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Abstract 

The importance of simulation is increasing in the research on semiconductor de-
vices and materials. Simulations are used to explore the characteristics of novel de-
vices as well as properties of the semiconductor materials that are under investigation, 
i.e. generally materials where the knowledge is insufficient. A wide range of simula-
tion methods exists, and the method used in each case is selected according to the re-
quirements of the work performed. For simulations of new semiconductor materials, 
extremely small devices, or devices where non-equilibrium transport is important, the 
Monte Carlo (MC) method is advantageous, since it can directly exploit the models of 
the important physical processes in the device.  

One of the semiconductors that have attracted a lot of attraction during the last 
decade is silicon carbide (SiC), which exists in a large number of polytypes, among 
which 3C-SiC, 4H-SiC and 6H-SiC are most important. Although SiC has been 
known for a very long time, it may be considered as a new material due to the rela-
tively small knowledge of the material properties. This dissertation is based on a num-
ber of MC studies of both the intrinsic properties of different SiC polytypes and the 
qualities of devices fabricated by these polytypes. In order to perform these studies a 
new full-band ensemble device MC simulator, the General Monte Carlo Semiconduc-
tor (GEMS) simulator was developed. Algorithms implemented in the GEMS simula-
tor, necessary when all material-dependent data are numerical, and for the efficient 
simulation of a large number of charge carriers in high-doped areas, are also presented. 
In addition to the purely MC-related studies, a comparison is made between the MC, 
drift-diffusion, and energy-balance methods for simulation of vertical MESFETs. 

The bulk transport properties of electrons in 2H-, 3C-, 4H- and 6H-SiC are stud-
ied. For high electric fields the drift velocity, and carrier mean energy are presented as 
functions of the field. For 4H-SiC impact-ionization coefficients, calculated with a 
detailed quantum-mechanical model of band-to-band tunneling, are presented. Addi-
tionally, a study of low-field mobility in 4H-SiC is presented, where the importance of 
considering the neutral impurity scattering, also at room temperature, is pointed out. 

The properties of 4H- and 6H-SiC when used in short-channel MOSFETs, assum-
ing a high quality semiconductor-insulator interface, are investigated using a simple 
model for scattering in the semiconductor-insulator interface. Furthermore, the effect is 
studied on the low and high-field surface mobility, of the steps formed by the common 
off-axis-normal cutting of the 4H- and 6H-SiC crystals. In this study an extension of 
the previous-mentioned simple model is used. 
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1. Introduction 

The extremely fast development of semiconductor devices today and the last dec-
ades is depending on the possibility to model and simulate charge transport in these 
devices. For fundamental studies, it is also important to simulate bulk semiconductor 
materials. Of course, there are other kinds of simulations of great importance than car-
rier transport, for instance processing, but they are not a topic of this thesis. Simulation 
and modeling is important, both for the basic theoretical understanding of the device 
characteristics, and for predictions of the properties when the devices are designed. As 
the size of the devices is continuously decreasing, the need for, and the demands on, 
the simulation tools are continuously increasing. 

In order to simulate charge transport in semiconductors it is necessary to solve 
Boltzmann’s Transport Equation (BTE), which is described in many textbooks and 
elsewhere in the literature [1, 2 App. F, 3]: 

This is a bookkeeping equation for the charge carrier distribution function ( )tf ,,pr , 

i.e. the probability to find a carrier at the time t  at the position r  and with the mo-
mentum p ; F  is the external force, and s  is the generation or recombination rate for 

carriers. The last term on the right-hand side is the collision term, which is given by: 

where ),( pp ′S  is the scattering transition rate, normally measured as transitions per 

second, from the state  p  to p′ . This collision term is a sum, often handled as an in-

tegral, which contains the distribution function. In non-degenerate semiconductors 
1),,( <<tf pr , and the ( )[ ]pf−1  terms can be set to unity. Nevertheless, due to the 

collision term, the BTE is an integro-differential equation that is complicated and dif-
ficult to solve within a reasonable time. To overcome this difficulty further approxima-
tions are required. 

In existing commercial simulators principally the drift-diffusion (DD) and hydro-
dynamic (HD) models are used. The DD model is based on the relaxation time approx-
imation, and a set of differential equations suggested by Van Roosbroeck already 1950 
[4]. This simple model gives decent results for a large class of simulations, but it has 
shortcomings for very small devices and high-energy simulations. In 1962 the more 
sophisticated hydrodynamic model was suggested by R. Stratton [5]. It exists in differ-
ent versions, and a number of authors have given their contributions [6, 7, 8]. The HD 
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method is able to calculate carrier energy, velocity overshoot, and related non-static 
effects. However, both these models are often insufficient for simulation of ultra-small 
devices. Another limitation with the traditional simulators is, that they are not possible 
to use for new materials, where the transport parameters are unknown. The problems 
with the DD and HD models are accentuated for highly anisotropic materials, like 4H- 
and 6H-SiC, although at least one intent has been made to adapt the models to anisot-
ropic materials [9]. 

The Monte Carlo (MC) simulation method is an option, which is suitable in the 
cases where the DD and HD models are impossible to use, or give results with poor 
quality. It may be regarded as a kind of virtual reality with simulated charge carriers 
moving through a virtual semiconductor. Actually, the MC method is a general nu-
merical method for the solving of mathematical problems by simulation of random 
variables. It is used in different versions for the solution of a broad range of engineer-
ing, scientific, and mathematical problems. The most common variant used in carrier-
transport calculations has the principal characteristic, that it is based on a number of 
submodels, simulating the fundamental physical phenomena that govern the charge 
transport. Departing from these submodels, it is possible to simulate a new semicon-
ductor material obtaining data as mobility and saturation velocity, which may be used 
in subsequent DD and HD simulations. Since the model is inherently more physical, it 
is also possible to get better results in device simulations, where the DD and HD mod-
els are insufficient. On the other hand, MC simulations require very much computer 
CPU time, and have slow convergence to the final result. This is a drawback, which in 
some extent is balanced by the advantage that it is always converging. (Lack of con-
vergence is a common problem in HD simulations.)  

Most MC simulations are made using software developed at universities and re-
search institutes. These MC programs are generally very specialized, and usually it is 
necessary to make program changes when a new simulation is set up. All simulations 
in the included papers are performed with a simulator developed at Mid-Sweden Uni-
versity, the General Monte Carlo Semiconductor (GEMS) simulator, which is a full-
band ensemble device simulator. Also many other studies made in our Computational 
Electronic Group are based on simulations performed with the GEMS simulator. 
GEMS is an attempt to create a software tool box, where normal simulations do not 
require program changes, and where the user can select between a number of submod-
els for each subtask performed by the simulator. Naturally, the appended papers are 
produced in different stages of the software evolution, and the work with the GEMS 
simulator has to a high degree been guided by the experiences acquired. Some of the 
program versions used in these studies also contain special program adaptations. 

Since there are a number of more or less advanced submodels, which have differ-
ent areas of applicability, another problem with MC simulations is to select the com-
bination of correct submodels for the actual simulation. Generally, low-field simula-
tions of isotropic materials can be performed with rather simple models, while high-
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field simulations and anisotropic materials have higher demands on the models used. 
This difficulty is certainly not eliminated in the GEMS simulator. However, since the 
submodels are specified in data files, the practical selection requires less effort, and it 
is relatively easy to generate results based on the different submodels for comparison. 

This thesis first gives an introduction to the MC method, both generally and spe-
cifically for carrier transport in semiconductors. Next, a general description is given of 
the GEMS program and the principal ideas behind its development. In the subsequent 
two chapters the scattering probability calculation is dealt with, first phonon perturba-
tion scattering and then neutral impurity scattering. A separate chapter discusses simu-
lation of transport at the interface between a semiconductor and insulator. Finally, the 
scientific impact of the included papers is discussed followed by a short presentation 
of each paper with a statement of the work contributed by the author. 
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2. The Monte Carlo method 

In this chapter the principles of the MC method are presented as well as some of 
the main properties of the results that are produced. For the reader who needs a more 
detailed introduction, a good starting point is Ref. [10]. 

2.1. General introduction 

The name Monte Carlo refers to the famous casino in Monaco. It is due to the at-
tribute that random numbers are used in order to solve mathematical problems numeri-
cally. The main advantages are its fundamental simplicity and the possibility to apply 
it to a broad range of problems. It is generally attributed to Metropolis and Ulam, who 
presented the article “The Monte Carlo method” in 1949 [11]. Nevertheless, the 
method was known and used for problem solving in statistics before 1949. Since it 
requires a large quantity of calculations, the practical usability is based on computers. 

The following example illustrates the principle. Suppose we want to calculate the 
number π. We know that this number is 4A, where A is the area below the unit arc in 
the first quadrant. It is easy to generate random points in the range 0-1 in both x and y 

direction. These points are within the unit circle if 122 <+ yx . Hence, an approxi-

mate value for π can be calculated as totinsapprox NN4=π , where insN  is the number of 

points inside the arc and totN  is the total number of points. In Fig. 2.1 an example is 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

 
Fig. 2.1. Example of π calculation using 200 random points. Of these points, 150 are within 
the area delimited by the arc, resulting in a π value of 3.0. 
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shown, where Ntot is 200 and the obtained π value is 3.0. In this case, the dimensional-
ity of the space integrated is only 2. The fundamental simplicity of the method is evi-
dent from the example. This is an important advantage for the applications, where the 
MC method is practically used. Clearly, these applications are much more compli-
cated, and the MC method may be considered as integrating a volume in a multi-
dimensional space. In many cases the MC method is the only practically possible 
method to solve a specific problem. 

A characteristic feature is that the standard deviation of a calculation is propor-

tional to ,/1 N  where N is the number of trials, i.e. to reduce the error with a factor 

1/10, the number of trials has to be increased with a factor of 100. This is demon-
strated in Fig. 2.2., which shows the distribution of the π calculation results using dif-
ferent N numbers. Another way to represent the convergence is used in Fig. 2.3. The 
general appearance of this figure is very similar to results represented by the GEMS 
simulator, for instance the mean velocity calculated from the beginning of the simula-
tion. This kind of plot is important in order to decide for how long time it is necessary 
to run a simulation. It should be noticed that due to the relative stability of the final 
part of the curve, the figure gives an impression that π is close to 3.1403 instead of the 
correct value 3.1416. We know that the standard deviation with N=1x106 is 0.00165, 
and to reduce the error further one order of magnitude N has to be 1x108. 

The example presented above is computationally very simple and the results are 
obtained within a couple of seconds on a modern PC. Nevertheless, it is evident that 
highly accurate results are impossible to achieve with the MC method since the num-
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Fig. 2.2. Distribution of π values produced in 10000 MC calculations with 100, 1000 and 
10000 points. The corresponding standard deviations are 0.164, 0.0519 and 0.0165, respec-
tively. 
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ber of samples needed is exceedingly large. The most common MC calculations are 
performed for complex problems, and high-precision results are associated with a con-
siderable CPU time on a fast computer. Often different techniques to increase the con-
vergence rate are employed, so called variance-reduction techniques. One such tech-
nique is to use numbers that are more uniformly distributed than randomly. In this case 
the method is called the Quasi-Monte Carlo. Another important principle is to avoid 
calculations and samplings that are not relevant for the actual calculation. Addition-
ally, a number of statistical enhancement methods exist to make MC simulations con-
verge faster. In many situations they are indispensable, but they have to be used with 
care to avoid erroneous results. 

2.2. Monte Carlo simulation of carrier transport in semiconductors 

A MC simulation of a semiconductor is a computer model of the physical system 
constituted by the charge carriers, the crystal lattice, the scattering mechanisms, the 
electric field, and if it is a device simulation, the electronic device with its contacts, 
borders, insulators, etc. In a device simulator it is necessary to have some kind of 
mesh, both for collection of statistics, and for the electric field calculation. Two differ-
ent approaches exist regarding the number of carriers that are run in a simulation, one 
is the incident-flux approach, where the carriers are simulated in series; the other ap-
proach is the many-particle or ensemble approach, where a number of particles are 
simulated in parallel. When the incident-flux approach is used, it is only possible to 
simulate steady state, while the many-particle approach permits the simulation of time-
dependent phenomena, for instance transients. All the studies presented here are based 
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Fig. 2.3. Cumulative π value as a function of number of points used. The final π in this case is 
3.1403. 
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on the GEMS simulator, which uses the ensemble approach; the following text is fo-
cusing on that method. In the ensemble method, true parallelism is impossible on a 
computer with one CPU, which only can run one carrier at a time. Instead, all the car-
riers in the ensemble are run a short time step, one at a time; thereafter a calculation of 
the electric field is done. On a parallel computer, it is possible to run several carriers 
simultaneously, but it is nevertheless necessary to detain the simulation at dense inter-
vals in order to calculate the electric field. And there are few computers that have a 
number of processors matching the number of electrons in an ensemble MC simula-
tion. 

2.3. Drift 

The carriers move influenced by the electric field and the crystal lattice according 
to the semi-classical Eqs. (2.1) and (2.2) [1, 2 ch. 8, 12 (p. 7)]. A MC simulator uses 
these equations to integrate the carrier motion in momentum and real space. For sim-
plicity the influence of magnetic fields has been ignored: 

)(
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rEF
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tt
=== h

, (2.1) 
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kv kε∇=
h

. (2.2) 

In these equations p is the carrier momentum, t the time, k the carrier wave vector, F 
the force on the carrier, e the charge, E the electric field, r the position in real space, v 
the velocity and ε  the carrier energy. For a (non-relativistic) free electron 

where m is the electron mass. In a crystal lattice ( )kkε∇  is determined by the band 

structure for the actual material and polytype, i.e. by the energy as a function of the 
wave vector. Since the wave vector has three dimensions, this is a function in three 
dimensions, and a graphical representation either has to be an animation or is limited 
to certain symmetry lines. An example of a band structure is shown for 4H-SiC in Ref. 
13 (paper #11). 

2.4. Band structure 

The simulator has to store the band structure in some way. An approximation, 
which generally is valid near the band minima, is a quadratic function, expressed by 
Eq. (2.4) [12 (p. 10)]: 

mm /)( 2
hh pkkk ==∇ ε , (2.3) 
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In this equation 

is the inverse effective-mass tensor. The vector k is measured from the center of the 
valley. If these approximations are considered as applicable, the bands are said to be 
parabolic. For bands where the equienergy surfaces are spherical Eq. (2.4) is simplified 
to (2.6) [12 (p. 10)]: 

where k is the scalar wave vector length and m is the scalar effective mass. Bands with 
ellipsoidal equienergy surfaces are described by Eq. (2.7) [12 (p. 10)]: 

where the subscripts l and t are used to indicate the transversal and longitudinal com-
ponents of the k vector and effective mass tensor, respectively. Transversal and longi-
tudinal refer to the transversal and longitudinal directions of the ellipsoid. Eq. (2.6) 
can be used for conduction bands with minima at the Γ point, i.e. the center of the 
Brillouin zone (BZ). Eq. (2.7) is often useful, most typically for the conduction bands 
in silicon. In the case of valence bands, the form is more complicated (except for the 
split-off band, where Eq. (2.6) often is appropriate). Valence bands are not further de-
scribed here, and the treatment in the GEMS simulator is in most cases completely 
numeric. 

Since real band structures deviate from the pure parabolic form for k vectors not 
very close to the minima, some kind of nonparabolic expression has to be used. This is 
commonly done according to Eq. (2.8) [12 (pp. 13, 14),14]: 

or, expressed another way: 

Here, α  is a nonparabolicity parameter and ( )kγ  is one of the right-hand sides of Eq. 

(2.6) or (2.7). These expressions are not valid for valence bands [12 (p.14)]. Another 
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noticeable case, where this nonparabolic model is not valid is the first conduction band 
in 6H-SiC, which considerably deviates from the parabolic shape near the minimum 
[15]. 

The nonparabolic approximation is successfully used in a broad range of MC 
simulations, both for the direct representation of the band structure, and as approxima-
tion used for the calculation of scattering rates. For high-energy simulations, and for 
complicated band structures, sometimes also at lower energies, the nonparabolic model 
is not sufficient. A full-band simulator with a representation of the full band structure 
has to be used. The GEMS simulator uses the method to store the energy and energy 
gradient versus k vector at a high number of points in the irreducible wedge of the BZ, 
and uses interpolation to calculate the energy and energy gradient at intermediate 
points. For k vectors outside the irreducible wedge, a vector within this wedge is ob-
tained applying a symmetry transformation. The energy and energy gradient are trans-
formed back with the inverse transformation. Another approach to the representation 
of the band structure is to use analytical expressions [16, 17, 18 (paper #4)]. It is also 
possible to use the pk ⋅ (k dot p) method [17], which, however, has the limitation that 

it is difficult to achieve good results for long k vectors.  

2.5. Scattering 

 The carrier movement due to the electric field and band structure is interrupted by 
scatterings, which are handled as instantaneous events changing the wave vector, but 
not the position in the real space. The most important such interactions are acoustic 
and optical phonon scattering, ionized impurity scattering, and polar-optical phonon 
scattering. The latter is only possible in materials with at least partially ionic bonds, 
i.e. only in compound semiconductors, where it can be very strong. Other mechanisms 
that are important in certain situations are polar acoustic (piezoelectric) scattering, neu-
tral impurity scattering and carrier-carrier interaction. Impact ionization, where a high-
energy carrier produces a new electron-hole pair, may also be considered as a scatter-
ing mechanism. Scattering rates, i.e. the probabilities for scattering per time unit, are 
calculated using Fermi’s golden rule [1 (p. 44)], which is derived from the Schrödinger 
equation. It is common to use analytical expressions, which are energy-dependent and 
based on the assumption of parabolic or nonparabolic bands [1 ch. 2, 12 ch. 2]. The 
resulting rates can be considerably improved when a full band structure is available, by 
normalization with the density of states [19]. An exception is polar-optical scattering, 
which has a rate that is not proportional to the density of states. For complicated or 
highly anisotropic band-structures, and for high-energy simulations, it is necessary to 
calculate the scattering rate directly from the band structure. In this case it is integrated 
as the sum of the scattering probabilities to all possible final states from each initial 
state [20 (paper #7), 13 (paper #11)]. All kinds of scattering are proportional to 
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2
),( kk ′I , i.e. the square of the overlap integral between the initial and final states, 

which is defined as 

( ) ∫ ′≡′
cell

uuI rrrkk kk
3* d)()(, , (2.9) 

where )(rku is the periodic part of the Bloch function. The integral is over the unit 

cell. For parabolic band structures the overlap integral is approximately equal to 1; for 
nonparabolic band materials with cubic symmetry it is common to use an analytical 
expressions [12 (p. 29), 14], which is valid when the band minimum is located at the Γ 
point. In real band structures the overlap is often far from unity, especially at high en-
ergies, and it is important to consider it in a numerical calculation of the scattering 
rate. The storage and calculation of the overlap integral is further discussed in chapter 
4, and in Ref. 20 (paper #7). A direct calculation of the scattering rate results in a k-
vector dependent scattering rate, which may be used directly in the simulator. An al-
ternative is to calculate energy-dependent mean values, to be used in the simulator. 

The scattering rate is hence represented either as an energy or k-vector dependent 
function. The energy and the k vector are changing during the simulation. Both ionized 
and neutral impurity scattering are also dependent on the impurity concentration, 
which varies in a device. Consequently, it is important to randomly choose a flight 
time before scattering consistent with the varying scattering rate. A well-known way to 
do this is to have a fixed total scattering rate, which has to be larger than or equal to 
the maximum of the sum of the rates of all considered scattering mechanisms. This 
makes it easy to generate the free-flight length analytically from a uniform distribu-
tion. A so-called self-scattering is introduced to fill the gap between the sum of the 
rates, corresponding to a physical scattering, and the fixed total rate. When the flight is 
interrupted, one of the mechanisms is selected with a probability according to the indi-
vidual rates. If a self-scattering occurs, simply nothing is done, and the drift continues. 
Principally, this is a variant of the rejection method for generation of random numbers 
with arbitrary distribution [10 (p. 30), 12 App. B]. In a device simulator it is necessary 
to synchronize all carriers, i.e. the drift has to be performed in steps, which have iden-
tical start and stop times for all carriers. Between these steps the field calculation is 
done, and all kinds of statistics are updated. The algorithm used in the GEMS simula-
tor is based on the generation of a random number, β , corresponding to the drift time 

with the scattering rate 1. At the end of each step the real scattering rate is calculated 
and subtracted from β . If β  is still positive, the simulation continues with one more 

step. Otherwise, an approximate time for 0=β  is calculated, and the drift is recalcu-

lated for the last step until that time, when the scattering is handled. Subsequently the 
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drift is continued for the remainder of the time step. It should be noticed, that another 
scattering may occur in this remaining time. It is then handled in the same way1. 

In the simulator a scattering event is an instantaneous change of the k vector. A 
new random vector after scattering has to be selected with a distribution consistent 
with the initial state and the characteristics of the actual mechanism. If the effective-
mass model is used, it is easy to find final states, especially for acoustic and nonpolar 
optical phonon scattering, which are isotropic (when the effect of anisotropic distribu-
tion of final states is neglected). Ionized impurity scattering and polar-optical scatter-
ing are more complicated, since the distribution of final states is not isotropic in k 
space. In both cases, it is possible to first calculate a k-vector length with an analytical 
expression, and then use the rejection method to generate a random final state accord-
ing to the distribution for the actual mechanism. For materials with non-spherical band 
structure, like silicon, a Herring-Vogt transformation [12 (pp. 15, 16)] is used to trans-
form the obtained wave vector to the non-spherical band.  

For a full-band simulator, with its table representation of the band structure, it is 
not possible to use the method sketched above. In the general case there is no analyti-
cal function describing the band structure, the overlap integral has to be considered, 
and it is necessary to search final states according to the density of states with the cor-
rect energy. Ref. 20 (paper #7) describes some methods that are implemented in the 
GEMS simulator. All methods described in the referred paper are based on tables with 
equidistant k vectors in the irreducible wedge constituting final state candidates. These 
states are transformed into the wedges considered in the actual case, and a final state is 
selected according to the applied algorithm. 

At strong electric fields it is possible for carriers to tunnel between the bands, i.e. 
change from one band to another without any intervening scattering event. The prob-
ability for band-to-band tunneling increases with the electric field. It is also more prob-
able for small energy distances between the bands. Ref. 13 (paper #11) discusses tun-
neling further. 

2.6. Device, borders, mesh and Poisson solver 

The handling of drift and scattering is vital both for bulk and for device simula-
tions. A device simulator also has to handle some further complications. The descrip-
tion here is based on the assumption of a two-dimensional solver of the Poisson equa-
tion, and that the simulation except the electric field is three-dimensional. 

It is necessary to describe the borders of the device in the XY-plane, so that proper 
action can be taken when a carrier crosses the border, for instance the carrier is ab-
sorbed, reflected, or moved to some other part of the device in order to correspond to a 

                                                   
1 In GEMS this is handled with a recursive function. 
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periodic structure. A number of border types are used for special purposes, like ohmic 
contacts, semiconductor-oxide interfaces, etc. This kind of borders acting on the carri-
ers is referred to as the particle borders. 

The electric field in a bulk simulation is simply a vector common for the whole 
simulation. In a device simulation, the field has to be calculated solving the Poisson 
equation, where the distribution of charge carriers and ionized impurities has to be 
considered. If the Poisson equation is based on the actual distribution of the electrons 
and holes, the simulation is self-consistent. Other possibilities exist, like taking the 
electric field from a previous simulation based on the drift-diffusion or hydrodynamic 
model. Of course these models are more problematic, since the obtained result is a 
mixture of two models. 

Also the Poisson equation solver needs its border definitions, which are referred to 
as electrostatic borders. It is important that there is a consistency between the particle 
borders and the electrostatic borders. Particle borders, which are acting as contacts, are 
defined as Dirichlet electrostatic borders, which have a defined potential. Both reflect-
ing and periodic particle contacts are defined as Neumann electrostatic border, where 
the field perpendicular to the border is zero. For the numerical solution of the Poisson 
equation, a discretization is necessary. This is made by the subdivision of the device 
into a fine mesh, which in the GEMS simulator is uniform and rectangular. A non-
uniform mesh may result in artificial self-forces between the carriers, and should be 
used very carefully [21]. All charges in the device are in the Poisson solver considered 
as placed in the center of the mesh cells. However, different schemes exist to distribute 
the charges between neighboring cells according to the position of charge within a cell 
[22]. 

In fact, the physical carriers in the device are normally represented by superparti-
cles in the simulator, i.e. the charge used in the electrostatic calculation is the elemen-
tary charge multiplied with a scale factor. This approach is used to limit the number of 
carriers in the simulator and the consequent long CPU times for the simulation. 
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3. The General Monte Carlo semiconductor simulator 

In this chapter an analysis of the requirements on a general MC bulk and device 
simulator are presented. A presentation is also given how these requirements have 
guided the development of an MC simulator, the GEMS program, developed at Mid-
Sweden University in Sundsvall. At the end of the chapter, some bulk and device 
simulation results are given for cubic and hexagonal semiconductor materials. 

A full band MC simulator consists of a number of interdependent physical models 
for band structure, scattering mechanisms, electrostatic field calculation, device bor-
ders, etc., which can be implemented using different levels of approximations. The 
approximation needed for each model is dependent on the application for the simula-
tor. In an advanced device simulator, the complexity of the models needed may vary 
over different regions in the device. For example, in a region with few carriers, a very 
CPU-time demanding model may be required, which is impossible to apply in regions 
with  higher carrier concentration. In addition, statistical enhancements in rare regions 
are often needed in simulations of devices with high variation of carrier concentration. 
One way to achieve these enhancements is to vary the weight of superparticles (cluster 
of carriers) in time and space during the simulation. There is a need to simulate a 
number of different semiconductor materials, both as bulk simulations and in devices. 
Since it is possible to combine certain of these materials in a device, it should also be 
possible to simulate combinations of different materials. All these different constraints 
make it difficult to develop a general MC device simulator. This statement is under-
lined by the fact that there is no commercial MC simulator with widespread accep-
tance, although the MC method for semi-conductor simulations has been known for 
over 20 years. 

MC simulations in general demand, as already stated, a considerable amount of 
CPU time. A semiconductor charge-transport MC simulator is no exception, owing to 
the large quantity of simulated carriers. The time necessary to solve the Poisson equa-
tion for a large device is also a difficulty, since it is necessary to resolve the Debye 
length in the electric field calculation (if the simulation is self-consistent). The prob-
lem is related to the highest doping level in the device, since the Debye length is pro-

portional to ,1 n where n is the electron or hole concentration. Conversely, it is pos-

sible to use the self-consistent MC method for devices, which are depleted except for 
the contact regions, like completely depleted detectors [23]. Since the device sizes are 
decreasing with the development of processing technology, the MC method is getting 
both more practically viable, and the motivation to use it is growing. Hence, MC 
simulations are increasing in interest. Another important factor is that the development 
towards smaller devices also leads to faster and cheaper computers facilitating the MC 
simulations. 
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All the available MC simulators have been developed in connection with research 
projects, where the generality of the simulator not has been primordial. Traditionally, 
the MC programs are written in an imperative programming language, most typical 
Fortran77, for a limited class of tasks. Adaptations to other kinds of tasks, and even 
minor adjustments, involve programming work. Often a considerable part of this work 
is due to shortcomings in the basic program design. These limitations regarding the 
kind of problems handled by a simulator are caused by the following facts: 

• The immense number of possible combinations of interacting submodels. 

• The relatively poor modeling capability of imperative programming languages. 

• Active researchers in the areas of semiconductor physics have not as primary pri-
ority to follow the development in the area of programming languages and tech-
niques. 

The goal for a project developing a general MC simulator has to be a software 
package, where the necessary models as far as possible are available in the package. 
The users should only specify the characteristics of the semiconductor material and the 
simulated device, combining the adequate submodels for the actual simulation. Fur-
thermore, data for non-related submodels have to be cleanly separated into different 
files, so that for instance material data tested in bulk simulations can be used in device 
simulations without any change. The complexity of the problem is such that the simu-
lator has to be written in object-oriented style, and a language giving full support of 
object-orientation is highly recommendable. To handle the huge variation in size of the 
data structures, it is also necessary to either make extensive use of dynamic data struc-
tures, or provide a simple automatic method for compilation of the program with the 
correct data area sizes. 

A common objection to the object-orientation is that object-oriented programs are 
slow, and that for a CPU-demanding simulation the fastest possible language should 
be chosen, commonly considered to be Fortran. This is only partially true, the beyond 
comparison most important factor behind the speed of a program is the used algorithm, 
and a language with better modeling capabilities makes it easier to use advanced and 
faster algorithms. Consequently, with a given amount of work, it is more probable to 
produce a fast program with a language providing these modeling capabilities, pro-
vided the language is not so slow that it outweighs the advantage with the faster algo-
rithms. Nowadays very good optimizing compilers are available for C++, which is the 
language used for this project. It is also possible to link modules written in Fortran 
into programs written principally in C++, which for instance can be used for highly 
optimized library functions. Additionally, in practical usage of a program the user time 
is often more important than the CPU time, i.e. the user time is more scarce and ex-
pensive than the CPU time. Accordingly, it is even motivated to sacrifice CPU time to 
get shorter user time. 
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3.1. Requirements for generality 

It is possible to distinguish between three principal groups of requirements that 
have to be considered for a general MC semiconductor simulator: functionality, flexi-
bility and integration. 

3.1.1.  Functionality 

This concept covers the capacity to perform the desired simulations using an ade-
quate combination of submodels. In order to have sufficient functionality, it is neces-
sary to be able to select between a number of submodels of different generality and 
complexity for each main task performed by the simulator. It is a fundamental re-
quirement, to not have any arbitrary limitations regarding the possibilities to combine 
submodels. Also combinations that may seem strange in production simulations are 
often useful for testing purposes. An example is to test the pre-calculation of scattering 
rates with a simple parabolic band structure. If a parabolic band structure is used in a 
production simulation, it is best combined with analytical expressions for scattering 
rates. This is also an example of submodels of different generality and complexity. For 
low-energy simulations the analytical parabolic or nonparabolic band structure repre-
sentation is sufficient and requires less computer resources than the full-band data, 
both in memory and CPU time. The analytical band data is also important for testing 
of the full-band model. 

The following list of specific functionality requirements is highly influenced by 
the experiences at Mid-Sweden University: 

• The supplied set of models and algorithms should be powerful enough to handle 
both electrons and holes with the sign of the charge as the only difference. 

• There should be no limitation of the number of superparticles. However, it is mo-
tivated to have a user-defined upper limit of the number of superparticles for im-
pact-ionization simulations to avoid excessive growth of the number of carriers. 

• The scaling factor, i.e. the number of real carriers corresponding to each superpati-
cle, should be operator-defined. A useful feature is to calculate it from the desired 
number of carriers in the simulation. 

• It is necessary to have a number of different methods for creation of superparticles 
at start-up of the simulation, for example proportional to doping, or reading posi-
tion and k vector from a file. It should be possible to exclude a depletion zone de-
fined by the user. It should also be possible to create superparticles specifying in-
dividual positions and energies or k vectors, which should also include the ability 
to start a simulation from data sampled from an earlier simulation. For bulk simu-
lations it is a requirement to create all carriers in one point. It is useful to be able 
to combine the methods mentioned above, which for instance makes it possible to 
simulate photon absorption in detector structures. 
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• The coupling between charge transport and electric field should be self-consistent. 
Preferably, it ought to be three-dimensional, but due to the computational diffi-
culty, a two-dimensional calculation has to be accepted. For bulk simulations, it is 
necessary to have the alternative to use a constant electric field, i.e. a constant vec-
tor in three dimensions. When a self-consistent simulation is not possible, it is also 
useful to permit the usage of an electric field read from an external file. 

• It should be possible to subdivide a device into regions with different characteris-
tics. This adds a level of flexibility to the simulator. The region concept permits 
both the simulation of devices with different materials and the usage of models of 
different complexity in the same simulation. It can also be used to define semicon-
ductor and insulator areas. 

• There should be means to handle carrier transmission and reflection at heterointer-
faces, i.e. borders between different semiconductor materials [21]. Likewise there 
should be a reasonable correct model of the band structures at these interfaces. 

• Each region should have a set of particle borders, delimiting it in the device plane. 

• The type of border defines the action performed on a carrier when it reaches a bor-
der, like absorption, reflection, absorption and injection with a neutral zone, re-
flecting with partial diffuse scattering plus recollection of statistics used for MOS-
FET channels (see section 7.2), etc. Hence, a number of different border types are 
required. 

• It should be possible to simulate materials with arbitrary crystal symmetry. 

• The material data for electrons and holes should be independent and it should be 
possible to define either or both of them for each region. (Certainly it is only pos-
sible to simulate electrons if only data for electrons is given and vice versa for 
holes.)  

• There has to be a full-band representation of the band structure. There should be 
no limitations of the data area size or the number of bands. Alternatively is should 
be possible to use an effective-mass model, and the program code should be such, 
that it is easy to add alternative models for the band structure in special cases1. 

• For the solution of the dynamic equation there should be a self-adaptive differen-
tial equation solver in real and momentum space. 

• There should be different levels of approximation in the wave-function representa-
tion, both for the overlap integral and for the interaction between bands. 

                                                   
1 It seems, as it is also necessary to have numerical band data with different density in differ-
ent parts of the BZ. The problems to simulate materials like GaAs with extremely low effec-
tive mass raise this question. 
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• There should be different levels of approximation in the scattering model, both for 
calculation of scattering probability and for final state selection. 

• A minimal set of scattering mechanisms is acoustic, polar-optical and nonpolar 
optical phonon scattering (absorption and emission) as well as ionized impurity 
scattering. Furthermore, the program should be able to handle impact ionization. 
The number and types of scattering mechanisms should be possible to select in a 
data file. 

• A set of sampling possibilities is needed for mesh and carrier data, both to be used 
to obtain simulation results, for consistency test, etc. 

• There should be a set of tools for analysis of the variance of different sampled 
variables. It should be possible to automatically interrupt a simulation when cer-
tain variance minimizing criteria are met. 

3.1.2.  Flexibility 

There are two main aspects of flexibility. The first is from the point of view of the 
user of the program, for whom it is important to be able to set up simulation jobs and 
run them conveniently. This kind of flexibility is closely related to the functionality, 
i.e. the requirement to have no arbitrary limitations in the combinations of submodels. 
A fundamental flexibility requirement is that the user should not need to do any work 
with the program code. This can be achieved either by automatically generating the 
correct program from a set of data files1, or by permitting the complete definition of 
the simulation in data files. 

The second aspect of flexibility is the possibility to do program changes without 
major reorganizations of the program structure, and without causing errors as side ef-
fects of the change. A large complex program can only be created departing from a 
small initial version with limited functionality, complementing it stepwise to reach the 
full complexity and functionality. A main goal in the program structure design is to 
achieve the flexibility necessary to do these amendments and maintain it during the 
lifetime of the program. 

Object-orientation is today considered as the best known method for the mastering 
of the complexity in a large software project, and a general MC semiconductor simula-
tor is a typical example of such a project. In an object-oriented program the entities of 
the problem are handled as objects, each belonging to a class, which can be considered 
as the type of the object. Many of the classes are organized in hierarchical structures, 
where properties are inherited from more general classes to more specialized. The ob-

                                                   
1 In C++ there is a possibility to use templates for parameterized generation of program code. 
These templates constitute a possibility to automatically generate highly efficient custom-
built executable program modules, a possibility which has not been explored in the GEMS 
development. 
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jects are communicating between each other in order to perform their tasks. Hence, the 
definition of the program structure for an object-oriented semiconductor MC simulator 
means to decide which are the classes, like Carrier, Border, Region, etc., and 
how they communicate. In the classes different member functions perform all actions, 
for instance carrier drift, scattering, or reflection and absorption at borders. 

3.1.3.  Integration 

In the same way as for flexibility, it is possible to distinguish between two kinds of 
integration. First, integration from the user’s point of view means that all tasks related 
to the MC simulation should be performed using the same set of data files, with differ-
ences only in items specifically related to the actual task. Another requirement is that 
bulk and device simulations are made with the same program in order to guarantee the 
exact correspondence between the models used. It should also be possible to create all 
special data required with either the MC program or separate auxiliary programs. An 
example of integration is that the same format is used in the band data file for the MC 
simulation and for the density-of-states calculation. Another example is that the output 
from the density-of-states calculation has the correct format to be used directly in the 
MC simulation. (It is needed when analytical expressions are used for scattering rates.) 
Evidently, including auxiliary calculations in the MC simulator results in larger pro-
gram size. The problem is, however, not serious, since the extra program size is very 
small compared to an ordinary data set resident in memory during a simulation. 

From the program development viewpoint, integration means that there has to be a 
continuous search for generality in the programming work. If there is a possibility to 
express something in a more general way, this should be done. Often the search for 
generality leads to the movement of complexities from the program code to data areas, 
which results in increased functionality and flexibility. Other merits of this kind of 
integration are to avoid both repetitive programming work and the danger that a pro-
gram correction is overlooked in some place where it should be applied. The ability to 
use the same program code for different semiconductor materials is a consequence of 
program code integration, i.e. in a device simulation it is possible to switch between 
materials just by changing a set of data files. This makes it much easier to simulate 
new materials. However, much of the complexity in a special-written program code is 
moved to the material description files, and writing and testing the data for a new ma-
terial requires both much caution and good knowledge of the simulator models. 

An aspect of the program integration is to use the same program code when the 
same task is performed in the MC simulator and auxiliary programs. For example the 
phonon energy calculation should be made by the same function in the pre-calculation 
of scattering rates as in the final MC simulation. An easy way to achieve this is to 
have the pre-calculation of scattering rate as a utility in the simulator, using the same 
phonon energy functions. If an auxiliary program is used for the pre-calculation, the 
integration is achieved using the same source code modules for all common tasks. 
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3.2.  The GEMS simulator 

3.2.1.  Program structure 

A general, simplified picture of the relations between the principal classes in the 
GEMS simulator is shown in Fig. 3.1. The names Islist<Carrier>, Is-
list<Region> and Islist<Border> in the figure refer to linked lists of Car-
rier, Region and Border objects, respectively. The open arrows represent owner-
ship, for instance the Globals object owns a Device object. The closed arrow con-
necting WurtzBandStructure and ZincblBandStructuren with Band-
Structure symbolizes a specialization, i.e. the WurtzBandStructure class is 
a specialization of the BandStructure class. The lines without arrows symbolize 
association, i.e. the objects are collaborating in some way. 

The program has one object of the Simulation class, which owns two lists of 
Carrier objects, one each for superparticles of electrons and holes. Among the prin-

ZincblBandStructureWurtzBandStructureScatteringMechanism
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BorderIslist<Border>

PoissonMesh
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Region_np
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2

1 0..1

MaterialDataScattering

1

2

1

1 1 1
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are using data data from
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5..30

friend

1..*
1..*1

 
Fig. 3.1. Simplified class diagram for the GEMS simulator. All access to Globals, except 
from the Simulation class, is through public functions. 
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cipal responsibilities for the Simulation object are start and stop of the simulation, 
creation of carriers at start up, and to create and delete carriers in the neutral zones ac-
cording to lists provided by the Border subclass for injecting and absorbing contacts. 
There is one object of the Globals class containing data needed in several places 
during the simulation, like scale factor and flags guiding sampling. These data may 
only be changed by the Simulation class. Also the random number generator (not 
shown in the figure) is owned by of the Globals object. The Carrier class has a 
six-dimensional self-adaptive Runge-Kutta function, which does the integration of the 
movement in real and momentum space. Another responsibility for the Carrier 
class is to test if a scattering event has to be handled, or a border has been crossed. If 
any of these events occurs, the carrier drift is recalculated to an approximate time for 
the event, which is then handled by the Carrier object with help from the object 
that caused the event. The Globals class owns one Device object, which in its turn 
owns one Mesh object, two Border objects that define the limits in z-direction, and 
a linked list of Region objects. The Mesh is responsible for maintaining statistics 
over its cells, including charge distribution. It has a Poisson object responsible for 
the electric field calculation. In case of a bulk simulation the Poisson object is not 
created. The Region object acts like a kind of switch, providing all necessary infor-
mation to the Carrier objects from Mesh, Region_np and Border. The exten-
sion of a Region in the xy-plane is defined by a list of objects of specialized sub-
classes to the Border class. These specific classes define the type of superparticle 
handling when a Border is exceeded. The Region class also has two Region_np 
objects, one each for electrons and holes. All of the Region_np objects have a Ma-
terialData object, a Scattering object, and either a WurtzBandStruc-
ture object or a ZincblBandStructure object for cubic and hexagonal symme-
try, respectively. The latter two classes are subclasses to the BandStructure class, 
which handles the calculations regarding carrier energy and overlap integral. The dif-
ference between the cubic and hexagonal variant is the symmetry transformations nec-
essary to transform an arbitrary k vector into the BZ and the irreducible wedge. In a 
way similar to borders, the specific scattering mechanisms are defined as subclasses to 
ScatteringMechanism. The whole program is written in C++. 

3.2.2.  Functionality achieved 

• Superparticles, according to requirements. 

• A two-dimensional Poisson equation solver is used with the device definition 
completely in data files. The mesh used for the Poisson solver is identical with the 
mesh used for statistics and doping data. 

• The charge to mesh assignment is totally data driven. Arbitrary charge clouds can 
be used by the creation of the corresponding data file. 
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• Border handling is according to requirements. 

• Either cubic or hexagonal crystal symmetry can be handled. The implementation is 
based on virtual functions. The addition of new crystal symmetries is a straight-
forward task. 

• The data sets for electrons and holes are independent. 

• A full band structure is normally used, where the energy and energy gradient is 
stored for a large number of k vectors in the irreducible wedge of the BZ. Alterna-
tively, analytical parabolic and nonparabolic bands can be used. It is also possible 
to use the analytical band structure for low energies and the numeric for high ener-
gies. Adding special band-structure handlings is straightforward. 

• There are scattering mechanisms according to the requirement plus neutral impu-
rity. 

• For phonon scattering probability, it is possible to select between analytical ex-
pressions [12] or numerically calculated and tabulated values, as a function of ei-
ther energy or k vector. When analytical expressions are used, the probability is 
adjusted for the density of states [19] (except for polar-optical scattering). Analyti-
cal expressions based on warped bands for holes are not implemented, i.e. in this 
case the numerically calculated rates are recommendable under all circumstances. 

• For ionized impurity scattering, either Ridley’s third body rejection model [24,25], 
or the expression according to Brooks-Herring [26] can be used. Neutral impurity 
scattering is handled with the Erginsoy expression [27]. 

• For impact-ionization probability, an extended Keldysh formula is used with a se-
ries of power-law functions [28]. 

• There are two different methods for the selection of final state after scattering: a) a 
random selection of a state with the correct energy followed by a random selection 
of wedge, and b) using the rejection method considering both phonon vector (q 
vector) and overlap-integral dependency [20 (paper #7)]. Method a) is faster and 
well suited for isotropic scattering mechanisms like acoustic and nonpolar phonon 
scattering, while method b) is necessary for anisotropic mechanisms, like polar-
optical phonon scattering and ionized impurity scattering. A third alternative exists 
for acoustic phonons as a modification of method b), where the difference in en-
ergy between initial and final state matches the phonon energy.  

• The overlap integral can be handled in four different ways: a) no overlap, i.e. the 
overlap is 1 within a band and zero between bands, b) using a simple analytical 
expression [29 (paper #3)], c) using a lookup table, where each overlap value is 
stored in a byte, and d) calculating the overlap directly from plane wave-functions. 
The limitations of method a) and b) are evident. Method c) is fast, but difficult to 
use in more than one valley due to the large amount of data. Method d) is easily 
applicable for any combination of wedges, but slower than the lookup table [20 
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(paper #7)]. It combines very well with the rejection method for final state selec-
tion. However, it requires that the band-calculation program is able to produce 
plane wave functions with identical phase. 

• Two models are implemented for handling of the dynamic equation: a) using New-
ton’s equation, b) using Newton’s equation plus first order band-to-band tunneling 
utilizing an overlap-integral test [30]. Some work has been done with GEMS 
based on the quantum-mechanical transport equations according to the Krieger and 
Iafrate formulation [13 (paper #11), 31-35]. These studies are performed with spe-
cial versions of the program. It is a future project to include this formulation into 
the standard GEMS code, but due to the extreme heaviness of the calculations it is 
likely that some kind of particular program generation will be necessary, like con-
ditional compilation. 

3.2.3.  Functionality not achieved 

• No handling of heterointerfaces has been implemented. 

• No variance analysis tools are implemented. 

3.2.4.  Flexibility achieved 

The flexibility achieved corresponds to the requirements both from the user and 
programmer aspect. There is a continuous revision of the program structure when new 
functionalities are added. 

3.2.5.  Integration achieved 

The GEMS simulator includes, except the simulator, tools for calculation of scat-
tering and impact-ionization probabilities. There is also a set of utilities and test pro-
grams like density-of-states calculations and generation of surfaces with equal energy 
in k space. All these calculations are included as options in the MC simulator. Bulk 
simulations are performed using a simplified device with constant electric field. From 
the programmer’s point of view the integration is according to the requirement, al-
though this is not a static situation, and there is a continuous strive to achieve better 
integration in the program revision process. 

3.3. Simulation examples 

Fig. 3.2. shows, as an example of GEMS bulk simulation results, the velocity as a 
function of electric field for a number of materials. All the relations presented here 
have been published [18 (paper #4), 23, 29 (paper #3), 36, 37 (paper #10)]. Fig. 3.3. 
shows a simulated 4H-SiC MOSFET. In Fig. 3.4. the energy for 10 % of the superpar-
ticles in this transistor is shown together with the scaling factor for the particles. The 
figure illustrates the feature to assign scaling factors to individual mesh cells. When 
the carriers move between the mesh cells, their scaling factors are dynamically 
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changed using a joining and splitting scheme conserving the total charge. The scaling 
is further addressed in chapter 6. 
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Fig. 3.2. Velocity as a function of electric field for various simulated materials. 
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Fig. 3.3. Simulated MOSFET. 
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Fig. 3.4. Superparticle energy and scaling for MOSFET. 
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4. Scattering probability for phonon perturbation scattering 

Both correct calculation of scattering probability and selection of final state are 
fundamental for the accuracy of the results obtained with a MC simulation. Ref. [20 
(paper #7)], presents three different algorithms for selection of final states, and makes 
a comparison of their properties. The algorithms described in this paper are important, 
since they are not dependent on any specific crystal geometry, or analytical expres-
sions based on simplifying assumptions, which are questionable in many cases. Of 
course, the method for calculation of scattering rate is not less important. This chapter 
presents the models that are implemented in the GEMS simulator. Comparisons are 
made of the scattering rates for 4H-SiC obtained with the analytical expressions, and 
those numerically calculated. The analytical expressions are strictly speaking not valid 
here, since 4H-SiC is not a cubic material, which is one of the assumptions in the de-
duction of the expressions. Despite this, they have been used for hexagonal materials 
in lack of explicit expressions. The chapter also contains a comparison of the models 
for the acoustic phonon energy and, finally, the results from bulk simulations based on 
the different models are compared. 

The scattering rates presented in this chapter are based on the material parameters 
in Table 1 and the same band structure as in Refs. 13 (paper #11), 30, and 36. 

Table 1 

Parameter Value 

Density (g/cm3)  3.2 

Sound velocity (km/s) 13.73 

Acoustic deformation potential (eV) 19 

Polar-optical phonon temperature (K)  1393 

Zeroth order optical nonpolar deformation potential 
(eV/cm)  

12×108 

Zeroth order optical nonpolar phonon temperature (K) 989 

Low-frequency dielectric constant 9.7 

High-frequency dielectric constant 6.5 

Relative density-of-states effective mass md for band 1 0.3448 

Nonparabolicity parameterαfor band 1 (eV-1) 0.4 

4.1. Numerically calculated k-vector dependent scattering rates 

The scattering rates for phonon scattering from k  to k ′  are given in Eqs. (4.1)-
(4.3) [12, 14]: 
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where AP , OP  and POP  are the probabilities for acoustic, nonpolar and polar-optical 

phonon scattering, respectively. The upper and lower symbols refer to absorption and 
emission, ρ is the density of the crystal, V the normalization volume (the volume over 
which the carrier wave function is normalized to one), ω

q the phonon angular fre-
quency, qN  the phonon number, I the overlap integral, j and j’ are the band indices for 

the initial and final states, q the phonon wave vector, DA the acoustic deformation po-
tential, ε the electron energy, κ∞ and κ0 the high-frequency and static dielectric con-
stants, respectively, e the electron charge, and DtK the optical coupling constant. The 
presented expressions are general, i.e. they are equally applicable irrespective of the 
number of valleys, and whether scattering is intravalley, intervalley, or between differ-
ent bands. They are used in the GEMS simulator for the direct integration of scattering 
probability, where all possible final states are considered for each initial state. It is 
possible to use the k-vector dependent data directly in the simulator. Alternately, they 
may be stored as energy-dependent functions, using the mean values of the rates for all 
k vectors in 10 meV energy intervals. 

It is not considered in GEMS that DA and Dt
K in the general case are tensors of the 

second order, and that symmetry influences the probability for interaction between 
carriers and phonons, especially at points, lines, and surfaces with high symmetry in k 
space. In the simulations performed with the GEMS simulator, different phonon 
modes have been handled with one common coupling constant, and analogously one 
coupling constant has been used for all bands. This is not causing any problem due to 
the approach, where fitting to experimental mobility data is used. 
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Presented as a function of energy, the scattering rate for acoustic phonons is shown 
in Figs. 4.1. and 4.2. Each point in the figure represents the energy and the scattering 
probability for one k vector. Since the comparison is concerning simulations where 
impact ionization is not considered, the energy range presented in the figures is limited 
to below 3 eV. Only band 1 is shown in the figure, but band 2 is similar, with the ob-
vious difference that there are no k vectors with energies below the band minimum at 
92 meV. Neither are there any large differences for higher bands, although they are 
less important in this energy range, since the minimum energy for band 3 is 1.83 eV. 
The calculation of scattering rates is based on the band structure stored at 11655 k vec-
tors, which were used as initial points in the summation. Each point was considered as 
representative for a surrounding parallelepiped with constant energy. The set of k vec-
tors after scattering has to be larger to avoid statistical fluctuations; we used 111210 
points within the irreducible wedge. The contributions from all bands and all possible 
ending points, which may be reached with phonon vectors within the BZ, was summed 
to give the scattering rate for each starting point. Phonon vectors outside the BZ are 
discarded since they are unphysical. For materials with hexagonal crystal structure, 
like 4H-SiC, this means that contributions from 78 wedges are summed. The set of 
111210 points after scattering was thus transformed into these wedges. In the summa-

tion, the overlap integral was considered according to the 
2

),( kk ′I dependency in the 

expressions for the presented mechanisms. This is especially important in the case of 
acoustic phonon scattering because of the dependency on q2, where q is the phonon 
vector length. For long phonon vectors, the overlap is a small number, and a small ab-
solute error in the overlap integral results in a large error in scattering rate. A corre-
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Fig. 4.1. Numerically calculated k-vector dependent scattering rate for acoustic phonon ab-
sorption in conduction band 1 at 300 K, represented as a function of energy.  
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sponding difficulty exists for polar-optical scattering, which has a dependence on 
21 q . If two bands have an energy difference close to the polar-optical phonon energy, 

the phonon vector is very short. The overlap between states with the same k vector in 
different bands is always zero, and a small k-vector difference corresponds to a small 
overlap between the bands. Accordingly, the scattering rate is very sensitive on the 
correct overlap value in this case with polar-optical phonons. However, and contrary to 
the acoustic phonons, the volume in k-space affected by the problem is very small. 
And the problem could be avoided if also screening is considered in the expression for 

the probability of scattering from k  to k ′ . Then a factor [ ]2222 )( β+qq  should be 

added, where β  is the inverse screening length [12 (p. 47)]. Two expressions for β  

are given in Eqs. (5.4) and (5.5). 

The band structure used in the calculations was obtained with the empirical pseu-
dopotential method (EPM) [13 (paper #11), 30, 36]. The wave functions used by the 
EPM method are expanded in sets of plane waves, which are stored in the same set of 
points as the band structure. With the transformations given in Appendix A we can 
transform these wave functions to any wedge inside or outside the BZ, and calculate 
the overlap integral from the wave functions. Arbitrary points in k space can simply be 
handled using the nearest point in this set. 

The energy-conserving delta function in the calculation was regarded as having the 
width 4 meV, and we used the same acoustic phonon dispersion as in Ref. 13 (paper 
#11), see Fig. 4.3. In connection with the numerical calculation of scattering rate, the 
acoustic phonon mean energy, shown in Fig. 4.4., was calculated for all initial k vec-
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Fig. 4.2. Numerically calculated k-vector dependent scattering rate for acoustic phonon emis-
sion in conduction band 1 at 300 K, represented as a function of energy.  
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tors as a weighted mean value. It is interesting to notice, that for high energies the 
mean interaction energy is nearly constant, i.e. acoustic phonons at high energies are 
similar to optical phonons. It is possible to use the numerically calculated mean ener-
gies in the GEMS simulator for the calculation of final state after scattering. However, 
the preferred method is the algorithm directly matching the dispersion relation with the 
q vector length [20 (paper #7)]. 
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Fig. 4.3. Dispersion relation used for acoustic phonons. The dashed line is the approximation, 
defined by the sound velocity, used in analytical expressions. 
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Fig. 4.4. Numerically calculated k-vector dependent acoustic phonon mean energies at 300 K, 
represented as a function of energy, absorption (a), emission (b). 
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It is important to notice, that with the acoustic phonon dispersion relation used, the 
energy distribution of q vectors is divided into two disconnected parts, which may be 
considered as two processes. The main part is for short q vectors with low energy, 
where the commonly used straight-line approximation based on the sound velocity is 
valid [12 (pp. 31-32)]. This process is principally intravalley. The smaller part is a 
sharp peak near the energy maximum, corresponding to long q vectors, which may 
result in a change of valley, i.e. it is both an intravalley and intervalley process. This 
part is in MC simulations often represented by an intervalley optical process. An ex-
planation for the division into two parts is that for the intermediate area, there are no 
final states with the correct energy within reach of the q vectors. Ref. [20 (paper #7)], 
discusses this phenomenon from the point of view of selection of final states. How-
ever, the discussion is also valid for the q vectors in the calculation of scattering rates. 
It is evident that when a realistic phonon dispersion is used in the numerical calcula-
tion of scattering probabilities, an algorithm for selection of final states should be 
used, where the same dispersion relation can be considered.  

It is clearly seen in Figs. 4.1. and 4.2. that the spread in scattering probability be-
low 1 eV is small, indicating that an energy-dependent representation will not result in 
large errors. On the other hand, for energies from 1 eV and above one may expect dif-
ferent results when k-vector dependent and energy dependent scattering rates are used 
in a simulation. Band 2, with a minimum energy of 0.09 eV, is very similar to band 1 
in this aspect. Band 3 and 4 have minimum energies of 1.83 and 1.92 eV, and the ac-
curacy of the model is of limited importance when impact ionization is not considered. 
For the acoustic phonon interaction energy, the spread is very small at energies below 
0.2 eV. For higher energies it is larger, but even now limited to the order of 10 meV. 
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Fig. 4.5. Numerically calculated k-vector dependent scattering rate for nonpolar optical pho-
non absorption at 300 K for conduction band 1, represented as a function of energy. 
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Accordingly, for simulations where energy dependent scattering rates are used, acous-
tic phonon interaction energies stored as a function of carrier energy are expected to 
give good results. It should, however, be considered, that the q vectors are within a 
limited energy range does not imply that all q vectors within that range are possible. 
I.e. when a very good model of properties in momentum space is required, the outlined 
model should be avoided. 

For optical phonons, the interaction energy may be considered as a constant with a 
reasonable approximation. In Figs. 4.5. to 4.8. the scattering rates for nonpolar and 
polar-optical phonons are shown. The phonon energies used are 85 meV for nonpolar 
and 120 meV for polar phonons. Both for nonpolar and polar phonons a delta function 
width of 10 meV was used. The spread in scattering rate is small for electron energies 
below 1 eV for nonpolar phonons. For polar phonons absorption the spread is small 
for energies below 1 eV, while it is relatively large in the range up to 0.5 eV for emis-
sion.  

A conclusion is that for acoustic, nonpolar and polar-optical phonons, a scattering 
rate representation as energy dependent, can be considered as adequate, with the reser-
vation that the relatively large probability spread for polar-optical phonon emission 
possibly affects simulation results at low energies. It is also a reasonable approxima-
tion to consider the acoustic phonon mean energy as an energy dependent function. On 
the other hand, it should be considered that for each initial state there is a different 
range of interaction energies, depending on the possible final states with an energy 
difference corresponding to the dispersion relation. When a correct picture of the ani-
sotropy is important, the algorithm discussed in Ref. [20 (paper #7)] is preferable, for 
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Fig. 4.6. Numerically calculated k-vector dependent scattering rate for nonpolar optical pho-
non emission at 300 K for conduction band 1, represented as a function of energy. 
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instance in impact-ionization simulations.  

4.2. Energy dependent scattering rates 

In this section the numerically calculated scattering rates as a function of energy, 
obtained as mean values from the rates shown in section 4.1, are compared with rates 
calculated using analytical expressions. Many MC simulations are made with a com-
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Fig. 4.7. Numerically calculated k-vector dependent scattering rate for polar-optical phonon 
absorption at 300 K for conduction band 1 at 300 K, represented as a function of energy. 
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Fig. 4.8. Numerically calculated k-vector dependent scattering rate for polar-optical phonon 
emission at 300 K for conduction band 1 at 300 K, represented as a function of energy. 
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mon probability for one mechanism and all conduction and valence bands respectively. 
When the rates are numerically calculated, it is natural to store them for each band. In 
the GEMS simulator it is easy to use both common and individual rates for the bands. 
Below, it will be shown that the rates calculated analytically for conduction band 1 in 
4H-SiC have good agreement with the numerical rates. The agreement is approxi-
mately the same for band 2, which only differs 0.09 eV from band 1 in energy at the 
minimum. Also for higher bands the agreement is good, although the energy difference 
to them is large, and a scattering rate representation based on k vectors is preferable 
when these bands are important. 

All expressions given below are using energies relative to the minimum of the ac-
tual band. For valence bands the proper analytical expressions have not been imple-
mented in the GEMS simulator. Therefore, using the analytical expressions for holes 
results in larger differences to the numerical rates. Nevertheless, they can still be used 
with good results in low-field simulations [38 (paper #8)]. The interested reader can 
find appropriate analytical expressions for hole scattering rates in Ref. 12. 

4.2.1.  Acoustic phonons 

The scattering rates can be analytically calculated from expressions found in the 
literature assuming different levels of simplification. Below, the expressions are pre-
sented based on nonparabolic bands according to Eq. (2.8), and ellipsoidal equienergy 
surfaces according to Eq. (2.7). 

The expression for inelastic acoustic scattering is given in Eq. (4.4) [12 (pp. 
36,37)]: 
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where 
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1 , (4.5) 
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1 1 , (4.6) 
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( ) ( )[ ] xdxxNxG
x

q ′′+′= ∫
3

0

2 1 . (4.8) 

In these equations, P
A is the acoustic phonon scattering probability, ε the carrier en-

ergy, AD  the acoustic phonon deformation potential, sv  the average sound velocity in 

the crystal, ρ  the crystal density, Bk  Bolzmann’s constant, T  the temperature, α the 

nonparabolicity factor according to Eq. (2.8), γ  the right hand side of Eq. (2.6) or 

(2.7), and dm  is the density-of-states effective mass defined as: 

( ) 3/1
zyxd mmmm = , (4.9) 

Here, xm , ym  and zm are the effective masses longitudinally, and in the two transver-

sal directions in the valley (in 4H-SiC along the MΓ, MK and ML segments, respec-
tively; cf. the expression in Ref. 12 p. 13). In the calculations presented in this chapter 

dm is 0.345 (0.336) free electron masses in the first (second) band. 

The integration limits are defined in Table 2 [12 (p. 35)]. 
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Numerical evaluations of )(1 xF , )(2 xF , )(1 xG , and )(2 xG  are given in Appendix 

A to Ref. 12. Unfortunately, there are a number of errors. (Consider it as an exercise to 
correct these errors!)  

In the derivation of Eq. (4.4) an approximate Herring-Vogt transformation has 
been applied to the carrier and phonon wave vectors. The overlap integral is assumed 
to be equal to unity. An expression for the density of states corresponding to nonpa-
rabolic bands is also inherent in the derivation. If the full band structure density of 
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states is known, a considerable improvement of the scattering rate is obtained applying 
a density-of-states scaling according to Eqs. (4.10) and (4.11) [19]: 
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where numg is the numerical calculated density of states and anag  is the density of 

states for the nonparabolic band structure. It is possible to use both the total density of 
states and the density of states for the actual band. When the intraband processes are 
dominating, the best results are obtained scaling with the density of states for the ac-
tual band. The comparisons made here, both for acoustic and for nonpolar optical pho-
nons, are based on scaling with the density of states for the actual band. In Fig. 4.9. the 
numerically calculated density of states used are shown. 

The scattering-rate calculation described above is implemented in the GEMS pro-
gram. In Fig. 4.10. the analytical acoustic phonon scattering rates in 4H-SiC are com-
pared with the rates obtained as mean values from the numerically calculated k-vector 
dependent rates. The agreement is very good over the whole range of energies for 
emission and for absorption up to 1.5 eV. A probable explanation for the difference for 
higher energies is, as commented in section 4.1, that the numerical calculated rates 
presented here, are the sum of what normally is considered as one acoustic and one 
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Fig. 4.9. Density of states for the first 4 conduction bands in 4H-SiC. The same band structure 
as in Ref. 13 (paper #11) is used for the calculation. The data are for one valley, i.e. 1/3 of the 
total BZ. 
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optical process, while only the acoustic process is included in the analytical values. At 
high energies there is an increased possibility of long-q intervalley or interband scat-
tering, although the overlap integral has an important role limiting this effect, which is 
not considered in the analytical calculation. 

In the GEMS program, an analytical expression for the mean acoustic phonon en-
ergies is implemented. This expression is directly taken from the program code in Ref. 
19 (translated from Fortran to C++). The resulting phonon energies are compared with 
the numerically calculated mean energy values in Fig 4.11. It is seen that the numeri-
cal emission phonon energy is significantly higher than the analytical. Band 2 looks 
like a truncated version of band 1, while for bands 3 and 4 there are no small mean 
acoustic phonon energies at all. They are instead near the phonon energies for the same 
electron energies in band 1 and 2. The algorithm for direct matching of q vectors with 
the dispersion relation is preferable here [20 (paper #7]. 
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Fig. 4.10. Energy dependent acoustic phonon scattering rate for conduction band 1 in 4H-SiC 
calculated from analytical expression and numerically from k-vector dependent rate. 
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4.2.2.  Nonpolar optical phonons 

The analytical scattering rate for optical phonons is given in Eq. (4.12) [12 (pp. 39-
41)]: 
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where opω  is the optical phonon angular frequency and KDt  the optical coupling 

constant. As for acoustic phonons, there is an improvement if the rate is scaled with 
the numerically calculated density of states. No explicit consideration is taken to the 
overlap. The expression as given represents an intravalley process, but it can also be 
used for intervalley scattering, provided that the rate is multiplied with the number of 
equivalent valleys. In this case the overlap integral between the valleys is very impor-
tant, and is usually included in the coupling constant. 

The first conduction band in 4H-SiC has six valleys. A calculation of the overlap 

integral 
2

),( kk ′I  from the minimum of one valley to the other five valleys gives the 

following result: 0.005, 0.162, 0.016, 0.162 and 0.005. The repetition of two of the 
values is obviously a result of the symmetry. This is only at the minimum point, but it 
is reasonable to expect comparable values for k vectors near the minimum. Therefore, 
it is motivated to consider the optical intervalley scattering as relatively weak com-
pared to the intravalley, and to set the number of equivalent valleys to 1. This is also 
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Fig. 4.11. Energy dependent acoustic phonon scattering mean energies for conduction band 1 
in 4H-SiC calculated from analytical expression and numerically from k-vector dependent 
energies. 
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motivated by the overlap for intravalley scattering, which is somewhat lower than 1, 
partially compensating the lack of consideration of the intervalley scattering. In Fig. 
4.12. the analytically and numerically calculated scattering rates for optical phonons 
are compared. The agreement between the two calculation methods is good over the 
whole range of energies, both for emission and absorption. 

4.2.3.  Polar-optical phonons 

The scattering rate for polar-optical phonons is given by Eq. (4.13) [12 (p. 47), 
14]: 
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where opω  is the polar-optical phonon frequency, ωεε h±=′  is the energy after 

scattering, and ( )εε ′,0F  is given by Eq. (4.14): 
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Fig. 4.12. Energy dependent nonpolar optical phonon scattering rate for conduction band 1 
calculated from analytical expression and numerically from k-vector dependent energies. 
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The expression takes into account the overlap assuming cubic symmetry. If this is not 
desired, α  can be set to 0 in Eq. (4.14). For polar-optical phonons no scaling with 
density of states is done. 

In Fig. 4.13. the numerically and analytically obtained scattering rates for polar-
optical phonons are compared; theα value 0.5 was used for band 1. It is obvious that 
the correspondence between the two calculations methods is very good, also at high 
energies. This is somewhat surprising due to the difference between the assumptions 
used in the derivation of the analytical expression and the real band structure used in 
the numerical calculation. 

4.3. Comparison of simulation results 

The scattering rates shown in sections 4.1 and 4.2 were used in low- and high-field 
simulations in order to give an idea of the influence on the simulation results. In all 
these simulations, the same algorithms were used for the selection of final state after 
scattering. For both polar-optical and nonpolar optical phonon scattering, the rejection 
algorithm [20 (paper #7)] was used, and for acoustic phonon scattering the adaption of 
the rejection algorithm, where the q vector is matched against the phonon dispersion, 
i.e. the phonon energy is handled individually for each acoustic phonon scattering 
event. The overlap integral was calculated directly from the wave functions obtained in 
the band-structure calculation. Ionized impurity scattering was calculated according to 
Ridley’s third body rejection method, see chapter 5. The results of the low-field mobil-
ity simulations perpendicular to the c-axis direction are shown in Fig. 4.14. The differ-
ences in results obtained with the different methods are small as seen, which is not 
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Fig. 4.13. Energy dependent polar-optical phonon scattering rate for conduction band 1 calcu-
lated from analytical expression and numerically from k-vector dependent energies. 
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surprising as the analytical expressions are deduced with assumptions valid for small 
energies. Parallel to the c axis, the result is nearly identical, both regarding the ob-
tained values and regarding the difference between the different models. The small 
differences in mobility depending on field direction are a result of the EPM band struc-
ture used, which does not correctly reflect the anisotropic properties for low electron 
energies.  

In Figs. 4.15. and 4.16. the mean velocity is shown as a function of the electric 
field in the c-axis direction and perpendicular to it, respectively. The mean electron 
energy taken from the same simulations are shown in Figs. 4.17. and 4.18. In the pre-
sented simulations neither band-to-band tunneling, nor impact ionization have been 
considered. Irrespective of the model used there is a general agreement between the 
results. At relatively low fields, the numerical energy-dependent model results in 
higher velocities, which agrees with the mobility simulations, where also the numeri-
cal energy dependent rates give the highest results. At high fields, the analytical en-
ergy-dependent model gives higher mobilities perpendicular to the c-axis direction. 
The energy simulations have surprisingly good agreement for high energies. At low 
energies the analytical energy-dependent model gives higher energies. 

A test was done using the analytical energy-dependent model for the acoustic pho-
non energy, both simulating low-field mobility and velocity as a function of field. In 
all cases the simulation results show a picture very similar to the results presented in 
the figures. Principally the results are very near those obtained for the same rate calcu-
lation method and with the final state algorithm, where the phonon dispersion was 
used to find the final state. 
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Fig. 4.14. Mobility perpendicular to the c-axis direction as a function of temperature for dif-
ferent methods for handling of scattering probability. 
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Fig. 4.15. Electron mean velocity perpendicular to the c-axis direction as a function of electric 
field for different methods for handling of scattering probability. 
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Fig. 4.16. Electron mean velocity in the c-axis direction as a function of electric field for dif-
ferent methods for handling of scattering probability. 
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Fig. 4.17. Electron mean energy as a function of electric field perpendicular to the c-axis di-
rection for different methods for handling of scattering probability. 
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Fig. 4.18. Electron mean energy as a function of electric field in the c-axis direction for dif-
ferent methods for handling of scattering probability. 
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4.4. Conclusions 

It has been shown that the analytical expression for scattering rate calculation de-
duced for materials with cubic symmetry results in rates, which agree well with those 
numerically calculated directly from the band structure in 4H-SiC. Crucial in this cor-
respondence for acoustic and nonpolar optical phonons is the scaling with the density 
of states. Test simulations also give good agreement for carrier velocity and energy. 

The correspondence shown does not guarantee a similar correspondence for other 
polytypes or materials. In the definition of the analytical model some decisions have to 
be taken based on knowledge about the numerically obtained rates and the overlap in-
tegral. I.e. in order to safely take these decisions, it is necessary to first calculate the 
numerical rates, and once obtained it is of course preferable to use them. It should also 
be noticed that in all simulations compared, the overlap integral was calculated di-
rectly from the wave function, and used in the selection of final state. With all this in-
formation available the natural choice is to use numerical scattering rates stored as a k-
vector dependent function. 

When the best possible model of velocity, energy and distribution in k space is im-
portant, the k-vector dependent model should be used. A pronounced case when this is 
true is high-field calculations for materials, like 4H-SiC, where band-to-band tunneling 
has to be considered [13 (paper #11)]. The k-vector dependent model is important here 
since the details of the carrier distribution in momentum space are essential in the tun-
neling probability calculation. 
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5. Ionized impurity scattering 

There is no implementation of numerical scattering rate calculation for ionized im-
purity scattering in the GEMS program. The explanation is that this mechanism is 
elastic and results in small scattering angles at high carrier energies. Hence, impurity 
scattering is most important at small energies, where the analytical models are most 
suitable. Numerical handling is also more complicated than for phonon scattering, 
since the scattering probability is, except energy, also depending on the concentration 
of ionized impurities. Accordingly, a precalculated rate has to be stored at a number of 
impurity concentrations, and subsequently interpolated between the stored concentra-
tions. Anyhow, implementing numerical calculation of impurity scattering probability 
is considered as a desired addition to the simulator. The principal motivation is that 
with such an implementation all secondary minima in the band structure will be auto-
matically considered. 

5.1. Brooks-Herring 

The methods implemented for ionized impurity scattering are according to Brooks-
Herring [26] and Ridely’s third body exclusion [24, 25]. The Brooks-Herring expres-
sion for the scattering probability from k  to k ′  is [12 (p. 50)]: 
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where Z  is the number of charge units of the impurity (normally 1), IN  the impurity 

concentration, e  the electron charge, sκ the dielectric constant used for screening, and 

β  the inverse screening length for electrostatic screening. For a nonparabolic band the 

integrated scattering rate is [39]: 
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where dm is the density-of-states effective mass (see Eq. (4.8), and 

( )
2

2 2

h

εγdm
k = . (5.3) 

The definitions of α  and γ  are given in Eq. (2.8). The inverse screening length β  

can be calculated from the equation: 



Monte Carlo Simulations of Homogeneous and Inhomogeneous Transport in Silicon Carbide 

 

45 
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where n  is the mobile carrier density. However, Ridley gives a more elaborate expres-
sion [40 (p. 181)]: 
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valid for a combination of free electrons and electrons trapped in compensated donors, 
where DN  is the donor and AN  the acceptor concentration. This equation, and the 

corresponding expression for the combination of free holes and holes trapped in com-
pensated donors (the program takes a decision depending on which are the majority 
carriers), are used in the GEMS program for the screening length calculation. 

The state after scattering can be found with the rejection method using the prob-
ability measure [20 (paper #7)]: 
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A problem with the rate according to Brooks-Herring is that it results in a great num-
ber of small angle scattering events. Consequently, the program spends a large portion 
of the CPU time handling impurity scattering. 

5.2. Ridley’s third body exlusion 

It is more suitable to use Ridely’s third body exclusion model for a MC program, 
since it both results in fewer events, and can handle regions without screening, i.e. de-
pletion regions. In the GEMS simulator the expression from Van de Roer and Widder-
shoven is used [24]: 
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where ( )kv  is the electron velocity, and a is the average distance between ions, which 

can be calculated from 
3/155396.0 −= INa  [40 (p. 181)]. 

When this model is used for the rate calculation, the algorithm for selection of fi-
nal state has to be consistent with the rate calculation. Ridley gives the following ex-
pression for the cross section σ  as a function of the scattering angle θ  [40 (p. 150)]: 
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Here µ is defined by Eqs. (5.9) and (5.10) [40 (pp. 61, 140)], where *
HR  is the effec-

tive Rydberg energy: 
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The rejection method using Eq. (5.8) is used for the selection of final state. Since the 
equation is based on the assumption of spherical bands, Herring-Vogt transformations 
are applied to the initial k vector and to all final state candidate vectors. 

5.3. An alternative approach 

Instead of the presented methods for handling of impurity scattering, it is possible 
to calculate the short-range electrostatic forces directly. The long-range forces are im-
plicitly taken care of by the charge distribution in the mesh, combined with the self-
consistent solution of the Poisson equation. Refs. 41-43 present a solution of the prob-
lem how to combine directly calculated short-range forces and long-range forces han-
dled via the mesh, i.e. a coupling of the ensemble MC simulation with a molecular 
dynamics (MD) calculation. The presented model results in much better agreement 
between resistor simulations and measured data than obtained with the Brooks-Herring 
approach [41]. An advantage is that both carrier-ionized impurity interaction and car-
rier-carrier interaction can be handled with the same algorithm. Consequently, it is also 
possible to consider charges at semiconductor-insulator interfaces. Other advantages 
are that the electrostatic screening is handled implicitly, and that the model makes it 
possible to have a realistic picture of ultra-small devices, where the actual three-
dimensional random distribution of ionized doping atoms should be considered. If the 
algorithm is to be used for SiC, it is desirable to combine it with a model for ioniza-
tion and neutralization of doping atoms. For SiC MOS devices it is also interesting to 
add a model for trapping and detrapping of carriers in interface states. 
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6. Dynamic scaling of carriers 

A fundamental problem in MC device simulations is the need to simulate a large 
number of carriers. Typically, the majority of the carriers are in high-doped regions 
with low electric field, while a small number of carriers are in low-doped high-field 
regions, which are interesting from the simulation point of view. The principal idea 
behind dynamic scaling is to spend less time simulating a large number of relatively 
uninteresting carriers in high-doped regions. This is achieved maintaining different 
scale factors in mesh cells with high and low doping, combined with a scheme for dy-
namic change of scale factors for carriers that travel between the mesh cells. In this 
chapter, the dynamic scale handling in the GEMS simulator is described, and a simple 
comparison is made of device simulation results with and without scaling. In Fig. 3.4. 
an example of the scale factors of superparticles in a MOSFET is shown. 

The scaling algorithms described are based on the position in real space, where the 
carrier is found. There are interesting alternatives for scaling criteria, which have not 
been implemented yet in GEMS. It may for instance be the energy or, more generally, 
the carrier position in momentum space. An application, where energy scaling is inter-
esting, is studies of high-energy carriers in the channel of a MOSFET transistor. In this 
case low-energy carriers have a high scale factor, and the high-energy carriers have 
low scale factor. 

6.1. Algorithm description 

A uniform rectangular mesh is used in the simulator for collection of statistic, dop-
ing definition, and the necessary discretization for the Poisson equation solver. The 
desired carrier scale is defined in the same mesh with an integer 2-exponent each for 
electrons and holes. Thus, the number 0 corresponds to the desired scale 1, 1 to the 
scale 2, 2 to the scale 4, etc. As a result, the desired scale for a cell can only be 1, 2, 4, 
8, etc. The simulation is normally set up in such a way that adjacent mesh cells only 
differ one step in this series, in order to as far as possible avoid noise due to the scal-
ing. The scale factor defined for the mesh cells is henceforth referred to as cell scale. 
Each carrier also has a scale factor, which is an integer with a 2-logarithm, which is 
not necessarily an integer. In the calculation of charge distribution, the carrier charges 
are multiplied with the carrier scaling-factor. Likewise, in the collection of all statistics 
the carrier scale is used. 

When the carrier moves during the drift from one mesh cell to another, there are 
three alternatives for the cell scale: there is no change, it is lower, or it is higher. After 
each step, which includes drift, handling of scattering, borders, etc., it is necessary to 
check if the carrier has moved to a new cell with a different cell scale. If there is no 
scale-factor difference, the situation is simple, and nothing has to be done. 
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If the new cell has a lower scale factor, new carriers are created according to the 
following algorithm: 

1 Is the scale factor for the carrier entering the cell higher than the cell scale? If 
yes: 

1.1 Create a new carrier as a copy of the carrier entering the cell, but with 
the new cell scale. 

1.2 Subtract the new cell scale from the scale factor for the entering carrier. 

2 The carrier entering the cell has now a scale less or equal to the cell scale fac-
tor. All new carriers have scale factors equal to the cell scale. 

If the cell is within a region, where impact ionization may occur, the algorithm should 
be applied before checking if the created carriers are generating electron-hole pairs. 
However, in regions where impact ionization is probable, it is recommended to define 
the cell scale as low and constant. The constructor used to create new carriers in this 
algorithm is a copy constructor with a parameter for the new scale factor. This con-
structor should not update any statistics like number of carriers, initial position, etc., 
since the carrier already existed as a part of the carrier that was split.  

If the new cell has a higher scale factor, the situation is considerably more compli-
cated, since a carrier has to be found which could be joined with the entering carrier. 
The actual joining is only done for the electric charge, while all other data are main-
tained from one of the participating carriers. This is done randomly with a probability 
according to the carrier scale of the two participating carriers. To make the joining 
possible, each cell contains a pair of pointers to an electron and a hole, which both 
have the carrier scale less than the cell scale. If no such particle exists the pointer is set 
to zero. The pointers are initialized to zero and have the name save_carrier. A 
function, which has a reference to the entering carrier as argument, is called and 
checks whether it is possible to join it with the carrier (of the same kind) pointed to by 
save_carrier. The joining may also be partial, i.e. if the entering carrier has a 
scale greater than 1, a part of it may be joined, while the other part continues as a sepa-
rate carrier. The function performing this is called glue. It has the new carrier scale 
factor for the entering carrier as return value, which is assigned to this carrier. If the 
return value is zero, the carrier is deleted. The algorithm implemented in glue is as 
follows: 

1 If save_carrier and the entering carrier are identical (have the same ad-
dress), or if the cell scale is identical with the carrier scale: 

1.1 Return the carrier scale factor. 

2 Else, if save_carrier is zero: 

2.1 Assign the address of the entering carrier to save_carrier. 

2.2 Return the carrier scale factor. 
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3 Else: 

3.1 Sum the scale factors for the entering carrier and the carrier pointed to by 
save_carrier and assign the sum to new_scalef. 

3.2 Create a random integer in the range [0, new_scalef-1] and assign it 
to rnd. 

3.3 If new_scalef > cell scale: 

3.3.1 If rnd >= carrier scale: 

3.3.1.1 Set scale factor for the carrier pointed to by 
save_carrier to cell scale. 

3.3.1.2 Assign address of entering carrier to save_carrier. 

3.3.1.3 Return new_scalef minus cell scale. 

3.3.2 Else: 

3.3.2.1 Set scale factor for carrier pointed to by 
save_carrier to new_scalef minus cell scale 
factor. 

3.3.2.2 Return cell scale factor. 

3.4 Else: 

3.4.1 If rnd >= carrier scale: 

3.4.1.1 Set scale factor for carrier pointed to by 
save_carrier to new_scalef . 

3.4.1.2 If new_scalef is equal to cell scale: Assign 0 (zero 
pointer) to save_carrier. 

3.4.1.3 Return 0. 

3.4.2 Else: 

3.4.2.1 Set scale factor for carrier pointed to by 
save_carrier to 0. 

3.4.2.2 If new_scalef < cell_scalef: Assign the address 
of the entering carrier to save_carrier. 

3.4.2.3 Return new_scalef. 

It should be noticed, that the function often changes the scale factor for the carrier 
pointed to by save_carrier. Therefore, it is necessary to check the carrier scale 
before the handling of drift, etc., which precedes the handling of scaling, and delete the 
carrier if the scale factor is zero. 

A significant detail in the presented algorithms is that the total charge is always 
maintained, and that the charge in each mesh cell is maintained as far as possible. If 
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this were not the case it would cause artificial forces on the carriers. An increase of the 
noise in the electric field is however the result, both as a direct consequence of the 
higher scale factors, and due to the joining of carriers at different positions in the mesh 
cells. There is also a loss of statistic data because of the destruction of 50 % of all car-
riers that are joined. Nevertheless, all mean values are conserved since the decision 
which carrier is destructed is performed randomly with a weighted probability. 

In the simulator initialization phase the cell scale factors are read from data files, 
which in the GEMS simulator contain a 2-exponent for each mesh cell. At the later 
creation of carriers, they are constructed directly with the correct scale factor. The lim-
iting factor for the cell scale is the number of scaled carriers per mesh cell with the 
actual doping. If this number is low, the statistical variation causes an excessive noise 
in the electric field. 

A fundamental limitation related to the scaling is that the mesh cell has to resolve 
the Debye length. If this is not the case, artificial oscillations of the electric field are 
generated. Due to the charge-assignment algorithm used, this rule can be somewhat 
relaxed. With the rectangular pyramid-shaped clouds hitherto used in device simula-
tions with the GEMS simulator, a mesh-cell side up to the double Debye length gives 
good results. This is explained by the fact that the cloud distribution to neighboring 
cells constitutes a representation of the charge position within the cell. Regardless of 
this relaxation of the requirement, it imposes an absolute limit for the mesh cell size in 

self-consistent MC simulations. Since the Debye length is proportional to n1 , 

where n  is the free carrier concentration, the highest doped region restrains the mesh-
cell size. For a large device with high-doped regions a high number of small mesh 
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Fig. 6.1. Comparison of drain current as a function of gate voltage with and without dynamic 
carrier scaling. VD = 2.0 V. The gate bias is measured from flat band voltage. 
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cells are needed, and the simulation time spent solving the Poisson equation is hence 
dominating. Accordingly, the improvements in carrier simulation time are marginal in 
this case. 

6.2. Simulation example 

As a confirmation of the accuracy of the algorithm, the MOSFET structure in Figs. 
3.3. and 3.4. was simulated with and without dynamic scaling. The cell scale was 8 in 
the high-doped regions and 1 in the low-doped. The high-doped cells adjacent to the 
low-doped regions had the stepwise incrementing factor 2 and 4, which is recom-
mended to avoid artificial noise. Likewise, to avoid artificial noise, the scale factor 
was 1 in the neutral zones of contacts, despite their high doping. Also adjacent to the 
contacts there was a gradual change to higher scale factors. The simulation results for 
drain current as a function of gate and drain voltage are shown in Figs. 6.1. and 6.2., 
respectively. It is obvious from the pictures that the agreement is excellent. 

In Fig. 6.3. the noise in the charge induced on the contacts is shown, and in Fig. 
6.4. the noise in the charge transport over the contacts. It is clear that scaling results in 
more noise, which is a drawback. Nevertheless, it results in faster convergence of the 
current in the device. If a low noise is important, it is possible to use scaling until 
reaching steady state, and then restart the simulation with the scale factor 1 in all mesh 
cells. The number of carriers in the presented simulations without scaling is between 
50000 and 54000, and the corresponding number with scaling between 10500 and 
15000, i.e. with scaling the number of carriers in the simulation of this device is re-
duced with about a factor of 4. The reduction of CPU time dedicated to carrier drift 
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Fig. 6.2. Comparison of drain current as a function of drain-source voltage with and without 
dynamic carrier scaling. VG = 1.7 V. The gate bias is measured from flat band voltage. 
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and scattering is approximately a factor of 2.5. The total simulation time is not reduced 
in the same degree, since it is necessary to have a fine mesh to resolve the field cor-
rectly in the channel. Hence, in the test simulation the reduction of total simulation 
time was not more than 12 %. However, this number may be considerably improved 
with a better Poisson equation solver than the present, which unfortunately not is op-
timal. 
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Fig. 6.3. Induced charge on the contacts with (a) and without (b) dynamic carrier scaling. VD = 
0.5 V, VG = 0 V from flat band voltage. 
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Fig. 6.4. Charge transport over the contacts with (a) and without (b) dynamic carrier scaling. 
VD = 0.5 V, VG = 0 V from flat band voltage. 
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7. Simulation of MOS structures 

7.1. Introduction 

A number of complications make simulations of charge transport at the interface 
between semiconductors and insulators much more challenging than bulk simulations 
Consequently, simulations of MOS devices are more difficult than of devices, where 
the transport is within the bulk of the semiconductor material. 

One important complication is scattering due to roughness and charges at the inter-
face. The charges may be both fixed and interface states, with varying degree of occu-
pancy depending on their character, position in the band gap, and the Fermi level. For 
a wide band-gap material like SiC, where incomplete ionization has to be considered, a 
correct calculation of the space charge is complicated by the varying degree of ioniza-
tion [44,45]. When the gate potential is increased (assuming an n-channel device), this 
causes an increase of the ionization in the space charge region and as a result a de-
crease of threshold voltage. Conversely, the change in ionization level has no strong 
influence on the surface mobility. A constant interface-state density in the band gap 
results in an increase of the threshold voltage, but an interface state density rising ex-
ponentially towards the band edge results in an increase in trapped charge, which may 
comparable to the increase in inversion charge. The trapped charges cause both a direct 
reduction of the mobility due to scattering, and a reduction in the surface mobility ex-
tracted from experiments with MOS devices on the assumption of constant charge 
sheet density [44-49]. 

A fundamental difficulty is the two-dimensional confinement of the carriers in the 
channel, which requires a coupled Poisson-Schrödinger equation solver for a physi-
cally correct picture. Taking into account the two-dimensional effects raises the energy 
of the electrons, which causes lower sheet electron density. Another effect is an in-
creased average distance of the carriers from the interface. Since a correct distance to 
the surface is a requirement for a correct calculation of scattering from interface 
charges and surface roughness, it is not possible to handle these kinds of scattering in a 
physically correct way without considering the two-dimensional effects. Consequently, 
without an adequate model of the two-dimensional effects, only simplified methods 
remain for the handling of scattering from interface charges and surface roughness. 
Due to the two-dimensional confinement special expressions are used for the calcula-
tion of the phonon scattering rates [12 (pp. 95-100), 50-56]. Furthermore, screening of 
charges at the interface has to be considered carefully [55]. It should also be noticed 
that high-energy carriers, not confined by the interface potential, have to be treated as 
normal three-dimensional particles. This is especially important near the drain side of 
the channel, where the carriers have achieved high energies. The delimitation of the 
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energy range and the space region where to apply the two-dimensional effects, as well 
as the transition between two-dimensional and three-dimensional electrons (in both 
directions), is a special problem [55, 56]. Ref. 55 also analyzes a number of further 
complications, like scattering with interface phonon modes, the importance of acoustic 
phonon dispersion mode anisotropy, etc. These complications are important for simu-
lations of the semiconductor insulator interface, where a detailed physical understand-
ing is an important goal, i.e. when the ambition is to do ab initio simulations in the 
true meaning of the expression. 

Instead of the complex and computationally heavy coupled Poisson-Schrödinger 
equation solver, various simplified alternatives have been proposed. Tsuchiya and Ra-
vaioli present quantum-mechanical driving forces derived from the Wigner distribution 
function [57]. Explicit expressions are given in Ref. 57 for these forces as a function of 
the carrier density, the temperature and the (partial derivatives of the) band structure. 
In Ref. 58 Winstead and Ravaioli demonstrate a model, where a number of one-
dimensional Schrödinger equations are solved along the channel in the MOS device. 
The solutions of the equations are then used to add a quantum correction to the poten-
tial used for electric field calculation. Knezevic et al. use an effective potential ap-
proach, where the effective potential effV  is related to the self-consistent potential V  

calculated from the Poisson equation through a smoothing relation 

( ) ( ) ( )∫ += yyyxx daGVVeff 0, , (7.1) 

where G is a Gaussian with the standard deviation 0a  [59]. effV  is subsequently used 

as the electric field in the carrier drift calculation. 

Quantum-mechanical calculations allowing the wave functions to penetrate into 
the gate dielectric are the base for an alternative to the traditional surface roughness 
scattering [60]. The partial penetration corresponds to a part of the charge transport 
performed with low mobility in the amorphous gate insulator. In Ref. 60 very good 
agreement with experimental data is achieved with a mobility, which is a factor 170 
less than the calculated mobility for crystalline SiO2, which is reasonable for an amor-
phous material. 

The high concentration of carriers in the inversion layer and the small extension 
perpendicular to the interface demands a fine mesh for the Poisson equation, and small 
time steps in the MC loop. If an equidistant mesh is used, long CPU times are used for 
the electric field calculation. Alternatively a non-equidistant mesh could be used, but it 
is more complex and brings the possibility of artificial forces on the carriers [21]. An-
other complication is that at strong inversion, there also is a need to consider the de-
generacy of the carriers [12 (pp. 135-138)]. 

Often MC simulations are performed for calculation of damage on the insulation 
from penetrating high-energy electrons. In this case, a correct energy distribution is 
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extremely important, especially for the high-energy tail. Electron-electron interaction 
is often considered, since it changes the energy distribution [12 (pp. 54-55, 206, 253-
254), 61-64]. The energy redistribution is most important at the drain, where high-
energy electrons are injected into the high-doped area. Due to the redistribution a small 
portion of the carriers gains energy, and may cause damage to the oxide. Interesting in 
this context are the results for ultrasmall Si MOSFETs in Ref. 41, which are based on 
the MD approach to the carrier-carrier and carrier-impurity interaction. The used 
model results in a reduction of the drain current with at least a factor of 2, which is 
caused by a reduction of the electron number in the channel with 25 % combined with 
reduced electron mobility. There is also an increase of the threshold voltage. Other 
effects are lower energy and velocity of the carriers in the channel, as well as faster 
energy relaxation at the drain. Another detail, that may be interesting in oxide degrada-
tion simulations, is the angle at which the high-energy electrons are impinging against 
the interface [65]. 

Since the relative number of carriers, that are causing the damage to the oxide, is 
very small, it is necessary to use statistical enhancement of high-energy carriers [61, 
62, 66, 67]. In MC studies of oxide degeneration non self-consistent MC simulations 
can be used, combining a DD or HD simulation with MC, where the DD or HD simu-
lation provide the electrostatic potentials and drain current [51, 53, 61, 62, 67]. If only 
parasitic currents dominated by hot carrier are studied, these non self-consistent simu-
lations are advantageous, as they can execute about three orders of magnitude faster 
than self-consistent simulations [67]. However, the drain current does not improve 
relative the HD or DD simulations on which the MC simulations are based [68]. It is 
possible to couple the MC simulation to the simulated interface state generation [63, 
64]. Impact ionization should be considered in all simulations of MOS devices, where 
carrier energies above the impact-ionization threshold occur, i.e. typically in Si. This is 
accordingly important when parasitic phenomena are studied. On the other hand, in 
silicon carbide, impact ionization is typically not considered in MOS simulations due 
both to the large band gap and the strong polar-optical scattering in this material. 

7.2. Models used in GEMS 

The GEMS simulator uses the simple semi-empirical model according to San-
giorgi and Pinto [69]. In this model, carriers impinging against the semiconductor-
insulator interface are handled with a combination of specular and diffusive reflection. 
A specular reflection is an elastic bounce against the surface, where the momentum 
component parallel to the surface is maintained and the normal component is reversed. 
Diffusive scattering is in Ref. 69 described as “randomly choosing the three momen-
tum components after the collision in such a way that i) the total energy E is conserved 
and ii) the final velocity is directed away from the interface”. In GEMS a slightly dif-
ferent method is used for diffusive scattering; instead of randomly selecting the three 
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momentum components, random k vectors are generated within a small energy interval 
considered as complying with the requirement of energy conservation. (In the simula-
tions performed with GEMS a maximum allowed energy difference of 1 meV has been 
used in all simulations until now.) The first k vector generated with a velocity-vector 
directed away from the interface is accepted for the carrier state after reflection. A con-
sequence of the method is that regions in k-space with a high density of states are fa-
vored, which is reasonable. The algorithm is suitable when the band data consists of 
tables, and the program already has tables with the candidate states used for selection 
of final state after scattering. These tables are also used for the selection of state after a 
diffuse reflection. A random number is used for the selection of type of reflection. In 
the simulation input data a constant C is defined for the probability of diffusive scat-
tering. Sangiorgi and Pinto show in Ref. 69 that a C value of 0.06 gives very good 
mobility correspondence with experimental results for silicon, with the condition that 
the silicon-insulator interface is of high quality. 

In the described model there is no two-dimensional confinement, all effects of the 
transport at the interface are summarized in the factor C. The model handles with one 
parameter both surface roughness scattering, and scattering from charges at the inter-
face. For silicon good agreement with experiments is achieved, which is partially at-
tributed to the small amount of fixed oxide charge (≈1010 cm-2) in the experimental de-
vices compared with [70]. I.e. for surfaces with a high number of interface charges, 
these have to be considered especially [71]. Ravaioli et al. claim in Ref. 71 “that it is 
difficult to match closely current-voltage curves over the complete bias range with a 
single value” for the C constant, motivating the development of a semi-empirical 
model where both interface roughness and a dissipation process are considered. 

The evident advantage of the Sangiorgi and Pinto model is its simplicity, and that 
it despite its simplicity produces good results for silicon devices over a wide range of 
transversal fields [67, 69]. A fundamental problem is its semi-empirical character, 
which implies that its validity for one type of interface (defined by the type of semi-
conductor, insulator and process) does not a priori make it valid for another interface 
type. In order to get reliable results when it is used for SiC, the C value should be ob-
tained fitting simulations to experimental data. But due to the problems of fabricating 
good interfaces between SiC and SiO2 all experimental data available have been for 
poor interface quality. Therefore the C factors used in Refs. 72 (paper #1), 73 (paper 
#2), and 74 (paper #5), where values 0.06, 0.12, 0.20 and 0.50 have been used, are a 
set of guesses based on the assumption that the interface at least can not be better than 
for silicon. The simulation results obtained give an indication of the inherent proper-
ties of 4H- and 6H-SiC used in MOS transistors. First when the principal fabrication 
problems associated with MOS structures in these polytypes are overcome, will it be 
possible to determine which C factor is correct, and evaluate the general accuracy of 
the model. 
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In Ref. 74 (paper #5) the model described above has been extended to the step-
shaped surfaces. The steps are formed by the atomic layers due to the common off-
axis-normal cutting of the 4H- and 6H-SiC crystals. A combination of C=0.20 and 
C=1.00 is used with higher value on the smaller “vertical” surfaces. The 100 % ran-
domness for reflection in the “vertical” surface is motivated by supposed dangling 
bonds and more irregular shape. Random numbers are used in the simulator to decide 
which kind of surface is hit by the particle, with a probability depending on the off-
axis angle. With this method the results differ depending on the transport direction 
relative the steps. For transport parallel to them the simulated mobility is ≈240 (≈180) 
cm2/Vs for 6H-SiC (4H-SiC) at the transversal field 500 kV/cm. These values are for 
an off-axis angle of 3.5º (8º) for 6H-SiC (4H-SiC), i.e. the angle that is normally used 
when cutting the crystals. On the other hand, perpendicular to the steps the result is 
≈105 (≈45) cm2/Vs for 6H-SiC (4H-SiC) at the same transversal field. Experimentally, 
the same type of behavior has been reported by Scharnholz et al. for 6H-SiC [75]. 
Their measured mobility is, however, considerably lower: 145 cm2/Vs parallel to the 
steps and 55 cm2/Vs perpendicular to them. No transversal field is presented in the ref-
erence. 
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8. Comments regarding the papers 

8.1. Scientific impact of the included publications 

The contribution of the included papers to science consists of the knowledge of the 
simulated SiC polytypes, and the development of generally applicable models used in 
the GEMS simulator. Additionally, the general method developed and used when 
building up the knowledge about SiC, serves as an example of what has been called 
“materials theory based modeling” [76] and “physics-based modeling” [77]. I.e., the 
simulations presented also constitute a contribution to the method, where knowledge is 
built up of a new material from mainly ab initio data. The only parameters in the simu-
lations that are obtained from experimental data are the phonon energies and deforma-
tion potentials. 

 The simulations of SiC bulk material and devices are in the majority of the in-
cluded papers based on full-band models, which have been combined with detailed 
numerical models of the overlap integral. They can be considered as among the best 
reported and provide a substantial contribution to the knowledge about the different 
SiC polytypes and their technological applicability. An important usage of the ob-
tained data is in simulations based on the DD and HD models, which are used by both 
research groups and commercial companies working with SiC devices. One of the 
studies, paper #3 [29], is included in the basis for the analytical electron mobility 
model for 6H-SiC by Roschke and Schwierz [78]. The results for 6H-SiC, in the form 
of mobility, velocity versus electric field, and energy relaxation time, are also used in 
works based on DD and HD simulations performed in our research group (the Compu-
tational Electronics Group at Mid-Sweden University), as the submitted papers #6 [79] 
and #9 [80]. This usage of MC bulk results as basis for device simulations is also im-
portant, since the obtained device characteristics can be compared with real devices. 
Hence, it is possible to get an indirect verification of the basic study. In paper #3 [29], 
this is done for a permeable base transistor (vertical MESFET). This study has attained 
a certain attention; at the instant of writing this thesis there are ten references to it from 
other research groups. 

In paper #10 [37], which regards high-field properties of 3C-SiC, the existence of a 
peak velocity of about 2.2×107 cm/s is observed, as well as a clear negative differential 
mobility at fields above approximately 600 kV/cm. The explanation of the negative 
differential mobility is further discussed in the paper. There are no experimental data 
available for velocity versus field in 3C-SiC, and earlier simulations are contradictory 
with respect to the negative differential mobility [81-83]. The electron-initiated im-
pact-ionization coefficients in paper #10 [37] are the first published for 3C-SiC. 
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In the impact-ionization simulation of 4H-SiC in paper #11 [13], the effect of the 
band-to-band tunneling is addressed, which is particularly important at extremely high 
fields, when the energy distance between bands is small, which is characteristic for 
semiconductors with hexagonal crystal symmetry. The application of the multi-band 
charge transport model of Krieger and Iafrate (the KI model) [31-35] in the MC simu-
lation is decisive for a correct picture of high-field transport in 4H-SiC. Paper #11 [13] 
presents results based on the KI model for holes at fields between 3 and 4 MV/cm in 
the c-axis direction; for all other cases the simpler overlap-test model is used [84,85]. 
The paper is based on the results for hole impact-ionization coefficients and corre-
sponding energies, which were presented in Ref. 31. Although the influence on elec-
tron transport of the KI model in this simulation is only indirect, through the secon-
dary high-energy electrons produced at hole-initiated impact-ionization events, the 
electron impact-ionization coefficient is raised about one order of magnitude. It was 
possible to disregard the electron-initiated impact-ionization events due to the high 
impact-ionization rate for holes compared to the rate for electrons. The obtained coef-
ficients, both for holes and electrons, agree fairly well with the experimental results 
from Konstantinov et al. [86]. There is to the best of the author’s knowledge no other 
measurement of electron impact-ionization coefficients in 4H-SiC; the coefficient for 
holes is about a factor 5 higher than from the only other experiment performed [87]. 

Since the ionization energies for impurities are relatively high in 4H- and 6H-SiC, 
the ionization degree also is lower than for instance in silicon. In paper #8 [38] it is 
stated that for 4H-SiC it is necessary to consider neutral impurity scattering, also at 
room temperature owing to the low ionization of holes. This is done using the Ergin-
soy approximation [27] resulting in good agreement with experiments. A consequence 
of paper #8 [38] is that neutral impurity scattering should be considered in 4H- and 
6H-SiC both at low temperatures and at room temperature when the doping is high. 
This is important for low-field hole transport simulations, but it is reasonable also for 
electron simulations at low electric fields. 

Papers #2 [73], #5 [74] and #9 [80] contain comparisons of the inherent properties 
of 4H- and 6H-SiC, when these polytypes are used for MOS devices. Even though the 
surface model used in the MC simulator is simple, the conclusion in these papers is 
justifiable, that 6H-SiC is advantageous in MOS devices when the transport direction 
is perpendicular to the c axis, and the oxide quality is not very high. The fact that 6H-
SiC has better surface transport properties than 4H-SiC is generally attributed to the 
interface quality and the existence of traps within the band gap. In the referred papers 
it is claimed that, except the smaller interface quality problems in 6H-SiC, there is an 
intrinsic advantage directly related to the band structure. In paper #5 [74], also the ef-
fect of the different off-angles used when cutting the crystal is considered. 

To be able to carry out the bulk and device simulations in the submitted papers, a 
number of calculation methods have been added to the GEMS simulator, either im-
plemented as options easily selectable when running the standard simulator, or in some 
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cases implemented in special versions of the program. As already stated, and as a con-
sequence of the complicated band structure in the studied SiC polytypes, the GEMS 
simulator normally uses a numerical full-band description and a detailed overlap-
integral representation. To be able to select the state after a scattering event it was nec-
essary to develop a method based on the numerical data representation. In paper #7 
[20] this method is described with two detailed algorithms, for constant phonon en-
ergy, and phonon energy varying according to a dispersion relation. Consequently, it is 
possible to handle scattering events, where the phonon energy matches the phonon 
vector length and the actual phonon dispersion relation. In these algorithms the overlap 
integral is also considered in such a way, that it has to be calculated relatively few 
times, which is important since this calculation is comparatively heavy when the plane 
wave functions are used directly. The described algorithms can be considered as a con-
tribution to the MC method. 

 The dramatic change of the simulation results, when the KI model is applied for 
multi-band charge transport of holes in 4H-SiC, is described above. Apart from the 
results obtained for 4H-SiC, the usage of the method is important for the fundamental 
understanding of charge transport in all semiconductors with complicated band struc-
ture. Paper #11 [13] is not the first paper introducing the KI model for MC simulations 
[31], but it is certainly establishes the importance of the method. 

8.1.1.  Agreement with experiments 

The coupling constants for acoustic and non-polar optical phonons in the included 
papers, except paper #4 [18], are obtained by fitting against experimental data for low-
field mobility. Accordingly, at least reasonable agreement between simulations and 
experiments is expected for bulk simulations at low fields. In papers #3 [29], #5 [74], 
#8 [38], and #11 [13], there are figures where the simulated low-field mobilities versus 
temperature are compared with experiments. Comparisons between the simulated low-
field mobility versus doping and experiments are shown in papers #8 [38], #10 [37], 
and #11 [13]. All these diagrams show the expected agreement. In paper #4 [18] a 
comparison is presented between the simulated low-field mobility for 2H-SiC and ex-
perimental values for 4H- and 6H-SiC. In this case no fitting has been done, and the 
deformation potentials from simulations of 4H-SiC were used.  The lack of experimen-
tal data for 2H-SiC is explained by the fact that this polytype never has been fabricated 
in device quality. 

Results from high-field bulk simulations are presented in papers #3 [29], #4 [18], 
#6 [79], #9 [80], #10 [37], and #11 [13]. In all these simulations the different 
polytypes exhibit a field-velocity relation with a peak velocity for electric fields in the 
order of 300 to 3000 kV/cm. Consequently there is a negative differential mobility for 
higher fields. The value of the peak velocity is somewhat varying in the different 
simulations of 4H- and 6H-SiC, depending on the details of the models used in the 
simulation, but the agreement is good with the experiments by Khan and Cooper [88]. 
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An exception is that Khan and Cooper have a considerably lower mobility in 6H-SiC, 
which presumably is due to a higher doping. To our knowledge there is no high-field 
experimental data available for 3C-SiC. Neither are there any high-field experimental 
data available for 2H-SiC. In papers #10 [37] and #11 [13] impact ionization coeffi-
cients are also presented for 3C- and 4H-SiC, respectively. As mentioned above, the 
agreement is good between the simulated impact ionization coefficients and the ex-
perimental results from Konstantinov et al. [86] in contrast to the results from Raghu-
nathan and Baliga [87]. 

In paper #6 [79] MC simulations of vertical MESFETs are compared with DD and 
HD simulations performed with parameters extracted from previous MC simulations. 
The differences between the models are thoroughly discussed in the paper; in general 
there is good correspondence between results from the DD model and from GEMS.  A 
comparison is made with a DD simulation of the unit current gain frequency ( Tf ) for 

a fabricated MESFET, showing good agreement. For MOS devices, the agreement be-
tween simulation and experiments is more problematic, both due to the complexity of 
this kind of simulation, and due to the problems to achieve high quality interfaces be-
tween SiC and insulators. This is further discussed in chapter 7. 

8.2. Summary of papers and contributed work 

Contribution by the author to all papers 

The author has made the main work of implementation, testing, updating and 
maintaining the GEMS simulator during the whole development process. Additionally, 
the author has supported all users of the GEMS program with information and training 
in usage of the program, as well as assisted in the creation of correct input data files. 
Many program errors have turned up during this work, leading to corrections. Simi-
larly ideas for improvements have emerged in the discussions, leading to new im-
proved program versions. Below, some program development contributions are men-
tioned when they are important for the actual papers. 

Paper #1. Full band Monte Carlo simulation of a 100 nm 4H-SiC high 
frequency MOSFET 

This paper tries to estimate the inherent properties of 4H-SiC, when it is used for 
short channel MOSFETs. It is based on the assumption, that it will be possible to fab-
ricate high quality interfaces between 4H-SiC and SiO2. A comparison is also made 
between the transport properties parallel to the c axis and perpendicular to it. 

Contribution by the author: Implementation of the interface model in the pro-
gram, implementation of program handling of devices with both donor and acceptor 
doping, simulations, analysis of results, and writing. 
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Paper #2. Full band Monte Carlo simulation of short channel MOSFETs in 
4H and 6H-SiC 

In this study, which can be considered as a continuation of paper #1, the properties 
for 4H and 6H-SiC in short channel MOSFETs are compared. The study is made with 
both a high quality interface and a rather poor interface. It is shown that, when the in-
terface is perpendicular to the c axis and the interface is poor, 6H-SiC has higher sur-
face mobility than 4H-SiC. With the same crystal orientation and assuming a high 
quality interface, 4H-SiC has the highest mobility. 

Contribution by the author: Simulations, analysis of results and writing. 

Paper #3. Full band Monte Carlo simulation of electron transport in 6H-SiC 

Here, both low and high-field electron bulk transport properties of 6H-SiC are 
studied. A simple analytical model for the overlap integral is presented. One method to 
extract the saturation velocity is critically analyzed to explain differences between the 
obtained field-velocity relations. Simulation results for a permeable base transistor 
(vertical MESFET) are presented based on the HD method using extracted data from 
the MC simulations. 

Contribution by the author: Program adaptations including development of the 
algorithm for calculation of density of states, user support, and participation in discus-
sions. 

Paper #4. Monte Carlo simulation of electron transport in 2H-SiC using a 
three valley analytical conduction band model 

In this work an analytical model of the band structure for 2H-SiC is presented. The 
band structure is subsequently used in simulations of low- and high-field transport 
properties of this material. A comparison is made with 4H- and 6H-SiC. 

Contribution by the author: Program adaptations, user support, and participation 
in discussions. 

Paper #5. Full band Monte Carlo study of bulk and surface transport 
properties in 4H and 6H-SiC 

The strong anisotropy in the transport properties of 4H- and 6H-SiC has conse-
quences, that are not very evident for a person used to isotropic materials. This paper 
tries to shed more light on these properties, both for bulk and surface transport. A spe-
cial simplified model to consider the steps caused by the off-axis-normal orientation of 
the insulator-semiconductor interface is presented. It is pointed out, that in 6H-SiC the 
bulk charge transport may not be parallel to the electric field, depending on the angle 
between the electric field and the crystal axis. For surface transport, simulated mobili-
ties as a function of the off-axis angle are shown for transport both parallel and per-
pendicular to the steps in the substrate. And for high fields, the velocity as a function 
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of the field parallel to the interface is shown, also here for transport both parallel and 
perpendicular to the steps in the substrate. 

Contribution by the author: Program adaptations including development of the 
described model for surface scattering, simulations, analysis of results, and writing. 

Paper #6. The effect of different transport models in simulation of high 
frequency 4H-SiC and 6H-SiC vertical MESFETs 

A comparison is made in this paper of the DD, HD, and MC methods in simula-
tions of 4H- and 6H-SiC vertical MESFETs. Devices with 0.4 µm and 0.2 µm cham and 0.2 µm cham channel 
lengths are used. 

Contribution by the author: User support, implementation of sampling of relaxa-
tion time in the simulator, and participation in discussions. 

Paper #7. Methods for anisotropic selection of final states in the full band 
ensemble Monte Carlo simulation framework 

This is a presentation of an algorithm for selection of final state after scattering 
based on the rejection method for creation of random numbers with arbitrary distribu-
tion. Two variants of the algorithm are presented. A comparison is made with two 
other algorithms for final state selection. 

Contribution by the author: Development of the algorithm, implementation in 
the simulator, running of test simulations, analysis, and writing. 

Paper #8. Monte Carlo study of hole mobility in Al-doped 4H-SiC 

A thorough analysis is presented of the influence on low-field mobility from the 
band structure anisotropy in the first two bands, occupation fraction in these bands, 
lattice scattering and neutral impurity scattering. Due to the relatively high ionization 
energy for Al in 4H-SiC, there is a large fraction of not ionized impurities for a wide 
temperature range, which makes neutral impurity scattering important. 

Contribution by the author: Implementation of neutral impurity scattering algo-
rithm, user support, and participation in discussions. 

Paper #9. Numerical simulation of Field Effect Transistors in 4H- and 6H-
SiC 

This paper is a summary of simulations of MOSFET and MESFET devices, where 
simulation results are compared with experimental values. Inversion layer mobility 
values simulated with the GEMS simulator are compared with experimental data. A 
comparison is also made, where scattering from charges at the interface is considered 
using a simplified model with a thin layer of high doping in the semiconductor near 
the insulator. There are comparisons between device characteristics simulated with the 
DD method for lateral and vertical MESFETs and device characteristics for actually 
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fabricated devices. In these simulations the material parameters were taken from MC 
simulations. 

Contribution by the author: User support and participation in discussions. 

Paper #10. Full-Band Monte Carlo Simulation of Electron Transport in 3C-
SiC 

MC simulation results obtained with the GEMS simulator for low- and high-field 
transport are presented. The high-field data also includes electron-initiated impact-
ionization coefficients. 

Contribution by the author: User support and participation in discussions. 

Paper #11. Monte Carlo study of high-field carrier transport in 4H-SiC 
including band-to-band tunneling 

This is a study of high-field drift velocity, mean energy, and impact-ionization co-
efficients for 4H-SiC. The paper is based on the observation, that when calculating 
impact-ionization coefficients for electrons, it is necessary to consider the injection of 
high-energy electrons created in impact-ionization events initiated by holes. Simula-
tions are presented for the whole range of electric fields based on the simple overlap-
test model for band-to-band tunneling [84,85]. Additionally, simulation results are pre-
sented where the Krieger-Iafrate model [32-35] was used for the hole band-to-band 
tunneling in the electric field range 3-4 MeV/cm [31]. The momentum and energy for 
secondary electrons were sampled and used as input for separate electron impact-
ionization simulations. In all these simulations scattering events are handled with con-
servation of total momentum and energy. 

Contribution by the author: Participation in discussions regarding implementa-
tion of calculations using the Krieger-Iafrate model, simulations based on the overlap-
test model, implementation of a program for electron simulation with imported secon-
dary-electron data, simulations of electrons with imported data, analysis, and the main 
part of writing. 
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Appendix A 

This appendix describes the method used to transform a wave function in the irre-
ducible wedge of the Brillouin zone (BZ) to an arbitrary wedge in reciprocal space. 
We will assume that the origin in real space is chosen so that the space group is 4

6vC . 

The periodic part of the wave functions are assumed to be expanded in a series of 
plane waves as 

( ) ( ) ( )( )rGGkrk ⋅=∑ t
t

tnn iAu exp,, , (A.1) 

where An is the expansion coefficients and Gt is the G-vectors used in the expansion. 
We have divided the symmetry operations into two types, type I and type II. 

Type I operations are: E (identity operation), +
3C , −

3C  (rotation with 2π/3 clock-

wise and counter clockwise), 1vσ , 2vσ , 3vσ  (mirroring in the planes shown in Fig. 

A.1. (a)). In this case the transformation can be written as 

( ) ( )tntn RARA GkGk 1,, −= , (A.2) 

where R is a type I symmetry operation. 

Type II operations are: zC τ++
6 , zC τ+−

6  (rotation with 2π/6 clockwise and 

counter clockwise followed by a translation with the vector zτ ), zC τ+2  (rotation 

with π followed by a translation zτ ), zd τ+1σ , zd τ+2σ , zd τ+3σ  (mirroring in 

the planes shown in Fig. A.1. (b)). The translation zτ  can be written as 

( )2/,0,0 cz =τ , where c is the extension of the BZ in the c-axis direction. In this case 

the transformation can be written as 

( ) ( ) ( )( )zttntn RiRARA τGkGkGk ⋅+= −− 11 exp,, , (A.3) 

where { }zRg τ,=  is a type II symmetry operation. 

In addition to these transformations the time inversion symmetry can be utilized to 
reach all wedges in the BZ. Applying the time inversion symmetry gives 

( ) ( )tntn AA GkGk −=− ,, * , (A.4) 

In these derivations the origin has been chosen so that the used symmetry opera-
tions are valid. Using an arbitrary origin results in the following transformation rule 

( ) ( ) wedgetntn RARA φGkGk 1,, −= , (A.5) 
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where the phase factor φwedge can be found numerically for each wedge using  

( )
( )tn

tn
wedge

RA

RA

Gk

Gk
1,

,
−

=φ . (A.6) 

In this expression the expansion coefficients should be directly obtained from the 
band-structure calculation. 

Professor Ulf Lindefelt is gratefully acknowledged for valuable discussions regard-
ing transformations of wave functions. 
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Fig. A.1. Mirroring planes for type I (a) and type II operations (b). 
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