T f
s

n (θ̄) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
fs1 1⋮ ⋱
fsms fsms−1 ⋯ 1

0 fsms ⋯ fs1 1⋮ ⋱
0 ⋯ fs3 fs2 fs1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.71)

and T cn(θ̄) and Tl(θ̄) are given as in the standard WNSF algorithm, according
to (4.64). Also, note that T̄n(θ̄, ηn) is now a function of ηn because aao is obtained
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from ηo. Then, using a similar approach to the stable case, we compute, in the third
step,

ˆ̄θWLS
N = (Q̄⊺

n(η̂nN)Wn( ˆ̄θLS
N , η̂nN)Q̄n(η̂nN))−1

Q̄⊺
n(η̂nN)Wn( ˆ̄θLS

N , η̂nN)η̂nN , (7.72)

where
Wn(θ̂LS

N , η̂nN) = (T̄n(θ̂LS
N , η̂nN)[RnN ]−1T̄ ⊺n(θ̂LS

N , η̂nN))−1
(7.73)

and RnN is given, as usual, according to (2.56).
We recall that, despite the high variance of η̂nN , Aa(q, η̂nN) provides an estimate

of the unstable poles of Fo(q) with relative high accuracy. That motivates its use
in the weighting matrix. Moreover, since θ̄ does not include the anti-stable part of
F (q, θ), we can also use Aa(q, η̂nN) to estimate Fo(q), according to

F (q, ˆ̄θWLS
N , η̂nN) ∶= F s(q, ˆ̄θWLS

N )Aa(q, η̂nN). (7.74)

Although the WNSF method is asymptotically efficient in the stable case, some
accuracy is expected to be lost with this approach. This is because an estimate
of F ao (q) is not obtained simultaneously with the remaining polynomials, which
implies that some correlations are neglected. Nevertheless, because the variance
of Aa(q, η̂nN) is not significantly affected by the high order of the ARX model, the
method is still expected to have good performance.

Output-Error Special Case

In an output-error (OE) setting—that is, with Ho(q) = 1—we have that, in the
stable case, Ao(q) = 1. Therefore, a finite impulse response (FIR) model is, in that
case, sufficient in the first step of the WNSF method. Then, in the second and third
steps, only L(q, θ) and F (q, θ) are estimated, as we now have Co(q) = 1 =Do(q).

However, we observe by taking Ho(q) = 1 in (7.22) that

Ao(q) = F ao (q)
F a⋆o (q) , Bo(q) = Lo(q)

F so (q)F a⋆o (q) . (7.75)

Therefore, even if the model of interest is OE, a high order ARX model is still
required to capture the dynamics of the corresponding unstable system.

To discuss the application of WNSF to this case, we re-write (7.75) as

F a⋆(q, θ̃o)Ao(q) − F a(q, θ̃o) = 0, (7.76)
F s(q, θ̃o)F a⋆(q, θ̃o)Bo(q) −L(q, θ̃o) = 0, (7.77)

and observe that (7.76) and (7.77) are still non-linear in θ̃o. A similar approach
to the BJ case can be used, where F ao (q) is considered already estimated with
high accuracy through Aa(q, η̂nN). Then, (7.76) no longer contains parameters to be
estimated. A similar procedure follows based on the relation

F s(q, θ̄o)Aa⋆o (q)Bo(q) −L(q, θ̄o) = 0 (7.78)

to estimate Lo(q) and F so (q).
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7.7.2 Simulation Example
To study the performance of the method, we perform a simulation study with 500
Monte Carlo runs and ten sample sizes logarithmically spaced between N = 200 and
N = 200000 (rounded to the nearest integer). The data are collected in closed loop
with unit feedback, as

yt = G(q, θo)
1 +G(q, θo)rt + H(q, θo)

1 +G(q, θo)et
ut = 1

1 +G(q, θo)rt − H(q, θo)
1 +G(q, θo)et,

(7.79)

where {rt} and {et} are Gaussian white noise sequences with variances 0.25 and 1,
respectively, and

G(q, θo) = q−1 − 0.5q−2

1 − 1.9q−1 + 0.78q−2 , H(q, θo) = 1 + 0.7q−1

1 − 0.8q−1 . (7.80)

The plant G(q, θo) is thus a second order system with a stable pole at q = 0.6 and
an unstable pole at q = 1.3. A model with the correct orders will be estimated.

Although the WNSF method converges asymptotically at Step 3 of the algorithm,
continuing to iterate could improve the statistical properties for finite sample size,
as observed in Section 4.5. The method is then implemented with 20 iterations. Also,
θ is estimated for a grid of ARX model orders n ∈ {10, 20, . . . , 90, 100}. Then, based
on (7.55), we choose the low order model that minimizes the cost function

VN( ˆ̄θN , η̂nN) = 1
N

N∑
t=1

1
2

⎡⎢⎢⎢⎢⎣H
−1(q, ˆ̄θN)⎛⎝Aa(q, η̂

n
N)

A⋆
a(q, η̂nN)yt − L(q, ˆ̄θN)

Fs(q, ˆ̄θN)A⋆
a(q, η̂nN)ut

⎞⎠
⎤⎥⎥⎥⎥⎦

2

.

(7.81)
This approach is compared with PEM, initialized at the true parameters, using the
same cost function. Performance is evaluated by the normalized mean square error
on simulated data—that is,

NMSE = ∑Nt=1(xt − x̂t)2

∑Nt=1 (xt −∑Nt=1 xt/N)2 , (7.82)

where
xt = G(q, θo)

1 +G(q, θo)rt, (7.83)

and {x̂t} is obtained similarly, but by replacing G(q, θo) with a particular model
estimate.

The results are presented in Fig. 7.5, with the average normalized MSE as
function of the sample size. We observe that the WNSF method has a performance
very close to PEM started at the true parameters for the whole range of sample sizes
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Figure 7.5: Average normalized MSE as function of sample size, obtained from 500
Monte Carlo runs, comparing the WNSF method (full blue) and PEM (dashed red).

used. Nevertheless, the accuracy of PEM does not seem to be attained asymptotically.
This was expected due to the separate estimation of F ao (q).

Two practical implementation issues are of importance. First, it is known that,
due to the large variance of the high order ARX model, some roots of A(q, η̂nN) that
converge to stable roots can become unstable for finite N [82]. Since we want to
use Aa(q, η̂nN) as an estimate of F ao (q), it is imperative to be able to detect “fake”
unstable roots. To do so, we may again use the fact that the unstable roots of Fo(q)
are estimated with relative high accuracy from A(q, η̂nN), compared to the remaining
roots. Therefore, if one estimates different ARX model orders or uses different data
sets, the location of the “fake” unstable roots will change considerably, while those
corresponding to F ao (q) will remain within a small region of the complex plane.

Another issue is related to the invertibility of the weighted least squares problem.
Note that the inverse of (7.70) can be written as

T̄ −1(θ̄, ηn) =
= ⎡⎢⎢⎢⎣

T cn(θ̄, ηn)−1T a⋆n (ηn)−1 0
T cn(θ̄, ηn)−1T a⋆n (ηn)−1T ln(θ̄)T fsn (θ̄, ηn)−1T an(ηn)−1 T f

s(θ̄, ηn)−1T an(ηn)−1

⎤⎥⎥⎥⎦ ,
(7.84)
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which is used in the weighting matrix (7.73) when we write it as

W (θ̂LS
N , η̂nN) = T̄ −1

n (θ̂LS
N , η̂nN)RnN T̄ −⊺n (θ̂LS

N , η̂nN). (7.85)

Evaluated at the estimated parameters η̂nN , the matrix T an(η̂nN) is a Toeplitz matrix
of the impulse response coefficients of Aa(q, η̂nN). Likewise, its inverse will be a
Toeplitz matrix containing the impulse response coefficients of Aa(q, η̂nN)−1. Because
this transfer function is unstable, its impulse coefficients explode, and so do the
entries of the matrix T an(ηn)−1, when n is allowed to increase. Nevertheless, it is
still possible to solve the weighted least squares problem in a numerically stable way.
Instead of computing the inverse explicitly, one should use a QR decomposition.

7.8 Conclusions

In this chapter, we first derived the limit values of ARX models when modeling a BJ
structure with an unstable plant. High order ARX models can still be used to model
the underlying system in this situation. However, while the estimated B(q)/A(q)
still captures the plant, 1/A(q) no longer corresponds to the noise model H(q), but
will also depend on the unstable part of the plant G(q). We have shown how the
plant, noise model, and noise variance of a system of BJ structure can be obtained
from an estimated ARX model in this case. Also, we note that the variance of the
estimated unstable poles seems to tend to a finite limit when the number of ARX
model parameters increases.

These results have implications for methods that use high order ARX models
and the possibility to use them to estimate unstable systems. In particular, we
use these results to analyze the applicability of the WNSF method to unstable BJ
systems. We observe that WNSF is not straightforwardly extendable to this case,
since there is no longer a linear relation between the high order model coefficients
and the parameters of the low order model of interest. To deal with this problem,
we use Aa(q, η̂nN) as an estimate of the anti-stable part of Fo(q), arguing that the
unstable poles of the system are estimated with high accuracy through the high
order ARX model. Then, the remaining low order model parameters are estimated
using the standard WNSF approach.

In Chapter 4, it is shown that the WNSF method is asymptotically efficient for
stable systems. However, for unstable systems, our simulation study shows good
performance, although it supports the argument that extension to unstable systems
is not asymptotically efficient. This was expected, since the non-simultaneous
estimation of F ao (q) and the remaining model polynomials ignores correlations
between the complete set of model parameters. Deriving the limit variance of
Aa(q, η̂nN) is of importance to quantify how much is lost in terms of asymptotic
covariance compared to the Cramér-Rao bound.

Finally, we note that although WNSF has been given as an application of the
result on the limit values of high order ARX models for unstable systems, the result
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is useful for all methods that estimate a high order ARX model as an intermediate
step to obtain a structured model of interest.





Chapter 8

Conclusions and Future Research Directions

The purpose of this thesis was to propose and analyze least squares methods for
system identification, contributing for the development of accurate and computation-
ally efficient algorithms. The proposed methods provide a bridge between iterative
least squares methods and maximum likelihood for model order reduction. Although
iterative least squares is applied to avoid a non-convex optimization problem, they
provide asymptotically efficient estimates in one iteration.

The main contribution of this thesis is the weighted null-space fitting (WNSF)
method and the analysis of its asymptotic properties, performed in Chapter 4. It is
a weighted least squares method for estimation of structured models, consisting of
the following three steps. In Step 1, a high order ARX model is estimated by least
squares. In Step 2, this high order estimate is reduced to a lower order one by least
squares. In Step 3, the low order model is re-estimated by weighted least squares.
We show that the method is consistent and asymptotically efficient for Box-Jenkins
models, while the same is true for other common linear model structures.

In Chapter 5, we proposed a pre-filtered least squares method for estimation
of structured plant models, while only a high order estimate of the noise model
is considered. This can be seen as a more user friendly method, as it avoids the
need to choose an order for the noise model. We refer to this method as model
order reduction Steiglitz-McBride (MORSM). In open loop, the plant estimates
are asymptotically efficient; in closed loop, they are optimal for a high order noise
model.

From simulations performed in Chapters 4 and 5, we observed that the proposed
methods provide promising convergence properties compared to PEM when initial-
ized with the standard MATLAB procedure. Asymptotic efficiency could also be
observed in practice for reasonable sample sizes, by comparing with PEM initialized
at the true parameters.

The remaining chapters concern extensions for this type of methods. In Chapter 6,
we propose an approach for transient estimation in high order models. This approach
does not improve the estimation accuracy of the high order model parameters, but
the estimates of the transient parameters contain information about the low order
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model of interest. Therefore, for methods that use a high order model estimate as
an intermediate step to obtain a low order model, the transient estimates can be
used to improve the quality of the low order estimate. As WNSF is such a method,
we show how the proposed procedure can be incorporated in the method. Also, we
illustrate how this improves performance for finite sample size.

In Chapter 7, we consider unstable systems such that the unstable poles of the
plant are not shared with the noise model. This is the case of output-error and
Box-Jenkins models. Then, we derive the limit values of high order ARX models
when used to model such unstable systems. We observe that the ARX model estimate
still converges to well defined polynomials, but more general expressions are required
compared to the standard result. As the WNSF uses the relation between the high
order ARX model coefficients and the parameters of the low order model of interest,
this is an important result if the WNSF is to be applied to estimate unstable systems.
We propose a procedure to generalize WNSF to this case.

We now proceed to discuss possibilities for future research directions.

Exact Likelihood Optimization

It is a standard result that applying a maximum likelihood criterion to a sufficient
statistic requires only one Gauss-Newton iteration to provide an asymptotically
efficient estimate, if the algorithm is initialized at a consistent estimate. In this
thesis, we make a connection between this type of methods and methods that apply
least squares iteratively. Particularly, given a high order ARX model estimate, the
proposed methods also provide asymptotically efficient estimates in two steps: the
first to obtain a consistent estimate, the second to obtain an asymptotically efficient
one. As the methods proposed in this thesis have an ML interpretation for reducing
a high order ARX model to a structured model, it makes sense to investigate further
the differences between using iterative least squares and explicit minimization of
the cost function (e.g., by Gauss-Newton). Some preliminary results have shown
advantages for the proposed methods compared to an exact likelihood optimization
with Gauss-Newton, but a more complete analysis is required.

WNSF Generalized Formulation

In this thesis, we presented the WNSF method for common SISO linear model
structures. However, the method can be applied to most MIMO variants of such
structures. Subspace methods are especially appealing for estimating MIMO state-
space models, for which PEM has increasing difficulties in converging to the global
optimum as the number of inputs and outputs increases. A study comparing state-
space estimation with subspace methods and transfer function estimation with
instrumental variables for MIMO systems has been performed in [83]. Being formally
between PEM and subspace methods, WNSF is an appropriate alternative to
subspace methods, being computationally lighter than PEM, but having optimal
statistical properties.
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Furthermore, WNSF can be seen as a more general order reduction problem,
where there is a linear relation between the high order and the low order model
parameters. Therefore, with a proper generalized formulation, WNSF could be used
to solve other classes of problems.

Recursive WNSF

Recursive implementation of system identification methods may have computational
benefits if there is interesting in updating an estimate as more data becomes available
(e.g., online estimation). The least squares form of the WNSF should be appropriate
for recursive estimation in two steps: first, recursive least squares would be used to
update the high order parameters with the new available data; then, the weighted
least squares step for order reduction would use this re-computed high order estimate,
along with the already available low order estimate to construct the weighting.

MORSM for Systems in Networks

With the rising complexity of engineering systems, estimation of individual systems
embedded in networks is an important problem in system identification. Two-
stage [84] and instrumental variable [85] methods have recently been proposed to
consistently estimate such systems.

An initial attempt to apply WNSF to networks has been made in [86]. However,
the model order reduction Steiglitz-McBride method has a more interesting potential
to this application, by only estimating a structured model of the system of interest,
while modeling the remaining part of the network as high order.

Simulation Studies

The simulation examples in this thesis focused in comparing the performance of the
proposed methods and the prediction error method. In the future, more methods
will be compared in simulation studies.

Moreover, the simulations were performed on systems of fixed and known order.
If the order of the system is unknown, methods that estimate structured models need
to be complemented with some model order selection technique. Future simulation
studies will also include this case.

Finally, a discussion on implementation issues and computational complexity
will also be taken.

Limit Variance of Unstable Poles in High Order ARX Model

High order models have the inherent limitation that their estimate has high variance.
However, we observed in Chapter 7 that this does not apply to the estimated
unstable poles of the ARX model. Theorem 5.1 in [79] provides theoretical support
for this observation. Therein, it is shown for a very general class of systems that the
variance of any unstable root will converge to a finite limit. However, this theorem
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is not directly applicable to our setting, because it requires the system to be in the
model set. In our setting, the system is only in the model set when the order of the
ARX model tends to infinity. Therefore, a variance analysis similar to [79, Theorem
5.1] requires that the model order tend to infinity as function of the sample size N ,
similarly to the approach in [25] and in the theoretical analysis performed in this
thesis. An extension of this theorem to such a setting would allow us to compare
the accuracy of the unstable poles estimate obtained through the high order model
and the corresponding estimate when PEM is applied with a low order model.
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