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Abstract
Complex networks are an important class of models used to describe the
behaviour of a very broad category of systems which appear in different fields
of science ranging from physics, biology and statistics to computer science
and other disciplines. This set of models includes spin systems on a graph,
neural networks, decision networks, spreading disease, financial trade, social
networks and all systems which can be represented as interacting agents on
some sort of graph architecture.
In this thesis, by using the theoretical framework of statistical mechanics,
the equilibrium and the dynamical behaviour of such systems is studied.
For the equilibrium case, after presenting the region graph free energy
approximation, the Survey Propagation method, previously used to investigate the low temperature phase of complex systems on tree-like topologies, is
extended to the case of loopy graph architectures.
For time-dependent behaviour, both discrete-time and continuous-time
dynamics are considered. It is shown how to extend the cavity method approach from a tool used to study equilibrium properties of complex systems
to the discrete-time dynamical scenario. A closure scheme of the dynamic
message-passing equation based on a Markovian approximations is presented.
This allows to estimate non-equilibrium marginals of spin models on a graph
with reversible dynamics. As an alternative to this approach, an extension of
region graph variational free energy approximations to the non-equilibrium
case is also presented. Non-equilibrium functionals that, when minimized with
constraints, lead to approximate equations for out-of-equilibrium marginals
of general spin models are introduced and discussed.
For the continuous-time dynamics a novel approach that extends the cavity method also to this case is discussed. The main result of this part is a
Cavity Master Equation which, together with an approximate version of the
Master Equation, constitutes a closure scheme to estimate non-equilibrium
marginals of continuous-time spin models. The investigation of dynamics of
spin systems is concluded by applying a quasi-equilibrium approach to a simple case. A way to test self-consistently the assumptions of the method as
well as its limits is discussed.
In the final part of the thesis, analogies and differences between the graphical model approaches discussed in the manuscript and causal analysis in
statistics are presented.
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Sammanfattning
Kompexa nätverk är en viktig klass av modeller som används för att beskriva egenskaper hos en mycket bred kategori av system inom olika fält, från
fysik, biologi, statistik till datavetenskap och andra områden. Klassen inbegriper spinnsystem på grafer, neurala nätverk, beslutsgrafer, smittspridningsnätverk, finansiella transaktionsnätverk och sociala nätverk och alla system som
kan representeras som växelverkande agenter på någon sorts grafarkitektur.
I denna avhandling studeras jämvikt och dynamiska egenskaper med användning av ett teoretiskt ramverk hämtat från statistisk mekanik.
För jämvikt utvidgas metoden Survey Propagation, som tidigare använts
för att beskriva lågtemperaturfaser av komplexa system på träd-liknande grafer, till grafarkitekturer innehållande cykler. I de inledande kapitlen bekrivs
också approximationer av den fria energin med regiongrafer.
För dynamiska egenskaper undersöks både system som utvecklas i diskret
tid och system som utvecklas i kontinuerlig tid. Det visas hur kavitetsmetoden
kan utvidgas från ett sätt att studera komplexa systems jämvikt till en beskrivning av system som utvecklas i diskret tid. Ett lösningsförfarande baserat
på en Markovapproximation för att beräkna icke-jämviktsmarginalfördelningar
av spinnmodeller på grafer med reversibel dynamik presenteras. Som ett alternativ presenteras också en generalisering av den variationella regiongrafsapproximationen till fallet icke-jämvikt. Icke-jämviktsfunktionaler som när de
minimeras med bivillkor ger approximativa marginalfördelningar för allmäna
spinnmodeller introduceras och diskuteras.
För dynamik i kontinuerlig tid presenteras en ny utvidgning av kavitetsmetoden. Huvudresultatet i denna del är en kavitetsmasterekvation vilken
tillsammans med en approximativ version av masterekvationen ger ett lösningsfärfarande för att uppskatta icke-jämviktsmarginalfördelningar av modeller i kontinuerlig tid. Undersökningen av spinnsystems dynamik avslutas
med att tillämpa en metod byggd på kvasijämviktsmetod på ett enkelt exempel. Ett sätt att självkonsistent testa om denna metods antagande stämmer
presenteras, och några av dess begränsningar diskuteras.
I den sista delen diskuteras analogier och skillnader mellan kavitetsmetoden och kausalanalys från statistik.
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And those who were seen dancing were thought to be
insane by those who could not hear the music.
— F. Nietzsche

Introduction
“But I don’t want to go among mad people,” Alice remarked.
“Oh, you can’t help that,” said the Cat: “we’re all mad here.
I’m mad. You’re mad.”
“How do you know I’m mad?” said Alice.
“You must be,” said the Cat, “or you wouldn’t have come here.”
— Alice’s Adventures in Wonderland

Complex networks cover a very broad class of systems that have been investigated in several different fields of science ranging from physics, biology, computer
science and statistics, to give few examples. The charming features exhibited by
these systems have stimulated interdisciplinary research and contributed in building
bridges between several branches of science.
They can shortly be described as networks of many interacting agents through
different architectures which show, as a whole, a very rich phenomenology. The
brain with its enormous number of synaptic connections between neurons belongs
to this class and it represents one of the systems with the richest and most complex behaviour. Other examples in the living world of this type are represented by
networks of relations among genes, proteins, amino acids or more generally molecular processes responsible for some sort of regulation in the biological life. Human
built architectures as, for instance, the internet, or the network of financial trade
relations are examples of complex systems in artificial structures.
Within the class of natural phenomena, physical systems modelled by networks
surely play an important role as prototype systems to investigate features and
behaviours of complex networks in a broad sense. Spin systems located on graphs
and lattices have been widely used to describe the microscopic origin of magnetism
and have been applied for the investigation of phenomena in a wide range of different
areas, from biology, information theory to theoretical computer science. In such
models, electrons or other physical variables sit on the vertices of a graph and
the physical interactions among them are represented by links among the vertices.
This class of systems are sometimes referred in physics as disordered models when
some sort of randomness is present in the topology or interaction sources. Most
prominent examples of this kind are spin glasses which showed a surprisingly rich
phenomenology. From the point of view of statistics, computer science or statistical
xix
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INTRODUCTION

mechanics, they can be referred to as probabilistic graphical models.
Two main aspects of these systems are of broad interest: the equilibrium behaviour; which accounts for the performances of the systems when time is not taken
into account and the dynamics; which is, on the contrary, the behaviour of such
models where the time evolution and dynamical interactions play a fundamental
role. The inclusion of dynamics complicates the scenario but allows to investigate how and in which way a system evolves in time, how fast it relaxes to steady
or equilibrium states and finally, whether it reaches an equilibrium at all or not.
On the other hand, the equilibrium investigation itself plays an important role for
thermodynamic reasons.
In this thesis I focus on some specific spin model on different network topologies,
considering both the equilibrium and the dynamics of such systems and I use the
approach of statistical mechanics for their investigation. In the first chapter I
introduce some basic concepts that set the stage for what comes next, then the
presentation separates in two parts.
Part I is about the equilibrium of some complex networks where I discuss one of
the most widely used analytical technique, not only within the physics community,
to study such models: the cavity method, which is known in computer science as
belief propagation. This approach has been applied with great success in several
different fields and disciplines, ranging from physics to computer science, biology,
inference and many other problems modelled as agent-interacting networks. I discuss some novel generalization of this method to the low temperature phase of
equilibrium disordered networks with short loops.
In part II I introduce the time evolution and updating rules in order to investigate the dynamics of spin models defined on graphs. Chapter 5 is an introductory
chapter for this second Part. I present some of the most commonly used models
to study the non-equilibrium behaviour and I introduce the two cases of discrete
and continuous time dynamics. In the following chapters I present novel results
where I show how to extend the cavity method technique to dynamics, both for
discrete and continuous time systems. Together with these methods, I also present
other approaches to investigate the dynamics of discrete spin systems. Last chapter
crosses over the borders of the physics realm and discusses the concept of causality
in physics, philosophy and statistics.
Copies of the papers on which the thesis is based are included.

Thesis outline
• Chapter 1: Preliminaries
The first chapter includes some preliminaries and provides basic knowledge
that will help the reader in the following chapters. I discuss the statistical mechanics approach to equilibrium and introduce ensemble averages. I present
complex systems with their general features and discuss the mathematical
modelling through some rudiment of graph theory. The chapter ends with a
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discussion on the introduction and the effect of disorder in such models.
• Part I: Equilibrium
The first part of the thesis concerns the equilibrium of spin systems defined
on graphs.
– Chapter 2: Bethe approximation and Belief Propagation
The variational free energy approach in physics is introduced for graphical models. Mean field approximations are presented as the simplest
variational approximation for the free energy. The Bethe free energy
approximation is presented and its relation with belief propagation and
message-passing algorithm is introduced and discussed. I show that the
cavity method introduced in physics is equivalent to the belief propagation method and discuss the exactness of these approaches for tree-like
graphs as well as the limits of their performances for networks with short
loops. This chapter introduces some of the concept which are then used
in Paper 1, a book chapter about belief propagation in physics.
– Chapter 3: Cluster Variation Method and generalized Belief
Propagation
Extension of the Bethe free energy variational approach are discussed
w.r.t. applications to loopy graphs. I introduce the Kikuchi free-energy
and the generalization of message-passing algorithms for this case. I discuss that saddle points of the Kikuchi free-energy corresponds to fixed
point of generalized belief propagation schemes.
– Chapter 4: Survey Propagation and generalized Survey Propagation
I present the low temperature generalizations of the methods presented
in Chapter 2 and 3. In the first part of this chapter I introduce and
derive the Survey Propagation algorithm which is an extension of the
belief propagation algorithm for low temperature phases, exact for treelike graphs in the thermodynamic limit. The second part of the chapter
presents the first novel result of this thesis: a generalization of Survey
Propagation to loopy graphs, as square lattice in 2-dimensions, which I
derived in Paper 2.
• Part II: Dynamics
The second part of the thesis concerns the dynamics of spin systems defined
on dilute or random graphs.
– Chapter 5: Physics of dynamics of disordered systems
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This is an introductory chapters about dynamics which presents basic
concepts needed for the understanding of the rest of the thesis. I give
an historical overview of the major results about dynamic of spin systems and discuss motivations for my contributions. The discrete-time
and continuous-time dynamics are introduced as well as the main models used to investigate dynamics of such systems.
– Chapter 6: Dynamic message-passing algorithm
I discuss the novel extension of the cavity method, or belief propagation approach, to non-equilibrium cases for the discrete time dynamics
of spin models. I present a novel approximate scheme to close dynamic
message-passing equations based on a Markovian approximation which
is presented in Paper 3.
– Chapter 7: A variational approach to dynamics
Cluster Variation Methods as those presented in chapter 3 have been
partially generalized to non-equilibrium systems by using techniques as
the Path Probability Method. In this chapter I present the novel results
of Paper 4 where I discuss an improved version of existing region graph
approaches for discrete time dynamical cases which have the advantage
of being both rather simple and well performative.
– Chapter 8: Cavity Method for continuous time dynamics
I discuss the novel extension of the cavity method approach to the continuous time dynamics of spin models on graph architectures introduced
in Paper 5. The approach is different to what I discuss in Chapter 6
because the two cases have different updating rules. I derive a novel
equation that I named Cavity Master Equation which, together with a
local version of the Master Equation, provides a closure scheme for the
continuous-time dynamic spin marginals.
– Chapter 9: A quasi-equilibrium approach to dynamics
This chapter is, chronologically, the first scientific contribution developed
within this thesis and refers to results contained in Paper 6. I present
a quasi-equilibrium approach to study the continuous time dynamics of
spin systems. This method was already introduced in the literature as
Macrodynamics or Dynamical Replica Approach [1,2], but I formulate it
from a different starting point. The method is tested on a simple models
and limits of the approach are discussed at the end of the chapter.
– Chapter 10: Causality, correlation response and dynamic graphical models
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In the final chapter of the manuscript I cross the border of the physical
realm and embrace a discussion which involves philosophy and statistics,
contained in Paper 7. I discuss the concept of causality in physics and
in the Western philosophy and present the causal analysis introduced in
statistics [3]. I discuss analogies and differences between the models considered in this branch and those presented within this thesis enlightening
limits and possible generalization of the causal calculus.
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Additional papers outside of the scope of this thesis
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Chapter 1

Preliminaries
In this chapter we introduce some basic concepts useful for the understanding of
the rest of the thesis. We discuss the statistical mechanics approach to equilibrium systems and introduce ensemble averages following the steps of the founding
fathers of this branch of physics. We then introduce complex networks listing the
most common examples of these systems in nature, biology, physics and man-made
architectures and we review some of their most important features. We then introduce some rudiment of graph theory, an important branch in mathematics widely
used to investigate the properties of network architectures. We conclude the chapter discussing the free energy landscape and pure state scenario in ordered and
disordered systems.

1.1

Statistical averages in Physics
Like the ancient Japanese game of Go, axiomatic statistical
mechanics has few rules, all easy to remember.
The art is entirely in the implementation.
— Daniel C. Mattis

Statistical mechanics aims to describe the thermodynamics of systems made up of
a large number of components as molecular particles or other body terms.
This theory, whose foundations were built by giants as Maxwell, Boltzmann and
Gibbs, was of crucial importance for the conceptual developments of physics during
the second half of the 19th century. Its success contributed to the establishment
of a particle description of matter - strongly doubted by many at that time and strengthened the relationship between Netwonian dynamics and macroscopic
properties.
Nowadays it is clear that physical macroscopic laws provide a good description of the macroscopic world and that, at the same time, macroscopic phenomena
are a manifestation of the underlying microscopic processes of the atomic motion.
1
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Given the very different character of these two worlds, the macroscopic and the microscopic one, different physical descriptions and approaches are needed and used
for their modelling. Statistical mechanics aims to create a bridge between these
two levels and so obtain the macroscopic physical laws of thermodynamics from
a statistical average description of the phenomena happening at the microscopic
scale. Consider for instance a gas held in a box, from the macroscopic point of
view such system can be physically described by using macroscopic observables as
the pressure, the volume, the temperature, etc... From a microscopic point of view,
on the other hand, the physical description of the same system must be done in
terms of the microscopic dynamics of the many components of the system which,
in this case, can be modelled as molecular particles having their internal degrees of
freedom.
If we now let the the gas relax until it reaches the equilibrium with the environment then the temperature by no means fixes a unique macroscopic state of this
system. From the microscopic point of view, on the other hand, there will be an
enormous number of states, i.e. configuration of the molecular particles consistent
with the fixed macroscopic constraint. If we look at the equilibrated gas at different
times, the same macroscopic state is generally given, and therefore compatible, with
different microscopic configurations of the particles constantly evolving in time. All
the different mechanical configurations compatible with the same macroscopic state
of the system are, in a certain sense, equivalent and must be treated on a equal
footing. This is the basic postulate of the theory which cannot be derived from mechanical or thermodynamics laws and is known as the postulate of equal probability.
The idea of the pioneers of statistical mechanics is that, in order to calculate the mechanical thermodynamic properties of the system (say the pressure), one calculates
the value of that quantity in each and every one of all the possible states compatible
with the few parameters necessary to describe the system at the macroscopic scale.
Mathematically, the average of the physical quantity is then computed by attaching
a weight to all the possible states of the system. A zero weight is attached to all the
states which are incompatible with the macroscopic states whereas an equal weight
is given to each one of the microscopic states which is compatible with it. The
mathematical object representing the system in statistical mechanics is therefore
no longer a point in the phase space, but rather a collections of points in the phase
space all weighted with a certain number. This collection of points representing the
system in the same macroscopic condition is called ensemble. Each one of the points
in the ensemble can be thought as representing the system at or near equilibrium
for different experiments under the same conditions or, equivalently, representing
the system for the same experiment observed at different times.
Accordingly to Gibbs, such collection of system is represented in the phase space
Γ by a density function ρ(p, q, t) depending on time and both the moments p and
the positions q of the N particles at that time, here we use (p, q) as an abbreviation
for (p1 , . . . , p3N , q1 , . . . , q3N ). From this definition it follows that ρ(p, q, t)d3N p d3N q
is the number of representative points that at time t are contained into the volume
element d3N p d3N q of Γ. Historically, the main interest of statistical mechanics has
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been the determination of macroscopic properties related to thermodynamic equilibrium. In this physical situation, the observables are independent on time and
therefore the entire statistical mechanics analysis is restricted to cases where the
density function of states does not depend explicitly on t. If we now consider f (p, q)
to be any observable of the system, for instance the total energy H(p, q), then in
general one would observe a mean value hf i of this quantity in a given macrostate,
for which each microstate contributes accordingly to its weight. Therefore statistical ensemble averages can be straightforwardly defined as
Z
hf i = d3N p d3N q ρ(p, q, t)f (p, q) .
(1.1)
Since each phase-space point (p, q) can be identified with a copy of the actual
macroscopic state of the system, equation (1.1) can be interpreted as an average
over a set of such identical copies. In addition to the basic postulate of equal a
priori probability, statistical mechanics further assumes that all thermodynamic
quantities can be written as an ensemble average of a suitable function f (p, q) or,
in other words, that the ensemble average coincides with a time average of the
same quantity performed on the real phase-space trajectory. In equilibrium, all
the thermodynamic observables are independent of time, therefore they should in
principle be calculated as time average over a trajectory, according to
Z
1 T
dtf (p(t), q(t))
(1.2)
f¯ = lim
T →∞ T 0

where the time dependence in the functions (p(t), q(t)) is fixed by the Hamiltonian’s
equation of motion. The ergodic hypotesis, first formulated by Boltzmann in 1871,
states that - after a sufficiently long time interval - a representative point in the
phase-space explores all the phase space available according to the macroscopic
constraints or, more precisely, comes arbitrarily close to any point in the accessible
phase space. Assuming this hypothesis to be true corresponds to assume that time
averages of the kind of (1.2) can be replaced by ensemble averages of the kind of
(1.1) and that the thermodynamic quantities computed in the two cases are the
same. Although in some special simple case the ergodic hypothesis can be proved
to be true and therefore to be a theorem, in most general cases all the attempts to
prove it rigorously have failed and therefore it remains a fundamental assumption.
Depending on which are the constraints on the macroscopic system that one
wishes to fix, different kind of equilibrium ensembles can be defined in statistical
mechanics, each one leading to different functional forms of the density function
ρ(p, q). For instance, the microcanonical ensemble is defined for a collection of
systems with the number of particle N , the volume V and the energy E fixed.
According to the postulate of equal a priori probability or the ergodic hypotesis, the
ensemble corresponding to equilibrium has a constant density function of states and
this can be used as starting point for the definition of the microcanonical ensamble.
Indeed, considering a system at equilibrium with energy between the values E and
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E + ∆E, the density of states is the same for all the times and, according to
the postulate, all the possible microscopic states compatible with the macroscopic
constraint are equally probable, with density function [4, 5]
(
1
= const. if E < H(p, q) < E + ∆E
(1.3)
ρ(p, q) = Ω
0
otherwise
where the constant Ω being the volume of theRavailable phase space according to the
energy constraint, i.e. Ω(N, V, E) = h3N1 N ! E6H(p,q)6E+∆E d3N p d3N q and h being the Planck constant. The same result for the distribution of the microcanonical
ensamble can be obtained by using the method of the most probable distribution [6]
which, though, will not be explored here .
The microcanonical ensamble is suited for closed systems which do not exchange
energy with the environment. In most common physical cases though, it is more interesting to relax the constraint that the energy is fixed and rather examine systems
at thermodynamic equilibrium with the environment being at fixed temperature T .
This case, when N, V and T are fixed whereas E is allowed to change, defines the
canonical ensemble. In this case all the possible microstates with the same energy
E must take the same probability and a different probability is associated only between states having different energies. A rigorous derivation of the density of states
for the equilibrium canonical ensemble can be obtained from the microcanonical
ensamble, allowing for fluctuations of the energy [4] or by using the method of the
most probable distribution [6]. We address the interested reader to the classical
references for such derivations [4–8] and we here just report the final result, known
as the Boltzmann-Gibbs distribution of states
1 − 1 H(p,q)
ρ(p, q) = e kB T
(1.4)
Z
where Z is a normalization factor and kB is the Boltzmann constant (often the factor
1/kB T is abbreviated with β). The above result has an intuitive interpretation.
Indeed if we consider a system coupled with a heat reservoir at fixed temperature
T which is able to exchange energy, then the ensemble average must account for
different energy realizations. States with the same energy have the same probability
whereas states with higher energy are less likely than states with lower energy. For
the first part of this thesis, we will look at models which have a number N of particle,
a volume V and a temperature T fixed at equilibrium, therefore the canonical
ensemble represents the suitable candidate for a statistical mechanics description
of the observable averages. In the second part of this manuscript, we focus on
the non-equilibrium dynamics of some special class of physical systems. We will
see that, contrarily to equilibrium, the ergodic hypothesis cannot be formulated in
an out-of-equilibrium scenario and therefore, the ensemble approach of statistical
mechanics is, in that case, lacking. This limitation makes the non-equilibrium
modelling more challenging but it has not stopped the further development of nonequilibrium statistical mechanics which is, for the reasons just mentioned, not based
on an ensemble average approach.
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We conclude this section mentioning that, for the equilibrium case, several different alternatives to the microcanonical and canonical ensembles can be defined,
depending on which are the macroscopic constraints fixed for the system [6]. They
lie outside the scope of this thesis therefore we will not mention them here. We want
just to remark though, that in the limit of very large number of particles, all these
ensembles - and therefore their density functions - are statistically equivalent and
the only difference in using one or the other resides in a different level of calculus
complexity.

1.2

Complex networks
The greatest challenge today, not just in cell biology and
ecology but in all of science, is the accurate and complete
description of complex systems.
— Edward O. Wilson

In general terms a network is any system which admits a mathematical graph
representation such that the elements of the system can be located on the vertices of
the graph and the interactions or relations among these elements can be represented
by the links among them. This definition immediately illustrates that the class
of system which might be described by using network theory is really broad. A
first classification of networks can be made distinguishing between infrastructure
networks and natural or living systems and each one of these categories can be
further classified in other subclasses.
Among the natural ones, many biological systems can be usefully modelled as
networks made up by complicated interactions and relations among genes, proteins,
amino acids or, more generally, molecular processes regulating the biological life.
The neural structure of the brain, composed by neurones and synapsis connecting
some of them is, perhaps, the first immediate example of a biological system arranged in a network structure. In their modelling neurons are placed on the vertices
of a graph and the interactions among them are represented by links connecting
those vertices [9–11]. Another very well known example within the class of biological system is the network of metabolic pathways in which metabolic substrates
and products are represented as nodes of a graph and links connect those products and substrates which are present in the same biochemical reaction [12, 13].
A further famous investigated category of such networks is the protein interaction
network used to model the mechanistic physical interactions between proteins [14].
The immune system, for instance, thought as a group of proteins (lymphocytes)
interacting through the exchange of cytokines, can be cast in such class of protein
networks [15].
Zooming out the living world from cells to larger scales, other various biological
networks can be identified. A set of single individuals in a group or a society and,
additionally, a specified rule of relations among them define the large class of social
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networks. Depending on the different nature of these relations, a variety of such
networks can be defined and considered. Links between individuals may refer for
instance to friendships, work or sexual relations, communication patterns and many
other of these types of connections. The foundation of this field is usually attributed
to the psychiatrist Jacob Moreno, interested in the dynamics of social interactions
among group of people [16]. The importance of these networks has increased over
the last decades thanks to their large applicability in the description of broader
phenomena as spreading diseases, spreading consensus or knowledge diffusion in
different social structures.
The usefulness of this type of modelling has not been limited to human beings
but established itself also for the description of ecosystems. Ecological networks
represent different species or individuals of the same species as nodes of a graph and
the relations among them as connecting links [17]. A very much studied example
is the food web, in which vertices represent different species and direct links from
species A to species B signal that A preys B. A different class of ecological networks
is constituted by social insects [18] as ants, bees, wasps colonies or the study of
collective behaviour in animals as, for instance, the bird or fish flocking enacted to
fight against predators. In these latter networks links usually represent dynamical
direct interactions or dependences between a class of components at specific times.
Within the class of natural phenomena, physical systems modelled by using
networks surely represent an important class of systems which very often played
the role of a prototype and a field of study for many of the models described above
and in the following. Spin systems located on graphs and lattices have been widely
used to describe the microscopic origin of magnetism and have been applied in
quantum information theory and theoretical computer science - just to give few
examples - with great success [19–21]. In such models, electrons or other physical
variables sit on the verteces of a graph and the physical interactions among them
are represented by links. In this thesis we will focus on some specific spin model
on different network topologies, considering both the equilibrium and the dynamics
of such systems, often used as an archetype of complex systems even out of the
physics community. We address the reader to the following sections and do not
enter in further details about these systems here.
To conclude this introduction on the possible categories of complex networks, we
mention the class of infrastructure or technological networks which has been extensively studied during the last years. Man-made networks which have been designed
mainly for distribution of commodity or resources such as water, gas, electricity
or information [22]. The power grid is just an example of a network increasingly
studied to make the energy delivery more efficient and avoid black-out of large areas
when few hubs in this network are bad functioning or broken. The internet, meant
as the network of physical connections between computers, is another example and
the largest artificial man-made network [23]. Its characterization is a very challenging task due to its big size and several key features of its assemblage as, for instance,
the fact that its infrastructure is maintained by many separate organizations.
The last class of artificial networks that we mention here is the category of
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financial networks thought as a collection of traders or companies, firms, banks
with mutual interactions representing the existence of transactions between these
intermediaries [24–26]. The study of correlations and direct influences between
brokers or other more general agents is one of the interest in the investigation of
such networks. One concern also regards the study of cascades in the financial
market, i.e. the influence of one company’s default on other companies, part of
the same network of mutual interactions. The extreme case of financial cascades is
represented by the default of the entire market and it is known as systemic failure.
Needless to say, a large number of other systems can be mentioned as example of
complex networks. A number of reviews and books covering many of these cases
have been written and we address the interested reader to some of them [27, 28].

1.2.1

Features of complex systems
The whole is more than the sum of its parts.
— Aristotle

All the systems mentioned above share some key features that makes them alike
and belonging to the class of complex networks. The science which studies such
models investigate how relationships between the many components of the systems
give rise to phenomena or behaviours expressed by the system as a whole and not by
its single elements. This statement should immediately make clear that statistical
mechanics is a perfect candidate for the investigation and modelling of such systems.
The purpose of this branch of physics, as summarized in Section 1.1, is indeed to
describe the emergence of some macroscopic property from the description of the
interactions involving the many microscopic constituents. Now, although it is true
that, generally, in complex system relationships between agents have no need to be
microscopic, we can still think these interactions to be on a different (smaller) scale
compared to the scale of the phenomena which emerge from the system as a whole
and therefore statistical physics may be used as a powerful tool for their probe.
As it should be already clear at this point, the attribute complex does not
necessarily mean that these type of systems are complicated. This distinction is
crucial because the characteristics and behaviour of complex systems might significantly differ from those of complicated systems. Different branches of science
define complexity in different ways according to what fits best the purposes of their
investigation [29–32]. For such reason there is no unique agreement about this terminology and for what concerns complex systems we here refer to the definition of
Neil Johnson about complex science as “the study of the phenomena which emerge
from a collection of interacting objects” [33].
A first feature shared by and characterizing complex systems, as already shortly
mentioned, is the process of emergent properties whereby a global behaviour of
the whole systems, or larger entities and patterns, arise through the interactions
between many smaller or simpler components which do not exhibit such properties.
Collective behaviours of animals or social insects as, for instance, flocking is an

8

CHAPTER 1. PRELIMINARIES

emergent property of the system as a whole, generated by rather simple relations
among these beings. The formation of complex patterns in snowflakes or water
crystals forming on glass illustrates an emergent natural process occurring under
appropriate physical conditions. The emergence of a collective opinion or consensus
in a social group of people due to the exchange of information and discussions
at the single individuals level represents such feature on a social ground. The
spontaneous magnetization of a ferromagnet emerging at the macroscopic scale due
to the collective alignment of electron spins at the microscopic level is one of the
most classic example of emergent phenomena studied by statistical physics and it
will be, partially, also the object of study of this thesis.
From the point of view of physics, customarily, emergent phenomena can be
cast into phase transitions, understood more universally as changes of some characterizing parameter of the system from a zero to a non-zero value. This important
physical concept has been firstly introduced in thermodynamics to describe the
transformation of the system from one state or phase of matter to another one
due to heat transfer (liquid-gas for instance). Since then, it has been extended to
describe more general phases, degrees of order and levels of organization by the
use and introduction of concepts as order parameters. This fact has further allowed applying physics of phase transitions, especially of many body systems, to
the description of emergent phenomena in complex networks.
The concept of emergence is strictly related to the process of self-organization.
When the emergence of properties characterizing the whole systems - and not exhibited at the level of its components - happens spontaneously, without the control of
any external agent, the system is called self-organizing. As emergence, this feature
occurs in a variety of physical, biological, social and cognitive systems. The notion
was firstly introduced within the cybernetic context by W. R. Ashby in 1947 [34]
and bound to the concept of dynamical evolution towards dynamical attractors.
Successively in 1960, the cybernetician Heinz von Foster introduced the idea that
self-organization can be facilitated by random noise which let the system explore
several states in its phase space [35]. The concept was then brought to and introduced in thermodynamics by the physical chemist Ilya Prigogine [36] with the
idea of “order through fluctuations” in dissipative structures which earned him the
Nobel prize. Since then, the notion of self-organization found broad applications
in several fields and various phenomena can be described as self-organizing [37].
Important examples in physics are spontaneous magnetization, crystallization, superconductivity and Bose-Einstein condensation, spontaneous symmetry breaking
and self-organized criticality [38].
In this perspective, another feature of complex networks resides in the fact
that decomposing the systems in isolated subparts and limiting the study to these
subsystems does not allow a comprehensive understanding of the whole scheme
and its dynamics, since self-organizing principles and emergent properties arise
only from the collective dynamical interactions of many elements.
If on one side these systems show a vast and rich set of features and behaviours,
on the other they are inherently difficult to understand [39]. Some of these compli-
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cations are listed in the following:
• Structural complexity: the topology of such networks can be an intricate
tangle, the number of links and nodes might be huge and some of them might
not be observable, i.e. hidden to a direct experimental monitoring. Within
a network of 1010 neurons and 1014 - 1015 synapsis as, for example, for the
human brain, there is no hope to measure the firing of all the elements.
• Network evolution: the wiring diagram, and therefore the interactions between the many elements, could change over time.
• Dynamical complexity: nodes could interact through non-linear relations and
therefore the state of a single element can vary in time in complicated ways.
• Connection and node diversity: the network could represent distinctive kinds
of elements which are illustrated by different nodes. Similarly, interactions
between either equal or diverse nodes might have different magnitudes and
therefore links in the network would have, in that case, different weights,
directions and signs. Synapsis in the neural cortex have different strength
and can be inhibitory or excitatory.
• Multilayer networks: nodes and link diversity can give rise to different types
of networks connected to each other to be part of a whole larger network.
Needless to say that all the above features can influence each other once they occur
in the same network and make the whole picture even more difficult to capture and
investigate. For instance, dynamical evolution can influence the network topology
in a case where links change and update through time. A biological example of this
phenomenon happens in neural dynamics whereby the common repeated firing of
two neurons may strengthen the connection between them.

1.3

Network architectures

As discussed in the previous section, the modelling of complex systems is based on
networks and therefore different physical, biological or communication systems are
modelled by diverse network anatomies. Graph theory in mathematics rigorously
formulates the classification and description of different network topologies being,
therefore, the starting ground and basic language for an accurate description of
complex systems. Within this thesis, in Part I - Equilibrium, we mainly deal with
models built on squared lattices whereas in Part II - Dynamics, we primarily focus
on random graphs. In both cases we make use of the notion of factor graphs. All
these different graph models and topologies are illustrated in the following section
together with some extra example of graph architectures which is relevant for the
study of complex networks. The expert reader can skip this introductory part and
use it later as a reference if needed.
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Rudiments of graph theory

A graph G = (V, E) consist on an ordered set of numbers V = {1, 2, . . . , N },
called nodes or vertices, and a set E of unordered pairs of vertices, called links or
edges. The cardinality of the graph, i.e. the total number of vertices |V | = N ,
defines the order of the graph which, in many contexts as those considered in the
following, refers to the size of the system. We denote with i, j, . . . the elements of
the vertex-set and with (i, j) the elements of the edge-set. If there is an edge that
joins two nodes these are said to be connected or adjacent and it is customary to
call them neighbours or nearest-neighbours. From a mathematical point of view,
the structure of connections in a graph is encoded in the N × N adjacency matrix
C = {cij } defined as follows
cij =

(

1
0

if (i, j) ∈ E
if (i, j) 6∈ E

(1.5)

A graph is called undirected if the adjacency matrix is symmetric, therefore when
i is linked to j, also j is linked to i. Differently, a non-symmetric adjacency matrix
defines a directed graph. Figure 1.1 illustrates these cases for a few nodes example.
The neighbourhood of a vertex i is defined as the set of nodes j which have an edge
connecting them to i, that is cij = 1, usually indicated as ∂i = {j ∈ V : (i, j) ∈ E}.
A path of lenght l can be defined between adjacent nodes as an ordered collection
of l + 1 vertexes {i0 , i1 , . . . , il } and l edges {(i0 , i1 ), (i1 , i2 ), . . . , (il−1 , il )} such that
(iα , iα+1 ) ∈ E. A path is called closed if i0 = il , differently the path is named
open. Closed paths are also denoted as loops or cycles whereas opened paths are
customarily called open chain. Graphs lack the notion of a metric but a distance
among two vertices can be defined as the number of edges traversed by the shortest
connecting path.
Graphs which present no loops are called trees and represent an important class
of hierarchical networks, extensively studied in physics and computer science, where
any two vertices are connected by only one path. Such graphs can be constructed
recursively starting from a node i denoted as root and connecting it to other nodes j.
Then each node j can be joined with new other nodes k which were not previously
connected in the graph and so on. Each node j is then termed a child of the node
i and, at the same time, parent of a node k. Each node k is named descendant of
the node i and this latter is, with respect to k, called ancestor. Locally tree-like
graphs are graphs which, locally, present a tree structure and show loops only at a
distance of O(log|V |). Such graphs will be part of the investigation of the following
sections for the study of equilibrium and dynamics of some complex network that
will be considered.
Tree graphs, as well as locally tree-like graphs, belong to the class of sparse
networks. Sparsity is an important feature of many graphs, also present in some real
system, which often allows for simplification when dealing with the investigation of
graphs showing such feature. Generally speaking a sparse graph is a network where
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the number of edges is much less then the maximal number of them. The opposite
case, when the number of edges is roughly the same as the maximal number of edges,
defines a dense graph. More precisely, the number
of edges E for a connected graph

ranges from N − 1 in a linear chain to N2 in a fully connected undirected graph,
i.e. where each node is connected with an edge to every other node in the graph.
Therefore, more rigorously, a graph is called sparse when the number of edges scales
as E ∼ N γ with γ < 2 and, differently, dense when it scales as E ∼ N 2 .
When there exist a path joining every two vertexes the graph is called connected
and we say that there is one cluster of nodes. Differently, the graph can be made
by different clusters, i.e. different sets of connected vertexes and nodes which are
disjoint respect to each other. It can be proved that, in a connected graph, the
number of independent loops is given by Λ = E − N + 1. Since the number of
nodes in a tree equals the number of edges plus one, i.e. N = E + 1, the number
of independent loops in a tree is Λ = 0. We also observe that, for the same reason,
the deletion of any edge in a tree breaks the tree into two disconnected trees.
The number of neighbours of a node i defines its degree and it is denoted as
deg(i) = |∂i| or, as in the following, simply di . A node having degree zero is called
isolated whereas a node with degree one is called leaf or dangling node. The degree
distribution of a graph G defines the probability of the degree of a node in a graph,
below introduced as the frequency of the edges that a node has with other nodes:
pG (d) =

1 X
I(di = d).
N

(1.6)

i∈V

The mean degree zG is the averaged value of degree computed according to the
above probability
X
1 X
zG =
di =
pG (d)d
(1.7)
N
i∈V

d>0

As we will see in the coming sections, the degree distribution is a key feature of
a graph being one of the main characterization of its topology. Its importance, as
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well as the relevance of the more general network architecture, can be understood
noting that “structure always effects function”. For a complex system analysis then,
a rigorous investigation of the topological features of a network is a key ingredient
for its functional comprehension. For the same reason, graphs with similar network
anatomy often share the same properties. In what follows we illustrate some of the
most known graphs and network architectures and address the reader to references
as [40, 41] for a detailed description of graph theory.

1.3.2

Random graphs

Random graphs are a class of networks generated with a particular probabilistic rule
or a specific iterative process. For this reason “random graphs” should be better
thought as a probability space, or an ensemble, of graphs sharing the same features
and generated through the same rule. Fixing to N the number of vertices, such
ensemble can be defined as GE = (Ω, P ) where Ω is the sample space of all possible
graphs with N nodes and P is the probability measure that specifies the graph G in
the domain of Ω. Obviously, different probability measures define different random
graph ensembles. In what follows we give a description of one of the most known
random graph ensembles, the Erdös Rényi ensemble, which will be used in Part
II-Dynamics as one of the network topologies investigated in this thesis. Other
random graph ensembles as, for instance, the Random Regular Graph [42] or the
Gilbert’s random graph [43], will not be treated in this manuscript and we therefore
address the reader to the references.
Erdös Rényi ensemble
Historically, the first and simplest example of random graph was introduced by
Erdös and Rényi (ER) in 1959 [44] and it is nowadays considered a pioneering
contribution to the random graph theory. Following this contribution, the ER
random graph ensemble can be defined as follows. Consider a set of N vertices and
build the set of all the possible graphs having M edges among these vertices. Each
one of this graph G(N, M ) has an equal probability
P ({G}) =

1

( )
N
2

(1.8)

M


N

We remark that 2 is the total number of all the possible edges connecting N vertices. Each ER graph can then be sampled from the ensemble GE = (Ω, P (N, M ))
with equal probability. The construction of an ER random graph can be made,
alternatively, according to the following procedure. One can consider a set of N
vertices and join each of the possible N2 pairs of them together with a probability
p. The set of all the graphs constructed according to this prescription belongs to
the ER random graph ensemble G(N, p) which is different from the graph ensemble
G(N, M ) although shares similar properties. The distribution of the number of
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edges M of such graph is binomial with parameters N and p:
 
N k
P ({M = k}) =
p (1 − p)N −k
(1.9)
k

and mean number of edges is N2 p. For very large N the binomial distribution
approaches a Poisson distribution in the case of N p → λ and therefore, setting
p = λ/N , we can state the final result that the degree of the ER random graph is
Poisson distributed with parameter λ:
P ({M = k}) =

λk −k
e
k!

(1.10)

For practical purposes, the sampling of a ER graph from an ensemble can be done
according to the two definitions above. For computational convenience though, it is
better to extract first M pairs of vertices from a binomial distribution and connect
them together. This procedure requires O(M ) operations. Connecting two vertices
with a probability p would instead require O(N 2 ) operations.
Erdős and Rényi, in their seminal work [44] , studied how the expected topology
of their network changes varying the number of edges M while keeping fixed the
number of vertices N . For small M the graph is more likely to be fragmented into
many small clusters of nodes. As M increases, the size of the clusters grows at first
by linking to isolated vertices and then connecting to larger clusters. A transition
occur at M = N/2, where many cluster cross-link spontaneously to form a single
cluster. For following purposes, we conclude this section mentioning that ER can
obviously contain loops, being the edges assigned randomly with a probability p. An
interesting feature, which will be exploited in more details later in the manuscript,
is that the length of such loops, in term of graph distance, scales as O(log N ) and
therefore ER graphs can be considered to be locally tree-like.

1.3.3

Other graph topologies

Although random graphs are often useful idealizations, many real networks are not
completely random and lie between the extreme order and randomness. In what
follows we brief review some of these cases which range from real social and biological systems to some physical arrangement.
Small-world networks. One interesting feature of these more realistic cases,
shared also by random graphs, is the fact that they are rich of many short paths
which connect two randomly chosen nodes. This characteristic is known as smallworld phenomenon or “six-degree separation”. In social networks, for instance, it
is prominent that two people picked up randomly share, on average, few-degree
of separation meaning that they can be connected through a short path of links
based on reciprocal knowledge or friendship. Tree networks have the same property
because the number of nodes connected to a node i grows exponentially with the
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(a) Regular

(b) Small-world

(c) Random

Figure 1.2: Three different realization of a network with 10 nodes. (a) Regular network
where each node has 4 neighbours. (b) Small-world network built starting from the regular
network in (a) and replacing some of the original links by random one with a probability
0 ≤ p ≤ 1. (c) Random network obtained starting from the regular network in (a) and
replacing the original link with random edges with p = 1.

graph distance from i. The existence of loops in random graph reduces this growth
which, though, still remains very large. Watts and Strogatz (WS) introduced a
small-world model which reproduces two main features of real networks: existence
of short loops and very short-paths [45, 46]. The graph is built starting from a regular graph and replacing the original links by random ones with some probability
0 6 p 6 1. Figure 1.2b illustrates a realization of WS model for very few nodes.
Scale-free networks. In many real networks few nodes are much more connected
than others as, for instance, for the World-Wide-Web, metabolic reaction networks,
the telephone calls. The degree distribution pk (1.6) in these systems is therefore
not Poissonian, as for the case of an Erdös Rényi random graph (1.10), but it rather
decays as a power law pk ∼ k −γ (see Figure 1.3 for an illustration of such graph).
Remarkably, the exponent γ is approximately the same for many cases and ranges
from 2.1 − 2.4 for the networks listed above. Barabási and Jeong have named these
networks ‘scale-free’ by analogy with fractals, phase transitions and other situations
where characteristic scale cannot be defined and power law arise naturally [47, 48].
The scale-free property is common but not universal as it is shown in [39] where
different real network distributions are analyzed.
Lattices. Graphs which present no randomness in their topology or distribution
of links are represented by lattice models, central study for many physical investigations in condensed matter physics. Atoms in a crystal are perhaps the most
common example of particles distributed on a regular lattice model. Such architectures are very common in nature and one of the advantages of these systems is
that they are sometimes exactly solvable and therefore offer insights into physics
beyond the perturbation theory. A linear chain or a regular tree graph are the
simplest example of lattice models, indeed they present a regular structure of edges
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Figure 1.3: Scale-free graph built by connecting new nodes at random to previously
existing nodes. The probability of a new link is proportional to the degree of the target
node, therefore richly connected nodes tend to get richer leading to the formation of hubs
and a degree distribution with a large tail.

and each node has the same number of neighbours. Models deeply investigated in
condensed matter physics of crystals or magnets are 2 or 3-dimensional lattices.

1.3.4

Factor graphs

Many systems which deal with complicated global functions of several interacting
variables often show an important feature of factorization of such global functions
into product of local objects, each of which depends on a subset of the variables.
In physics, this hallmark is a consequence of the locality of physical interactions.
Graphically, as already mentioned in the previous sections, there are several ways
of representing the interactions among variables within a system. Factor graphs
[32, 49, 50] are a powerful graphical construction of such interactions which allows
for a simple illustration of the aforementioned factorization feature. To explore
this graph architecture let us consider that the probability distribution of N =
{x1 , x2 , . . . , xN } variables, taking values in an alphabet A, factorizes as follows
P (x) =

M
1 Y
ψa (x∂a )
Z a=1

(1.11)

Above we denoted with x ≡ {x1 , x2 , . . . , xN } and with x∂a ≡ {xi |i ∈ ∂a} a subset of variables whereas Z indicates a normalization constant. The functions ψa (·)
are usually called compatibility or potential functions and are simply local functions of a subset of the x variables. A factor graph is a bipartite graph that
expresses the factorization in (1.11). Bipartite graphs are simply graphs that
contain two different types of vertices and edges joining only unlike types. Let
us consider, as an example, the case of a joint distribution of three variables
which factorizes as P (x) = p(x1 )p(x2 )p(x3 |x1 , x2 ). Using the above notation,
the same distribution can be written as P (x) = ψ(x1 , x2 , x3 ) or, alternatively,
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x1

x2

x1

x2

x1

x2

a

x3
(a)

x3
(b)

b

c

x3
(c)

Figure 1.4: Different graphical representations of the probability P (x) in the main text.
(a) Directed graph, (b) Factor graph with one factor node, (c) Factor graph with three
factor nodes.
P (x) = ψa (x1 )ψb (x2 )ψc (x1 , x2 , x3 ). These three different representations have diverse graphical illustrations which are shown in Figure 1.4. The first one can be
illustrated by using a directed graph, often accustomed to describe probabilistic
conditional dependences (Fig. 1.4a). The second and the third can be pictured
using two different types of factor graph as shown in Fig. 1.4b and Fig 1.4c. This
simple example, not only shows the use of factor graphs but, also, illustrates that
the factor graph representation of a directed or undirected graph is not unique and
hence, different factor graphs can be employed to picture the same interactions or
probabilistic dependences. Such diverse factor graphs relative to the same system
make obviously use of a different factorization of the global functions (as the joint
probability) and therefore, the advantage of using one or another depends on the
specific case.
In physics, the potential functions ψa (·) often encode physical interactions among
the variables connected to the factor node a. In what follows we will make large use
of a factor graph description of our physical problems, both in Part I-Equilibrium
that in Part II-Dynamics.

1.4

Pure states scenario of ordered and disordered systems

As discussed in the previous sections, the interactions between N variable nodes
{i1 , i2 , . . . , iN } in a factor graph are completely specified by the potential functions
ψa (·) sitting on each one of the M factor nodes {a1 , a2 , . . . , aM }. These potential
functions can, in principle, have a very general expression which varies depending
on the specific interactions of the problem investigated. In statistical physics, to
recover the Boltzmann equilibrium distribution (1.4), the functions in (1.11) must
be chosen to be ψa (x∂a ) ≡ exp (−βEa (x∂a )), where Ea (x∂a ) is the Hamiltonian
referred to the variables neighbouring the factor node a, i.e. x∂a = {xi |i ∈ ∂a}. In
the most general case, this local energetic term can be written as
Ea (x∂a ) = −Jˆia1 ,i2 ,...,ip (x1 , x2 , . . . , xp )

(1.12)
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where Jˆia1 ,i2 ,...,ip (x1 , x2 , . . . , xp ) is a function that encodes the p-body interaction
between the xi variables which are connected among each other through the factor
node a. Within this thesis, we are mostly interested in cases where the energetic
term (1.12) reads as Ea (x∂a ) = Jia1 ,i2 ,...,ip x1 x2 . . . xp , with Jia1 ,i2 ,...,ip representing
the interaction coupling between the p variable nodes neighbouring a. One-body
terms (p = 1) are referred as external local-fields and indicated as ĥai (xi ) = −hi xi .
The physical behaviour of a systems qualitatively depends on the type of these
interaction couplings. When all the Jia1 ,i2 ,...,ip are positive for every p ≥ 2 the
system is called ferromagnetic. Contrarily, if the interaction couplings are negative the model is an anti-ferromagnet. When both positive and negative couplings are present for (p ≥ 2) the system is called a spin-glass [51, 52]. At zero
temperature the Boltzmann distribution (1.11) is concentrated on those configuraPM
tions which minimize the total energy E(x) = a=1 Ea (x∂a ). Let us observe that
each factor node induces a constraint between the spins connected to it, indeed if
Jia1 ,i2 ,...,ip ≥ 0 the x1 , . . . , xp variables should be aligned, or have the same sign,
whereas if Jia1 ,i2 ,...,ip ≤ 0 they should be anti-aligned to minimize the energy. If
there exists a configuration of theP
variables which satisfies all the constraints, the
ground state energy is Egs = − a |Jia1 ,i2 ,...,ip | and the model is said to be unfrustrated, otherwise it is frustrated. In the latter case the ground state is defined
as a variable configuration which violates the minimum possible number of constraints [32]. In the thermodynamic limit, i.e. when the number of variables N in
such systems tends to infinity, owing to spontaneous symmetry breaking of some
kind of symmetry, these physical systems undergo some phase transition which can
be traced by opportune definitions of one or more order parameters. Physically
speaking, one of the main differences between a spin-glass (SG) system or a ferromagnet resides in the different nature of the phase transitions these systems are
subject to.

1.4.1

Ising ferromagnet

Let us consider one of the simplest case of models with energetic terms as in (1.12)
which is the fully connected Ising ferromagnet having Hamiltonian
X
X
E(x) = −J
xi xj − h
xi
(1.13)
ij

i

with J ≥ 0 and h an external global field (also known as the Curie-Weiss model).
The free energy of a physical system is a temperature dependent quantity
and, for
P
this case, can be written in terms of the magnetization m = 1/N i hxi i which
here plays the role of a global order parameter. Hereafter h·i indicate a thermal
Boltzmann average. This free energy becomes a non-analytic function of the order
parameter at a critical value Tc . As a function of the magnetization, above the critical temperature it presents only one global minimum, at the critical temperature
such minimum becomes a saddle point and below the critical temperature two different minima appear [53, 54], see Figure 1.5a for an illustration of such behaviour.
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can be formally defined by the property that the connected correlation function
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average within the pure state α. The Gibbs state is formally obtained as the sum
over all the states of the system and, therefore, it seems natural to define it as
the sum over all the pure states weighted with the corresponding free energy. For
instance, for the case of an Ising spin system as the one considered above, the
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thermodynamic average of the site magnetization can be computed as
X
hxi i ≡ mi =
wα mα
i ,
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(1.14)

α

where mα
i is the site magnetization in the pure state α and wα = exp(−Fα ) denotes
its statistical weight according to the free energy Fα of such state. As discussed
(1)
above, for the Ising ferromagnet case there exist only two pure states mi = mi
(2)
and mi = −mi . In absence of an external field these states have the same free
energy and are therefore equally weighted so, using the Gibbs measure as defined
in (1.14), mi = 0 as one would expect averaging the thermodynamics between the
two minima of the free energy in Figure 1.5a at T < Tc . On the other hand, in
a ferromagnet, one of the two pure states can be selected by the application of an
external field h which promotes the orientation of the spins along its direction and
increases the weight wα of such state.

1.4.2

Spin glasses

Spontaneous symmetry breaking takes place also in spin-glasses although in a richer
and more complicated way. In this case the couplings Jij between the variables are
not all the same but rather randomly assigned, usually extracted from a Gaussian
or a bimodal distribution. The corresponding Hamiltonian reads
X
X
E(x) = −
Jij xi xj −
hi xi
(1.15)
ij

i

where the Jij are the elements of the coupling matrix between the variable in the
network and can be either positive (ferromagnetic interaction) negative (antiferromagnetic interaction) or zero (no interaction). The term hi represents an external
local field acting on spin i. For this reason such systems are called disordered and
one refers to the couplings as disordered interactions. In general, when talking
about spin glasses one should always distinguish between single instance (single
sample) or averaged case. In the former problem one refers to a given sample, with
a specific configuration of the disorder whereas, in the latter, one refers to a typical
situation: a case which results from an average calculation over many samples with
different disorder configurations.
Unlike ferromagnet, the free energy landscape below the critical temperature
appears extremely rough revealing a multi-valley structure, as illustrated in Figure
1.6. The number of these valleys grows exponentially with the system size and,
in the general picture, their height tends to infinity in the thermodynamic limit.
The main difficulty in the SG case is that the symmetry which might be broken in
a given sample might depend on the disorder. In such situation the computation
of the observable free energy becomes extremely difficult because one must take
into account only states belonging to one valley, while the structure of these valley
depends on a concrete realization of the random disorder. Furthermore, pure states
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Figure 1.6: Qualitative structure of the free energy for a spin-glass at different temperatures referred in the main text as free energy landscape. Picture adapted from [54].

cannot be selected as it happens for the ferromagnet case by the application of an
external field because of the random interactions between the variables. Indeed
because of frustration, it may happen that at low temperature the global minimum
of the free energy is achieved at some non-trivial variables configuration. In other
words, below a certain transition temperature Tc the system undergoes a phase
transition. It freezes in a unique random variables configuration characterized by
non-zero values of the thermally averaged local spin magnetization at each site
hxi i [51, 56]. Since in the ground state the variables are frozen in a random state,
the values of the local magnetization
P hxi i fluctuate from site to site and therefore the
global magnetization m = 1/N i hxi i, in this phase, must be zero. However this
physical phase can be characterized by another thermodynamic order parameter
called the Edward-Anderson (EA) order parameter [57]
qEA =

N
1 X
hxi i2
N i

(1.16)

which is a non-zero quantity if the local magnetization mi = hxi i are non-zero.
Historically, the spin-glass generalization of the fully connected Ising ferromagnet
model has been the Sherrington-Kirkpatrick model [58]. This is a fully connected
system where dichotomic spins are linked to each other by randomly disordered
couplings. For such models and many generalizations of it, as p-spin spherical
models [59–61], it turns out that qEA is not an adequate order parameter for a
full description of the spin glass phase. A generalization of this order parameter is
given by the overlap which measures the similarity between two pure states. So if
the Gibbs measure is split into sub-components α due to ergodicity breaking, the
overlap between two states α and β is defined as
qαβ =

N
1 X
hxi iα hxi iβ
N i=1

(1.17)

The overlap is clearly bounded by one and its maximum value is reached when
α = β. From the definition of the EA order parameter (1.16) it follows that the
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in the N → ∞ limit. Furthermore, the thermodynamic limit of the spin glass
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susceptibility χSG has a finite limit as β ↑ βc . This type of transition
measure
is not yet condensed on a finite number of them. The existence of clusters in
‘simple’ precursor (but we shall describe below a more subtle indicator).
this intermediate-temperature region can be detected instead using the tools described

below.
The two-peak structure of P (q) in a discontinuous transition has a particularly
There is no clear criterion that allows one to distinguish a priori between systems
simple geometrical interpretation. When two configurations σ and σ ! are chosen inαα
EA
αβ
EA
that
undergo one or the other type of transition. Experience gained with models solved
dependently with the Boltzmann measure, their overlap is (with high probability)
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is
either N (1 − q1 )/2 or N (1 − q0 )/2. This means that the Boltzmann measure
the µ(σ)
vertex-covering
problem. A discontinuous transition is instead found in structural
glasses,
generalized spin glasses with p ≥ 3, random satisfiability, and coloring. To
With
concentrated in some regions of the Hamming space {−1, 1}N , called clusters.
complicate
high probability, two independent random configurations in the same cluster
have a things, both types of transition may occur in the same system at different
temperatures
a dis- (or when some other parameter is varied). This may lead to a rich phase
distance (close to) N (1 − q1 )/2, and two configurations in distinct clusters have
diagram with several glass phases of different nature.
tance (close to) N (1 − q0 )/2. In other words, while the overlap does not concentrate
It is natural to wonder whether gauge transformations might give some information
!
in probability when σ and σ are drawn from the Boltzmann measure, it does when
about P (q). Unfortunately, it turns out that the Nishimori temperature never enters
this measure is restricted to one cluster. In a more J
formal (but still imprecise)
αa spinβway,
αβ
glass phase: the
overlap distribution at TN is concentrated on a single value, as
we might write
suggested by the next exercise.

self-overlap q = q
and that |q | ≤ q
≤ 1. Being a measure of similarity
between two different configurations of the system, the overlap defines a kind of
metric in the space of states. To describe the statistical properties of these overlaps
one can introduce the probability distribution function
P (q) =

µ(σ) ≈

!

X

w w δ(q − q

)

(1.18)

αβ

wα µα (σ) ,

(12.32)

α
where wα is the statistical
weight of the pure states α defined below equation
where the µα ( · ) are probability distributions concentrated on a single cluster, and the
(1.14). Let us observe that the above distribution depends on the SG sample,
wα are the weights attributed by the Boltzmann distribution to each cluster.
i.e. on the particular configuration of the disorder, since the weight wα does.
A non-dependent disorder quantity can be defined by averaging (1.18) respect to
the disorder distribution as P (q) = EJ PJ (q). In a series of seminal works, G.
Parisi [62, 63] identified the distribution P (q) as the correct order parameter to
trace the spin-glass phase. To understand its meaning let us consider some simple
examples. In the paramagnetic case, there exist only a pure state in which hxi i = 0
for each site i and therefore the P (q) is just a delta function peaked in zero. In
the ferromagnetic case, as seen in Section 1.4.1, there exist two states in which
hxi iα = ±m, therefore the P (q) distribution in this phase must contain two δ
peaks at q = ±m2 . In the SG phase the number of pure states is exponentially
abundant in the system size and it turns out that it is organized in an hierarchical
way [51, 64–66]. Depending on the specificity of model considered, the SG phase
can be classified in two main categories [32, 51]:

• Continuous or ‘full replica-symmetry-breaking’ (FRSB) glass transition.
When the temperature is decreased below the transition temperature Tc , the
delta function of the P (q) in the paramagnetic phase broadens to a continuous
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Figure 1.8: Clustering of the state space below the spin-glass transition due to symmetry
breaking, qa indicates the overlap between either the same or different clusters. (a) 1RSB
case: the space fragmentizes into one kind of cluster. (b) 2RSB case: the space fragmentizes into one kind of cluster and each one of those further splits into sever smaller cluster
of the same type.
distribution in some interval ]q0 (T ), q1 (T )[ bounded by two discrete delta
contributions at q0 (T ) and q1 (T ). See Figure 1.7a for an illustration.
• Discontinuous or 1-step replica-symmetry-breaking-glass transition (1RSB).
Also in this case the distribution P (q) acquires a non-trivial structure in the
SG phase but the scenario is different. When the temperature is decreased
below Tc , the unique δ-peak at q(T ) = 0 with unit mass of the ferromagnetic
case becomes a peak at q0 (T ) with a mass 1 − r(T ) ≤ 1 and, simultaneously,
a second δ-peak appears at q1 (T ) with a mass r(T ). In this case the P (q)
remains a discontinuous function of the order parameter q. See Figure 1.7b
for an illustration.
Let us mention that discontinuous transitions can be of different types or “levels”.
In some cases the distribution P (q), below the glass transition temperature, might
present more than two peaks. In general a k-RSB transition exhibits k + 1 deltapeaks at q0 , q1 , . . . , qk and the continuous transition can be interpreted as a k-RSB
transition for k → ∞ (this is also the way in which the solution of the SK model
was historically derived [64]). The peak structure of the P (q) has a particularly
simple and interesting geometrical interpretation. In the 1RSB case, when two spin
configurations are picked independently from the Boltzmann distribution, their
overlap is - with high probability - either q0 or q1 . This means that, their Hamming
distance is either N (1 − q0 )/2 or N (1 − q1 )/2 and therefore the Boltzmann measure
is concentrated on some region of the Hamming space {−1, 1}N called clusters
[32, 51]. In Figure 1.8 we give an illustration of the state space clustering. In a
nutshell, the overlap does not concentrate in probability when the configuration of
the state is extracted from a Boltzmann measure but it does when the measure is
confined to one cluster. This is the same phenomenon discussed in Sec. 1.4.1 for
the ferromagnet. Therefore as in (1.14) we can write the Boltzmann measure µ(x)
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as a sum over the measures in each pure state α:
X
µ(x) ≈
wα µα (x)
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(1.19)

α

where µα (x) is the measure concentrated in a single cluster and, as above, wα is
the weights attributed to that cluster according
to its free energy. According to
P
this interpretation the function r(T ) = E( α wα2 ) and the cluster are sizeable only
if there is a finite number of them. If they have all the same weight and there
are R of them, as in the random-energy model [67] their weight is wα = 1/R and
r(T ) = 1/R.
The decomposition of the Boltzmann measure into clusters for the spin glass
1RSB transition will be used in Chapter 4 and in Paper 1 and 2.

Part I

Equilibrium
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Chapter 2

Bethe approximation and Belief
Propagation
I would never die for my beliefs
because I might be wrong.
— Bertrand Russel

In this chapter we introduce a variational approach to compute free energy
approximations in graphical models. The method is based on the constrained minimization of the variational Gibbs free energy, a variational functional depending
on a ‘trial’ probability distribution. We derive the naïve mean-field approximation
as the result of simplest approximation which can be made on the trial probability
and we discuss the limiting cases where this approximation is exact. We then introduce the Bethe free energy as the natural improvement of the naïve mean-field free
energy and discuss the exactness of this quantity for tree-like graphs in the thermodynamic limit. We show that saddle point equations of the variational Bethe free
energy can be cast into fixed point equations of an iterative algorithm known in
computer science as Belief Propagation. We finally discuss the equivalence between
the Belief Propagation approach and the Cavity Method in physics. The topics
presented in this chapter are the starting point material of Paper 1.

2.1

Free energies and variational approach

The free energy is a fundamentally important quantity in statistical physics. The
reason being that once the functional dependence of the free energy from macroscopic quantity like the temperature T or an external field H is known, statistical
mechanics provides a direct recipy to compute experimentally measurable quantities
such the response of the system to a change in T or H. Unfortunately the exact analytical computation of the free energy is limited to peculiar or simple cases. In the
more general scenario an exact result is not achievable and, therefore, approxima27
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tions of the free energy are the only viable way. Statistical physicists have worked
out a variety of ways to compute free energy approximations, based on symmetry
considerations, homogeneity, network architectures and more. In the following we
present a free energy approximation based on the variational approach, firstly introduced by Feynmann and Bogoliubov, which is nowadays a well-established physical
method to compute approximate free energies.
Let us consider a physical system of N interacting elements each of which can
take values in an alphabet set A. The overall system configuration is described by
a vector x = {x1 , x2 , . . . , xN } which takes values in the space of possible states
S = AN , where xi denotes the state of the element i. Each configuration of
the system has a corresponding energy Eθ (x), which also parametrically depends
on some parameters θ specifying the system, for instance some external field and
interacting couplings between the elements. As seen in Section 1.1, the probability
of the system in a given state, at equilibrium, is given by the Boltzmann-Gibbs
distribution
1
(2.1)
p(x, β, θ) = e−βEθ (x)
Z
where Z(β, θ) = Trx∈S {e−βEθ (x) } is a normalization factor known as the partition
function. Hereafter T rx∈S {·} indicates a trace over the configuration variables in
the set S. From the partition function, the Helmholtz free energy is defined as
FH (β, θ) ≡ −

1
ln Z(β, θ)
β

(2.2)

and, as anticipated, it is a central object in statistical physics because it allows
a straightforward calculation of measurable observables. For systems with a large
number of elements N , the exact computation of the partition function is unfortunately often unfeasible, indeed the actual calculation of the trace in Z(β, θ) requires
a number of operation of O(AN ). As a consequence, the Helmholtz free energy is
equally hard to compute.
The approximation of the free energy introduced by the variational method
starts with the definition of the Gibbs free energy, a variational functional dependent on a ‘trial’ probability distribution b(x) named belief, which is of course
normalized, obeys 0 ≤ b(x) ≤ 1 and, as the true probability distribution (2.1),
depends on both the temperature and the system parameters. The exact Gibbs
free energy can be thought as a mathematical construction which reduces to the
Helmholtz free energy when the trial probability b(x) reduces to the true probability distribution given by the Boltzmann’s law. The Gibbs free energy functional is
defined as
FG (b) = U (b) − T S(b)
(2.3)
where U (b) is the variational average energy
U (b) = Trx∈S {b(x)Eθ (x)}

(2.4)
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and S(b) is the variational entropy
S(b) = −Trx∈S {b(x) ln b(x)}

(2.5)

Above we omitted the explicit dependence on the temperature and the system
parameters to keep notation simple and also stress the functional dependence on
the belief distribution b. If we minimize the Gibbs free energy (2.3) with respect
to b(x), and also enforce the normalization condition Trx∈S {b(x)} = 1 by adding
a Lagrange multiplier, we find that the ‘trial’ probability distribution b(x) satisfy
the Boltzmann’s law (2.1) as desired. On the other hand, if we assume that the
belief b(x) at equilibrium satisfy the Boltzmann’s law and we plugin into (2.3) the
expression b(x) = e−βEθ (x) /Z we find that the Gibbs free energy is equal to the
Helmholtz free energy FH = −1/β ln Z. More generally, we can use the definitions
above to rewrite the Gibbs free energy as
n
b(x) o
− ln Z(β, θ)
βFG (b) = Trx∈S b(x) ln
p(x)
= DKL (b||p) + βFH
(2.6)
where DKL (b||p) is the Kullback-Leibler divergence or relative entropy [68, 69].
The Gibbs’ inequality states that DKL (b||p) ≥ 0 and therefore (2.6) proves that
the Gibbs free energy is an upper bound for the Helmholtz free energy with equality
if and only if b(x) = p(x).
The above results simply tell us that whereas the Helmholtz free energy is
just a number equal to U − T S at equilibrium, the Gibbs free energy is an upper
bound functional for FH which gives the value of U −T S at equilibrium, when some
constraint are applied. In the case above we constrained the whole joint probability
distribution and this led to the original exact result which, as mentioned, gives an
expression for the partition function (free energy) which is hard to compute in
practise. Constraining on some marginal probabilities, rather than on the full joint
probability as above, provides approximated results for the free energy. Hence in
general, there exist more than one Gibbs free energy, depending on which are the
additional constraints that are applied on the beliefs. The minimization of FG with
respect to the probabilities that are constrained leads to self-consistent equations for
the belief that must hold at equilibrium. In order to be able to use the variational
principle in practice, we must restrict to a class of probability constraints for which
we can actually analytically compute the Gibbs free energy. The final quality of
the variational approximation will depend on how well the trial probability function
can represent the true one.
The rest of this Chapter and also the following one are devoted to develop
different variational approximations which head to diverse consistency equations
for the marginal beliefs. So far we have not specified the set alphabet A of the
possible values taken by the variables x. For simplicity and also because in the
rest of the thesis we will focus on discrete spin systems, we hereafter assume that
the vector x takes values in a discrete space. To be more specific on the types
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of models that we here consider, we restrict the following description to systems
which have only local interactions. Therefore their probability distribution can be
written, using a factor graph notation, as in (1.11) and analogously the energy
function reads
M
X
(2.7)
E(x) = −
ln ψa (x∂a )
a=1

One of the simplest cases within this class is represented by an energy function
which encodes only one and two-body interactions as follows
E(x) = −

M
X

Jij (xi , xj ) −

M
X

hi (xi )

i=1

(i,j)

=−

N
X

ln ψa (xi , xj ) −

a=1

N
X

ln ψi (xi )

(2.8)

i=1

More general models can be considered by introducing l-multi-body interactions
like J12...l (x1 , x2 , . . . , l) or equivalently tensors ψ12...l (x1 , x2 , . . . , l). The extreme
limit where the N -body interaction is consider with xi binary variables and the
J tensor extracted randomly from a Gaussian distribution defines the Derrida’s
Random Energy Model [67]. In what follows we restrict the description to discrete
state variables although the variational formulation presented above is very general
and holds also for continue or vector ~xi state variables.

2.1.1

Naïve mean-field

The simplest approximation of the free energy is the so called naïve mean field
(nMF), often referred to as just mean-field. It consists in assuming the following
elementary factorized form for the belief b(x)
bM F (x) =

N
Y

bi (xi )

(2.9)

i=1

where b(xi ) is a normalized trial probability distribution over the single site variable
i. Let us assume we deal with a system which has a two-body energy function as
in (2.8). After plugging the naïve mean-field factorizing ansatz for the belief into
(2.3), the naïve mean-field Gibbs free energy reads:
FM F (b) = −

M X
X

bi (xi )bj (xj ) ln ψa (xi , xj ) −

(i,j) xi ,xj

+T

N X
X
i=1 xi

N X
X

bi (xi ) ln ψi (xi )

i=1 xi

bi (xi ) ln bi (xi )

(2.10)
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where obviously the first row refers to the average energy term whereas the second
represents the entropic
contribution. Minimizing FM F (b) respect to b subject to
P
the constraint xi b(xi ) = 1 gives self-consistent equations for the bi which can
be solved numerically to obtain a naïve mean-field approximation for the beliefs.
Once these equations have been solved, the value of these beliefs can be plugged
into (2.10) to obtain the approximate mean-field free energy.
The accuracy of a mean-field approximation depends very much on the model.
For Ising ferromagnets the theory becomes exact for hypercubic lattices in the
limit of infinite dimensions or for the “infinite-ranged” lattice, a fully connected
model where each spin interacts with every other spins. On the other hand, for
low dimensions it is fairly inaccurate. In general, the naïve mean-field approximation gives poor results when the variables in the model (for instance the spins)
fluctuate much around their mean values in a correlated manner. Indeed this
approximation assumes that the two-node belief bij (xi , xj ) are simply given by
bij (xi , xj ) = bi (xi )bj (xj ). Despite these limits, the nMF approximate free energy
is always un upper bound of the true free energy and therefore often used as a
reference. Approximations which better account for correlations among neighbouring variables and fluctuations around the mean values of single node variables are
presented in the following.

2.2

Beyond naïve mean-field: the Bethe free energy

As we have seen in the previous section, the naïve mean-field approach constrains
the beliefs only for the single site marginals. The natural next step to a better
variational approximation of the free energy consists in constraining also the two
site marginals belief bij (xi , xj ). This approach dates back to 1935 when Hans
A. Bethe introduced it as an approximation method for magnets [70] and it is
nowadays well-known in physics as Bethe approximation. In the following chapter
we will introduce a further approximation of the free energy based on the cluster
variation method (CVM) introduced by Kikuchi in 1951 [71]. As reported also in
this latter seminal paper, the Bethe approximation is the simplest example of the
more general CVM method as we show in Section 3.3. We warn the reader who
wants to read the original papers that the variational formulations of the Bethe
and CVM approximation here presented are modern reformulations of the original
methods and therefore have little resemblance with them. For a modern review on
variational approaches on graphical models we refer to [72–74].
The Bethe approximation of the trial probability distribution b(x) in (2.3) which
leads to the Bethe version of the Gibbs variational free energy is defined as follows
QM
ba (x∂a )
(2.11)
b(x) = QNa=1
di −1
i=1 bi (xi )
where the terms at the numerator are two-body beliefs written in a factor graph
notation, i.e. shortcuts for ba (x∂a ) = bij (xi , xj ). A way to understand the motiva-
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tion behind the ansatz (2.11) is the following. The Bethe approximation searches
for improvements respect to the naïve mean-field in which the factorization of the
joint belief distribution is made only over single site beliefs. When extending the
method to a factorization over two-sites beliefs one should be careful in observing
that a single site variable appears in several two-sites beliefs, precisely it appears
in a number di of them, with di the degree of site i. Therefore a single variable xi
is counted a surplus of di − 1 times by the numerator of (2.11) and this excess is
cancelled by the term at the denominator.
Inserting the ansatz (2.11) into the Gibbs functional (2.3) with the energy function expressed as in (2.8) gives the Bethe variational free energy
FBethe (b) = −

M X
X

ba (x∂a ) ln ψa (x∂a ) −

+T

a=1 x∂a

bi (xi ) ln ψi (xi )

i=1 xi

a=1 x∂a

M X
X

N X
X

N
X
X
ba (x∂a ) ln ba (x∂a ) − T
(di − 1)
bi (xi ) ln bi (xi )
i=1

xi

(2.12)

As for the nMF case, in above the first row refers to the average energy whereas
the second row represents the entropy contribution. The Bethe approximation is in
general significantly better than the nMF and becomes exact when the underling
graph is a tree. Indeed for such case, the true probability distribution p(x) factorizes
exactly as in (2.11). For tree-like graphs or graphs with “not too many” short loops
it turns out that it is also a good approximation of the true free-energy as it will
be clearer from the following Section.

2.3

Belief Propagation equations

We have seen that the constrained minimization of the nMF variational free energy leads to consistency equations for the single-site beliefs. Similarly, the constrained minimization of the Bethe variational free energy provides self-consistent
equations for the beliefs which, surprisingly, turn out to be the same equations of a
sub-optimal decoding algorithm developed by Gallager [75], though by using a completely different approach. Successively, Pearl introduced and popularized a version
of the algorithm together with the terminology “Belief Propagation” (BP) to efficiently compute marginals on graphical models [76]. The connection between BP
and Bethe approximation was firstly pointed out by Kabashima and Saad [77, 78]
(expressed using the TAP formalism) for some graphical models with random disorder. The general bridge was eventually built by Yedidia, Freeman and Weiss [79–81]
who showed that the BP equations correspond to the saddle-point equations of the
Bethe variational free energy.
In order to show this connection we minimize the Bethe free energy (2.12) with
respect to the belief ba (x∂a ) and ba (x∂a ) under the constraint that these beliefs
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P
P
satisfy the normalization conditions xi b(xi ) = 1 and x ba (x∂a ) = 1 as well as
∂a
P
the standard marginalization conditions xi ba (x∂a ) = bj (xj ). The condition that
0 ≤ bi (xi ) ≤ 1 can be derived from the aforementioned ones (see proposition 3.3.7
in [82]). We construct the Lagrangian for this constraint minimization adding Lagrange multipliers to the FBethe (b) in (2.12), we add γa and γi for the normalization
constraint and λai (xi ) for the marginalization constraint. The resulting Lagrangian
reads
X
X X
ba (x∂a ) − 1] + γi [
bi (xi ) − 1]
LBethe = FBethe (b) +
γa [
a

+

x∂a

XXX
i

λai (xi )[

a∈∂i xi

X

xi

ba (x∂a ) − bi (xi )]

(2.13)

x∂a \xi

where hereafter the notation X\Y should be interpreted in a set sense, i.e. X\Y =
{x ∈ X|x 6∈ Y }. Setting the derivatives of the above Lagrangian with respect
to the Lagrange multipliers gives the equations for the beliefs at the fixed point
as a function of the γ’s and λai , whereas setting the derivatives with respect to
the Lagrange multipliers gives back the desired constraints. Yedidia, Freeman and
Weiss [80, 81] found that, making the identification
λai (xi ) = ln νi→a (xi ) = ln

Y

mb→i (xi ),

(2.14)

b∈∂i\a

in the saddle-points equations for the beliefs, allows to recover the standard BP
fixed-point equations [32, 50, 76] for the beliefs
b̂a (x∂a ) =

Y Y
1
ψa (x∂a )ψi (xi )ψk (xk )
mb→i (xi )
Za

(2.15a)

i∈∂a b∈∂i\a

b̂i (xi ) =

Y
1
ψi (xi )
ma→i (xi )
Zi

(2.15b)

a∈∂i

where above the nodes i, k ∈ ∂a. The functions ma→i (xi ) are called messages in the
BP language because they can be thought and visualized as information passing
between neighbouring factor and variable nodes. The terms Za and Zi play the
role of normalization constants. The above equations for the beliefs, together with
the normalization and marginalization consistency constraints already obtained,
provide the BP fixed-point update equations for messages. Although it is neither
needed nor always practically advantageous, in the BP formalism it is customary
to work with two types of messages. The second message is defined simply by
(2.14)
or as the product of the messages on the RHS of (2.15a), i.e. νi→a (xi ) ∝
Q
b∈∂i\a mb→i (xi ). The requirement of marginalization consistency between the two
beliefs, together with the use of their expressions in (2.15), provides the BP-update
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(a) Illustration of equation (2.16a)

(b) Illustration of equation (2.16b)

Figure 2.1: Graphical visualization of the BP update equations (2.16). (a) Illustration
of eq. (2.16a). The blue arrow represents the LHS. The factor nodes and the red arrows
depict, respectively, the potential function and the messages on the RHS. The sum is
illustrated colouring in grey the nodes of the variables which are summed over. (b) Illustration of eq. (2.16b). The red arrow depicts the message on the LHS, the blue arrows
the messages on the RHS.

equations for messages:
ma→i (xi ) ∝
(n)

X

ψa (x∂a )

x∂a \xi

νk→a (xk ) ∝
(n+1)

Y

Y

νk→a (xk )
(n)

(2.16a)

k∈∂a\i

mb→k (xk )
(n)

(2.16b)

b∈∂k\a

Above the superscript (n) should be meant as a computational iteration time. The
BP update equations should indeed be iterated for all the nodes in the graph until
they reach a fixed point and the beliefs in (2.15) can then be computed with the
values of the fixed point messages. The constants of proportionality in (2.15) are
then determined requiring normalization of the beliefs to one.
Graphical interpretation. To facilitate the understanding of the BP algorithm
one can give a graphical visualization of the update equations as well as the equations for the beliefs. Figure 2.1 illustrates the update equations for the messages.
Nodes represent variables xi whereas black boxes represent the potential function
ψa (x∂a ) or ψi (xi ). The blue arrows, represent factor-to-node messages ma→i (xi ),
whereas the red arrows picture the node-to-factor messages νi→a (xi ). Figure 2.1a
illustrate equation (2.16a) where the marginalization over x∂a \xi is illustrated
colouring in grey the variable nodes which are summed over. Similarly, Figure
2.1b pictures equation (2.16b).
Figure 2.2 analogously illustrates equations (2.15) for the simple case of pairwise interactions. The belief in equation (2.15a) is graphically depicted as given
by all the potential functions drawn as factor nodes inside the green area, times
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(a) Illustration of the two-node belief (2.15b)

b

d4
d5

(b) Illustration of the single
node belief (2.15b)

Figure 2.2: Graphical visualization of the one and two-nodes fixed point equations for the
beliefs (2.15) for the simple case of pairwise interactions. (a) Illustration of eq. (2.15a).
(b) Illustration of eq. (2.15b). In both pictures factor nodes represent potential factors
whereas arrows represents messages factor-to-node.
all the factor-to-node messages crossing the green area, illustrated as blue arrows.
In a similar way, the single site belief (2.15b) is simply given by all the entering
messages into the orange region.
From the above discussion, the BP method appears as a sort of dynamic programming algorithm which organizes the computations necessary to compute marginal
probability distributions in such a way that they become tractable. Indeed, in
principle, the calculation of local marginal from summing the joint probability
distribution takes an exponential computational cost in the system size. On the
contrary, the celebrated advances of the BP procedure is that it allows (approximate) marginal estimation in a polynomial time in the system size. From the
definition of the messages given in (2.14) it is clear that they must be positive real
functions and do not need to be normalized, indeed the normalization constraint
is required only for the beliefs in (2.15). Being functions of one-site variables, the
messages can be parametrized by using one real variable as ma→i ∝ exp(βua→i xi )
and νi→a (βhi→a xi ). This parametrization, in the case of binary variables, allows
to rewrite the equations (2.16) in a simpler and computationally more efficient form
1
atanh(tanh(βJij ) tanh(βhi→a ))
β
X
=
ub→k

ua→i =
hi→a

(2.17a)
(2.17b)

b∈∂k\a

In the next section we show how these equations can be derived using an approach
introduced in physics to compute marginals on tree-like graph known in the literature as cavity method.
The above presentation shows that the belief propagation equations are saddlepoint equations of the Bethe variational free energy, a result which establishes an
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important connection between the BP equations or, more generally message-passing
algorithms, and physical variational methods. This connection makes clear why the
BP equations give the exact marginals estimation on tree-graphs: for such graphs,
as mentioned, the exact joint probability distribution factorizes as in the Bethe
ansatz (2.11). For graphs which are not exactly trees but show a locally tree-like
structures, the BP equations often give a rather accurate estimate of the marginal
beliefs despite the presence of long range loops and some short ones. On graphs
with many short loops either the BP equations do not converge to a fixed point or
they give inaccurate results for the estimation of marginals. This miscalculation is
something that can be expected considering that the Bethe ansatz gets progressively
worse on loopy graphs. In next Chapter we introduce more elaborate free energy
approximation to improve over the Bethe ansatz.
We conclude this section mentioning an important consequence of the Bethe
approximation or, as we will see in the next chapter, of the more general Cluster
Variation Method. We have seen that the variational derivation of the Bethe free
energy aims at the minimization of FBethe (b) with respect to the belief bi and ba .
This minimization is not the minimization of the Gibbs free energy (2.3) for which
an upper bound is guaranteed (see eq. (2.6)), indeed within this method FG (b)
is firstly approximated by FBethe (b) and then the latter is minimized. Unless the
underlying graph is a tree, for which the Bethe ansatz is exact, such approach is
usually uncontrolled. There is no guarantee, in principle, that the Bethe variational
free energy will have a lower bound as well as there is no a priori knowledge whether
the value of the Bethe free energy is higher or lower of the actual free energy.
Despite this limitation, in [81] the authors show that the constrained Bethe free
energy is bounded from below and that its global minimum correspond to a BP
fixed point. Although the existence of a global minimum can be proved there is
no guarantee that, starting from random initial conditions, a BP algorithm will
ever converge to its value. The convergence performances of a BP scheme depend
indeed on several parameters as for instance the presence of short loops, the value
of the temperature and the existence of phase transitions. There exist an extensive
literature and active research on convergent properties of several BP algorithms.
In [83,84] some novel convergence conditions on tree-like topologies and some loopy
graphs are presented. A discrete iterative algorithm which is guaranteed to converge
to a minimum of the Bethe free energy is instead introduced in [85].
In a general scenario, the free energy of many systems in physics might have
one or more local minima depending on weather the temperature regime is above
or below the critical temperature Tc . From the one-to-one correspondence between
BP fixed points and Bethe free energy saddle-points, we deduce that above the
critical temperature the BP algorithm has one single fixed point whereas, below Tc ,
it has many.
Heskes in [86] analyzed the issue of uniqueness of the fixed point of the BP
algorithm also including into consideration the topology of the factor graph. In [87]
the same author shows that stable BP fixed-points correspond to local minima of the
Bethe free energy, rather than maxima or saddle-points but gives a counterexample
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which shows that the converse is not true.
Several attempts to improve the BP algorithm and its convergence performances
have been made with focus on loopy graphs, where the BP scheme is known to
perform poorly. In [88] Rizzo and Montanari presented an approach to compute
loop correction to the Bethe approximation. Regarding the same problem, Chertkov
and Chernyak in [89] introduced an exact expression for the partition function in
terms of a finite series and showed that the leading term in the series is a BP
contribution whereas the rest is expressed as a loop contribution. The result was
then extended to q-ary alphabet in [90] by the same authors followed, more recently,
by an approach based on information geometry introduced by Mori [91].

2.4

Cavity method: Belief Propagation from a physics
perspective

The belief propagation equations have been independently discovered many times
in several fields of science ranging from coding theory [75], algorithms for inference
in Bayesian networks [76] and using variational approaches as presented in the
previous section [79]. In physics the BP equations were pioneered within the spin
glass community by using an approach known as cavity method (CM) which, from
our point of view, gives an additional interpretation of the BP algorithm and a
clearer physical meaning to the messages. Paper 1 reproduces some known results
about belief propagation showing the connection with the cavity method in physics,
for the case of averaged graph ensembles [51, 92]. In this section we do not return
to the original approach but we rather prefer to briefly introduce the CM on the
specific case of the the single instance tree graph in order to show that it provides
the same equations as in (2.17).
The cavity method aims to obtain recursive equations for some quantities in
order to estimate marginals in a factor graph. The whole technique is based on
the construction of a new graph, called “cavity graph” equivalent to the original
one except for the removal of either some nodes or links. The elimination of some
variable from the original graph creates a new graph in which the dependencies
between the remaining variables are easier to treat. To be more specific, let us
consider a tree factor graph with pairwise interactions where the factor node a has
been removed leaving “a cavity”, as shown in Figure 2.3a. The marginal probability of the variable node i, in this new graph, can be computed marginalizing the
joint probability function of all the remaining variables connected to i, i.e. those
neighbouring the factors b on the right side of Figure 2.3a. To be more explicit,
(a)
let us define bb (xk , xi ) the joint probability of the branch b in the cavity graph
where a is absent, where xk are all the variables contained in the branch b. The
marginal probability of spin i can be parametrized with a single real number as
(a)
(a)
bi (xi ) ∝ exp (hi xi ). Then the marginalization on all the b branches of the
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(a) Illustration of equation (2.18)

i

(b) Illustration of equation (2.19)

Figure 2.3: Illustration of the cavity method procedure to construct a cavity graph. (a)
Cavity graph where the factor node a has been removed. The red arrow represent the
field on the LHS of equation (2.18), the blue arrows represent the fields appearing on the
RHS. (b) Cavity graph where all the factor nodes connected to j, except the factor a,
have been removed from the graph. The red arrow illustrates the field appearing on the
LHS of (2.19), whereas the blue arrows pictures the fields on the RHS. The factor node a
depicts the interaction factor between i and j.

cavity graph in Figure 2.3a reads
(a)

ehi

xi

X

∝ bi (xi ) ∝
(a)

b(a) (xi , x) =

Y

Y

bb (xk , xi )
(a)

(2.18a)

{x}\xi b∈∂i\a

{x}\xi

∝

X

(ĩ)

eh b

(2.18b)

xi

b∈∂i\a

where we used the fact that the graph is a tree and in the last proportionality we
P
(ĩ)
(a)
performed the marginalization in each b branch, i.e. exp(hb xi ) = xk bb (xk , xi ).

To determine an equation for the fields hb we consider the graph where the factor
node a is present but all the other factor nodes connected to j are removed as in
Figure 2.3b. The marginal probability of the node j in this graph, can be computed
marginalizing the joint probability distribution of all the terms connected to it, i.e.
marginalizing over xi and all the variables xk in each branch b as
(ĩ)

bj (xj ) ∝ eha
(j̃)

(j̃)

xj

∝

X
xi

eJij xi xj

X
{x}

b(a) (xi , x) ∝

X

(a)

eJij xi xj +hi

xi

(2.19)

xi

where Jij represent the interaction couplings between the nodes (i, j) and in the
last equality we made use of the definition given in equation (2.18a). Above, and
therefore also in (2.18a), the notation (j̃) shortly indicates that we are dealing with
a graph like the one illustrated in Figure (2.3b) or, more specifically, a graph where
all the (j̃) = {b ∈ ∂j\a} have been removed. For a dichotomic variable xi , equations
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(2.18) and (2.19) can be solved respect to the fields

(a)

and

1
(a)
atanh(tanh(Jij ) tanh(hi ))
β
X (k̃)
=
hb

h(aj̃) =
hi

(j̃)
ha

(a)
hi ,
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the result reads
(2.20a)
(2.20b)

b∈∂k\a

which are the same equations as (2.17) once we make the identification ha =
(a)
ua→j and hi = hi→a . This results not only shows that the cavity equations
are the same as the BP fixed point equations, it also helps to give an additional
interpretation to the messages in the belief propagation formalism. From a cavity
method perspective, messages corresponds to the marginals in the cavity graph,
where one or more nodes have been removed. For example, from equation (2.18)
we can interpret the message νi→a (xi ) as the marginal probability of the variable
i in a cavity graph where the factor node a has been taken out. Analogously, from
(2.19) we can interpret the message ma→i (xi ) as the marginal of the variable i in
a graph where all the factor nodes except one have been disconnected to it. The
equations for the beliefs for the original graph, i.e. the graph with no cavity, can be
obtained with a similar procedure as above and, as one could expect, are equivalent
to those in (2.15).
(j̃)

Chapter 3

Cluster Variation Method and
generalized Belief Propagation
For the things we have to learn before we can do them,
we learn by doing them.
— Aristotle

In this chapter we describe a class of free energy approximations which generalize the Bethe approximation presented in the previous chapter to graphs containing
also short loops. The method is based on the variational approach presented in Section 2.1 in which more elaborated ansatz for the trial probability are introduced and
additional constraints are enforced for the local beliefs. Historically, such method
has been introduced by Kikuchi [71], through the Cluster Variation Method (CVM),
who showed that free energy approximations for network models can be built by
writing the approximated free energy as a sum of local free energies of several
subregions in the graph. The minimization of the Kikuchi free energy is, in general, not easy. Nonetheless, as the Bethe free energy can be minimized by the BP
algorithm, Yedidia, Freeman and Weiss showed that a class of generalized BP algorithms minimize the Kikuchi free energy and that, furthermore, these algorithms
can be derived from the saddle-point equations of such free energy [79, 81]. In this
chapter we define a region-graph description of a network model and a region-based
free energy approximation [81] which slightly generalizes the CVM introduced by
Kikuchi. The constraint minimization of this region-based free energy leads to a
generalized version of the BP equations which can be expected to be more accurate
on loopy graphs.

3.1

Free energy region graph

In order to systematically construct free energy approximations by factor graph
models which can improve upon the Bethe approximation, we start defining a region
41
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graph partitioning. Every factor graph can be partitioned in a number of subregions
made of some factors and variable nodes and each of this subregion can be further
partitioned in smaller regions and so on. More formally, a region R can be defined
as the set VR of variable nodes and a set AR of factor nodes such that, if a factor
node a belongs to AR then all the variable nodes connected to a belong to the set
VR . We indicate with xR = {xi |i ∈ VR } the set of all the variable node states in the
region R. The true local probability distribution of this P
set of variables, obtained
marginalizing the full probability is defined as pR (xR ) = x\xR p(x). An estimate
of this probability distribution is called the belief
PbR (xR ). Analogously to equation
(2.7), we define a region energy ER (xR ) = − a∈AR ln ψa (xR ) and, similarly to
(2.4), a region variational average energy as
X
UR (bR ) =
bR (xR )ER (xR ).
(3.1)
xR

Furthermore, using the same logic, we define a region variational entropy as
X
SR (bR ) = −
bR (xR ) ln bR (xR ).
(3.2)
xR

The free energy of region R can be then simply introduced as
FR (bR ) = UR (bR ) − T SR (bR )

(3.3)

and it resembles a local version of the variational Gibbs free energy defined in (2.3)
for a region R. To present a region graph approximation or, the slightly different
Kikuchi’s CVM, we define a maximal region set made by all the vertices and factor
nodes in this region. A graph partition P is the set containing the chosen maximal
region, the intersection between two maximal regions, the intersections of their
intersections and so on. To be more specific, if R0 is the chosen maximal region in
the graph, one defines R1 the intersection between two regions R0 . R2 defines the
intersection between two regions R1 and so on. The graph partition is then finally
defined as P = {R0 ∪ R1 ∪ R2 , . . . } and hereafter we indicate with R the regiongraph obtained by covering the whole original graph with this graph partition. For
each one of the regions Rn one can introduce the region variational average energy
as in (3.1) and observe that, the total average energy of the set R can be written
as
X
UR =
cR UR
(3.4)
R∈R

where cR are counting numbers which assure that each interaction appearing in
more than one region is, in total, counted only once. The cR coefficient are also
known as Moëbius numbers [93] and must satisfy the following equality
X
cR = 1 −
cR0
(3.5)
R0 ⊃R
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in order to have the exact counting. In words, the sum of the counting number
of the region R and the counting number of all the super-regions which include R
must be equal to one so to guarantee that every subcluster is counted once. We
observe that, since the energy in (3.1) is linear in the region beliefs, when all the
trial probabilities are equal to the true probabilities, i.e. bR (xR ) = pR (xR ) ∀ R,
the total energy (3.4) of the region graph R is exact, since each interacting term
(factor node) is counted only once.
P By analogy we define the region-based entropy
for the region graph R as SR = R∈R cR SR and the region-based free energy by
FR ({bR }) = UR ({bR }) − T SR ({bR })

(3.6)

The above free energy is also known as the Kikuchi free energy truncated at the
maximal cluster R0 of the region-graph R. We observe that, unlike the regionbased averaged energy, the region-based entropy SR will typically always be only
an approximation even in the case when all the belief in R are equal to the true
probabilities. Nevertheless, the condition that each variable node is counted only
once ensures that, at least, SR counts correctly the number of micro-states.
As the variational approaches seen in the previous section, the CVM aims at
minimizing the region-based free energy (3.6) with respect to the region graph belief
bR (xR ), ∀ R ∈ R. As already highlighted at the end of Section 2.3, one drawback of
the CVM is that one cannot tell a priori if the saddle point region-based free energy
will be higher or lower of the actual free energy. The reason being that within these
variational approaches one first approximates FG (b) ' FR (b) and then performs a
constrained minimization of the latter with respect to a set of beliefs. In contrast to
the naïve mean-field approach, one cannot normally explicitly construct an overall
“trial” probability distribution b(x) that is consistent with the region-based belief
bR (xR ) and therefore one does not normally obtain any upper bound for the actual
free energy [94]. Indeed, generally, the constraint minimization of the approximated
variational free energy is done requiring consistency among the beliefs but this does
not guarantee that those beliefs come from the same joint probability distribution.
As shown in [81, 94] it is easy to construct examples where indeed this is not the
case.
On the other hand, with the CVM one can make a large amount of approximations which are better than the nMF or the Bethe approximation and, furthermore,
the general recipe for such approximations is both systematic and flexible. Another
advantage in using such approach is that, as for the Bethe case, the Kikuchi free
energy can be minimized by using message-passing algorithms which are fast and
efficient for the computation of marginals. We introduce such algorithms in the
following section. We conclude mentioning that in special cases the CVM results
exact. For those graphs which can be represented as three-like graphs of regions,
i.e. every node contains a set of variables, the CVM method reduces to the Bethe
method applied for node containing more than a variable. The resulting algorithm
is called the junction-tree algorithm [73, 74].

44

CHAPTER 3. CLUSTER VARIATION METHOD AND GENERALIZED
BELIEF PROPAGATION
1

2

A

C , 3, 4, 5

B , 2, 4, 5

D , 4, 5, 7

B

4

3

A , 1, 3, 4

5
3, 4

C

6

4, 5

D

4

7

(a) Factor graph

(b) Region graph

Figure 3.1: Region graph construction starting from a factor graph. (a) Original factor
graph, (b) Region graph constructed by choosing the maximal cluster made by one factor node and tree nodes. The region {ψA , 1, 3, 4} is a parent of the region {3, 4}. The
region {4} is a children of the region {3, 4} and a descendant of {ψA , 1, 3, 4}. Similarly
{ψD , 2, 4, 5} is an ancestor of region {4}.

3.2

Generalized Belief Propagation equations

In Section (2.3) we have seen that the BP message-passing algorithm can be derived
from the saddle-point equations obtained from the constrained minimization of
the Bethe free energy with respect to a set of beliefs. In this section we show
that the constrained minimization of the Kikuchi free energy with respect to the
region-beliefs bR (xR ) leads to saddle-point equations which can be turned into
a more general message-passing iterative scheme. Yedidia, Freeman and Weiss
named this more general class of algorithms generalized Belief Propagation (GBP)
[79, 81] because they reduce to BP when the region-based free energy is the Bethe
variational one. As for BP, these types of algorithms can be obtained in various
ways as, for instance, from graphical consideration by using a graphical model
approach. We here derive them by using the variational approach.
Before proceeding with the derivation we introduce some nomenclature which
will be useful in the following. We define a parent P (R) of a region R, taken in the
set of partitions P, the smallest superset which includes R. Similarly, the set R can
be defined as the children set of its parent set and denoted as C(P (R)) or simply
C(R). All the supersets which include R are called ancestors and denoted as A(R)
whereas all the set which are contained by R are called descendants and indicated
as D(R), see Figure 3.1 for an example. The constrained minimization of the CVM
free energy (3.6) can be done by constructing a Lagrangian analogously to (2.13)
containing the Lagrange multipliers which enforce the marginalization conditions
for the region-beliefs
X
bC (xC ) =
bP (xP )
∀ {C, P } ∈ R.
(3.7)
xP \xC
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Note that, because of the transitivity of the marginalization, the above condition
enforces marginal consistency between every ancestor region A(R) and all its descendant regions D(R). We obviously
also need to include Lagrange multipliers for
P
the normalization conditions xR bR (xR ) = 1. It can be shown that the Lagrange
multipliers for the positivity condition of the beliefs would lead to Lagrange multipliers equal to zero and therefore these constraints are inactive [81]. The conditions
(3.7) can be enforced in several ways adding λP R Lagrange multipliers. Setting the
derivative with respect to the beliefs equal to zero leads to saddle-point equations
for the Kikuchi free energy. Different choices of how to enforce the Lagrangian
constraints give, in general, different saddle-point equations which are equivalent
at the fixed points but produce different message-passing algorithms. In what follows we want to recover the parent-to-child GBP message-passing algorithm (see
the following for such nomenclature). In [81] the authors show that, through a
rotation from the set of Lagrange multiplier λP R to another set of multipliers µP R ,
it possible to enforce the condition (3.7) as follows
X

cR bR (xR ) +

A∈A(R)\(P ∪A(P ))

cA

X

bA (xA ) = 0

(3.8)

xA \xR

The Lagrange multiplier µP R associated to the above relation enforces the weighted
belief in the region R plus the sum of the weighted belief in all the ancestor regions
of R except for regions P and all its ancestors to be equal to zero. It is simple
to show that for a parent and a child region, the above equation is equivalent to
(3.7). We can then construct the Lagrangian for the Kikuchi free energy FR (3.6)
as follows:
LR = FR ({bR }) +
+

X

X

R∈R

µR [

X X

R∈R P ∈P (R) xR

X
xR

bR (xR ) − 1]


µP R (xR ) cR bR (xR ) +

X

A∈A(R)\
(P ∪A(P ))

cA

X

xA \xR


bA (xA ) (3.9)

The Lagrange multipliers in the first row of the above equation enforce normalization conditions for the beliefs whereas those in the second row enforce marginalization consistency between ancestor and descendent regions. Saddle-point equations
are obtained setting to zero the derivative of the above Lagrangian with respect
to the region-belief bR (xR ). Let us note that there is a Lagrange multiplier µP R
for each pair of regions parent-child. Analogously to the parametrization chosen
in (2.14) to obtain the BP equations from the saddle point equations of the variational Bethe free energy, it is possible to make the following parametrization for
the Lagrange multipliers
µP R (xR ) = ln mP →R (xR )

(3.10)
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so to turn the Kikuchi free energy fixed-point equations into a message-passing
iterative scheme. The result reads
 Y

1 Y
bR (xR ) =
ψa (xa )
mP →R (xR )
ZR
a∈A(R)
P ∈P (R)
 Y

Y
·
mP 0 →D (xD )
(3.11)
D∈D(R) P 0 ∈P (D)\(R)

where (R) = {R} ∪ D(R) is the region including R and all its descendants. The
term ZR is a normalization factor for the belief bR equivalent to the estimated
partition function of the region R. Equation (3.11) corresponds to the saddlepoint equation for the Kikuchi free energy and, at the same time, can be interpreted as the fixed point equation for the region belief bR which estimates the
exact marginal probability of the region R. Let us observe that, analogously to
(2.14), the parametrization (3.10) of the Lagrange multipliers offers a graphical interpretation of the functions mP →R in a message-passing setting. The multipliers
µP R are defined only for parents-children regions, therefore the term mP →R could
be given the meaning of a message going from a parent to a child region and being
dependent on all the variables xR contained in the child region. If we use such
interpretation, equation (3.11) states that the beliefs of a region R can be computed as the product of the local interaction factors ψa in that region, the messages
from parents to children in the region and messages into descendant regions from
other parents which are not also descendants. In section 3.3 we give an explicit
expression for the beliefs (3.11) for a particular network architecture and provide
also a pictorial representation of them for a given choice of the maximal cluster.
For an algorithmic computation of (3.11) we need to find iterative equations
for the computation of the parent-to-child messages analogous to the BP update
equation (2.16). These equations can be obtained setting to zero the derivative
of the Lagrangian respect to the Lagrange multiplier or, in other words, from the
consistency equations for the marginalization of the region beliefs (3.8) which, as
mentioned, are equivalent to the equations (3.7). Therefore plugging the expression
for the region beliefs (3.11) into the consistency condition (3.7), after some cancellation on both sides of the equation, leads to the update message-passing equation
for a region graph R
P
Q
Q
xP \R
a∈P \R ψa (xa )
(I,J)∈N (P,R) mI→J (xJ )
Q
.
(3.12)
mP →R (xR ) =
(I,J)∈D(R) mI→J (xJ )
For each pair of parent-child regions, the above equation represent the generalized
BP equation for the region graph R. For the different sets we used the same
notation as [81]. The set N (P, R) contains all the connected pair of regions (I, J)
such that J belongs to (P ) but not to (R) whereas I is not contained in (P ).
The set D(P, R) contains all the pairs of regions (I, J) where I is a parent of J
and such that J is in (R), whereas I is in (P ), but not in (R). Since these set
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definitions might be a little cryptic, in the following section we give an example of
how the equations encoded in (3.12) would look like for the case of a square lattice.
In Section 3.1 we observed that the CVM reduces to the Bethe approximation
when the maximal cluster R0 is taken to be the region made by the factor node
interaction between two variables and the nodes containing these variables, i.e.
R0 = {(i, j), a} for a pairwise model. For the same choice of maximal cluster, it
is easy to show that the generalized BP update equation (3.12) reduces to the BP
update equation for messages (2.16a). As for the Bethe approximation case, in this
more general scenario, the minimization of the Kikuchi free energy truncated at
the maximal cluster R0 is translated into the simultaneous iterative solution of a
set of equations as (3.12), for each pair parent-child in the whole region graph. For
this reason, this GBP scheme is also known in the literature as the parent-to-child
GBP algorithm. Diverse iterative scheme can be defined by making use of different
Lagrange multipliers which enforce the condition (3.7) differently from equation
(3.8) [81].
No matter the type, the GBP update equations such as those in (3.12), similarly
to the BP ones, can be iterated starting from some specific initial condition for the
messages (random, uniform or more elaborated) and iterated until convergence.
The estimate of the actual region probabilities, through the beliefs bR , can then
be calculated by using (3.11) with the values of the messages at the fixed-point.
As it happens for the BP case, the reaching of such fixed-point is not guaranteed
and strongly depends on the network topology, the number and type of loops, the
update scheme and, not last, the physical thermodynamic phase in which the system
is located, i.e. above or below the critical transition temperature Tc . We address
to [95] for a study on sufficient conditions for the convergence of the GBP equations
derived from a Kikuchi CVM and to [96] for provably convergent alternatives to
standard GBP algorithms.
Let us observe that, by plugging the expression of the belief bR (3.11) into the
region-based free energy FR ({bR }), the Lagrangian for the Kikuchi free energy (3.9)
can be rewritten as follows
1 X
cR ln ZR ({m}),
(3.13)
LR = −
β
R∈R

where ZR is the region partition function defined as normalizing factor in (3.11)
and therefore dependent on a set of parent-to-child messages shortly written as
{m}. At the saddle points, the messages converge - at least theoretically - to a set
{m}SP = {m̄} and the Lagrangian LR = FR ({m̄}), therefore from (3.13)
X
−βFR ({m̄}) =
cR ln ZR ({m̄})
(3.14)
R∈R

which resembles the Helmholtz free energy −βFH = ln Z defined in (2.2) and
reduces to it when the maximal cluster region R includes the whole system.
We conclude this section underlining that CVM approximation and the GBP
equations presented here must be understood as being two different things. The
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CVM is an approach used to approximate the actual free energy of a system by using
a region-based free energy, i.e. a weighted sum of single-regions free energies. In
this section we have shown that the saddle point equations of the region-based free
energy lead to GBP algorithm with an opportune choice of Lagrange multiplier
parametrizations and of enforced constraints. Different choices respect to those
considered here would obviously lead to other types of fixed-point algorithms. On
the other hand, such message-passing algorithms can be derived in several ways
and the variational approach is, to our opinion, just the more physical one.
We finally stress that neither the BP nor the GBP algorithm perform a minimization of the approximated constrained free energy for each step of their iterations. The constrained minimization of such free energy is obtained only at
the fixed-point where all the belief obey the consistency constraints. Algorithms
which directly minimize the free energy along the iteration scheme have been devised [96, 97] but are computationally slower that the standard message-passing
algorithms presented in this thesis.

3.3

Cluster Variation Method: two concrete examples

In this section we want to apply the CVM on a specific graph topology in order to
practically show its use and make the notation adopted in the previous two sections
more comprehensible. We apply the method on a pairwise model defined on a 2dimensional square lattice. We first show that the simplest CVM approximation
is the Bethe ansatz and then we derive the Kikuchi free energy as well as the
corresponding GBP equations for the case of plaquette maximal cluster, i.e. a
region of four variables and their mutual interactions.
The Kikuchi approximation starts by defining the maximal cluster for the regiongraph approximation. To recover the Bethe result, the maximal cluster should be
taken to be the smallest set which contains at least one interaction term. This
set is given by the factor node a and the variable nodes (i, j) connected to it, i.e.
R0 = {i, a, j}. In Figure 3.2a we graphically illustrate the cover of a 2-d lattice
by using this maximal region. According to the CVM procedure, the overlap of
two maximal clusters, leading to the second region R1 , is just a single node i, so
R1 = {i}. The overlap made by a single node and a factor node cannot indeed be
included because, according to the prescription, when a factor node is included in a
region all the variable nodes connected to it should also be included and this would
lead to include also the node j and, therefore, simply recover R0 itself. The region
graph R, for this case, is obtained by covering the whole lattice with the regions R0
and R1 . We then proceed writing the approximated free energy based on these two
regions as in (3.6). The counting number cR0 is, by the definition (3.5), equal to
one since R0 is the largest region. If the spin i has di neighbours, from (3.5) we get
that the counting number of the region made by the single node i is cR1 = 1 − di .
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(a) Link maximal clusters
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5
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(b) Plaquette maximal clusters

Figure 3.2: Region graph covering of a 2-dimensional lattice in terms of the maximal
regions (dashed line areas). (a) The maximal cluster is chosen to be a factor node a and
the two nodes connected to it. (b) The maximal clusters is taken to be a plaquette, i.e. a
square region made by four variable nodes and the factor nodes connecting them.

The region-based free energy can hence be written using the definition in (3.3)
X
X
X

FR =
cR
bR (xR )ER (xR ) + T
bR (xR ) ln bR (xR )
(3.15)
R∈R

=

XX
a

+

xR

xR

ba (x∂a )Ea (x∂a ) + T

x∂a

X
x∂a


ba (x∂a ) ln ba (x∂a )

X

X
X
(1 − di )
bi (xi )Ei (xi ) + T
bi (xi ) ln bi (xi )
i

xi

(links)

(vertices)

(3.16)

xi

which can be turned into the expression (2.12) recalling that, from the definition given in (2.7), Ea (x∂a ) = − ln ψa (xi , xj ) − ln ψi (xi ) − ln ψj (xj ) and Ei (xi ) =
− ln ψi (xi ).
As we have previously seen, the constrained minimization of region-based freeenergy leads to the message-passing algorithms as those in (3.12). With the definition of the region R0 and R1 given above we only get one kind of parent-to-child
message, i.e. the message from the link {i, a, j} to the node {i} region. This is the
same type of message encountered deriving BP and indeed using the region R0 and
R1 , equation (3.12) becomes simply the BP equation (2.16).
Let us also observe that from equation (3.14), with the counting numbers discussed for this case, the Bethe free energy at the fixed-points can also be rewritten
as
X
X
−βFB =
ln Za ({m̄}) +
(1 − di ) ln Zi ({m̄}),
(3.17)
a

i

an expression which will be used also in the next chapter.

A different region-graph partition can be performed choosing the “plaquette” as
the maximal region R0 , i.e. a set made up of four neighbouring variable nodes and
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the four mutual interaction among them, see Figure 3.2b for an illustration. Note
that this set includes the smallest loop in the lattice graph. The largest overlap of
two plaquette regions, compatible with the CVM prescription, is the set composed
by the link region, i.e. the maximal cluster for the Bethe case, which hence defines
the R1 region. As before, the overlap of two link regions gives a single variable
node region which so defines the set R2 . The region graph R, for this case, is
then obtained covering the whole lattice with the three regions R0 , R1 and R2 . By
definition, the plaquette counting number is cR0 = 1 since it is the largest region.
Each link has two parental nodes, therefore from (3.5), the counting number of
a link region is cR1 = 1 − 2 = −1. Each node has four parental link regions
(cR1 = −1) and four plaquette ancestors (cR0 = 1), hence its counting number is
cR2 = 1 − 4 + 4 = 1. The region-based free energy (3.15) for such partitioning reads
as

−βFR =

XX

bP (xP ) ln

P ∈R xP

−

XX

bL (xL ) ln

L∈R xL

+

XX

i∈R xi

bi (xi ) ln

bP (xP )
exp(−βEP (xP ))

bL (xL )
exp(−βEL (xL ))

bi (xi )
exp(−βEi (xi ))

(plaquettes)
(links)
(vertices)

(3.18)

where in the equation above and in what follows we use a similar notation as
in [98–100]. The subscript P, L and i refers to the plaquette, link and vertex region
respectively whereas xR indicates shortly all the variable nodes inside the region
R. As shown in the previous section, fixed point equations for the region beliefs
can be derived as saddle-point equations of the Lagrangian (3.9), i.e. performing
a constrained minimization of the region-based free energy FR . The beliefs must
obey
marginal conditions between parent-child regions as
P the usual consistencyP
xj bL (xi , xj ) = bi (xi ) and
xl ,xk bP (xi , xj , xl , xk ) = bL (xi , xj ). These constraints
can be enforced by using a Lagrange multiplier µL→i (xi ) for each link L and vertex
i in R and a Lagrange multiplier µP →L (xi , xj ) for each plaquette P and link L
[98, 100]. Furthermore, each region belief must satisfy normalization. Each one
of these constraints can be enforced by using Lagrangian multipliers of the type
λP , λL and λi for the three regions respectively. The stationarity condition for the

(15)
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Figure 3.4: Graphical representation of the GBP parent-to-child equations for the 2dimensional lattice with plaquettes as maximal clusters. (a) and (b) are illustrations of
equation (3.20a) and (3.20b) respectively. Sums over the state variables are represented
colouring in black the corresponding variable nodes. Arrows have the same meaning as in
Figure 3.3 and external local fields on the variable nodes are not illustrated for simplicity.

algebra, one gets
ma→i (xi ) =

1
Za→i

X

ψj (xj )ψa (xi , xj )mα→a (xi , xj ) mβ→a (xi , xj )

xj

· mc→j (xj )md5 →j (xj )md6 →j (xj )
X
1
1
mα→a (xi , xj ) =
ψP (xi , xj , xk , xl )
Zα→a mb→i (xi )mc→j (xj ) x , x
l

(3.20a)

k

· mρ→b (xi , xl )mη→d (xl , xk )mλ→c (xk , xj )

· md1 →l (xl )md2 →l (xl )md3 →k (xk )md4 →k (xk )

(3.20b)

which represent the GBP parent-to-child equations with labelling referred to the
regions illustrated in Figure 3.4 and correspondent to the notation used in Paper 2.
To be more explicit, link-to-vertex messages mL→i are indicated as ma→i whereas
plaquette-to-link messages mP →L are indicated as mα→a . The term ψP (xP ) is
a shortcut for ψP (xi , xj , xk , xl ) = ψb (xl , xi )ψd (xl , xk )ψc (xk , xj )ψl (xl )ψk (xk ). The
two GBP equations above are those encoded in (3.12) for the specific case of a 2-d
square lattice with plaquette as maximal cluster. Equation (3.20a) describes the
update message-passing equation for the link-to-vertex messages, whereas (3.20b)
the update for the plaquette-to-link ones. As for the BP case, these messagepassing equations have an easy graphical representation which is very useful for
their understanding, we address to Figure 3.4 for such illustration.
As shown in equation (3.14), at the saddle point {m}SP = {m̄} and the Kikuchi
free energy can be written as
X
X
X
−βFR ({m̄}) =
ln ZP ({m̄}) −
ln ZL ({m̄}) +
ln Zi ({m̄}),
(3.21)
P ∈R

L∈R

i∈R
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This expression of the Kikuchi free energy is used in next chapter as well as in
Paper 2.

3.3.1

From messages to fields

As for the BP case, for numerical computations purposes, it is more convenient
to parametrized the messages in terms of fields and write GBP equations for such
fields (compare for instance equations (2.16) with equation (2.17) for the BP case).
Before writing such parametrization, to shorten notation we simply rewrite the
beliefs fixed-point equations (3.19) by using the parametrization of the messages
in terms of Lagrange multipliers, i.e. mL→i (xi ) = exp µL→i (xi ) and mP →L (xL ) =
exp µP →L (xL ). The results reads
bi (xi ) =

4


X
1
exp − βEi (xi ) +
µL→i (xi )
Zi

(3.22a)

L⊃i

bL (xL ) =

2
6


X
X
1
exp − βEL (xL ) +
µP →L (xL ) +
uL→i (xi )
ZL
P ⊃L

bP (xP ) =

(3.22b)

L⊃i

4
8


X
X
1
exp − βEP (xP ) +
µP →L (xL ) +
uL→i (xi )
ZP
P ⊃L

(3.22c)

L⊃i

where, again, the ER (xR ) terms are simply the energy relative to each region,
i.e. Ei (xi ) = hi xi , EL (xL ) =PJij xi xj + hi xi + hj xj and EP (xP ) = Jij xi xj +
Jjk xj xk + Jkl xk xl + Jli xl xi + s∈P hs xs . The notation in the sums above is the
same as the notation used in equations (3.19). The messages or, equivalently, the
Lagrange multipliers can be parametrized using a set of real variables denoted as
fields {UP →L , uP →i , uP →j , uL→i } as follows [98, 100]
µL→i (xi ) = β uL→i xi

(3.23a)

µP →L (xi , xj ) = β(UP →L xi xj + uP →i xi + uP →j xj )

(3.23b)

Plugging the expressions of the messages parametrized with the fields into the GBP
parent-to-child equations (3.20) leads to the same equations expressed in terms of
fields. In what follows we use the same notation adopted in equations (3.20) and
used in Paper 2. Explicitly we write the link-to-vertex field-messages uL→i as
ua→i , the plaquette-to-link field-messages UP →L as Uα→a and the plaquette-to-link
(i)
field-messages of the vertex type uP →i as uα→a . For the case of binary variable xi ,
the link-to-vertex equation (3.20a) can be written in terms of the field in (3.23a)
and reads as
h cosh[β(v + V )] i
1
j
ij
ua→i = vi +
ln
(3.24)
2β
cosh[β(vj − Vij )]

where vi = uα→a + uβ→a , vj = hj + uα→a + uβ→a + uc→j + ud5 →j + ud6 →j and
Vij = Jij + Uα→a + Uβ→a with label referred to Figure 3.4. The equations for the
(i)

(j)

(j)

(j)
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three fields in (3.23b) can be obtained from (3.20b) and written in a compact form
read
hK K i
1
++ +−
(i)
log
,
(3.25a)
u(i)
α→a =uρ→b − ub→i +
4β
K−+ K−−
hK K i
1
++ −+
(j)
u(j)
,
(3.25b)
log
α→a =uλ→c − uc→j +
4β
K+− K−−
hK K i
1
++ −−
log
Uα→a =
.
(3.25c)
4β
K+− K−+
where the function Kxi ,xj = K(xi , xj ) appears on the RHS of (3.20b) once the
messages are parametrized by using the fields and reads as:
h
X
(l)
(l)
K(xi , xj ) =
exp (hl + uρ→b + ud1 →l + ud2 →l + uη→d )xl
.

xk ,xl

+ (hk + uη→d + ud3 →k + ud4 →k + uλ→c )xk
(k)

(k)

+ (Jli + Uρ→b )xl xi + (Jlk + Uη→d )xl xk + (Jkj

(3.26)
i
+ Uλ→c )xk xj .

Equations (3.24) and (3.25) can be iterated starting from random initial conditions
on each pair of regions plaquette-link and link-vertex in the region graph R, until
they reach a fixed-point. When convergence is obtained, the true marginals for
the plaquette, link and vertex, can be estimated through the beliefs bP , bL and
bi , computed at the values of the fields at the fixed-point. The approximated free
energy can eventually be computed by using eq. (3.18). For matters concerning the
convergence achievement we address to the discussion towards the end of Section 3.2
and to next section where we discuss how to uniquely determine the field-messages.

3.3.2

Gauge invariance of the generalized Belief Propagation
equations

In this section we point out that every GBP equations derived for a region-graph
with more than two regions holds a gauge invariance for the fields used to parametrized
the messages. This means that an opportune gauge transformation of fixed-point
field-messages would lead to the same fixed-point. This feature has strong consequences on the convergence process of the message-passing algorithms and fixing
this gauge invariance guarantees algorithms with a larger range of convergence [99].
Let us consider the fixed-point equations (3.24) and (3.25) for the field-messages.
All of them have a linear dependence on some field message which, in the limit of
infinite temperature (β → 0), is the only surviving part. It is immediate to check
that, a change by an arbitrary amount δ of the fixed-point values of the fieldmessages going to the same single node i
ua→i → ua→i + δ,

(i)
u(i)
α→a → uα→a + δ,

ub→i → ub→i − δ,

uα→b → uα→b − δ,

(i)

(i)

(3.27)
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Figure 3.5: Illustration of the four field-messages acting on the same spin i and coming from different graph regions (black arrows), see equation (3.27). The gauge fixing
condition, for each node i, correspond to set to zero one of these field-messages.

would give the same fixed point, because the δ’s in the different u’s would cancel
each other. This means that GBP equations admit a freedom in the choice of the
fields that has no effect on the fixed point solutions and therefore the field-messages
are not uniquely determined. The origin of such gauge invariance can be traced
back to the Lagrange multipliers used to enforce consistency marginalization among
parent-to-child regions. Indeed if the belief bP (xi , xj , xk , xl ) marginalizes correctly
to bL1 (xi , xjP
) and bL2 (xi , xk ) and one of these latter beliefsP
marginalizes correctly
to bi (xi ) = xj bL1 (xi , xj ) then, necessarily, also bi (xi ) = xk bL2 (xi , xk ). Since
within the variational derivation there is one Lagrange multiplier associated to each
one of these consistency equations, we can conclude that the multiplier introduced
for this latter constraint is not needed and, therefore, redundant.
In [99] the authors realized this issue and show a simple way to fix the gauge, in
order to uniquely determine the field-messages. The solution therein proposed is to
fix one of the messages in (3.27) to zero, i.e. remove one of the messages illustrated
as black arrows in Figure 3.5. This procedure of gauge fixing is also used in Paper
3.

Chapter 4

Survey Propagation and
generalized Survey Propagation
If the doors of perception were cleansed
everything would appear to man as it is, infinite.
— William Blake

In the previous chapters we introduced a systematic way to construct free energy
approximations based on the region graph description and the Cluster Variation
Method. In the general case, the resulting approximation provides the Kikuchi free
energy truncated at the maximal cluster chosen for the region graph covering, which
reduces to the Bethe free energy in a particular case. The constraint minimization
of this free energy, with an opportune parametrization of the Lagrange multipliers,
leads to the generalized BP equations or, in the Bethe case, to the simpler BP ones.
As we have already mentioned in Section 2.3 and 3.2 these equations can be
turned into an iterative scheme and their convergence depends on several issues
among which the temperature of the system or, to better say, the physical phase
(paramagnetic, ferromagnetic or spin glass, for instance). In Section 1.4 we discussed the different free energy landscapes associated to these physical phases. The
simplest case is represented by the paramagnetic one where the free energy presents
a unique global minimum, as shown in Figure 1.5a. In this scenario message-passing
algorithms, iterated starting from random initial conditions for the messages, always converge to this global minimum giving rise to fairly accurate estimate of
the marginal probabilities. Lowering the temperature, as discussed in Section 1.4,
could provoke a phase transition with associated symmetry breaking and clustering
of the phase space. In this low temperature regime, the convergence of the messagepassing algorithms becomes harder, especially in the spin-glass case. The reason
being the presence of a multi-valley landscape of the free energy with a number of
local minima which grows with the system size, as illustrated in Figure 1.6. The
iteration of the BP equations in this case may end up in a solution which corre57
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sponds to a local minimum of the free energy and does not reach a global minimum
or, more likely, does not converge at all.
This lack of performance of the message-passing scheme below the critical transition temperature certainly represents a limit in the investigation of the low temperature phase of complex networks or spin glass systems. On the other hand, an
alternative non-rigorous method has been developed to handle such phase known in
the literature as replica method. We will not enter in the details of such technique
as we will not use it through this thesis, we refer instead to [51, 53, 56] for classical reviews and applications on prototype models. In Section 1.4.2 we discussed
different types of spin-glass transition, the continuous (or Full-RSB) and the discontinuous (or 1-RSB). Historically, the replica-symmetry-breaking name given to
such transitions comes from the replica method through which it was understood
that the symmetry which is broken, below the critical transition temperature, is the
symmetry in the replica space. In the discontinuous 1RSB case, the replica space
is clustered as in Figure 1.7b and the Gibbs measure of the phase space is split in
a convex combination of measures over each pure state α, see eq. (1.19).
In two seminal papers Parisi and Mezárd were able to derive, for tree-like models,
cavity (or message-passing) equations which can trace the behaviour of models in
the 1RSB phase and, furthermore, that these equations are equivalent to the 1RSB
replica equations for the same models [92, 101]. The corresponding algorithmic
version of these 1RSB cavity-equations, named Survey Propagation (SP), has been
applied with great success to describe the hard phase of constraint satisfaction
problems (CSP) as the identification of the random satisfiability threshold [102–
104].
In the following Sections 4.1 and 4.2 we review this formulation for the single
instance spin-glass case on a tree like topology following, with some variation, the
derivation given in the book [32]. Paper 1 aims to show the connection between
the cavity method in physics and message-passing algorithms and therefore contains
also a derivation of these equations as well as some practical example of applications
on satisfiability (SAT) problems. In Section 4.3 and 4.4, using an approach similar
to [32], we extend the Survey Propagation algorithm to the case of non-tree-like
graph focusing, in particular, on the 2-dimensional square lattice EA model. Paper
2 contains this novel derivation and a comparison with the replica method applied
on the same system [105].

4.1

1RSB Belief Propagation

In this section we derive 1RSB message-passing (or cavity) equations for a tree-like
spin-glass model. We summarize the derivation for the single-instance case (no
average over the disorder) given by Mézard and Montanari in their monograph [32]
with some variations. The original derivation of these equations for the average
case was obtained by Parisi and Mézard in [101].
As discussed in Section 1.4, the free energy landscape of a spin-glass model
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below the critical transition spin-glass temperature is very rough and presents an
abundant number of minima. Let us label these states by α, and denote the free
energy of each of them as fα = N1 (Eα − T Sα ). The assumption of the 1RSB
cavity method considers the joint probability distribution factorizable within each
pure state but not globally as in (2.15a). Let us assign to a measure α a weight
wα = eyfα /Ξ(y) where the parameter y plays the role of an inverse temperature
and acts as a re-weighting parameter for the states. The starting point of the
derivation [32] is the weighted sum of local minima of the free energy according to
the above measure, in the literature called replicated partition function [106, 107]
Z
X
.
Ξ=
e−βyN fα = eN [Σ(f )−βyf ] df = eN Φ(y,β)
(4.1)
α

The original problem of the Gibbs measure is recovered choosing y = 1. Let us
observe that, in the thermodynamic limit (N → ∞) the above integral in (4.1) is
dominated by the largest exponential term
f ∗ = arg max[Σ(f ) − βyf ]
Φ(y, β) = Σ(f ) − βyf
∗

∗

(4.2)
(4.3)

where the function Σ(f ) is the complexity or configurational entropy related to the
number of pure states Ω(f ) with a given free energy f as Ω(f ) = eN Σ(f ) . Once
the function Φ(y, β) is evaluated through a saddle point method, the complexity
can be computed by a Legendre transform. Alternative but equivalent definitions
of the complexity have been recently introduced in [108].
The number of local minima in (4.1) as well as their free energy fα is, in general,
unknown. Let us suppose that the graph topology is tree-like. We know that for
such case, the Bethe free energy is a good approximation of the actual free energy
and that it becomes exact in the thermodynamic limit. A reasonable starting
point to compute (4.1) is to approximate the free energy of each local minima
with the Bethe free energy computed at the BP fixed-point. This procedure is
supported by [87] where the author shows that stable BP fixed-point are local
minima of the Bethe free energy and by [109] where the authors discuss a connection
between message-passing fixed points and metastable states. The Bethe version of
the replicated partition function (4.1) can then be written as
X
.
ΞB =
e−βyFB [uα ]
(4.4)
α∈BP

where now the sum is extended to all the BP fixed-point and the FB [uα ] indicates
the Bethe free energy as a function of the fields u which parametrize the messages
m. We can rewrite the above sum as an integral over all the possible values of the
messages with delta functions enforcing that only BP fixed points contribute to the
integral. The result reads
Z
Y
ΞB = du e−yβFB [u]
δ(ua→i − ĝa→i )
(4.5)
ai
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Figure 4.1: Left panel: Original graphical model or first-level graph. The circles around
the variable nodes denotes the new regions for the auxiliary graph or second-level graphical
model. Right panel: Auxiliary graph with new variable nodes. Each one of these variable
node contains the messages heading to the same region in the first-level model. For the
example reported, each one of these nodes then contains 4 u-messages.
where ua→i = ĝa→i denotes the BP update equation as (2.17) and the product is
over all the factor and variable nodes in the tree-like graph. As already mentioned
in Section 2.3, the BP equations can be written by using just one type of messages.
Plugging (2.17b) into (2.17a) we can indeed use only the factor-to-node message
ua→i for a complete description of the BP equations. The delta constraints above
should then be thought as enforcing this unique set of equations, from factor to
node. In the following we adopt such parametrization of the BP fixed-point equations. Let us note that, in principle, the right hand side of equation (4.5) should
.
be multiplied by the determinant factor |det(1 − ∂F )| with ∂F = ∂∂uûa→i
the matrix
b→j
of the derivatives of the BP equations computed at the fixed point. We do not
discuss such determinant here but we refer to Paper 2 where we argue that, for
large locally tree-like graphs, this term is very close to unity. Using the expression
of the Bethe free energy shown in (3.17), equation (4.5) can then be rewritten as
Z
Y
Y
Y
ΞB = du
Za [u]y
Zi [u]y(1−di )
δ(ua→i − ĝa→i )
(4.6)
a

i

ai

The above equation can be interpreted as the partition function of a new statistical model, where the new variables are the field-messages u. This auxiliary model
can be represented in a factor graph having new factor and variable nodes and,
therefore, new potential functions and constraints. The partition functions Za and
Zi sit on each factor node a and variable node i respectively and act as potential
functions or re-weighting terms. The delta functions are constraints acting on the
u-messages going between a factor and a variable node therefore could be represented as additional factor nodes sitting on the edges or, alternatively, they could
be associated to the factor node a. Differently from [32], we choose this second
option. The interesting feature of this new graphical model is that it keeps the
same topological structure of the original one, therefore it is also a tree-like graph.
We refer to Figure 4.1 for an illustration. Hereafter we call the original graphical model the “first-level” model whereas this new auxiliary graph will be called
“second-level” model.
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In order to estimate ΞB we need to consider the distribution induced on the
messages u by the weighting wα (y). We here denote this distribution Py (u). As
noted above, the key observation is that this distribution can be represented using
a second-level graphical model whose variables are BP messages. Some factor node
enforces the BP equations and some other effects the re-weighting eyFB [u] . Since this
second-level model is also tree-like, we can use the BP algorithm on the auxiliary
model in order to estimate Py (u) and the complexity Σ(f ). The distribution induced
by wα (y) on the u-messages, being on a tree-like architecture, factorizes in the Bethe
manner and reads
Y
1 Y
Py (u) =
Ψa ({ub→j }j∈∂a )
Ψi ({ub→i }b∈∂i )(1−di )
(4.7)
ΞB (y) a
i
where we have introduced the potential functions
Y

Ψa ({ub→j }j∈∂a ) =
δ ua→i − ĝa→i (#) Zay [{ub→j }j∈∂a ]
Ψi ({ua→i }a∈∂i ) =

i∈∂a
Ziy [{ua→i }a∈∂i ]

(4.8a)
(4.8b)

and the symbol # is a shortcut for {ub→j }b∈∂j\a . Let us stress that we are dealing
with only one kind of message, from factor-to-node, and that since the choice of
how to graphically enforce the BP delta constraint is rather arbitrary we chose
to enclose these constraints in a factor node a in the auxiliary graph (equation
(4.8a)). We point out that reference [32] choses another expression for the Bethe free
energy which is equal to our choice (3.17) at the BP fixed-point. As a consequence,
equation (4.6) and (4.7) look different and the potential functions (4.8) have a
different definition.
By analogy with the belief of the first-level graphical model (2.15), we can define
the second-level beliefs for the auxiliary graph as follows
Wa ({ub→j }j∈∂a ) =

Y Y
1
Ψa ({ub→j }j∈∂a )
Qb→i ({ub→i }b∈∂i )
Ξa

(4.9a)

i∈∂a b∈∂i\a

Wi ({ua→i }a∈∂i ) =

Y
1
Ψi ({ua→i }a∈∂i )
Qa→i ({ua→i }a∈∂i )
Ξi

(4.9b)

a∈∂i

Note that, by the construction of the second-level model, the above beliefs depend
on all the u-messages inside and going through a given region. More specifically,
the belief Wa depends on all the messages going towards the variable node i and
j linked by the factor node a, whereas Wi depends on all the u-messages heading
to i. See Figure 4.2 for an illustration. The terms Qa→i are second-level messages,
or messages on the auxiliary graphical model, and are functions of the u-fields
used to parametrized the first level messages m. As the first-level messages are
functions of the variable sitting in the node they head to, the second-level messages
are functions of the first-level u-fields contained into the node they are directed to.
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Figure 4.2: Illustration of the beliefs (4.9) on the second-level graphical model. The Qmessages are pictured as arrows. The variable nodes i (j) contains all the u-fields that, on
the first-level graph, head to i (j). Left panel and right panel represent the belief (4.9a)
and (4.9b) respectively.

The functions Ψa and Ψi play the role of potential functions on the auxiliary model
and are defined in (4.8). Finally, the terms Ξa and Ξi are normalization factors for
the second-level beliefs as Za and Zi are normalizations for (2.15).
As for the first level, the second-level beliefs must obey consistency marginalization conditions
Z
dua\i Wa ({ub→j }j∈∂a ) = Wi ({ua→i }a∈∂i )
(4.10)
a\i

where the notation a\i means that the integration is carried
P over all the u-variables
which are in the belief of a but not in i, analogously to xj ba (xi , xj ) = bi (xi ) for
the first-level graph. Plugging the explicit expression (4.9) into (4.10), after some
algebra and simplification of common terms appearing on both side, we get the BP
equation for the second-level messages
Z
Y
Y
 y
Qa→i ({ua→i }) ∝
dub→j Za→i
[#] δ(ua→i − ĝ(#))
Q̃b→j ({ub→j })
b∈∂j\a

b∈∂j\a

(4.11)
where we have shortened the notation by writing {ua→i } = {ua→i }a∈∂i and ĝ(#) =
ĝa→i (#) and the symbol # is a shortcut for # = {ub→j }b∈∂j\a . The function
Za→i [#] is equal to Za /Zi when the BP equation enforced by the delta function
is satisfied. Let us note that, although the function Za does not depend just on
the messages {ub→j }b∈∂j\a , the ratio Za /Zi does once the BP equation for the
message ua→i = ĝa→i (#) is satisfied. A detailed derivation of Za→i is discussed
in Paper 2 for a more general case. Let us also observe that, for pairwise models
the deltas present in (4.8a) are two and that we have integrated out one of them,
i.e. δa→j . This delta enforces the BP condition for the message ua→j and, as a
consequence, it is substituted with the value of the function ĝa→j at the fixed-point
wherever this u-message appears. To be specific, it only appears as argument of
the Qb→i messages on the RHS so, to stress that one of the arguments of these Q
functions has been changed, we indicate them with a tilde sign. As it is written,
equation (4.11) arises as a message-passing scheme. By the knowledge of the Qb→i
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messages on the right hand side one can compute the message on the left hand side
by performing the integral. The known function Za→i acts as a re-weighting factor
with y as tuning parameter which plays the role of an inverse temperature.
This equation is known as 1RSB cavity equation or 1RSB belief propagation for the single instance case of a tree-like graphical model. In next section
we discuss the Survey Propagation ansatz and the resulting simplification of the
above equation which allows numerical iterations.

4.2

Survey Propagation

The BP equation for the graphical model at the second level, or the 1RSB cavity
equation (4.11), can be further simplified. The Qb→j messages going towards the
variable node j, all depend on a set of messages {ub→j }. The functions Q̃b→j
appearing on the RHS of (4.11) also depend on a set of messages, but with the
value of ua→j changed accordingly to the BP fixed-point equation, due to the
integration of δa→j . These are all joint probability distributions of real variables
and therefore hard to deal with in a message-passing scheme. To simplify the 1RSB
cavity equation, we can look for a class of solution of (4.11) such that the Qb→j
only depends on the underling message, i.e. Qb→j = Qb→j (ub→j ).
This is what the SP ansatz is about. We can then plug in this special assumption
on the right hand side and verify that it propagates on the left hand side as well.
If we make this assumption, the Q̃’s on the RHS of (4.11) lose their dependence on
the value of ĝa→j at the fixed point and therefore remain only functions Qb→j =
Qb→j (ub→j ). Let us observe that the integration is carried over all the variables
denoted as # = {ub→j }b∈∂j\a . Hence, after the integration, the right hand side of
(4.11) only depends on ua→i carried in by the delta function, which is the underlying
message of Qa→i sitting on the left hand side.
This proves that a class of second level messages of the type Qa→i = Qa→i (ua→i )
satisfy the 1RSB cavity equation as a special solution. The simplified result, after
the ansatz is taken, is known as Survey Propagation equation or algorithm and
reads
Z
Y
Y
 y
Qa→i (ua→i ) ∝
dub→j Za→i
[#] δ(ua→i − ĝ(#))
Qb→j (ub→i )
b∈∂j\a

b∈∂j\a

(4.12)
The above equation represents an iterative message-passing equation for the secondlevel messages (the probability distributions of the first-level u-field). It has been
celebrated for its success in problems where the Belief Propagation algorithm failed.
The most famous case where this algorithm has been applied, outperforming BP,
is the random k-SAT problem [102–104] where it proved to reach a larger range of
convergence in the hard-SAT-phase which corresponds to a 1RSB multi-valley free
energy landscape described in Section 1.4.
An interesting theoretical question is whether the 1RSB cavity equation (4.11)
can have a solution which is different from the SP one (4.12), as far as we know
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this has not been investigated in the literature. For the numerical iteration of the
Survey Propagation algorithm we address to [32,101] where a “population dynamic”
algorithmic scheme is presented as a possible efficient way for its iteration.

4.3

1RSB generalized Belief Propagation

In the previous two sections we discussed the derivation of 1RSB cavity equations
for tree-like models, so to obtain a class of equations able to outperform the BP
algorithm in the low temperature phase regime. In the rest of this chapter, following the derivation of Paper 2, we want to generalize the 1RSB message-passing
algorithm to loopy graphs. In detail, we want to extend the 1RSB approach to generalized BP equations for the EA square lattice model. In the first part of Paper 2
we recall the derivation of the generalized BP equation for a 2-dimensional square
lattice model with plaquette as maximal cluster. This derivation differs from the
procedure discussed in Section 3.2 but the GBP equations obtained are of course
the same and are also reported in Section 3.3 as saddle points equations of the
variational Kikuchi free energy.
In the second part of Paper 2 we derive a class of 1RSB generalized BP equation by applying the approach discussed in Section 4.1 to a square lattice model.
We start with the weighted sum of local minima of the free energy (4.1) and we
approximate the free energy of each metastable state α with the Kikuchi free energy
for this model, truncated at the plaquette maximal cluster. As for the BP case,
this procedure is supported by [109] where the authors show a connection between
GBP-Kikuchi fixed points and metastable states.
The replicated partition function is then approximated by
X
.
ΞK (y) =
e−βyFK [uα ]
(4.13)
α∈GBP

where the sum is extended to the GBP fixed-point and FK [uα ] indicates the Kikuchi
free energy. As shown in Section 3.3, for the 2-d square lattice with the plaquette maximal cluster region graph covering there exist two kind of messages: from
plaquette-to-link and from link-to-vertex, for each pair of parent-to-child region in
the whole graph. At the GBP fixed-point, this set of messages take some particular
value. We can therefore rewrite the sum above as an integral over all the u-messages
and enforce with delta functions that only the fields which satisfy GBP fixed-point
contribute to the integral, analogously to what we did for the tree-like case in (4.5).
The result reads
Z
Y
ΞK (y) = Duµ→ν e −β yFK [uµ→ν ]
δ[uµ→ν − Fµ→ν (û)]
(4.14)
hµ→νi

Q

Above Duµ→ν = µ→ν duµ→ν is the integration over all the possible values of the
parent-to-child messages whereas the delta functions enforce the GBP equations
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(3.24) and (3.25) which are shortly written as uµ→ν = Fµ→ν (û). As for the Bethe
case (4.5), also the RHS of equation (4.14) should contain a determinant factor
. ∂ û
|det(1−∂F )| with ∂F = ∂u µ→ν
the matrix of the derivatives of the GBP equations
µ0 →ν 0
computed at the fixed point. As far as we know, such determinant has not been
investigated in the literature. In what follows we assume that we can neglect this
determinant. This assumption is not crucial for the final result because equation
(4.15) will not be used for the final derivation.
In Section 3.3 we discussed how to write the Kikuchi free energy in terms of local
partition functions for the vertex, link and plaquette region computed at the GBP
fixed point. Substituting the expression (3.21) for such free energy, the Kikuchi
replicated partition function (4.14) can be rewritten as
Z
i
Y y Y −y Y y h Y
(4.15)
δ[uµ→ν − Fµ→ν (û)] ,
ΞK = Duµ→ν
ZP
ZL
Zi
P ∈R

L∈R

i∈R

hµ→νi

where the partition functions ZP , ZL and Zi are the normalization factors for the
beliefs (3.19) of the plaquette, link and vertex region respectively, reported explicitly
in Paper 2.
We want to stress here that, because of the gauge invariance property of the GBP
equations discussed in Section 3.3.2, the integration in (4.15) would, in principle, be
performed on infinitely many points. Indeed the delta functions can be satisfied by
a set of infinitely many values of the u-messages if the gauge is not fixed. Based on
observations reported in [99], in Paper 2 we discuss in detail how to fix the gauge
not only because it revels to be important for this aforementioned theoretical point
of view, but also technically crucial for some simplification in the derivation of the
1RSB generalized BP equations. One way of fixing the gauge is to opportunely
change the argument of some of the delta functions in (4.15). We do not discuss
this technicality here but address to Paper 2 for details and we hereafter assume
that the gauge has been fixed and therefore (4.15) is properly defined.
The Kikuchi partition function on the second-level defines a new statistical
model where the new variables are the GBP u-messages. This model can be represented as a graphical model with new variable nodes, new factor nodes which
enforce potential functions and constraints, in the same spirit as for (4.6). We
want then to define GBP message-passing equations for this auxiliary model, which
will be equations for second-level messages, i.e. probability distributions of the
first-level u-messages. This set of GBP equations on the second-level can be then
interpreted as 1RSB generalized BP equations. The starting point is to define the
second-level statistical model or, in other words, to define the new regions and assign the new potential functions and constraints. This procedure is not unique and
different ways of formulating it lead to different equations. We choose to define the
regions of the second-level statistical model in a one-to-one correspondence with
those on the first level. A plaquette α̂ on the auxiliary graph contains all the messages that go from a plaquette on the first-level graph to all its descendent and all
the messages which go to all these descendants from other ancestors which are not
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and vertices as regions. The arrows represent
partent-to-child
u-messages.
The yellow(43)
squared region defines the α̂ plaquette region on the 7second-level
graph 7(see right
7 region
7
panel). Similarly, the purple rod region and the red squared region define, respectively,
the link and the vertex region for the second-level graph. Right panel: second-level region
graph construction in terms of new plaquettes, links and vertices. The arrows represent the
second-level parent-to-child messages denoted as Q and q in the main text. The numbers
in the regions indicate how many field-messages are included in each of them as variables.
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the plaquette itself. A similar procedure applies to define the link region on the
second-level graph whereas the vertex, being a region with no children, is simply
given by all the u-messages heading to it from the four link regions on the first-level
graph. Figure 4.3 gives an illustration of the first and second-level region graph
and should help the reader to clarify this procedure. We refer to Paper 2 for a
detailed description of how to assign constraints and potential functions to the new
regions.
With this construction, the new auxiliary graph is topologically very similar
to the first-level one. It contains plaquettes, links and vertices and new parent-tochild messages Qp→c between these regions. These second level messages, as for the
Bethe case seen in Section 4.1 or for the standard GBP equations, are probability
distributions of all the u-fields contained in the child region they head to. Our goal
is to define a GBP algorithm for these new messages on the second-level region
graph.
Once the new regions are properly defined, we can introduce the second-level
beliefs as (4.9) for the tree-like case. These beliefs must obey consistency equations
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4.3. 1RSB GENERALIZED BELIEF PROPAGATION
equivalent to (4.10) which read
Z
duP \L WP ({uP →L }P ⊃L ) = WL ({uP →L }P ⊃L )
P \L
Z
duL\i WL ({uL→i }L⊃i ) = Wi ({uL→i }L⊃i )
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(4.16a)
(4.16b)

L\i

where we indicated by WP , WL and Wi the belief for the plaquette, link and vertex
respectively and the integration R\r is performed over all the messages which are
in R but not in r. Therefore equation (4.16a) represents the consistency marginalization condition for the plaquette and link regions, whereas (4.16b) for the link
and vertex region on the second-level graphical model. The next step is then to
write explicitly the expression for the region beliefs in (4.16) and simplify these
equations as much as possible. The detailed calculation is presented in Paper 2,
we here just report the result.
The 1RSB link-to-vertex GBP equation is derived from (4.16b) and the result
reads
Z
~ d~u Z y (U
~ , ~u) δ
qâ→î (~u) ∝
dU
(4.17)
a→i
a→i Q̃α̂→â Q̃β̂→â q̃ĉ→ĵ q̃dˆ5 →ĵ q̃dˆ6 →ĵ .
â\î

The labelling is referred to Figure 4.3. The delta function δa→i enforces the GBP
equation (3.24) whereas the function Za→i is defined as the rate between the link
and vertex partition function (Za /Zi ) when this link-to-vertex equation is satisfied (see Appendix of Paper 2). The second-level plaquette-to-link messages are
denoted Qp̂→ĉ whereas those link-to-vertex as qp̂→ĉ . The tilde notation on these
functions on the right hand side of the above equation means that some of their
arguments have been changed according to some GBP equations. To be more precise, in (4.17) the delta function δa→j has been integrated out, therefore the field
ua→j has been replaced by its fixed point value ĝa→j . The effect of this integration
on the arguments of the Q’s is signalled by a tilde hat.
Similarly, from the region beliefs of the plaquette and link on the second-level
(4.16a) we get the 1RSB plaquette-to-link equation
Z
y
~ d~u Zα→a
~ , ~u) Q̃ρ→b Q̃η→d Q̃λ→c
δa→i δa→j Qα→a qb→i qc→j ∝
dU
(U
α̂\â

· q̃d1 →l q̃d2 →l q̃d3 →k q̃d4 →k

(i)
(j)
· δα→a δα→a
δα→a
δ̃b→i δ̃c→j δa→i δa→j .

(4.18)

As for equation (4.17) the delta functions δa→i above enforces the link-to-vertex
(i)
(j)
GBP equation (3.24) whereas δα→a , δα→a , δα→a enforce the plaquette-to-link equations (3.25) for the fields. To arrive at the result in (4.18), in Paper 2 we perform
several integration over delta functions appearing on the RHS. The outcome of
these integrations on the Q’s and other deltas is, again, signalled by a tilde hat.
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The re-weighting function Zα→a is defined as the rate between the plaquette and
link partition function (Zα /Za ) when the plaquette-to-link GBP equation is satisfied. We refer to the Appendix of Paper 2 for a detailed calculation of this
function.
As previously noted, all the second-level messages in (4.17) and (4.18) are functions of all the u-messages contained in the child region they head to. This means
that Q = Q(u(14) ), which heads to a link region on the second-level graph, is a
function of fourteen u-messages and q = q(u(4) ), which heads to a vertex region, is
a function of four of them. In the next section we describe how to partially simplify
the 1RSB generalized BP equations by taking an SP-like ansatz for the second-level
messages, following the spirit of the approximation made in Section 4.2 to obtain
the Survey Propagation algorithm.

4.4

A class of Generalized Survey Propagation equations

In this section we want to verify if the 1RSB generalized BP equations for the 2-d
EA model (4.17) and (4.18) admit a special class of solution of the SP-type and
can therefore be written as a class of generalized Survey Propagation equations.
In Section 4.2 we have seen that, the SP ansatz, corresponds to assume that the
Qp̂→ĉ joint probability distribution of the first-level messages m only depends on
the underlying message mp→c . For the link-to-vertex equation, ml→v is a function
of one single spin and therefore can be parametrized by using just one real value
ul→v . For the plaquette-to-link case, instead, the message mp→l is a function of
two variable spins and it can be parametrized by using three real fields. This means
that the second level link-to-vertex message, within the SP ansatz, is assumed to
be ql̂→v̂ = ql̂→v̂ (ul→v ) whereas the plaquette-to-link is taken to be a function of
(i)
(j)
three u-messages as Qp̂→l̂ = Qp̂→l̂ (Up→l , up→l , up→l ).
Next step is to plug this ansatz into the RHS of equations (4.17) and (4.18)
and verify that it propagates to the LHS. As for the tree-like case discussed in
(4.2), once the SP ansatz for the second-level messages is taken, the Q and q
functions loose their tilde sign because they are not longer dependent on those
fields which were changed by the GBP fixed-point equations. In the last section of
Paper 2 we discuss in detail this procedure and show that a class of Generalized
Survey Propagation (GSP) equations can be obtained from this procedure. The
derivation is partly technical and involved. One reason is that a square lattice is a
redundant system or, in other words, a system containing many short loops. The
fields appearing in the GBP equations for this system are often chained to each
other within these loops and, for the final outcome, fixing the gauge of the GBP
equations becomes crucial because it allows to break some of the loops.
We conclude this section mentioning that a previous attempt to derive generalized Survey Propagation equations was made by Rizzo et al. in [105] by applying
the CVM formulation to the variational free energy of a n-times replicated system.
Thus by combing the replica approach with CVM, these authors derived replica-
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GBP equations. They formally give the recipe to derive k-RSB GBP equation with
this formalism but their extensive analytical and numerical investigation is then
restricted to the replica symmetric (RS) case, or the high temperature regime, for
the average case disordered system. The regime below the SG phase transition
temperature is investigated by using a perturbation theory around the transition.
Our method focuses on the derivation of 1RSB equations for the single instance
case by using the definition of a new statistical model. Our equations, for this
case, reduce to Rizzo’s et al. equations in the paramagnetic case, where some of
the q distributions can be assumed to be delta peaked and thus the GSP equations
simplify. The numerical analysis of our equations in this paramagnetic regime is
then identical to [105]. Below the SG transitions our GSP equations, on the other
hand, appear more involved and different from those of Rizzo et al.. In particular, as
the LHS of (4.18) remains a product of several distributions, a population dynamic
algorithm cannot be applied to iterate the message-passing scheme at the secondlevel and, therefore, a numerical simulation of the GSP equations is not achievable
by the same method. This limit is also encountered in [105] and seems to be
intrinsically related to the redundancy of the system considered (presence of loops).
We remark that this is a rather large difference compared to tree-like topologies for
example, where the resulting equations can be simulated in the low temperature
phase. This practical limitation illustrates the difficulties and challenges of finite
dimensional disordered systems.

Part II

Dynamics
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Chapter 5

Physics of dynamics of disordered
systems
“Would you tell me, please, which way I ought to go from here?”
“That depends a good deal on where you want to get to,” said the Cat.
“I don’t much care where -” said Alice.
“Then it doesn’t matter which way you go,” said the Cat.
“- so long as I get SOMEWHERE,” Alice added as an explanation.
“Oh, you’re sure to do that,” said the Cat, “if you only walk long enough.”
— Alice’s Adventures in Wonderland

The field of non-equilibrium statistical mechanics is wide and far-reaching. Using the broadest interpretation it includes the dynamics of all macroscopic systems
which can be formulated by a statistical description of the microscopic components
dynamics. At present is one of the most active areas in theoretical physics. It is
applied to phenomena at the smallest scales, such as subnuclear physics, up to the
largest scales considered in astrophysics, to phenomena in few body systems and to
many-particle systems showing a high degree of complexity and, last but not least,
to biological systems.
In contrast to equilibrium statistical mechanics, based on the universal method
of the Boltzmann-Gibbs distribution (see Section 1.1), there exists a variety of approaches to non equilibrium systems. One widespread opinion is that non equilibrium statistical physics cannot be based on general foundations analogous to those
of equilibrium statistical mechanics. In the equilibrium description Boltzmann factors exp(−βEi ) play a central role and the dynamics, i.e. the time evolution, is
eliminated. All that it is needed to be known are the energies of the various states,
then the equilibrium can be, at least formally, solved (there might be technical
difficulties). In non equilibrium problems, on the contrary, dynamics cannot be
forgotten and plays a central role.
Because of the primary importance that dynamics performs for non-equilibrium
phenomena, the diffuse opinion regarding statistical mechanics of non-equilibrium
73
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systems is that every case needs its peculiar modelling and a general universal
approach is, by some, considered an hopeless endeavour. Despite this common
point of view, many progresses have been made obtaining results which hold on
a fairly general scenario as Onsager’s relations [110], Gallavotti-Cohen fluctuation
theorem [111], the Jarzynski equality [112], just to give prominent examples.
Furthermore, the application of non-equilibrium statistical mechanics has been
pursued to the understanding of small systems, i.e. system made by few particles
or in the extreme case just of one particle. These studies gave birth to a new
field of research known as Stochastic Thermodynamics [113, 114] which is intended
as a framework for extending the notions of classical thermodynamics like work,
heat and entropy production to the level of individual trajectories of well-defined
non-equilibrium ensembles [115].
In the rest of this thesis we will focus on the non-equilibrium dynamics of complex networks, as those defined in Chapter 1 and discussed in Part I, therefore on
systems with many components located on a graph which interact according to
some given dynamical rule. After giving an historical overview on the dynamics
of complex systems in next Section, we cover two different main starting points to
treat dynamics of spin models. In Section 5.2 we introduce the Langevin equations
that represents one of the main starting point to study the dynamics of continuous
spin variables and more general dynamical processes. In Section 5.3 we discuss
the standard way to parametrize the dynamics of discrete spin models by using
probabilities of the spins state and writing dynamical equations for them. As for
the Langevin equation, this formalism in not restricted to spin systems but it is
fairly general. We conclude the chapter introducing different classes of graphs, diversified by different network connectivity symmetries, and dynamical observables
which will be used through the rest of the manuscript.
For what concern the following chapters, we first consider the case of discrete
time dynamics of Ising spin variables and discuss two different approaches in Chapter 6 and 7 referred, respectively, to Paper 3 and 4, to estimate non-equilibrium
marginals. We then continue studying the continuous time dynamics case presenting two diverse methods in Chapter 8 and 9 referred, respectively, to Paper 5 and
6. We conclude the Part II of this manuscript with Chapter 10, which summarizes
the work presented in Paper 7, where we discuss limits and extensions of the causal
theory in statistics.

5.1

Historical overview

The equilibrium of spin systems has been investigated for much longer than its dynamic counterpart. Several techniques have been invented for the computation of
marginals or the free energy of various systems, leading to either exact or approximated results. This kind of studies opened a deep understanding of the collective
behaviour of complex systems at equilibrium [51], phase transitions in disordered
models [116], universality classes [117], optimization problems [32] and several more
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important concepts in theoretical physics.
The disordered systems dynamics, compared to equilibrium, has been investigated much less. Much less is known about dynamics and a non-equilibrium statistical mechanics theory for disordered models is both under current development and,
at this point, not as general as the equilibrium counterpart [118,119]. The scientific
interest on non-equilibrium scenarios is though very high because many physical
systems and most of the living ones operate out-of-equilibrium. For these reasons,
in the last decades, more efforts were directed towards the resolution of dynamical
problems, purely physical ones or with biological applications. The latter cases
contributed also to stimulate new paths of research in inverse problems [120–123],
network reconstructions, spreading diseases [124,125], consensus [126,127] or - more
generally - information processes.
As we have seen in Chapter 1, the models that we here study can be represented
by interacting variables sitting on the nodes of a network or, more properly, by a
graphical model which can have different network architectures and connectivity
symmetries. The investigation of dynamics of complex systems is then, like equilibrium, performed by using different techniques which vary depending on several
factors.
A first classification can be made between models with variables which take
either continuous or discrete values. The diversity of the techniques in these cases
is generally due to technical mathematical details but, in some examples, also to
a rich difference in their physical behaviour. A second classification can be made
between densely (or fully) connected models and sparsely connected (or dilute)
ones, according to the definitions given in Section 1.3.1. A further categorization
of the dynamics is based on the different updates rules and on whether the time
is a continuous or discrete variable. A final grouping can be further based on the
connectivity symmetry of the interaction couplings in the network.
In any case, spin variables are always considered in contact with a thermal bath
and therefore subject to thermal fluctuations. For continuous spin variables, the
stochasticity can be modelled using a Langevin dynamics as it is possible to write
the variation of the spin value in a differential form (see Section 5.2) and thus,
historically, time for these cases has always been considered as continuous variable.
The fully connected spherical p-spin model is one of the more general systems
that belongs to this category. It was introduced in [59] where the static was solved
showing that the low temperature phase presents a 1RSB transition. In [128]
the dynamics was studied by using a Langevin description and solved by writing coupled closed equations for the correlation and response function [129]. This
model has been extensively studied due to the many interesting features that it
presents. Models belonging to this class appear to share similarities with structural glasses and therefore are a good candidate for the description of the glass
transition [130, 131]. The dynamical equations for these type of models resemble,
indeed, the mode-coupling like equations of supercooled liquids [132]. Besides, the
relaxation Langevin dynamics of the p-spin model was shown to display the interesting behaviour known as aging [129, 133]. The presence of many metastable
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states generates a purely dynamical transition which occurs at a temperature Td
higher than the static transition temperature Ts obtained with equilibrium calculations [59, 128]. Furthermore, metastable states can be defined and studied through
a TAP approach [134–136] which has been extended to the dynamical scenario
in [137] clarifying the connection between the dynamics and the evolution in the
free energy landscape [138]. More recently, in [139] an “extended” version of the
Plefka expansion [140] for continuous variables has been proposed. The basic idea of
this extension is to include among the set of order parameters all second moments,
i.e. two-time correlations and responses.
The fully connected p = 2 spin spherical case plays a special role in this context
as it represents the continuous spin variable version of the Sherrington-Kirkpatrick
model. In [141] it is shown that, in spite of having a very simple energy landscape
with only two equilibrium states and no signature of an exponential number of
metastable states, the dynamic of this model is far from trivial. In [142] the same
authors study the dynamics of the same model in a magnetic field. We refer to [143]
for a detailed review on the p = 2 special case.
The dilute version of the p-spin spherical model presents harder technical challenges and has been investigated much later than its fully connected counterpart.
In [144] it was shown that a crossover temperature replaces the dynamic transition
of the fully connected limit. In [145] the authors introduce a general formalism for
the derivation of a series of approximate equations that determine the dynamics
of disordered spin models on random graphs. This case, alike discrete variable examples on random graphs, assumes special interest for its application in computer
science [19]. For instance, the dilute p-spin ferromagnetic model represent the so
called XOR-sat problem and variation of the p-spin disorder spin-glass describe the
k-sat optimization problem [103] with continuous variables.
For discrete variables, as we will explain extensively in Section 5.3, the discontinuous nature of the spin values makes improper to formulate the problem starting
with Langevin-like equations. Therefore in this case, instead of writing differential
equations for the spin variables, one describes the stochasticity of the dynamics due
to contact with the heat bath by writing equations for the probability of the spin
states. This difference has led to the development of techniques and approaches
for the discrete spin case which are rather different from those employed for the
continuous one and only rarely the same method can be applied in both cases.
Furthermore, the relevance of these models to understand the dynamics in biological and neural networks, motivated research on networks having different connectivity symmetries. The exact solution of a dilute asymmetric neural network
model, for both parallel and asynchronous dynamics, dates back to [146]. Directed random graphs have been investigated by using different methods. Path
integral techniques for discrete spin variables have been introduced in [147] for parallel dynamics on directed graphs with finite connectivity. Later studies performed
on random graphs, because of the tree-like structure of such architectures, led
the extension of equilibrium techniques as the cavity method or belief-propagation
message-passing [32] to the dynamical scenario.
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The first contribution in this direction was made in [148], followed by [149],
where the authors generalized the cavity technique to the parallel dynamics of
the Ising model on a Bethe lattice for the stationary solution of directed graphs.
Random sequential updates rules have been considered in [150] but also limited to
stationary states. Paper 3 is about the first generalization to the out-of-equilibrium
scenario of these techniques for models with reversible dynamics. The theory is
discussed in Chapter 6. Our contribution was followed by [151] where further
improvements of the dynamic reconstruction were introduced at the price of a more
involved formalism and higher computational cost. In Paper 4, continuing along
the same line of research, we present a different approach based on the application
of the CVM to dynamics, for the same kind of discrete time updating rule of Ising
discrete spins. This novel approach is discussed in Chapter 7.
For what concern the continuous time dynamics of discrete spin systems progresses have been historically less compared to the discrete time case. Dynamical
TAP equations, in addition to the spherical p-spin case, have been derived also
for the fully connected Ising spin-glass [152] extending the Plefka expansion to
non-equilibrium cases. Path integral approaches to study the dynamic of the same
systems were applied by Sommers in [153]. A critical comment on this paper appeared later in [154].
A different method named Macrodynamics or Dynamical Replica Analysis (DRA)
when replicas are used to average, was introduced by Coolen, Laughton and Sherrington [1,2]. This approach aims to write differential equations for the probabilities
of some observables. It requires knowledge of certain non-equilibrium averages and
uses quasi-equilibrium probability distributions to achieve this task. Extensions of
this technique to discrete spin dynamics on random and diluted graph have been
made in [155, 156]. In [157] Nishimori et. al have presented some limit of validity
of the DRA, showing that some of the assumptions on which the method is based
fail under certain conditions. Chapter 9 shows an application of this method that
we discuss in Paper 6, although starting from a different point. We summarize
some of our critical thoughts about this approach in Section 9.4.
A very different method to investigate the dynamics of complex systems is presented in Chapter 8, where we resume the approach developed in Paper 5, and
which we believe be more promising for future extensions and applications.

5.2

Langevin dynamics
It would be a dull, gray world without noise.
— L. Cohen

The theory of Brownian motion is one of the simplest approximate way to treat
the dynamics of non-equilibrium systems. The fundamental equation is called the
Langevin equation which contains both frictional forces and random forces. Historically it has been introduced to describe the motion of a small particle immersed
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in a fluid which was later denoted “Brownian particle” because of the botanist R.
Brown who, in 1827, was the first to observe the irregularities of such motion [158].
The riddle of Brownian motion was not quickly solved and a satisfactory explanation was made by Einstein in 1905 [159]. The same explanation was independently
developed by Smoluchowski [160]. Early investigations of this phenomenon were
made on pollen grains, dust particles, and various other objects of colloidal size.
Later it became clear that such theory could be applied successfully to many
other phenomena. In particular, the theory of Brownian motion has been extended
to situations where the Brownian particle is not a real particle at all, but instead
some collective property of a macroscopic system. To give few examples, the Brownian dynamics could refer to the instantaneous concentration of any component or,
regarding cases treated within this thesis, the instantaneous continuous spin value
of a site i on a network. In this latter case the irregular fluctuations in time of the
spin value are due to interactions with a certain number of other neighbours and to
contact with an heat bath at temperature
T . For a system of N continuous spins
PN
subject to the spherical constraint i=1 x2i (t) = N and described by an Hamiltonian H(x), which may contain some quenched disorder, the Langevin equation for
each site i reads [161–163]
Γ−1
o

∂H(x)
dxi
= −β
− µ(t)xi (t) + ηi (t)
dt
∂xi

(5.1)

In above the kinetic coefficient Γ0 sets the scale of the microscopic dynamics, β is the
inverse temperature and the Boltzmann’s constant kB is taken equal to unity. The
term µ(t) is a Lagrange multiplier that enforces the spherical constraint whereas
ηi (t) represents a fluctuating thermal noise, also referred as white noise, having a
Gaussian probability distribution P (η) completely specified by
hηi (t)i = 0
hni (t)nj (s)i =

2Γ−1
0 δij δ(t

(5.2a)
− s)

(5.2b)

The factor 2Γ−1
plays an important role because it relates the strength of the
0
noise to the friction coefficient. The delta function in time indicates that there
is no correlation between impacts in any distinct time intervals dt and ds and the
Kronecker delta that there is no correlation between the noise of two different spins.
The total force acting on the spin variable has been partitioned into a mechanical
contribution due to the friction and a fluctuating part due to the thermal noise.
Both friction and noise originate from the interaction of the Brownian particle (or
in this case of the spin variable) with its environment, the “heat bath”. This simple
physical fact is responsible for the existence of a fundamental relation between
friction and noise, named the Fluctuation Dissipation Theorem [164].
Because of the presence of noise, the Langevin equation represents one of the
simplest and more famous example of stochastic equation. It cannot be solved in
a usual sense, because the term ηi (t) is not known and we are only aware of its
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probability distribution. Therefore equation (5.1) may be solved only in a probabilistic sense. One must find xi (t) as an explicit functional of the noise ηi (t) and
compute the probability distribution of the xi induced by the ηi . An important
property of this description in terms of probabilities is that the probability distribution of the variable xi at time t, associated to (5.1) satisfy the Fokker-Planck
equation [163,165] which can be shown to converge asymptotically to the canonical
distribution Peq ∝ exp(−βH(x)).
To determine the evolution of observable of interest for a system obeying a
Langevin equation different methods have been developed and applied depending
on the context and the specific model. The generating functional method [166],
which has been first used and studied in the field of spin-glasses in [167,168], allows
to compute differential equations for correlations and responses at different times
as derivative of a generating function Z.
In the rest of this thesis we deal with the dynamics of discrete spin systems for
which it is thus cumbersome, if not improper, to formulate the problem starting
with Langevin-like equations. We see in next section that, for Ising discrete spins,
one describes the stochasticity of the dynamics due to the contact with the heat
bath by writing equations for the probability of the spins state.

5.3

Discrete spin dynamics in probabilistic form
It is a truth very certain that when it is not in our power to
determine what is true we ought to follow what is most probable.
— Descartes
The most important questions of life are indeed, for the
most part, really only problems of probability.
— Pierre S. Laplace

When the variables on the node of a graph are discrete it is not possible to make
a description of the spin dynamics in term of the Langevin equation (5.1). Therefore
the stochasticity of the dynamics due to thermal fluctuations must be modelled and
parametrized in a different way. Because of the randomness of the processes that we
here consider, the natural mathematical description of their phenomenology leads
to formulate a probabilistic modelling of the dynamics.
The question we want to address is then: given the values of the N variable
spins xi = ±1 with i ∈ {1, 2, . . . , N } at time t, what is the probability to find a
given microscopic configuration x(t + ∆t) = {x1 (t + ∆t), . . . , xN (t + ∆t)} at time
t + ∆t ? The answer to this query depends obviously on the update rule. A most
conventional way to describe mathematically the probabilistic effect of thermal
fluctuations for spin systems is the Glauber dynamics [169]. This specific evolution
rule will be discussed extensively in the following sections, we here remark two
versions of it which have become popular in the scientific community [9, 11]:
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• The first one assumes that all the spins are updated simultaneously at discrete
time steps n, where n = 1, 2, . . . as if the evolution is governed by a clock. The
inputs on the activity of the variable node i are determined by the activity
of the network in the time interval (n − 1) ≤ t ≤ n. This type of dynamics
can be described in terms of network states and it is referred as parallel or
synchronous.
• The second postulates that the spins are updated one by one, in some prescribed sequence or in a random order. In this type of dynamics a spin state
is updated based on the full information of the state of all the other spins,
updated before it. This kind of updating rule is referred to as sequential or
asynchronous.

We discuss separately these two different types of spin dynamics in the following
sections. In Chapter 6 and 7, referred respectively to Paper 3 and 4, we introduce two novel approaches for the investigation of the out-of-equilibrium regime
of spin systems with a parallel dynamic evolution law. In Chapter 8 and 9, referred respectively to Paper 5 and 6, we consider instead the more realistic case
of asynchronous update rule in continuous time dynamics.

5.3.1

Parallel dynamics

In the synchronous dynamics the N spin variables in the network are assumed to
be updated at integral multiples of a time period and therefore, for such update,
the elementary time interval is taken to be ∆t = 1. The probability of having a
spin flip at time t is determined by the activities of all the neighbours of that spin
in the time interval (n − 1) ≤ t ≤ n. In this case the stochastic noise on each spin
variable is assumed to be independent and, therefore, the conditional probability
distribution to find a state x(t + ∆t) = {x1 (t + ∆t), . . . , xN (t + ∆t)} ∈ {−1, 1}N
given a state x(t) ∈ {−1, 1}N equals the product of the individual probability at
that time [9, 11]
W (x(t)|x0 (t − 1)) =

N
Y

wi (xi (t)|x0 (t − 1))

(5.3)

i=1

where wi (xi (t)|x0 (t − 1)) is the local transition probability for spin i at time t
given the state of the system at the previous time step. The probability wi above is
written in the most general form, for the Glauber dynamic case it is usually assumed
to be a conditional probability only on the state values of the spins neighbouring i
at t − 1, and explicitly written as [169]
wi (xi (t)|x0∂i (t − 1)) =


1
[1 + xi (t) tanh β ĥi (x0∂i ) ].
2

(5.4)

. P
The term ĥi (x0∂i ) = j∈∂i Jij xj (t − 1) represents the external local fields acting on
spin i at time t given the configuration of the spin neighbours j ∈ ∂i at time t − 1.
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The term β = 1/kB T represents an inverse temperature. For β → 0 the dynamics
just assigns random values to the state of the updated spin. In the noiseless (or
zero temperature) limit (β → ∞) the transition probabilities of the individual spin
in (5.4) become a step-function, namely
1
lim [1 + tanh(βh)] =
β→∞ 2

(

0 if h ≤ 0
1 if h > 0

(5.5)

and therefore the state xi(tP
− 1) makes a deterministic
transition to the state xi (t)

according to xi (t) = sign
J
x
(t
−
1)
for
i
∈
{1,
2, . . . , N }.
j∈∂i ij j
Once the transition probability W (x(t)|x0 (t − 1)) is known, the probability to
find the system in a state x at time t can be formally computed from the probability
of the system in the state x0 at time t − 1 as
Pt (xt ) =

X

W (xt |x0t−1 )Pt−1 (x0t−1 )

(5.6)

x0t−1

where the notation has been changed xt = x(t) for brevity. Equation (5.6) represents a Markov chain, indeed it shows that the probability of the state x at
time t depends only on the probability at time t − 1 and not at earlier times. In
this respect, it seems natural to use the terminology “transition probability” for
the function W (xt |x0t−1 ), indeed it describes the probability of making a transition from the state x0t−1 to the statePxt in one time interval. Being a conditional
probability, W (xt |x0t−1 ) ∈ [0, 1] and xt W (xt |x0t−1 ) = 1.
Let us mention that, for very large systems, equation (5.6) is impossible to solve
exactly. Indeed the sum over x0t−1 involves 2N operations at each time step and
therefore it is feasible only for very small systems and short time dynamics. In
order to describe the dynamic behaviour of systems in the thermodynamic limit,
which is one of the goals of non-equilibrium statistical mechanics, for the general
case such equation need to be approximated. Chapter 6 and 7, as well as Paper 3
and 4, discuss two different approaches to reproduce the approximated dynamics
of (5.6) on dilute networks.
We conclude this section mentioning that the parallel dynamics here described
is unrealistic for the description of the dynamics of physical systems. One reason
being that the synchronous update rule, which makes the system evolving as if it
is subject to a clock, is an abstraction for real situations. In these latter cases the
variables usually update in a correlated way but not all at the same time. Another
limit that makes the parallel dynamic update rule unnatural is the assumption of
time discretization, indeed in real systems time is a continuous variable. Despite
these abstractions, parallel Glauber dynamics for spin systems has been extensively
applied in many cases, included the investigation of neural networks evolution [9,11,
52], mostly for the simplicity of its mathematical framework compared to the case
of sequential update and because it catches important aspects of the real dynamics.
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5.3.2

Sequential dynamics

An alternative update rule which is still an idealization of the real picture but comes
closer to capturing the real dynamics compared to the parallel update scheme is
the asynchronous or sequential update dynamics.
The underlying idea is that within a unit time interval, a mean rate of N updates
is performed. One way to do this is to pick randomly a spin i in the network, update
it according to a local rule, and repeat the random picking sequentially N times
in a unite time interval. To avoid that in a time interval some spin is updated
more than once and some other is not updated at all, an alternative way is to
define a random sequence of N elements and update the spins according to this
ordering. This update scheme assumes that in a time interval δt → 0 only one
spin can be updated or, more rigorously, that the probability of having two spins
updated within the same time interval is O(δt2 ). According to this procedure, spins
which are consecutively updated have inputs which may differ only by the state of
a single spin. On this shorter time scale we recover a Markov process in the space
of network states, with non-vanishing transition probabilities between states that
differ by a single spin state.
In the case of random sequential dynamics then, the stochasticity of the dynamics is both in the stochastic update of the chosen spin and in the choice of the site
i to be updated. The transition probability W (xt |x0t−1 ) can be either zero, if more
than a spin is updated in the time interval δt, or is something that locally depends
on the updated spin i and its neighbours, analogously to (5.4). Explicitly, we can
write this transition probability from a state x0 (t − 1) to a state x(t) as [11]:
W (xt |x0t−1 ) =

o
Y
1 X n1
[1 + xi (t) tanh(β ĥi (x0∂i ))]
δxj ,x0j
N i
2

(5.7)

j6=i

where some time dependences have been omitted to keep a simple notation. The
Kronecker delta function inside the brackets assures that W (xt |x0t−1 ) is different
from zero only when no more than a single spin is updated at the same time whereas
the transition rate for spin i is the same as for the single site update in the parallel
scheme (see equation (5.4)). Finally, the sum outside the parenthesis guarantees
that such computation is averaged over the all whole network. Considering, for
simplicity, a time interval ∆t = 1, let us rewrite equation (5.6) in the following way
X
Pt (xt ) =
W (xt |x0t−1 )Pt−1 (x0t−1 ) + W (xt |xt−1 )Pt−1 (xt−1 )
x0t−1 6=xt−1

=

X

x0t−1 6=xt


W (xt |x0t−1 )Pt−1 (x0t−1 ) + 1 −

= Pt−1 (xt−1 ) +

X

x0t−1 6=xt−1

X

x0t−1 6=xt


W (x0t |xt−1 ) Pt−1 (xt−1 )

[W (xt |x0t−1 )Pt−1 (x0t−1 ) − W (x0t |xt−1 )Pt−1 (xt−1 )]
(5.8)
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where in the second
equality we used the property that W is a probability disP
tribution, i.e.
W
(xt |x0t−1 ) = 1. Equation (5.8) resembles the master equaxt
tion [4, 163, 170] and it can be easily turned into it. By defining the spin flip
operator Fi x = {x1 , . . . , xi−1 , −xi , xi+1 . . . , xN } and the rate ri (x0 ) = 1/2[1 −
xi (t) tanh(β ĥi (x0∂i ))], equation (5.8), for a interval equal to dt, can be rewritten as
Pt+δt (xt+δt ) − Pt (xt ) =

N
1 X
[ri (Fi x)Pt (Fi x) − ri (x)Pt (x)].
N i=1

(5.9)

If we now choose dt = 1/N and take the limit dt → 0 (or the thermodynamic limit
N → ∞) the above equation becomes the master equation for continuous time
processes [11, 161, 163, 170]
∂Pt (xt ) X
[ri (Fi x)Pt (Fi x) − ri (x)Pt (x)].
=
∂t
i=1
N

(5.10)

We remark that the quantities ri (x) have the role of transition rates for the spin
i. In the most general case they depend on the state of the whole network but are
more often restricted to be dependent only on the state of the i-neighbours. The
probability in a time interval dt for spin i of changing state is then given by ri (x)dt.
The master equation (5.10) is a gain-loss equation for the probability distribution
of the state x. The first term on the RHS represents the gain of the state Fi x due
to the transition into the state x, indeed this process increases the probability of
being in x and has a positive sign. The second term represents the loss due to the
transition from x to Fi x which reduces the probability of being in x and therefore
has a negative sign.
Let us observe that (5.10) represents, in a compact form, 2N differential equations: one for each configuration x of the system which have to be solved at the
same time, starting from some initial conditions. For large systems this becomes
soon an impossible computational task and therefore the exact solution of the master equation is limited to small systems or specific cases in the thermodynamic
limit [169, 171, 172]. For general cases an exact solution is usually unfeasible and
therefore different methods focus on approximate schemes. In Chapter 8 and in
Paper 5 we consider the case of random variables located on a random tree-like
network and introduce a cavity method for the continuous time dynamics. This
novel approach leads to a local version of the master equation (5.10) which can be
solved through a closure scheme. In Chapter 9 and Paper 6 we discuss an approach to approximate the dynamic described by (5.10) for spin systems based on
the extension of equilibrium probability distributions to non-equilibrium regimes.

5.3.3

Detailed balance

In this section we introduce the concept of detailed balance and stationary equilibrium probability distribution for a Markov chain. We start by noting that the
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master equation is a fairly general equation which holds for probabilities of Markov
processes. The derivation given in 5.3.2 focuses on the discrete spin case and introduces the spin flip operator but, more generally, a master equation can be written
for a system in a state x which can make transition to another state y as
∂P (x) X
=
[r(y → x)P (y) − r(x → y)P (x)].
∂t
y

(5.11)

where r(x → y) represents the transition rate from the state x to the state y and
time dependence is omitted for brevity. Let us focus on the stationary solution
(t → ∞) of the above equation, or in other words, the case when Ṗ∞ (xt ) = 0.
From the right hand side of (5.11) we easily get the balance for the steady state
condition
X
X
r(y → x)P∞ (y) =
r(x → y)P∞ (x)
(5.12)
y

y

This equation states that the net probability flux of the transition into the state x
must balance the flux of the transitions from the state x to all the other states. A
stronger requirement demands that the equality in (5.12) is satisfied for each term
in the sum separately, giving rise to the detailed balance condition
r(y → x)P∞ (y) = r(x → y)P∞ (x)

(5.13)

for all the possible x, y states of the system (for the discrete spin case all the states
∈ {−1, 1}N . Equation (5.13) states that the number of transition per time from
state x into state y balances the number
of transition per time from the state y
P
to the state x. Remembering that y r(x → y) = 1 we see that every probability
distribution which satisfy (5.12) or (5.13) is necessarily stationary, indeed
X
P∞ (x) =
r(y → x)P∞ (y)
(5.14)
y

Let us observe that although the detailed balance condition has been derived from
the mater equation, it can be stated also as a requirement for the discrete time
systems and, indeed, the stationary condition (5.14) is the same condition that one
would expect from (5.6).
We want here to highlight two key points of the detailed balance condition. It
can be easily proved [11] that if one plugs the Glauber dynamics transition probability into the detailed balance, both for the parallel and sequential case, the condition
(5.13) is satisfied and leads P∞ (x) to be the Boltzmann distribution. This means
that the Glauber dynamics reproduces the equilibrium probability distribution for
long time dynamics. This result is not valid for general systems but only for those
having symmetric interaction couplings (Jij = Jji ). Additionally, as shown in [11],
symmetric interactions implies detailed balance and vice versa. From these observations one can easily infer that systems with non-symmetric couplings (Jij 6= Jji )
do not satisfy detailed balance and therefore do not reach an equilibrium state but
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their long time dynamics is rather characterized by stationary steady-states or periodic limit cycles, to give some examples. The dynamic evolution of systems with
non-symmetric couplings will be considered in Chapter 6, 7 as in Paper 3 and 4.

5.4

Graph interactions symmetries

In Section 1.3.1 we introduced the topological structure of a network by defining
the adjacency matrix C = {cij } in equation (1.5). If two nodes (i, j) are connected
then the element of the matrix cij = 1 and zero otherwise. Although this quantity encodes the network architecture, it does not give any information about the
magnitude of the interaction between (i, j), this information is indeed stored in the
coupling matrix J = {Jij }.
In what follows we want to introduce different coupling symmetries which define
different graph architectures used in Chapter 6 and 7. Formally we could define
the couplings Jij = cij wij where cij is the element of the adjacency matrix and
signals whether a link is present or not whereas wij is a real number, element of the
magnitude coupling matrix W = {wij }, which indicates the strength of the couplings between (i, j). In this way the interaction coupling matrix J encodes all the
information about the network, both the topological structure and the strength of
the couplings. Depending on the symmetry of the interaction matrix we distinguish
three different kinds of graphs useful for the following:
• Fully asymmetric or directed graph. The couplings matrix is such that that
if Jij 6= 0 then Jji = 0 which means that if there is a connection i → j the
opposite connection is absent.
• Fully symmetric graph. The coupling matrix is symmetric, i.e. Jij = Jji and
therefore i interact to j with the same magnitude that j interacts with i.
• Partially symmetric graph. The coupling matrix is such that Jij =  Jji
where  is a positive real number  ∈ ]0, 1[ that controls the asymmetry in the
coupling strength. Let us observe that the previous listed fully asymmetric
and symmetric case can be recovered from the extreme values  = 0 and  = 1
respectively.
For all these cases self-interactions Jii might be present or not. In what follows
we will only focus on cases where such interactions are absent but we stress that
the methods described in the rest of this thesis can be extended to models where
Jii 6= 0.

5.5

Dynamical observables

The methods that we will introduce in the following aim to give an approximate
version of some marginal probability distribution of a subset of the spins at any time
in the dynamics. The knowledge of this probability is a very detailed information
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about the state of the system which allows for the computation of several observables, measurable in numerical simulations or real experiments. From the single-site
probability distribution we can define the time-dependent local magnetization of a
spin i as
X
Pt (xi (t))xi (t)
(5.15)
mi (t) =
xi (t)

for each i ∈ {1, . . . , N } in the network and further observe that mi (t) ∈ [−1, 1] is
the first moment of the probability distribution Pt (x(t)). The arithmetic average
of this local quantity defines the global magnetization of the system as m(t) =
PN
1/N i=1 mi (t). The global magnetization acquires special importance because it
represents the order parameter which can flag a ferromagnetic phase transition, as
also discussed in Section 1.4.1.
The knowledge of the two-sites two-times marginal probability distribution allows for the computation of the correlation function between a spin i at time t and
a spin j at time s as
X

Cij (t, s) =
Pt xi (t), xj (s) xi (t)xj (s)
(5.16)
xi (t),xj (t)

This quantity represents the second moment of the distribution Pt (x(t)) and it is a
measure of reciprocal influence between two spins at different times and Cij (t, s) ∈
[−1, 1]. Let us not that in (5.15) and (5.16) we used the same symbol for the
probability distribution to keep notation simple, although these two probability
distributions are different. From the joint probability of larger sets of spins one
can, in principle, compute correlations between three or more-body at different
times, generalizing the definition of (5.16), and obtaining the n-moments of the
distribution Pt (x(t)).
Another important quantity for the study of dynamical system is the response
function. It is a measure of the effect on the system, say the magnetization change
of site i at time t, as a consequence of the application of an external field h acting
on another spin j, at a previous time s. The response is defined as
Rij (t, s) =

∂mi (t)
∂hj (s)

(5.17)

and, at equilibrium, it is related to the correlation function through the Fluctuation
Dissipation Theorem [164]. Although it is an observable of high interest, in the following we will focus mainly on the behaviour of the magnetization and correlations
in the equilibrium and non-equilibrium regime.

Chapter 6

Dynamic message-passing
algorithm
Panta Rhei.
— Heraclitus

In the previous chapter we remarked that one of the goal of out-of-equilibrium
statistical mechanics consists in predicting and investigating the behaviour of observables of interest in the non-equilibrium regime. This pursuit is motivated by
at least two reasons. First of all, the transient regime is fascinating in itself as it
represents a temporal window where fluctuations from some average value of the
observables might be considerably large and new phenomena might appear. Second,
we recall that equilibrium calculations are possible only for those systems where
detail balance is satisfied and, therefore, the prediction of the long time relaxation
behaviour can be used to investigate the stationary steady-state behaviour for those
systems where equilibrium does not exist or is not defined.
For such goals, the prediction or approximation of non-equilibrium marginal
probabilities becomes really important because it allows the access to very detailed
information about the system in its transient regime. In this chapter we review a
method that we introduced in Paper 3 and we named dynamic message-passing
(DMP) because, in a nutshell, it represents an extension of BP message-passing
schemes (see Chapter 2) to non-equilibrium systems or graphical models which
include spin dynamics.

6.1

Motivations

The message-passing BP algorithm introduced in Chapter 2 is known to be an
efficient techniques to compute marginal distributions for graphical models, as spin
systems on a network, and therefore estimate the Bethe free energy. The celebrated
advances of this method resides in the computational effort for such estimation,
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indeed the computation of marginals from the joint probability distribution takes
an exponential time in the system size whereas the BP computational cost, for the
same task, increases linearly with it.
For this reason, several efforts have been pursued attempting to extend the
BP message-passing (or cavity method) technique to non-equilibrium states. A
pioneering contribution in this direction was made by Neri and Bollé in [148] who
used the cavity method to study the parallel dynamics of disordered Ising models
on a graph. Although very original, for what concerns the dynamical investigation
of these systems, this work focused on random graphs with exclusively directed
edges which correspond to fully asymmetric networks (see the classification given
in Sec. 5.4). Regarding the more general scenario of directed graphs, the authors
in [148] developed an approximated method that allows to recover the stationary
or equilibrium solution of partially asymmetric or fully symmetric graph. Except
for the simplest case of fully asymmetric graph then, the extension of the cavity
method to dynamics in this work was limited to the long time behaviour. This
contribution was soon followed by a series of papers by Aurell and Mahmoudi who
extended the cavity method technique of Neri and Bollé to the computation of
stationary states not only for parallel dynamics, but also for random sequential
update rules [149, 173] and proved that [150], for low enough temperatures, this
method outperforms naive mean-field and dynamic TAP [152].
In the aforementioned works, the use of a cavity method technique to study
dynamics of graphical models has been limited to stationary solutions. An extension
to the dynamical scenario was made only for those models with “unidirectional”
or “irreversible” dynamics as, for instance, cascade processes on a graph [174], or
several epidemic models like the susceptible-infected-recovered (SIR) model [175].
The dynamics of these systems is generally simpler that the general “reversible”
case because it can be parametrized by a finite number of transitions between
the limited possible states that each variable can assume within the network. As
an example, one can think the SIR model as a system with only two possible
transitions: from susceptible-to-infected and then from infected-to-recovered. In
this case a convenient and efficient way to parametrize the dynamics consists in
using the times at which the transitions occour and this allows for high reduction
of computational complexity.
The more general case of graphical models with reversible dynamics has remained un-investigated. In Paper 3 we developed a method based on a systematic
and extendible approximation which allows the estimation of marginals also in the
transient regime for Ising spin models with reversible dynamics. We present the
key ingredients in the rest of this chapter.

6.2

Removal of temporal loops through graph expansion

In Paper 3 we consider a graphical model defined on a tree-like topology with a parallel dynamics as defined in Section 5.3.1 and therefore with a transition rule given
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(b) Interactions in the kinetic Ising model

Figure 6.1: Factor graph representation of the original network. Circles represents spin
Friday, November 14, 14

variables whereas boxes represent interactions. Black squares illustrate the interaction
between one spin and one of its neighbours, i.e. φij (xi (t), xj (t − 1)), whereas coloured
squares picture the interaction among neighbours of a given spin, i.e. φj ({xj (t − 1)}j∈∂i ).
Panel (b) illustrates these two kinds of interactions for the specific case of the kinetic Ising
model (6.1).

by (5.3). In the specific case, we consider a local transition rate wi (xti |{xt−1
j }j∈∂i )
at time t where {xt−1
}
indicates
all
the
neighbours
of
spin
i
at
time
t
−
1, with
j∈∂i
j
t
xi = ±1. Illustrating this kind of interaction rule by using a factor graph representation we realize that, despite the topology of the original graph is tree-like, the
existence of spin interactions in time such those given by wi naturally generates
loops. We refer to Figure 6.1 for an illustration where we represent the network
at time t and t − 1 and we depict all the interactions acting at these two times
with factor nodes. In general, a transition rate wi = wi (xti |{xjt−1 }j∈∂i ) involves two
kinds of interactions: a class of them involves spin i and its neighbours at time t
and t−1, i.e. φij (xi (t), xj (t − 1)), and another kind involves only the neighbours of
i at time t − 1, i.e. φj ({xj (t − 1)}j∈∂i ). A prototypical example of such interaction
rule, studied in statistical physics, is the kinetic Ising model with transition rate
defined as
Q
β(Jij xti xt−1
+hti xti )
j
j∈∂i e
t−1
t
wi (xi |{xj }j∈∂i ) =
(6.1)
P
2 cosh(β( j∈∂i Jij xt−1
+ hti xti ))
j

which is equivalent to (5.4), with the addition of an external local field hti . The Jij
are the interaction couplings between two nodes which do not need to be necessarily
symmetric whereas hti is an external local field (see Fig. 6.1b for an illustration of
this interaction rate using a factor node representation with zero local field).
In order to apply Belief-Propagation or cavity-like techniques as those presented
in Chapter 2 to a graphical model with the transition rate defined as in (6.1), a key
point consists in getting rid of the loops generated by the dynamics. In Paper 3,
inspired by the loop removal techniques for equilibrium cases presented in [32,174],
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we propose a way to remove cycles through a graph expansion. Following this approach, the original loopy graph is mapped into an auxiliary graph which does not
contain loops and on which message-passing methods can be applied straightforwardly.
The loop removal procedure consists in creating a new factor graph where all the
interactions shown in Figure 6.1b at consecutive times, or equivalently in equation
(6.1), are collected in a unique factor node. The new factor nodes in the auxiliary
graph take the place of the variable nodes in the original graph, they are therefore
located on a tree-like structure. The new variable nodes sit on the link which
connects two factor nodes. We observe that each factor node, with this construction,
includes the whole interaction rate wi as that defined in equation (6.1). Let us
now point out an important consequence of this procedure. In order to guarantee
that each of these factor nodes is connected with all the variables x’s involved in
the interactions present in w, each variable node must include two spin variables.
Figure 6.2a illustrates this point for the case of the network considered at time
s with focus on the interaction term of spin i. As the figure shows, the variable
xsi needs to be replicated because it also appears in the interaction factor of the
neighbouring variables j’s.
More generally, if we want to construct a tree graph which includes the interactions between the spin variables for the entire spin dynamics we have to extend
this reasoning to the whole dynamics from time 0 to time t. This means that
variable nodes must include the spin history of two variables (and not only their
value at time s and s − 1) and that factor nodes must account for the interactions
between a spin and its neighbours along the whole dynamics. Let us denote by
(ij)
Xi = (xi (0), xi (1), . . . , xi (t)) the spin history of spin i, and with Xi
the same
spin history included in the variable node (i, j). Then each factor node accounts
for the following interactions
Ψ(Xi

(ij)

(ij)

, {Xj

}j∈∂i ) = P0

t
Y

wi (xsi |{xs−1
}j∈∂i ) · δX (ij1 ) , X (ij2 ) ,...,X
j

s=1

i

i

i

(6.2)

where the delta function enforces that the spin history of the same spin in different
variable nodes agree and P0 is the initial probability distribution which is assumed
to factorize. To shorten notation we omitted the superscript (ij) on the x variables
on the RHS of the above equation. Figure 6.2b gives an illustration of the final
auxiliary graph.

6.3

Dynamic message-passing equations

The loop removal procedure illustrated in the previous section brings to a new
auxiliary graph which is tree-like although the original graph presents short cycles.
The price of this topological simplification consists in having more complicated
interactions encoded by the factor graphs and in having two spin histories in each
variable node.

91

6.3. DYNAMIC MESSAGE-PASSING EQUATIONS
j2

k1

xsi , xsj1

j1

Q

k2

1

2 cosh(

P

1

xsi , xsj3

1

i

t

j2@i

xsi , xsj2

t

e Jij xi xj
j2@i

1

Jij xtj

j3
1

)

(a) Auxiliary graph at time s, s − 1

k1

(k ,j1 )

(Xk1 1

(k ,j1 )

, Xj 1 1

(ij2 )

)

(Xi
(ij1 )

k 1 , j1

(Xj1

j1

(ij1 )

, Xi

j1 , i

(k ,j1 )

(Xk2 2

)

j2

i, j2

)

i

k 2 , j1

k2

(ij2 )

, Xj 2

i, j3
(k ,j1 )

, Xj 1 2

)

(ij3 )

(Xi

(ij3 )

, Xj 3

)

j3
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Figure 6.2: Auxiliary graph generated through a graph expansions to remove the loops of
the original graph. (a) Graph considered at time s with focus on spin i and its interactions
with the neighbours at time s − 1. (b) Auxiliary graph for the whole spin dynamics. Each
variable nodes includes the spin history of two spins.

The great advantage of dealing with a tree graph resides in the possibility of
writing Belief Propagation equations similar to those encountered in Section 2.3.
In Chapter 2 we showed that BP message-passing equations can be derived from a
variational principle and that these equations are exact for trees or tree-like graphs
in the thermodynamic limit. A Belief Propagation algorithm for the dynamical
case could, in principle, be derived by a variational approach. More easily though,
once the interactions encoded in the factor nodes and the variables contained in the
variable nodes are known, we can write the BP equations for this graphical model
directly, simply relying on geometrical arguments. According to BP we can define
messages from factor-to-variable and from variable-to-factor nodes and, as for the
static case, the arguments of the messages are the variables included in the variable
nodes. Therefore in this case they are the spin histories of two neighbouring spins.
The interactions encoded by the factor nodes, as already mentioned, are specified
by equation (6.2).
Then considering the graph in Figure 6.2b as a graphical model for spin histories,
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Figure 6.3: Graphical representation of the dynamic message-passing equations (6.3).
Panel (a) and (b) are pictorial illustration of (6.3a) and (6.3b) respectively. m (ν) messages
are illustrated by blue (red) arrows.

the message-passing equations for such model, using an explicit notation, read
mi→(ij) (Xi

(ij)

(ij)

, Xj

)∝

X

(ik)

{Xk

·

Ψ(Xi

(ij)

0

0

(ij)

, {Xk

(ik)

)

, Xj

(ik)

})

(ik)

}, Xi

Y

ν(ik)→i (Xk

(ik)

, Xi

(6.3a)

k∈∂i\j

ν(ik)→i (Xk

(ik)

(ik)

, Xi

) = mk→(ik) (Xk

(ik)

(ik)

, Xi

)

(6.3b)

and we call them dynamic message-passing equation (DMP). Above and hereafter
00
0
we denote by Xi the spin history of spin i up to time t − 1 and with Xi the same
history up to time t − 2. Equations (6.3) are the dynamical version of equations
(2.16) and should be compared with them for an easier understanding. As for the
static case, the DMP equations have a graphical representation. The m and ν
messages are respectively illustrated as blue and red arrows in Figure 6.3a whereas
the sum in (6.3a) is represented by colouring in grey the nodes of the variables which
are summed over. Let us remind that, through the graph expansion, the topological
position of the variable and factor nodes of the auxiliary graph has been inverted
respect to the same node in the original graph. As a consequence, equation (6.3b)
is simpler that equation (2.16b) and, for brevity, by plugging (6.3b) into (6.3a) we
can rewrite the dynamic message-passing equation by using just a class of messages,
(ij)
(ij)
for instance mi→(ij) (Xi , Xj ). We also point that, because of the delta function
in (6.2), tracing equation (6.3a) enforces the spin history Xi and Xi
to be the
same. All other histories in the same equation can be distinguished by the use of
their subscript therefore, to simplify notation, hereafter we omit the superscript (ij)
on all the spin histories. Furthermore, by observing that the message on the LHS
of (6.3a) does not depend on the value of spin j at time t, by using normalization
(ij)

(ik)
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conditions for the messages, equation (6.3a) can be rewritten as
mi→(ij) (Xi , Xj ) ∝
0

X

Φ(Xi , Xj , {Xk })
0

0

0

Y

mk→(ik) (Xk , Xi )
0

00

(6.4)

k∈∂i\j

{Xk }

where Φ is the same interaction term as Ψ in (6.2) where the spin history Xi has
been fixed by the delta function. By using conditional messages the above equation
reads
mi→(ij) (Xi |Xj ) =
0

X
0

{Xk }

Φ(Xi , Xj , {Xk })
0

0

Y

mk→(ik) (Xk |Xi )
0

00

(6.5)

k∈∂i\j

Although the dynamic message-passing equation (6.4) or (6.5) closely resembles
(2.16b) it is, algorithmically, very different. The static BP equations (2.16) are
indeed fixed point equations and must be iterated until convergence. The dynamical
00
0
version (6.4) is instead an iterative equation: once all the messages mi→(ij) (Xi , Xj )
0
at time t − 1 are known, then the messages mi→(ij) (Xi , Xj ) at time t can be
computed by iteration of (6.4). Despite this advantage compared to the static case,
0
the sum over the spin histories {Xk } grows exponentially with the time dynamics.
Therefore, except for very short times, the DMP equation (6.4) is untreatable and
in order to compute the messages at every time we need to take some approximation
which we will discuss in Section 6.5.

6.4

Marginal probabilities and beliefs

To compute physical observables as magnetization and correlations at any time
in the dynamics, we are interested in the estimation of marginal probabilities like
Pi (xi (t)) or Pij (xi (t), xj (t − 1)). Analogously to the equilibrium case discussed in
Section 2.3, these probabilities can be estimated by some beliefs defined analogously
to (2.15). Once the messages in (6.4) are known at every time in the dynamics, the
belief of the region which includes i and all its neighbours j ∈ ∂i can be computed
by
Y
0
0
bi,∂i (Xi , {Xj }j∈∂i ) ∝ Φ(Xi , {Xj })
mj→(ij) (Xj , Xi )
(6.6)
j∈∂i

where the constant of proportionality is found by requiring normalization of this
quantity. The belief in (6.6) represents an estimate of the marginal joint probability
of the spin histories of spin i and all its neighbours j. Therefore from this quantity,
at least formally, one could compute several beliefs of spin configurations for the
spin in {i ∪ ∂i} at a certain time or at different times, by marginalizing over all the
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previous histories as follows
bi,∂i (xti , {xtj }, {xt−1
j }) =
0

X

bi,∂i (Xi , {Xj })

(6.7a)

bi,∂i (Xi , {Xj })

(6.7b)

00

Xi ,{Xj }

bi (xti ) =

X

0

Xi ,{Xj }

Once these joint probability estimates are known, we can compute the magnetization as a function of time and correlations at time t and t − 1 between i and one
of its neighbours, by using the definition of these quantities given in Sec. 5.5. Unfortunately, as for equation (6.4), even though these marginalizations are formally
possible they are computationally untreatable because sums in (6.7) grows exponentially with the time dynamics. In next section we propose an approximation
scheme which allows for estimation of marginals as those in (6.7).

6.5

Markovian closure

As we have seen in the previous section, the DMP equations are a Belief-Propagation
algorithm for messages which depend on spin trajectories and so, the exact computation of the update equation (6.4) or the estimation of joint probabilities through
the beliefs becomes impossible for long time dynamics.
0
We propose an approximation for the messages mi→(ij) (Xi , Xj ) which allows us
to obtain an approximate scheme to compute the marginals (6.7). We assume that
the messages have local dependencies in time or, in other words, that they have a
finite memory and we write them as an n-step Markov process as follows
mi→(ij) (Xi , Xj ) ≈
0

t
Y

Ti→(ij) (xsi |xs−1
, xjs−1 , . . . , xis−n , xjs−n )
i
(n)

(6.8)

s=n

In Paper 3 and hereafter we consider the case n = 1 and introduce a belief obtained
by a partial marginalization of (6.6) as follows
X
G (t) (xi , {xj }j∈∂i ) =
bi,∂i (Xi , {Xj }j∈∂i )
0

0

Xi, {Xj }j∈∂i

∝
0

X

Φ(Xi , {Xj })
0

0

Y

mj→(ij) (Xj , Xi )
0

(6.9)

j∈∂i

Xi, {Xj }j∈∂i

Thanks to the assumption (6.8) the above function obeys an iterative equation like
X
Y
0
0
0
G (t) (xi , {xj }j∈∂i ) =
wi (xi |{xj }j∈∂i )
Tj→(ij) (xj |xj , xi )
0

0

j∈∂i

xi ,{xj }j∈∂i

· G (t−1) (xi , {xj }j∈∂i )
0

0

(6.10)
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Figure 6.4: Global magnetization vs time. The estimates by the DMP method are reported with solid lines whereas MC simulations with dashed ones. Panel (a): fully asymmetric network. (b) and (c): partially symmetric network at high and low temperature
respectively. (d) and (e): fully symmetric graph in the high and low temperature regime.
Sunday, June 21, 15

where the functions Tj→(ij) (xj |xj , xi ) are the 1-step Markov messages defined in
(6.8) and the x variable are thought at time t whereas x0 indicates the same variable
at time t−1. From the above equation it is clear that, given the value of the function
G (0) at time zero and the value of the factorized messages at each time step t, the
function G (t) can be computed at every time by taking a finite number of sums.
In particular, the computational cost of such estimation is polynomial in the time
dynamics, rather than exponential as the original problem (6.7). The function G (t)
is nothing but the joint belief, i.e. the estimate of the joint probability function
P (t) (xi , {xj }j∈∂i ) at time t. It then provides microscopic information about the
dynamics of the model also in the out-of-equilibrium regime.
In Paper 3 we show that the messages Tj→(ij) in (6.10) can be computed iteratively with a polynomial cost in the time dynamics by introducing a new function
F as a particular marginalization of (6.4), similarly to what we did for the function
G through the definition (6.9).
The equations for T, F and G represent a closed scheme for the estimation
of non-equilibrium marginals under the 1-step Markovian approximation taken in
(6.8). We here want to stress that the approach is very general and can be extended
0
0
to any transition rate such that wi = wi (xi |xi , {xj }j∈∂i ), therefore more general
than (6.1) because self interactions are included. In addition, we here showed the
closure scheme for 1-step Markov approximation of the messages but we want to
point out that, with the same formalism and approach, longer memory processes
can be considered and could be expected to improve numerical results.
To test the accuracy of the 1-step Markov approximation we consider the prototypical case of the kinetic Ising model, i.e. transition rate as defined in (6.1),
defined on an Erdös Rényi random-graph with average connectivity c = 3 and
N = 5000 spins. We numerically compute the joint probabilities in (6.10) for this
model and use them to estimate the dynamic evolution of the magnetization. We
then compare these results with Monte Carlo simulations averaged on 5 · 103 runs
each starting from the same initial conditions. Results are shown in Figure 6.4 for
0

0
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Figure 6.5: Comparison between DMP, the one-time approximation method and MC
simluations. Evolution of the magnetization as function of time. Panel (a), (b) and (c)
fully symmetric network at high and low temperature. (d) and (e): two different partially
symmetric networks at different temperatures.
Sunday, June 21, 15

different connectivity symmetries. The parameter  ∈ [0, 1] controls the asymmetry
of the network as discussed in Sec. 5.4 ( = 0 fully asymmetric network whereas
 = 1 fully symmetric one). β indicates the inverse temperature and results are
reported both for the high and low temperature regime.
Figure 6.5 illustrates the comparison with the best existing method in the literature [148–150] at the time of Paper 3 used to compute stationary states. This
method is based on a different theory but on a similar one-time factorization of
the messages (therefore we denote such method “one-time” in Figure 6.5). As one
would expect, DMP outperforms the one-time approach in the out-of-equilibrium
regime because - contrarily to this latter - it has been designed to recover also the
transient regime.

Chapter 7

A variational approach to
dynamics
In this chapter we present a variational approach to the discrete time dynamics of
complex systems. The method is based on the introduction of an out-of-equilibrium
variational functional which depends on the probability of the spin history of the
whole system and it is minimized by its actual trajectory. Although physically very
meaningful, this functional is generally untreatable due to its high dimensionality.
The method that we here introduce is based on the approximation of this functional
by the Cluster Variational Method presented in Chapter 3. The minimization of the
approximate functional respect to certain probability distributions provides dynamical equations for these probabilities, i.e. estimate of out-of-equilibrium marginals.
This approach was first introduced by Kikuchi with the Path Probability Method
[176, 177] for a variational derivation of the steady state, followed by other works
on the same line [178, 179], and recently improved by Pelizzola in [180]. All these
previous contributions used this variational formulation of the dynamics for the
derivation of the stationary solution. In Paper 4, and in what we present in
the following, we show that the same approach can be used for the estimation
of non-equilibrium marginals and therefore as a tool for the investigation of nonequilibrium statistical mechanics of complex systems.
Although the approach is here presented for spin models the methodology is
very general and can be extended to variables which take q-discrete states and
continuos values.

7.1

Variational formulation of discrete time dynamics

In this section we want to show that it is possible to construct a functional which
depends on the probability of the spin history of the whole systems and it is minimized by the probability of the actual trajectory of the system. The idea follows
the Path Probability Method (PPM) that describes the kinetic problem in terms of
97
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a 2-times variational problem. The variational functional introduced by the PPM
resembles the equilibrium free energy function: it contains an energy-like and an
entropy-like term, although physically these two quantities cannot be identified
with the real equilibrium counterparts. The idea at the base of the PPM is then to
apply the Cluster Variation Method (see Chapter 3) to this functional in order to
approximate the entropy-like term analogously to the equilibrium case.
This approach has been recently reconsidered by Pelizzola in [180] who, instead
of applying this technique to a 2-times functional, starts considering the functional
which describes the full history of the system. So at variance with PPM, where
the main clusters are selected by choosing a suitable set of interacting variables at
two consecutive times, the approach introduced by Pelizzola allows the use of very
general clusters which may include variables at several consecutive times.
As for the previous chapter, we here consider a graphical model with discrete
variables xi = ±1 associated to each one of the N node in the network. We define
a parallel or synchronous dynamics of these variables specified by the discrete time
Markov process introduced in (5.6) that we here state for clarity
X
Pt (xt ) =
W (xt |x0t−1 )Pt−1 (x0t−1 )
(7.1)
x0t−1

In above xt indicates a configuration of the system at time t whereas x0t−1 a different
configuration at time t−1 (hereafter we omit the prime superscript to distinguish the
two configurations which will be identified by the time subscript). The transition
matrix W obeys equation (5.3) with the transition rate (not necessarily but) usually
given by the Glauber rule of eq. (5.4). We refer to Section (5.3.1) for further details
about this kind of dynamics.
Let us introduce the compact notation for the history of the whole system
~ t = {x0 , x1 , . . . , xt }, where each xτ = {xτ1 , xτ2 , . . . , xτN } is the
up to time t as x
configuration of the system at a given time τ . Then the the variational functional
for this discrete time dynamics can be built following [176] and reads as
" τ =t
#
X
X
F [P (~
xt )] =
P (~
xt ) −
ln W (xτ |xτ −1 ) + ln P (~
xt )
(7.2)
~t
x

τ =1

Note that, although the above writing is notationally compact, P (~
xt ) represents the
probability of the whole system trajectory (N variables), from time 0 to time t and
the sum in (7.2) is performed over all the possible system trajectories. To simplify
notation, in what follows, we use the same symbol P for all the probabilities and
distinguish them only on the basis of their arguments.
The PPM shows that, the probability of the actual full history of the system up
to time t minimizes the above functional under the constraint
X
P (x0 ) =
P (x0 , . . . , xt ).
(7.3)
x1 ,...,xt
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In other words, if (7.2) is constraint minimized in the space of all the probabilities
of system histories by using a Lagrange multiplier which enforces (7.3), then the
minimization condition is satisfied by
Pt (xt , xt−1 ) = W (xt |xt−1 )Pt−1 (xt−1 )

(7.4)

which is nothing but equation (7.1), i.e. the actual dynamics of the system.
Despite this result is very elegant because it describes the true dynamics as the
solution of a variational minimization problem, due to the high dimensionality of
the probability distribution P (~
xt ), it does not help in solving the exact dynamics.
On the other side though, thanks to this result we can identify the functional F in
(7.2) as a good candidate to start performing approximations for the estimate of
out-equilibrium marginals.
In the rest of this section we sketch the steps to show that (7.4) is the minimizing
probability for the variational problem defined in (7.2). In the next section we
discuss possible approximations of the same functional which make the analytic
treatable.
As shown in [180], thanks to the Markovian property of the dynamics, the joint
probability of the whole system history can be rewritten as
P (~
xt ) = P (x0 )

t
Y

W (xτ |xτ −1 ) =

τ =1

Qt

τ =1 P (xτ , xτ −1 )
Qt
τ =1 P (xτ )

(7.5)

which allows to rewrite the probability of the whole system trajectory as a product
of 2-times probabilities. Plugging this expression into the functional (7.2) allows a
simplified rewriting as follows
F=

τ =t X
X

P (xτ , xτ −1 ) [− ln W (xτ |xτ −1 ) + ln P (xτ , xτ −1 )]

τ =1 xτ ,xτ −1

−

τ =t X
X

P (xτ ) ln P (xτ )

(7.6)

τ =1 xτ

which minimized subject to the marginalization constraints
X
P (xτ ) =
P (xτ , xτ −1 )

(7.7a)

xτ −1

P (xτ −1 ) =

X

P (xτ , xτ −1 )

(7.7b)

xτ

gives the exact dynamics of equation (7.1), or equivalently (7.4).
The PPM starts considering the functional defined in equation (7.6) and approximates the probability distribution P (xτ , xτ −1 ) in the entropic-like term by
using cluster-factorizations based on the CVM, as presented in Chapter 3. This
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minimization is performed for the long-time behaviour of the system, described by
a stationary state π(s) defined as the state which satisfy
X
π(σ) =
W (σ|s)π(s)
(7.8)
s

and therefore the functional (7.2) can be rewritten more simply as depending only
on two-times as follows
X
X
Fstat =
P (s, σ) [− ln W (σ|s) + ln P (s, σ)] −
P (σ) ln P (σ)
s,σ

σ

In next section we show that the PPM can be easily generalized starting by considering the variational functional defined in (7.2) and performing cluster approximations directly on the probability P (~
xt ) rather than on the two probabilities present
in (7.6). Furthermore, we show that there is no need to consider only the stationary state solution but more general constraint minimizations for every time in the
dynamics provide approximate equations for out-equilibrium marginals.

7.2

Variational approximations

The functional introduced in (7.2) is minimized by the true system trajectory subject to the constraint (7.3). Based on this notion, one can then start making approximations of this functional and minimizing it under certain probability constraints.
This brings us to approximate equations for the dynamics.
One way of looking at the system dynamics is to consider the topological network
at time zero and replicate it through the time dynamics drawing the interactions
between variables at same and different time steps (see Figure 7.1 for an illustration). In this way, the temporal dimension can be thought of as a sort of extra
space coordinate. With this reasoning, the probability P (~
xt ) of the N -spin system
trajectory up to time t can be interpreted as the probability of an extended network with dimension d = N × t and therefore it could be approximated by using
cluster expansions techniques as those of CVM shown in Chapter 3. This is the
approach followed by [180] where the author introduces two different types of maximal clusters for the approximation of P (~
xt ) which brings to two approximations
of the actual dynamics.
The choice of these clusters is guided by the dynamics itself, meaning that the
maximal cluster should contain the variables involved in the specification of W .
Considering a dynamical rule given by the Glauber transition rate as that of (6.1)
wi (xti |xt−1
∂i )

Q

t

t−1

t

t

e β(Jij xi xj +hi xi )
=
P
2 cosh(β( j∈∂i Jij xjt−1 ))
j∈∂i

(7.9)

the first natural choice for the maximal cluster is to take the spin i at time t and
its neighbours at time t − 1 because these are the variables interacting in (7.9), this
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Figure 7.1: Linear chain replicated in time. Dashed red line indicates the 1D topological
structure whereas the black arrows depict interactions between node variables between
different time steps. (a) The star-cluster is highlighted by the green region which includes
Sit = {xti , xt−1
∂i }. (b) The diamond-cluster is highlighted by the purple region which
t−2
includes Dit = {xti , xt−1
}.
∂i , xi

set is called in [180] star-cluster and we denote it here by Sit = {xti , xt−1
∂i }, where
xτ∂i = {xτj | j ∈ ∂i}. Figure 7.1a illustrates the variables involved in this cluster for
the case of a linear chain to simplify visualization. According to CVM, once the
maximal cluster is defined the sub-clusters are defined by their possible intersections, as explained in Section 3.1 or 3.3 for some practical examples. Considering
a locally tree-like graph without short loops, as for instance a random graph, the
only intersections between different star-clusters are single nodes (i, t) and each one
of them appears in di + 1 sets. So the probability distribution P (~
xt ) in (7.2) can
be approximated using the CVM recipe with the star-clusters Sit as maximal sets
and the variational functional (7.2) is then approximated by its star counterpart
X

FS [ P (xτi , xτ∂i−1 ) ] =

X

i,τ >0 xτ ,xτ −1

−

i

X

i,τ >0

∂i

di



P (xτi , xτ∂i−1 ) − ln wi (xτi |xτ∂i−1 ) + ln P (xτi , xτ∂i−1 )

t−1
X
xτi

P (xτi ) ln P (xτi ) −

X
i

(di − 1)

X
x0

P (x0i ) ln P (x0i )
(7.10)

Let us note that, the star approximation of the joint probability of the system
history allowed for an high reduction of the dimensionality of the probability space
and the highest dimensional objects in (7.10) are now the probabilities P (xτi , xτ∂i−1 ).
The above star-Functional FS must then be minimized with respect to the starcluster and single node probability distributions, subject to the marginalization
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constraints
P (xti ) =

X

P (xti , xt−1
∂i )

(7.11a)

t−1
x∂i

P (xt−1
j )=

X

P (xti , xt−1
∂i ).

(7.11b)

t−1
xti ,x∂i\j

The final result of the constraint minimization is satisfied by the following equation
Y
t t−1
P (xti , xt−1
P (xt−1
(7.12)
j )
∂i ) = wi (xi |x∂i )
j∈∂i

which represents the star approximation of the true dynamics (7.4).

One of the advantages of this approach resides in its systematic formulation
which consents to define larger clusters than Sit and thus obtain more refined approximations of the dynamics compared to (7.12). In order to go beyond the start−1
approximation one could take into account correlations which come from x∂i
. If
the graph is tree-like, these correlations are mainly due to the interactions that
these variables have with xt−2
. Thus a natural extension of the star-cluster can
i
be made by including the variable xt−2
into the maximal set. This lead to the
i
definition of a new set denoted diamond-cluster in [180] that we here indicate as
t−2
Dit = {xti , xt−1
}. Figure 7.1b shows an illustration of this set for the simplest
∂i , xi
case of a linear chain to help visualization. According to the CVM, sub-clusters
are constructed from the intersections of Dit and from the intersections of their
intersections and so on. Thus the other sets of the graph-partition are: the set
t
Sit = {xti , xt−1
∂i }, whose counting number is cS = −1; and the single nodes xi , with
counting number cn = di − 1. The cluster factorization of the probability distribution in the entropy-like term in (7.2) leads to the diamond approximation of the
variational functional. The result reads
X
X


t−2
t−1
t−2
t
FD =
P (xti , xt−1
) − ln wi (xti |xt−1
)
∂i , xi
∂i ) + ln P (xi , x∂i , xi
(i,t) xt ,xt−1 ,xt−2
i

−

∂i

i

X X

(i,t−2) j∈∂i

+

X

(i,t−2)

X

t−2
t−2
P (xt−1
) ln P (xt−1
)
j , xi
j , xi

xjt−1 ,xit−2

(di − 1)

X

P (xt−2
) ln P (xt−2
)
i
i

(7.13)

xit−2

The minimization of the above functional subject to marginalization consistency
constraints for the probability distributions similar to those in (7.11) is satisfied by
the following relation
Y
t−2
t−2
P (xti , xt−1
) = wi (xti |xt−1
P (xt−1
)P (xt−2
).
(7.14)
j |xi
i
∂i , xi
∂i )
j∈∂i
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which stands for the diamond approximation of the true dynamics (7.4).
In [180] Pelizzola focuses only on the stationary states and solves numerically
the star (7.12) and diamond (7.14) equations for an asymmetric graph (Jij 6= Jji )
where the Jij are extracted from a uniform distribution in (−J0 , J0 ) only for the
long time dynamics.
In next sections we show that the start and diamond approximations can be
iterated for every time in the dynamics and used as an estimate for non-equilibrium
marginals and they provide good results compared with Monte Carlo simulations.
We test these equations on two ferromagnetic models with different connectivity
symmetries for their couplings and two prototypical disordered models.

7.3

Ferromagnet with symmetric and partially symmetric
couplings

In Paper 4 we considered a kinetic Ising model with parallel Glauber dynamic rule
given by equation (7.9) and defined topologically on a Erdös Rényi random graph
with mean connectivity c = 3. We considered the case of both symmetric and partially symmetric couplings Jij in the Glauber evolution rule (see also Section 5.4 for
a classification). We report the results obtained by using the star (7.12) and diamond (7.14) approximations to estimate non-equilibrium marginals, compared with
Monte Carlo simulations averaged over 106 samples starting with the same initial
conditions and with the dynamic message-passing method discussed in the previous
chapter, with 1-step Markov memory. This comparison is made by using the approximate non-equilibrium marginals to compute local, global magnetizations and
connected correlations cij (t, s) = hxi (t)xj (s)i − hxi (t)ihxj (s)i as functions of time.
The accuracy of local magnetizations is tested by computing the mean deviation
v
u
N
u1 X
C (t))2 ,
(mA (t) − mM
(7.15)
δm(t) = t
i
N i=1 i

where mA
i (t) stands for the approximate local magnetization by using one of the
C
approaches reported and mM
(t) is the same observable estimated by MC simulai
tions.
Figure 7.2a shows the dynamics of the global magnetization for the symmetric ferromagnet case (Jij = Jji = 1/c) in the low temperature regime, i.e. below
the ferromagnetic critical temperature Tc = 0.962. For the initial time steps the
star, diamond and DMP approximation with 1-step Markov memory show indistinguishable results. However, for longer times the diamond method performs better
than the other approximations. Figure 7.2b shows the mean deviation for the local
magnetizations defined above and, as for global quantities, the diamond estimates
are more accurate than other methods. Results for the connected correlations are
reported in Figure 7.3. Panel 7.3a shows the dynamic behaviours of the connected
correlation cij (t, t − 1) at successive time steps for a spin i with degree connectivity
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Figure 7.2: Fully symmetric couplings. Results for global and local magnetizations at
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low temperature (T = 0.5) computed by using star, diamond and DMP 1-step Markov
approximation, all compared with MC simulations. Different lines refer to different methods. (a) Global magnetization vs time. (b) Mean square error respect to MC for local
magnetizations as a function of time defined in eq. (7.15).
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regime (T = 0.5). (a) Connected correlation cij (t, t − 1) between a specific node i with
connectivity c = 3 and one of its neighbours. (b) Connected autocorrelation cii (t, t − 2)
estimated by the diamond approximation and compared with MC simulations.

as the average degree (di = 3) and one of its neighbours. As for the magnetization,
the diamond approximation performs better than the star and DMP compared with
MC results. The approximate joint probability of equation (7.14) allows the estimate of the connected autocorrelation cii (t, t − 2) at two separated times, results
are reported in Figure 7.3b. For the high temperature regime all the approaches
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are indistinguishable and have a perfect agreement with MC simulations, therefore
results are omitted.
In addition to the symmetric ferromagnet, we also considered the case of partially asymmetric couplings such that Jij /Jji = 4. We performed the same kind of
numerical analysis that we did for the fully symmetric case. Results for the diamond
approximation are in good agreement with MC simulations and they outperform
both the star and DMP with 1-step Markov memory for local, global magnetization
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as well as for the estimate of correlations (see Figure 7.4 and 7.5).

7.4

Discrete time dynamics of disordered models

In this section we report the numerical results obtained from the star, diamond
and DMP method for 1-step Markov memory for two different disordered models:
the Random Field Ising Model (RFIM) [181] and the Viana-Bray spin glass (SG)
[182] defined on an Erdös Rényi random graph with mean connectivity c = 3. As
for the previous section, we test the accuracy of the different approximations by
comparison with MC simulations averaged over 106 runs starting with the same
initial conditions.
The RFIM is a peculiar disordered system where the quenched disorder is not
encoded in the randomness of the interaction couplings but comes from a random
external local field applied on each variable
node.
P
P The energy function at equilibrium of such model is H(x) = −J ij xi xj − i hi xi and the presence of the
external field antagonizes the ordering effect due to the ferromagnetic couplings.
The presence of this fields results in a lowering of the ferromagnetic transition temperature proportional to the increasing of the field magnitude. For low enough
fields, or low enough temperatures, the system is found in a ferromagnetic phase
whereas, in the opposite limits it is found in a paramagnetic one.
Simulations in this case are performed using equation (7.12) for the star and
(7.14) for the diamond with the wi transition probability defined in (7.9) with
symmetric ferromagnetic couplings Jij = Jji = 1/c, whereas the random field hi is
extracted from a bimodal distribution such that hti = ±0.3 and it remains fixed in
time for every site i. The ferromagnetic critical transition temperature, with the
value of the random field chosen for this case, can be estimated by a population
dynamic calculation and it is around Tc = 0.78.
DMP simulations are performed according to the theory introduced in Chapter
6 for the 1-step Markov memory closure. As for the non-disordered case of the
previous section, below the ferromagnetic transition the diamond approximation
outperforms both the star and DMP which deviates from MC simulations after few
steps of the dynamics, as illustrated by Figure 7.6a for the global magnetization
and in Figure 7.6b for two times correlations between a given pair of spins.
The second example of disordered model that we consider for our numerical
investigation is the Ising spin glass Viana-Bray model [182]. Contrary to the RFIM,
this system presents topological disorder in the quenched couplings Jij which are
sampled randomly from either a Gaussian or a bimodal distribution. The presence
of both positive and negative couplings in the interaction matrix generates a very
irregular landscape (see discussion in Section 1.4) which considerably enriches the
physics of the system. In addition to a ferromagnetic case, the model may show a
spin glass phase transition.
For the study of dynamics, we consider the kinetic Ising spin glass with transition rate defined in (7.9) with couplings Jij = ±1/c chosen from a bimodal dis-
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Figure 7.6: Estimation of the dynamical evolution of the RFIM at temperature T = 0.5
below the critical transition temperature Tc = 0.78. Different lines represent different
methods presented in the main text. (a) Dynamics of the global magnetization. (b):
Two-times connected correlation cij (t, t − 1) between a randomly chosen spin i and one of
its neighbour j.
tribution and zero external local field. With a mean connectivity c = 3 this model
shows a spin-glass phase transition at TSG = 0.506. Figure 7.7 shows the relaxation
dynamical behaviour of the global magnetization starting from a non equilibrium
condition defined by mi = 0.5 for each site i, at two different temperatures: close
(T = 0.5) and below (T = 0.25) the SG critical temperature. Due to the parallel
dynamic update rule considered in this chapter, both the global and the local magnetization show an oscillatory behaviour for the spin glass case therefore, in Figure
7.7 we only show the behaviour for even times. The DMP 1-step Markov memory
reconstructs the dynamics only for very short times and then quickly converges to
the value of the equilibrium magnetization m = 0. The star approximation also
reproduces the MC dynamics only for the first few initial steps and then deviates
from the exact results converging to a non-zero value of the magnetization.
At variance with these methods, the diamond approximation shows a much
better agreement with MC results, both for the short and long time dynamics. In
the high temperature regime (Figure 7.7a) its results are almost indistinguishable
from MC simulations whereas, lowering the temperature, its performance becomes
progressively worse for long time dynamics ( Figure 7.7b).
The lowering of performances of all these methods when compared to MC simulations for the SG case can be understood reminding the structure of the states
and the free energy scenario for such case (see Section 1.4). The Ising spin glass
shows a multi-valley landscape and its dynamics moves between several metastable
states. Monte Carlo simulations statistically weigh these metastable states according to the corresponding free energy and basin of attraction. If on one hand, the
mean field approximations presented within this chapter were shown to reproduce
accurately the statistical weights of the metastable state [109], on the other hand,
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Due to the oscillatory behaviour of the parallel dynamics only even times are shown.

they approximate the free energy landscape and therefore modify their number and
shape. This approximation, that for the SG case becomes more significant, finally
results in a decreasing of the numerical performances.
We conclude this chapter with a comment on the comparison between the DMP
method presented in Chapter 6 and the variational approach illustrated in this
Chapter. As we mentioned in Chapter 6 the performance of DMP method are
expected to improve for closure schemes based on n-step Markov approximation
of the messages mi→ij (Xi , Xj0 ), with n > 1. Similarly, the variational approach
presented in this chapter can be improved by considering a larger maximal cluster
than the diamond cluster to approximate the variational functional (7.2). We have
already seen in fact that the diamond approximation outperforms the star approach.
It is not easy to say, a priori, which one of the two methods will in general perform
better because it very much depends on the kind of approximation that it is chosen
in the two cases. The variational approach has been shown to have some practical
and theoretical advantages. From an analytical point of view, as shown in [180], the
diamond approximation guarantees that for symmetric interactions the stationary
distribution corresponds to the equilibrium distribution. The same is not immediate
to show for the DMP approximation. From a practical point of view, the variational
approach, with the use of a cluster approximation, allows a better control and
understanding of which are the most correlated variables and results a bit easier
than the DMP from a numerical point of view. On the other hand though, the
DMP method allows an easier generalization to continuous time processes, as shown
in Chapter 8, whereas a continuous time formulation of the variational approach
presented here is still laking for the same kind of problems.

Chapter 8

Cavity Method for continuous time
dynamics
It is not the mountain we conquer, but ourselves.
— E. Hillary

In Chapters 6 and 7 we presented two different approaches to investigate the
parallel discrete time dynamics for Ising spin models located on a graph. Although
this type of dynamics may have various practical applications, the assumption
of discrete time and parallel update are rather unrealistic for most physical and
biological systems.
In real situations time takes continuous values and the variable transitions from
one state to another do not happen all at the same time, as in the synchronous
update case. On the contrary, in an interval dt → 0 it is more reasonable to assume
that only one variable has chances to be updated in the network and that the
probability of more than one update is of O(dt2 ).
In Paper 5 and in what we present in this Chapter, we attempt to model
the more realistic situation of continuous time dynamics of complex network which
obey an asynchronous updated rule. We then relax both the assumption of discrete
time and parallel update rule for the dynamics and present an approach to study
Ising spin models which obey a master equation (5.10).

8.1

Local Master Equation

As discussed in Section 5.3.2, assuming that the probability of the system of N
variables Pt (xt ) can be written in a Markovian form, a master equation describes
the evolution of such probability in a continuous time scenario:
N
X
∂Pt (xt )
=−
[ri (x)Pt (x) − ri (Fi x)Pt (Fi x)]
∂t
i=1
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Above ri (x) represents the transition rate of spin i which depends on the state of the
system x = x(t) at time t, whereas Fi is the spin flip operator defined in Section
5.3.2. Although notationally compact, (8.1) traces the evolution in probability
of each of the 2N possible configurations of the system and therefore, its exact
solution is limited to very special cases [169, 171]. In the more general scenario
approximations are necessary in order to model and describe the dynamics of the
system.
If the rate ri does not depend on the whole system configuration but only on
spin i and its neighbours ∂i, the above master equation can be traced over all the
spins except the value xi and it takes a more local form
i
Xh
dPt (xi )
=−
ri (xi , x∂i )Pt (xi , x∂i ) − ri (−xi , x∂i )Pt (−xi , x∂i )
(8.2)
dt
x
∂i

The above local master equation is obviously not as much informative as the original one (8.1) but it is a good starting point if one is interested in the dynamics
of marginals rather than in the evolution of the full joint probability. Although
simpler, in contrast with (8.1) equation (8.2) is not closed. In order to find a closure scheme for the probability functions different approximations of the probability
Pt (xi , x∂i ) could be made.
In what follows we want to focus on the case of tree-like graphs for which the
transition rate can indeed be expressed as in (8.2). We then assume that
Y
Pt (xi , x∂i ) =
Pt (xk |xi )Pt (xi )
(8.3)
k∈∂i

which has the desirable property of being exact at equilibrium for tree-like graph in
the thermodynamic limit. Plugging the ansatz (8.3) for the probability into (8.2)
we get an approximated version of the local master equation
Xh
Y

dP (xi )
=−
ri (xi , x∂i )
P (xk |xi ) P (xi )
dt
x∂i
k∈∂i
i
Y

− ri (−xi , x∂i )
P (xk | − xi ) P (−xi )
(8.4)
k∈∂i

which is not closed either, but it is simpler than (8.2) since it does not require the
knowledge of the joint probability Pt (xi , x∂i ) but only of the conditional Pt (xi |xj ).
In the forthcoming Sections 8.3 and 8.4, following Paper 5, we derive a closed
equation for a conditional probability pt (xi |xj ) which approximates Pt (xi |xj ) in
general cases and tends asymptotically to it when the sites i and j are weakly
correlated.

8.2

Random point processes

In this section we introduce the Random Point Process formalism which helps
us to parametrize the probability of spin histories in the case of continuous time
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Figure 8.1: One realization of the spin history of the variable x(t) which can take values x(t) = ±1, starting from the initial condition x(0) = −1 and jumping at times
{t1 , t2 , t3 , . . . }.

dynamics. This formulation will be the starting point of the following sections.
Let us consider a graph G = (V, E) of N vertices and E edges and let us define a
set of discrete variables x(t) = {x1 (t), . . . , xN (t)} with xi (t) = ±1 each one located
on a vertex of the graph. We want to consider the dynamical evolution of these
variables, in a continuous time setting, due to reciprocal interaction and thermal
noise. In this situation the update, or instantaneous jump, of the variable xi from
one state to another may happen at any time in a time interval t ∈ (0, T ], contrarily
to the discrete time where an update may occur only at tn ∈ {1, 2, . . . , n}. To stress
the difference with the discrete time case, in Figure 8.1 we show an example of a
possible spin history for the variable x(t) starting from an initial configuration
x(0) = −1 and jumping at times {t1 , t2 , t3 , . . . }. It is then clear that the history of
each spin variable is a discrete-states and continuous-time random process [183,184].
The time occurrences {t1 , t2 , t3 , . . . } or, equivalently the sequence {∆t1 , ∆t2 , . . .}
with ∆ti = ti+1 −ti , take indeed random values. Due to the instantaneous nature of
the transition, these processes are also called Random Point Processes or Random
Jump Processes in the literature [185–187]. Poisson processes, impulses in a neuron,
particles in a Geiger counter or queueing processes fall into this class.

8.2.1

One single variable

In order to introduce the formalism used to model such processes let us consider,
to start with, the case of a single spin variable. A key observation for the spinhistory modelling consists in noting that, unless one considers peculiar problems,
the jumping time ti is independent on the jumping time ti−1 and all the previous
ones. Therefore, for a single spin variable, the sequence of jumping times can be
considered as Poisson distributed [188]. Let us denote with Nt the number of jumps
which occur in the time interval (0, T ], then the probability of having k jumps in a
time interval t − s is given by
P (Nt − Ns = k) = e−λ(t−s)

(λ(t − s))
,
k!
k

k∈N

(8.5)
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Above λ is the Poisson distribution parameter and here represents the jumping
rate of the spin variable, that for the moment, we assumed constant in time. This
parameter can be defined formally as
λ = lim
.

dt→0

1
P (Ndt = 1)
dt

(8.6)

and represents the transition probability rate of making a jump for the spin variable,
indeed P (N (0, τ ]) = exp(−λτ ) is the probability of finding no jumps in the interval
of lenght τ . In this respect, it is also helpful to look at the short time behaviour of
this process

−λdt

= 1 − λdt + o(dt), k = 0,
e
(8.7)
P (Nt+dt − Nt = k) = λdt e−λdt = λdt + o(dt), k = 1,


o(dt),
k ≥ 2.
from which the meaning of λ becomes clear, as well as the fact that more than one
single jump event is a phenomenon of O(dt2 ). For our purposes, we want to consider
the case of jumping rate depending on time, i.e. λ = λ(t). The generalization of
the Poisson process (8.5) for this case reads

k
 Z t
 R t λ(u)du
s
P (Nt − Ns = k) = exp −
λ(u)du
,
k≥0
(8.8)
k!
s

and the short time behaviour is the same as in (8.7) with λ replaced by λ(t).
Since the jumping times are assumed independent in such processes, the probability of a having ki jumps in each temporal interval bi − ai , with a constant rate
λ, is given by
P (N (ai , bi ] = ki , i = 1, . . . , n) =

n
Y
[λ(bi − ai )]ki

i=1

ki !

e−λ(bi −ai )

(8.9)

We now want to obtain the probability density of a finite realization of a Poisson
process or, referred to our case, the probability of a given spin trajectory with
exactly s jumps in the time interval (0, T ] that occur at t1 , . . . , ts . This may be
defined as the probability density of obtaining the given number of jumps in the
observation period, times the joint conditional density for the time positions of
those jumps, given their number. Suppose that there are s jumps in the time
interval (0, T ] at time points t1 , . . . , ts , this probability is formally given by
Q(s ∈ (0, T ], {t1 , . . . , ts }) = P ({t1 , . . . , ts }|s ∈ (0, T ])P (s ∈ (0, T ])

(8.10)

and it is known in the literature as Janossy density [185, 187, 189]. The normalization condition can be written as [170]
Z ∞
Z ∞
Z ∞
Q0 +
Q1 (t1 )dt1 +
dt1
Q2 (t1 , t2 ) + . . . = 1
(8.11)
0

0

t1
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where we used the more compact notation Qs (t1 , . . . , ts ) = Q(s ∈ (0, T ], {t1 , . . . , ts }).
From (8.9), we can write down immediately the probability of obtaining a single
jump in (ti − dt, ti ] and no jumps on the remaining part of (0, T ]: it is just
e

s
Y

λT

(8.12)

λdt

i=i

Dividing by dts and letting dt → 0, to obtain the density, we find that the required
likelihood function (8.10) is
Qs (t1 , . . . , ts ) = λs e−λT

(8.13)

In the case of one single spin history that we here want to consider to start with,
it is reasonable to assume that the rate λ at time t depends only on the state of
.
the spin variable at time t− = t − , with  arbitrarily small, and not on previous
values. This means that λ(t) = λ(x(t− )), where x(t− ) indicates the value of the
spin variable before the jump occurs (obviously different conventions are possible).
For this case, the probability of the spin history with a specified sequence of s = 2k
jumps assuming that the initial state at time t0 is x = x0 , generalizing (8.13), reads
Qs=2k =λ(x0 )e−λ(x0 )(t1 −t0 ) λ(−x0 )e−λ(−x0 )(t2 −t1 )
. . . λ(−x0 )e−λ(−x0 )(ts −ts−1 ) e−λ(x0 )(T −ts ) ,

(8.14)

which can be expressed in a more general and compact form as follows
Qs (t1 , . . . , tN ) = e

−

RT

t0

λ(x(τ ))dτ

s
Y

λ(x(ti ))

(8.15)

i=1

We remark the meaning of the above equation: it represents the joint probability
density of a single spin jumping process, with jumping rate λ = λ(x(t)), that makes
s jumps in the interval (0, T ] each one happening at time t1 , t2 , . . . , ts .
In the case of an even number of jumps s = 2k and initial state x = x0 , to
obtain the probability of having the same spin orientation at time t as the initial
state we have to sum over all the possible s = 2k possible values and integrate over
time
p(x0 , t|x0 , t0 ) = Q0 +

∞ Z
X

k=1

t

t0

dt1

Z

t

t1

dt2 . . .

Z

t

dts Q2k (t0 , ..., t)

(8.16)

ts−1

In other words, we sum the probability density of all trajectories with an even
number of jumps and integrate it over time because those, and only those jumps,
transform the initial state into itself.
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8.2.2

Many interacting variables

In the more general case of N interacting spins we can still use the RPP formalism
to parametrize the set of trajectories that, according to the formalism in Chapter
6, we here denote as {X1 , . . . , XN }. If each spin variable makes si jumps in the
time interval (t0 , T ] each one occurring at ti1 , ti2 , . . . , tisi we indicate the trajectory
as Xi ∼ {si , {ti1 , ti2 , . . . , tisi }} ∼ {si , ~t i }.
In what follows we want to consider the case of tree-like graph topologies, with
a spin jumping rate ri (t) = ri (xi (t), x∂i (t)) which depends on the state of the spin
variable i at time t and the state of its nearest neighbours at the same time. The
continuous time Glauber dynamics case belongs to this class [169]. The density
Qs (t1 , . . . , ts ) for each spin, can then be represented by an expression like (8.15)
with λ(x(t)) replaced by ri (xi (t), x∂i (t)). If we represent the interactions for the
whole network history by using a factor graph, we soon realize that, as for the
parallel case, such graph has loops. These loops can be removed by moving to an
auxiliary graph representation as explained in Sec. 6.2 and the resulting graph is
tree-like if the original spatial topology was so. On such auxiliary architecture, the
joint probability density of the N spin histories factorizes as
Q(X1 , . . . , XN ) =

N
Y

a=1

(

sa
Y

ra [xa (tla ), x∂a (tla )] e

la =1

−

RT

t0

ra [xa (τ ),x∂a (τ )])dτ

)

(8.17)

and, by denoting the joint density of each spin a inside the curly brackets as
Φa (Xa |X∂a ), equation (8.17) can be rewritten shortly as

Q(X1 , . . . , XN ) =

N
Y

Φa (Xa |X∂a )

(8.18)

a=1

The above expression will be the starting point, in the next section, to re-derive the
dynamic message-passing equations presented in Chapter 6 as well as a differential
form of them used to complete a closure scheme.

8.3

Differential dynamic message-passing equations

In this section we show that the dynamic message passing equation presented in
6.3 can be derived from (8.18) also for the continuous time case. Then, using the
RPP formalism, we show that for this type of dynamics it is more convenient to
deal with a differential form of this equation which allows us to build the closure
scheme for the conditional probabilities appearing in (8.4).
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8.3.1

Dynamic cavity equation in continuous time

On a tree-like network, equation (8.18) can be recast focusing on a site i and
expanding the tree originated from it as



Y
Y
Y
Φk (Xm |X∂m )
Φk (Xk |X∂k )
. . .
Q(X1 , . . . , XN ) = Φi (Xi |X∂i )
k∈∂i

m∈∂k\i

l∈∂m\k

(8.19)
If we now marginalize over all the spin histories on the tree-like graph except Xi , X∂i
we get the joint density probability distribution of the history of spin i and its
neighbours
Y
Q(Xi , X∂i ) = Φi (Xi |X∂i )
µk→(ki) (Xk |Xi ).
(8.20)
k∈∂i

The new functions µk→(ki) (Xk |Xi ) are the marginals of the quantities inside the
brackets that we denoted as “messages” in Chapter 6 and have the interpretation
of the probability of history Xk given Xi fixed in the auxiliary graph. Note the
similarity between the above equation and the expression for the marginal beliefs
(6.6) in the discrete time case. The two equations are equivalent except for the fact
that (8.20) is written in terms of conditional messages whereas (6.6) in terms of
joint probability messages of two histories.
Applying a similar reasoning as above to two neighbours, i and j, we conclude
that their marginal probability can be written as
Q(Xi , Xj ) = µi→(ij) (Xi |Xj )µj→(ji) (Xj |Xi )

(8.21)

If we now marginalize (8.20) on X∂i\{i,j} and combine it with (8.21), simplifying
terms we get the dynamic message-passing equation for the continuous time case
X
Y
µi→(ij) (Xi |Xj ) =
Φi (Xi |X∂i )
µk→(ki) (Xk |Xi )
(8.22)
{Xk },k∈∂i\j

k∈∂i\j

that we introduced in equation (6.5) for the same problem with discrete time dynamics.
There are two main differences between the continuous and discrete dynamic
message-passing (or cavity) equation. First, in the continuous time problem, both
the messages µ and the kernel Φ depends on histories up at time t, whereas in the
discrete case they depend in addition on histories up to time t − 1. Second, more
important, spin trajectory marginalizations, as the traces above, in the continuous
time case must be interpreted as
"
#
Z t
Z t
X
X Z t
k
k
k
(·) =
dt1
dt2 . . .
dtsk (·)
(8.23)
Xk

sk

t0

tk
1

tk
s

k −1

according to the formalism introduced in Section 8.2.
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8.3.2

Differential dynamic cavity equations

Consistently with the RPP formalism introduced in Section 8.2, probability distributions of spin histories can be parametrized as (8.15). By defining with λi→ij (t) =
λi→ij (Xi , Xj , t) the transition rate for the process represented by the conditional
probability µi→(ij) (Xi |Xj ), this message can be parametrized as
Z t
si
Y
λi→(ij) (tli ) exp{−
µi→(ij) (Xi (t)|Xj (t)) =
λi→(ij) (τ )dτ }
(8.24)
t0

li =1

Let us observe that, respect to the parametrization of the joint probability density
of a spin trajectory shown in (8.15), we here allow the transition rate λ to depend
on the whole history of spin i and j. With this parametrization for the conditional
message, together with the expression of the joint density Φi (Xi |X∂i ) of each spin
given its neighbours
Z t
si
Y
ri (xi (tli ), x∂i (tli )) exp{−
Φi (Xi (t)|X∂i (t)) =
ri (xi (τ ), x∂i (τ ))dτ } (8.25)
t0

li =1

introduced in equation (8.17) and (8.18) we could, in principle, solve the dynamic
cavity equation in continuous time for each node in the graph. Unfortunately
though, all the terms involved in this equation have a dimensionality which increases
with the time dynamics therefore, except for very short times, the iteration of (8.22)
is a cumbersome task.
Working in a continuous time scenario, it seems then natural trying to get a
differential equation for the messages, to describe their dynamics. Differentiation in
this context should be handled carefully because changing the spin history X(t) to
X(t+dt) corresponds to a change in the probability space. We discuss in detail this
issue in Paper 5, showing how to properly compute derivatives in this context. For
our purposes, we here just report the final result of this computation. By defining
with F (Xi , X∂i , t) the argument of the sum on the right hand side of (8.22), the
derivative of this DMP equation in continuous time reads
[t0 ,t]

λi→(ij) (Xi , Xj , t) µi→(ij) (Xi |Xj ) =

X

ri [xi (t), x∂i (t)]F (Xi , X∂i , t)

{Xk },k∈∂i\j

We recall that the trace on the right hand side should be interpreted as (8.23) and
that F is a conditional probability, although we do not write it explicitly. Hereafter
we use the notation x∂i\j equivalently to {xk }k∈∂i\j . Let us observe that the rate
ri depends only on the configuration of the spins at time t. Therefore we could
formally take the trace on the RHS keeping the configuration at time t fixed. The
result reads
X
λi→(ij) (Xi , Xj , t) µi→(ij) (Xi |Xj ) =
ri [xi (t), x∂i (t)]p(x∂i\j (t), Xi |Xj ),
x∂i\j (t)

(8.26)
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where we introduced the probability density p(x∂i\j (t), Xi |Xj ) as the marginalization of F above over all the {Xk } with the last spin configuration fixed.
Equation (8.26) is the first result of Paper 5. It connects the transition rate of
the jump process described by µ with the transition rate ri of spin i which appears
in the local master equation (8.2) and its approximated version (8.4).

8.4

The Cavity Master Equation

Equation (8.26) represents the differential form of the dynamic message-passing
equation in continuous time. The messages µ appearing in it are probability densities of spin histories. For our purposes, it is more convenient to focus on objects
with a reduced dimensionality by partially marginalizing the messages over the spin
history Xi . We introduce the marginalized conditional probability as
X
p(xi , t|Xj ) =
µi→(ij) (Xi |Xj )
(8.27)
Xi |xi (t)=xi

which is an easier mathematical object to deal with.
By differentiating this new quantity in time, we can obtain a differential equation
for its evolution. As for the derivative of equation (8.22), differentiate must be
handled carefully. Detailed calculations are discussed in Paper 5, we here report
the final result:
X
ṗ(xi , t|Xj ) = −
λi→(ij) [xi (t), Xi , Xj ] µi→(ij) (Xi |Xj )
(8.28)
Xi |xi (t)=xi

+

X

λi→(ij) [−xi (t), Xi− , Xj ] µi→(ij) (Xi− |Xj )

Xi− |xi (t)=−xi

where we separated terms at time t with different spin configurations. In particular,
we indicated with Xi− the spin history of spin i with the value of the spin at time
t equal to −xi (t). To enlighten the difference in the two terms respect to the last
spin configuration, we also write explicitly this state in the arguments of λ.
Plugging the result (8.26) into the above expression and partially marginalizing
over the history Xi , we get
i
Xh
ṗ(xi , t|Xj ) = −
ri [xi , x∂i ]p(x∂i\j , xi |Xj ) − ri [−xi , x∂i ]p(x∂i\j , −xi |Xj )
x∂i\j

(8.29)

The above expression is a master-like equation for the marginalized messages, therefore a master-like cavity equation. We emphasize that to arrive at this result we
have not taken any approximation, then, as long as equation (8.22) is exact (on
tree-like topologies) so it is the above equation. One of the arguments of the
probabilities appearing in (8.29) is still a spin history so, to continue, inspired
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by the Markov character of the dynamics, we approximate these probabilities by
assuming that they satisfy a Markovian property in time: they are conditioned
only on the last spin configuration xj (t). Explicitly p(xi |Xj ) ≈ p(xi |xj ) and
p(x∂i\j , xi |Xj ) ≈ p(x∂i\j , xi |xj ).
Additionally, in order to close equation (8.29), we further approximate
p(x∂i\j , xi |xj )

=
≈

p(x∂i\j |xi , xj )p(xi |xj )
i
h Y
p(xk |xi ) p(xi |xj ) (8.30)
p(x∂i\j |xi )p(xi |xj ) ≈
k∈∂i\j

Plugging these approximations into equation (8.29) leads to the following expression
"
h Y
i
X
dp(xi |xj )
=−
ri [xi , x∂i ]
p(xk |xi ) p(xi |xj )
dt
x∂i\j
k∈∂i\j
#
h Y
i
− ri [−xi , x∂i ]
p(xk | − xi ) p(−xi |xj )
(8.31)
k∈∂i\j

that we name Cavity Master Equation because it is the closed version of the exact
master-like cavity equation encountered in (8.29).
The above equation is the main result of Paper 5. It represents a master-like
equation for an approximated version of the conditional probabilities introduced in
(8.27) derived by differentiating the dynamic cavity equation in continuous time.
We would now like to use this equation together with the local approximated master
equation (8.4) to build a closure scheme for the evolution of marginal probabilities.
Before proceeding in this direction though, we should observe that the mathematical and physical meaning of the messages is subtle and it is not trivial that the
approximated version of the probabilities introduced in (8.27) is equivalent to the
probabilities appearing in (8.4). Indeed, in general, it is not so and in fact so far
we have used different notations for them. In the following part of this section,
we discuss this issue and the limiting cases where these two kind of probability
densities are asymptotically the same.

8.4.1

On the relation between probabilities and cavity messages

As we already discussed, the messages µi→(ij) (Xi , Xj ) introduced through this
chapter are a continuous time version of the messages presented in Chapter 6.
These can be interpreted as belief-propagation messages on the auxiliary graph of
spin histories illustrated in Figure 6.3.
Through this chapter we mainly focused on the conditional version of these
messages, µi→(ij) (Xi |Xj ) which, similarly, can be interpreted as the probability
of Xi in the auxiliary graph, with a given history Xj . Using a terminology more
common in physics (see also Section 2.4) these terms can be called probability
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densities in the cavity graph so, µi→(ij) (Xi |Xj ) is the probability of Xi under the
influence of an external field which also accounts for the history Xj being fixed.
In Section 6.4 we discussed how to compute marginal probabilities, or beliefs,
from these messages. Equation (6.6) is indeed nothing but the discrete time version
of equation (8.20), which is the joint probability density of spin i and its neighbours. From that discussion, as well as from the arguments given through this
chapter, it should be clear that probability densities are encoded by the functions
Q’s. Therefore, probabilities as those in the approximate local master equation
(8.4) can formally be obtained by marginalizing the pair distribution
P (xi |Xj ) =

X

Q(Xi |Xj ) =

Xi |xi (t)=xi

X

Xi |xi (t)=xi

Q(Xi , Xj )
Q(Xj )

(8.32)

Using expression (8.21) for the density of spin histories, the above expression becomes
P (xi |Xj )

=

X

Xi |xi (t)=xi

=

X

µi→(ij) (Xi |Xj ) P

µj→(ji) (Xj |Xi )
Xi µi→(ij) (Xi |Xj )µj→(ji) (Xj |Xi )

µi→(ij) (Xi |Xj )∆µj→(ji) (Xj , Xi )

(8.33)

Xi |xi (t)=xi

where in the second equality we used the notation ∆µi→(ij) for the rate appearing on the right hand side. It is now worth to compare the above expression
with the equation for the conditional probability introduced in (8.27). The two
quantities on the left hand side are the same only for the limiting cases for which
∆µj→(ji) (Xj , Xi ) = 1.
For fully asymmetric networks (Jji = 0 if Jij 6= 0), it is easy to show that
µi→(ij) (Xi |Xj ) = µi→(ij) (Xi ) because the Φ in (8.22) is no longer dependent on
the history Xj . In that case, thanks to the normalization conditions that messages
obey, we get ∆µj→(ji) (Xj , Xi ) = 1. More generally, when the variables i and j
are weakly correlated, the rate ∆µj→(ji) is approximately one. Formally, denoting
with cij the correlation function between site i and j, we can write
P (xi |Xj ) = p(xi |Xj ) + g(cij ) where

lim g(cij ) = 0

cij →0

(8.34)

So, to conclude, in a low correlation regime we can replace P (xi |xj ) in (8.4) with
p(xi |xj ), use the Cavity Master Equation (8.31) to determine the evolution of conditional probability and then obtain a closure scheme for the dynamics of marginals.
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8.5

Results for ferromagnet and disorder models in
continuous time

The closure scheme presented in the previous sections consist in approximating
P (xi |xj ) with p(xi |xj ) and then use (8.4)
Xh
Y

dP (xi )
P (xk |xi ) P (xi )
ri (xi , x∂i )
=−
dt
x∂i
k∈∂i
i
Y

− ri (−xi , x∂i )
P (xk | − xi ) P (−xi )

(8.35)

k∈∂i

together with the Cavity Master Equation (8.31)
"
i
h Y
X
dP (xi |xj )
P (xk |xi ) P (xi |xj )
=−
ri [xi , x∂i ]
dt
x
∂i\j

k∈∂i\j

− ri [−xi , x∂i ]

h Y

k∈∂i\j

#
i
P (xk | − xi ) P (−xi |xj )

(8.36)

to determine the dynamics of marginal probability densities.
To test the accuracy of this approach we numerically integrate the above scheme
using Euler’s method for ODEs. We consider an Ising spin defined on a Erdös
Rényi random graph topology with N = 1000 spins and mean connectivity c = 3
and transition rate ri (t) given by a Glauber rule
X
α
ri (xi , x∂i ) = (1 − xi tanh[β(
Jij xj + hi )]),
(8.37)
2
j∈∂i

where α is a constant defining the time unit, t0 = 1/α.
From the solution of P (xi (t)) above we then estimate the dynamics of observables as local, global magnetizations and the Edward-Anderson order parameter
(1.16). We then compare these results with the same estimates obtained by running and averaging a large number of kinetic Monte Carlo simulations with the
same initial conditions.
We consider three different type of models: an Ising ferromagnet with zero
external field, the same ferromagnet with random local field (also known as Random
Field Ising Model) and the Viana-Bray spin glass model, with interactions Jij drawn
either positive or negative from a bimodal distribution. For each of these models,
we performed numerical simulations for three different temperatures and with the
same initial conditions corresponding to all the spins aligned in a positive direction,
therefore initial global magnetization m(0) = 1.
Figure 8.2 shows results for the dynamics of the global magnetization. The inset
of this figure shows the mean error in the estimate of local magnetizations as defined
in (7.15). Figure 8.3 shows the dynamical evolution of the Edward-Anderson order
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Figure 8.2: Dynamics of the global magnetization in three different model: (a) Ising
ferromagnet, (b) Random Field Ising Model, (c) Viana-Bray Spin Glass. Different lines
correspond to different temperatures. Dots report results by using the closure scheme
presented in this chapter, lines show MC simulations results. Initial conditions correspond
to all the spin aligned in a positive direction, m(0) = 1.

P
parameter, qEA (t) = N1 i m2i (t). The inset of this figure shows the mean error in
the estimate of local magnetizations used to compute the EA parameter.
Finally, Figure 8.4 shows the difference between the results of our approach and
MC simulations for the magnetization and qEA , for the different values of time
when they are maximum, as a function of the temperatures. In other words, the
difference between the estimate of these macroscopic observables is a function of
time and temperature: diff(t, T ) = |OCM E (t, T )−OM C (t, T )|. Figure 8.4 shows the
value of this difference, for the times when it is maximum at a given temperature,
as a function of temperature.
Numerical results show that for the Ising ferromagnet the transient and equilibrium dynamics of both the global magnetization and of qEA is well recovered. In
both the ferromagnetic and paramagnetic phase the agreement is very good. For
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Figure 8.3: Dynamics of the EA parameter qEA (t) in three different model: (a) Ising
ferromagnet, (b) Random Field Ising Model, (c) Viana-Bray Spin Glass. Different lines,
dots and initial conditions are the same as in Figure 8.2.

a temperature T = 1 close to the critical transition temperature (Tc = 0.96) the
accuracy diminishes as one would expect because, in such case, correlations become
more dominant and our approach is based on a weak correlations assumption.
The RFIM is a standard example of disordered model which does not have a
spin-glass phase transition. In numerical simulations, we drawn the random field
from a bimodal distribution such that hi = ±0.3, which guarantees a ferromagnetic
critical temperature Tc = 0.78 not too different from the Tc = 0.962 that we have
in the Ising ferromagnet with zero external field. The approach that we introduced
reproduces the dynamical behaviour of the macroscopic observables with a quality
comparable to the ferromagnetic case.
The existence of many pure states in the Viana-Bray model complicates the
dynamical scenario for the spin glass (as discussed in Section 1.4), the state space
collapses in an hierarchy of different states and therefore the dynamics is not well
described by a theory based only on macroscopic order parameters. This implies a
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Figure 8.4: Maximum mean error dependence with temperature for the global magnetization and the EA parameter qEA , in the three different models considered in this chapter:
(a) Ising ferromagnet, (b) Random Field Ising Model, (c) Viana-Bray Spin Glass.

fundamental difference with respect to the previous models and indeed the numerical results are less accurate in this case.

Chapter 9

A quasi-equilibrium approach to
dynamics
To know what you know and what you do not know,
that is true knowledge.
— Confucius

The non equilibrium probability distribution of a physical system is, generally,
an unknown object and, unlike the equilibrium case, there is no general prescription
to determine it. In the previous sections we discussed different approaches for
different cases and dynamical updating rules in order to get estimates of nonequilibrium marginals.
In this chapter we focus on the continuous time dynamics of a system of N Ising
spin variables subject to a Glauber update rule as we did for the system studied in
Chapter 8. We present an approach used in Paper 6 that follows a general theory
introduced by Laughton, Coolen and Sherrington [1, 2] to estimate the dynamics of
disordered models, sometimes referred to as Macrodynamics [11,190] or Dynamical
Replica Theory when replicas are used to average [191]. The approach was originally formulated for fully connected model and afterwards extended also to dilute
graphs [155, 156]. The general idea is to write differential equations for a set of observables which appear good candidate for the description of the dynamics. When
the observables are taken to be magnetization and energy for instance, the method
provides a recipe to get estimates of these quantities. A further improvement of
the method, started with [2], allows to write differential equations also for the joint
spin-field distribution and hence to obtain more detailed dynamical information on
the state of the system.
We introduce the approach in a different way compared to the original papers,
formulating it from other assumptions and test it on a very simple model. We
present this application in Paper 6 which is, chronologically, the first paper realized
within this thesis. After working directly on the method that we here present, we
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developed some critical comment about it which motivated us to move towards
different directions and explore other approaches to study dynamics, as the previous
chapters and papers show. Part of these observations, are summarized in Section
9.4.

9.1

Dimensional reduction of dynamics

Let us consider the continuous time Markov process of N Ising spin variables on a
graph in contact with a heat bath at temperature T . As discussed in Chapter 5, the
stochasticity of the model is parametrized by the introduction of the probability
distribution for the state x which satisfy a master equation (5.10). As discussed
also in Chapter 8, the solution of the master equation for the probability of the
system at time t, Pt (x), requires the cumbersome task of tracing the evolution of
2N states.
In order to reduce the dimensionality of the dynamics, in Paper 6 we start
assuming that the probability distribution Pt (x) belongs to an exponential family
class and hence takes the following exponential form
Pt (x) ∝ exp (−N Vt (x))

(9.1)

where Vt (x) is a time-dependent functional which formally contains all the possible
(short and long-range) interactions allowed in the model. We further assume Vt (x)
to be dependent on L local functions, i.e. Vt = Vt (o1 (x), o2 (x), . . . , oL (x)). This
assumption is inspired by a large deviation formulation, although we stress that
it is conceptually and mathematically different. Indeed if a system obeys a large
deviation principle, the probability distribution of a set of k observables can be
written as
P ({f1 , . . . , fk }) ∝ exp(−N V (f1 , . . . , fk ))
(9.2)
where V is a large deviation or Cramér functional [192–195]. Large deviation principles can also be extended to continuous spaces and density profiles thus, for such
cases, the large deviations formulas (9.2) depends on some microscopic density f (y)
and generalized as follows [195, 196]
P (f (y)) ∝ exp(−N V [f (y)])

(9.3)

The main difference between these two ansatz is that the functional V in (9.2)
or (9.3) depends on a set of macroscopic observables, or features, of the system
whereas the ansatz in (9.1) and text below assumes that the functional V depends
on the microscopic state of the system, through some set of functions {o(x)}, as it
will be more clear in the following sections. This difference makes the two probabilities appearing in these equations indeed two distinct objects: P in (9.1) depends
explicitly on a local state whereas the large deviation probability distributions in
(9.2) and (9.3) do not. The ansatz in (9.1) is therefore an exponential distribution
assumption for the local probability distribution of the state of the system and this
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Figure 9.1: Graphical representation of a directed network and a factor graph. Coloured
area highlight one body interactions O1 , two bodies interactions O2 between a spin and
its neighbours, three bodies interactions O3 between a spin, its neighbours and its nextnearest neighbours.

is because we call it Gibbs-Boltzmann like assumption for such distribution. An
equivalent ansatz in [1, 2] was named equipartition assumption.
When variations are relatively small, the functional in (9.1) can be linearized
1
such that V = const. + β1 o1 (x) + . . . βL oL (x) where β1 , . . . βL are the corresponding conjugate quantities (generalized temperatures) of the functions {o(x)}. The
(non-equilibrium) probability distribution is approximated by an auxiliary Gibbs
measure as follows
1

1

Ptaux (x) =
1

1

1
exp (−β1 O1 (x) . . . − βL OL (x))
Zd

(9.4)

where O1 (x) = N o1 (x), . . . , O
1 L (x) = N oL (x) are auxiliary (non-physical) energy
terms and Zd is a normalization constant. Generally, for models with non pair-wise
interactions, one could define O1 (x) as containing all the one-body non-physical
interactions, O2 (x) all the two-body and so on. Since we here consider a model on
a graph, we define these functions slightly differently, based on the topological distance that spins have on the network. We want here to consider the case where the
functions O1 (x) contains all (auxiliary, non-physical) interactions depending on one
spin only, O2 (x) contains all (auxiliary, non-physical) interactions between a spin
i and the set of its neighbouring spin j ∈ ∂i and so on. Figure 9.1 illustrates these
kinds of non physical interactions graphically for both a normal and a factor graph.
A theory containing only terms in O1 , for instance, is one where the spins are assumed independent. It is reasonable to expect that the more terms O1 (s), O2 (s), . . .
are included in the auxiliary probability distribution (9.4), the more accurate may
be the approximations to a full probability distribution Pt .
In order to get differential equations for two observables of our interest, the
magnetization and the energy, following [197] we introduce the joint-spin field dis-
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tribution
µ(σ, h, x) =
.

1 X
δσ,xi δ(h − hi (~x))
N i

(9.5)

which counts simply the number (density) nσ,h of spins taking values σ and having
local fields h. This quantity can be averaged according to some auxiliary probability
distribution (9.1) as follows
µ(σ, h) =
.

1 X
hδσ,xi δ(h − hi (~x))iaux
N i

(9.6)

and in the thermodynamic limit the dynamical equation for the magnetization mt
and the energy density et , for a general Ising ferromagnet, obeys
XZ
dmt
= − mt +
µ(σ, h) tanh(βh)
(9.7a)
dt
σ
XZ
det
µ(σ, h) h tanh(βh)
(9.7b)
= − 2et −
dt
σ

P
where β = 1/kB T is an inverse temperature term and ht = J j∈∂i xj is the
homogeneous field acting on each spin. If one could compute the average in (9.6)
the dynamics of the magnetization and energy would be completely determined
by integrating (9.7). The idea is then to use auxiliary probability distributions
as those introduced in (9.4) as an approximation to the auxiliary average. This
latter probability distribution depends on a series of functions O(x) which could be
specified by the theory but, in addition, it also depends on a series of generalized
inverse temperatures whose values are unknown.
One of the methods that we use through Paper 6 to determine such parameters
is to use the equations that define the magnetization and the energy through the
joint spin-field distribution and invert them, once mt and et are known, in order to
determine the β parameters in (9.4). More explicitly, from the following equations
Z
XZ
1X
mt =
dh µ(σ, h) σ,
et = −
dh µ(σ, h)σ h
(9.8)
2 σ
σ
given the value of mt and et at every time, for certain cases1 , it is possible to
solve them respect to the parameters β’s which appears in the average contained
in µ(σ, h). Then these values for the generalized temperatures can be plugged into
(9.7) to obtain the values of the new magnetization and energy density. Iterating
this algorithm one can in principle determine the dynamics of the system for every
time.
1 The

system of equations must obviously not be under determined.

9.2. TWO PARAMETERS THEORY

9.2

129

Two parameters theory

In this section we want to test the accuracy of the approach discussed above
by applying it to estimate non-equilibrium marginals of a simple model: the 1dimensional Ising ferromagnet. This model is a good candidate for trying out the
approach since it can be solved explicitly for magnetizations and the pair-wise correlation functions [169], as we will discuss in the following.
We start considering one of the simplest probability distributions of the type
(9.4) that one can construct. Beyond the elemetary case of a probability which
includes single spin terms in O1 (x), next step is to consider a theory based also on
functions of two-body interactions O2 (x). Among the class of probability distributions (9.4) including two-body terms, we consider
Pt (x) =
.

1
ZM,E

exp (−βM M (x) − βE E(x))

(9.9)

where βM and
at this level of approximation
PβE are the generalized temperatures
P
and M (x) = i xi whereas E(x) = −J i xi xi+1 for this case. The function ZM,E
at the denominator is a normalization factor. Note that (9.9) does not account for
all the possible two-body interactions but only for the nearest neighbours ones. The
choice of the symbols to denote these functions is not accidental, the final state will
eventually be a Boltzmann distribution at inverse temperature β, P ∝ exp (−βE)
where E is the actual energy and the magnetization is zero. We stress though, that
unless the distribution (9.9) describes an equilibrium state, the functions M (x) and
E(x) should be thought as “non-physical” objects.
The average in (9.6) is then computed according to (9.9). We note that since
we are dealing with an homogeneous linear chain, i.e. all the sites are equivalent,
(9.6) becomes simply µ(σ, h) = hδσ,x0 δ(h − h0 (~x))iM,E where x0 is the state of a
generic site whereas h0 = J(x1 + x2 ) is the total local field acting on it, with the
sites 1 and 2 neighbours of 0.
The average in the definition of the joint spin-field distribution can be computed explicitly by using the cavity method on the probability distribution (9.9),
as presented in Section 2.4. The result reads
µ(σ, h) =

X

x1 ,x2



exp βM σ + βE σh + h̃(x1 + x2 ) δ(h − J(x1 + x2 ))

(9.10)

where h̃ represents the cavity field which satisfies the following recursive equation
h̃ = βM + atanh(tanh (βE J) tanh (h̃))

(9.11)

By plugging the expression (9.10) into the equations (9.8), after some algebra we get
expressions for the magnetization and the energy which depend on the generalized
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inverse temperatures
(βM , βE ) and on the cavity field h̃
1
sinh (βM + 2βE J)e2h̃ + sinh (βM − 2βE J)e−2h̃ + 2 sinh(βM )
cosh (βM + 2βE J)e2h̃ cosh (βM − 2βE J)e−2h̃ + 2 cosh(βM )

J sinh (βM + 2βE J)e2h̃ − sinh (βM − 2βE J)e−2h̃
et = −
cosh (βM + 2βE J)e2h̃ + cosh (βM − 2βE J)e−2h̃ + 2 cosh(βM )

mt =

(9.12a)
(9.12b)

With analogous calculations one gets an explicit expression also for the equations
(9.7)
h
i
2h̃
−2h̃
tanh
(2βJ)
e
cosh
(β
+
2β
J)
−
e
cosh
(β
−
2β
J)
M
E
M
E
dmt
=
(9.13a)
dt
cosh (βM + 2βE J)e2h̃ + cosh (βM − 2βE J)e−2h̃ + 2 cosh(βM )
h
i
2h̃
−2h̃
2J
tanh
(2βJ)
cosh
(β
+
2β
J)e
+
e
cosh
(β
−
2β
J)
M
E
M
E
det
=−
dt
1
cosh (βM + 2βE J)e2h̃ + cosh
1 (βM − 2βE J)e−2h̃ + 2 cosh(βM )
(9.13b)
The numerical iteration of the algorithm described by the above equations is a
follows. Starting from some initial condition for the magnetization mt and the
energy et , equation (9.11) together with (9.12) are solved at the same time for
the generalized inverse temperature (βM , βE ) and the cavity field h̃. Then these
parameters are used for the integration of the equations (9.13) that provide the
value of mt+dt and et+dt which is then used as a new starting point. The iteration
is then repeated up to the desired time.
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Numerical results are then compared with the exact solution for the 1-D Ising
model provided by Glauber in his seminal paper [169]. The magnetization obeys
the following equation
mt = m0 e−(1−γ)t
(9.14)
with γ = tanh(2βJ) whereas the energy can be computed from the solutions to
Glauber’s differential equation for the equal-time spin-spin correlations rj,k (t) =
hxi xk i(t):
1
d
rj,k (t) = −2rj,k (t) + γ (rj,k−1 (t) + rj,k+1 (t) + rj−i,k (t) + rj+1,k (t))
dt
2

(9.15)

The results obtained for the relaxation of the magnetization are in perfect agreement with the exact Glauber’s solution, indeed the same analytical expression for
the magnetization (9.14) can be obtained within our theory, therefore these outcomes are not shown and will not be discussed further. Figure 9.2a shows the
dynamical evolution of the energy starting from an initial conditions where the
spins are initially independent and identically distributed as determined by the initial magnetization. These curves are in qualitative agreement with the Glauber
theory2 at early and late times, but show a discrepancy at intermediate times. In
this region, where the time derivative of the energy changes sign, the spins are correlated over a larger distance generating effects which are not included here by the
probability distribution (9.9). The difference between our solution and the exact
results is shown in Figure 9.2b.

9.2.1

Consistency check

In this section we show that the accuracy of our approximation can be assessed
internally. We want to consider the estimate of pair-wise correlation functions of
spins which are not necessarily neighbours, i.e. hxi xk i. These quantities can be
computed exactly from the master equation as follows
N h
i
XX
d(T ) hxi xk i X ∂
=
Pt (x) xi xk =
wj (Fj x)Pt (Fj x) − wj (x)Pt (x) xi xk
dt
∂t
x
x j=1
X
= −2
Pt (x) [wi (x) + wk (x)]
(9.16)
x

and by using the approach described in the previous section



d(M ) hxi xk i
= β̇M hM (xi xk )i − hM ihxi xk i + β̇E hE(xi xk )i − hEihxi xk i (9.17)
dt

where the averages h·i are computed according to the two-parameters probability
distribution (9.9). If we now use this latter probability distribution also for the
2 For the numerical analysis, equation (9.15) is integrated by using a Runge-Kutta 4th order
method.

132

CHAPTER 9. A QUASI-EQUILIBRIUM APPROACH TO DYNAMICS
parole parole parole
k =i+1
k =i+2
k =i+3
time
m0
m0
m0
m0

= 0.3
= 0.6
= 0.7
= 0.9

E0
E0
E0
E0

= 0.09
= 0.36
= 0.49
= 0.81

parole parole parole
E

m

EG

E

k =i+1
k =i+2
k =i+3
time

Figure 9.3: Two parameters theory. Difference
between the time change of the two-bodies
m0 = 0.6
Friday, June 6, 14

m0 = 0.3

0.7 three different values of k, as discussed
0 =for
correlation functions between a spin i and mk,
m0 = 0.9
in Section 9.2.1. Temperature is chosen to be T = 2.
E0
E0
E0
E0

= 0.3
= 0.6
= 0.7
= 0.9

estimation of the two point correlation (9.16), we check internally, without solving
the full dynamics, the accuracy of our approximation.
E
m
EG E
In Figure 9.3 we plot the difference between (9.16) and (9.17) as a function
of time, for different k’s. As results illustrate, the time change of the correlation
function hxi xi+1 i (related to the energy), which is included in the two-parameter
theory, is reproduced exactly, while those of hxi xi+2 i and hxi xi+3 i are not. This
shows that the model does not catch effective interactions which develop between
non-neighbouring spins at intermediate times, which is also where we find the largest
discrepancies between the energy computed exactly and through our model, compare Fig.9.2b.
In next section we introduce a more accurate approximation named “joint spinfield theory” following [2, 155, 156]. We see that the largest inaccuracies of the
“two-parameter theory” are taken care of by this improved theory, but that higherorder inaccuracies would need a higher-order approximation.

9.3

1

A joint spin-field theory

We start this section by noting that if the master equation describes a process
obeying local balance then the flip rate wj is determined by 1the value of xj and
the total local field acting on spin j. At least for systems obeying detailed balance
it is therefore reasonable to assume that a description in terms of spins and local
fields acting on these spins could be accurate. Following the approach presented in
the previous section so, one could include new observables which accounts for spinfield interactions and proceed as already described with a more accurate probability
distribution (9.4).
From equations (9.7) and (9.8) though, it is clear that a more accurate approximation could be obtained by writing differential equations directly for the
time evolution of the join-spin field distribution µ(σ, h) and use the evolution of
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this density to determine the magnetization and energy at every time. Laughton,
Coolen and Sherrington [2] were the first to investigate this possibility introducing
an ansatz for the non-equilibrium probability that in a general case reads
"
#
XZ
. 1
Pt (x) =
exp N
dh d(σ, h)µ(σ, h, x)
(9.18)
Zd
σ
note that the negative sign in the exponent of (9.1) is accounted by the functions
d(σ, h). Let us observe that the above equation can be turned into a simpler one
for the Ising ferromagnetic chain, reminding that the local field hi (~x) can take only
few discrete values. Indeed by using the definition (9.5) for this simpler case, (9.18)
reads
Pt (x) =
.

X
 N


1
1 X
exp
d(σ, h)δσ,xi δh,hi =
d(xi , hi (~x))
Zd
Zd i=1

(9.19)

σ,h,i

where d(xi , hi (x)) are functions of the spin and theQ
local fields. The measure in
(9.19) simply weighs the total spin configuration by σ,h ed(σ,h)nσ,h , where nσ,h is
the density of spins taking values σ and having total local fields h.
With this average defined, as shown in Paper 6, it is possible to work out a
differential equation for the spin-field distribution µ(σ, h) that, in the specific case
of the 1D Ising chain, reads
1
1
∂
µ(σ, h) = [1 + σ tanh[βh]] µ(−σ, h) − [1 − σ tanh[βh]] µ(σ, h)
∂t
2
2
n
o
XZ
1
+
dh̃ [1 − σ̃ tanh[β h̃]] A[σ, h, σ̃, h̃|1] − A[σ, h, σ̃, h̃|0] (9.20)
2
σ̃
The above distribution A[σ, h, σ̃, h̃|F ] for this specific case is defined as
A[σ, h, σ̃, h̃|F ] =

1
δσ̃,x0 δ[h̃ − h0 (x)] δσ,x1 δ[h−h1 (x)+2JF ]
2

d;t

(9.21)

where the average h·id;t refers to (9.19). Let us observe that if this average could
be performed explicitly, solving (9.20) starting from some initial conditions would
provide the value of the joint spin field distribution at every time in the dynamics.
The value of µ(σ, h) could then be used to compute the dynamical behaviour of the
magnetization and energy through (9.8).
Analogously to the case of the two-parameters theory, such average can be
computed using the cavity method (Section 2.4) parametrizing the probability distribution in (9.19) with three cavity fields that we denote with ν, θ and η. The
involved calculation is reported in Appendix A and B of Paper 6 by using two
equivalent approaches respectively. In what follows we report schematically the
final results and the algorithmic scheme.
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The three cavity fields satisfy a set of recursive equations that can be written
formally as (see equations (A.6) in Paper 6 for explicit expression)
ν =Fν (d(s, h), ν, θ, η),
θ =Fθ (d(s, h), ν, θ, η),

(9.22)

η =Fη (d(s, h), ν, θ, η),
The joint spin field distribution, by definition, can be computed through (9.6)
using the auxiliary probability distribution (9.19) and the cavity method. The final
results is an equation which depends parametrically by the functions d(σ, h) and
the three cavity fields as follow
µ(σ, h) = Gµ (d(s, h), ν, θ, η)

(9.23)

Note that the above expression represents schematically 6 equations, each for all
the possible values of the arguments (σ, h), which are reduced to 5 by the normalization condition that the joint spin-field density satisfies. Once the average
of the density function A (9.21) which appears in (9.20) is computed through the
cavity method, equation (9.20) becomes also a function of d(s, h), ν, θ, η and can be
rewritten schematically as
∂
µ(σ, h) = Hµ (d(s, h), ν, θ, η)
∂t

(9.24)

The numerical estimate of the dynamics proceeds as follows. Starting from
some initial condition for µ(σ, h) which guarantees the value of the initial global
magnetization through (9.8), we solve equations (9.22) and (9.23) at the same time
respect to the parameters d(σ, h), ν, θ and η. The value of these parameters in then
used in (9.24) to iterate the dynamics for the joint spin-field distribution. The new
value of µ(σ, h) at the successive time step obtained from the integration of this
equation is hence used as new initial starting point. The procedure is iterated up
to the desired time obtaining so the values of µ(σ, h) at every t. The magnetization
and the energy can then be computed by (9.8) for the whole dynamics.
The qualitative behaviour of the energy is the same as in Figure 9.2a we therefore
just show the difference between the energy computed through the joint spin field
theory and the exact result obtained by integrating (9.15) (see Figure 9.4a). As
the plot illustrates, using the joint spin-field distribution approach improves by one
order of magnitude the agreement to the Glauber theory compared to the twoparameters approach.
Figure 9.4b reports the same consistency check discussed for the two-parameters
theory in Section 9.2.1 performed within the joint spin-field approach. Namely,
using the probability distribution (9.19) in equation (9.16) and (9.17) which are
then used to compute two-body correlations. As can be expected from a theory
which includes general terms in O2 , we capture correctly both the time change of
the nearest neighbour correlation function hxi xi+1 i(t) (as already did by the twoparameters theory) but also of the next-nearest neighbour correlation functions
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hxi xi+2 i(t). More distant correlations are however still not exactly reconstructed
by the µ(σ, h) theory.
Further improvements in the prediction of the dynamics could be achieved by
deriving differential equations for the density A introduced in equation (9.21) and
constructing a scheme similar to the one presented in this section for the joint
spin-field density. The benefit of obtaining more accurate predictions in that case
is yet paid by more involved equations which have to be derived and then solved
numerically.

9.4

Critical comments on the method

In this section we present some critical observation about the method introduced
1
in this Chapter which follows the Macrodynamic
approach introduced in [1, 2].
Our main critiques are based on two main issues. The first one is the intro1
duction of the ansatz (9.4) for the probability distribution which can be considered
equivalent to the equipartition assumption of [1, 2] when the averages from the
micro-canonical ensemble are translated into canonical ensemble averages. We believe this assumption to be strong and not completely motivated. In the general
case indeed, it is licit to assume that the non-equilibrium probability distribution
belongs to an exponential family as in (9.1) but only if Vt (x) is the most general
functional for the out-of-equilibrium dynamics that can be constructed. This means
that the Vt (x) should account for all the possible (short and long-range) interactions
in the system as it is, indeed, presented in equation (9.1). Another starting point

1
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could be to consider large deviation probability distributions as (9.3) which yet
allow a different analysis, because such probabilities are referred to density profiles.
In the cases we here considered for instance, they would provide the probability
that a certain density, say the energy or the joint spin-field, takes a given value v
(or vector of values ~v = {v1 , v2 , . . . }) thus, such probabilities would finally depend
on this value and not on the micro-state of the system.
Assuming that Vt depends on the microscopic state of the system only through
other functions or observable densities, i.e. Vt = Vt (o1 (x), o2 (x), . . . , oL (x)) (equipartition assumption) might be more reasonable but also generally not true even
in simple cases of 1-dimensional systems. Furthermore, approximating the nonequilibrium probability by cutting the expansion in the exponent (9.4) represents
another source of error which could be considerably high in certain situations. The
choice of which terms to keep to model the behaviour of the system is not clear
and never universal for all the models. Keeping terms which account for the closest
correlations as in (9.9) or (9.18), although may appear intuitively reasonable, could
result being a wrong assumption in those cases where longer-distance correlations
becomes dominant or of the same order of magnitude of the shortest ones. As we
showed in Figure 9.3 and 9.4b indeed, higher order correlations are not caught by
the method and, in some cases, may not be negligible compared to those which are
included in the theory as shown, for instance, in [157].
Therefore, in certain temperature regimes, physical phases or just in models
where both short-range and long-range interactions play an important role, the
assumptions that leads to (9.4), or versions as (9.9) and (9.18), are not justified.
Our second critique is on the use of the averages, on the way probabilities
distributions are used to compute the observable of interest or, in other words, on
the iterative scheme. The averages (9.8), together with (9.23) for the joint spinfield theory case, are over the maximum entropy distribution given the values of
the observables, i.e. over Pt (x|mt , et ).
Although in some cases the maximum entropy principle (MPE) is of reasonable
use for equilibrium situations, in non-equilibrium cases there is no a priori reason
why this principle should ever be assumed to be valid [198]. Furthermore, in cases
where one does not deal with the full-probability distribution of the system, but
rather with approximations of it which include only certain interactions, the use of
the maximum entropy approach is not justified and may lead to wrong predictions.
The same argument holds for the scientific field of inference from a finite amount of
data, as inferring the structure of the network from observables such magnetizations
and correlations, where the MPE principle has been applied with no rationale. We
refer to [199] for a discussion about the use of maximum entropy in inference and
to [200] which consists in a critical answer to [201]. We refer to [198, 202, 203]
for more general considerations about MPE at equilibrium and in non-equilibrium
cases.

Chapter 10

Causality, correlation response and
dynamical graphical models
I would rather discover one causal law
than become King of Persia.
— Democritus
[Hume] supposes the law to state that there are propositions ‘A causes
B’ where A and B are classes of events; the fact that such laws do not
appear in any well-developed science appears unknown to philosophers.
— B. Russell

This chapter aims to discuss concepts presented in Paper 7 where we consider,
from a statistical physics point of view, the theory of causal analysis introduced by
Pearls in statistics [3,76] and we give arguments for its limits as well as for possible
extensions of modified versions of this approach.
We first briefly present the concept of causality in Western philosophy and
discuss the absence of such notion in physical laws on a fundamental level. We then
shortly introduce the causal calculus of Pearl which makes use, on a philosophical
and practical level, of causal dependencies though from a probabilistic point of view.
We discuss some of the limits of this method, as absence of temporal effects and
the limited applicability only on specific graphical models. Then we finally propose
extension of statistical inference analysis to models which include time dynamics
encouraging the use of responses and correlations rather then causal dependencies
to describe such systems.

10.1

Causality in philosophy, physics and statistics

In the common sense causality connects two or more events through casual dependences. In the simplest case of two events, one identify a process (the cause) with
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the source partially or completely responsible for the happening of another event
(the effect). Since the dawn of Western philosophy, several thinkers have made
speculations about the concept of cause, effect and causal dependencies wondering
whether Nature, on a profound level, uses and implies causal mechanism.
Despite cause and effects are nowadays established in the common sense and are
part of the common way of expressing dialogical concepts, physical laws made no use
of such notion. The third law of Newton states that in Nature there is no separation
between cause and effect and that these are always mutual. The relation between
cause and effect is supposed to have an important temporal asymmetry: causes
normally or always precede their effects. Physical laws on a fundamental level are,
on the contrary, completely symmetric for temporal inversion. Russell noted that
there seems to be no distinction within fundamental physics between the way in
which the past determines the future and the way in which the future determines
the past [204]. This seems to be incompatible with the ordinary conception of
causation. On the other hand, some kinds of non-deterministic laws might give rise
to a fundamental distinction in temporal direction: for instance, those with welldefined probabilities only in the forward direction. This favourable time directional
evolution of irreversible processes is still puzzling in physics on a fundamental level
and is sometimes referred to as the arrow of time problem.
The everyday and the philosophical notions of causality are then intertwined
in Physics with reversibility and irreversibility; Nature’s laws are time-reversal invariant on the fundamental level, but most ordinarily encountered processes are
overwhelmingly likely to only flow in one direction [205, 206]. In Nature causeeffect relationships are thus but abbreviations for processes in physical systems so
strongly driven out of thermal equilibrium that they mostly only go one way.

10.2

Causal analysis

In this section we briefly introduce the main concepts of casual analysis in statistics
introduced by Pearl in [3,76]. This investigation concerns with statistical graphical
models or bayesian networks [207,208] and aims to compute, or estimate, probability
distributions of a set of variables in a network after that an intervention is performed
on a set of some other variables. From a bigger perspective, the approach aims
to describe how casual relationships can be inferred from non-temporal statistical
data after making assumptions on the underlying process of data generation and
therefore also on the underlying graph topology.
Pearl in [3] introduces the concept of a casual structure as a set of variables Vi
representing a distinct element defined on each node i of a network where each link
represents direct functional relationship among the linked variables. The approach
only considers the case of directed graphical models having no loops which are
denoted as Directed Acyclic Graph (DAG). Using the terminology introduced in
Section 5.4 we refer to these models as fully asymmetric tree graphs. We show in
Figure 10.1 an illustration of such network for a simple case.
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A casual model consist of (i) a casual structure, (ii) a set of functions defined
for each node in the DAG which may depend on several variables Vi and (iii) a
probability measure on the casual structure P ({V }). So, as the heedful reader might
have already noted at this point, a casual model, in the language of the previous
chapters and in particular of Section 1.3.4, is nothing but a factor graph for a fully
asymmetric graphical models with no cycles. Indeed, the functions introduced by
Pearl on the nodes are usually encoded by factor nodes in such formulation.
Variables on such network can assume different meaning as for instance compounds in a chemical catalyzed reactions, electric and chemical signals in a neural
system, social individual opinions, just to give few examples. We have already
encountered such networks in Section 1.2 and within the whole manuscript. We
want to enlighten yet that, although it seems there are visible similarities between
some of the models studied within this thesis and models investigated by casual
analysis, there is a fundamental difference in the interpretation of some modelling
aspects. The meaning that we have attributed to the variables sitting on the nodes
of a graph can be very general, and it is normally the same Pearl introduces for
the same objects but, on the contrary, the meaning that casual analysis gives to
the links is rather different from the meaning that, from a physics perspective, we
have associated to them.
Following a physical modelling approach, with links we indeed denote interactions between variables, whereas casual analysis uses links to denote casual relationships between variables. As we already mentioned in the previous section, physics
only knows and deals with interactions and - never - causal relations appear in
physical laws. In this respect, Russell claims indeed that the notion of causation is
not needed in fundamental physics [204].
Furthermore, physical interactions are always mutual but one could of course
restrict the analysis, as the approach introduced by Pearl does, to abstract models
as DAG, where the reciprocal interaction symmetry is broken and the absence of
loops cancel feed-forwards effects. In this (fairly unrealistic) class of models the
interpretation of links as causal relationships may seem applicable, although we
still prefer to keep using the physical terminology of interactions for such cases.
To make the causal analysis approach mathematically more explicit we introduce the concept of do calculus [209, 210]. Given a probabilistic graphical model
or, equivalently, a causal model Pearl introduces two main operations on a set of
variables. The “see” operation on a variable corresponds, in statistical terms, to
condition respect to this variable. Therefore, in the simplest case of two variables,
in term of probabilities, we can write
P (Vi |see(Vk = vk )) =

PM (Vi , Vk )
PM (Vk )

(10.1)

In addition to this, the “do” operation corresponds to freeze the variable, i.e. fix
it to a given value. The do operation is the mathematical formalization of the
intervention on the system or, in other words, a physical action on a set of variables.
This action, in the statistical approach of causal analysis, correspond to set, once
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Figure 10.1: Illustration of the do operation. (a) A Bayesian belief network containing
variable X. (b) Reduced Bayesian belief network after intervening on variable X setting
it to value x. The node containing X and outgoing links are indicated by dashed lines
symbolizing that the X is fixed to a parameter value. Ingoing links to node containing X
are eliminated.

for all, one or more variables to a fixed value. The resulting graphical model is
simpler, indeed one or more variables are removed from the graph and replaced
by values, and all the incoming and outgoing links (causal influences in the Pearl
terminology) related to these fixed variables are also cancelled. In Figure 10.1
we illustrate the effect of a do operation on the variable X which, in term of
probabilities, is mathematically denoted as
P (Vi |do(Vk = vk )) = PMvk (Vi )

(10.2)

These two operations are in general different and the probability distributions (10.1)
and (10.2) becomes the same only for “root” nodes in the graph, i.e. nodes with
only outgoing links, as we show in Paper 7 with a simple example.
The goal of causal analysis is then to estimate probability distributions in (10.2)
after the do operation from data acquired before the do operation. This purpose
then corresponds to estimate what would be the value of the probability distribution
of a set of variables if a physical action is made on another set of variables. By
assuming a given structure of the underlying network, which is generally unknown,
together with a supposed causal directionality between variables in the graph, causal
analysis wishes to find out whether causal models could coherently be inferred from
observation and then, estimate probabilities as (10.2). One very practical result of
this theory is the characterization of confounding variables, namely, a sufficient
set of variables that, if adjusted for, would yield the correct causal effect between
variables of interest.

10.3. CORRELATIONS AND RESPONSES

10.3
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The goals of the causal analysis theory are definitively very attractive. Every
scientist in biology, immunology, neuroscience wishes to understand whether and
how it is possible to act on a living system in order to stimulate the desired final
effects or, in other words, generate a “control theory” of biological systems. The
same considerations could be done for men-made networks as the financial ones or
network of social opinions and spreading disease.
At the same time though, with a physicist mind setting, we believe that invoking
causal relationship and causal directionality is a quite strong assumption which can
be made reasonable only for specific cases as DAG graphs. Although the causeeffect terminology pervades the daily life, in a scientific setting one prefers to talk
about mutual influences or interactions. In order to introduce such cause-effects
concepts, causal analysis moves towards a high level of abstractions reducing thus
the theory to a restricted class of models which are rather unusual in real physical
and biological situations.
Still, it seems to us that the use of causal relations in these cases is mostly
motivated by a philosophical opinion based on the idea that Nature posses stable
causal mechanism. Although the philosophical background might have its own
importance and always influenced science on a side [211], we believe that, in a more
general setting, cause-effects relations are still an open question both in science and
philosophy and not completed needed for scientific modelling. The generalization
of causal analysis out of this restricted class of models would require to abandon
such causal relationship in favour of other quantities, as discussed in the following.
Another further level of abstraction performed by causal analysis is the complete
absence of temporal effects. Interventions are performed instantaneously and the
propagation of such actions is considered also to happen at once. We know that
time evolution characterizes every process and albeit one could consider equilibrium
situations or just cases where the time dynamics can be omitted, in models where
causal analysis desires to find applications time effects play a very important role.
To include such outcomes, graphical models as those considered by causal analysis could be easily generalized to models with one or more dynamical rules which
take account for time behaviours and propagation of perturbative effects. The
whole Part II of this thesis deals with such models and shows different approaches
to estimate non-equilibrium marginals. Probabilities distributions can then be defined more generally as probabilities of histories as we have seen in Chapter 6 or 8
and then, using different methods, reduced to a more treatable dimensionality.
In this setting and from a physics perspective, interventions in a causal way
sense can be considered as the application of external local fields, depending on
the system temperature, which freeze or just perturb some variables in the network
(depending on the magnitude of the fields). The local and global effects of such
perturbations can be measured by introducing well known physical quantities as
the responses, which indeed are nothing but the measure of the variation of some
local observable, as magnetization, at time t given the application of a local (or
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global) field at time s < t. One may also consider the response to a finite step-like
change [206] and the do operation of the causal analysis is clearly of this more
general type.
With the same spirit, a measure of reciprocal interaction can be expressed by
the correlation function of two or more variables yet remembering that “correlation
does not imply causation”, as is well known in physics and statistics.
Therefore to conclude this chapter, it seems to us that the kind of inference that
causal analysis aims to achieve, to be more general and applicable to realistic systems, should include temporal effects. This would require to abandon the Directed
Acyclic Graphs on which the do calculus bases its analysis in order to move towards
more general graphical models accounting for the time dynamical evolution of the
system. In these models, even more than on DAG, the scientific description seems
to be more appropriately done by using correlations and responses rather then
introducing a causal directionality that, for this case, would be hard to identify.

Conclusions
In this thesis we studied the equilibrium and the dynamics of Ising spin systems
defined on several network architectures. These models are known for being prototypes of more general systems appearing in Nature and in man-made structures
known as complex networks.
The first three chapters of the thesis introduce a number of concepts, tools and
knowledge which are then used in the rest of the thesis to present all the novel
approaches derived during the course of the Ph.D research period.
Cluster Variational Methods (CVM) are presented as a systematic technique
to derive variational free energy approximation for graphical models and messagepassing algorithms are discussed as derivable from saddle-point conditions for opportune Kikuchi free energies. We illustrated how these methods are nowadays used
to compute both marginal probability distributions and free energy approximation
also on loopy graphs. The Bethe approximation is presented and shown to be a
special case of the more general Kikuchi approximation and discussed to be exact
only on tree graphs or on tree-like topologies in the thermodynamic limit. Cluster
Variation Methods of this sort are known to show good performances in the high
temperature regime and therefore to be descriptive only of this physical phase.
More performative algorithms to solve the low temperature regime of such models have been introduced with the Survey Propagation scheme which, although of
great success for tree-like graphs, is not well performative on loopy topologies. In
Paper 2 we developed a generalization of such low temperature phase algorithm to
disordered square lattice models in 2-dimensions, as the Edward-Anderson model.
We constructed a theory which is rather general and can be formally applied also
for models in higher dimensions or different topologies. The complicated nature of
the resulting equations, however, only allows for the iteration of the corresponding
generalized Survey Propagation algorithm in the paramagnetic phase. In low temperature regime the equations have a complex mathematical structure which makes
an iterative scheme arduous.
In the second part of this thesis we focused on the more general scenario of
dynamics of complex systems, taking into account the time evolution of such models.
We introduced the two possible cases of discrete and continuous time dynamics.
Paper 3 and Paper 4 investigate the former discrete case by using two different
approaches.
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In Paper 3 we showed that cavity method techniques can be generalized to
cases where the dynamics of the networks is taken into account and we presented
a systematic closure scheme for models with reversible dynamics, based on an extendable Markovian approximation. This paper represents the first attempt to
generalize message-passing algorithms to systems which can have an infinite number of spin flips, i.e. reversible dynamics, and has already been followed by other
contributions in the literature.
Paper 4 presents an alternative approach to study the dynamics in discrete
time-step by extending the techniques of the CVM to dynamical scenarios. The
method defines non-equilibrium functionals which reproduce the exact dynamics
when constraint minimized. Region graph approaches, which take into account different spatial and temporal regions, are then performed in order to approximate
the functional in a treatable way and so obtain approximate equations for the spin
dynamics. This method has the advantage of being rather simple and derivable
from fundamental physics principles, as variational methods. Furthermore, its performances shown to be more accurate than the method presented in Paper 3, at
least in the case of 1-step Markov approximation presented there, for a large class
of models. One interesting future perspective is to investigate whether and how it
is possible to extend such approach for continuous time models.
We believe that methods as those described above for the dynamics in discretetime may be applied to various models in the future, by investigating more accurate
approximations as n-step Markov approximation for Paper 3, or larger cluster expansions for the method discussed in Paper 4.
For what concern the continuous time dynamics of spin systems on a graph, in
Paper 5 and 6 we discuss two different approaches. In Paper 6 we used a theory
already introduced earlier in the literature and we tested it on a simple model as
the 1-dimensional Ising ferromagnet. We discussed a novel scheme to test the theory self-consistently without performing Monte Carlo simulations. Chronologically,
this contribution was the first one of the whole thesis. As we reported in the relative chapter of this manuscript, by working on this method we encountered some
limitation of the theory which pushed us to move towards different approaches to
study the continuous time dynamics.
In Paper 5 we indeed presented a novel approach that we believe to be more
promising and general. We introduced, for the first time in the literature, a generalization of the cavity technique or message passing-approach also to the continuous
time dynamics of spin models. The structure of the theory is rather different from
the discrete time case of Paper 3 and we indeed introduced a different formalism.
The main result of Paper 5 is the derivation of an equation that we named “Cavity
Master Equation” which, together with a local version of an approximate Master
Equation, completes a closure scheme for the marginal probability distributions of
the spins. We believe that the very general nature of this method allows to apply
it on models with various transition rates, networks with any connectivity symmetry and therefore we think it could bring to several further developments in the
investigation of dynamics of physical and biological systems.
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The probabilistic graphical models used in the whole thesis are also part of the
statistics analysis. In Paper 7 we discussed the method of causal calculus introduced in statistics and we discuss the concept of causality from a physical and also
philosophical point of view. We made connections between this approach and some
graphical models studied within the thesis, discussing the limits, from our point of
view, of the causal analysis theory and also proposing possible generalizations of
such theory which should include time dynamics.
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together with my co-authors.
Paper 2: I developed the idea and approach, formulated the research question and
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Paper 1

Cavity Method: Message Passing from a Physics Perspective

arXiv:1409.3048v1 [cond-mat.dis-nn] 10 Sep 2014

Gino Del Ferraro, KTH Royal Institute of Technology, Stockholm
Chuang Wang, Institute of Theoretical Physics, Chinese Academy of Sciences, China
Dani Martí, École Normale Supérieure & Inserm, France
Marc Mézard, Université Paris-Sud & CNRS, France
These are the notes from the lecture by Marc Mézard given at the autumn school “Statistical
Physics, Optimization, Inference, and Message-Passing Algorithms”, which took place at Les
Houches, France, from September 30th to October 11th 2013. The school was organized by
Florent Krzakala from UPMC & ENS Paris, Federico Ricci-Tersenghi from La Sapienza
Roma, Lenka Zdeborova from CEA Saclay & CNRS, and Riccardo Zecchina from Politecnico
Torino.
Abstract
In this three-sections lecture cavity method is introduced as heuristic framework from a
Physics perspective to solve probabilistic graphical models and it is presented both at the
replica symmetric (RS) and 1-step replica symmetry breaking (1RSB) level. This technique
has been applied with success on a wide range of models and problems such as spin glasses,
random constrain satisfaction problems (rCSP), error correcting codes etc. Firstly, the RS
cavity solution for Sherrington-Kirkpatrick model—a fully connected spin glass model—is
derived and its equivalence to the RS solution obtained using replicas is discussed. Then, the
general cavity method for diluted graphs is illustrated both at RS and 1RSB level. The latter
was a significant breakthrough in the last decade and has direct applications to rCSP. Finally,
as example of an actual problem, K-SAT is investigated using belief and survey propagation.
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1

1
1.1

Replica solution without replicas
The Sherrington-Kirkpatrick model

The Sherrington Kirkpatrick (SK) model (Sherrington and Kirkpatrick, 1975) is a mean-field
version of the Edward-Anderson Model (Edwards and Anderson, 1975) and it is defined by
a system of N Ising spins ‡ = (‡1 , ‡2 , . . . , ‡N ) taking values ±1 placed on the vertices of a
lattice. In the SK mean field description the model is fully connected: every spin interacts
with everybody else, and the couplings Jij are chosen independent and identically distributed
according to a gaussian probability distribution, such that, the probability distribution of the
whole couplings reads
Q
R
Ÿ
ÿ
N
2b
P (J) =
P (Jij ) Ã exp a≠
Jij
.
2
i<j
i<j

The Jij variables are assumed to be symmetric and not having self interacting terms, i.e.,
Jij = Jji and Jii = 0, we stress here that physically they play the role of quenched disorder
among each couple of spin in the system. By quenched disorder we mean that the couplings J
exert a stochastic external influence on the system, but they don’t participate to the thermal
equilibrium. The Hamiltonian of the system, given a particular configuration ‡, is given by
ÿ
ÿ
HJ (‡) = ≠
Jij ‡i ‡j ≠ h
‡i ,
i<j

i

where h is the homogeneous
external magnetic field on each site i, and the couplings Jij are
Ô
of the order of 1/ N to ensure a correct thermodynamic behaviour of the free energy. In
this lecture we will be interested in equilibrium properties of the system; the probability
distribution at equilibrium is then given by the Boltzmann-Gibbs distribution,
!
"
1
exp ≠—HJ (‡) ,
Z

P (‡) =

where we introduced the partition function,
ÿ
!
"
Z=
exp ≠—HJ (‡) ,
‡

which includes a sum over all the possible spin configurations, which we denote by {‡}.
The phase diagram h vs. T for this problem, relative to the stability of the replica
symmetric (RS) solution, was found by de Almeida and Thouless (Almeida and Thouless,
1978) and is shown in Figure 1. We observe that there are two phases: in the high temperature

H (J)

3
2
Stable
1
Unstable
0

0

0.5

1

kT (J)

Figure 1. Phase diagram showing the limit of stability of the Sherrington-Kirkpatrick
solution for the paramagnetic phase in the presence of a magnetic field h.
regime there is a paramagnetic phase and in the low temperature regime there is a spin-glass
phase where the RS solution is unstable. The transition line between these two phases is
called the de Almeida-Thouless line. We can then define an order parameter that allows
us to distinguish between these two phases. Let us consider two copies of the same system,
which are two different spin configurations ‡ and · with associated probability
q P (‡) and
P (· ). Then, defining the overlap between these two configurations as q‡· = N1 i ‡i ·i , it is
possible to compute the probability that this overlap is equal to q as follows,
ÿ
PJ (q) = lim
PJ (‡)PJ (· )”(q‡· ≠ q),
N æŒ

‡·

2

In principle the probability of having a given overlap configuration depends on the sample,
i.e., on the disorder, which means that we need to take the average over the disorder to
remove this dependence, namely P (q) = EJ PJ (q), where EJ is the average over the disorder.
The probability distribution P (q) in the case of Replica Symmetry Breaking (RSB) ansatz, is
shown in Figure 2

P (q)

0

q

Figure 2. Distribution function P (q) of the SK model with a Full RSB ansatz, i.e. a system
with multi valley structure.

1.1.1

Pure states

The RSB solution of the Sherrington-Kirkpatrick (SK) model is characterized by the order
parameter matrix Qab (as shown by G. Parisi in his lectures). Since this system presents
spontaneous symmetry breaking, if there is a particular solution for the matrix Q̂ with the
RSB, then any other matrix obtained via any permutation of the replica indices in Q̂ will also
be a solution. On the other hand, within the mean field approximation, because the total
free energy is proportional to the volume of the system, the energy barriers separating the
corresponding ground states must be infinite in the thermodynamics limit. As a consequence,
once the system is found to be in one of these states, it will never be able to jump into
another one in a finite time. In this sense, the observable state is not the Gibbs one, but one
of these states. To distinguish them from the Gibbs states, they could be called pure states
and the probability measure can be decomposed as the sum of the measures over the pure
states. According to this definition, the average of any observable O can be taken as the sum
of the averages in each of the pure states, as follows:
ÈOÍ =

ÿ
–

w– O,

e≠—F–
with w– = q ≠—F– ,
–e

where F– is the free energy associated to the pure state –. More formally, the pure states
could be defined as those in which the correlation function of two spin variables belonging to
the same pure states tends to zero in the thermodynamic limit, i.e., È‡i ‡j Í– ≠ È‡i Í– È‡j Í– æ 0
as N æ Œ.

1.1.2

The Cavity Method in the RS case

We now investigate an alternative method with respect to the replica trick used so far to
investigate the SK model from which is possible to recover all the results at the RS level
(Mézard et al., 1986). This method can be also viewed as an analytic ansatz to derive and
analyze the Thouless-Anderson-Palmer (TAP) equations (Thouless et al., 1977). The basic
idea is to go from an SK system N composed of N spins to a N +1 system that has N + 1
spins, assuming that the thermodynamic limit exists, or in other words, assuming that in the
thermodynamic limit there is no difference between observables computed in both systems (as
for instance the free energy). We shall make some physical assumption on the organisation of
the configuration of N inspired from the results obtained in the SK model with the RSB
ansatz by using replicas (Parisi, 1979, 1980): the ultrametric organisation of the states and
the independent exponential distribution of their free energies. Once this properties are
assumed to be valid in N we will show that they are valid also for N +1 and so, for instance
È‡i Í2N = È‡i Í2N +1 as N æ Œ, where the bar denotes average over J. Let’s assume that ‡0 is
the spin added to the system of N spins to create the N + 1 spins system. The probability

3

distributions of disorder in each of them are respectively
3
4
Ÿ
Nÿ 2
PN (J) =
PN (Jij ) Ã exp ≠
Jij ,
2 i<j
i
Ÿ
Ÿ
Ÿ
PN (J, J0 ) =
PN +1 (Jij , J0j ) =
PN +1 (J0j )
PN +1 (Jij )
j,i<j

j

3
5
64
N +1 ÿ 2 ÿ
Ã exp ≠
Jij +
J0j ,
2
i<j
j

i<j

where J0j is the coupling between the added spin ‡0 and all the other spins in the N +1
system and we also note that there is a small change scale of J (from N æ N + 1 in the
exponent). Then the probability distribution of a certain configuration of spin in the N + 1
system is given by:
1
2
ÿ
PN (‡, ‡0 ) = exp ≠—HN (‡) + —
J0j ‡0 ‡j ,
j

q

where ‡ = (‡1 , . . . , ‡N ), and hc © j J0j ‡j is the local field felt by all the other spins in the
c
N +1 system because of the presence of ‡0 . The index c indicates the “cavity”, since h is
usually called “cavity field”. In the following we want to compute the probability distribution
of hc . To do this, we will compute all the moments of the distribution. Let’s start by defining
the non-linear susceptibility as
‰=

"2
1 ÿ!
È‡i ‡j Í≠ È‡i ÍÈ‡j Í ,
N i<j

and computing the expectation and variance of the cavity field:
ÿ
+ c,
N æŒ
h N =
J0i È‡i ÍN ≠≠≠≠æ h
+

(hc )2

,

(1)

(2)

i

N

ÿ
+ ,2
!
"2
≠ hc N =
J0i J0j È‡i ‡j ÍN ≠ È‡i ÍN È‡j ÍN

(3)

i,j

The assumption of the cavity methodÔat the RS level is that the susceptibility (1) has to be
finite. Because Jij is of the order of 1/ N , and because the sum over i, j involves N 2 terms, ‰
will be finite as
Ô long as the connected correlation of ‡i and ‡j , namely È‡i ‡j ÍN ≠ È‡i ÍN È‡j ÍN ,
is of order 1/ N . Then if we take the sum in (3) will be dominated by the term i = j:
for i = j:

+

(hc )2

,

N

ÿ
+ ,2
1 ÿ
2
≠ hc N =
J0i
(1 ≠ È‡i Í2N ) = 1 ≠
È‡i Í2 = 1 ≠ È‡i Í2 = 1 ≠ q,
N
i
i

Ô
where in the second equality we used Jij ≥ 1/ N , while in the third we substituted the sum
over all sites with the average over the disorder at a single site, because they are equivalent.
Finally we used the definition of the Edwards-Anderson order parameter È‡i Í2 = q. Using
similar reasonings, one can compute the forth moment,
e
f
ÿ
(hc ≠ Èhc Í)4 =
J0i J0j J0k J0l È(‡i ≠ È‡i Í)(‡j ≠ È‡j Í)(‡k ≠ È‡k Í)(‡l ≠ È‡l Í)Í = 3(1 ≠ q)2 ,
i,j,k,l

Iterating this computation and applying similar considerations, we claim that all odd moments
bigger than the first one are zero, while all even moments are given by the following expression:
e
f
(hc )2p = (2p ≠ 1)!!(1 ≠ q)p .
(4)

These are the moments of a Gaussian distribution with variance (1 ≠ q), and therefore the
probability distribution of the cavity field in the N systems is given by
3
4
(hc ≠ h)2
PN (hc ) ≥
,
(5)
= exp ≠
2(1 ≠ q)
q
where ≥
= means ‘equal up to a normalization constant’, and h = i J0i È‡i ÍN = Èhc Í is the
average value of the cavity field. We stress that the only assumption taken so far in computing

4

Ô
these moments has been that the connected correlation function is of order 1/ N . Now we
can consider the probability distribution of hc in the N +1 system, which is build by adding
the spin ‡0 to the system N :
3
4
(hc ≠ h)2
PN +1 (hc , ‡0 ) ≥
+ —‡0 hc .
(6)
= exp ≠
2(1 ≠ q)

With this joint distribution it is finally possible to compute many things, like, e.g., the
expectation value of the spin ‡0 in the N +1 system
N
! ÿ
"
È‡0 ÍN +1 = tanh(—h) = tanh —
J0i È‡i ÍN

(7)

i=1

where the average is taken with respect to the probability density (6), integrating over
the cavity field hc . This is one of the first results where there is an evident connection, a
mathematical relation, between the system N +1 and the system N . Let’s then compute
the order parameter q from its definition, by using the probability density in Eq. (6),
q = È‡0 Í2N +1 = tanh(—h)2

(8)

where the second equality comes from Eq. (7). To compute this average, we need to derive
the probability distribution of the cavity field, P (h). Let us compute its moments. The
averaged field reads:
ÿ
h=
J0i È‡0i ÍN = 0,
(9)
i

which is equal to zero because the average of the couplings J’s is zero. The average squared
field reads
Y ÿ
_
]1
È‡i Í2N = q
if i = j,
ÿ
h2 =
J0i J0j È‡0i ÍN È‡0j ÍN = N i
(10)
_
[0
i,j
if i =
” j.
By computing all the higher-order moments, it is possible to show that all the odd moments
are zero, while all the even ones obey a similar relation to that seen in Eq. (4). We can thus
conclude that h is Gaussian distributed.
Therefore we get:
3 24
⁄
dh
h
Ô
q=
exp ≠
tanh(—h)2
(11)
2q
2ﬁq

The above equation is the self-consistent equation for the q order parameter, originally
found by Sherrington and Kirkpatrick (Sherrington and Kirkpatrick, 1975). This equation
tells us that there is a phase transition at temperature T = 1, but this solution is unfortunately
wrong. This can be shown looking at the thermodynamics; in particular it is possible to
show that the entropy of the system, computed with this method and under its assumption,
is negative, which is unphysical. This inconsistence arises because the approach followed is
equivalent to the RS assumption when one uses replicas, which is not a right ansatz to solve
the model.
We now go back to the initial assumptions that the susceptibility is finite in the thermodynamic limit. To check the validity of this assumption, we will compute ‰ in a system
N +2 composed of N + 2 spins, and we will check the region where the assumption is valid,
or more precisely, the region where ‰ remains finite. Since we deal with a N +2 system, we
will have to deal with two cavity fields. The probability measure in this system reads:
1
2
Õ
PN +2 (‡0 , ‡0Õ , ‡) ≥
= exp ≠—HN (‡) + —hc ‡0 + —hc ‡0Õ + —J00Õ ‡0 ‡0Õ

q
q
Õ
where hc = i J0i ‡i and hc = i J0Õ i ‡i are the cavity fields acting on ‡0 and ‡0Õ respectively.
The term J00Õ ‡0 ‡0Õ corresponds to the interaction between the two spins where the cavity
has been made. First of all, we start by computing the part of the susceptibility containing
the correlation between the spin ‡0 and ‡0Õ : ‰nl = N (È‡0 ‡0Õ Í≠ È‡0 ÍÈ‡0Õ Í)2 , where the label
‘nl’ means non-linear. To compute Ô
this correlation we need to keep in mind that the terms
inside the bracket are of order 1/ N , and then keep all the terms of this order. Before
computing the averages using the cavity method we need to derive the probability density
Õ
P (hc , hc ). To this end, we need to compute the second order moment, i.e., the 2-point

5

Ô
q
Õ
Õ
correlator È(hc ≠ Èhc Í)(hc ≠ Èhc Í)Í = i,j J0i J0j (È‡i ‡j Í ≠ È‡i ÍÈ‡j Í)2 which is of order 1/ N ,
but this time we keep the
Ô terms of this order because we are interested in correlations that
are exactly of order 1/ N .
3
4
(hc ≠ h)2
(hc ≠ hÕ )2
c
cÕ ≥
c
cÕ
Õ
PN (h , h ) = exp ≠
≠
+ ‘(h ≠ h)(h ≠ h ) ,
(12)
2(1 ≠ q)
2(1 ≠ q)
where ‘(hc ≠ h)(hc ≠ hÕ ) represents
the correlation term between the two fields and ‘ is a
Ô
small parameter, of order 1/ N . By using (12) it is possible to derive the following marginal
joint probability distribution which depends on the cavity fields and explicitly on the two
cavity spins:
1
2
Õ
Õ
Õ
PN (hc , hc , ‡0 , ‡0Õ ) Ã PN (hc , hc ) exp —hc ‡0 + —hc ‡0Õ + —J00Õ ‡0 ‡0Õ .
Õ

With this marginal it is finally possible to compute the susceptibility introduced above,
namely ‰nl . The computation follows the same lines as above and we only show here the
final result, which is
3 24
⁄
— 2 A2
dh
h
Ô
‰nl =
with
A
=
exp
≠
(1 ≠ tanh(—h)2 )2 ,
1 ≠ —2A
2q
2ﬁq

and shows how the non-linear susceptibility is related to the q order parameter. We observe
that ‰nl diverges as soon as — 2 A = 1 and therefore, we can make the system eventually reach
this point by increasing — and, because of this divergence, our initial assumption for the
susceptibility is wrong around this point. The assumption of a finite ‰ is then valid only
for high temperatures or, rather, as long as — 2 A < 1. This is precisely the location of the
AT line. This result is thus consistent with what we mentioned above: the cavity method
shown so far is equivalent to the RS approach, because also the RS solution is only valid for
high temperatures. In addition we can also give a physical meaning to the RS ansatz: it
corresponds to assuming that the 2-point correlation function is small (leading to a finite ‰).

1.1.3

Derivation of the TAP equation

Now, let’s go back to the probability measure for the cavity field in the system
3
4
(hc ≠ h)2
c
c
≥
PN +1 (h , ‡0 ) = exp ≠
+ —‡0 h .
2(1 ≠ q)

N:

With the previous measure we can compute the expectation for the cavity field in the N +1
system
ÿ
Èhc ÍN +1 =
J0i È‡i ÍN +1 = h + —(1 ≠ q)È‡0 ÍN +1 ,
(13)
i

and also the expectation value of ‡0 in the same system:
3 ÿ
4
È‡0 ÍN +1 = tanh —
J0i È‡i ÍN .

(14)

i

q
Multiplying Eq. (13) by — we get —h = — i J0i È‡i ÍN +1 ≠ — 2 (1 ≠ q)È‡0 ÍN +1 , which, after
applying tanh(·) to both sides of the equation and making use of Eq. (14), gives rise to the
TAP equation (Thouless et al., 1977),
3 ÿ
4
2
È‡0 Í = tanh —
J0i È‡i Í ≠ — (1 ≠ q)È‡0 Í ,
i

where we generalised the result by omitting the label N + 1 on the averaged terms. The first
term in the argument of tanh(·) is the effect of all the spins except ‡0 on ‡0 , while the second
term is a correction called Onsager’s reaction term. Physically speaking, the reaction term
arises because the presence of ‡0 , when we consider the whole system without any performed
cavity, affects all the other spins, and this effect is proportional to È‡0 Í. The TAP equation
as derived above is correct
as long as the connected correlation between spins is small, i.e.,
Ô
is of the order of 1/ N , which is the only assumption made to derive the equation. From
the replica point of view, the assumption of small connected correlations is equivalent to a
replica symmetric ansatz and then we can conclude that the TAP equation is correct only in
the high temperature regime.

6

2
2.1

Cavity method for diluted graph models
Replica symmetry breaking and pure states

The cavity method applied the SK model, within replica symmetry assumptions, assumes that
the two-point correlation
function between spins is small, i.e., cij = È‡i ‡j Í ≠ È‡i ÍÈ‡j Í is of
Ô
the order of 1/ N . When the system falls into the spin glass phase, the configuration space
decomposes into many pure states. The probability of a given configuration ‡ = (‡1 , . . . , ‡N )
can then be decomposed as a sum over pure states,
ÿ
P (‡) =
w– µ– (‡),
–

where µ– (·) is the measure within the pure state, which determines how configurations are
weighted in one particular pure state, and w– is the weight of the pure state –, given by
e≠—N f–
.
≠—N f–Õ
–Õ e

w– = q

where f– called the free energy density of the pure state –. (Some authors prefer to use the
free entropy, defined as „ = log(w)/N = ≠—f .) Physical quantities depend on the pure state
– the system is in. For instance, the single spin magnetization at the pure state – is
ÿ
È‡i Í– =
‡i µ– (‡).
‡œ–

More in q
general, the average value of any observable O within the pure state – is given by
ÈOÍ– = ‡œ– O(‡)µ– (‡). The average magnetization over all the pure states is simply the
weighted sum
ÿ
È‡i Í =
w– È‡i Í– .
–

The decomposition in pure states is justified because the escape time from a pure state grows
exponentially long with the system size N .
In the replica method showed in Parisi’s lectures, we saw that pure states are grouped
hierarchically. At the 1-step replica symmetry breaking (1RSB) level, all the states are equally
seperated from each other, i.e., the overlap between two replica systems in any two different
pure states is the same. At the 2RSB level, some pure states are closer than others, forming
a larger cluster structure, but the distance between any two larger clusters of pure states
is the same. This hierarchical structure is also present in the cavity method. Instead, one
assumes that within a pure state – the correlation cij is weak at the 1RSB level, while the
overall correlation may be strong.
If we know one pure state, we can use a set of external auxiliary fields {Bi– } to quench
the system into a particular pure state –. In that case, the measure within the pure state –
(–)
is obtained as the limit, when Bi goes to 0, of
Ë ÿ
ÿ (–) È
PB– (‡) ≥
Jij ‡i ‡j +
Bi ‡i .
= exp —
i

The cavity method at RS level, as showed in Section 1, can be applied within a given pure
state. The self-consistency equation for the magnetization is
5 ÿ
6
È‡i Í– = tanh —
Jij È‡j Í– ≠ —(1 ≠ q)È‡i Í– .
j

One can write all the above equations for each pure state and the problem will be solved at
1RSB level. However, we know nothing about the details on pure states except that they
exist. Fortunately, this fact, together with the weak correlation assumption within a pure
state, is enough to write a self-consistency equation of 1RSB cavity method.
Solving the SK model at 1RSB and 2RSB levels can be done, although it is rather
involved (Mézard et al., 1986). The intricate part is that one needs to deal with the reshuffling
of the pure stats weights after adding one node into the N ≠system.
Ó
Ô
Ó
Ô
w–(N ) ≠æ w–(N +1)

7

Solving the self-consitency equation of the cavity method, finally, is the same equation got
from the saddle point equation in replica method.
In this lecture, another type of system is used to illustrate the cavity method, the dilute
graph model, which has a wide application on random constraint satisfaction problems. The
1RSB of such system is stable, so there is no need for a higher level symmetry breaking.

2.2

Counting the pure states at 1RSB level

Let’s denote by (f ) the number of pure states with weight w = e≠—N f . In the large N limit,
we are interested in its leading exponential order, which we assume to be of the form:
(f ) = eN

(f )

,

(15)

where (f ) is the complexity, or configurational entropy.
Define the grand partition function with a re-weighting parameter m of pure states
⁄
1
2
ÿ
!
"
Z(m, —) =
exp ≠—mN f– = exp N [ (f ) ≠ —mf ] f = eN (m,—) ,
–

where (m, —) is called grand free entropy. As N æ Œ, the above integral is dominated by
the largest exponential term.
f ú = arg max [ (f ) ≠ —mf ]
f

(m, —) = (f ) ≠ —mf ú
ú

(16)

(m, —) is the Legendre transform of (f ). For a given m, —, (m, —) can be derived with
the 1RSB cavity method. It is assumed that (f ) is a concave function. The complexity
(f ) can then be computed with an inverse Legendre transform. We can also compute the
average free energy density over all the pure states, which is equal to the dominating value
f ú . The complexity (f ) can then be obtained from Eq. (16).
From a physical standpoint, we should require the complexity to be non-negative, because
otherwise there would be an exponentially small number of pure states with free energy
density f . In the large N limit, that would mean no such pure states at all. In any case, the
grand partition function is dominated by the existing pure state with largest weight w, i.e.,
with the smallest free energy density. The phenomenon by which the measure is dominated
by sub-exponentially many states is called condensation.
The original system Z(—) is related to Z(m, —) at m = 1 if (f ú ) Ø 0, where f ú satisfies
d -= —m .
df -f ú

If (f ú ) < 0, the original system should correspond to the largest m such that (f ú ) = 0.
We are left with two 1RSB phases. When (f ú ) > 0 we are in the so-called dynamic 1RSB
(cluster phase), and the system is dominated by exponentially many pure states. When
(f ú ) = 0, we are in the static 1RSB (condensed phase), and the system is dominated by
sub-exponentially many pure states.
Computing the complexity is analogous to computing the entropy of a new system in
which each microstate (each configuration) is a pure state –, and where the free energy of
the microstate is f– . The computation of the complexity versus the free energy density of
pure states by a Legendre transform is the topic of Large deviation theory. A general review
on this subject can be found in (Touchette, 2009).

2.3

Randomly diluted graphical models

The factor graph F(V, F, E) is a bi-partite graph with two type nodes: variable nodes and
factor nodes. Each variable node is associated with a random variable xi , i œ V , and each
factor node is associated with a factor, a non-negative function Âa (xˆa ), where a = 1, . . . , F
and ˆa represents the set of neighbor variable nodes of the factor node a.
The joint probability of x = (x1 , . . . , xN ) is expressed as
p(x) =

1 Ÿ
Âa (xˆa ),
Z
aœF

8

(17)

a

i

Figure 3. Factor graph: A circle node represents a variable node. A square represents a
factor node.
where Z is the partition function. In such context, we may want to answer different
q questions.
For example, we may want to compute the marginal probability pi (xi ) =
xV \{i} p(x).
Another example would be determining the partition function Z or, rather, its first leading
exponential order, „ = N1 log Z. We might also want to find a particular configuration of the
variables such that p(x) ”= 0, which is the situation encountered in constraint satisfaction
problems.

Examples
1. Ising spin glass: xi œ {+1, ≠1}, a = (i, j), where (i, j) is an edge of the lattice.
Âa = e—Jij xi xj
2. Coloring problem: Given a set of q colors and a graph G(V, F ), label each node with
a color xi œ {1, 2, . . . , q}, such that no neighboring nodes have the same color. Each
constraint is defined on the edges and has the form Â(ij) = 1 ≠ ”xi ,xj , or the soft
constraint version Â(ij) = e≠—”xi ,xj . The inverse temperature — alters the tolerance to
the presence of neighbor nodes sharing the same color.
3. K-SAT problem: Given N boolean variables xi œ {0, 1}, with i = 1, 2, . . . , N , and M
K-clauses in conjunctive norm form (a K-clause is a logical expression involving K
variables, or their negation, which are connected with logical ORs), find an assignment of
boolean variables {xi } that satisfies all the M clauses. In the corresponding graphical
model, the factor is an indicator function, which is 1 when the clause is satisfied, and is
0 otherwise. In other words, Âa (xˆa ) = I[clause a is satisfied]. We will study K-SAT
problems in more detail in Section 3

The structure of a factor graph
1. Line or cylinder: This case can be solve exactly by the transfer matrix method.
2. Tree: BP or cavity method is exact on tree.
3. Random hypergraph: An extension of random Erd s-Renyi graph into factor graph.
There are N variable nodes, and M! factor
nodes. The factor node has a fixed degree
"
N
K, which is randomly chosen from K
K-tuples. The degree of variable node follows
the Poisson distribution Pc (d) = cd e≠c /d!. The length of a typical loop is of the order
of log N

2.4
2.4.1

Cavity method at the RS level, for general graphical models
Calculating the marginal distribution

We consider a random hypergraph with the N variables and –N factors, where – is the
constraint density in K-SAT. The system with N + 1 variable nodes is generated by adding a
new variable x0 and d factors, where d is a random integer drawn from a Poisson distribution
with mean c = –K, the mean degree of a variable node. Each new factor is connected to
x0 , and (K ≠ 1) variables randomly chosen from the N -variables system. Note that the
constraint density – of N + 1 system is slightly changed. While it does not affect the marginal
distribution, it should be taken into account when computing the free energy density.
The assumption of the cavity method states that the joint probability of a constant
number of variables chosen randomly is factorized, because the typical distance between any
two variable nodes is of order of log N .
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d(K≠1)

P (xi1 , xi2 , . . . , xid(K≠1) ) ¥

Ÿ

P (xij ).

(18)

j=1

system size=N
typical loop length=log(N )

x i0

xid(K

1)

x i1

a

ma (x0 )

p(N +1) (x0 )

Figure 4. Illustration of the cavity method
The joint marginal probability of x0 and the d(K ≠ 1) variables connected to the new d
factors is
P (N +1) (x0 , xi1 , xi2 , . . . , xid(K≠1) )
≥
=
¥

d
Ÿ

a=1
d
Ÿ

a=1

Âa (x0 , xia(K≠1)+1 , xia(K≠1)+2 , . . . )P (N ) (xi1 , xi2 , . . . , xid(K≠1) )
S

(a+1)(K≠1)

UÂa (x0 , xia(K≠1)+1 , xia(K≠1)+2 , . . .)

Ÿ

k=a(K≠1)+1

(N )

T

Pik (xik )V .

The marginal probability P (N +1) (x0 ) of the newly added variable is
P (N +1) (x0 ) ≥
=
where

d
Ÿ

m̂a (x0 ),

a=1

m̂a (x0 )
≥
=

ÿ

(a+1)(K≠1)

Âa (x0 , xia(K≠1)+1 , . . . , xi(a+1)(K≠1) )

xia(K≠1)+1 ,...,xi(a+1)(K≠1)

Ÿ

(N )

Pik (xik ).

k=a(K≠1)+1

The system with N variable nodes can be considered as a system with N + 1 variable
nodes in which one node xi is absent. The cavity probability miæa (xi ) denotes the marginal
(N )
probability of xi , when the factor node a is absent. Pik (xik ) can be considered as the cavity
probability in the system with N + 1 variables when the node x0 and its neighboring factor
nodes are absent. The self-consistent equations of the cavity probabilities are obtained by
considering that the x0 node is also a cavity node when one of its neighbor variables and
neighbor factors are absent,
ÿ
Ÿ
m̂aæi (xi ) ≥
Âa (x)
mjæa (xj ),
(19)
=
xˆa\{i}

miæb (xi ) ≥
=

Ÿ

jœˆa\{i}

m̂aæi (xi ).

aœˆi\{b}
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(20)

These equations are the same as the Belief Propagation equations, but here messages are
cavity probabilities. The marginal probability of a node xi is then expressed as the cavity
probability
Ÿ
mi (xi ) ≥
m̂aæi (xi ).
=
aœˆi

2.4.2

The Bethe free energy

The Bethe free energy can be derived by the cavity method by considering the free energy
shift fi+ˆi when add a variable i and its neighbor factors a œ ˆi. One has to be careful,
though, because the constraint density – will slightly change. This effect is eliminated by
substracting (K ≠ 1) times of the free energy shift fa when add a single factor a. For a given
instance, the Bethe free energy is
ÿ
ÿ
Nf =
fi+ˆi ≠ (K ≠ 1)
fa
(21)
a

i

One can also understand above equation in the way that the free energy shift of adding a
factor a is included K times, when calculating the free energy shift of adding the neighbor
variable i œ ˆa and all i’s neighbor factors. So it should be substracted by (K ≠ 1) extra
effect.
The RS cavity independent assumption postulates that, when removing a node i and its
neighbor factor a œ ˆi, the partition function of the cavity system with fixed cavity variable
xj j œ ˆa \ i, a œ ˆi can be factorized by
Ÿ Ÿ
Z\i,ˆi (xj:jœˆa\i,aœˆi ) ¥
Zjæa (xj ) .
aœˆi jœˆa\i

Here Zjæa (xj ) is the partition function of the sub-system connected to xj with fixed value
xj when the factor a is absent.
The free energy shift fi+ˆi of adding a node i and its neighbor factors is
Ë
È
q
r
r
Â
(x
)
Z
(x
)
a
ˆa
jæa
j
xi ,xj:jœˆa\i,aœˆi
aœˆi
jœˆa\i
1
Z
1
q
r
r
fi+ˆi = ≠ log
= ≠ log
—
Z\i,ˆi
—
xj:jœˆa\i,aœˆi
aœˆi
jœˆa\i Zjæa (xj )
Y
S
TZ
^
ÿ] Ÿ ÿ
Ÿ
1
Z
(x )
U
q jæa j Õ V
Âa (xˆa )
= ≠ log
(22)
[
—
xÕj Zjæa (xj ) \
xi
aœˆi xˆa\i
jœˆa\i
Y
S
TZ
^
ÿ] Ÿ ÿ
Ÿ
1
U
= ≠ log
Âa (xˆa )
mjæa (xj )V .
[
\
—
x
x
i

aœˆi

jœˆa\i

ˆa\i

Similarly, the free energy shift fa caused by adding node factor node a is
q
r
1
Z
1
xˆa Âa (xˆa )
jœˆa Zjæa (xj )
q
r
fa = ≠ log
= ≠ log
—
Z\a
—
xˆa
jœˆa Zjæa (xj )
ÿ
Ÿ
1
Z
(x )
q jæa j Õ
= ≠ log
Âa (xˆa )
—
xÕ Zjæa (xj )
x
=≠

ˆa

jœˆa

ˆa

jœˆa

(23)

j

ÿ
Ÿ
1
log
Âa (xˆa )
mjæa (xj )
—
x

Now, the Bethe free energy can be computed with Eq. (21). The expression of the Bethe free
energy has several variants, for example:
ÿ
ÿ
ÿ
Nf =
fi +
fa ≠
fia ,
(24)
a

i

where

ÿŸ
1
log
m̂aæi (xi ),
—
xi aœˆi
ÿ
1
= ≠ log
miæb (xi )m̂iæb (xi ).
—
x

fi = ≠
fia

(ia)

i
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(25)
(26)

One can proof that the two Bethe free energy expressions in Eqs. (21) and (24) are equivalent
when the cavity probability satisfies Eqs. (19)–(20).
A comprehensive derivation of Bethe free energy by the cavity method can be found
in (Mézard and Parisi, 2003), which also shows the 1RSB cavity method in a special simple
case (the temperature T = 1/— and Parisi parameter m are both 0). A review is (Mézard
and Montanari, 2009).

Average over the disorder and the graph ensemble
To calculate the free energy average over the disorder and the graph ensemble, one should
solve a self-consistent integral equations on the distribution of the cavity probabilities P [m]
and P̂ [m̂]
P [m] =

Œ
ÿ

Pc (d)

a=1

d=1

P̂ [m̂] =

⁄

⁄ Ÿ
d Ë

dÂa PJ (Âa )

È
dm̂a P̂ (m̂a ) ” [m ≠ miæb [{ma }]] ,

⁄ K≠1
Ÿ
i=1

[dmi P (mi )] ” [m̂ ≠ m̂aæi [Âa , {m̂i }]] ,

where miæb and m̂aæi are the functionals of the BP equations (19) and (20), respectively, and
Pc (d) is the degree distribution of a cavity variable node, which is still a Poisson distribution
with c = –K for a random hypergraph. The function PJ (Âa ) is the distribution of the
disorder, which depends on the concrete model. For instance, in the random K-SAT problem,
Âa is parametrized as Jai randomly chosen from {+1, ≠1} with equal probability. The average
free energy shift when adding a factor is given by
f¯a =

⁄

dÂa PJ (Âa )

⁄ Ÿ
K

i=1

[dmi P (mi )] fi (Âa , {m̂i })

where fi (Âa , {m̂i }) is defined by Eq. (25). Other average free energy shift could be written
down in the similary way. The averge free energy density over the disorder and the graph
ensemble is
f¯ = f¯i+ˆi ≠ –(K ≠ 1)f¯a
(27)

In general it is hard or impossible to get an analytical solution of above equation, but one
can use numerical simulations to solve it. The algorithm is called Population Dynamics, or
density evolution.
Initialization: Set an array P to store the messages {miæa }. (Note that if xi is Ising
variable, miæa (xi ) can be parametrized by a single real number).
1. An integer d is randomly assigned following the Poisson distribution d ≥ Pc (d)
2. Pick (K ≠ 1)d messages randomly from the array P
3. Generate d Âa ’s following PJ (Âa ).

4. Compute a new message m̂Õ with Eqs. (19)–(20), and compute fi+ˆi with Eq. (22).
5. Choose a message randomly in P and replace it by the new one m̂Õ
6. Pick K messages randomly from the array P , and generate a factor Âa following
PJ (Âa ). Compute fa with Eq. (23).
7. Repeat 1–5 until getting a stable distribution P (m̂). Then, keep repeating 1–6 to get
the mean f¯i+ˆa , f¯a , and calculate f¯ with Eq. (27)
For more discussion on BP free energy on average cases, one can refer to (Mézard and
Montanari, 2009), pages 322–325.

2.5

Cavity method at 1RSB level

Something may go wrong for the Bethe independent hypothesis Eq. (18), and there are
two potential reasons for this. The first possibility is that Eq. (18) holds only when the
size of system is infinitely large, log(N ) æ Œ. For a finite system Eq. (18) is only an
approximation. The other possible reason is that, when the constraint density – is high or the
temperature is low, the Bethe hypothesis may fail even for an infinitely large system. For this
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latter case the whole probability distribution does not longer factorize, P (x1 , x2 , . . . , xn ) ”=
p1 (x1 )p2 (x2 ) · · · pn (xn ), and so we need to make a more accurate assumption. As proposed
in (Mézard and Parisi, 2001), we invoke the 1RSB approximation, by which the probability
distribution factorizes within each pure state –, but not globally. More specifically, because
of the presence of pure states, the whole Gibbs measure splits into many states –, and within
the measure µ– (·) of a pure state, the independent hypothesis still holds:
µ– (x1 , x2 , . . . , xn ) ¥ µ– (x1 )µ– (x2 ) . . . µ– (xn ).

a

(i, a)

(28)

i

Figure 5. Computing the grand partition function by a new graphical model.
Furthermore, it is assumed that the number of pure states and fixed points of BP solutions
are the same up to the first exponential leading order. The leading exponential order of the
number of pure states with free energy density f is (f ), as defined in Eq. (15). The grand
partition function is expressed as:
ÿ
Z(m, —) =
e≠—mN f–
–

ÿ

=

e≠—mN f– [{miæa }]

{miæa ’s are fixed point}

=

⁄

{miæa ,m̂aæi }

Ÿ

(i,a)

d{miæa }d{m̂aæi }

Ÿ

(i,a)

” [m̂aæi ≠ p̂aæi [minput msgs ]]

” [miæa ≠ miæa [{m̂input msgs }]

Ÿ

e≠—mfi [·]

i

Ÿ
a

e≠—mfa [·]

Ÿ

e—mf(ia) [·]

(i,a)

where m̂iæa [·] , maæi [·] are the functionals defined by Eqs. (19)–(20), and fi [·], fa [·], and
f(ia) [·] are defined in Eqs. (25)–(26). The delta function ensures that the messages satisfy the
BP iteration, Eqs. (19)–(20), so the integral means that it sum over all the BP fixed point
with the weight w = e≠—mfBP .
Above expression is precisely an another graphical model defined on a new factor graph,
showed in Fig. 5. The joint probability is still factorized and defined on the factor graph
with the same topological structure. So the sparsity condition of the graph still holds. The
Bethe approximation on the new graphical model is the assumption of 1RSB cavity method.
Computing the graph partition function, the complexity, or any other physical quantity, goes
along the same lines as the cmputations at RS level. The only difference is that now the
variables we operate with are functions (a cavity probability at RS level), and factors are
functionals. More details on 1RSB cavity method can be found in Chapter 19 of (Mézard
and Montanari, 2009).

3
3.1

An example: Random K-SAT problem
Cavity Method and Random K-satisfiability

In the previous section we saw that replica symmetric (RS) cavity method leads to Belief
Propagation (BP) equations, and that we can average the BP equations to get the density
evolution description of the BP equation. We also saw that, at an abstract level, the 1RSB
is associated with the proliferation of states, and that there is a whole hierarchy of such
transitions.
In this section we will show how the cavity method works in practice. Although the
cavity method has been used in the Sherrington-Kirkpatrick model up to two-step replica
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symmetric breaking (2RSB) (Mézard et al., 1986), the derivation becomes too technical and is
not particularly enlightening. The random K-SAT problem provides another, more workable
example in which to use of message-passing techniques. We’ll start with a short summary of
the problem, to set the notation.

3.1.1

Definitions and notation

We consider N boolean variables xi œ {0, 1}, with i = 1, . . . , N . In our representation the
value 0 corresponds to ‘false’, while the value ‘1’ corresponds to ‘true’. A satisfiability problem
is defined as a set of logical constraints that these random variables have to satisfy. Each
logical constraint is called a clause, and is expressed as a logical OR of a subset of the boolean
variables that may or not be negated. The negation of variable xi is denoted by x̄i © 1 ≠ xi .
An example of 2-clause is “either x1 is true or x2 is false”, expressed more succintly as
x1 ‚ x̄2 , where ‚ denotes the logical OR. Another example is the 3-clause x1 ‚ x2 ‚ x̄3 , which
is satisfied by all configurations of x1 , x2 , x3 except for {x1 = 0, x2 = 0, x3 = 1}. In general, a
satisfiability problem consists of a set of M clauses C1 , C2 , . . . , CM that have to be satisfied
simultaneously. The problem is satisfiable if there is at least one choice of the boolean
variables x = (x1 , . . . , xN ), also called an assignment, that satisfies the logical formula
F = C1 · C2 · · · · · CM ,

(29)

where · is the logical AND.
In a K-SAT problem, each clause consists of exactly K variables. We consider random
K-SAT problems, where each clause Ca , a = 1, . . . , M , contains exactly three variables chosen
randomly in {x1 , . . . , xN }, and each variable is negated randomly with probability 1/2.
!N " In
other words, each clause is drawn with uniform distribution from the set of all the K
2K
clauses of length K.
An instance of a K-SAT problem can be represented by a factor graph, where variable
nodes correspond to the boolean variables and factor nodes correspond to clauses. When the
variable xi (or its negation) appears in clause a = 1, . . . , M , the node i is connected to the
clause factor a. It is useful to use a slightly modified version of the standard factor graph, in
which the edge between i and a is is plotted with either a solid or a dashed line depending on
whether the variable i appears unnegated or negated in clause a (see Fig. 6 for an example).
With this modification there is a one-to-one correspondence between a K-SAT problem and
a factor graph. For consistency, we carry over the notation and use the indices i, j, . . . for
variable nodes and indices a, b, . . . for factor nodes.
9

a

1

d

8

7

c

2

6

5

4

b

3

Figure 6. Example of factor graph with nine variable nodes, i = 1, . . . , 9 and 4 factor nodes
a, b, c, d, The factor graph encodes the formula F = (x1 ‚ x̄7 ‚ x̄9 ) · (x3 ‚ x̄4 ‚ x6 ) · (x̄1 ‚
x̄2 ‚ x5 ) · (x̄1 ‚ x̄2 ‚ x8 ).
Notice that each factor node has a fixed degree K, but the degree of a variable node
is random. More specifically, because a randomly chosen K-uple contains the variable i
with probability K/N , the degree of the variable node i is a binomial random variable with
parameters M and p = K/N . In the limit of large N , the binomial distribution can be
safely approximated by a Poisson disitribution with parameter –K, i.e., Pr(degreei = n) =
e≠K– (K–)n /n!.
The crucial parameter that characterizes random K-SAT problems is the clause density
– © M/N , which sets the ratio of constraints per variable. Intuitively, one expects that
for small – most of the instances will be satisfiable, while for large enough – most of the
instances will be unsatisfiable. Numerical experiments confirm this intuition (see Fig. 7, left).
The probability that a random instance is SAT drops from values close to 1 to values close to
0 as crosses the value –c ¥ 4.3, and this transition becomes sharper the larger the number of
variables N is. This is the characteristic behavior of a phase transition, and as such it has
been analyzed using the methods of statistical physics (some refs here).
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1

N = 200
N = 100
N = 50

probability SAT
0

computational cost

The clause density also determines how hard the problem is. The difficulty of the problem
can be quantified by the time taken by an algorithm to decide whether a typical instance is
satisfiable or not. It turns out that a problem is easy when – is well below the critical value
–c , it becomes harder as – approaches –c (see Fig. 7, right), and less hard when – is much
larger than –c . In other words, the region around the phase transition is the hardest from
a computational point of view. In the following we will define the thermodynamic limit as
M æ Œ and N æ Œ while keeping the clause density – constant.

3

4

5

6

104
103
N
N
N
N

102
101

clause density,

3

4

5

= 200
= 150
= 100
= 50

6

clause density,

Figure 7. Left: probability that a formula drawn from the random 3-SAT ensemble is
satisfiable, as a function of the clause density – = M/N . Right: Computational time (in
arbitrary units) required to either find a solution or prove that there is none, as a function of
the clause density. Figures adapted from (Mézard and Mora, 2009).

Belief Propagation
Each variable i appears in a random set of clauses. We denote by ˆi the set of indices of the
clauses where i appears. In the factor graph, ˆi is the set of factor nodes adjacent to the
variable node i. Similarly, we denote by ˆa the indices of the K variables appearing in clause
a, and by xˆa the corresponding variables, i.e., xˆa © {xi | i œ ˆa}. For later convenience we
define the number
I
0 if xi œ Ca ,
Jai =
1 if x̄i œ Ca .

We will also distinguish the neighbors of i, a œ ˆi, according to the values of Jai , and define
ˆ0 i = {a œ ˆi | Jai = 0} and ˆ1 i = {a œ ˆi | Jai = 1}.
Given the edge between the factor node a and the variable node i, it is useful to distinguish
the set of all remaining edges of i according to whether or not their associated Js coincide
with Jai :
Sia ©{b œ ˆi\a | Jbi = Jai },

Uia ©{b œ ˆi\a | Jbi = 1 ≠ Jai },
where ˆi\a means the set of all factors connected to i, excluding a. It follows from these
definitions that the neighborhood of i is partitioned as ˆi = {a} ﬁ Sai ﬁ Uai . Figure 8
summarizes our notation and conventions.
Given the satisfiability formula F in Eq.(29), we consider the uniform probability distribution Psat (x) over the truth assingments x = (x1 , . . . , xN ) œ {0, 1}N that satisfy F , assuming
Sja

Sia
Uia

i

j

Jai

Uja

Jaj = 1
a
Jak = 0
k

Figure 8. Factor graph associated with the single 3-clause xi ‚ x̄j ‚ xk . For clarity we show
only the subsets U and S associated with nodes i and j.
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they exist. This probability can be written as
Psat (x) ≥
=

M
Ÿ

Âa (xˆa ),

(30)

a=1

Each factor Âa (xˆa ) is 1 if clause a is satisfied by the assignment x, and is 0 otherwise. Put
differently,
Âa (xˆa ) = I(xˆa satisfies Ca ),
(31)
with I being the indicator function.

3.1.2

The Belief Propagation equations

Belief propagation (BP) is an iterative algorithm that operates on ‘messages’ associated with
the directed edges of a factor graph. For each edge (i, a) there exist two messages m̂aæi (xi ),
miæa (xi ), defined in the space
qof probability distributions on the set {0, 1}: their values lie
the interval [0, 1] and satisfy xi miæa (xi ) = 1. Messages are updated according to
ÿ
Ÿ
(t)
(t)
m̂aæi (xi ) ≥
Âa (xˆa )
mkæa (xk ),
(32)
=
xˆa\i

(t+1)
miæa (xi )

kœˆa\i

Ÿ

(t)
m̂bæi (xi ).
bœˆi\a

≥
=

(33)

These are the belief propagation, or sum-product, update rules. In tree-like graphical models
(Œ)
the messages converge to fixed-point values. The resulting message miæa (xi ) is the marginal
distribution of variable xi in a modified graphical model that does not include the factor
(Œ)
a. Analogously, m̂aæi (xi ) is the marginal distribution of xi in a graphical model where all
factors ˆi but a have been removed.
We can simplify the formulation of the BP equations for K-SAT, using the fact that
variables xi are all binary to parametrize the messages with a single real number. We define
’ia © miæa (xi = Jai ) œ [0, 1],
’ˆai © m̂aæi (xi = Jai ) œ [0, 1].

From the normalization of the messages, it follows that miæa (xi = 1 ≠ Jai ) = 1 ≠ ’ia and
m̂aæi (xi = 1 ≠ Jai ) = 1 ≠ ’ˆai . The variables ’ai and ’ˆia can be interpreted as the message
associated the wrong direction of xi . In terms of ’ai and ’ˆia , the BP equations (32)–(33) read
r
1 ≠ jœˆa\i ’ja
ˆ
!
",
r
’ai =
(34)
1 + 1 ≠ jœˆa\i ’ja
#r
$#
$
ˆ r
ˆ
bœSia ’bi
bœUia(1 ≠ ’bi )
’ia = #r
(35)
$#r
$ #r
$#r
$,
’ˆbi
(1 ≠ ’ˆbi ) +
(1 ≠ ’ˆbi )
’ˆbi
bœSia

bœUia

bœSia

bœUia

where we use the convention that a product of zero factors is 1. The number of operations
required to evaluate the right hand side of these two equations is of the order of O(|ˆa|) and
O(|ˆi|), respectively, where |A| is the cardinality of A. To solve Eqs. (34) we update the
messages until a fixed point is reached, after which we can obtain the marginals.

3.1.3

Statistical Analysis

We can go further and use the equations to derive the overall distribution of the messages.
The idea is to draw a random edge (i, a) in the factor graph and consider the corresponding
fixed point of the messages ’ia , ’ˆai as random variables. Within the replica-symmetric (RS)
assumption, and when N æ Œ, these variables converge in distribution to edge-independent
ˆ with distribution
random variables ’, ’,
d 1 ≠ ’1 · · · ’K≠1
’ˆ =
,
2 ≠ ’1 · · · ’K≠1

(36)

’=

(37)

d

’ˆ1 · · · ’ˆp (1 ≠ ’ˆp+1 ) · · · (1 ≠ ’ˆp+q )
ˆ
ˆ
ˆ
’1 · · · ’p (1 ≠ ’p+1 ) · · · (1 ≠ ’ˆp+q ) + (1 ≠ ’ˆ1 ) · · · (1 ≠ ’ˆp )’ˆp+1 · · · ’ˆp+q
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where = means ‘equal in distribution’. The numbers p and q are two i.i.d. Poisson random
variables with mean K–/2, and correspond to the random number of unnegated and negated
edges in a variable node—namely, the numbers |ˆ0 i| and |ˆ1 i|. The variables ’1 , . . . , ’K≠1
ˆ The probability density functions
are i.i.d. copies of ’, and ’ˆ1 , . . . , ’ˆp+q are i.i.d. copies of ’.
ˆ
for ’ and ’ defined by Equations (36)–(37) are to be understood as
d

ˆ =
p(’)

⁄ K≠1
Ÿ)
i=1

p(’) =

Œ ÿ
Œ
ÿ

*
d’i p(’i ) ”

1 ≠ ’1 · · · ’K≠1
2 ≠ ’1 · · · ’K≠1

⁄ K≠1
Ÿ)

P (r)P (s)

r=0 s=0

Q

3

r
Ÿ

4

(38)

,

*
d’ˆi p(’ˆi )

i=1
r+s
Ÿ

R

’ˆa
(1 ≠ ’ˆb )
c
d
c
d
a=1
b=r+1
c
d
◊”c r
d,
r+s
r
r+s
cŸ
d
Ÿ
Ÿ
Ÿ
a
ˆ
ˆ
ˆ
ˆ
’a
(1 ≠ ’b ) +
(1 ≠ ’a )
’b b
a=1

a=1

b=r+1

(39)

b=r+1

where P (r) is the probability distribution of a Poisson random variable X, Pr(X = r) =
e≠⁄ ⁄r /r!, with mean ⁄ = K–/2.
The generic way to solve the set of coupled equations (36)–(37) is by using population
ˆ
dynamics (see p. 12). In this numerical method one approximates the distribution of ’ (or ’)
through a sample of N i.i.d. copies of the variable and exploits the property that, in the limit
of large N , the empirical distribution of the sample converges to the actual distribution.

3.2

Free Entropy

Recall from Section 2 that the free entropy informs us about the number of solutions, and
it is a function of the messages of the factor graph. We now evaluate the free entropy for a
K-SAT problem. If E denotes the set of edges in the graph, there are 2|E| messages, which
we collectively denote by m © {miæa (·), m̂aæi (·)}. The free entropy then reads
ÿ
ÿ
ÿ
F (m) =
Fa (m) +
Fi (m) ≠
Fai (m),
aœF

(ai)œE

iœV

where F is the set of factor nodes, V is the set of variable nodes, and
C
D
ÿ
Ÿ
Fa (m) = log
Âa (xˆa )
miæa (xi ) ,
Fi (m) = log
Fai (m) = log

C
C

xˆa

iœˆa

ÿŸ

m̂bæi (xi ) ,

xi bœˆi

ÿ

D

(40)
(41)

D

miæa (xi ) m̂aæi (xi ) .

xi

(42)

q
In Fa (m), the sum xˆa is over all the possible configurations of the variable nodes adjacent
to a. In terms of ’ © {’ia , ’ˆai }, Eqs. (40)–(42) read
Ë
È
Ÿ
Fa (’) = log 1 ≠
’ia ,
(43)
Fi (’) = log

C

iœˆa

Ÿ

aœˆ0 i

’ˆai

Ÿ

bœˆ1 i

(1 ≠ ’ˆbi ) +

Ÿ

aœˆ0 i

(1 ≠ ’ˆai )

Ë
È
Fai (’) = log ’ia ’ˆai + (1 ≠ ’ia )(1 ≠ ’ˆai ) .

Ÿ

bœˆ1 i

D

’ˆbi ,

(44)
(45)

In section 2.4.2 we saw that under RS assumptions, the Bethe free-entropy density in the
thermodynamic limit is
lim

N æŒ

F
= f RS = fvRS + –fcRS ≠ K–feRS
N
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(46)

where
S

fvRS = E log U

p
Ÿ

’ˆa

a=1

p+q
Ÿ

b=p+1

(1 ≠ ’ˆb ) +

p
Ÿ

a=1

(1 ≠ ’ˆa )

fcRS = E log [1 ≠ ’1 · · · ’K≠1 ] ,
Ë
È
feRS = E log (1 ≠ ’1 )(1 ≠ ’ˆ1 ) + ’1 ’ˆ1 .

p+q
Ÿ

b=p+1

T

’ˆb V ,

free-entropy
density, f RS

Here E denotes expectation with respect to the variables ’1 , . . . , ’K (the i.i.d. copies of ’),
ˆ and the Poisson random variables p and q. We can use
’ˆ1 , . . . , ’ˆp+q (the i.i.d. copies of ’),
ˆ and then use the resulting
population dynamics to estimate the distributions of ’ and ’,
samples to estimate the free-entropy density, Eq. (46). The outcome of this procedure,
repeated for several values of –, is summarized in Fig. 9. The entropy density is strictly
positive and decreasing for – Æ –ú (K), with –ú (3) ¥ 4.677. The value –ú (K) is the
RS prediction for the SAT-UNSAT threshold –s (K), where K-SAT instances cease to be
satisfiable.
0.5

0
1

2

3

4

5

clause density,

Figure 9. Estimate of the Bethe free-entropy density as a function of the clause density, for
3-SAT and assuming replica symmetry. The curve reaches 0 entropy at around –ú (3) ¥ 4.677.
Unfortunately, this result is inconsistent with the upper bound –UB (3) ¥ 4.666, derived
rigurously from the first moment method (see lecture 3 by Cris Moore). The reason for this
contradiction is that the RS assumption is expected to be correct only up to the condensation
transition –c (3) ¥ 3.86, where pure states start to proliferate (see Sec. 2).

BP-guided decimation
Another way to realize that the RS assumption cannot be valid close to the SAT-UNSAT
threshold is by using the BP iteration. We can just pick a random K-SAT instance, initialize
the messages with uniform random numbers, and then iterate the BP equations (34)–(35)
until no message changes by more than some prescribed small number ”. If we fix a large
time tmax , we can estimate the probability of convergence within tmax by repeating the same
experiment many times. Figure 10 summarizes such an experiment for K = 3 and K = 4.
The estimated probability curves show a sharp decrease around a critical value of –, which
we denote –bp and which turns out to be robust to variations of ” and tmax
We can go further and find a SAT assignment based on the messages obtained after
convergence of the BP iteration. The method is called BP-guided decimation and is as follows.
Given the BP estimate of the marginal of xi , we compute the bias ﬁi © Pi (1) ≠ Pi (1) for each
variable, and then pick the variable with highest |ﬁi |. This variable is fixed to its favored value
(i.e., xi is set to 0 if ﬁi > 0, or to 1 otherwise), and the SAT formula is reduced (decimated)
using this individual assignment. The method is repeated until all the variables are assigned,
or until the BP fails to converge. The probability that BP-guided decimation results in a
SAT assignment is shown in Figure 10, for several values of – and for K = 3, 4. Note that for
3-SAT the decimation method returns a SAT assignemt almost everytime the BP iteration
converges (that is, for – . 3.85). In contrast, for 4-SAT BP-guided decimation finds SAT
assignments for – . 9.25, while BP converges most of the time for – . 10.3 (a value that is
larger than the conjectured SAT-UNSAT threshold, –s (4) ¥ 10.93).
This numerical experiment shows that something goes wrong when – is large enough. It
also shows that 4-SAT is qualitatively different from 3-SATs; what makes BP fail at large –
differs depending on the K we consider. For K = 3 the BP fixed point becomes unstable at
around –st ¥ 3.86, which leads to errors in decimations. [short sketch on how to determine
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K=3

K=4
1

N = 10000
N = 5000
N = 5000, dec.

probability
of convergence

1

0
3.5

0

4.0

9.0

s

clause density,

s

11.0

clause density,

Figure 10. Empirical probability that the BP algorithm converges to a fixed point, as a
function of the the clause density, for 3-SAT (left) and 4-SAT (right). The estimate is based
on 100 instances with the number of variables indicated in the legend. Squares indicate
emprirical probability that BP-guided decimation finds a SAT assignment, using 100 instances
with 5000 variables each. The vertical dashed line is located at the SAT-UNSAT threshold
–s . Parameters of the decimation: ” = 10≠2 , tmax = 103 . Figures adapted from (Mézard and
Montanari, 2009).
stability: entropic factor vs correlation decay] For K = 4, in contrast, the BP fixed point
remains stable but does not lead to the correct marginals because the 1RSB condensation
threshold –c is crossed.

The 1RSB cavity method
We could proceed with the strategy outlined in Section , using the BP approximation in the
auxiliary model in order to estimate the complexity function (f ). This can be done, but it
gets complicated because we need to operate on probability functions (the Bethe measures)
rather than on simple real numbers. If we just want to compute the entropy to find whether
or not there exist solutions, we can take a shortcut, based on the min-sum algorithm.
Instead of computing the marginals of the distribution in Eq. (30), we consider the problem
of minimizing the following cost (energy) function
E(x) =

M
ÿ

Ea (xˆa ).

(47)

a=1

where Ea (xˆa ) = 0 if clause a is satisfied by the assignment x = (x1 , . . . , xN ), while Ea (xˆa ) =
0 otherwise. The two problems are mapped onto each other through Âa (xˆa ) = e≠—Ea (xˆa ) ,
with — > 0. The particular choice of the factor Âa as the indicator function of clause Ca ,
Eq. (31), corresponds to the zero temperature limit — æ Œ.
In this formulation, the SAT-UNSAT threshold –s (K) is identified as the value – above
which the probability of having a configuration with ground state energy, E(x) = 0, vanishes.
We will estimate the ground state density with the cavity method. For this we need to
adapt the message-passing rules, Eqs. (32)–(33), in two steps. First we need to compute
max-marginals, rather than marginals. This is a straightforward step that consists of replacing
sums with maximizations, and leads to the so-called max-product update rules
;
<
Ÿ
(t)
(t)
m̂aæi (xi ) ≥
mkæa (xk ) ,
(48)
= max Âa (xˆa )
xˆa\i

(t+1)
miæa (xi )

≥
=

Ÿ

kœˆa\i

(t)
m̂bæi (xi ).

(49)

bœˆi\a

Second, we express these update rules in terms of the energy E(x), which amounts to taking
the logarithm of Eqs. 48–(49). The resulting algorithm is the so-called min-sum algorithm:
;
<
ÿ (t)
(t)
(t)
Êaæi (xi ) = min Ea (xˆa ) +
Ekæa (xk ) + Ĉaæi ,
(50)
xˆa\i

(t+1)
Eiæa (xi )

=

ÿ

kœˆa\i

(t)
Êbæi (xi )

(t)

+ Ciæa .

bœˆi\a
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(51)

The fixed point of these equations are known as the energetic cavity equations. In the same
way that the max-product marginals are defined up to a multiplicative constant, min-sum
(t)
(t)
messages are defined up to an overall additive constant. We set the constants Ciæa and Ĉaæi
(t+1)
(t)
so that minxi Eiæa (xi ) = 0 and minxi Êiæa (xi ) = 0. With this arrangement, all energies
are relative to the ground-state energy.

Warning Propagation
The fact that the energy function, Eq. (47), counts the number of violated constraints allows
us to simplify the min-sum updates given by Eqs. (50)–(51). It can be shown that, if messages
(0)
are initialized so that Êaæi are either 0 or 1, the subsequent values of Ê (t) obtained from
the min-sum updates will also be either 0 or 1 (see (Mézard and Montanari, 2009)). As
a consequence of this property, instead of keeping track of the variable-to-node messages
Eiæa (·), we will only bother to use the projections on {0, 1},
Eiæa (xi ) = min{1, Eiæa (xi )}.
The update rules become
;
<
ÿ (t)
(t)
(t)
Êaæi (xi ) = min Ea (xˆa ) +
Ekæa (xk ) + Ĉaæi ,
xˆa\i

(t+1)
Eiæa (xi )

;

= min 1,

kœˆa\i

ÿ

(t)
Êbæi (xi )

bœˆi\a

+

(t)
Ciæa

<

.

(52)
(53)

This simplified min-sum algorithm with update equations (52)–(53) is called the warning
propagation algorithm. The name stems from the interpretation of Eiæa as a warning:
Eiæa = 1 means that, according to the set of constraints b œ ˆi\a, the i-th variable should
not take the value xi ; analogously, Eiæa = 0 means that, according to the set of constraints
b œ ˆi\i, the i-th variable has green light to take the value xi . The main advantage of warning
propagation is that messages are are either 0 or 1, rather than distributions.
Because our problem involves binary variables and hard constraints, the messages of the
1RSB cavity equations are triples: (Qia (0), Qia (1), Qia (ú)) for variable-to-function messages
and (Q̂ai (0), Q̂ai (1), Q̂ai (ú)) for function-to-variable messages. In the case of K-satisfiability,
these messages can be simplified further: if Jai = 0 then Q̂ai (1) is necessarily 0; if Jai = 1
then Q̂ai (0) must be 0. This is because a ‘0’ message mans that the constraint a forces xi to
take the value 0 in order to minimize the system’s energy. In K-SAT this can happen only if
Jai = 0, because xi = 0 is the value that satisfies a. An analogous argument applies for the
‘1’ message. The bottom-line is that function-to-variable messages can be parametrized by a
single real number. We take this number to be Q̂ai (0) if Jai = 0 and Q̂ai (1) if Jai = 1, and
denote it simply by Q̂ai .
Similarly, we can use a parametrization for the variable-to-function message Qia (·) that
takes into account the value of Jai . We denote by Qia (0), Qia (ú), and Qia (1) the three possible
type of messages: m(1) > m(0) = 0, m(0) = m(1) = 0, and m(0) > m(1) = 0, respectively.
We then define, if Jai = 0, QSia © Qia (0), Qúia © Qia (ú), and QU
ia © Qia (1). Conversely, if
Jai = 1, we have QSia © Qia (1), Qúia © Qia (ú), and QU
©
Q
(0).
The interpretation of the
ia
ia
new defined variables is as follows
!
"
QSia = Pr xi is forced to satisfy a by b œ Sia ,
!
"
QU
ia = Pr xi is forced to violate a by b œ Uia ,
!
"
Qúia = Pr xi is not forced by b œ Sia ﬁ Uia ,
!
"
Q̂ai = Pr xi is forced by clause a to satisfy a .
At this point we could derive the explicit 1RSB equations in terms of the messages QS ,
Q , Qú , and Q̂. Another option is to use the above interpretation of the messages to guess
the 1RSB cavity equations. Note first that clause a forces variable xi to satisfy a only when
all the other variables involved in a are forced (by some other clause) not to satisfy a. This
can be stated as
Ÿ
Q̂ai =
QU
ja .
U

jœˆa\i
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Let’s define S and U as, respectively, the subset of clauses Sia and Uia that send
a warning. For concreteness, let’s pick the variable node i and assume that Jia = 0 (the
opposite case leads to identical equations). In that case, Sia is the subset b œ ˆi\a for which
Jib = 0, while Uia is the remaining set of neighbors except a for which Jib = 1. Let’s also
assume that the clauses S ™ Sia and U ™ Uia force the variable node i to take the value xi
that satisfies them. It follows that xi is forced to satisfy a if | S | > | U |, and it is forced to
violate a if | S | < | U |; xi is not forced if | S | = | U |. The energy shift equals the number
of ‘forcing’ clauses in ˆi\a that are violated when xi is set to satisfy the largest number of
clauses. This leads to min(| S |, | U |) violated clauses. The resulting 1RSB message passing
algorithm, also known as Survey Propagation equations, reads
ÿ
Ÿ
Ÿ
S
≥
QU
e≠y| |
Q̂bi
(1 ≠ Q̂bi ),
(54)
ia =
QSia ≥
=
Qúia ≥
=

|

U |>|

S|

|

S |>|

U|

|

ÿ

ÿ

U |=|

bœ

e≠y|

U

|
bœ

e≠y|

S|

U

|
bœ

Uﬁ

S

Uﬁ

S

Ÿ

Ÿ

Uﬁ

bœ
/

Q̂bi
bœ
/

Q̂bi
S

bœ
/

Uﬁ

S

S

(1 ≠ Q̂bi ),

(55)

Uﬁ

S

(1 ≠ Q̂bi ).

(56)

Uﬁ

Ÿ

Ÿ

energetic complexity,

S
ú
The overall normalization is fixed by the condition QU
ia + Qia + Qia = 1. These equations are
not much more complicated to solve than those for BP. Like in the BP equations, we can
use Eqs. (54)–(56) to find the fixed point of the messages {Q̂ai , Qia } for a given instance, or,
rather, we can do statistical analysis. In the latter case, we can compute with population
S
ú
dynamics the probabilities P (Q̂ai ) and P (QU
ia , Qia , Qia ). We can then compute the Bethe-free
energy, and then the Legendre transform of the resulting formula, from which we obtain
the complexity as a function of the energy. We get Figure 11 From the figure we see that

0.02

= 4.1
= 4.2
= 4.3
0

0

0.005

energy density, e

Figure 11. Energetic complexity density versus energy density for the 3-SAT problem, and
for three different clause densities, indicated in the legend.
– = 4.3 we get a certain number of contradictions (given by the finite energy at = 0, i.e.,
the intersection with the abscissa). The number of contradictions decreases as we reduce –,
until contradictions vanish. This happens when the value of – is such that the curve crosses
the origin of the vs energy curve, which is approximately – ¥ 4.2667. This is the prediction
for the SAT-UNSAT threshold. An analogous derivation for the 4-SAT problem leads to the
estimate – ¥ 9.667.

References
Almeida, JRL De and Thouless, David J. (1978). Stability of the Sherrington-Kirkpatrick
solution of a spin glass model. J. Phys. A, 11(5), 983.
Edwards, Samuel Frederick and Anderson, Phil W (1975). Theory of spin glasses. J. Phys.
F , 5(5), 965.
Mézard, Marc and Montanari, Andrea (2009). Information, Physics, and Computation.
Oxford University Press.
Mézard, Marc and Mora, Thierry (2009). Constraint satisfaction problems and neural
networks: A statistical physics perspective. J. Physiol.-Paris, 103(1), 107–113.

21

Mézard, Marc and Parisi, Giorgio (2001). The Bethe lattice spin glass revisited. Euro. Phys.
J. B, 233, 217–233.
Mézard, Marc and Parisi, Giorgio (2003). The cavity method at zero temperature. J. Stat.
Phys., 111(April).
Mézard, Marc, Parisi, Giorgio, and Virasoro, Miguel Ángel (1986). SK model: The replica
solution without replicas. Europhys. Lett, 1(2), 77–82.
Parisi, Giorgio (1979). Infinite number of order parameters for spin-glasses. Phys. Rev.
Lett., 43(23), 1754.
Parisi, Giorgio (1980). The order parameter for spin glasses: A function on the interval 0-1.
J. Phys. A, 13(3), 1101.
Sherrington, D. and Kirkpatrick, S. (1975, December). Solvable Model of a Spin-Glass. Phys.
Rev. Lett., 35, 1792–1796.
Thouless, DJ, Anderson, PW, and Palmer, RG (1977). Solution of ’solvable model of a spin
glass’. Philos. Mag., 35(3), 593–601.
Touchette, Hugo (2009). The large deviation approach to statistical mechanics. Phys.
Rep., 478(1-3), 1–69.

22

Paper 2

J

ournal of Statistical Mechanics: Theory and Experiment

PAPER: Disordered systems, classical and quantum

Gino Del Ferraro1, Chuang Wang2,3, Hai-Jun Zhou2
and Erik Aurell4,5
1

Department of Computational Biology, AlbaNova University Centre,
KTH-Royal Institute of Technology, SE-106 91 Stockholm, Sweden
2
State Key Laboratory of Theoretical Physics, Institute of Theoretical
Physics, Chinese Academy of Sciences, Beijing 100190, People’s Republic
of China
3
School of Engineering and Applied Sciences, Harvard University, 33 Oxford
Street, Cambridge, MA 02138, USA
4
ACCESS Linnaeus Centre and Center for Quantum Materials, KTH-Royal
Institute of Technology, SE-100 44 Stockholm, Sweden
5
Departments of Applied Physics and Computer Science, Aalto University,
FIN-00076 Aalto, Finland
E-mail: gino@kth.se
Received 7 January 2016, revised 7 May 2016
Accepted for publication 1 July 2016
Published 28 July 2016
Online at stacks.iop.org/JSTAT/2016/073305
doi:10.1088/1742-5468/2016/07/073305

Abstract. We consider a one-step replica symmetry breaking description of the
Edwards–Anderson spin glass model in 2D. The ingredients of this description
are a Kikuchi approximation to the free energy and a second-level statistical
model built on the extremal points of the Kikuchi approximation, which are
also fixed points of a generalized belief propagation (GBP) scheme. We show
that a generalized free energy can be constructed where these extremal points
are exponentially weighted by their Kikuchi free energy and a Parisi parameter
y, and that the Kikuchi approximation of this generalized free energy leads
to second-level, one-step replica symmetry breaking (1RSB), GBP equations.
We then proceed analogously to the Bethe approximation case for tree-like
graphs, where it has been shown that 1RSB belief propagation equations admit
a survey propagation solution. We discuss when and how the one-step-replica
symmetry breaking GBP equations that we obtain also allow a simpler class of
© 2016 IOP Publishing Ltd and SISSA Medialab srl
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solutions which can be interpreted as a class of generalized survey propagation
equations for the single instance graph case.
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1. Introduction

attempt time, EB is a barrier height and β =

1
k BT

is the inverse temperature. If barrier

heights increase with system size N different such low-lying states will be essentially
disconnected for very long times (exponential in N ), and the equilibrium Gibbs measure
separates into a (weighted) sum over such states.
Let the above-mentioned (metastable) states be labeled by k and each characterized,
over some long time, by an average energy Ek and a probability distribution Pk with
entropy Sk. They can then be considered as having (metastable) free energy densities
1
fk = N (E k − TS k ) and from these one can construct a second-order statistical mechanics
built on a second-order partition function
Ξ( y ) = ∑ e−β yNfk
k

(1)

which is known as a one-step replica symmetry breaking (1RSB) scheme [1–4]. The
Parisi parameter y in (1) plays the role of an inverse temperature and is conjugate
to a free energy-like quantity (referred to as a generalized free energy) defined as
G (y ) = − βy ln Ξ . In the large-N limit the sum in (1) can be expected to be dominated
by different subsets of states for different y, and knowing the corresponding maximizing
distributions gives, in analogy with standard statistical mechanics, information on the
system in the thermodynamic limit.
This program has been carried out with great success for dilute systems where the
constraints are locally organized in tree-like structures. For such networks the states
can be found as the fixed points of the iterative scheme known as belief propagation
(BP) [5, 6], and the free energy of each state that enter in (1) is the corresponding
Bethe approximation to the free energy. Furthermore, the computation of (1) can be
carried out by an iterative scheme called survey propagation (SP), formally quite similar to BP [1, 7–10].
While there are several routes to SP theory, we will here only be concerned with
a generalization of one presented in [1, 2] where the three steps are (i) an efficient
computation of f k using the Bethe approximation, (ii) an approximation of (1) by a
Bethe approximation on the second order, and (iii) a reduction of this approximation
to SP, which can also be efficiently computed. In spin glass language an analysis based
on BP is referred to as the replica symmetric (RS) level, while an analysis based on
SP is referred to a one-step replica symmetry breaking (1RSB) level. We will use the
term 1RSB to generally underline effects that follow from a sum over states as in (1)
1
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Low-temperature phases of systems with random interactions can be thought of as
optimizing under a large set of highly interdependent and conflicting constraints. If
a local optimum has been found it will typically be difficult to improve upon without
adjusting many variables over a large domain, which is inherently difficult, for any
optimization procedure. A physical process obeying detailed balance will furthermore
care not directly about how different are two configurations but rather about how
high are the energy barriers between them; for low enough temperature transition
times should follow an Arrhenius law, τtransit ∼ τmicroe−βEB, where τmicro is a (microscopic)
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as opposed to considering only one state. As our focus here will be on systems in finite
dimension and an analysis built on the Kikuchi approximation, we will also use the
terms ‘Kikuchi approximation on second level’ and ‘second-level GBP’ when discussing steps conceptually corresponding to (ii) above, and ‘generalized survey propagation’ (GSP) for (iii). We note that for the Kikuchi approximation and the analogy of
belief propagation (step (i) above) the term generalized belief propagation (GBP) is well
established [5, 11].
The rationale for considering a generalization of SP of this type which we call GSP
is the simple fact that systems in finite dimension are not arranged in tree-like structures. The above sketched approach is therefore, for a physical system, only valid as
a mean-field theory and is typically also presented as such. There exists a considerable literature as to whether these approaches apply to finite-dimensional systems see
[12–15]—which we will not enter except to point out that the question of barriers,
and their heights, is one of geometry and hence strongly dependent on dimensionality.
Indeed, even for infinite-dimensional systems much less is known about the distribution of barrier heights than about the distributions of free energy minima, and (1)
may therefore, as pertaining to dynamically separate states, even in idealized cases be
somewhat of an ansatz.
The Kikuchi (or cluster) expansion was introduced to improve upon the mean-field
estimates of thermodynamic quantities [16–18]. Algorithmically it can be turned into
generalized belief propagation (GBP) [11, 19, 20] which, though considerably more complicated than BP, can be used to estimate marginal probabilities on graphs with short
loops and has applications to inference in lattice systems appearing in image processing problems [6]. The question then arises if the local minima of Kikuchi free energy,
computed as fixed points of GBP, can be turned into a second-level statistical mechanics as in (1), and if that can be efficiently computed in analogy to SP. If that would
be the case we could arrive at better systematic approximations to thermodynamics
of finite-dimensional random systems and, perhaps conceptually more important, give
a different kind of argument in favour of the spin glass approach in finite-dimensional
system. This general issue has been already investigated in the recent literature for
both the single instance and averaged case [21, 22] by using a different approach based
on replicas which leads to a different class of equations. The differences between our
and this approach will be discussed in section 5.1.
In this paper we attempt to address the problem by directly writing a second-order
partition function analogous to (1) for the Edwards–Anderson spin glass model in two
dimensions, but using instead of Bethe approximation a Kikuchi expansion based on
regions containing one, two or four spins (‘vertices’, ‘rods’ and ‘plaquettes’). This
leads to a quite complex statistical model on second level, where the variables are GBP
terms (‘GBP messages’) obeying hard-core constraints (‘GBP fixed point equations’)
and weighted by terms e−β yNfk where the f k are the Kikuchi free energies computed
from the fixed points of GBP. We show how to perform a Kikuchi expansion for this
second-level model using regions isomorphic to the regions on the first level model,
and hence also interpretable as (second-level) ‘vertices’, ‘rods’ and ‘plaquettes’. In
contrast to first level the amount of variables in each second-level region is however
large, as will be described in some detail below. We also point out, as far as we know
for the first time, that a Kikuchi expansion can be performed in many ways for such
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2. The Edwards–Anderson model
The 2D Edwards–Anderson (EA) model [26] is defined on a finite dimensional square
lattice by the Hamiltonian H = − ∑ (ij ) Jij σσ
i j − ∑i h iσi , where the first sum is over neighbouring dihcotomic spin variables σi = ±1, hi is a local external field and the Jij are
quenched random variables. Using a factor graph representation with N variable nodes
(i = 1, 2, …, N ) representing the spins and M factor nodes (a = 1, 2, …, M ) representing
the interactions between the spins, the Hamiltonian can alternatively be written as:
M

N

a

i

H ( σ ) = ∑ Ea ( σ ∂a ) + ∑ Ei (σi )

(2)

where σ ≡ (σ1, σ2, …, σN ) denotes a generic spin configuration, and by σ ∂a we mean
{σi | i ∈ ∂a}, the set of variables which are involved in interaction a. In the case of a two
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a second-level model, our choice is only one of the simplest. We are thus able to carry
through the second step in the approach described above arriving at a definite—though
complicated—set of equations which can be interpreted as 1RSB GBP equations which
are not the same class of those obtained in [21] by the replica cluster variation method
(CVM), see discussion in section 5.1.
We then follow the same path which leads to SP, i.e. assume the same ansatz, and
discuss how the second-level GBP equations which we obtain here also admit a simpler class of solutions. These new equations can be interpreted as a generalized form
of the survey propagation equations, in short a form of generalized survey propagation
(GSP). We believe that this derivation is of interest for treating finite-dimensional
systems in spin glasses as well as for computer science and satisfiability related problems. Although theoretically consistent, these equations however appear hard to solve
computationally due to their large dimensionality and a product of different distributions as already pointed out in [21]. The purpose of the current work is thus to show
an alternative approach to a generalized SP theory based on a new statistical model, in
the same spirit as done in [1, 2] for the survey propagation approach.
The paper is structured as follows. In section 2 we recall the Edwards–Anderson
model and in section 3 we describe a Kikuchi approximation for this model based on
regions ‘vertices’, ‘rods’ and ‘plaquettes’, leading to a generalized belief propagation
scheme. This presentation follows earlier contributions by two of us [23–25] to which we
refer for some of the details. In section 4 we introduce and discuss a second-level GBP
scheme and we present the 1RSB GBP equations at the plaquette region-graph level of
the Kikuchi approximation. The differences between our approach and the the replica
cluster variational approach of [21] are discussed in this section. In section 5, proceeding in analogy to the path which leads to the survey propagation algorithm, we show
that this scheme does simplify similarly to the SP case to a class of generalized survey
propagation equations. In section 6 we sum up and discuss our results. Four appendices
integrate the main text and in the last of them we discuss, to our knowledge for the
first time, meaning and computation of determinant factors which appear both in the
SP [1, 2] and generalized SP theory, constructed by using a second-level region graph.
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dimensional lattice this is simply σ ∂a = {σi, σj }, but the more general notation will be
convenient later. In the same representation the partition function can be written as:
N

M

Z (β ) ≡ ∑ e−βH ( σ ) = ∑ ∏ ψi (σi ) ∏ ψa ( σ ∂a )
σ

σ i=1

a=1

(3)

where β = 1/k BT is an inverse temperature and the terms
ψi (σi ) ≡ e βh iσi ,

(a )

ψa ( σ ∂a ) ≡ eβJ ij

σσ
i j

(4)

F (β ) ≡ −

1
ln Z (β ).
β

(5)

The EA model has been extensively studied in the literature with the spin coupling
constants Ji j following the ±J bimodal distribution or the continuous Gaussian distribution with zero mean and variance J 2. If all the external magnetic fields hi = 0, this
model is in the spin glass phase when the inverse temperature β exceeds certain critical value βc. The value of βc is finite for systems in D ⩾ 3 dimensions, while βc = ∞ for
D = 2. The spin glass transition therefore occurs at zero temperature for two-dimensional systems [27–31].
3. Region graph representation and generalized belief propagation equations
In this section we introduce a region graph description of the 2-dimensional lattice and
use the cluster variation method (CVM) as presented by Kikuchi [16–18] to compute
an approximation to the free energy and derive generalized belief propagation equations as presented in [20, 24, 25]. This method was invented to make corrections to the
Bethe free energy and therefore, algorithmically, to the BP method for loopy graphs.
Alternative approaches have been carried out using loop corrections, both for binary
and non-binary variables, in [32–34] and more recently in [35].
A region-graph description of a lattice model defines a set R of regions that include some
chosen basic clusters of nodes, their intersections, the intersection of their intersections,
and so on. The basic idea underlying the CVM is to approximate the free energy as a sum
of the free energies of these basic clusters of nodes, minus the free energy of over-counted
cluster intersections, minus the free energy of the over-counted intersections of intersections, and so on [11]. Following the description in [20], we define a region average energy
as Uα(Pα ) = ∑ σ α Pα( σ α )Eα( σ α ), where Eα( σα ) is the energy term of the region α similar to
those appearing in equation (2), and a region entropy Sα(Pα ) = −k B ∑ σ α Pα( σ α ) log Pα( σ α ),
in which σ α ≡ {σi | i ∈ α} denotes a microscopic configuration of the same region. The region
probability Pα is a variational parameter and has to be determined from minimization
doi:10.1088/1742-5468/2016/07/073305
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are called ‘potential functions’ in BP terminology. That interaction is in the more general scheme denoted (a) hence for later convenience we include that label also for the
interaction coefficient also J ij(a ). The equilibrium free energy is related to the partition
function as
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condition. Let us observe that, in cases where Pα is the exact probability distribution of
the region α, the average energy correspond to the exact value whereas, differently, the
region entropy remains an approximation [11]. The Kikuchi free energy functional is then
introduced as the sum of all the region contributions:
FK = ∑ cα ∑ Pα( σ α )[Eα( σ α ) + β −1 log Pα( σ α )]
α

σα

(6)

cγ = 1 −

∑

{α : α > γ}

cα,

(7)

where with α > γ we indicate that α is an ancestor of γ, i.e. the regions γ is contained
in the region α. The index α in (6) can in principle run over all the regions in the region
graph although keeping all of them would be cumbersome. A Kikuchi approximation
of the free energy at the R-level then fixes a set R of clusters made of maximal clusters
and all their sub-clusters, and truncates the expansion of the free energy (6) retaining
only terms corresponding to clusters in R. The CVM aims to the minimization of the
above free energy (6) under the constraints that the marginals Pα are consistent. The
saddle point equations derived from this minimization are the so called generalized
belief propagation equations. A detailed derivation of them, following this standard
approach, is provided in appendix A.
An alternative formulation of the Kikuchi approximation and a derivation of GBP
equations can be obtained formulating a region-graph description in terms of factor
graphs and messages, i.e. normalized probability distributions, between neighbouring
regions. In what comes next we follow such a formulation as described in [25] in order
to obtain consistency relations among regions which will be useful in the derivation of
the 1RSB generalized belief propagation equations (see section 4). Within this description, generally a region µ can be a parent of another region ν if the set ν is contained in
the set µ, and when this is the case we indicate the relation as µ → ν. Hereafter we consider the squares or ‘plaquettes’ to be the larger cluster R and therefore we deal with
three types of clusters or regions: plaquettes, rods and vertices (see figure 1), although
the description presented next is very general and not restricted to such maximal clusters. Each square contains four vertices and four interactions and is a parent of four
rod regions; each rod region contains two vertices and one interaction and is a parent
of two vertices; while each vertex region contains only one vertex and has no children.
In figure 1, left panel, the parent-to-child relations µ → ν are represented by black
arrows for the regions highlighted in green, namely plaquette, rods and vertices. We
recursively define an ancestor of a region to be a parent or the parent of an ancestor:
a vertex thus has four parents (four rods) and four other ancestors (four plaquettes).
Similarly we recursively define a descendant of a region to be a child or the child of a
descendant. A plaquette thus has four children (four rods) and four other descendants
(four vertices). A region graph R, within this description, is then a collection of all the
regions and the specified parent-to-child relations (i.e. arrows) between these regions.
doi:10.1088/1742-5468/2016/07/073305
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Above Eα( σ α ) is the energy term of the region α, in the EA model, for instance,
Eα( σ α ) = ∑i ∈ α h iσi + ∑a ∈ α J ij(a )σσ
i j . In (6) the region graph coefficients c α are counting
number assigned to each region to ensure that each term only contributes once [25] and
constructed recursively by:
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Following a factor region graph description as in [24, 25], the partition function (3)
can then be written as
⎡
⎤cα
Z (β ) = ∑ ∏ ⎢ ∏ ψi (σi ) ∏ ψa ( σ ∂a )⎥ ,
⎥⎦
⎣ i∈α
σ α∈R ⎢
a∈α

(8)

where α in principle ranges over all the possible regions. As noted in [25] it is possible to introduce sets of messages mµ → ν ( σ ν ), i.e. normalized probability distributions,
between parent-child regions in R, with the only constraint that ∑ σν mµ → ν ( σ ν ) = 1.
Indeed we observe that for each direct edge µ → ν the following relation holds

∑

{α : µ ∈ Bα, ν ∈ Iα}

cα =

∑ cα − ∑ cα = 1 − 1 = 0,

α⩾ν

α⩾µ

(9)

where we have for each region α defined Iα ≡ {γ : γ ⩽ α} to be the set formed by the
region α and all its descendants, and Bα, the ‘boundary’ of α, i.e. to be the set of
regions not belonging to Iα but parental to at least one region in Iα [25] (see figure 1,
right panel). Therefore the partition function (8) can be rewritten as:
⎡
⎤c α
Z (β ) = ∑ ∏ ⎢ ∏ ψi (σi ) ∏ ψa ( σ ∂a )
mµ → ν ( σ ν )⎥
∏
⎢
⎥⎦
⎣
σ α∈R i∈α
a∈α
{µ → ν : µ ∈ Bα, ν ∈ Iα}

(10)

indeed due to relation (9) each message appears in (10) is net total zero times. A
Kikuchi approximation of this partition function corresponds to take into account only
doi:10.1088/1742-5468/2016/07/073305
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Figure 1. Left panel: region graph representation of a 2D EA model in terms
of plaquettes, rods and vertices. Black arrows represent parent-to-child relations
and are associated with messages from parents to child (mµ → ν in the main text).
Right panel: the squared yellow region represents the union of the border (Bα) and
interior (Iα) of the α plaquette. The messages inside it belong to Iα whereas the
messages that cross the border belong to Bα. The purple rod region represents the
same object for the rod a. Blue and red arrows represent the messages involved
in the GBP equation from plaquette α to rod a, namely equation (21) in the main
text. The counting numbers for both figures are cα = 1 for plaquettes, ca = −1 for
rods and ci = 1 for vertexes.
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some chosen set of maximal clusters R in (10), their intersections, the intersection of
their intersections, and so on. The Kikuchi approximation of the above partition function then reads as [24]
⎡
⎤c α
ZK(β ) = ∏ ⎢∑ ∏ ψi (σi ) ∏ ψa ( σ ∂a )
mµ → ν ( σ ν )⎥
∏
⎥⎦
⎣ σα i∈α
α∈R ⎢
a∈α
{µ → ν : µ ∈ Bα, ν ∈ Iα}

(11)

Analogously to the standard derivation of the CVM, we then require this free energy to
be stationary respect to a chosen set of probability functions {mµ → ν}, namely:
δFK
= 0,
δmµ → ν

∀ (µ → ν ) ∈ R.

(13)

As noted in [24, 25], this equation is satisfied if the consistency condition between
parent-child regions of two marginal probability distributions is satisfied, namely

∑

σµ \ σν

ωµ( σ µ ) = ων ( σ ν ),

(14)

where ωµ is a Boltzmann factor
ωα( σ α ) ≡

1
zα

∏ ψi (σi ) ∏ ψa ( σ ∂a )

i∈α

a∈α

∏

{µ → ν : µ ∈ Bα, ν ∈ Iα}

mµ → ν ( σ ν )

(15)

called belief of the region α in the message-passing language and z α is a normalization
factor associated to the same region. Equation (14) ensures that the marginal probability distribution ωµ( σ µ ) and ων ( σ ν ) of each parent-to-child pair come from the same
joint probability distribution. The constraints on the marginals, together with (15),
lead to the generalized belief-propagation equation on each directed edge µ → ν of the
region graph R

∏

{α → γ :
α ∈ Bν ∩ Iµ, γ ∈ Iν}

mα→γ ( σ γ ) = C

∑ ∏

σµ \ σν j ∈ µ \ ν

ψj (σj )

∏

b∈µ\ν

ψb ( σ ∂b )

∏

{η → τ :
η ∈ Bµ, τ ∈ Iµ \ Iν}

m η→τ( σ τ )

(16)

where C is a normalization constant determined by ∑ σν mµ → ν ( σ ν ) = 1.
3.1. Plaquette-rod-vertex region graph description

As a concrete example and as a reference for the following sections, we explicitly give
the Kikuchi partition function (free energy) and the corresponding generalized belief
propagation equations for a region graph description of the 2D Edward–Anderson
doi:10.1088/1742-5468/2016/07/073305
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where, differently from (10), here α ranges over all regions up to a maximal cluster
R, for instance restricted to plaquettes, rods and vertices for the case discussed here.
The corresponding Kikuchi approximation of the free energy in terms of messages
mµ → ν ( σ ν ), reads as:
⎡
⎤
−1
⎢
FK(β ) = −β ∑ cα log ∑ ∏ ψi (σi ) ∏ ψa ( σ ∂a )
mµ → ν ( σ ν )⎥.
(12)
∏
⎢
⎥⎦
⎣ σα i∈α
α∈R
a∈α
{µ → ν : µ ∈ Bα, ν ∈ Iα}
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model. Letting now Greek letter α stand for plaquettes, a for rods and i for vertices
and introducing auxiliary functions
Zα = ∑ ∏ ψi (σi )
σα i∈α

∏ ψa ( σ ∂a )

a∈α

Za = ∑ ψa ( σ ∂a ) ∏ ψi (σi )
σa

σi

∏

{µ → i : µ ∈ Bi}

∏

{µ → ν µ ∈ Ba, ν ∈ Ia}

mµ → ν ( σ ν ),

(17)

mµ → ν ( σ ν ),

(18)

mµ → i (σi ),

(19)

the Kikuchi partition function (11) can be written compactly as
ZK = e−βFK =

∏

α∈R

Zα ∏ Z a−1 ∏ Zi
a∈α

(20)

i∈a

where FK refers to the Kikuchi free energy (12). As messages go from parents to children, and as in the chosen region graph we have only parents (plaquettes), children
(rods) and grand-children (vertices), we have only two instances of the general equation (16). With reference to figure 1, right panel, for the labeling, the first is plaquettesto-rods and reads
m α → a (σi, σj )mb → i (σi )mc → j (σj ) =

1
Zα → a

∑ ψl (σl )ψk(σk )ψb(σl, σi )ψd (σl, σk )ψc(σk, σj )

σl , σk

×mρ → b (σi, σl )md1→ l (σl )md 2→ l (σl )m η → d (σl , σk )
×md 3→ k (σk )md 4→ k (σk )mλ → c (σk, σj )

(21)

where Zα → a is a normalization factor. The messages which appear on the LHS of (21)
are those depicted with red arrows in figure 1 (right panel) whereas those on the RHS
are depicted as blue arrows. Equation (21) can be written compactly, in a form we will
use later, as
m α → a ( σa ) = Fα → a({m η → τ}[η ∈ Bα, τ ∈ Iα \ Ia ], {mβ → γ}[β ∈ (Ba ∩ Iα)\ α, γ ∈ Ia \ a ]).

(22)

The second instance is the rods-to-vertices equation and reads
ma → i (σi ) =

1
Za → i

∑ ψj (σj )ψa (σi, σj )mα → a (σi, σj ) mβ→ a (σi, σj )mc → j (σj )md → j (σj )md → j (σj )
5

σj

6

(23)

where Za → i is a normalization factor. Referring to figure 2 (right panel), the messages
on the RHS of (23) are those depicted in black whereas the message on the LHS is
depicted in white. Similarly to (21), equation (23) can also be written in a compact
form as
ma → i (σi ) = Fa → i({m η → τ}[η ∈ Ba, τ ∈ Ia \ Ii ])
doi:10.1088/1742-5468/2016/07/073305
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Zi = ∑ ψi (σi )

i∈a

∏

{µ → ν µ ∈ Bα, ν ∈ Iα}
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The GBP equations (21) and (23) have a somewhat abstract flavor. In practice they
should be considered as iterative equations for the real parameters describing the
various probability distributions. For completeness we give such a more detailed
description in appendix B below. The region graph shown in figure 1 is redundant
in the sense that there are two directed paths from a plaquette region α to each of
its four vertex child regions [24]. Because of this redundancy the LHS of the GBP
equation (21) is a product of three messages, which leads to practical complications
in updating the plaquette-to-rod message m α → a (σi, σj ). In general we regard a region
graph as a non-redundant region graph if there is at most one directed path from any
region to any another region, otherwise the region graph is regarded as redundant
[24]. In the case of a non-redundant region graph the GBP equation can be much
simplified and the LHS of each GBP equation contains only one message (see [24] for
detailed discussions). Although redundant region graphs bring in computational complications, the main reason to prefer redundant region graphs over non-redundant
ones is that, in a redundant region graph, more consistency constraints are enforced
on the parent-to-child messages and consequently the results are more accurate.
3.2. Gauge invariance of the GBP equations

When the GBP equations are written to be iterated, for convenience, the messages are
parametrized in terms of fields by using an exponential representation. In principle
the messages can be left not-normalized therefore the following parametrization does
not take into account their normalization which, when and if needed, can however be
enforced at any time. Messages ma → i (σi ) are written as e βua→ iσi where ua → i is a real
number known as the cavity bias on spin i from interaction a. Similarly, messages
(i )
( j)
i j)
m α → a (σi, σj ) are written as eβ (uα→ aσi + uα→ aσj + Uα→ aσσ
where the new quantity Uα → a parametrizes cooperative interactions. The GBP equations (21) and (23) are then to be under)
(i )
stood as relations between parameters of the types ua(i→
i , u α → a and Uα → a. In appendix
B a derivation and the explicit expression for the GBP equations in terms of fields is
reported. Here we just show their functional dependence which is the main thing for
what follows. The link-to-vertex equation in term of fields reads as [36]
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Figure 2. Left panel: first and second level region graph description overlapped for
the 2D EA model. Messages integrated over on the LHS of (37) are illustrated with
blue arrows whereas those on the RHS are pictured with black arrows. Central panel:
same kind of illustration for equation (38). Right panel: pictorial representation of
GBP rod-to-vertex equation (23). The message on the LHS is pictured with a white
arrow whereas black arrows illustrate the messages on the RHS.
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)
(a )
( j)
( j)
(i )
ua → i = La → i (u (αi →
a + u β → a, J ij + Uα → a + Uβ → a, h j + u α → a + u β → a + uc → j + u d 5→ j + u d 6→ j )

(25)
(see appendix B for the explicit formula). In figure 2, right panel, the message ua → i on
the LHS of (25) is illustrated as a white arrow whereas all the messages which appear
on the RHS are illustrated as black arrows. The equations for the fields involved in the
plaquette-to-link equations, using a similar notation as in [36], are given by
→

Uα → a = Fα → a(U , u→) =

⎡ K (1, 1)K (−1, −1) ⎤
1
log⎢
⎥,
⎣ K (1, −1)K (−1, 1) ⎦
4β

⎡ K (1, 1)K (1, −1) ⎤
1
log⎢
⎥,
⎣ K (−1, 1)K (−1, −1) ⎦
4β

→

⎡ K (1, 1)K (−1, 1) ⎤
1
log⎢
⎥,
⎣ K (1, −1)K (−1, −1) ⎦
4β

→
)
( j)
( j)
u (αj→
a = G α → a(U , u ) = uλ → c − uc → j +

(27)

(28)

where K (σi, σj ) is defined in the appendix B and only depends on the messages in B(α),
which we here call ‘external’ field-messages, i.e. for the α → a equations only those illustrated as blue arrows entering the yellow square region in figure 2, left panel. Therefore
from (26) we observe that the field-messages of the kind Uα → a do not depend on any
messages in I (α) that we call ‘internal’ message, whereas from (27) and (28) we note
that the dependence on internal messages appears linearly only through the messages
of the kind ub → i and uc → j respectively.
In [36] the authors point out that parent-to-child GBP algorithms, like the one we
use here, posses a gauge invariance on the field-message values. In fact, GBP equations for such algorithms admit a freedom in the choice of the fields that has no effect
on the fixed point solutions. Therefore, following [36], every set of values of the fields
which satisfies a fixed point can be changed by an arbitrary constant δ as
ua → i → ua → i + δ,
ub → i → ub → i − δ,

)
(i )
u (αi →
a → u α → a + δ,

)
(i )
u (αi →
b → u α → b − δ,

(29)

and the resulting set of values is still a solution of the GBP equations. This gauge
invariance can be fixed in several ways, one of the simplest is to set to zero one of the
four u-field in the equation (29). This gauge fixing method will be used in the following
sections when building a second-level statistical model based on the GBP fixed point
solutions.

4. One-step replica symmetry breaking GBP equations
We here take up the approach discussed in the Introduction and consider a secondorder statistical model built on a second level (1RSB) partition function (1). In the
picture we want to consider here, the Gibbs measure is, in principle, not anymore a
doi:10.1088/1742-5468/2016/07/073305
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→

→
)
(i )
(i )
u (αi →
a = G α → a (U , u ) = u ρ → b − u b → i +

(26)
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Ξ( y ) = ∑ e−β yNfk !
k

(k )
µ ν

∑ e−β yF {m → } ≡ ΞK( y ),
K

(30)

k∈E

where E denotes the set of GBP fixed points and with ΞK we define the Kikuchi
approximation of the replicated or second order partition function. By standard folklore we expect either GBP to have only one fixed point, in which case the sum and the
additional parameter y in (30) gives no new information, or to have many fixed points,
in which case their relative contributions to the sum are controlled by y. The messages
mµ → ν are considered variables in a statistical model, and the restrictions that the messages are fixed points of GBP are interpreted as hard-core constraints
ΞK =

)
∑ ∫ Dmµ→ ν e−β yF {m → } ∏ δ [mµ→ ν − m(µk→
ν]
k∈E
⟨µ → ν ⟩
K

µ

ν

(31)

where on each pair of connected regions ⟨µ → ν ⟩, plaquette to link and link to vertex, we
have a message mµ → ν and the delta functions enforce that these variables correspond
to a given fixed point, labeled by (k), of the GBP equations.
Actually we cannot however sum over an enumeration of the fixed points of GBP,
that would not be any simplification of the problem. Instead we must include the hardcore constraints inside the integration as
ΞK( y ) =

δ[mµ → ν − Fµ → ν( m )]
∫ Dmµ→ν e−β yF {m → } 〈µ∏
→ ν〉
K

µ

^

ν

(32)

where m^ indicates all the dependencies of the function F from the messages involved in
the GBP equations. By postulating (32) we have ignored Jacobians from integration of
the delta functions. If we insist that Ξ( y ) in (30) is only a sum over fixed points, with
no pre-factors, we should more properly have
ΞK( y ) =

∫ Dmµ→ν e

−β yFK{mµ → ν}

⎡ ∂(m
⎤
µ → ν − Fµ → ν )
⎢
⎥
det
∂m µ′→ ν ′
⎢⎣
⎥⎦

∏

〈µ → ν 〉

δ[mµ → ν − Fµ → ν( m^ )]
(33)

where the determinant is of a large matrix—coupling the first-level variables (GBP messages) as they are connected by the hard-core constraints (GBP update equations)—
computed at the fixed point of the GBP equations. This value is independent on the
Parisi parameter y and therefore contributes only to the entropic part of re-weighting
doi:10.1088/1742-5468/2016/07/073305
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pure state but rather decomposes into a convex linear combination of pure states [1–4].
We assume that in each such state labeled by k the GBP equations (16) are satisfied
)
and we denote with {m (µk→
ν } the set of their solution, for every µ → ν ∈ R. This assumption is supported by the recent results in [37] where it is shown that metastable states
found with Monte Carlo algorithm are linked to fixed points of the cluster variational
method. A Kikuchi approximation of the generalized free energy (1) is then given by
replacing the exact free energy of every state by the Kikuchi free energy computed at
)
the same state, i.e. Nfk → FK{m (µk→
ν } in (1). The resulting second-order partition function is defined as a sum over fixed points of GBP weighted by their respective Kikuchi
free energy:

On one-step replica symmetry breaking in the Edwards–Anderson spin glass model

term e−β yFK{mµ→ ν} in equation (33). For tractability we will from here neglect this term,
to discuss it again in section 6 and appendix D. We just mention that a similar determinant appears also for a tree-like topology and in that case it is similarly neglected as
discussed in [1, 2]. Let us also observe that the above integrals in (32) and (33) converge
only if the gauge invariance of the GBP equation is fixed (see section 3.2), otherwise a
volume element of the parametrization invariance appears. We assume here that this is
the case and we specify in more details how to fix the gauge invariance at the secondlevel statistical model in section 4.3. Using (20) and (32) we can then write

∑e

k∈E

=

∫ Dmµ→ν α∏
∈R

Z αy

∏

a∈R

Z a−y

∏

i∈R

⎡

⎤
Zi
∏ δ[mµ→ ν − Fµ→ ν( m )]⎥⎥
⎢⎣ 〈µ → ν 〉
⎦
(34)
y⎢

^

where we recall that Zα, Za and Zi are functions of the messages as given in (17)–(19).
We will further show below that each δ-function in (34) can be assigned to one or more
regions on a higher-level graph. We therefore interpret equation (34) as the partition
function of a new model where the messages represent the new variables, and the Z ’s
together with an appropriate set of δ-functions are the analogues on the second level
of GBP potential functions on the first level. We note that these second-level potential functions contain both soft constraints in the Z ’s and hard constraints in the
δ-functions.
4.1. Higher-level region graph and second-level GBP

In the previous section we introduced a second-level graphical model by introducing the
new partition function (34). The next step towards 1RSB GBP equations is to observe
)
that the weighting terms w k = exp(−βyFK{m (µk→
ν })/ΞK induce a distribution of the messages and that, furthermore, this distribution can be represented as a graphical model.
In this new second-level region-graph model the new variables are messages and the
factor nodes are new potential functions or constraints. Each factor node is connected
to all the variable nodes on which it depends i.e. for a potential functions to all the
^
arguments of respectively Zα, Za and Zi, and for a constraint δ[Uµ → ν − Fµ → ν( U , u^ )] or
^
δ[uµ → ν − Fµ → ν( U , u^ )] both to Uµ → ν or uµ → ν and to all the arguments of Fµ → ν. This
auxiliary model is a graph expansion of the original model, as discussed for the case of
BP in [1, 2].
The second step is to define new regions in the auxiliary graph and assign the
second-level potential functions and constraints to these regions. How to do so is not
uniquely defined, no more than in the standard CVM. We here choose a region graph
for the auxiliary second-level graphical model which is isomorphic to the region graph
for the first-level graphical model. This means that plaquettes, rods and vertices on the
first level will be in one-to-one correspondence with regions on the second level which
we call by the same names. To a plaquette α on the first-level graph corresponds a
second-level region denoted by α̂ which contains (i) all messages going to descendants
of α from the outside or from the inside i.e. Bα⋃Iα; (ii) the delta functions enforcing
that the messages in Iα satisfy GBP; (iii) the potential function Z yα. Similarly, to a rod
doi:10.1088/1742-5468/2016/07/073305
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ΞK =

)
−β yFK{m (µk→
ν}
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a on the first-level graph corresponds a second-level region denoted by â which contains
all messages in Ba⋃Ia, the two delta functions enforcing that the messages in Ia satisfy
GBP, and Z ay. To a vertex i corresponds finally iˆ which contains the four messages in
Bi, and Z yi . The procedure is illustrated in figure 3.
The third step is to carry out CVM on (34) with the regions defined in figure 3 and
define consistency conditions for marginals between parent-to-child regions similarly to
those in (14) for the first-level region graph. The second-level CVM is built on messages
→
or, rather, of
in the second-level region graph, which are functions of the messages m
the fields used to parametrize the messages in the first-level region graph and which
→
we here denote as Q (U , u→) (probabilities of probabilities) illustrated by black arrows in
figure 3, right panel. Every one of these (second-level) messages goes from a parent to a
child region and depends on all the (first-level) messages, i.e. message-fields, in the child
region. When there is a direct plaquette-to-rod link αˆ → aˆ on the second-level region
graph, the Q αˆ → aˆ message depends on all the fields in the region â, that is all the fields
in Ba⋃Ia in the original graph and so depends on 14 (first-level) field-messages. When
there is a direct rod-to-vertex link aˆ → iˆ the Qaˆ → iˆ message depends on all the fields in
the region iˆ, corresponding to the region Bi in the original graph and so includes 4 fields
(see figure 3 for an illustration).
→
firstThe CVM and GBP construction at the first level introduce two types of m
level messages, from plaquette-to-rod and from rod-to-vertex, which can be parametrized using u-fields as shown in section 3.2. Therefore on the second-level region, by
a one-to-one correspondence with the first-level graph, there also exist two different
doi:10.1088/1742-5468/2016/07/073305
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Figure 3. Left panel: region graph representation of a 2D EA model in terms
of plaquettes, rods and vertices. The border and interior of the plaquette region
α is pictured in yellow and becomes the region α̂ in the auxiliary model (yellow
plaquette in the right panel). The border and interior of the rod region a is pictured
in purple and becomes the new rod region â (right panel) whereas the border of
the vertex region i, which is displayed in red, becomes the new vertex region iˆ
in the auxiliary model. Right panel: the auxiliary graph in terms of new regions.
→
Numbers inside the regions are a memo of the number of U , u→ field-messages
contained in each region. The arrows represent the new messages in the auxiliary
→
model, indicated as Q (U , u→) in the text.
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→

kinds of Q (U , u→) messages. More explicitly, we represent these second-level messages in
the auxiliary graph using a different notation for each one of them:
→ ( 2)

) (4) →(8)
Q pˆ → rˆ(U p → r , u→(pv→
r , u r → v)

from plaquettes to rods,

(35)

)
q rˆ → vˆ(u→r(4→
v)

from rods to vertices,

(36)

)
vertex type, whereas u→r(l→
v means l messages of the kind rod-to-vertex, according to
notation introduced in section 3.2. In the following, for the sake of clarity, we omit the
labels and the numbers of the fields u→ when they are arguments of the functions Q and
→
q, i.e. we simply write Q pˆ → rˆ(U , u→) and q rˆ → vˆ(u→).
We can now look at the second-level region graph as a new auxiliary region graph
on an higher level, which contains new messages (probabilities of probabilities), new
potential functions and hard-core constraints. As for the first level-region graph (see
equation (14)), the new marginal probabilities, or beliefs, defined on the second-level
region graph, which we here indicate as Wα̂, Wâ and Wiˆ for new plaquette, rod and vertex respectively, must satisfy probability consistency equation as
→ (6)

∫αˆ \aˆ dU

→ (2)

∫aˆ\iˆ dU

→ ( 8)

→ ( 2)

du→(20) Wαˆ (U , u→(32)) = Waˆ(U , u→(12))
→ (2)

du→(8) Waˆ(U , u→(12)) = Wiˆ(u→(4))

for plaquette αˆ and rod aˆ,

(37)

for rod aˆ and vertex iˆ.

(38)

Above the notation αˆ \ aˆ means that the integral is taken over all the messages belonging to α̂ except those which are common with â (see figure 2, left panel) (and similarly
for aˆ \ iˆ, see figure 2, central panel). Analogously to the marginals (15) in the first-level
region graph, the second-level beliefs are defined through the new messages Q and q,
new potential functions Z and hard-constraints included in each second-level region.
Since equations (37) and (38) are the core of our approach to second-level GBP we will
write them down explicitly in the following two subsections.
4.2. Consistency equation for rods and vertices

In analogy with the consistency equation (14), we here write explicitly the consistency
equations for the second-level region graph illustrated in figure 3. As mentioned, we
interpret the second-level graph as a new auxiliary graph having new potential functions.
These are given by the partition functions Z re-weighted by the Parisi parameter y,
new messages between parent-to-child regions given by the probabilities of probabilities
Q and q and, in addition to
the original region graph, contains new constraints which
→
enforce the new variables U and u→ of the second-level graph to satisfy the GBP conditions on the first-level region graph.
The new marginals can then be deduced by analogy with the first-level marginals.
The Q and q messages involved in the marginal of a region are all those from
doi:10.1088/1742-5468/2016/07/073305
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where superscript numbers refers to how many messages of the kind µ → ν are con)
tained in the argument of Q. That is, the notation U (pl→
r means l field-messages of the
→(v ) (l )
kind plaquette-to-rod, u p → r means l field-messages of the kind plaquette-to-rod of the
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parent-to-child region µˆ → νˆ where µ̂ belongs to the border and ν̂ belongs to the interior
of the child region. The potential function for each second-level region must count for
all the energetic interactions of that region and therefore it is given by the partition
function of the same region which contains, indeed, all the energetic terms. Finally the
hard-core constraints should enforce all the GBP conditions for the messages internal
to the region and therefore they have to be all the delta functions which belong to the
interior of the region considered.
With this procedure as a tool, using a compact notation, the local consistency equation (38) can be written as follows:
(2)
(6)
→
→
→
1 y → ( 4)
Z i (u ) ∏ q bˆ → iˆ(u→)
dU du→ Z ay(U , u→) δa → i δa → j ∏ Q µˆ → νˆ (U , u→) ∏ q µˆ → νˆ (u→) =
ˆ
aˆ\ i
Ξiˆ
(39)

∫

where Ξâ and Ξiˆ are normalization factors and the superscript on the products indicate
how many Q or q products we have on each side. The delta functions in the equation above
enforce the GBP equations (25) for rods-to-vertex messages and are interpreted as hard^
core constraints; for short we use the notation δµ → ν = δ[uµ → ν − Lµ → ν ( U , u^ )], where
the function Lµ → ν is defined in (25) or explicitly in (B.5). The messages constrained by
these two deltas are pictorially represented as white arrows in the purple rod region of
figure 3, left panel. The Z ’s are potential functions referred to the region considered
and the Parisi parameter y plays the role of an inverse temperature. The different kind
of Q’s on the LHS are all those from the parent-to-child region µˆ → νˆ with µˆ ∈ B (aˆ) and
νˆ ∈ I (aˆ) and the products are on these same variables. Pictorially, they are represented
by all the arrows crossing the perimeter of the orange rod region of figure 3, right panel.
Analogously, all the Q’s and the products on the RHS are all those from µˆ → iˆ where
µˆ ∈ B (iˆ ) therefore, pictorially, the four black arrows pointing towards the red region iˆ
in the same figure.
Similarly to what pointed out for equations (32) and (33), the introduction of delta
functions with functional dependence on the GBP equations above would, in principle,
involve a determinant on the LHS of (39). This determinant is of the type |det(1 − ∆L)|
where ∆L is the matrix containing the derivatives of the GBP rod-to-vertex function
→
→
L(U , u→), respect to all the fields U and u→ belonging to the rod region â, computed at the
fixed point. As shown in appendix D, it turns out that this determinant is equal to one
and therefore brings no correction to the above equation.
Writing more explicitly (39) for the rod â and the vertex iˆ on the expanded graph,
with reference to figure 3 for labelling, we have

(40)
where the common terms on the left and right-hand-side have been underlined by
a dashed line. Let us observe that the integration does not involve these underlined
terms. Indeed these terms only depend on the u→ field-messages which belong to the
doi:10.1088/1742-5468/2016/07/073305

17

J. Stat. Mech. (2016) 073305

1
Ξaˆ
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region iˆ whereas the integration is over the u→ in the set aˆ \ iˆ. Referring to figure 2,
central panel, where the u→ are illustrated by arrows, the integration only involves the
blue u→’s in the purple region â and does not include the black fields shared with the red
region iˆ. Therefore since the underlined q’s never depend on the variable of integration
they can be canceled on both sides of the equation. The result reads
qaˆ → iˆ(u→) =

Ξiˆ
Ξaˆ

→

→

∫aˆ\iˆ dU du Z a→i(U , u ) δa→i δa→jQ αˆ →aˆ Q βˆ→aˆ qcˆ→jˆ qdˆ →jˆ qdˆ →jˆ
→

y

→

5

6

(41)

qaˆ → iˆ(u→) =

Ξiˆ
Ξaˆ

∫aˆ\iˆ dU du Z a→i(U , u ) δa→i Q˜αˆ →aˆ Q˜ βˆ→aˆ q˜cˆ→jˆ q˜dˆ →jˆ q˜dˆ →jˆ.
→

→

y

→

→

5

6

(42)

With the tilde notation above we indicated functions Q and q with the value of ua → j in
^
their argument replaced by their GBP updates (25) i.e. by La → j ( U , u^ ). Equation (42)
corresponds to the 1RSB rod-to-vertex generalized belief propagation equation for a
2D lattice model as the EA model and represent the first result of this paper. We recall
that the Q and q functions above, as their tilde version, are joint probability distributions of several messages therefore equation (42), although analytically consistent, it is
very hard, perhaps impossible, to iterate numerically. In section 5 we discuss how to
take an SP-like ansatz on the Q and q functions to simplify the above equation.
4.3. Consistency equation for plaquettes and rods

Similarly to the previous section and with an analogous notation, we here want to write
more explicitly the consistency equations between plaquettes and rods on the secondlevel region graph. Equation (37) can be written as
1
Ξαˆ

∫αˆ \aˆ

(4)
(8)
→
→
→ →
)
(v ) (8) (8)
dU du→ Z yα(U , u→) δ(p4→
,
δ
δ
Q
(
U
u
)
pˆ → rˆ
∏ q rˆ→ vˆ(u→)
r p→r r→v ∏
=

( 2)
( 6)
→
1 y → →
Z a(U , u ) δa → i δa → j ∏ Q pˆ → rˆ(U , u→) ∏ q rˆ → vˆ(u→)
Ξaˆ

(43)

where Ξαˆ and Ξâ are normalization factors. The second-level messages which appear on the
LHS are all those from the parent-to-child region µˆ → ν with µˆ ∈ B (αˆ ) and νˆ ∈ I (αˆ ) and the
products are over these variables. Pictorially they are represented in figure 3, right panel,
by all the arrows going through the perimeter of the square green region. The Q’s and q’s
on the RHS are those going from µˆ → νˆ with µˆ ∈ B (aˆ) and νˆ ∈ I (aˆ) and are illustrated, in
the same aforementioned picture, as the arrows crossing the perimeter of the rod orange
region. The product on this side of the equations are on these same variables.
Delta functions in the equation above enforce GBP equations for the field-messages
at both the plaquette-to-rod and rod-to-vertex level and, as for (39), are interpreted
doi:10.1088/1742-5468/2016/07/073305
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where we used the relation (C.4), i.e. Za = Za → i ∫ Zi δa → i expressed in terms of fieldmessages, and we omitted the field dependencies of the Q and q second-level messages
for brevity. We observe that the field ua → j is integrated over on RHS of (41) and, in
addition, Za → i does not depend on this message (see (C.4) for details). We then integrate over this field and make use of the delta function δa → j , we get
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as hard-core constraints for the second-level region graph model. Their upper script
refers to how many delta functions of the type µ → ν are included. All those on the
LHS of (43) enforce constraints for the field-messages of the region I (α) whereas those
on the RHS enforce constraints for the region I(a). Note that since I (a ) ⊂ I (α) some
constraints appear on both sides.
More explicitly, on the LHS four deltas enforce GBP plauqette-to-rod equa^
tions (26) for the first level field-messages Up → r as δp → r = δ[Up → r − Fp → r ( U , u^ )]
)
and eight deltas enforce equations (27) and (28) for the field messages u (pv→
r as
^
(v )
(v )
(v )
^
δ p → r = δ[u p → r − G p → r ( U , u )]. The remaining eight deltas enforce the GBP link-to-

(44)
where, on both side of the equation, common probability terms have been underlined
and field dependencies of the Q and q second-level messages are omitted. To shorten
)
(i )
( j)
notation, terms like δ(α3→
a above stands for δα → a δ α → a δ α → a and enforce GBP con)
( j)
straints for the fields Uα → a, u (αi →
a and u α → a respectively. Let us note that all the underlined probabilities of field-messages have no dependence on the fields
which belong to
→
the region αˆ \ aˆ but, rather, they only depend on the fields fields U and u→ which are in
the second-level region â. Using the left panel of figure 2 as a reference, the underlined
second level messages only depend on the field-messages illustrated as black arrows
which cross or are internal of the purple rod region â. Therefore since the integration
on the LHS of (44) is only over the field-messages in αˆ \ aˆ (the blue arrows in the aforementioned figure), the underlined Q’s and q’s can be simplified on both sides. Using
the relation among partition functions of different regions contained in the appendix,
doi:10.1088/1742-5468/2016/07/073305
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^

vertex conditions (25) as δr → v = δ[u r → v − Lr → v ( U , u^ )] and two of them appear also
on the RHS. For clarity, referring to figure 3, left panel, the field messages U and u
constrained by the delta functions on the LHS of (43) are illustrated as black, red and
white arrows in the interior of the yellow square region α̂. Whereas the field-messages
on the RHS of the same equation constrained by the two delta conditions are illustrated as white arrows in the purple rod region â of the same figure.
Note that, as for the rod-to-vertex equation, the introduction of the delta functions
would, in principle, involve a determinant term on both sides. The LHS of (43) should
be multiplied by |det(1 − ∆F)| where ∆F is the matrix of all the derivatives of the GBP
plaquette-to-rod and rod-to-vertex equations respect to all the field-messages in the
plaquette. Similarly, the RHS should be multiplied by |det(1 − ∆L)| which is the same
determinant, equal to one, encountered in section 4.2. It turns out that, after fixing
the gauge of the GBP equations as shown by the rest of this section, also |det(1 − ∆F)|
is equal to one (see appendix D) and therefore there exists no correction to the onestep replica symmetric GBP equations because of the determinant, neither for the
plaquette-to-rod nor for the rod-to-vertex equations.
Writing equation (43) more explicitly, with labeling referred to figure 3 we get:

On one-step replica symmetry breaking in the Edwards–Anderson spin glass model
)
( j)
i.e. (C.5) here written in terms of field messages as Zα = Zα → a ∫ Za δα → a δ(αi →
a δ α → a, we
can then rewrite (44) as

δa → i δa → j Qα → a qb → i qc → j =

Ξaˆ
Ξαˆ

→

→

∫αˆ \aˆ dU du Z α→a(U , u ) Qρ→b Qη→d
→

y

→

)
( j)
×Qλ → aqd1→ l qd 2→ l qd 3→ k qd 4→ kδα → a δ(αi →
aδ α → a

( j)
(k )
)
(k )
(l )
×δα → b δ(αl )→ bδα(i →
b δα → c δ α → cδ α → c δα → d δ α → d δ α → d
(45)
×δa → i δa → j δc → j δc → k δd → k δd → l δb → l δb → i.
^
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^

Let us note that the two deltas δa → i[ua → i − La → i ( U , u^ )] and δa → j [ua → j − La → j ( U , u^ )]
only depend on field-messages in â, i.e. on first-level field-messages which are not
integrated over in the above equation. Therefore, although â contains fourteen fieldmessages, equation (45) only holds information for the subset where the two messages
ua → i and ua → j in I(a) are determined by the eight messages in B(a) through the constraints δa → i and δa → j . Otherwise the meaning of this aforementioned equation is trivially 0 = 0.
In the following we want to proceed integrating out all the deltas on the RHS of (45)
which do not enforce constraints on those fields-messages directed to the region I(a).
Referring to figure 2, left panel, we want to integrate out all the fields internal to the
yellow square region I (α) (pictured as blue arrows), except those directed to or internal
at the purple regions I(a) (pictured as black arrows).
First of all we impose gauge fixing conditions for the GBP equations at the plaquette
level as discussed in section 3.2 and in [36]. According to this gauge fixing procedure, at
)
the first-level region graph we set to zero four of the messages u (αv→
r in I(r). This means
→ →
(v )
)
(v )
that, at the second-level region graph, four over eight deltas δ α → r (u (αv→
r − G α → r (U , u ))
)
are changed to δ (u (αv→
r ). For each rod in the region graph there exist two of these
deltas (see for example figure 2), the choice of which to change accordingly to the
fixing gauge conditions discussed in [36] is totally arbitrary, we then choose to change
)
( j)
(l )
(k )
δ(αi →
a, δ α → b, δ α → d , δ α → c. Among these deltas, we integrate out those not referred to
( j)
)
messages heading to a, therefore just δ(αl )→ b, δ(αk→
d , δ α → c . The effect of this integration
on the rest of the remaining terms is to set to zero the related field-messages wherever
else they appear.
We then integrate out three over four of the delta functions which fix the GBP
conditions for the fields-messages Uα → r , i.e. which enforce (26), in particular we inte→
grate out δα → b, δα → c, δα → d . Let us observe that the function F(U , u→) which appears in
→
δα → r (Uα → r − Fα → r (U , u→)) only depends on the external field-messages in B(α) which,
at the GBP level for the plaquette α, are known values. Therefore the effect of this
integration on the remaining terms is to change the value of the Uα → r by the values of
some external field-messages, wherever they appear.
)
We continue by integrating out three over four of the remaining u (αv→
r field-messages
from plaquette-to-rod of the vertex type and make use of the relative delta functions
which enforce the GBP equations (28) for these fields. Explicitly we integrate out
(k )
)
(l )
δ(αi →
b, δ α → d , δ α → c. Let us note that the RHS of the equations (28) enforced by these
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δa → i δa → j Qα → a qb → i qc → j =

Ξaˆ
Ξαˆ

∫αˆ \aˆ dU du Z α→a(U , u ) Q˜ρ→b Q˜η→d Q˜λ→c q˜d →l
→

→

y

→

→

1

)
( j)
˜
˜
×q˜d 2→ l q˜d 3→ k q˜d 4→ k δα → a δ α(i →
a δ α → a δb → i δc → j δa → i δa → j

(46)
where the tilde notation of the second-level messages and on the deltas means that
some of their arguments have been replaced by their GBP updates because of the
integration over all the other deltas listed above. Let us observe that both sides of the
equation (46) depend on all the field-messages in the region â, i.e. B (a )⋃I (a ) which are
pictorially represented in figure 2, left panel, as all the black arrows entering and internal to the purple rod region. Equation (46) corresponds to the 1RSB plaquette-to-rod
GBP equation for the 2D EA model. Since the Q’s and q’s functions above are joint
probability distribution of messages, similar considerations as those in the text below
(42) apply here.

5. A class of generalized survey propagation equations
We start by explaining the approach to survey propagation (SP) described in [1]. The
success of belief propagation is to a large extent due to its moving information forward.
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deltas is a function of the external messages, i.e. messages in B(α), and depend linearly
on one message which belong to I (α). To write it more explicitly, we could for instance
→
→
)
( j)
write one of these deltas as δ(αj→
a(u α → a − (h (Uex , uex ) − uc → j )) where the label ex stands
→
→
for ‘externals’, i.e. those fields are in B(α) and h (Uex , u→ex ) = G(U , u→) + uc → j from equation (28). Therefore, the integration over these deltas has the effect of changing mes)
sages of the kind u (αj→
a into a function of the external messages and of one internal
message of the kind uc → j .
We observe that this effect reflects on the link-to-vertex delta function δb → l , δd → k , δc → j
in a peculiar way. Indeed after these and previous integrations, the GBP functions
contained in these deltas become only functions of the external messages, for instance
→
δc → j (uc → j − Lc → j (Uex , u→ex )). This is due to the linear dependence that these latter delta
functions have on the internal message of the kind uc → i and it entails simplifications
(see equation (B.5) for details).
We carry on by integrating out δb → l , δd → k which only bring dependencies on the external messages in the remaining terms. After these latter integration, we are left with the deltas for the fields both heading to and internal at the
)
( j)
region I (a), i.e. δa → j , δa → i, δα → a, δ(αi →
a, δ α → a, δb → i, δc → j and, in addition, with
→
→
δd → l (ud → l − Ld → l (Uex , u→ex , uc → k )) and δc → k (uc → k − Lc → k (Uex , u→ex , ua → j )). Therefore if
we now integrate out δd → l , the field ud → l will be replaced by a function of both the
external messages and uc → k . We carry on by integrating out also δc → k , as a consequence uc → k will be replaced by a function of both the external messages and of ua → j .
Equation (45) after all these integrations reads as:
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qaˆ → iˆ (ua → i, ub → i, ud 7→ i, ud 8→ i )
Ξˆ
→
)
( j)
( j)
(i )
= i
dU du→ Z ay → i(Uα → a, u α(i →
a, u α → aUβ → a, u β → a, u β → a, uc → j , u d 5→ j , u d 6→ j )
Ξaˆ aˆ\ iˆ
×δa → i Q αˆ → aˆ Q βˆ → aˆ q cˆ → jˆ q dˆ5→ jˆ q dˆ6→ jˆ.
(47)

∫

Above we have written out the arguments of q aˆ → iˆ (on LHS) and Za → i (on RHS) explicitly and we recall that the integration turns out to be over all the messages appearing
as argument of Za → i. Compared to (42) we have now gained that the Q and q functions appearing on RHS are the original ones which, by assumption, still only depend
on one underlying first-level message. Let us now consider on what arguments actually
depends qaˆ → iˆ. Obviously it depends on its first argument since ua → i appears explicitly
→
on RHS in the delta function δa → i (ua → i − La → i (U , u→)). However, it does not depend
on its other three arguments since neither ub → i nor ud 7 → i nor ud 8→ i appear on RHS.
Therefore the assumption that second-level messages only depend on the underlying
first-level message going the same way is preserved by the iteration of (47). We observe,
in addition, that on a tree topology the above equation reduces to the SP equation for
the single instance case [1, 8].
We then consider the plaquette-to-rod equation (46) and take the same kind of
SP-ansatz for the second-level messages on its RHS and observe that, as for equation (47), they no longer depend on several external messages brought into their argument by the integration of the internal delta functions performed in the previous
section. We therefore remove the tilde notation for them and, after the SP-like ansatz,
equation (46) reads:
δa → i δa → j Qα → a qb → i qc → j =

Ξaˆ
Ξαˆ

→

→

∫αˆ \aˆ dU du Z α→a(U , u ) Qρ→b Qη→dQλ→aqd →l
→

y

→

1

)
( j)
˜
˜
×qd 2→ l qd 3→ k qd 4→ kδα → a δα(i →
aδ α → aδb → i δc → j δa → i δa → j .
(48)
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Indeed, this is why these algorithms are referred to as propagation. SP is a special class
of solutions to the general second-level, 1RSB, BP equations which has the same property and for which the fixed points can therefore be found by forward iteration.
In the following we want to verify whether the second-level 1RSB GBP equations presented in the previous section admit a special class of solutions of the SP-type
and can therefore be written as a class of generalized survey propagation equations. The
special solutions of SP are derived by assuming that a second-level message q rˆ → vˆ only
depends on the one first-level message going the same way, i.e. on ma → i [1]. Taking the
same assumption, in our case, means that all the Qpˆ → rˆ’s only depend on the underlining message m pˆ → rˆ function of two spins and therefore parametrized by three u-fields,
whereas all the q rˆ → vˆ’s depend on the message m rˆ → vˆ function of one spin and therefore
parametrized by one u-field. In other words, plaquette-to-rod messages as Q αˆ → aˆ will be
)
( j)
assumed to be function like Q αˆ → aˆ(Uα → a, u (αi →
a, u α → a) and rod-to-vertex message to be
qa → i (ua → i ). Following the SP ansatz we assume that this is so for all the second-level
messages on RHS of the rod-to-vertex equation (41) and we verify that the assumption
is preserved on the LHS. We observe that, the field-message ua → j only appears on RHS
as an argument of the delta function δa → j which can be integrated out to give
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5.1. Comparison with the replica cluster variational method

In an earlier effort Rizzo and co-authors [21] devised a replica cluster variational
method (CVM) for studying the EA spin glass model. Here we discuss the relationship
between our work and this replica cluster variational approach.
Rizzo et al [21] starts applying the CVM formulation to the variational free energy
of a n-times replicated system. Through a standard variational approach replica-GBP
equations are derived. The main idea of the authors is then to use a replica symmetric
or a more general Parisi’s hierarchical ansatz in order to send the number of replicas
to zero and so obtain the corresponding RS or (RSB) GBP equations. The core of [21]
is dedicated to the analytical and numerical study of the paramagnetic and spin glass
replica-symmetric phase of 2D EA model, by considering a plaquette approximation
of the averaged free energy. In the appendices, the authors also show the GBP equations for a generic k-RSB ansatz, both at the averaged and single instance case.
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To shorten notation we here do not write explicitly all the dependencies of the partition function Zα → a but it turns out that it depends exactly on all the U and u messages
which appear as argument of the SP-like Q’s and q’s on the RHS (see appendix C)
and, as for (47), the integration is precisely on all of them. Using the left panel of
figure 2 as a reference, the integration on the RHS is over all the field-messages represented as blue arrows entering the yellow square region. Let us now look at which
are the field dependencies of the RHS of (48). It depends on the fields appearing in
)
( j)
˜
˜
the delta functions δα → a, δ(αi →
a, δ α → a, δb → i and δc → j which are not integrated over on
the RHS. These dependencies are encoded in a SP-like dependence of the Q and q’s
on the LHS. In addition, the RHS also depends on all the fields contained in the delta
functions δa → i and δa → j which are also present on the LHS. To give a pictorial representation then, referring to figure 3, left panel, the delta functions on the RHS depends
on the fields represented as red and white arrows. These dependencies are encoded on
the LHS by the Q and the q’s and the two deltas. The RHS also depends on the fields
represented as black arrows entering the purple region in the same figure. These depen→
dencies are encoded on the LHS by the functions L(U , u→) in the two delta functions
→
→
δa → i (ua → i − La → i (U , u→)) and δa → j (ua → j − La → j (U , u→)).
Summarizing, equations (47) and (48) remain consistent after the SP-like ansatz is
taken and therefore represent a class of generalized GBP equations for the distributions
of the field messages, i.e. Q (U, u, u) and q (u), similarly as the survey propagation [7–10]
equations are belief propagation equations for the distribution of the field-messages, i.e.
q (u). Although these equations are consistent, they would naturally be cumbersome to
use in practice. Indeed the right-hand side is a convolution of many terms and, more
importantly, the left-hand side is a product of several distributions and delta functions. Despite the delta functions appearing on the LHS could be integrated on both
side of the equations, the product of distributions on the LHS does not allow to use a
population dynamic algorithm to iterate the equations. Therefore, the paramagnetic
regime, where the equations very much simplify and the product of distribution on the
LHS reduces to a single distribution Q (u), seems to be the only regime where the equations can be iterated (see [21] for a pioneering contribution about simulations in the
paramagnetic phase of the average case).
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Our method, on the other hand, starts from the assumption that each GBP fixed
point corresponds to a macroscopic state at the 1RSB level. We then build a factor
graph model at the 1RSB level in which variable nodes are functions (GBP messages at
the RS level) and factor nodes are functional of these GBP messages. The GBP equations on this new factor graph model is our 1RSB GBP scheme. We then focus on the
single instance case and therefore do not perform averages over the quenched disorder.
Generally speaking, both the replica CVM and our approach can be in principle be used
to derive RSB GBP schemes for single instances as well as average cases.
It is interesting to observe that these two approaches provide the same kind of
equations for non-redundant region graphs or, even more simply, tree-like topologies.
When the graph considered shows redundancy, the sets of equations provided by the
two approaches are different and result to be the same only in the paramagnetic phase.
We therefore expect, in this regime, a physical behaviour different to the one studied
and encountered in [21]. The dissimilarities between the two approaches mainly come
from a different derivation. We list them shortly in the following.
In our approach we start assuming that parent-to-child second-level messages depend
on all the u-field contained in the child region. This means that, plaquette-to-rod Q messages depend on 14 field-messages (see dependencies in equation (35)) whereas rod-to-vertex
q messages depend on 4 field-messages (see equation (36)). After the SP ansatz though, our
parametrization of the messages turns out to be the same as Rizzo et al (see section 5).
Second, in [21] the authors point out that the replica CVM Q-messages, at the RS
level and in the average case, are positive definite only in the paramagnetic phase—
where their equations coincide with ours—and therefore can be interpreted as populations only in this regime. As soon as the temperature is lowered below the spin glass
transition, they observe that these messages are not necessarily positive definite, therefore they should not be interpreted as probability functionals. In the CVM treatment,
then, only the beliefs of second-level regions have a probabilistic meaning. This nonpositive definite property indicates that the messages at the RS levels are correlated
and redundant. In our formulation, before the SP ansatz is taken as discussed section 5,
the 1RSB parent-to-child Q-messages depend on all the u-fields in the child region, as
stated above and in equations (35) and (36). This parametrization accounts for correlations among u-messages and we therefore believe that the Q’s could be considered as
probability functionals. The SP ansatz taken in section 5 corresponds to project these
functionals on a subspace in order to reduce their dimensionality. We conjecture that
the non-positive definite property of the Q’s would only appear for the average case. In
this case all the parent-to-child Q’s are, indeed, not region dependent and there exist
only one type of plaquette-to-rod and rod-to-vertex second-level message. These latter
appear in a convoluted form in the plaquette-to-rod equation and therefore the achievement of a fixed point requires to relax the positive-definite property of the Q’s. Such
extra assumption should not be needed in the single instance case.
On a technical and, more important, physical point of view, we also mention that
every k-RSB formulation of the GBP equations should deal with the gauge fixing
of these equations at the first-level. This issue was firstly raised in [36] by the same
authors of [21] and following these considerations we addressed this issue in section 3.2.
The same could be done in the CVM replica scenario but at the time of [21] this was
not yet completely understood.
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We have considered a one-step replica symmetry breaking description of the Edwards–
Anderson model in 2D through a second-level statistical model built on the extremal
points of a Kikuchi approximation. These extremal points can be computed as fixed
points of generalized belief propagation (GBP) in a parent-to-child message-passing
scheme on a region graph with redundancy. We have discussed the fact that these GBP
equations exhibit a gauge invariance and how that can be corrected for by setting some
parts of the GBP messages to zero. We have then shown that a second-level theory can
be constructed where the variables are probability distributions over GBP messages,
and the fixed point equations are consistency equations between marginal probabilities
of regions in the second-level region graph. We have further shown that this theory has
a set of solutions analogous to survey propagation (SP) where each second-level message in the second-level model depends only on the corresponding first-level message
in the first-level model. For this to be possible it is necessary to again use the gauge
invariance and gauge fixing of GBP.
Three comments impose themselves. The first concerns the resulting generalized
survey propagation (GSP) equations given in final form as equations (47) and (48).
While it would in principle be possible to simulate them numerically, in practice that
would be quite a cumbersome task due to their high dimensionality and the product
of three messages on the left-hand side of (48). For high enough temperatures, within
the paramagnetic phase, the above equations would simplify and numerical treatments
become easier although still involving. A numerical investigation of this regime, as
reported for instance in [21] for the replica symmetric case, goes beyond the purpose
of this paper. Our contribution is therefore mainly of a conceptual nature, pointing to
how a generalization of survey propagation (SP) to finite-dimensional systems can be
carried out, and how complex such an approach appears to have to be.
A second comment concerns the determinant (Jacobian) discussed around equation (33). To our knowledge such determinants have never been discussed before in
the literature concerning GSP. It is clear that they must always appear as long as the
second-level region graph has loops, and it is also clear that the determinant would be
a global characteristic of such a model. On a second-level Bethe lattice, which underlie
SP and which has no loops, such determinants is equal to one. We believe that the
analysis of such determinants is an interesting though non-trivial task in itself.
Finally, given the prediction that a spin glass is only present at zero temperature
in the Edwards–Anderson model in 2D then we should take the zero temperature
limit. We note that in the application of 1RSB to random satisfiability problems the
temperature is also zero, corresponding to hard constraints, in the first version of SP
considered together with the limit of y equal to zero [8, 9]. All solution clusters or
zero-energy states are then weighted equally with no entropic terms depending on
the size of each cluster. In a later development it was shown that for the same problems and when y is larger than zero entropic terms appear that separate clusters of
different sizes [1]. It may be that the determinant referred to above complicates the
picture in the case at hand, particularly for small y, and we therefore leave this issue
to future work.
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In this appendix we derive the GBP update equations (16) from a constrained variation
of the Kikuchi free energy functional (6). The material is standard and included only
for completeness, see [5]. The task is to minimize the Kikuchi free energy functional
FK in (6) i.e.
FK = ∑ cα ∑ Pα( σ α )[Eα( σ α ) + β −1 log Pα( σ α )]
α

σα

where we have introduced the energy of a region as
Eα( σ α ) =

i j.
∑ h iσi + ∑ J ij(a )σσ

i∈α

a∈α

The variation is of the marginal probabilities Pα( σ α ) under the constraints that they
have to be consistent with each other. This means, in the situation under consideration,
that if a rod region a is a child of plaquette region α then ∑ σ α \ σa Pα( σ α ) = Pa ( σa ) where
σ α \ σa is the exclusion set consisting of all spins in α that are not in a. Similarly, if a
vertex region i is a child of rod region a then ∑ σa \ σi Pa ( σa ) = Pi (σi ). Introducing Lagrange
multipliers λ α| a (σl , σk ) and λa | i (σi ) to represent all these constraints, where the spin
indexing follows figure 1, as well Lagrange multipliers qα, qa and qi for the normalizations of Pα, Pa and Pi, we arrive at
1

Pi ∝ e−βEi eci β ∑a: a →i λa | i
1

1

Pa ∝ e−βEa e− ca β ∑i: a →i λa | i eca β ∑α: α→a λα| a
1

Pα ∝ e−βEαe− cα β ∑a : α→a λα| a

(A.1)

Referring to figure 1 for the labeling of the regions, where e.g. vertex i has four rod
parents, of which one is a and the one opposite is called d8, and a rod has two plaquette
parents, of which one is α and the other one is β, we can introduce auxiliary normalized
quantities
ma → i ∝ e βλd 8| i

(A.2)

mβ → a ∝ e−βλα| a − λd 6| j − λd7| i

(A.3)
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Appendix A. A derivation of GBP
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In terms of the ma → i and the m α → a the marginal probabilities of the regions then take
the GBP output equation form i.e.
Pi ∝ e−βEi

∏

a:a→i

ma → i

Pa ∝ e−βEa m α → amβ → a

∏

b:b→i \a

mb → i

∏

c:c→j \a
8

mc → j

∏ md → ⋅

Pα ∝ e−βEαmβ → amρ → bm η → d mλ → c

k

k=1

(A.4)

e−β ∑b: b→i \ aλb| i ∝

∑ e−β(E − E ) + βλ
a

a | j − β (λ α | a + λβ | a )

i

σj

e

β (λa | i + λa | j ) − βλβ | a

∝

∑ e−β(E − E ) − β ∑
α

a

λ
c:α→c \a α|c

σl , σk

(A.5)

are equivalent to the GBP update equations for the messages. We observe that nothing
in the above derivation really depends on how many variables (spins) there are in the
various regions and what their interactions are; the derivation therefore also holds for
the second-level GBP.
Appendix B. GBP equations for the 2D Edwards–Anderson model: from
messages to fields
In this appendix, by parametrizing the plaquette-to-rod and rod-to-vertex messages in
terms of cavity fields, we want to rewrite the GBP equations (21) and (23) in terms of
fields. As already shown in the main text, a message ma → i (σi ), which is a probability
distribution on the spin σi up to a normalization, can be written as e βua → i σi where ua → i
is the cavity field on spin i from interaction a. A plaquette-to-rod message m α → a (σi, σj )
is a probability distribution on two spins and can be written, up to a normalization,
(i )
( j)
i j)
as eβ (uα→ aσi + uα→ aσj + Uα→ aσσ
where the new quantity Uα → a parametrizes two body interactions. The GBP equations (21) and (23) are then relations between parameters of the
)
types ua → i, u (αi →
a and Uα → a. In addition we remind that the potential functions ψ present in the GBP equations are given accordingly to the definition in the EA model as in
(a )
i j
.
(4), namely ψi (σi ) = e βh iσi and ψa ( σ ∂a ) = eβJ ij σσ
B.1. Rod-to-vertex equation

To write this equation explicitly we note that the RHS of (23) can be parametrized as
a function of the spin σi and σj :
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where the dummy argument in mdk → ⋅ indicates the vertex in the intersection of dk and
α. Varying the messages in (A.4) gives the GBP update equations as described in the
main text. Alternatively one can check that the marginalization constraints expressed
in the Lagrange multipliers themselves, which are
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ma → i (σi ) =

1
Za → i

exp [βua → i σi ] =

1
Za → i

∑ eβ (x σ + x σ + X σσ ),
i i

j j

ij i j

σj

(B.1)

where
(B.2)

)
( j)
x j = h j + u (αj→
a + u β → a + uc → j + u d 5→ j + u d 6→ j ,

(B.3)

Xij = J ij(a ) + Uα → a + Uβ → a.

(B.4)

Computing the rate ma → i (1)/ma → i (−1) with the parametrization given above and taking the logarithm on both sides of the resulting equation, we obtain the expression for
the rod-to-vertex field [36]:
ua → i = x i +

1 ⎡ cosh[β (x j + Xij )] ⎤
⎥.
ln⎢
2β ⎣ cosh[β (x j − Xij )] ⎦

(B.5)

B.2. Plaquette-to-rod equation

In the following we will not keep track of the normalization constants of the various
messages. With the parametrization of messages in terms of fields given above, equation (21) can be written as:
(i )

( j)

)
( j)
u
σi + uλ → cσj
exp[β ((u (αi →
K (σi, σj )
i j )] = e ρ → b
a + ub → i )σi + (u α → a + uc → j )σj + Uα → a σσ

(B.6)

where the function K (σi, σj ), according to the RHS of (21), reads as:
K (σi, σj ) =

)
(l )
∑ exp[((hl + u(ρl→
b + u d → l + u d → l + u η → d )σl
1

2

σk, σl

)
(k )
× (h k + u (ηk→
d + u d 3 → k + u d 4 → k + uλ → c)σk
(d )
(c )
+ (J li(b ) + Uρ → b )σσ
l i + (J lk + Uη → d )σσ
l k + (J kj + Uλ → c )σkσj )].

(B.7)

After some simple algebra the plaquette-to-rod fields on the LHS of (B.6) are then given
by
)
(i )
u (αi →
a = u ρ → b − ub → i +

)
( j)
u (αj→
a = uλ → c − uc → j +

Uα → a =

⎡ K (1, 1)K (1, −1) ⎤
1
log⎢
⎥,
⎣ K (−1, 1)K (−1, −1) ⎦
4β

⎡ K (1, 1)K (−1, 1) ⎤
1
log⎢
⎥,
⎣ K (1, −1)K (−1, −1) ⎦
4β

⎡ K (1, 1)K (−1, −1) ⎤
1
log⎢
⎥,
⎣ K (1, −1)K (−1, 1) ⎦
4β

(B.8)
(B.9)
(B.10)

where we used a similar notation as in [36] to facilitate understanding.
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)
(i )
x i = u (αi →
a + u β → a,

On one-step replica symmetry breaking in the Edwards–Anderson spin glass model

Appendix C. Useful relations relative to the the partition functions
In this appendix we want to show some relations among the different partition functions encountered in the main text which are useful for the presentation of the theory in
section 4. We wish to show that the partition functions of the plaquette, rod and vertex
regions are related among each other through the partition functions which appear as
normalizing constant in the GBP equations (21) and (23). Let us write explicitly the
partition functions for the region considered through the paper:

∑

Zα =

ψi (σi ) ψj (σj ) ψ k(σk ) ψl (σl )ψa (σi, σj ) ψb (σl , σi ) ψc (σj , σk ) ψd (σk, σl )

×mβ → a (σi, σj )mρ → b (σl , σi )m η → d (σk, σl )mλ → c (σj , σk )
×md1→ l (σl )md 2→ l (σl )md 3→ k (σk )md 4→ k (σk )md5→ j (σj )md 6→ j (σj )md 7→ i (σi )md 8→ i (σi )
(C.1)

Za = ∑ ψi (σi ) ψj (σj ) ψa (σi, σj )m α → a (σi, σj )mβ → a (σi, σj )
σi, σj

×mb → i (σi )md 8→ i (σi )md 7 → i (σi )mc → j (σj )md5→ j (σj )md 6→ j (σj )
Zi = ∑ ψi (σi ) ma → i (σi )mb → i (σi )md 8→ i (σi )md 7 → i (σi ).

(C.2)
(C.3)

σi

Let us first consider the relation between the rod and vertex partition function. The rod
partition function (C.2) can be rewritten as
Za = Za → i

∫ ∑σ ψi ma→i mb→i md →i md →i δ(ma→i − La→i ) dma→i
8

7

i

= Za → i[m α → a, mβ → amc → j , md5→ j , md 6→ j ]
×

∫ Zi (ma→i, mb→i md →i md →i ) δ(ma→i − La→i ) dma→i
8

7

(C.4)

where in the first equality we used the RHS of the GBP equation (23) to recognize ma → i
in (C.2) and we introduced the delta function to enforce such a GBP equation. The
function Za → i is the constant appearing in equation (23), its and the Zi’s dependencies
on the messages are written explicitly on the RHS for clarity. Using the expression
(C.1) and (C.2), a similar calculation shows that the plaquette partition function Zα
can be written as
Zα = Zα → a[mρ → b, m η → d , mλ → c, md1→ j , md 2→ j , md 3→ k, md 4→ k ]

∫ Za δ (mα→a − Fα→a) dmα→a
(C.5)

where we used the the RHS of the GBP equation (21) to recognize and substitute terms
equivalent to m α → a in (C.1) and the delta function to enforce such a GBP equation.
The function Zα → a above corresponds to the constant factor of equation (21) with its
own dependencies written explicitly for clarity.
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Appendix D. Computation of determinants
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As already pointed out in the main text, a proper formulation of the second-level GBP
equations should take into account determinant factors which act as entropic corrections in the re-weighting terms included in the partition functions at the second-level.
We encountered two classes of these corrections, the first one is the determinant
appearing in equation (33). This term corresponds to a large L × L matrix where L is
the number of GBP messages (plaquette-to-link and link-to-vertex) appearing in the
whole square lattice considered. Its contribution can be written as |det(1 − J)| where J
is the L × L matrix of all the derivatives of the GBP equations respect to all the plaquette-to-link and link-to-vertex field messages computed at the fixed point. Its explicit
computation is a cumbersome task therefore, at a first level of modelling, we neglected
this contribution.
We can instead compute explicitly the second class of determinant corrections arising in the main text, which are those appearing in the consistency equations (39) and
(43), used to derive the GBP equations at the second-level (see lines below these equations). In the main text we claim that these two determinants are equal to one. Hereby,
rather than computing explicitly the matrix of all the derivatives in the two cases and
calculate it at the fixed point, we give a simple argument which proves our claim.
Let us recall that determinants appear in the equations because of the integration of
the delta functions, we here show that, these integrations can be carried out completely
without entering in loops and, therefore, the determinant contribution is equal to one.
Hereafter we refer to figure D1 for a pictorial representation. For the case of the equation (39), the term |det(1 − ∆L)| rises because of the presence of the two delta functions
δa → i and δa → j. The fields enforced by these deltas are represented in figure D1, left panel,
by blue arrows which (according to their GBP equations) only depends on the external
fields of the link region (depicted as black arrows). Therefore the integration over ua → i
and ua → j can be carried out and the result will be just the change of the value of these
two fields with external ones and hence the determinant contribution turns out to be one.
More involved is the same proof for the term |det(1 − ∆F )| appearing in equation (43). This determinant emerges because of the integration over all the delta functions enforcing GBP conditions for the fields in I (α), depicted with (non-black) arrows
in figure D1, central panel.
We here want to stress that, to finally prove that also this term in equal to one,
it is crucial to fix the gauge (see sections 3.2 and 4.3), i.e. to change some deltas from
δ (u x → y − Fx → y (…)) to δ (u x → y ). This indeed breaks the loop between the GBP equations inside the plaquette region, as it will be clear in the following. Fields which
have been changed accordingly to the gauge fixing are depicted as red arrows in the
figure above for clearness.
The evidence is based on a similar procedure encountered in section 4.3 where we
integrate some delta functions to simplify the equation therein. We start integrating out
all the fields Uα → a, Uα → b, Uα → c, Uα → d which are the central arrows from the plaquetteto-link in figure D1, central panel, noting that, according to their GBP equations, these
fields depend only on other external fields (black arrows). We then integrate out all the
)
( j)
(k )
(i )
(l )
(right oriented)-fields of the type u (αj→
a (namely u α → a, u α → b, u α → c, u α → d ) and observe
that, as mentioned in the main text, these integrations (see equation (B.9)) have the
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final effect of changing the dependence of the (counter-clockwise oriented) fields like
ua → i on only external fields (see equation (B.5)). We then can carry out the integration
over these latter fields, namely ua → i, ub → l , ud → k , uc → j . Once this is done, the remain)
( j)
(l )
(k )
ing fields u (αi →
a, u α → b, u α → c, u α → d also only depends on the external other fields (see
equation (B.8) considering that messages of the type ub → i have been integrated out and
carry only a dependence on the external fields).
We are then left with a picture illustrated in figure D1, right panel, where there
remain only four internal fields to be integrated out. As we can see, in principle, these
fields are in loop chain dependence according to their GBP equations. Indeed, using → as
a symbol of dependence, we have that ub → i → ud → l → uc → k → ua → j → ub → i and so on.
It is therefore here that, the gauge fixing condition becomes vital to achieve the result.
Indeed, after the gauge is fixed, the fields depicted as red arrows in figure D1, right
panel, do not share any dependence on other fields and therefore can be integrated out.
The field uc → k hence only depends on external fields and can also be integrated out,
leaving ud → l depending only on external messages and therefore its integration can also
be carried out with no consequences.
This proves that the term |det(1 − ∆F )| is also equal to one as |det(1 − ∆L)| and
therefore there are no determinant corrections to the GBP equations on a second-level.
A similar argument to the one used here can be applied to show that also the determinant which appear in the SP equation in [1, 2] is actually equal to one. Indeed on tree
topologies loops are absent and the integration over the delta functions can be carried
out with no side-effects.
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A method to approximately close the dynamic cavity equations for synchronous reversible dynamics on a
locally treelike topology is presented. The method builds on (a) a graph expansion to eliminate loops from the
normalizations of each step in the dynamics and (b) an assumption that a set of auxilary probability distributions
on histories of pairs of spins mainly have dependencies that are local in time. The closure is then effectuated
by projecting these probability distributions on n-step Markov processes. The method is shown in detail on the
level of ordinary Markov processes (n = 1) and outlined for higher-order approximations (n > 1). Numerical
validations of the technique are provided for the reconstruction of the transient and equilibrium dynamics of the
kinetic Ising model on a random graph with arbitrary connectivity symmetry.
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I. INTRODUCTION

Disordered spin systems are an important class of models
able to catch and reproduce a large range of phenomena from
phase transitions in magnets and amorphous systems [1] to
protein folding in biology [2], social media [3,4], epidemic
spreading [5], immune and neural networks [6], and applications in finance and optimization problems [7–9]. In the
thermodynamic limit these systems have rich and fascinating
repertoires of static and dynamic behavior, including the
clustering [8] or shattering [10] transition, ergodicity breaking,
and ageing [11]. To systematically describe their static properties the replica method (for fully connected systems) and
the cavity method (for dilute systems) were developed [12].
General techniques to systematically study the dynamics
of single finite systems in this class have, however, been
less developed and in practice mostly limited to dynamic
mean-field theories [13,14], path integral techniques [15–18],
large deviation approaches [19], and, above all, numerical
simulation [20].
The cavity method [12,21] here holds a special place as
it has become the method of choice to solve the statics of
models on sparse networks, while for dynamics it was long
restricted to dynamics on fully asymmetric graphs [22–24].
The main problem is that while the cavity technique reduces
the complexity “in space” (number of terms in an approximate
computation of marginals), there remains a complexity “in
time” (cardinality of each term). This is so because the natural
variables of the dynamic cavity method are probabilities of
spin histories, of which there are exponentially many (2t for
synchronous updates over time [0,t] with time constant one).
Therefore, although the dynamic cavity equations themselves
only involve a finite number of terms, summing them nevertheless (in general) entails a number of operations which is
exponentially large in t. Fully asymmetric networks is a special
case since the cavity equations then can be marginalized
over time with no loss of information, and the complexity
“in time” disappears. Alternative “ways out” investigated in
the literature use additional assumptions on the evolution
1539-3755/2015/92(1)/010102(7)

law such as majority dynamics [25] (i.e., linear dynamics
with thresholding) or, more recently, unidirectional dynamics.
Models of this latter type, where after a variable makes a
transition from one state to another it can never go back, are
represented by the zero-temperature random-field Ising model
(RFIM) [26], cascade processes [27], spread optimization
problems [28], and several epidemic models as, for instance,
the susceptible-infected-recovered (SIR) model [29,30]. The
main peculiarity of such models is that the dynamics can be
parametrized in terms of the time(s) at which the transition
from one state of the variable to another occurs, which again
eliminates time complexity.
Another approach was taken in Ref. [31], where a simplifying “one-time” assumption was introduced, which for
fully asymmetric networks reduces to (exact) marginalization
over time. For the kinetic Ising model with synchronous
and asynchronous updates this was later shown to be
considerably more accurate than dynamic mean field, not
only for asymmetric networks but also for partly symmetric
networks [32,33]. A different approach, based on variational
approximations, was very recently proposed in Ref. [34]
where the author shows better performances in recovering
stationary states compared to existing methods. Unfortunately,
except for fully asymmetric networks, all these approaches
are limited to steady states and hence cannot handle dynamic
phenomena.
In this contribution we present a method to approximatively
close the dynamic cavity equations for synchronous updates
with no assumptions on the underlying network and evolution
law beyond that the network is locally treelike and the
evolution law is Markov. Unlike other methods already present
in the literature, our approach is built not only to recover
stationary states but also potentially the transient, i.e., the
out-of-equilibrium dynamics. The method is built on two
ingredients. The first, which already appeared in this context
in Ref. [28], is the use of the graph expansion technique of
Ref. [12] to rewrite the probabilistic model in a way such
that the underlying graph is explicitly locally treelike, and the
standard cavity equations can be used. The second ingredient
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is the assumption that a set of auxilary probability distributions
on spin histories, “messages” in cavity method language,
contain dependencies that are mainly local in time. A closure
of the dynamic cavity equations is then effectuated within
the class of n-order Markov processes. For definiteness we
will here present the closure in the class of ordinary Markov
processes (n = 1) and only outline the extensions to n > 1,
to which we intend to return in a future contribution. The
pioneering contribution [31] can, in the present perspective, be
seen as a closure in the class of Bernoulli processes (n = 0),
without using graph expansion.

II. THE DYNAMIC CAVITY EQUATIONS

We consider a probabilistic graphical model defined on a
treelike graph G = (V ,E), where V is a set of N vertices and
E is a set of directed edges. Spins, Boolean variables σi (t) =
±1, are associated to each vertex at each time. We denote
by Xi = [σi (0),σi (1), . . . ,σi (t)] the spin history of spin i and
the evolution law wi (σis |σis−1 ,{σjs−1 }j ∈∂i ) is the conditional
probability of spin i to take value σi at time s given the values
of spins i and ∂i, the graph neighbors of i, at time s − 1. We
note that this class is larger than the previously investigated
majority dynamics and (synchronous) kinetic Ising models
since we allow the evolution law to depend on σis−1 . The joint
probability over the spin histories can be then written as

P (X1 , . . . ,XN ) =

t
!!
i∈V s=1

" #
%
&
$
wi σis #σis−1 , σjs−1 j ∈∂i P0 , (1)

where P0 = P [σ1 (0), . . . ,σN (0)] is the initial joint distribution
at time zero and t is the final time. We recall that the cavity
method works well when the underlying network is (locally)
treelike. Being a conditional probability, any evolution law
wi can be written as exp (σis #i − log 2 cosh #i ), where #i
is some function of (σis−1 ,{σjs−1 }). wi hence contains two
types of “interactions,” namely σis #i and log 2 cosh #i , and if
P (X1 , . . . ,XN ) in (1) is written as exp [F (X1 , . . . ,XN )], then
the graph describing the dependencies in F will have short
loops, which necessarily emerge even if the network topology
is treelike, as illustrated in Fig. 1. As shown in Refs. [12,28]
such loops can however be removed by defining an auxiliary
factor graph at the price that the new variable nodes will contain
more that one old variable. The procedure consists in changing
the old variable nodes into factor nodes and changing the
old interaction edges into new variable nodes. The resulting
topology of the new expanded graph is shown in Fig. 2, where
each variable node now contains the spin histories of two spins.
The functions sitting on the new factor nodes are defined in
order to guarantee all interactions to remain the same as in
the original graph and so, for consistency, the spin variables
of the same type that appear on different (new) variable nodes
have to take the same value. In the auxiliary graph the node
(ij )
(ij )
(ij )
(i,j ) contains the pair [Xi ,Xj ], where by Xi we mean a
variable of the same kind as spin history Xi residing in the node
(i,j ). The joint probability distribution of the new variables on

FIG. 1. (Color online) Original graph topologically treelike
shown in a factor graph representation in which loops emerge
naturally in time when dynamics is considered. Circles illustrate spin
variables and squares interactions among them. More specifically,
black squares indicate the interaction between one spin and one of its
neighbors, i.e., φij [σi (t),σj (t − 1)], whereas colored squares show the
interaction among neighbors of a given spin, i.e., φj [{σj (t − 1)}j ∈∂i ].

the expanded factor graph of Fig. 2 then can be written as:
P

&
"$ (ij ) (ij ) %
Xi ,Xj (ij )∈E
=

!

δX(ij1 ) , X(ij2 ) ,...,Xi
i

i

i∈V

t
!
s=1

" #
%
&
$
wi σis #σis−1 , σjs−1 j ∈∂i P0 , (2)

where all the variables in wi (σis |σis−1 ,{σjs−1 }j ∈∂i ) are taken
(ij )

(ij )

from the surrounding spin histories [Xi 1 ,Xi 2 , . . . ] and the
constraint enforces that these histories agree. If the original
graph is (locally) treelike, then this procedure removes the
loops in time and gives us a new auxiliary graph which is also
(locally) treelike. The standard belief propagation (BP) update
equations then can be written, for the variables in the new

j2
i, j2
j1

j1 , i

i
i, j3
j3

FIG. 2. (Color online) Auxiliary graph obtained from the original one shown in Fig. 1 where the time loops have been
removed with a standard procedure. The new variable nodes
contain the spin history of two variables which were neighbors in the original graph and factor nodes contain the in˜ =
teractions '
needed to generate and pass this history, i.e., &
δX(ij1 ) ,...,X ts=1 wi (σis |σis−1 ,{σjs−1 }j ∈∂i )P0 (σi ,{σj }j ∈∂i ). Observe that
i
i
the δ function is already summed over in the main text.
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graph, as in the static case (see Eq. (14.15) in Ref. [12]) as:
!
"
!(Xi ,Xj ,{Xk })
mk→(ik) (Xk ,Xi ),
mi→(ij ) (Xi ,Xj ) ∝
{Xk }

k∈∂i\j

(3)

#t

where !(Xi ,Xj ,{Xk }) = P0 s=1 wi (σis |σis−1 ,{σks−1 }k∈∂i\j ,
σjs−1 ) is analogous to a potential sitting in the factor nodes
which transfers the dynamics to its neighbor variable nodes
and the
$ normalization factor can be computed by the condition
that Xi ,Xj mi→(ij ) (Xi ,Xj ) = 1. Above we have shortened
(ij )

the notation to Xi = Xi , Xk = Xk(ik) and the same for Xj
and all the σ variables contained in wi . Let us note that we
have fewer distinct messages with respect to the static BP
formulation since messages from factor to variable nodes are,
in this case, the same as messages from variable to factor
nodes, i.e., mj →(ij ) (Xj ,Xi ) = m(ij )→i (Xj ,Xi ). Hence, for the
topology shown in Fig. 2, the message on the left-hand side
of (3) is illustrated in black, whereas the messages on the
right-hand side are those two in red coming from the right side
of the picture. To simplify notation, from now on variables
with no apex refer to variables at time t, i.e., σi = σi (t),
whereas variables with apex(es) refer respectively to previous
%
time(s), i.e., σi% = σi (t − 1),σi%% = σi (t − 2), . . . , and so Xi is
the spin history of spin i up to time t − 1. Let us observe that,
while notationally compact, Eq. (3) is, except for short times,
computationally intractable as the right-hand side involves
sums over complete spin histories.
III. MARKOVIAN CLOSURE OF THE DYNAMIC
CAVITY EQUATIONS

We first observe that, given the Markovianity of the dynamics contained in !(Xi ,Xj ,{Xk }), the messages mi→(ij ) (Xi ,Xj )
in (3) actually do not depend on the spin variable σj at time
t but only at time t − 1 and earlier times. The messages
mi→(ij ) (Xi ,Xj ) are hence always uniform distributions on
σj (t) and, since σj (t) is therefore a kind of dummy argument,
%
we may simplify the notation by writing mi→(ij ) (Xi ,Xj ). Furthermore, if we use the same simplification on the right-hand
%
side of (3), then we have incoming messages mk→(ik) (Xk ,Xi )
%
%
which can be marginalized to mk→(ik) (Xk ,Xi ) as there is no
other dependence on σk , the value of spin k at time t. Using
%
%%
Markovianity again we can simplify further to mk→(ik) (Xk ,Xi )
and write (3) as
!
"
%
%
%
%
%%
mi→(ij ) (Xi ,Xj ) ∝
!(Xi ,Xj ,{Xk })
mk→(ik) (Xk ,Xi ).
%

{Xk }

k∈∂i\j

(4)

Equation (4) shows that the dynamic cavity equations have a
different structure and are actually, in some respects, simpler
than standard BP updates, since if all messages up to some time
t − 1 are known, then messages up to time t can be evaluated
directly without the need to iterate to a fixed point.

assumption the interaction function ! no longer depends on
%
the spin history Xj and, as a consequence, the message on the
left-hand side of the equation does not depend on that history
either, since such dependence is carried in only through the
function !. For consistency, we can apply the same argument
to the messages on the right-hand side and conclude that they
%
only depend on the spin history Xk and no longer on Xi %% . Then,
remembering that ! is a normalized function with respect to
the variable σis , as shown in the text below Eq. (3), we can
%
sum both sides of (4) over the spin history Xi and then make
%
use of the sum over {Xk } on the right-hand side to obtain the
simplified version of the dynamic message-passing equation
for a fully asymmetric graph,
!
% &
% '(
)
&
wi σit ' σkt−1 k∈∂i\j
mi→(ij ) σit =
{σkt−1 }k∈∂i\j

"

×

k∈∂i\j

%
&
mk→(ik) σkt−1 .

(5)

This equation is in agreement with the literature for the same
graph topology [24,31,32].
B. Graph with arbitrary connectivity symmetry

In what follows, we propose a Markovian closure
of the dynamic BP update equation (4) for a network
with arbitrary connectivity symmetry. In the next section the same closure is used to derivate the dynamic
BP output equations. In a closure in the class of n%
th order Markov processes we assume mi→(ij ) (Xi ,Xj ) =
#t
(n)
s s−1 s−1
,σj , . . . ,σis−n ,σjs−n ) and solve (4) its=n Ti→(ij ) (σi |σi
eratively. We here consider n = 1. The marginalizations over
the last and last two times of the variable node (i,j ) are
!
%
%
%
%%
(t−1)
Pi→(ij
(σ
,σ
)
=
mi→(ij ) (Xi ,Xj ),
(6)
i
j
)
%%

%%

Xi ,Xj

(t, t−1)
Pi→(ij
) (σi ,σi ,σj ) =
%

%

!
%%

%

mi→(ij ) (Xi ,Xj ),

(7)

%%

Xi , Xj

by assumption linked by
%

%

%

%

%

%

P (t, t−1) (σi ,σi ,σj ) = T (σi |σi ,σj ) P (t−1) (σi ,σj ),

(8)

where we omitted the subscript i → (ij ) and the superscript
time dependence of T (t,t−1) for readability. We note that, by
%
%
the above, P (t−1) (σi ,σj ) actually does not depend on its second
argument and we will therefore from now on simplify to
%
P (t−1) (σi ). Closure means to make the same assumptions for
%
the upstream messages mk→(ik) (Xk ,Xi ), use (4) to compute
(t−1)
(t, t−1)
Pi→(ij
) and Pi→(ij ) in (6) and (7), and then take (8) to define
%
%
T (σi |σi ,σj ). This can be done by introducing an auxiliary
function F,

A. Fully asymmetric graph

(t−1)
Fi→(ij
) (σi ,{σk }k∈∂i\j )
"
!
%
%%
mk→(ik) (Xk ,Xi )
=
%

%%

It is worth observing how Eq. (4) simplifies when referred to
a fully asymmetric graph, with interaction couplings between
node i and j such that Jij &= 0 and Jj i = 0. Under this
010102-3

%

%%

%%

{Xk , Xi , Xj }

×

t−1
"
s=1

k∈∂i\j

% '
)
&
(
wi σis 'σis−1 , σks−1 k∈∂i\j ,σjs−1 P0 ,

(9)
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which is strictly a specific marginalization of the right-hand
side of (4). From
! now
! on, we use the notation {σk }\ =
{σk }k∈∂i\j and k\ = k∈∂i\j . In terms of (9) we have
" (t−1) $ $
$
(t−1)
Fi→(ij ) (σi ,{σk }\ ),
(10)
Pi→(ij
) (σi ) ∝
(t, t−1)
Pi→(ij
) (σi ,σi ,σj ) ∝
$

$

"
$

{σk }

$

{σk }

(t−1)
wi (σi |σi ,{σk }\ ,σj ) Fi→(ij
) (σi ,{σk }\ ).
$

$

$

$

$

(t)
Fi→(ij
) (σi ,{σk }\ )
" #
$
$
$
$
$
Tk→(ik) (σk |σk ,σi ) wi (σi |σi ,{σk }\ ,σj )
=
$
$
(t−1)
Fi→(ij
) (σi ,{σk }\ ).

$

Ti→(ij ) (σi |σi ,σj )
$
$
$
$
$
$
(t−1)
$
{σk } wi (σi |σi ,{σk }\ ,σj ) Fi→(ij ) (σi ,{σk }\ )
=$
,
$
$
$
$
$
(t−1)
$
σ , {σ } wi (σi |σi ,{σk }\ ,σj ) Fi→(ij ) (σi ,{σk }\ )

(13)

k

where the denominator takes care of the normalization.
Equations (12) and (13), which solve the dynamic cavity
equations under the assumption that messages are Markovian,
are the first result of this paper and represent the ingredients to
solve the BP update equations at any time. The entire procedure
clearly takes polynomial time instead of exponential time as
the original formulation and, as noted above, does not involve
iteration to a fixed point.
IV. MARKOVIAN CLOSURE OF THE BP
OUTPUT EQUATIONS

We now turn to the BP output equations, i.e., the equations
for the actual marginal probability both on the auxiliary and
on the original factor graph. The marginal probability of one
variable node (i,j ) in the auxiliary graph is simply given by
the product of the incoming messages to the node (i,j ):
$

$

P(ij ) (Xi ,Xj ) ∝ mi→(ij ) (Xi ,Xj ) mj →(ij ) (Xj ,Xi ).

Xj j ∈∂i

×

s=1

+
& s ' s−1 ( s−1 )
*
'
wi σi σi , σj
P0 ,
j ∈∂i

(15)

"
$

{σj }j ∈∂i

s=1

+
& s ' s−1 ( s−1 )
*
wi σi 'σi , σj
P0 .
j ∈∂i

(16)

"
$

{σj }j ∈∂i

$

$

G (t−1) (σi ,{σj }j ∈∂i ),
$

$

$

(17)
$

wi (σi |σi ,{σj }j ∈∂i )G (t−1) (σi ,{σj }j ∈∂i ).
(18)

In analogy to F above, we can write a recursive equation for
G by using the Markovian assumption for messages:
" #
$
$
G (t) (σi ,{σj }j ∈∂i ) =
Tj →(ij ) (σj |σj ,σi )
$
$
σi ,{σj }j ∈∂i j ∈∂i
$

$

$

$

× wi (σi |σi ,{σj }j ∈∂i ) G (t−1) (σi ,{σj }j ∈∂i ).
(19)
Hence starting with an initial value for the functions T , F,
and G, Eqs. (12), (13), and (19) can be iterated up to the
desired time and Eq. (17) can be used to compute the timedependent marginal probability of site i. We highlight that,
unlike the original formulation, which takes an exponential
time to compute marginals, the entire scheme presented here
has a polynomial computational cost.
V. RESULTS

In this section we test the accuracy of our dynamic messagepassing (DMP) approach on a statistical physics model often
chosen as a case of study to investigate dynamics of complex
systems: the kinetic Ising model.

(14)

We are, however, interested in the single-site one-time
marginal probability on the original graph, Pi [σi (t)], from
which we can compute physical observables of interest such
as, for instance, the magnetization at any given time. We can get
this marginal starting from the one-site marginal probability
on a spin history, Pi (Xi ). In terms of the auxiliary probability
distribution on the expanded graph this reads as
"#
$
Pi (Xi ) ∝
mj →(ij ) (Xj ,Xi )
% t
#

Pi(t, t−1) (σi ,σi )∝
$

(12)

% t−1
#

The single-site one-time and two-time marginal probabilities
on the original graph then follow from (15):
$

Whereas the iterative equation for T , using (10) and (11), reads
as

i

×

Pi(t−1) (σi ) ∝

$
$
$
{σk },σi ,σj k\

$

$$
$$
Xi, {Xj }j ∈∂i j ∈∂i

(11)

On the other hand, by the (assumed) Markovianity of the
upstream messages we can write an iterative equation in time
for F:

×

where spins j ’s are the neighbors of site i in the original and
expanded graph (see Fig. 2). To solve these equations on the
same level of approximation as the update equation we define
a new auxiliary function:
" #
$
$
$
$$
mj →(ij ) (Xj ,Xi )
G (t−1) (σi ,{σj }j ∈∂i ) =

Case study: The kinetic Ising model with arbitrary
connectivity symmetry

We compare the performance of DMP to Monte Carlo
Markov-chain simulations (MC) with Glauber dynamics on
the kinetic Ising model on a random diluted graph with
arbitrary connectivity symmetry: fully symmetric, partially
asymmetric, and fully asymmetric networks. The comparison
is performed computing the behavior of the magnetization of
the model both during the transient and at equilibrium (or at
the stationary states when detailed balance does not hold).
Following Ref. [35], we introduce a connectivity matrix cij ,
where cij = 1 if there is a link from vertex i to vertex j , cij =
0 otherwise, and matrix elements cij and ckl are independent
unless {kl} = {j i}. The following distributions then specify
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FIG. 3. (Color online) Comparison between dynamic message passing algorithm (solid lines) and Monte Carlo simulations (dashed lines)
for the evolution of the magnetization m(t) in an Erdös-Rényi network of N = 5000 nodes and average connectivity c = 3. Different colors
represent different initial magnetizations m(0), from the largest (upper line) to the smallest (lower line) according to the legend. (a) Fully
asymmetric networks at high temperatures. [(b) and (c)] Partially asymmetric network (! = 0.5) respectively at high and low temperatures.
[(d) and (e)] Fully symmetric network respectively at high and low temperatures. In MC simulations m(t) is averaged over 5000 samples.

the graph topology: the marginal one-link distribution
"
!
c
c
δ0,cij
p(cij ) = δ1,cij + 1 −
N
N

(20)

and the conditional distribution
p(cij |cj i ) = !δcij ,cj i + (1 − !)p(cij ).

(21)

Above, N is the size of the network, c the average connectivity,
and ! ∈ [0,1] a parameter which controls the asymmetry. The
value ! = 0 gives a fully asymmetric network, whereas ! = 1
gives a fully symmetric one.
In the kinetic Ising model the transition probability rate
wi , which appears above, is given by wi (σis |{σjs−1 }) =
#
exp [βσis Jij σjs−1 − log 2 cosh(β j Jij σjs−1 )], where the j ’s
variable are neighbors of spin i, Jij are the interaction strengths
between sites i and j , and β is the inverse temperature.
We observe that this model belongs to a subclass of the
models considered within the general formulation above as the
transition rate does not depend explicitly on σis−1 . Since we
here want to mainly investigate the effect of the asymmetry on
the performances of our algorithm, we restrict our numerical
analysis to ferromagnetic models, i.e., interaction strength
Jij = J > 0 for every pair of sites i,j . For simplicity, all
the spins on the graph are chosen to be independent at the
initial time although correlated initial conditions could also
be considered in the above formulation. Results are shown
in Fig. 3 for several values of the initial magnetization at
different temperatures and for various values of the asymmetry
parameter !. Numerical results for fully asymmetric networks
are obtained by using the simplified version (5) of the
dynamic message-passing equation and, as expected from
Refs. [31–33], they show a perfect agreement with Monte
Carlo simulations both for the computation of the transient
and the stationary state [see Fig. 3(a)]. When the full asymmetry is broken and a network with feedback is considered,
numerics is obtained through the DMP scheme presented
above. Comparison with MC shows that the results provided
by DMP are still very good for high-enough temperature
(above the critical transition) both for partially and fully
symmetric connectivities. Indeed, as it is possible to note from
Fig. 3 [partially asymmetric network in Fig. 3(b) and the fully

symmetric one in Fig. 3(d)], the transient regime is very well
reproduced by DMP and the stationary (or equilibrium) state
is the same as MC. When temperature is decreased below
the critical ferromagnetic transition the performances of DMP
begin to worsen [Figs. 3(c) and 3(e)]. In this regime, the
transient is very well recovered only for the first few initial
steps of the dynamics and progressively worsen for longer
times. Nevertheless, for the partially asymmetric network
considered (! = 0.5) the stationary state reached by the DMP
and MC simulations coincide, although DMP has a faster
convergence to that [Fig. 3(c)]. For fully symmetric networks
similar considerations follow for the transient regime although
the equilibrium state reached by the DMP and MC simulations
at this temperature slightly differ [Fig. 3(e)]. This is not
always the case; indeed, we noticed numerically that, for some
of the temperatures even below the critical transition, DMP
reaches the same equilibrium state as MC [see, for instance,
Fig. 4(c)]. However, for fully symmetric networks, it is known
that the stationary solutions of the one-time approximation
(OTA) method presented in Refs. [24,31] are also the solution
of the static BP equations. Therefore the agreement between
the MC simulations and the one-time approximation for the
equilibrium state of fully symmetric networks is expected to
be near perfect, whereas, for some temperatures, the DMP
approach proposed here presents small differences with the
equilibrium MC solution.
In order to investigate the performances of DMP with
respect to the one-time approximation, we compared both
algorithms with MC simulations for different temperatures
and for various values of the asymmetry parameter !. The
numerical investigation, partially illustrated in Fig. 4, shows
that, regardless, the network connectivity symmetry DMP
always outperforms OTA for the transient dynamic regime. For
temperatures above the critical transition (Tc ) both algorithms
converge to the same stationary or equilibrium state, in
agreement with the MC simulations [see Figs. 4(a) and 4(d)]
and, surprisingly, the one-time approximation recovers well
the MC stationary solution also for partially asymmetric
networks [Fig. 4(d)]. For temperatures lower than Tc the
following picture emerges. For fully symmetric networks OTA
always reaches the same equilibrium state as MC, whereas
DMP in some cases does [see Fig. 4(c)] and in some cases
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FIG. 4. (Color online) Comparison among the dynamic message passing algorithm (solid lines with • dots), the one-time approximation
(solid lines with ! dots), and the Monte Carlo simulations (solid lines) for the evolution of the magnetization m(t) in an in an Erdös-Rényi
network of N = 5000 nodes and average connectivity c = 3. [(a)–(c)] Fully symmetric network at high and low temperatures. [(d) and (e)]
Partially symmetric networks with different connectivity symmetry at high and low temperatures. In the MC simulations m(t) is averaged over
5000 samples.

does not [see Fig. 4(b)], depending on the temperature. For
partially asymmetric networks, the performances of DMP get
better and, surprisingly, OTA also gives fairly good results
for the stationary states [see Fig. 4(d)]. The differences in
the reconstruction of the transient and stationary regime of
the DMP and the one-time approach can be understood,
remembering that the two algorithms do not belong to the
same class of approximations.
We conclude this section by underlining that we expect
improvement of the results provided by the dynamic messagepassing scheme presented, both for the transient and for the
stationary or equilibrium states, when a higher-order closure
of the DMP equations is made (see the next section).

auxiliary functions F (n) and G(n) which depend on n earlier
times. The time iteration of F (n) , G(n) and the iterative solution
#
#
(n)
of the nth-order kernel Ti→(ij
) [σi |σi ,σj , . . . ,σi (t − n),σj (t −
n)] then proceed analogously as above. The computational cost
obviously increases quickly with n and the value of higherorder closures will depend on the application and the model.
This issue will be addressed in future contributions.
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Universitá La Sapienza, Piazzale Aldo Moro 5, I-00185 Roma, Italy
(Dated: July 19, 2016)
We study a novel variational approach to solve the dynamics of Ising-like discrete spin
systems. The equations are derived under mean-field approximations based on the cluster
variational method. Comparison with the actual Glauber dynamics of models defined on
Erdos-Rényi random graphs show that some of these approximations are extremely accurate,
both at equilibrium and in the off-equilibrium regime, providing the same result of the Monte
Carlo simulation in a much shorter time. The models studied are the ferromagnetic kinetic
Ising model (both with symmetric and partially asymmetric interactions), the random field
Ising model and the Viana-Bray model. Only for the latter model we find some small
discrepancies in the very low temperature phase, probably due to the existence of a large
number of metastable states.

I.

INTRODUCTION

Dynamics is an important issue in almost every field of science, ranging from physics and
biochemistry to neuroscience and social engineering [1–3]. Nature and society have shown to be rich
of systems presenting collective behaviour of many interacting agents. Neural networks and brain
behaviour, gene regulatory networks, flocking or generally living systems and active matter are just
few examples. Within statistical mechanics, a fundamental theory for the study of these systems,
a satisfactory description of the time evolution of a many-particle system remains one of the most
difficult subjects [4, 5]. The core challenge is that even in cases where the microscopic processes
guiding the dynamics are given, going from a very general statement like a master equation to a
practical solution is usually unfeasible. This is due to the unavoidable difficulties of the exponential
growth of the size of the state space with the number of particles and time intervals considered

2
[6, 7].
For what concerns graphical models [8, 9], as for instance disordered model defined on graph
topologies [10, 11], in recent years there has been a sustained effort in the modelling of their dynamical behaviour for both dense and dilute networks [12]. Many concepts have been introduced in a
natural analogy with the equilibrium theory, e.g. dynamical replica analysis [13, 14], cavity method
[15], dynamic message-passing algorithm [6, 7, 16, 17], large deviation [18, 19], TAP approaches
[20] and extended Plefka expansion for continuous variables [21]. Despite all these advances, the
issue is far from being settled and there is an active community searching for approximate methods
that accurately reproduce numerical results from stochastic simulations [22].
In this paper we show that a simple variational technique based on a generalization of the cluster
variational method (CVM) [23, 24] yields good results when applied to Ising spin systems on a
random graph. It describes the stationary state [24] and in this contribution we test its accuracy
for the reproduction of the transient regime. In addition, we present an easy way to get estimates
of some observables such as local and global magnetizations and two-point correlations in space
and time. The results are in a good agreement with large numerical simulations by Monte Carlo
(MC) method.
This paper is organized as follows. In section II we review the main ideas of a variational
formulation of dynamics in discrete time. In the following section III we define the kinetic Ising
model and its dynamic evolution. In section IV the main numerical results obtained after applying
the variational formulation to this model are presented and discussed in relation to MC simulations
and another recently proposed approximation called dynamic message passing (DMP) with 1-step
Markov memory [6].

II.

A VARIATIONAL FORMULATION OF DYNAMICS IN DISCRETE TIME

In this section we briefly sketch the approach formalized by R. Kikuchi in [23] and recently
adapted and improved by A. Pelizzola in [24]. The method relies on a generalization of the cluster
expansion technique, also known as cluster variational method [25, 26]. One of the advantages of
this approach is that it gives a scheme for a hierarchy of approximations with increasing accuracy,
always deducing the dynamical equations from a variational principle. Hereafter we will follow the
notation of [24].
Let sτ = {sτ1 . . . sτN } be the set of variables that describe the state of a system at time τ ∈ [0 . . . t].
If the evolution in time is stochastic, all the statistical information up to time t is contained in

3
the joint probability distribution of the histories, P (s0 , . . . , st ). This object is in itself untractable
for large systems since it takes a number of values O(AN ×t ) where A is the typical cardinality of
the variable si . Several probability distributions depending on different subsets of variables will be
used in this paper, all being marginals of the master probability P . In order to lighten notation,
all of them will be written with the symbol P and distinguished only by their arguments.
We will focus on the commonly studied case of Markovian dynamics:
P (s0 , . . . , st−1 , st ) = W (st |st−1 )P (s0 , . . . , st−1 )

(1)

P (st ) = W (st |st−1 )P (st−1 ),

(2)

or, equivalently:
given P (s0 ).

In Physics it is always convenient to derive the fundamental relations from a variational principle. The cost in terms of abstraction is greatly compensated by the comprehension of the internal structure of the theory in question. In this case, the central role is played by a functional
!
"
F P (s0 , . . . , st ) introduced by Kikuchi in [23] and defined as:
%
$
t
#
#
"
F P (s0 , . . . , st ) =
ln W (sτ |sτ −1 ) + ln P (s0 , . . . , st )
P (s0 , . . . , st ) −
!

(3)

τ =1

s0 ,...,st

The functional F takes as an argument the joint probability distribution P and has a structure
resembling that of a Gibbs free energy from equilibrium statistical mechanics. The most interesting
property of (3) is that if it is minimized in the space of P taking into account the marginalization
constraint:
#

P (s0 , . . . , st ) = P (s0 )

(4)

s1 ,...,st

the time evolution equation (1) is recovered. This is, the probability distribution that minimizes F
is actually the one corresponding to the dynamic of the system. For completeness this procedure
is described in Appendix A.
The technical difficulty of computing P (s0 , . . . , st ) exactly is not reduced by the previous result,
but it suggests a possible source of approximations. For example, some kind of mean field or
factorization of P can be proposed which amounts to minimizing F in a restricted subspace of
distributions. In Kikuchi’s original paper [23], the joint probability distribution was parametrized
in terms of two-times and single time probabilities. Cluster expansion of the functional was then
used to find approximations to the real probability distribution. An approach that appears more
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promising was proposed recently in [24]. The latter, also inspired by the cluster variational method,
makes an approximation to (3) obtained as a sum of the contributions of similar functionals written
for the most correlated variables. Let us see this in more detail for a specific example.
In what follows we focus on tree-like topologies since we are interested in the applications that
the dynamics of dilute graphical models may have in physics and biology. For our purposes, it is
useful to think at the dynamic evolution as a set of copies of the original system, one for each time,
that interact according to the transition matrix W (st |st−1 ). Furthermore, for a model with short
range interactions it is reasonable to assume that the probability distribution of sti should depend
only on the previous time state of the variables it interacts with. In a nutshell, in a Markovian
dynamics setting the joint probability P (sti , , st−1
∂i ) obeys a relation like:
t t−1
t−1
P (sti , st−1
∂i ) = Wi (si |s∂i )P (s∂i ) ,

(5)

where ∂i denotes the subset of variables neighbouring i. According to the prescription of the CVM,
a first attempt to approximate the complete F may start from approximating the probability
distribution in (3) as a product of cluster probabilities. In the case of Markovian dynamics, we
expect that the largest correlations between the variable i at time t and its neighbours at the
τ −1
previous time are encoded in clusters Aτi = (sτi , s∂i
). Therefore, following the CVM prescription,

one can take Aτi as maximal cluster and expand the entropy term in (3), the result reads
!
"
FS [ P (sτi , sτ∂i−1 ) ] =

# #

i,τ >0 sτ ,sτ −1
i

−

#

i,τ >0

∂i

di

$
%
τ −1
P (sτi , sτ∂i−1 ) − ln Wi (sτi |sτ∂i−1 ) + ln P (sτi , s∂i
)

t−1
#
sτi

P (sτi ) ln P (sτi ) −

#

(di − 1)

i

#

P (s0i ) ln P (s0i ) ,

(6)

s0

where di is the degree of vertex i, that is the number of neighbors of spin si . First note that the
first term on the RHS of (6) is just a sum of functionals identical in structure to (3) but each
one restricted to the set of variables Aτi = (sτi , sτ∂i−1 ). These sets, in the CVM language, are the
maximal regions at this level of approximation. The meaning of the second and third term is
simple: since the sets Aτi overlap, some single variable contributions must be substracted in order
to count each only once. This is the standard situation in the context of CVM. This particular
choice of variables included in Aτi is called star approximation in [24].
The next step is to minimize this functional constrained to a set of consistency relations which
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are equivalent to (4):
P (sti ) =

!

P (sti , st−1
∂i )

(7)

st−1
∂i

P (st−1
j ) =

!

P (sti , st−1
∂i ).

(8)

sti ,st−1
∂i\j

The final result is that the minimizing probabilities obey the following equations:
t t−1
P (sti , st−1
∂i ) = Wi (si |s∂i )

"

P (st−1
j )

(9)

j∈∂i

P (sti )

=

!

Wi (sti |st−1
∂i )

"

P (st−1
j )

(10)

j∈∂i

st−1
∂i

A convenient feature of equation (10) is that once the probabilities at a given time are known, the
next generation of distribution are generated using this simple prescription. The aforementioned
relations have been obtained before [27] as an improved mean field theory but the approximations
were then made on intuitive grounds. The fact they can be deduced from a region-based variational
formulation gives a sense of what considerations are made when P (st∂i ) is substituted in (5) for a
factorized expression.
Much in the same way the diamond approximation [24] is derived. The fundamental idea is to
include longer correlations in the time dynamics. This can be done, to some extent, taking into
account correlations coming from st−1
∂i and previous interactions with other variables in the network.
t−2
As can be easily seen, all variables in st−1
so, for the variable i, this should be
∂i interact with si

the main source of correlation. The new region-based functional will take as fundamental elements
#
$
τ −1
all the groups in the maximal set, the diamond cluster Biτ = sτi ∪ s∂i
∪ sτi −2 . So, following the
CVM recipe, one can approximate the full joint probability by a product of cluster probabilities
with the new maximal set Biτ . The final result after constraint minimization reads

t−2
t t−1
P (sti , st−1
∂i , si ) = Wi (si |s∂i )

"

%
&
t−2
t−2 1−di
P (st−1
j , si ) P (si )

(11)

"

(12)

j∈∂i

and can be turned, alternatively, in
t−2
t t−1
P (sti , st−1
∂i , si ) = Wi (si |s∂i )

t−2
t−2
P (st−1
j |si )P (si ).

j∈∂i

As for the previous cluster expansion, we get a set of equations that can be iterated in time.
The results obtained using this second proposal are expected to improve those from the star
approximation, the reason being that the factorization in the star anzats is refined by conditioning
on the state of the common neighbor, compare (9) and (12).
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III.

THE KINETIC ISING MODEL

The numerical test of the approximations introduced in the previous section that we perform, in
this contribution, is made for the kinetic Ising model, typically used as a prototype to investigate
spin dynamics. This model is defined as a set of N Ising spins si = ±1 placed on the vertices of
a graph G that describes the topology of the interactions Jij , plus a rule for the time evolution
of these variables [35]. We will consider a parallel Glauber dynamic [28] by means of a transition
matrix of the form:
t

t−1

W (s |s

)=

N
!

Wi (sti |st−1
∂i )

(13)

i=1

where for each spin i we have:

"
#
%&
$
exp βsti hti + j∈∂i Jji st−1
j
" #
%&
Wi (sti |st−1
$
∂i ) =
2 cosh β hti + j∈∂i Jji st−1
)
j

(14)

with β and hti being respectively the inverse temperature and an external local field at time t.
The behavior of this model depends essentially on two features. On the one hand, the topology
of the interaction graph G, whether it is a lattice, a random graph, fully connected, etc, and on
the other, the symmetry of the interactions Jij . Hereafter, according to the literature, we denote
symmetric those graphs having Jij = Jji and partially symmetric or asymmetric those graphs for
which Jij != Jji . Depending on these properties, the system may, for example, not satisfy detailed
balance conditions or reach a stationary state different from thermal equilibrium [29]. In any case,
the variational formalism can be straighforwardly applied to different levels of approximation. In
the rest of this section we present the results of the star and the diamond for this model.
All equations in the star approximation can be expressed in terms of single site probabilities,
which are parametrized using local magnetizations, P (sti ) =

1+mti sti
.
2

Local magnetizations are then

all the information that is kept at this level. The time propagation in this case can be recast from
(10) in the following compact form:
mti =

#
% ! 1 + mt−1 st−1
'
j
j
.
tanh β hti +
Jji st−1
j
2
t−1

'

j∈∂i

s∂i

(15)

j∈∂i

Some non trivial correlations can be estimated once we obtain single site magnetizations, for
example, nearest neighbour disconnected correlation at consecutive times is directly derived from
equation (9) if k ∈ ∂i
ct,t−1
= #sti st−1
i,k
k $=

'

t−1
( t t−1 ) ! 1 + mt−1
j sj
sti st−1
W
s
|
s
i
k
∂i
2
t

st−1
∂i ,si

j∈∂i

(16)

7
and the connected correlation can be computed accordingly to
!
"
ct,t−1
= ct,t−1
− mti mt−1
i,k
i,k
k
c

(17)

For the diamond approximation, in addition to single site probabilities we need to consider the
joint distribution of nearest neighbors at consecutive times. The evolution of the system is reduced
to the propagation in time of a set of equations relating these variables (see (11)):
P (sti , st−1
j )=

#

Wi (sti |st−1
∂i )

$

j∈∂i

st−1
,st−2
∂i\j i

%
&
t−2
t−2 1−di
P (st−1
j , si ) P (si )

(18)

The correlation between nearest neighbors is, in this case, part of the set of variables and not a
deduced quantity as in the star case. This is a fundamental advantage that will provide much
more accurate predictions, as will be shown with numerical simulations in the Section IV . An
algorithm can be easily written to iterate equation (18). Alternatively, one can use the magnetization and correlation instead of propagating probabilities, which are always a bit redundant
because of normalization constraints. The choice is a tradeoff between space in memory (larger
when storing probabilities) and simulation time (longer when marginalizing to find magnetization
and correlation). Probabilities and moments are related as usual by the following
P (sti , st−1
j )=

"
1!
t,t−1 t t−1
t−1
1 + mti sti + mt−1
s
+
c
s
s
i j
j
j
i,j
4

(19)

This last expression can be plugged in (18) to obtain iterative equations for the magnetization and
correlations which we use for the numerical implementation.

IV.

RESULTS

In this section we numerically test the accuracy of the star and diamond approximation illustrated in Section II on the kinetic Ising model presented in Section III and relate these results with
MC simulations. The numerical analysis is done on a Erdos-Rényi random graph topology for two
ferromagnetic models and two different disorder models as the Random Field Ising Model [30] and
the Viana-Bray Spin Glass [31].
In general, the only exact procedure available for a statistical description of the set of states
generated by the dynamic evolution of a system is precisely the explicit construction of this set of
states. This is usually done via stochastic simulations, i.e MC, or molecular dynamics. Accuracy
in both methods is obtained by paying a cost in terms of computational effort. For example,
for non-equilibrium MC simulations, averages are computed by summing over a large number of
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realizations of the dynamics. This amounts to run the algorithms many times with different choices
for the initial conditions and different sets of random numbers for the acceptance-rejection rule.
All this has a cost that increases linearly with the number of runs Nr , whereas statistical errors
−1/2

decrease only as Nr

.

At this point approximate algorithms like the ones described in the previous sections become
useful. These are one-run algorithms in the sense that, given the initial condition (P (s0 )), the corresponding set of equations is solved only once, moving forward in time. This simplification comes
at the cost of having only a reduced set of parameters, like the local magnetization or nearest neighbours correlations, to describe the statistics of the systems. Nevertheless, it is worth investigating
the conditions and models where this approximations can be useful. In [24] some results are shown
for the stationary behaviour of the star and diamond approximation in contrast to MC simulations
and other equivalent methods. A kinetic Ising spin model with asymmetric interactions is analyzed
on finite dimensional lattices as well as on a random regular graph. Those results show that for
the stationary state (for asymmetric interactions equilibrium in the thermodynamical sense is not
attained) the diamond approximation gives the best estimates of single site magnetization among
all approaches considered. In what follows we show that this family of approximations based on
the CVM well describes also the transient regime of the microscopic variables for some symmetric
and asymmetric tree-like networks.

A.

Symmetric and partially symmetric ferromagnet

In this subsection we compare numerical results for the star, diamond and DMP 1-step Markov
memory [6] approximations on an Erdos-Rényi random graph (ERRG) with N = 103 sites and a
mean connectivity c = 3. The accuracy of these methods is then compared with MC simulations
averaged on 106 runs. Simulations are started from a state far from equilibrium; all spins set in
the same direction. In Figure 1a we report the time evolution of the global magnetization for a
ferromagnet with symmetric interactions (Jij = Jji = 1c ) at low temperature. The predictions for
the first-time steps are almost the same for all methods considered. However, for longer times
the diamond approximation obtains a much better estimate of this global average. In the high
temperature phase all the three approximations are almost indistinguishable to MC and therefore
we do not report these results here.
To test the accuracy of the approximations for local observables, in Figure 1b we report a plot of
an overall measure of the distance between the set of approximated local magnetizations computed
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FIG. 1: Results for global and local magnetizations on a network with symmetric interactions at temperature
T = 0.5 below the critical ferromagnetic transition Tc = 0.962 [32]. Different lines refer to different methods.
MC stands for Monte Carlo simulations averaged over 106 runs, DMP for dynamic message-passing 1-step
Markov memory, diamond and star for the approximations presented in the main text. At the initial time
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FIG. 2: Symmetric network. Left panel: Estimation of connected correlation function between a spin with
degree connectivity equal to the mean connectivity c = 3 at time t and one of its neighbours j at time
t − 1, i.e. Cij (t, t − 1). Results refer to a given pair of spins. Different lines refer to the different methods
according to the caption of Figure 1. Right panel: autocorrelation of spin i at time (t, t − 2) estimated by
the diamond approximation. Results refer to a given spin. In both panels the initial conditions are the same
of Figure 1. Error bars are s.e.m. estimated from 106 MC runs.

with the different approaches and the MC results for the same quantities. The initial conditions
! !N
A
M C (t))2
i=1 (mi (t)−mi
, where
are the same as those in Figure 1a. The mean deviation δm(t) =
N
mA
i (t) stands for the approximated local magnetization by using one of the approaches reported,
confirms that the diamond approximation typically finds local magnetization with an error around
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10−3 for a quantity that is O(1) in a ferromagnetic state. For a MC simulation with 106 runs the
statistical error for the local magnetization is also near 10−3 which means that the error made by
the diamond approach is almost indistinguishable from MC fluctuations. The long term agreement
for the symmetric network is indeed not surprising since the diamond solution in the stationary
case coincides with the belief propagation solution [24], known to be very accurate on tree-like
topologies. The transient behaviour, on the other hand, is usually more difficult to reproduce and
this simple method gives very good estimates in this region.
Since the basic variable sets defined in the context of each approximation contain several spins
at different positions and times, some two-point correlations are easily derived. For instance, in
Figure 2a nearest neighbour correlations are computed according to (16) for the star, to (18) for the
diamond and by using the formulation described in Appendix B for the dynamic-message passing
approach. At this stage it is worth remembering that parallel dynamics runs two histories that
are independent from each other, e.g. nearest neighbors at the same time never have a common
spin in their respective histories. Therefore the only possible source of correlation between them is
the initial condition. On the other hand, a spin and its nearest neighbour at one-time distance are
strongly correlated since they appear simultaneously in the update equations for the probabilities
(see equation (5)). Figure 2a shows that the diamond approximation, contrarily to the other
methods, in addition to the magnetization well reproduces also the out-of-equilibrium behaviour
of correlation functions for this symmetric model. The same method also allows a straightforward
computation of the autocorrelations at time t and t − 2, as reported in equation (11), and results
for this quantity are shown in Figure 2b. The same observables cannot be computed by using the
star approximation, because it is not included in any CVM region.
A similar numerical analysis as the one presented for the ferromagnet with symmetric interactions can be done for asymmetric networks. We consider here the dynamic evolution of the kinetic
Ising model for a partially asymmetric ferromagnet. This model is best described by a directed
graph where interacting spins (i, j) are connected by two directed edges of opposed directions and
different interaction strengths, say Jij = 1/c and Jji = 1/4c. The choice on the strength value is
independent from the edge direction. Results for the dynamic evolution of the global magnetization
at low temperature are illustrated in Figure 3a. The diamond approximation, as in the previous
symmetric case, outperforms the other methods. The DMP approach with 1-step Markov memory
improves the dynamic reconstruction for this case whereas the star approximation worsens. In the
high temperature regime the star approximation quantitatively deviate from the MC simulations
whereas both diamond and DMP provide more accurate results. We do not report these outcomes
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FIG. 3: Results for global and local magnetization of a kinetic Ising model with asymmetric interactions
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FIG. 4: Partially asymmetric network (Jij /Jji = 1/4). Estimation of the dynamical evolution of the
connected correlation function Cij (t, t − 1) between a given pair of spins, by using the different approaches
discussed in the main text. Different lines refer to the different methods listed in Figure 1. Left panel:
high temperature regime, T = 2. Right panel: low temperature regime, T = 0.833. Error bars are s.e.m.
estimated from 106 MC runs.

here because are of less interest compared to the low temperature case. In Figure 3b we also report
the error in the computation of local magnetizations. As for the symmetric case, the diamond
approximation outperforms the other approximations and typically finds local magnetization with
a relative error of less than 0.5%.
The dynamics of connected correlations at high and low temperature for this model is reported
respectively in Figure 4a and 4b. The star approximation deviates from MC simulations already
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for high temperatures and its numerical results gets progressively worsen by lowering the temperature. The DMP 1-step Markov memory performs better at high temperatures but deviate from
MC simulations at low temperature, especially in the out-of-equilibrium transient. The diamond
approximation performs very well in both cases being almost indistinguishable from MC simulations for the high temperature case. Note that the equilibration value of the correlation in Figure
4b is not negligible, signaling the vicinity of a phase transition where correlations are higher.

B.

Random Field Ising Model and Viana-Bray Spin Glass

In this subsection we report the numerical results obtained by applying the variational approach
illustrated in Section II on the Random Field Ising Model [30] and the Viana-Bray Spin Glass [31]
compared with the dynamic message-passing approach and MC simulations.
The RFIM is a paradigmatic disordered model where the disorder is not encoded topologically in
the randomness of the coupling interactions Jij but rather in a random external local field hi acting
on each spin within the network. It represents one of the simplest models that exhibits cooperative
behaviour with quenched disorder and can be considered, somehow, complementary to the Ising
!
!
spin glass. The energy function at equilibrium for this model is H(s) = − (ij) Jsi sj − i hi si .

The presence of the random external local field antagonizes the ordering effect due to ferromag-

netic couplings and therefore one expects a lowering of the transition temperature increasing the
magnitude of the local field. For low enough fields, or low enough temperatures, the system is
found in a ferromagnetic phase, whereas, in the opposite limits, it is found in a paramagnetic one.
For the dynamical simulations of this model, we use the Glauber transition rate of equation (14)
with Jij = Jji = 1/c and a random local external field constant in time, i.e. hti = hi = ±0.3,
extracted from a bimodal distribution.
Similarly to the symmetric ferromagnetic case of Section IV A, the dynamics of the global
magnetization at high temperature is well recovered by all the approximations at any time and
therefore is not reported here. In Figure 5a we show the global magnetization at low temperatures,
i.e. below the critical transition, which by a population dynamics calculation [33] can be estimated
around Tc = 0.78 for the value of hi used. Except for very short times, both the star and the
DMP 1-step Markov memory approximation deviates from MC simulations whereas the diamond
approximations well reproduces the behaviour of this observable at every time in the dynamics.
Two-times connected correlation functions are illustrated in Figure 5b. The diamond approximation, also in this case, remains the most performing approximation, almost indistinguishable from
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FIG. 5: Estimation of the dynamical evolution of the RFIM at temperature T = 0.5 below the critical
transition temperature Tc (h = 0.3) ≈ 0.78. Left panel: dynamics of the global magnetization. Different
lines represent different methods presented in the main text and listed in Figure 1. Right panel: estimation
of the dynamics for two-times correlation function between a randomly chosen spin i and one of its neighbour
j, i.e. Cij (t, t − 1).

MC simulations.
As last example for the numerics, we test the accuracy of the approximation on the dynamics of
the Ising spin glass Viana-Bray model [31]. Contrarily to the RFIM, the Ising spin glass presents
topological disorder in the quenched couplings Jij which are sampled randomly from either a
gaussian or a bimodal distribution. The presence of both positive and negative couplings in the
networks generates a very irregular energy landscape. This difference - respect to the previous
analyzed models - enriches very much the physics of this system which shows a spin glass phase
transition in addition to the ferromagnetic transition seen for the previous models.
For our dynamical investigation, we study the time evolution of the kinetic Ising spin glass
with transition rate defined in (14) with couplings Jij = ±1/c chosen from a bimodal distribution
and zero external local field, in the spin glass phase for the temperature T = 0.25. The critical
temperature for the spin glass transition is TSG = 0.506. In Figure 6 we report the dynamical
evolution of the global magnetization for this case obtained by starting from an initial configuration
with mi = 0.5 for each site i. Due to the parallel dynamic update rule used in this contribution and
discussed in Section III, both the global and the local magnetization show an oscillatory behaviour
for the spin glass case therefore, in Figure 6 we only show the behaviour for even times. The DMP
1-step Markov memory approach well recovers the transient behaviour only for very short times of
the dynamics and then very quickly converges to the equilibrium value of the global magnetization
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m = 0. Also the star approximation shows a good accuracy only for very short times and its results
for the long time behaviour are far from MC simulations.
At variance with these methods, the diamond approximation shows a much better agreement
with MC results, both for the short and long time dynamics. In the high temperature regime
(see Figure 6a) its results are almost indistinguishable from MC simulations whereas, lowering the
temperature, its performances becomes progressively worse for long time dynamics (see Figure 6b).
The decrease of accuracy of all these approximations in the SG case, compared to the previous
models, can be understood by the following argument. The Ising spin glass is known for having a
multi valley landscape of the free energy and a dynamics that moves between several metastable
states. In the MC dynamics, the system visits some of these metastable states and spends a
certain amount of time in them. Each one of the visited metastable states should be statistically
weighted according to its free-energy and basin of attraction. Although the most refined CVM
approximations have been shown to reproduce accurately enough the statistical weights of the
different metastable states appearing in a SG phase [34], it is known that mean-field approximation
may modify the number and the shape of metastable states.
What is puzzling is that, with respect to the MC relaxation, the magnetization relaxes slower
in the star approximation and faster in the diamond approximation. So, even if mean-field approximations tend to increase the stability of metastable states, the change in the basins of attraction
(i.e. in the accessibility) of each metastable state produces a final result which is not easy to predict
in a SG phase. Nonetheless the superiority of the diamond approximation is clear, given that in
DMP the magnetization drops to zero very quickly and in the star approximation seems to converge
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to a non zero value.

V.

DISCUSSION

We presented a simple variational approach for the investigation of the out-of-equilibrium dynamics of spin systems on a random graph topology. The formulation is based on the construction
of an non-equilibrium functional of the joint probability of the spin histories and on the approximation of this probability according to the prescription given by the cluster variational method.
The minimization of the approximated functional, under the constraint of marginalization consistency for the probabilities, leads to simple iterative equations for the joint probabilities of local
variables. These iterative equations allow for a computationally very efficient estimation of macroscopic observables as the magnetization and correlations and therefore, time-saving compared to
MC simulations. In [24] this approach was shown to give good results for the equilibrium states
and to outperform all the previous existing methods in the literature. We here tested it for the
non-equilibrium dynamics of the magnetization in ferromagnetic and disordered models and, in
addition, we estimate the dynamical behaviour of different-times correlations. The numerical validation is made by comparing this approach with MC simulations and a method presented in [6],
known as dynamic message-passing 1-step Markov memory. Another accurate method presented in
[22] is not used here for comparison because it results computationally much more expensive that
the approximated methods used in this contribution. We believe, indeed, that the prominence of
the approach presented here, besides its good results, resides in its simplicity, the intuitive ground
from which it is derived, on its cheap computational cost and the possibility of extending it to
include high order correlations (ignored in the the simplest mean-field approximations). We think
that these features consent an easier and immediate application of the method to the investigation
of non-equilibrium dynamics of other systems, as for instance biological and social systems. Not
last, we believe that its simplicity paves the way towards a simple approach for the dynamical
inference of complex systems.
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Appendix A: Constrained minimization of F functional

As stated in section II, the dynamic obeyed by a system can be obtained from a constrained
minimization of the F[P ] functional, defined in equation (3). We will rewrite it here for more
clarity:
$ τ =t
%
#
#
"
0
t
τ τ −1
0
t
F P (s , . . . , s ) =
P (s , . . . , s ) −
ln W (s |s ) + ln P (s , . . . , s )
!

0

t

(A1)

τ =1

s0 ,...,st

The argument of this functional is the joint probability distribution of the histories of all variables.
This probability must be consistent to the initial condition P (s0 ) from which the system evolves:
#

P (s0 , . . . , st ) = P (s0 )

(A2)

s1 ,...,st

The standard procedure to solve this kind of problems is the method of Lagrange multipliers. The
Lagrange function in this case reads:
L[P (s0 , . . . , st )] = F[P (s0 , . . . , st )] −

#
s0



λ(s0 ) 

#

s1 ,...,st



P (s0 , . . . , st ) − P (s0 )

and the stationary points are the solutions to the system of equations:

∂L


=0
∀ s" 0

∂λ(s" 0 )
∂L

"0
"t


0
t = 0 ∀ (s , . . . , s )
"
"
∂P (s , . . . , s )

(A3)

(A4)

The first equation in (A4) gives just the constraining relation. On the other hand, for the second, it

should be noticed that derivatives are taken respect the specific value of P for each set of histories
(s" 0 , . . . , s" t ). After derivation, this second condition leads to:
0

t

0

P (s" , . . . , s" ) = C(s" )

t
.

τ

W (s" |s"

τ −1

),

(A5)

τ =1

which, using the constraint (A2), reduces to an equivalent of the original dynamic of the system
(compare to (1) and (2)):
0

t

P (s" , . . . , s" ) =

t
.

τ =1

τ

W (s" |s"

τ −1

0

)P (s" )

(A6)
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Appendix B: Computation of correlations within the dynamic message passing formalism

In this Appendix we want to show how to explicitly compute the correlation functions between
spin i and its neighbours by using the dynamic message-passing approach presented in [6] in order to
reproduce the results illustrated in Section IV. The computation of these observables is indeed not
shown explicitly in [6] although the math ingredients to compute them are all already present there.
We therefore believe useful to review these contents in order to clarify how to compute correlation
functions within this formalism. The approach is quite general and allows, in principle, to compute
correlation functions both at the same time or at different times in the dynamics. Equation (19)
of [6], that we report below, illustrates how to compute the joint probability distribution of spin i
and its neighbours at the same time t:
P (t) (sti , st∂i ) =

!

st−1
,st−1
i
∂i

"

t−1
t t−1
(t−1) t−1 t−1
Tj→(ij) (stj |st−1
(si , s∂i ).
j , si ) Wi (si |s∂i ) P

(B1)

j∈∂i

Note that we here adapted the notation of [6] to the symbols adopted in this manuscript. According
to (B1) the joint probability P (t) (sti , st∂i ) between a given spin and its neighbours at time t can be
computed iteratively starting from the initial conditions for P (t) at time zero. Above Wi (sti |st−1
∂i )
t−1
is the same transition rate for spin i which appears in the main text, whereas Tj→(ij)(stj |st−1
j , si )

represents the two-times message that comes from the 1-step Markov ansatz taken in [6] and which
can be computed also iteratively according to equation (13) in [6]. A partial marginalization of
(B1) allows then to compute same-time correlations as ctij = !sti , stj " with j in the neighbourhood
of i (j ∈ ∂i), which are though not investigated in this work where we rather focus on correlations
at different time. Removing the sum on the RHS of (B1) gives the more general two-times joint
probability distribution
t−1
P (t,t−1) (sti , st∂i , st−1
i , s∂i ) =

"

t−1
t t−1
(t−1) t−1 t−1
Tj→(ij)(stj |st−1
(si , s∂i )
j , si ) Wi (si |s∂i ) P

(B2)

j∈∂i

which can be marginalized to obtain the joint probability function between spin i at time t and its
neighbours at time t − 1 as follows
P (t,t−1) (sti , st−1
∂i ) =

! "

st∂i ,st−1
i

t−1
t t−1
(t−1) t−1 t−1
Tj→(ij)(stj |st−1
(si , s∂i )
j , si ) Wi (si |s∂i ) P

(B3)

j∈∂i

As it is easy to see, the joint probabilities appearing on both sides of (B3) are not the same.
For each time of the dynamics the same-time probability on the RHS has indeed to be determined
using the iterative equation (B1) which can then be plugged into (B3) to obtain the two-times
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joint probability P (t,t−1) (sti , st−1
∂i ). This latter can then be used to compute two-times correlations
(t,t−1)

as cij

= !sti , st−1
j " with j in the neighbourhood of i. This is the procedure used to compute

such correlation functions appearing in Section IV.
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2
I.

INTRODUCTION

The comprehension of the properties of complex systems with many interacting particles
is at the forefront of the research activity in many scientific communities, statistical physics
[1], chemical kinetics[2], population biology[3], neuroscience[4], etc. A very general approach
to gain proper insight in these systems is to develop simple models that, although composed
of many interacting particles, could be treated analytically and/or computationaly on reasonable time scales.
A prototypical example of this class of simple systems is the Ising ferromagnetic model
whose equilibrium properties, despite in three dimensions still lack a proper analytical solution, are globally well understood[5]. The addition of disorder to this model generates
a more complicated scenario but, first the replica trick, together with the possibility of
a replica symmetry breaking scheme [6–8], and then the cavity approach introduced later
[9, 10] - opened the doors to the analytical treatment of this and other models [11–13].
Provided the model is defined on fully connected or on general random graphs and leaving aside technical difficulties associated to each particular problem, there are proper tools
to correctly understand the equilibrium properties of these families of disordered models
[14]. Along this direction, only finite dimensional systems continue to be elusive albeit some
progress have been obtained in the last few years [15–18].
The situation is completely different once the interest turns to the dynamical properties
of complex systems. First because it is clear that approximations which work for short time
scales are not necessarily valid at long time scales and viceversa. Second because regardless
of the approximation, the selection of the local dynamical rules that define the processes
turns out to be fundamental to characterize the evolution of the macroscopic quantities of
the model [19, 20]. It is therefore not surprising that progresses in this direction have been
slower. The introduction of disorder further complicates the issue, generating new families
of models and behaviours that still lack a complete understanding [21].
As for the equilibrium, a first classification of complex systems in the dynamical scenario
can be made between continuous and discrete state variables. The dynamical modelling of
the former case is usually done by using a Langevin equation [20] as it is possible to write the
differential of a spin variable in a rigorous form. For the same reason, in these models time is
in most of the cases considered a continuous variable. The dynamics of the fully connected
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(FC) spherical p-spin model, for instance, has been studied in [22] and solved by writing
equations for the correlation and response function. The FC case p = 2 has been considered
in [23] whereas random network architectures have been studied in [24] introducing a series
of approximate equations.
For discrete variables, the discontinuous nature of the spin values makes cumbersome,
if not improper, to formulate the problem starting with Langevin-like equations. Thus in
this case, instead of writing differential equations for the spin variables, one describes the
stochasticity of the dynamics due to the contact with the heat bath by writing equations for
the probability of the spin state. The literature has focused on two different possible choices
for the dynamics: either time evolves in discrete steps or in continuous time.
Furthermore, due to the possible relevance of these models to understand the dynamics
in biological and neural networks, studies have focused also on cases with different network
connectivity symmetries. The exact solution of a dilute fully asymmetric neural network
model, for both parallel and asynchronous dynamics, dates back to [25]. Directed random
graphs have been investigated by using different approaches. Path integral techniques for
this case have been introduced in [26] for parallel dynamics on graphs with finite connectivity.
The tree-like structure of such graphs led then the extension of equilibrium techniques as the
cavity method or belief-propagation message-passing [14] to the dynamical scenario. The
pioneering contribution [27], followed by [28], generalized the cavity technique to the parallel
dynamics of the Ising model on a Bethe lattice but the approach was limited to the stationary
solution of directed graphs. Random sequential updates rules have been considered in [29]
but also limited to stationary states. In [30] a similar technique has been applied to study
models with majority dynamics update rules (i.e. linear dynamics with thresholding) . The
first generalization to the out-of-equilibrium scenario of these techniques for models with
reversible dynamics has been made in [31], where the authors introduced an approach to
estimate single site and joint probability distributions for every time in the dynamics and
for every connectivity symmetry. Followed then by [32] where further improvements of the
dynamic reconstruction have been introduced at the price of a more involving formalism.
More recently, novel variational approaches have shown to give accurate results for the
transient dynamic of disordered spin systems by using a simple and systematic theory [33].
The above historical overview shows that the field is active but also that progresses have
been limited to discrete-time update rules. The continuous-time counterpart has indeed
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been investigated much less. In this case, a proper dynamic description of the spin state
configuration, follows a Master Equation (ME) for the probability density of the states of
N-spin interacting variables [34, 35]. Once the ME is defined one must select the rules
of the dynamical evolution. Although this approach can be stated easily, the full solution
of the master equation in the general case is a cumbersome task and exact solutions have
been limited to simple models [34, 36]. A way out to this issue has been proposed through
the Dynamical Replica Analysis for fully connected [37] and diluted graphs [38] where the
authors, instead that searching for an estimation of the out-of-equilibrium probability of the
spins state, derive dynamical equation for the probability of some macroscopic observables.
Therefore if, on one side, this approach obviously reduces the dimensionality of the problem,
on the other, it looses detailed information about the microscopic state of the system.
In this contribution we focus on continuous-time dynamics for discrete-spin variables and
derive a set of closed equations for marginal probabilities of the microscopic spin configuration.
The paper is organized as follows. In the next section we define the model in its more
general form and present the main results of our contribution. Starting from the Master
Equation of N-interacting discrete variables we derive, for models defined on random graphs,
a master equation for the single spin probability that depends on local conditional probabilities. In order to close this equation, we need an expression for the evolution of these
latter probabilities. To achieve this goal, we introduce the formalism of Random Point Processes (RPP) and, considering a tree-like architecture of the graph, we re-derive a known
equation for conditional probabilities of spin histories, called dynamic message-passing (or
dynamic cavity equation). Then, we obtain a new, now closed, master equation for the
local conditional probabilities introduced above. We call this equation the Cavity Master
Equation (CME); it represents the main formal result of our contribution. We then test
the validity of this approach re-visiting two well known models for the Ising ferromagnet:
the fully connected or mean-field case and one-dimensional chain. Finally, we numerically
test the performances of our approach for models defined on random graphs comparing our
predictions with results from Monte Carlo simulations.

5
II.

THE MODEL DYNAMICS

We consider a system of N interacting discrete spins variables σ = {σ1 , . . . , σN }, with
σi = ±1, in contact with a bath at a constant temperature that leads to spontaneous spin
flips. In the more general scenario the transition rate ri (σ) of having a spin flip for spin i
at time t depends on all the spin variables in the system. Assuming that the probability of
the configuration of the system at time t, P (σ, t), can be written in a Markovian form, a
master equation describes the evolution of such probability in a continuous time formulation
[34, 35]
N

#
!"
dP (σ)
=−
ri (σ)P (σ) − ri (Fi (σ))P (Fi (σ)) ,
dt
i=1

(1)

where we omitted the time dependence in P (σ, t) to shorten notation and Fi represents the
inversion operator on spin i, i.e. Fi (σ) = {σ1 , . . . , σi−1 , −σi , σi+1 , . . . , σN }. Although (1) is
a simple equation to state formally, in practice it implies the daunting task of tracking the
evolution in time of 2N discrete states.
If the transition rate ri (σ) does not depend on the whole system state but only on the
configuration of spin i and its neighbours ∂i, the master equation equation takes a more
local form. In this case, the evolution in time of the probability of the spin configuration
σi is simply obtained tracing (1) over all the spin states except σi . The resulting equation
reads
#
!"
dP (σi )
=−
ri (σi , σ∂i )P (σi , σ∂i ) − ri (−σi , σ∂i )P (−σi , σ∂i )
dt
σ

(2)

∂i

where σ∂i stands for the configuration of all the spins in the neighbourhood of i. As for
P (σ, t) in (1), in the equation above and hereafter we omit for brevity the time dependence
of every probability distribution, all them should be considered being at time t.
At variance with (1), equation (2) although apparently simpler is not closed. On the left
hand side we have the probability P (σi ) that spin i is in a particular state whereas, on the
right hand side, P (σi , σ∂i ) stands for the probability of a certain configuration for spin i and
its neighbours. To consistently describe the evolution of the single site probability (2) in
time, we then have to search for a closure of this equation which is physically meaningful.
From hereon, different approximations could be made on the joint probability P (σi , σ∂i )
appearing on the right hand side of (2). A reasonable one, that we will use through this
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work, is to assume that
P (σi , σ∂i ) =

!

P (σk |σi )P (σi )

(3)

k∈∂i

which has the desirable property of being exact at equilibrium for trees and random graphs
where loops are large compared to the system size. Assuming a tree-like topology and the
factorization in (3), the master equation (2) can then be written as
&
"#
$!
%
$!
%
dP (σi )
=−
ri (σi , σ∂i )
P (σk |σi ) P (σi )−ri (−σi , σ∂i )
P (σk |−σi ) P (−σi ) (4)
dt
σ
k∈∂i

∂i

k∈∂i

The above equation is also not closed, as we do not know how P (σk |σi ) changes with time.

The knowledge of a closed equation for this latter probability would allow to describe the
evolution of the probability distribution of the variable σi and of the conditional probability
P (σk |σi ) at each time in the dynamics.
Next sections aims to derive a new master equation for a conditional probability distribution p(σi |σk ) that approximates P (σi |σk ) and under certain conditions is equal to it.
As we will see, there are subtleties regarding the definition of conditional probabilities for
interacting systems. Our derivation is guided by very general probabilistic principles and as
a result we obtain a closure scheme for p(σi |σk ). We here present the final result
'
# !
&
"
dp(σi |σj )
=−
ri [σi , σ∂i ]
p(σk |σi ) p(σi |σj )
dt
σ∂i\j
k∈∂i\j
(
# !
&
− ri [−σi , σ∂i ]
p(σk | − σi ) p(−σi |σj )

(5)

k∈∂i\j

that we call Cavity Master Equation for reasons that will be clear below.
Equation (5) is the main result of our work and together with (4) provides a closed set
of equations for the dynamics of the single site. In Section VI we show that this equation
reproduces analytical exact results for both the mean-field and the one-dimensional Ising
ferromagnet. In Section VII we test the performances of the closure scheme (4) and (5)
for different models defined on random graphs. The reader not interested in the analytical
derivation of (4) can skip the following sections and continue from Sec. VII.

III.

RANDOM POINT PROCESSES

In this section we introduce the Random Point Process formalism which will be used to
parametrized probability distributions of spin histories in continuous time. To get familiar
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with the notation we first concentrate on just one independent spin.
The probability of having a single spin in state σ at time t given the initial condition σ0 at
time t0 , p(σ, t|σ0 , t0 ), can be specified by the sum of the probability weight of all trajectories
that transform this initial state σ0 into σ after a time t − t0 . A specific spin history or
trajectory X is parametrized by the number of spin flips, the time in which they occur and
the initial state of the system. The spin trajectory is then nothing but a Random Point
Process (RPP) [20] and the probability measure in this sample space may be denoted as
Q(X) = Qs (t0 , t1 , . . . ts , t|σ(t0 ) = σ0 )

(6)

which represents the probability density of having a trajectory with s jumps at (t1 , t1 +
dt1 ) . . . (ts , ts + dts ) etc. given the initial state σ0 . We here stress a detail on notation: there
is a difference between σ(τ ), which is the value of the spin orientation at the particular time
τ and the complete trajectory X of such spin, which is specified by the value that σ(τ ) takes
for every time in the interval [t0 , t]. When needed, we may write X as X(t) to emphasize
that the final time of the spin history is precisely t.
To recover p(σ, t|σ0 , t0 ) from Q(X), one integrates Qs (t0 , t1 , . . . ts , t|σ(t0 ) = σ0 ) over all
times for a fixed s and sums over all possible values of s. For example, in order to find
p(σ = σ0 , t|σ0 , t0 ), the probability of having the same orientation at time t as in the initial
state, we have to sum over all s = 2k possible values:
" t
"
∞ " t
!
dt1
dt2 . . .
p(σ0 , t|σ0 , t0 ) = Q0 +
k=1

t0

t1

t

dts Q2k (t0 , ..., t)

(7)

ts−1

In a nutshell, we sum the probability density of all trajectories with an even number of
jumps because those, and only those, transform the initial state into itself.
If the spin flips occur independently at a rate that depends only on the instantaneous
orientation σ and not on previous values, the inter-jump waiting time is exponentially distributed and
Qs=2k = r(σ0 )e−r(σ0 )(t1 −t0 ) r(−σ0 )e−r(−σ0 )(t2 −t1 ) . . . r(−σ0 )e−r(−σ0 )(ts −ts−1 ) e−r(σ0 )(tf −ts ) ,

(8)

where r(σ) is the jumping rate that, in this case of one-single spin, only depends on the spin
configuration σ at time t.
If instead of a single spin we deal with the more general case of N interacting spins,
the set of the individual histories X1 , . . . XN can still be parametrized by the number of
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jumps of the corresponding spin si and the time coordinate of each trajectory, so Xi ∼
{si , (ti1 , ti2 , . . . , tisi )} ∼ {si , !t i }. For a tree-like topology, the full (density) probability distribution of all the histories in the system reads as
"s
#
N
a
!
!
!
− tt ra [σa (τ ),σ∂a (τ )])dτ
Q(X1 , . . . , XN ) =
ra [σa (tla ), σ∂a (tla )] e 0
a=1

(9)

la =1

where ra is the jumping rate of spin a, given the state of its neighbours in ∂a, similar to
the transition rate appearing in the master equation (2). We can shortly write the quantity
inside the curly brakets as Φa (Xa |X∂a ), since it represents the probability density of the
history Xa with the histories of the neighbourhood X∂a fixed. So, equation (9) can be
rewritten in a compact form as
Q(X1 , . . . , XN ) =

N
!

Φa (Xa |X∂a )

(10)

a=1

IV.

DYNAMIC MESSAGE PASSING EQUATIONS

In this section, starting from Q(X1 , . . . , XN ), we re-derive the dynamic message-passing
(or dynamic cavity equation) as presented in [31] for the case of discrete-time update dynamics. This equation is an iterative relation for conditional probabilities of spin histories,
exact on tree-like graph in the thermodynamic limit. Then by using the RPP formalism
we parametrize these probabilities and we give a proper mathematical description of how
to marginalize them over time for the case of continuous-time processes. The combined use
of the dynamic message-passing equation and the RPP formalism is our starting point to
obtain equation (5).
Assuming a tree-like architecture network, we start selecting a spin, say i, and rewrite
equation (10) expanding the tree around it and making use of its structure:



!
!
!
Φk (Xk |X∂k )
Φk (Xm |X∂m )
. . .
Q(X1 , . . . , XN ) = Φi (Xi |X∂i )
k∈∂i

m∈∂k\i

(11)

l∈∂m\k

(i)

Let Gk be the sub-graph expanded from the site k after removing the link (ik). We define
(i)

as {X}ik the set of histories of the spins included in Gk except Xk itself. With these
definitions we express (11) as:
Q(X1 , . . . , XN ) = Φi (Xi |X∂i )

!

k∈∂i

Mki (Xk , {X}ik |Xi )

(12)
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Here Mki is just a shorthand for the expression inside brackets. Marginalizing Q on all
histories except Xi , X∂i we get the joint (density) probability distribution of the history of
spin i and its neighbours
Q(Xi , X∂i ) = Φi (Xi |X∂i )

!

µk→(ki)(Xk |Xi ),

(13)

k∈∂i

where the new functions µk→(ki)(Xk |Xi ) are the marginal of Mki (Xk , {X}ik |Xi ):
µk→(ik)(Xk |Xi ) =

"

Mki (Xk , {X}ik |Xi )

(14)

{X}ik

and have clearly the interpretation of the probability of history Xk given Xi fixed. If we take
now two neighbours, i and j, and make a similar reasoning we conclude that their marginal
probability can be written as:
Q(Xi , Xj ) = µi→(ij) (Xi |Xj )µj→(ji)(Xj |Xi )

(15)

The final step in order to derive the Dynamic Message-Passing equation is to marginalize
(13) on X∂i\{i,j} and combine with (15). Simplifying terms, we get
µi→(ij)(Xi |Xj ) =

"

Φi (Xi |X∂i )

{Xk },k∈∂i\j

!

µk→(ki)(Xk |Xi )

(16)

k∈∂i\j

where Xi = Xi (t) is the history of spin i up to time t and the trace is over all the spin
trajectories for k ∈ ∂i\ j. To simplify notation we will sometimes write µi→(ij) (t) for the
cavity conditional probability and, according to the previous literature [14, 31, 39], we may
refer to it as “message”.
The probabilistic content of µ(Xi |Xj ) is subtle. Note that following the usual convention
for defining conditional probabilities we might write
Q(Xi |Xj ) =

Q(Xi , Xj )
Q(Xj )

(17)

therefore it is natural to ask what is the connection of this quantity to the cavity conditional
probability. The key to understand the difference lies precisely on the way they were defined.
The cavity message µ(Xi |Xj ) is the marginal probability of Xi in a graph where Xj is a
boundary condition. In other words, it is the distribution of Xi for a fixed Xj . On the other
hand, Q(Xi |Xj ) is the probability of having Xi if we know that Xj occurred[40]. Roughly
speaking, we measure µ(Xi |Xj ) by counting how many times Xi appears when Xj is fixed,
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while for Q(Xi |Xj ) we should pick from all the runs where Xj is realized, those where
we find Xi . The mathematical difference between µ(Xi |Xj ) and Q(Xi |Xj ) will be further
discussed at the end of Section V. We also refer to [41] where similar probabilistic measures
are discussed and compared.
Finally, let us comment that for the discrete-time case, the meaning of the marginalization over a spin trajectory as one of those appearing on the RHS of (16) is clear:
it is indeed a sum over all the possible configurations of the spin at discrete time steps
{σk (0), . . . , σk (t − 1), σk (t)}. For the continous-time case, a spin trajectory is parametrized
according to the RPP formalism as described in Section III, i.e. Xk ∼ {sk , (tk1 , tk2 , . . . , tksk )}.
Therefore spin trajectory marginalizations, as the traces above, in the continuous time case
must be interpreted as
!

(·) =

"
! #
sk

Xk

t

t0

dtk1

#

t
tk1

dtk2 . . .

#

t
tks −1
k

dtksk (·)

$

(18)

In the following sections we will use this mathematical interpretation given by RPP formalism for the derivation of the Cavity Master Equation (5).

A.

Differential update equations

We have already shown in (9) that probability densities, within the RPP formulation,
can be parametrized as
µi→(ij) (Xi (t)|Xj (t)) =

si
%

λi→(ij) (tli ) exp{−

li =1

#

t

λi→(ij) (τ )dτ }

(19)

t0

where above tli are the jumping times for the Xi history, which has si jumps. In this
equation, λi→(ij) is interpreted as the effective jumping rate of i at each time, with a given
history of j. A way to picture the meaning of µi→(ij) would be imagining a spin i flipping
under the influence of a external field h(τ ). This external field will be the sum of two effects:
the explicit interaction with spin j and a term for the average interaction with the other
neighbours
h(τ ) = Jij σj (τ ) + h∂i\j (τ )

(20)

Then λi→(ij) (τ ) will just be the jumping rate of spin i under h(τ ). The average interaction
with neighbours different from j is fixed if the previous history of Xi is given, since Xi is a
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boundary condition for the evolution of the tree starting from i and growing in the direction
opposite to j. In the more general case then, λi→(ij) is a function of the spin history of the
variable i and j and thus, for a spin dynamics up to time τ we may more explicitly write
λi→(ij) (τ ) = λi→(ij)(Xi , Xj , τ ).
On the other hand, the interaction term Φi (Xi (t)|X∂i (t)) in (16), already introduced
through (9) and (10), can be interpreted as the probability density of Xi conditioned on the
histories of spins in ∂i:
Φi (Xi (t)|X∂i (t)) =

si
!

ri (σi (tli ), σ∂i (tli )) exp{−

"

t

ri (σi (τ ), σ∂i (τ ))dτ }

(21)

t0

li =1

where ri is the jumping rate of spin i. For a Markov dynamics this is an instantaneous
quantity, meaning that at time τ it depends only on the values of σi (τ ) and σ∂i (τ ).
According to (18), the trace on the right hand side of (16) can be written in more detail.
By calling F the argument of the sum, we can rewrite the RHS as
[t0 ,t]

#

F (Xi , X∂i , t) =

{Xk },k∈∂i\j

#

{sk },k∈∂i\j

$

d "
!

k=1

t

t0

dtk1

"

t
tk1

dtk2 . . .

"

t
tks −1
k

%

dtksk F (Xi , X∂i , t)

(22)

We here stress that, as for the LHS of (16), the function F above is a conditional probability
although, to simplify notation, we do not highlight it explicitly.
In principle, through the parametrization (19), if we write (16) for every pair (i, j) in the
network we get a system of coupled equations for the λ’s. Solving them we may describe
the dynamics of the system. Unfortunately (16) is a very involved expression that needs to
be transformed in a more tractable one. We here propose to differentiate it with respect to
the parameter t, the final time, in order to have a differential equation for the messages.
Differentiation in this context should be handled carefully since increasing t means we
are changing the sample space itself. Writing µi→(ij)(Xi (t + ∆t)|Xj (t + ∆t)) in terms of
µi→(ij) (Xi (t)|Xj (t)) is mapping the probability of one sample space (that of all possible
histories up to time t) onto another (histories up to time t + ∆t). Instead of using standard
differentiation rules it is safer to go by the definition. Therefore, for the left hand side of
equation (16) we will compute the limit:
µi→(ij)(Xi (t + ∆t)|Xj (t + ∆t)) − µi→(ij) (Xi (t)|Xj (t))
∆t→0
∆t
lim

(23)
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A very important question arises at this point. What is the relation of (Xi (t+∆t), Xj (t+∆t))
and (Xi (t), Xj (t))? Or in other words, what happens in the interval (t, t + ∆t)? The answer
is important because expressions for µi→(ij) (Xi (t + ∆t)|Xj (t + ∆t)) are different whether we
consider that there can be jumps in the small ∆t interval or not. The first thing that makes
sense to impose is that histories must agree up to time t. In (t, t + ∆t) we can have several
combinations.
An implicit assumption throughout all this theory is that on an infinitesimal interval only
two things can happen to a spin; it can stay on its current state or make one and only one
jump to the opposite orientation. Two or more jumps are not allowed. Considering this we
have four cases to analyze:
• There are si , sj jumps in (t0 , t) and neither i nor j jumps in (t, t + ∆t). This occurs
with a probability (1 − λi ∆t)(1 − λj ∆t).
• There are si , sj jumps in (t0 , t) and i XOR j jumps in (t, t + ∆t). This occurs with a
probability (1 − λi ∆t)(λj ∆t) or (1 − λj ∆t)(λi ∆t). These are two cases in one.
• There are si , sj jumps in (t0 , t) and both i and j jumps in (t, t + ∆t). This has a
probability of λj λi ∆t2
When ∆t goes to zero, from the previous analysis we conclude that the derivative should
be computed, with probability 1, using the first option, where histories for i and j have no
jumps in the interval of length ∆t.
To differentiate the LHS of (16) we use the parametrization (19). Writing shortly µi→(ij)(t)
for the message µi→(ij) (Xi (t)|Xj (t)) at time t, we get
" t+∆t
si
!
µi→(ij)(t + ∆t) =
λi→(ij) (tli ) exp{−
λi→(ij) (τ )dτ }
t0

li =1

≈ [1 − λi→(ij) (t)∆t]

si
!

λi→(ij) (tli ) exp{−

li =1

"

t

λi→(ij) (τ )dτ } + o(∆t)
t0

= [1 − λi→(ij) (t)∆t] µi→(ij) (t) + o(∆t)

(24)

Then, with probability 1, the derivative of the LHS of (16) is equal to −λi→(ij) (t) µi→(ij)(t).
To obtain the derivative of the RHS of equation (16), we must compute:
[t0 ,t+∆t]

lim

∆t→0

#

F (Xi , X∂i , t + ∆t) − µi→(ij) (Xi (t)|Xj (t))

{Xk },k∈∂i\j

∆t

(25)
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Let us focus on the first term in the numerator of the previous expression. It can be expanded
to first order in ∆t. It is important to remember that ∆t appears in the integration limits
as well as in the integrand of F . In addition, we should keep in mind that all jumps for Xi
and Xj must occur before t. This restriction, though, does not apply to the histories Xk for
k in ∂i \ j.
The expansion of (26) is a lenght calculation. However, we can paraphrase the idea in
a few lines. First, let us remember that F is the joint probability of Xi and {Xk } with
k ∈ ∂i \ j, conditioned on Xj . All the histories of interest are in the interval [t0 , t + ∆t]. The
expression:
[t0 ,t+∆t]

!

F (Xi , X∂i , t + ∆t)

(26)

{Xk },k∈∂i\j

is the marginalization of the mentioned joint probability distribution. The previous sum,
to order ∆t, has two main contributions. One comes from summing over {Xk } with all Xk
having no jumps in [t, t + ∆t]:
[t0 ,t]

A=

!

{Xk }, k∈∂i\j

"
#!
$ %
F (Xi , X∂i , t) 1 −
λk→(ki) (t) + ri (t) ∆t

(27)

k

The other considers all the possibilities of having one of the Xk with a jump in the interval
of length ∆t:
[t0 ,t]

B=

!
k

!

F (Xi , X∂i , t)λk→(ki) (t)∆t

(28)

{Xk }, k∈∂i\j

The expansion to first order in ∆t of equation (26) then reads
[t0 ,t+∆t]

!

F (Xi , X∂i , t + ∆t) = A + B + o(∆t)

(29)

{Xk },k∈∂i\j

Writing the right hand side of the above equation explicitly we observe that B cancels out
with the λ part of A in (27) and the remaining term of order 1 is µi→(ij) (Xi (t)|Xj (t)), which
cancels when inserted in the limit expression. Then, the final outcome of the differentiation
of equation (16) reads
[t0 ,t]

λi→(ij) (Xi , Xj , t) µi→(ij) (Xi |Xj ) =

!

ri [σi (t), σj (t), σ∂i\j (t)]F (Xi , X∂i , t)

(30)

{Xk },k∈∂i\j

We can now marginalize the right hand side of the above equation of all the spin histories
of the spins k ∈ ∂i\ j by keeping the configuration of these spins at the last time t fixed.
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The results reads
λi→(ij) (Xi , Xj , t) µi→(ij) (Xi |Xj ) =

!

ri [σi (t), σj (t), σ∂i\j (t)]P (σ∂i\j (t), Xi |Xj )

(31)

σ∂i\j (t)

where we introduced the function P as the marginalization of the function F over all the
spin histories of the i-neighbours except j, with the configuration at the final time fixed.
Note that the notation σ∂i\j (t) is equivalent to {σk (t)}k∈∂i\j and that in P above appears
again explicitly the conditional nature of the probability distribution F .
Equation (31) represents the differential dynamic-message passing update equation obtained by differentiating (16) in time. It connects the derivative of the dynamic message
µi→(ij) , and so the effective jumping rate λi→(ij) of spin i used to parametrize the message in
(19), with the transition rate of the same spin ri [σi (t), σj (t), σ∂i\j (t)] at time t. This result
will be used in next section for our final derivation.

V.

THE CAVITY MASTER EQUATION

The cavity messages µi→(ij) (Xi |Xj ) is a complicated object with high dimensionality.
It is a real valued functional of Xi given the history Xj , where both µ and X depend
parametrically on t. For our purposes, it is convenient to reduce the dimensionality of this
message by partially marginalizing over the spin history of spin i. We so introduce an easier
mathematical object to deal with, which is the marginal of µi→(ij) (Xi |Xj ) with the final
state fixed
p(σi , t|Xj ) =

!

µi→(ij)(Xi |Xj )

(32)

Xi |σi (t)=σi

By differentiating the above equation we can obtain an equation for the evolution of this
probability distribution. As we have seen in the previous section, derivative must be computed by using the standard definition of the limit of the increment ratio:
p(σi , t + ∆t|Xj (t + ∆t)) − p(σi , t|Xj (t + ∆t))
∆t→0
∆t

ṗ(σi , t|Xj ) = lim

(33)

We hereafter write p(σi , t+∆t|Xj (t+∆t)) as the marginalization of µi→(ij) (Xi (t+∆t)|Xj (t+
∆t)) and then, following the procedure developed in the last section, we expand it to first
order in ∆t, similarly to what we did for (26). Using the usual short notation for µ, we get
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explicitly:
p(σi , t + ∆t|Xj (t + ∆t)) =

∞ "
!
s=0

t+∆t

dt1
t0

"

t+∆t

dt2 . . .
t1

"

t+∆t

dts µi→(ij) (t + ∆t)

(34)

ts−1

Let us call the series of the s integrals above as It+∆t and note that they can be written
separating the o(∆t) terms as follows
.

It+∆t =

"

t+∆t

dt1

t0

t+∆t

"

dt2 . . .

t1

t+∆t

"

dts =

ts−1

t

"

dt1

t0

"

t

"

dt2 . . .
t1

t+∆t

dts + o(∆t)

(35)

ts−1

and that, furthermore, the last one of them can be split into two intervals from [ts , t] and
[t, t + ∆t]
It+∆t =

"

t

dt1
t0

t

"

dt2 . . .

t1

"

t

dts +

ts−1

"

t

dt1
t0

"

t

dt2 . . .
t1

"

t+∆t

dts + o(∆t)

(36)

t

The first term in (36) is a trace over trajectories that have all jumps in [t0 , t]; the second
term considers that the s-th jump occurs in [t, t + ∆t]. We then insert µi→(i,j)(t + ∆t) into
It+∆t expressed as above in order to compute (34). Let us observe that in the first integral
µi→(ij) (t + ∆t) should be expanded to first order in ∆t, whereas in the second integral it can
be left to the order zero expansion since the integral has an order ∆t itself.
With the usual compact notation, the expansion of µi→(i,j) (Xi (t + ∆t)|Xj (t + ∆t)) reads:
µi→(i,j)(t + ∆t) =

s
#$
i=1

% ! t+∆t
−
λ(τ )dτ
λ(ti ) e t0
= µi→(i,j)(t) [1 − λ(t)∆t + o(∆t)]

(37)

where hereafter we omit the subscript of λ to shorten notation. Adding all together these
results as described above and collecting o(∆t) terms we obtain
p(σi , t + ∆t|Xj (t + ∆t)) =

!

[1 − λ(t)∆t] µi→(i,j)(Xi (t)|Xj (t))

Xi |σi (t)=σi

+

!"
s

t

t0

dt1

"

t

dt2 . . .
t1

"

t+∆t

dts
t

& s
$
i=1

'

−

λ(ti ) e

!t

t0

λ(τ )dτ

+ o(∆t)

(38)

As previously mentioned, the last integral on the second term of (38) corresponds to the
probability of having the last jump s in the interval [t, t + ∆t]. Since the orientation before
the last jump is −σi , the corresponding jumping rate in this case is λ(t) = λ(−σi (t), Xi− , Xj ),
where to stress this difference we separated the value of the last spin of i at time t from
its previous history and Xi− denotes that the final state of this history is −σi . With this
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notation, last integral in (38) can be expanded as
!

t

dt1
t0

=

!

=

!

!

t

dt2 . . .
t1

t

dt1
dt1

!

t0

t

dts

dt2 . . .

!

dt2 . . .

!

t1

t

t+∆t

t

!

t0

!

t

t1

s
#

−

λ(ti ) e

%"s−1
#

!t

t0

$

λ(τ )dτ

−

λ(ti ) e

i=1

t

ts−2

$

i=1

dts−1

ts−2

t

"

!t

t0

=
λ(τ )dτ

&

λ(−σi (t), Xi− , Xj ) ∆t + o(∆t)

'

(
dts−1 µi→(i,j)(Xi− (t)|Xj (t))λ(−σi (t), Xi− , Xj ) ∆t + o(∆t) (39)

We highlight that the histories Xi− and Xj as arguments of λ above run up to time t and,
as mentioned, the superscript in Xi− is included to explicitly state that the corresponding
integrals are tracing histories of i with s − 1 jumps and it means that the last state is the
opposite to σi (t).
Combining together the results in (34), (38) and (39) and taking the limit ∆t → 0 we
get that the derivative expressed in (33) reads
)

ṗ(σi , t|Xj ) = −

λi→(ij) [σi (t), Xi , Xj ] µi→(ij) (Xi |Xj )

(40)

Xi |σi (t)=σi

+

)

λi→(ij) [−σi (t), Xi− , Xj ] µi→(ij) (Xi− |Xj )

Xi− |σi (t)=−σi

Finally, plugging (31) into (40) and after some re-arrangement:
ṗ(σi , t|Xj ) = −

)*

σ∂i\j

)

ri [σi , σ∂i ]p(σ∂i\j , Xi |Xj )

Xi |σi (t)=σi

)

−

ri [−σi , σ∂i ]p(σ∂i\j , Xi− |Xj )

Xi− |σi (t)=−σi

=−

)*
ri [σi , σ∂i ]p(σ∂i\j , σi |Xj )

+

(41)

σ∂i\j

− ri [−σi , σ∂i ]p(σ∂i\j , −σi |Xj )

+

(42)

where in the second equality we performed the traces inside the brackets.
Let us emphasize that to arrive at the result expressed in Eq. (42) we did not take any
specific approximation but only assumed that the graph topology is tree-like. To continue
however, backed by the Markov character of the model, we may assume that the probability
distribution of an instantaneous variable, conditioned on the history of a neighbour depends
only on the last state of that neighbour: p(σi |Xj ) ≈ p(σi |σj ). In this case, (42) transforms
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into:
#
!"
ṗ(σi , t|σj ) = −
ri [σi , σ∂i ] p(σ∂i\j , σi |σj ) − ri [−σi , σ∂i ] p(σ∂i\j , −σi |σj )

(43)

σ∂i\j

Then, in order to close the equations we assume that the conditional distributions factorize
as follows
p(σ∂i\j , σi |σj ) = p(σ∂i\j |σi , σj )p(σi |σj )
" $
#
≈ p(σ∂i\j |σi )p(σi |σj ) ≈
p(σk |σi ) p(σi |σj )

(44)

k∈∂i\j

Plugging equation (44) into (43) lead to the Cavity Master Equation, already anticipated in
(5):
%
" $
#
!
dp(σi |σj )
=−
ri [σi , σ∂i ]
p(σk |σi ) p(σi |σj )
dt
σ
k∈∂i\j

∂i\j

" $
#
− ri [−σi , σ∂i ]
p(σk | − σi ) p(−σi |σj )
k∈∂i\j

&

(45)

Before ending this section we should discuss the relation linking the cavity conditional
probability p(σi |σj ) with the one appearing in (4), P (σi |σk ). We can start marginalizing
the pair distribution:
P (σi |Xj ) =

!

Q(Xi |Xj ) =

Xi |σi (t)=σi

!

Xi |σi (t)=σi

Q(Xi , Xj )
Q(Xj )

which, if we use (15) becomes:
!
P (σi |Xj ) =
µi→(ij) (Xi |Xj ) '
Xi |σi (t)=σi

=

!

(46)

µj→(ji)(Xj |Xi )
Xi µi→(ij) (Xi |Xj )µj→(ji) (Xj |Xi )

µi→(ij) (Xi |Xj )∆µj→(ji)(Xj , Xi )

(47)

Xi |σi (t)=σi

where in the second equality we introduced the quantity ∆µj→(ji) (Xj , Xi ) as the rate appearing on the RHS of the first equality. It is easy to show that in a low correlation regime
limcij →0 ∆µj→(ji) (Xj , Xi ) # 1 (with cij the correlation between site i and j). Therefore,
thanks to (47) we can state that p(σi |Xj ), as defined in (32), corresponds in this limit to
P (σi |Xj ):
P (σi |Xj ) = p(σi |Xj ) + g(cij ) where

lim g(cij ) = 0

cij →0

(48)
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Moreover, if correlations are weak, it should also be the case that P (σi |Xj ) ≈ P (σi |σj ) =
p(σi |σj ). This is the reason why we plug the results found in (45) into (4) to describe the
dynamics of the system. From a practical point of view (45), is the main result of this work.

VI.

COMPARISON WITH KNOWN EXACT RESULTS

In this section we show that the Cavity Master Equation (45) compares to exact results
derived for two specific model well studied in the literature. We show that the mean-field
(fully connected) ferromagnet is well described with the help of the CME. We also use the
exactly solvable one dimensional lattice to illustrate that (45) gives the right result in a low
correlation limit.

A.

Mean field ferromagnet with Glauber dynamics

We start considering the Cavity Master Equation equation (45) and assuming that the
Glauber transition rate [34]
ri (σi , σ∂i ) =

α
J !
(1 − σi tanh(β
σk )
2
N k!=i

(49)

where all the spins are consider to be at time t. One can then introduce a delta function for
"
the variable m = N1 k!=i σk , and use its integral representation to rewrite the RHS of (45)
as:

ṗ(σi , t|σj ) = −
+

#

dm̂ dm e−imm̂ ri (σi , m) ei

#

dm̂ dm e−imm̂ ri (σi , m)ei

mm̂
σj (t)
N

$!

ei

mm̂
σk (t)
N

σk

mm̂
σj (t)
N

$!

ei

mm̂
σk (t)
N

σk

Note now that the term within brackets can be expanded as:
$!
σk

ei

mm̂
σk (t)
N

p(σk |σi )

%N

=

!

p(σk |σi )

%N

p(σk | − σi )

p(σi , σj )

%N

2k

p(−σi , σj ) (50)

CN,k eim̂(1− N ) pk (1|σi )pN −k (−1|σi )

(51)

k

that substituted in (50) allows a simple integrationg over m̂ such that now:
#
ṗ(σi , t|σj ) = − dm(t)P (m(t)|σi , σj )ri (σi , m)p(σi , σj )
#
+ dm(t)P (m(t)| − σi , σj )ri (−σi , m)p(−σi , σj )

(52)
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σ (t)

) − jN ).
CN,k pk (1|σi )pN −k (−1|σi )δ(m(t) − (1 − 2k
N
!
One can then define mi = σi p(σi |σj )σi as the magnetization of spin i at time t, provided

where P (m(t)|σi , σj ) =

!

k

that the spin j is in state σj . It is then straighforward to show that:
"
ṁi = −α mi (t) + α dm(t) P (m(t)|σj ) tanh(βJm(t))

(53)

A further average of (53) over the single spins then gives:

ṁ(t) = −α m(t) + α

"

dm(t) P (m(t)|σj ) tanh(βJm(t))

(54)

that looks similar to the standard results of the literature, altough it may have a more subtle
interpretation due to the conditional distribution on the spin σj . One can proceed assuming
that in the thermodynamics limit the importance of the state of one individual spin at time
t is neglegible and that the average magnetization is defined by only one possible trajectory,
recovering the more standard result:
ṁ(t) = −α m(t) + α tanh(βJm(t))

B.

(55)

One dimensional ferromagnet with Glauber dynamics

One dimensional lattices are often a good starting point to seach for analytical results
that could be used to understand the nature and limits of approximations made in more
involved contexts. In this subsection we consider the 1D ferromagnet using the CME (45)
and compare this solution to Glauber’s exact result [34].
Let us start by quoting the exact results. Observe that the transition rate (49) can be
written for this 1D case as
ri (σi , σ∂i ) =

$ α#
$
α#
σi
1 − σi tanh(βJ(σi−1 + σi+1 ) =
1 − (σi−1 + σi+1 ) tanh(2βJ)
2
2
2

(56)

Note that we only have two neighbours of spin i, therefore ∂i = {i − 1, i + 1}. This rate,
put into the exact ME (2), gives the following closed set of equations for the single site
magnetizations:

ṁi = −α mi +

%
&
α
tanh(2βJ) mi−1 + mi+1 .
2

(57)
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and equivalently for the probabilities:
ṗ(σi ) = A(mi , mi−1 , mi+1 )σi
!
"
tanh(2βJ)
α
mi −
(mi−1 + mi+1 ) σi
=−
2
2

(58)
(59)

If we now average (57) over all the sites i in the graph, in order to get the equation for
the global magnetization, we obtain
#

$
ṁ = −α 1 − tanh(2βJ) m

(60)

whose solution is m(t) = m(0)e−γ t , with γ = (1 − tanh(2βJ)). Equations (57), (59) and
(60) correspond to the exact results found by Glauber for the evolution of the magnetization
of an Ising chain.
Now let us see what would be the dynamics if instead of the exact ME we considered the
Cavity Master Equation equation (45) as a starting point in our analysis. Substituting in
(45) the transition rate expressed in (56) reads
&
% α'
(
σi
dp(σi |σi+1 )
=−
1 − (σi−1 + σi+1 ) tanh(2βJ) p(σi−1 |σi )p(σi |σi+1 )
dt
2
2
σ
i−1

(
σi
α'
1 + (σi−1 + σi+1 ) tanh(2βJ) p(σi−1 | − σi )p(−σi |σi+1 )
−
2
2

)

(61)

Now we can multiply both side of the above equation by σi and marginalize over it. Similarly
*
to what is done for the mean-field ferromagnet, we define mi (σi+1 ) = σi p(σi |σi+1 )σi to be

the magnetization of spin i at time t, given that the spin i + 1 is in state σi+1 . Separating
terms the above equation then reads
&
$
% α #
σi p(σi−1 |σi )p(σi |σi+1 ) − p(σi−1 | − σi )p(−σi |σi+1 )
ṁi (σi+1 ) = −
2
σ ,σ
i

i−1

)
#
$
α
− tanh(2βJ)(σi−1 + σi+1 ) p(σi−1 |σi )p(σi |σi+1 ) + p(σi−1 | − σi )p(−σi |σi+1 )
4

(62)

Marginalizing we get
ṁi (σi+1 ) = − α mi (σi+1 )
'
(
α
+ tanh(2βJ) mi−1 (σi+1 ) + σi+1
2

(63)
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This approximate equation for the local magnetization reflects the structure of the equation (57) deduced starting from the Master Equation, but has a different meaning. As
already said the quantity mi (σi+1 ) should be interpreted as the magnetization of spin i,
conditioned to spin i + 1 being in state σi+1 .
To compare to the exact results we need the real magnetization mi . It is simply related
!
to mi (σi+1 ) through mi = σi+1 mi (σi+1 )p(σi+1 ). The time derivative of mi is:
ṁi =

"

[ṁi (σi+1 )p(σi+1 ) + mi (σi+1 )ṗ(σi+1 )]

(64)

σi+1

We can use (63) and (59) in the equation above and obtain:

α
tanh(2βJ)(mi−1 + mi+1 )
2
+ A(mi , mi+1 , mi+2 )[mi (σi+1 = 1) − mi (σi+1 = −1)]

ṁi = −αmi +

(65)

The first line in (65) is the exact result. The second line is an extra term that goes to
zero for weak correlation or high temperature because mi (σi+1 ) becomes independent of σi+1 .
Therefore we can conclude that our CME is consistent with exact results when appropiate
limits are taken. For models with higher connectivities we may expect some agreement with
numerical simulations even for not so high temperatures since a higher number of neighbours
translates directly into a weaker correlation between spins.

VII.

NUMERICAL RESULTS

To test numerically the performance of the approximate dynamics described by (4) and
(5)we compare the numerical solutions of this set of equations with the results obtained after
running a large number of continuous time kinetic Monte Carlo simulations.
Three typical models are considered: an Ising ferromagnet with zero external magnetic
field, the same ferromagnet with disordered local magnetic field (also known as Random
Field Ising Model, RFIM) and the Viana-Bray spin-glass model, where interaction constants
Jij are drawn positive or negative with equal probability from a bimodal distribution. All
three systems share the same underlying topology of an instance of an Erdös-Rényi random
graph, generated with N = 1000 nodes and mean connectivity c = 3. The rate of change
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FIG. 1: Evolutionary dynamics of the global magnetization parameter for three models of spins
in a random graph: the Ising ferromagnet, the random field Ising model and the Viana-Bray
Model. The insets show the mean error in local magnetization, as defined in the main text.
Dynamic cavity works for ferromagnets and RFIM but fails for the spin glass model.

for individual spins is taken according to Glauber’s rule:
ri (σi , σ∂i ) =

!
α
(1 − σi tanh[β(
Jij σj + hi )])
2
j∈∂i

(66)

where α is a constant defining the time unit, t0 = 1/α. For the actual simulations, the
interaction constants are rescaled by a factor 1/c.
The CME for the conditional probabilities (5) is solved using Euler’s method for ODEs.
The integration stepsize h is a fraction of this time unit, ∆t = 0.05 t0 . Initial conditions,
both for the differential equations and the stochastic simulations, correspond to a frozen
state with all spins pointing in the same (positive) direction. At finite temperature this is
not an equilibrium state and the system will evolve and relax towards it. Once integrated,
the deduced equations give the time evolution of conditional pairwise probabilities, but
for observables we need complete probability distributions. These can then be obtained
integrating the factorized master equation for a local variable (4) . where, the conditional
probabilities that appear in the previous equation are given by the solution of (5).
Starting with local probability distributions, local magnetizations are defined as usual,
"
mi (t) = σi (t) σi (t) p(σi (t)), where p(σi (t)) is estimated by (4) and (5). Global magnetiza"
tion is computed as the average of local ones over the network m(t) = N1 i mi (t). For dis-

ordered systems it is also useful to investigate the evolution of the Edwards-Anderson (EA)
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FIG. 2: Dynamics of the global EA parameter. The behavior for low temperatures in the
Viana-Bray model shows that even though global magnetization is close to zero for long times
(see Fig. 1c), spins are locally magnetized for long times, as it is expressed by the non zero value
of qEA(t) for T = 0.25.

parameter, defined as the average of the squared local magnetization qEA (t) =

1
N

!

i

m2i (t).

Figures 1 and 2 show the relaxation of global magnetization m(t) and qEA (t) for our
three test models, using MC simulations (dots) and the CME formalism (lines). The insets include the mean error of local magnetization with respect to the MC predictions,
" !
E
C
(t) − mM
(t))2 . For the EA parameter we define the equivalent error
δm = N1 i (mCM
i
i

measure.

The ferromagnetic case shown in Figure 1a and 2a displays a good agreement for the
transient regime as well as for the long time behaviour for temperatures above and below the
critical Tc ≈ 0.96 for this model. For a value T = 1, quite close to the phase transition, the
qualitative behaviour of the magnetization dynamics is fairly reproduced but its accuracy,
as expected, diminishes. An important part of the procedure leading to (5) relies on the
factorization of distributions and this is equivalent to set almost all (connected) correlations
to zero. It is therefore natural to find a failure nearby a region where correlations become
fundamental, as it is the case for a second order phase transition.
For the RFIM, which is one of the standard literature examples of disordered system, the
dynamic cavity equation reproduces the dynamical behaviour with a quality comparable to
the ferromagnetic case, see Figure 1b and 2b. Errors found in this case are of the same order
of magnitude to the situation where hi = 0.
The Viana-Bray model, on the other hand, shows errors one order of magnitude larger
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FIG. 3: Maximum mean error dependence with temperature. For the ferromagnet and the
RFIM, error increases before and decreases after the ferromagnetic transition as the temperature
changes. For the Viana-Bray spin glass, error grows monotonically lowering the temperature.

than the previous models, which worsen as temperature decreases, see Figure 1c and 2c. It
is known that this model has a spin glass 1RSB transition and this implies a fundamental
difference with respect to the previously considered models. The state space collapses for low
temperature into a hierarchy of low energy configurations and it is no longer well described
by only one equilibrium solution.
In Figure 3 we present, for all models, the temperature dependence of the maximum
value of the mean error. Note that, in the insets of Figure 1 and 2, the error is maximum
for an intermediate time in the ferromagnet and the RFIM. It is important to notice that
in all cases the errors are low at very short times as well as in the stationary regime. In
the SG model, though, the error increases monotonically with time for low temperatures
in opposition to what happens with the ferromagnet and RFIM. As we said before, this
indicates that there is a wrong assumption regarding the structure of phase space.

VIII.

CONCLUSIONS

In this work we have derived a new method to close the Master Equation for the continuous dynamics of interacting spins. The approach relies on the factorization of the conditional
distribution of the state of spin i and its neighbours and on the formalism of the theory of
Random Point Processes. By assuming a tree-like graph topology, using this formalism, we
are able to re-derive a known equation for conditional probabilities of spin histories which
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is called dynamic message-passing or dynamic cavity equation in the literature. Combining
this result with the approximated master equation and using the Random Point Process
formalism, we are able to parametrize probability distributions of the spin histories and
obtain a rigorous derivation of a new dynamic equation for the conditional distribution of
spin variables, the Cavity Master Equation. This new equation together with the Master
Equation for the single spin dynamics completely determine the temporal evolution of the
model.
We have shown that our approach reproduces the known analytical solution of two prototypical models and we have tested numerically the performances of the method for three
more complex cases defined on Random Graphs. Numerical results show a quantitative good
agreement with Monte Carlo simulations for those models which do not have a spin glass
phase. For the Viana-Bray model, the technique fails below the glass transition.
We believe that the general nature of our method allows to apply it on models with
different transition rates, networks with various connectivity symmetries (asymmetric and
partially symmetric graphs) and therefore could bring to several further developments to
investigate the dynamics of physical and biological systems. Extension to models with a
glassy phase is under development.
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Macroscopic fluctuation theory has shown that a wide class of non-equilibrium stochastic dynamical systems obey a
large deviation principle, but except for a few one-dimensional examples these large deviation principles are in general
not known in closed form. We consider the problem of constructing successive approximations to an (unknown) large
deviation functional and show that the non-equilibrium probability distribution then takes a Gibbs-Boltzmann form with
a set of auxiliary (non-physical) energy functions. The expectation values of these auxiliary energy functions and their
conjugate quantities satisfy a closed system of equations which can imply a considerable reduction of dimensionality
of the dynamics. We show that the accuracy of the approximations can be tested self-consistently without solving the
full non-equilibrium dynamical equations. We test the general procedure on the simple model problem of a relaxing 1D
Ising chain.
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1.

Introduction

a Gibbs measure with an auxiliary (non-physical) energy
function, as discussed in Appendix A of.19) The expectation values of the terms in this auxiliary energy function
and their conjugate quantities satisfy a closed set system
of equations, potentially, as we will discuss, a considerable reduction of dimensionality of the dynamics. This fact
was, to our knowledge, and using di↵erent arguments, first
used as a computational scheme in (fully-connected) mean
field models of spin glasses20, 21) later extended to diluted
systems on random graphs.22–24) Here we consider this approach from the viewpoint of large deviations with a focus
on how the accuracy of the approximation can be assessed
internally without resorting to simulations of the full dynamics.
The paper is organized as follows: in Section 2 we introduce the general approach, and in Section 3 we show how
it can in principle be used to set up a perturbation theory.
In Sections 4 and 5 we analyze the model problem of a relaxing Ising chain, first on the level of approximation of a
“two-parameter theory”, and then on the level of the “joint
spin-field theory” a higher-order approximation developed
in.20–24) We here show that the accuracy of each level of
approximation can be assessed internally, where the largest
inaccuracies of the “two-parameter theory” are taken care
of in the “joint spin-field theory”, but where higher-order
inaccuracies would need a higher-order approximation. In
Section 6 we summarize and discuss our results. Four appendices contain additional material: in Appendix A we
give the details of our derivation of the joint spin-field theory by a graph inflation procedure combined with ordinary

Non-equilibrium dynamics is central to diverse interdisciplinary applications of statistical physics to fields
such as neuroscience,1–3) gene regulatory systems,4) socioeconomic systems5–7) large-scale combinatorial optimization problems,8–11) and models of evolution in biology and
other fields.12) With the increasing amount of data available, on all kinds of large systems, systematic methods to
analyze large non-equilibrium models have therefore come
into focus. If one is interested in the dominant features of
a system comprised of a large number N of variables, and
if a probability distribution over the system obeys a large
deviation principle P({ f1 , . . . , fk }) / e NV( f1 ,..., fk ) , where
f1 , . . . , fk are the features and V is a large deviation functional,13, 14) then a general approach is to determine and analyze V. Important progress has been made in the macroscopic fluctuation theory,15) where been shown that for
spatially extended systems of the di↵usion type there is
a deviation functional which obeys a variational principle
which can be solved exactly for certain one-dimensional
models.16, 17) Recently this variational principle was also
solved for a weakly mean-field coupled non-equilibrium
system.18)
In this paper we consider the problem if an (unknown)
large deviation principle can be approximated in a perturbation theory. At each level of approximation the nonequilibrium probability distribution is then described as
⇤ E-mail:

† E-mail:

gino@kth.se
eaurell@kth.se, erik.aurell@aalto.fi
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from P to P0 = P + P the µ’s change as

Belief Propagation, while in Appendix B we do the same
using the approach developed in.20–24) The resulting equations are in both cases rather complicated, and we therefore
show separately in Appendix C that they indeed lead to the
same computational scheme. In the last Appendix D we
show that our approach can be given a geometric interpretation as a projection on an e-flat hierarchy of probability
distributions, as defined in,25) at each time step of the dynamics. We also show that the internal test for accuracy
which we develop has the counter-party in the dual concept
of projection on m-flat hierarchies.
2.

N
d(T ) µl
1 XD
=
wj
dt
N j=1

For definiteness we will consider a continuous-time
Markov process on N Boolean variables (spins) described
by a master equation
N
X

w j (F j s)P(F j s)

w j (s)P(s)

1
[< Ol (s)On (s) > < Ol (s) >< On (s) >] (5)
N
where the superscript M indicates that the change follows
the model. Assuming for simplicity that C, the covariance
matrix of the energy terms, has full rank, and setting (3)
equal to (5) for the expectation values µl of all auxiliary
energy terms in (2), we have an equation for the rate of
change of the generalized temperatures:
2
3
N D
X
666 1 X
E777
1
6
˙l =
Cln 664
w j On ! j 7775
(6)
N
n
j=1

(1)

where w j (s) is the flip rate of spin s j and F j is the flip operator i.e. F j s = F j (s1 , . . . , s j , . . . , sN ) = (s1 , . . . , s j , . . . , sN ).
We will assume that the probability distribution takes a local Gibbs-Boltzmann form P(s) / exp ( NV(s)) and that
the function V depends on L intrinsic quantities (homogeneous local functions) V = V (o1 (s), . . . , oL (s)). When the
variations are (relatively) small the large deviation function
can be linearized such that V = Const. + 1 o1 (s) + . . . +
L oL (s) where now O1 (s) = No1 (s), . . . , OL (s) = NoL (s)
are auxiliary (non-physical) energy terms, 1 , . . . L the
corresponding conjugate quantities (generalized temperatures), and the (non-equilibrium) probability distribution is
approximated by an auxiliary Gibbs measure
1 O1 (s) . . .

L OL (s)

F)

(3)

Cln =

j=1

P aux (s) = exp (

E

where Ol ! j (s) = Ol (F j s) Ol (s), and where the superscript T indicates that this is the change following the true
dynamics. We can also consider the same expectation values with respect to the measure (2) before and after an infinitesimal change of the generalized temperatures which
gives
X
d(M) µl
=
Cln ˙n
(4)
dt
n

The dimensional reduction of dynamics

@t P(s) =

Ol ! j

where C 1 is the inverse of C.
The two equations (3) and (5) also make sense for an observable not included in the model. If Q(s) is such an observable and µq is the expectation value of q(s) = Q(s)/N,
then
N
N
E X
d(T ) µq d(M) µq
1 XD
1 XD
=
w j Q! j
C QlCln1
wj
dt
dt
N j=1
N j=1
nl
(7)
which is zero if Q is one of the On ’s, but otherwise does not
have to vanish. This di↵erence is hence an internal quality check which can be used to estimate if the distribution
P aux is (locally) a good approximation to P, in the direction of observable Q. In Appendix D we relate this concept
of approximation quality in the direction of an observable
to the projection on m-flat hierarchies of probability distributions (dual to e-flat hierarchies) as has been introduced
in Information Geometry.25)
The computation of the time derivatives of the expectation values (3) and the self-consistency tests (7) both reduce
to computing marginal probabilities over subsets of variables with respect to (2). This is in general (if done exactly)
of exponential complexity in systems size,26) and the reduction therefore does not in itself simplify the problem to understand the dynamics of (1). However, if and when these

(2)

where F is the normalization (topological pressure). The
ansatz of (2) implies that the joint distribution of the intrinsic quantities o1 (s), . . . , oL (s) satisfies a large deviation
principle, but the other implication does not hold i.e. the
joint distribution of o1 (s), . . . , oL (s) can satisfy a large deviation principle without the full microscopic probability
satisfying (2). We define the expectation values of the intrinsic quantities as µ1 =< o1 >,. . ., µL =< oL > and assume that P and P aux are close enough that the expectations can be taken with respect to either with the same results up to terms of order 1/N. In Appendix D we relate
this approximation to the projection on e-flat hierarchies of
probability distributions as has been defined in Information
Geometry.25)
When the dynamics under (1) changes the probability

2

On ! j

E
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marginals can be computed accurately by mean field methods, or Belief Propagation,26) or generalizations thereof,27)
then the dimensionality is reduced from 2N 1 to polynomial in N while remaining efficiently computable. This is
the reduction of dimensionality of dynamics which is the
topic of this paper.
We remark that though (6) is in principle exact it is not
practically useful, as the covariance matrix of the energy
terms is typically cumbersome to compute. Instead one
may use the definition µl =< ol > and solve the inverse
problem of computing the ’s from the µ’s before and after changing the µ’s, using (3). In the following we will
assume that this inverse problem can be solved once for
the initial state, either by a brute force approach or, for instance, by requiring that initially the spins are independent
such that most of the generalized temperatures in (2) are
initially zero. Further changes in the ’s can then found incrementally e.g. by using a Newton-Raphson routine.
3.

O1

O2

O1

O2

O1

(1)

O3

(1)

O3

O2

(1)

O3

Fig. 1. A dependency graph G with neighborhoods containing respectively a single spin (O1 ), a single spin and its parents in the dependency
graph (O2 ), and a single spin and its parents and grandparents in the dependency graph (O3 ) . It is suggested that putative auxiliary energy terms
in (2) can be classified as containing spins in sets of of the type O1 , O2 ,
O3 etc. (see main text).

Perturbative analysis for non-equilibrium dynamics

drift15–17, 19) and versions of focused local search on large
random graphs.11, 28) The (physical) energy function is then
We consider the evaluation of the time derivatives also described by a factor graph F, and the computational
µ˙1 , . . . , µ˙L , which, as already observed, amounts to deter- properties of an auxiliary Gibbs measure can be discussed
mining marginal probabilities of the auxiliary
Gibbs meaWednesday,
December 11, 13
in how terms in how F aux relate to F. The concept is exsure. The auxiliary measure introduced in (2) can be de- plained in Fig. 2.
scribed by a factor graph F aux 26) and, as is well known,
marginal probabilities can be efficiently computed if the
1
O
O
O
(1)
factor graph is locally tree-like.26) The master equation (1)
on the other hand defines a (directed) dependency graph
1
O
O
O
(1)
G where the vertices stand for spins and where there is a
link from spin i to spin j if the rate w j depends on spin
1
si . Putative interactions in F aux can then be partitioned
as to how distant are its terms in G. We will posit that a
set O1 (s) contains all (auxiliary, non-physical) interactions
depending on one spin only, a set O2 (s) contains all (auxiliary, non-physical) interactions between a spin s j and the
set of spins si such that the (physical flipping) rate w j depends on si , and so on. The concept is explained in Fig. 1. It
is reasonable to expect that the more terms O1 (s), O2 (s), . . .
are included in the auxiliary probability distribution (2), the Fig. 2. A factor graph F describing an energy function governing a dynamics. This graph relates to the more general formulation in Fig. (1) in
more accurate may be the approximations to a full proba- that two nodes in G will be (symmetrically) connected if they are at disbility distribution P. This is then a possible basis of a per- tance two in F, separated by an energy term which depends on both variturbation expansion, which however, as we will see, comes ables. Neighborhoods O1 , O2 and O3 are defined analogously to Fig. (1).
at the price of somewhat quickly increasing complexity.
For simplicity we will from now assume that the dynamics in the master equation follows from an energy
A theory containing only terms in O1 is one where the
function such that the rates w j depend on the values of spins are assumed independent, and this factorized probathe local energy terms and on how these change if spin bility distribution is used to compute the expectation values
1to dynamical mean-field thej would be flipped. This setting includes systems obeyin (3). This can be contrasted
1
ing detailed balance (and which relax to equilibrium), but ory which starts from the equivalent of (3) and the expecalso di↵usive systems driven by boundary terms or bulk tation value computed with respect to the full probability
1

2

1

3

2

O1

3

O2

Monday, December 16, 13

1

3

O3

(1)

DRAFT

J. Phys. Soc. Jpn.

lowing the earlier literature.21–24) We will show how the
abundance of short loops can then be handled by a graph
inflation technique such that the expectation values can be
computed by ordinary BP on an auxiliary locally tree-like
graph (the expanded graph). Details are and comparisons
to the approach taken in21–24) are given in Appendices AC.
Theories containing only terms in O3 (and higher orders)
will not be considered in detail in this paper. It is however
clear that they pose similar problems as the category of general theories containing only terms in O2 , i.e. that the auxiliary factor graph F aux typically will not have the same
topology as F. It is also clear that the marginal probabilities with respect to F aux can nevertheless (in principle)
be computed by methods analogous to those developed in
Section 5 and Appendices A- C, or by generalized Belief
Propagation,27, 32, 33) necessarily however at the cost of increased computational complexity.

distribution, which is then expanded in a perturbation series
in interaction strength.29–31) In dynamic mean field theory
there is the notion that one seeks the factorized probability distribution which has smallest Kullback-Leibler divergence from the full distribution, without assuming that the
factorized probability distribution and the full distribution
are actually close. In the approach developed here we on
the other hand assume that P is always close to Paux , which
for a theory containing terms only in O1 means a factorized
probability distribution, and use (5) and (6) to enforce this
condition at each time step.
Theories containing only terms in O2 fall naturally into
two categories. In the first we restrict the allowed interactions in F aux to be as in F and O1 (s) (meaning external fields, in the case these are not included in F). F aux
will then have the same topology as F and for Ising pairwise interactions (including the example studied below)
this means a theory depending on magnetizations (onespin marginals) and energies (two-spin marginals, where
the two spins are at distance two in F). Such a theory, while
still not trivial, has the advantage that marginal probabilities can be computed in the same manner for F aux as for
F, typically by the cavity method. For the example of a relaxing Ising spin chain we develop the theory on this level
of approximation in Section 4. We note that if we would
have interactions in F among three and more spins then we
can have many more terms in the auxiliary Gibbs measure
than magnetization and energy, on this level of approximation. One example would be to include in the description of a 3-spin interacting system both the physical energy on three spins (say si s j sk ), and also other terms depending on the same spins but in a di↵erent manner (say
si s j +s j sk +sk si ). This category of computationally comparatively simple theories in O2 is therefore in general larger
than theories based only on magnetization and energy.
The second category of theories containing only terms
in O2 are the rest, where the factor graph F aux does not
have the same topology as F, and typically is not locally
tree-like. If the rate w j depends on a set of local energy
terms ✏a (sa ) where j and a are linked in the factor graph F
then the set O2 (s) contains, in general, all interactions depending on s j and on any of the other spins in the sets sa ,
but not on any other spins. This set is larger than the interactions included in F (the first category) because terms
depending on a spin s j and spins in at least two di↵erent
energy terms a and b, both linked to j, are included. Theories in this category are necessarily more complicated since
the marginal probabilities cannot be computed in the same
way for F aux as for F. We will below in Section 5 develop one such approximation for the relaxing Ising spin
chain which we refer to as the “joint spin-field theory”, fol-

4.

A two-parameter theory of 1D Ising chain dynamics

The one-dimensional Ising chain is a convenient model
since it can be solved explicitly for magnetizations and the
pair-wise correlation functions.34) For recent developments
on this model, for which more exact results than equaltime pair-wise correlation functions are available, see.35)
The flip rates are wi (s) = 12 [1 si tanh[ hi (s)]] where
hi (s) = J(si 1 + si+1 ) is the local field. We will be interested
in the relaxation from an initial state towards equilibrium
at inverse temperature . Periodic boundary conditions will
be assumed throughout i.e. the chain is closed.
The explicit solution for the magnetization is obtained
from the exact equation dm
m+ < tanh Jh >P
dt =
and noting that for any homogenous probability distribution on two spins (si 1 and si+1 ) it reduces to dm
dt =
m(1 tanh 2 J). It follows that for the relaxing Ising
chain any large deviation approximation of the type considered here will be exact for the magnetization because
equation (3) is always, for the magnetization, of the type
of m+ < tanh Jh >. We note that in contrast a dynamical mean field theory gives on the “naive mean field”
level dm
m + tanh (2 Jm) and on the “TAP level”
dt =
h
i
dm
m + tanh (2 J)(m (m + dm
m2 )) , neither
dt =
dt )J(1
of which is exact.31)
Proceeding now to theories in O2 , an auxiliary Gibbs distribution based on magnetization and energy takes the form
P Ising-2 (s) = exp (

4

M M(s)

E E(s)

F)

(8)

where M and E are the generalized temperatures at this
P
level of approximation and total magnetization M is i si

DRAFT

J. Phys. Soc. Jpn.

P
and total energy E is i si si+1 . The final state will eventually be a Boltzmann distribution at inverse temperature ,
P / exp ( E), and the problem is hence to find out (on this
level of approximation) how ( M , E ) approach (0, ), or,
equivalently, how (< m >, < e >) approach (0, eeq ) where
eeq is the equilibrium energy density at temperature 1/ .
The time derivatives in (3) are

and E by Newton-Raphson. We found this routine to be
stable, reflecting that we are in fact solving a discrete approximation to the (complicated) di↵erential equation (6),
for which a forward method is appropriate.
We can now compare the results of m(t) and e(t) to the
exact results obtained by Glauber in34) which avoids the
use of Monte Carlo. For the magnetization we then have as
shown above

⌦
↵
⌦
↵
dm
de
= m + tanh h
= 2e h tanh h (9)
dt
dt
⌦ ↵
where . . . mean averages both over the chain
and with respect to (8). To compute both averages it suffices to know the marginal distributions
Ising-2
P j 1, j, j+1 (s j 1 , s j , s j+1 ), and in the limit of very large
chain these can be computed by the cavity method to be
/ e M (s j 1 +s j +s j+1 ) E (s j 1 s j +s j s j+1 ) h̃(si 1 +si+1 ) where h̃ is the
cavity field which satisfies the fixed point equation
⇣
⌘
h̃ = M + arctanh tanh( E J) tanh(h̃)
(10)

m(t) = m(0)e

(1 tanh(2 J)) t

(15)

and the energy we can compute from the solutions to
Glauber’s di↵erential equation for the equal-time spin-spin
correlations r j,k (t) = hsi sk i(t):

d
r j,k (t) = 2r j,k (t)+
(16)
dt
1
tanh(2 J){r j,k 1 (t) + r j,k+1 (t) + r j i,k (t) + r j+1,k (t)}.
2
Figure 3 shows representative results of relaxation at a fixed
The equations for the expected magnetization and the ex- intermediate temperature from di↵erent initial conditions
pected energy, obtained by computing the marginal proba- where the spins are initially independent and identically
distributed as determined by the initial magnetization.
bilities with the cavity method and then averaging are
The results obtained for the magnetization shown in the
sinh( M + 2 E J)e2h̃ + sinh( M 2 E J)e 2h̃ + 2 sinh M
upper
panel of Fig. 3 are in perfect agreement with the prem=
cosh( M + 2 E J)e2h̃ + cosh( M 2 E J)e 2h̃ + 2 cosh M diction of the Glauber theory as they have to be, and will
(11) not be discussed further. The lower panel of Fig. 3 shows
the energy starting from the same initial conditions. These
J(sinh( M + 2 E J)e2h̃ sinh( M 2 E J)e 2h̃ )
e=
.curves are in qualitative agreement with the Glauber theory
cosh( M + 2 E J)e2h̃ + cosh( M 2 E J)e 2h̃ + 2 cosh M at early and late times, but shows a discrepancy at interme(12) diate times. In this region, where the time derivative of the
energy changes sign, the spins are correlated over a larger
distance e↵ects which are not included here by the probaFor this example we can also explicitly compute the bility distribution (8).
marginals which appear in (9) from (8) with the result
We now turn to an internal test of the theory by considering in (7) pair-wise correlation functions of spins which are
dm
= m
(13) not necessarily neighbors, i.e. hs s i. Recall that we want
i k
dt
to
estimate
these
quantities
not
for
the exact dynamics, for
tanh(2 J)[cosh( M + 2 E J)e2h̃ cosh( M 2 E J)e 2h̃ ] which they are (for the Ising chain) already given by the
+
;
cosh( M + 2 E J)e2h̃ + cosh( M 2 E J)e 2h̃ + 2 cosh M Glauber theory (16), but how they di↵er when the probability distribution is at all time taken to be (8). We then
de
= 2e
(14) have for one term
dt
X @
d(T ) hsi sk i
@ X
2J tanh(2 J)[cosh( M + 2 E J)e2h̃ + cosh( M 2 E J)e 2h̃ ]
=
P(s) si sk =
P(s) si sk
(17)
;
dt
@t s
@t
2
h̃
2
h̃
s
cosh( M + 2 E J)e + cosh( M 2 E J)e + 2 cosh M
N
XX
Assuming spatial homogeneity, the dimensionality of the
=
{w j (F j s)P(F j s) w j (s)P(s)}si sk
N
dynamics for this model has hence been reduced from 2
s j=1
1 to two.
X
We implemented a routine in Mathematica which solves
= 2
P(s) {wi (s) + wk (s)}
the time-stepping of m and e from (13) and (14) by a fors
ward method and uses (10), (11) and (12) to solve for h̃, M
5
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As shown in Figure 5 the time change of the correlation
function hsi si+1 i (the energy), which is included in the
two-parameter theory, is reproduced exactly, while those
of hsi si+2 i and hsi si+3 i are not. This then shows, internal
to the theory and without solving the full dynamical equations, that the model does not catch e↵ective interactions
(1)
which develop between non-neighboring spins at intermediate times, which is also where we find the largest discrepancies between the energy computed exactly (by Glauber’s
equation) and in the model, compare Fig. (4).
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m
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Fig. 3. Upper panel: Magnetization vs time for temperature T = 2 and
di↵erent values of the initial conditions (initial magnetization of the system). Lower Panel: Energy vs time for same temperature and same initial
conditions. Forward equations(13) are integrated by using a Runge-Kutta
forth order method with time step dt = 0.001. Both the magnetization that
the energy are observed to reach their equilibrium values, i.e. meq = 0 and
eeq = J tanh( J).
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Fig. 5. The di↵erence ddt hsi sk i d dt hsi sk i, taken from (17) and (18),
is shown for the index k taking the values k = {i + 1, i + 2, i + 3}. The
time derivative of the correlation function hsi si+1 i is perfectly recovered
with the presented approach (red line), while the time derivative of the
correlation hsi si+2 i and hsi si+3 i (green and blue line respectively), correlation functions which are not included in the model, are not well reconstructed at intermediate times. The latter di↵erence (blue line) appears to
be smaller simply because correlations between spins at longer distance
are weaker.

time

Fig. 4. Di↵erence between the exact value of the energy computed by
Glauber theory (integrating eq (16) with a number of spins N = 105 ) and
the approximate two-parameter theory developed in this section. Temperature T = 2, di↵erent curves are referred to di↵erent value of the initial
condition. It is observed that the deviations are small initially (as follows
from the chosen initial conditions), as well as at long terms (when equilibrium is reached). Discrepancies are instead found at intermediate times.
1

Saturday, January 11, 14

and for the other
d(M) hsi sk i
=
dt

(18)

We start(1)this section by noting generally that if the master equation describes a process obeying local balance then
the flip rate w j is determined (and only determined) by
the value of s j and the total local field acting on1 spin j,
P
h j (s) = l (Ol (F j s) Ol (s))/(2s j ).⇣ For the example
of a re⌘
laxing Ising spin chain h j (s) = J s j 1 + s j+1 . At least for
systems obeying detailed balance it is therefore reasonable
to assume that a description in terms of spins and total local
fields acting on these spins could be accurate. Laughton et
al in21) were the first to investigate this possibility, and in
the terminology used here can be said to have proposed to
use
0
1
BBBBX
CCC
LCS
P
= exp BB@ d(s, h)1 si ,s 1hi ,h F CCCA
(19)
s,h,i

6
1
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(1)

DRAFT

J. Phys. Soc. Jpn.

⇣P
⌘
and Bi = exp s,h d(s, h)1 s,si 1h,Pa hia where si can be taken
any one in the set {sia } since the constraints mean that these
dummy variables all must take the same value. On the other
hand, the factor graph describing (20) inherits the topology
of the original factor graph, and if the original factor graph
is locally tree-like, so is the factor graph describing (20).
The observables conjugate to the d(s, h) are
↵
1 X⌦
µ(s0 , h0 ) =
1 s0 ,si 1h0 ,Pa hia .
(21)
N i

This is called the “joint spin-field distribution” model as
the measure in (19) simply counts the number n s,h of
spins taking values s and having total local fields h, and
Q
weighs the total spin configuration by s,h ed(s,h)ns,h . If implemented naively this leads to factor graph F aux which
is not locally tree-like since the fields and spins overlap.
For an Ising spin chain a function of s j and h j actually
depends on (s j 1 , s j , s j+1 ), a function of s j+1 and h j+1 depends on (s j , s j+1 , s j+2 ), leading to staggered auxiliary energy functions along the chain. A further issue is that the
parametrization of the probability distribution in (19) is
over-complete.
We will now show how the issue of F aux can be addressed by introducing ancillary dummy variables such that
the joint spin-field distribution model can be formulated on
an auxiliary locally tree-like factor graph and the necessary averages evaluated by Belief Propagation. This in fact
allows for somewhat more general theories than the joint
spin-field distribution (at the same level of model complexity). We will carry out the argument for general pairwise interactions, and only at the end specialize to the onedimensional chain. We start by inflating the factor graph
and changing any link between variable i and factor a into
a new variable node ia holding the variable (sia , hia ). This
variable node is connected to precisely two factor nodes in
the inflated graph corresponding to old factor node a and
old variable node i. The first component of (sia , hia ) is a
spin variable (“spin i as factor a thinks it is”) and the second component is a field (“local field on spin i from factor
a, as factor a thinks it is”). This field hia takes values in a
discrete set which are the values that a local field on spin i
from the energy term ✏a can take in the original problem. A
factor node a remains a factor node in the inflated graph and
holds the constraints hia = (✏a (Fi sa ) ✏a (sa ))/2sia where
now sa stands for the collection {sia }i2@a . New factor node
a is also allowed to hold any other function Aa of the collection {(sia , hia )}i2@a . A variable node i is on the other hand
changed into a factor node in the inflated graph and holds
the equality constraint sia = sib = . . .. New factor node
i is also allowed to hold any function Bi of the collection
{(sia , hia )}a2@i . Finally we can allow any functions Cia of the
variables (sia , hia ) themselves (“external fields acting on the
dummy variables”). The auxiliary Gibbs distribution of the
new model is then
Y
Y
Cia
P(s, h) = e F
Bi 1 sia =sib =...=si
Y
a

i

Aa

Y

The parametrization (19) is over-complete because
P
0 0
s0 ,h0 µ(s , h ) = 1. If we want to compare to the twoparameter theory the magnetization and energy can be
computed from (21) as
X
1X
mt =
µt (s0 , h0 )s0 ,
et =
µt (s0 , h0 )s0 h0 (22)
2
s0 ,h0
s0 ,h0

where the subscript t indicates the time. We show in A that
for the Ising chain model and the joint spin-field distribution the general equation (3) reads
dµ(s0 , h0 )
1
=
1 + s0 tanh( h0 ) µ( s0 , h0 )
dt
2
1
1 s0 tanh( h0 ) µ(s0 , h0 )
2
1 X X
+
ed(s j ,J(s j+1 +s j 1 )) ed(s j+1 ,J(s j +s j+2 ))
⌦ s ,s s ,s
j

1
(1
2

✏a (sa ))/2sia

j 1

j+2

s j tanh( h j (s)))e✓J(s j +s j+1 )+⌫(s j

[1 s0 , s̄i (1h0 ,

Js j +Js j+2

1h0 ,J(s j +s j+2 ) )]

1 +s j+2 )+⌘J(s j s j 1 +s j+1 s j+2 )

(23)

where ✓, ⌫ and ⌘ are cavity fields which are needed to compute the marginal probabilities in the auxiliary factor graph,
and which satisfy the system of equations (A·6). In Appendix B we show that the same results can be obtained
using a version of the cavity method which is not explicitly
reduced to ordinary BP, and in Appendix C we show that
the two approaches both lead to (23).
To numerically obtain the dynamics of the joint spinfield distribution one should solve the time-stepping of
µ(s0 , h0 ) from (23) and then use (21) and the equations
(A·6) to get the values at time t of d(s0 , h0 ) and of the
cavity fields ⌫, ✓, ⌘ by Netwon-Raphson, where the average in (21) can be taken by using the cavity method, i.e.
P(s, h) / exp (d(s, h) + ⌫si + ✓Jsi+1 + ⌘Jsi si+1 ). UnfortuP
nately, because of the constraint s0 ,h0 µ(s0 , h0 ) = 1 the
equations (21) are not independent and then the system of
9 equations made by (21) and (A·6) which has to be solved
has singular Jacobian. We solved this problem by making
an observation that allows us to invert the equations (21) re-

ia

1hia ,(✏a (Fi sa )

j+1

(20)

i2@a

It is clear that (20) will be equivalent to (19) if Aa = Cia = 1
7
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1

Fig. 6. Upper panel: Magnetization vs time for di↵erent value of the
initial conditions (initial magnetization of the system) obtained by using
the joint spin-field distribution dynamics (23). Lower Panel: Energy vs
time for di↵erent initial conditions obtained with the same method. In
both plots the temperature T = 2.Magnetization and energy reach their
1
equilibrium values i.e. meq = 0 and eeq = J tanh( J). Qualitatively
the
curves are similar energy vs time curve is closer to the Glauber theory
than in the two-parameter theory of Section 4, see Fig. 3.
(1)
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Discussion

In this paper we have pointed out that if the probability
distribution of a non-equilibrium system obeys a large deviation then this can be combined with methods to efficiently
compute marginals of Gibbs distributions developed in disordered systems theory26) together entailing a very considerable dimensional reduction of a spin system dynamics
described by a master equation. We have also pointed out
that the accuracy of such a dimensional reduction can be
assessed self-consistently without reverting to a simulation
of the full system. These tests of self-consistency amount to

m0 = 0.3

m0 = 0.6

m0 = 0.9

m0 = 0.7

m0 = 0.6

m0 = 0.3

spect to the parameters d(s0 , h0 ). Let us note that in general
these equations are not invertible because, for every couple (s0 , h0 ), the joint spin-field distribution depends on the
3 cavity fields and on the all 6 parameters d(s0 , h0 ). Nevertheless observing that this full dependence comes mainly
from the partition function which contains all the d(s, h)
time
terms, we can consider a not normalized version of (21)
0 0
(where every µ(s , h ) still depends on the 3 cavity fields
but on just one d(s0 , h0 ): that one with the same configuration of (s0 , h0 )) and then invert them to get d(s0 , h0 ) as a
function of {µn n (s0 , h0 ), ⌫, ✓, ⌘}, where the label n-n here
means “not-normalized”. Let us note that, this inversion
made, also the cavity fields are expressed as functions of
the cavity field themselves and of the n-n joint-spin field
timehas
distribution instead of the d(s, h) parameters. Once this
been performed, given initial values for the µn n (s0 , h0 )’s
which are analytically computable, it is possible to get the
values of ⌫, ✓, ⌘ by Newton-Raphson by using these new
expressions of the cavity field equations. Then the d(s0 , h0 )
can be computed from their analytical expression and the
µ(s0 , h0 )’s can be normalized afterwards to solve the timestepping by (23) and iterate the procedure. We conclude
observing that this scheme also reduces the dimensionality of the system of equations which has to be solved by
Newton-Raphson from 9 to 3 equations.
The results for the magnetization and energy obtained with
this procedure are shown in figure 6, 7 and can be compared with those in Section 4. As one can see, using the
joint spin-field distribution approach improves by one order of magnitude the agreement to the Glauber theory. As
can be expected from a theory which includes general terms
in O2 we capture (locally) correctly both the time change
of the nearest-neighbor correlation function hsi si+1 i(t) (as
already did the two-parameter theory) but also the nextnearest neighbor correlation functions hsi si+2 i(t). More distant correlations are however still not exactly reconstructed
by the µ(s0 , h0 ) theory, in agreement with the general perturbative scheme worked out in Section 3, see caption to
Fig. 7

(1)
time
1

Fig. 7. Di↵erence between the energy computed by the Glauber theory
(integrating eq (16) with a number of spins N = 105 ) and by the joint
spin-field theory. Di↵erent curves refer to di↵erent values of the initial
conditions, temperature is T = 2. The results agree to one order of magnitude better than the ones obtained in Section 4, see Fig. 4.
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computing the time change of correlation functions which
are not in the assumed large deviation principle in two different ways, and which have to agree if the large devia8

1
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spond to long-range e↵ective interactions (“non-local entropy functionals”), see.17) For systems extended in space
the approach would therefore seem to be limited to relaxation towards a steady steady state ( S⇢ = 0 in the language
of17) ), while the more interesting case of spontaneous fluctuations away from a steady state ( S⇢ , 0) would be out of
reach.
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d(M)
dt hsi sk i

Fig. 8. The di↵erences
for k = {i + 1, i + 2, i + 3}.
Compared to Fig. (5), the joint spin-field theory reproduces the time
derivatives of both correlation function hsi si+1 i and hsi si+2 i (red and green
line overlapping in the figure), while the time derivative of correlation
hsi si+3 i (blue line), being outside our parametrization, is not well reconstructed in the most o↵-equilibrium region.
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tion principle is an accurate approximation. As far as we
are aware, such tests have previously only been carried out
by Nishimori and Yamana in,36) in the specific setting of
a high-temperature expansion of the dynamic SK model,
see curve of “c3 (t)” in Fig. 1 of.36) We believe that such
tests are in fact central to the validity and usefulness of the
approach. In Appendix D we sketch a geometrical interpretation of the reduction as a projection on hierarchies of
1
probability distribution, a concept developed in information theory.25)
The general scheme presented here may be conceptually
important as a possible basis for a perturbation scheme for
non-equilibrium systems akin to cluster expansions. One
of the more promising potential applications could be to
describe the puzzling behavior of focused local search on
large random satisfiability problems (physically an instance
of a bulk-driven non-equilibrium process),11) which is of
considerable practical importance, and which has so far defied theoretical understanding beyond a special case investigated already a decade ago.9, 10)
A serious limitation of the approach, as applied to real
physical systems, which likely has not escaped the reader,
is that we have assumed spatial homogeneity. If a nonequilibrium system varies in space then a large deviation principle described by an auxiliary Gibbs distribution
would need (auxiliary) energy terms which also vary in
space, necessarily adding to the model complexity. Furthermore, it was shown long ago,37) and is well established experimentally,38) that non-equilibrium states driven by spatially varying boundary conditions and exhibiting fluxes
generally display long-range correlation functions which in
macroscopic fluctuation theory have been shown to corre-

Appendix A:

Joint spin-field distribution formalism
by using a large deviation approach

The starting point is the auxiliary probability distribution
in (20). The factor graph corresponding to this model has
the same topology as the original graph but is inflated, i.e.
new variables nodes have been introduced corresponding to
the links in the original graph. In the general Belief Propagation formalism one would here need to consider four
kinds of message mi!ia , ma!ia , nia!i , and nia!a , each of
them a probability distribution over (sia , hia ).26) However,
since each new variable node ia is connected to only two
new factor nodes and since Cia = 1 we have nia!i = ma!ia
and nia!a = mi!ia , reducing the number of types of messages to two. Furthermore, for pairwise Ising interactions
the possible values of hia can be parametrized as J⌧ia where
⌧ia is another spin variable, and one of the two Belief Propagation update equations reads
X
Y
ma!ia (sia , ⌧ia ) /
1 J⌧ ja ,✏a (F j sa ) ✏a (sa )/2s ja
(sa ,⌧a )\(sia ,⌧ia ) j2@a

Y

m j! ja (s ja , ⌧ ja )

(A·1)

j2@a\i

Since the factor node a can be identified as the pair (i, j)
the sum in above is in fact only over (s ja , ⌧ ja ) and the first
product enforces the two constraints J⌧ia = Js ja and J⌧ ja =
Jsia which give s ja = ⌧ia and ⌧ ja = sia . Introducing the
9
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(e
(e

simpler notation s ja = s ji , ⌧ ja = ⌧ ji and m j! ja (s ja , ⌧ ja ) =
µ j!i (s ji , ⌧ ji ) we can therefore write (A·1) as the identity
ma!ia (si j , ⌧i j ) = µ j!i (⌧i j , si j ).

⌧i \⌧i j

µk!i (⌧ik , si j )

(A·3)

k2@i\ j

where the sum over the variables si \ si j has been carried out
using equality constraint in (20). For the Ising spin chain
where spin i only interacts with spins i ⌘ i 1 and i+ ⌘
i + 1 the sum in (A·3) is only over one term and (A·3) is
further reduced to
X
µi!(i+1) (si+ , ⌧i+ ) /
ed(si+ , J(⌧i +⌧i+ ))

@t P(s, h) =

1)!i (⌧i

, si+ )

(A·4)

N
X

w j (s, h) P(s, h)

j=1

(A·7)

i

⌧i

+⌫si+ +⌘J⌧i si+

w j (F j (s, h)) P(F j (s, h))

and if the constraints sia = sib = . . . and hia = ✏a (Fi sa )
✏a (sa ))/2sia are satisfied initially they will be so for all time.
Master equation (A·7) in the dummy variables will then
describe the same dynamics as master equation (1) in the
original variables. The observable of the dummy variables
which multiplies the (generalized temperatures) d(s0 , h0 ) in
(20) is
X
O(s, h; s0 , h0 ) =
1 s0 ,si 1h0 ,Pa hia
(A·8)

and analogously in the other direction. Since a probability distribution on two spin variables can be written
µi!(i+1) (si , ⌧i ) / exp (✓i Jsi + ⌫i ⌧i + ⌘i Jsi ⌧i ) we can rewrite
the previous equation as:
X
e✓Jsi+ +⌫⌧i+ +⌘Jsi+ ⌧i+ /
ed(si+ , J(⌧i +⌧i+ ))
e✓J⌧i

N
X
j=1

⌧i

µ(i

⌘+✓ ⌫+d(1,

#

At this point we have to reinterpret the flip operations F j
in (1) to mean an event labeled j where all dummy spin
variables s ja are flipped simultaneously and all dummy local fields hia where a 2 @ j are also changed according to a
changed value of s ja (we temporarily revert to the formulation in terms of {(sia , hia )}). In addition we assume that
the dependence of rate w j depends as before on a total loP
cal field, but which is now defined as a h ja . If so, we can
write the master equation for a probability distribution over
the dummy variables as

(A·2)

This reduces the number of types of messages to one. The
other side of the Belief Propagation update equations then
reads
X
P
µi! j (si j , ⌧i j ) /
ed( si j , J k2@i ⌧ik )
Y

+ e ⌘+✓+⌫+d(1,2) )
2) + e ⌘+✓+⌫+d(1,0) )

⌘+✓ ⌫+d(1,0)

(A·5)

(where we implicitly assumed homogeneity, i.e. ✓i = ✓, ⌫i =
⌫ and ⌘i = ⌘) which, for a large chain, can be taken as a
fixed point equation for three cavity fields ✓, ⌫ and ⌘ generalizing the simpler expression in (10) on the original factor
graph. These fixed point equations read as follow:
"
1
(e ⌘+✓ ⌫+d(1, 2) + e ⌘+✓+⌫+d(1,0) )
⌫ = log
4
(e ⌘ ✓ ⌫+d( 1, 2) + e ⌘ ✓+⌫+d( 1,0) )
#
(e ⌘+✓ ⌫+d(1,0) + e ⌘+✓+⌫+d(1,2) )
(e ⌘ ✓ ⌫+d( 1,0) + e ⌘ ✓+⌫+d( 1,2) )
" ⌘ ✓ ⌫+d( 1,0)
1
(e
+ e ⌘ ✓+⌫+d( 1,2) )
✓ = log
(A·6)
4
(e ⌘ ✓ ⌫+d( 1, 2) + e ⌘ ✓+⌫+d( 1,0) )
#
(e ⌘+✓ ⌫+d(1,0) + e ⌘+✓+⌫+d(1,2) )
(e ⌘+✓ ⌫+d(1, 2) + e ⌘+✓+⌫+d(1,0) )
" ⌘ ✓ ⌫+d( 1, 2)
1
(e
+ e ⌘ ✓+⌫+d( 1,0) )
⌘ = log
4
(e ⌘ ✓ ⌫+d( 1,0) + e ⌘ ✓+⌫+d( 1,2) )

and the corresponding expectation value is
↵
1 X⌦
µ(s0 , h0 ) =
1 s0 ,si 1h0 ,Pa hia
N i

(A·9)

N
dµ(s0 , h0 ) 1 X⌦ X
=
w j ( h ja , s j )(O(F j (s, h); s0 , h0 )
dt
N j=1
a

↵
O(s, h; s0 , h0 ))

where the expectation is taken with respect to (20). The
time derivatives in (3) read for this case

=

N
1 X⌦
w j (h0 , s0 )(1
N j=1

s0 ,s j

↵
1 s0 ,s j )1h0 ,Pa hia +

N
X X
1 X⌦ X
w j ( h ja , s j )
1 s0 ,si (1h0 ,F j Pa hia
N j=1
a
b2@ j i2@b\ j

(A·10)

The averages in the first line of the second equality above
are analogous to the simpler terms previously derived for
the magnetization and energy approximation and can be
written in terms of the µ’s themselves:
dµ(s0 , h0 )
1
=
1 + s0 tanh( h0 ) µ( s0 , h0 )
1st line
dt
2
10

↵
1h0 ,Pa hia )
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1
1 s0 tanh( h0 ) µ(s0 , h0 ) (A·11)
2
The expression in the second line of (A·10) is on the other
hand more complicated. We start by writing it out explicitly
to be
N
dµ(s0 , h0 )
1 XX X 1 X X
=
1 s =s =···= s̄i
2nd line
dt
N j=1 b2@ j i2@b\ j ⌦ s ,h s ,h ia ib
jc

jc

id

[1 s0 , s̄i (1h0 ,

=

id

1 s ja =s jb =···= s̄ j 1h jb ,Jsib 1hib ,Js jb e
e
Y
Y
me! je (s je , h je )
ml!il (sil , hil )
e2 j \ b

l2i \ b

X
1
(1 s j tanh( ( h ja )))[(1h0 ,F j Pa hia
2
a

1
ml!il (si , hil ) (1
2
l2i \ b

(A·12)

[1 s0 , s̄i (1h0 ,Js j +Pa,b hia

s j tanh( (Jsib +

X

h ja )))

jc

i

id

e

1
(1
2

s j tanh( (Jsib +

X

h ja )))

a,b

1h0 ,Js j +Pa,b hia )]

P
Js j + a,b hia

N
dµ(s0 , h0 )
1 XX X 1 XX
=
n(li , l j )
nd
2 line
dt
N j=1 b2@ j i2@b\ j ⌦ s ,s l ,l
j

d(s j ,Jsi +l j ) d(si ,Js j +li )

e

e✓Jsi (|@ j|

e

e

i

j i

✓Js j (|@i| 1) ⌫l j /J ⌘s j l j

1
(1 s j tanh( (Jsib + l j )))
2
1h0 ,Js j +li )]

1) ⌫li /J ⌘si li

[1 s0 , s̄i (1h0 ,

Js j +li

and so the complete di↵erential equation that describes the
evolution in time of the joint spin-field distribution is given
by

a,b

1h0 ,Js j +Pa,b hia )]

1h0 ,Js j +Pa,b hia )]

where in the last equality we absorbed the two products into
the argument of the exponent and there we defined |@ j| as
the cardinality of j’s neighborhood and the same for i. We
P0
P
also used the compact notation e = e2 j \ b . To further
P
simplify the notation, we now define l j = e,b h je and with
n(li , l j ) we indicate the number of ways in which certain
given values of li , l j appear in the sum. The above equation
finally reads:

1h0 ,Pa hia )]

N
dµ(s0 , h0 )
1 X X X 1 X X d(s j ,Jsi +Pa,b h ja )
=
e
2nd line
dt
N j=1 b2@ j i2@b\ j ⌦ s ,h s ,h
j jc i id
Y
P
ed(si ,Js j + a,b hia )
me! je (s j , h je )
e2 j \ b

hia

a,b

P0
P0
P0
P0
✓J(si (|@ j| 1)+si (|@i| 1)) ⌫( l hil + e h je )/J ⌘(si l hil +s j e h je )

[1 s0 , s̄i (1h0 ,

where ⌦ is a normalization factor. We observe that by using the constraints 1 sia =sib =···= s̄i and 1 s ja =s jb =···= s̄ j the sum over
P
P
becomes simply s j ,si and also that we can write
P
P s jc ,sid
P
a h ja = h jb +
a,b h ja = Jsib +
a,b h ja where the last
equality is enforced by the constraint 1h jb ,Jsib . An analogous
P
relation holds for a hia . Hence substituting these relations
in (A·12) we get

Y

P

N
1 X X X 1 X X d(s j ,Jsi +Pa,b h ja ) d(si ,Js j +Pa,b hia )
e
e
N j=1 b2@ j i2@b\ j ⌦ s ,h s ,h
j

P
P
d(s jc , a h ja ) d(sid , a hia )

Js j +

(A·13)

dµ(s0 , h0 ) 1
= 1 + s0 tanh( h0 ) µ( s0 , h0 )
dt
2
1
1 s0 tanh( h0 ) µ(s0 , h0 )
2
N
1 XX X 1 XX
+
n(li , l j ) ed(s j ,Jsi +l j ) ed(si ,Js j +li )
N j=1 b2@ j i2@b\ j ⌦ s ,s l ,l

As we previously did in equation (A·5), we can write a
probability distribution of two spin variables in an exponential form: µi!(i+1) (si , ⌧i ) / exp (✓i Jsi + ⌫i ⌧i + ⌘i Jsi ⌧i ).
In the {s, h} formalism used above this can be translated as
me! je (s j , h je ) / exp(✓Js j + ⌫h je /J + ⌘s j h je ) since h je = J⌧ j
and we implicitly also assumed homogeneity (✓ j = ✓, ⌫ j =
⌫, ⌘ j = ⌘) for all j. With this exponential representation, we
can rewrite (A·13) as:

j

i

j i

e✓Js j (|@i| 1) ⌫l j /J ⌘s j l j e✓Jsi (|@ j| 1) ⌫li /J ⌘si li
N X X
X
X
X
P
dµ(s , h )
1
1
1
=
ed(s j ,Jsi + a,b h ja )
(1 s j tanh( (Jsib + l j )))[1 s0 , s̄i (1h0 , Js j +li 1h0 ,Js j +li )]
2nd line
dt
N j=1 b2@ j i2@b\ j ⌦ s ,h s ,h
2
j jc i id
Y
P
So far we only specialized to the case of pairwise intered(si ,Js j + a,b hia )
e✓Js j ⌫h je /J ⌘s j h je
actions. In appendix C we will further assume that the ine2 j \ b
teractions go between neighboring spins on a line i.e. in an
Y
X
✓Jsi ⌫hil /J ⌘si hil 1
e
(1 s j tanh( (Jsib +
h ja ))) Ising chain, and show that the approach derived here is then
2
equivalent to the micro-canonical approach summarized in
a,b
l2i \ b
Appendix B, compare.21, 22)
0

0
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Appendix B:

N
1 X⇢
h
N i

Joint spin-field distribution formalism
by using a macroscopic analysis of dynamics

D

Our goal in this section is to repeat the derivation of an
equation for the dynamics of the joint spin-field distribution by following the procedure introduced in.21, 22) This
derivation conceptually has two parts of which the first is
similar to the ansatz of a large deviation principle (compare
main text), and the second is another way to compute the
averages as in Appendix A. The first starts by investigating the evolution in time of a general observable ⌦( ) the
properties of which are fully described by the probability
P
distribution Pt (⌦) = s pt (s) [⌦ ⌦( )]. One derives a
Kramers-Moyal expansion for this probability which for finite times and in the large system limit, where only the first
term survives, gives a deterministic equation
DX
h
iE
d
⌦=
wi ( ) ⌦(Fi ) ⌦( )
(B·1)
⌦;t
dt
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⇣

hµ

⇣
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⇣

hµ

⇣
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,si+1
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(hµ

(hµ
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E
hi+1 (s))
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(B·3)

and by a Legendre transform we get the large deviation
form
h XX
i
1
pd (s) =
exp N
d( , hµ )D( , hµ ; s)
Zd
µ

⌘
h j (Fi s)
h j (s)

(h̃

(h̃

where the sub-shell average h. . . iD above is defined by
h
i
P
Q
D( , hµ ) D( , hµ ; s)
s p(s) f (s)
,µ
h
i ,
h f (s)iD = P
Q
D( , hµ ) D( , hµ ; ŝ)
ŝ p( ŝ)
,µ
(B·4)
At this point the equations for the time developments of the
averages, equations ( B) or equivalently, (B·1), are exact but
not closed because they depend explicitly on p(s). In order
to close them we assume that the microscopic probability
depends on the state of the system only through the observable of interest, in this case p(s) = p(D( , hµ ; s)). This
assumption, called the equipartition assumption in,20, 21, 39)
is analogous to the large deviation assumption used in the
main text of the paper, but is stronger. If it can be used then
(B·4) simplifies to
h
i
P
Q
D( , hµ ) D( , hµ ; s)
s f (s)
,µ
h
i , (B·5)
h f (s)iD = P Q
D( , hµ ) D( , hµ ; ŝ)
ŝ
,µ

In Glauber dynamics wi ( ) = 12 (1
i tanh(hi ( ))), and
the observable of interest is here the joint spin-field distriP
bution ⌦ ⌘ D( , hµ , s) = N1 i ,si (hµ hi (s)) (µ(s0 , h0 )
in the main text). We first work out the discrete derivative
⌦(Fi ) ⌦( ) = D( , hµ ; Fi s) D( , hµ ; s) which, for an
Ising spin chain, is:
i D(

˜ ,si

˜ ,si

where

N
hX
i
1
exp
d(si , hi (s)) ,
Zd
i=1

Zd =

⌘

X
s

exp

N
hX
i=1

i
d(si , hi (s))

(B·6)

(B·7)

The equipartition assumption is stronger than the assumption of a large deviation principle both because the large
deviation principle explicitly admits sub-leading terms, and
because the inverse Legendre transform does not have to be
uniquely defined.
From now on we could introduce dummy variables and
proceed to evaluate the marginal probabilities as in Appendix A. The alternative route instead proceeds directly
and starts from the observation that the interesting physics
and non-trivial part of ( B) is contained in the terms between angular brackets. To simplify the notation and compute those terms in a more compact manner we hence de-

(B·2)

Then we insert the above result (B·1) which, after some
manipulations, gives following expression for the dynamics
of the joint spin-field distribution:
⌘
@
1⇣
D( , hµ ) =
1 + tanh( hµ ) D( , hµ )
@t
2
⌘
1⇣
1
tanh( hµ ) D( , hµ )
2
XZ
1
+
dh̃ (1 ˜ tanh( h̃))
2
˜
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P

fine the following kernel:
A[ , h, ˜ ,h̃|F̂]
D 1 X
=
2N i
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1D
2

˜ ,s0

˜ ,si

(h̃

(h̃

hi (s))

h0 (s))

,s1

,si+1

(h hi+1 (s)+2J F̂)

(h h1 (s)+2J F̂)

E

D;t

E

Once
the
si 2 exp {d(si 1 , hi 1 (s))} Qi 2 (si 2 , si 1 J).
cavity assumption is made, the chain separates into two
independent branches and hence the sum over s can
be factorized and rewritten by using the two functions
Q 1 and Q2 , each corresponding to one branch of the
chain. Since these are functions of two Boolean variables they can be written in an exponential form as
Qi 1 (si 1 , si J) / exp {⌫si 1 + ✓si + ⌘si 1 si }, where again,
because of homogeneity ⌫i = ⌫, ✓i = ✓, ⌘i = ⌘. Hence
substituting this exponential form for Q in (B·12) we can
hence explicitly compute (B·11)
1 X
A[ , h, ˜ , h̃|F̂] =
ed(s0 , h0 (s)) ed(s1 , h1 (s))
Zd s ,s ,s ,s

D;t

(B·8)

where F̂ = 0 if there is no spin flip, and F̂ = 1 if there
is. To arrive at ( B) we have assumed spatial homogeneity.
Equation ( B) can then be written as
@
1
D( , h) = (1 + tanh( h)) D( , h)
@t
2
1
(1
tanh( h)) D( , h)
2
XZ
1
+
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e
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(h h1 (F̂ s))

(B·13)
(h h1 ( ŝ))

To conclude we observe that the equation Qi 1 (si 1 , si J) =
P
si 2 exp {d(si 1 , hi 1 (s))} Qi 2 (si 2 , si 1 J) seen above is basically equivalent to (A·5) and therefore the parameters
⌫, ✓, ⌘ introduced here satisfy the same equations shown in
(A·6).

Zd [ , h, ˜ , h̃|F̂]
R
P
dh
dh̃ s Zd [ , h, ˜ , h̃|F̂]
,˜
(B·11)
Applying then the cavity method we have
X PN
Zd [ , h, ˜ , h̃|F̂] = ed( ˜ ,h̃)+d( ,h+2J F̂)
e j,(i,i+1) d(si ,hi (s))
= ed( ˜ ,h̃)+d(

(h h1 (F̂ s))
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2
1 X 1
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(1 s0 tanh( h0 (s)))
Zd s ,s ,s ,s 2

where we implicitly defined also the “marginal” partition
function Zd [ , h, ˜ , h̃|F̂]. For the chain topology we can
compare ( B) and (B·10) to write

hi (s))

h0 (s))

defined
Zd
=
R we P have
dh dh̃ s Zd [ , h, ˜ , h̃|F̂] and observed that
has the same expression both with F̂ = 1 that F̂ = 0.
This expression can now be substituted back into (B·9)
in order to obtain the explicit expression for the joint
spin-field distribution dynamics. After summing over ˜
and integrating over h̃, the final results reads:

,˜

(h̃
X

(h̃

,˜

hi (s)) ,si+1 (h hi+1 (Fi s))
˜ ,si (h̃
Z
XZ
⌘
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whereR
P

s

A[ , ˜ , h, h̃|F̂] = P

1

e

The averages contained in the function A[ , h, ˜ , h̃|F̂] can
be computed from the cavity method using cavities containing more than one variable. First we rewrite the partition
function (B·7) as:
Z
XZ
X PN
Zd =
dh dh̃
e i=1 d(si ,hi (s))
(B·10)
,˜

0

⌫(s 1 +s2 )+✓J(s0 +s1 )+⌘J(s 1 s0 +s1 s2 )

(h hi+1 (Fi s))

Equivalence between the large deviation
approach and the macroscopic analysis
of dynamics

In this section we want to show that, for an Ising spin
chain with nearest neighbors interactions, the two di↵erent
formalisms developed in the paper for the joint spin-field
distribution dynamics (Appendix A and B) are equivalent.
Recall the second term on the right hand side of the equa-

Q 1 (s 1 , Js0 )Q2 (s2 , Js1 ).
(B·12)

where Q 1 and Q2 are two functions defined recursively as Q 1 (s 1 , Js0 )
=
Qi 1 (si 1 , si J)
=
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tion ( A) obtained in Appendix ( A)

tions on N spins which can be written in exponential form
as
X
X
log p =
✓i i +
✓i j i j + . . .
(✓)
(D·1)

N
dµ(s0 , h0 )
1 XX X 1 XX
=
n(li , l j )
2nd line N
dt
⌦ s ,s l ,l
j=1 b2@ j i2@b\ j
j
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d(s j ,Jsi +l j ) d(si ,Js j +li )

e

i

i

j i

aJs j (|@i| 1) bl j /J cs j l j

e

ij

and consider a partition of the interactions terms in increasing sets S 0 ⇢ S 1 ⇢ . . . ⇢ S L ⇢ S where S 0 is the empty
1
eaJsi (|@ j| 1) bli /J csi li (1 s j tanh( (Jsib + l j )))
set and S contains all the interactions. One natural parti2
tion is to take S 1 all terms depending one spin (all ✓i ’s),
[1 s0 , s̄i (1h0 , Js j +li 1h0 ,Js j +li )]
(C·1) S all terms depending on one or two spins (all ✓ ’s and
2
i
We now specify this general expression to a chain. The sum ✓i j ’s), and so on. Here we will assume a partition which
P
1 PN P
follows the terms of the assumed auxiliary Gibbs distribuj=1 b2@ j i2@b\ j is then simply equal to one and since
N
every node has precisely two neighbors |@ j| = |@i| = 2. tion (2). We then consider the foliation E0 ⇢ E L ⇢ E where
By considering i = j + 1 as one of the j’s neighbors, the E0 has only one element, the uniform measure, and E L is
two variables (l j , li ) introduced in ( A) become simply l j = the subfamily of distributions taking non-zero coefficients
P
only in the set S L . Referring to40) for background on Ine,b h jb = Js j 1 and li = l j+1 = Js j+2 ; the multiplicity
is hence n(l j , li ) = 1. We also observe than summing over formation Geometry we state that this foliation is an e-flat
25)
(l j , li ) corresponds to summing over (s j 1 , s j+2 ) and so by hierarchical structure as defined in. Furthermore, the m25, 40)
projection (see
) of an element p 2 E on E L is denoted
making these substitutions the equation simplifies to
p(L) and is, in the case at hand, defined as the probability
0 0
X
X
dµ(s , h )
1
=
ed(s j ,Js j+1 +Js j 1 ) ed(s j+1 ,Js j +Jss+2 ) distribution having the same expectation values as p for all
nd line
2
dt
⌦ s ,s s ,s
interactions in S L , and all interaction coefficients beyond
j 1 j j+1 j+2
S L zero. It follows from these definitions that the reduced
1
(1 s j tanh( J(s j+1 + s j 1 )))
dynamics described by (3) is the m-projection of (1) on the
2
submanifold E L . We note that we assume the full probae✓J(s j +s j+1 )+⌫(s j 1 +s j+2 )+⌘J(s j s j 1 +s j+1 s j+2 )
bility distribution P always to be close to the submanifold
so that the projection is only of the infinitesimal increment
[1 s0 ,s j (1h0 , Js j +Js j+2 1h0 ,J(s j +s j+2 ) )]
0
25)
(C·2) of P to P = P + P. Amari in also constructs a dual
foliation which we write M ⇢ ML ⇢ M0 where M is the
If we relabel the spin variables as s j 1 = s 1 , s j = s0 , uniform distribution, M0 contains all the probability diss j+1 = s1 and s j+2 = s2 , the complete di↵erential equation tributions parametrized as a mixture model, and ML , where
for the joint spin-field distribution looks like:
the expectation values of all interaction terms in S L are zero
but the other can take any value.41) This foliation is dual to
dµ(s0 , h0 ) 1
0
0
0 0
= 1 + s tanh( h ) µ( s , h )
E0 ⇢ E L ⇢ E in the sense that any probability distribution
dt
2
can
be parametrized by combining a coordinate in E L (pa1
1 s0 tanh( h0 ) µ(s0 , h0 )
rameters of the exponential family in S L ) and a coordinate
2
in ML (zero expectation values for the terms in S L , free
1 X X d(s0 ,h0 (s)) d(s1 ,h1 (s)) ✓J(s0 +s1 )+⌫(s 1 +s2 )+⌘J(s0 s 1 +s1 s2 ) values of expectation values beyond S ). This combinaL
+
e
e
e
⌦ s ,s s ,s
tion, called the k-cut mixed coordinate system in,25) shows
0 1
1 2
that ML and E L are orthogonal and complementary at every
1
point, and the error we make in the dimensional reduction
0
0
0
(1 s0 tanh( h0 (s)))[1 s ,s1 (1h , Js0 +Js2 1h ,J(s0 +s2 ) )]
2
(C·3) (projection on E L ) is hence the projection of the probability
increment P on ML .
which is equivalent to equation (B·13) if we finally rename
What this means is simply that any probability distriµ(s0 , h0 ) to read D( , h), and ⌦ to read Zd .
bution can be parametrized both as an exponential family (D·1) (e-coordinates) and as a mixture model (mAppendix D: The Amari hierarchy
coordinates). The submanifold Paux has a simple descripThis appendix is intended as a pointer to the literature on tion in the e-coordinates, but is a (perhaps complicated)
Information Geometry where closely similar concepts have hypersurface in the m-coordinates as well as in the k-cut
been developed some time ago, see40) and especially.25) Be- mixed coordinates. If we change a point on Paux from P to
gin by considering the space E of all probability distribu- P0 = P+ P then this leads to a change in its k-cut mixed co14
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ordinates where the first part (the generalized temperatures)
change as (6) while the second part (the expectation values)
changes as the first term on the right hand side of (7). At the
same time the projection of P0 = P + P on Paux changes
in the first part of its k-cut mixed coordinates in the same
way as P itself, while the second part changes as the second
term on the right hand side of (7). The di↵erence between
these two quantities hence gives how much P0 = P + P
di↵ers from its projection in directions orthogonal to Paux .
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18) Krzysztof Gawȩdzki. Fluctuation relations in stochastic thermody15

DRAFT

J. Phys. Soc. Jpn.

the M-flat structure in eq. 56 on page 1706 of 25) is the opposite,we
here follow the description around eq. 36 on page 1704.

Monograph vol. 10, Di↵erential Geometry in Statistical Inference,
pages 20–94, 1987.
41) Note that the explicit enumeration of the leaves of the foliation of
16

Paper 7

International Meeting on High-Dimensional Data-Driven Science (HD3 -2015)
IOP Publishing
Journal of Physics: Conference Series 699 (2016) 012002
doi:10.1088/1742-6596/699/1/012002

Causal analysis, Correlation-Response, and Dynamic
cavity
Erik Aurell1 and Gino Del Ferraro2
1

Dept Computational Biology and Center for Quantum Materials, KTH-Royal Institute of
Technology, SE-100 44 Stockholm, Sweden and Depts of Information and Computer Science
and Applied Physics, Aalto University, P.O. Box 15400, FI-00076 Aalto, Finland
2
Dept Computational Biology, KTH-Royal Institute of Technology, SE-100 44 Stockholm,
Sweden
E-mail: eaurell@kth.se1 , gino@kth.se2
Abstract. The purpose of this note is to point out analogies between causal analysis in
statistics and the correlation-response theory in statistical physics. It is further shown that
for some systems the dynamic cavity o↵ers a way to compute the stationary state of a
non-equilibrium process e↵ectively, which could then be taken an alternative starting point
of causal analysis.

1. Causality in Philosophy, Physics and Statistics
Causality formalizes the universal human experience of agents (causes) taking actions leading
to results (e↵ects) 1 . In the Western Philosophical tradition Aristotle postulated four kinds of
causes: the material, the formal, the efficient and the final, out of which Bacon later retained
the material and the efficient. The Third Law of Newton [1] however states that in Nature
there is no separation between cause and e↵ect in the Aristotelian or Baconian sense; Physics
fundamentally knows only interactions, and these are always mutual, a state of a↵airs unchanged
since that time and the replacement of the Classical Physics by Quantum Physics. This objection
to philosophical causality was alluded to by Russell [2] as
“[Hume] supposes the law to state that there are propositions ’A causes B’ where A
and B are classes of events; the fact that such laws do not appear in any well-developed
science appears unknown to philosophers.”
“History of Western Philosophy”, chapter “Hume”, page 638
We note that when term causal is used to describe an interaction in modern high-energy Physics
it means only that the influence cannot propagate faster than light so that object A at time tA
only depends on what happened at object B at times tB early enough that a signal from B can
reach A at time tA , and vice versa [5].
The everyday and the philosophical notions of causality are in Physics instead intertwined
with reversibility and irreversibility; Nature’s laws are time-reversal invariant on the fundamental
1
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the perspective of belief systems in traditional societies can be found in [3] and [4].
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level, but most ordinarily encountered processes are overwhelmingly likely to only flow in one
direction [6, 7]. We say that dropping a glass vase on the floor is the cause of it breaking because
it is exceedingly unlikely that the glass pieces would jump back together and fuse into a vase.
Similarly, we say an enzyme causes a chemical reaction in one direction when the concentrations
of the reactants are such that the opposite reaction is very unlikely. Although the details of
this complex process are not fully known, we can also say that smoking causes cancer because
the DNA in living cells is mostly that of one and the same genome for each individual – an
extremely small subset of all possible DNA sequences of the same length – and cancerogenes in
tobacco smoke therefore almost always lead to mutations away from the healthy genotype and
into one out of very many deficient genotypes. In Nature cause-e↵ect relationships are thus but
abbreviations for processes in physical systems so strongly driven out of thermal equilibrium
that they mostly only go one way.
Nevertheless, causal analysis is an important branch of statistics, describing the e↵ects
of interventions and answering questions of the “if-so-then-what?” character [8, 9, 10].
Interventions are then taken to be outside Nature, typically ascribed to a human agent, and
causality is thus distinct from statistical association studies. If person X is holding a glass
vase and person Y trips him over, then person X is quite likely to fall and break the vase.
However, we cannot know this for sure without observing the event as person X might for
instance be much larger and stronger than Y . Likewise, if we can deactivate enzyme E then
we can observe that a catalyzed reaction S1 ! S2 ceases, while if we can over-activate E then
the catalyzed reaction goes faster. This is the paradigm for how molecular biologists identify
interactions experimentally; good research practice and common sense hold that observing such
direct responses is a more reliable means to acquire knowledge than observing the variations of
E and the speed of the reaction S1 ! S2 in natural undisturbed conditions. For example, the
catalyzed reaction may be one in a series of reactions S1 ! S2 ! S3 ! S4 ! · · · , catalyzed by
enzymes E, E2 , E3 , . . . and the living cell may regulate the production of all these enzymes by
the availability of the first substrate S1 [11]. In this case E, E2 , E3 , . . . would all vary positively
with the speed of the reaction S1 ! S2 and only a direct experiment can determine which of
them actually does the job.
The first purpose of this paper is to show that there is a conceptual parallelism between
causal analysis in statistics and long-time response functions in physics. A main di↵erence
is interventions in causal analysis are assumed to have an immediate e↵ect while response
acts only over time. This means that causal analysis is (comparatively) easier to work with,
but is also further removed from physical reality. We point out that various computational
methods in statistical physics give access to physical response, and which can therefore serve
as basis for alternatives to causal analysis. The second purpose is to show how the tools of
message-passing/Belief Propagation, developed to analyze complex static interdependence, have
been generalized to describe dynamics with complex interactions, and then known as dynamic
cavity. Under suitable assumptions the dynamic cavity simplifies considerably the determination
long-time responses, which can hence be considered one specific alternative starting point of a
causal analysis. The paper is organized as follows. In Section 2 we describe in simple terms
causal analysis, following mainly [12]. In Section 3 we give a short summary of response theory
using Markov chains (synchronously updated spin systems) as our main example, and show the
parallelism to causal analysis. In Section 4 we describe dynamic cavity as a generalization of
message-passing/Belief Propagation to dynamic phenomena, and show that it can be used to
turn correlation-response into an alternative to causal analysis, for some systems. In Section 5
we sum up and discuss our results.
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2. Causal analysis
Statistical physicists are nowadays conversant with graphical models to describe probability
distributions [13, 14]. To explain causal analysis we will start with two very simple Bayesian
belief networks
(a)
Al Bl
! Cl and (b)
Al
! Bl
! Cl
(1)

where by Al! Blwe mean that random variable B is dependent on random variable A in
the ordinary sense of probability, and also that A (somehow) causes B. The dependency is
encoded in conditional probabilities PA|B (a|b) where a and b are values of A and B. The joint
probabilities of the three variables are in the two cases
Case (a)

PB (b)PA|B (a|b)PC|B (c|b) =

Case (b)

PA (a)PB|A (b|a)PC|B (c|b) =

PA,B (a, b)PC,B (c, b)
PB (b)
PA,B (a, b)PC,B (c, b)
PB (b)

where PB (b) is the marginal probability of variable B to take value b while PA,B (a, b) is the
marginal probability of the pair of variables A and B to take values a and b, and so on. We
assume for simplicity that P (b) is di↵erent from zero for all values b of B. Both Bayesian belief
networks encode the same joint probability; we cannot distinguish by co-variation whether A
causes B or B causes A. In the language of factor graphs this joint probability can alternatively
be described by a factor graph [15]
Al f
Bl g
Cl
(2)
h
with factors
f (a, b) = P (A = a, B = b)

g(c, b) = P (C = c, B = b)

h(b) = (P (B = b))

1

(3)

and

1
f (a, b)g(c, b)h(b)
(4)
Z
The partition function Z is determined by the interactions encoded by the factors of the factor
graph, and is in general difficult to compute for large models, but in the simple example
considered here it is obviously equal to one.
In both cases described above the joint probability of A and C conditioned on B is then
PA,B,C (a, b, c) =

PA,C|B (a, c|see(B = b)) =

PA,B (a, b)PC,B (c, b)
= PA|B (a|b)PC|B (c|b)
(PB (b))2

(5)

where we have introduced Pearl’s “see” notation [12]. To avoidPconfusion, let us note again that
P
(a,b,c)
PA|B (a|b) in above has its ordinary probabilistic meaning of P c PA,B,C
(a,b,c) and is the same in
A,B,C
a,c
both models.
If we intervene on B and set its value to b the two Belief networks lead to new joint
probabilities on the two remaining variables (A and C). In both cases A and C become
independent with probabilities depending parametrically on the set value b, which we can call
(B)
PA (a; b) (“the probability distribution of random variable A in the modified model where
(B)
variable B has been set to constant b”) and PC (c; b) (“the probability distribution of random
variable C in the modified model where variable B has been set to constant b”). Introducing
Pearl’s “do” notation [12] we then have
(B)

(B)

PA,C (a, c|do(B = b)) = PA (a; b)PC (c; b)
3

(6)
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and the dependencies can be illustrated as a (trivial) Bayesian network

or as an (equally trivial) factor graph

Al

Cl

e

d

Al

Cl

(7)

(8)

The two probability distributions are however not the same in the two cases.
(B)
(B)
In case (a) we have as numerical values PA (a; b) = PA|B (a|b) and PC (c; b) = PC|B (c|b),
because A and C are then both assumed to be caused by B; the factors in the factor graph
(8) are e = PA|B (a|b) and d = PC|B (c|b). For this case (5) and (6) hence describe the same
distribution.
(B)
In case (b) we also have PC (c; b) = PC|B (c|b), but for the other probability instead
(B)

PA (a; b) = PA (a) corresponding to a factor e = PA (a) in (8). This di↵erence is ultimately
what it means to interpret the arrows in (1) as causes: if A is a cause and B is an e↵ect
then A should be una↵ected by B, and in particular una↵ected by any outside intervention
on B. Therefore, whether or not there is any intervention on B, in case (b) the marginal
probability of A is and remains PA (a) and the “do” (6) is di↵erent from the “see” (5).
Expanding on the same point, in case (b) the “do-probability” PA,C (a, c|do(B = b)) can be
expressed in terms of probabilities observable before the intervention, namely as PA (a)PC|B (c|b),
but is not the same as the “see-probability” PA,C (a, c|see(B = b)) which is, for both cases,
PA|B (a|b)PC|B (c|b). The Kullback-Leibler distance between the two is (for this simple example)
P
P
(a|b)
KL(see(B = b)|do(B = b)) = a PA|B (a|b) log A|B
PA (a) , which generally is not zero.
We will now raise the abstraction level and following [12] define a general causal model M ,
also known as Structural Equation Model, as a set of exogenous variables U , a set of endogenous
variables V1 , . . . , VN , located in nodes 1, . . . , N in a graph G, for each node i a set of parent
nodes P Ai ⇢ {{1, . . . , N } \ i} and conditional probabilities Fi (Vi |VP Ai , U ). The structure of G is
determined by there being a link i ! j i↵ i 2 P Aj . Additionally one may include in the model
specifications a distribution P (U ) over the exogenous variables [12]. Each such model defines a
joint probability distribution of the endogenous variables as
PM (V1 , . . . , VN |U ) =

Y
1
Fi (Vi |VP Ai , U )
ZM (U )

(9)

i

If G is a Directed Acyclic Graph (DAG), so that dependencies cannot propagate in a loop,
clearly ZM (U ) = 1. The do operator is introduced by Pearl as:
Interventions and counterfactuals are defined through a mathematical operator called
do(x), which simulates physical interventions by deleting certain functions from the
model, replacing them with a constant X = x, while keeping the rest of the model
unchanged. The resulting model is denoted Mx . The post-intervention distribution
resulting from the action do(X = x) is given by the equation
PM (y|do(x)) = PMx (y)
Judea Pearl, “The Do-Calculus Revisited” (2012) [12]
It is useful to compare and contrast the do operation with the cavity method to be discussed in
more detail below in Section 4. Both modify a probabilistic model by eliminating one or more
variables, figuratively opening a hole (or cavity) in the factor graph. A first di↵erence is that
4
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in the cavity method the variable and all its interactions are eliminated as if they were never
there, while in a do operation the variable is set to a constant and the value of that constant
matters. Instead of (9) we thus have, taking X = Vk for some k,
Y
Y
1
PMvk =
Fi (Vi |VP Ai , U )
FiVk =vk (Vi |{VP Ai } \ Vk , U )
(10)
ZMvk (U ) i6=k
i6=k
k62VP A
i

k2VP A

i

where ZMvk is a new normalization constant and FiVk =vk is a new function obtained from Fi by
setting the variable Vk to the constant vk . Hence we can express the “see” and the “do” as
P (Vi |see(Vk = vk )) =

PM (Vi , Vk )
PM (Vk )

P (Vi |do(Vk = vk )) = PMvk (Vi )

(11)

which again shows how and why the two concepts di↵er. A graphical illustration of the do
operation is given in Fig. 1.
Y

Y

Z

Z
X

O

W

X=x

J

O
K

W

J
K

Figure 1. Illustration of the do operation. Left panel: a Bayesian belief network with a central node containing
variable X. Right panel: reduced Bayesian belief network after intervening on variable X setting it to value x.
Node containing X and outgoing links are indicated by dashed lines symbolizing that (10) depends parametrically
on x. Ingoing links to node containing X are eliminated together with random variable X which does not appear
in (10).

A second and more important di↵erence is that the do operation is formulated for Bayesian
belief networks of which (as we have seen) there can be many corresponding to the same joint
probability distribution. Under the operations do(X) for di↵erent X, each Bayesian belief
network (i.e. each direction of the arrows in Eq. (1)) hence specifies a di↵erent set of changes
of the joint probability distribution encoded in a factor graph.
An important question in causal analysis has been whether probabilities after an intervention,
i.e. PM (y|do(x)), y standing for any subset of the endogenous variables, can be determined from
observations before the intervention, i.e. from the set PM (z), z standing for some other subset.
When this is so one says that a causal e↵ect query is identifiable because it can be decided
(the probability PM (y|do(x)) estimated) from data obtained before an intervention. In both
the simple examples above this was the case, only the PM (y|do(x))’s were not the same. More
generally, a causal e↵ect query is always identifiable from passively observed PM (z), provided
that all variables in M are observed and G is known [10]. In less technical terms this last
statement means nothing else than given sufficient data one can in principle estimate conditional
probabilities, and given a direction of the arrows in a Bayesian belief network one can translate
this information into what the conditional probabilities will be in a modified model; the situation
is more complicated when some variables are unobserved (un-measured). The Do-Calculus of
Pearl consists of three rules for deciding identifiability when G is known and is a DAG, and some
of the variables are unobserved. The Do-Calculus can hence be used to determine (in perhaps
quite complex settings) whether a separate experiment is necessary, or if an hypothetical question
can be answered with the data already at hand.
5

International Meeting on High-Dimensional Data-Driven Science (HD3 -2015)
IOP Publishing
Journal of Physics: Conference Series 699 (2016) 012002
doi:10.1088/1742-6596/699/1/012002

3. Response Theory
At the basis of scientific mathematical philosophy is the idea that the regularities of the world are
best expressed by how it changes in time, famously stated by Newton to Leibniz as the anagram
6accdae13e↵7i319n4o4qrr4s8t12ux [16]. As discussed in Introduction, cause-e↵ect relationships
in Physics are only short-hand descriptions of situations where some object or process A partly
(or wholly) determines the (deterministic or probabilistic) rate of change of some other object or
process B. Such time-ordered relationships are often assumed in Econometrics and then (given
quite strong technical restrictions) referred to as Granger-causation or G-causation [17]. They
also appear in informal discussions of causal analysis as e.g. in “the current causes the voltage
to drop across the resistor” – in physical terms the current is a response to a non-equilibrium
initial state (a voltage di↵erence across a capacitor) and the rate of change of the voltage is
proportional to the current, the proportionality being the capacitance. A bit more abstractly
one can say “reckless driving causes accidents” if one takes accidents to be random events the
frequency of which depend positively on “recklessness”; when that changes over time one expects
the aggregate number of accidents to follow, with some delay. Other phrases expressing causality
such as “you will fail this course because of your laziness” have a clear time separation in their
grammatical structure indicating that the e↵ect is understood to come after the cause 2 .
Let us therefore substitute the Bayesian belief network in Section 2 by a minimal model
encoding the same dependencies as a probabilistic evolution law:
P (V1 (t), . . . , VN (t)) =

N
Y

Fi (Vi (t)|VP Ai (t

1))P (V1 (t

1), . . . , VN (t

1))

(12)

i=1

The notation is here the same as in (9) except that the variables are now indexed by time (t)
and a possible dependence on exogenous variables has been suppressed. Up to the technical
simplification of synchronous dynamics, (12) is a prototype for a physically realistic mutual
dependency. It could be realized in a biological regulatory system, say in a signal transduction
network, where the cause-e↵ect relationship between P Ai and Vi would have the underlying
mechanistic interpretation of P Ai being the kinases, phosphatases and other enzymes catalyzing
the phosphorylation, de-phosphorylation and other modifications to unit i. The endogenous
variables U are then concentrations of molecules at constant concentrations, which could be
sugars and other carbon sources for bacteria, or hormones and other signaling molecules in
multi-cellular organisms. For long times the probability distribution in (12) would then reach
stationary state which we will denote
P ⇤ (V1 , . . . , VN |U ) = lim P (V1 (t), . . . , VN (t)|U )
t!1

(13)

Since P ⇤ in (12) is at least as realistic as P in (9) as a representation of how the endogenous
variables depend on the exogenous variables we could also use it to define an analogy of the do
operation. We can thus set
⇤
⇤
PM
(y|do(x = X)) = PM
(y)
(14)
x
where the right-hand side is interpreted as the long-time response of the system to intervention
on X.
In Physics a response function related to a generic quantity Vi (t) is normally defined in the
linear regime as Rij (t, t0 ) = h@Vi (t)/@Hj (t0 )i where Hj (t0 ) is a general parameter which can be
varied within the system. An example, in ferromagnetic systems, is the susceptibility function
0
0
ij (t, t ) = h@Mi (t)/@Hj (t )i which gives the change in the local magnetization Mi (t) on site i at
2

All these three example phrases are taken from the introduction to [8], one of the first modern papers on causal
analysis in statistics.
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time t due to an impulse change of an external field Hj (t0 ) acting on a di↵erent site j at an earlier
time t0 . The response is then proportional to the (small) change Hj (t0 ), the proportionality
being the response kernel K(t, t0 ). One may also consider the response to a finite step-like
change [18] and the do operation defined by (14) is clearly of this more general type.
We can therefore now state the first result of this paper: any means to efficiently solve for
the stationary state of (12), before and after intervention, can be the basis for an alternative to
standard causal analysis. We will below in Section 4 highlight the possibilities recently opened
by dynamic cavity, but the statement is more general. Monte Carlo methods [19, 20], mean-field
methods [21], exact results on the SSEP model and analogous systems [22], macroscopic
fluctuation theory [23], generating functions expansions [24], and any other general or specialized
method to analyze (12) can be used as building blocks for a causal reasoning which includes the
notion of time and time delays, and which is thus more natural from the physical point of view,
and closer to common sense.
We end by noting that a great deal is known about response functions for systems
near thermodynamic equilibrium where they are related to correlation functions through the
Fluctuation-Dissipation-Theorem, which generically takes the form [25, 26]
Z ⌧
1
[C(⌧ = 0) C(⌧ )] =
R(⌧ 0 )d⌧ 0
(15)
T
0
where ⌧ = t
t0 , time translational invariance is assumed, and T is temperature. The
left-hand side of above is measured in the unperturbed system and the right hand side in the
perturbed system. Causal e↵ect queries are therefore always identifiable in systems at or near
thermodynamic equilibrium from observing no more than the correlation between the variable
which is set and the variable one wants to predict. This relation between correlation and response
has been used to improve network inference [27]. A formula analogous to (15) also exists far
from equilibrium [18] but as it requires as input the gradient of the stationary state with respect
to the parameter it is only useful when that stationary state can be determined.
4. Dynamic cavity
In this section we describe how the techniques now generally called message-passing or Belief
Propagation can be generalized to analyze evolution laws like (12). Message-passing techniques
have been invented independently in di↵erent fields [13, 15]. In Physics they are also known
as the cavity method [14], and usually traced back to [28]. Their purpose is to compute
marginal probabilities over some (usually small) subset of variables in a probabilistic model
described by a factor graph which is done by storing partial computations in nodes representing
the variables and then forwarding such partial results to neighbors in the graph for further
processing. Message-passing converges and is exact if the underlying graph is a tree but also
often converges and is a very good approximation if the underlying graph has only long loops,
a fact that has many theoretical and practical applications in coding theory and elsewhere [14].
The fixed points of the algorithms correspond to stationary points under variation of the Bethe
approximation to the free energy in the corresponding statistical mechanics problem [13, 14].
Situations where the message-passing equations have more than one fixed point are outside the
scope of this brief presentation and their analogues have (to our knowledge) not been studied
for the dynamic cavity described below.
Our point of departure is now the observation that the dynamics (12) naturally leads to a
probability distribution on variable histories
P (X1 , . . . , XN ) = P (V1 (0), . . . , VN (0))

T Y
N
Y
t=1 i=1

7

Fi (Vi (t)|VP Ai (t

1))

(16)
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where Xi = {Vi (0), . . . , Vi (T )} for i = 1, . . . , N . Before continuing, let us note that if the
variables are Boolean and take values { 1, 1} (“spins”) then (12) specifies a dynamics of
a spin system under synchronous updates,
if further all the
⇣
⇣and P
⌘⌘ transition probabilities of
the type Fi (Vi (t)|VP Ai (t 1)) / exp Vi (t) hi + j Jij Vj (t 1)
are known as the Kinetic
Ising model [29]. The parent set VP Ai is then comprised of the variables Vj for which Jij is
non-zero.
⇣P WhenPJij = Jji for
⌘ all pairs (i, j) the system has a stationary state P (V1 , . . . , VN ) /
exp
and (12) then simulates a system in thermal equilibrium, albeit
i hi V i +
ij Jij Vi Vj
under the somewhat unphysical synchronous update rule. In the more general case when
Jij 6= Jji , and in particular for fully asymmetric models where Jij can only be non-zero when
Jji equals to zero, (12) on the other hand simulates a non-equilibrium system. The stationary
probability distribution of such a physical system naturally depends on the exact update rule;
we will briefly comment on this issue in Section 5 below.
The first result on reducing the complexity of (16) dates back almost thirty years [30] and
pertains to fully asymmetric models. For these an influence Xj ! Xi must traverse a loop in
G to get back to Xj , and when there are no loops, or when these can otherwise be disregarded,
the marginal probability of Xj is independent of Xi . This leads to simple equation for the
marginalization over a single variable and and single time, namely
X
Y
Pi (Vi , t) =
Fi (Vi |VP Ai )
Pj (Vj , t 1)
(Fully asymmetric)
(17)
Vj 2P Ai

j

We now generalize a bit and assume that the dependency graph G has the property associated
with the e↵ectiveness of standard message-passing i.e. that it is a tree, or at least locally tree-like.
That is, we assume that one cannot form circular dependency chains i ! j ! k ! · · · ! i
where Vi 2 P Aj , Vj 2 P Ak , . . . 2 P Ai unless either somewhere the chain backtracks as
· · · j ! k ! j ! · · · or the chain is long, on the order of the graph diameter of G. The
term “dynamic cavity” was introduced in [31] for such situations where it was used to obtain
rigorous bounds on the consensus threshold for the majority dynamics. Methods have later
been developed to treat, in principle exactly, such problems when the dynamical law is modified
to only allow transitions in one direction [32, 33]. An important step was taken in [34] where
marginals in a stationary state were computed approximately based on an ansatz, recently
extended to also cover transient phenomena [35, 36]. The main problem is then that even when
the dependency graph G of the dynamics in (12) is locally tree-like this is not the case for
dependencies in (16) due to “loops-in-time”. These dependencies have been resolved by a graph
expansion technique [32, 33, 35] as we will now explain.
First, as for the Kinetic Ising model it is often convenient to define transition functions only
up to a normalization
Fi (Vi |VP Ai ) / exp (ri (Vi , VP Ai )). The normalization constant is then
P
Ni (VP Ai ) = Vi exp (ri (Vi , VP Ai )), a function that does not depend explicitly on Vi . Assuming
further for simplicity that interaction functions ri are only pair-wise the dependency graph can
be illustrated as in Fig. 2. The model defined on variable histories, (16), now has short-loop
dependencies even if the graph G itself does not. This can be seen by tracing the dependency
of one of these variable, say Xi = {Vi (0), . . . , Vi (T )}. Pick a time t and note that Vi (t) depends
on Vj (t 1) for all j 2 P Ai . Then pick two of these variables Xj and Xk such that i 2 P Aj and
i 2 P Ak , then Vj (t 1) and Vk (t 1) both depend on Vi (t 2). At the same time Vj (t 1) and
Vk (t 1) are however also dependent through the normalization Ni (VP Ai ), and Xi , Xj and Xk
are therefore connected in a dependency loop of length three.
While there are many approaches to get rid of loops in factor graphs we will use one which is
well adapted to the dynamics. For every pair i and j such that Vi 2 P Aj (whether or not also
(ij)
(ij)
(ij)
Vj 2 P Ai ) we introduce a new compound variable (Xi , Xj ) interpreted as “variable Xi of
8
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Figure 2. A tree-like dependency graph with the normalization constants in the transition functions split o↵ as
separate factor nodes (boxes). It has been assumed that the dependencies are not fully asymmetric so that when
node i depends on node j, node j in general also depends on node i. Dependencies between nodes (in general
mutual) are indicated by (undirected) lines. In the kinetic model loops emerge from variables at di↵erent times
in (16).

(ij)

type Xi belonging to link (i, j) and Xj

of type Xj also belonging to link (i, j)” 3 . Introducing
(ij)

now the consistency requirement that the variables Xi take the same value for all the links
(i, j) where this type of variable is found we can rewrite (16) as
(ij)
(ij)
P ({Xi , Xj })

= Pinit ·
·

T Y
Y

(t

1)}j2P Ai )

t=1 i

T Y
Y
t=1 i

(ij)

Fi (Vi (t)|{Vj

1V (ij1 ) (t)=V (ij2 ) (t)=...
i

(18)

i

where Pinit is the probability distribution on the initial conditions translated to the new
(ij)
(ij)
variables, Vj (t) are the restrictions of the variables Xj to a single time t and Vi (t) is any
(ij)

suitable average of the Vi (t) for di↵erent j [35]. The graph expansion is illustrated in Fig. 3.
Introducing messages in the standard way and summing out the consistency conditions we thus
arrive at [35]
(ij)

mi!(ij) (Xi

(ij)

, Xj

)/

X

(ik)
{Xk }

(ij)
(ij)
(ik)
i (Xi , Xj , {Xk })

Y

(ik)

mk!(ik) (Xk

(ij)

, Xi

)

(19)

k2@i\j

QT
where i (Xi , Xj , {Xk }) =
1), {Vk (t
1)}k2P Ai \j ). Equation (19) are
t=1 Fi (Vi (t)|Vj (t
the dynamic cavity update equations corresponding to the ordinary cavity update equations
applied to the model (16) on variable histories. A trace of the dynamic origin remains
3

To be precise the two parts of the compound variable are distinguished by their index (i or j) and not by
their order in the pair. When a message is to be transmitted from i to j they are naturally read in the order
(ij)
(ij)
(ij)
(ij)
(Xi , Xj ) while if the message is transmitted in the opposite direction the natural order is (Xj , Xi ).
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Figure 3. Auxiliary graph obtained from a part of Fig. 2 where loops have been removed by a graph expansion
procedure. The new variable nodes contain histories of two variables that were neighbors in the original graph
while new factor nodes (one per each old variable node) contain both the transition functions and the consistency
conditions.
(ij)

in that the probability mi!(ij) (Xi
(ij)
Xi
(ij)0
Xj

(ij)

, Xj

) can be taken to depend on the full history

(ij)
(ij)
{Vi (0), . . . , Vi (T )}
(ij)
(ij)
{Vj (0), . . . , Vj (T

=
of the first argument, but only a one unit shorter history
=
1)} of the second argument. For a discussion as well as a
description of the analogous dynamic cavity output equations, see [35]. To make (19) practical
further assumptions are needed, to close the iterations in a low-dimensional subspace of the
(ij)
(ij)
functions mi!(ij) (Xi , Xj ). In [35] good results were reported based on closure in the class
of 1-step Markov processes, leading to schemes not much more complicated than (17) while
in [36] even better results were reported from a more involved procedure. The field is in active
development and likely even better approximations will appear in the near future.
⇤
We will now take the point of view that the probabilities P ⇤ and PM
in (13) and (14)
x
are efficiently computable and ask what are the implications for causal analysis. First, the
assumption of synchronous updates is unrealistic in most natural systems but certainly no more
than the assumption of instantaneous dependence made in (9). In most problems where an
underlying mechanistic explanation is conceivable “causes” are ultimately to be interpreted as
variables influencing transition rates, and the simplest example of such dynamics is (12). In
stationary state an underlying explanation, which one could call “mechanistic causes”, leads
to a joint probability distribution P ⇤ with generally many more dependencies. That is, there
will be one (directed) dependency graph G describing the probabilistic evolution law (12) and
another (undirected) factor graph F describing the probability P ⇤ in (13), and F will almost
always be (much) larger and (much) richer than G. For a worked-out example of such an e↵ect,
in the relaxation towards equilibrium of the Kinetic Ising model on a 1D lattice [29], see [37].
5. Summary and discussion
We have given a brief introduction to causal analysis and discussed how it extends the tools of
factor graphs and probabilistic models to describe outside interventions that change the models
themselves. We have compared and contrasted causal analysis to the analysis of dynamic
processes by physical response theory and pointed out the possibilities recently opened up
through dynamic cavity.
Causal analysis considers causal relationships to be the fundamental building blocks of
reality [10] and aims to discover which are these casual dependencies in the system under
investigation (usually DAG networks). Although this certainly is a fascinating goal, it is at odds
with physical theory which does not admit causes and e↵ects in the philosophical sense on the
fundamental level, but only for macroscopic (irreversible) processes. For such processes the flow
of time is however essential, and causes are thus naturally understood as variables influencing
transition rates between various states in a system. The stationary states of such processes
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are normally quite complicated reflecting not only dependencies in the transition rates, but
also chains of such dependencies of arbitrary length, the only major exception being systems
in thermodynamic equilibrium. Therefore, great caution is called for when interpreting the
results of causal analysis as causes in an everyday sense. The mechanisms identified by causal
analysis include (except in thermal equilibrium) both underlying direct e↵ects and many kinds
of indirect e↵ects where the setting of one variable influences the behavior of another at a later
time through one or many intermediaries.
The major advantage of causal analysis is instead in its relative simplicity of its basic ansatz.
Up to recent times few methods except Monte Carlo were available to analyze the dynamics
of non-equilibrium systems, and determining their stationary states was therefore laborious.
Several techniques may however now give access to non-equilibrium stationary states including
improved Monte Carlo harnessing advances in algorithms and hardware, and mean-field methods
and other analytical or semi-analytical methods as discussed above. We have discussed that
when the interactions are arranged on a tree, but are not strictly one-way, the dynamic cavity
method has emerged as a new alternative yielding quite accurate estimates at comparatively
low computational costs. Many major issues however remain to be solved in that approach,
the most important one perhaps being how to extend the dynamic cavity (if this is possible) to
continuous-time processes.
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Neri I and Bollé D 2009 The cavity approach to parallel dynamics of Ising spins on a graph J. Stat. Mech.
P08009
Ferraro G D and Aurell E 2015 Dynamic message-passing approach for kinetic spin models with reversible
dynamics Phys. Rev. E 92, 010102
Barthel T, Bacco C D and Franz S 2015 A matrix product algorithm for stochastic dynamics on locally
tree-like graphs Preprint arXiv:1508.03295
Ferraro G D and Aurell E 2014 Perturbative large deviation analysis of non-equilibrium dynamics J. Phys.
Soc. Japan 83 084001

12

