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ABSTRACT

The thesis consists of three papers.

Paper I. Trace Formulae and Spectral Properties of Fourth Or-
der Differential Operators. We derive trace formulae for fourth order
differential operators in dimension one and discuss their connection with
sharp Lieb-Thirring inequalities for the Riesz means of negative eigenval-
ues of orderγ ≥ 7/4. We also construct reflectionless potentials for fourth
order differential operators.

Paper II. Lieb-Thirring Inequalities for Higher Order Differen-
tial Operators. We derive Lieb-Thirring inequalities for the Riesz means
of eigenvalues of orderγ ≥ 3/4 for a fourth order operator in arbitrary
dimensions. We also consider some extensions to polyharmonic operators,
and to systems of such operators, in dimensions greater than one.

Paper III. Follytons and the Removal of Eigenvalues for Fourth
Order Differential Operators. (Joint with J. Hoppe and A. Laptev).
A non-linear functionalQ[u, v] is given that governs the loss, respectively
gain, of (doubly degenerate) eigenvalues of fourth order differential
operatorsL = ∂4 + ∂u∂ + v on the line. Apart from factorizingL as
A∗A + E0, providing several explicit examples, and deriving various
relations betweenu, v and eigenfunctions ofL, we findu andv such that
L is isospectral to the free operatorL0 = ∂4 up to one (multiplicity 2)
eigenvalueE0 < 0. Not unexpectedly, this choice ofu, v leads to exact
solutions of the corresponding time-dependent PDE’s.
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INTRODUCTION

0. THE STORY SO FAR

This thesis is mainly devoted to the spectral theory of of fourth order dif-
ferential operators. Spectral theory is an extremely rich field which has been
studied by many qualitative and quantitative techniques. It uses theory from
many modern as well as classical areas of mathematics, e.g. harmonic- and
microlocal analysis, function theory, perturbation theory, variational meth-
ods, stochastic analysis and numerical methods. Important structural parts
of operator- and spectral theory were developed after the discovery of quan-
tum mechanics in 1926. The study of Schrödinger operators,−∆ + V , has
ever since been an intense one and has attracted the minds of some of the
greatest mathematicians of the last century.
Elements of the negative discrete spectrum of the Schrödinger operator
−∆ + V are referred to asbounds statesin the physics community, as they
represent the possible energy levels of particles captured by the potentialV .
The continuous spectrum also is of physical interest and is the principal ob-
ject of study in what is calledscattering theory. Our focus here is primarily
the negative discrete spectrum, but the interplay between negative discrete
respectively continuous spectrum is actually our main interest in the well-
knownBuslaev-Faddeev-Zakharov trace-formulae.
Consider the Schrödinger operator−∆ + V in L2(Rd), whereV is a real-
valued function. In the article [16] Lieb and Thirring proved that for
γ > max(0, 1 − d/2), there exists constantsLγ,d depending only upon
γ andd, such that1

(0.1) tr(−∆+ V)γ− ≤ Lγ,d
∫
Rd

V
γ+d

2
− (x)dx .

for all V ∈ Lγ+d/2(Rd). Their proof of the so-calledLieb-Thirring bound
(0.1) is based on theBirman-Schwinger principleand an inequality for
traces of operators. In the critical caseγ = 0 the bound (0.1) is known
as the Cwikel-Lieb-Rosenblum inequality, see [7, 15, 19] and also [6, 14].
In cased = 1, γ = 1/2 the bound (0.1) was first verified in [22] by Weidl.
On the other hand it is known that (0.1) fails forγ = 0 if d = 2 and for

1991Mathematics Subject Classification.Primary 35P15; Secondary 47A75, 35J10,
45A05, 34L40.

1Here and below we use the notion2x− := |x| − x for the negative part of variables,
functions, Hermitian matrices or self-adjoint operators.
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2 INTRODUCTION

0 ≤ γ < 1/2 if d = 1. The cases of existence of bounds of type (0.1), with
γ ≥ 0, is therefore completely settled. IfV ∈ Lγ+d/2(Rd), the inequalities
(0.1) are accompanied by the Weyl type asymptotic formula

lim
α→+∞

1

αγ+d
2

tr (−∆+ αV)γ− = lim
α→+∞

1

αγ+d
2

∫∫
Rd×Rd

(|ξ|2 + αV)γ−
dxdξ

(2π)d

= Lcl
γ,d

∫
Rd

V
γ+d

2
− dx ,(0.2)

where the so-called classical constantLcl
γ,d is defined by

(0.3) Lcl
γ,d = (2π)−d

∫
Rd

(|ξ|2−1)γ− dξ =
Γ(γ+ 1)

2dπd/2Γ(γ+ d
2

+ 1)
, γ ≥ 0 .

It is interesting to compare the value of the sharp constantLγ,d in (0.1) and
the value ofLcl

γ,d. In view of the asymptotic formula (0.2) we immediately
obtain that

(0.4) Lcl
γ,d ≤ Lγ,d

for all d andγ whenever (0.1) holds. Using the Buslaev-Faddeev-Zakharov
trace formulae [5, 8] Lieb and Thirring obtained in [16] that

(0.5) Lγ,d = Lcl
γ,d

for

(0.6) d = 1 and γ = 3/2, 5/2, ... .

Later, in the paper [1], Aizenman and Lieb found an argument how to prove
(0.5) ind = 1 for all γ ≥ 3/2. Applying a “lifting” argument with respect
to dimension, Laptev and Weidl finally succeeded in [12] to prove that

(0.7) Lγ,d = Lcl
γ,d

for

(0.8) d ∈ N and γ ≥ 3/2 .

In fact, their result is even more general, and is obtained for infinite-
dimensional systems of Schrödinger operators. In addition to (0.8) sharp
values ofLγ,d are also known in cased = 1 andγ = 1/2, for in [9] it was
proven by Hundertmark, Lieb and Thomas that

L1/2,1 = 2 Lcl
1/2,1 = 1/2 .

For the remaining cases sharp Lieb-Thirring constants constitute interesting
open problems. A final notice on this issue is that ifΩ ⊂ Rd is a domain of
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finite measure, and

(0.9) V(x) =

{
−α as x ∈ Ω∞ as x ∈ Rd \Ω

,

then the equality (0.5) withγ = 0 can be identified with the Ṕolya con-
jecture on the number of the eigenvalues{λk} less thanα for the Dirichlet
Laplacian inΩ (see [17]), whose validity is known only for tiling domains
and for certain domains of product structure [11].

Apart from its intrinsic mathematical interest, motivation for the study of
inequalities of type (0.1) comes from physics. In fact, one of the most
important cases,γ = 1, d = 3, was used by Lieb and Thirring in their
proof of the stability of matter, for it may be used to prove a lower bound
for the kinetic energy of fermions in terms of the Thomas-Fermi kinetic
energy. IfL1,3 = Lcl

1,3 the Lieb-Thirring inequality (0.1) gives exactly the
kinetic energy bound predicted by Thomas and Fermi.

1. THE GOAL AND CONTENT OF THIS WORK

Also higher order differential operators are of physical importance. For
example, when one studies small transverse vibrations of an elastic plate as
opposed to an elastic membrane, the differential operator which describes
the resonant frequencies is of fourth order rather than second order. A
real-life problem of this kind is to analyse the resonant frequencies of a
rotating turbine blade; this can actually be done by using a fourth order
ordinary differential operator, with variable coefficients which incorporate
the varying geometry of the blade. A realistic description of this problem
is exceedingly complicated. The message is merely that it is natural, also
from a physical point of view, to study the spectral properties of higher
order operators in more detail. Roughly speaking, this is the aim of this
work.
The thesis consists of three papers. Their content, and some additional
digression on background material, is briefly described below.

Paper I: Trace-formulae and Spectral Properties of Fourth Or-
der Differential Operators.
In the last few years the so-calledBuslaev-Faddeev-Zakharov trace-
formulae [5, 8], first appearing in 1972 in connection with first KdV-
integrals, have been proven very useful in the study of Schrödinger
operators on the line. The trace-formulae, which are actually countably
infinite in number, give connections between spectral data and the poten-
tial. In this paper we derive analogueous trace-formulae for the operator



4 INTRODUCTION

H = d4/dx4 + V acting inL2(R). We shall assumeV ∈ C∞0 (R) and
let xmin := min suppV , xmax := max suppV . For simplicity, let us also
assumeV ≤ 0. Then it can be shown that the operator has no positive
eigenvalues. Denote the negative ones by{λ−

l }Nl=1. Let us consider the
ordinary differential equation

(1.1)
d4

dx4
u(x) + V(x)u(x) = k4u(x), x ∈ R.

For anyk ∈ C there exists unique solutionsFj(x, k) andGj(x, k), j ∈
{1, .., 4}, of the equation (1.1) satisfying

Fj(x, k) = ei
j−1kx as x ≥ xmax ,

Gj(x, k) = ei
j−1kx as x ≤ xmin .

If k ∈ C\{0} clearly both quadruples(F1(x, k), F2(x, k), F3(x, k), F4(x, k))
and (G1(x, k), G2(x, k), G3(x, k), G4(x, k)) are bases of the space of so-
lutions of the equation (1.1). Therefore, fork ∈ C\{0}, we can uniquely
define a matrix-functionA(k) = (ajm(k))1≤j,m≤4 with the property that

F(x, k) = A(k)G(x, k),

where we have writtenF(x, k) := (F1(x, k), F2(x, k), F3(x, k), F4(x, k))
t

andG(x, k) := (G1(x, k), G2(x, k), G3(x, k), G4(x, k))
t. Let us define the

functiona(k) as follows:

a(k) := a22(k)a33(k) − a23(k)a32(k), k ∈ C\{0}.

The functiona(k) is defined as to vanish at a pointk in the first quadrant
Q1 if and only if k4 is in the negative discrete spectrum. It can be shown
that the functiona(k) is analytic inC\{0} and that it is actually identical to
a perturbation (or Fredholm) determinant. In fact,

a(k) = det

(
I+ V

(
d4

dx4
− k4

)−1
)
, k ∈ Q1.

The trace-formulae derived in terms of a(k) which are maybe the most in-
teresting are the following two:

3
√
2

16

∫
V dx =

3
√
2

2π

∫∞
0

k2 (ln |a(k)| + arga(k)) dk−
∑
l

(−λ−
l )
3/4
,

(1.2)

21
√
2

128

∫
V2 dx =

7
√
2

2π

∫∞
0

k6 (ln |a(k)| + arga(k)) dk+
∑
l

(−λ−
l )
7/4
.

(1.3)
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In deriving the above trace-formulae we have chosen a logarithm such that
the argument arga(k) vanishes at infinity on the positive real line.

It is easy to see that the Schrödinger operator−d2/dx2 + V cannot
have positive eigenvalues under the assumption, say,V ∈ S(R). In
contrast, it turns out that one can easily place positive eigenvalues on top of
the continuous spectrum of the operatorH = d4/dx4 + V , under the same
assumption on the potential. This complicates matters a bit, but in paper
I we also consider this more general situation and write trace-formulae
incorporating positive eigenvalues as well. We also prove that under the
assumption thatV ≤ 0 pointwise, positive eigenvalues cannot exist.

It should be noted that the constant appearing in the left-hand side of
(1.3) is actually the classical constant which appears in the Weyl-type
asymptotic formula for the Riesz-means of order7/4. If we therefore
succeed in proving that the integral appearing in the same formula (1.3)
is non-negative, we would have sharp Lieb-Thirring inequalities for Riesz
means of all orders≥ 7/4 of the negative eigenvalues of the operator
d4

dx4
+ V as a corollary. The story would be even more interesting if we

were able to prove that ln|a(k)| + arga(k) ≥ 0 pointwise. Unfortunately,
we have not been able to show the latter, which constitute interesting open
problems. Quite accurate estimates of ln|a(k)| from below are given in the
paper but since the argument arga(k) is related to theKrein’s spectral shift
function, which has been extensively studied - all known estimates being
far too weak for our purposes, we felt forced to approach the problem along
a different route.

It is well-known that the corresponding functiona(k) appearing in
the Buslaev-Faddeev-Zakharov trace-formulae is related to thecoefficient
of reflectionr(k), which is a basic constituent in what in known as the
scattering data. In fact, |a(k)|2 = 1/(1 − |r(k)|2) for k ∈ R. It therefore
seems natural to write trace-formulae in terms of the coefficients of
reflection for the operatorH = d4/dx4 + V . Such are also included in
paper I, but we shall not present them here since it would demand us to
introduce too much of notation. To derive them, one is naturally led to a
certain scalar Riemann-Hilbert problem whose solution is related to the
functiona(k). From the point of view of inverse theory it turns out that the
operator

∂4 + ∂u∂+ v

is the natural object of study. The latter operator is considered at the end
of paper I, as well as in the paper III, where we construct reflectionless
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potentials. Solvability of the inverse problem for higher order operators
is a difficult issue considered by Beals, Deift an Tomei in their book [3],
and also by Sukhanov in [21]. This problem is naturally formulated as the
solvability of a certain matrix Riemann-Hilbert problem.

Paper II: Lieb-Thirring Inequalities for Higher Order Differen-
tial Operators.
A natural generalization of (0.1) is to prove Lieb-Thirring inequalities for
polyharmonic operators

(1.4) (−∆)l + V, l > 1,

in L2(Rd). For givend, l we put

κ = κ(d, l) :=
d

2l
, ν = ν(d, l) := 1−

d

2l
.

Then, by elementary changes in the proof of Lieb and Thirring [16], one
obtains forγ > max(0, ν) the existence of a constantLl,γ,d depending only
uponl, γ andd, such that

(1.5) tr((−∆)l + V)γ− ≤ Ll,γ,d
∫
Rd

V
γ+κ
− (x)dx .

It is known that (1.5) fails for0 ≤ γ < ν if ν > 0, and forγ = 0 if ν = 0.
On the other hand the methods of Cwikel, Lieb and Rosenblum [7, 15, 19]
also apply to verify (1.5) forγ = 0 if ν < 0. Validity of (1.5) in the re-
maining caseγ = ν > 0 was established by Weidl and Netrusov in [18],
for integervalues ofl. Thus, also for polyharmonic operators the existence
of bounds of type (1.5) withγ ≥ 0 is almost completely settled.
If V ∈ Lγ+κ(Rd), the inequalities (1.5) are now accompanied by the fol-
lowing Weyl type asymptotic formula

lim
α→+∞

1

αγ+κ
tr ((−∆)l + αV)γ− = lim

α→+∞
1

αγ+κ

∫∫
Rd×Rd

(|ξ|2l + αV)γ−
dxdξ

(2π)d

= Lcl
l,γ,d

∫
Rd

V
γ+κ
− dx ,(1.6)

where the classical constantLcl
l,γ,d is defined by

(1.7) Lcl
l,γ,d =

Γ(γ+ 1)Γ(κ+ 1)

2dπd/2Γ(lκ+ 1)Γ(κ+ γ+ 1)
, γ ≥ 0 .

Now it is interesting to compare the value of the sharp constantLl,γ,d in
(1.5) and the value ofLcl

l,γ,d. In view of the asymptotic formula (1.6) we
now obtain that

(1.8) Lcl
l,γ,d ≤ Ll,γ,d.
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However, in casel > 1 no sharp constants are known, not even in dimension
d = 1. In paper I the first attempt was made to remedy this flaw. More
precisely, an attempt was made to prove, that

(1.9) Ll,γ,d = Lcl
l,γ,d

for

(1.10) d = 1, l = 2 and γ ≥ 7/4.
The constant appearing in (1.3), in the trace formula for the Riesz means
of order7/4, is precisely the classical, but whether the equality (1.9) holds
true or not is still open. In this article we derive (non-sharp) inequalities
which, as far as we know, are the best ones up to date. Our results applies
also to systems of operators of the above kind, an issue raised in the paper
[13], as well as to non-integerl. The idea of proof follows the paper [10]
closely.
Concerning the fourth order operator we prove the following:

Theorem 1.1.LetV : R→ B (G) be an operator-valued function satisfying
V(x) = (V(x))∗ andV(x) ∈ S1 (G) for a.e.x ∈ R and such thattr V−(·) ∈
Lγ+1

4 (R), for someγ ≥ 3/4. Then the following inequality holds true:

tr
(
∂4 ⊗ 1G + V

)γ
−
≤ 4

31/4
√
2
Lcl
2,γ,1

∫
R

tr (V−(x))
γ+1

4 dx.

It should be noted that 4
31/4
√
2
≈ 2.149.

We also apply essentially the same proof to arbitrary polyharmonic opera-
tors in dimension one. The result is the following:

Theorem 1.2.LetV : R→ B (G) be an operator-valued function satisfying
V(x) = (V(x))∗ andV(x) ∈ S1 (G) for a.e.x ∈ R and such thattr V−(·) ∈
Lγ+ 1

2l (R), for someγ ≥ 1 − 1/2l, l > 1. Then the following inequality
holds true:

tr
(
(−∂2)l ⊗ 1G + V

)γ
−
≤ cl

Lcl
l,1−1/2l,1

Lcl
l,γ,1

∫
R

tr (V−(x))
γ+ 1

2l dx.

Here the constantcl is defined as

cl :=
1

2l
ζl−1l ,

whereζl is the unique positive root of the equation

(l− 1) + lz− zl = 0.

Finally we apply the Laptev-Weidl “lifting” argument to obtain some
results in higher dimensions.
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Paper III: Follytons and the Removal of Eigenvalues for Fourth Or-
der Differential Operators.
Soon after the celebrated paper [12] was published, an alternative proof
by R. Benguria and M. Loss with the title “A simple proof of a theorem
of Laptev and Weidl”, appeared in [4]. It is based on what is called a
Darboux-transformation. The basic idea is to factorize the operator on the
lineH = − d2

dx2
+ V , say withV ∈ C∞0 (R), suppV ⊂ (−α,α), as a product

of two first order operators. Let−λ1 be the lowest eigenvalue of the oper-
atorH. It is well known that this eigenvalue is non-degenerate and that the
corresponding eigenfunctionψ1 can be chosen strictly positive. Thus the
function

f :=
ψ ′1
ψ1

is well-defined. It is easily verified thatf satisfies the Riccati equation

(1.11) f ′ + f2 = V + λ1

together with the “boundary” condition

(1.12) f(x) =

{
−
√
λ1 , x > α,√

λ1 , x < −α.

It is also simple to verify that

H = A∗A− λ1,

whereA = d/dx− f. The point is now that the new Schrödinger operator

H̃ = AA∗ − λ1 = −
d2

dx2
− f ′ + f2 − λ1 = −

d2

dx2
+ V − 2f ′,

has the same negative spectrum as that ofH, except that the eigenvalue
−λ1 has been removed. The mapV 7→ Ṽ := V − 2f ′ is usually called
a Darboux-transformation. To prove inequality (0.1) withγ = 3/2, more
precisely

(1.13)
N∑
l=1

λ
3/2
l ≤ 3

16

∫
R

V2 dx,

Benguria and Loss studied the functional

Q [V ] :=

∫
R

V2 dx.

Using the Riccati equation (1.11) together with the boundary values (1.12)
one computes∫
R

(V − 2f ′)2 dx =

∫
R

V2 dx+ 4

∫
R

(λ1 − f2)f ′ dx =

∫
R

V2 dx−
16

3
λ
3/2
1 ,
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i.e.

δQ := Q [Ṽ ] −Q [V ] = −
16

3
λ
3/2
1 .

Iterating one obtains the inequality (1.13).
Paper III is joint work with J. Hoppe and A. Laptev. We consider the fac-
torization problem for the operator

L := ∂4 + ∂u∂+ v,

assuming that the lowest eigenvalueE0 = −4κ4 is of multiplicity two. It
follows that there exist two orthogonal inL2(R) eigenfunctionsψ+, ψ− sat-
isfying the equation

Lψ = E0ψ.

One can show that the operatorL may then be factorized as

L = A∗A+ E0,

whereA = −d2/dx2 + f d/dx + g, and where f and g are expressible in
terms ofψ+, ψ−. The operator

L̃ := AA∗ + E0 = ∂4 + ∂ ũ ∂+ ṽ

is isospectral toL apart from not having the double degenerate eigenvalue
E0. This time it turns out to be natural to focus on the functional

Q[u, v] :=

∫
R

(
48 v2 +

5

4
u4 − 12u2 v− 40u v ′′ − 13uu ′2 + 9u ′′2

)
dx.

A lengthy calculation reveals that

δQ := Q[ũ, ṽ] −Q[u, v] = −32κ7
29

7
.(

Making2Lcl
2,7/4,1 ·

1
48
δQ = −2(4κ4)7/4

)
. If one could prove thatQ is

alwaysnon-negative, by iteration one would then obtain a Lieb-Thirring
inequality (1.5) for operatorsL with all eigenvalues doubly degenerate,
with a constant twice the classical one. (However, this turns out not to
be the case, as was proved by Benguria, Catto, Dolbeault and Monneau
in [2]). It is interesting to compare with the constant4

31/4
√
2
≈ 2.149 in

Theorem 1.1.

It is well known that the Schrödinger operator on the line has associated to
it a hierarchy of non-linear PDE’s. It is known as the KdV-hierarchy. The
first member of this hierarchy is called the KdV-equation and its so-called
soliton-solutions have been extensively studied.
Similarly the operatorL has associated to it a hierarchy of non-linear
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PDE’s. The first member of this hierarchy is the following non-linear
system:

(1.14)

{
ut = 10u ′′′ + 6uu ′ − 24 v ′

vt = 3 (u ′′′′′ + uu ′′′ + u ′ u ′′) − 8 v ′′′ − 6u v ′.

In the paper III we find exact solutions, which we have calledfollytons, of
this system. Let us define

W(x) :=
1√

2+ cosh(2κx)
,

and put uκ := 16 κ2
(√
2W −W2

)
,

vκ := 16 κ4
(√
2W − 12W2 + 16

√
2W3 − 8W4

)
.

Then, in fact,uκ(x+ 16κ2t), vκ(x+ 16κ2t) are solutions of the non-linear
system of PDE’s (1.14).
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