
Bayesian methods for sparse and low-rank matrix
problems

MARTIN SUNDIN

Doctoral Thesis in Electrical Engineering
Stockholm, Sweden 2016



TRITA-EE 2016:087
ISSN 1653-5146
ISBN 978-91-7729-044-5

KTH, School of Electrical Engineering
Department of Signal Processing

SE-100 44 Stockholm
SWEDEN

Akademisk avhandling som med tillst̊and av Kungl Tekniska högskolan framlägges
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Abstract
Many scientific and engineering problems require us to process measurements

and data in order to extract information. Since we base decisions on information,
it is important to design accurate and efficient processing algorithms. This is often
done by modeling the signal of interest and the noise in the problem. One type of
modeling is Compressed Sensing, where the signal has a sparse or low-rank repre-
sentation. In this thesis we study different approaches to designing algorithms for
sparse and low-rank problems.

Greedy methods are fast methods for sparse problems which iteratively detects
and estimates the non-zero components. By modeling the detection problem as an
array processing problem and a Bayesian filtering problem, we improve the detection
accuracy. Bayesian methods approximate the sparsity by probability distributions
which are iteratively modified. We show one approach to making the Bayesian
method the Relevance Vector Machine robust against sparse noise.

Bayesian methods for low-rank matrix estimation typically use probability dis-
tributions which only depends on the singular values or a factorization approach.
Here we introduce a new method, the Relevance Singular Vector Machine, which
uses precision matrices with prior distributions to promote low-rank. The method
is also applied to the robust Principal Component Analysis (PCA) problem, where
a low-rank matrix is contaminated by sparse noise.

In many estimation problems, there exists theoretical lower bounds on how well
an algorithm can perform. When the performance of an algorithm matches a lower
bound, we know that the algorithm has optimal performance and that the lower
bound is tight. When no algorithm matches a lower bound, there exists room for
better algorithms and/or tighter bounds. In this thesis we derive lower bounds for
three different Bayesian low-rank matrix models.

In some problems, only the amplitudes of the measurements are recorded. De-
spite being non-linear, some problems can be transformed to linear problems. Earlier
works have shown how sparsity can be utilized in the problem, here we show how
the low-rank can be used.

In some situations, the number of measurements and/or the number of parame-
ters is very large. Such Big Data problems require us to design new algorithms. We
show how the Basis Pursuit algorithm can be modified for problems with a very
large number of parameters.





Sammanfattning
Många vetenskapliga och ingenjörsproblem kräver att vi behandlar mätningar

och data för att finna information. Eftersom vi grundar beslut p̊a information är
det viktigt att designa noggranna och effektiva behandlingsalgoritmer. Detta görs
ofta genom att modellera signalen vi söker och bruset i problemet. En typ av model-
lering är Compressed Sensing där signalen har en gles eller l̊agrangs-representation.
I denna avhandling studerar vi olika sätt att designa algoritmer för glesa och
l̊agrangsproblem.

Giriga metoder är snabba metoder för glesa problem som iterativt detekterar
och skattar de nollskilda komponenterna. Genom att modellera detektionsproblemet
som ett gruppantennproblem och ett Bayesianskt filtreringsproblem förbättrar vi
prestandan hos algoritmerna. Bayesianska metoder approximerar glesheten med
sannolikhetsfördelningar som iterativt modifieras. Vi visar ett sätt att göra den
Bayesianska metoden Relevance Vector Machine robust mot glest brus.

Bayesianska metoder för skattning av l̊agrangsmatriser använder typiskt sanno-
likhetsfördelningar som endast beror p̊a matrisens singulärvärden eller en faktoris-
eringsmetod. Vi introducerar en ny metod, Relevance Singular Vector Machine,
som använder precisionsmatriser med a-priori fördelningar för att införa l̊ag rang.
Metoden används ocks̊a för robust Principal Komponent Analys (PCA), där en
l̊agrangsmatris har störts av glest brus.

I m̊anga skattningsproblem existerar det teoretiska undre gränser för hur väl en
algoritm kan prestera. När en algoritm möter en undre gräns vet vi att algoritmen är
optimal och att den undre gränsen är den bästa möjliga. När ingen algoritm möter
en undre gräns vet vi att det existerar utrymme för bättre algoritmer och/eller
bättre undre gränser. I denna avhandling härleder vi undre gränser för tre olika
Bayesianska l̊agrangsmodeller.

I vissa problem registreras endast amplituderna hos mätningarna. N̊agra prob-
lem kan transformeras till linjära problem, trots att de är olinjära. Tidigare ar-
beten har visat hur gleshet kan användas i problemet, här visar vi hur l̊ag rang kan
användas.

I vissa situationer är antalet mätningar och/eller antalet parametrar mycket
stort. S̊adana Big Data-problem kräver att vi designar nya algoritmer. Vi visar hur
algoritmen Basis Pursuit kan modifieras när antalet parametrar är mycket stort.
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Chapter 1

Introduction

Measurements and experience are important parts of all scientific activities.
Even more important is the information and conclusions we extract from
them. This importance is illustrated in several historical examples. For

example, in 1901, a discouraged Wilbur Wright stated that “man would not fly
in a thousand years” after their second design of a glider plane crashed in several
trials [WKW02]. Even though the theory of flight was well understood, it was not
known if the force would ever be enough to lift an airplane and cargo. One parameter
in the lift equation which describes the mechanics of flight is the Smeaton coefficient,
which relates speed and lifting force. In 1901, it was widely believed that the value of
the Smeaton coefficient was 0.0054. With this value of the coefficient, the brother’s
glider should be able to carry one man. After several crashes, the Wright brothers
began to question the value of the Smeaton coefficient. They therefore began to
build their own wind tunnel to estimate the coefficient. After several measurements,
the Wright brothers determined the Smeaton coefficient to be closer to 0.0033. With
this new value, they were able to construct a glider with better wings in 1902 and
perform the first ever powered controlled flight in 1903. Without a better estimate
of the Smeaton coefficient, the Wright brothers would probably never have made
their flight and the development of aviation would have been delayed.

In earlier times, a main difficulty was to perform the actual experiments and
measurements in order to obtain data. As “it is a capital mistake to theorize before
one has data” [Doy94], data collection was often the main obstacle for many engi-
neering and scientific problems. Today, experiments are becoming easier to perform
with more and more ubiquitous (and cheaper) sensors. With easier data collection,
the main problems today are instead the communication, storage and processing
of data. To efficiently process data and measurements, it is necessary to construct
numerical procedures, algorithms, which combine the data to give us the estimates
and information we seek. The theory of such algorithms is commonly called esti-
mation theory in signal processing, regression in machine learning and quantitive
finance and inference in statistics. In this thesis, we consider the problem of design-
ing algorithms for a certain classes of estimation problems.

1



2 Introduction

Let x1, x2, . . . , xn denote n parameters in our problem. The parameters can be
organized in an n-dimensional vector x ∈ Rn and the measurement process can be
written as

y = Ax + n,

where A ∈ Rm×n is a known matrix representing the linear sensing operation, n ∈
Rm is additive noise and y ∈ Rm is the observed measurements. In many scenarios,
the parameter vector x has some special structure. For example, often only a few
parameters are able to explain the majority of the data. This leads to a sparse
representation where many elements of x are zero. Can we exploit this knowledge
to construct better estimation methods? It turns out that the answer is yes. The
theory of exploiting sparsity and other structures is often called Compressed Sensing
[CW08]. In this thesis we will consider different methods for estimation of sparse
vectors and low-rank matrices. Further details is given in Chapter 2.

1.1 Thesis scope and contributions

This thesis investigates different estimation methods for sparse and low-rank prob-
lems. The estimations methods are typically grouped into three classes: greedy
search methods, Bayesian methods and convex optimization based methods. We
touch on each class in this thesis. The contribution can roughly be divided into
three parts, each related to one class of algorithms. We first presents two methods
for improving greedy pursuit methods in Chapter 3. Next we consider Bayesian
estimation methods for sparse and low-rank problems in Chapters 4-7. Lastly we
consider convex methods for a non-linear estimation problem in Chapter 8 and fast
minimization of the `1-norm in Chapter 9. We summarize the structure of the thesis
in Table 1.1.

Structure Estimation method
Sparse Low-Rank Greedy Bayesian Convex

Chapter 2 X X X
Chapter 4 X X
Chapter 5 X X
Chapter 6 X X X
Chapter 7 X X
Chapter 8 X X
Chapter 9 X X X

Table 1.1: Overview of the structures and methods used in the respective chapters.
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Some of the results presented in the thesis have already been published in journals
and conferences, and some are under review. Parts of the thesis are adopted from
the corresponding research papers nearly verbatim.

Chapter 2
In Chapter 2 we give the background of the work. We present some modern engi-
neering problems and show how they are related to the work of the thesis. We have
tried to do so by including a minimal amount of mathematics and concentrate on
the main concepts and ideas. If you merely wish to understand the context of the
work and how it relates to other problems, this is the chapter for you.

Chapter 3
Greedy search algorithms are fast and computationally efficient algorithms for find-
ing sparse representations. It is desirable to improve the performance of the algo-
rithms without increasing the complexity (too much). In Chapter 3 we first consider
how the algorithms detect non-zero coefficients and improve the performance us-
ing beamformer techniques from array signal processing. Next, we examine how
Bayesian filtering methods can be used to improve detection and estimation by
modeling the parameters as random variables. The chapter is based on

• [SSJ13] M. Sundin, D. Sundman and M. Jansson, Beamformers for sparse
recovery. In IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP), pages 5920-5924, Vancouver, Canada, May 2013.

• [SJC13] M. Sundin, M. Jansson and S. Chatterjee, Conditional prior based
LMMSE estimation of sparse signals. In Proceedings of the 21st European
Signal Processing Conference (EUSIPCO), pages 1-5, Marrakech, Morocco,
September 2013.

Chapter 4
When measurements are contaminated by outliers (in addition to the usual dense
noise), estimation becomes more difficult. Many sparse estimation methods have
been adapted to handle outliers by treating the outliers as part of a sparse parame-
ter vector to be estimated. However, this procedure increases the complexity of the
algorithms. It is therefore desirable to estimate the problem parameters without
explicitly estimating the outliers. In Chapter 4 we show how the Bayesian estima-
tion method the Relevance Vector Machine can be adapted for measurements with
outliers without explicitly estimating the outliers. The chapter is based on

• [SCJ14] M. Sundin, S. Chatterjee and M. Jansson, Combined modeling of
sparse and dense noise improves Bayesian RVM. In Proceedings of the 22nd
European Signal Processing Conference (EUSIPCO), pages 1841-1845, Lis-
bon, Portugal, September 2014.
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• [SCJ15b] M. Sundin, M. Jansson and S. Chatterjee, Combined modeling of
sparse and dense noise for improvement of Relevance Vector Machine. Sub-
mitted journal paper.

We note that [SCJ15b] is an extended journal version of [SCJ14].

Chapter 5
The low-rank reconstruction problem is closely related to the sparse recovery prob-
lem. However, a hierarchical Bayesian method, like the Relevance Vector Machine,
has not been developed for the low-rank reconstruction problem. In Chapter 5 we
develop such a method by introducing left and right precision matrices. We show
how the prior distribution of the precision matrices is related to the prior distri-
bution of the matrix to be estimated and compare the performance with existing
algorithms through numerical simulations. The chapter is based on

• [SCJR14] M. Sundin, S. Chatterjee, M. Jansson, C.R. Rojas, Relevance Singu-
lar Vector Machine for low-rank matrix sensing. In 2014 International Confer-
ence on Signal Processing and Communications (SPCOM), Bangalore, India,
July 2014.

• [SRJC] M. Sundin, S. Chatterjee, M. Jansson, C.R. Rojas, Relevance Singular
Vector Machine for low-rank matrix reconstruction. Accepted for publication
in IEEE Transactions of Signal Processing.

We note that [SRJC] is an extended journal version of [SCJR14].

Chapter 6
Principal Component Analysis (PCA) is an important method for finding under-
lying patterns in data and measurements. However, PCA is not robust to outlier
noise in the data. To design estimation methods for robust PCA problem requires
combining methods for sparse and low-rank problems. In Chapter 6 we combine the
robust estimation technique from Chapter 4 and the low-rank estimation method
from Chapter 5 to construct a Bayesian learning algorithm for robust PCA. The
chapter is based on

• [SCJ15a] M. Sundin, S. Chatterjee and M. Jansson, Bayesian learning for
robust principal component analysis. In Proceedings of the 23rd European
Signal Processing Conference (EUSIPCO), pages 2361 - 2365, Nice, France,
September 2015.

Chapter 7
A fundamental tool in evaluating the performance of estimation algorithms is the-
oretical lower bounds. The Cramér-Rao Bound (CRB) is a theoretical lower bound
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for unbiased estimators of deterministic parameters. When the parameters to be
estimated are random, the CRB does not hold in general since the prior distribution
brings more information about the parameters. The Bayesian CRB (also called the
van Trees inequality) is a lower bound for random parameters. In Chapter 7 we
consider the Bayesian CRB for different low-rank matrix reconstruction problems.
We show that the extension of the CRB to the Bayesian setting with random pa-
rameters is not unambiguous and that several different bounds can be derived. The
chapter is based on

• [SCJa] M. Sundin, M. Jansson and S. Chatterjee, Bayesian Cramér-Rao
bounds for factorized model based low rank matrix reconstruction. Accepted
to the European Signal Processing Conference (EUSIPCO) 2016.

• [SCJb] M. Sundin, M. Jansson and S. Chatterjee, Bayesian Cramér-Rao
bounds for low-rank matrix reconstruction. In preparation.

We note that [SCJb] is an extended journal version of [SCJa].

Chapter 8
In many scenarios, such as X-ray crystallography, the problem contains non-linear
measurements. However, some problems can be transfered into non-linear problems
in another variable. One such problem is the phase retrieval problem. The phase
retrieval problem can be lifted to a positive semidefinite problem, by relaxing the
problem one then obtains the convex optimization problem PhaseLift, which can
readily be solved. The PhaseLift algorithm has been developed to sparse phase
retrieval problems, but lacks a low-rank matrix analogue. In Chapter 8 we show
how the low-rank phase retrieval problem can be lifted to a semidefinite program
using the theory of Kronecker product approximations. The chapter is based on

• [SCJc] M. Sundin, M. Jansson and S. Chatterjee, Convex recovery for low-
rank phase retrieval. In preparation.

Chapter 9
The power of convex relaxation techniques for sparse problems is that efficient off-
the-shelf algorithms exist that can solve almost any convex optimization problem.
It is thus not difficult to implement sparse estimation methods based on convex
optimization. While the general methods are efficient, they can sometimes be beaten
in performance by specialized methods that solve the problem in another way. In
Chapter 9 we present such a method for the basis-pursuit problem. By considering
the geometry of the basis pursuit method we are able to derive conditions for
optimality of the solution. We then develop an algorithm based on these conditions.
The method has the advantage of exploiting the sparsity of the solution and does
therefore not need to keep all variables in memory. This makes the method suited
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for problems with large number of variables. We illustrate this point by using the
algorithm to find a wavelet decomposition of an image over all wavelet families in
Matlab. The chapter is based on

• [SCJ15c] M. Sundin, M. Jansson and S. Chatterjee, Greedy minimization
of the L1-norm with high empirical success. In IEEE International Confer-
ence on Acoustics, Speech and Signal Processing (ICASSP), pages 3816-3820,
Brisbane, Australia, April 2015.

Chapter 10
In the last chapter, we summarize the work presented in the thesis.

Contributions Outside the Scope of the Thesis
Besides the listed contributions, the author of this thesis has also contributed to
other related works listed below.

• [ZSJC12] D. Zachariah, M. Sundin, M. Jansson and S. Chatterjee, Alternat-
ing least-squares for low-rank matrix reconstruction. In IEEE Signal Process-
ing Letters, vol. 19, no. 4, pages 231-234, April 2012.

• [LSR+16] K. Li, M. Sundin, C.R. Rojas, S. Chatterjee and M. Jansson, Al-
ternating strategies with internal ADMM for low-rank matrix reconstruction.
In Signal Processing, vol. 121, pages 153-159, April 2016.

• [CSGC15] A. Casamitjana, M. Sundin, P. Ghosh, S. Chatterjee, Bayesian
learning for time-varying linear prediction of speech. In Proceedings of the
23rd European Signal Processing Conference (EUSIPCO), pages 325 - 329,
Nice, France, September 2015.

• [SVJC] M. Sundin, A. Venkitaraman, M. Jansson, S. Chatterjee, A convex
constraint for graph connectedness. Conference paper. In preparation.

1.2 Copyright notice

Parts of the material presented in this thesis are partly verbatim based on the thesis
author’s joint works which are previously published or submitted to conferences
and journals held by or sponsored by the Institute of Electrical and Electronics
Engineer (IEEE). IEEE holds the copyright of the published papers and will hold
the copyright of the submitted papers if they are accepted. Materials (e.g., figure,
graph, table, or textual material) are reused in this thesis with permission.



Chapter 2

Background

In signal processing, one important task is to extract a signal from from noisy
measurements. This is usually done by 1) modeling the noise, 2) modeling the
signal and 3) using the models to construct an algorithm (an estimator) to

extract the information from the data. How accurate we manage to extract the
information naturally depends on how accurate and flexible our models are. A very
precise model can be very efficient if it is correct and very poor if it is incorrect,
while a very flexible model can account for many different models but may not be
as accurate. In this thesis we will mainly discuss a combination of two different
models, Bayesian models and parsimonious models. Bayesian modeling is a way to
model prior knowledge and uncertainty using probability theory. Using Bayesian
methods, it is possible both to extract information and quantify the uncertainty of
the information. Parsimonious models are models where the information content
is a fraction of the signal content, i.e. the signal is strongly redundant and can be
compressed a lot without losing any information. Many natural signals are parsimo-
nious, something which makes them easier to extract. Here we especially consider
sparse and low-rank models. We will show how Bayesian methods can be used to
handle different parsimonious models.

2.1 Bayesian modeling

Probability theory allows us to calculate the probability of an event and it also
allows us to calculate the probability of a second event given that a first event has
occurred. This is commonly known as conditional probability. Bayes rule allows us
to reverse conditional probabilities, allowing us to compute the probability that
the first event happened given that we observed the second event. Let P (A) be
the probability of an event A, P (B) be the probability of an event B and P (B|A)
be the probability of event B given that A has occurred. Bayes rule allows us to
compute the reverse probability P (B|A), i.e. the probability that A did occur given

7
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Figure 2.1: The prior (in blue) and the posterior (in red) probability of getting heads
when flipping a coin. The prior suggests that the coin most probably is balanced
while the posterior (given after observing Nh = 5 heads and Nt = 15 tails) suggests
that the coin is biased.

that we observed the event B, as

P (B|A) = P (A|B)P (B)
P (A) .

Bayes rule is useful since it allows us to find the most probable cause of an event.
Consider the problem of deciding whether a coin is balanced or not. Assume

that the probability of heads is q, then the probability of tails is 1− q. We have a
high degree of confidence that the coin is balanced (p = 1

2 ). We model this prior
knowledge by assigning a prior distribution p(q) to the probability q. After we
observe Nh heads and Nt tails in Nh + Nt independent trials, Bayes rule gives us
that the posterior distribution of q is

p(q|Nh, Nt) = p(heads|q)Nhp(tails|q)Ntp(q)∫ 1
0 p(heads|q)Nhp(tails|q)Ntp(q)dq

= qNh(1− q)Ntp(q)∫ 1
0 q

Nh(1− q)Ntp(q)dq
.

In the coin-flipping example, it is common to use a Beta-distribution as a prior
distribution. An example of a prior and posterior distribution is shown in Figure 2.1.

Bayesian methods are useful even when the prior knowledge is weak. In that
case, the prior is often chosen to be as non-informative as possible. This can be done
by selecting the prior to be approximately flat or by using the Jeffries prior which
is invariant under change of variables. Prior distribution for which the posterior is
of the same type as the prior distribution are called conjugate priors. Conjugate
priors are useful since statistical inference can be performed more easily than for
non-conjugate priors.

Sometimes we want to chose a prior distribution in which the parameters of the
prior distribution are themselves random variables. Such priors are called hierarchi-
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Figure 2.2: The energy in each frequency of a violin tone.

cal priors since the model consists of several layers of random variables. Hierarchical
priors are often very flexible and can thus model several different distributions. To
do inference in hierarchical priors often requires approximate inference methods.

2.2 Sparsity

Many tones of musical instruments have their energy concentrated to just a few
frequencies, for example, a violin tone has it energy concentrated to one main fre-
quency with residual energy in several smaller overtones, see Figure 2.2. The violin
tone thus has an approximately sparse representation in the frequency domain.
Other instruments also have sparse representations, for example the beats of a
drum can be sparsely represented in the time domain. Most natural signals have
sparse representations in some domain.

The fact that sparse signals contain less information than an arbitrary signal
can be exploited to reconstruct the signals also when the number of measurements
is not sufficient for standard reconstruction techniques. One example of this is from
Magnetic Resonance Imaging (MRI). In MRI, a sample (e.g. a part of the body)
is exposed to a magnetic field which varies in space. The magnetic field causes the
magnetic moments of the hydrogen atoms to align with the magnetic field. The
atoms are then exposed to a magnetic pulse which excites the magnetic moments.
When the atoms relax back into equilibrium they emit radiation with frequency
proportional to the strength of the magnetic field. This produces a signal whose
amplitude is proportional to the density of hydrogen atoms. By computing the
Fourier transform of the signal we can find the average concentration of hydrogen
atoms in the area which has the same magnetic field strength. The measurement
process thus gives a sub-sampled Fourier transform of the image. Each measurement
takes about a half second, making MRI imaging a time consuming process (imaging
the brain takes about 20-45 minutes). The many measurements needed for MRI
makes it hard to apply to sensitive parts of the body. It is therefore desirable to
reduce the number of measurements needed.

An often used toy-model for MRI is the Shepp-Logan phantom [SL74] shown in
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(a) (b)

Figure 2.3: (a) The Shepp-Logan phantom. (b) Total variation of the Shepp-Logan
phantom.

Figure 2.3 (a). The phantom image is used since it shares many of the properties
of standard MRI images. The figure is not sparse, but has large areas where the
intensity/color is constant. This means that the total variation (local difference of
pixel values), shown in Figure 2.3 (b), is sparse. Real MRI images have similar
sparsity since the body consists of regions with different tissue (e.g. muscle, organ
and bones). A MRI image can thus be reconstructed by finding the image with the
sparsest total variation which give rise to the observed measurements.

The image can be represented by a matrix X ∈ Rp×q in which the components
Xi,j represent the gray-scale intensity at pixel (i, j). The total variation of the image
is a matrix V(X) with elements

Vij(X) =
√

(Xi,j −Xi,j+1)2 + (Xi,j −Xi+1,j)2.

The problem of finding the image with the sparsest total variation can thus be
expressed as the optimization problem

X̂ = arg min
X
||V(X)||0

subject to Yi,j = DFT2(X)i,j , for all (i, j) ∈ Ω
(2.1)

where X̂ is the reconstructed image, DFT2(X)i,j denotes the (i, j) component of
the image Fourier transform, Ω is the set of observed Fourier components and

||V||0 = |{(i, j) : Vi,j 6= 0}|

is the `0-norm of V (the number of non-zero components). The `0-norm is not a
norm in the proper mathematical sense but serves as a useful notation. A problem
with the optimization problem (2.1) is that the `0-norm is a hard to minimize, i.e.
we often need to try every possible combination to find the minimum. This requires
too much time, so the combinatorial solution is not useful in practice. An alternative
is to instead minimize a function which approximates the `0-norm, common choices
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Figure 2.4: Reconstruction of the Shepp-Logan phantom from MRI measurements
using the `2-norm and `1-norm.

are the `1-norm and `2-norm

||V||1 =
∑
i,j

|Vi,j |, ||V||2 =
√∑

i,j

|Vi,j |2.

The advantage of using the `1 and `2-norm is that the problem becomes convex
and can thus be solved using standard methods from convex optimization. In Fig-
ure 2.4 we show the reconstructed image using the `2 and `1-norm. We find that
while both images resemble the original, the image reconstructed using the `2-norm
has several artifacts and the image reconstructed using the `1-norm is very close to
the original. The difference is because the total variation is sparse and the `1-norm
better promotes sparsity than the `2-norm.

The general sparse reconstruction problem can be described as follows. Let
x ∈ Rn be a sparse parameter vector and assume that we linearly measure x as

y = Ax + n, (2.2)

where A ∈ Rm×n is a known measurement matrix and n is additive noise. It is
typically assumed that the noise is i.i.d. Gaussian. The problem is to recover x from
y. When x is not sparse, we in general need more measurements than parameters,
i.e. m ≥ n, to reconstruct x while sparse x can be reconstructed also when m < n.

To find the sparsest solution, we need to minimize the `0-norm of x, i.e. the
number of non-zero components. The solution of trying every combination, an ex-
haustive search, is often infeasible since it takes too long time. For this reason,
several other methods have been developed for finding sparse solutions. The meth-
ods are often classified as convex optimization based, greedy search based methods
and Bayesian methods.

Convex optimization based methods formulates the estimation problem as an
optimization problem. This is done by making the residual ||y−Ax||22 small while
simultaneously minimizing a function g(x) which is “small” when x is sparse. A
common choice is to use the `1-norm where g(x) = ||x||1 =

∑n
i=1 |xi|, the estimator
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Figure 2.5: The intuition to why the l1-norm gives a sparse solution. The green line
shows the values of x such that y = Ax and the red lines shows the minimal `2
and `1-ball that intersect the green line. The point of intersection is the resulting
estimate. We see that the `1-norm is more likely to recover a sparse solution.

is then often called Basis Pursuit Denoising (BPDN) [CRT06]. The problem can be
formulated as

min ||y−Ax||22 + λg(x) (Tikhonov regularization)

min g(x),
subject to ||y−Ax||2 ≤ ε

(Morozov regularization)

min ||y−Ax||2,
subject to g(x) ≤ δ

(Ivanov regularization)

where λ, ε, δ > 0 are positive constants. For the `1-norm, the Tikhonov regular-
ization is often refereed to as the LASSO estimator [Tib96] (for the Least Angle
Shrinkage and Selection Operator). The reason for using the `1-norm, rather than
the `2-norm is that the `1-norm is more likely to recover a sparse solution, as shown
in Figure 2.5. This argument can be made mathematically precise [CRT06].

When the sparsity, ||x||0 = K, is known, a good alternative to optimization
based methods is greedy search methods. A greedy search is a method which adds
elements sequentially by making a greedy decision in each iteration. Greedy meth-
ods are usually much faster than optimization based methods because of their lower
complexity. To increase the accuracy often means resorting to more computation-
ally complex methods that are more time demanding. It is desirable to find methods
to improve the accuracy of greedy search methods without increasing the compu-
tational complexity. In Chapter 3, we will show a method to improve the accuracy
of greedy search methods, without increasing their computational complexity. We
will also relate the approach to Bayesian filtering methods.

When neither the sparsity nor noise power is known, Bayesian methods are often
preferable. Bayesian methods model sparsity by assigning prior distributions to the
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parameters and the noise and then iteratively updating the distributions to obtain
a good estimate. Bayesian methods are often able to learn both the sparsity and
noise power from data alone.

2.3 Robust methods

Sparse reconstruction is closely related to robust estimation methods. In the mea-
surement model (2.2), it was assumed that the noise components have the same
variance, i.e. the noise is the same in all measurements. However, in many sce-
narios, some noise components are very large (outliers). This can severely perturb
the final estimate. To perform estimation from measurements with outliers requires
robust estimation methods.

Outliers often occur when some datapoints are not well described by the model.
Consider, for example, the problem of predicting house prices. It is plausible to
assume that the house price increase with the number of rooms. In Figure 2.6 we
show the house prices versus the average number of rooms from the Boston housing
dataset [AN07]. The presence of outliers show that other factors also influence the
house price. Using normal regression methods (least squares) we obtain the red line
in the figure while removing many outliers gives the green line. Since the lines differ
we find that the outliers affect our prediction and that a better prediction can be
made when taking the outliers into account. By removing the outliers, the trend
only models the majority of house prices and not the outliers.
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Figure 2.6: Predicting the trend of house prices from the Boston housing dataset.
Not taking outliers into account gives the red line of regression, while taking outliers
into account gives the green line of regression. The green line better shows the trend
in house prices.
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The model for measurements with outliers can be written as

y = Ax + e + n, (2.3)

where e ∈ Rm is a sparse vector containing the outliers, n ∈ Rm is (dense) mea-
surement noise, y ∈ Rm is the observed measurements, A ∈ Rm×n is a known
measurement matrix and x ∈ Rn is the parameter vector of interest. Since the
number of outliers is small, it is natural to use sparsity seeking methods. A stan-
dard approach is to concatenate x and e into a single vector and estimate the full
vector using sparsity seeking methods. In chapter 4 we will introduce a Bayesian
method for estimating x without estimating e.

2.4 Low rank matrices

Another parsimonious model is low-rank matrices. The rank of a matrix is the
number of linearly independent column (or row) vectors of the matrix. A low-rank
matrix is thus a matrix where the columns can be represented as linear combinations
of a low number of (unknown) basis vectors. This can be interpreted as that there
are a low number of factors which explain/describe the data in the matrix. Low
rank matrices are used in many applications such as system identification [Faz02,
ZSJC12], localization [CP10] and recommender systems [KBV09].

Recommender systems analyze the preferences of customers and try to rec-
ommend products the customers might like. Such systems are used by the online
retailer Amazon, the movie streaming service Netflix and many others. The recom-
mendation problem is to predict the ratings users are likely to give unseen products,
i.e. find ratings to products the user has not viewed. Finding a high missing rating
means that the product is likely to be bought by the customer. By recommend-
ing the product to the customer it is therefore possible to make a sale and earn
money. A small example is shown in Table 2.1. We see that user 1 probably prefers
product 2 since user 1 is similar to user 2, it is therefore good to recommend prod-
uct 3 to user 1. Recommendation systems formalize the notion similarity so that
recommendations can be made automatically by a computer.

The main assumption of many recommendation systems is that the user-product
matrix of ratings is low-rank. This is because a person often prefers a product based
on some features such as e.g. genre, actors or director in the case of movies. The
ratings are thus modeled as

[user i’s rating of product j] =
r∑

k=1
[i’s rating of feature k] · [% of j in feature k].

The main advantage of this model, compared to e.g. content based recommenda-
tions, is that the features do not need to be known a-priori. The system can thus
learn [i’s rating of feature k] and [% of j in feature k] for each user, product and
feature in order to find the missing ratings. Using user-product ratings to infer
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Product 1 Product 2 Product 3 Product 4
User 1 1 ? ? 5
User 2 2 5 ? 5
User 3 1 ? 3 ?
User 4 1 4 ? ?
User 5 ? 5 2 ?

Table 2.1: A user-product rating matrix with ratings (1− 5) and unknown ratings
(question marks). The goal of recommender systems is to find high missing rating
so that the product can be recommended to the user.

unseen ratings is commonly called collaborative filtering. The key assumption in
collaborative filtering is to assume that the number of features is small.

The general low-rank matrix reconstruction (LRMR) problem is to recover a
low-rank matrix X ∈ Rp×q with elements Xij (where 1 ≤ i ≤ p and 1 ≤ j ≤ q)
from measurements

yk =
p∑
i=1

q∑
j=1

AkijXij + nk (2.4)

where 1 ≤ k ≤ m, the coefficients Akij are known and nk is additive noise. In
collaborative filtering, each matrix Ak choses a single element from X, this is often
called matrix completion. The LRMR problem (2.4) is a more general problem and
contains matrix completion as an important special case. Similarly as for sparsity,
the rank is hard to minimize directly. It is therefore common to instead minimize
a penalty function which approximate the rank function. Rank can be related to
sparsity through the singular value decomposition (SVD). The SVD of a matrix
X ∈ Rp×q is a factorization

X = U


σ1 0 . . . 0

0 σ2
... 0

...
...

. . .
...

0 0 . . . σk

V>,

where k = min(p, q), the matrices U and V are unitary and the parameters σ1 ≥
σ2 ≥ · · · ≥ σk ≥ 0 are called the singular values. The rank of a matrix equals the
number of non-zero singular values, so promoting sparsity in the singular values is
equivalent to promoting low-rank. The LRMR problem can thus be written as e.g.

min g(X), subject to ||y−Avec(X)||22 ≤ ε
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Product 1 Product 2 Product 3 Product 4
User 1 1 5.0 1.9 5
User 2 2 5 2.3 5
User 3 1 2.7 3 2.7
User 4 1 4 1.6 4.0
User 5 1.3 5 2 5.0

Table 2.2: Completion of the user-product rating matrix in 2.1 using the Nuclear
norm.

To promote low-rank, different penalty functions g(X) can be used such as

g(X) =
min(p,q)∑
i=1

σi(X) = tr((XX>)1/2), (Nuclear norm)

g(X) =
min(p,q)∑
i=1

(σi(X)2 + ε)s/2 = tr((XX> + εIp)s/2), (Schatten s-norm)

g(X) =
min(p,q)∑
i=1

log(σi(X)2 + ε) = log det(XX> + εIp). (log-determinant)

The “ball” of the penalty functions (the set of matrices such that g(X) = constant)
are illustrated in Figure 2.7 for X = diag(x, y). We find that the Schatten s-norm
reduces to the Nuclear norm when s = 1 and ε = 0. One advantage of the Nuclear
norm is that it is convex and thus has a unique minima. It can be shown that the
Nuclear norm recovers the true matrix X with high probability from a sufficient
number of random measurements [CP10]. For example, by performing Nuclear norm
minimization for the product recommendation problem in Table 2.1, we obtain the
product predictions in Table 2.2. We find that, as expected, product 2 should be
recommended to user 1.

Figure 2.7: The “balls” of the Nuclear norm, the Schatten-0.5 norm and the log-
determinant penalty for X = diag(x, y).
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One disadvantage of the Nuclear norm is that the noise power needs to be known
a-priori. When the noise power is unknown, Bayesian methods are preferable since
they can learn the noise power from the data. In Chapter 5 we will present one
Bayesian method for LRMR where the distributions of the hyper-parameters can
be related to certain penalty functions.

2.5 Robust principal component analysis

An important special case of low-rank matrix reconstruction is robust Principal
Component Analysis (PCA). In regular PCA, we measure all elements of a low-
rank matrix as

Y = X + N,

where Y ∈ Rp×q is the observed measurements, N is additive measurement noise
and X ∈ Rp×q is the low-rank matrix of interest. PCA can be interpreted as
extracting the most informative features of a dataset. Finding the mean of the
dataset means finding a special rank-1 approximation while a rank-r approxima-
tion is related to finding the r most informative deviations from mean (princi-
pal components). Consider, for example, the hand-written 5’s from the MNIST
dataset [LCB98] in Figure 2.8. By stacking the vectorized images we obtain a ma-
trix with the singular values shown in Table 2.3. We find that the 25 first (out
of 784) singular values contain 85% of the total squared Frobenius norm of the
matrix, this can be interpreted as that 85% the information is contained in the
25 first singular vectors. Calculating the 5 first principal components we find the
images shown in Figure 2.9. We see that the first image is similar to the mean of
the dataset while the other images shows the most common deviations from the
mean.

However, PCA is not a robust technique, meaning that outlier noise can severely
perturb the singular vectors, thus distorting the result. To design robust methods
for PCA thus requires combining low-rank and sparse methods. The measurement

Figure 2.8: Handwritten 5’s from the MNIST dataset.
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k 1 5 10 25
fraction 48% 67% 75% 85%

Table 2.3: The fraction of the squared Frobenius norm contained in the first k
singular values. The full dataset has 784 singular values.

Figure 2.9: First 5 singular vectors of the 5’s from the MNIST dataset.

model can be expressed as

Y = X + S + N ∈ Rp×q,

where Y is the observed measurements, X is a low-rank matrix, S is a sparse matrix
containing the outliers and N is dense additive noise. The problem has similarities
with the matrix completion problem since the values of some components are very
noisy. However, unlike in the matrix completion problem, the positions of the noisy
elements are unknown in the robust PCA model. In Chapter 6 we discuss robust
PCA in more detail and present a Bayesian estimation method.

2.6 Bayesian Cramér-Rao bounds

In this thesis, we seek to develop estimation methods which makes the error as small
as possible. When developing new estimators, is it possible to indefinitely decrease
the error by developing better and better estimation techniques? It turns out that
the answer is negative.There exists theoretical limits to how well a parameter can be
estimated. The Mean Squared Error (MSE) of an estimator is the expected square
error of the estimate. It is a sum of its squared bias and variance as

MSE = bias2 + variance.

The bias is the difference between the average (numerical) answer of the estimator
and the true answer and the variance is the average squared deviation from the
average answer. A high bias occurs when the estimation method has a large sys-
tematic error. A high variance occurs when the method is sensitive to measurement
noise. An estimator with zero bias is called unbiased.

Assume that we want to estimate a parameter x from a measurement y. Because
of the noise, y is a random variable with distribution p(y|x), and the estimate
x̂ = x̂(y) is also a random variable (since it depends on y). How well can we estimate
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x? If the estimator x̂(y) is unbiased, the Cramér-Rao bound (CRB) [Kay98] gives
the following lower bound on the MSE,

MSE = variance ≥ CRB = 1
Jy
, (2.5)

where Jy is the Fisher information

Jy = E
[(

∂ log p(y|x)
∂x

)2
]
.

When the parameters are random, the CRB is no longer a valid bound since the
prior distribution p(x) give additional information about x. A bound for random
parameters is given by the Bayesian Cramér-Rao bound (BCRB) which takes the
prior distribution into account. The BCRB is given by

MSE = variance ≥ BCRB = 1
Jy + Jx

, (2.6)

where Jx is given by

Jx = E
[(

∂ log p(x)
∂x

)2
]
,

where the expected value is taken with respect to the distribution p(y, x) = p(y|x)p(x).
The BCRB is also known as the van-Trees inequality and the Borovkov-Sakhanenko
inequality. The CRB (2.5) and BCRB (2.6) have multivariate counterparts for the
estimation of several variables. In Chapter 7, we compute Bayesian Cramér-Rao
bounds for different models of random low-rank matrices.

2.7 Phase retrieval

In many scenarios the measurements are non-linear. Non-linear problems are of-
ten harder to solve and require different estimation techniques. One example of
non-linear measurements is X-ray crystallography where a molecule or crystal is il-
luminated by X-rays and a diffraction pattern is measured as shown in Figure 2.10.
In the process, the amplitude of the measurement is recorded, but the phase infor-
mation is lost. Since finding the true parameters is related to finding the phase of
the measurements, this estimation problem is often called phase retrieval.

Phase retrieval is traditionally solved by iteratively estimating the parameters
and the phases. The disadvantage of the traditional methods is that they require
many measurements to perform well. A more modern method is to lift the non-linear
problem to a linear problem with rank constraints. As before, we can approximate
the constraints by penalty functions to give a problem we can solve numerically. This
solution method is called PhaseLift. PhaseLift can be adapted to sparse parameters
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Screen
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Figure 2.10: In X-ray diffraction, a sample is exposed to X-ray radiation and a
diffraction pattern is measured. The diffraction pattern gives information about
the atomic structure of the sample.

without problems since the lifting procedure preserves the sparsity. However, it does
not work when the parameters comprise a low-rank matrix. In Chapter 8, we will
show how PhaseLift can be adapted to low-rank matrices.



Chapter 3

Improving greedy pursuit methods

Greedy pursuits are fast and effective methods for finding sparse representa-
tions. Even though the methods are sometimes less accurate than convex
optimization based methods, their simplicity and speed often make them

preferable for many problems. Greedy method finds a solution by iteratively make a
choice that gives the largest gain in the present iteration. Because of their lower ac-
curacy, it is desirable to improve the performance of greedy pursuit methods while
not decreasing the speed (too much).

In this chapter we present two methods for improving the performance of greedy
search methods. Both methods modify how the algorithm detects non-zero entries.
The first method is deterministic and models the problem as an array processing
problem while the second method uses a Bayesian approach and models the problem
as a stochastic filtering problem. The methods are shown to be equivalent in a
certain limit.

The goal of sparse reconstruction algorithms is to recover a sparse vector x ∈ Rn
from measurements

y = Ax + n, (3.1)

where A = [a1, a2, . . . , an] ∈ Rm×n is the sensing matrix, n ∈ Rm is additive noise
and x ∈ Rn is a sparse vector. We here assume that the sparsity

||x||0 = |{i|xi 6= 0}| = K.

is known a-priori. This assumption is necessary for many greedy search algorithms
in order to know when to stop the algorithm.

3.0.1 Exhaustive search
When the sparsity is known, the sparse reconstruction problem can be written as
the optimization problem

min
x
||y−Ax||2

s.t. ||x||0 ≤ K
(3.2)

21
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When the support set I is known, the solution is given by the least squares estimate

x̂I = A+
I y,

x̂Ic = 0,

where Ic = [n]\I is the complement set of I. The problem (3.2) can be solved by
trying all possible support sets I such that |I| = K and chose the solution which
gives the smallest residual. This strategy is commonly called the exhaustive search
and requires solving

(
n
K

)
systems of equations. The exhaustive search is typically

too slow to be useful in practice. Faster methods, such as greedy search methods,
are therefore often used to solve the sparse approximation problem in reasonable
time.

3.0.2 Orthogonal Matching Pursuit
One effective greedy pursuit method is Orthogonal Matching Pursuit (OMP) [TG07].
The method works by iteratively detecting non-zero components and estimating
their value using least squares. In the first iteration, the algorithm estimates the
support set to be the empty set, I = ∅, and the residual to be the measurements,
r = y. OMP then adds the index which best describes the residual to the support
set as

î = arg min
i

min
xi
||r− aixi||2 = arg max

i
|a>i r|, (3.3)

I ∪ {̂i} → I,

The method (3.3) for detecting non-zero components uses a matched filter. The
non-zero components are estimated using least squares estimation as

x̂I = arg min
xI
||y−AIxI ||22.

The steps are repeated until the support set contains K elements, |I| = K. The
algorithm can be written as in Algorithm 1.

Data: y,A,K.
Initialization: r = y, Î = ∅, x̂I = 0
while |Î| < K do

î = arg maxi |a>i r|
I ∪ {̂i} → I
x̂I = A+

I y
r = y−AI x̂I

end
Result: Estimated support set, Î, and components, x̂I .

Algorithm 1: The OMP algorithm.
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OMP is an extension of the Matching Pursuit algorithm [MZ93] which, unlike
OMP, does not use least square estimation. Because in each iteration, the residual,
r, becomes orthogonal to the prediction, AI x̂I , OMP is an orthogonal version of
matching pursuit (hence the name). Several improvements to the OMP algorithm
has been proposed, see e.g. [WS12, SM15,CSS11, SCS12,CSVS12,CSVS11,BD08,
YdH15,RG09,SGIH13,SACH14,WS11,GAH98,RNL02].

How well OMP is able to recover a sparse vector depends on the sensing matrix
A. If the column vectors are close together, it is harder to find which vector is
active. How close the column vectors are can be measured by the mutual coherence.

Definition 3.1. The mutual coherence, µ(A), of a sensing matrix A (with column
vectors of unit `2-norm) is the maximum absolute inner product of two column
vectors of A, i.e.

µ(A) = max
i6=j
|a>i aj |.

We see that when the mutual coherence is small, the column vectors of A are
nearly orthogonal. It then becomes easier to decompose y as a linear combinations
of atoms in A. When the mutual coherence is large, some column vectors are close
together and it becomes harder to distinguish which vector is active. This can be
formulated through the following theorem.

Theorem 3.0.1. Let µ(A) be the mutual coherence of the sensing matrix A. If

K <
1
2

(
1 + 1

µ(A)

)
, (3.4)

then OMP recovers all K-sparse vectors exactly from measurements y = Ax.

Proof. We can assume that the non-zero components of x are x1, x2, . . . , xK and
that the first component has the largest absolute value. We write the measurements,
y, as

y = Ax =
K∑
k=1

akxk.

The OMP algorithm recovers a component in the support set, I, if

max
1≤i≤K

∣∣∣∣∣a>i
(

K∑
k=1

akxk

)∣∣∣∣∣ > max
K+1≤j≤n

∣∣∣∣∣a>j
(

K∑
k=1

akxk

)∣∣∣∣∣ , (3.5)

Using the triangle inequality, we can bound the left-hand side of (3.5) from below
as

max1≤i≤K

∣∣∣a>i (∑K
k=1 akxk

)∣∣∣
≥ max1≤i≤K |a>i a1| · |x1| −

∑K
k=2 |xk| · |a>i ak|

≥ |x1| − |x1|µ(A)K.
(3.6)
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Similarly, we can bound the right-hand side of (3.5) from above as

maxK+1≤j≤n

∣∣∣a>j (∑K
k=1 akxk

)∣∣∣
≤ maxK+1≤j≤n

∑K
k=1 |xk| · |a>j ak|

≤ |x1|µ(A)K
(3.7)

We find that if (3.7) is smaller than (3.6), then (3.5) holds, i.e. when

|x1|µ(A)K < |x1| − |x1|µ(A)(K − 1).

Rearranging the terms gives us that

K <
1
2

(
1 + 1

µ(A)

)
. (3.8)

So, when (3.8) holds, OMP recovers a component in the support set. Since (3.8)
does not depend on y or x, OMP also recovers the other components in subsequent
iterations and thus the full vector. This proves the theorem.

Borrowing terminology from array signal processing, we can interpret the the-
orem as saying that we can resolve more sources when the sidelobes |a>i aj | are
small. We also see that the theorem gives the worst case scenario where all side-
lobes are large. Often a few sidelobes are large and the remaining small. This is not
captured by the mutual coherence which overestimates the sidelobes. Another way
to measure sidelobes is the cumulative coherence, or Babel function, of A defined
as [Ela,T+04]

µ1(p) = max
J,|J|≤p

max
l/∈J

∑
k∈J

|a>l ak|.

The cumulative coherence is the maximum sum of coherences rather than the maxi-
mum coherence. Clearly µ1(1) = µ(A). The cumulative coherence can be calculated
by computing |A>A|, summing the largest p+ 1 components in each column, find-
ing the maximum and subtracting 1. The cumulative coherence provides tighter
bounds on the performance of OMP as follows.

Theorem 3.0.2. If A is a matrix with cumulative coherence µ1(s) and
µ1(K) + µ1(K − 1) < 1, (3.9)

then OMP recovers all K-sparse vectors from measurements y = Ax.

Proof. As in the proof of theorem 3.0.1, OMP recovers an atom in the support set
if (3.5) holds. Using the cumulative coherence, we can bound the left-hand side of
(3.5) from below as

max
1≤j≤K

∣∣∣∣∣a>i
(

K∑
k=1

akxk

)∣∣∣∣∣ ≥ max
1≤i≤K

|x1||a>i a1| − |x1|
K∑
k=2
|a>i ak|

≥ |x1| − |x1|µ1(K − 1).
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Figure 3.1: Sidelobes (sorted by magnitude) of a random 5× 15 dictionary.

Similarly, we can bound the right hand side of (3.5) as

max
K+1≤j≤n

∣∣∣∣∣a>j
(

K∑
k=1

akxk

)∣∣∣∣∣ ≤ max
K+1≤j≤n

K∑
k=1
|xk| · |a>j ak| ≤ |x1|µ1(K).

This gives us that if

1− µ1(K − 1) > µ1(K),

then OMP recovers the first atom of the support set. Since µ1(p + 1) ≥ µ1(p), it
follows that (3.9) is a sufficient condition for OMP to recover the subsequent atoms
and thus the complete support set. This proves the theorem.

Both the mutual and cumulative coherence will be useful tools for improving
the performance of OMP, as explained in the next section.

3.1 Beamforming for sparse recovery

The conditions (3.4) and (3.9) shows that the main obstacle for recovering non-zero
components is because of the interference between different columns. The limitation
is because of the matched filter. The matched filter is optimal for detecting a known
signal in noise when no interfering atoms exists. But is the matched filter still
optimal when several signals are present? We here show that the matched filter is not
optimal by constructing detectors with better detection performance. In this section
we construct detectors which minimize the sidelobes. We refer to the detectors as
a beamformers because of its similarity with array processing techniques. We here
concentrate on the OMP algorithm, although the approach can also be used to
improve the performance of other greedy algorithms.

The beamformer detects non-zero components as

î = arg max
i
|b>i r|, (3.10)
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Figure 3.2: Sidelobes (sorted by magnitude) of the maximum-sidelobe beamformer.

where bi is a vector such that

b>i ai = 1.

We use B = [b1, b2, . . . ,bn] to denote the matrix of beamformers for all compo-
nents. We refer to OMP with beamformer (i.e. replacing (3.3) by (3.10)) as OMPb,
beamformer-aided OMP. The problem is now to design the beamformer so that it
improves the estimation performance of OMP.

One method for designing a beamformer is to minimize the maximum sidelobe,
i.e. the mutual-coherence of each atom. This leads to the optimization problem

bi = arg min
b

max
j 6=i
|b>aj |

subject to b>ai = 1.

The beamformer minimizes the maximum sidelobe and is therefore referred to as
the maximum-sidelobe beamformer. The optimization problem is convex and can be
solved using e.g. linear programming. Minimizing the sidelobes shown in Figure 3.1
gives the sidelobes shown in Figure 3.2. We find that while many sidelobes have
decreased, some have also increased. The maximum-sidelobe beamformer improves
the recovery guarantee 3.0.1, but does not always improve performance. To find the
optimal beamformer, we must analyze which measure of coherence to minimize. We
will see that different performance measures naturally lead to different coherence
measures. We begin by considering the worst case scenario.

3.1.1 Worst case beamformer
In the proof of Theorem 3.0.2 we notice that the inequalities in the proof are
tighter when the non-zero components of x have the same amplitude. The worst
case beamformer for ai can thus be found as

bi = arg min
b

max
x
|b>Ax| (3.11)

subject to ||x||∞ ≤ 1, ||x||0 ≤ K,xi = 0,b>ai = 1.
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Figure 3.3: Sidelobes (sorted by magnitude) of the worst-case beamformer for K =
3.

The objective can be maximized with respect to x, resulting in the expression

bi = arg min
b

max
J

∑
j∈J
|b>aj |, (3.12)

subject to J ⊂ [n]\{i}, |J | ≤ K,b>ai = 1.

The worst case beamformer when x is K-sparse is thus the one which minimizes
the `1-norm of the K largest sidelobes. The objective in (3.12) is convex and can
thus be solved using e.g. the cvx toolbox [GBY08].

In Figure 3.3 we show the sidelobes of the worst case beamformer when the
sidelobes of the matched filter is given by Figure 3.1. We note that although the
second sidelobe is larger than the second sidelobe for the maximum-coherence beam-
former, the subsequent sidelobes are smaller. Although this beamformer improves
the worst-case performance, the improvement of the average performance is small
compared to the matched filter. To improve the average-case performance, we need
to construct a beamformer using probabilistic arguments.

3.1.2 Average case beamformer
The average performance of an algorithm can be found by randomly generating
measurement data and averaging the error over the realizations. In such simula-
tions, many different distributions can be choosen for the non-zero components of
x [Stu11]. One common scenario is to let the non-zero components be i.i.d. Gaussian
distributed. In this case, the measurement y = Ax is also Gaussian. Finding the
optimal beamformer for this average case thus means finding a beamformer which
has the largest probability of recovering non-zero components. Lemma 3.1 is useful
for constructing an average-case beamformer.

Lemma 3.1. Let c,d, z ∈ Rm. If z ∈ N (0, σ2In) and c,d are fixed, then

Pr(|c>z| > |d>z|) = 1
π

arccos
(

||d||22 − ||c||22
||c− d||2 · ||c + d||2

)
.
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Proof. By symmetry we have that

P = Pr(|c>z| > |d>z|)
= 2Pr

(
c>z ≥ 0, (c− d)>z ≥ 0, (c + d)>z ≥ 0

)
The last probability is given by the obtuse angle between the hyperplanes (c− d)>x =
0 and (c + d)>x = 0 divided by 2π. The angle between the hyperplanes is π minus
the angle between the normal vectors. Using that π − arccos(t) = arccos(−t) we
find that the probability becomes

P = 2
2π arccos

(
− (c− d)>(c + d)
||c− d||2 · ||c + d||2

)
= 1
π

arccos
(

||d||22 − ||c||22
||c− d||2 · ||c + d||2

)
.

This completes the proof.

c

d

c + dc− d

Figure 3.4: Illustration of the region in the proof of Lemma 3.1. The shaded area
contains all vectors z such that |c>z| > |d>z|.

From lemma 3.1 we find that the probability increases when the length of c
increases and the length of d decreases, this can also be seen in Figure 3.5.

The lemma easily extends to non-white random Gaussian vectors for which
Cov(z) = C by setting ci = C−1/2c̃i. The inner products are then replaced by
c̃>i c̃j = c>i Ccj .

Let I ⊂ [n] be the support set of a sparse vector x. We use Lemma 3.1 to
construct an average-case beamformer by setting

ci = b>i AI , z = xI .

From Lemma 3.1 we get that the probability to choose i ∈ I over j /∈ I is large when
||ci||2 is large and ||cj ||2 is small. Since the support set is unknown, we minimize
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Figure 3.5: Pr(|c>z| > |d>z|) when ||d||2 = α||c||2 and c>d = α||c||22 cos(θ).

the maximum length of ci over all support sets not containing i while keeping b>i ai
fixed, i.e. we choose the beamformer as

bi = arg min
b

 max
|J|≤K,i/∈J

∑
j∈J

(b>aj)2

 s.t. b>ai = 1. (3.13)

The optimization problem is convex and can be solved using cvx [GBY08] or meth-
ods from e.g. [OT03]. For K = n − 1, the beamformer can be found analytically
as

bi = (AA>)−1ai
a>i (AA>)−1ai

, (3.14)

i.e. B = (A+)>D where D is a diagonal matrix with entries Dii = 1/(A+A)ii and
A+ is the Moore-Penrose pseudoinverse of A. We see that (3.14) can be interpreted
as a Capon method [SM05] for recovery of sparse random vectors. Another approach
which also produces the beamformer (3.14) is to minimize the expected length of
ci rather than the maximum length.

Another motivation for using the pseudoinverse as a beamformer is to choose B
so that B>Ax is as close as possible to x in the mean square sense, i.e. we choose
B to minimize

E [||x−B>Ax||22] = tr
(
(I−B>A)E [xx>](I−B>A)>

)
= Kσ2

x

n
||I−B>A||2F

where E denotes the expectation value, we assumed that all support sets are chosen
with equal probability and that the components of xI are random variables with
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Figure 3.6: Sidelobes (sorted by magnitude) of the average-case beamformer (3.14).

E[xixj |{i, j} ⊂ I] = σ2
xδij . This gives us the minimizer

B = (A+)>

Note that we did not make any assumptions on the distribution of xI , so this
argument holds also for non-Gaussian random signals, e.g. binary (±1) signals.
This beamformer is different from (3.14) since in general b>i ai 6= 1.

3.2 Beamforming in the presence of noise

The optimal beamformers need to be adjusted when the measured signal is con-
taminated by noise. This is because measurement noise introduces an additional
source of error which needs to be mitigated. In theory, exact recovery is not possi-
ble under additive noise, however, one is able to recover the support set with some
probability.

3.2.1 Worst case beamformer for noisy measurements
When the measurements are noisy, extra care is needed when constructing the
beamformer. The presence of random noise means that we design the beamformer
to maximize the probability of recovering a component i ∈ I. The following theorem
gives us a way to constructing a worst-case beamformer for noisy measurements.

Theorem 3.2.1. Assume that the additive noise is zero-mean Gaussian distributed,
n ∼ N (0,C), that b>i ai = 1 for all i = 1, 2, . . . , n and let

c = 1− µ1(A,B,K)− µ1(A,B,K − 1) > 0

where µ1(A,B,K) is the cross cumulative coherence [SV08]

µ1(A,B,K) = max
i,|J|≤K,i/∈J

∑
j∈J
|b>i aj |.
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Then the probability P that OMPb recovers the component xi of x with maximum
modulus in the first iteration obeys

P ≥ 1− 2Q
(

c|xi|√
b>i Cbi

)
(3.15)

where Q(x) = 1√
2π

∫∞
x
e−t

2/2dt is the tail probability of the normal distribution.

Proof. A sufficient condition for OMPb to recover i ∈ I is

2
|xi|
|b>i n| < 1−

∑
j∈I\{i}

|b>i aj | −max
l/∈I

∑
j∈I
|b>l aj | (3.16)

Using that ∑
j∈I\{i}

|b>i aj | ≤ µ1(A,B,K − 1)

max
l/∈I

∑
j∈I
|b>l aj | ≤ µ1(A,B,K)

we find that (3.16) holds provided that |b>i n| < c|xi|/2. Using this we find that

P ≥ Pr
(
|b>i n| < c|xi|

2

)
(3.17)

When the noise is N (0,C) distributed, then zi = b>i n is N (0,b>i Cbi) distributed.
Using that P (|zi| < ε) = 1− 2Q (2ε/σi) we arrive at the result.

Note that (3.17) also holds for non-Gaussian noise distributions, but for such
cases it is harder to obtain an expression similar to (3.15). Theorem 3.2.1 gives
that the probability of recovering the largest component increases with increasing
Signal-to-Noise Ratio (SNR), as can be expected. One way to maximize P is to
maximize the argument of the Q-function. The argument is, however, a non-convex
function of B and is therefore difficult to maximize. A more accesible approach is
to find the beamformer as

bi = arg min
b

 max
|J|=K,i/∈J

∑
j∈J
|b>aj |+ λb>Cb

 (3.18)

s.t. b>ai = 1

where λ ≥ 0 is a design parameter.
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3.2.2 Average case beamformer for noisy measurements
To find the average case beamformer for the noisy setting, we can still utilize
Lemma 3.1 by redefining the vectors involved. For measurements (3.1) with supp(x) =
I, xI ∼ N (0, σ2

xI) and n ∼ N (0,C) we set

b>i y = b>i (AIxI + n) = (c>i , b>i )
(

xI
n

)
,

where ci = A>I bi. The probability to choose the index i over the index j then
becomes

P (|b>i (Ax + n)| > |b>j (Ax + n)|) =

1
π

arccos

 σ2
x(||cj ||22 − ||ci||22) + (b>j Cbj − b>i Cbi)√

(σ2
x||cj ||22 + σ2

x||ci||22 + b>i Cbi + bjCbj)2 − 4(σ2
xc>i cj + b>i Cbj)2


To maximize the probability of recovery, we need to minimize the length of bj

while maximizing the length of ci relative to the length of cj . One approach is, as
before, to penalize the length of bi by setting

bi = arg min
b

 max
|J|≤K,i/∈J

∑
j∈J
|b>aj |2 + λb>Cb

 (3.19)

s.t. b>ai = 1,

where λ is a design parameter. Again, setting K = n−1, we obtain the beamformer

bi = (AA> + λC)−1ai
a>i (AA> + λC)−1ai

. (3.20)

When considering the expected cumulative-cross-coherence rather than the maxi-
mum cross-coherence for K sparse vectors, one obtains a similar beamformer with
λaverage = nλ/K in (3.20). We see that both (3.18) and (3.20) converge to ai in
the limit λ → ∞. Next we investigate how the detection problem can be modeled
as a Bayesian filtering problem.

3.3 Bayesian filtering for greedy pursuits

A basic problem in signal processing is to extract a signal from noisy observations.
Since the signal is unknown, but has known properties such as first and second
order statistics, the signal and noise are often modeled as random processes. By
using the statistics of the signal it is possible to construct a filter which minimizes
the error in a probabilistic sense, e.g. the mean square error. Two common filters
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are the Wiener and Kalman filters [Kay98,KSH00]. The standard linear filtering
theory is not directly applicable to the sparse signals. Rather, the sparse signal
reconstruction problem is both a detection (finding which components are non-
zero) and estimation (finding the values of the non-zero components) problem. To
construct filters for sparse signals, we first need to model the random signals.

To model the support set of a sparse signal we assign a prior probability to the
possible support sets

p(I) = {probability that supp(x) = I}.

Further we choose a distribution for the components. The distribution of the com-
ponents of a sparse random vector are conditioned on whether the index of the
component is in the support set or not as follows

p(xi|i ∈ I) = p(xi),
p(xi|i /∈ I) = δ(xi).

Assuming that all support sets contains K elements and are equally probable we
get that

p(I) =
(
n

K

)−1
.

We find that the probability of an index i belonging to the support set is

p(i ∈ I) =
(
n

K

)−1(
n− 1
K − 1

)
= K

n
.

From now on we assume that the non-zero components are Gaussian distributed
as p(xi) = N (xi|0, σ2

x) and that the noise is Gaussian distributed as p(n) =
N (n|0, σ2

nIm). When the support set is fixed, the measurements y is Gaussian
distributed with

p(y|I) = N (y|0,CI) = 1
(2π)m/2|CI |1/2

e−
1
2 y>C−1

I
y

where the covariance of y is given by

CI = σ2
xAIA>I + σ2

nIn.

For a known support set, the Minimum Mean Square Error (MMSE) estimator
of x is given by

x̂MMSE(I,y)I = E [xI |y, I] = σ2
xA>I C−1

I y,
x̂MMSE(I,y)Ic = E [xIc |y, I] = 0.
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When the support set is random, the MMSE estimator becomes

x̂MMSE = E [x|y] =
∑
⊂[n]

p(I|y)x̂MMSE(I,y), (3.21)

where the a-posteriori probability p(I|y) of a support set I is given by Bayes rule

p(I|y) = p(y|I)p(I)
p(y) = e−

1
2 y>C−1

I
y

Z|CI |1/2
,

where Z is a normalization constant.
The MMSE estimator is optimal with respect to the mean square error (MSE).

A disadvantage of the MMSE estimator is that it requires computing
(
n
K

)
matrix

inverses. The computational complexity is thus of the order of the exhaustive search,
making the estimator intractable for many problems. Even for small problems, the
estimator is computationally demanding. For example, when n = 100 and K = 5
the estimator requires about 75 million 5 × 5 matrix inverses. This means that it
takes a standard laptop computer about 11 days to compute the estimate.

The intractability of the MMSE estimator for sparse Bayesian reconstruction
has given rise to several approximate estimators. One such estimator is the approx-
imate MMSE estimator by Selen and Larsson [LS07] which approximates the sum
by a partial sum over more significant support sets and finds these subsets using a
greedy search method. However, the search strategy employed by the approximate
MMSE estimator requires subsets of all cardinalities to have non-zero probabil-
ity. This makes the estimator unable to handle problems where the cardinality is
known. Another method which can handle support sets of fixed cardinality is the
randOMP algorithm by Elad and Yavneh [EY09]. The randOMP algorithm com-
putes several estimates using an OMP algorithm which selects the atoms at random
by a probabilistic rule. The final estimate is the average of the random estimates.
Both the approximate MMSE estimator and randOMP uses the standard matched
filter to detect non-zero components.

The Wiener filter exploits first and second order statistics, i.e. expectation values
and correlations, to construct a linear estimator which minimizes the MMSE. Given
measurements y, the Wiener filter is the linear estimator

x̂ = b>y + c,

where b and c are choosen to minimize the Mean Square Error (MSE)

MSE = E [(x̂− x)2].

Minimizing the MSE gives the estimator

x̂ = E [x] + C(x,y)C(y)−1(y− E [y]),
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where

C(y) = Cov(y,y) = E [(y− E [y])(y− E [y])>],
C(x,y) = Cov(x,y) = E [(x− E [x])(y− E [y])>],

are a-priori covariance and cross-correlation matrices.

3.3.1 Detecting active components
Directly applying the Wiener filter to the sparse reconstruction problem leads to
the MMSE estimator (3.21). To avoid the high complexity of the MMSE estima-
tor we construct a Wiener filter conditioned on the support set. We do this by
developing a Bayesian detector and estimator by conditioning the prior distribu-
tion on hypotheses about the support, i.e. the prior distribution is p(x|Hi) where
Hi is a hypothesis. We then chose the hypothesis which best describes the data.
One extreme is the exhaustive search which corresponds to testing the hypothe-
sizes Hi = {Ii = I} for i = 1, 2, 3, . . . ,

(
n
K

)
. Another extreme is the least restrictive

hypothesis Hi = {i ∈ I} for i = 1, 2, . . . , n.
We first consider the noise-free case. Under the hypothesis i /∈ I, the LMMSE

estimator is the trivial estimator

x̂i|(i /∈ I) = 0.

For the hypothesis Hi = {i ∈ I}, the LMMSE estimator is x̂|(i ∈ I) = b>y, where
b minimizes the conditional MSE

E [(xi − b>y)2|i ∈ I] = EI

 (1− b>ai)2σ2
x +

∑
j∈I\{i}

(b>aj)2σ2
x

∣∣∣∣∣∣ i ∈ I
 (3.22)

= (1− b>ai)2σ2
x + σ2

x

∑
j 6=i

(b>aj)2P (j ∈ I|i ∈ I).

When all support sets are equally probable, we get that for j 6= i

P (j ∈ I|i ∈ I) =
(
n−2
K−2

)(
n−1
K−1

) = K − 1
n− 1 = ρ1.

Using this, we find that

b =
(
(1− ρ1)aia>i + ρ1AA>

)−1 ai.

The conditional LMMSE estimator thus becomes

x̂i|(i ∈ I) = a>i
(
(1− ρ1)aia>i + ρiAA>

)−1 y

= a>i (AA>)−1y
ρ1 + (1− ρ1)a>i (AA>)−1ai

,
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where we simplified the expression using the Sheerman-Morrison formula [HJ12].
In the limit ρ1 → 1, the estimator becomes the unconditional estimator x̂i =

e>i A+y, where A+ denotes the Moore-Penrose pseudoinverse of A. This corre-
sponds to the limit K → n. On the other hand, in the limit ρ1 → 0, the esti-
mator becomes the average case beamformer (3.14). This corresponds to the limit
K → 1. We thus find that the unconditional estimator corresponds to the condi-
tional LMMSE estimator with K = n, while the average-case beamformer corre-
sponds to K = 1. For K = 1, the minimum of (3.22) is non-unique. The solution
which minimizes the `2 norm of b is the matched filter b = ai.

3.3.2 Estimating active components

Many greedy search algorithms, such as OMP, estimate the support set by es-
timating the components in a partial support set, forming a prediction and then
subtracting the prediction from the measurements to infer new atoms. The Bayesian
modeling with the conditional prior gives us a way of constructing a Bayesian esti-
mator. Assuming that |Is| = s ≤ K and Is ⊂ I, the conditional LMMSE estimator
of xIs is given by x̂Is |(Is ⊂ I) = B>s y, where Bs ∈ Rm×s minimizes the MSE

MSE|(Is ⊂ I) = E
[
||xIs −B>s y||22|Is ⊂ I

]
= σ2

x||I−B>s AIs ||2F + σ2
x

∑
j /∈Is

||B>s aj ||22P (j ∈ I|Is ⊂ I).

We find that

P (j ∈ I|Is ⊂ I) =
(
n−s−1
K−s−1

)(
n−s
K−s

) = K − s
n− s

= ρs,

for j /∈ Is. This gives us that the LMMSE estimator becomes

x̂Is |(Is ⊂ I) = A>Is
(
(1− ρs)AIsA>Is + ρsAA>

)−1 y.

We have that ρK = 0, so

x̂IK |(IK = I) = A+
IK

y.

The conditional Bayesian estimator thus reduces to the usual least square estimator
when the partial support set has size K.

3.3.3 Noisy and correlated signals

When the measurements are corrupted by noise and/or the signal is correlated, the
expressions for the estimator becomes somewhat more involved. For correlated sig-
nals, the estimators depend on conditional cross-covariance matrices of two vectors
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u and v given by

C(u,v|Is) = E [uv>|Is ⊂ I]

=
∑

J,|J|=K

P (J = I|Is ⊂ I)E [uv>|supp(x) = J ].

We also use C(u|Is) = C(u,u|Is) to denote the conditional cross-covariance of u
with itself. Assuming that the noise is correlated with covariance matrix C(w), the
MSE of x̂Is |(Is ⊂ I) = B>y becomes

MSE|(Is ⊂ I) = E
[
||xIs −B>y||22|Is ⊂ I

]
= tr(C(xIs |Is)) + tr(B>C(y|Is)B)− 2tr(B>C(y,xIs |Is),

where C(y|Is) = AC(x|Is)A> + C(w) is the conditional covariance of y and
C(y,xIs |Is ⊂ I) = AC(x,xIs |Is) is the cross-covariance of y and xIs . Using this,
we find that the LMMSE estimator becomes

x̂Is |(Is ⊂ I) = C(xIs ,y|Is)C(y|Is)−1y.

With this notation we notice the similarity to the classical Wiener filter. We also
note that when the non-zero signal components are i.i.d. and the noise is white, the
LMMSE estimator reduces to the expected form

x̂Is |(Is ⊂ I) = A>Is
(
(1− ρs)AIsA>Is + ρsAA> + γIm

)−1 y,

where γ = σ2
n/σ

2
x = SNR−1 is the inverse Signal-to-Noise-Ratio.

3.4 Conditional prior based OMP

So far, we have discussed Bayesian detection of active components and estimation
of their values. The detector and estimator are quite general and can be used in any
detection based algorithm for sparse reconstruction, e.g. greedy search algorithms.
Several greedy search algorithms have been developed such as Matching Pursuit
(MP) [MZ93], OMP [TG07], Subspace Pursuit (SP) [DM09] and CoSamp [NT09].
For concreteness, we here focus on adopting the conditional Bayesian detection
and estimation methods to the OMP algorithm to formulate the Conditional Prior
based OMP (CpOMP) algorithm. The methodology can also be adopted to other
pursuit algorithms in a similar way.

To adapt the conditional prior methods to OMP, we must consider the decision
rule of when to include new atoms in the support set. The detection approach is to
include atoms as

î = arg max
j
|x̂j |,
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although it is also possible to include atoms according to the rule

î = arg min
j
||r− aj x̂j ||2.

For the standard OMP, these selection rules are equivalent while for CpOMP they
are not.

When noise is present, the single element estimators (detectors) are given by

x̂i =
a>i (AA> + γ

1−ρ1
Im)−1y

ρ1 + (1− ρ1)a>i (AA> + γ
1−ρ1

Im)−1ai

The estimator has the disadvantage that it needs to compute a new matrix inverse
in each iteration. To lower the complexity, we use the approximation

γ

1− ρ1
≈ γ.

The conditional prior estimator then becomes

x̂i =
a>j Dr

ρs + (1− ρs)a>j Daj
,

where

D =
(
AA> + γIm

)−1
.

We refer to OMP with the conditional prior Bayesian detector and estimator
as Conditional prior based OMP (CpOMP). It is possible to further improve the
estimation performance by combining the conditional prior with projection based
strategies [CSVS12].

3.4.1 Improved search using Projection based OMP
The Projection based OMP (POMP) search strategy [CSVS12] works by including
more than one element in the support set and then removing elements which are
considered to be irrelevant. Like OMP, the standard POMP algorithm [CSVS12]
detects non-zero components using the matched filter

Ĵ = Î ∪ {L largest components of |A>r|}.

The difference is that POMP includes the L largest components of |A>r|, stored in
a set Ĵ , in a preliminary support set estimate Î∪Ĵ , where Î is the estimated support
set from previous iterations. POMP then estimates the coefficients of x̂Î∪Ĵ using
least squares. Finally, POMP includes only the the component of largest amplitude
in the support set estimate as

Î ∪ {arg max
i∈Ĵ
|x̂i|} → Î .
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Data: y,A,K.
Initialization: r = y, I0 = ∅, x̂I = 0, s = 0
while s < K do

s+ 1→ s

ci = |a>j Dr|
ρs+(1−ρs)a>j Daj

J = Is−1 ∪ {indices of L largest ci not in Is−1}
x̂J = x̂J |(J ⊂ I) = A>J

(
(1− ρ|J|)AJA>J + ρ|J|AA>

)−1 y
Is = Is−1 ∪ {index of largest element of |x̂J | in J\Is−1}
x̂Is |(Is ⊂ I) = A>Is

(
(1− ρs)AIsA>Is + ρsAA>

)−1 y
r = y−AIs x̂Is

end
Result: Estimated support set, Î = IK , and components, x̂I .

Algorithm 2: The CpPOMP algorithm.

The POMP algorithm has a higher complexity than the standard OMP (correspond-
ing to POMP with L = 1) and improves the estimation performance [CSVS12].

We adopt the Conditional Prior to POMP by replacing the least squares esti-
mator by the conditional prior estimator and the matched filter by the conditional
prior detection filter. Since the conditional prior can only handle support sets of size
|Î| ≤ K, we set ρs = max(0,K − s)/(n− s) (we here assume that K + L < n+ 1).
The CpPOMP algorithm is thus given by Algorithm 2.

3.5 Computational complexity

Different algorithms have different trade-offs between accuracy and complexity. For
this reason it is interesting to investigate the computational complexity of CpOMP.
We compare here compare the complexity of (the naive implementation of) OMP
against (the equally naive implementation of) CpOMP.

Since OMP runs K iterations, it requires the computation of O(nK) corre-
lations. This requires O(nmK) multiplications. OMP also solves solving K least
squares problems, requiring O(mK3) operations in total. So the complexity of OMP
is O(mK3 +mnK).

CpOMP requires computing the matrix A>D requiring O(n2m) operations,
correlations requiring O(nmK) operations and computingK estimates x̂Î requiring
O(Km3) operations in total. The complexity of CpOMP is thus O(mn2 + m3K).
The complexity of CpOMP is thus much higher then the complexity of OMP when
K � m.

We note that efficient implementations of OMP (and other pursuit algorithms)
exists, see e.g. [RZE08] and references therein.
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3.6 Numerical evaluation

3.6.1 Simulation setup
To compare the methods we randomly generated the problem (3.1) for the chosen
parameter values and estimate the sparse vector x using different estimation algo-
rithms. We then calculated the mean square error by averaging over the different
problem realizations. The problem parameters are the number of measurements (n),
the number of measurements (m), the number of non-zero elements in x (K) and
the Signal to Noise Ratio (SNR). The problem parameters are specified for each
problem. In each simulation we vary one parameter and keep the other parameters
fixed.

We generate the measurement matrix A by drawing its elements from an i.i.d.
zero-mean Gaussian distribution and normalizing the column vectors to unit length.
This is equivalent to sampling the column vectors uniformly on the sphere. The
support set (positions of the non-zero components) of x are selected uniformly at
random from all subsets of [n] = {1, 2, . . . , n} of with K elements. The non-zero
elements are then drawn from N (0, 1). The noise is drawn from N (0, σ2

nIm) where
the noise variance σ2

n is chosen such that the SNR

SNR = E [||Ax||22]
E [||n||22] =

K
n tr(A>A)
mσ2

n

= K

mσ2
n

,

takes the desired value. The random variables are thus A, x and n. For each realiza-
tion we generated estimates x̂ of x and Î of the support set I = supp(x). We then
numerically evaluated the error by averaging over all realizations. We measured the
Normalized Mean Square Error (NMSE)

NMSE = E [||x̂− x||22]
E [||x||22] ,

which describes how far the estimate is from the true value, the Average Support
Cardinality Error (ASCE)

ASCE = 1− E [|Î ∩ I|]
K

,

which is a measure of how many elements of the estimated support set that are
incorrect. We also measured the average cputime required by algorithms to compute
the estimate.

In each simulation we generated 100 realizations of A, and for each A we gen-
erated 100 realizations of x and n.

3.6.2 Comparison of beamformer methods
In the first experiment we compared different beamformer methods to measure
their effectiveness. In the simulation we varied K while setting n = 100, m = 25
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and SNR = 20 dB. We compared the standard OMP with the maximum-sidelobe
beamformer (OMPb max), the worst case beamformer (OMPb worst case), the av-
erage case pseudoinverse beamformer (OMPb pseudoinverse) and the Equiangular
Tight Frame from [SV08] (OMPb ETF).

When measuring the NMSE, we found the reults shown in Figure 3.7. We get
that OMPb worst case actually performed worse than OMP by more than 2 dB
for K ≥ 4 but better than OMP by 1.5 dB for K = 2. This is because OMPb
worst case is designed to improve the worst case performance and not the average
case measured by the NMSE. The ETF beamformer has a performance similar to
the standard OMP for K ≥ 5 and performed better by more than 1 dB for 2 ≤
K ≤ 4. Somewhat surprisingly, both the maximum-sidelobe beamformer and the
pseudionverse beamformer showed similar behavior and gave 1.5 dB lower NMSE
than OMP for 3 ≤ K ≤ 7. However, the pseudoinverse beamformer is to prefer
since it is easier to motivate from theory and also easier to compute in practice.

When measuring the ASCE, we found the results shown in Figure 3.8. The
ASCE-performance of the methods are similar to the NMSE performance with the
exception that the ASCE of OMPb ETF now is worse than that of OMP. OMPb
max and OMPb pseudoinverse recovers about 2% more of the support set than
OMP for K ≥ 6 while OMPb ETF recovers about 2% less than the standard OMP.
OMPb worst case gives the worst performance and recovers about 7% less indices
of the support set than OMP.

The experiments show that OMPb pseudoinverse and OMPb max gives the best
performance while OMPb worst case gives a poorer performance than the standard
OMP. Next we examine the performance of different Bayesian filtering methods.
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Figure 3.7: NMSE [dB] of beamforming methods for varying K.
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Figure 3.8: ASCE of beamforming methods for varying K.

3.6.3 Comparison of Bayesian filtering methods

In the second experiment we measured the performance of different Bayesian filter-
ing methods for greedy pursuits when varying the number of non-zero elements, K.
We compared the standard Orthogonal Matching Pursuit (OMP), the Projection
based OMP (POMP), the Conditional prior OMP (CpOMP) and the Projection
based CpOMP (CpPOMP). The algorithms POMP and CpPOMP both use L = K
in the simulation. In the simulation we set n = 100, m = 25 and SNR = 20 dB.

When measuring the NMSE we found the results shown in Figure 3.9. We see
that CpPOMP and CpOMP gave the smallest error while POMP gave a smaller
error than the standard OMP. The NMSE of CpOMP and CpPOMP was about 2
dB lower than the NMSE of OMP for K ≥ 2 while the NMSE of POMP was 1.5
dB lower than the NMSE of OMP for K ≥ 3.

When measuring the ASCE we found the results shown in Figure 3.10. We see
that CpPOMP and CpOMP gave the smallest error while POMP gave a smaller
error than the standard OMP. The ASCE of CpOMP and CpPOMP was about 4%
lower than the ASCE of OMP for K ≥ 7 while the ASCE of POMP was about 3%
lower than the ASCE of OMP for K ≥ 7.

From the experiments we get that CpOMP and CpPOMP give better perfor-
mance than the standard OMP and POMP. In the next section we examine how
the methods compare with OMPb and other methods.
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Figure 3.9: NMSE [dB] of different Bayesian filtering methods for varying K.
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Figure 3.10: ASCE of different Bayesian filtering methods for varying K.

3.6.4 Comparison of Greedy pursuit methods

Here we compare the methods proposed in this chapter against estimation meth-
ods from the literature. We compare OMPb, CpOMP, the standard OMP, POMP,
RandOMP and the convex Basis Pursuit (BP). Basis pursuit estimates the vector
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Figure 3.11: NMSE [dB] vs. K for different sparse estimation methods.

x as

x̂ = arg min ||x||1
s.t. ||y−Ax||2 ≤ δ

In the simulation we used δ = σn
√
m+ 8

√
m as proposed in [CRT06]. Both Ran-

dOMP and BP can give estimates with more or less than K non-zero elements, we
therefore chose the support set of the estimates to be the K components of x̂ with
largest absolute value.

In the first experiment we varied the number of non-zero components, K for
n = 100, m = 25, SNR = 20 dB and obtained the results shown in Figure 3.11.
We find that all methods performed better than OMP with BPDN performing the
best. BPDN gave about 4 dB lower NMSE than OMP for 2 ≤ K ≤ 5 and 2.8 dB
lower NMSE for K ≥ 9. CpOMP gave more than 2.2 dB improvement over OMP
for 3 ≤ K ≤ 8 and 1.9 dB improvement for K ≥ 9. RandOMP gave an improvement
of around 0.3 dB for 4 ≤ K ≤ 8 and more than 0.45 dB improvement for K ≥ 10.
The performance in terms of ASCE is shown in Figure 3.12. We find that BPDN,
CpOMP and RandOMP have very similar ASCE performance while OMPb has
better ASCE performance than OMP but worse than the other methods. Finally
we measured the average cputime of the algorithms with varying K. The results
are shown in Figure 3.13. We find that BPDN is the slowest method while OMP
is the fastest method. On average BPDN requires 106 times the cputime of OMP
to compute the estimate while Randomp requires 102.4 ≈ 25 and CpOMP requires
101.9 ≈ 79 times the cputime of OMP. The second fastest method was OMPb which
required 100.4 ≈ 2.5 times the cputime of OMP.
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Figure 3.12: ASCE vs. K for different sparse estimation methods.

In the second experiment we set n = 100, K = 5, SNR = 20 dB and varied the
number of measurements m. The results are shown in Figure 3.14. We find that
BPDN gave the best performance for m ≤ 30, CpOMP for 35 ≤ m ≤ 45 and OMP
and RandOMP for m ≥ 50. For 10 ≤ m ≤ 30, BPDN gave a 4 to 9.5 dB gain in
NMSE over OMP and CpOMP a 2.5 to 6.5 dB gain. OMPb gave a 1 to 4.7 dB gain
in NMSE over OMP for 20 ≤ m ≤ 40. The ASCE and cputime of the algorithms
was similar when varying m.

In a third experiment we measured the performance of the algorithms with
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Figure 3.13: Average cputime vs. K for different sparse estimation methods.
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Figure 3.14: NMSE [dB] vs. m for different sparse estimation methods.

varying SNR. In the experiment we set n = 100, m = 25 and K = 5. The results
are shown in Figure 3.15. We find that BPDN has the lowest NMSE of all methods
with a gain over OMP by 1.3 to 2.4 dB for SNR ≤ 15 dB and more than 8 dB
for SNR ≥ 30 dB. For SNR ≤ 10 dB, RandOMP had the best performance of
the greedy methods with a gain of 1.3 to 2.3 dB over OMP while for SNR ≥ 15,
CpOMP had the best performance with a gain of 1.7 to 3.4 dB. For all SNR, OMPb
had an NMSE which was 0.6 to 2.1 dB worse than the NMSE of CpOMP.
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Figure 3.15: NMSE [dB] vs. SNR for different sparse estimation methods.
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3.7 Conclusion

In this chapter we examined how greedy search algorithms such as OMP can be
improved by improving the step in which new atoms are detected. We first consid-
ered the deterministic construction of beamformers and thereafter Bayesian filtering
methods which can be described as conditional Wiener filters for sparse estimation.
The Bayesian filtering method improves both the detection and estimation of com-
ponents in the support set. The Bayesian filtering method has the advantage of
capturing the random nature of the non-zero elements. For simplicity we here only
considered the scenario of uniformly distributed support sets, but the conditional
prior method can be extended to non-uniform scenarios. The experiments show
that while the improved greedy search methods OMPb and CpOMP are not as
effective as BPDN, they are much faster and outperform the standard OMP. The
gain in performance comes at the price of higher complexity. CpOMP has a higher
complexity than OMP, but lower than RandOMP and OMPb has a complexity
which is closer to OMP. This shows that the OMP algorithm can be improved by
improving the detection and estimation steps of the algorithm.





Chapter 4

Outlier robust relevance vector machine

Measurements are typically assumed to be perturbed by noise. The noise
accounts for measurement errors and model imperfections. Often, some
measurements are corrupted by extra strong noise. This sparse noise ac-

counts for saturation of sensors, missing values, quantizing errors or impulse bursts
as well as datapoints which deviate from the model. In images, for example, the
pixels can become saturated by salt and pepper noise which turns the pixels black
or white. Since the sparse noise can strongly perturb the final estimate (as for the
Boston housing dataset in Figure 2.6), it is important to make estimation methods
robust against sparse noise. Because of its sparsity, the noise can be removed using
sparse estimation techniques.

Most sparse estimation methods can be made robust by treating the sparse
noise as additional parameters to be estimated. This approach is often successful,
but leads to higher complexity since the parameter vector becomes larger. The Rel-
evance Vector Machine (RVM) [Tip01] is a Bayesian method for sparse estimation.
Bayesian methods are often preferable since they can estimate both the parameter
vector and noise power from the measurements alone. We here show how the RVM
can be made robust to sparse noise without explicitly estimating the components
of the outliers.

4.0.1 System model
We consider the linear system model

y = Ax + e + n, (4.1)

where y ∈ Rm is the observed measurements, x ∈ Rn is a sparse vector (for example
weights in regression or sparse signal to estimate in compressed sensing) we wish to
estimate, A ∈ Rm×n is a known system matrix (for example, regressors or sampling
system) representing the measurement process. Further, e ∈ Rm and n ∈ Rm are
sparse and dense noise respectively. We assume that ||x||0 � n and ||e||0 � m
are small and unknown, where || · ||0 denotes the number of non-zero components

49
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of a vector. The random vectors x, e and n are independent. The model (4.1) is
used in e.g. face recognition [WYG+09], image denoising [MVC10] and compressed
sensing [JXC08].

4.0.2 Prior work
Almost all prior works [MVC10, LDB+09, JR10, VKC13] translate (4.1) into the
equivalent setup

y =
[

A Im
] [ x

e

]
+ n, (4.2)

where Im is the m×m identity matrix,
[

A Im
]
acts as the effective system ma-

trix and
[
x> e>

]> acts as the effective parameter vector. The RB-RVM of [MVC10]
uses the standard RVM approach for (4.2) directly. Hence RB-RVM learns model
parameters for all three signals x = [x1, x2, . . . , xn]>, e = [e1, e2, . . . , em]> and n,
and thus estimates both x and e jointly.

RVM has high similarity with Sparse Bayesian Learning (SBL) [ZR11, ZR13,
WR04,WPR04]. Sparse Bayesian learning has been used for structured sparse sig-
nals, for example block sparse signals [ZR11], where the problem of unknown signal
block structure was treated using overlapping blocks. The model extension of RB-
RVM shown in (4.2) for handling block sparse noise with unknown block structure
is straight-forward to derive. However, in our formulation, as we are not estimating
the noise explicitly, the use of block sparse noise with unknown block structure is
non-trivial.

Further, convex optimization based methods have been used for sparse esti-
mation problems [LDB+09,CDS01,CSVS12, ZCJ12]. For example, justice pursuit
(JP) [LDB+09] uses the optimization technique of the standard basis pursuit de-
noising method [CDS01], as follows

x̂, ê = arg min
x,e
||x||1 + ||e||1 (4.3)

s.t. ||y−Ax− e||2 ≤ ε, (4.4)

where ε > 0 is a model parameter. For unknown noise power, it is impossible to
know ε a-priori. We mention that a fully Bayesian setup like the RVM does not
require parameters set by a-priori.

4.0.3 Our contribution
Our main contribution is developing a robust RVM using a combined noise model.
The method uses fewer parameters than the robust RVM of [MVC10], since the
sparse noise is not estimated explicitly. This means that the method has lower
computational complexity and also better performance in some instances. As an
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extension we also consider the scenario where the signal x and noise e are block
sparse. By using techniques from [ZR11] we generalize the methods to signals where
the position of the blocks are unknown. The main technical contribution is to derive
update equations that are used iteratively for estimation of parameters in the new
RVM. We refer to the new RVM as the RVM for combined sparse and dense noise
(SD-RVM). By an approximate analysis, the SD-RVM algorithm is shown to be
equivalent to the minimization of a sparsity inducing cost function. Finally, the
performance of SD-RVM is evaluated numerically using examples from compressed
sensing, block sparse signal recovery, house price prediction and image denoising.
Throughout the paper, we take an approach of comparing SD-RVM vis-a-vis the
existing Robust Bayesian RVM (RB-RVM) of [MVC10].

4.1 RVM for combined sparse and dense noise (SD-RVM)

4.1.1 SD-RVM Method
For (4.1), we propose to use a combined model for the noise terms, as follows

e + n ∼ N (0,B−1), (4.5)

where B = diag(β), β = [β1, β2, . . . , βm] and βj > 0 for j ∈ [m] = {1, 2, . . . ,m}.
The two noise terms are treated as a single combined noise where each noise com-
ponent has its own precision. The rationale is that we do not need to seperate the
two noises. Although our model promotes sparsity in the noise we empirically find
that it is able to model both sparse and non-sparse noise.

We model the components of the parameter vector x as

xi ∼ N (0, γ−1
i ), (4.6)

where γi > 0 and i ∈ [n] = {1, 2, . . . , n}. From (4.5) and (4.6) we find that the
maximum a posteriori (MAP) estimate of x is

x̂ = ΣA>By,
Σ = (Γ + A>BA)−1,

where Γ = diag(γ) and γ = [γ1, γ2, . . . , γn].
To promote sparsity in x̂, the RVM assigns prior probabilities to the precisions

[Tip01]. A common choice is to assign Gamma distributions

p(γi) =Gamma(γi|a, b) = baγa−1
i e−bγi

Γ(a) , (4.7)

p(βj) =Gamma(βi|c, d) = dcγc−1
i e−dβj

Γ(c) , (4.8)

where a, b, c, d > 0 are parameters. We will consider parameters for which the
distributions are “nearly flat”, i.e. a, c are slightly larger than one and b, d are
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slight larger than zero. Through expectation-maximization (EM) we find that the
precisions are updated as

γnewi = 1 + 2(a− 1)
x̂2
i + Σii + 2b , (4.9)

βnewj = 1 + 2(c− 1)
[y−Ax̂]2j + [AΣA>]jj + 2d , (4.10)

where we use [·]ij to denote the i, j element of a matrix. The derivations of (4.9)
and (4.10) are given in Section 4.4.1. Next we show that the model is equivalent to
MAP estimation with a sparsity promoting penalty function.

4.1.2 Relation to sparsity promoting penalty function
A common approach to sparse estimation is to estimate x as

x̂ = arg min
x

β

2 h(n) + g(x),

subject to y = Ax + n
(4.11)

where g(·) is a penalty function which promotes sparsity in x, e.g. the `1-norm,
and typically h(n) = ||n||22. Here we show that SD-RVM corresponds to (4.11) for a
certain sparsity promoting penalty function. Since several approximations are made
in the derivation of the iterative update equations. It is interesting to see how the
approximations affect the sparsit promoting penalty function.

To motivate that the standard RVM is sparsity promoting, one can note that
the marginal distribution of xi is a student-t distribution. For a fixed β (and e = 0),
the standard RVM is therefore an iterative method for minimizing [Tip01]

β

2 h(n) +
(

1
2 + a

) n∑
i=1

log(x2
i + 2b),

subject to the constraint y = Ax + n. The log-sum penalty function can be used
as a sparsity promoting cost function, making it plausible that the RVM promotes
sparsity.

For the SD-RVM, the precisions are updated by maximizing the log-likelihood
L = log p(y,γ,β) = constant

− 1
2 log det(B−1 + AΓ−1A>)

− 1
2y>(B−1 + AΓ−1A>)−1y

+
n∑
i=1

(a log γi − bγi)

+
m∑
j=1

(c log βj − dβj).

(4.12)
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By the matrix determinant lemma [Har97],

det(B−1 + AΓ−1A>) = det(Σ−1)det(Γ−1)det(B−1).

We can approximate (4.12) using that

log det(Σ−1) ≈ log det((Σold)−1)

+
n∑
i=1

Σoldii (γi − γoldi )

+
m∑
j=1

[AΣoldA>]jj(βj − βoldj ),

(4.13)

where the approximation is to first order in γ and β. We also introduce variables
x and ẽ through the relation [RKH13]

y>(AΓ−1A> + B−1)−1y = min
x,ẽ

n∑
i=1

γix
2
i +

m∑
j=1

βj ẽ
2
j ,

such that Ax + ẽ = y

(4.14)

where now ẽ = e + n as in (4.5). The minimization problem then becomes

min
x,ẽ,γ,β

n∑
i=1

[
(x2
i + Σoldii + 2b)γi + (2a− 1) log(γi)

]
+

m∑
j=1

[
(e2
j + [AΣoldA>]jj + 2d)βj + (2c− 1) log(βj)

]
.

such that Ax + ẽ = y

(4.15)

By minimizing (4.15) with respect to γi and βj , the problem reduces to

min
x,ẽ

(2a− 1)
n∑
i=1

log(x2
i + Σoldii + 2b) (4.16)

+ (2c− 1)
m∑
j=1

log(ẽ2
j + [AΣoldA>]jj + 2d),

such that Ax + ẽ = y

where we have ignored additive constants. Because of the approximations, the con-
stants Σoldii and [AΣoldA>]jj make the penalty function penalize different com-
ponents of x and ẽ differently. In a similar fashion it can be shown that the
standard RVM and RB-RVM are also equivalent to similar penalty functions. A
two-dimensional illustration of the penalty function is shown in Figure 4.1.
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Figure 4.1: The non-symmetric log-ball consisting of points (x1, x2) ∈ R2 such that
log(x2

1 + 0.02) + log(x2
2 + 0.1) ≤ 0. SD-RVM is equivalent to finding the smallest

non-symmetric log-ball that intersects the linear subspace Ax + ẽ = y.

4.1.3 Computational complexity

In this section we quantify the computational complexity of the SD-RVM. The
complexity is given in number of multiplications per iteration, since multiplications
are typically the most demanding numerical operation [TBI97] and the number of
iterations depends on the stopping criterion used. We give the complexity for the
naive implementation of the algorithm. Each iteration of SD-RVM requires O(n3)
multiplications to compute the matrix Σ using Gauss-Jordan elimination [TBI97].
Updating the precisions requires O(nm) flops since the residual y−Ax̂ needs to
be computed. Hence the computational complexity of SD-RVM is

O(nm+ n3) = O(n ·max(m,n2)).

It is interesting to compare the complexity of SD-RVM to that of RB-RVM. Again
with the assumption of a naive implementation, each iteration of RB-RVM requires
the inversion of a (n+m)×(n+m) matrix to compute ΣRB . Updating the precisions
requires O(nm) flops and hence the computational complexity of RB-RVM is

O(max(nm, (n+m)3)) = O((n+m)3).

We thus find that the numerical complexity of SD-RVM is smaller than that of
RB-RVM. In Section 4.3.1 we provide numerical evaluations to quantify algorithm
run time requirements that confirm that SD-RVM is typically faster than RB-RVM.
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4.2 SD-RVM for block sparse signals

In many applications, the signal of interest is block sparse [BCDH10], i.e. the signal
can be partitioned into blocks of which many blocks only contain zeros. In some
situations the positions and size of the blocks is known while in other situations
they are unknown [ZR11].

4.2.1 Known block structure
To describe a block sparse signal x ∈ Rn with known block structure we partition
[n] = {1, 2, . . . , n} into blocks

[n] = {1, 2, . . . , n} = I1 ∪ I2 ∪ · · · ∪ Ip,

where |Ii| = ni and Ii ∩ Ij = ∅ for i 6= j. The signal is block sparse when only a few
blocks of the signal are non-zero. The component-wise SD-RVM generalizes to this
scenario by requiring that the precisions are equal in each block, i.e. we choose the
prior distribution for the components of block Ii to be

xIi ∼ N (0, γ−1
i Ini).

where xIi ∈ Rni denotes the vector consisting of the components of x with indices
in Ii.

Similarly we can partition the components of the sparse noise ẽ ∈ Rm into
blocks

[m] = {1, 2, . . . ,m} = J1 ∪ J2 ∪ · · · ∪ Jq,

where |Jj | = mj , Jj ∩ Ji = ∅ for i 6= j and the block Jj of e is given the prior
distribution

eJj ∼ N (0, β−1
j Imj ).

As before, the precisions are given gamma distributions (4.7) as priors. Using this
model, we derive the update equations of precisions as below

γnewi = ni + 2(a− 1)
||x̂Ii ||22 + tr(ΣIi) + 2b , (4.17)

βnewj = mj + 2(c− 1)
||(y−Ax̂)Jj ||22 + tr([AΣA>]Jj ) + 2d , (4.18)

where ΣIi denotes the ni × ni submatrix of Σ formed by elements appropriately
indexed by Ii. By setting Ii = {i} and Jj = {j} we obtain the update equations for
component-wise sparse signal and noise. We see that (4.18) reduces to the update
equations of the standard RVM when Ii = {i} and Jj = J = [m]. The derivation
of the update equations (4.17) and (4.18) is found in Section 4.4.3.
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4.2.2 Unknown block structure

In some situations the signal can have an unknown block structure, i.e. the signal
is block sparse, but the dimensions and positions of the blocks are unknown. This
scenario can be handled by treating the signal as a superposition of block sparse
signals [ZR11] (see illustration in Figure 4.2). This approach also describes the
scenario (4.1) when e is component wise sparse and n is dense (e.g. Gaussian). The
precision of each component is then a combination of the precisions of the blocks
to which the component belongs. Let γi be the precision of the component xi and
γ̃k be the precision of block Ik. We model the signal as

xi ∼ N (0, γ−1
i ),

γ−1
i =

∑
k,i∈Ik

γ̃−1
k . (4.19)

We model the noise in a similar way with precisions βj for component j and pre-
cisions β̃l for the block with support Jl. To promote sparsity, the precisions of the
underlying blocks are given gamma distributions as priors. In each iteration we up-
date the underlying precisions γ̃k. The component-wise precisions are then updated
using (4.19). With this model, the update equations for the precisions become

γ̃newk =
1
γ̃k

tr(Γk) + 2(a− 1)
1
γ̃2
k

||Γix̂||22 + 1
γ̃2
k

tr(ΓkΣΓk) + 2b
, (4.20)

β̃newl =
1
β̃l

tr(Bl) + 2(c− 1)
1
β̃2
l

||Bl(y−Ax̂)||22 + 1
β̃2
l

tr(BlA>ΣABl) + 2d
, (4.21)

where Γk is the diagonal matrix with [Γk]ii = γi if i ∈ Ik and [Γk]ii = 0 otherwise.
We denote the corresponding matrix for βl by Bl. The component-wise precisions
are updated using (4.19) and similar for βj .

We see that when the underlying blocks are disjoint, then γi = γ̃k for all i ∈ Ik
and βj = β̃l for all j ∈ Jl. The update equations then reduce to the update equations
(4.18) for the block sparse model with known block structure.

4.3 Simulation experiments

In this section we evaluate the performance of SD-RVM compared to other methods
using several scenarios – for simulated and real signals. For simulated signals, we
considered the sparse and block sparse recovery problem in compressed sensing.
For real signals, we considered prediction of house prices using the Boston housing
dataset [AN07] and denoising of images contaminated by salt and pepper noise. We
used the cvx toolbox [GBY08] to implement JP.
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Figure 4.2: Illustration of non-overlapping and overlapping block parameterizations.

4.3.1 Compressed sensing
In compressed sensing we want to estimate a sparse vector x ∈ Rn from m measure-
ments (4.1), where m � n. We evaluated the average performance by randomly
generating each test case. First we generated measurement matrices A ∈ Rm×n
by drawing their components from a N (0, 1) distribution and rescaling the column
vectors to unit norm. We selected the positions of the active components of x and
e uniformly at random and draw their values from N (0, 1). The dense noise n
was generated by a N (0, σ2

nIm) distribution. We compared SD-RVM to the stan-
dard RVM, RB-RVM and JP. For JP (4.3) we assumed σn is known and used
ε = σn

√
m+ 2

√
2m as proposed in [CRT06].

In the simulations we varied the measurement rate m/n (ratio of the num-
ber of measurements and the signal dimension) for measurements without outliers
and with 5% outliers. We chose n = 100 and fixed the signal-to-dense-noise-ratio
(SDNR)

SDNR = E [||Ax||22
E [||n||22] = ||x||0

mσ2
n

,

to 20 dB. By generating 100 measurement matrices and 100 vectors x and e for
each matrix we numerically evaluated the Normalized Mean Square Error (NMSE)

NMSE = E [||x− x̂||22]
E [||x||22] .

Note that it is trivial to obtain an NMSE of 0 dB (i.e. NMSE = 1) by setting
x̂ = 0. An estimate with an NMSE higher than 0 dB is therefore not informative.
The simulation results for measurements without outliers are shown in Figure 4.3
and for measurements with 10% outliers in Figure 4.4.
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Figure 4.3: NMSE vs. m/n for outlier free measurements.

In the experiments we found that SD-RVM had a performance comparable to
that of RB-RVM. SD-RVM performed slightly better than RB-RVM (about 0.1
dB) for m/n ≥ 0.3. JP performed worse than RB-RVM and SD-RVM for m/n ≤
0.4, but better for m/n ≥ 0.5. The standard RVM showed good performance for
measurements without sparse noise, but performed worse than the other methods.

When 10% of the measurements were contaminated by sparse noise, the RVM
algorithm failed to give a good estimate and gave an NMSE larger than zero. SD-
RVM performed better than RB-RVM for m/n ≥ 0.4 with a gain of 0.25 to 0.75 dB
in NMSE. The experiment shows that the performance of SD-RVM and RB-RVM
degrades with 6 dB for m/n = 0.2 and 3 dB for m/n = 0.4 when sparse noise is
introduced. The performance of JP degrades with 1.5 to 4.6 dB when sparse noise
is introduced.

We also measured the cputime required for each algorithm to estimate the time
needed for each algorithm to give an estimate. We measured the cputime by ran-
domly generating the compressed sensing problem with a n = 100 dimensional
vector x with K = 5 non-zero components, m = 35 measurements with Kw = 4
measurements contaminated by sparse noise. From 625 realization we found the
histogram of cputimes shown in Figure 4.5. The maximum, minimum, mean and
median cputimes are shown in Table 4.1. We found that the runtimes of the RVM
algorithms (the standard RVM, RB-RVM and SD-RVM) were longer than the run-
time of JP. SD-RVM was fastest of the RVM methods while RB-RVM was the
slowest. The experiment shows that SD-RVM is faster than RB-RVM even though
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Figure 4.4: NMSE vs. m/n for 5% outliers contaminated measurements.

the algorithms have comparable NMSE performance.
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Figure 4.5: Histogram of cputimes for the different algorithms and the compressed
sensing problem. Time is in seconds.
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Table 4.1: Maximum, minimum, mean and median cputime of the different esti-
mation algorithms for n = 100, m = 35, K = 5, Kw = 4 non-zero sparse noise
components and 625 problem realizations. Time is in seconds.

Algorithm Max Min Mean Median
RVM 3.58 2.87 3.11 3.10
RB-RVM 6.40 5.63 5.94 5.94
SD-RVM 3.37 1.91 2.90 2.99
JP 0.44 0.25 0.32 0.32

4.3.2 Block sparse signals

Estimating block sparse signals is closely related to the component-wise sparse
recovery problem [BCDH10]. For block sparse signals, the signal components are
partitioned into blocks and only a few blocks contain non-zero components. A
Bayesian method for block sparse signals is block Sparse Bayesian Learning (BSBL)
in which the problem of unknown block structure can be solved by using several
overlapping blocks (as in Section 4.2.2) [ZR11,ZR13].

Justice Pursuit can be modified to the block sparse case in a similar way as
BSBL. For known block structure, JP becomes the standard block sparse promoting
sum of `2 norms [SPH09]. Let nmin be the minimum block length in x and mmin
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Figure 4.6: NMSE vs.m/n for signals with known block structure. In (a) no outliers
are present while in (b) 5% outliers are present.
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be the minimum block length in e. By defining matrices

Z = [z1, z2, . . . , zn−nmin+1] ∈ Rnmin×(n−nmin+1),

W = [w1, w2, . . . ,wm−mmin+1] ∈ Rmmin×(m−mmin+1),

the block-JP algorithm for unknown block structure can be written as

min
x,e

n−nmin+1∑
l=1

||zl||2 +
m−mmin+1∑

a=1
||wa||2,

subject to xi =
min(i,n−nmin+1)∑
l=1+(i−nmin)+

Zi+1−l,l, 1 ≤ i ≤ n,

ej =
min(j,m−mmin+1)∑
a=1+(j−mmin)+

Wj+1−a,a, 1 ≤ j ≤ m,

||y−Ax− e||2 ≤ ε

(4.22)

where (x)+ = max(x, 0) and we set ε = σn
√
m+

√
8m as before.

To numerically evaluate the performance of the block sparse algorithms we
varied the measurement rate m/n for measurements with 5% sparse noise. We set
the signal dimension to n = 100 and fixed the SDNR to 20 dB. We divided the
signal x into 20 blocks of equal size of which 3 blocks were non-zero. The sparse
noise consisted of blocks with 5 components in each block. In the sparse noise, 5% of
the blocks were active. For known block structure, the blocks were chosen uniformly
at random from a set of predefined and non-overlapping blocks while for unknown
block structure, the first component of each block was chosen uniformly at random,
making it possible for the blocks to overlap. The active components of the signal and
the sparse noise were drawn from N (0, 1). By generating 50 measurement matrices
A and 50 signals x and sparse noises e for each matrix we numerically evaluated
the NMSE.

For known block structure we found that block SD-RVM gave 1.1 to 2.2 improve-
ment in NMSE versus RB-BSBL and 4.5 to 12.6 dB improvement versus block JP
for m/n ≥ 0.4 when no outliers are present. The non-robust BSBL method gave a
lower NMSE than the other methods for m/n < 0.4 and a performance between
SD-RVM and RB-RVM for m/n ≥ 0.4. For measurements with outliers, the im-
provement of SD-RVM was 1.6 to 2.2 dB versus RB-RVM and 6 to 14.7 dB versus
block JP for m/n ≥ 0.5. The BSBL method performed worse when outliers were
present with an NMSE of about −4.5 to −7.4 dB. The NMSE of the block sparse
SD-RVM was lower than the NMSE of block JP by more than 4.7 dB form/n ≥ 0.3.
The results are shown in Figure 4.6.

For unknown block structure we found that BSBL gave the best performance
when no outliers where present. Block SD-RVM and block JP had similar per-
formance with block SD-RVM performing better for m/n < 0.4 and block JP
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Figure 4.7: NMSE vs. m/n for signals with unknown block structure. In (a) no
outliers are present and in (b) 5% outliers are present in measurements.

performing better for m/n > 0.4. Somewhat unexpected, RB-BSBL gave a poor
performance with an NMSE of −2.5 to −4.7 dB. This shows that it is non-trivial
to make BSBL robust against sparse noise. When outliers were present, the perfor-
mance of BSBL and RB-BSBL worsened to give an NMSE of about 0 dB. SD-RVM
and block JP had similar performance with block SD-RVM performing better for
m/n ≤ 0.5 while block JP performed better for m/n ≥ 0.6. The results are shown
in Figure 4.7.

4.3.3 House price prediction
A real world example of sparse regression with sparse noise is the prediction of house
prices. The sparse regression vector signifies that many features are redundant and
does not influence the final price significantly. The sparse noise represents the fact
that some houses, e.g. very expensive houses and very inexpensive houses, does
not follow the main trend but can be treated as outliers. The Boston housing
dataset [AN07, HR78] consists of 506 house prices in suburbs of Boston together
with the values of 13 features for each house (see Table 4.2). The problem is to
predict the median house price for part of the dataset (test data) by using the
complement dataset (training data).

To predict unseen house prices, we make the simplified assumption that the
house prices are a linear function of the feature values. We then model the house
prices as

pi = w>i x + ni + ei,
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Table 4.2: Features in the Boston housing dataset.

Number Feature
1. CRIM: per capita crime rate by town
2. ZN: proportion of residential land zoned for lots over 25,000 sq.ft.
3. INDUS: proportion of non-retail business acres per town
4. CHAS: Charles River dummy variable (= 1 if tract bounds river; 0 otherwise)
5. NOX: nitric oxides concentration (parts per 10 million)
6. RM: average number of rooms per dwelling
7. AGE: proportion of owner-occupied units built prior to 1940
8. DIS: weighted distances to five Boston employment centres
9. RAD: index of accessibility to radial highways
10. TAX: full-value property-tax rate per $10,000
11. PTRATIO: pupil-teacher ratio by town
12. B: 1000(Bk − 0.63)2 where Bk is the proportion of blacks by town
13. LSTAT: % lower status of the population
14. MEDV: Median value of owner-occupied homes in $1000’s

where pi is the price of house i, wi ∈ R13 contains the feature values of house i,
x ∈ R13 is the regression vector, ni is (Gaussian) noise and ei is sparse noise.

We arrange the features of the houses in the test set into a matrix Wtest. Given
an estimate x̂ of the regression vector, we estimate the median house price as

m̂ = median(W>
testx̂).

We used a fraction ρ of the dataset as training data and the rest as test set.
In each problem realization we uniformly at random chose the samples for the
training set and the test set. We then estimated the regression vector using the
different methods and computed the estimated median value. We computed the
mean absolute error ε, median absolute error εm and mean cputime T (in seconds)
over 100 realizations.

We found that SD-RVM gave 4.5% to 12% lower mean absolute error than RB-
RVM except for ρ = 0.7 and 25% to 44% lower error than RVM (see Table 4.3).
SD-RVM was also 96% to 98% faster than RB-RVM.

For ρ = 0.7 we also examined the relevance of the different features by computing
the mean absolute estimate E [|x̂i|]. A high mean absolute value indicates that the
feature is non-zero in many problem realizations while a low mean absolute value
indicates that the feature is small or zero in most realizations. The results are shown
in Figure 4.8. We find that RB-RVM and SD-RVM attribute similar importance to
the different features. They estimate the number of rooms to be the most important
feature followed by the pollution in the area and if the house is close to the Charles
River. The RVM and least squares approaches reached similar conclusions.
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Table 4.3: Prediction of median houseprice using the Boston Housing dataset. Mean
absolute error ME, median absolute error MED and mean cputime T (in seconds),
for different fractions, ρ, of the dataset used as training set.

RVM RB-RVM SD-RVM
ρ ME MED T ME MED T ME MED T

0.3 0.75 0.71 0.17 0.44 0.40 8.10 0.42 0.35 0.32
0.4 0.69 0.67 0.23 0.49 0.43 15.17 0.46 0.41 0.43
0.5 0.76 0.73 0.23 0.49 0.47 22.63 0.43 0.39 0.63
0.6 0.67 0.63 0.22 0.51 0.46 30.80 0.48 0.44 0.73
0.7 0.78 0.80 0.26 0.51 0.44 57.37 0.58 0.56 1.26

1 2 3 4 5 6 7 8 9 10 11 12 13
0

1

2

3

4

5

6

Feature

M
e
a
n
 a

b
s
o
lu

te
 v

a
lu

e

 

 

Least squares

RVM

RB−RVM

SD−RVM

Figure 4.8: Mean absolute value, E [|x̂i|], of the regression parameters for ρ = 0.7
and the different estimation methods.

4.3.4 Image denoising
In images, pixels can sometimes become strongly disturbed by noise. This shows as
completely black or completely white pixels in the image. Such noise is sometimes
called salt and pepper noise and is because of e.g. analog-to-digital conversion, bit
quantization errors or dead pixels. Fortunately, the number of corrupted pixels is
often small, allowing sparse techniques to be used to denoise the image. A gray scale
image (represented in double-precision) can be modeled as a matrix with elements
in the interval from 0 to 1. Salt and Pepper [MVC10] noise makes some pixels
black (0) or white (1). To denoise a image we need to reconstruct the corrupted
pixels using the neighboring pixels. Many algorithms has been developed to denoise
images with salt and pepper noise. One of the basic algorithms is the median filter.
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The median filter estimates the value of each pixel by the median in a square
patch. In our simulation we used a 3 × 3 patch since it gave the smallest error.
Another method is to model the image in each patch using an image kernel [TFM06].
This amounts to modeling a pixel yi as

yi =β0 + β>1 (x− xi)
+ β>2 vech((x− xi)(x− xi)>) + ni,

where ni is noise, x is the position of the central pixel in the patch, xi is the
position of pixel i, β0, β1 and β2 are parameters to be estimated and vech is the
half-vectorization operator for symmetric matrices [TFM06], e.g.

vech
((

a b

b c

))
=

 a

b

c

 .

Given the regression parameters, the value of the central pixel is estimated as
ŷ = β̂0. Since pixels close to the central pixel are more important, the errors are
weighted by a kernel, K(x,xi). The estimation problem thus becomes

min
β0,β1,β2

P∑
i=1

∣∣∣yi − β0 − β>1 (x− xi)

−β>2 vech((x− xi)(x− xi)>)
∣∣∣2K(x,xi),

where a standard kernel is [TFM06]

K(x,xi) = exp
(
−||x− xi||22/r2) (1 + x>xi

)p
,

the kernel is a composition of a Gaussian and polynomial kernel [MVC10,TFM06].
In the simulation we used a 5× 5 patch, r = 2.1 and p = 1 as in [MVC10]. As the
kernel model is a deterministic model, we need to reinterpret the model in order to
use the Bayesian methods.

The image denoising model can be interpreted as that we observe measurements

ỹi =
√
K(x,xi)yi =√

K(x,xi)
(
β0 + β>1 (x− xi) + β>2 vech((x− xi)(x− xi)>)

)
+ ni + ei,

(4.23)

where some elements have been subjected to sparse noise. To avoid over-fitting, it
is beneficial to promote sparsity in [β0, β

>
1 , β

>
2 ]> [BDE09,MES08,EA06]. We can

thus treat the image denoising problem as finding a sparse solution to (4.23).
To evaluate the performance of the median filter, the RVM, the RB-RVM and

the SD-RVM, we added ρ percent of salt and pepper noise in 7 different images (the
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Table 4.4: Mean cputime (in seconds) for denoising images corrupted by salt and
pepper noise averaged over 7 images.

Algorithm Mean cputime
Median filter 1.27
RVM 4673
RB-RVM 1635
SD-RVM 672

standard images Boat, Baboon, Barbara, Elaine, House, Lena and Peppers used in
image processing) and denoised them. To reduce the length of the simulation we
cropped the images to a quarter in size. The corrupted pixels were set to either
black or white with equal probability. For the RVM, RB-RVM and SD-RVM, the
value of the central pixel was estimated by forming a 5 × 5 square patch around
each pixel.

For the image denoising problem we compared the algorithms by computing the
Peak Signal to Noise Ratio (PSNR)

PSNR = −10 · log10

(
E [||X− X̂||2F ]

E [maxi,j |Xij |2](pq)

)
,

where the size of the image is p × q and the expectation is taken over the differ-
ent images and over different noise realizations for each image. All images in the
simulation were of size p = q = 128 with maxi,j |Xij |2 = 1. Figure 4.9 shows one re-
alization of the problem, where for the first image (the boat image) SD-RVM gives
the highest PSNR, for the second image (the Elaine image) the RB-RVM gave the
highest PSNR and for the third image (the Peppers image) the median filter gave
the highest PSNR. In the simulations we varied ρ and used 3 noise realizations for
each image. The mean PSNR of the algorithms is shown in Figure 4.10.

We found that the median filter, the RB-RVM and SD-RVM gave the same
PSNR for ρ ≤ 0.1 while SD-RVM outperformed RB-RVM and the median filter for
ρ ≥ 0.2. The PSNR of SD-RVM was 0.5 to 1.3 dB higher than that of the median
filter for ρ ≥ 0.2 and 0.8 to 1.3 dB higher than that of the RB-RVM for ρ ≥ 0.3.
The mean cputime of SD-RVM was 41% of the mean cputime of RB-RVM (see
Table 4.4) while the median filter was by far the fastest method.

4.4 Derivation of update equations

4.4.1 Derivation of update equations for SD-RVM

To update the precisions we maximize the distribution p(y,γ,β) = p(y|γ,β)p(γ)p(β)
(obtained by marginalizing over x), with respect to γi and βj . The precisions are
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PSNR = 13.07 PSNR = 27.05 PSNR = 28.08 PSNR = 28.38

PSNR = 12.51 PSNR = 28.17 PSNR = 29.79 PSNR = 29.51

PSNR = 13.6 PSNR = 27.98 PSNR = 27.26 PSNR = 27.52

Figure 4.9: One realization of salt and pepper noise denoising for ρ = 0.2. Columns
from left to right: Noisy image, median filter, RB-RVM and SD-RVM. Peak Signal
to Noise Ratio (PSNR) has been rounded to two decimals.

Gamma distributed as in (4.7) and (6.5). The log-likelihood of the parameters is
given by (4.32).

For fixed precisions γ and β, the Maximum A Posteriori (MAP) estimate of x
becomes

x̂ = arg max
x

log p(y,x|γ,β)

= arg min
x

(y−Ax)>B(y−Ax) + x>Γx

= ΣA>By,

where Σ = (Γ + A>BA)−1. The form of the MAP estimate is the same for all
models considered in this paper.

We maximize L w.r.t. γi by setting the derivative to zero. We use that

∂

∂γi

(
y>(B−1 + AΓ−1A>)−1y

)
= x̂2

i , (4.24)
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Figure 4.10: PSNR vs. percentage of salt and pepper noise (ρ) averaged over 7
images with 3 noise realizations for each image and each value of ρ.

(we show (4.24) in Section 4.4.2) and the determinant lemma to find that L is
maximized w.r.t. γi when

−1
2Σii + 1

2γi
+ a

γi
− b− 1

2 x̂
2
i = 0. (4.25)

Instead of solving for γi (which would require solving a non-linear equation since
Σ and x̂ depend on γi) we approximate the equation as

1 + 2(a− 1)− (x̂2
i + Σii + 2b)γnewi = 0. (4.26)

The approximation results in the same update equations as expectation-maximization
and are different from the update equations of the original RVM [Tip01,Mac92].
The update equation then becomes

γnewi = 1 + 2(a− 1)
x̂2
i + Σii + 2b .

Setting a = 1 and b = 0 we obtain (4.9).
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For the noise precisions we use that

∂

∂βj

[
y>(B−1 + AΓ−1A>)−1y

]
= [y−Ax̂]2j . (4.27)

We show the identity (4.27) in 4.4.2. We find that L is maximized w.r.t. βj when

−1
2tr(ΣA>j,:Aj,:) + 1

2βj
− 1

2 [y−Ax̂]2j + c

βj
− d = 0,

where Aj,: denotes the j’th row vector of A. Rewriting the equation as

1 + 2(c− 1)− ([y−Ax̂]2j + Aj,:ΣA>j,: + 2d)βnewj = 0,

and using that Aj,:ΣA>j,: = [AΣA>]jj , we find that

βnewj = 1 + 2(c− 1)
[y−Ax̂]2j + [AΣA>]jj + 2d .

Setting c = 1 and d = 0 we obtain (4.10).

4.4.2 Derivation of (4.24) and (4.27)
Proof of (4.24). Since

B−1 + AΓ−1A> = B−1 +
n∑
i=1

γ−1
i aia>i ,

where ai is the i’th column vector of A we find that

∂

∂γi

(
y>(B−1 + AΓ−1A>)−1y

)
= γ−2

i

(
a>i (B−1 + AΓ−1A>)−1y

)2
.

Using that

Γ−1A>(B−1 + AΓ−1A>)−1y (4.28)
= Γ−1A>

(
B−BA(Γ + A>BA)−1A>B

)
y

= Γ−1A>By− Γ−1 A>BA︸ ︷︷ ︸
=Σ−1−Γ

(Γ + A>BA)−1︸ ︷︷ ︸
=Σ

A>By

= ΣA>By = x̂,

we find that
∂

∂γi

(
y>(B−1 + AΓ−1A>)−1y

)
= γ−2

i (γix̂i)2 = x̂2
i .
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Proof of (4.27). Since

y>(B−1 + AΓ−1A>)−1y = y>By− yBA (Γ + A>BA)−1︸ ︷︷ ︸
=Σ

A>By,

we get that

∂

∂βj

(
y>(B−1 + AΓ−1A>)−1y

)
= y2

j − 2yjAj,:ΣA>By + y>BAΣA>j,:Aj,:ΣA>By
= y2

j − 2yjAj,:x̂ + (Aj,:x̂)2 = [y−Ax̂]2j .

4.4.3 Update equations for known block structure
Let Γ and B be diagonal matrices with

[Γ]kk = γi, if k ∈ Ii, [B]ll = βj , if l ∈ Jj ,

and zero otherwise.
To update the precisions we maximize the marginal distribution

p(y,γ,B) = p(y|γ,β)p(γ)p(β),

with respect to γ and β, where p(γ) and p(β) are as in (4.7) and (6.5). The log-
likelihood of the parameters is

L = const.− 1
2 log det(B−1 + AΓ−1A>)− 1

2y>(B−1 + AΓ−1A>)−1y

+
p∑
i=1

((a− 1) log γi − bγi) +
q∑
j=1

((c− 1) log βj − dβj).

We get that L is maximized when

∂L
∂γi

= −1
2tr(ΣIi) + ni

2γi
+ a− 1

γi
− b− 1

2γ2
i

||A>Ii(B
−1 + AΓ−1A>)−1y||22 = 0,

(4.29)

where ΣIi ∈ Rni×ni is the submatrix of Σ consisting of the columns and rows in
Ii. Further, using (4.28) we get that

A>Ii(B
−1 + AΓ−1A>)−1y = γix̂Ii . (4.30)

Thus, (4.29) is fulfilled when

−1
2tr(ΣIi) + ni

2γi
+ a− 1

γi
− b− 1

2 ||x̂Ii ||
2
2 = 0.
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As before, we rewrite the equation as

ni + 2(a− 1)− (||x̂Ii ||22 + tr(ΣIi) + 2b)γnewi = 0. (4.31)

Solving (4.31) for γnewi gives us the update equation (4.17).
To find the update equation for βj we use that

∂

∂βj

[
y>(B−1 + AΓ−1A>)−1y

]
= ||yJj ||22 − 2y>JjAJj ,:ΣA>By + y>BAΣA>Jj ,:AJj ,:ΣA>By
= ||(y−Ax̂)Jj ||22,

where AJj ,: consists of the row vectors with row indexes in Jj . We find that

∂L
∂βj

= −1
2tr(ΣA>Jj ,:AJj ,:) + mj

2βj
− 1

2 ||(y−Ax̂)Jj ||22 + c− 1
βj
− d = 0.

Rewriting the equation as

1 + 2(c− 1) = (||(y−Ax̂)Jj ||22 + tr(AJj ,:ΣA>Jj ,:) + 2d)βnewj ,

and using that tr(AJj ,:ΣA>Jj ,:) = tr([AΣA>]Jj ) gives us the update equation
(4.18).

4.4.4 Update equations for unknown block structure
When the block structure is unknown, we use the overparametrized model in section
4.2.2. The log-likelihood of the parameters is

L = log p(y|γ,β)p(γ)p(β) (4.32)

= const.− 1
2 log det(B−1 + AΓ−1A>)− 1

2y>(B−1 + AΓ−1A>)−1y

+
p∑
i=1

((a− 1) log γ̃i − bγ̃i) +
q∑
j=1

((c− 1) log β̃j − dβ̃j).

We search to maximize (4.32) with respect to the underlying variables γ̃k and
β̃l. Using that ∂γ−1

i

∂γ̃k
= −γ̃−2

k , ∂γi
∂γ̃k

= γ2
i γ̃
−2
k , when i ∈ Ik and zero otherwise and

(4.28) we find that L is maximized when

∂L
∂γ̃k

= − 1
2γ̃2
k

tr(ΣΓ2
k) + 1

2γ̃2
k

tr(Γk)− 1
2γ̃2
k

x̂>Γ2
kx̂ + a− 1

γ̃k
− b = 0, (4.33)

By rewriting (4.33) as

1
γ̃k

tr(Γk) + 2(a− 1) =
(

1
γ̃2
k

||Γkx̂||22 + 1
γ̃2
k

tr(ΓkΣΓk) + 2b
)
γ̃newk . (4.34)
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Solving (4.34) for γ̃newk gives us the update equation (4.20).
For the noise precisions, we similarly find that

∂L
∂β̃l

= − 1
2β̃2

l

tr(BlA>ΣABl) + 1
2β̃2

l

tr(Bl)

− 1
2β̃2

l

||Bl(y−Ax̂)||22 + c− 1
β̃l
− d = 0.

By rewriting the expression as

1
β̃l

tr(Bl) + 2(c− 1) =
(

1
β̃2
l

||Bl(y−Ax̂)||22 + 1
β̃2
l

tr(BlA>ΣABl) + 2d
)
β̃newl ,

we find the update equation (4.21).
We see that the form of update equations depends on how the equations are

rewritten. The form used here has the advantage of reducing to (4.18) when the
underlying blocks are disjoint.

4.5 Conclusion

We proposed a modification of the Relevance Vector Machine (RVM) which is ro-
bust against sparse noise while not needing to estimate the sparse noise explicitly.
We denote the proposed method by SD-RVM for Sparse and Dense noise combined
RVM. The method is faster than the robust RVM (RB-RVM) of [MVC10] where
the sparse noise is treated as an additional estimation variable. Simulations show
that the method is faster than the RB-RVM for compressed sensing and has sim-
ilar performance. We also show how the method can be modified to block-sparse
signals and noise and simulate the method for housing price prediction and image
denoising.



Chapter 5

Relevance singular vector machine for
low-rank matrix reconstruction

Low-rank matrices is a parsimonious model which, like the sparse model, can
be used to improve estimation performance. However, unlike sparsity, which is
a property of the individual components, low-rank is a property of the entire

matrix. While sparsity gives a parsimonious representation of data in a known
basis, low-rank matrices can be interpreted as representing data in an unknown
basis. One prominent low-rank model is collaborative filtering where a recommender
system attempts to find if you will like a product you have not yet seen. The basic
assumption of low-rank models is that the problem has a high degree of inherent
(linear) structure.

The recommendation problem can be modeled as follows: what you prefer de-
pends on what persons you are similar to and what those persons prefer. Despite
the simplistic nature of the model, it has been shown to be a good model for the
recommendation problem [KBV09,CP10]. Other applications of low-rank modeling
is clustering documents by topic and system identification [CP10,LSR+16].

Several approaches have been developed to solve the low-rank estimation prob-
lem. A prominent class of methods are convex optimization based techniques which
generalizes the `1-norm for sparse problems to low-rank problems. The low-rank
penalty corresponding to the `1-norm is the nuclear norm which is the sum of the
singular values of a matrix [CP10,CR09, Faz02]. In the same way as the `1-norm
can be shown to be the tightest convex approximation of the `0-norm, the nuclear
norm can be shown to be the tightest convex approximation of the rank (under
certain conditions, see [LO15] for a counterexample).

The low-rank estimation problem also allows for factorization based techniques.
Factorization based techniques are used a lot [KBV09, ZSJC12, TN11, RFGST09,
CWZY15,YC11,LBA11,Alq13,MS07,SM08,LT07,RIK07,BLMK12] since they al-
low one to specify a strict upper bound on the rank of the estimate. Factorization
based methods are fast, but they require an upper bound on the rank to be known
a-priori. It is also difficult to relate the factorization based approach to the opti-

73
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mization based approach. A third approach is the greedy search method ADMIRA
[LB10] which is a low-rank matrix generalization of the CoSamp method [NT09]
for sparse vectors.

Bayesian methods have also been developed for low-rank matrix reconstruction.
Most such methods rely on the factorized model and promotes low-rank through
block sparsity promoting priors [CWZY15,YC11,Alq13,MS07,SM08,LT07,RIK07,
BLMK12]. The question arises if it is possible to construct a low-rank analogue
of the Relevance Vector Machine where the low-rank matrix is not modeled as a
product of two matrices? Here we show one approach to generalize the RVM to the
low-rank problem using precision matrices to induce low-rank. We call the resulting
method the Relevance Singular Vector Machine.

5.1 Low-rank matrix estimation

In low-rank matrix estimation, a low-rank matrix X ∈ Rp×q is measured through
linear measurements of the matrix components as

y = A(X) + n, (5.1)

where y ∈ Rm is the observed measurements, n ∈ Rm is additive noise and A :
Rp×q → Rm is a linear operator representing the measurement process. The sensing
operator can be expressed as

A(X) =


tr(A>1 X)
tr(A>2 X)

...
tr(A>mX)

 , (5.2)

where

tr(A>k X) =
∑

1≤i≤p,1≤j≤q
[Ak]ij [X]ij

gives a linear combination of the elements in X with coefficients from Ak ∈ Rp×q.
The sensing operation can also be expressed as A(X) = Avec(X) using the vec-
torization operator. The vectorization representation shows the similarity between
the LRMR problem and the sparse vector reconstruction problem.

A standard approach to promoting structure (such as sparsity or low-rank) is
to minimize a penalty function in addition to the norm of the error. This leads to
the optimization problem

X̂ = arg min
X

β

2 ||y−Avec(X)||22 + g(X), (5.3)

where β > 0 is a regularization parameter and g(·) is a penalty function. When
the penalty function g(X) is convex (and β is fixed), the problem is a convex
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optimization problem and can be solved using standard optimization tools such as
cvx [GBY08]. For non-convex penalty functions the optimization problem can be
approximately solved through e.g. gradient descent. Common penalty functions for
promoting low-rank are

g(X) =
min(p,q)∑
i=1

σi(X) = tr((XX>)1/2), (Nuclear norm)

g(X) = tr((XX>)s/2), (Schatten s-norm)
g(X) = ν log |XX> + εIp|. (Log-determinant penalty)

The nuclear norm is a convex penalty function while the log-determinant and Schat-
ten s-norm (for 0 < s < 1) are non-convex. In the Bayesian framework, the mini-
mization in (5.3) correspond to finding the maximum-a-posteriori (MAP) estimate
of X when the noise is Gaussian and the matrix X is assigned a prior distribution
p(X) ∝ e− 1

2 g(X). An alternative approach is to set

X̂ = argX min ||X||∗, such that ||y−Avec(X)||2 ≤ δ, (5.4)

where δ > 0 is related to the (known) noise power. The choice δ = β−1
√
m+

√
8m

suggested in [CRT06] often provides good performance.
In the factorization based approach, the matrix X is modeled as a product of

two matrices as [KBV09,ZSJC12,TN11,RFGST09,CWZY15,YC11,LBA11,Alq13,
MS07,SM08,LT07,RIK07,BLMK12]

X = FB>,

where F ∈ Rp×r, B ∈ Rq×r and 0 < r ≤ min(p, q) is a parameter. The fac-
tor matrices can be found in a deterministic manner by minimizing the resid-
ual ||y−Avec(FB>)||22 iteratively for F and B while keeping the other matrix
fixed [TN11,ZSJC12], this is sometimes called alternating least squares (ALS). Since
the residual is non-convex in F and B, it is not guaranteed to converge to a global
optima. One approach to improving the performance of ALS is to incorporate dual
variables and ADMM iterations [LSR+16].

The estimates produced by ALS are mostly full rank, i.e. rank(F̂B̂>) = r. When
the rank is unknown, the method can be modified so that the final estimate has
rank less than r. This can be achieved by assigning appropriate priors to the factor
matrices. One approach is to minimize

||y−Avec(FB>)||22 + λ
(
||F||2F + ||B||2F

)
,

where λ > 0 is a regularization parameter. The penalty function is expected to
promote low-rank through the relation [MS07]

||X||∗ = 1
2 min

F,B:FB>=X

(
||F||2F + ||B||2F

)
.



76 Relevance singular vector machine for low-rank matrix reconstruction

Another method is to use priors which promote column sparsity in the factor ma-
trices [LT07,BLMK12], i.e. a prior which makes many of the column vectors in F
and B zero. This approach promotes low-rank since if F has rF non-zero columns
and B has rB non-zero columns, then rank(X̂) ≤ min(rL, rB) ≤ r. We describe this
model in more detail in Chapter 7.

5.2 The one-sided precision based model

The difficulty of assigning priors to low-rank matrices is that the set of low-rank
matrices is a strictly lower dimensional submanifold of the set of all matrices. It
is thus difficult to assign a “hard” prior which has non-zero probability (in the
sense of an induced measure) only for matrices of low-rank. We therefore want to
find priors which approximately promotes low-rank, i.e. it has non-zero probability
for all matrices, but is concentrated around the set of low-rank matrices. We do
this by characterizing a random low-rank matrix as a matrix with strongly cor-
related column and row vectors rather than the standard notion of few non-zero
singular values. We thus need a prior which makes the column vectors lie in a
low-dimensional subspace (similarly for the row vectors).

The Relevance Vector Machine models the components xi of the parameter
vector x ∈ Rn are modeled as

xi = γ
−1/2
i ui, (5.5)

where γi > 0 is the precision of xi and ui ∼ N (0, 1) is a Gaussian variable. When
the inverse precision, γ−1 is small, xi is small with a high probability and when
the inverse precision is large, xi is large with a high probability. In the extreme
case where γ−1

i = 0, we have that xi = 0. However, the extreme case has zero prior
probability and does therefore not occur in practice. In analogue with the sparse
case, we model the low-rank matrix X as a Gaussian variable with a precision
matrix α as

X = α−1/2U, (5.6)

whereα ∈ Rp×p is positive definite,α−1/2 denotes a symmetric such that (α−1/2)2 =
α−1 and the elements of U are i.i.d. N (0, 1) distributed. We notice the similarity
between (5.5) and (5.6). When the inverse precision matrix, α−1, has a few large
singular values and otherwise small singular values, the random matrix X has low-
rank with high proability. In the extreme case where α−1 has low-rank, the matrix
X also has low-rank. The approach (5.6) is equivalent to letting X to be a matrix
variate Gaussian variable with distribution [GN99,NSB13]

p(X|α) = |α|q/2

(2π)pq/2
exp

(
−1

2tr(X>αX)
)
. (5.7)

In order to promote low-rank, we need to assign a prior to the precision matrix α.
In Section 5.2.1 we will show one approach to selecting the prior distribution.
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5.2.1 Relation between priors and the MAP estimation
Here we show how the distribution p(α) is related to the penalty function g(X).
We see that the prior distribution (5.7) depends on X only through Z = XX>. Let
the prior distribution of α be p(α), we find that the marginal distribution p(X)
becomes

p(X) = Ce−
1
2 g(X) =

∫
α�0

p(X|α) p(α) dα

=
∫
α�0

e−
1
2 tr(αZ) |α|q/2

(2π)pq/2
p(α)dα = C ′e−

1
2 g̃(Z), (5.8)

where we used that tr(X>αX) = tr(αXX>) = tr(αZ), g(·) and g̃(·) are some func-
tions and C and C ′ are normalization constants. To relate g̃(Z) and p(α), we note
that p(X) is the matrix Laplace transform of |α|q/2p(α)/(2π)pq/2 at Z/2 [Ter12]
(we give a short introduction to the matrix Laplace transform in Section 5.5.6).
This gives us that we can calculate p(α) from p(X) = C ′e−

1
2 g̃(Z) by the inverse

Laplace transform [Ter12] as

p(α) ∝ |α|−q/2
∫

Re Z=α∗

e
1
2 tr(αZ)e−

1
2 g̃(Z)dZ, (5.9)

where the integral is taken over all symmetric matrices Z ∈ Cp×p such that Re Z =
α∗ and α∗ is a real matrix such that the contour path of integration is in the region
of convergence of the integrand. While the Laplace transform characterizes the
exact relation between priors, the computation is non-trivial and often analytically
intractable. In practice, a standard approach to evaluating integrals like (5.8) is
to use the Laplace approximation [Mac03,Bis06] where typically the mode of the
distribution under approximation is found first and then a Gaussian distribution is
modeled around that mode. Let us write p(α) as p(α) ∝ e− 1

2K(α); then the Laplace
approximation becomes

g̃(Z) = min
α�0
{tr(αZ)− q log |α|+K(α)}

− log |H|+ constant,

where H is the Hessian of tr(αZ)− q log |α|+K(α) evaluated at the minima. The
derivation of the Laplace approximation is shown in Section 5.5.7.

Denoting K̃(α) = q log |α| −K(α) and neglecting the Hessian we get that

g̃(Z) = min
α�0

{
tr(αZ)− K̃(α)

}
,

where we absorbed the constants into the normalization factor of p(X). We find
that g̃(Z) is the concave conjugate of K̃(α) [BV04]. Hence, for a given g̃(Z) we
can recover K̃(α) as

K̃(α) = min
Z�0
{tr(αZ)− g̃(Z)} (5.10)
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if K̃(α) is concave (which holds under the assumption that K(α) is convex). Fur-
ther, we can find K(α) from K̃(α) and solve for the prior p(α) ∝ e−

1
2K(α). Using

the concave conjugate relation (5.10), we now find priors (functions K(α)) corre-
sponding to the Schatten-s norm and the log-determinant penalty.

1. The Schatten s-norm: The regularized Schatten s-norm based penalty func-
tion is

g(X) =tr((XX> + εIp)s/2), (5.11)

where the constant ε > 0 is used to bring numerical stability. For the penalty
function (5.11), we find that

K(α) = Cs tr(α−
s

2−s ) + q log |α|+ ε tr(α), (5.12)

where Cs = 2−s
s

( 2
s

)− s
2−s . The derivation of (5.12) is given in Section 5.5.10.

Let σi(X) denote the i’th singular value of X, for s = 1 and ε = 0 we see that
g(X) becomes the nuclear norm of X as tr((XX>) 1

2 ) =
∑min(p,q)
i=1 σi(X).

2. The Log-determinant penalty: The log-determinant based penalty function is

g(X) = ν log
∣∣XX> + εIp

∣∣ , (5.13)

where ν > q − 2 is a positive number. We find that

K(α) = ε tr(α) + (q − ν) log |α|. (5.14)

The derivation of (5.14) is shown in Section 5.5.11. As p(α) ∝ e−
1
2K(α), we

find that the precision matrix α is Wishart distributed [GN99,Bis06]. We also
find that p(X) ∝ e− 1

2 g̃(XX>) is a matrix t-distribution [GN99].

5.2.2 Left and right-sided precision based models

For a low-rank matrix, the components of each column vector are correlated as well
as the components of each row vector. In (5.6), the precision matrix α−1/2 is used
in the left side of U, we refer to this as the left-sided precision based model. The
model helps to make the components of each column of X correlated. We can also
make the row-vectors correlated by setting

X = Uα−1/2. (5.15)

We refer to this model as the right-sided precision based model.
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5.3 Two-sided precision based model

In this section, we propose to use precision matrices from two sides to model a
random low-rank matrix, we refer to this model as the two-sided precision based
model. In the two-sided model, we set

X = α
−1/2
L Uα

−1/2
R (5.16)

where αL ∈ Rp×p and αR ∈ Rq×q are positive definite random matrices. Our hy-
pothesis is that the two-sided precision based model helps to inculcate correlations
between column vectors as well as row vectors, and hence promotes low-rank in a
stronger manner than the one-sided precision based model in Section 5.2. Using the
relation vec(X) = (α−1/2

R ⊗α−1/2
L ) vec(U) = (αR ⊗αL)−1/2 vec(U), we find that

p(X|αL,αR)

= |αR ⊗αL|
1/2

(2π)pq/2
exp

(
−vec(X)>(αR ⊗αL)vec(X)/2

)
= |αL|

q/2|αR|p/2

(2π)pq/2
exp

(
−tr(X>αLXαR)/2

)
. (5.17)

The matrix X is thus zero-mean matrix variate Gaussian distributed. To promote
low-rank, we use a prior distribution p(αL,αR). The marginal distribution of X
then becomes

p(X) =
∫

αL�0
αR�0

p(X|αL,αR) p(αL,αR) dαR dαL. (5.18)

To the best of our knowledge, the integral (5.18) is analytically intractable for many
relevant priors p(αL,αR). It is thus non-trivial to establish a direct connection
between p(X|αL,αR) of (5.17) and the MAP estimator (5.3). Instead of a direct
connection we here establish an indirect connection by an approximation.

When marginalizing over αL for a fixed αR and β, we find that p(X|αR) is a
function of XαRX> alone. Following the discussion of section 5.2.1, we find that
the corresponding MAP estimator becomes

min
X

β||y−Avec(X)||22 + g̃L(XαRX>), (5.19)

for some function g̃L(·). A similar cost function can be found for a fixed αL and β
by marginalizing over αR. We discuss the roles of αL and αR in the next section.

5.3.1 Interpretation of the precision matrices
For a low-rank matrix, many column vectors can be represented as a linear combi-
nation of a few columns vectors. Alternatively, we can have that the column vectors
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of a low-rank matrix lie in a low-dimensional subspace. To show that the proposed
model (5.17) promotes low-rank, we here establish in a qualitative sense that when
the inverse precision matrices have few dominant singular values, the matrix X is
approximately low-rank with high probability

Let us denote (i, j)’th component of α−1
R by [α−1

R ]ij and i’th column vector
of X by xi, respectively. From (5.17) we find that xi is zero-mean and that the
covariance matrix of xi is

E [xix>i ] = [α−1
R ]iiα−1

L . (5.20)

Let λL,k denotes the k’th largest eigenvalue of α−1
L and λR,k denotes the k’th largest

eigenvalue of α−1
R . The eigenvalues of α−1

L and α−1
R are real and non-negative.

Assumption 5.1. We assume that either α−1
L or α−1

R has r dominant eigenvalues.
That means that λL,r

λL,r+1
� 1 or λR,r

λR,r+1
� 1.

Under assumption 5.1, α−1
L can be closely approximated by a positive semi-definite

covariance matrix of rank r. This matrix approximation also holds for the covari-
ance matrix of xi due to the relation (5.20). A natural qualitative argument is that
xi approximately lies in the subspace spanned by the eigenvectors corresponding to
the r dominant eigenvalues, resulting in promoting low-rank in X. Let PL denotes
the orthogonal projection onto the subspace spanned by the r eigenvectors of α−1

L

corresponding to the r largest eigenvalues, and let P⊥L denotes the orthogonal pro-
jection onto the subspace spanned by the eigenvectors corresponding to the p − r
smallest eigenvalues. Note that P⊥L = Ip − PL, and ||xi||22 = ||P⊥L xi||22 + ||PLxi||22.
For a scalar 0 ≤ ς < 1, we want to show that the probability of the event(
||P⊥L xi||22 ≤ ς||PLxi||22

)
is high under Assumption 5.1. First we state the following

relation

Pr
(
||P⊥L xi||22 ≤ ς||PLxi||22

)
≥ 1−

B
(
r
2 ,

n
2 , ε1

)
B
(
r
2 ,

n
2
) (5.21)

≥ 1− Cp,rεr/21 , (5.22)

where B(·, ·, ·) is the incomplete beta function, B(·, ·) = B(·, ·, 1) is the beta func-
tion, C−1

p,r = r
2B
(
r
2 ,

n
2
)
and

ε1 = 1
1 + ς

λL,r
λL,r+1

.

The derivation of (5.21) and (5.22) is given in Section 5.5.8. Under some tech-
nical conditions and assumption 5.1, we have that Cp,rεr/21 � 1 and therefore
Pr
(
||P⊥L xi||22 ≤ ς||PLxi||22

)
is high. Similar arguments also can be put forward by

considering a row vector of X where the eigenvalues of α−1
R will play role under

Assumption 5.1.
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Using (5.17) we note that covariance of vec(X) is (α−1
R ⊗ α

−1
L ). Using Xr to

denote the best r-rank approximation of X (in the sense of Frobenius norm) we find
that probability of

(
||X−Xr||2F ≤ ς||X||2F

)
can be bounded from below as follows

Pr
(
||X−Xr||2F ≤ ς||X||2F

)
≥ 1−

B
(
r2

2 ,
(p−r)(q−r)

2 , ε2

)
B
(
r2

2 ,
(p−r)(q−r)

2

) (5.23)

≥ 1− Cp,q,rεr
2/2

2 , (5.24)

The derivation of (5.23) and (5.24) is given in Section 5.5.8. In (5.23) and (5.24),
C−1
p,q,r = r2

2 B
(
r2

2 ,
(p−r)(q−r)

2

)
and

ε2 = 1
1 + ς

1−ς
λL,r
λL,r+1

λR,r
λR,r+1

.

Under some technical conditions and Assumption 5.1, we have that Cp,q,rεr
2/2

2 �
1, and Pr

(
||X−Xr||2F ≤ ς||X||2F

)
is high. We provide a numerical example in

Figure 5.1 where Pr
(
||X−Xr||2F ≤ ς||X||2F

)
and the two lower bounds of (5.23)

and (5.24) are shown. For the numerical experiments we used p = q = 25, r =
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Figure 5.1: Plot of the empirical probability that ||X −Xr||2F ≤ 0.05||X||2F in red
solid line, the bound (5.23) in blue dotted line and the bound (5.24) in green dashed
line, versus the value of λL,r

λL,r+1
= λR,r

λR,r+1
for r = 3 and p = q = 25.
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3, ς = 0.05 and λL,r
λL,r+1

= λR,r
λR,r+1

. In the simulation we used λL,i = λR,j for
1 ≤ i, j ≤ r and λL,k = λR,l for r + 1 ≤ k ≤ p and r + 1 ≤ j ≤ q. We computed
Pr
(
||X−Xr||2F ≤ ς||X||2F

)
as an empirical probability via Monte Carlo simulations.

5.4 Practical algorithms

We here derive the update equations for the variables in the two-sided model.
The update equations for the one-sided models can be found by fixing one of the
precision matrices. We denote the model parameters as Θ , {αL, αR, β}. The
MAP estimate of X and Θ is

X̂, Θ̂ = arg max
X,Θ

p(X,y,Θ).

We here assume that p(Θ) = p(αL) p(αR) p(β) for computational simplicity. Di-
rectly solving the MAP estimation problem is hard and often analytically in-
tractable. Therefore various approximations are used to design practical algorithms.
This section is dedicated to design estimation algorithms (type II estimators) via
the expectation-maximization (EM) approach [DLR77,Bis06]. We assume that the
noise precision β has a Gamma distribution as

p(β) = Gamma(β|a+ 1, b) = ba+1

Γ(a+ 1)β
ae−bβ ,

with a > −1, b > 0 and β ≥ 0.
The objective of EM is to solve the following problem

max
Θ

log p(y,Θ) = max
Θ
{log p(y|Θ) + log p(Θ)}, (5.25)

which is the MAP estimate of Θ when X is marginalized. It is thus an approximation
of the MAP inference problem. EM minimizes (5.25) indirectly by minimizing the
EM help function

Q(Θ,Θ′) = EX|y,Θ′ [log p(y,X|Θ)]

=
∫

X
p(X|y,Θ′) log p(y,X|Θ) dX,

where E [·] denotes the expectation operator. The iterative formulation of EM guar-
antees a locally optimum solution of (5.25) through the following steps [DLR77].

1. Initialize the method with the parameter values Θ′ = {α′L, α′R, β′}.

2. E-step: Evaluate p(X|y,Θ′) where Θ′ is the values of Θ from the previous
iteration. We find that

p(X|y,Θ′) = N (vec(X); vec(X̂),Σ′),
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where

vec(X̂) = β′Σ′A>y, (5.26)

Σ′ =
(
(α′R ⊗α′L) + β′A>A

)−1
.

3. M-step: Update Θ as

Θ = arg max
Θ

{
Q(Θ,Θ′) + log p(Θ)

}
, (5.27)

where for our model

Q(Θ,Θ′) = EX|y,Θ′ [log p(y,X|Θ)] = constant

− β

2 ||y−Avec(X̂)||22 −
1
2tr(αLX̂αRX̂>)

− 1
2tr(Σ−1Σ′) + q

2 log |αL|+
p

2 log |αR|

+ m

2 log β, (5.28)

and Σ =
(
(αR ⊗αL) + βA>A

)−1. In simulations, we initialized the variables
as {α′L, α′R, β′} = {Ip, Iq, 1}.
By maximizing (5.27) for the noise precision β, we find the update equation

β = m+ 2a
||y−Avec(X̂)||22 + tr(AΣ′A>) + 2b

. (5.29)

The update equations of the precision matrices depend on their prior distri-
bution. We here assume that both precision matrices have the same type of
distribution. We find that the left and right precisions are updated as follows.

a) The Schatten s-norm: Using the Schatten s-norm prior (5.12) gives us
the update equations

αL = cs

(
X̂α′RX̂> + Σ̃L + εIp

)(s−2)/2
,

αR = cs

(
X̂>α′LX̂ + Σ̃R + εIq

)(s−2)/2
,

(5.30)

where cs = (s/2)s/2, Σ̃L ∈ Rp×p and Σ̃R ∈ Rq×q are matrices with
elements

[Σ̃L]ij = tr(Σ′(α′R ⊗E(L)
ij )),

[Σ̃R]ij = tr(Σ′(E(R)
ij ⊗α

′
L)),

and E(L)
ij ∈ Rp×p, E(R)

ij ∈ Rq×q are matrices with ones in position (i, j)
and zeros otherwise.
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b) The log-determinant penalty: For the log-determinant prior (5.14) the
update equations become

αL = ν
(
X̂α′RX̂> + Σ̃L + εIp

)−1
,

αR = ν
(
X̂>α′LX̂ + Σ̃R + εIq

)−1
.

(5.31)

The derivations of (5.28) and (5.31) are given in Section 5.5.9.

4. Stop iterating if X̂ does not change significantly. Otherwise go to step 2.

5.4.1 Balancing the precisions
We have found that in practical algorithms, there is a chance that one of the two
precisions becomes large and the other becomes small. A small precision results
in numerical instability in the Kronecker covariance structure (5.17). To prevent
the imbalance we rescale the matrix precisions in each iteration such that 1) the
a-priori and a-posteriori squared Frobenius norm of X are equal, i.e.

E [||X||2F |αL,αR] = tr(α−1
L )tr(α−1

R )
= E [||X||2F |αL,αR, β,y] = ||X̂||2F + tr(Σ),

and 2) the contribution of each precision to the norm is equal, i.e.

tr(α−1
L ) = tr(α−1

R ).

The rescaling makes the algorithm more stable and often improves estimation per-
formance.

5.4.2 Nomenclature
Here we explain the nomenclature used for the RSVM algorithms. We use the name
left-sided RSVM for the left-sided model where αL is random and αR = Iq and
right-sided RSVM for the right-sided model where αR is random and αL = Ip. We
refer to the model where both αL and αR are random as the two-sided RSVM or
simply as RSVM. We assume that αL and αR are independent with distributions
p(α) ∝ e−

1
2K(α). We refer to the RSVM method with priors related to the log-

determinant penalty function (5.14) as RSVM-LD and to the RSVM method priors
related to the Schatten s-norm penalty function (5.12) as RSVM-SN. For example,
left-sided RSVM-LD is RSVM with log-determinant prior (5.14) and a left-sided
precision.

5.4.3 Complexity analysis
One motivation for the RSVM algorithm is that it can infer low-rank directly with-
out factorizing the matrix X. However, one disadvantage of this is that for given
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precision matrices, the estimation of X is a Gaussian inference problem with pq
variables, requiring computationally demanding matrix inverses. To study how the
problem size affects the runtime, we here study the computational complexity of
the algorithm.

The most computationally demanding operation of the RSVM algorithm is the
computation of Σ. A direct approach to computing Σ is to invert a pq× pq matrix,
this requires O((pq)3) multiplications. However, this does not use the fact that
rank(A>A) ≤ m � pq. By using the Woodbury matrix inversion formula [Bis06]
we get that

Σ = (α−1
R ⊗α

−1
L )− (α−1

R ⊗α
−1
L )A>C−1

y A(α−1
R ⊗α

−1
L )

where

Cy = β−1Im + A(α−1
R ⊗α

−1
L )A>.

The computation of Σ thus reduces to computing (α−1
R ⊗α

−1
L ) (requiringO(p3+q3+

p2q2) multiplications), A(α−1
R ⊗α

−1
L ) and A(α−1

R ⊗α
−1
L )A> (requiring O(mp2q2)

multiplications) and C−1
y (requiring O(m3) multiplications). The total complexity

is therefore

O(p3 + q3 + p2q2 +m3 +mp2q2) ≈ O(mp2q2),

where we used that O(mp2q2) dominates over the other terms when m � pq.
The use of the Woodbury matrix inversion thus helps to reduce computational
complexity per iteration from O((pq)3) to O(m(pq)2). Further we note that the
complexity does not depend on the rank of X. This is because RSVM, in contrast
to factorization based methods [BLMK12], does not use rank information as an
a-priori information.

5.5 Simulation experiments

5.5.1 Simulations setup
Here we describe datasets, performance measure, experimental setup, competing
algorithms and computational resources. In the experiments we used synthetic
data for low-rank matrix reconstruction (LRMR) and low-rank matrix completion
(LRMC). We used the MovieLens dataset [HKBR99] as a real dataset for matrix
completion. To compare the algorithms for synthetic data, we use the normalized-
mean-square-error

NMSE = E [||X̂−X||2F ]
E [||X||2F ]

as the performance measure. The NMSE was evaluated by averaging over many
instances of n, A and X using Monte-Carlo simulations. For experiments with
synthetic data, we evaluated the NMSE as follows:
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1. For LRMR, the random measurement matrix A ∈ Rm×pq was generated by
independently drawing the elements from N (0, 1) and normalizing the column
vectors to unit norm. For LRMC, we chose m elements uniformly at random
from [p]× [q]. We then chose A such that it selected the elements from vec(X)
by letting one element in each row be one and the other elements zero.

2. Matrices F ∈ Rp×r and B ∈ Rq×r with elements drawn from N (0, 1) were
randomly generated and the matrix X was formed as X = FB>. Note that
X has rank r (with probability one).

3. Generate the measurement y = Avec(X)+n, where n is drawn fromN (0, β−1Im)
and β−1 is chosen such that the signal-to-measurement-noise ratio (SNR) is
fixed. The SNR is given by

SNR = E [||Avec(X)||22]
E [||n||22] = β

rpq

m
,

for LRMR and SNR = βr for LRMC.

4. Estimate X̂ using competing algorithms and calculate the error ||X̂−X||2F .

5. Repeat steps 2− 4 for T1 times.

6. Repeat steps 1− 5 for T2 times.

7. Then compute the NMSE by averaging.

In the simulations we chose T1 = T2 = 10, which means that the averaging was
done over 100 realizations. Further, we evaluated the performance of RSVM vis-
a-vis other methods for LRMR and LRMC. For LRMR, we compared with NN
and the variational Bayes method of [BLMK12] (referred henceforth as VB-1). The
use of VB-1 for LRMR was not addressed in [BLMK12] and hence we derive the
algorithm in Section 5.5.12. Further, following (5.3), we also compare with the
performance of

min
X

tr((XX>)s/2) s.t. ||y−Avec(X)||2 ≤ δ, (5.32)

with s = 0.5 and δ = β−1
√
m+

√
8m as in (5.4), where β denotes the true noise

precision. Both NN and SNA thus require knowledge of the noise power. The SNA
problem is non-convex and we use a gradient search method to find the solution; to
initialize the method, we used vec(X̂) = A>(AA>)−1y. For LRMC, we compared
with NN, VB-1, Probabilistic Matrix Factorization (PMF) [MS07], the Weighted
Trace Norm (WTN) [SS10] and the variational Bayes method of [LT07] (referred to
as VB-2). Finally, we mention our computational resources. For the experiments,
we used a Dell Latitude E6400 laptop computer with a 3GHz processor and 8GB
memory.
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5.5.2 Experiments using synthetic data for LRMR

The objective of our first experiment is to compare the performance of the two-
sided precision based model the one-sided precision based models. For the one-sided
model, we also have two choices – left-sided and right-sided – and hence it interesting
to know which choice is better for a particular setup. In this experiment, we fixed
rank(X) = r = 3, p = 15, q = 30, SNR = 20 dB and varied m. The results
are shown in Figure 5.2 where NMSE is plotted against the normalized number of
measurements m/(pq). We note that for RSVM-LD, the right-sided model performs
best for m/pq < 0.6, the left-sided model performs best for m/pq > 0.6 and that
the two-sided RSVM-LD gives a good compromise between the left- and right-
sided RSVM-LD. For RSVM-SN we find that the left-sided model performs better
than both the right- and two-sided model for m/pq 6= 0.7. However, the two-sided
model has a more consistent performance improvement with increasing m/pq while
the left and right-sided models show performance degradation for m/pq = 0.7
and m/pq = 0.8, respectively. Henceforth we use the two-sided models because of
their reasonable good performance. It is possible that the one-sided models are
preferable in other scenarios. We mention that, for RSVM-SN, it was empirically
found that s = 0.5 provides good performance. The same trend also repeats for
LRMC, reported in section 5.5.3. Henceforth RSVM-SN with s = 0.5 is used unless
stated otherwise.

In the second experiment we report the LRMR performance of RSVM-LD and
RSVM-SN vis-a-vis NN, VB-1 and SNA. We mention that NN and SNA know the
measurement noise power (see (5.4) and (5.32)), and VB-1 knows the rank of X.
The results are shown in Figure 5.3. With the parameters of the first experiment
(rank(X) = r = 3, p = 15, q = 30, SNR = 20 dB), we show NMSE vs. m/(pq)
in Figure 5.3 (a). We observe that RSVM-LD provides the best performance for
m/pq < 0.9, whereas NN, SNA and RSVM-SN are close to each other with NN per-
forming better than SNA and RSVM-SN. In Figure 5.3 (b), we report performance
NMSE vs. SNR while rank r = 3 and m/(pq) = 0.7 are fixed. We find that RSVM-
LD shows best performance in the middle SNR region (15 < SNR < 35), while NN
and SNA perform best in the low and high SNR regions. Next, in Figure 5.3 (c),
we report the NMSE vs. rank for m/(pq) = 0.7 and SNR = 20 dB. We find that
RSVM-LD is the best, and RSVM-SN and NN are comparable. At this point it is
interesting to investigate the performance at higher SNR, shown in Figure 5.4 for
SNR = 40 dB. While NN performs better for the case of NMSE versus m/(pq) in
Figure 5.4 (a) where r = 3, we notice that RSVM-LD is promising when rank is
higher as reported in Figure 5.4 (b). Finally, in Figure 5.5 we show the cpu execu-
tion times of all competing algorithms for the setup reported in Figure 5.3 (c). From
Figure 5.5, we conclude that NN, implemented using the cvx toolbox [GBY08], is
the fastest algorithm followed by the RSVM algorithms (implemented in Matlab).
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Figure 5.2: NMSE vs. m/(pq) for LRMR at SNR=20 dB.

5.5.3 Experiments using synthetic data for LRMC

For LRMC, the objective of the first experiment is to empirically find a good choice
of s for RSVM-SN. Like the first experiment for LRMR in section 5.5.2, we fixed
rank(X) = r = 3, p = 15, q = 30, SNR = 20 dB and varied m. The performance of
RSVM-SN for different s is shown in Figure 5.6. We found that s = 0.5 is a good
choice, and decided to use that throughout all relevant experiments.

Like the second experiment for LRMR in section 5.5.2, we conducted the second
experiment here to evaluate the LRMC performance of RSVM-LD and RSVM-SN
vis-a-vis NN, VB-1, VB-2, PMF and WTN. We used Matlab codes for VB-1 and
PMF from their respective authors. For other methods, we used our own codes.
We manually tuned the competing algorithms to improve their performance. The
results are shown in Figure 5.7. Figure 5.7 (a) shows NMSE vs. m/(pq) at r = 3,
p = 15, q = 30, SNR = 20 dB. We observe that for m/pq ≤ 0.5, RSVM-LD, PMF
and VB-2 provide the best performance while for m/pq ≥ 0.6 VB-1 performs the
best. Then, in Figure 5.7 (b), we report performance NMSE versus. SNR where
rank r = 3 and m/(pq) = 0.7 are fixed, and find that VB-1 shows best performance
closely followed by PMF and RSVM-LD. Next, in Figure 5.7 (c), we report the
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Figure 5.3: Comparison of algorithms for LRMR. (a) NMSE versus. m/(pq) at
SNR=20 dB and r = 3. (b) NMSE versus SNR at rank r = 3 and m/(pq) = 0.7.
(c) NMSE versus rank r at m/(pq) = 0.7 and SNR = 20 dB.
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Figure 5.4: Comparison of algorithms for LRMR at SNR = 40 dB. (a) NMSE versus.
m/(pq) for r = 3. (b) NMSE versus rank r for m/(pq) = 0.7.

NMSE versus rank for fixed m/(pq) = 0.7 and SNR = 20 dB, we find that VB-1
gave the best performance for rank ≤ 3 but then quickly degrades in performance.
For higher ranks, while PMF showed the best performance, the proposed RSVM
showed good performance.
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Figure 5.5: Mean cputime versus rank r for the setup in Figure 5.3 (c).

5.5.4 Experiments using MovieLens data for LRMC - Movie
rating prediction

To evaluate the performance on real data we used the MovieLens 100K dataset
[HKBR99]. The dataset contains user-movie pairs where in each pair, a user provides
an integer rating between 1− 5 to a movie. Each user has only rated a few movies
according to the features of movies, and the underlying assumption is that the rating
matrix has a factorized representation, leading to low-rank. Now let us assume that
we observe few ratings of the large rating matrix randomly. The goal is to infer
the missing ratings from the observed ratings and hence the problem is an LRMC
problem.

In our experimental study, we used the u1 datasets (both training and test-
ing) from the MovieLens dataset. Then we used a portion of the u1 datasets as
X. The dimensions of X are p = q = 100. According to the MovieLens dataset
instructions, we used m = 307 measurements. The measurements are collected via
a pre-determined element picking matrix A. Using the measurements and X from
the u1 training data, we learn the model parameters for all competing algorithms.
Then, using the learned parameters we perform LRMC for the u1 test data. For
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Figure 5.6: LRMC performance: NMSE versus m/(pq) for RSVM-SN at different
choice of s.

performance comparison, we use root-mean-square-error

RMSE = 1
|Jtest|

√ ∑
(i,j)∈Jtest

(Xij − X̂ij)2,

where Jtest denotes the set of unknown ratings, as this is a standard performance
measure for movie rating prediction. The performance of all competing algorithms
are shown in Table 5.1. It can be observed that RSVM algorithms provide good
performance.

5.5.5 Reproducible research

In the spirit of reproducible research, we provide code necessary for reproducing the
results in the website: https://github.com/MartinSundin/rsvm_simulation_code.
The code can be used to reproduce the figures 5.2, 5.3, 5.6 and 5.7.
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Figure 5.7: Comparison of algorithms for LRMC. (a) NMSE versus. m/(pq) at
SNR=20 dB and r = 3. (b) NMSE versus SNR at rank r = 3 and m/(pq) = 0.7.
(c) NMSE versus rank r at m/(pq) = 0.7 and SNR = 20 dB.

Table 5.1: RMSE of algorithms for MovieLens

Algorithm RMSE
RSVM-LD 0.0410
RSVM-SN 0.0588
NN 0.0757
VB-1 0.0389
SNA 0.1255
VB-2 0.0389
PMF 0.1258
WTN 0.1249

5.5.6 The Laplace transform for positive definite matrices
We here summarize the definition of the Laplace transform for positive definite
matrices. Further details can be found in [Ter12]. Let Sn+ = {Z ∈ Rn×n : Z � 0}
be the space of n× n positive definite matrices and let f be a real valued function
on Sn+. The matrix Laplace transform of f at Y ∈ Sn+ is

Lf(Y) =
∫

Z�0
f(Z)e−tr(ZY)dZ, where dZ =

∏
1≤i≤j≤n

dZij .
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The transform is defined for sufficiently nice functions [Ter12] for which it converges
when Re Y � Z∗ for some Z∗. The inverse Laplace transform can be expressed
as [Ter12]

1
(2πi)n(n+1)/2

∫
Re Y=Z∗

Lf(Y)etr(YZ)dY

=
{

f(Z) , if Z ∈ Sn+,
0, , otherwise

.

5.5.7 Derivation of the Laplace Approximation
The Laplace approximation is an approximation of the integral

I =
∫
e−

1
2 f(a)da,

where the integral is over a ∈ Rn. When the function e−
1
2 f(a) is sufficiently well

behaved, the integral can be well approximated by the Laplace approximation. In
the approximation, the function f(a) is approximated by a second order polynomial
around its minima a0 as

f(a) ≈ f(a0) + 1
2(a − a0)>H(a − a0),

where H = ∇2f(a)|a=a0 is the Hessian of f(a) at a0. The term linear in a vanishes
and H � 0 at a0 since we expand around a minima. With this approximation, the
integral becomes

I ≈
∫
e−

1
2 f(a0)− 1

4 (a−a0)>H(a−a0)da =

√
(4π)n
|H| e

− 1
2 f(a0).

In (5.8), the integral is given by

I = 1
(2π)pq/2

∫
α�0

e−
1
2 [tr(αZ)−q log |α|+K(α)]dα.

Set f(a) = tr(αZ) − q log |α| + K(α), where a = vech(α) and vech(·) is the half-
vectorization operator for symmetric matrices, e.g.

vech
(
a b

b c

)
=

 a

b

c

 .

Let α0 � 0 denote the minima of f(a) and H the Hessian at α0. Assuming that α0
and H are “large” in the sense that the integral over α � 0 can be approximated
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by the integral over α ∈ Rp×p we find that

I ≈ 1
(2π)pq/2

∫
e−

1
2 f(a0)− 1

4 (a−a0)>H(a−a0)da

= (4π)p2/2

(2π)pq/2|H|1/2
e−

1
2 f(a0),

where a0 = vech(α0).

5.5.8 Derivation of (5.21), (5.22), (5.23) and (5.24)
Let P1 , Pr

(
||P⊥L xi||22 ≤ ς||PLxi||22

)
and assume that 1 ≤ r < p and let n =

p− r. The random variables PLxi and P⊥L xi are independent zero-mean Gaussian
variables. Let w1, w2, . . . , wr, z1, z2, . . . , zn be i.i.d. N (0, 1) variables. For the proofs
of (5.21), (5.22), we find that

P1 = Pr
(
λL,r+1z

2
1+λL,r+2z

2
2+...λL,pz2

n

λL,1w2
1+λL,2w2

2+···+λL,rw2
r
≤ ς
)

(a)
≥ Pr

(
λL,r+1(z2

1+z2
2+···+z2

n)
λL,r(w2

1+w2
2+···+w2

r) ≤ ς
)

= 1− Pr
(
λL,r+1(z2

1+z2
2+···+z2

n)
λL,r(w2

1+w2
2+···+w2

r) ≥ ς
)

= 1− Pr
(

(w2
1+w2

2+···+w2
r)/r

(z2
1+z2

2+···+z2
n)/n ≤

nλL,r+1
ςrλL,r

)
(b)
≥ 1− B( r2 ,n2 ,ε1)

B( r2 ,n2 )
(c)
≥ 1− Cp,rεr/21 ,

(5.33)

where B(·, ·, ·) is the incomplete beta function, B(·, ·) = B(·, ·, 1) is the beta function
and

C−1
p,r = r

2B
(r

2 ,
n

2

)
, and ε1 = 1

1 + ς
λL,r
λL,r+1

.

In (a), λL,r+1z
2
1+λL,r+2z

2
2+...λL,pz2

n

λL,1w2
1+λL,2w2

2+···+λL,rw2
r
≤ λL,r+1(z2

1+z2
2+···+z2

n)
λL,r(w2

1+w2
2+···+w2

r) is used. In (b) we note that
(w2

1+w2
2+···+w2

r)/r
(z2

1+z2
2+···+z2

n)/n is F-distributed. Then, in (c), we use the following relation

B
(
r
2 ,

n
2 , ε1

)
=
∫ ε1

0 tr/2−1(1− t)n/2−1dt

= ε
r/2
1
∫ 1

0 u
r/2−1(1− ε1u)n/2−1du

≤ 2
r ε
r/2
1 .

(5.34)

This shows (5.22).
Suppose P2 , Pr

(
||X−Xr||2F ≤ ς||X||2F

)
. To show (5.24) we introduce the pro-

jection PR onto the subspace spanned by the r eigenvectors of α−1
R corresponding
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to the r largest eigenvalues and P⊥R = Iq − PR. Using the projection operators PL
and PR, we have the following relation

||X||2F = ||PLXPR||2F + ||PLXP⊥R ||2F
+||P⊥LXPR||2F + ||P⊥LXP⊥R ||2F .

If P1 and P2 are two projection operators with properties rank(P1) = p − r and
rank(P2) = q − r, then we have the following relation

||X−Xr||2F = min
P1,P2

||P1XP2||2F

≤ ||P⊥LXP⊥R ||2F .

We now find the following relation

P2 , Pr
(
||X−Xr||2F ≤ ς||X||2F

)
≥ Pr

(
||P⊥LXP⊥R ||2F ≤ ς||X||2F

)
≥ Pr

(
||P⊥LXP⊥R ||2F ≤ ς

(
||PLXPR||2F + ||P⊥LXP⊥R ||2F

))
= Pr

(
||P⊥LXP⊥R ||2F ≤ ς

1−ς ||PLXPR||2F
)
, P3

The random variables PLXPR and P⊥LXP⊥R are independent zero-mean Gaussian
variables. Let {wi,j}, and {zk,l} be i.i.d. N (0, 1) variables, where 1 ≤ i, j ≤ r,
1 ≤ k ≤ p− r and 1 ≤ l ≤ q − r. This gives us that [GN99]

P3 = Pr
(∑p−r

k=1
∑q−r
l=1 λL,r+kλL,r+lw

2
k,l∑

1≤i,j≤r λL,iλR,jz
2
i,j

≤ ς

1− ς

)
.

Using that ∑
1≤i,j≤r

λL,iλR,jz
2
i,j ≥ λL,rλR,r

∑
1≤i,j≤r

z2
i,j ,

p−r∑
k=1

q−r∑
l=1

λL,r+kλR,r+lw
2
k,l ≤ λL,r+1λR,r+1

p−r∑
k=1

q−r∑
l=1

w2
k,l,

we find that

P3 ≥ Pr
(∑p−r

k=1
∑q−r
l=1 w

2
k,l∑

1≤i,j≤r z
2
i,j

≤ ς

1− ς
λL,rλR,r

λL,r+1λR,r+1

)
.

Since
1

(p−r)(q−r)
∑p−r
k=1

∑q−r
l=1 w

2
k,l

1
r2

∑
1≤i,j≤r z

2
i,j
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is F-distributed, we find that

P2 ≥ P3 ≥ 1−
B
(
r2

2 ,
(p−r)(q−r)

2 , ε2

)
B
(
r2

2 ,
(p−r)(q−r)

2

) ≥ 1− Cr,p,qε
r2
2

2 ,

where

C−1
r,p,q = r2

2 B
(
r2

2 ,
(p−r)(q−r)

2

)
,

ε2 = 1
1+ ς

1−ς
λL,r
λL,r+1

λR,r
λR,r+1

.

5.5.9 The EM help function

The EM help function Q(Θ,Θ′) is given by

Q(Θ,Θ′) = EX|y,Θ′ [log p(X|y,Θ)] = c+ m

2 log β

− β

2 E [||y−Avec(X)||22 −
1
2E [tr(αLXαRX>)]

+ q

2 log |αL|+
p

2 log |αR|,

where c is a constant. Using that

E [||y−Avec(X)||22] = ||y||22 − 2y>Avec(X̂)
+ tr(A>A(vec(X̂)vec(X̂)> + Σ′))
= ||y−Avec(X̂)||22 + tr(A>AΣ′),

and

E [tr(αLXαRX>)]
= tr((αR ⊗αL)(vec(X̂)vec(X̂)> + Σ′))
= tr(αLX̂αRX̂>) + tr((αR ⊗αL)Σ′),

we recover the expression (5.28) for the EM help function.

5.5.10 Details for the RSVM with the Schatten s-norm penalty

We here set S = εIq to keep the derivation more general. The regularized Schatten
s-norm penalty is given by

g̃(Z) = tr((X>X + S)s/2).
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For the concave conjugate formula (5.10) we find that the minimum over Z occurs
when

α− s

2(Z + S)s/2−1 = 0.

Solving for Z gives us that

K̃(α) = −tr(αS)− 2− s
s

(
2
s

)−2/(2−s)
tr(α−2/(2−s)),

which results in (5.12).
Using (5.28), we find that the minimum of (5.27) for the Schatten s-norm occurs

when

X̂αRX̂> + Σ̃R −
(

2
s

)−s/(2−s)
α
−2/(2−s)
L = 0

Solving for αL gives us (5.30). The update equation for αR is derived in a similar
manner.

5.5.11 Details for RSVM-LD

The log-determinant penalty is given by

g(X) = ν log |Z + S|.

For the concave conjugate formula (5.10) we find that the minimum over Z occurs
when

α− ν(Z + S)−1 = 0.

Solving for Z gives that

K̃(α) = −tr(αS) + ν log |α|+ νp− ν log ν.

By removing the constants we recover (5.14).
Using (5.28), we find that the minimum of (5.27) with respect to αL for the

log-determinant penalty occurs when

X̂αRX̂> + Σ̃R + SL − να−1
L = 0

Solving for αL gives us (5.31). The derivation of the update equation for αR is
found in a similar way.
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5.5.12 Update equations of VB-1 for LRMR
Here we generalize the update equations of the Variational Bayes method from
[BLMK12] to LRMR, referred to as VB-1 in section 5.5.1. Similar methods were
used in [MS07, SM08,NSB13,LT07]. The VB-1 method factorizes the matrix X ∈
Rp×q as

X = FB>,

were the column vectors of F = [f1 f2 . . . fr] ∈ Rp×r, B = [b1 b2 . . . br] ∈ Rq×r
(r ≤ min(p, q) is a user parameter) are given Gaussian priors as

p(F|γ) =
r∏
i=1
N (fi|0, γ−1

i Ip),

p(B|γ) =
r∏
j=1
N (bj |0, γ−1

j Iq),

where γi > 0 is the precisions of fi and bi. We usually set r = rank(X) when the
rank is known, otherwise r can be used to upper bound the rank of X̂ = F̂B̂>. The
additive noise in (5.1) is modeled as a zero-mean white Gaussian with the unknown
precision β > 0. The precisions are given Gamma and Jeffreys priors as

p(γi) ∝ γa−1
i exp(−bγi),

p(β) ∝ β−1.

In the variational Bayes framework, blocks of variables are assumed to have
independent posterior distributions allowing to approximate the posterior. Assume
that we want to approximate a distribution p(z) using variational Bayes. Let zI
denote the variables with indices’s in a set I, the variational Bayes approximates
the distribution p(zI) by q(zI) as [Bis06]

log q(zI) = EzIc |zI [log p(zI , zIc)] + constant.

Different choices of blocks of parameters can be made, we here chose to use indepen-
dent rows in F and B (as in [BLMK12]) since it gives good (empirical) performance.
We here use Ak to denote the k’th sensing matrix in (5.2), [Ak].i to denote the
i’th column vector of Ak, [Ak]i. to denote the i’th row vector of Ak and [Ak]ij to
denote the (i, j)’th component of Ak. We also set Γ = diag(γ1, γ2, . . . , γr).

Given means γ̂, β̂ of γ and β, that bk ∼ N (b̂k,Σ(B)
k ) for all k and fj ∼

N (̂fj ,Σ(F )
j ) for all j 6= i, we find that

log q(fi) = − β̂2

(
m∑
k=1

y2
k − 2f>i B̂>[Ak]i.yk
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+2
∑
j 6=i

f>i E
[
B>[Ak]i.[Ak]>j.B

]
f̂j

+f>i E
[
B>[Ak]i.[Ak]>i.B

]
fi
)
− 1

2 f>i Γfi + constant.

where

E
[
B>[Ak]i.[Ak]>j.B

]
=B̂>[Ak]i.[Ak]>j.B̂

+
∑
c

[Ak]ic[Ak]jcΣ(B)
d .

This gives us that fi ∼ N (̂fi,Σ(F )
i ) with

f̂i = β̂Σ(F )
i

(
B̂>

∑
k

yk[Ak]i.

−
∑
j 6=i,k

E
[
B>[Ak]i.Ak]>j.B

]
f̂j

 ,

Σ(F )
i =

(
β̂
∑
k

E
[
B>[Ak]i.[Ak]>i.B

]
+ Γ

)−1

.

Similarly, when the distributions of the other variables are fixed, we get that
bi ∼ N (b̂i,Σ(B)

i ) with

b̂i = β̂Σ(B)
i

(
F̂>
∑
k

yk[Ak].i

−
∑
j 6=i,k

E
[
F>[Ak].i[Ak]>.jF

]
b̂j

 ,

Σ(B)
i =

(
β̂
∑
k

E
[
F>[Ak].i[Ak]>.iF

]
+ Γ

)−1

,

where now

E
[
F>[Ak].i[Ak]>.jF

]
=F̂>[Ak].i[Ak].jF̂

+
∑
d

[Ak]di[Ak]djΣ(F )
d .

We also find that the precisions γi are Gamma distributed with posterior pa-
rameters

âi = p+ q + 2a
2 ,

b̂i = 1
2

(
||̂fi||22 + ||b̂i||22 + tr(Σ(F )

i ) + tr(Σ(B)
i ) + 2b

)
.
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This gives us that the posterior mean of γi is γ̂i = âi/b̂i. Similary we find that the
posterior distribution of β is Gamma(ĉ, d̂) with

ĉ = m/2,

d̂ = 1
2

||y− vec(F̂B̂>)||22 +
∑
i,k

(̂
f>i AkΣ(B)

i A>k f̂i

+b̂>i A>k Σ(F )
i Akb̂i + tr(Σ(F )

i AkΣ(B)
i A>k )

)]
.

The posterior mean of β is thus β̂ = ĉ/d̂.

5.6 Conclusion

We derived a low-rank analogue of the Relevance Vector Machine, called the Rel-
evance Singular Vector Machine (RSVM). The RSVM uses precision matrices and
a hierarchical prior to promote low-rank in X. For the one-sided model, the prior
of the precision matrix is related to the marginal prior on X through the Laplace
transform and through the concave conjugate formula. However, for the MAP es-
timation problem, the concave conjugate formula gives an exact relation. For the
two-sided model, an relation is more difficult to establish because of the prior on
X depends non-linearly on the precision matrices. Simulations show that the per-
formance of the RSVM methods is similar to the performance of the nuclear norm
estimator for SNR = 20 dB and slightly worse than the performance of the nuclear
norm for SNR = 40 dB. The RSVM method suffers from high complexity but shows
good performance. To develop the method for larger scale problems is therefore an
interesting problem.



Chapter 6

Bayesian learning for robust PCA

One of the main tasks in signal processing and machine learning is to describe
data in as simple a manner as possible. This is usually done by describing
the data with fewer parameters than the number of data points. In the linear

model, this is done by writing the data points as linear combinations of a fixed set
of atoms. Often, the atoms themselves are not known. It is then required to learn all
parameters from data alone. One method for finding a simple linear description is
Principal Component Analysis (PCA) which attempts to find a lower-dimensional
subspace which best describes the data best. The mismatch between the data and
the PCA description is often treated as noise.

PCA is a kind of least square estimator and works well when the noise is dense.
However, similarly to the standard least squares, PCA is sensitive to sparse outlier
noise. Since the outliers are sparse and the PCA estimate is low-rank, the robust
PCA problem is a combination of the sparse and low-rank estimation problems.
Many methods for sparse and low-rank problems have been adapted to the robust
PCA problem. Here we construct a Bayesian method for robust PCA by combining
the robust SD-RVM from Chapter 4 and the RSVM from Chapter 5.

6.1 Robust principal component analysis

Robust Principal Component Analysis (RPCA) is the problem of estimating a low-
rank matrix X from measurements

Y = X + S + N ∈ Rp×q, (6.1)

where Y is the observed matrix, N is additive dense noise (typically isotropic Gaus-
sian) and S is a sparse matrix modeling outliers. The RPCA model (6.1) has been
used in e.g. [CLMW11,WLZ13,ZT11,BLMK12,Wip12,DHC11,WYG+09,CSPW11,
OCS14,SW12,MMG13] to model different phenomena and has applications in e.g.
image processing, collaborative filtering, face recognition [CLMW11] and machine
learning [WLZ13]. The system model (6.1) can also be used in a matrix completion
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setup, where only some components of Y are observed, by modeling the unobserved
entries as outliers.

In the literature, three classes of estimation methods are typically used: greedy,
convex optimization based and Bayesian. The greedy method in [ZT11] uses alter-
nating optimization to estimate X and S via a least-squares principle. The greedy
method is highly effective but requires rank and sparsity level to be known a-priori.
The method may therefore be infeasible in many applications. The convex opti-
mization based method in [CLMW11] is called principal component pursuit (PCP)
and uses nuclear-norm and `1-norm penalty functions to estimate X and S. One
limitation of PCP is that it requires the power of the dense noise to be known. In
absence of a-priori knowledge, Bayesian methods are a suitable choice since they
can learn all necessary parameters from data. Formulating a Bayesian method for
(6.1) requires low-rank and sparsity promoting priors for X and S, respectively. The
method of [BLMK12] uses a variational Bayes (VB) approach where the low-rank
prior is induced using block sparsity in a matrix factorization model. The empirical
Bayes (EB) method of [Wip12] promotes low-rank by modeling the column vectors
of X as correlated Gaussian vectors. Further, in [Wip12] S is given a sparsity pro-
moting prior by the usual approach where the elements are Gaussian variables with
gamma distributed precisions.

In this chapter we develop a new Bayesian method for RPCA. To promote low-
rank, we use a model that induces correlations among the column and row vectors
of X. The new method is called robust RSVM (rRSVM) and the parameters are
estimated using the expectation-maximization (EM) framework. Through numer-
ical simulations, we investigate the performance for synthetic data as well as real
data from the MovieLens 100K dataset [HKBR99]. The performance of rRSVM is
found to be better than that of the competing algorithms PCP, EB and VB for
both synthetic and real data.

6.2 Robust RSVM

To formulate a Bayesian learning method for the RPCA model (6.1), we need
appropriate priors for X, S and N. Here we use the prior for outliers from Chapter 4
to promote sparsity and the two-sided precision with log-determinant prior from
Chapter 5 to promote low-rank. We first discuss the priors in Section 6.2.1 and then
design the learning algorithm rRSVM in Section 6.2.2 using the EM framework.

6.2.1 Priors for low-rank and sparsity

Low-rank promoting prior

As in Chapter 5 we set the prior on X to be

vec(X) ∼ N (0,α−1
R ⊗α

−1
L ), (6.2)
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and the prior on the precision matrices to be

p(αL) ∝ |αL|(ν−q)/2e−
ε
2 tr(αL),

p(αR) ∝ |αR|(ν−p)/2e−
ε
2 tr(αR),

(6.3)

Prior for combined noise

As in Chapter 4 we model the combined noise as

Sij +Nij ∼ N (0, β−1
ij ), (6.4)

where βij > 0 is the total noise precision of the combined noise component Sij+Nij .
The motivation of using a combined model instead of an independent treatment
stems from the fact that S and N need not be separated individually for estima-
tion of X. This approach also reduces the number of model parameters and often
improves estimation performance [SCJ15b]. The combined noise is only approxi-
mately sparse and is well modeled using a sparsity promoting prior. We here use
the Gamma prior

p(βij) = Gamma(βij |a+ 1, b) = ba+1

Γ(a+ 1)β
a
ije
−bβij , (6.5)

for the noise precisions βij , where Γ(·) denotes the Gamma function [Bis06], to
promote sparsity in the noise [Wip12,MVC10].

6.2.2 Bayesian learning algorithm for rRSVM
A common method for estimating the model parameters is the maximum a-posteriori
method

X̂, θ̂ = arg max
X,θ

p(X, θ|Y), (6.6)

where θ = {αL,αR,β}. The maximization of (6.6) is often hard to perform in prac-
tice and therefore needs to be approximated through e.g. evidence approximation
or expectation maximization (EM) [Bis06]. To initialize EM, we make an initial
choice of θ. Next, in the expectation step, EM computes the posterior distribution
p(X|Y, θ′) of X given the measurements Y and the latent variables θ′ from the
previous iteration. In the second step (the maximization step), the latent variables
θ are updated by maximizing the EM help function

Q(θ, θ′) = E [log p(Y,X|θ)|Y, θ′] + log p(θ),

with respect to θ. The expectation and maximization step is repeated until con-
vergence. An advantage of EM over e.g. evidence approximation is that it has
established monotone convergence properties [Bis06], i.e. in each iteration the cost
in (6.6) does not increase.
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For Bayesian RPCA (6.1) with the priors (5.17), (5.14) and (6.5), the posterior
distribution p(X|Y, θ′) is Gaussian with mean

vec(X̂) = ΣB′vec(Y),

Σ = ((α′R ⊗α′L) + B′)−1
,

where B′ = diag(vec(β′)) and Σ is the covariance matrix of vec(X).
The EM help function for our model becomes

Q(θ, θ′) = −1
2
∑
i,j

(
βij(Yij − X̂ij)2 − log βij

)
− 1

2tr(X̂>αLX̂αR)− 1
2tr(Σ[(αR ⊗αL) + B])

+ q

2 log |αL|+
p

2 log |αR|+ log p(θ) + constant,

where B = diag(vec(β)). The priors of the precisions is denoted by p(θ), i.e.

log p(θ) = log p(αL) + log p(αR) +
∑

1≤i≤p
1≤j≤q

log p(βij).

Maximizing the EM help-function with respect to θ we find the update equations

βij = 1 + 2a
(Yij − X̂ij)2 + [Σβ ]ij + 2b

, (6.7)

αL = ν
(
X̂αRX̂> + ΣL + εIp

)−1
, (6.8)

αR = ν
(
X̂>αLX̂ + ΣR + εIq

)−1
, (6.9)

where [Σβ ]ij denotes the (i, j) component of the matrix Σβ . The matrices Σβ ∈
Rp×q, ΣL ∈ Rp×p and ΣR ∈ Rq×q are defined by their elements

[Σβ ]ij = [Σ]i+p(j−1),i+p(j−1), (6.10)
[ΣL]ij = tr(Σ(αR ⊗EL

ij)), (6.11)
[ΣR]ij = tr(Σ(ER

ij ⊗αR)), (6.12)

where EL
ij ∈ Rp×p and ER

ij ∈ Rq×q are matrices with a 1 in position (i, j) and
zeros otherwise. Typically, the regularization parameters a, b and ε are set to small
values, e.g. 10−4. In the simulations we initialized the algorithm by setting the
matrix precisions to identity matrices and all noise precisions to one. We stopped
iterating when the relative difference ||X̂− X̂(old)||2F /||X̂(old)||2F was less than 1%.
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Figure 6.1: NMSE vs. number of outliers, K.

6.3 Numerical experiments

We used numerical simulations to evaluate the performance of the algorithms
PCP [CLMW11], VB [BLMK12], EB [Wip12] and rRSVM. First, we generated
synthetic test data for (6.1). We estimated the low-rank matrix X using the dif-
ferent algorithms and empirically evaluated the Normalized Mean Square Error
(NMSE)

NMSE =
E
[
||X− X̂||2F

]
E [||X||2F ] .

We considered the case where both the rank, sparsity and SNR is unknown. To
make a broader comparison we also compared with the PCP algorithm for which
we assumed the SNR to be known a-priori. For PCP we used ε = σn

√
pq +

√
8pq

as suggested in [CRT06].

6.3.1 Synthetic data
To generate synthetic measurements (6.1), we generated the low rank matrix by
setting X = AB, where the elements of A ∈ Rp×r and B ∈ Rr×q were drawn from
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Figure 6.2: NMSE vs. p, number of rows of the matrix.

a N (0, 1) distribution. The sparse matrix S was generated by selecting the positions
of the K non-zero coefficients uniformly at random and drawing their values from
N (0, 1). The elements of the dense noise matrix was drawn independently from
N (0, σ2

n), where σ2
n is chosen to fix the signal-to-noise ratio (SNR)

SNR = E[||X + S||2F ]
E[||N||2F ] = rpq +K

pqσ2
n

.

We evaluated the NMSE over 100 realizations for each parameter value.
We measured how the number of outliers affect the algorithms by setting p = 10,

q = 20, r = 3, SNR = 20 dB and varying K, the number of outliers. We found that
EB and rRSVM gave a lower NMSE than PCP for K ≤ 14. The NMSE of rRSVM
was 2.6 dB lower than that of EB for K ≥ 5. The NMSE of PCP was 6 dB lower
than that of VB. The results are shown in Figure 6.1. For recovering the sparse
component, VB was most efficient followed by rRSVM.

To evaluate the effect of the matrix size, we varied p, the height of the matrix,
for q = 2p, r = d0.15pe, K = d0.05pqe and SNR = 20 dB. We found that the NMSE
of rRSVM was 1.7 to 3.3 dB lower than the NMSE of EB, the NMSE of EB was
2.4 to 5.5 dB lower than the NMSE of PCP and the NMSE of PCP was 4.4 to 6.2
dB lower than the NMSE of VB. The results are shown in Figure 6.2.
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Figure 6.3: NMSE vs. SNR.

Finally, we measured the sensitivity to noise by setting p = q = 10, r = 2,
K = 5 and varied the SNR. We found that rRSVM performed best for SNR ≥ 10
dB. For SNR = 30 dB, the NMSE of rRSVM was 9.7 dB lower than the NMSE of
EB while the NMSE of PCP was 9.5 dB lower than the NMSE of VB. The results
are shown in Figure 6.3.

6.3.2 MovieLens dataset

The MovieLens 100K dataset [HKBR99] consists of 100 000 ratings of 1682 movies
by 943 users collected in the years 1997 and 1998. Each rating is given by an integer
from 1 to 5. In collaborative filtering, the movies are modeled by certain features,
e.g. genre, and each user has preferences based on these features. The preferences
of a user can thus be modeled as a linear combination of preferences for certain
(unknown) features. For a low number of relevant features, the matrix of ratings is
a low-rank matrix.

Some users may have unique preferences for which the low-rank model is ill-
suited. There are also examples of so called schilling attacks in which users gener-
ate ratings in order to manipulate recommendations [CNZ05]. Ratings which are
not modeled well by a low-rank matrix are often few and can thus be modeled
by a sparse matrix, the recommendation problem then becomes a robust matrix



108 Bayesian learning for robust PCA

Partition PCP VB EB rRSVM
u1 65.9 78.5 78.5 22.8
u2 79.7 58.3 58.3 22.5
u3 64.9 40.7 40.7 13.8
u4 58.5 37.2 37.2 13.4
u5 37.5 37.4 37.4 12.3

Table 6.1: Error when using the first 75 rows and columns of the MovieLens 100K
dataset.

completion problem.
To test the algorithms for robust matrix completion, we used the predefined

partitions u1, u2, u3, u4 and u5 of the MovieLens dataset into training and test
data. We used only part of the dataset in order to run the algorithms in reasonable
time. In simulations we performed full matrix completion on the training set and
calculated the (Frobenius) error over the test set, i.e.

Error =
√ ∑

(i,j)∈Ωtest

(X̂ij −X(test)
ij )2.

We assumed noise-free measurements for PCP.
We found that rRSVM gave a lower error than the other algorithms. The per-

formance of EB and VB was close to identical (differing first in the 6’th decimal
place). PCP gave a lower error than EB and VB only for u1. The errors are shown
in Table 6.1.

6.4 Conclusion

In this chapter we developed a robust Relevance Singular Vector Machine for robust
principal component analysis. The algorithm uses matrix precisions to promote
low-rank and models the sparse and dense noise as a single noise source. Through
Bayesian modeling, we are able to learn all parameters from data and can thus
handle situations in which neither the rank, sparsity of outliers nor the noise power
is known. Moreover, the Bayesian method provide error estimates of the estimated
variables. The algorithm outperforms principal component pursuit, the empirical
Bayes and the variational Bayes in numerical experiments with synthetic and real
data.

Robust principal component analysis is a relevant problem that appears in many
applications. Hence, it is important to develop more accurate methods. In many
real world scenarios, such as the MovieLens dataset, neither the rank, sparsity
of outliers nor noise power are known a-priori. Since this is a common scenario,
robust Bayesian methods are important for signal processing and machine learning
applications.



Chapter 7

Bayesian Cramér-Rao bounds for low-rank
matrix estimation

In the work of designing more accurate estimation algorithms, it is useful to
know how close (or far) the algorithms are from being optimal. Theoretical
lower bounds provide limits on the Mean-Square Error (MSE) of estimators.

When the performance of an estimator reaches the lower bound, we know that the
estimator is optimal and that the bound is the best possible. When the performance
of the best estimator and best lower bounds does not meet, it shows that there is
possible to design better estimators and/or better bounds.

The Cramér-Rao bound [Cra47, Kay93] provides a lower bound on the MSE
for unbiased estimators of deterministic parameters. When the parameters to be
estimated are random, the prior distributions need to be taken into account when
deriving lower bounds. This is because the prior distribution brings additional in-
formation about the parameters. A strong prior gives much information about the
variable while a weak prior gives less information about the parameters. For the ran-
dom variables, a lower bound is given by the Bayesian Cramér-Rao Bound (BCRB)
[VT04,VTB07,GL95,BS80]. In this chapter we investigate Bayesian Cramér-Rao
bounds for certain Bayesian low-rank reconstruction models.

7.1 Introduction

In low-rank matrix reconstruction (LRMR), we seek to estimate a low-rank matrix
X ∈ Rp×q from linear measurements

y = A(X) + n = Avec(X) + n = Ax + n, (7.1)

where y ∈ Rm is the observed measurements, n ∈ Rm is additive measurement noise
and the sensing operator A : Rp×q → Rm and the sensing matrix A ∈ Rm×pq are
two equivalent representations of the linear sensing process. For brevity we intro-
duce x , vec(X) where vec(·) is the standard vectorization operator. The sensing

109
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operator A and sensing matrix A are linear operators which can be represented as

Avec(X) = A(X) =


tr(A>1 X)
tr(A>2 X)

...
tr(A>mX)

 ,

where the i’th row of A is vec(Ai)> with Ai ∈ Rp×q and i = 1, 2, . . . ,m. The
sensing matrix A (and therefore also A) is assumed to be known. An important
special case of LRMR is matrix completion where we observe individual elements
of X.

The LRMR problem occurs in several applications, such as system identification
[CP10,Faz02,ZSJC12] and recommendation systems [CP10,CR09,CP11,RFGST09,
CWZY15,YC11,KBV09,LBA11,Alq13,Suz15,HKBR99,SS10,SM08,LT07,RIK07,
FRW11,MS07, LB10,BLMK12,Wip12, SRJC,TN11,CT10]. In many applications,
the LRMR problem setup (7.1) is under-determined, i.e. m < pq.

There exists several reconstruction algorithms for LRMR, see e.g. [CR09,RFGST09,
CWZY15, YC11, KBV09, LBA11, SS10, SM08, LT07, RIK07, FRW11, MS07, LB10,
BLMK12,Wip12,SRJC,TN11]. In the Bayesian strategy, the low-rank property of
the matrix X is modeled by a prior distribution. Prominent models of prior distribu-
tions are the factorized model of [KBV09,SS10,SM08,LT07,RIK07,BLMK12] and
the hierarchical model of our previous work [SRJC]. Our contribution is the theo-
retical derivation of Bayesian Cramer-Rao bounds (BCRB) for the mentioned prior
models. We also evaluate BCRB for a direct low-rank promoting prior distribution
that was not used in practical algorithms, but that is interesting for theoretical un-
derpinning. Finally, we perform numerical simulations to compare the performance
of practical Bayesian LRMR algorithms against the derived BCRB bounds.

BCRB’s for sparse Bayesian models was considered in [PM13]. On the topic
of deriving BCRB for LRMR, there exists no work in literature except the work
[YC11] that only considered a restricted case of low-rank matrix completion and a
factorized model for X. Our work goes much beyond the work of [YC11]. At this
point we mention that there exists bounds for deterministic scenario of LRMR, such
as Cramer-Rao bounds for unstructured [TN11] and structured [ZSJC12] low-rank
matrices. In the following subsections, we explain notations used in this article and
provide preliminaries of BCRB.

7.1.1 Notation
We use Eq[·] to denote the expectation value with respect to random variables
q. The element-wise (Khatri-Rao) product of two matrices is denoted by ◦ and
the Kronecker product by ⊗. The `2-norm and Frobenius norm are denoted by
‖.‖F . We denote the k × k identity matrix by Ik and the i’th unit vector by ei,
i.e. ei = [0, 0, . . . , 0, 1, 0, . . . , 0]>. We also use the matrices EL

ij ∈ Rp×p and
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ER
ij ∈ Rq×q defined as

[Eij ]kl =
{

1 if (k, l) = (i, j) or (k, l) = (j, i),
0 otherwise

.

The commutation matrix is the matrix representation of the transpose operation,
i.e. Kp,qvec(Z) = vec(Z>) for all Z ∈ Rp×q and can be expressed as

Kp,q =
∑

1≤i≤q,1≤j≤p
eie>j ⊗ eje>i .

We introduce the linear operators T1 and T2 such that T1(C⊗D) = (C> ⊗D) and
T2(C⊗D) = (C⊗D>) for all matrices C ∈ Rq×q and D ∈ Rp×p. The operators
are defined for any matrix W ∈ Rpq×pq through linearity.

We also introduce the matrix Dp such that

Dpvec(Z) = vec
(
Z + Z> − (Z ◦ Ip)

)
,

where Z ∈ Rp×p. We find that D>p = Dp. The matrix is useful when taking deriva-
tive with respect to a symmetric matrix. If Z is symmetrix, then e.g. [KvR06]

∂ log |Z|
∂vec(Z) = vec(2Z−1 − (Z−1 ◦ Ip)) = Dpvec(Z−1),

∂vec(Z−1)
∂vec(Z) = −Dp(Z−1 ⊗ Z−1),

∂tr(AZ)
∂vec(Z) = Dpvec(A).

7.1.2 Preliminaries on BCRB
Without loss of generality, we assume that the matrix X is a function of some
parameters w ∈ Rn. We write this dependence as x = h(w) where h(·) is a known
function. We model random matrices X by letting w be a random variable with
a prior distribution p(w|θ) that depends on some hyper-parameters θ ∈ RK . The
hyper-parameters θ can be either deterministic or random. When the prior is on X
directly, we set x = w. Throughout the chapter, we assume the noise is zero-mean
white Gaussian distributed as

n ∼ N (0, β−1Im).

where β > 0 is the noise precision. When β is random, we assume that it is Gamma
distributed with a prior Gamma distribution

p(β) = Gamma(β|c, d) = 1
Γ(c)d

cβc−1e−dβ , (7.2)
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where Γ(·) is the standard Gamma function and c, d > 0 are model parameters.
The joint distribution of all variables is

p(y,w,θ, β) = p(y|w, β)p(w|θ)p(θ)p(β).

For brevity of notation, we denote the model variables by

z , [w> θ> β]>. (7.3)

We are often interested in estimating a variable η , g(z) where g(·) is a known
function. The BCRB provides a lower bound on the mean-square-error (MSE) of an
unbiased estimator η̂. In the literature, the BCRB is also known as the van-Trees
inequality [VT04,VTB07] and the Borovkov-Sakhanenko inequality [VTB07,BS80].
To derive the BCRB, we need to compute the Fisher information matrix F of z

[F]ij = Ey
[
∂ log p(y, z)

∂zi

∂ log p(y, z)
∂zj

]
,

where zi denotes the i’th element of z. We denote the covariance matrix of the
estimation error ε , η̂ − η by

Cε , Ey,z
[
εε>

]
= Ey,z

[
(η̂ − η)(η̂ − η)>

]
.

Proposition 7.1.1 (BCRB). Assume that g(z) does not depend on A. For an
unbiased estimator η̂, the covariance Cε of the estimation error ε is bounded as

Cε � Ez
[
∂g
∂z

]
(Ez[F])−1 Ez

[
∂g
∂z

]>
. (7.4)

It also holds that

Cε � Ez

[
∂g
∂z

∂g
∂z

>
](
Ez

[
∂g
∂zF∂g

∂z

>
])−1

Ez

[
∂g
∂z

∂g
∂z

>
]
. (7.5)

When g(z) = z, both bounds reduce to the bound Cε � (Ez[F])−1. Proof of
Proposition 7.1.1 is given in Section 7.4.3. While (7.4) is easier to evaluate, the
BCRB (7.5) can sometimes be more informative, for example when Ez

[
∂g
∂z

]
= 0.

We obtain a lower bound on the MSE by taking the trace of the inequalities.
Table 7.1 shows a nomenclature of various BCRBs and their associated variables.

7.2 Priors for low-rank matrices

In this section, we show three prior models for random low-rank matrices. Later we
evaluate the BCRB for these priors.
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Table 7.1: BCRB for different cases

BCRB-I BCRB-II BCRB-III BCRB-IV
Variable Random Random Random Random and

x = h(w) marginalized
hyper-parameters Deterministic Deterministic Random Deterministic

θ, β known unknown unknown
Performance Ey,w‖x− x̂‖2 Ey,w‖x− x̂‖2 Ey,w,θ,β‖x− x̂‖2 -

measures - Ey,w‖θ − θ̂‖2 Ey,w,θ,β‖θ − θ̂‖2 Ey‖θ − θ̂‖2

- Ey,w(β − β̂)2 Ey,w,θ,β(β − β̂)2 Ey(β − β̂)2

7.2.1 Sparsity-based model
The sparsity based model induces low-rank by making many of the singular values
of a matrix zero. The singular value decomposition of a matrix X ∈ Rp×q is the
factorization X = UΣV> where U ∈ Rp×k and V ∈ Rq×k are matrices such that
U>U = V>V = Ik for k = min(p, q) [HJ12]. The matrix Σ = diag(σ1, σ2, . . . , σk)
is diagonal and σ1 ≥ σ2 ≥ · · · ≥ σk ≥ 0 are the singular values of X. To emphasize
the dependence on X, we sometimes use the notation σi , σi(X) and σ , σ(X) =
[σ1(X), . . . , σk(X)]>.

The rank of a matrix is the number of non-zero singular values. A suitable
low-rank prior can thus be constructed by using a sparsity-based model by setting

p(X)dX = Ce−f(σ(X))dX, (7.6)

where C is a normalization constant, dX is the integration measure and f(·) is a
suitable function. By a change of variables, the distribution of the singular values is
found to be p(σ)dσ = Ce−f(σ)ζ(σ)dσ, where ζ(σ) is the Jacobian. If realizations
of σ ∼ p(σ) are sparse, then realizations of p(X) are low-rank. In general, the
realizations are only approximately low-rank since the distribution is continuous.
For the above prior (7.6), the matrices U and V are uniformly distributed on their
domains, i.e. their probability distributions are proportional to the Haar measure
on their respective Stiefel manifolds [Mui09]. For the sparsity-based model (7.6),
we have that

w = x and θ = ∅,

where ∅ denotes the null/empty set. The prior is directly on x and there are no
unknown hyper parameters. For the sparsity-based model, we especially consider
the generalized compressible prior (GCP) [PM13,GCD12]

f(σ)− log ζ(σ) = s

τ

k∑
i=1

log (1 + στi ) , (7.7)
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where τ, s > 0 are model parameters. The choice of the prior (7.7) is due to its
sparsity promoting properties [GCD12].

7.2.2 Factorized model
In the factorized model, the low-rank matrix is written as a product of two matrices

X = LR>, (7.8)

where L ∈ Rp×r, R ∈ Rq×r, and r < min(p, q) [RFGST09,CWZY15,YC11,KBV09,
LBA11,Alq13,SM08,LT07,RIK07,MS07,BLMK12,ZSJC12]. One method for pro-
ducing rank lower than r is to promote block-sparsity for the columns of L and R.
To achieve column-wise block-sparsity in L and R, a common approach is to use
the priors [Alq13,SM08,LT07,MS07,BLMK12]

p(L|γ) = |Γ|p/2

(2π)pr/2
exp

(
−1

2tr
(
LΓL>

))
,

p(R|γ) = |Γ|q/2

(2π)qr/2
exp

(
−1

2tr
(
RΓR>

))
,

(7.9)

where Γ = diag(γ) and γ = [γ1, γ2, . . . , γr]>. In this model, γi is the precision of
the i’th column of L and R. To promote sparsity, the precisions are given Gamma
distributions

p(γi) = Gamma(γi|a, b) (7.10)

as priors. For the factorized model (7.8) we thus have that

w =
[

vec(L)
vec(R)

]
and θ = γ. (7.11)

We use the above parameters since finding p(X|γ) is non-trivial for the factorized
model.

At this point, we mention that the individual factor matrices L and R are
not identifiable since (LQ>)(RQ−1)> = LR for any invertible matrix Q ∈ Rr×r.
Also, the individual precisions γi are not identifiable since two precisions can be
interchanged without altering the model. We can therefore not derive bounds for
the individual factor matrices or the individual precisions, but instead the BCRB
for LR> and a symmetric function s(γ) of γ. The variable of interest is therefore

η = g(z) = g


 w
θ

β


 =

 vec(LR>)
s(γ)
β

 . (7.12)
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7.2.3 RSVM model

In the RSVM model [SRJC], the low-rank matrix X is modeled as

X = α
−1/2
L Uα

−1/2
R (7.13)

where αL ∈ Rp×p and αR ∈ Rq×q are positive definite precision matrices and the
elements of U are iid Gaussian N (0, 1) variables. In [SRJC] we showed that the
use of Wishart distributions as priors for precision matrices promote low-rank in
X. Through the relation vec(X) = (α−1/2

R ⊗α−1/2
L ) vec(U), we find that

p(X|αL,αR) = |αR ⊗αL|
1/2

(2π)pq/2
exp

(
−1

2tr
(
X>αLXαR

))
(7.14)

For the precision matrices we use the Wishart priors [SRJC]

p(αL) = CνL,p|αL|
νL
2 e−

1
2 εtr(αL), (7.15)

p(αR) = CνR,q|αR|
νR

2 e−
1
2 εtr(αR), (7.16)

where νL, νR > 0, CνL,p, CνR,q are normalization constants and [Bis06]

Γp(x) = π
p(p−1)

4

p∏
k=1

Γ
(
x+ 1− k

2

)
.

Thus, in the RSVM model

w = x and θ =
[

vec(αL)
vec(αR)

]
.

We notice that the individual precision matrices are not identifiable since the
distribution p(X|αL,αR) is invariant under rescalings αL → tαL and αR → t−1αR
for all t > 0. This is because the distribution only depends on (αR ⊗ αL). The
variables of interest are therefore

η = g(z) = g


 w
θ

β


 =

 x
vec(αR ⊗αL)

β

 . (7.17)

7.3 Bayesian Cramér-Rao bounds for low-rank matrix
reconstruction

In this section, we derive the BCRBs for the models described in section 7.2.
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7.3.1 Bounds for the sparsity-based model
In the sparsity-based model, the distribution of X depends only on the singular
values of X and the function f(·) is assumed to be known. We compute BCRB-I,
BCRB-II and BCRB-III for this model.

Proposition 7.3.1. Let X =
∑k
i=1 σiuiv>i be the SVD of X and assume that f(·)

is differentiable. The Fisher information matrix of the sparsity based model is given
by

F =
[

Fx Fxβ

F>xβ Fβ

]
,

where

Fx =
∑

1≤i,j≤k

∂f

∂σi

∂f

∂σj
(vjv>i ⊗ uju>i ) + βA>A,

Fxβ =
(
d− c− 1

β

) r∑
i=1

∂f

∂σi
(vi ⊗ ui),

Fβ = m

2β2 +
(
d− c− 1

β

)2
.

Setting c = 1 and d = 0 corresponds to a deterministic β.

The proof of Proposition 7.3.1 is given in Section 7.4.4.
For the sparsity based model we have that

∂g
∂z = Ipq+1.

The bounds (7.4) and (7.5) thus coincide for the sparsity-based model.

BCRB-I and BCRB-II

The only hyper parameter in the sparsity based model is the noise precision β.
BCRB-I and BCRB-II are the bounds for the problems where β is known and
unknown, respectively.

Proposition 7.3.2. For the sparsity based model (7.6), the BCRB-II is given by

Cε �
[

(Ex[Fx])−1 0
0 F−1

β

]
where we used that Fxβ = 0. The non-zero factors are given by

Fβ = m

2β2 ,

Ex[Fx] = 1
pq

N [f ]
D[f ] Ipq + βA>A.
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with

N [f ] =
∫

Ω
h(σ)g(σ)e−f(σ)dσ, (7.18)

D[f ] =
∫

Ω
g(σ)e−f(σ)dσ, (7.19)

for Ω = {(σ1, σ2, . . . , σk) : σ1 ≥ σ2 ≥ · · · ≥ σk ≥ 0} and

g(σ) =
∏

1≤i<j≤k
(σ2
i − σ2

j )
∏

1≤i≤k
σ
|p−q|
i ,

h(σ) =
k∑
i=1

(
∂f

∂σi

)2
.

The bound exists provided that the function f(·) is such that the integrals converge.
We also find that BCRB-I of x with known β is given by

Ey,x
[
(x̂− x) (x̂− x)>

]
� (Ex[Fx])−1

.

The proof of Proposition 7.3.2 is given in Section 7.4.5. We find that the integrals
are non-trivial to evaluate analytically. We therefore use Monte-Carlo integration
[BGJM11] to numerically compute (7.24) and (7.25).

BCRB-III

To compute BCRB-III we also need to compute expectation values with respect to
β, which is now a random variable. We state the bound as a proposition.

Proposition 7.3.3. The bound BCRB-III for the sparsity based model is given by

Cε �
[

(Ez[Fx])−1 0
0 (Eβ [Fβ ])−1

]
.

where we used that Ez [Fxβ ] = 0 and

Ez[Fx] = 1
pq

N [f ]
D[f ] Ipq + c

d
A>A,

Ez[Fβ ] = (m+ 2(c− 1))d2

2(c− 1)(c− 2) .

Proof. The proposition follows from parts of Proposition 7.3.2 and the fact that

Eβ [β] = c

d
,

Eβ

[
m

2β2 +
(
d− c− 1

β

)2
]

= md2

2(c− 1)(c− 2) + d2

− 2d(c− 1)d
c− 1 + (c− 1)2d2

(c− 1)(c− 2) = (m+ 2(c− 1))d2

2(c− 1)(c− 2)
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7.3.2 Bounds for the factorized model
Here we evaluate BCRB-I, BCRB-II and BCRB-III for the factorized model de-
scribed in Section 7.2.2. The following proposition gives the Fisher information
matrix.

Proposition 7.3.4 (Fisher information matrix). Let li and ri denote the i’th col-
umn vector of L and R respectively. For the factorized model, the Fisher informa-
tion matrix is given by

F =


FLL FLR FLγ FLβ
F>LR FRR FRγ FRβ
F>Lγ F>Rγ Fγ Fγβ
F>Lβ F>Rβ F>γβ Fβ

 , (7.20)

where

FLL = β(R ⊗ Ip)>A>A(R ⊗ Ip) + vec(LΓ)vec(LΓ)>,
FLR = β(R ⊗ Ip)>A>A(Iq ⊗ L)Kr,q + vec(LΓ)vec(RΓ)>,
FRR = βKq,r(Iq ⊗ L)>A>A(Iq ⊗ L)Kr,q + vec(RΓ)vec(RΓ)>,

Fγ = hh>, Fβ = m

2β2 +
(
d− c− 1

β

)2
,

and the components of h = [h1, h2, . . . , hr]> are given by

hi = p+ q + 2(a− 1)
2γi

− ||li||
2
2 + ||ri||22

2 − b.

The components FLγ , FRγ , FLβ, FRβ and Fγβ are given in Section 7.4.6 and are
zero when γ and β are deterministic (a = c = 1 and b = d = 0) and zero-mean
when the hyperparameters are random. These components do therefore not affect
the BCRB bounds.

The proof of Proposition 7.3.4 is shown in Section 7.4.6. Following Proposi-
tion 7.1.1 we evaluate ∂g

∂z where g(z) is shown in (7.12). We get that

∂g
∂z =


∂vec(LR>)

∂w 0 0
0 ∂s

∂γ 0
0 0 ∂β

∂β

 (7.21)

(a)=

 [(R ⊗ Ip), (Iq ⊗ L)Kr,q] 0 0
0 (∇γs)> 0
0 0 1

 ,
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where
∂s

∂γ
= (∇γs)> =

[
∂s

∂γ1
,
∂s

∂γ2
, . . .

∂s

∂γr

]
,

and we used (7.3) and (7.11). In equality (a) we used that

vec(LR>) = (R ⊗ Ip)vec(L) = (Iq ⊗ L)Kr,qvec(R).

Note that

Ew
[
∂vec(LR>)

∂w

]
= Ew [[(R ⊗ Ip), (Iq ⊗ L)Kr,q]] = 0,

as L and R are zero-mean. Hence the BCRB (7.4) is non-informative for the fac-
torized model. We thus compute the BCRB (7.5) for the factorized model. We get
that

∂g
∂z

∂g
∂z

>
=

 (RR> ⊗ Ip) + (Iq ⊗ LL>) 0 0
0 ‖∇γs‖22 0
0 0 1

 ,
where we used (7.21) and the standard relation Kr,qK>r,q = Irq. Taking the expec-
tation value gives that

Ew
[
∂g
∂z

∂g>

∂z

]
=

 2
(∑r

i=1 γ
−1
i

)
Ipq 0 0

0 ‖∇γs‖22 0
0 0 1

 , (7.22)

where we used that Ew[(RR> ⊗ Ip) + (Iq ⊗ LL>)] =
∑r
i=1 2γ−1

i Ipq. Next, using
(7.20) and (7.21) we find that

G = ∂g
∂zF∂g

∂z

>
=

 Gw Gwγ Gwβ

G>wγ Gγ Gγβ

G>wβ Gγβ Gβ

 ,
where

Gw = β(RR> ⊗ Ip)A>A(RR> ⊗ Ip)
+ β(Iq ⊗ LL>)A>A(Iq ⊗ LL>)
+ β(RR> ⊗ Ip)A>A(Iq ⊗ LL>)
+ β(Iq ⊗ LL>)A>A(RR> ⊗ Ip),
+ 4vec(LΓR>)vec(LΓR>)>,
Gγ = (∇γs)>Fγ(∇γs) = ((∇γs)>h)2,

Gβ = Fβ .
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The components Gwγ , Gwβ and Gγβ are given in Appendix 7.4.6 and are zero
when the parameters are deterministic and zero-mean when the parameters are
random.

BCRB-I and II

We compute the BCRB (7.5) by taking expectation values with respect to w. We
state the resulting bound as the following proposition.

Proposition 7.3.5. The BCRB-II of the factorized model is given by

Cε �


(
2
∑r
i=1 γ

−1
i

)2 (Ew[Gw])−1 0 0
0 ‖∇γs‖4

2
Ew[Gγ ] 0

0 0 G−1
β


where Gβ = Fβ is given in Proposition 7.3.4 and

Ew[Gw] = 2β
(

r∑
n=1

γ−1
n

)2

A>A + 4rIpq

+ β

(
r∑

n=1
γ−2
n

)(
T1(A>A) + T2(A>A)

)
+ β

(
r∑

n=1
γ−2
n

)(
Iq ⊗

(
q∑

m=1
(e>m ⊗ Ip)A>A(em ⊗ Ip)

))

+ β

(
r∑

n=1
γ−2
n

)((
p∑

m=1
(Iq ⊗ e>m)A>A(Iq ⊗ em)

)
⊗ Ip

)
,

Ew[Gγ ] = p+ q

2 (∇γs)>Γ−2(∇γs).

The linear operators T1 and T2 are defined in Section 7.1.1. The BCRB-I is given
by

Ey,w
[
(x̂− x) (x̂− x)>

]
�

(
2

r∑
i=1

γ−1
i

)2

(Ew[Gw])−1
.

The proof is given in Section 7.4.7.

BCRB-III

Computing BCRB-III requires calculating expectation values with respect to y and
z = [w>, γ>, β]>. We state the bound as a proposition.
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Proposition 7.3.6. Assume that a > 2 in (7.10) and c > 1 in (7.2). The BCRB-III
of the factorized model is given by

Cε �


(

2rb
a−1

)2
(Ez[Gw])−1 0 0

0 (Ez[‖∇γs‖2])2

Ez[Gγ ] 0
0 0 (Ez[Gβ ])−1


where

Ez [Gw] = 2 c
d

rb2(1 + ra− 2r)
(a− 1)2(a− 2) A>A + 4rIpq

+ c

d

rb2

(a− 1)(a− 2)
(
T1(A>A) + T2(A>A)

)
+ c

d

rb2

(a− 1)(a− 2)

(
Iq ⊗

(
q∑

m=1
(e>m ⊗ Ip)A>A(em ⊗ Ip)

))

+ c

d

rb2

(a− 1)(a− 2)

((
p∑

m=1
(Iq ⊗ e>m)A>A(Iq ⊗ em)

)
⊗ Ip

)
,

Ez[Gβ ] = (m+ 2(c− 1))d2

2(c− 1)(c− 2) ,

Ez [Gγ ] = Eγ
[
((∇γs)>(aγ−1 − b1r))2]

+ p+ q + 2(a− 1)
2 Eγ

[
(∇γs)>Fγ(∇γs)

]
,

Ez[Gβ ] = Ez
[
m+ 2(c− 1)

2β2

]
= (m+ 2(c− 1))d2

2(c− 1)(c− 2) ,

where γ−1 = [γ−1
1 , γ−1

2 , . . . , γ−1
r ]> and 1r = [1, 1, . . . , 1]> ∈ Rr.

The proof is given in Section 7.4.8.

7.3.3 Bound for the RSVM model
For the RSVM model, we compute BCRB-I, BCRB-II, BCRB-III and BCRB-IV.
The Fisher information matrix of the RSVM model is given by the following propo-
sition.

Proposition 7.3.7. The Fisher information matrix for BCRB-II and BCRB-III
of the RSVM model is given by

F =


Fxx FxαL FxαR Fxβ

F>xαL FαLαL FαLαR FαLβ
F>xαR F>αLαR FαRαR FαRβ
F>xβ F>αLβ FαRβ Fββ

 ,
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where

Fxx = βA>A + vec(αLXαR)vec(αLXαR)>,
FαLαL = vLv>L , FαLαR = vLv>R, FαRαR = vRv>R,

Fββ = m

2β2 +
(
d− c− 1

β

)2
,

and

vL = 1
2Dpvec

(
XαRX> + εIp − (q + νL)α−1

L

)
,

vR = 1
2Dqvec

(
X>αLX + εIq − (p+ νR)α−1

R

)
.

For deterministic hyper parameters νL = νR = ε = 0, c = 1 and d = 0. The terms
FxαL and FxαR are zero mean with respect to x and that the terms Fxβ, FαLβ
and FαRβ are zero when β is deterministic and zero-mean when β is random. The
terms do therefore not contribute to the bounds. For completeness we give the terms
in Section 7.4.9.

The proof of Proposition 7.3.7 is given in Section 7.4.9. The submatrix

Fαα =
[

FαLαL FαLαR
F>αLαR FαRαR

]
=
[

vL
vR

] [
v>L v>R

]
,

is singular for a fixed x. However, Ex [Fα] is not singular. For the RSVM model,
we find that

∂g
∂z =

 Ipq 0 0
0 Uα 0
0 0 1

 ,
where the column vectors of Uα = [UαL UαR ] are given by

[UαL ]:,i+(j−1)p = vec(αR ⊗EL
ij),

[UαR ]:,k+(l−1)q = vec(ER
kl ⊗αL).

BCRB-I and BCRB-II

We compute the BCRB-II by calculating expectation values with respect to x =
vec(X). We state the BCRB bound in the following proposition.

Proposition 7.3.8. The BCRB-II of the RSVM model is given by

Cε �

 (Ex[Fxx])−1 0 0
0 Uα(Ex[Fαα])−1U>α 0
0 0 F−1

ββ

 ,
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where

Ex [Fx] = (αR ⊗αL) + βA>A,

Ex [Fα] =
[
Ex
[
vLv>L

]
Ex
[
vLv>R

]
Ex [vRvL] Ex

[
vRv>R

] ] ,
Ex
[
vLv>L

]
= 1

4Dpvec(εIp − νLα−1
L )vec(εIp − νLα−1

L )>D>p

+ q

4Dp(Ip2 + Kp,p)(α−1
L ⊗α

−1
L )D>p ,

Ex
[
vRv>R

]
= 1

4Dqvec(εIq − νRα−1
R )vec(εIq − νRα−1

R )>D>q

+ p

4Dq(Iq2 + Kq,q)(α−1
R ⊗α

−1
R )D>q ,

Ex
[
vLv>R

]
= 1

4Dpvec(εIp − νLα−1
L )vec(εIq − νRα−1

R )>D>q

+ 1
2Dpvec(α−1

L )vec(α−1
R )>Dq,

Fββ = m

2β2 .

Also, the BCRB-I of the RSVM model is given by

Ey,x
[
(x̂− x) (x̂− x)>

]
� (Ex[Fxx])−1 =

(
(αR ⊗αL) + βA>A

)−1

The proof of Proposition 7.3.8 is given in Section 7.4.10.

7.3.4 BCRB-III
Computation of BCRB-III requires taking expectation values with respect to the
precision matrices αL, αR and the noise precision β. We state the BCRB bound
as a proposition.

Proposition 7.3.9. The BCRB-III of the RSVM model is given by

Cε �

 (Ez[Fxx])−1 0 0
0 Ez[Uα](Ez[Fαα])−1Ez[Uα]> 0
0 0 (Ez[Fββ ])−1

 ,

where

Ez [Fxx] = (νL + p+ 1)(νR + q + 1)ε−2Ipq + 1 + c

d
A>A,

Ez
[
vLv>L

]
= ε2

4 (ν2
LcL − 1 + 2qdL)vec(Ip)vec(Ip)>

+ ε2

4 (ν2
LdL + cL + dL)D2

p
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+ ε2q

4 (cL + dL)DpKp,pDp + ε2ν2
LdL
4 DpK̃p,pDp,

Ez
[
vLv>R

]
= ε2

2νLνR
vec(Ip)vec(Iq)>,

Ez
[
vRv>R

]
= ε2

4 (ν2
RcR − 1 + 2pdR)vec(Iq)vec(Iq)>

+ ε2

4 (ν2
RdR + cR + dR)D2

q

+ ε2p

4 (cR + dR)DqKq,qDq + ε2ν2
RdR
4 DqK̃q,qDq,

Ez [Fββ ] = (m2 + 2c)d2

2c(c− 1) ,

Ez
[
[UαL ]:,i+(j−1)p

]
= (νR + q + 1)ε−1vec(Ip ⊗EL

ij),
Ez
[
[UαR ]:,k+(l−1)q

]
= (νL + p+ 1)ε−1vec(ER

kl ⊗ Iq).

The proof of Proposition 7.3.9 is given in Section 7.4.11.

7.3.5 BCRB-IV
In the BCRB-IV, we are only interested in estimating the precisions, i.e. (deter-
ministic and unknown) precisions matrices and the noise precision. The variable X
is marginalized and the measurements have the distribution

p(y|αL,αR, β) = N (y|0,C),

where

C = A(α−1
R ⊗α

−1
L )A> + β−1Im.

We want to find bounds for estimators of

η = g(z) =
[

vec(αR ⊗αL)
β

]
,

where now

∂g
∂z =

[
UαL UαR 0

0 0 1

]
.

The Fisher information for BCRB-IV becomes different from that of Proposi-
tion 7.3.7. We state the Fisher information matrix and the bound BCRB-IV in the
following proposition.
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Proposition 7.3.10. Let

Ã = A(α−1
R ⊗α

−1
L ),

P = Ã>C−1Ã.

The BCRB-IV of the RSVM model is given by

Cη �
∂g
∂zF−1 ∂g

∂z

>

where the Fisher information is

F =

 FLL FLR FLβ
FRL FRR FRβ
F>Lβ F>Rβ Fββ


and the components of the block matrices are given by

[FLL]i+(j−1)p,
k+(l−1)p

= 1
4tr
(
P(αR ⊗EL

ij)P(αR ⊗EL
kl)
)
,

[FLR]i+(j−1)p,
k+(l−1)q

= 1
4tr
(
P(αR ⊗EL

ij)P(ER
kl ⊗αL)

)
,

[FRR]i+(j−1)q,
k+(l−1)q

= 1
4tr
(
P(ER

ij ⊗αL)P(ER
kl ⊗αL)

)
,

[FLβ ]i+(j−1)p = 1
4β2 tr

(
Ã>C−2Ã(αR ⊗EL

ij)
)
,

[FRβ ]k+(l−1)q = 1
4β2 tr

(
Ã>C−2Ã(ER

kl ⊗αL)
)
,

Fββ = 1
4β4 tr

(
C−2) .

The proof of Proposition 7.3.10 is given in Section 7.4.12.

7.4 Numerical experiments

In this section we perform numerical experiments to evaluate how low-rank realiza-
tions of the random matrix models are and also compare the BCRB bounds with
existing methods.

7.4.1 Numerical rank of the random matrix models
The sparsity-based model, the factorized model and the RSVM model were outlined
in Section 7.2 where we argued that the models could be used as priors to promote
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low-rank. Here we show that for appropriate values of the hyperparameters, the
models give realizations that are approximately low-rank. We notice that since the
distributions are continuous, the probability of a matrix being exactly low-rank
is zero. However, the realizations can be effectively low-rank, meaning that the
matrices have few large singular values and the remaining singular values are small.
This can be quantified through the numerical rank. We here use two versions of the
numerical rank.

The first measure of numerical rank we use, for X ∈ Rp×q, is

nrank1(X) = ||X||
2
∗

||X||2F
,

where ||X||∗ =
∑k
i=1 σi(X) is the nuclear norm of X and ||X||2F =

∑k
i=1 σi(X)2 is

the Frobenius norm. By the Cauchy-Schwarz inequality we get that the numerical
rank is a lower bound for the true rank as nrank1(X) ≤ rank(X). The second
measure of numerical rank is

nrank2(X) = |{i : σi(X) > ε||X||F }| ,

where we set ε = 0.9/
√

min(p, q). We see that nrank2(·) also is a lower bound on
the actual rank. We will find in simulations that both measures of numerical rank
show the same qualitative behavior.

Numerical rank of the sparsity-based model

We saw in Section 7.2.1 that the effective distribution of the singular values in the
sparsity based model is

e−f̃(σ) = ζ(σ)e−f(σ),

where f̃(σ) = f(σ)− log ζ(σ).
To evaluate the numerical rank, we generate samples from the effective and naive

GCP prior using the Metropolis-Hastings algorithm [ADFDJ03]. For p = q = 100
and τ = 1 we randomly chose s uniformly in the interval [0, 10]. Using the value of s
we compute a realization of σ and compute the numerical rank of σ. We obtained
the results shown in Figure 7.1. We find that the majority of realizations of the
GCP prior satisfy nrank1(X) ≤ 30 and nrank2(X) ≈ 20 for 1 ≤ s ≤ 2. We thus see
that the GCP prior gives realizations of low numerical rank.

Numerical rank of the factorized model

In the factorized model, the low rank matrix X ∈ Rp×q is written as the prod-
uct X = LR> where L ∈ Rp×r and R ∈ Rq×r. Clearly rank(X) ≤ r. However,
the effective rank can be made lower by setting the parameter a in (7.10) to an
appropriate value. We find that the parameter b > 0 only affects the magnitude
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Figure 7.1: Numerical rank for realizations of the sparsity based model with gener-
alized compressible priors for p = q = 100 and τ = 1.

of the precisions since if γi ∼ Gamma(1 + a, 1), then bγi ∼ Gamma(1 + a, b). To
evaluate how the choice of a affects the numerical rank we drew log(a) uniformly
from the interval [−10, 5] and for the corresponding value of a we generated L and
R and computed the numerical rank of X. In the experiment we used p = q = 100,
r = 50 and b = 1. The results are shown in Figure 7.2 where the green line shows
a local average value of the numerical rank. We find that for 10−10 ≤ a ≤ 1, rank1
has mean 7.8 and rank2 has mean 6.2. Both measures of numerical rank have high
variance in this region. For a > 1, rank1 has mean 38 and rank2 has mean 30.
We thus see that the factorized model promotes sparsity less than r when a ≤ 1.
Unfortunately, this is also the region where the BCRB-III does not exist.

Numerical rank of the RSVM model

The parameters νL and νR control the numerical rank in the RSVM model since
the parameter ε only controls the magnitude of the precision matrices. Here we
set νL = νR = ν for simplicity. In the experiment we drew ν uniformly from
[max(p, q), 2(p+ q)]. For each value of ν we drew the precision matrices αL and αR
from the Wishart distributions and generated X as in (7.13). We then computed
nrank1 and nrank2 for the matrix. The results are shown in Figure 7.9. We find
that nrank1(X) ≤ 20 when ν ≤ 115 while nrank2(X) ≤ 20 when ν ≤ 150. For larger
ν, the numerical rank nrank1(X) increases towards 72 while nrank2(X) increases
towards 45.



128 Bayesian Cramér-Rao bounds for low-rank matrix estimation

10
−10

10
0

0

5

10

15

20

25

30

35

40

n
ra

n
k

a

(a)

10
−10

10
0

0

5

10

15

20

25

30

35

n
ra

n
k

a

(b)

Figure 7.2: Numerical ranks for realizations of the factorized model for p = q = 100,
r = 50 and b = 1. (a) shows nrank1(X) and (b) shows nrank2(X). The green line
shows the average value of the numerical rank in an interval.

7.4.2 Evaluating the BCRB bounds

In this section we numerically evaluate the bounds and compare them to the per-
formance of existing estimation methods. The first estimator we compare with is
the nuclear norm (NN) estimator

X̂ = arg min ||X||∗, subject to ||y−Avec(X)||2 ≤ δ,
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Figure 7.3: Numerical ranks of realizations of the RSVM model for p = q = 100
and ε = 10−5.
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where δ = β−1
√
m+

√
8m as suggested in [CRT06]. We also compare with the

variational Bayesian estimator of [BLMK12, SCJR14] and the RSVM method for
the log-determinant penalty from [SRJC]. Only VB estimates the precisions γ while
only the RSVM method estimates the matrix precisions αL and αR. Note that the
NN estimator requires β to be known while the other algorithms estimate β from
data. We here concentrate on the matrix completion scenario where each row of the
sensing matrix A contains a single one and the remaining elements are zero. This
means that we observe noisy measurements of m components of the matrix X.

We measure the estimator performance in terms of the normalized mean square
error

NMSE =
Ez
[
||X− X̂||2F

]
Ez [||X||2F ] ,

where the expectation is taken over all random variables in the model. We chose
the noise parameter d in (7.2) such that the signal to noise ratio

SNR =
Ez
[
||Avec(X)||22

]
Ez [||n||22]

=
tr
(
EA
[
A>A

]
Ex
[
vec(X)vec(X)>

])
Eβ [mβ−1]

=
m
pqEx

[
||X||2F

]
md
c

= c

pqd
Ex
[
||X||2F

]
,

is held fixed at 20 dB.

BCRB-II and BCRB-III for the sparsity based model

The BCRB-II (and BCRB-I) and BCRB-III for X of the sparsity based model is
given by Proposition 7.3.2 and Proposition (7.3.3). Here we show the NMSE of the
estimators and normalized BCRBs as a function of the number of measurements m
in Figure 7.4. We notice a gap of about 20 dB between the estimation methods and
BCRB-II and about 30 dB between the estimation methods and BCRB-III. The
distribution of the numerical rank of the matrix realizations is shown in Figure 7.5.

BCRB-II and BCRB-III for the factorized model

The BCRB-II (and BCRB-I) and BCRB-III for X of the factorized model is given by
Proposition 7.3.5 and Proposition (7.3.6). Here we show the NMSE of the estimators
and the normalized BCRBs as a function of the number of measurements m in
Figure 7.6. We find that for m/pq > 0.3 the gap between the estimation methods
and the bounds is −3 to 15 dB for BCRB-II and 20 to 30 dB for BCRB-III. The
BCRB-II is above the performance of the methods for m/pq = 0.9. This is probably
because of bias in the estimation methods. The distribution of the numerical rank
of the matrix realizations is shown in Figure 7.7.
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Figure 7.4: NMSE for realizations of the sparsity-based model vs. number of mea-
surements m for matrix completion.
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Figure 7.5: Empirical distribution of the numerical rank for the sparsity based model
with p = q = 10, ν = 10 and ε = 1.

BCRB-II and BCRB-III for the RSVM model

The BCRB-II (and BCRB-I) and BCRB-III for X of the sparsity based model is
given by Proposition 7.3.8 and Proposition (7.3.9). Here we show the NMSE of the
estimators and normalized BCRBs as a function of the number of measurements
m in Figure 7.8. We find that the best estimation method was the nuclear norm
estimator. The gap between the nuclear norm and BCRB-II was 33 to 52 dB while
the gap between the nuclear norm and BCRB-III was 50 to 88 dB. Surprisingly,
the RSVM method (which was designed for the model) gave the worst performance
and performed worse with increasing number of measurements. The distribution of
the numerical rank (rank1) of the matrix realizations is shown in Figure 7.9. We
find that the numerical rank was between 1 and 5 and often close to 1.
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Figure 7.6: NMSE for the factorization based model vs. number of measurements
m for matrix completion.
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Figure 7.7: Distribution of the numerical rank for realizations of the factorization
based model with p = q = 25, r = 5 and a = b = 1 + 10−3.

7.4.3 Proof of Proposition 7.1.1

Proposition 7.1.1 gives the BCRB bounds (7.4) and (7.5). The derivation of the
bounds is similar to the derivation of the deterministic CRB in [Kay93, Cra47]
and was earlier given in [VT04,GL95,BS80]. For completeness we here repeat the
derivation.

Let η̂ be an unbiased estimator of η = g(z) ∈ RK from measurements y ∈ Rm
and assume that the probability distribution function p(y, z) is defined for z ∈ Ω ⊂
Rn with p(y, z) = 0 for points on the boundary, z ∈ ∂Ω. Let also a ∈ RK be a
constant vector and b = b(z) ∈ Rn be a vector which depends on z. We find that

Ey,z
[
a>(η̂ − η)b> ∂ log p(y, z)

∂z

]
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Figure 7.8: NMSE for the RSVM based model vs. number of measurements m for
matrix completion with p = q = 10, ν = 10 and SNR = 20 dB.

=
∫
Rm

∫
Ω

a>(η̂ − η)b> ∂p(y, z)
∂z dydz

= −
∫
Rm

∫
Ω

tr
(
∂

∂z (a>(η̂ − η)b)
)
p(y, z)dydz

= Ez
[
a> ∂g

∂zb
]
− Ez

[
a>Ey [(η̂ − η)] tr

(
∂b
∂z

)]
= Ez

[
a> ∂g

∂zb
]

where we used that η̂ only depends on y and that Ey [η̂ − η] = 0.
The Cauchy-Schwartz inequality gives that(

Ez
[
a> ∂g

∂zb
])2
≤

Ey,z
[(

(η̂ − η)>a
)2] Ey,z

(∂ log p(y, z)
∂z

>
b
)2


= a>Cεa · Ez
[
b>Fb

]
(7.23)
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Figure 7.9: Distribution of the numerical rank for realizations of the RSVM model
with p = q = 10 and ν = 10.

where we set

Cε = Ey,z
[
(η̂ − η)(η̂ − η)>

]
,

F = Ey

[
∂ log p(y, z)

∂z
∂ log p(y, z)

∂z

>
]
.

From (7.23) we derive the BCRB bounds by choosing b appropriately. Setting

b = (Ez[F])−1 Ez
[
∂g
∂z

]>
a,

gives that

a>Cεa ≥ a>Ez
[
∂g
∂z

]
(Ez[F])−1 Ez

[
∂g
∂z

]>
a,

for all a ∈ Rn. It follows that

Cε � Ez
[
∂g
∂z

]
(Ez[F])−1 Ez

[
∂g
∂z

]>
.

This gives us the bound (7.4). Another choice is to set

b = ∂g
∂z

>
(
Ez

[
∂g
∂zF∂g

∂z

>
])−1

Ez

[
∂g
∂z

∂g
∂z

>
]

a

which gives us that

Cε � Ez

[
∂g
∂z

∂g
∂z

>
](
Ez

[
∂g
∂zF∂g

∂z

>
])−1

Ez

[
∂g
∂z

∂g
∂z

>
]
.

This is the bound (7.5).
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7.4.4 Proof of Proposition 7.3.1
Here we compute the Fisher information matrix for the sparsity based model. In
the sparsity based model, p(y, z) = p(y|x, β)p(x)p(β). To compute the Fisher in-
formation we need to compute the derivatives of log p(y, z) with respect to x and
β. We have that

log p(y, z) = −β2 ||y−Ax||22 + m

2 log β

− f(σ(X)) + (c− 1) log β − dβ + const

By varying with respect to x, we get that

d log p(y, z) = β(y−Ax)>Adx−
k∑
i=1

∂f

∂σi
u>i dXvi

= β(y−Ax)>Adx−
k∑
i=1

∂f

∂σi
(v>i ⊗ u>i )dx,

where k = min(p, q). This gives us that

∂ log p(y, z)
∂x = βA>(y−Ax)−

k∑
i=1

∂f

∂σi
(vi ⊗ ui).

We also find that
∂ log p(y, z)

∂β
= −1

2 ||y−Ax||22 + m+ 2(c− 1)
2β − d.

This gives us that

Fxx =
∑
i,j

∂f

∂σj

∂f

∂σi
(vjv>i ⊗ uju>i )

+ β2A>Ey[(y−Ax)(y−Ax)>]A,

=
∑
i,j

∂f

∂σj

∂f

∂σi
(vjv>i ⊗ uju>i ) + βA>A,

Fxβ =
(
d− c

β

) k∑
i=1

∂f

∂σi
(vi ⊗ ui),

Fββ = m

2β2 +
(
d− c− 1

β

)2
.

where we used that

Ey[(y−Ax)] = 0,
Ey[(y−Ax)(y−Ax)>] = β−1Im,
Ey[(y−Ax)||y−Ax||22] = 0.
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We note that the term Fxβ is zero when β is deterministic (c = 1 and d = 0) and
zero mean when β is random. This proves Proposition 7.3.1.

7.4.5 Proof of Proposition 7.3.2
To show Proposition 7.3.2 we need to compute the expectation value of Fxx and Fxβ
with respect to x. When the distribution p(X) only depends on the singular values
of X, the singular values and the left and right singular vectors are independent
(provided that the matrix is not symmetric). So the singular vectors have zero
mean, Ex[ui] = 0. This gives us that Ex[Fxβ ] = 0. Moreover, conditioned on a
singular vector ui, another singular vector uj (with j 6= i) is marginally uniformly
distributed on the set {u ∈ Rp : ||u||2 = 1,u>ui = 0}. This gives us that when
i 6= j

Ex[uju>i ] = 0.

Also, if h ∼ χ2(p), then
√
hui is Gaussian N (0, I) and

Ip = Eh,x[huiu>i ] = Eh[h]Ex[uiu>i ] = pEx[uiu>i ],

so

Ex[uiu>i ] = 1
p
Ip.

Similarly we find that

Ex[viv>j ] = δij
1
q
Iq.

We thus get that

Ex[Fx] = 1
pq

Ipq
k∑
i=1
Ex

[(
∂f

∂σi

)2
]
.

To compute the remaining expectation we make a change of variables corre-
sponding to the singular value decomposition. Without loss of generality, we here
assume that p ≤ q. Under the variable transformation, the integration measure dX
transforms as [Mui09]

dX =
∏

1≤i<j≤k
(σ2
i − σ2

j )
∏

1≤l≤k
σ
|p−q|
l dσ[U>dU][Ṽ>dṼ],

where σ ∈ Ω and the extended orthogonal matrix Ṽ = [V V′] is such that V′>V′ =
Iq−k and V′>V = 0. By performing the integration over the singular vectors, we
get that

Ex

[(
∂f

∂σi

)2
]

= N [f ]
D[f ] ,
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where

N [f ] =
∫

Ω
h(σ)g(σ)e−f(σ)dσ (7.24)

D[f ] =
∫

Ω
g(σ)e−f(σ)dσ, (7.25)

g(σ) =
∏

q≤i<j≤r

(σ2
i − σ2

j )
∏

1≤l≤k
σ
|p−q|
l , (7.26)

h(σ) =
r∑
i=1

(
∂f

∂σi

)2
. (7.27)

7.4.6 Proof of Proposition 7.3.4
Proposition 7.3.4 gives the Fisher information matrix for the factorized model. In
the factorized model, we have that

log p(y, z) = −β2 ||y−Avec(LR>)||22 + m+ 2(c− 1)
2 log β

− dβ + p+ q + 2(a− 1)
2 log |Γ| − 1

2tr(LΓL>)− 1
2tr(RΓR>)

− btr(Γ).

We find that

∂ log p(y, z)
∂vec(L) =β(R ⊗ Ip)>A>(y−Avec(LR>))− vec(LΓ),

∂ log p(y, z)
∂vec(R) =βKq,r(Iq ⊗ L)>A>(y−Avec(LR>))− vec(RΓ),

∂ log p(y, z)
∂γi

=p+ q + 2(a− 1)
2γi

− ||li||
2
2 + ||ri||22

2 − b = hi,

∂ log p(y, z)
∂β

=− 1
2 ||y−Avec(LR>)||22 + m+ 2(c− 1)

2β − d.

Setting h = [h1, h2, . . . , hr]>, we find that

FLL = Ey

[
∂ log p(y, z)
∂vec(L)

∂ log p(y, z)
∂vec(L)

>
]

= β(R ⊗ Ip)>A>A(R ⊗ Ip) + vec(LΓ)vec(LΓ)>,
FLR = β(R ⊗ Ip)>A>A(Iq ⊗ L)Kr,q + vec(LΓ)vec(RΓ)>,
FRR = βKq,r(Iq ⊗ L)>A>A(Iq ⊗ L)Kr,q + vec(RΓ)vec(RΓ)>,
FLγ = −vec(LΓ)h>, FRγ = −vec(RΓ)h>,
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Fγγ = hh>, FLβ =
(
d− c− 1

β

)
vec(LΓ),

FRβ =
(
d− c− 1

β

)
vec(RΓ), Fγβ =

(
d− c− 1

β

)
h,

Fββ = m

2β2 +
(
d− c− 1

β

)2
.

We find that FLγ , FRγ , FLβ , Rβ and Fγβ are zero when γ and β are deterministic
(a = c = 1 and b = d = 0) and zero-mean when γ and β are random variables.

Using the expression for F and (7.21) we get that

Gww = β(RR> ⊗ Ip)A>A(RR> ⊗ Ip)
+β(Iq ⊗ LL>)A>A(Iq ⊗ LL>)
+β(RR> ⊗ Ip)A>A(Iq ⊗ LL>)
+β(Iq ⊗ LL>)A>A(RR> ⊗ Ip),
+4vec(LΓR>)vec(LΓR>)>,
Gwγ = −2((∇γs)>h)vec(LΓR>),
Gwβ = 2

(
d− c−1

β

)
vec(LΓR>),

Gγγ = (∇γs)>Fγ(∇γs) = ((∇γs)>h)2,

Gγβ =
(
d− c−1

β

)
((∇γs)>h),

Gββ = Fβ .

(7.28)

We find that the parameters Gwγ , Gwβ and Gγβ are zero when γ and β are deter-
ministic and zero mean when the parameters are random because of the respective
elements of the Fisher information matrix.

7.4.7 Proof of Proposition 7.3.5

Proposition 7.3.5 gives the bounds BCRB-I and BCRB-II of the factorized model.
To derive the BCRB-II for the factorized model, we need to compute expectation
values with respect to w.

To compute Ew[Gww] we use that

Ew
[
vec(LΓR>)vec(LΓR>)>

]
= Ew

 r∑
i,j=1

vec(γilir>i )vec(γjljr>j )>


= Ew

 r∑
i,j=1

γiγj(ri ⊗ li)(rj ⊗ lj)>
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=
r∑

i,j=1
γiγj(Ew

[
rir>j

]
⊗ Ew

[
lil>j

]
)

=
r∑

i,j=1
δijγiγj(γ−1

i Iq ⊗ γ−1
j Ip) = rIpq,

Ew
[
β(RR> ⊗ Ip)A>A(Iq ⊗ LL>)

]
=

β(Ew[RR>]⊗ Ip)A>A(Iq ⊗ Ew[LL>]) =

β

(
r∑
i=1

γ−1
i

)2

(Iq ⊗ Ip) A>A (Iq ⊗ Ip) .

Expectations such as Ew
[
β(RR> ⊗ Ip)A>A(RR> ⊗ Ip)

]
are more challenging

to calculate. To compute the expectation, we note that[
(RR> ⊗ Ip)A>A(RR> ⊗ Ip)

]
i+(k−1)p,
j+(l−1)p

= (ek ⊗ ei)>(RR> ⊗ Ip)A>A(RR> ⊗ Ip)(el ⊗ ej)
= (e>k RR> ⊗ e>i )A>A(RR>el ⊗ ej)
= tr

(
(RR>ele>k RR> ⊗ eje>i )A>A

)
.

The i’th row vector of R is R>ei, this gives us that

Ew
[
e>mRR>ele>k RR>en

]
= Ew

[
(R>em)>(R>el)(R>ek)>(R>en)

]
=
(

r∑
i=1

γ−1
i

)2

δmlδkn +
(

r∑
i=1

γ−2
i

)
(δlkδmn + δmkδln)

= e>m

( r∑
i=1

γ−1
i

)2

ele>k +
(

r∑
i=1

γ−2
i

)
(δlkIq + eke>l )

 en.

By using the above, we get that

Ew
[
(RR> ⊗ Ip)A>A(RR> ⊗ Ip)

]
i+(k−1)p,
j+(l−1)p

=
(

r∑
i=1

γ−1
i

)2

(e>k ⊗ e>i )A>A(el ⊗ ej)

+
(

r∑
i=1

γ−2
i

)
(e>l ⊗ e>i )A>A(ek ⊗ ej)

+
(

r∑
i=1

γ−2
i

)
δlktr

[(
Iq ⊗ e>i

)
A>A (Iq ⊗ ej)

]
.
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Let T1 be the operator defined in section 7.1.1, we find that

(e>k ⊗ e>i )A>A(el ⊗ ej) = [A>A]i+(k−1)p,j+(l−1)p,

(e>l ⊗ e>i )A>A(ek ⊗ ej) = [T1(A>A)]i+(k−1)p,j+(l−1)p,

Using that (en ⊗ Ip)ej = (en ⊗ Ip)(1⊗ ej) = (en ⊗ ej), we get that

δlktr
[(

Iq ⊗ e>i
)
A>A (Iq ⊗ ej)

]
= e>l ektr

[(
Iq ⊗ eje>i

)
A>A

]
= e>l ek

r∑
n=1

(
e>n ⊗ e>i

)
A>A (en ⊗ ej)

=
[(

Iq ⊗
(

r∑
n=1

(
e>n ⊗ Ip

)
A>A (en ⊗ Ip)

))]
i+(k−1)p,
j+(l−1)p

.

A similar computation can be made for L.
To compute

Gγγ = Ew[((∇γs)>h)2] = (∇γs)>Ew[hh>](∇γs)

we use that

Ew[hh>] = Ew[h]Ew[h]> + Cov(h),

where the covariance is diagonal since the precisions are independent. We find (after
a somewhat lengthy calculation) that

Ew[hi] = a− 1
γi
− b,

Ew
[
(hi − Ez[hi])2] = p+ q

2γ2
i

.

We see that Ew[hi] = 0 when γ is deterministic. So

Gγ = ((∇γs)>(aγ−1 − b1r))2 + p+ q + 2(a− 1)
2 (∇γs)>Γ−2(∇γs)

= p+ q

2 (∇γs)>Γ−2(∇γs).

7.4.8 Proof of Proposition 7.3.6
The bound BCRB-III can be computed from BCRB-II by taking the appropriate
expectation values with respect to γ and β. Using that

Eβ [β] = c
d , Eβ [β−2] = d2

(c−1)(c−2) ,

Eγ [γ−ki ] = bk
Γ(a− k)

Γ(a) = bk

a...(a− k) , for k ≥ 1,

we are able to compute the respective expectation values.
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7.4.9 Proof of Proposition 7.3.7
Proposition 7.3.7 gives the Fisher information matrix for the RSVM model. We
have that

log p(y, z) = −β2 ||y−Ax||22 + m+ 2(c− 1)
2 log β

− dβ − 1
2tr(αLXαRX>) + q + νL

2 log |αL|

+ p+ νR
2 log |αR| −

ε

2tr(αL)− ε

2tr(αR) + const,

where x = vec(X). We find that
∂ log p(y, z)

∂x = βA>(y−Ax)− vec(αLXαR),

∂ log p(y, z)
∂vec(αL) = −1

2Dpvec(XαRX>)+

q + νL
2 Dpvec(α−1

L )− ε

2Dpvec(Ip) = −vL,

∂ log p(y, z)
∂vec(αR) = −1

2Dqvec(X>αLX)+

p+ νR
2 Dqvec(α−1

R )− ε

2Dqvec(Iq) = −vR,

∂ log p(y, z)
∂β

= −1
2 ||y−Ax||22 + m+ 2(c− 1)

2β − d.

This gives us that the Fisher information is

F =


Fxx FxαL FxαR Fxβ

F>xαL FαLαL FαLαR FαLβ
F>xαR F>αLαR FαRαR FαRβ
F>xβ F>αLβ FαRβ Fββ

 ,
where

Fxx = βA>A + vec(αLXαR)vec(αLXαR)>,
FxαL = vec(αLXαR)v>L , FxαR = vec(αLXαR)v>R,
FαLαL = vLv>L , FαLαR = vLv>R, FαRαR = vRv>R,

Fxβ =
(
d− c− 1

β

)
vec(αLXαR),

FαLβ =
(
d− c− 1

β

)
vL, FαRβ =

(
d− c− 1

β

)
vR,

Fββ = m

2β2 +
(
d− c− 1

β

)2
.
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We find that the terms FxαL and FxαR zero mean with respect to x and that the
terms Fxβ , FαLβ and FαRβ are zero when β is deterministic and zero-mean when
β is random. The terms do therefore not contribute to the bounds.

7.4.10 Proof of Proposition 7.3.8
Proposition 7.3.8 gives the BCRB-I and BCRB-II for the RSVM model.

We get that

Ex
[
vec(αLXαR)vec(αLXαR)>

]
=

(αR ⊗αL)(αR ⊗αL)−1(αR ⊗αL) = (αR ⊗αL).

Using the Einstein summation convention (repeated indices are summed over) and
denoting αR,ab = [αR]ab, α−1

R,ab = [α−1
R ]ab for brevity (similarly for αL) we find

that

Ex
[
XαRX>

]
= eie>j αR,abEx [XiaXjb]

= eie>j αR,abα−1
L,ijα

−1
R,ab = eie>j δaaα−1

L,ij = qα−1
L ,

and similarly Ex
[
X>αLX

]
= pα−1

R . We also find that

Ex
[
vec(XαRX>)vec(XαRX>)>

]
=

(ei ⊗ ej)(ek ⊗ el)>αR,abαR,cdEx [XiaXjbXkcXld] =

(ei ⊗ ej)(ek ⊗ el)>αR,abαR,cd
(
α−1
L,ijα

−1
R,abα

−1
L,klα

−1
R,cd

+α−1
L,ikα

−1
R,acα

−1
L,jlα

−1
R,bd +α−1

L,ilα
−1
R,adα

−1
L,jkα

−1
R,bc

)
=

(ei ⊗ ej)(ek ⊗ el)>
(
q2α−1

L,ijα
−1
L,kl + qα−1

L,ikα
−1
L,jl

+qα−1
L,ilα

−1
L,jk

)
= q2vec(α−1

L )vec(α−1
L )>

+ q(α−1
L ⊗α

−1
L ) + qKp,p(α−1

L ⊗α
−1
L ),

In the same fashion one can show that

Ex
[
vec(XαRX>)vec(X>αLX)>

]
=

(pq + 2)vec(α−1
L )vec(α−1

R ),
Ex
[
vec(X>αLX)vec(X>αLX)>

]
= p2vec(α−1

R )vec(α−1
R )>

+ p(α−1
R ⊗α

−1
R ) + pKq,q(α−1

R ⊗α
−1
R )

We thus get that

Ex [Fxx] = (αR ⊗αL) + βA>A,
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and

Ex
[
vLv>L

]
= 1

4Dpvec(εIp − νLα−1
L )vec(εIp − νLα−1

L )>Dp

+ q

4Dp(Ip2 + Kp,p)(α−1
L ⊗α

−1
L )Dp,

Ex
[
vRv>R

]
= 1

4Dqvec(εIq − νRα−1
R )vec(εIq − νRα−1

R )>D>q

+ p

4Dq(Iq2 + Kq,q)(α−1
R ⊗α

−1
R )Dq,

Ex
[
vLv>R

]
= 1

4Dpvec(εIp − νLα−1
L )vec(εIq − νRα−1

R )>Dq

+ 1
2Dpvec(α−1

L )vec(α−1
R )>Dq.

We also find that Ex [FxαL ] = 0 and Ex [FxαR ] = 0 since x has zero mean. The
terms Fxβ , FαLβ and FαRβ are zero since β is deterministic.

7.4.11 Proof of Proposition 7.3.9
We have that

Ez[αL] = (νL + p+ 1)ε−1Iq,
Ez[α−1

L ] = ν−1
L εIq.

From [vR88,KvR06] we get that

Ez
[
(α−1

L ⊗α
−1
L )
]

= cLε
2Ip2

+ dLε
2vec(Ip)vec(Ip)> + dLε

2Kp,p,

Ez
[
vec(α−1

L )vec(α−1
L )>

]
= cLε

2vec(Ip)vec(Ip)>

+ dLε
2Ip2 + dLε

2K̃p,p

where cL = (νL− 1)dL, dL = 1/((νL + 1)νL(νL− 2)). Similar expressions can easily
be found for αR.

This gives us that

Ez [Fxx] = (νL + p+ 1)(νR + q + 1)ε−2Ipq + 1 + c

d
A>A,

and

Ez
[
vLv>L

]
= 1

4Dp

(
(ν2
LcL − 1)vec(Ip)vec(Ip)>

+ν2
Lε

2dLIp2 + ν2
Lε

2K̃p,p

)
Dp+

q

4Dp(Ip2 + Kp,p)
(
cLε

2Ip2 + dLε
2vec(Ip)vec(Ip)>
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+dLε2Kp,p

)
Dp = ε2

4 (ν2
LcL − 1 + 2qdL)vec(Ip)vec(Ip)>

+ ε2

4 (ν2
LdL + cL + dL)D2

p

+ ε2q

4 (cL + dL)DpKp,pDp + ε2ν2
LdL
4 DpK̃p,pDp,

Ez
[
vLv>R

]
= ε2

2νLνR
vec(Ip)vec(Iq)>,

and similarly for E
[
vRv>R

]
.

7.4.12 Proof of Proposition 7.3.10

In the BCRB-IV bound, the variable X is marginalized and the precisions αL, αR
and β are deterministic. The only random variable is thus y. We find that

log p = log p(y|αL,αR, β)

= −1
2 log |C| − 1

2y>C−1y + const,

where

C = A(α−1
R ⊗α

−1
L )A> + β−1Im.

Recalling the definition of EL
ij and ER

kl from Section 7.1.1 and setting Ã = A(α−1
R ⊗

α−1
L ), we get that

∂ log p
∂[αL]ij

= 1
2tr(C−1Ã(αR ⊗EL

ij)Ã>)

− 1
2y>C−1Ã(αR ⊗EL

ij)Ã>C−1y,

∂ log p
∂[αR]kl

= 1
2tr(C−1Ã(ER

kl ⊗αL)Ã>)

− 1
2y>C−1Ã(ER

kl ⊗αL)Ã>C−1y,

∂ log p
∂β

= 1
2β2 tr(C−1)− 1

2β2 y>C−2y.

A useful identity when computing the Fisher information matrix is that if y ∼
N (0,C) and A and B are symmetric matrices, then

Ey
[
y>Ay

]
= tr

(
AEy

[
yy>

])
= tr(AC),

Ey
[
y>Ayy>By

]
= tr(AC)tr(BC) + 2tr(ACBC).
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Setting and P = Ã>C−1Ã, we find that the Fisher information matrix becomes

F =

 FαLαL FαLαR FαLβ
F>αLαR FαRαR FαRβ
F>αLβ F>αRβ Fββ

 ,
where

[FαLαL ]i+(j−1)p,
k+(l−1)p

= Ey
[
∂ log p
∂[αL]ij

∂ log p
∂[αL]kl

]
= −1

4tr(P(αR ⊗EL
ij))tr(P(αR ⊗EL

kl))

+ 1
4Ey

[
y>C−1Ã(αR ⊗EL

ij)Ã>C−1y·

y>C−1Ã(αR ⊗EL
kl)Ã>C−1y

]
= 1

4tr
(
P(αR ⊗EL

ij)P(αR ⊗EL
kl)
)
.

In a similar way we find that

[FαLαR ]i+(j−1)p,
k+(l−1)q

= Ey
[
∂ log p
∂[αL]ij

∂ log p
∂[αR]kl

]
= 1

4tr
(
P(αR ⊗EL

ij)P(ER
kl ⊗αL)

)
,

[FαRαR ]i+(j−1)q,
k+(l−1)q

= Ey
[
∂ log p
∂[αR]ij

∂ log p
∂[αR]kl

]
= 1

4tr
(
P(ER

ij ⊗αL)P(ER
kl ⊗αL)

)
,

[FLβ ]i+(j−1)p = Ey
[
∂ log p
∂[αL]ij

∂ log p
∂β

]
= 1

4β2 tr
(
Ã>C−2Ã(αR ⊗EL

ij)
)
,

[FαRβ ]k+(l−1)q = Ey
[
∂ log p
∂[αR]kl

∂ log p
∂β

]
= 1

4β2 tr
(
Ã>C−2Ã(ER

kl ⊗αL)
)
,

Fββ = Ey
[
∂ log p
∂β

∂ log p
∂β

]
= 1

4β4 tr
(
C−2) .

These terms gives us the BCRB-IV for the RSVM model.
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7.5 Conclusion

In this chapter we derived Bayesian Cramér-Rao bounds for low-rank matrix com-
pletion. We considered a sparsity-based model, a factorized model and the hierar-
chical RSVM model. We compute the BCRB bounds for all models and simulated
them numerically. We found that the random low-rank matrix models does give
realizations of low numerical rank for appropriate parameter values. We also found
that there exists a considerable gap between the lower bounds of the BCRB’s and
the performance of existing algorithms. This indicates that there is room for de-
signing better estimation algorithms and/or tighter theoretical bounds.





Chapter 8

Low-rank phase retrieval

When measurements are non-linear, it is often much more difficult to esti-
mate parameters. There are, however, some problems which are almost
linear. This means that the non-linear problem can be transformed into

a linear problem. Phase retrieval is one problem which can be transformed to a lin-
ear problem, the transformation of the problem is often called PhaseLift. In phase
retrieval we seek to estimate the parameters of a vector by only measuring the
amplitudes of measurements. PhaseLift has been modified to exploit sparsity in
the parameter vector. However, it is unknown how to exploit low-rank properties
of the parameters. In this chapter we show how the phase retrieval problem can
be adapted to non-linear measurements of low-rank matrices and how the low-rank
matrices can be recovered using convex optimization techniques.

8.1 Introduction

In the phase retrieval model, a vector x ∈ Cn (or x ∈ Rn) is measured as

yi = |a>i x|2 + ni (8.1)

where ai ∈ Cn (or ai ∈ Rn) represents the measurement process, ni ∈ R is ad-
ditive noise and i = 1, 2, . . . ,m. The process (8.1) only register the amplitude of
the measurements and not the phase. Recovering x is equivalent to recovering the
phase’s of the measurements, the problem is therefore often called phase retrieval.
As the problem with complex coefficients can be expressed using real variables,
we will from now on only consider the real scenario where x ∈ Rn. The problem
can be found in many applications, e.g. X-ray crystallography [Fie78,Har93,Mil90],
speckle imaging [RCLV13] and blind channel estimation [RCLV13] where the phase
is lost during the measurement process.

147
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8.1.1 Prior work
One of the origins of phase retrieval is X-ray crystallography [Har93]. In X-ray crys-
tallography, a crystal sample is exposed to X-ray radiation. When the radiation hits
the sample, the radiation is split up in different directions after hitting the crystal.
By measuring the intensity of the resulting beams (and not the phase), one can
register the diffraction pattern. From the diffraction pattern one can then recon-
struct the electron density map of the sample and thus the crystal structure. The
classical methods for reconstructing the crystal are the Gerchberg-Saxton [Ger72]
and the Fienup methods [Fie78] which iteratively estimates the amplitudes and the
phases.

Recently much work has been done on reformulating the phase retrieval prob-
lem as a rank minimization problem [CESV15,RCLV13,EM14,OE14,CCG15]. The
method lifts the non-linearity in the problem by noting that

|a>i x|2 = tr(aia∗i xx∗) = tr(aia∗iZ) = A(Z)i,

where Z = xx∗, A : Cn×n → Rm is a known linear operator and A(Z)i is the i’th
element of A(Z) ∈ Rm. Changing variable from x to Z transforms the problem from
a non-linear problem of finding an n-dimensional vector to finding an n×n positive
definite matrix Z of rank one. Given that the noise is bounded as ||n||1 ≤ η, the
phase retrieval problem can be written as

min rank(Z),
subject to ||y−A(Z)||1 ≤ η, Z � 0,

. (8.2)

A correct estimate is then such that rank(Ẑ) = 1. Since the rank function is hard
to minimize, a common approach is to make a convex relaxation of the problem,
the rank is replaced by the trace [CESV15,CCG15]. The PhaseLift program is thus

min tr(Z),
subject to ||y−A(Z)||1 ≤ η, Z � 0

(PhaseLift)

Another method based on convex relaxation is PhaseCut [WdM15] for which the
unknown phases transforms into a new optimization variable. PhaseLift has the
advantage over PhaseCut that it is easily modified to sparse vectors. This can
be done by using `1-norm regularization [OYDS11] to make Z more sparse. The
approach uses the fact that

||xx∗||0 = ||x||20, ||xx∗||1 = ||x||21.

Uniqueness conditions for the phase retrieval problem have been investigated in
[LV11,RCLV13,EM14,OE14,BCMN14,CESV15] while recovery conditions for the
`1-penalized PhaseLift have been established in e.g. [CCG15,OE14].

To construct PhaseLift for low-rank matrices, the rank and the nuclear norm
need to be lifted in a similar way as sparsity and the `1-norm. However, unlike
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sparsity, which is a component wise property, rank is harder to lift since if x =
vec(X) for X ∈ Cp×q, then

rank(vec(X)vec(X)H) 6= rank(X)2,

||vec(X)vec(X)H ||∗ 6= ||X||2∗.

8.2 The low-rank phase retrieval problem

In the original phase retrieval problem, nothing is assumed about the parameter
vector x. In X-ray crystallography, this amounts to modeling the crystal as an
unknown density of atoms. Since a crystal largely consists of empty space, sparsity
can be used to recover the crystal from less measurements. The sparsity based
approach models the crystal as a small collection of points. However, both the
standard and sparse phase retrieval methods ignore the fact that the atoms in a
crystal are arranged in a crystal structure. To further improve the phase retrieval
methods for X-ray crystallography, it is desired to utilize the crystal structure. We
here concentrate on two-dimensional crystals and discuss the extension to higher
dimensions in Section 8.4.3.

Figure 8.1 shows a honeycomb lattice in a 64× 81 sparse matrix. The non-zero
elements equal one and are marked by black dots. The matrix has 420 non-zero
elements out of 4560, i.e. the sparsity is ≈ 8.1%. The rank of the matrix is 2,
i.e. the rank-to-size ratio is 2/min(81, 64) ≈ 3.1%. When the crystal size grows
to infinity, the sparsity converges to 5.5% while the rank-to-size ratio converges to
zero.

Figure 8.1: Sparse 64×81 matrix representing a honeycomb lattice. The dots mark
the position of ones. The matrix has 210 non-zero entries (out of 4560) and rank 2.

In the low rank phase retrieval problem we consider the case where x = vec(X),
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X ∈ Rp×q and rank(X)� min(p, q). The low-rank phase retrieval problem is thus

min rank(X)
subject to ||y− |Avec(X)|2||1 ≤ η

(8.3)

We notice the similarity between (8.3) and (8.2). However, in (8.2) the measure-
ments are linear in Z while in (8.3) they are non-linear in X. The question arises
of when the solution to (8.3) is unique. By extending the results of [EM14] we find
the following probabilistic uniqueness condition.

Proposition 8.2.1. Assume that the measurements are noise free (η = 0), that
the components of A ∈ Rm×pq are i.i.d. zero-mean Gaussian distributed and that
rank(X) = r ≤ min(p, q)/2. Then the solution to the low-rank phase retrieval prob-
lem (8.3) is unique (and equals ±X) with probability at least 1 − 2 exp(−cu2r(p +
q − 2r)), if

m ≥ Cu3/2r(p+ q − 2r),

where c, C and u are positive constants.

The proof of Proposition 8.2.1 is given in Section 8.7.1. The proposition gives
us that uniqueness can be guaranteed with high probability when the number of
measurements is approximately proportional to the number of degrees of freedom

degrees of freedom = r(p+ q − r).

We now turn to extending PhaseLift to use the low-rank property in (8.3).

8.3 Low-rank PhaseLift

To promote low-rank we need to construct a penalty which acts on the lifted variable
Z while promoting low-rank in X. It turns out that one approach can be found using
the theory of Kronecker product approximation.

8.3.1 Lifting the rank
In the Kronecker approximation problem we search to approximate a matrix B ∈
Rp1p2×q1q2 by the Kronecker product (C ⊗ D) of two matrices, C ∈ Rp1×q1 and
D ∈ Rp2×q2 . The least square approximation problem is

min
(C⊗D)

||B− (C⊗D)||F . (8.4)

The problem has an algebraic solution which uses a linear transformation [VLP93]
R : Rp1p2×q1q2 → Rp1q1×p2q2 such that

R(C⊗D) = vec(C)vec(D)>.



8.3. Low-rank PhaseLift 151

The linear transformation R is invertible, giving us that if B̃ is the best rank-1
approximation of R (B) then the solution to (8.4) is

(Ĉ⊗ D̂) = R−1 (B̃) .
The inverse transformation, R−1, is the key to lifting the rank property. If

Z = vec(X)vec(X)>, then R−1(Z) = (X⊗X) and

rank(R−1(Z)) = rank(X)2, ||R−1(Z)||∗ = ||X||2∗.

By using the transformation R−1(·), we can write the low rank phase retrieval
problem (8.3) in the variable Z = vec(X)vec(X)> as

min rank(R−1Z)),
subject to ||y−A(Z)||1 ≤ η, Z ≥ 0, rank(Z) = 1.

By relaxing the rank functions, the Low-Rank PhaseLift program becomes

Ẑ = arg min tr(Z) + λ||R−1(Z)||∗,
subject to ||y−A(Z)||1 ≤ η, Z � 0,

(8.5)

where λ > 0 is a regularization parameter. We notice that in order to give good
recovery, the regularization parameter needs to be chosen such that rank(Ẑ) = 1. In
Section 8.3.3 we will discuss a method for selecting λ. We now turn to establishing
error bounds for (8.5).

8.3.2 Error bounds for low-rank phase lift
We here establish probabilistic error bounds for (8.5) when the entries of ai are
random variables. For simplicity we here concentrate on Gaussian measurements
although the extension to sub-Gaussian variables is straight forward. We state the
main results in this section and give the proofs in Section 9.5. We consider two
cases: (a) λ ∈

[
1√
r
, ||X||F√

r||Xr||∗

]
(Theorem 8.1) and (b) λ → ∞ (Theorem 8.2). The

case λ = 0 corresponds to the standard PhaseLift method. The theorems upper
bound the error ||Z− Ẑ||2F . The inequality

||x− x̂||22 · ||x + x̂||22 ≤ 2||xx> − x̂x̂>||2F = 2||Z− Ẑ||2F , (8.6)

can be used to give the corresponding error bounds in x. The inequality (8.6) holds
when x and x̂ are real. For completeness we give a proof of (8.6) in Section 8.7.2.
We now give the error bound for λ in a closed interval.

Theorem 8.1. Assume that the entries of ai are i.i.d. Gaussian distributed, ||n||1 ≤
η and Z = vec(X)vec(X)> = xx>. Let Xr denote the best rank-r approximation of
X and xr = vec(Xr). If

m > C ′min
{

(p2 + q2 + 1)r2, 2pq + 1
}
,
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then the solution Ẑ of (8.5) with λ ∈
[

1√
r
, ||Xr||F√

r||Xr||∗

]
satisfies

||Z− Ẑ||F ≤C
(
||xx> − xrx>r ||∗ + λ||R−1(xx> − xrx>r )||∗ + η

m

)
,

with probability at least 1− C0 exp(−c0m) for some positive constants C,C ′, C0, c0
which only depend on r.

Next we give the error bound for λ → ∞, i.e. for the estimator which only
penalize the nuclear norm of X (through Z) and not the trace of Z.

Theorem 8.2. Assume that the entries of ai are i.i.d. zero-mean Gaussian, ||n||1 ≤
η and let R−1(Z)s denote the best rank-s approximation of R−1(Z). If

m > C(p2 + q2 + 1)s,

then the solution Ẑ of (8.5) in the limit λ→∞ satisfies

||Z− Ẑ||F ≤ C1
||R−1(Z)−R−1(Z)s||∗√

s
+ C2

η

m
,

with probability at least 1−C0 exp(−c0m) for some positive constants C0, c0, C1, C2, C
which only depends on s.

For our scenario rank(R−1(Z)) = r2, so the sufficient number of measurements
are m > C(p2 + q2 + 1)r2 to obtain a “noise-only” error bound. For p = q, the
theorems therefore imply that the estimators with finite λ and λ → ∞ requires
less measurements in order to obtain a noise-only error bound. The bounds are,
however, expected to be quite loose compared to the actual performance of the
estimators. In Section 8.5, we compare the empirical performance of the estimators
through numerical simulations.

8.3.3 Regularization path for λ

As “the world is full of obvious things which nobody by any chance ever ob-
serves” [DF02] we note that the Low-Rank PhaseLift estimate (8.5) depends on
the parameter λ. Selecting a proper value of λ is important for finding a good esti-
mate. We therefore write the estimate (8.5) as Ẑ(λ) to emphasize the dependence on
λ. The value of λ should be such that rank(Ẑ(λ)) = 1 and rank(R−1(Ẑ(λ))) is min-
imized. This means that λ should be small enough to ensure that rank(Ẑ(λ)) = 1
while still maximally penalizing the rank of R−1(Ẑ(λ)). By this argument we hy-
pothesize that the optimal value of λ is

λoptimal = max λ, subject to rank(Ẑ(λ)) = 1.
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One problem with the parameter λ is that we possibly need to search over arbitrarily
large λ ∈ [0,∞). For this reason we instead consider the equivalent estimator

Z∗(t) = arg min ||R−1(Z)||∗
subject to ||y−A(Z)||1 ≤ η, Z � 0,

tr(Z) ≤ t.
(8.7)

The advantage of the estimator (8.7) is that the parameter t lies in the bounded
interval

tr(Ẑ(0)) = t0 ≤ t ≤ t1 = tr(Ẑ(∞)). (8.8)

The goal is thus to find the maximal value of t that minimize rank(Z∗(t)) for t
in the interval (8.8). As minimizing the rank is numerically difficult, we instead
minimize the continuous function

f(t) = tr(Z∗(t))− ||Z∗(t)||F . (8.9)

Using that tr(Z∗(t)) ≥ ||Z∗(t)||F and the Cauchy-Schwarz inequality, we get that

0 ≤ f(t) ≤
(√

rank(Z∗(t))− 1
)
||Z∗(t)||F .

So for t such that Z∗(t) 6= 0, f(t) = 0 if and only if rank(Z∗(t)) = 1.
Several methods can be used to minimize (8.9). Here we use the secant method

which updates t based on earlier values tn and tn−1 as

t̃n+1 = tn−1f(tn)− tnf(tn−1)
f(tn)− f(tn−1) ,

tn+1 = min(tmax,max(tmin, t̃n+1), ),

where we use the min-max operation to ensure that t lies in the interval. One
example of how f(t) and the NMSE of Z depend on t is shown in Figure 8.2. We
now discuss possible extensions of the Low-Rank Phase Retrieval problem.

8.4 Extensions of low-rank phase retrieval

In this section we discuss the extension of low-rank phase retrieval to other com-
monly discussed scenarios.

8.4.1 Robust low-rank phase retrieval
As in robust PCA, the low-rank matrix is in some scenarios corrupted by sparse
noise. To separate the low-rank and sparse component, low-rank and sparse penal-
ties are used.
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Let X,E ∈ Rp×q where X is low-rank and E is sparse, set also x = vec(X) and
e = vec(E). We find that

X + E = [Ip Ip]
[

X
E

]
,

|a>i vec(X + E)|2 =

∣∣∣∣∣a>i (I2q ⊗ [Ip Ip])
[

x
e

]∣∣∣∣∣
2

= tr
(

aia>i

[
x
e

] [
x∗ e∗

])
= tr(aia>i Z)

where a>i = a>i (I2q ⊗ [Ip Ip]) and now

Z =
[

xx∗ xe∗

ex∗ ee∗

]
=
[

Z11 Z12

Z21 Z22

]
.

We thus find that the robust low-rank phase retrieval problem can be solved by
changing the objective function in (8.5) to

tr(Z) + λ1||R−1(Z11)||∗ + λ2||Z22||1.

8.4.2 Low-rank and sparse matrices
In the example of X-ray crystallography and the Figure 8.1, the matrix X is both
sparse and low-rank. For such problems, it is beneficial to penalize both the rank
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Figure 8.2: The rank subsititute function f(t) = tr(Z∗(t)) − ||Z∗(t)||F and the
NMSE ||Z∗(t) − Z||2F /||Z||2F vs. t = tr(Z∗(t)) for p = q = 5, r = 1 and m = 50
Gaussian measurements.
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and the sparsity of the solution. The natural modification to the estimator (8.5) is
therefore

Ẑ = arg min tr(Z) + λ1||R−1(Z)||∗ + λ2||Z||1,
subject to ||y−A(Z)||1 ≤ η, Z � 0

(8.10)

where λ1, λ2 ≥ 0 are regularization parameters. For the estimator (8.10) we find
the following error bounds.

Theorem 8.3. Assume that the entries of ai are i.i.d. Gaussian distributed, ||n||1 ≤
η and Z = vec(X)vec(X)> = xx>. Let

Xr,k = arg min
rank(X′)≤r
||X′||1≤k

||X′ −X||F

denote the best k-sparse and rank-r approximation of X and xr,k = vec(Xr,k). If

m > C ′k2r2 log(pq/k2),

then the solution Ẑ of (8.10) with λ1 ∈
[

1√
r
,
||Xr,k||F√
r||Xr,k||∗

]
and λ2 ∈

[
1√
k
,
||Xr,k||F√
k||Xr,k||1

]
satisfies

||Z− Ẑ||F ≤ C
(
||xx> − xr,kx>r,k||∗ + λ1||R−1(xx> − xr,kx>r,k)||∗

+λ2||xx> − xr,kx>r,k||1 + η

m

)
,

with probability at least 1− C0 exp(−c0m) for some positive constants C,C ′, C0, c0
which only depends on k and r.

The proof of Theorem 8.3 is similar to the proof of Theorem 8.1 and is therefore
omitted.

8.4.3 Recovery of low-rank tensors
So far we have only discussed the recovery of matrices, i.e. two-dimensional struc-
tures which describe e.g. two dimensional crystals. As most crystals are three di-
mensional, it is interesting to consider how the low-rank phase retrieval becomes
modified for higher order structures. The higher order generalization of a matrix
is the tensor [KB09]. As the components of a vector is written with one index
xi (a first order tensor), the component of a matrix with two indices Xij (a sec-
ond order tensor), the components of a k’th order tensor is written with k indices
Xi1i2...ik . Since we considered X-ray crystallography as an important application
we, for simplicity, focus on rank minimization for third order tensors.

Unlike matrices, several low-rank decompositions exist for third order tensors
[BL10,KB09]. The two most common decompositions are the Tucker or higher order
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SVD (HOSVD) and the CP decomposition. The Tucker decomposition of a tensor
with components Xijk is

Xijk =
∑
m,n,p

GmnpUmiVnjWpk,

while the CP decomposition is

Xijk =
r∑
q=1

AqiBqjCqk.

We see that the CP decomposition is a special case of the HOSVD decomposition
as it corresponds to setting

Gmnp =
{

1, m = n = p

0, otherwise
.

The rank of a tensor is often defined as the minimal number of terms, r, in
the CP decomposition. Another definition of rank is through the tensor unfolding
where the elements of the tensor is mapped to matrices. Let X ∈ RN1×N2×N3

be a third order tensor of size P × Q × R, the mode-n unfolding X(n) of the
tensor [YHS13,GRY11] is a matrix where the component (i1, i2, i3) is mapped to
the component (in, j) for

j = 1 +N1N2N3

3∑
k=1,k 6=n

ik − 1
Nk

.

Figure 8.3: Illustration of first, second and a third order tensor. A first order tensor
is a vector and a second order tensor is a matrix. A k’th order tensor can be
represented as a k-dimensional array of numbers.
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The unfolding of a tensor is sometimes called matricization. It is also possible to
define the vectorization of a tensor in the same way as for matrices. The 3-rank of
a third order tensor is the tuple

(r1, r2, r3) =
(
rank(X(1)), rank(X(2)), rank(X(3))

)
.

A common approach to tensor rank minimization is to minimize the sum of the
3-ranks [YHS13]. The corresponding convex penalty is then to replace the matrix
ranks by the nuclear norm.

In the phase retrieval problem, the lifted variable is Z = vec(X)vec(X)>. To
promote low tensor rank in X we note that vec(X) is related to the tensor unfoldings
by a linear transformation. Thus we can write

vec(X) = vec1(X(1)) = P1vec(X(1)),
vec(X) = vec2(X(2)) = P2vec(X(2)),
vec(X) = vec3(X(1)) = P3vec(X(3)),

where veck(·) is the vectorization operators related to the k’th tensor unfolding and
P1,P2,P3 are permutation matrices. By using the permutation matrices, we find
that the nuclear norm tensor rank penalty becomes

||R−1(P−1
1 Z(P>1 )−1)||∗ + ||R−1(P−1

2 Z(P>2 )−1)||∗ + ||R−1(P−1
3 Z(P>3 )−1)||∗.

This formulation is easily extended to higher order tensors.

8.5 Experiments with random measurement matrices

Here we perform numerical experiments to investigate the empirical performance
of low-rank matrix phase retrieval (LRPR). We compare the performance of Low-
Rank PhaseLift (LR-PhaseLift) (8.7), with the parameter t set by the procedure
described in 8.3.3, with the standard PhaseLift. The methods where implemented
using the cvx toolbox [GBY08]. Since the solution is only unique up to a global
phase, we use the error measure

min
θ
||X− eiθX̂||2F = ||X||2F + ||X̂||2F − 2|tr(X>X̂)|.

We consider the scenario where the elements of the sensing matrix in (8.1)
A are drawn from an N (0, 1) distribution. We generated the low-rank matrix by
setting X = LR> where L ∈ Rp×r, R ∈ Rq×r and the elements from L and R are
independently drawn from a N (0, 1) distribution.

8.5.1 Noise-free measurements
In the first experiment we considered noise free measurements. We used p = 7,
q = 7, r = 2 and varied the number of measurements m. The results are shown
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Figure 8.4: NMSE for reconstruction from Gaussian measurements for p = q = 5
and rank(X) = 1. (Change to other figure when simulation is done)

in Figure 8.4. We find that LR-PhaseLift is able to reconstruct the matrix (up to
numerical precision) for m ≥ 105 measurements while PhaseLift requires m ≥ 125
measurements to reconstruct the matrix.

8.5.2 Noisy measurements

In the second experiment we examined how noise affects the final estimates. In
the experiments, we generated the noise from a N (0, σ2

nIm) distribution. The noise
variance, σ2

n was chosen so that the Signal-to-Noise-Ratio (SNR)

SNR =
E [
∣∣∣∣|Ax|2

∣∣∣∣2
2]

E [||n||22] = r2m(pq)2 + 2r2mpq

mσ2
n

,

was equal to 20 dB.
To estimate X we used the standard PhaseLift and LR-PhaseLift with

η = σnm,

as in [CCG15].
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Figure 8.5: NMSE for reconstruction from noisy Gaussian measurements for p =
q = 7, r = 2 and SNR = 20 dB.

The results are shown in Figure 8.5. We find that the estimation methods gave
larger errors when noise was present. This is to be expected since the use of η > 0
makes the estimates biased towards zero. LR-PhaseLift gave an NMSE which was
10 to 7 dB lower than the NMSE of PhaseLift for the values of m shown in the
Figure.

8.6 Conclusion

In this chapter we showed how the PhaseLift method for phase retrieval can be
adapted to promote low-rank in the estimate. In phase retrieval we only mea-
sure the magnitudes of measurements, the sign or phase of the measurements are
therefore lost. This occurs in e.g. X-ray crystallography where X-rays are scattered
against a crystal. The approach uses the theory of approximation with Kronecker
products and leads to a convex penalty in the lifted variable. Using methods for con-
vex optimization bounds, we derived error bounds for the estimation methods. The
low-rank phase retrieval method was also extended to robust low-rank matrix re-
construction, low-rank and sparse matrix reconstruction and the recovery of higher
order tensors. Lastly we evaluated the empirical performance of the algorithms us-
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ing numerical experiments. We found that the proposed method could reconstruct a
low-rank matrix from fewer number of measurements than the standard PhaseLift
algorithm.

8.7 Derivations and proofs

8.7.1 Details for uniqueness bound
The proof of Proposition 8.2.1 relies on Theorem 2.4. in [EM14].

A random variable a ∈ Rn is isotropic if

E [|a>t|2] = ||t||22

for all t ∈ Rn and L-subgaussian if

Pr(|a>t| ≥ Lu(E [|a>t|2])1/2) ≤ 2 exp(−u2/2),

for all t ∈ Rn. Let T ⊂ Rn be a set and let

T− =
{

t− s
||t− s||2

, t, s ∈ T, t 6= s
}
,

T+ =
{

t + s
||t + s||2

, t, s ∈ T, t 6= s

}
.

Denote

E = max
{
Eg

[
sup

v∈T−

n∑
i=1

givi

]
, Eg

[
sup

v∈T+

n∑
i=1

givi

]}
,

ρT,m = E√
m

+ E2

m

and

κ(v,w) = E
[
a>v/||v||2a>w/||w||2

]
.

Theorem 8.4 (Theorem 2.4 from [EM14]). Let A ∈ Rm×n be a matrix with i.i.d.
random isotropic L-subgaussian row vectors. For every L ≥ 1 there exists constants
c1, c2 and c3 that depends only on L such that for u ≥ c1∣∣∣∣|As|2 − |At|2

∣∣∣∣
1 ≥ D||s− t||2||s + t||2,

D = κ(s− t, s + t)− c3u3ρT,m

holds for all s, t ∈ T with probability at least

1− 2 exp(−c2u2 min{m,E2}).
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The quantity κ(v,w) can be shown to be bounded from below as κ(v,w) ≥ c1
under some conditions (e.g. small-ball or Paley Sygmund arguments) [EM14]. We
find that it is necessary for m to be large enough such that

c1 − c3u3ρT,m > 0

to ensure a unique solution.

Proof of Proposition 8.2.1. For simplicity we only consider Gaussian measurement
matrices. The extension to sub-Gaussian measurement matrices is straightforward.
Let Tr = {X ∈ Rp×q : rank(X) ≤ r}. Each row vector of A can be represented by
a p× q matrix. Let G denote a reshaped row vector of A and let Ur = {X ∈ Rp×q :
rank(X) ≤ r, ||X||F = 1}, we find that [CRPW12]

E = EG

[
sup

W∈U2r

tr(G>W)
]

= EG

( 2r∑
i=1

σi(G)2

)1/2
≤
√

6r(p+ q − 2r) = E′

Provided that infv,w κ(v, w) ≥ c1, Theorem 8.4 now gives that the solution to

y = |Avec(X)|2, rank(X) ≤ r

is unique with probability at least

1− 2 exp(−c2u2E′2) = 1− 2 exp(−6c2u2r(p+ q − 2r)),

when r ≤ min(p, q)/2 and

c1 − c3u3ρT,m ≥ c1 − c3u3
(
E′√
m

+ E′2

m

)
≥ c1 − c3u3

[
E′√
m

+
(
E′√
m

)2
]
> 0

⇐ m >
E′√

c1
c3u3 + 1

4 −
1
2

⇐ m >

√
c3u3

c1

√
6r(p+ q − 2r).
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8.7.2 Proof of (8.6)
We find that

2||xx> − x̂x̂>||2F − ||x− x̂||22 · ||x + x̂||22
= 2tr(xx>xx>) + 2tr(x̂x̂>x̂x̂>)− 4tr(xx>x̂x̂>)
− (||x||22 + ||x̂||22 − 2x>x̂)(||x||22 + ||x̂||22 + 2x>x̂)
= 2||x||42 + 2||x̂||42 − 4(x>x̂)2 − ||x||42 − ||x̂||42 − 2||x||22||x̂||22 + 4(x>x̂)2

= ||x||42 + ||x̂||42 − 2||x||22||x̂||22
= (||x||22 − ||x̂||22)2 ≥ 0.

This proves (8.6).

8.7.3 Recovery bounds under RIP-conditions
Theorem 8.1 and 8.2 require the bounds on the RIP constants given in Corol-
lary 8.7.1. The proof of Theorem 8.2 is similar to the proof of Theorem 1 in [CCG15]
when Corollary 8.7.1 is given, the proofs are therefore not repeated here. Here we
first show the proof of Theorem 8.1 since it differs from the proof in [CCG15] and
later also prove Corollary 8.7.1.

The lifted random sensing operatorA(·) = Φvec(·) does not satisfy the RIP since
the individual components have non zero-means. However, in Proposition 8.7.2 and
Corollary 8.7.1 in Section 8.7.5 we show that the operator B defined as

B(Z)i = Φ(Z)2i−1 − Φ(Z)2i,

does satisfy the following RIP with high probability.

Definition 8.1. A linear operator B satisfies theMK1,K2 `2/`1-RIP property if

(1− γlbK1,K2
)||W||F ≤

1
m
||B(W)||1 ≤ (1 + γubK1,K2

)||W||F ,

for all matrices W ∈MK1,K2 where

Mk,r =
{

W ∈ Rp
2×q2

: rank(W) ≤ r2, rank(R(W)) ≤ k,R−1(W) � 0
}
.

Assuming that the RIP condition holds, we prove Theorem 8.1 with the help of
the following proposition.

Proposition 8.7.1. Assume that Z = vec(X)vec(X)> = xx> and let Xr be the
best rank-r approximation of X and xr = vec(Xr). If there exists K1,K2 such that
B satisfies the MK1,K2 `2/`1-RIP property, with

(1 + δubK1,K2
)
√

3
(1− δlb2K1,2K2

)
√
K1

+
1 + δubK1,K2

(1− δlbK1,K2
)
√
K1

<
1

1 +
√

2



8.7. Derivations and proofs 163

then for
√

K1
K2
≤ λ ≤ ||X||F√

r||Xr||∗
there exists a constant C such that

||Z− Ẑ||F ≤C
(
||xx> − xrx>r ||∗ + λ||R−1(xx> − xrx>r )||∗ + η

m

)
.

Proof. Let Ẑ be the minimizer of (8.5) and let Z = xx>, then Ẑ = xx> + H. Set
Zr = xrx>r and Zc = Z − xrx>r . Let Xr = UrΣrV>r be the SVD of Xr and set
u = vec(Xr/||Xr||F ). A subdifferential of || · ||∗ + λ||R−1(·)||∗ at Zr is

uu> + Y + λ(R−1)∗(VrV>r ⊗UrU>r ) + λW
= uu> + Y + λvec(UrV>r )vec(UrV>r )> + λW,

where ||Y|| ≤ 1, u>Y = 0 and W is such that U>r W = 0, WVr = 0 and ||W|| ≤ 1.
Define the tangent spaces T and S by

T = TZr{Z : rank(Z) ≤ 1} = {urz> + zu>r , z ∈ Rpq}
S = TZr{Z : rank(R−1(Z)) ≤ r2},
=
{

(Iq ⊗Ur)B(Iq ⊗Ur)> + (Vr ⊗ Ip)A(V>r ⊗ Ip) : A ∈ Rrp×rp,B ∈ Rrq×rq
}
.

We find that the projections onto the tangent spaces are given by

PT (Z) = uu>Z + (I− uu>)Zuu>,
PS(Z) = (VrV>r ⊗UrU>r )Z + (Ipq − (VrV>r ⊗UrU>r ))Z(VrV>r ⊗UrU>r ).

This gives us that PSPT = PTPS = PT , so T ⊂ S.
We can chose Y and W such that 〈Y,H〉 = ||HT⊥∩S ||∗ and 〈W,H〉 = ||R−1(HS⊥)||∗.

We also set v = vec(UrV>r ) for brevity.
We find that

0 ≥ tr(Z + H) + λ||R−1(Z + H)||∗ − tr(Z)
− λ||R−1(Z)||∗ = ||Z + H||∗ + λ||R−1(Z + H)||∗
− ||Z||∗ − λ||R−1(Z)||∗
≥ ||Zr + H||∗ + λ||R−1(Zr + H)||∗ − 2||Zc||∗
− ||Zr||∗ − λ||R−1(Zr)||∗ − 2λ||R−1(Zc)||∗
≥
〈
uu> + Y + λvv> + λW,H

〉
− 2λ||R−1(Zc)||∗

− 2||Zc||∗ =
〈
uu> + λPT

(
vv>

)
,HT

〉
+ ||HT⊥∩S ||∗

+ λ
〈
PT⊥(vv>),HT⊥

〉
+ λ||R−1(HS⊥)||∗

− 2λ||R−1(Zc)||∗ − 2||Zc||∗.

We further have that HT⊥ � 0 because Z + H � 0. This gives us that〈
PT⊥(vv>),HT⊥

〉
=
〈
vv>,HT⊥

〉
= v>HT⊥v> ≥ 0.
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Putting this together we find that

||HT⊥∩S ||∗ + λ||R−1(HS⊥)||∗
≤ −

〈
uu> + λPT (vv>),HT

〉
+ 2||Zc||∗ + 2λ||R−1(Zc)||∗

≤ ||HT ||+ λ||PT (vv>)||∗||HT ||+ 2||Zc||∗ + 2λ||R−1(Zc)||∗

Also, since λ ≤ ||Xr||F√
r||Xr||∗

we get that

||PT (vv>)||2∗ ≤ 2||PT (vv>)||2F
= 4(u>v)2||v||22||u||22 − 2(u>v)4

= 4r ||Xr||2∗
||Xr||2F

− 2 ||Xr||4∗
||Xr||4F

≤ 2r ||Xr||2∗
||Xr||2F

≤ 2
λ2 .

This gives us that

||HT⊥∩S ||∗ + λ||R−1(HS⊥)||∗
≤ (1 +

√
2)||HT ||+ 2||Zc||∗ + 2λ||R−1(Zc)||∗.

Next, decompose HS⊥∩T and HS⊥ into mutually orthogonal matrices

HT⊥∩S =
M1∑
i=1

H(i)
T⊥∩S ,

HS⊥ =
M2∑
i=1

H(i)
S⊥
,

such that

σmin(H(i)
T⊥∩S) ≥ σmax(H(i+1)

T⊥∩S),

σmin(R−1(H(i)
S⊥

)) ≥ σmax(R−1(H(i+1)
S⊥

)),

rank(H(i)
T⊥∩S) = K1, 1 ≤ i ≤M1 − 1

||HT⊥∩S ||∗ =
M1∑
i=1
||H(i)

T⊥∩S ||∗,

rank(R−1(H(i)
S⊥

)) = K2, 1 ≤ i ≤M2 − 1,

rank(H(i)
S⊥

) = K1, 1 ≤ i ≤M2 − 1,

||R−1(HS⊥)||∗ =
M1∑
i=1
||R−1(H(i)

S⊥
)||∗,

where σmin(·) denotes the smallest non-zero singular value.
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Combined with the RIP-property, this gives us that

M1∑
i=2

1
m
||B(H(i)

T⊥∩S)||1 ≤ (1 + δubK1,K2
)
M1∑
i=2
||H(i)

T⊥∩S ||F

≤
(1 + δubK1,K2

)
√
K1

||HT⊥∩S ||∗,

M2∑
i=2

1
m
||B(H(i)

S⊥
)||1 ≤ (1 + δubK1,K2

)
M2∑
i=2
||H(i)

S⊥
||F

= (1 + δubK1,K2
)
M2∑
i=2
||R−1(H(i)

S⊥
)||F

≤
(1 + δubK1,K2

)
√
K2

||R−1(HS⊥)||∗.

Because of the constraint, we get that

1
m
||B(H)||1 ≤

1
m
||Φ(H)||1 ≤

1
m

(
||y− Φ(Ẑ)||1 + ||y− Φ(Z)||1

)
≤ 2η
m
. (8.11)

We now take K1 and K2 such that
√

K1
K2
≤ λ. Using this, we find that

2η
m
≥ 1
m
||B(H)||1 ≥

1
m

∣∣∣∣∣∣B (HT + H(1)
T⊥∩S + H(1)

S⊥

)∣∣∣∣∣∣
1

−
M1∑
i=2

1
m
||B(H(i)

T⊥∩S)||1 −
M2∑
i=2

1
m
||B(H(i)

S⊥
)||1

≥ (1− δlb2K1,2K2
)||HT + H(1)

T⊥∩S + H(1)
S⊥
||F

−
(1 + δubK1,K2

)
√
K1

||HT⊥∩S ||∗ −
(1 + δubK1,K2

)
√
K2

||R−1(HS⊥)||∗

≥
1− δlb2K1,2K2√

3

(
||HT ||F + ||H(1)

T⊥∩S ||F + ||H(1)
S⊥
||F
)

−
(1 + δubK1,K2

)
√
K1

(
||HT⊥∩S ||∗ + λ||R−1(HS⊥)||∗

)
≥

1− δlb2K1,2K2√
3

(
||HT ||F + ||H(1)

T⊥∩S ||F + ||H(1)
S⊥
||F
)
−

(1 + δubK1,K2
)

√
K1

(
(1 +

√
2)||HT ||+ 2λ||R−1(Zc)||∗ + 2||Zc||∗

)
.
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This gives us that

||HT ||F + ||H(1)
T⊥∩S ||F + ||H(1)

S⊥
||F

≤ C1

(
(1 +

√
2)||HT ||+ 2||Zc||∗ + 2λ||R−1(Zc)||∗

)
+

√
3

(1− δlb2K1,2K2
)

2η
m
,

where

C1 =
(1 + δubK1,K2

)
√

3
(1− δlb2K1,2K2

)
√
K1

.

For the remaining terms we find that
M1∑
i=2
||H(i)

T⊥∩S ||F +
M2∑
i=2
||H(i)

S⊥
||F

≤ 1
1− δlbK1,K2

(
M1∑
i=2

1
m
||B(H(i)

T⊥∩S)||1 +
M2∑
i=2

1
m
||B(H(i)

S⊥
)||1

)

≤
1 + δubK1,K2

(1− δlbK1,K2
)
√
K1
||HT⊥∩S ||∗ +

1 + δubK1,K2

(1− δlbK1,K2
)
√
K2
||R−1(HS⊥)||∗

≤
1 + δubK1,K2

(1− δlbK1,K2
)
√
K1

(
||HT⊥∩S ||∗ + λ||R−1(HS⊥)||∗

)
≤

1 + δubK1,K2

(1− δlbK1,K2
)
√
K1

(
(1 +

√
2)||HT ||+ 2||Zc||∗ + 2λ||R−1(Zc)||∗

)
Putting this together gives us that

||H||F = ||HT + HT⊥∩S + HS⊥ ||F

≤ ||HT ||F + ||H(1)
T⊥∩S ||F + ||H(1)

S⊥
||F +

M1∑
i=2
||H(i)

T⊥∩S ||F +
M2∑
i=2
||H(i)

S⊥
||F

≤ γ
(

(1 +
√

2)||HT ||+ 2||Zc||∗ + 2λ||R−1(Zc)||∗
)

+
√

3
(1− δlb2K1,2K2

)
2η
m
,

where

γ =
(1 + δubK1,K2

)
√

3
(1− δlb2K1,2K2

)
√
K1

+
1 + δubK1,K2

(1− δlbK1,K2
)
√
K1

.

We thus have that

||H||F ≤
2γ

1− (1 +
√

2)γ
(
||Zc||∗ + λ||R−1(Zc)||∗

)
+ 1

1− (1 +
√

2)γ

√
3

(1− δlb2K1,2K2
)

2η
m

≤ C
(
||Zc||∗ + λ||R−1(Zc)||∗ + η

m

)
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provided that γ < 1/(1 +
√

2).

We notice that the proof provides loose recovery bounds since the proof implies
that λ should be chosen as small as possible. Theorem 8.2 follows directly from 8.7.1
using e.g. the techniques in the proof of Theorem 1 in [CCG15] and is therefore
omitted.

8.7.4 Proof of Theorem 8.2
Proof: We note that

tr(aia>i R−1(Z)) = tr((Ai ⊗Ai)>W),

where W = R−1(Z). We can thus express the measurements as y = AK(W) + n.
The program (8.1) in the limit λ→∞ can be written as

min||W||∗,
such that ||y−AK(W)||1 ≤ η, R(W) � 0,

(8.12)

where AK(W)i = tr((Ai ⊗Ai)>W). Let Ŵ = W + H ∈ Rp2×q2 be the minimizer
of (8.12). Let Ws be the best rank-s approximation of W and set Wc = W−Ws.
Let Ws = UsΣsV>s be the SVD decomposition of Ws. We find that

||WT ||∗ + ||WT⊥ ||∗ ≥ ||W||∗ ≥ ||W + H||∗ ≥ ||WT + H||∗ − ||WT⊥ ||∗
≥ ||WT ||∗ − ||HT ||∗ + ||HT⊥ ||∗ − ||WT⊥ ||∗.

This gives that

||HT⊥ ||∗ ≤ 2||WT⊥ ||∗ + ||HT ||∗. (8.13)

Decompose HT⊥ into orthogonal matrices

HT⊥ =
M∑
i=1

H(i)
T⊥
,

such that

σmin(H(i)
T⊥

) ≥ σmax(H(i+1)
T⊥

),

rank(H(i)
T⊥

) = K1, for i = 1, 2, . . . ,M − 1.

We find that∑
i≥2
||H(i)

T⊥
||F ≤

1√
K1

∑
i≥1
||H(i)

T⊥
||∗ = 1√

K1
||HT⊥ ||∗ (8.14)

≤ 1√
K1

(2||Wc||∗ + ||HT ||∗) ≤
1√
K1

(
2||Wc||∗ +

√
s||HT ||F

)
. (8.15)
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This gives us that

M∑
i=2

1
m
||BK(H(i)

T⊥
)||1 ≤ (1 + δ

(ub)
K1

)
M∑
i=2

1
m
||H(i)

T⊥
||F

≤
1 + δ

(ub)
K1√
K1

||HT⊥ ||∗.

Similar to (8.11), we find that

1
m
||BK(H)||1 ≤

2η
m
.

This gives us that

2η
m
≥ 1
m
||BK(HT + H(1)

T⊥
)||1 −

M∑
i=2

1
m
||BK(H(i)

T⊥
)||1 ≥

(1− δ(lb)
2K1

)||HT + H(1)
T⊥
||F −

1 + δ
(ub)
K1√
K1

||HT⊥ ||∗ ≥

1− δ(lb)
2K1√
2

(
||HT ||F + ||H(1)

T⊥
||F
)
−

1 + δ
(ub)
K1√
K1

||HT⊥ ||∗

≥
1− δ(lb)

2K1√
2

(
||HT ||F + ||H(1)

T⊥
||F
)

−
1 + δ

(ub)
K1√
K1

(
2||Wc||∗ +

√
s||HT ||F

)
.

Rearranging the terms we get that

(
1− δ(lb)

2K1√
2

−
√
s

1 + δ
(ub)
K1√
K1

)
||HT ||F +

1− δ(lb)
2K1√
2
||H(1)

T⊥
||F

≤ 2
1 + δ

(ub)
K1√
K1

||Wc||∗ + 2η
m
.

We thus find that

||HT ||F + ||H(1)
T⊥
||F ≤

2
β

(
1 + δ

(ub)
K1√
K1

||Wc||∗ + η

m

)
. (8.16)
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Combining (8.14), (8.13) and (8.16) we finally get that

||H||F ≤ ||HT ||F + ||H(1)
T⊥
||F +

∑
i≥2
||H(i)

T⊥
||F

≤ ||HT ||F + ||H(1)
T⊥
||F + 1√

K1

(
2||Wc||∗ +

√
s||HT ||F

)
≤
(
C1

β
+ C2

)
||Wc||∗√

K2
+ C3

β

η

m
.

This establishes the bound.

8.7.5 Bounds for RIP conditions
Here we establish the probabilities and required number of measurements for the
RIP to hold for the different cases. We first show the following proposition.

Proposition 8.7.2. Let B be the linear operator with components

B(W)i = tr
(
B>i W

)
where W is a p2 × q2 matrix,

Bi = (A2i ⊗A2i)− (A2i−1 ⊗A2i−1)

and the elements of Ak are i.i.d. sub-Gaussian variables. Then for every W there
exists positive constants c1, c2, c3 such that

c1||W||F ≤
1
m
||B(W)||1 ≤ c2||W||F ,

holds with probability at least 1− exp(−c3m).

Proof. To prove the proposition, we introduce the commutation matrices Kp which
are matrices such that, Kpvec(X) = vec(X>) for all X ∈ Rp×p. It follows that
Kp(X⊗Y)Kq = (Y⊗X) when X,Y ∈ Rp×q [MN95]. Another useful operator is

T (W) = R−1(diag(R(W))),

which projects out certain components of the p2×q2 matrix W. Here diag(·) denotes
projection onto the closest diagonal matrix. The operator T (·) can also be expressed
using index-notation as

T (W)i+(k−1)p,j+(l−1)q = δi,kδj,lWi+(k−1)p,j+(l−1)q,

for 1 ≤ i, k ≤ p and 1 ≤ j, l ≤ q.
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From Lemma 7 (the Hanson-Wright Inequality) of [CCG15] it follows that
B(W)i is a sub-exponential random variable with

E [|B(W)i|] ≤ c′1||W||2F . (8.17)

To establish a lower bound on E [|B(W)i|] we use that [CCG15]

E [|B(W)i|] ≥

√
(E [|B(W)i|2])3

c′3||W||2F
.

We have that

E [Ai ⊗Ai] = T (11>),
E [(Ai ⊗Ai)tr((Ai ⊗Ai)>W)] = W + Kp2WKq2

+ (1>T (W)1) · T (11>) + (µ4 − 3)T (W).

We thereby find that for all 1 ≤ i ≤ m

E [Bitr(B
>
i W)] = 4W + 2(µ4 − 3)T (W).

From which it follows that

E [|B(W)i|2] = E[tr(W>Bitr(B>i W))] (8.18)
= 4||W||2F + 2(µ4 − 3)||T (W)||2F
≥ min(4, 2(µ4 − 1))||W||2F = c4||W||2F (8.19)

So

E [|B(W)i|2] ≥

√
c34
c′3
||W||F = c′2||W||F . (8.20)

Lemma 8 of [CCG15] (see also [Ver12]) gives us that with probability at least
1− 2 exp(−cmε) ∣∣∣∣ 1

m
||B(W)||1 −

1
m
E [||B(W)||1]

∣∣∣∣ ≤ ε||W||F .
Together with (8.17), we get that

1
m
||B(W)||1 ≤

1
m
E [||B(W)||1] + ε||W||F

≤ (c′1 + ε)||W||F = c1||W||F
and together with (8.20), we have that

1
m
||B(W)||1 ≥

1
m
E [||B(W)||1]− ε||W||F

≥ (c′2 − ε)||W||F = c2||W||F ,

with probability at least 1− 2 exp(−c3m) for c3 = cε.



8.7. Derivations and proofs 171

We want to derive the number of necessary measurements for the RIP to hold
for matrices in the set

Mk,r =
{

W ∈ Rp
2×q2

: rank(W) ≤ r2,

rank(R(W)) ≤ k,R−1(W) � 0
}
.

By using standard covering arguments as in [CP11], we find the following corol-
lary.

Corollary 8.7.1. For the sub-Gaussian sensing model, there exists positive con-
stants C, c1, c2, c3 such that

1− δlbk,r ≥ c1/2, 1 + δubk,r ≤ 2c2,

with probability at least 1− exp(−c3m) provided that

m > C min
{

(p2 + q2 + 1)r2, (2pq + 1)k
}
.





Chapter 9

Fast solution of the `1-norm

Traditionally, the biggest problem to making informed decisions was to ob-
tain data through observations and experiments. Now, with more inexpen-
sive sensors and hardware, data can be collected at a much lower cost. The

main problem now is instead to transmit, store and process the large amounts of
data. The problem of handling and analyzing large amounts of data is often re-
ferred to as the data deluge and Big Data [Bar11]. In Big Data problems, machine
learning methods are used to process large amounts of data to extract useful in-
formation. The large amounts of data requires that the algorithms are fast and
memory efficient to be useful in practice. Sparse representations are useful for Big
Data problems since they allow us to describe data in an economical way. To find
sparse representations requires that our dictionary contains many atoms. For the
standard sparse representation problem, the big data problem occurs when: (1) the
number of atoms is very large, (2) the number of measurements is very large or (3)
both the number of measurements and number of atoms is very large. Typically
(2) can be solved using e.g. batched gradient descent methods while (1) and (3) re-
quire new approaches. In this chapter we will consider case (1) where the number of
atoms is so large that the entire dictionary cannot be stored in the RAM memory of
a computer. This means that the dictionary needs to be stored in the hard drive of
the computer and only be accessed parts at the time. It is possible to adapt greedy
algorithms such as OMP to the Big Data scenario using distributed computational
methods [Sun14]. Here we show how the convex method Basis Pursuit (BP) can be
applied to the Big Data problem by designing an algorithm which is fast and only
needs to access parts of the dictionary in each iteration.

9.1 Introduction

A sparse representation is a special solution to a set of linear equations. Let x ∈ Rn
be a vector which solves the linear system of equations

y = Ax, (9.1)

173
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where A ∈ Rm×n is a known sensing matrix and y ∈ Rm is a vector containing the
observed measurements. When x has many components that are zero, the solution
is a sparse representation of the measurement y. Typically we need that m � n
for a sparse solution to be possible. The Basis Pursuit (BP) method finds a sparse
solution to (9.1) through the convex program

x̂BP = arg min ||x||1
subject to y = Ax

(9.2)

The Basis Pursuit method can be shown to recover the maximally sparse solu-
tion under certain technical conditions [CT05,BDE09,Ela]. The problem of calcu-
lating the Basis Pursuit solution is an important problem in compressed sensing
and many “off-the-shelf” methods exist that can solve the minimization problem.
Common methods in the literature are interior-point methods and the simplex
method [BV04, Dan98]. The advantage of these methods is that they can solve
many different problems and have well established convergence properties. Effi-
cient implementations such as CVX [GBY08] and Matlab’s linprog [MAT03] are
also available. The disadvantage of these methods is that they are constructed for
general optimization problems and therefore do not exploit the special structure of
the Basis Pursuit problem. This means that the algorithms need to keep all problem
variables in the memory at all times. This makes the standard algorithms unable
to handle problems where the number of variables is very large.

As an example, consider the 128 × 128 Barbara image shown in Figure 9.1. In
grayscale representation, the image is represented by 16384 pixels values. Images
are usually compressed using source coding techniques such as JPEG which uses a
truncated Discrete Cosine Transform (DCT). The image compression technique can
be modified by e.g. representing the image in a wavelet dictionary. The question
arises of which wavelet dictionary gives the best compression. In Figure 9.2 we show

Figure 9.1: The 128× 128 Barbara image.
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component, 50% compression DCT, 50% compression Haar wavelet, 50% compression dmey wavelet, 50% compression

component, 75% compression DCT, 75% compression Haar wavelet, 75% compression dmey wavelet, 75% compression

component, 90% compression DCT, 90% compression Haar wavelet, 90% compression dmey wavelet, 90% compression

Figure 9.2: Thresholding compression of the image from Figure 9.1 for different
dictionaries and compression ratios. The first column shows the component-wise
representation, the second column shows the discrete cosine transform (DCT) rep-
resentation, the third column shows the Haar wavelet representation and the fourth
column shows the discrete Meyer (dmey) wavelet representation. The first rows
show a truncation giving a 2 : 1 compression (50% of coefficients zero), the sec-
ond row a 4 : 1 compression (75% of coefficients zero) and the third row a 10 : 1
compression (90% of coefficients zero).

how the image from Figure 9.1 changes with different compression ratios for four
different dictionaries.

Ideally, we would like to compress the image in all dictionaries at the same
time. The problem is that many good mathematical properties of wavelets are
not preserved when combining different wavelet dictionaries, so the representation
becomes more difficult to compute. Another problem is that the dictionary becomes
very large when many wavelets are used. There are at least 8 wavelet families in
Matlab [MMOP96] (the component basis and discrete cosine transform are usually
not counted as wavelets, but we refer to them as wavelets for simplicity). The
wavelet families and their wavelets are shown in Table 9.1.

To compress the Barbara image using the wavelets in Table 9.1 requires working
with a 16384× 901120 dictionary. The undersampling ratio of the problem is 1

55 ≈
0.018 ≈ 2%. The problem size makes it infeasible to use standard optimization
methods. Also for the subsampled 64 × 64 image, which uses an 4096 × 225280
dictionary, is too large for standard methods. New approaches are therefore required
to perform Basis Pursuit.
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Table 9.1: Wavelet families in Matlab and their wavelets.

Wavelet family Wavelets
Component basis identity basis
Discrete Cosine Transform dct
Daubechies db1 (haar), db2, db3, . . . , db45
Coiflets coif1, coif2, coif3, coif4, coif5
Symplets sym2,sym3, . . . sym45
Discrete Meyer dmey
Biorthogonal bior1.1, bior1.3, bior1.5, bior2.2, bior2.4,

bior2.6, bior2.8, bior3.1, bior3.3, bior3.5,
bior 3.7, bior3.9, bior4.4, bior5.5, bior6.8

Reverse biorthogonal rbio1.1, rbio1.3, rbio1.5, rbio2.2, rbio2.4,
rbio2.6, rbio2.8, rbio3.1, rbio3.3, rbio3.5, rbio3.7,
rbio3.9, rbio4.4, rbio5.5, rbio6.8

9.1.1 Prior work
Minimization of the `1-norm is a problem of considerable importance in Com-
pressed Sensing. Basis Pursuit and the LASSO are some of the most common
algorithms for recovery of sparse solutions. This is because (or because of this)
many efficient implementations exist allowing us to solve the minimization prob-
lem. Most often, these methods have been developed for the scenario of noisy mea-
surements [DDDM04,CR,CW05,FNW07,HYZ07,BV04]. Methods have also been
developed for large scale problems [KKL+07,BT09,BPC+11,MXAP12] using first
order methods to lower the computational complexity or distributed algorithms to
solve the problem using several computational nodes. Another approach is to lower
the effective number of variables using screening principles [DP12,BERG14].

While convex methods are developed for solving the convex optimization prob-
lem of basis-pursuit and the LASSO, the methods are often slower than greedy
search methods [MZ93,TG07,DM09,NT09]. Greedy methods solve the sparse re-
covery problem

x̂ = arg min
x
||y−Ax||2, subject to ||x||0 ≤ K,

in a greedy fashion by typically minimizing some objective in each iteration. Com-
mon greedy algorithms are matching pursuit (MP) [MZ93], orthogonal matching
pursuit (OMP) [TG07], subspace pursuit (SP) [DM09] and Compressive Sampling
matching pursuit (CoSamp) [NT09]. We note that the mentioned greedy algorithms
require the sparsity level K to be known. Greedy search methods have the advan-
tage that they can efficiently be implemented for very large scale problems using e.g.
hierarchical search architectures [Sun14] since they do not require to keep all vari-
ables in memory. They can therefore (in theory) handle problems with arbitrarily
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large number of variables.
To develop efficient methods for very large scale problems where the sparsity is

unknown, it is desirable to combine the complexity of greedy search algorithms with
the efficiency of convex optimization based methods. We now consider the geometry
of the Basis Pursuit problem. This gives us the optimality conditions necessary to
construct a more efficient method for large scale Basis Pursuit problems.

9.2 The geometry of basis pursuit

We assume throughout the chapter that the column vectors of A have unit norm.
Given an at mostm-sparse vector x such that supp(x) = J , |J | ≤ m and AJxJ = y.
When rank(AJ) = |J |, we can enlarge the set J to a set I such that J ⊂ I, |I| = m
and AI is full rank (since A is full rank). Thus xI = A−1

I y. Since we can always
enlarge the support set and the Basis Pursuit solution always has at most m non-
zero components [Ela], Basis Pursuit (9.2) can equivalently be expressed as

I = arg min
|I′|=m

||A−1
I′ y||1, s.t. AI′ is invertible (9.3)

(x̂BP )I = A−1
I y, (x̂BP )Ic = 0.

We find that (9.3) is an exhaustive search over all subsets I ⊂ [n] of size |I| = m.
However, because of the geometry of the Basis Pursuit problem, many subsets can
be eliminated from the search.

Let C(I, s) denote the convex cone

C(I, s) =
{

AIr | r ∈ R|I|, risi ≥ 0 ∀i ∈ I
}

of A, where |I| ≤ m and s = (s1, s2, . . . , s|I|) with si = ±1 for 1 ≤ i ≤ m. We say
that a cone C(I, s) is minimal (in A) if there is no j /∈ I such that the column vector
aj of A lies in C(I, s), i.e. there is no solution to aj = AIx′I with sign(x′I) = s. An
important property of Basis Pursuit is that the solution is always contained in a
minimal cone. We formulate this as a proposition.

Proposition 9.2.1. The support set of x̂BP is contained in a minimal cone C(I, s),
where supp(x̂BP ) = J ⊂ I and sign(x̂jk) = sk for k = 1, 2, . . . , |J |.

The proof is given in Section 9.5. An illustration in two dimensions is given in
Figure 9.3. In two dimensions, the Basis Pursuit solution is given by the unique
minimal cone while in higher dimensions, the minimal cone need not be unique.
When y has a sparse representation, then y lies on the boundary of several mini-
mal cones. Proposition 9.2.1 implies that it is sufficient to search over all minimal
cones in (9.3). It also implies that if Basis Pursuit recovers an m-sparse vector x
from measurements Ax, then Basis Pursuit also recovers any other vector x′ with
supp(x′) ⊂ supp(x) and sign(x′J) = sign(xJ), i.e. (9.2) and (9.3) gives a solution
with supp(x̂BP ) ⊂ I and (x̂BP ))isi ≥ 0 for all i ∈ I and y in C(I, s).
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9.3 Greedy l1-minimization

Since Basis Pursuit gives a solution with the same support set and sign-pattern for
all measurements inside the cone containing the Basis Pursuit solution, we cannot
interchange a vector in the support set for a vector in the complement to lower the
l1-norm. This can be verified without explicitly computing the new solutions, as
the following theorem explains.

Theorem 9.3.1. Let x be an m-sparse solution to y = Ax with I = supp(x) and
s = sign(xI). Then the l1-norm of the solution cannot be lowered by replacing the
k’th column vector of AI for a vector aj (j /∈ I) if

1 ≥ sign(skzk)(s>z), (9.4)

where z = A−1
I aj. Furthermore, if (9.4) is satisfied with strict inequality for all k

and aj (j ∈ Ic), then |s>z| < 1 and x = x̂BP .

The proof of Theorem 9.3.1 is given in Section 9.5. Noting that we can write

s>z = s>A−1
I aj = h>aj

where h = (A>I )−1s, we find that if |h>aj | ≤ 1, then no column vector in AI can
be replaced by aj to lower the l1-norm. By Theorem 9.3.1, if |h>aj | < 1 for all
j ∈ Ic, then x = x̂BP .

9.3.1 The GL1 algorithm

Using (9.4) we construct the greedy algorithm for l1-minimization, GL1. The al-
gorithm starts with an initial active set I and use I to construct an intermediate
certificate h. The algorithm searches for candidate vectors in the complement Ic
that satisfy |h>aj | > 1. The candidate vectors are tested (for all k such that (9.4)

x1

x2
a1

a2

a3

•
y

Figure 9.3: The cone C({1, 2}, (1, 1)>) is not minimal since it contains a3. Basis-
pursuit gives a solution with support set {1, 3} since it is the only minimal cone
containing y.



9.3. Greedy l1-minimization 179

is violated) if replacing aik by the candidate vector lowers the l1-norm, i.e. if

||x′||1 = ||A−1
I′ AI x̂||1 =

∣∣∣∣∣∣∣∣x̂ + (ek − z) x̂k
zk

∣∣∣∣∣∣∣∣
1
< ||x̂||1, (9.5)

where ek denotes the k’th basis vector in the coordinate basis. When no candidate
vector lowers the `1-norm, the algorithm terminates.

The algorithm may get stuck in a local optima (of the algorithm) if it encounters
a sparse solution. If this happens, we slightly perturb y to ensure that it lies in the
interior of a cone. When the algorithm terminates, y is restored and the solution is
recomputed. The GL1 algorithm can be summarized as follows.

1. Input: y,A, I,∆, ε.

2. Initialization: y′ = y.

3. Repeat:

4. x̂ = A−1
I y′, s = sign(x̂), lmin = ||x̂||1, h = (A>I )−1s.

5. If ||x̂||0 < m: perturb y′ = y + ∆ ·AI1, go to 4.

6. For all j ∈ Ic such that |h>aj | > 1:

a) Compute z = A−1
I aj and t = sign(s ◦ z)(s>z).

b) For all k such that tk > 1 and |zk| > ε:
i. If ||x̂ + (ek − z) x̂kzk ||1 < lmin:

A. I → (I ∪ {j})\{ik},
B. Ic → (Ic ∪ {ik})\{j}, go to 4.

7. If ||x̂||1 = lmin: break.

8. Output: I, x̂I = A−1
I y.

Notes on the algorithm:

• ∆, ε > 0 are small constants (e.g. 10−5).

• Usually, x̂ is not exactly sparse due to numerical errors. One can then perturb
the measurements as

y′ = y + ∆ ·As,

where s = sign(x̂).

• In implementation, matrix inverses are replaced by solving the set of linear
equations, to increase numerical accuracy and speed.
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a1 a2 a3 . . . an

GL1

|h>aj | > 1? ||x′||1 < lmin?

h y x̂ ai1 ai2 . . . aim

lmin i1 i2 . . . im

Figure 9.4: Schematic illustration of the GL1 algorithm. The algorithm reads from
the complement set and computes using the active set.

• The runtime can be decreased by selecting the initial set I in a good way. In
simulations we chose I to be the m vectors which have largest inner products
|a>i y|. Another possibility is to find the initial I using a greedy algorithm.

• When determining if the candidate vectors can lower the l1-norm, it is bene-
ficial to start with the vector with largest inner product |h>aj |, then proceed
to the one with next largest inner product and so on.

We note that the algorithm consists of two parts, determining if |h>aj | > 1 and
if replacing a column vector with aj lowers the l1-norm, see Figure 9.4. Both of
these operations can be parallelized, making the algorithm suitable for large scale
problems.

9.4 Numerical comparison

In this section we numerically compare different solution methods for Basis Pursuit.
We compare GL1 to the two main approaches, the interior point method and the
simplex method. Lastly we consider the problem of compressing an image in several
wavelet dictionaries.

9.4.1 Compressed sensing

In the first simulation we investigated the speed of different implementations of
Basis Pursuit. We compared GL1 to three other solvers for Basis Pursuit, the
simplex method [Dan98], l1-magic [CR] and Iterative Reweighted Least Squares
(IRLS) [DDFG10].
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Figure 9.5: l1-norm vs. cputime for one problem realization for the different methods
when n = 8000 and m = 50.

The Simplex method formulates (9.2) as

min 1>(x+ + x−),
s.t. y = A(x+ − x−)

x+,x− ≥ 0

where 1 ∈ Rn is a vector of ones and we used Matlab’s linprog to run the simplex
algorithm. The method l1-magic formulates (9.2) as

min 1>t
s.t. y = Ax

− ti ≤ xi ≤ ti, for i = 1, 2, . . . , n

and solves the optimization problem using a primal-dual interior point method [CR].
The IRLS algorithm approximates the l1-norm by a weighted l2-norm which is
updated iteratively [DDFG10].

In the simulation we used n = 8000 and varied the number of measurements m.
The measurements were generated by drawing the elements of A from a N (0, 1)
distribution and normalizing the column vectors, the vector x was generated as a
d0.25me-sparse vector with its non-zero elements drawn from a N (0, 1) distribu-
tion. Finally we computed y = Ax and compute the solution using the different
algorithms. Because A is Gaussian, x̂BP in (9.2) is unique with probability 1.
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Figure 9.6: l1-norm vs. cputime for one problem realization for the different methods
when n = 8000 and m = 100.

Because the algorithms have different complexity per iteration, we measure the
total cputime and the l1-norm in each iteration rather than the number of iterations.
We were not able to access the intermediate times and l1-norms of linprog and
therefore only display the final norm and cputime of the method. We show the
convergence for one problem realizations with m = 50 in Figure 9.5 and with
m = 100 in Figure 9.6. We find that the simplex method converged faster than
l1-magic for m = 50, but slower for m = 100. In both realizations, GL1 was the
fastest algorithm. In Figure 9.7 we show the average cputime for different values
of m averaged over 10 realizations of A and x. We see that l1-magic is slower than
the simplex method for m ≤ 80 and slower than GL1 for m ≤ 140. The simplex
method was about 3 times slower than GL1 for all values of m.

9.4.2 Image compression in wavelet dictionaries
Next we demonstrate that GL1 can solve large scale problems with many parame-
ters. We decompose an image in a dictionary that is too big to store in memory by
performing a decomposition of the Barbara image in the wavelets mentioned in Ta-
ble 9.1. To make the simulation run faster, we subsampled the image to the 64×64
image shown in Figure 9.8. When representing the image in the separate wavelet
dictionaries we find the norms in Table 9.2. We find that the discrete Meyer basis
gives the highest `1-norm and that the component basis also gives a high `1-norm.
The db1 (Haar), bior1.1 and rbio1.1 wavelets gives a low `1-norm and the DCT
basis gives the lowest `1-norm of all wavelets. This is to be expected since image
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Figure 9.7: Average cputime vs. m for the different methods when n = 8000.

compression methods often use a truncated DCT transforms.
We initialized the algorithm by choosing the initial dictionary to be the DCT

basis. In each iteration we computed the certificate and chose a wavelet dictionary
at uniformly at random. We then used GL1 to attempt to lower the `1-norm using
atoms from the chosen dictionary. If the `1-norm did not change after 470 iterations,
we slightly perturbed the original image and continued to run the algorithm. By
waiting 470 iterations, we ensure that the probability that not all wavelet bases
are tested to be less than 1%. In the iterations of the GL1 algorithm, the `1-norm
decreases as shown in Figure 9.9.

After 32320 iterations, the GL1 representation has an `1-norm of 59750, i.e.
15.4% lower than the `1-norm of the representation in the DCT basis. As the algo-
rithm has not yet converged, we expect the norm to decrease further after further
iterations. The GL1 representation has 61 coefficients in the component basis (1.5%)
and 1459 coefficients in the DCT basis (35.6%). The individual representations in
the different wavelet families are shown in Figure 9.10. We find that most wavelets
are in the original DCT basis. However, the number of wavelets in the DCT basis
decreases in each iteration, it is therefore reasonable to believe that the number of
wavelets in the DCT basis will decrease further when the algorithm makes more
iterations. We find that the GL1 representation has the same sparsity as the DCT
representation with 12% of the `1-norm contained in the largest component, 2% in
the second largest component and 1% in the third largest component.

The simulation shows that the GL1 algorithm is able to perform large scale
Basis Pursuit when the dictionary is too large to fit into memory. Since the wavelet
bases are related to fast transforms, we could compute the inner products without
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Table 9.2: The `1-norm of representations of the 64 × 64 Barbara image in the
wavelet bases in Table 9.1 (ordered by magnitude). The norms have been rounded
to nearest integer.

Basis `1-norm Basis `1-norm Basis `1-norm Basis `1-norm
dmey 1693960 db8 399327 bior1.5 344778 bior1.3 307053
coif5 556687 sym8 392325 rbio2.4 341635 coif1 300100
component 486667 bior3.7 385719 rbio4.4 337371 rbio1.3 298401
coif4 485687 rbio2.6 380308 rbio3.3 336769 db3 297926
rbio3.9 450395 db7 376290 db5 334824 sym3 297926
db10 444615 sym7 372536 rbio1.5 334175 bior2.2 294587
bior3.9 425547 bior2.6 370869 sym5 334105 db2 283100
db9 422238 rbio3.5 369614 rbio3.1 332651 sym2 283100
rbio2.8 420781 db6 354507 bior4.4 331900 bior3.1 274027
coif3 416167 bior5.5 354391 bior2.4 331009 db1 271132
rbio6.8 415456 coif2 354373 sym4 316144 bior1.1 271132
bior6.8 410962 rbio5.5 353642 db4 315180 rbio1.1 271132
bior2.8 410550 sym6 352550 rbio2.2 310414 DCT 70642
rbio3.7 408653 bior3.5 346140 bior3.3 308735 GL1 59750

explicitly computing the wavelet dictionaries. With increasing problem sizes, it is
expected that special algorithms, like GL1, will be more important and relevant.

Figure 9.8: The 64× 64 subsampled Barbara image.
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Figure 9.9: The `1-norm of the GL1 representation of the 64× 64 Barbara image in
different iterations. The `1-norm of the representation in the DCT basis is shown
as a dashed line.

9.5 Derivations and proofs

Proof of proposition 1. Let I be a set with m elements and let I ′ = (I\{k}) ∪ {j}.
We need to show that if y ∈ C(I ′, s′) ⊂ C(I, s), then ||x̂I′ ||1 < ||x̂I ||1. Set

y =
∑
i∈I

xiai, (9.6)

aj =
∑
i∈I

ziai, (9.7)

y = x′jaj +
∑

i∈I,i6=k
x′iai. (9.8)

Without loss of generality we can assume that xi, zi, x′i ≥ 0 for all i ∈ I ∪ {j} . By
inserting (9.7) into (9.8) we find that

x′jaj +
∑

i∈I,i6=k
x′iai = x′jzkak +

∑
i∈I,i6=k

(x′i + x′jzi)ai =
∑
i∈I

xiai.
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Figure 9.10: The GL1 representation of the 64 × 64 Barbara image after 32320
iterations in the wavelet families from Table 9.1.

We find that when AI is full rank, then xk = x′jzk and xi = x′i + x′jzi for i 6= k.
Using that

1 = ||aj ||2 <
∑
i∈I
|zi| · ||ai||2 = ||z||1,

where we have strict inequality because the column vectors in AI are not parallel,
we find that

||x||1 =
∑
i∈I

xi = x′jzk +
∑

i∈I,i6=k
(x′i + x′jzi)

= x′j
∑
i∈I

zi +
∑

i∈I,i6=k
x′i

= x′j(||z||1 − 1) + ||x′||1 > ||x′||1,

provided that x′j > 0.

Proof of Theorem 1. Assume that we cannot interchange the k’th column vector
of AI for a vector aj to get a solution with lower l1-norm. Then all y in C(I, s)
give Basis Pursuit solutions with the same support set and sign-pattern, i.e. for all
w ∈ Rm, w ≥ 0

||w||1 ≤ ||A−1
I′ AISw||1, (9.9)
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where S = diag(s), I ′ = (I ∪ {j})\{ik} and we assumed that AI′ is invertible.
Replacing aik for aj corresponds to making a rank-1 update of AI , i.e.

AI′ = AI + (aj − aik)e>k .

Setting z = A−1
I aj , we get that

A−1
I′ AISw =

(
A−1
I −

A−1
I (aj − aik)e>k A−1

I

1 + e>k A−1
I (aj − aik)

)
AISw

= Sw− (A−1
I aj − ek)e>k Sw

e>k A−1
I aj

= Sw + (ek − z)skwk
zk

.

So if (9.9) holds, then

1 ≤ min
w≥0

1>w=1

∣∣∣∣∣∣∣∣Sw + (ek − z)skwk
zk

∣∣∣∣∣∣∣∣
1

= min
w≥0

1>w=1

wk
|zk|

+
∑

l∈I\{ik}

∣∣∣∣slwl − zl
zk
skwk

∣∣∣∣ .
Using that ∣∣∣∣slwl − zl

zk
skwk

∣∣∣∣ ≥
{

0 , if zlslzksk > 0
|zl|
|zk|wk , else

,

we find that (9.9) holds for all w if

min
w≥0

1>w=1

wk
|zk|

+
∑

l∈I\{ik}

∣∣∣∣slwl − zl
zk
skwk

∣∣∣∣ =

min
wi≥0

wk/|zk|
(
|zk|+

∑
l∈J+

|zl|
)

=1

wi
|zi|

1 +
∑
l∈J−

|zl|



=
1 +

∑
l∈J− |zl|

|zk|+
∑
l∈J+

|zl|
≥ 1, (9.10)

where

J+ = {l|l ∈ I\{ik}, zlslzksk > 0},
J− = {l|l ∈ I\{ik}, zlslzksk ≤ 0}.
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Rewriting (9.10) as ∑
l:zlslzksk>0

|zl| ≤ 1 +
∑

l:zlslzksk≤0
|zl|

⇔ 1 ≥
∑
l

sign(zlslzksk)|zl|

= sign(zksk)
∑
l

slzl = sign(zksk)(s>I z),

we recover the optimality condition (9.4).
To show that strict inequality in (9.4) implies that |s>z| < 1, assume that

|s>z| ≥ 1, but sign(skzk)(s>z) < 1 for all k. This implies that sign(skzk) =
−sign(s>z) for all k. However, if all terms skzk have the same sign, then sign(skzk) =
sign(s>z), giving a contradiction. Thus, strict inequality in (9.4) implies that |s>z| <
1.

We find that

s>z = s>A−1
I aj = h>aj

where h = (A>I )−1s. This gives that if |h>aj | < 1 for all j ∈ Ic, then A>I h = s
and ||A>Ich||∞ < 1. The vector h is thus the dual certificate of the Basis Pursuit
solution [ZYC15], giving us that x = x̂BP .

9.6 Conclusion

In this chapter we considered the problem of solving the Basis Pursuit problem
when the number of parameters is very large. Standard methods are efficient for
solving the Basis Pursuit problem, but do not scale well when the number of pa-
rameters becomes very large. By considering the geometry of the problem we were
able to derive optimality conditions for the Basis Pursuit solution. The optimality
conditions were then used to construct the greedy minimization method GL1. The
algorithm has the advantage that it does not need to keep all variables in memory,
but only works with a subset of the parameters in each iteration. Through numer-
ical simulations we showed that the algorithm is faster than the standard methods
when the number of parameters is large. We also showed that the algorithm is
able to perform the wavelet decomposition of an 64 × 64 image in several wavelet
dictionaries.



Chapter 10

Conclusion

As the amount of data and measurements increases, so does also the assistance
we can receive from it to make well informed decisions. To make good use of the
data we need good algorithms to help us process the data to provide us with the
information we seek. Such algorithms needs to be fast, efficient and accurate. To
meet such standards it is useful to exploit the internal structures of the problem to
increase the performance and usability of the algorithms. Two of the most studied
structures in compressed sensing is sparse vectors and low-rank matrices. These
are the structures we have studied in this thesis. We used three approaches to
designing estimation algorithms, greedy search algorithms, Bayesian methods and
convex optimization based methods.

In Chapter 3 we considered greedy pursuit algorithms and how the way the
algorithms detect non-zero components can be improved. We used two approaches,
array processing and Bayesian filtering. In array processing, it is customary to
cancel the contributions from sidelobes occurring in the problem to increase the
resolution of the system. This is done using a beamformer, i.e. a linear filter which
filters out the contribution of the sidelobes. With this methodology we were able
to construct beamformers for the worst-case and average case detection scenario.
Bayesian filtering often rely on linear filters to decrease the interference and noise.
The Wiener filter is the optimal filter in the mean square sense and is heavily
used in signal processing. By designing a Wiener filter for random sparse vectors
conditioned on if a component is zero or not, we developed the Conditional prior
OMP algorithm.

In Chapters 4, 5 and 6 we investigated Bayesian methods based on the Rele-
vance Vector Machine (RVM). Bayesian methods use prior distributions to model
the structure of the parameters. The difficulty is to model the structure in an appro-
priate way as the distribution should be continuous to give a tractable model while
the structure often is non-continuous in nature. In Chapter 4 we showed how the
RVM can be adapted to measurements with sparse noise without treating the noise
as an additional estimation parameter. We showed that this increase the speed and
accuracy of the algorithm. In Chapter 5 we used precision matrices to construct a

189
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low-rank analogue of the RVM and related the prior distribution of the precision
matrices to low-rank promoting penalty functions. In Chapter 6 we combined the
methods of Chapter 4 and 5 to construct a Bayesian method for robust principal
component analysis. We showed that the method can outperform standard methods
but that this comes at the price of higher complexity.

In Chapter 8 we considered how low-rank can be incorporated in the phase
retrieval problem. We showed that by using the theory of Kronecker product ap-
proximation, it is possible to promote rank in the underlying variable. Through
numerical simulations we showed that by properly selecting the regularization pa-
rameter, it is possible to recover low-rank at fewer measurements than the with the
standard method.

Lastly, in Chapter 9 we considered the big data problem of constructing a sparse
representation when the number of parameters is very large. As standard optimiza-
tion methods require all parameters to be kept in memory, the large number of
parameters in the problems we consider make such methods infeasible. By deriving
optimality conditions for the solution, we construct a greedy method for solving
the `1-norm minimization problem. The proposed method is faster than standard
methods when the number of measurements is not too large and is able to perform
wavelet decomposition on a 128× 128 image in all wavelets in Matlab.

The methods used for compressed sensing are often divided into their respec-
tive classes, greedy, Bayesian and convex methods. In this thesis we have combined
approaches to construct new methods. Chapter 3 combined greedy and Bayesian
methods while Chapter 9 combines greedy and convex methods. The multitude of
methods show that sparse and low-rank problems is a fascinating research area
where methods from computer science, signal processing, machine learning and re-
gression can be combined to give new insights into structured estimation problems.
As every new solution gives rise to new problems to be explored. It is quite certain
that different approaches can be further connected and that one method can solve
the challenges presented by another method. As estimation methods and signal pro-
cessing algorithms continue to improve, we have new possibilities to further develop
new technology and new science for the future.
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