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Abstract
This work deals with the computational setup, simulation
and analysis of turbulent flow through developing bent pipes.
Specifically the effect of swirl-switching for the Dean vor-
tices is analysed. A synthetic turbulent inflow condition
is implemented and validated. Simulations are carried out
with full resolution of the turbulent spatial and temporal
scales.
The flow is analysed by means of a two- and three-dimensional
proper orthogonal decomposition method (POD) to identify
energetically dominant, independent coherent structures in
the flow. For the first time, results show the spatially travel-
ling character of the swirl-switching phenomenon. Moreover,
additional results are found to agree with existing experi-
mental research and are related with the newly found ones.
Thereby, weaknesses of the previous approaches are iden-
tified. The current results may provide a route towards
low-order modelling of the flow in bent pipes.





Referat
Om swirl-switching i ett böjt rörflöde med

direkt numerisk simulering

Detta arbete behandlar beräkningssimulering och analys
av turbulent flöde genom böjda rör. Specifikt analyseras
effekten av swirl-switching för Dean vortices, därför im-
plementeras och valideras ett syntetisk turbulent inflödes
randvillkor. Simuleringar genomförs i full upplösning av de
turbulenta skalor.
Flödesfältet analyseras med hjälp av en proper orthogonal
decomposition metod (POD) för att identifiera energetiskt
dominanta, oberoende koherenta strukturer i flödet. För
första gången visar resultatet att swirl-switching fenomenet
baseras på en rörande våg. Vidare överrensstämmer ytterli-
gare resultat med befintlig experimentell forskning samtidigt
som de passar in med de nyfunna resultaten. Därigenom är
svagheterna i den tidigare experimentella metoden identifie-
rade. De aktuella resultaten kan ge en väg mot låg ordning
modellering av flödet i böjda rör.





Contents

1 Introduction 1
1.1 Previous work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Physics of turbulent bent pipe flow 5
2.1 Wall bounded turbulent flow . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Bent pipes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Swirl-switching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Methodology 11
3.1 Spectral element method . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Direct numerical simulation . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Divergence-free synthetic eddy method . . . . . . . . . . . . . . . . . 14
3.4 Proper orthogonal decomposition . . . . . . . . . . . . . . . . . . . . 19

4 Results 23
4.1 Validation of the DFSEM . . . . . . . . . . . . . . . . . . . . . . . . 23
4.2 Mean flow in bent pipes . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.3 Proper orthogonal decomposition . . . . . . . . . . . . . . . . . . . . 32

4.3.1 2D POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5 Discussion 43
5.1 DFSEM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.2 Developing bent pipe . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.2.1 2D and 3D POD . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.3 Conclusion & outlook . . . . . . . . . . . . . . . . . . . . . . . . . . 45

Bibliography 49





Chapter 1

Introduction

Daily human life is surrounded by fluid flow and we are strongly dependent on it,
consider e.g. the air we breath or the water we drink. The experimental description
and research on flow behaviour is thus of vital importance and has a long tradition
in classical continuum mechanics. The de facto standard technique for transporting
fluids, i.e. gases and liquids, is pipe flow, and it is involved in many technical
processes. Consider e.g. household water supply, car engines or heat exchangers but
also coronary blood flow.

Sooner or later, one can not get around bending the pipe in its flow axis, like
all of the mentioned examples and most of industrial applications of pipe flow do
so to somehow achieve the transport target. These bends introduce a centrifugal
force onto the flowing medium and in the developing fluid flow through bent pipes
certain patterns can be observed. Specifically, further downstream from bends two
large counter-rotating vortex structures, the so-called Dean vortices, are noticed and
have been widely reported in the literature [Dea27]. Moreover, it has been found
that these vortices change their size, intensity and symmetry-axis in an oscillatory
manner along the flow. This oscillating effect is called swirl-switching and is one
reason for vibration-induced mechanical pipe fatigue.

It has been noticed that this effect appears only in turbulent flow [TH68], but
the actual origin of the oscillatory vortex-switching motion cannot be explained
satisfactory. There have been experiments which indicate that the effect stems
from flow perturbations upstream of the bend, e.g. [SM12]. The swirl-switching
could be eliminated by inserting a flow-stabilising honeycomb filter at the inflow –
according to the measuring equipment at few downstream locations [KVÖA15]. In
contrast, there were also computational simulations carried out for the flow through
toroidal pipe flow, i.e. curved pipe flow without a straight inflow segment, and the
swirl-switching could also be observed there [NS16].

It is thus the aim of this thesis to conduct further analysis on the source of
the swirl-switching. Therefore, a direct numerical simulation (DNS) is set up and
conducted with different pipe curvatures on a developing pipe with straight in- and
outflow sections. One method to determine the dominant structures of the flow
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CHAPTER 1. INTRODUCTION

oscillations is the proper orthogonal decomposition (POD) method. It has been
applied previously in the same research area and promises reliable conclusions from
the simulation results.

To ensure that no oscillations are introduced accidentally in the upstream pipe,
a synthetic, statistical turbulent inflow condition is used, in contrast to the common
recycling inflow condition, which reuses simulation results from a periodic straight
pipe. This method is the so called divergence-free synthetic eddy method. With
known time-averaged distribution of turbulent intensity in a pipe, it is possible
to synthetically prescribe turbulence, which then takes a short transition length to
converge to fully developed turbulence statistics, in comparison to the transition
length after an uncorrelated random perturbation.

The simulations in this work are implemented and run with the nek5000-
framework [FLK08]. As such, this thesis includes not only the implementation
of the simulation through a bent pipe and its analysis, but also the implementation
and validation of the mentioned inflow condition. Most importantly this work aims
for a detailed, three dimensional description of the swirl-switching mechanism in a
developing bent pipe.

1.1 Previous work

This section covers the results of previous works on bent pipe flow and uses a few
definitions of turbulent fluid mechanics, which are covered in detail in Chapter 2.

The first record of the secondary motion on top of Dean vortices was published
in 1968 by Tunstall and Harvey [TH68]. The authors conducted experiments with
turbulent pipe flow through sharp 90°-bends and visualised the behaviour with
a small gold-shim flag placed between golden contacts downstream of the bend.
The motion was described as a repeating spontaneous, abrupt change between two
respectively stable states of one single vortex. They noticed the effect appeared only
in turbulent flow and ascribed its origin to the separation area forming after the
elbow-bend and to upstream flow perturbations.

In another experiment conducted by Brücker [Brü98], the downstream devel-
opment of the motion was captured and described by Particle-Image-Velocimetry
(PIV) for the first time. Brücker noticed that the Dean vortices were periodically
alternating between a widening and thinning in size of respectively each other. They
do so in a rocking manner, see [KVÖA16]. Also, Brücker first introduced the term
swirl-switching.

In 2005 Rütten et al. [RSM05] published the result of large eddy simulations
(LES) that simulated turbulent bent pipe flow through mildly and strongly bent
pipes. Their finding was that swirl-switching also occurs without flow separation.
Therefore, they could conclude that separation at the bend can not be the cause of
the swirl-switching. Furthermore, they described the swirl-switching as a smooth,
rolling motion in contrast to the abrupt manner mentioned above. It is worth
noticing that also these authors did not observe the presence of a single vortex
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oscillating in orientation, but the alternating domination of one of the two Dean
vortices. This master’s thesis can be understood as a re-visit of that LES, with
improved numerical resolution, a different inflow technique and different analysis.

A well known analysis technique and eduction-tool to separate large-scale streaks
from the turbulent, chaotic small scale fluctuations of the velocity field is the proper
orthogonal decomposition, which decomposes the flow into respectively orthogonal
modes in decreasing order of kinetic energy, see Section 3.4. It was used — among
others, e.g. [SH10] — by Hellström et al. [HZCS13] who also conducted experiments
on strongly bent pipes. In their respective studies these authors found again a single
vortex spanning the entire bent pipe as most energetic fluctuating mode, while
in [HZCS13] a much higher oscillation frequency was reported in comparison to
the previous studies. This led these authors to conclude that the vortex switching
originates from large scale upstream structures, i.e. (small) perturbations of the flow
before even entering the bend. Similar conclusions were drawn by Sakakibara and
Machida in [SM12].

Additionally, in an attempt to control the swirl-switching, Kalpakli Vester et al.
[KVÖA15] mounted a honeycomb filter in the pipe inlet to stabilise the inflow. They
could observe a breakdown of the Dean vortices, which were then no longer present
in the most energetic POD mode one pipe diameter after the bend. However, it
turned out that the vortices and the swirl-switching phenomenon redevelop further
downstream. As such, the honeycomb had at least a delaying effect, strongly
suggesting a relationship between upstream perturbations of the flow and the origin
of the swirl-switching. In their reference case without honeycomb filter these authors
also observed the single swirl as most energetic POD mode. In an earlier work
[KÖ13] the same authors could find the single-cell as second-most dominant mode.
Moreover, Carlsson et al. [CAF15] performed a LES which aimed at relating the origin
of the swirl-switching to very large scale motions (VLSM, [KA99]) in the upstream.
However, the characteristic appearance frequency of the reported structures was
directly proportional to the inverse of the straight pipe length, which the authors
used to generate (recycling) inflow data for the bent section. Thus, their conclusion
cannot be considered reliable.

Furthermore, there has been a direct numerical simulation of the turbulent flow
through an infinitely bent pipe, i.e. a torus with periodic in- & outflow condition by
Noorani and Schlatter [NS16]. As these authors could also observe the swirl-switching
there, they conclude that neither flow separation nor upstream correlations can be
the sole cause for the swirl-switching. In the periodic, infinite geometry no upstream
section or flow separation is possible. A recent study showed the unconditional
instability of the flow in a toroidal pipe [CSÖ16]. Additionally, Noorani and Schlatter
could not observe a dominant single-swirl mode, but vortex pairs. In contrast, the
bent pipe considered in this work is spatially developing. It will, however, be
compared to the results of the torus.

It thus remains unclear how the vortex switching originates, whether the sec-
ondary flow is dominated by a single vortex cell or two tilted (Dean) vortices and how
the alternating behaviour looks. A detailed collection of results on swirl-switching
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CHAPTER 1. INTRODUCTION

and the influence of parameters like the Reynolds number or bend curvature can be
found in the review by Kalpakli et al. [KVÖA16].

One example for the direct industrial relevance of the swirl-switching was de-
scribed in [YTM+11] which evaluates the vibrations induced onto the cooling system
of a nuclear reactor. However, their setup is composed of multiple consecutive elbow
bends and thus not suitable for comparison in this work. Furthermore, Tunstall et al.
recently published a LES study of thermal, turbulent pipe flow along a T-junction
[TLPS16]. These authors used the same synthetic inflow condition and researched
the effect of turbulent mixing and oscillating thermal stress in relation with the flow
after a bend which affects material fatigue.

1.2 Outline
It is thus the aim of this work to improve the understanding of the swirl-switching
mechanism. Therefore, the subsequent Chapter 2 will recapitulate the relevant
physics and flow parameters.
Following that, the numerical methods, namely the spectral element method, direct
numerical simulation, the inflow condition and proper orthogonal decomposition are
covered in Chapter 3. Chapter 4 presents the results of the simulations and the
analysis, which are then successively discussed in Chapter 5.
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Chapter 2

Physics of turbulent bent pipe flow

2.1 Wall bounded turbulent flow
The motion of incompressible fluid flow is governed by the Navier–Stokes equations
(NSE)

∂u

∂t
+ (u · ∇)u = −∇p+ 1

Reb
∇2u+ f (2.1)

∇ · u = 0, (2.2)

where u = ~u(~x, t) is the velocity vector in space and time, p = p(~x, t) the pressure1

and Reb the bulk Reynolds number, defined as Reb = 2RUb/ν. Here, R is the pipe
radius, ν the kinematic fluid viscosity and

Ub = 1
R2π

∫ R

0
2πru · ẑdr

the bulk velocity in streamwise direction ẑ. f represents a body force.
The dimensionless Reynolds number classifies different flow regimes, where

for Reb < 2000 the flow remains laminar, between 2000 < Reb < 4000 it enters
a transition2 region and for Reb > 4000 pipe flow is considered fully turbulent.
Turbulent flow is characterised by strong, irregular fluctuations in velocity and
pressure, as well as high momentum transport and in general being three-dimensional
and highly chaotic in contrast to ordered, laminar flow. Figure 2.1 shows the
instantaneous velocity of a turbulent pipe flow.

Furthermore, many length- and time scales are involved in turbulent flow ranging
from vortices the size of the system (e.g. pipe diameter) to the smallest possible eddies
(Kolmogorov length scale), which get dissipated into heat via viscosity. Typically,
one finds an energy cascade from the large integral scales induced by the mean
flow, through the inertial range where energy is transferred from larger to smaller

1Note that the NSE are given in dimensionless form here, therefore the density ρ is dropped.
This work is following the notation in [DFM02].

2The precise limit for the onset of turbulence is Reb = 2040 ± 10, see [AMdL+11].
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CHAPTER 2. PHYSICS OF TURBULENT BENT PIPE FLOW

Figure 2.1: Velocity magnitude of a fully turbulent flow through a straight
pipe at Reb = 11700, unity diameter and unity bulk velocity. Streamwise
(top) and cross-stream (bottom) planes are shown.

eddies via vortex stretching and -tilting3, towards the dissipative scales of the viscous
sublayer.

Note also that close to streamwise walls the time-averaged velocity grows propor-
tional to the wall-normal distance. Starting with a no-slip condition, in the ultimate
near-wall region (viscous sublayer) the velocity relates linearly to the wall distance
while, after crossing a buffer layer, the mean velocity scales with the logarithm of the
wall distance, i.e. following the logarithmic law of the wall [Pop01]. Moreover, close
to the wall turbulence takes the form of streamwise elongated, anisotropic structures,
see e.g. [SÖL+11], while further away in the free stream turbulent structures behave
statistically isotropic.

The aforementioned decomposition of the velocity signal into a time-averaged
mean and a fluctuating part is widespread in turbulence research and will be used
later on. For an instantaneous velocity u(x, t) it holds that

u(x, t) = U(x) + u′(x, t) (2.3)

where u′(x, t) fluctuates around the mean

U(x) = 1
T

∫ T

0
u(x, t)dt. (2.4)

3This process happens according to the famous Kolmogorov 5/3-power law [Pop01].
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In most cases only information about time-averaged velocity signals4 is meaningful
for comparison, where the fluctuations are given by their root-mean-square (RMS).

A thorough reference for turbulent flow is found in [Pop01].

2.2 Bent pipes
In bent pipe flow there will be the additional contribution of centrifugal force to the
fluid which leads to the formation of two large, counter-rotating vortex-structures.
These vortices rotate away from the bend axis in the core of the pipe and backwards
along the pipe walls, as sketched in Figure 2.2. The net motion of a tracer particle
in the flow through a bent pipe will describe a curved helical path. In laminar flows
this effect is symmetric along the bend symmetry plane.

Figure 2.2: Sketch of the Dean vortices
in laminar flow. I and O denote the
inside respectively outside of the bend.

The first researcher to describe these
vortices analytically was Dean in [Dea27]
[Dea28], hence the name Dean vortices. This
secondary motion leads to increased momen-
tum diffusion in the fluid, which can be bene-
ficial e.g. for applications in heat exchangers
and mixers, but also disadvantageous as it
leads to increased pressure loss. To continue,
we define the parameter δ for bent pipe cur-
vature as the ratio of pipe radius to bend
centreline radius

δ = R

Rc
. (2.5)

Further we note the inflow length Li, outflow
length Lo and the bend angle θ as relevant
parameters to describe our geometries, see
also Figure 2.3. This work however covers only 90° degree bends, although the
simulation code is readily implemented for arbitrary bend angles.

Dean also introduced the dimensionless parameter De =
√
δRe to compare

different bent pipe experiments. However, one has to be cautious when employing it
for larger curvatures or Reynolds numbers (De > 956, [DN82]), as the transition of
the flow to turbulence leads to additional secondary flow patterns. Additionally, a
strong curvature leads to flow separation in the bend which will additionally influence
the downstream development, for instance the δ = 1, θ = 90° bend in [TH68] clearly
had a separation bubble, while the δ = 1/6, θ = 90° case of [RSM05] did not present
separation. We use the term strong curvature in this work for δ ≥ 0.3.

Note that the simulations in this work were conducted on a cartesian coordinate
system, which is advantageous over a cylindrical system, as one avoids the singularity
in the origin, although a cylindrical formulation would be more convenient for pipe

4Note that capital letters will be used to denote time averaged quantities throughout this work
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CHAPTER 2. PHYSICS OF TURBULENT BENT PIPE FLOW

Figure 2.3: Sketch of a bent pipe. Here with curvature of δ = R/Rc =
0.3, Li = Lo = 4R, θ = 70°. I respectively O denote the inside resp.
Outside of the bend.

simulations. In spite of the used cartesian system, the results in this work are
presented in the following, bent cylindrical (R,Φ,S) coordinate system. R denotes
the radial distance from the pipe centreline r = 0 to the wall r = R. Φ is the
azimuthal coordinate where its origin ϕ = 0 is set to be at the inside of the bend,
precisely in the symmetry plane and S is the centreline distance along the pipe;
its origin s = 0 is defined to be at the bend exit, increasing in flow direction, cf.
Figure 2.3. Accordingly the components of the velocity vector are referred to as
following u =

[
ur uϕ us

]>
.

Furthermore, the following conventions are used: spanwise refers to the direction
in- and outward of the bend symmetry plane, i.e. ϕ = 0 and ϕ = π. In-/outward if
not stated otherwise is used with respect to the bend axis. All cross-sectional plots
are shown with the bend-inside on the left side. Hence, the Dean vortices rotate
outward across the core of the pipe to the right of the respective plot, cf. Figure 2.2.
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2.3. SWIRL-SWITCHING

2.3 Swirl-switching
As reported first in [TH68] it has been found that in turbulent flow the Dean vortices
change their size, intensity and centre-axis in a time-oscillatory manner, cf. Figure 2.4.
This oscillating effect is called swirl-switching and is one reason for mechanical pipe
fatigue. The swirl-switching is known as a time-periodic process, such that in the
time-averaged mean flow only the Dean vortices are visible, which are symmetric
across the bend plane, while the instantaneous velocity exhibits the anti-symmetric
swirl-switching. Various studies have tried to describe and elucidate the fundamental
pattern and shape of the swirl-switching phenomenon in two-dimensional cross-
sections after pipe bends. Furthermore, a description of three-dimensional effects has
been shown for the idealised geometry of a torus, specifically a streamwise travelling
character of the swirl-switching [NS16].

Figure 2.4: Oscillation of the Dean vortices. Taken from [NS16].

A number of largely varying results for the characteristic frequency f of the
swirl-switching has been reported. These are described by the Strouhal number, see
Table 2.1,

St = f
2R
Ub
.

Author Reb δ St
Tunstall and Harvey [TH68] 40000− 220000 1 0.001− 0.004
Brücker [Brü98] 5000 0.5 0.03 & 0.12
Sakakibara et al. [SH10] 120000 0.75 0.07
Hellström et al. [HZCS13] 25000 0.5 0.16 & 0.33
Noorani and Schlatter [NS16] 11700 0.3 0.087

Table 2.1: Different results for the Strouhal number St.
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Chapter 3

Methodology

3.1 Spectral element method
The Navier–Stokes equations are discretised in space with a spectral element method,
i.e. a high-order weighted residual technique that essentially combines the advantages
of finite element methods (geometrical flexibility) with those of spectral methods
(high level of accuracy).

To solve the NSE numerically in space Ω ⊂ R3 its weak form is considered, i.e.
we look for (u, p) ∈X × Z such that

∂

∂t
〈v,u〉+〈v,u · ∇u〉 = 〈∇ · v, p〉− 1

Reb
〈∇v,∇u〉+〈v,f〉 , ∀v ∈ H1

0 (Ω)3 (3.1a)

−〈q,∇ · u〉 = 0, ∀q ∈ Z, (3.1b)

with the trial space X := H1(Ω)3 being a Sobolev space of vector functions with
inhomogeneous boundary on ∂ΩD and the inner product 〈·, ·〉. H1

0 (Ω)3 is the
equivalent with compact support on Ω and Z := L2

0(Ω) the set of square-integrable
functions on Ω with zero average

∫
Ω fdΩ = 0. In the pipe no-slip conditions

apply at the wall, while at the inflow the Dirichlet velocity signal as described in
Section 3.3 is prescribed. At the outflow (normal n) a stress-free condition applies
n · (Re−1

b ∇u− pI) = 0.
To continue, the geometrical domain is discretised into a finite number of curvilin-

ear hexahedrical elements. On each element the velocity ansatz space is spanned by
N -th order Lagrange interpolants on the N + 1 Gauss-Lobatto-Legendre quadrature
points with piecewise continuity across the elements, while the pressure is approxi-
mated on the N − 1 Gauss-Legendre points, i.e. following the PN − PN−2 spectral
element method by Maday and Patera [MP89].

11
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For time integration we state the weak form in the following semi-discrete form

M
∂ui
∂t

+Cui = D>i p−
1
Reb

Kui +Mf
i
, i = 1 . . . 3 (3.2a)

3∑
i=1
Diui = 0 (3.2b)

ui(t = 0) = u0
i (3.2c)

with the mass matrix M , the advection operator C, the discrete Laplacian K,
gradient D> and divergence D. Underlined notion ui is used to indicate that
the spatially discrete values of velocity component i are stored as a vector. Here
implicit integration is chosen for the stiff parts of the NSE while the non-stiff parts
are integrated explicitly. Namely, the viscous terms are solved with a backwards
differentiation formula (BDFk) while an extrapolation scheme (EXTk) is used for
the nonlinear advective terms. We use the superscript n to denote the respective
timestep which yields

M
1

∆t

k∑
j=0

βiu
n+1−j
i + 1

Reb
Kun+1

i −D>i pn+1 =

−
k∑
j=1

αjCu
n+1−j
i +Mfn+1

i
, i = 1 . . . 3

(3.3a)

3∑
i=1
Diui

n+1 = 0. (3.3b)

The coefficients for the backwards differentiating scheme {βj}kj=0 and the extrapola-
tion coefficients {αj}kj=1 for order k respectively can be found e.g. in [DFM02]. We
continue to rewrite Equation (3.3a) using the Helmholtz operatorH = 1

Reb
K+ β0

∆tM

Hun+1
i −D>i pn+1 =

= M

fn+1
i
− 1

∆t

k∑
j=1

βiu
n+1−j
i

− k∑
j=1

αjCu
n+1−j
i , i = 1 . . . 3.

(3.4)

Thus, we can write Equation (3.3b) & Equation (3.4) as the linear system[
H −D>i
−Di 0

] [
un+1
i

pn+1

]
=
[
bn+1
i

0

]
i = 1 . . . 3 (3.5)

where bn+1
i corresponds to the right-hand side of Equation (3.4), i.e. it contains the

remaining (explicit) backwards differentiation formulae, the extrapolation scheme for
the advective terms and a body force. This system is then solved with the fractional
step method, which is a splitting technique, cf. [DFM02].
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For the present work the computational fluid dynamics code nek5000 by Fischer
et al. [FLK08] was used, which has been shown to scale strongly in parallel execution
on over one million processes [FHM15]. Polynomials of order eight were used for
the discretisation of the velocity (space), while sixth order polynomials were used
for the pressure. The time-stepping was done with third order (BDF3/EXT3). For
the first timestep the pipe simulation is initialised with the mean flow velocity field
of the DFSEM throughout the whole pipe u(t = 0) = Uinlet. The details of the
spectral element method and the time stepping as used in nek5000 are described in
[DFM02].

3.2 Direct numerical simulation

As mentioned in Chapter 2, turbulence features various length scales. The most
accurate approach to simulating turbulent flow is therefore to resolve all the relevant
length scales, i.e. choose a grid spacing and time step size small enough to capture
the viscous dissipation of eddies. This approach, called direct numerical simulation
(DNS), is also the most computing-intensive one, compared to Reynolds-averaged or
large eddy simulations. As noted in [Pop01] 99% of the computation time is spent
on the dissipation range. However, as to date no DNS of a developing bent pipe
flow has been published yet, this work aims to contribute to the discussion around
the origin of the swirl-switching, by employing this accurate approach. Generally,
the use of a computational simulations in fluid mechanics is highly attractive, as
the three-dimensional flow can be analysed in a non-intrusive manner in contrast to
some experimental techniques.

To compare length scales in turbulent flows, typically inner scaling1 is used, i.e.
length units are non-dimensionalised with

l? =
√

ν
∂us
∂r

∣∣
r=R

.

The requirements for the grid spacing used in the present work were that ∆r/l? =
∆r+ < 5, (∆Rθ)+ < 5 and ∆z+ < 10. The mesh data used for the pipe is listed in
Table 3.1. Moreover, the grid spacing was graded towards the wall, such as to have

Reb # elements ∆r+ ∆Rθ+ ∆z+

5300 5.2 · 104 [0.60, 4.92] [2.25, 4.85] [2.88, 9.41]
11700 4.8 · 105 [0.56, 4.89] [2.26, 4.40] [2.30, 7.53]

Table 3.1: Resolution limits in the used pipe meshes showing sufficient
DNS resolution.

one grid point below 1l? and ten grid points below 10l? wall distance, cf. [EKSN+13].
A quarter of the cross-section of the pipe mesh is shown in Figure 3.1. This face is

1Inner scaling is also known as wall units or plus-units.

13



CHAPTER 3. METHODOLOGY

equidistantly extruded and mirrored across the bent pipe centreline axis to form the
complete mesh.

Figure 3.1: Quarter face of the mesh cross-section for Reb = 11700. The
entire face is orthogonal to the bend plane cross-section seen in Figure 2.3.
Black lines denote element boundaries, blue lines the Gauss-Legendre
nodes.

3.3 Divergence-free synthetic eddy method

As the behaviour of turbulent fluid simulations is very sensitive to boundary con-
ditions, it is crucial to define accurate, realistic inflow conditions. One standard
approach consists in periodically prescribing the data, resulting from a previous
simulation that has transitioned to the aimed state of turbulence as input data
for the actual simulation. A problem with this method is that it may accidentally
prescribe a periodic pattern into the simulation, consider e.g. the data obtained from
a straight pipe with periodic in- and outlet. Moreover, one is limited to simulate
only cases where precursor data is available, which may result in a problem for
complex geometries.

Another common approach consists of prescribing a mean flow signal with random
fluctuations at the inflow, which hopefully turns into the desired fully developed
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turbulent signal after a transition distance. It is well known that simple uncorrelated
and uniformly distributed random perturbations are quickly dissipated by the flow
[JBAL03] and the velocity signal may even develop into a stable laminar solution.
Therefore, the prescribed fluctuations should ideally resemble the temporal and
spatial statistics of the desired turbulent flow to minimise the transition length
and hence computational cost. Note that for turbulent pipe flow the generally
accepted development distance from an arbitrary perturbation for the mean flow
signal amounts to 50 pipe diameters and between 80 − 110 diameters for higher
order moments of the flow [DNMC07].

For this work the divergence-free synthetic eddy method (DFSEM) according to
Poletto et al. [PRCJ11] was implemented and used in the simulations. This method
reproduces the turbulent length scales as well as first and second order moments of
the target flow signal, while being widely applicable and requiring transition lengths
of 5− 10 pipe diameters, as shown in Section 4.1.

For the DFSEM one generates an inflow signal from the mean velocity profile
and fluctuations on the vorticity field generated from synthetic eddies, following the
original idea by Winckelmann and Leonard [WL93]. Such an eddy k is defined by its
midpoint xk = (xk, yk, zk)>, a positive real-valued shape function f(|x− xk|) ∈ R+

0
and a characteristic length scale σk. These eddies are generated randomly2 in a
container around the inlet plane e.g. x ∈ [xmin, xmax], y ∈ [ymin, ymax], z = 0:

xk ∈ [xmin − σmax, xmax + σmax]× [ymin − σmax, ymax + σmax]× [−σmax, σmax].

The container encloses a volume Vc and each eddy fulfills the normalisation condition

1
Vc

∫
Ωcontainer

f2
kdx = 1, ∀k. (3.6)

Now, employing Taylor’s hypothesis 3 we advect all eddies downstream the container
with the bulk velocity Ub

zk(t+ ∆t) = zk(t) + ∆tUb.

Once an eddy leaves the container domain zK1 > σmax a new eddy is synthetically
generated at zK2 = −σmax.

For the shape function we choose

fσ(r) =
{
A(σ) sin2 (πr) r for r < 1
0 for r ≥ 1.

(3.7)

Note that this function is only dependent on the distance between an arbitrary point
in the inlet plane and the eddy midpoint r = |x− xk|. The factor A(σ) =

√
16Vc

15πσ3

2Precisely, a uniform random number distribution is used.
3The hypothesis states that one can approximate the spatial autocovariance via the temporal

autocovariance. It is also known as frozen turbulence hypothesis [Pop01].
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comes from the normalisation condition Equation (3.6). Other choices of fσ are
possible, however the divergence-free requirement is crucial, i.e. fσ(r) ∈ C2 see
chapter 6 in [Pol15].

For the characteristic eddy size σ we use the integral length scale of the turbulent
flow we wish to prescribe. As no analytical way is available to obtain the integral
length scale we use the approximation from Menter’s shear-stress transport model,
i.e. the k − ω turbulence model [Men93]: σ = k

3
2
ε . The turbulent kinetic energy

k = 1
2

(
(U ′r,rms)2 + (U ′ϕ,rms)2 + (U ′s,rms)2

)
is a scalar measure for turbulent velocity

fluctuations, in some sense understandable as the amount of turbulence in the
flow, while ε = ν

(
∂U ′

i
∂xj

∂U ′
i

∂xj

)
is the viscous dissipation rate, i.e. how fast turbulent

fluctuations are dissipated into heat. Note that both k and ε are not homogeneous
in space, but functions of the radial position in the pipe.

The contribution of N eddies to the fluctuating vorticity field is given as

ω′(x, t) =
√

1
N

N∑
k=1

fσ

( |x− xk(t)|
σk

)
αk

with αk being randomly either +γ or −γ for each vorticity component so that the
synthetic eddies have a zero mean contribution. The factor γ is chosen such that the
variance of the synthetic eddies reproduces the prescribed turbulent kinetic energy,
i.e. for each of the three components γ =

√
2k
3 .

To assure divergence-freeness of the produced inflow the following identity for
the vorticity i.e. curl of the velocity field is employed

∇× (∇× u′) = ∇× ω′ = ∇(∇ · u′)−∇2u′.

The first term on the right hand side can be dropped and we obtain a Poisson
equation relating velocity to vorticity. This is solved for the velocity borrowing the
discrete Biot-Savart law from electromagnetics (compare chapter 2.4 in [MB02]) and
for N eddies we obtain

u′(x) =
√

1
N

N∑
k=1

Kσ

(
x− xk
σk

)
×αk.

For the kernel Kσ (β) with β = x−xk
σk

holds

Kσ (β) = fσ (|β|)
|β|3

β.

The mathematical proofs of how the method succeeds to resemble the prescribed
first and second order turbulence statistics in the limit of enough eddies can be
found e.g. in [Pol15] or [J.08]. Following their results the number N has to fulfil

N ≥ Vc
min (σ(x))
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such that the inlet plate is statistically covered. It should be mentioned that for the
actual pipe inflow only the velocity signal at the inlet plane is extracted from the
advection container Vc and prescribed.

Thus, the DFSEM allows to prescribe a pseudo-turbulent inflow signal without
any periodicity, based on the k, ε− and mean flow U profiles given for any flow
scenario. Section 4.1 shows some results on the transition length to fully developed
turbulence statistics in a straight pipe. Figure 3.2 illustrates the effect of a few
individual eddies onto the inlet velocity. Note that the inlet plane here is not
statistically covered by eddies but the purpose of the figure is to visualise how eddies
introduce vorticity, and how, in proximity to the wall they are smaller and have
higher intensity.

Figure 3.2: Contribution of four synthetic eddies to the in-plane velocity
at the inlet. x velocity component (left), y velocity component (right).
The fluctuations in the streamwise velocity are indistinguishable from
the mean flow for such a small number of eddies and are not shown here.

Original synthetic Eddy method

The DFSEM is based on the original synthetic eddy method as presented by Jarrin et
al. [JBLP06], for embedded large eddy simulations. The main difference between the
two methods is that in the original method fluctuations are added onto the velocity
field directly instead of the vorticity field. Additionally, Jarrin used a piecewise linear
tent-function for the shape function which fails to produce a continuous velocity
derivative. Therefore, the divergence-freeness of the generated inflow signal could not
be guaranteed by the method. It is moreover noted that the authors of the original
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method did not account for the fluctuations in the bulk velocity in streamwise
direction stemming from the finite number of eddies. This is an important issue, as
the Reynolds number is not matched accurately anymore. Although the fluctuations
in bulk velocity were below 0.1%, compensating for them has the additional benefit
of reduced pressure fluctuations. This in turn leads to the numerical pressure solver
requiring fewer iterations to reach the prescribed tolerance criteria, and hence a
speedup in the DFSEM [Pol15].

The author of this thesis had first implemented the original version and could
reproduce the stated effects as well as the benefits of the DFSEM.

Implementation details

It should be noted here that the DFSEM as presented above generates only isotropic
turbulence. The original method as published by Poletto is however able to create
a limited anisotropy in the inflow, comparable to prescribing synthetic eddies in
generic ellipsoid shape instead of the spheres as presented above. Creating isotropic
turbulence in wall bounded turbulent flows like channels or pipes has a favourable
effect on the transition length of the inflow length. In spite of fluctuations close
to the wall being highly anisotropic, the use of isotropic fluctuations leads to an
overshoot in wall-normal fluctuations, which in turn intensifies and accelerates the
mixing of momentum there. Thus, the transition distance to the fully developed
turbulence is actually shortened, in comparison to prescribing the correct anisotropic
Reynolds stresses (compare also specifically Figure 11 in [JBLP06] or page 4710 in
[KPBK04]).

Moreover, the DFSEM as implemented in nek5000 does not generate fluctuations
below (R − r)+ < 10 i.e. ten plus units close to the wall. Generating isotropic
turbulence directly up to the wall would violate the divergence-free requirement of
the flow, which can be seen when inserting the no-slip condition into the continuum
Equation (2.2). This requires a zero gradient in the wall-normal fluctuations at the
wall. However, this cutoff is acceptable from a fluid mechanical point of view, as
this region is covered by the viscous sublayer, which adjusts itself faster than the
large scale fluctuations prescribed by the DFSEM away from the wall. Additionally,
the same bounds on the eddy length scale as in [Pol15] were applied, namely:

σ = max
[
∆r,∆Rθ,min

[
k3/2

ε
, κR

]]
. (3.8)

κ ≈ 0.41 being the von-Kármán constant, to bound eddies away from the wall by
the Prandtl mixing length scale [Pop01], and by the mesh resolution.

Performance-wise, the overall runtime cost of the DFSEM routines took less than
five percent of the total simulation walltime in all measurements, ranging from one
to over 8000 processors. Moreover, the pseudo-random numbers used in the DFSEM
were obtained with the randgen.f routines by Chandler which have a period of 21376

iterations [CN03]. It is noted that the sequence of random numbers was generated
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only on a single processor, i.e. in serial order. As input to the DFSEM for k, ε and
U the results of the straight-pipe DNS by El Khoury et. al were used [EKSN+13].

3.4 Proper orthogonal decomposition
The numerical simulation of turbulent flow typically results in very large, complex
datasets. As it is a difficult task for human perception to quickly process and
filter large amounts of information, like instantaneous velocity fields, the need for
tools to filter out main trends and large coherent structures in these datasets is
given. The proper orthogonal decomposition (POD) is a mathematical method
which extracts such features from the fluctuating velocity field. It is also known
as Karhunen-Loéve method or principal component analysis and its application
to fluid flow fields has been first introduced by Lumley [Lum67]. Although the
POD being a statistical technique, it is successfully applied to analyse the dynamic
behaviour of the (deterministic) Navier–Stokes equations and notwithstanding its
linear nature, POD works very well for the non-linear problem at hand, as will be
seen in Chapter 4.

Starting out simple, consider a real-valued, square-integrable, scalar function
f(x) defined on x ∈ [0, 1] ⊆ R. This can be written in an arbitrary orthonormal
basis of square-integrable functions on [0, 1]

f(x) =
∞∑
i=1

aiϕi(x), (3.9)

i.e. a decomposition where the basis functions ϕi fulfil∫ 1

0
ϕi(x)ϕj(x)dx = δij . (3.10)

δij denotes the Kronecker-delta and ai are the basis coefficients. Without further
restriction there are infinitely many choices of such bases {ϕi}∞i=1. One famous
example are the Fourier modes

ϕi(x) =
{

cos (πx (i− 1)) if i is odd
sin (πxi) if i is even.

(3.11)

If f(x) is interpreted as a velocity, the average energy contained in f over [0, 1]
is obtained via

E = 1
2
〈
f(x)2

〉
=
∫ 1

0

1
2f(x)2dx, (3.12)

where 〈·〉 denotes the average value on [0, 1]. Inserting Equation (3.9) into Equa-
tion (3.12) we obtain

E = 1
2

∫ 1

0

∞∑
i=1

∞∑
j=1
〈aiaj〉ϕi(x)ϕj(x)dx. (3.13)
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Employing the orthonormality condition (3.10) this is simplified to

E = 1
2

∞∑
i=1

〈
a2
i

〉
. (3.14)

This leads us to see that the energy contained in the first N modes of f(x) is given
by EN = 1

2
∑N
i=1

〈
a2
i

〉
. Note that the physical notion of energy is not in general

meaningful when performing POD, however the ratio of ENE indicates to which extent
a finite number of modes represents the data in f . This ratio is also known as
explained variance.

Then the proper orthogonal decomposition f(x) :=
∑∞
i=1 aiϕi(x) is defined as

exactly that decomposition, where the basis functions maximise the partial sums
EN for each number of modes N . Accordingly, in comparison to an arbitrary
decomposition f(x) =

∑∞
i=1 biφi(x) the POD maximises

max
φi

∫ 1

0

∫ 1

0
〈f(x)f(y)〉φi(x)φi(y)dxdy =∫ 1

0

∫ 1

0
〈f(x)f(y)〉ϕi(x)ϕi(y)dxdy =

〈
a2
i

〉 (3.15)

and it holds
N∑
i=1

〈
a2
i

〉
≥

N∑
i=1

〈
b2i

〉
∀N. (3.16)

Examining the autocorrelation of f(x) it can be seen that ϕi(x) are the eigen-
functions of ∫ 1

0
〈f(x)f(y)〉ϕi(y)dy = λiϕi(x) ∀i. (3.17)

(Note: for a proof the reader is referred to [HLB98], Chapter 3).
Inserting Equation (3.9) into the left-hand-side of Equation (3.17) repeatedly yields

∫ 1

0
f(x)

 ∞∑
j=1

ajϕj(y)

ϕi(y)dy = f(x)ai = ai

∞∑
j=1

ajϕj(x). (3.18)

By multiplying the preceding result with ϕi(x) we obtain 〈ajai〉 = λiδij or

λi =
〈
a2
i

〉
. (3.19)

Note that this result implies that the coefficients are uncorrelated. From the
maximisation property of the partial sums we conclude that the eigenvalues λi must
be ordered in decreasing magnitude λi ≥ λi+1.

The extension to multiple dimensions is not presented here, but can be found
e.g. in [TYF07].

20



3.4. PROPER ORTHOGONAL DECOMPOSITION

Relation to SVD
Recall the singular value decomposition (SVD) for X = [x1,x2, · · · ,xn] ∈ Rm×n.
There exist matrices U ∈ Rm×m and V ∈ Rn×n and Σ = diag(σ1, σ2, · · · , σd, 0)
where d = min(m,n) such that

X = UΣV >

and U>U = V V > = I. Moreover, σ1 ≥ σ2 ≥ σ3 · · · ≥ 0 and u1,u2, · · · ,um are
eigenvectors of XX> with the corresponding eigenvalues λi = σ2

i , see e.g. [TBI97].
It is sufficient to choose the orthonormal vectors ui as a finite-dimensional basis

to obtain the POD of the m-dimensional columnwise ensemble [x1,x2, · · · ,xn]. The
coefficients will be obtained by standard scalar product, i.e. the discretised version
of above L2(Ω) inner product: (·, ·) with the norm ‖x‖ =

√
(x,x).

In that sense, performing the POD of discrete sample data mathematically
corresponds to a SVD. It can be seen that the maximisation of partial-sums, which
was stated for the POD, is found as the Eckart-Young theorem of the SVD [TYF07].
As will be seen later, in turbulent flow analysis one is mainly interested in those
(few) base vectors which contain most of the energy sampled in X. These will be

ϕ1 := arg max
u∈Rm,‖u‖=1

n∑
j=1

(xj ,u)2 (3.20a)

ϕ2 := arg max
u∈Rm,‖u‖=1,

(u,u1)=0

n∑
j=1

(xj ,u)2 (3.20b)

ϕ3 := arg max
u∈Rm,‖u‖=1,

(u,u1)=(u,u2)=0

n∑
j=1

(xj ,u)2 (3.20c)

etc. . . .
See e.g. [Vol13] for the Lagrange functionals to prove the above equalities.

Typically, one takes the velocity field u(x, ti) at a certain4 number of snapshots
i = 1 . . . n in time and stores all velocity components columnwise in the matrix
to decompose, i.e. m := 3 · <# of velocity-gridpoints>, where commonly m � n
cf. snapshot-POD [Sir87]. The basis coefficients then become functions of time
ai = ai(t), while the basis vectors only depend on space u(x, t) =

∑d
i=1Φi(x)Ai(t)

with

u(x, t)→ U =



ur(x1, t1) · · · ur(x1, tn)
uϕ(x1, t1) · · · uϕ(x1, tn)
us(x1, t1) · · · us(x1, tn)
ur(x2, t1) · · · ur(x2, tn)

... . . . ...
us(xm, t1) . . . us(xm, tn)


(3.21a)

4It is however considered nontrivial to assess how many time snapshots are required to obtain
meaningful decompositions.
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ai(t)→ A =

a1(t1) · · · a1(tn)
... . . . ...

ad(t1) . . . ad(tn)

 (3.21b)

ϕi(x)→ Φ =

ϕ1(x1) · · · ϕd(x1)
... . . . ...

ϕ1(xm) · · · ϕd(xm)

 . (3.21c)

The first few modes of the decomposition are guaranteed to account for a large
amount of the energy content in the flow and thus allow us to analyse and categorise
different dominant flow behaviours. Note that the very first mode ϕ1(x) corresponds
to the time average of the velocity signal U(x). The second and higher modes,
will be referred to as the fluctuating modes. All the obtained modes still fulfill
the boundary conditions and are incompressible [Sir87]. Furthermore, the obtained
modes and corresponding time-coefficients can be recomposed, using only a subset
of the decomposition e.g. the first three most energetic modes, to obtain a simplified
variant of the original snapshots which contain the most relevant features, but not
all small-scale turbulent fluctuations. A more thorough introduction into POD in
turbulent flow analysis is given e.g. in [BHL93] or [TYF07].

For the course of this work, the collected snapshots have been interpolated onto
a spatially coarsened mesh for computational feasibility5. This is, however, perfectly
acceptable, as the POD is used to identify large scale coherent structures. This
interpolation is performed as a post-processing operation in nek5000 and the actual
POD is then performed in MATLAB.

5One instantaneous snapshot of the DNS resolved mesh contains 4.8 · 105 elements with three
velocity components for 83 GLL nodes, which would result in ≈ 7.4 · 108 matrix entries per snapshot
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Chapter 4

Results

4.1 Validation of the DFSEM

To assess the validity of the implementation of the DFSEM, various tests on develop-
ing straight pipe flow have been conducted. In detail, the DFSEM has been initialised
with the mean flow, k&ε−budgets from the DNS by El Khoury et. al [EKSN+13]
and the downstream development in the DFSEM is compared to their results. Note
that El Khoury’s data was obtained on a periodic pipe with L = 25R and the
invariant turbulence statistics were obtained after sufficient flow through time. The
DFSEM pipe however contains no periodicity and only a spatial transition distance
is relevant until the flow statistics resemble a fully turbulent signal. Note further
that — given sufficient grid resolution — turbulence is a self-adjusting process, i.e.
once the correct statistics are reached the transitional process has converged and no
further downstream development will appear.

For the straight pipe, DFSEM simulations at Reb = 5300 and Reb = 11700 have
been conducted. As validation criteria, the fluctuating wall shear stress τw,rms, the
shape factor H12 and the friction velocity uτ have been chosen and compared to the
reference results by El Khoury et al. [EKSN+13], see Table 4.1. These integral flow
quantities result in scalar values and thus make it relatively easy to compare them
to reference values.

The wall shear stress is the stress exerted by the fluid onto the pipe wall, here in
streamwise direction. It is defined as

τw = ρν
∂us
∂r

∣∣∣∣
r=R

(4.1)

where unit density ρ was used. This quantity is also decomposed into a time averaged
and a fluctuating part. We concentrate on the RMS value of the fluctuations here,
as discussed in [ÖS11].

The shape factor H12 is defined as the ratio of displacement thickness δ? and
momentum thickness θ in the flow, and can be loosely interpreted as the (inverse)
fullness of the mean velocity profile. For pipe flow, displacement and momentum
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thickness are implicitly given as

δ?(2R− δ?) = 2
∫ R

0

(
1− Us(r)

Ucl

)
rdr (4.2)

θ(2R− θ) = 2
Ucl

∫ R

0
Us(r)

(
1− Us(r)

Ucl

)
rdr. (4.3)

Ucl = Us(r = 0) is the centreline (mean) velocity in streamwise direction.
The friction velocity1 is a characteristic velocity close to the wall, where the

shear stress is independent of wall distance. It is defined as

uτ =
√
τw
ρ
. (4.4)

These quantities have been averaged in time over 15 eddy turn-over times2

∆T = 2R
uτ

, where the recording of statistics was started after two flow-through times
through the domain, i.e. twice the time from the beginning of the simulation to the
point at which the initial condition has left the pipe. This averaging pattern has
been used for all statistical measurements in this work.

A ±1% error margin for the agreement with reference values has been chosen.
This is deemed a generally acceptable bound and as covered in [SÖ10], DNSs still
vary vastly from one to another e.g. due to different numerical methods, initial
conditions or resolution.

Figure 4.1 shows the downstream development of the integral quantities over
their reference values. For the Reb = 5300 case we can see that the measured
quantities converge to their reference value within O(10) diameters downstream from
the DFSEM inlet. For the Reb = 11700 case even faster convergence is observed
within O(5) diameters downstream from the DFSEM inlet. In the course of this
work various other turbulence budgets have been investigated and tracked in their
transition length. Agreement has always been found in the aforementioned transition
lengths.

Reb τ+
w,rms,ref H12,ref uτ,ref in Ub

5300 0.3503 1.85 0.0683
11700 0.3836 1.62 0.0617

Table 4.1: Reference values from [EKSN+13].

1Also known as shear velocity.
2This is a commonly accepted averaging time span to obtain converged turbulence statistics

[Pop01].
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Figure 4.1: Evolution of integral quantities downstream the straight pipe
at Reb = 5300 (top) resp. Reb = 11700 (bottom) . Convergence in a
±1% error margin (grey) is achieved within O(10) resp. O(5) diameters.
Reference values cf. Table 4.1

Figure 4.2 shows the transition of the turbulent kinetic energy k, azimuthally
averaged. As mentioned in Section 3.3 this second order quantity is prescribed
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accurately by the DFSEM, however for isotropic turbulence. Due to that and the
fact that random fluctuations in vorticity do not accurately resemble turbulent flow,
the general transition length can be explained.

The cutoff in fluctuations, i.e. no generation of synthetic eddies in the near wall
layer (R − r)+ ≤ 10 is clearly recognisable. In the magnified section (bottom) the
redevelopment length of this layer is visible and takes O(1) diameter, which is clearly
faster than the development of the larger, energy containing turbulent scales as
explained in Section 3.3.

Figure 4.2: Evolution of turbulent kinetic energy k downstream from the
inlet in the straight pipe, Reb = 5300. The solid lines (crosses) show the
results from the DFSEM, the dashed lines the reference solution. The
abscissa is scaled in units of diameters downstream, respectively for k
upscaled by a factor 20 (top) resp. a factor of 5 (bottom). The ordinate
shows the (logarithmic) distance from the wall in viscous units

It should be mentioned here that the turbulent kinetic energy profile at the inlet
does not exactly match the imposed reference solution because of the bounds on
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Figure 4.3: (Left) Instantaneous plot of the λ2 vortex criterion coloured
by velocity magnitude and (right) instantaneous velocity magnitude
along a cut open straight pipe at Reb = 5300.
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the length scale stated in Equation (3.8). Otherwise it would be possible to exactly
prescribe the accurate profile.
Figure 4.3 shows an instantaneous visualisation of the vortices, employing the nega-
tive λ2-criterion for vortex identification, according to [JH95]. One can recognise
how eddies are introduced as spherical structures but over the course of a tran-
sition distance turn into streamwise elongated and deformed ellipsoids (compare
Section 2.1).

4.2 Mean flow in bent pipes
Two major simulation cases have been set up in the course for this work. One covers
the flow through a 90° bend with δ = 0.1, the other one at δ = 0.3. The Reynolds
number in both cases was Reb = 11700. These setups were chosen as they have the
same flow parameters as [NS16] to allow for the best possible comparison, despite
the different geometry of a torus.

As an inflow section a straight pipe of length seven diameters was used. This
was chosen to account for the five diameters adjustment length from the DFSEM
inflow condition, plus one diameter of tolerance and one diameter for the upstream
influence, which bends commonly exert onto pipe flow, see [SSH98] or [ASL89]. The
straight outflow section after the bend was 15 diameters in length.

The time averaged flow velocity magnitude for both flow cases is visualised in
Figure 4.4, where cutouts along the symmetry plane and a selection of streamwise
positions are shown. The effect of centrifugal force on the flow is evident as the high
mean velocity gets deflected towards the bend outside as expected. This effect has
not recovered until the end of the computational domain (15 diameters downstream
the bend, the plot shows 10 diameters).

As reported in [KVÖA16] the recovery length until the effect of curvature has
fully decayed ranges from 10D to 50D. However, the comparison between the mildly
and the strongly bent pipe reveals that recovery happens faster in the δ = 0.3 case
contrary to the fact that one expects a stronger centrifugal force from the higher
curvature. This can be explained by the increase in turbulent kinetic energy in
the bend and an according impact on momentum diffusion, which is enhanced by
stronger curvature. These qualitative results match with the experimental results in
[KVÖA16]. It is important to note that the mean flow is symmetric with respect to
the geometry, as apparent in the cross-sectional plots in Figure 4.4. The increased
centrifugal force in the strongly curved pipe also leads to an increased velocity of
the crossflow. This is visible in Figure 4.7 where the streamfunction of the in-plane
velocity at several crossplanes is visualised as pseudocolour. The streamfunction
ψ(x) for two-dimensional velocities u is given as u = ∇× ψ.
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Figure 4.4: Time averaged velocity magnitude (in units of Ub) in the
symmetry plane and cross-sections. (Left) δ = 0.3, (right) δ = 0.1.
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Figure 4.5: Dean vortices as isocontours of
the in-plane streamfunction ψ. Left: δ = 0.1,
right: δ = 0.3. Torus data taken from [NS16].

The qualitative comparison in ψ
at the bend outlet (θ = 90°) and
the torus is shown in Figure 4.5, but
no agreement between the results on
the different geometries is apparent.
However, for δ = 0.3 the centre-
line distance of the curved section is
three times shorter than in the mildly
curved pipe. As a consequence the
Dean vortices in the latter undergo
a more pronounced radial deforma-
tion towards the pipe wall, see also
Figure 4.7. This leads to a better
agreement in shape of the Dean vor-
tices with the torus, where no spatial
development exists.

Moreover, the streamwise veloc-
ity in the symmetry plane is plotted
in Figure 4.6, which also shows only
qualitative agreement.

Figure 4.6: Streamwise mean velocity in viscous scaling U+
s along the

ϕ = π axis at outlet from the mild bend, δ = 0.1. r/R = −1 corresponds
to the inner side of the bend.
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4.2. MEAN FLOW IN BENT PIPES

Figure 4.7: Formation of Dean vortices visualised by in-plane stream-
functions (in units of Ub/D) (Left) δ = 0.3, (right) δ = 0.1. Black lines
indicate isolines.
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4.3 Proper orthogonal decomposition

The proper orthogonal decomposition was conducted on the three-dimensional
velocity field of the whole simulation domain. A total of 1000 snapshots were
collected at a sampling frequency of 1/4 convective time units, i.e. covering a
Strouhal number range of St ∈ [0.004, 2] by Nyquist–Shannon’s sampling theorem.

As the flow is statistically symmetric across the bend plane and as supported
by convergence tests, the mirror images of the snapshots were used as additional

Figure 4.8: Isocontours of mode one.

snapshots in the decomposition,
which is a valid mechanism to acceler-
ate the convergence of the POD, see
[BHL93] and the references therein.
As mentioned in Section 3.4 the very
first mode of the decomposition con-
tains the mean flow U and in the fol-
lowing only the subsequent fluctuat-
ing modes are discussed. The first
one of these is displayed in Figure 4.8
and shows a spatially travelling wave,
where an alternating clockwise and
counter-clockwise rotation around the
streamwise axis travels downstream
after the bend. These rotational ed-
dies alternate in displacing or pushing
mutually each one another from the
inside of the bend towards the out-
side. This behaviour is also shown
in Figure 4.11, which shows the span-
wise velocity in the symmetry plane
for the four most energetic modes, i.e.
the velocity component normal to the
viewplane. The small-scale fluctua-
tions along streamwise directions are
an artefact of the snapshot sampling
interval. The second-most energetic
mode shows the travelling wave of
mode 1 phase-shifted by a quarter pe-
riod, such that with corresponding
time coefficients, the modal pair one and two lets the wave travel downstream.
This phase shift as well as its period of ∆s ≈ 6.5D is also visible in Figure 4.9,
which plots the circulation of mode one and two over pipe centreline distance. The
circulation is defined as Γ =

∫
A(∇× u) · ndA and was extracted separately along

the cross-sections. It is a measure for the (streamwise n) vorticity in the enclosed
area A. Figure 4.11 further shows streamlines of the cross-sectional velocity at two
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4.3. PROPER ORTHOGONAL DECOMPOSITION

downstream locations. These cross-sections are separated by approximately one
spatial period. The next modes, three and four, are harmonics of this travelling
structure and also constitute a modal pair. The next higher mode, mode number 5
(not shown), takes the form of a symmetric harmonic of the Dean vortices. Modes
one and two show a clearly separated, dominant structure and when superimposed
onto the symmetric mean flow with their respective time-coefficients they make the
Dean vortices oscillate in- and out of the symmetry plane. It is crucial to note here
that only these most energetic fluctuating modes are required when recomposing the
POD to reproduce the swirl-switching behaviour and, furthermore, they present no
structures upstream of the bend. It is not shown in the plots but briefly mentioned
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Figure 4.9: The cross-sectional circulation of modes one and two over
centreline distance of the strongly curved pipe.

here that the streamwise velocity component of these modes is very weak but in
general those parts of the antisymmetric half pipe that flow towards the symmetry
plane are accelerated in streamwise direction and vice versa.
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Figure 4.10: Semilogy-Plot of the first
singular values. Mode zero corre-
sponds to the mean, i.e. actual σ1

The time coefficients for 25 convective
time units are presented in Figure 4.12. This
figure clearly shows oscillating character of
modes 1–4 as well as the phase shift. In Fig-
ure 4.13 a power spectral density estimate
(PSD) of the time coefficients one to four is
plotted. A peak at St = 0.16 for the most
energetic modes is distinctly visible which
matches the frequency of the spatial oscilla-
tion St = Ub/(6.5D) ≈ 0.154. The PSD also
clearly confirms that POD modes three and
four are harmonics of the first modal pair.
Moreover, it was found that the relative en-
ergy content of the first and second POD
mode with respect to all fluctuating modes
amounts to 0.5% each. Figure 4.10 shows the corresponding singular values.
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Figure 4.11: Spanwise velocity in the symmetry plane of the first four
most energetic, fluctuating modes. Curvature δ = 0.3. All of them show
an antisymmetric travelling wave.
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Figure 4.12: Time coefficients for curvature δ = 0.3.
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Figure 4.13: Welch’s estimate of the power spectral density of the first
four fluctuating modes. Curvature δ = 0.3. Inset: a magnified, resampled
view of St ∈ [0.05, 0.4].
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A partial reconstruction of the flow field from POD using only the mean flow and
the first and second mode has revealed exactly the swirl-switching behaviour as
described in Section 2.3 and is shown in Figure 4.14. The transient character of this

Figure 4.14: Three instantaneous views at different phase of the cross-
sectional velocity after the bend from the recomposed velocity field.
The mean mode and the first two fluctuating modes were used for
recomposition. Same legend used as in Figure 4.7.

swirl-switching behaviour is also visualised in Figure 4.15 which plots the inclination
of the symmetry axis between the two Dean cells over time. It was obtained from
the connecting line between the maximum resp. minimum of the streamfunction, i.e.
the Dean vortex cores, on the cross-section located two diameters after the bend.
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Figure 4.15: Inclination or tilt of the Dean vortices over time. The flow
signal was reconstructed from the three most energetic POD modes.

The cover page of this work shows an instantaneous visualisation of the spanwise
velocity in the symmetry plane. Left of the turbulent signal along the symmetry
plane the same instant of the recomposed field from the first three modes is shown.
The cross-sections show the in-plane velocity in a) the fully turbulent pipe flow,
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4.3. PROPER ORTHOGONAL DECOMPOSITION

b) the reconstruction with 100 modes and c) the reconstruction with three modes
(from left to right). These cross-sections are separated by half a period in streamwise
distance, thus revealing the spatially travelling wave.

Figure 4.17 shows the same content as Figure 4.11 but for curvature δ = 0.1.
Again, a streamwise travelling wave is constituted by the first two fluctuating modes
with a phase difference of a quarter period. Notably, the wavelength of this travelling
wave is larger than that of the modes for curavture δ = 0.3 and amounts to ∆s ≈ 22D.
Furthermore, the wave is not as distinctly pronounced as for the strong curavture
(same scaling of the velocity applies in both figures). The next two modes, three
and four, show a harmonic of the travelling wave (where mode four is not shown in
the figure). Again no upstream connection of the modes is given.

Furthermore, Figure 4.16 depicts the power spectral density estimate for the
time coefficients of the first four fluctuating modes. A dominant peak for St ≈ 0.04
is seen for the first two modes and a harmonic in the two subsequent modes, which
is approximately three to four times lower than in the strongly bent pipe, but
corresponds to the spatial wavelength of the mildly curved pipe.
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Figure 4.16: Welch’s estimate of the power spectral density of the first
four fluctuating modes. Curvature δ = 0.1. Inset: a magnified, resampled
view of St ∈ [0.0, 0.2]
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Figure 4.17: Spanwise velocity in the symmetry plane of the first three
most energetic, fluctuating modes. Curvature δ = 0.1. All of them show
an antisymmetric travelling wave.



4.3. PROPER ORTHOGONAL DECOMPOSITION

4.3.1 2D POD
A POD was conducted also for selected downstream cross-sections of the pipe,
i.e. only a two-dimensional extraction of the domain. However, all three velocity
components at this slice were used in the POD, such that the kinetic energy is
preserved. This approach was used to compare results with the experimental studies
mentioned in Section 1.1, as the experimental snapshot-extraction technique PIV is
commonly limited to extract the flow field only at two-dimensional sections.

Specifically, the 2D POD was performed separately at the downstream locations
two and twelve diameters after the bend exit. The modes one to three are shown in
Table 4.2. While the actual first mode would show the Dean cells (as e.g. shown
in Figure 2.2), here again the first three fluctuating modes are shown. The most
notable difference to the three-dimensional modes is that here the most energetic
mode shows a single vortex spanning the whole cross-section. Only in the second
mode a pattern similar to the three-dimensional mode is obtained, namely two
(antisymmetric) counter rotating vortices with their centre-axis orthogonal to the
bend symmetry plane. The third mode shows a pattern similar to the Dean vortices,
however its streamwise component (not shown) ensures integral orthonormality to
the actual zeroth mode which reveals the Dean vortices. The next higher modes,
mode number 4 and onwards (not shown), take the form of a symmetric harmonics
of the Dean vortices, i.e. four counter rotating vortices in the cross-section.

These 2D modes do not change their shape considerably along the downstream
distance, however a decay of the effect of the centrifugal force is noticeable, as
described for the mean flow above. Furthermore, the relative energy content of the
first POD mode with respect to all fluctuating modes amounts to 5.2%.

The corresponding time coefficients and their PSD are shown in Figure 4.18.
There is no recognizable phase correlation between the modes and no clear peak can
be observed in the power spectrum. This phenomenon is discussed in Section 5.2.1.

The equivalent data for curvature δ = 0.1 are shown in Table 4.3 and Figure 4.19.
The main difference is that modes two and three switched order with respect to the
strongly curved pipe. Otherwise, a similarly unclear behaviour in the time coefficients
is noted. All three time coefficients show a low-amplitude peak at St = 0.035 in
the inset in Figure 4.19, however this peak is not as significant as for the three
dimensional case. Here the relative energy content of the first POD mode with
respect to all fluctuating modes amounts to 4.6%.
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Figure 4.18: Time coefficients and power spectral density estimate for
the cross-section two diameters after the bend outlet. Curvature δ = 0.3.
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Figure 4.19: Same as Figure 4.18 for curvature δ = 0.1.
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Mode 1 Mode 2 Mode 3

+2D

+12D

Table 4.2: Streamlines of the in-plane velocity of modes one to three for
respectively 2D and 12D downstream from the bend exit. Curvature
δ = 0.3.

Mode 1 Mode 2 Mode 3

+2D

+12D

Table 4.3: Same as Table 4.2 for curvature δ = 0.1.





Chapter 5

Discussion

5.1 DFSEM
As presented in Section 4.3, the transition length from the inflow in a straight pipe
until fully developed turbulence was O(5− 10) pipe diameters. Comparable results
were also reported by the original authors of the method [Pol15]: Specifically, for a
LES of a pipe flow a transition distance of O(10− 15) pipe radii for the skin friction
coefficient cf at Reb = 5000 was reported.

This constitutes a significant improvement over the 50 to 110 pipe diameters
generally accepted for developing pipe flow [DNMC07]. Essentially, the turbulent
flow signal generated by the DFSEM can be used for an arbitrary developing flow
simulation in combination with an appropriate transition region — in the same
manner a developing simulation with a non specified random perturbations and
much larger transition region would have been used. This results in major saving of
computation cost — approximately one order of magnitude for the presented pipe
case — which is especially relevant for direct numerical simulations, as these are
mainly limited by their computational cost. Moreover, the effect of a decrease in
transition length with growing Reynolds number has also been reported by Jarrin for
the original (not divergence-free) synthetic eddy method, see chapter 8.3 in [J.08].

Thus, the DFSEM serves as valuable contribution to the nek5000 code, as it is
not limited to the simple geometry of a pipe or even wall bounded turbulent flow.
As presented in [Pol15] the method also performs well in free flow, where it only
depends on the mean velocity, turbulent kinetic energy and dissipation rate as input
data. Remarkably, these quantities are given in RANS simulations and the method
is therefore highly attractive as interface boundary condition, for coupling RANS
simulations to DNSs.
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5.2 Developing bent pipe

The comparison between the developing pipe and the torus has shown big discrepan-
cies, which is however acceptable for their essential difference in geometry. Therefore,
the POD results are not deemed comparable between the two geometries.

5.2.1 2D and 3D POD

To the author’s best knowledge only one proper orthogonal decomposition of the fully
three dimensional velocity field for a bent pipe has been published so far in [CAF15].
The results shown therein, specifically figure 24 are comparable to Figure 4.8 in
the present thesis, with the important difference that in this work no upstream
connection of the mode was found, which in turn suggests that the swirl-switching
does not originate from upstream perturbations. The upstream connection of the
structures in [CAF15] is believed to come from the periodicity in the recycling inflow
condition used by the authors, as the inverse length of their straight recycling section
directly corresponds to the characteristic frequency reported by the authors.

The spatial travelling of the swirl wave has not been shown explicitly before and
this work sheds some light on the behaviour of this phenomenon. The agreement in
phase shift in time and space shows that the swirl-switching phenomenon is fully
described by the first modal pair. A reconstruction of the flow from the POD modes
using only the mean flow and this pair was able to show the essential oscillating
movement of the Dean vortices. The lower intensity of swirl-switching for the mild
curvature δ = 0.1 matches the fact that smaller centrifugal forces lead to a diminished
secondary motion. Additionally, the Strouhal number St ≈ 0.16 found for curvature
δ = 0.3 matches the value in [HZCS13] and [Brü98], where the latter did not use
POD, but studied the instantaneous fluctuations in spanwise velocity.

The relative energy of the most energetic fluctuating modes in three dimensions
varies strongly from the two-dimensional POD case and previous results on 2D
POD, ranging from 5% to 10% [KVÖA15]. This however can be explained as in the
three-dimensional POD several additional modes show up that are not related to the
swirl-switching. These modes are e.g. relevant for the decomposition of exclusively
the downstream decay of the secondary flow or the straight inflow section — but
it does not change the fact that the travelling-wave modes, i.e. the swirl-switching
modes are still the modes with highest kinetic energy, aside from the mean flow.

For the two dimensional POD very good qualitative agreement with the previous
literature is found. The first three modes show the same shape and orientation
as the ones in [SH10], [KVÖA15], or also [KÖ13] and [HZCS13] where the latter
two used only the in-plane velocity components for the POD. Moreover, the modes
shown in [SH10] also exhibit the ideal symmetry of the geometry as expected and
shown here. However, this strict anti-/symmetry of the modes two and three is not
found in [HZCS13] or [KVÖA15].

For the two dimensional POD the fact that modes two and three have different
order between the two different curvatures hints that their respective energy has
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similar magnitude. In the following the ordering for curvature δ = 0.3 is used.
The single-swirl (mode one) is assumed to act as the intermediate state between

a) one old vortex having grown to full pipe-cross-sectional size and b) getting
displaced by a new vortex, outwards from the bend axis, where “old” and “new”
refer to either the downstream or time development (exchangeable). The second
mode in this understanding is then required as the π/2 phase-shifted counterpart
of the described motion, namely two vortices being present in the crossflow. These
two states are also visible in the cross-sectional views of (3D-)modes one and two
in Figure 4.11. However, the (2D-POD) mode three is not required to describe
the swirl-switching, as it is a symmetric mode and thus does not appear in the
decomposition of the antisymmetric motion described by the 3D modes. This
differs from the interpretation in [HZCS13] which finds a neither strictly symmetric
nor stricly antisymmetric pattern in modes two and three, but two respectively
azimuthally displaced Dean-like motions. These authors associate those modes to
the suppression of one of the Dean vortices, such that only a single vortex remains
in the flow.

Overall, the two dimensional POD suffers from one substantial weakness: it
is unable to detect spatial coherent structures in the streamwise direction, which
some authors chose intentionally e.g. [HZCS13]. However, this leads to error prone
results as the proper orthogonal decomposition searches for orthogonal modes with
maximal kinetic energy. For the three dimensional pipe the overall kinetic energy
has been found to be instantaneously fluctuating 0.01% around its average value,
while for the example of the +2D cross-section in the curvature δ = 0.3-pipe these
fluctuations were on the order of magnitude of 2%. As a consequence the 2D-POD
misinterprets the meaning of high energetic coherent structures — in a relative sense
— and may assign them to erroneous modes. It thus fails by mixing up spatial and
temporal coherence-information in its time coefficients. The author believes this is
the reason why no characteristic frequency can be extracted distinctly from the time
coefficients of the two dimensional POD. Thus, the advantage of a three dimensional
POD is evident.

5.3 Conclusion & outlook

This work has shown that the DFSEM inflow condition has been implemented in
the nek5000 simulation framework. Various validation tests have been conducted
successfully. This inflow condition has then been used to generate developing,
turbulent straight pipe flow without a characteristic periodicity. The simulated flow
was then fed into a 90° bend with straight downstream section. All simulations have
been conducted in DNS resolution.

The resultant velocity field has then been analysed by means of proper orthogonal
decomposition, which was able to extract dominant, three-dimensional and coherent
structures. These structures have been identified as a spatial and temporal travelling
wave, which successfully describes the swirl-switching phenomenon. Furthermore,
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no upstream connection of these structures has been found, which coincides with
the hypothesis in [NS16] that the swirl-switching originates only from the bend.
Moreover, previous results of two-dimensional POD in the downstream section have
been reproduced and certain weaknesses of this approach identified.

This work constitutes a contribution to the understanding of the swirl-switching
behaviour of the Dean vortices in turbulent flow and aims to open a discussion on
correctly identifying and separating the spatial and temporal travelling waves.

Further research will be conducted towards finding a correlation between the
bend curvature δ and the frequency of the swirl-switching St.
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