Abstract
Today’s product development process should be rapid and cost-efficient, and
should result in innovative and reliable products. A crucial factor is the dynamic
behaviour of the product.
This thesis focuses on theoretical, numerical and experimental approaches
to achieve a comprehensive understanding of dynamical phenomena occurring
in nonlinear products, especially in products with parts that include impacts.
The aim is to show the usefulness of nonlinear theories to better understand and
optimise the dynamic behaviour of products and thereby account for nonlinear
phenomena already in the product development process.
This is achieved through an investigation of research efforts in the field of
nonlinear dynamics; identification of important research directions; a study on
the effect of couplings between nonlinear parts; a detailed study on the dynamic
behaviour of a product component; investigations of low-cost strategies for controlling the dynamics of a nonlinear system; and the design and implementation
of experimental set-ups of two studied products.
The investigation of research efforts shows that nonlinear parts are frequently
included in products. Most common are parts that are nonlinear due to impacts
and friction. Two important areas are identified; to study coupling effects between nonlinear subsystems and to study how nonlinear analysis can be used
to improve existing designs.
Considering the studied products; a pantograph on a train and a Braille
printer, it can be concluded that the characteristics of a part can largely affect
the dynamic behaviour of the product. Typical nonlinear behaviour, such as
coexisting solutions and irregular motions, do occur. The analysis of the pantograph motion shows important aspects to consider in the modelling process;
coupling effects. In the case of the Braille printer it is shown possible to create
a low-cost control, by taking advantage of an existing discontinuity, to achieve
a desired motion.
Altogether, this work contributes to improved understanding of the behaviour of nonlinear parts in products, especially those including impacts, providing greater knowledge about aspects to consider in the design process.
Keywords: Nonlinear Dynamics, Impacts, Discontinuities, Subsystems, Chaos,
Irregular Behaviour, Printer Dynamics, Suspensions, Coupled Systems, Control.
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Chapter 1

Introduction
Success in product development depends on reaching the market first with innovative products that are smaller, cheaper, more ergonomic, and yet more
reliable. In contrast to products without moving parts, products whose function relies on motion impose further constraints on the design. Here, in addition
to the passive characteristics of the design, care must be taken to address the
dynamic response of such a product to interactions with the user. As such
engineering products become more and more complex, the requirements for
performance speed, power consumption, and reliability are increasing.
Many products1 include nonlinearities such as impact and friction, which can
dramatically affect their behaviour. In some products, the nonlinearities are inherent in the basic desirable function of the mechanism, for example, when using
vibration hammers, during milling, in impact printer hammers, and in shock absorbers. In other products, for example gearboxes, bearings, and fuel elements
in nuclear reactors, the nonlinearities can introduce undesirable effects, such as
high amplitude response leading to fatigue or high noise levels [1]. The comfort
and wear problems caused by hunting behaviour in ore wagons are produced by
nonlinearities in the wagon’s suspension system [2]. Another system containing
several nonlinear subsystems is the automobile, whose nonlinear subsystems include the wheel suspension with bump stops and progressive stiffness [3], the
transmission with backlash [4] and the tires, which are nonlinear due to their
construction. For more examples, see Paper A.
The behaviour of products containing nonlinearities may be highly sensitive
to changes in system parameters, creating a demand for greater accuracy in
the design and manufacturing process. The sudden occurrence of unexpected
phenomena due to parameter uncertainty in already manufactured products
may reduce the product safety and be very expensive for the manufacturer to
correct.
Nonlinearities exist in almost every scientific field, such as electrical engineering, fluid dynamics and mechanics. In contrast to linear systems, nonlinear
1 Henceforth,

the term “product” refers to products including moving parts.
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systems may exhibit a highly irregular behaviour known as chaos, first described
by Henri Poincaré in the late 1800s. Interest in nonlinear systems grew rapidly
after 1963, when Lorenz published his work on a simplified model of convection
and discussed its implications for weather prediction [5]. The 1970’s were the
boom years for chaos theory [6].
Current analytical and computational tools enable investigations into phenomena that were previously put aside and explained as experimental failures.
A great deal has been accomplished in the field, but research into nonlinear
dynamic behaviour is by no means complete. Although many simple nonlinear
systems have been studied theoretically, the connection to existing engineering systems and the implications to the design of such products has not been
investigated to the same extent, see Paper A.
An improved knowledge about nonlinear dynamics and how to create and
analyse theoretical models2 of nonlinear products could help engineers to better
understand the behaviour of a product. Furthermore, increased use of mathematical models makes it possible to test many ideas and reduce the amount of
costly physical prototypes. It also provides the opportunity to test unrealistic
or dangerous situations, ascertain that the product works properly and create
a better base for well-founded decisions early on in the development process.
This work focuses on theoretical, numerical and experimental approaches to
achieve a comprehensive understanding of dynamical phenomena occurring in
nonlinear products, especially in products with parts that include impacts. The
aim is to show the usefulness of nonlinear theories to better understand and
optimise the dynamic behaviour of products and thereby account for nonlinear
phenomena already in the product development process.
The aim described above have been pursued through a sequence of journal
manuscripts (Papers A-E). In Paper A, a survey is presented that summarises
research performed on nonlinear products in the sense of modelling and analysis of their dynamic behaviour. Two nonlinear products, a pantograph on a
train and a Braille printer, both of which include parts with impacts, have been
modelled and evaluated in Papers B and C. Paper B especially considers the
effect of coupled nonlinear parts. Methods to improve the dynamic behaviour
of the Braille printer by using control based on knowledge of its dynamic behaviour are developed in Papers D and E. To obtain a better knowledge of the
dynamic behaviour of the two investigated products, experimental set-ups have
been created and experiments have been performed. By studying the dynamic
behaviour of these two products under varying operating conditions, this work
has added to the knowledge about the process of using nonlinear simulation
models as an aid in the product development process.
The following chapters provide a general introduction to the subject matter
of this thesis. Specifically, simulation in product development is discussed and
2 Modelling in this context means the art or process of writing down an equation, or system
of equations, to describe the dynamics of a physical device.
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the two investigated products are described. Short introductions to the theory of nonlinear systems and the investigated control strategies follow. Some
experimental work is presented and the results from the appended papers are
summarised. Finally, a concluding discussion and recommendations for future
work are presented.

Chapter 2

Simulation in product
development
The product development process is the overall process that takes place in
industry when a product is created. In the early stages of product development,
fast modelling and comparative analyses are crucial in order to evaluate different
design concepts. The available information is often insufficient and unstructured
and the time frame for decisions limited. At later stages, the product is defined
with a higher level of detail, and accurate analysis is increasingly important.
In these phases, better information is often available in terms of experimental
data from prototype testing. This makes it possible to verify the developed
simulation models. After verification, the simulation models can be used to
estimate the effects of changes on the system [7].
When predicting product behaviour, good models, simulation1 and analysis
methods are essential. One objective is to keep the models as simple as possible,
while still representing the system behaviour. Depending on what the model is
to be used for, the parameters that are to be changed and the analysis that will
be performed, it is desirable to have models with different levels of accuracy.
A more detailed model will probably produce a result closer to reality, but
requires the determination of larger numbers of parameter values. Such a model
takes longer to develop, is computationally more intensive and is increasingly
difficult to analyse and to make inferences from. In such case, the advantages
of simulation over expensive prototypes can be lost.
By starting with a simple model, it is relatively easy to check that the
fundamental parameters have been modelled correctly, that the computational
method is accurately designed and that the analysis tools work. By adding
complexities one by one, modelling errors or shortcomings of the computational
tools are quickly detected since the system is known except just for that new
1 Simulations

attempt to reproduce actual events and processes. Here simulations are used
to reproduce the dynamic behaviour of nonlinear systems.
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parameter. This process also keeps the models as simple as possible. Finally,
for the designer, the focus should not only be on giving the subsystems the right
properties but also on the interactions and relations between them [8].
Linear models dominate. One reason is that many real life systems operate within a limited range, for which a linear approximation is sufficient to
understand, predict and control their behaviour. Another reason is that linear models and theory are well understood. When nonlinear effects cannot be
ignored, their inclusions in a model is necessary in order to analyse, explain,
suppress or exploit a nonlinear phenomenon in a specific device.
In addition to nonlinearities that originate in the material response of system
components or in the external input to the system dynamics, the presence of impacts (even in otherwise linear systems) introduces strongly nonlinear characteristics. Many researchers have studied the characteristics of impact phenomena
in simplified mechanical models. To gain knowledge about engineering design
aspects related to parts with impacts, analysis of actual engineering products is
necessary. This thesis focuses on two such products, namely a pantograph and
a Braille printer. Using these examples, the following sections illustrate some
notions relevant to the use of simulation in product development.

2.1

Braille printer

A Braille printer is a device that produces Braille text for visually impaired
individuals. Braille text is formed by indentations or “dots” appearing in certain
patterns on a sheet of paper. The quality of the printout should be such that
the dots are easily felt with fingers. The dot should not be so weak that it
cannot be felt and not so hard that it creates holes in the paper.
The Swedish manufacturer Index Braille [9] markets a printer that produces
Braille text by using 13 impact hammers. A schematic picture of a hammer is
shown in Figure 2.1. Each impact hammer consists of a spring-loaded ferromagnetic core which is placed inside a coil. When a dot is needed, a current pulse is
sent through the coil. This creates an electromagnetic force on the core in the
direction of the paper, forcing it to impact the paper and the front stop. The
core is subsequently pulled back by the helical spring. The return is damped by
a back stop in order to force the core to rest before the next excitation pulse.
One important product requirement is high printing speed. When the printing speed is increased (specifically, by decreasing the time between subsequent
current pulses), control over the pattern created by the hammers can suddenly
be lost. Some dots don’t appear where they should and some dots don’t appear
at all. Also, if the core hasn’t left the paper when the paper is fed forward, this
will result in torn paper. In order to create a reliable product that produces
good dot quality during high-speed printing, it is necessary to understand the
source of this behaviour and how it can be avoided. The reason for the unwanted
behaviour is likely a result of the system’s nonlinear characteristics, such as the
presence of impacts and the electromagnetic forcing. In order to understand
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Figure 2.1: Schematic picture of an impact hammer subsystem in a Braille printer, see Paper
C.

how the system works, a model is needed.

2.1.1

Modelling

Assuming that each impact hammer system has no influence on the other hammers (or is itself influenced by the other hammers), it is sufficient to model one
impact hammer system. In order to keep the initial model as simple as possible, temperature effects and frequency dependencies are ignored. If there are
indications that these would significantly affect system behaviour, they could
be included in later stages of the modelling process.
Suppose that the motion of the individual parts of the impact hammer as
well as the contact events is captured by the rigid-body assumption. It follows
that the hammer is a three-degree-of-freedom system consisting of a mass representing the front stop, a mass representing the back stop and the core, each of
which move independently. In the current design, the front and back stops are
highly damped. This supports the simplifying assumption that these masses are
at rest prior to being hit by the core. Moreover, contact between the core and
the front and back stops will be modelled as a purely inelastic collision implying
that their relative velocity after impact is zero. With these assumptions, it is
possible to simplify the system to a one-degree-of-freedom system that contains
only the movement of the core, see Figure 2.2.
In order to evaluate the effects on the dot quality when varying system
parameters, a quality measure is needed. The amount of kinetic energy at
the impacting event (and thus indirectly the impact velocity) can be used as
such a measure. As the discussion above may be formulated as a mathematical
model, it is possible to investigate if there are ways of increasing speed while
maintaining the quality of the printouts, for example, by decreasing the distance

8
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Figure 2.2: Model of an impact hammer subsystem in a Braille printer.

to the front stop, by decreasing the current pulse on-time or by decreasing the
time between subsequent current pulses.
By using simulation, unrealistic or physically impossible situations can be
tested. For example, in reality the coils can only be activated for a certain
short time before they become overheated and melt. By trying different kinds
of current pulses, simulations can be useful to evaluate if it is valuable to find
or develop better fans or better coils with less heat development.

2.2

Pantograph

A pantograph mechanism transfers electric current from the overhead contact
wire to a train, see Figure 2.3. The dynamic behaviour of the pantograph is
crucial for high-speed trains. The studied pantograph, a Schunk WBL88/X2
pantograph, consists of a lower frame and a pantograph head which includes an
upper frame connected to two contact strips via four spring suspension systems,
one at each end of the strips, see Figure 2.4. The lower frame is a one-degreeof-freedom mechanism with air suspension, that raises the pantograph head
to provide contact with the contact wire. The motion of the lower frame is
damped by two hydraulic dampers. There is a rotational degree of freedom
of the pantograph head transversally to the motion of the train damped by
a friction damper. Each contact strip has a rotational and vertical degree of
freedom.
The purpose of the suspension in the pantograph head is to isolate the
lower frame from disturbances caused by the varying stiffness and motion of
the catenary. This is intended to provide smooth current collection, i.e. low
contact force variation between the contact wire and the pantograph. The
pantograph suspensions are coupled through the upper frame and the contact
strips.
Each suspension system contains two leaf springs, see Figure 2.4(b). The

J. Jerrelind
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Pantograph

Figure 2.3: An X2000 train and its pantograph.

movement of the upper spring is limited, causing it to impact when the amplitude reaches an upper and lower limit. The associated discrete changes in the
system stiffness are a significant source of nonlinearity.
The contact wire is suspended in a zigzag pattern, causing the contact point
between the contact wire and the contact strip to move along the strip. This
produces an excitation in both the vertical and rotational directions and a
resultant coupled motion of the suspensions.

2.2.1

Modelling

If the pantograph is viewed as a mechanism of rigid bodies, it has six degrees of
freedom. Under the assumptions that the lower frame is fixed, that the rail is
smooth and that the vehicle dynamics are ignored, the excitation of the suspensions is only due to a moving contact force. Each of these suspension systems
can be considered a nonlinear subsystem (part). Their stiffness variation is
assumed to be modelled as a piecewise linear stiffness.
Depending on what the model is to be used for, what parameters are to be
changed and what is to be analysed, models with different levels of accuracy can
be used. For example in [10] and Paper B the behaviour of a pantograph head
is studied. The excitation from the contact wire in both models is represented
by a sinusoidal force. In [10] it is of interest to see if the subsystems can possess
nonlinear behaviour when excited symmetrically, therefore the work is based
on studying only one of the subsystems. A one-degree-of-freedom model is
produced and analysed, see Figure 2.5(a).
In Paper B, effects due to unsymmetrical excitation are analysed. The new
excitation case requires a more complex model that takes into account that the
subsystems are coupled to each other and can thereby affect each other’s motion.

10
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Figure 2.4: (a) A schematic picture of the pantograph and (b) a closer view of one of the four
suspension systems (subsystems) [10].
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Assuming that the excitation of the two contact strips is identical and that the
characteristics of their suspensions are identical, the system can be reduced to
one contact strip. The two-degree-of-freedom model studied is shown in Figure
2.5(b). An even more complex model would be needed to account for the motion
of the lower frame and a more realistic excitation representing the contact wire
deformations.

Chapter 3

Nonlinear dynamics
One distinguishes between linear and nonlinear dynamical systems. Linear systems are defined as those systems, for which the input and the output satisfy the
principle of superposition. Loosely speaking, the behaviour of linear systems
can be decomposed in terms of elementary behaviours and reconstructed from
these elementary behaviours. In contrast, the response of a nonlinear system
can typically not be decomposed into more elementary response functions, i.e.,
the principle of superposition is not valid.

3.1

Nonlinear characteristics

Nonlinear mechanical systems result, for example, from the presence of nonlinear material properties such as nonlinear stiffness and damping; from geometric
nonlinearities originating in large deflections and/or rotations; and from the
presence of impacts and friction.
Materials can obey nonlinear stress-strain relationships implying that the
force that results from an imposed deformation does not scale with the deformation. Thus, while a linear spring exhibits a restoring force F = kx
that is proportional (through the stiffness k) to the deformation x, a nonlinear spring
will exhibit
a nonlinear force-displacement relationship, for example,
¡
¢
F = k1 + k2 x2 x. Here, the effective stiffness is a nonconstant function of x.
While a doubling of the deformation doubles the force in the linear case, it will
more than double the force in the case of the nonlinear spring (if k2 > 0). If the
effective stiffness increases with increased deformation (i.e., when k2 > 0), the
spring is said to be hardening. If, instead, the stiffness decreases with increased
deformation (i.e., when k2 < 0), the spring is said to be softening.
The simplest models of material damping are usually those of linear viscous damping, where the dissipative force F = −cv is proportional (through
the damping coefficient c) and opposite in sign to the velocity v. While models including linear viscous damping simplify the analysis, they rarely capture
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the actual dissipation mechanism and are often modified to include nonlinear
characteristics, where the dissipative force no longer scales with the velocity.
A different type of nonlinearity in a dynamical system is that represented
by a hysteretic material model, for example as would result from a viscoelastic
material. Here, the value of the restoring force is not a unique function of the
current state, but depends on the history of the system state leading up to
the present time. Such history dependence can be difficult to model, but is
often a necessity when trying to capture phenomena that involve dry friction or
elastoplastic deformations.
Even when a system is inherently linear, the inclusion of constraints on its
configuration results in nonlinear system characteristics. For example, when the
amplitude of a linear oscillator is restricted to lie within certain bounds, corresponding to the presence of walls limiting its motion, the interactions with the
wall introduce nonlinearities that overwhelm the linear character of the original
system. Consider the response that results from a given input, such that the
resulting amplitude is well within the limiting bounds. For such a motion, an
increase of the input by a certain factor will still respect the principle of superposition as long as the response amplitude never reaches the limiting bounds.
If, on the other hand, the amplitude reaches the limiting value, the interaction
with the wall results in a change in the system response that isn’t simply a
scaling of the original response. Indeed, even if the interaction with the wall is
linear, the difference between different system responses in the time it takes to
reach the boundaries is a nonlinear function of the initial conditions. Systems
with play and stops (i.e. impacting systems) display this type of nonlinearity,
as do also systems with bi-linear or multi-linear elastic restoring forces. These
types of systems are modelled by piecewise linear systems with discrete events
associated with discrete changes in the system characteristics.

3.1.1

Impact

As mentioned above, collisions between system components induce a strongly
nonlinear system response. Systems that are driven in some way and that
undergo repeated contacts with motion-limiting constraints are called impact
oscillators or vibro-impact systems. This section introduces some possible ways
to model impacts.
An impact is defined as a collision between two bodies that occurs within a
very small time interval during which the bodies exert relatively large forces on
each other. These forces act only over a short time interval, and there is little
net change in position. This observation suggests a model of the onset of contact
that assumes an instantaneous change in the velocity state without any change
in configuration. Such a contact model is usually referred to as an impact model
and is described by a relationship between the velocities of the colliding bodies
prior to contact and immediately after the onset of contact. For example, a
coefficient of restitution model is a linear attempt at representing the loss of
kinetic energy by suggesting that the relative velocity of the colliding bodies
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after the onset of contact is proportional (through the coefficient of restitution
e) and of opposite sign to the relative velocity prior to contact:
∆vafter = −e∆vbefore .

(3.1)

The impact model imposes a discontinuous change in velocity as a result of the
collision.
A smoother model is afforded by a compliant (but stiff and dissipative)
interface between the colliding bodies and a finite-time contact event. Here,
a restoring force is introduced at the interface that is a function of the local
deformation (for example, given by the relative “penetration” of the colliding
bodies) and is zero in the absence of contact. For example, if the amplitude of a
mechanical oscillator x is constrained to lie within certain bounds, the restoring
force that results when x exceeds the upper bound may be formulated as a term
proportional to the excess in amplitude plus a term proportional and opposite
in sign to the velocity v, as long as this force points away from the boundary.
Clearly, these are only the simplest of contact models. Modelling of contact
is a large research field in itself.
In Paper C, the compliant contact model is used. In Paper D and E the
compliant contact model is modified to also include instantaneous change in
velocity at impact, due to the fact that an extra mass is added when impacting
the stops (plastic impact). In the modelling of the pantograph, see Paper B,
the impact is modelled as a change in stiffness.

3.2

Nonlinear phenomena

The properties of linear systems limit the types of dynamic responses that can
occur. For example, when the excitation input is periodic, a bounded steadystate response must necessarily be periodic with the same periodicity (harmonic motion). In contrast, a nonlinear system may exhibit highly complex
behaviour, for example, a periodic response with a periodicity that is a multiple of the excitation periodicity (subharmonic motion); a quasiperiodic response
that combines signals of incommensurate (not rationally related) frequencies; or
a chaotic response. Some examples are shown in Figure 3.1 where the response
of the system is presented in the upper part of the plot, labelled “Output”, and
an illustration of the excitation’s periodicity is presented in the lower part of
the plot, labelled “Input”.
When the response can be decomposed into a finite collection of signals of
different fundamental frequencies, the corresponding motion is regular. Here,
nearby initial conditions deviate from one another at a algebraic rate. In contrast, a chaotic response is said to be irregular, as the response appears stochastic. Here, nearby initial conditions deviate from one another at an exponential
rate. Small changes in initial conditions may result in rapidly deviating system
responses, making prediction beyond a characteristic time-scale essentially impossible. This is in spite of the deterministic nature of the system, i.e., the fact
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Figure 3.1: Illustration of the time history of (a) a periodic motion with same periodicity as
the excitation, i.e., a harmonic motion, (b) a periodic motion with a periodicity twice the
excitation, i.e., a subharmonic motion of order 2 and (c) a chaotic motion. The periodicity
of the excitation is illustrated in the lower part of the figures and is labelled “Input”. The
response of the system is presented above and is labelled “Output”. The responses represent
a one-degree-of-freedom impacting system with sinusoidal forcing.

that complete knowledge of the state at a given moment in time and the time
history of the excitation uniquely specifies the state at any later time. This is
important to be aware of since in most engineering systems the initial conditions
cannot be set or measured accurately.
Commonly chaos is thought of as a fascinating curiosity at best, and a
nuisance at worst, something to be avoided or designed against. It is true, as
mentioned in the introduction of this thesis, that chaos can be associated with
high-amplitude response leading to fatigue or high noise levels. On the other
hand, it is also possible that the chaotic motion may have smaller amplitude
than a coexisting periodic response. From a strength-of-material or noise-level
point of view, it may therefore be desirable to design for the chaotic response
rather than the periodic response, even though the latter is more predictable.
Increased knowledge of the dynamic behaviour of products can generate more
ideas on the possibilities for making use of chaos. One such example is the use
of chaos when sending secret messages (cryptography) [6].
To clarify, a linear system cannot experience irregular or chaotic behaviour.
All chaotic systems are nonlinear, but not all nonlinear systems are chaotic.
The necessary conditions for existence of chaos is that the system includes at
least one nonlinearity and that there are at least three independent dynamic
parameters, for example displacement, velocity and excitation [11].
In Paper B, it is shown that the model of the pantograph can possess harmonic and subharmonic as well as irregular behaviour when varying the frequency of the excitation, i.e., the speed of the train. The Braille printer also
exhibits these kind of behaviours under parameter variations, as discussed in
Papers C-E. For example, when decreasing the time between current pulses in
order to speed up the printer, a highly irregular motion occurs. It is clear that
the nonlinear characteristics of the printer must be accounted for in its design.
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Transient versus long-term behaviour

From a mathematical point of view, the long-term dynamics of a dynamical
system are of fundamental importance. It can be shown that knowledge of
the possible long-term dynamics and their sensitivity to small perturbations
in initial conditions serves to organise the different transient responses of a
system. Typical long-term responses are the periodic, quasiperiodic, and chaotic
responses discussed above.
From an engineering point of view, on the other hand, the transient dynamics, i.e., the short-term response that results from a particular choice of
initial conditions are of fundamental importance. Consider, for example, an
apparatus that is running for a limited time and that exhibits a highly irregular
transient response during this time. While the motion might eventually settle
down onto a particular long-term response, such as a periodic motion, in practice this might occur over a time scale that is much longer than the operating
time of the apparatus. To the engineer, the system response might be labelled
as “chaotic” even though it would not satisfy the mathematical definition of
chaos as pertains to the long-term system response.
In Paper C, when investigating the Braille printer dynamics, the engineering
point of view is applied since the Braille printer must deliver high-quality dots
already from the first dot.

3.2.2

Bifurcations

If the steady-state response of a dynamical system is robust to small perturbations it is said to be stable and unstable otherwise. Nonlinear systems may
exhibit multiple coexisting steady-state solutions with different stability properties for a given choice of system parameter values. Under variations in system
parameters, the numbers, type, and stability properties of these steady-state
motions may change. Such a change in system behaviour is called a bifurcation.
Bifurcation points are the parameter values at which these qualitative changes
in the dynamics occur.
Mechanical systems in general have several parameters that influence their
dynamics, such as the magnitude and frequency of the excitation, the masses
of various parts, material stiffness and damping coefficients, and so on. The
engineer is often searching for an optimal way to choose values for these parameters to achieve a desirable short- and long-term system response that is robust
to small uncertainties in parameter values or initial conditions. A bifurcation
analysis, i.e., a study of the changes in number, type, and stability properties
of steady-state responses that occur under variations in system parameters, is
a helpful tool in identifying such optimal choices.
Several different types of bifurcations exist [12]. The two most common types
of bifurcations of periodic responses are the saddle-node and period-doubling
bifurcations. In the former case, a stable and an unstable periodic response
collide and annihilate each other at the bifurcation point. There is no periodic

18

Design and Control of Products Including Parts with Impacts

Figure 3.2: A sequence of period doubling bifurcations leading to chaos appearing in the
Braille printer model under variations of the time between excitation pulses (see Paper E).

response after the bifurcation. In the latter case, a periodic response changes
stability at the bifurcation point and a new periodic response of twice the original period is born and persist on one side of the bifurcation point. There are two
types of period-doubling bifurcations; supercritical and subcritical. For the supercritical bifurcation, the new periodic response is stable and coexists with the
originally unstable periodic response. In the case of the subcritical bifurcation,
the new periodic response is unstable and coexists with the originally stable
periodic response. Thus, while a stable system response exists on both sides of
the bifurcation point in the case of a supercritical period-doubling bifurcation,
the subcritical bifurcation is characterised by the lack of any stable response
(near the originally periodic motion) on one side of the bifurcation. Since there
is no local attracting solution in the case of the subcritical bifurcation this type
of bifurcation is more dangerous from an engineering point of view.
A period-doubling sequence is a sequence of (supercritical) period-doubling
bifurcations, in which the period of the long-term dynamics increases by a factor
of two at each subsequent bifurcation point. Period-doubling sequences often
accumulate at a chaotic attractor, see Figure 3.2.
The coexistence of multiple steady-state solutions of different stability and
the changes that occur at bifurcation points may result in hysteretic changes in
the long-term system response under changes in system parameters. Such parameter hysteresis typically involves dramatic switches in long-term response as
the system jumps from a branch of periodic behaviour that has just terminated
in a saddle-node bifurcation to another branch as suggested in Figure 3.3 [12].
In Papers D and E, it is shown that under reductions in the time between
subsequent current pulses, that would be a way toward speeding up the Braille
printer, a periodic steady-state response disappears in a saddle-node bifurcation
and a highly irregular chaotic motion occurs, see Figure 3.4.
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Figure 3.3: Illustration of hysteresis [12]. A plot of maximum amplitude of displacement,
|x|, as function of excitation frequency, ω. Starting at low frequency values and increasing
the frequency, the response will follow the lower curve until bifurcation point A where it will
jump up to the upper curve. Starting at the upper curve for high frequency values and then
decreasing the frequency will cause the response to follow the upper curve until bifurcation
point B where it jumps down to the lower curve.
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Figure 3.4: A bifurcation diagram of period-one trajectories for the Braille printer model
investigated in Papers D and E. A saddle-node bifurcation appears when the time between
subsequent excitation pulses is reduced below a critical value at around 1.1 ms. The dashed
lines represent unstable periodic trajectories.

Chapter 4

Analysis methods
A (continuous) dynamical system can be described by an initial-value problem:
dx
= f (x, t), x(t0 ) = x0
dt

(4.1)

where f is known as the vector field and x describes the state of the system.
When the vector field is not explicitly time dependent, the system is said to
be autonomous. Changes to the state in an autonomous system depend only on
elapsed time (t − t0 ) and not on absolute time (t and t0 ). A non-autonomous
system can always be made autonomous by the inclusion of the time as an
additional state variable as shown in the Papers D and E. In the discussion
below, the vector field will hence be considered time-independent.
The complexity of a dynamical system depends on the dimensionality of
the system and the degree of nonlinearity and smoothness of the function f .
It is possible to show that a unique solution exists to the above initial-value
problem on some interval of time containing t0 provided that f is continuously
differentiable. The existence of a solution over some interval of time, however,
does not guarantee the existence of a solution for all time.
The path through state space followed by the state as governed by the above
initial-value problem is called a state-space trajectory. From the local uniqueness of solutions, it follows that different trajectories never intersect. Moreover,
since solutions are guaranteed to exist over intervals of time for all initial conditions, it follows that families of trajectories run through state space. If x is
taken to represent the position of a particle in state space, then ẋ represents the
particle’s velocity. The collection of all state-space trajectories then resembles
a stationary flow in a moving fluid. In fact, the collection of these trajectories
may be represented by a flow function φ(x0 , t), such that
dφ
(x0 , t) = f (φ(x0 , t))
dt
φ(x0 , 0) = x0
21
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(where, without loss of generality, the initial time is taken to equal 0, since the
system is autonomous).

4.1

Graphical representations

For reasons of safety, quality and performance, it is important for manufacturers
to understand the characteristic behaviours of their products that occur under
certain operating conditions. Different ways of representing the system response
graphically are described below.

4.1.1

Time history plot

A time history plot is a plot that shows how some variable, for example displacement, velocity or acceleration, changes with time. It gives a first hint of
the system’s behaviour and may allow for the identification of regular and irregular responses. A clear limitation is the finite window in time over which the
time history is presented, making it difficult to identify periodic motions with
particularly long periods. Three examples of time histories are shown in Figure
3.1.

4.1.2

Phase plane plot
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As an alternative to time history plots, the response of a dynamical system
may be represented through a two-dimensional projection of the state-space
trajectories onto a plane spanned by two of the components of the state, for
example the position and velocity. Such two-dimensional projections (phase
plane plots) provide a simple method for distinguishing periodic motions from
nonperiodic, see Figure 4.1. For example, a periodic trajectory is represented
by a closed curve.
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Figure 4.1: Phase plane plots of (a) harmonic behaviour, (b) subharmonic behaviour of order
2 and (c) chaotic behaviour. The results are for a one-degree-of-freedom impacting system
with sinusoidal forcing.
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Phase plane plots are usually quite easy to generate from computer simulations and laboratory experiments. If only a single variable is experimentally
measurable (say; position, velocity or acceleration), another variable can sometimes be estimated by integration or differentiation. To avoid high-frequency
noise, a filter should be used for smoothing prior to any differentiation of experimental signals [11].

4.1.3

Poincaré plot
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A particularly powerful tool in the study of repetitive system responses is the
Poincaré plot. A Poincaré plot is a plot where the state is sampled at discrete
times. In the case of a forced dynamical system with a periodic excitation,
it is natural to sample once every period of the forcing. [13]. This is very
much like observing a phase plane motion using a stroboscope that flashes at
a particular phase of the excitation, recording the “flash”-values of the state
variables. This makes it possible to distinguish between periodic motions and
nonperiodic motions, between different kinds of periodic motion and between
chaotic and truly random motion [11].
Poincaré plots for a harmonic, subharmonic and chaotic motion are presented in Figure 4.2. If the plot consists of a finite number of points this implies
that the motion is periodic. Specifically, a single point in the Poincaré plot
represents a harmonic response, while multiple points correspond to subharmonic responses of period equal to a multiple of the excitation period. Similarly, quasiperiodic motion with two fundamental frequencies is represented by
a closed curve in the Poincaré plot. In contrast, chaotic motion is characterised
by a strange attractor as in Figure 4.2(c). Undamped or lightly damped systems with chaotic motions often appear as a cloud of unorganised points in the
Poincaré plot [13].
An alternative to sampling at a predefined phase of the excitation is provided
by a sampling triggered by passage of the trajectory through a hypersurface in
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Figure 4.2: Poincaré plots for (a) harmonic response, (b) subharmonic response of order 2 and
(c) chaotic response (represented by a strange attractor). The results are for a one-degree-offreedom impacting system with sinusoidal forcing.
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state space, a Poincaré section. For example, a trig event may occur whenever
the position of a system component equals a predefined value with positive
velocity. This is the choice upon which much of the discussion in Papers D and
E is based (see also Chapter 4.2). The interpretation of the collection of points
obtained in such a Poincaré plot is the same as in the case of sampling at a
fixed phase.

4.1.4

Bifurcation diagram (Orbit diagram)

Bifurcation diagrams illustrate variations in the long-term response of a dynamic
system under changes in the system parameter. Usually, a measure of the
motion (for example, the maximum amplitude of a repetitive response for each
period of the excitation) is plotted as a function of a system parameter such
as the excitation frequency or damping constant. Approaching a bifurcation
point, the system approaches a critical state at which arbitrarily small changes
in parameters of the system may cause the magnitude and/or character of the
response to drastically change.
The type of bifurcation diagram to be used depends on the aim of the investigation. For example, for an impacting system it can be of interest to plot the
impact velocity (a measure of the motion) as a function of a system parameter,
see Figure 4.3(a). If the objective is to study the periodicity of the system, this
is probably not the best choice since it is possible that not all oscillations will
result in an impact. If no impact occurs, then no dot will be recorded. In order
to produce a bifurcation diagram that shows the change in periodicity of the
system response to a periodic excitation, it is more appropriate to record one
of the state variables at a unique phase of the excitation (cf. the idea of the
Poincaré plot), see Figure 4.3(b).
Steady-state system responses may be stable or unstable. Due to their robustness to small perturbations, the stable responses are observable in experimental situations. In contrast, initial conditions near unstable responses result
in trajectories that quickly deviate from the unstable steady-state response making observations of such trajectories effectively impossible experimentally. From
a design standpoint, the stable solutions are the most interesting. The unstable solutions can be of interest if using control, which is further illustrated in
Chapter 6.
In this work the name “bifurcation diagram” is used for both bifurcation
diagrams and orbit diagrams. Bifurcation diagrams are different from orbit
diagrams since unstable orbits are shown as well; orbit diagrams show only the
attractors [6]. Neither type of plot should include transient behaviour, since
they illustrate the long-term behaviour. In Paper C a modified version of a
bifurcation diagram is used which includes transients, since transient behaviour
is of major importance for this specific product.

1

Poincaré velocity [m/s]

Velocity at impact [m/s]

J. Jerrelind

0.5
0
−0.5
−1
1

2
3
4
Frequency [Hz]
(a)

5

6

25

1
0.5
0
−0.5
−1
1

2
3
4
Frequency [Hz]

5

6

(b)

Figure 4.3: Two bifurcation diagrams showing (a) the impact velocity and (b) the Poincaré
velocity plotted versus the control parameter (in this example the excitation frequency). The
Poincaré velocity is here found by sampling the velocity once each period of the excitation.
The results are for a one-degree-of-freedom impacting system with sinusoidal forcing.

4.2

Local stability of periodic orbits

The stability of a trajectory is a measure of its sensitivity to perturbations, i.e.,
the extent to which nearby trajectories will remain in the vicinity of the original
trajectory or deviate from it in forward time. In this work, small disturbances
are investigated i.e. the focus is on local1 stability not global2 .
Stable periodic trajectories can be found from long-term numerical simulations of the dynamical system using large collections of randomly chosen initial
conditions. In order to find unstable as well as stable periodic trajectories, it is
necessary to use root finding algorithms, such as the Newton-Raphson method.
Linear analysis can then be employed to quantify the stability of the periodic
trajectories.
Periodic trajectories correspond to functions x(t), such that x(t + T ) = x(t)
and are represented in state space by a closed curve. Alternatively, for each
periodic trajectory, there exists a point xref (on the trajectory) and a quantity
T , such that φ(xref , T ) = xref .
The local stability of a periodic trajectory based at a point xref in a smooth
dynamical system is to first order approximated by the linearisation of the flow
around the trajectory. Specifically,
φ(x, t) = φ(xref , t) + φx (xref , t) · (x − xref ) + O(∈).

(4.3)

It follows that to investigate the stability it is necessary to find φx (xref , t).
1 A property is local if it can be analysed in an arbitrarily small neighbourhood of a given
point.
2 The term global is applied to properties that cannot be analysed in arbitrarily small
neighbourhoods of a given point.
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xref
P
Figure 4.4: An illustration of the Poincaré map. One trajectory representing a periodic
trajectory represented by a fixed point xref in the Poincaré section P (green). The second
trajectory represents a non-periodic trajectory (red).

Differentiating the initial value problem
dφ ref
(x , t) = f (φ(xref , t))
dt
φ(xref , 0) = xref

(4.4)

with respect to x and evaluating it in xref results in:
d
φx (xref , t) = fx (φ(xref , t)) · φx (xref , t)
dt
φx (xref , 0) = Id

(4.5)

which is a linear equation called the first variational equation. By solving the
initial value problems (4.4) and (4.5) simultaneously, both the flow φ and the
Jacobian of the flow φx , which describes the local stability, can be found.
To locate periodic orbits, a Poincaré section, P, is introduced such that the
periodic orbit transversally penetrates the hypersurface P at xref . A first return
map (Poincaré map) maps points from P to P after one lap i.e. P(x) is given by
the intersection of the trajectory based at x with the surface P, see Figure 4.4.
Although it is generally impossible to find a closed formula for P, numerical
simulations may be used to compute P(x) for given points x.
The Poincaré map, P, converts the problem about periodic trajectory (which
are difficult) into problems about fixed points of a mapping (which are easier
in principle, though not always in practice). Specifically, if xref is the unique
intersection of a periodic trajectory with P, then P(xref ) = xref or, alternatively,
P(xref ) − xref = 0, i.e., xref is a fixed point of P. It follows that periodic
trajectories may be located using a Newton-Raphson root solving scheme (see
Chapter 5.1).
Suppose that xref is a fixed point of P. In order to compute the linearisation
of P near xref , let h(x) be a smooth function such that h is equal to zero at the
surface P, i.e.,
h(xref ) = 0
(4.6)
where h is called an event function. The definition of the Poincaré map is then
P(x) = φ(x, τ (x)),

(4.7)
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where τ (x) is the elapsed time until the next intersection with the Poincaré
section, i.e., h(x) = h(φ(x, τ (x))) = 0. It follows that
·
¸¯
¯
d
Px (xref ) =
φ(x, τ (x)) ¯¯
dx
x=xref
(4.8)
ref
= φt (x , T ) · τx (xref ) + φx (xref , T )
= f (xref ) · τx (xref ) + φx (xref , T )
where τ (xref ) is to be determined. Since, h(φ(x, τ (x))) ≡ 0 on a neighbourhood
of xref , differentiation yields
·
¸
ref
ref
ref
ref
hx (x ) · φt (x , T ) · τx (x ) + φx (x , T ) = 0
(4.9)
hx (xref ) · φx (xref , T )
ref
=⇒ τx (x ) = −
hx (xref ) · f (xref )
and, consequently,
·

Px (x
Finally,

ref

¸
f (xref ) · hx (xref )
) = Id −
·φx (xref , T ).
hx (xref ) · f (xref )

P(x) ≈ P(xref ) + Px (xref ) · (x − xref ).

(4.10)

(4.11)

As suggested above, the local behaviour of the dynamical system in the
vicinity of the periodic trajectory through xref can be qualitatively described
in terms of the stability of the fixed point xref of the Poincaré map. The
fixed point is said to be Liapunov stable if, for every neighbourhood U of the
fixed point in the Poincaré section, there exists a smaller neighbourhood V in
the Poincaré section, such that intersections with the Poincaré section of any
solution trajectory based at any initial condition in V remain in U for all future
time. Additionally, if all intersections approach the fixed point as t → ∞, the
fixed point is said to be asymptotically stable.
From the Hartman-Grobman theorem [12] and the above linear approximation of P(x), it follows that the fixed point of the Poincaré map is asymptotically stable as long as the eigenvalues of Px (xref ) lie within the unit circle in
the complex plane and unstable if at least one eigenvalue falls outside the unit
circle. A fixed point with all its eigenvalues off the unit circle is referred to as
hyperbolic and non-hyperbolic (or degenerate) otherwise. Values for the system
parameters that correspond to a non-hyperbolic fixed point are associated with
bifurcations of periodic trajectories. A nonlinear analysis is then required to
resolve the dynamics near the bifurcation point.

Chapter 5

Numerical simulations
It is practically impossible to obtain analytical solutions to highly nonlinear
problems. Instead, it is often possible to formulate numerical schemes that
yield approximate solutions. Thanks to computers, numerical methods have
become more practical.
For the numerical part, Matlab [14] is used in this work. Matlab allows for
the implementation of self-authored code, thus providing better control over
the formulation of the actual equations of motion and the choice of numerical
solution methods. Moreover, computation time is often shorter compared with
multibody system programs1 such as ADAMS [15] and Working Model [16].
This is important in these types of studies, where the response due to changes
in many parameters is investigated.

5.1

Methods

Two numerical methods are used in this work; numerical integration of differential equations and numerical root finding. Numerical integration is a way
of approximating the solution x(t) to a given differential equation ẋ = f (x)
subjected to the initial conditions x = x0 at t = t0 . Here, the numerical integration is performed using a variable-step Runge-Kutta-Fehlberg method [17]
that is implemented in Matlab’s ode45-solver.
While numerical integration is a useful tool for locating stable periodic trajectories, numerical root finding schemes must be employed to located unstable
periodic trajectories (cf. Chapter 4.2). Root finding is a numerical process to
locate zeros of a function. In this work the Newton-Raphson method [18] is
used.
1 When

several rigid bodies interact this is referred to as a multibody system (MBS).
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5.2

Initial conditions

The transient and long-term response of a dynamical system depend crucially
on the choice of initial conditions. Bifurcation analysis of a general dynamical
system typically seeks to quantify all long-term responses independently of a
particular choice of initial conditions. In contrast, in engineering design, the
system may be preconditioned to a particular choice of initial conditions.
For example, in Paper C, the performance of a Braille printer hammer is
evaluated. As the actual product is preconditioned to start from the equilibrium
position this is also the choice of initial condition used in the numerical study.
In Paper B, the intention is to evaluate the coupling effects between nonlinear
subsystems in a pantograph. In reality, the train is accelerated from zero velocity
to a certain driving velocity, i.e., the frequency increases up to a certain level.
Therefore it might be more realistic for ordinary driving conditions to use some
related starting conditions. When evaluating the coupling effects, zero initial
conditions are believed to be sufficient. In this case, it is also indicated in Paper
B how a small perturbation in the initial angular velocity can affect the system
behaviour.
In Papers D and E, some recurrent motions of the Braille printer are investigated. Here, a stable recurrent response found through long-term simulation
from some randomly chosen initial condition is continued under variations in
system parameters using numerical integration or the Newton-Raphson scheme
with initial conditions or an initial guess, respectively, obtained from a point on
a previously found attractor.
As multiple steady-state responses may coexist for a given choice of parameter values, the response observed in experiments or in numerical simulations
may depend on the initial conditions. This dependence on initial conditions is
potentially dangerous for designers using few simulations, since uncertainties in
the initial conditions might result in different responses than those previously
observed. Coexisting solutions have to be watched out for, both in experimental
and numerical studies.

5.3

Event handling

In impacting and piecewise-defined systems, it is important to locate (with
sufficiently high accuracy) the occurrence of events triggering an impact or a
switch between different system characteristics.
For these kind of systems conditional statements (“if-statements”) could
be used to indicate a switch. The result might be that the switch is activated/deactivated earlier/later than it should. While the error can be reduced
by using a very small step size, this also increases the simulation time.
Alternatively, the numerical integrators could be wrapped in event-handling
routines that seek to determine with high accuracy the actual trigger state.
Matlab’s ode-solver routines include such event-handling routines.

Chapter 6

Low-cost control of
discontinuous systems
If a product possesses unwanted nonlinear behaviour, it is in some cases possible
to change a system parameter in order to make the operating range “safe”. If
this is not possible, another alternative is to actively control the motion. Control
can be regarded as the ability to define inputs and outputs for the system, and
that the inputs may be chosen as feedback laws, in order to drive the output
towards a desired target [19].
When studying the impact hammer model of the Braille printer when excited
periodically, the bifurcation analysis shows that by passively change the position
of the back stop the time between the excitation pulses can be reduced and still
have a periodic response. However, the investigated printer is excited by a
current pulse that is commonly not periodic since it depends on the pattern
to be printed. An alternative to the existing design would be to keep the core
oscillating continuously and use control to alter between non-impacting and
impacting motion in order to produce a desired pattern.
The motion could be controlled by making changes in the position of the
back stop through appropriate feedback on the state of the hammer in order
to control the subsequent contact with the back stop and the dynamics of the
hammer. As there is little work required to make such a change (at least as long
as the hammer is not in contact with the stop), this control approach should be
relatively cost effective.
Papers D and E discuss the application of the active control methodology
discussed above to the performance of the Braille impact hammer. A local
control methodology is proposed for affecting the linear stability of a periodic
trajectory. Finally, a global control strategy is formulated for achieving a desirable impact pattern of the hammer core.
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Control
surface

C
D
Discontinuity
surface
Figure 6.1: An illustration of the local control method. Some characteristic of the discontinuity
is changed when the system passes through the control surface in order to achieve a desired
motion.

6.1

Local control by affecting the stability

A linear low-cost feedback control algorithm that exploits the presence of system discontinuities to affect the local stability of naturally occurring periodic
motions (reference trajectories) is investigated. Here, discrete changes in the
characteristics of a system discontinuity are introduced at opportune moments
when the system is away from the discontinuity, for example as triggered by
some suitable control surface, see Figure 6.1. One of the main advantages of
this method is that the effects of the control strategy can be evaluated based
entirely on information about the uncontrolled system.
Let µ represent a control parameter corresponding to a property of the
discontinuity, for example, the position of the back stop in the case of the Braille
printer model. Two local control strategies to change the control parameter are
considered; reference feedback and delay feedback [20], [21].
In Paper D the variation of the control parameter is defined as:
µ = µref + c · (x − x∗ )

(6.1)

where x is the state as the control event is triggered, c is a row vector of control
values, µref is some reference value for µ and x∗ is a comparison state.
In the case of reference feedback, x∗ is equal to predefined values representing
the reference trajectory’s intersection with the control surface, while in the case
of delay feedback x∗ is equal to the state at the previous point of intersection
with the control surface. As a result, it is reasonable to expect that delay
feedback is more robust to uncertainties in the system parameters, although
this has yet to be confirmed. In the case of delay feedback, however, it is
necessary to assign an initial value to x∗ that will affect the transient response.
It is possible to analyse the effects of the above control strategies by the
formulation of an augmented dynamical system that includes µ and x∗ as state
variables which is shown in Paper D. In this way, the linearisation of the Poincaré
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map in the vicinity of a periodic trajectory may be formulated for the controlled
system. It is now possible to design the control strategy (i.e., effectively to
assign values to the control values) by seeking to achieve a desirable linear
approximation to the Poincaré map in the presence of control.
As an example, consider the possibility of choosing numerical values for
the control values in order to affect the eigenvalues of the linearisation of the
Poincaré map and thus the local stability of the periodic trajectory. This strategy could be used to stabilise an originally unstable periodic trajectory in favour
of an originally stable trajectory thus resulting in a characteristically different
system response, for example, lower impact velocity, as in the case of the Braille
printer.
In Paper D it was shown that in the case of delay feedback it was not possible
to stabilise all found periodic trajectories. Therefore the strategy to change the
control parameter when using delay feedback is changed to
µ = µ + cµ · (µ − µref ) + c · (x − x∗ )

(6.2)

in Paper E. Here, c and cµ are control values, µref is some reference value for µ
and x∗ is a comparison state.
Indeed, in the case of multiple coexisting steady-state solutions, the local
feedback control strategy could be used to switch back and forth between different periodic trajectories. As an example, Figure 6.2 shows the use of reference
feedback to switch between an originally stable periodic trajectory with high
impact velocity with the front stop and an originally unstable periodic trajectory with low impact velocity with the front stop. Here, the feedback algorithm
was applied to a relatively large neighbourhood of the corresponding periodic
trajectory resulting in transient dynamics that are only poorly captured by the
linearisation. To reduce the transients, a global control strategy is required.

Velocity [m/s]

2
1
0
−1
0

0.1

0.2
Time [s]

0.3

Figure 6.2: A reference control sequence where a shift is made every tenth period. This is
an example from the Braille printer model where the time between the excitation pulses is
approximately 1.58 ms.
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Figure 6.3: a) An “empty” cell map and b) a cell map indicating which cell the system ends up
in when starting at the centre of each cell and simulating until the corresponding trajectory
intersects the Poincaré section again.

6.2

Global control by using cell mapping

To reduce or eliminate the transient dynamics associated with switching between
different periodic trajectories, Paper E discusses the use of a global feedback
control strategy based on the concept of cell mappings.

6.2.1

Creating a cell map

The construction of a cell map is based on a discretisation of a subset of a
Poincaré section into cells. The cell map provides a coarse-grained approximation to the corresponding Poincaré map, such that the image of each cell is
defined as the cell in which the image of the centre of the original cell lies. The
approximate Poincaré map can then be used to investigate the global dynamics
of the dynamical system without further simulation [22].
Consider, for example, a rectangular arrangement of rectangular cells as
shown in Figure 6.3(a). Number the cells from left to right starting with the
first row and then continuing with the subsequent rows in the same manner. For
each cell, use numerical integration to simulate the dynamical system using the
centre of the cell as initial condition until the corresponding trajectory again
intersects the Poincaré section. Let the cell map to the original cell be given by
the number of the cell in which the end point lies.
By iterating the cell map (for all points that remain within the discretised
region), it is now possible to obtain an approximation for stable steady-state
motions in a fraction of the computation time required to numerically integrate
the original system.
In Figure 6.3(b), a possible scenario is presented. A zero indicates that the
value at the Poincaré surface when the trajectory again penetrates the Poincaré
surface ended up outside the cell map. It can also be seen that 4 is mapped
back on itself, 3 is mapped to 1 and 2 is mapped to 4.
The finite size of the grid cells inevitably introduces errors in the cell-map
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approximation. Here, the fate of all points within a cell is reduced to that of
the centre point of the cell. The associated error could be reduced by increasing
the resolution of the cell map. Of course, if the solutions diverge significantly
when making only very small changes in the starting values, these errors will
accumulate rapidly under continued iteration.

6.2.2

Control strategy

By creating several cell maps for different values of µ, it is possible to design
a global feedback control that achieves a desired system response after one
iteration of the Poincaré map.
Intuitively, the global feedback control strategy searches through the cell
maps for a value of µ (given x) that results in a desired value (or desired
region of values) for x at the next intersection with the Poincaré section. In the
ideal case, it is possible to reach the desired (region of) value(s) in one iteration.
When this is not possible, a multi-step sequence of values for µ may be designed
to reach the desired (region of) value(s) after several laps.
For some values of initial and final values of x, it is possible that several
possible choices of µ can be found. In such circumstances, it may be advantageous to choose the solution that requires the smallest change in µ or perhaps
the value of µ that is closest to some predefined reference value µref . The choice
of strategy in the case of multiple possible value of µ depends on the system to
be controlled.
In the case of the Braille printer, the actual impact velocity with the front
stop is of importance as this controls the quality of the dot. Moreover, it is also
important to ensure that at most a single impact occur between the hammer and
the front stop during each cycle of the excitation. To take this into account in
the control design, associate to each cell in the discretised region of the Poincaré
section the impact velocity with which the trajectory based at the centre of the
cell impacts the front stop as well as the number of impacts of the corresponding
trajectory with the front stop prior to returning to the Poincaré section. The
global feedback control strategy may now be designed to control the hammer
motion to regions of cells with “high” or “low” impact velocities and only one
impact with the front stop per excitation cycle, i.e. one dot.

6.3

Mix of control strategies

In order to find a more effective control method that avoids the transient response associated with switching between different periodic trajectories discussed previously in Chapter 6.1, a combination of local and global control
is suggested in Paper E. The idea is to choose the strategy that, given the
current and desired values of x, is the most useful. The global control maps
the response to the neighbourhood of the desired periodic trajectory, and local
control is then imposed within this neighbourhood. At every passage through
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the Poincaré section, the control parameter is changed according to the chosen
strategy.
In order to combine the local and global control strategies, limitations in the
variations of the control parameter µ are necessary in order to avoid a situation
where the local control demands a value of µ outside the available cell map.
There can also be a need for limits on µ that reflect physical limitations on the
actual product, for example space requirements, sensor or actuator limitations.

Chapter 7

Experiments
In order to understand more about the dynamic behaviour of different products,
to find system parameters and to verify created models, experiments are a
necessity. During this research, experimental work has been performed on both
a Braille printer hammer and a pantograph. The main objective with these
experiments has been to get a better understanding of the dynamic behaviour
and the system characteristics.

7.1

Braille printer

An experimental set-up of a Braille printer hammer was designed and built
to i) verify the models of the Braille printer hammer used in Papers C-E, ii)
study the dynamic behaviour when varying system parameters (primarily the
time between subsequent excitation pulses) and finally, iii) create a platform for
implementation of the control strategies presented in Papers D and E.
Due to small dimensions of the impact hammer and its high speed, problems
arose when trying to create a set-up that fulfilled the functionality required.
Small dimensions made it difficult to measure the core movement requiring
non-touchable measurement methods since adding a very small mass could significantly affect the behaviour. By using a laser, it is possible to measure the
velocity of the core through a hole that goes through the shell, the back-stop
rubber and the back-stop mass. Furthermore, the high working speed of the
hammer requires a high sampling rate of the measuring system. In combination
with the need to record the response of the system for a long time to capture
the steady-state dynamics, extensive memory in the measurement equipment is
required. Furthermore, in order to evaluate the dynamic behaviour of the impact hammer and to get a experimental set-up that can be used as a platform
for implementing the control strategies, periodic excitation is necessary.
A first experimental set-up was designed where the printer itself excited
the impact hammer. Figure 7.1 presents a measured current pulse and the
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Figure 7.1: An example of a measured velocity and current pulse of a Braille printer hammer
when excited by the printer itself.

corresponding core velocity of the hammer. The measurement verifies that the
model used is capable of recreating the shape and impact velocity of the motion
(cf. Figure 12 in Paper C).
When studying the periodicity of the current pulse produced by the printer
and the possibilities to change the time in between the current pulses, it was
found that the time between subsequent current pulses was neither possible to
control nor to set constant. This was a problem since a periodic excitation was
one of the requirements of the experimental set-up as specified above. Therefore,
a new experimental set-up was constructed, see Figure 7.2. In this set-up it is
possible to choose the shape and periodicity of the current pulse. Consequently,
there are better possibilities to draw conclusions about the system behaviour in
different situations. The idea is to develop this experimental set-up to so that

Laser

Measured
velocity

Generated
current
pulse

Figure 7.2: Second experimental set-up for the Braille printer.
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the position of the back stop can be changed and thereby enabling measurements
of changes in the dynamic behaviour due to the position of the back stop. It
will also create a platform for implementing and analysing the control strategies
presented in Papers D and E.
The manufacturer has mentioned problems with major heat development in
the coils when speeding up the printer. Fans have been mounted by the manufacturer in order to lower the temperature. The temperature of the hammers
increases from room temperature to about 50 degrees Celsius during normal
operation. This high temperature is not necessary for its function, it is an effect
of losses in the coils and perhaps also the energy losses at impact. This problem
was observed when testing the new set-up. The heat became so high that the
plastic material in the coil melted, causing the core to stick and making it unable to move. This effect must always be considered during testing, and limits
the possible excitation cases to be studied.

7.2

Pantograph

An experimental set-up for a pantograph was built to study its dynamic behaviour, especially the coupling effects between the nonlinear suspension systems. The pantograph is a Schunk WBL88/X, which is used on the Norwegian
airport train. For details about the construction of the pantograph, review
Chapter 2.2.
First measurements were made on the pantograph to establish the characteristics of the subsystems. In order to specify which of the suspension system
the results are referring to, the notation in Figure 7.3 is used.
Each suspension system contains two leaf springs, as mentioned earlier in
Chapter 2.2. The movement of the upper spring is limited, causing it to impact
when the amplitude reaches an upper and lower limit. Impact with the lower
limit, i.e. the lower leaf spring, causes the total stiffness to be the sum of the
stiffnesses of the two leaf springs. When moving in the opposite direction, the
link first impacts the lower leaf spring and then, for increased displacement, the
upper leaf spring impact the upper limit (the frame). It means that the free
length of the upper leaf spring is shortened, giving the spring increased stiffness.
The measured stiffness of the suspensions is presented in Figure 7.4(a). This
confirms that piecewise linear stiffness is present in the system. The damping
characteristics of the four suspensions are presented in Figure 7.4(b). It can
be seen that both the damping and stiffness characteristics differ between the
four subsystems. The parameter values used in the mathematical model of a
pantograph presented in Paper B was collected from measurements made on
the same type of pantograph, although not the same specimen. The damping
from those measurements was lower than found for the pantograph used for this
experimental set-up. In Paper B it was also assumed that the characteristics of
the subsystems were identical.
An experimental set-up was created where the excitation from the contact
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Figure 7.3: Notation for the suspension systems.
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Figure 7.4: The characteristics of the four suspension systems. a) The stiffness characteristics and b) the damping characteristics when the contact strip is excited by a sinusoidal
displacement with an amplitude of 1 mm and a frequency of 1 Hz.
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Excitation system
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Figure 7.5: Experimental set-up of the pantograph.

wire was represented by an excitation beam. The movement of the beam was
controlled by a hydraulic system. Force transducers were placed between the
excitation beam and the contact strips in order to measure the contact force, see
Figure 7.5. Furthermore, eight inductive sensors were installed in the experimental set-up. There was one displacement sensor connected to each suspension
system that measures the relative movement between the frame and the contact strip. Another displacement sensor measured the movement of the frame
relative to ground at each suspension system. An approximation of the velocity
is found through differentiation of the filtered displacement signals.
The system can be excited both in vertical and horizontal direction, see
Figure 7.6. Different types of sinusoidal excitation, representing excitation from
the contact wire, were investigated.
Horizontal
excitation
Vertical excitation
Contact
strips

Figure 7.6: A schematic picture of the excitation of the pantograph in the experimental set-up.
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Figure 7.7: Measured phase plane plots for suspension system b when applying the excitation
at the midpoint of the contact strips without any horizontal excitation. The vertical lines
indicate locations of change in stiffness due to impacts with the lower and upper limits of the
suspension systems.

Consider the case when the excitation is applied at the midpoint of the
contact strips and there is no horizontal motion (zigzag is neglected). When
varying the excitation frequency harmonic, subharmonic as well as possible
chaotic behaviour appears, see Figure 7.7.
If the system is ideal, i.e. the characteristics of the subsystems are identical,
no coupling effects would appear for this type of excitation in the system. Due
to the fact that the damping and stiffness differ between the suspension systems, coupling effects do appear in the experimental set-up even for this type
of excitation.
In Figures 7.8 and 7.9 the maximum amplitude for each oscillation is presented for the suspension systems and the frame motion at each suspension
system when varying the excitation frequency. For low frequencies, the motion in the subsystems is minor compared to the frame motion. But in the
frequency range 3-6 Hz, the motion of the suspension systems is more dominant
(except for suspension system d which has higher friction). This implies that in
some frequency regions it is reasonable to assume that the frame is fixed when
creating a model of the suspension systems as is done in Paper B.
In Figures 7.8 and 7.9 a notable change in the motion’s amplitude is found
around 3 Hz. This is possibly due to the fact that spring suspension system a, b
or c is impacting the upper stop, which influences the whole system behaviour.
When increasing the frequency, similar changes can be seen at for example
around 5 Hz when subsystems a and c impact the lower stop.
The exact placement of the upper and lower limitations, i.e. the stops, is difficult to estimate and the placement of the stops differs between the suspension
systems. In order to evaluate the experimental data, more detailed measurements of the placement of the stops are a necessity. Another problem that needs
to be solved is the fact that the excitation applied can lose contact with the
current collector strips, creating impacts when contact is resumed. This also
influences the dynamic behaviour and must be evaluated in more detail.
It is important to notice that in the experimental set-up displacement excitation has been used while in Paper B force excitation is studied. Also the frame
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Figure 7.8: Maximum amplitude response in the four suspension systems during variation in
excitation frequency. The excitation is applied at the midpoint of the contact strips and has
an amplitude of 10 mm. Horizontal lines mark the limits at which the stiffness in the system
changes.

Figure 7.9: Maximum amplitude response in the frame during variation in excitation frequency. The excitation is applied at the midpoint of the contact strips and has an amplitude
of 10 mm.
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has not been fixed as assumed in Paper B. As a consequence, the experimental set-up for the pantograph cannot verify the results of the numerical model
created in Paper B. However, nonlinear behaviour, such as subharmonic and
irregular motions, does appear in the experimental set-up, which also is found
in the numerical model. Coupling effects can be observed and the experiments
give indications that, since the characteristics of the four suspension systems
vary, other coupling effects are present and should be further investigated. This
is a good example of how experiments can be used to better understand what
to include in the models.
It can be concluded that nonlinear behaviour does exist in the pantograph
and that coupling effects are present not only due to the zigzag characteristic of
the excitation but also due to the variation in characteristics of the suspension
systems.

Chapter 8

Results
This chapter summarises the results of the appended papers and the presented
experimental work.
To establish a good basis for the research, a synopsis of nonlinear dynamics
in parts of engineering systems has been performed and is presented in Paper A. The results show that a wide range of nonlinear parts exist in modern
products, such as gears, bearings, bushings, brakes and suspension systems.
Frequently, many of the parts include combinations of different types of nonlinearities, the most common being impact and friction. The products range
from sewing machines, drilling machines and printers to railway vehicles. Consequently, nonlinear behaviour occurs in many types of products and should be
accounted for during their development.
The goal of dynamic modelling and simulation can be to improve existing
products, exemplify theory, present new theory or explain observed phenomena.
The most common goal of the presented investigations in Paper A is exemplification of theory. Analysis in order to improve design is rare. The models
are characterised by only a few degrees of freedom (<10) where two-degree-offreedom models are most frequent. In some cases, several models with different
degrees of freedom are created in order to seek the simplest model that can
describe the dynamic behaviour of the product.
Even though many of the investigations show irregular behaviour in parts
of the product, it is rarely evaluated how subsystems affect the total product
performance or if the motion of the subsystem alters when mounted. The final conclusion is that a great deal of research on modelling and simulation of
nonlinear mechanical products is on going, but there is still a strong need for
further research. Two important areas have been identified; to study coupling
effects between nonlinear subsystems and to study how nonlinear analysis can
be used to improve existing designs.
In order to investigate the effects of nonlinear subsystems within engineer-

45

46

Design and Control of Products Including Parts with Impacts

ing products, two coupled nonlinear suspension systems have been studied in
Paper B. Coupled suspension motions exist for example in automobiles and
in pantographs on trains. A model of a pantograph has been developed and
the sensitivity to different excitation cases and parameter changes is studied,
revealing that the coupling increases the risk of irregular behaviour. Since the
damping caused by friction was minor, the damping is represented by a viscous
damping term which is assumed to be equal for all suspension systems. The
system is shown to be sensitive to changes in system parameters, possessing
harmonic, subharmonic, irregular and possible quasiperiodic motion. In some
cases, a small disturbance can result in different types of motion in the two
suspensions although symmetric excitation and identical characteristics. Consequently, coupling effects should be considered when designing these types of
systems.
In Paper C, a Braille printer which produces text for visually impaired
people is shown to be a highly nonlinear system. The machine contains several impact hammers that can produce double-sided Braille text. Each impact
hammer is characterised by multiple impacts and nonlinear electromagnetic excitation. When the manufacturer tried to modify the hammers in order to
increase the printing speed, quality problems in the printouts of Braille text
arose.
A model of a impact hammer has been developed in order to gain an improved understanding of its dynamic behaviour and specifically to investigate
if the quality problems are caused by the nonlinear dynamics. This is done by
analysing the sensitivity to changes in design parameters and running conditions, to provide an idea of how large effect different changes in system parameters can have on the dynamic behaviour. The investigation shows that some
mechanical parameters are critical in order to obtain satisfactory quality in the
Braille text. It is demonstrated that the on-time for the excitation pulse could
be lowered without any significant change in quality which probably would lower
the temperature and energy consumption. Combined with decreased time between the excitation pulses, this might be a way to speed up the printer with
maintained quality.
The work presented in Paper D aims to investigate the dynamic behaviour
of the Braille printer in more detail and to illustrate the possibility of controlling
the motion of the hammer by using a low-cost control algorithm that exploits
the discontinuities in order to improve the performance. The control algorithm
affects the local stability of found periodic trajectories, making it possible to
use unstable periodic trajectories with more desirable operating characteristics.
In Paper D, the Braille printer model is modified by adding an extra mass
in the back stop and introducing a change of momentum at the impacts. The
control strategy is based on the assumption that the core of the impact hammer
is oscillating continuously. The existing design does not oscillate, but it would
be a realistic idea for a future improved hammer design.
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It is shown that when decreasing the time between subsequent excitation
pulses (which is one way of increasing the printing speed), irregular behaviour
can appear. It is also shown that the system is very sensitive to changes in the
position of the back stop. By statically shifting the back stop in the direction
of the paper, the irregular behaviour that appears when decreasing the time
between subsequent pulses can be eliminated.
Two types of strategies to change the control parameter have been investigated; delay and reference feedback. Since the system was sensitive to changes
in the position of the back stop, the position of the back stop was chosen as the
control parameter. When using reference feedback it was possible to stabilise
all found periodic trajectories, which was not the case with delay feedback. For
a reduced time between the excitation pulses, reference feedback could be used
to shift between low impact velocities and high impact velocities. The results
show transient behaviour while shifting. A combination of a static redesign of
the hammer subsystem and a feedback-based control could probably address
the two goals of quality and speed.
To achieve fast printing and high quality, the ultimate control method would
be one that can reduce (preferably eliminate) the transients when shifting between different desired motions. Therefore, in Paper E a modified control
strategy is presented where a mix of local and global control is used. The work
presented in Paper E also aims to show that a modified local control strategy
makes the delay feedback capable of stabilising all found periodic trajectories.
The investigated global control method is based on cell mapping combined
with a strategy developed to satisfy the Braille printer demands. The idea is
to use global control to map the solution into the wanted area and then local
control to fine tune. A combination of global control together with reference
and delay feedback is shown to reduce the transients while shifting between different desired motions compared to only using reference feedback (as in Paper
D).
In addition to the above papers, experimental work has been performed.
An experimental set-up for the Braille printer has been developed in order to
i) verify the mathematical models (Papers C-E), ii) investigate the behaviour
of the impact hammer and finally, iii) produce a platform to investigate the
possibility of implementing the control strategies discussed in Papers D and
E. The set-up is capable of exciting the impact hammer with periodic pulses
and recording the velocity of the impact hammer. The shape and frequency
of the excitation pulse is defined by the user. This equipment can be used to
investigate how the impact hammer motion is influenced by changes in different
system parameters.
An experimental set-up has also been developed for a pantograph. The
excitation from the contact wire is represented by vertical and lateral displacements. For periodic excitation harmonic, subharmonic and irregular behaviours
occurred. The results confirm the importance of including both suspension sys-
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tems of a contact strip to take into account the coupling that arises due to the
rotational motion. Due to the variation of the characteristics of the suspension
systems, other types of couplings are also shown to arise and should be further
investigated. The presented experimental results indicate that a pantograph
model which includes all four subsystems is probably required in order to describe the occurring phenomena in more detail. This is a good example of how
experiments can be used to better understand what to include in the numerical
models.
A direct comparison between the numerical model presented in Paper B and
measurements from the experimental set-up cannot be made, since different
types of excitation have been used and the lower frame is assumed to be fixed
in the numerical model. However, similar behaviour as found in Paper B was
found in the experiments.

Chapter 9

Discussion and conclusions
This work has focused on theoretical, numerical and experimental approaches
to achieve a comprehensive understanding of dynamical phenomena occurring
in nonlinear products, especially in products with parts that include impacts.
The aim has been to show the usefulness of nonlinear theories to better understand and optimise the dynamic behaviour of products and thereby account for
nonlinear phenomena already in the product development process.
The two chosen products, the pantograph and Braille printer, have been
shown to possess nonlinear behaviour. From these investigations it can be
concluded that nonlinear modelling together with analysis tools can be used to
investigate design problems and provide recommendations on how to improve
product performance. The analysis of the pantograph motion shows important
aspects to consider in the modelling process; coupling effects. For the Braille
printer case it has been shown that it is possible to take advantage of the
existence of discontinuities in order to control a system, which results in a
low-cost control method. Two different ways of optimising product behaviour
are presented; parameter variations and control by taking advantage of found
nonlinear behaviour.
Considering design and control of products including parts with impacts,
it can be concluded that the characteristics of the part can significantly affect
the dynamic behaviour of the product. Typical nonlinear behaviours such as
multiple solutions and irregular motions do occur in the studied products. It
has also been shown that knowledge about the dynamic behaviour can be used
in order to produce a desired motion.
When these products are built and used, the actual characteristics of the
specific specimen will vary, due to time, maintenance etc. Consequently, it is
important to be able to describe the possible behaviour of the product under
different running conditions, rather than the behaviour of one specimen in detail.
Altogether, this work contributes to better knowledge about aspects to consider
when designing these types of products.

49

Chapter 10

Recommendations for
future work
In order to continue increasing the understanding of the dynamic behaviour
of nonlinear products including parts with impacts, there are many challenges
in the future. Here are some recommendations for future work related to this
thesis.
The first is to perform measurements on the Braille printer to investigate
the effect of changes in the time between subsequent current pulses. This in
order to measure the actual behaviour of the Braille printer and to verify the
theoretical model under parameter variations. It is possible that the theoretical
model may require a more advanced model of the magnetic force.
Furthermore, experimentally verify the usefulness of the control algorithms
created for the Braille printer. This imply finding a solution on how to make
changes in the position of the back stop in the Braille printer hammer set-up.
Also, for the specific hammer design, identifying appropriate system parameters
in the control strategy to achieve “non-impact response” versus “good quality
impacts”.
Regarding the experimental set-up for the pantograph, the possibility of
using force excitation or a more realistic excitation should be investigated. Also,
in order to investigate coupling effects in more detail in a numerical model, a
rigid-body model of the pantograph that includes all four spring suspension
systems and their coupling to the contact wire and the upper frame would be
interesting to investigate.
Although developing relatively simple models, the calculations have been
rather time-consuming. This motivates further research on how to create adequate but simple models to answer a specific question about the system’s dynamic behaviour.
The above proposals to future work will all contribute to increased knowledge about how to take into account and investigate nonlinear behaviour in the
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product development process of products including parts with impacts. Other
interesting nonlinear products to analyse would be, for example, the wheel suspension and the driveline of a vehicle, both of which are characterised by impacts.
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