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Abstract

This doctoral thesis presents density functional calculations applied in several
domains of interest in solid state physics and materials science. Non-collinear
magnetism has been studied both in an artificial multi-layer structure, which
could have technological relevance as a magnetic sensor device, and as exci-
tations in 3d ferromagnets. The intricate bulk crystal structure of γ-alumina
has been investigated. An improved embedded cluster method is developed
and applied to study the geometric and electronic structures and optical
absorption energies of neutral and positively charged oxygen vacancies in
α-quartz. Ab initio total energy calculations, based on the EMTO theory,
have been used to determine the elastic properties of Al1−xLix random alloys
in the face-centered cubic crystallographic phase. The obtained overall good
agreement with experiment demonstrates the applicability of the quantum
mechanics formulated within the framework of the Density Functional The-
ory for mapping the structural and mechanical properties of random alloys
against chemical composition.
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Introduction

The last decades have witnessed tremendous advances in our capability to
model the physical reality around us. Aided by ever more powerful computers
and sophisticated theoretical methods, today it is possible to calculate many
important properties of real materials solely by applying the principles of
quantum mechanics. Using the same methods it is even possible to simulate
materials which do not exist in nature, yet.

The simulation of large systems, like crystals, typically consisting of a
huge number of atoms, would not have been possible without a way of sim-
plifying the problem. Density functional theory does exactly this, it maps the
many-electron problem to a set of one particle equations. Density functional
theory has been extremely successful in its applications and is widely used,
even in areas which transcend its original scope. Density functional theory
is the basis for all the work presented in this thesis.

Thin film structures offer an interesting playground for the study of mag-
netism in an extreme way. Within thin films, one can control the thickness,
the strain, the immediate environment, and also lock film into meta-stable
phases that do not exist in the bulk. In multi-layers, properties like oscil-
lating exchange coupling, giant magneto-resistance (GMR), reduced dimen-
sionality, enhanced magnetic moments and the possibility of controlling the
magnetic anisotropy, have lead to intensive research worldwide with contin-
uous progress. Part of this Thesis is concerned with the exploration of this
exciting field.

One of the main goals of condensed matter physics is to understand the
mechanical and structural properties of solids at the atomic level and to
predict both qualitative and quantitative data for development of high per-
formance materials. In the near past, such a description of substitutional
random alloys seemed to be unreachable. Very recently, however, progress in
computational alloy theory made possible accurate treatment of complex sys-
tems, such as concentrated random alloys. This thesis presents applications
for the case of Al-Li random alloys.

The last part of this thesis deals with the defect properties of technologi-
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cally important and versatile wide-gap dielectrics, such as silica and alumina.
These materials are at the hart of modern technologies, yet the properties of
point defects in these systems have not been well understood. The density
functional theory presented in this thesis allows one to achieve a deeper un-
derstanding of the structure and spectroscopic properties of these complex
systems.
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Chapter 1

Theoretical Method

1.1 The Many-body Problem

The ground state of a quantum mechanical system, however complicated,
can be described by a simple equation, the time independent Schrödinger
equation

HΨ = EΨ, (1.1)

For a solid, the Hamiltonian H, can be expressed as

H = −~2

2

nucl∑
j

∇2
Rj

Mj

− ~2

2me

elec∑
i

∇2
ri
−

elec∑
i

nucl∑
j

e2Zj

|ri −Rj|
+

elec∑
j<i

e2

|ri − rj|
+

nucl∑
j<i

e2ZiZj

|Ri −Rj|
,

(1.2)
where ~ is Planck constant, Rj is the nuclear coordinate for the j′th nu-
cleus, ri the electronic coordinate for the i′th electron and Mj and me are
the corresponding masses. Zj are the nuclear charges. Ψ is the many-body
wave function which is a function of all the positions and spin coordinates in
the system Ψ = Ψ(r1, r2, ..., rn). Unfortunately the Schrödinger equation is
difficult to solve even for small systems. A typical solid has a huge number
of atoms and a brute-force method is not feasible. Some approximations are
necessary. An important approximation is the Born-Oppenheimer approx-
imation, where the motion of the nuclei are separated from the electronic
degrees of freedom and the electrons are considered as moving in an external
static field generated by the nuclei. Indeed this is reasonable to do since the
mass of the nuclei is much larger than the mass of the electrons and their
motion much slower.
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The Born-Oppenheimer approximation still leaves us with a difficult many-
electron problem. One way to approach this is the Hartree-Fock approxima-
tion (HF). The total wave function is defined as a Slater determinant of
one electron wave functions and fulfill the Pauli exclusion principle by con-
struction. As a direct consequence of this construction, a non-local exchange
potential appears naturally. Although good for atoms and molecules, the
Hartree-Fock approximation has deficiencies which make it useless for appli-
cations in solid state physics. One major deficiency is that when applied to
the free electron gas, the density of states (DOS) turns out to be zero at the
Fermi level. This has serious implications when applying this approximation
to metals, which, by definition, have non-zero DOS at Fermi level.

The Hartree-Fock method takes into account only the lowest-lying con-
figuration which is one of very many with comparable energies, and better
approximation would result from taking a linear combination. Such an ap-
proach, where effects beyond the Hartree-Fock approximation (correlation
effects) are included by improving the many-particle wave function, is known
configuration interaction (CI). It leads, in principle, to the exact wave func-
tions from which most properties of interest can be calculated. CI is however
even more computationally costly than HF and therefore not usable for solids.

1.2 Density functional theory

Density functional theory (DFT) takes a different approach to the many-
electron problem. Instead of trying to calculate the N-electron wave-function,
it only deals with the particle density n(r) and total energy E. The density
functional theory is based on two theorems stated by Hohenberg and Kohn[1]

1. The ground state is a unique functional E[n] of the electron density,

2. The true ground state density n(r) minimizes this total energy func-
tional E[n].

The energy functional can be written in the following form[2]:

E[n] =

∫
V0(r)n(r)dr +

1

2

∫ ∫
n(r)n(r′)

|r − r′|
drdr′ + Ts[n] + Exc[n] (1.3)

where V0 is the external potential, Ts[n] and is the kinetic energy of a system
of non-interacting electrons. All the remaining contributions to the energy
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are now contained in the last term, Exc[n], the so called exchange and corre-
lation energy. By applying the variational principle, under the constrains of
the charge conservation, we arrive to the Kohn-Sham equations

(
−∇2 + Veff (r)

)
ψi(r) = εiψi(r) (1.4)

where

Veff = V0(r) +

∫
n(r′)

|r − r′|
dr′ +

δExc[n]

δn(r)
. (1.5)

The Kohn-Sham equations are formally exact but require the knowledge of
the functional derivative of Exc

Vxc[n] =
δExc[n]

δn(r)
. (1.6)

The exchange-correlation energy Exc is defined as the difference between the
exact and other contributions that may be evaluated numerically exactly.
The exchange-correlation energy of the interacting system can be expressed
exactly in terms of an integral over the coupling constant[3, 4]

Exc =
1

2

∫
dr n(r)

∫
dr′

1

|r − r′|
nxc(r, r

′ − r) (1.7)

with

nxc(r, r
′ − r) ≡ n(r′)

∫ 1

0

dλ [g(r, r′, λ)− 1] (1.8)

The function g(r, r′, λ) is the pair correlation function of the system with
density n(r) and Coulomb interaction λVee. The exchange-correlation hole
nxc describes the effect of the inter-electronic repulsions, the fact that an
electron present at point r reduces the probability of finding one at r′. The
exchange-correlation energy may then be viewed as the energy resulting from
the interaction between an electron and is exchange-correlation hole.

The correlation potential is unknown for most of the systems, with very
few exceptions: for the homogeneous electron gas the exchange potential can
be evaluated by means o Monte-Carlo simulations yielding, roughly, Vxc =
n1/3. For all other systems the Vxc is approximate.
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1.3 Energy functionals

1.3.1 The Local Density Approximation

One simple idea is to construct an energy functional which is exact in the
limit of slowly varying charge densities

ELDA
xc =

∫
n(r)εxc (n(r)) dr. (1.9)

The corresponding exchange-correlation potential is a local potential, hence
the name: local density approximation (LDA)[5].

With the DF formalism it is possible, in principle, to determine the to-
tal energy using a functional that depends on the density alone and not
a spin densities. The task of finding good approximations to the exchange-
correlation energy is, however, greatly simplified if the functional is expressed
in terms of the spin densities. The importance of including this spin depen-
dence in approximate functionals was observed early for a cohesive energy of
alkali metals. The approximation used most widely in total energy calcula-
tions in the local spin-density approximation (LSDA),

ELSDA
xc =

∫
dr n(r)εxc [n↑(r), n↓(r)] (1.10)

The DFT in combination with LDA has turned out to be a very powerful
approximation and has been used extensively in solid state theory. The LDA
is derived from the homogeneous electron gas and is, strictly speaking, only
valid for systems with slowly varying densities. However, the applications
of LDA has proven to give good results well beyond this range. There are
however systematic errors in LDA and LSDA. For example they tend to
overestimate the bonding in metals and it fails to predict the correct ground
state crystal structure of Fe.

1.3.2 General Gradient Approximations

Since the birth of DFT, extensions of LDA to higher orders in density gradi-
ents have been investigated. Already Kohn and Sham proposed an expansion
of the exchange-correlation functional in higher order gradients of the charge
density including n and |∇n|2 as the two lowest terms. This kind of approx-
imation is called gradient expansion approximation (GEA). Unfortunately
GEA is violating the charge conservation rule∫

d3r′nXC(r, r′) = 1, (∀)r (1.11)
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where the exchange-correlation hole, nXC(r, r′), is the probability of finding
an electron at r′ if we know there is one electron at r.

More general energy functionals, where EXC does not necessarily have
to be approximated by an expansion in higher order terms of the density
gradient are called general gradient approximations (GGA). If we consider
only the first order gradients, the exchange-correlation energy can be written:

EXC [n] =

∫
d3rn(r)f(n,∇n). (1.12)

Perdew and Wang[6] constructed a GGA which satisfies the sum rule (1.11)
together with other exact conditions. It can be expected that GGA will give
better ground-state properties than LDA, since GGA was constructed to be a
more precise approximation to the true density functional. In general GGA
gives better equilibrium volumes, bulk moduli and cohesive energies than
LDA, and also improves on magnetic properties.

GGA has the same problems as LDA in calculating properties like den-
sities of states (DOS), band structures or photo-emission spectra. Even the
correct density functional will not describe these properties exactly. It is
beyond the DFT to calculate properties other than ground state energy and
(spin polarized) charge density. However, novel theories are finding relations
between the Kohn-Sham eigenvalues and the excited states of the real many-
electron system. In practice LDA gives reasonably good optical spectra and
band structures are looking as expected in many cases, but there are excep-
tions. For example, the strongly correlated system La2CuO4 is predicted to
be a metal while in reality it is an insulator. Also, band-gaps calculated with
GGA or LDA are consequently smaller than the observed values.

1.3.3 The Airy Gas Approximation

The concept of the edge electron gas was put forward by Kohn and Matt-
son[7] as an appropriate basis for the treatment of systems with edge surfaces
outside of which all Kohn-Sham orbitals decay exponentially. Its simplest re-
alization, the Airy gas model, is based on the linear potential approximation
and may serve as the starting point for the construction of functionals that
are alternatives to the GGA. The Airy gas model has recently been used to
construct an explicit kinetic energy functional for inhomogeneous system[8],
which for atoms and surface has the accuracy of functionally based on the
second-order gradient expansion.

Vitos et al.[8] have taken the exchange energy of the Airy gas model
derived by Kohn and Mattsson[7] and cast it in a form amenable to a simple,
accurate parameterization. The procedure may be viewed as local mapping
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of the real system described by its density and scaled gradient onto the Airy
gas model and represents one possible solution to the joining of the interior to
the edge regions. The parameterized functional that is referred to as the local
Airy gas (LAG) functional is tested in calculations of the exchange energies
of rare-gas atoms and metallic surfaces within the jellium model where the
exact results are known[9]. In addition, the LAG exchange functional is
applied in conjunction with the LDA for correlation[6] in calculations of the
molecular binding energies and bulk properties of solids[8, 10–12].

The present LAG exchange functional has a number of advantages over
previous GGA functionals: (i) it explicitly includes the properties of the edge
region where much interesting physics occurs, (ii) its accuracy may be sys-
tematically improved by including higher-order expansions of the effective
potential of the model system, and (iii) the resulting exchange-energy func-
tional is as simple and well-defined as that of the standard LDA, it has no
adjustable parameters.

The starting point for the Airy gas exchange energy functional is the
potential

veff (z) =

{
∞ for z ≤ −L
Fz for −L < z <∞ (1.13)

which is linear in z, independent of x and y, and has a hard wall at −L
far from the electronic edge at z = 0. The slope of the effective potential
F = dveff/dz leads to a characteristic length scale

l ≡
(

~2

2mF

)1/3

, (1.14)

and the electron and exchange-energy densities are then given by

n(z) = l−3n(ζ) (1.15)

εx(z) = −e
2

2
l−4εx(ζ) (1.16)

where ζ = z/l

n(ζ) =
1

2π

∫ ∞

0

Ai2(ζ + ζ ′)ζ ′dζ ′, (1.17)

and

εx(ζ) =
1

π

∫ +∞

−∞

∫ ∞

0

∫ ∞

0

Ai(ζ + ε)Ai(ζ ′ + ε)Ai(ζ + ε′)
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× Ai(ζ ′ + ε′)|ζ ′ − ζ|−3g

×
(√

ε|ζ ′ − ζ|,
√
ε′|ζ ′ − ζ|

)
dζ ′dε dε′ (1.18)

A contour plot of the universal function g(s, s′) may be found in ref. [7]. The
exchange energy (1.16) may be written in the form

εx(z) = εLDA
x (z)Fx (s(z)) , (1.19)

where εLDA
x (z) is the exchange density of the uniform electrons gas. The

enhancement function

F (ζ) ≡ 2

3

(π
3

)1/3 εx(ζ)

n4/3(ζ)
(1.20)

is the unique function [Fx(ζ), s(ζ)] of the called gradient

s(ζ) ≡ n′(ζ)

2(3π2)1/3n4/3(ζ)
(1.21)

The scaled gradient is conserved when going from the real gas to the Airy
gas model, and therefore the enhancement function Fx(s) parametrized[8],
for instance, in a modified Becke form[13]:

FLAG
x (s) = 1 + β

sα

(1 + γsα)δ
, (1.22)

which includes the proper LDA limit, may be used to obtain the exchange en-
ergy density of the real electron gas from the local, scaled gradient[8] s(n(z)).
For α = 2.626712, β = 0.041106, γ = 0.092070 and δ = 0.657946 the local
deviation between the exact result (1.20) and the parametrized form (1.22)
integrated over the range 0 < s < 20 is less than 0.3%.

1.4 Spin polarized systems

Von Barth and Hedin[14] have generalized the density functional theory to
spin polarized systems. They have replaced the charge density n[r] by a spin
density matrix

ρ(r) =
n(r)

2
1 +

m(r)

2
· σ. (1.23)

Here 1 is the 2 x 2 unit matrix, m(r) the magnetization density and σ =
(σx, σy, σz) are the Pauli spin matrices. With the Hamiltonian acting in spin
space, the wave-function will have the form of a spin function

ψi(r) =

(
αi(r)
βi(r)

)
, (1.24)
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where αi and βi are the two spin projections. Similarly, all the other operators
need to be represented as 2 x 2 matrices. The explicit form of the charge
and magnetization density is then:

n(r) =
∑N

i=1 |ψi(r)|2, and m(r) =
∑N

i=1 ψ
†
i (r)σψi(r), (1.25)

and the density matrix has the form:

ρ(r) =
N∑

i=1

(
|αi(r)|2 [α∗i (r)βi(r)]

∗

[α∗i (r)βi(r)] |βi(r)|2
)
. (1.26)

The spin-polarized Kohn-Sham equations can be deduced in a similar
way as in the non spin polarized case and the analogous local spin density
approximation (LSDA) replaces the LDA.

For the case of collinear spins, a global magnetization direction can be
defined. In this case the problem decouples in spin space. The two spin
projections have different potentials and can be solved separately. With
the magnetization direction chosen along the z-axis, the density matrix is
completely described by the two quantities n = n↑ + n↓ and mz = n↑ − n↓
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Chapter 2

Computational techniques

2.1 Band structure calculations

The Kohn-Sham theory reduces the many electron problem to the one elec-
tron Kohn-Sham equations. The problem is now to solve this equations i.e.
find the one-particle eigenfunctions ψ(r), and eigenvalues ε. Since the ef-
fective potential is dependent on the charge density, and therefore on the
solution itself, the Kohn-Sham equations have to be solved in a self consis-
tent fashion. A guessed charge density must be constructed to start with.
From this, the effective potential is calculated and then the K-S equations
are solved. The solution provides the new charge density which is used in
the next iteration. The iterations are continued until all physical quantities
are converged.

In order to perform a numerical calculation, the wave functions need to
be expanded in some basis set. Once a basis is specified, the wave function
|ψ〉 is expanded using this basis

|ψ〉 =
∑

i

Ai |φi〉 (2.1)

We have to solve the secular equations:∑
j

Aj

〈
φi|Ĥ − ε|φj

〉
=
∑

j

(Hij − εOij)Aj = 0 (2.2)

where

Hij =
〈
φi|Ĥ|φj

〉
(2.3)

and

Oij = 〈φi|φj〉 . (2.4)

11



The equation system (2.2) which is linear in energy is a generalized eigenvalue
problem and can be solved using standard numerical methods.

For the case of infinite crystals one needs to represent the wave function in
the whole space. However, the crystal potential has translational symmetry
and therefore the solutions to the Kohn-Sham equation should have the Bloch
form:

ψk(r) = Uk(r)e
ikr (2.5)

where k is a reciprocal lattice vector and Uk(r) is a periodic function. A basis
set which satisfies this condition can be constructed from localized functions
φ(r):

ψk(r) =
∑
R

φ(r−R)eikr (2.6)

Using such a basis, the Hamiltonian becomes block-diagonalized, with
one block for each k-point. Therefore the eigenvalue problem can be solved
separately for each k-point. Due to the periodicity of the exponent, basis
functions outside the Brillouin zone correspond to a function inside the zone.
Only k-points inside the zone are necessary to include in the calculation.

The choice of the basis set is one of the most fundamental factors de-
termining the quality of the results of an electronic structure calculation.
In practice, computer codes are created for specific types of basis functions,
with the aim of achieving efficient computations. The programs that have
been used in this study employ several different types of basis sets considered
below.

2.2 Plane waves and pseudopotentials

Plane waves are natural candidates as basis functions in periodic models,
since they automatically satisfy the Bloch condition. The formal definition
of a plane wave is the following:

φk
K = Ω−1/2 exp[iR · (k + K)] (2.7)

where Ω−1/2 is a normalization factor, k is a point within the Brillouin zone,
and K is a vector of the reciprocal lattice.

The set of plane waves (PW) is complete and orthonormal, and therefore
any continuous, normalizable function can be expanded with arbitrary preci-
sion in the PW basis set. Obviously, practical applications require employing
finite sets, and therefore it is necessary to impose some selection criteria. The
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number of PW contained in a given basis is usually selected by defining a
cut-off energy, Ecut for each k in the Brillouin zone, such that all the PW
that satisfy

(k + K)2 < Ecut = R2 (2.8)

are included. Here R corresponds to the radius of the sphere, in the reciprocal
space, centered at the origin. The finest detail that can be revealed for a
given Ecut is of the order of 1/R. In practice, the number of plane waves
required for describing correctly the rapid changes of the orbitals of core
electrons becomes prohibitively large. Instead, pseudopotentials can be used
for simulating the atomic cores.

The procedure for the introduction of the pseudopotentials is well estab-
lished. The one-electron Hamiltonian is partially modified, by introducing a
new term Vps that accounts for the nuclear attractions, already screened by
the core electrons. For a system containing A nuclei and n electrons, from
which n’ are valence electrons, the one-electron equations become

[
−∇

2

2
+

∫
ρ′(r′)

|r− r′|
+ µexc−corr(r; [ρ

′]) +
∑

A

Vps(A)

]
ψ′

i(r) = ε′iψ
′
i(r) (2.9)

This equation is identical to the all-electron DFT equations, apart from
the substitution of the potential by the pseudopotential operator. The primes
symbols indicate that the solution of the equation is limited to valence elec-
trons only. The valence density ρ′(r′) is used to define the coulomb, exchange
and correlation contributions to the total energy. The new terms Vps(A) are
also in charge of keeping the orthogonality between core and valence elec-
trons (Exclusion Principle). The general expression of the pseudopotential
under these conditions is:

Vps(A) = −ZA − ncore
A

|r−RA|
+

[∑
l

U s−r
l (|r−RA|)

]
A

+W s−r(|r−RA|) (2.10)

where ZA represents the charge of the nuclei A, ncore
A the number of electrons

contained in the core of atom A. Both U s−r
l (|r −RA|) and W s−r(|r −RA|)

are functions with short range character, that can be defined in different
ways. The pseudopotentials are usually fitted to a basis of atomic data
obtained using all electron first-principles calculations of isolated atoms or
ions. Several conditions are applied, and fulfilled as best as possible: a)
Pseudo-valence eigenvalues have to coincide with true eigenvalues, b) the
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pseudo-orbitals should be as similar as possible to the region outside the
core. This is usually achieved by requiring the pseudo-wave function to be
continuously differentiable at least twice at cut-off radius that defines the
core region:

φps
lε (r)(n)|r=Rc = φAE

lε (r)(n)|r=Rc n = 0, 1, 2, ... (2.11)

where φps
lε (r)(n) is the solution of the radial Schrödinger equation for an spe-

cific energy ε:

[
~2

2m

(
d2

dr2
+
l(l + 1)

r2

)
+ V (r)− ε

]
φAE

lε (r)(n) = 0 (2.12)

Often, it is also required that the charge enclosed inside the core region
should be the same for the pseudo wave function and the all-electron wave
functions (norm-conserving conditions).

∫ Rc

0

φps
lε (r)2dr =

∫ Rc

0

φAE
lε (r)2dr (2.13)

Obviously, a minimum set of our adjustable parameters is required to ful-
fill these conditions, but practical implementations require additional param-
eters used for improving convergence of the pseudo-wave functions expanded
in the basis of plane waves. In the calculations presented here, pseudopo-
tentials have been used only for the calculations in which plane waves basis
sets have been employed (see chapter 4). The VASP code allows one to use
ultra-soft pseudopotentials, allowing a significant reduction in the number
of plane waves in the basis set. The original concept of this type of pseu-
dopotentials can be found in the work by Vanderbilt [15], and details on how
they have been employed inside VASP can be found in ref. [16–18]. The
high efficiency of this type of pseudopotentials is achieved by relaxing the
norm-conserving constraint, but then a generalized eigenvalue problem must
be faced. The lack of norm-conserving constraint leads to deficit between the
charge described by the pseudopotential and that of all-electron wave func-
tion, that should be compensated by means of an augmentation function.
In the implementation in VASP, these augmented functions are constructed
employing information from non-conserving pseudopotentials. This proce-
dure (which differs from the original proposal by Vanderbilt) allows one to
generate ultra-soft pseudopotentials with very similar behavior to their norm-
conserving counterparts.
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2.3 The LAPW basis set

Within the linearized augmented plane-waves (LAPW) basis set[19, 20], the
space is divided in two regions. The muffin-tin (MT) region consists of non-
overlapping spheres centered on atomic sites. The rest of the space is the
so called interstitial region. The LAPW basis is then constructed for each
region separately in such a way that they are reasonable approximations for
the true solutions in the respective regions. In the interstitial region the
potential is fairly flat. Here plane waves are used for the basis since they are
simple functions and solutions for the Schrödinger equation for a constant
potential. In the MT region, the basis is derived from the solutions for a
spherical potential

ul(rα, E0)Y
m
l (R̂α) (2.14)

l and m are the angular momentum quantum numbers and Y m
l a spherical

harmonic function. The function ul satisfies the radial equation

− 1

r2
α

d

drα

(
r2
α

dul

drα

)
+

[
l(l + 1)

r2
α

+ V (rα)

]
ul = Eul, (2.15)

For greater flexibility, a linear combination of ul and its energy derivative
u̇l ≡ ∂ul/∂E is used as the basis inside the MT. Thus the LAPW basis for
all regions is

φLAPW
i (R,k) =

{
Ω−1/2eiki·R R ∈ I∑

L [ai
Lul(rα, E0) + biLu̇l(rα, E0)]Y

m
l (R̂α) R ∈ MT.

(2.16)
The coefficients ai

L and biL are chosen so that the basis functions are contin-
uous at the MT boundary both in value and in derivative.

The LAPW basis set was proven to be very accurate for a broad range of
applications.

2.4 The EMTO method

The Exact Muffin-Tin Orbitals (EMTO) theory[8, 21–24] formulates an effi-
cient and accurate method of solving the Kohn-Sham equations of the Density
Functional theory. For simplicity, it may be considered as an improved KKR
method[25], where the exact potential is represented by large overlapping po-
tential spheres. Inside the potential spheres the potential is spherically sym-
metric, and it is constant between the spheres. By using overlapping spheres
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one describes more accurately the exact crystal potential, when compared
with the conventional non overlapping Muffin-Tin approach.

The EMTO theory was originally developed by O. K. Andersen and im-
plemented by Vitos et al. [8, 23]. It has been successfully used in ab initio
study of metallic alloys, semiconductors and oxides [11, 26–39]

The self-consistent solution of the one-electron Kohn-Sham equations[2]
involves two main problems: (i) the solution of the Schrödinger equation for
the effective potential, and (ii) the solution of the Poisson equation for the
total electronic and protonic charge densities.

In the EMTO theory[21, 22, 40] the one-electron Kohn-Sham equations,[
−∇2 + v(r)

]
Ψj(r) = εj Ψj(r), (2.17)

are solved within the muffin-tin approximation for the effective potential,

v(r) ≈ vmt(r) ≡ v0 +
∑

R

[vR(rR) − v0] , (2.18)

where R runs over the lattice sites, vR(rR) are spherical potentials, which
become equal to v0 outside the potential spheres of radii sR. For accurate
representation of the full potential these s−spheres should overlap[22].

2.4.1 The EMTO basis set

In order to solve the Schrödinger equation (2.17) for the muffin-tin potential
(2.18) the wave function is expanded in terms of a complete basis set,

Ψj(r) =
∑
RL

ψ̄a
RL(εj, rR) va

RL,j, (2.19)

where L stands for (l,m), and ψ̄a
RL are the muffin-tin orbitals defined for

each site R. In (2.19) the l summation usually includes terms up to lmax = 3,
i.e. the s, p, d and f orbitals. The coefficients, va

RL,j, are determined from
the condition that the expansion (2.19) should be solution of Eq. (2.17) in
the entire space. This condition leads to the kink cancellation or screened
KKR equation[25, 41].

In the interstitial region, where the potential is approximated by v0, it is
customary to use as basis functions the solutions of the wave equation,[

∇2 + κ2
]
ψa

RL(κ, rR) = 0 , where κ2 ≡ ε− v0. (2.20)

Within the EMTO formalism the ψa
RL(κ, rR) functions are referred to as the

screened spherical waves [21]. The boundary conditions for Eq. (2.20) are
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given in conjunction with non overlapping spheres centered at all sites R
with radii aR. The screened spherical waves on their own a−spheres behave
like a pure spherical harmonic, YL(r̂R), while the YL′(r̂R′) projections on
all the other a−spheres, i.e. for R′ 6= R, vanish [21]. With these energy
independent boundary conditions for κ2 below the bottom of the a−spheres
continuum, the screened spherical waves have short range and week energy
dependence[21]. They form a complete basis set in the a−interstitial region
and may be expanded in spherical harmonics YL′(r̂R′) around any site R′, as

ψa
RL(κ, rR) = fa

Rl(κ, rR) YL(r̂R)δRR′ δLL′ +
∑
L′

ga
R′l′(κ, rR′) YL′(r̂R′) Sa

R′L′RL(κ),

(2.21)
where fa

Rl(κrR) and ga
Rl(κrR) are linear combinations[8] of spherical cylindric

functions [42]. The expansion coefficients, Sa
R′L′RL(κ), are the elements of

the slope matrix, which is related to the bare KKR structure constant matrix
through an inhomogeneous Dyson equation[21]. In (2.21) l ≤ lmax, and the
l′ summation is infinite, which in practice is truncated at lhmax ≈ 8 − 12.
Terms with lmax < l′ ≤ lhmax are called highers. For l ≤ lmax the fa

Rl(κrR)
and ga

R′l′(κrR′) functions satisfy the following boundary conditions at the a-
spheres: fa(a) = 1, ∂f(a)/∂r = 0, ga(a) = 0 and ∂ga(a)/∂r = 1/a, where
the indices have been omitted for simplicity. For l′ > lmax ga

R′l′(κ, rR′) =
−jl(κrR′), where jl is the spherical Bessel function. The screened spherical
waves have no pure (lm) character, and they are irregular at the origin. Note
a function fL(r) has pure (lm) character if the angular part is fully described
by a real spherical harmonic, viz., if fL(r) = fL(r) Ylm(r).

For spherically symmetric potentials vR(rR), i.e. close to the lattice sites,
the basis functions are chosen to have pure (lm) character, and the radial
parts are the regular solutions of the radial Schrödinger equation,

∂2
[
rR φRl(ε, rR)

]
∂rR

2 =
[ l(l + 1)

r2
R

+ vR(rR)− ε
]
rR φRl(ε, rR). (2.22)

The partial waves, φRl(ε, rR), are defined for any real or complex energy
ε. Because a screened spherical wave behaves like YL(r̂R) only on its own
a-sphere, the matching condition between ψa

RL(κ, rR) and φRl(ε, rR) YL(r̂R)
should be set up at this sphere. The connection onto the potential sphere,
which is usually larger than the a-sphere, is done by introducing a free elec-
tron solution from the potential sphere back to the a−sphere, which joins
continuously and differentiable to the partial wave at sR and continuously
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to the screened spherical wave at aR. The radial part of the backwards
extrapolated free-electron solution can be written in the form [21]

ϕa
Rl(ε, r) = fa

Rl(κ, r) + ga
Rl(κ, r) D

a
Rl(ε), (2.23)

where Da
Rl(ε) is the logarithmic derivative of ϕa

Rl(ε, r) calculated at the a-
sphere.

The exact muffin-tin orbitals are constructed as the superposition of the
three basis functions,

ψ̄a
RL(ε, rR) = ψa

RL(κ, rR) + Na
Rl(ε) φRl(ε, rR) YL(r̂R) − ϕa

Rl(ε, rR) YL(r̂R),(2.24)

where the last two terms are truncated outside the s−spheres. The nor-
malization function, Na

Rl(ε), and the logarithmic derivative, Da
Rl(ε), are de-

termined from the matching condition between φRL(ε, rR) and ϕa
RL(ε, rR) at

rR = sR[8], i. e.

1

Na
Rl(ε)

=
φRl(ε, sR)

fa
Rl(κ, sR)

D{φRl(ε, sR)} − D{ga
Rl(κ, sR)}

D{fa
Rl(κ, sR)} − D{ga

Rl(κ, sR)}
, (2.25)

and

Da
Rl(ε) = −f

a
Rl(κ, sR)

ga
Rl(κ, sR)

D{φRl(ε, sR)} − D{fa
Rl(κ, sR)}

D{φRl(ε, sR)} − D{ga
Rl(κ, sR)}

, (2.26)

where D denotes the logarithmic derivative, D{f(r)} ≡ r [∂f(r)/∂r] /f(r).
With EMTO’s (2.24) the wave function (2.19) is a solution of Eqs. (2.17)
and (2.18), if inside the s−spheres the l ≤ lmax components of the screened
spherical waves, multiplied by the expansion coefficients, are canceled exactly
by ϕa

Rl(ε, rR) YL(r̂R) va
RL,j, i.e. if the kink cancellation equation,

∑
RL

Ka
R′L′RL(εj) v

a
RL,j ≡

∑
RL

aR′

[
Sa

R′L′RL(κj) −

− δR′RδL′L D
a
Rl(εj)

]
va

RL,j = 0, (2.27)

is satisfied for all R′ and l′ ≤ lmax. Here and in the following κ2
j ≡ εj − v0.

For energies εj, for which Eq. (2.27) is fulfilled, the wave function inside the
potential sphere at R reduces to
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Ψj(rR) =
∑

L

Na
Rl φRl(εj, rR) YL(r̂R) va

RL,j

+
l′>lmax∑

L′

ga
Rl′(κj, rR) YL′(r̂R)

∑
R′L

Sa
RL′R′L(κj) v

a
R′L,j, (2.28)

i.e. the l′ > lmax components of ψa
RL(κj, rR) penetrate into the spheres.

However, for large l, due to the centrifugal term in the radial Schrödinger
equation (2.22), the partial waves tend towards Bessel functions, i.e. towards
the second term from the right hand side of Eq. (2.28).

The solutions of Eq. (2.27) are the one-electron energies and wave func-
tions. Alternatively, these solutions may be obtained from the poles of the
path operator ga

R′L′RL(z) defined for a complex energy z by

∑
R′′L′′

Ka
R′L′R′′L′′(z) ga

R′′L′′RL(z) = δR′RδL′L. (2.29)

Using the residue theorem and the expression of the overlap matrix of the
exact muffin-tin orbitals[21],∫

ψ̄∗
R′L′(z, r) ψ̄RL(z, r) dr = K̇a

R′L′RL(z), (2.30)

where the over dot denotes the energy derivative, the total number of states
below the Fermi energy εF can be obtained as

N(εF ) =
1

2πi

∮
εF

G(z) dz, (2.31)

where

G(z) ≡
∑

R′L′RL

ga
R′L′RL(z) K̇a

RLR′L′(z)

−
∑
RL

Ḋa
Rl(z)

Da
Rl(z)

−
∑
εD
Rl

1

z − εDRl

 , (2.32)

with l, l′ ≤ lmax. The energy integral from (2.31) is performed on a complex
contour that cuts the real axis below the bottom of the valence band and
at εF . The first term from the right hand side of (2.32) may include the
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unphysical poles of Ḋa
Rl(z), which, however, are canceled by the second term.

εDRl denote the zeros of the logarithmic derivative function, Da
Rl(ε). Note that

the second term from the right hand side of (2.32) gives no contribution if
Ḋa

Rl(z) is analytic function of z inside the complex energy contour.
In (2.30) the negligible terms due to the overlap between potential spheres

have been omitted[22]. Besides this terms, N(εF ) gives the exact number of
states at the Fermi level for the muffin-tin potential (2.18).

In the case of translation symmetry in Eq. (2.27) R and R′ run over the
atoms in the primitive cell only, and the slope matrix, the kink matrix, and
the path operator depend on the Bloch vector k from the first Brillouin zone.

2.4.2 The average EMTO-CPA Green function

The previous section considered the EMTO method for ordered systems only.
For the case of substitutional disorder the EMTO-CPA method was devel-
oped by Vitos et al. [43, 44]. The EMTO-RPA method deals with the
disorder at the Coherent Potential Approximation (CPA) level[45, 46].

Let’s consider a substitutional alloy with a fixed underlying lattice, like
the fcc, bcc, hcp or any other more complicated crystal lattice. We denote
unit cell sites of the underlying lattice like Q, Q′, etc. On each site Q we
have NQ alloy components i with concentrations ciQ and spherical potentials
vi

Q(rQ) with i = 1, 2, ..., NQ. These potentials are somewhat different from the
potentials vi

R(rR) of real random alloy because of different local environments,
however, the approximation vi

Q(rQ) ≈ vi
R(rR) is quite accurate[47].

The radial Schrödinger equations are solved for each sort of atoms and
from the matching conditions at the s−spheres of the i−th component, of
radii si

Q, and a−spheres we set up the backwards extrapolated free-electron
solutions and the corresponding logarithmic derivatives Di

Ql.
The CPA effective medium is described by a site Q dependent (complex)

coherent potential, which posses the symmetry of the underlying crystal lat-
tice. In the EMTO formalism the coherent potential is introduced via the
site-diagonal logarithmic derivative D̃QL′QL(z) of the effective scatterer, and,
therefore, the coherent Green function or the path operator is given by[24]

∑
Q′′L′′

aQ′

[
SQ′L′Q′′L′′(κ,k) − δQ′Q′′D̃Q′L′Q′L′′(z)

]
g̃Q′′L′′QL(z,k) = δQ′QδL′L,

(2.33)
where l, l′, l′′ ≤ lmax, and SQ′L′Q′′L′′(κ,k) are the elements of the EMTO slope
matrix for energy z = κ2 + v0 and Bloch vector k. aQ are the hard sphere
radii associated with the underlying lattice. The average of the on-site (QQ)
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elements of the Green function for alloy component i, gi
QLQL′ , is calculated

as an impurity Green function of the i−th alloy component embedded in
the effective medium. In the single-site approximation, it is obtained from
the real space Dyson equation as a single site perturbation on the coherent
potential

gi
QLQL′(z) = g̃QLQL′(z) + (2.34)

+
∑

L′′L′′′

g̃QLQL′′(z)
[
Di

Ql′′(z)δL′′L′′′ − D̃QL′′QL′′′(z)
]
gi

QL′′′QL′(z).

Di
Ql(z) is the logarithmic derivative function for the i-th alloy component.

The condition of vanishing on the average scattering leads to the relation

g̃QLQL′(z) =
∑

i

ciQ gi
QLQL′(z), (2.35)

Equations (2.33),(2.34) and (2.35) are solved self-consistently for D̃(z), g̃(z,k)
and gi(z). The total number of states below the Fermi level,

N(εF ) =
1

2πi

∮
εF

〈G(z)〉 dz, (2.36)

is obtained from the average Green function

〈G(z)〉 ≡
∫

BZ

∑
Q′L′QL

g̃Q′L′QL(z,k) ṠQLQ′L′(z,k)dk − (2.37)

−
∑
Qi

ciQ
∑

L

[
gi

QLQL(z) Ḋi
Ql(z) +

(
Ḋi

Ql(z)

Di
Ql(z)

− 1

z − ei
Ql

)]
,

where the over dot stands for the energy derivative, and l, l′ ≤ lmax. The
site off-diagonal elements of the coherent Green function g̃Q′L′QL(z,k) are
calculated from Eq. (2.33) with the self-consistent logarithmic derivative
D̃QL′QL(z) of the effective scatterers. The energy integral from Eq. (2.36) is
performed on a complex contour that cuts the real axis below the bottom of
the valence band and at εF . The gi(z)Ḋi(z) term from the right hand side
of Eq. (2.37) may include the unphysical poles of Ḋi(z), which, however, are
canceled by the last term, where ei denote the real zeros of the logarithmic
derivative function.

The first term from the right hand side of Eq. (2.37) assures the proper
normalization of the one-electron states for the optimized overlapping poten-
tial. In fact, within the single site approximation for the impurity Green
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function, Eq. (2.36) gives the exact number of states at the Fermi level
[24, 43, 44].

2.4.3 The full charge density

The complete non-spherically symmetric charge density of each alloy compo-
nent is represented in one-center form around the lattice sites, i.e.

ni
R(rR) =

∑
L

ni
RL(rR)YL(r̂R). (2.38)

The above one-center expansion can formally be obtained from the real-space
expression 〈G(z, rR, rR)〉 =

∑
i c

iGi(z, rR, rR) of the average Green function
(2.37). To this end one needs to transform the first term from the right hand
side of (2.37), i.e. the interstitial term to one-center form. However, due to
this transformation the angular momentum expansion of Gi(z, rR, rR), and
thus of ni(rR), will include the high l terms as well.

Inside the Wigner-Seitz cell at R the partial components ni
RL(rR) of the

average density ni
R(rR) belonging to the sub-lattice Q are determined from

the restricted average of the on-site element of the Green function for the
i−th alloy component gi

QLQL′ given by Eq. (2.34), i.e.

ni
RL(rR) =

1

2πi

∮
εF

∑
L′′L′

CL
L′′L′Zi

Rl′′(z, rR) Di
RL′′L′(z) Zi

Rl′(z, rR)dz, (2.39)

where CL
L′′L′ are the real harmonic Gaunt coefficients. In Eq. (2.39) the

Zi
Rl(z, rR) functions denote the YL(r̂R) projections of the exact muffin-tin

orbitals [21, 43]

Zi
Rl(z, rR) =


N i

Rl(z)φ
i
Rl(z, rR) if l ≤ lmax and rR ≤ sR

ϕi
Rl(z, rR) if l ≤ lmax and rR > sR

−jl(κ rR) if l > lmax for all rR

, (2.40)

where jl(κ rR) are the spherical Bessel functions [42]. In applications the
higher Zi

Rl(z, rR) functions are truncated at lhmax = 8− 12, and, accordingly,
the partial components of the density (2.38) at 2lhmax [43, 44]. The density
matrix D of the alloy component i is given by [43]

Di
RL′L(z) ≡


gi

QL′QL(z) +
δL′L

aQ Ḋi
Ql(z)

(
Ḋi

Ql(z)

Di
Ql(z)

− 1
z−ei

Ql

)
if l, l′ ≤ lmax∑

Q′′L′′

∫
BZ

g̃QL′Q′′L′′(z,k)SQ′′L′′QL(κ,k)dk if
l > lmax

l′ ≤ lmax

×g̃Q′′L′′Q′′′L′′′(z,k)SQ′′′L′′′QL(κ,k)dk if l′, l > lmax
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(2.41)

The high-low and the low-high sub blocks of the slope matrix are calculated
by the blowing-up technique[48]. The charge density computed from Eqs.
(2.38) and (2.39) is normalized within the unit cell, and for reasonable large
lhmax it is continuous at the cell boundaries.

2.4.4 The one-electron potential

In order to perform a self-consistent calculation one constructs the electron
density from the solutions of the kink cancellation equation and calculates the
new one-electron potential. Within the EMTO theory this latter procedure
involves two consecutive steps [40]: the calculation of the full-potential, and
the construction of the Optimized Overlapping Muffin-Tin wells. The first
step, using the one-center formalism for the charge density and potential, is
very demanding and it is inaccurate in the corners of the unit cell. However,
within the Spherical Cell Approximation (SCA) [49], the overlapping muffin-
tin potential depends only on the spherical part of the full-potential, which
can be computed efficiently and with high accuracy.

In the case of alloys we define an overlapping muffin-tin potential vi
mt(r),

(see Eq. (2.18)), for each alloy component i at sub-lattice Q of the under-
lying crystal lattice. The spherical potential vi

R(rR) is calculated from the
restricted average Green function for the i−th alloy component, Eq. (2.34),
following the main idea of the CPA as an impurity embedded in the effective
medium. The electrostatic potential of the electronic and protonic charge
densities can be divided into components due to the charges from inside and
from outside of the potential sphere. The spherical potential due to the
charges inside of the potential sphere (the electronic, ni, and protonic, Zi,
charges) is given by[43]

vI,i
R (rR) = 8π

1

rR

∫ rR

0

r′R
2
ni

RL0
(r′R)dr′R

+ 8π

∫ si
R

rR

r′Rn
i
RL0

(r′R)dr′R − 2Zi
R

rR

, (2.42)

where L0 ≡ (0, 0). The net charges from the outside of the potential sphere
are taken into account by the average Madelung potential, whose spherically
symmetric part is

vM
R =

1

w

∑
R′L′

MRL0R′L′ QSCA
R′L′ , (2.43)
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where MRLR′L′ are the elements of the Madelung matrix, the sum runs over
the unit cell vectors of the underlying lattice, w is the average atomic radius,
and QSCA

RL are the average multipole moments calculated within the spherical
cells,

QSCA
RL =

∑
i

ciR

[ √4π

2l + 1

∫ wi
R

0

(rR

w

)l

ni
RL(rR) r2

R drR−Zi
R δL,L0

]
+δSCA δL,L0 .

(2.44)
wi

R denotes the radius of the spherical cell of type i at site R. The site
independent normalization constant δSCA appears because the integral from
(2.44) is performed over the spherical cell rather than over the unit cell and
it is determined from the condition of charge neutrality

∑
RQ

SCA
RL0

= 0.

Within the SCA a correction to the Madelung potential (2.43) has to be
considered[43]. The average number of electrons inside the s−spheres at R,

Qs
R =

∑
i

ciR Qi,s
R =

∑
i

ciR
√

4π

∫ si
R

0

r2
Rn

i
RL0

(rR)drR, (2.45)

is usually different from the average number of electrons inside the cell,
QSCA

RL0
+
∑

i c
i
RZ

i
R. In other words, the potential spheres are not charge neu-

tral. The above difference contributes with a constant shift, ∆vSCA
R , to the

spherical potential. In the EMTO-CPA method this extra or missing charge
is redistributed equally on the NNN nearest neighbor cells, i.e. we make the
approximation

∆vSCA
R ≈ 1

w

∑
RNN

MRL0RNNL0 ∆QRNN
, (2.46)

where

∆QRNN
≡ 1

NNN

(
QSCA

RL0
+
∑

i

ciRZ
i
R −Qs

R

)
. (2.47)

Since the impurity problem in both the CPA and the Poisson equations
is treated within the single site approximation, the Coulomb system of a
particular alloy component may contain a non-zero net charge. The effect of
the charge misfit on the spherical potential is taken into account using the
screened impurity model (SIM)[50, 51], i.e. an additional shift of

∆vCPA,i
R = −2αc

w

(
Qi,s

R − Qs
R

)
, (2.48)
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is added to the spherical part of the full-potential around site R. Here αc ≈
0.6 and Qi,s

R and Qs
R are defined in (2.45). Note in the case of ordered systems

we have ∆vCPA,i
R = 0.

The total potential within the potential sphere of the i−th alloy com-
ponent is obtained as the sum of Eqs. (2.42), (2.43), (2.46), (2.48) and the
spherical symmetric exchange-correlation potential, namely

vi
R(rR) = vI,i

R (rR) + vM
R + ∆vSCA

R + ∆vCPA,i
R + µxc[n

i
RL0

(rR)]. (2.49)

Finally, the interstitial potential within the SCA is obtained[44] as the aver-
age interstitial potential calculated from vi

R(rR)

v0 =
∑
Ri

ciR

∫ wi
R

si
R

r2
R vi

R(rR) drR/
∑
Ri

ciR

[
(wi3

R − si3

R)/3
]
. (2.50)

2.4.5 The total energy

The total energy of the random alloy is given by

Etot = T [n] +
∑

R

∑
i

ci
(
F i

intraR[ni
R] + Ei

xcR[ni
R]
)

+ Finter[Q] −

−
∑

i

ci
αc

w

(
Qi,s

R − Qs
R

)2
, (2.51)

where T is the total kinetic energy, F i
intraR and Ei

xcR are the electrostatic and
exchange-correlation energies due to the charges from the Wigner-Seitz cell
at R, and Finter is the average Madelung energy. The last term from (2.51)
is the SIM correction to the electrostatic energy [50, 51]. The total kinetic
energy is determined from the one-electron equations,

T [n] =
1

2πi

∮
εF

z 〈G(z)〉 dz −
∑

R

∑
i

ci
∫

ΩR

vi
mt(rR)ni

R(rR)drR, (2.52)

where the first term from the right hand side is the sum of the average
one-electron energies and 〈G(z)〉 is given by Eq.(2.37). The Coulomb and
exchange-correlation parts of the total energy functional are calculated within
the Wigner-Seitz cells using the shape function technique [52–57]. By means
of the shape function any integral over the cell can be transformed into an
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integral over the sphere of radius wC
R which circumscribes the cell. Conse-

quently, the three dimensional (3D) Coulomb integrals reduce to one dimen-
sional (1D) integrals, which can be written in terms of

ñi
RL(rR) =

∑
L′,L′′

CL
L′,L′′ni

RL′(rR) σRL′′(rR), (2.53)

where σRL′′(rR) are the partial components of a shape function (see ref.[44],
appendix E). In (2.53) the l′′ summation is truncated at lsmax, which is the
maximum orbital quantum number included in the spherical harmonic rep-
resentation of the shape function.

The total electrostatic contribution belonging to the cell at R is the sum
of the intra cell and inter cell or Madelung energies. The intra cell energy is
given by

F i
intraR[ni

R] =

√
4π

w

∑
L

∫ wC
R

0

ñi
RL(rR)

[(rR

w

)l

P i
RL(rR)

+
(rR

w

)−l−1

Qi
RL(rR)

]
r2
RdrR (2.54)

where

P i
RL(rR) ≡

√
4π

2l + 1

∫ wC
R

rR

ñi
RL(r′R)

(
r′R
w

)−l−1

(r′R)2dr′R, (2.55)

and

Qi
RL(rR) ≡

√
4π

2l + 1

∫ rR

0

ñi
RL(r′R)

(
r′R
w

)l

(r′R)2dr′R − δL,(0,0) Z
i
R. (2.56)

The inter cell energy has the following form [53, 58]

Finter[Q] = − 1

2w

∑
RL

∑
R′ 6=R

1

2l + 1

(
bRR′

w

)l

YL( ˆbRR′)
∑
L′,L′′

QRL′ (2.57)

× 4π(2l′′ − 1)!!

(2l − 1)!!(2l′ − 1)!!
CL

L′,L′′δl′′,l+l′

∑
L′′′

SRL′′;R′+bRR′L′′′QR′L′′′ ,

where SRL;R′L′ is the conventional LMTO structure constant, and

QRL =
∑

i

ciRQ
i
RL(wC

R) (2.58)
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are the average multipole moments. The displacement vector bRR′ , intro-
duced in Ref. [59], is proportional with the linear overlap of the circumscribed
spheres to the cells at R and R′. A reasonable choice for bRR′ is described in
Refs. [53, 58].

The exchange-correlation energy belonging to the cell at R is calculated
as the integral over the Wigner-Seitz cell of the exchange-correlation energy
density, εxc[n(r)]. For charge densities which deviate weakly from spherically
symmetry the exchange-correlation energy density may be represented by a
Taylor series around the spherically symmetric charge density[60], and, there-
fore, the 3D integral can be reduced to 1D integral. However, for strongly
anisotropic electron densities, like in the case of surfaces, the Taylor ex-
pansion is not convergent. In this case the exchange-correlation energy is
evaluated by a direct 3D integration over the circumscribed sphere, i.e.

Ei
xc R[ni

R] =

∫ 2π

0

∫ π

0

∫ wC
R

0

εxc[n
i(r)]

lsmax∑
L

σRL(rR)YL(r̂R) r2
R drR sin θdθdφ.

(2.59)

2.5 Gaussian basis sets

This type of functions is a popular choice in molecular applications, especially
for convenient expression of multi-electron integrals. Gaussian type orbitals
are composed from products of an angular and a radial functions.

g(r) = Yl,m(θ, φ)R(r) = Yl,mr
lexp(−αr2) (2.60)

where l,m are integers l ≥ 0 and |m| ≤ l, r, θ and φ are spherical polar
coordinates. The parameter α in the exponent of the radial function can be
used as a variational parameter. Generally, the construction of the basis set
implies the optimization of the α parameters for all the Gaussian functions
forming the basis functions.

The orbital is usually constructed as a linear combination (contraction)
of several Gaussians

ϕµ(r)
∑

j

djµgj(r) (2.61)

This allows preparation of basis sets with well behaved orbitals. The coef-
ficients dj are also optimized during the construction of the basis sets. All
Gaussians of a contraction are centered at the same point, typically the po-
sition of a nucleus.
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Gaussian orbitals depend directly on both the nature and the position of a
given nucleus. Given their local character, further manipulation is needed in
order to be able to use them as basis sets for periodic systems. It is possible
to generate sets of Bloch functions using orbitals

φk
µ(r) =

∑
T

ϕ(r−Aµ −T) exp(ik ·T) (2.62)

here Aµ is the position of the atom to which the Gaussian orbital belongs.
Once the basis set of the atoms contained in the unit cell is defined, it is
reproduced by translation over the equivalent atoms in different cells.

When using Gaussian basis sets, the cost of the calculations is indepen-
dent of the nature of the orbital, therefore core electrons can be described
as easily as valence electrons. Still, pseudopotentials can be employed to
simulate atomic cores and reduce the cost of the calculations.

2.6 The embedded cluster method

Plane wave DFT calculations proved to be very efficient for reliable predic-
tions of the ground state properties of crystalline materials. They are less
efficient for studying amorphous materials, point defects and excited states.
The latter is especially true for insulators where weak dielectric screening
may cause artificial interaction between charged defects in different periodic
cells. Although methods have been developed to deal with this problem, to
avoid the spurious defect-defect interaction and to fully include the defect-
induced lattice distortion one needs to employ large periodic cells. Another
issue concerns calculating defect excited states and optical absorption and
luminescence spectra. One way of dealing with these problems is to com-
plement periodic calculations with calculations of single defects using hybrid
embedded cluster methods.

In broad terms, in the embedded cluster method a system, crystalline or
amorphous, with a single point defect is divided into several regions as shown
in Fig. 2.1. A spherical region I centered at the “site of interest” includes: i)
a quantum-mechanically treated cluster (QM cluster), ii) an interface region
which connects the QM cluster and the rest of the solid treated classically,
and iii) a classical region that surrounds the QM cluster and includes up to
several hundred atoms. Region I is surrounded by a finite region II, also
treated atomistically and containing up to several thousand atoms. In the
course of calculations, all positions of atoms within region I are fully opti-
mized while atoms in region II remain fixed in the positions corresponding
to a perfect crystalline or amorphous structure. Their purpose is to provide
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a correct electrostatic potential in region I and proper boundary conditions
for the atoms at the border of regions I and II. Regions I and II combined
together form a finite region which has a radius of several nanometers and
is called nano-cluster. Finally, to account for the polarization of the solid
from the border between regions I and II and up to infinity, region III is
introduced. It is treated in the approximation of polarizable continuum and
conforms geometrically to the boundary between regions I and II. The ad-
vantage of this approach is that it allows one to employ advanced methods
of molecular quantum chemistry for treating the QM cluster and to take into
account the defect-induced polarization of the whole solid.
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Figure 2.1: The setup for embedded cluster calculations for SiO2. Division
into subregions (see text for details) and the structure of the interface between
the QM and classical regions.

The whole approach is similar in spirit to the classical Mott-Littleton
method [61]. The total energy of the system includes: i) the energy of the
QM cluster and the interface atoms in the external electrostatic potentials
due to the classical environment; ii) the interaction between classical atoms
in regions I and II calculated using inter-atomic potentials; iii) the short-
range interaction of the classical atoms and of the interface atoms with the
QM cluster atoms calculated using the short-range part of the classical inter-
atomic potentials, and iv) the Mott-Littleton correction for the polarization
of region III.

The classical atoms in regions I and II are represented using the shell
model[62] and the rigid atom model, respectively. Their electrostatic inter-
action with the interface and with the QM cluster atoms is included on the
quantum-mechanical level, i.e. by calculating the corresponding matrix el-
ements and adding them to the QM potential energy matrix. Total forces
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are calculated on both QM and classical ions. This allows us to minimize
the system total energy simultaneously with respect to the electronic coor-
dinates and the positions of QM ions and classical ions. This allows one to
avoid the time-consuming “self-consistency” procedure used in some previous
implementations of this method [63].

The expression for the total energy is given by

E = Eqm = Ecl + EML (2.63)

where Eqm is the total energy of the QM cluster in the potential of the
classical environment, Ecl is the total energy of the classical environment, and
EML is the Mott-Littleton polarization energy of the crystal lattice outside
region I.

The Eqm is a sum of the quantum mechanical energy of the cluster in
the external potential due to the environment Venv and classical correction
term Wif, qm describing the interaction of the interface atoms with their QM
neighbours. The external potential Venv = V Coul

env + V short
env includes an elec-

trostatic part and short range part; the later is used to mimic the exchange
and resonant part to the interaction energy:

Eqm = 〈Φ|H0 + V Coul
env |Φ〉+ V short

env +Wfi,qm (2.64)

where
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i

Ncl∑
j

WBuck
ij (Ri −Rj) (2.65)
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Vif,qm =

Nqm∑
i

Nif∑
j

WMorse
ij (Ri −Rj) (2.66)

In the expressions above Nqm and Ne stand for the total number of atoms
and electrons in the QM cluster, respectively, Ncl is the total number if
classical atoms, Ncor and Nshe are the total number of classical cores and
shells, Z, Qcor, Qshe are the charges of the nuclei in the QM cluster and
of the classical cores and shells. Rqm and Rshe are the coordinates of the
classical cores and shells. The Hamiltonian H0 includes the kinetic energy
of the electrons, the electrostatic interaction of the electrons, and the nuclei
in the QM cluster (electron-nucleus, electron-electron, nucleus-nucleus), and
an effective core potential for the interface atoms. The external potential
V Coul

env includes interaction of classical cores and shells with the electrons and
nuclei of the QM cluster. The terms V short

env and Wif,qm are both represented
by pairwise Buckingham or Morse-type classical potentials.

The total energy of the classical region is given by

Ecl =

Ncl∑
i

W spring
i +

Ncl∑
i

Ncl∑
j 6=i

(
WCoul

ij +WBuck
ij

)
(2.67)

where

W spring
i =

ki

2
|Rcor

i −Rshe
i |2 (2.68)

In the above W spring is the polarization energy of the atoms in the electro-
static field of the defect, WCoul is the electrostatic energy of the cores and
shells of all pairs of classical atoms, WBuck is the pairwise atomic interactions
represented using classical Buckingham-type potentials.

Properties of the interface atoms depend on material in question, as de-
scribed for MgO [64], SiO2 [65] and Mg2SiO4 [66]. They are descried in more
detail in paper VI.

This method is implemented in the computer code GUESS [64, 65] de-
veloped at UCL, which plays the role of a “master” program that calculates
the total energy, total forces acting on all centers in Region I and performs
the geometry optimization of the whole system. Thus the scheme allows one
to account consistently for the defect-induced polarization of the host lattice
and the effect of this polarization on the defect itself.

The Gaussian 98 package [67] is used for calculations of the quantum
mechanical contributions to the total energy and forces. It employs Gaussian
type basis sets described in a previous section.
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Chapter 3

Magnetism

This chapter is devoted to one of the most fascinating consequences of quan-
tum mechanics-magnetism. The theory behind magnetism is very complex,
involving the quantum mechanical interactions between the two spin degrees
of freedom of the electrons. Hence, non-collinear magnetism has been inves-
tigated both in an artificial multi-layer structure, which could have techno-
logical relevance as a magnetic sensor device, and as excitation in 3d ferro-
magnets.

3.1 Spin waves

Spin waves, or magnons are excitations of a ferromagnet which can be viewed
as precessing of the magnetic moments around the collinear order. For a
transversal spin wave the magnetization has the form of a conical wave, with
wave vector q and frequency ω

m(r, t) =

 m⊥(r) cos(q · r + ωt)
m⊥(r) sin(q · r + ωt)

mz(r)

 (3.1)

In paper IV we calculate the magnon spectra within the adiabatic ap-
proximation and a non-constrained description of the magnetization density.
Previous adiabatic approaches to the problem used the atomic moment ap-
proximation (AMA), where the magnetization direction is fixed inside each
atomic sphere and oriented along a local magnetization axis. A problem with
the AMA approach is that the calculated spin wave spectra is sharp, and not
a distribution. In our approach the collinearity restriction for the atomic
moments is relaxed. It appears that it is the AMA, and not the adiabatic
approximation was the reason for sharp resonances.
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Spin wave excitation spectra were calculated for Fe, Ni and Co along high
symmetry directions and found to be in good agreement with experiments.

3.2 Magnetism in multilayers

Typically a Giant Magneto Resistive (GMR) device comprises several mag-
netic layers separated by non-magnetic spacer layers. The layers are grown
on top of each other epitaxially, forming a so called ’super-lattice geometry’.
In the absence of a magnetic field, the spins in consecutive magnetic layers
are aligned anti parallel. When a sufficiently strong magnetic filed is applied,
the spins are flipped to parallel orientation. The effect is a reduction in the
resistivity of the sample. This is due to the fact that in a parallel configu-
ration, incoherent spin scattering is reduced and electrons can travel greater
lengths without scattering. This difference in resistance can be used to detect
magnetic fields, for instance in sensor applications. In order to detect weak
fields, the interaction between the layers should be weak. This is achieved
by increasing the width of the non-magnetic layers. However an increased
layer width means increased defect scattering per spin scattering ratio, and
this degrades the response of the detector. Therefore it is important to keep
the layer thicknesses as small as possible.

The work in paper I presents new sensor design which employs magnetic
layers with non-collinear spin orientations and thin spacer layer thickness
to improve the sensitivity. The reduction of the spacer thickness is made
possible by setting up a competition between two forces to create a nearly
degenerated ground state. One force is the exchange coupling which tends
to orient the spins parallel or anti-parallel. The other one is the magneto-
crystalline anisotropy (MA) which tries to align the spins along the easy axis
of magnetization. If the materials for the magnetic layers are chosen such
that their easy axes are perpendicular to each other, the ground state spin
configuration is determined by both forces, resulting a complex non-collinear
configuration, neither collinear, nor perpendicular.

To create such conditions should be possible by choosing appropriate ma-
terials for the layers. We propose the following structure: alternating iron
(Fe) and cobalt (Co) layers separated by vanadium (V) layers, grown epi-
taxially in the (001) crystallographic direction. Due to the lattice mismatch,
the layers will be tetragonally distorted. Assuming that the Fe and Co layers
are distorted to accommodate to the V substrate lattice constant, we have
have calculated from first principles the MAE in these layers. We found that
the magnetization in the Fe layer should be in-plane while the magnetization
in the Co layer is perpendicular to the plane. This is of course, in case the
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interlayer exchange interaction is neglected.
According to the RKKY[68] theory, localized moments embedded in a

non-magnetic host interact in an oscillatory fashion. The interaction os-
cillates as a function of the distance with a decaying amplitude. The same
theory can be applied to the case to the interaction of magnetic layers, with is
of interest for us. The oscillation period corresponds to the external spanning
vectors, so called caliper vectors, of the Fermi surface of the non-magnetic
layer. For a single caliper, the exchange interaction has the form:

I(z) = Aisin(2πz/λi + φi)/z
2 (3.2)

where z is the number of non-magnetic layers, λ andA the wavelength and the
amplitude characterizing the caliper. For our Fe/V/Co multi-layers we have
performed total energy calculations for the parallel and anti-parallel spin ori-
entations to calculate the exchange coupling strength for several thicknesses.
We fitted then the data to equation 3.2 to obtain the wavelength and am-
plitude of the oscillations. The formula can be generalized for non-collinear
spins:

Eex = I(z)cos(φFe − φCo) (3.3)

where φFe(Co) is the angle formed by the spins in the Fe(Co) layer with the
perpendicular to the plane.

The total energy, including the MAE terms will be

Etot = Eex + EMAE−Fe + EMAE−Co (3.4)

with EMAE−Fe = Acos2(φFe) and EMAE−Co = Bcos2(φCo).
By minimizing the energy as a function of the angles, we can calculate

the magnetization directions of Fe and Co layers as a function of the V
spacer. The full energy landscape is displayed in figure 3.1. We found that
the energy minima are quite flat and very little energy is needed to rotate
the spins significantly from the ground state orientation. This is much less
than the energy needed to flip the spins in a collinear multi-layer structure
having the same number of spacer layers and therefore our structure should
be more sensitive to weak magnetic fields.
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Figure 3.1: Calculated values of the difference in magnetization directions of
Fe and Co as function of number of V spacer layers (x) and angle theta. The
wavy black line shows the theta which minimizes the energy, as a function
of x.
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Chapter 4

Alumina

Alumina is one of the most important ceramic materials, and has many
diversified applications. It has been used as a wear-resistant coating for
tribological applications because of its good abrasion resistance, chemical
inertness, dimensional stability, resistance to thermal shock, and mechani-
cal strength at high temperatures[69]. The properties of alumina materials
present a great interest in various application areas such as catalysis, coating,
microelectronics, and composite and advanced material technology.

4.1 Phases of alumina

It is well known that the preparation of fine alumina powders by chemical,
vapor deposition or solidification routes results in a variety of metastable
crystal structures, with diverse properties[70]. Indeed much of the Greek
alphabet has been consumed in labeling the many phases, some of which
are distinguished by the change in a few lines of an X-ray powder pattern.
The structures may be divided into two broad categories, based on either an
f.c.c or an h.c.p arrangement of anions. The activity of alumina surface can
be analyzed in terms of acid-base interactions in the Lewis definition[71, 72]
the surface ability for electronic exchanges with other species which can be
determined by XPS and related to the variation of the electronic structure.

Among the many phases, α-alumina and γ-alumina are the most com-
mon. The technological importance of alumina has stimulated many inves-
tigations on its electronic properties. In particular, α-alumina has been well
studied by both theoretical and experimental means. First principles calcula-
tions on the bulk, interface, and surface properties of α-alumina were carried
out[73, 74]. The inter-band electronic structure and the valence band density
of states were investigated by vacuum ultraviolet (VUV)[75, 76] and X-ray
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photoelectron spectroscopy (XPS)[77]. Recently, the theoretical means have
been extended to investigate the electronic and optical properties of the (Σ1)
grain boundary in α-alumina[78, 79] based on the information obtained by
high resolution transmission electron microscopy and atomistic modeling.

4.2 The Structure of γ-alumina

In contrast to α-alumina, γ-alumina has much less studied, partly because
it has fewer technological applications, but mainly because its structure is
unknown, other than it has a spinel structure[80]. The common assumption
is that γ-alumina is a defective spinel, in which cation vacancies are required
to maintain charge balance[81]. There has been a long-standing controversy
as to whether the vacancies occupy the octahedral sites of the cation. Early
experimental data suggested that the vacancies in γ-alumina occur mainly
at the octahedral sites. Verwey’s neutron diffraction data[80] indicated that
for every three spinel unit cells of γ-alumina, there are eight expected cation
vacancies at the octahedral positions. The absence of the [111] reflection
line in the X-ray and electron diffraction measurements[82] appears to rule
out the possibility of vacancies occupying the tetrahedral sites. Jagodinski
and Saalfeld[83] also claimed that the vacancies are exclusively at the oc-
tahedral sites on the basis of Fourier analysis of electron diffraction data.
However, later determined the cation distribution by Fourier synthesis of the
electron diffraction patterns and concluded that the octahedral Al sub-lattice
is fully occupied, and necessary vacant sites are randomly distributed over
the tetrahedral interstices[84]. In recent years, Dupree et al. studied the
structure of amorphous Al2O3 films using the magic angle spinning (MAS)
27Al NMR technique[85]. Since the NMR chemical shift of 27Al is sensitive
to its local environment, they determined the relative amounts of tetrahedral
and octahedral Al by integrating the NMR spectra and suggested indirectly
that the vacancies should occur at the tetrahedral sites in γ-alumina. More
recently[86], also concluded that tetrahedral vacancies exist in γ-alumina be-
cause of the low intensities and the greater extent of diffuse scattering on the
[220] line relative to the [400] line in the electron diffraction pattern. However,
a very recent investigation of transmission electron diffraction (TED) study
on γ-alumina arrived at the opposite conclusion[87]. All tetrahedral sites are
occupied by Al atoms and vacancies are located at the octahedral sites. It’s
also interesting to note that the cation vacancies in the non-stoichiometric
spinel compound MgAl2O4 are likely to be found at the octahedral sites[88].

The main motivation for the work in paper II was to clarify the con-
troversy on the structural uncertainty of γ-alumina and to investigate its
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electronic structure by theoretical means. In this chapter, we first investi-
gate the vacancy distribution pattern using density functional theory and
plane-waves pseudopotentials on γ-alumina.

4.3 Vacancy distribution in γ-alumina

Figure 4.1: Unit cell of the spinel MgAl2O4. The large, dotted atoms are
oxygen, the small, dark atoms are magnesium, and the small, light atoms
are aluminum.

The spinel structure typified by MgAl2O4 is cubic, with Al in octahedral
and Mg in tetrahedral interstices of an fcc O lattice (see Fig. 4.1). Since the
spinel structure contains two symmetrically distinct cation sites, the question
naturally arises whether the vacant sites should be on the tetrahedral (T) or
octahedral (O) sites. In an ideal spinel, 33.3% of the cations are tetrahedral
and 66.7% are octahedral. In an Al2O3-based defect spinel, the percentages
of T and O cations can theoretically range from 25% T and 75% O (if all
vacancies are T sites) to 37.5% T and 62.5% O (if all vacancies are on O
sites)[89].

The problem of O vs T site preference for cations in a spinel-based
gamma-alumina is analogous to the normal/inverse spinel problem: ”Nor-
mal” spinels, A[B2]O4, have cations in T sites and B cations in O sites
(denoted by brackets). However, there exists a class of ”inverse” spinels,
B[AB]O4, in which A cations are in O sites, and the B cations are split be-
tween T and O sites. The classification of normal and inverse spinels can be
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phrased in terms of T vs O cation site preference.
γ-Al2O3 uses the same O fcc lattice, with Al atoms substituted at the

Mg sites. Direct substitution of the Mg sites by these additional Al atoms
results in a stoichiometry of Al3O4. The correct stoichiometry requires the
introduction of vacancies in the spinel cation sites, in total removing 2 and
2/3 Al atoms from the 24 available in the spinel unit cell. The smallest
stoichiometry unit cell, containing 96 O atoms, 64 Al atoms, and spinel
cation vacancies. There is no agreement as to the location of these eight
vacancies.

However, a smaller unit cell exits[90] which has the correct symmetry and
the correct stoichiometry in the same time. The key point in our approach
is to note that the primitive cell has 14 atoms, with the formula Al6O8. We
stack then three of these primitive cells on top of each other, obtaining a
cell with 18 Al and 24 O atoms. This cell has 40 atoms, containing 8 Al2O3

formula units. The spinel structure has fcc cell vectors, and so the 40-atom
spinel supercell will correspond to a tripled fcc cell.

Within this supercell, the two vacancies can be placed in a variety of
cation positions: Both can be placed in O sites, both on T sites, or one in
each one. Furthermore, the distance between the two vacancies can be varied.
The two vacancies can be located both in octahedral positions (referred to as
OO from now on), one in an octahedral position and the other in a tetrahedral
position (OT), or both in tetrahedral positions (TT). The total number of
such combinations is 153 (66 are OO, 72 OT, and 15 TO). Analyzing these
configurations we found out that there are only 14 inequivalent configurations
from which 4 are OO, 6 TO, and 4 TT.

In our computational approach, we performed total energy calculations
for all 14 configurations (see fig. 4.2) allowing for relaxations, in the frame-
work of DFT within the local- density approximation (LDA), using the
exchange- correlation functional of Ceperley and Alder[91]. All calculation
were done using the ab initio total-energy and molecular- dynamics program
VASP (Vienna ab initio simulation program)[16–18]. The ions are repre-
sented by ultra-soft Vanderbilt pseudopotentials[15] and the valence orbitals
are expanded in a basis including plane waves up to a kinetic energy cutoff
Ecut. Essentially, that the LDA is sufficient to support our results, not being
necessary to use the generalized gradient approximation (GGA) at this level.
Actually, in recent work[92] were performed extensive comparisons between
the LDA and GGA for alumina, concluding that for structural properties
and geometry optimization there is not a ”clear winner in terms of physical
accuracy between LDA and GGA in describing Al2O3”.

In the fig.4.2 was displayed the results of the total-energy calculations for
all 14 inequivalent configurations. The initial unrelaxed configurations cor-
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Figure 4.2: The total energy of the 14 different configurations, before and af-
ter relaxation. OO, OT, and TT denote configurations with two octahedral,
one tetrahedral and one octahedral vacancies, and two tetrahedral vacancies
respectively. Square (triangles) denote unrelaxed (relaxed) low accuracy cal-
culations, whereas diamond (circles) denote high-accuracy relaxation without
(with) volume relaxation. Note that two lowest OT structures are practically
indistinguishable on this scale.

responding to OO, OT, and TT configurations are showed by black squares.
We found the minimum energy configuration corresponds to an OO structure,
followed by an OT, and then a TT configuration, with energy differences of
0.160 eV/(Al2O3) and 0.317 eV/(Al2O3), respectively. For this configuration
we calculate the total energy versus volume curve. The calculated volume
is close to the experimental volume and underestimates it by only 1%. Per-
forming a quadratic fitting to this curve we estimate the bulk modulus for
γ-alumina to be B=219 GPa, the lowest one of the known values for the
alumina polymorphs. We have checked the convergence of our calculations
both in kinetic energy cut-off (an Ecut of 400 eV proved to be sufficient) and
k-point sampling (up to 3x3x9 k-point mesh).

We can conclude therefore that the minimum energy structure is has
only octahedral vacancies. Moreover, the minimum energy structure is the
one where the distance between vacancies is the largest. According to our
results, the cation vacancies are located on octahedral sites, at positions that
are most far away from each other. However, there are two points which
deserve more attention. First, we have used a rather limited supercell in
our calculations. Second, the gain in energy compared to structures with
Al vacancies located at tetrahedral sites is modest, and it’s likely that at
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finite temperature the structure will also have some Al vacancies located on
tetrahedral sites.

4.4 Electronic structure of γ-alumina

Figure 4.3: Experimental XPS data and calculated density of states for the
configurations with the two vacancies occupying octahedral (OO), one oc-
tahedral and one tetrahedral (OT), and both tetrahedral (TT) positions,
respectively. The top of the valence band is set to 0 eV.

The VB DOS of γ-alumina was recently measured by X-ray photoelectron
spectroscopy (XPS)[87] and X-ray emission spectroscopy (XES)[93]. The
XPS measures the energy dispersion of an emitted valence band electron by
a photon and XES measures the energy dispersion of an emitted when a
valence band electron makes a transition to a hole in the core state. Both
give information on the DOS of the VB (valence band) of the host material.
Therefore it is interesting to compare our calculated DOS with the experi-
mental XPS data. In fig. 4.3 we show the electron density of states (DOS)
for the OO, OT, and TT minimum energy configurations, together with the
x-ray photoelectron (XPS) measurements done by Ealet et al[77, 87]. The va-
lence band region can be divided into parts: the upper valence band (UVB)
and the lower valence band (LVB), there the energies are referenced to the
valence band maximum. The UVB is mainly created by O 2p bond bond-
ing and non-bonding orbitals with a small component of Al 3s and Al 3p
orbitals[94]. The shape of the valence band can be correlated with the Al3+
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ions distribution in octahedral and tetrahedral sites. The relative height of
the two maxima of the valence band varies following the coordination of the
aluminum atoms in the oxygen lattice. In the experiments[77, 87] was always
observed that the intensities of the two peaks are quite the same illustrating
an occupation of the two kinds of sites. The electronic states of the upper
valence band (UVB) are dominated by O 2p states. The corresponding width
is about 9 eV, while the experimental value is 9.5 eV

The VUB is separated by a gap of about 7 eV from the LVB, composed
of O 2s states, with a width of about 5 eV. The band gap between the UVB
and the conduction band obtained in our calculation is rather small, 4.0 eV,
compared with the 8.7 eV reported from an EELS experiment[77]. In order
to check this value, we calculated the band gap of α-alumina (which is 8.7 eV
according to experiments[95]) using the same method and obtained a value of
6.3 eV. This type of underestimation of energy gap is well-known problem of
DFT[90]. In more detail the DOS corresponding to the three configurations,
one can see that some important differences exist, especially between OO
and TT configurations, which are also the most different from each other
in structure. The LVB of the OO configuration shows only one main peak,
while in the case of TT we can see two peaks. On the other hand, the VUB
of the OO has two peaks, but the UVB of TT shows a broad distribution,
without any distinguishable peaks. If one compares the DOS of these two
configurations with the experimental XPS result, it is clear that it is the
OO DOS which resembles the most in experiment. There are observed two
minima below the Fermi energy in the XPS curve, at -3.16 and -5.47 eV,
correspond to the ones at about -3 and -6.5 eV in the UVB of the OO DOS.
In the same way, one can relate the broad peak in the XPS curve at -20.3 eV
with the peak at -17.5 eV in the LBV of the OO DOS. The overall picture
of the DOS gives additional support to the conclusion that cation prefer
octahedral sites.
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Chapter 5

Aluminium-Lithium alloys

The unusual atomic properties of the disordered Al1−xLix alloys attracted
great attention during the last decades. Lithium is much softer and less
dense metal than aluminum: it’s shear modulus, G, and Young modulus, E,
are 4-5 times as small, while the atomic volume is 30% larger than those of
Al. Nevertheless, the addition of Li to Al results in a significant increase in
G and E as well as in a contraction, rather than expansion, of the lattice.

Numerous theoretical efforts [50, 96–98] concentrated on understanding
the origin of these rather unusual behaviors. Although most of these methods
reproduced the most characteristic features of the composition dependent
equilibrium volume, the theoretical mapping of the elastic properties against
concentration has remained scarce.

In the following a method for the numerical determination of elastic con-
stants will be described for random alloys within the EMTO-CPA method.

5.1 Single crystal and poly-crystalline elastic

constants

The elastic properties of crystals are described by the elements cij of the
elasticity tensor. In the case of cubic lattice symmetry, there are three in-
dependent elastic constants, c11, c12 and c44. The elastic anisotropy can be
described, e.g., by the Every anisotropy parameter [99]

AE =
c11 − c12 − 2c44

c11 − c44
. (5.1)

For an isotropic crystal AE = 0. From the three elastic constants one obtains
the longitudinal and transversal sound velocities and the average of them over
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all directions gives the sound velocity νD, which is used in the conventional
Debye model with the Debye temperature defined as

θD = (6π2/V )1/3(~/kB)νD. (5.2)

Here V = (4πw3)/3 is the atomic volume, ~ and kB are the Planck and
Boltzmann constants, respectively. This Debye temperature determines, e.g.,
the low-temperature limit of the heat capacity per atom, and it should not
be confused with the entropy-related Debye temperature [100] obtained from
the logarithmic average of all the phonon frequencies.

The main difference between the single-crystal alloys considered in first-
principles calculations and the isotropic poly-crystalline material is the in-
herent disorder. The only way to establish first-principles parameters of
these poly-crystalline systems is to first derive single-crystal data and then
to transform them to macroscopic quantities by suitable averaging methods
based on statistical mechanics. In the present work we adopt the Hershey’s
averaging method [101], which has turned out to give the most accurate re-
lation between single-crystal and poly-crystal data [102]. According to this
approach the average shear modulus G is the solution of the cubic equation

G3 + αG2 + βG+ γ = 0, (5.3)

where

α = (5c11 + 4c12)/8,

β = −c44(7c11 − 4c12)/8,

γ = −c44(c11 − c12)(c11 + 2c12)/8.

For a cubic lattice the average bulk modulus is identical to the single-crystal
bulk modulus, i.e. B = (c11 + 2c12)/3. The Young’s modulus is obtained
from B and G as E = 3BG/(3B +G).

5.2 Numerical determination of the elastic con-

stants

At each concentration the theoretical equilibrium volume V and the bulk
modulus B were determined from an exponential Morse type function [103]
fitted to the ab initio total energies of fcc structures for five different atomic
volumes. In order to calculate the two cubic shear moduli, c′ ≡ (c11 − c12)/2
and c44, we used the volume conserving orthorhombic,
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 1 + εo 0 0
0 1− εo 0
0 0 1

(1−εo)2

 , (5.4)

and monoclinic,  1 εm 0
εm 1 0
0 0 1

1−ε2
m

 , (5.5)

deformations, respectively. Using Eq. (2.51) we calculated the total energies,
E(εo) = E(0) + 2V c′ε2

o + O(ε4
o) and E(εm) = E(0) + 2V c44ε

2
m + O(ε4

m), for
six distortions ε = 0.00, 0.01, ..., 0.05.

5.3 Elasticity of the Al-Li solid solution

We rate the relative merits of the LDA, GGA and LAG approximations
to density functional theory in the case of Al-rich Al-Li alloys by compar-
ing their performances for the equilibrium volume and elastic properties of
pure metals. First we compare the present theoretical volume and bulk
modulus of Li and Al, displayed in Table 5.3, to the available experimental
values. The obtained difference between theory and experiment is typical
for what has been obtained for simple and transition metals [8, 104] in con-
junction with the above approximations for the exchange-correlation energy
functional. The LDA strongly underestimates the equilibrium volumes, and,
accordingly, overestimates the bulk modulus for both metals. The GGA cor-
rects this overbinding, and reduces the mean LDA errors in V and B from
−7% and 16% to −3% and 6%, respectively. We find that, on the average,
the LAG approximation outperforms both LDA and GGA, giving errors −2%
in volume and 5% in bulk modulus. However, when only Al is taken into
account, the accuracy of the GGA is superior compared to that of the LAG
approximation.

In Table 5.3 we list the present single-crystal elastic constants for fcc
Al, and compare them to the experimental data [106, 107] and few former
ab initio results calculated using full-potential (FP) linear augmented plane
wave (LAPW) [108, 109] and linear muffin-tin orbitals (LMTO) [110, 111]
methods. We verify the accuracy of the EMTO-CPA method for anisotropic
lattice distortions involved in elastic constant calculation by comparing our
data to the FP values. If we take, as the error connected with such calcu-
lations, the difference between the FP results from Table 5.3, the agreement
between the present and former theoretical results is very good. Therefore,
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Table 5.1: Theoretical (present results) and experimental (Expt.) equilib-
rium atomic volume V (in Å3), and bulk modulus B (in GPa) of the fcc
Li and Al. Theoretical values were obtained within LDA, GGA and LAG
approximations for the exchange-correlation functionals.

LDA GGA LAG Expt.
Li V 18.98 20.02 20.43 21.06a

B 14.96 14.00 13.26 12.6a

Al V 15.95 16.54 16.38 16.61a

B 85.47 76.80 78.34 72.8a, 76.5b

a Ref. [105].
b Ref. [106].

we have confidence in our data from Table 5.3, and use them to judge the per-
formances of LDA, GGA and LAG for the elastic constants of fcc Al. The
calculated average deviations between the experimental [106] and present
theoretical data for cubic elastic constants, obtained within LDA, GGA and
LAG, are 25%, 10%, and 13%, respectively. Thus, summing up the results
from Tables 5.3 and 5.3, we find that the GGA yields significantly better
ground state properties for Al compared to the LDA, and marginally bet-
ter compared to the LAG approximation. Henceforth, all further results for
Al-Li solid solutions are calculated within the GGA.

The theoretical concentration dependence of the poly-crystalline elastic
moduli shown in Fig. 5.1 have been calculated from single-crystal results us-
ing the averaging techniques presented in Section 5.1. In figure we included
the experimental data on Al-Li alloys by Müller [106], and those on com-
mercial 2024 Aluminium Alloy by Sankaran and Grant [113]. The observed
decrease of the bulk modulus, and the sharp increase of the Young’s and
shear moduli at low Li concentrations are well reproduced by the theory.

The ratio between the bulk modulus and the shear modulus, shown in
Fig. 5.2 as B/G, is a measure for the ductility of solids: ductile alloys are
characterized by large B/G ratios, whereas low B/G ratios are representative
of brittle solids [114]. We obtain that small amount of Li addition makes
the alloy more brittle compared to pure Al. In low Li-laden Al-Li alloys
the calculated B/G decreases with 9.6% per At.−% Li, compared to the
experimental decrease of 7.6%.
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Table 5.2: Theoretical and experimental elastic constants (in GPa) and elas-
tic anisotropy for the fcc Al. The present theoretical values were obtained
within LDA, GGA and LAG approximations for the exchange-correlation
functionals. References are given for the full-potential (FP) and experimen-
tal (Expt.) data.

LDA GGA LAG FP Expt.
c11 110.8 98.9 101.3 121.9±1.6a, 101.5b 108e 106.9f

110.5c, 103.3d 114.3g

c12 72.8 65.7 66.9 62.7±1.3a, 70.4b 61e, 60.8f

58.0c, 53.3d 61.9g

c44 45.1 38.1 39.6 38.4±3.0a, 31.7b 29e, 28.2f

31.1c, 28.5d 31.6g

AE -0.79 -0.71 -0.73 -0.21a, -0.46b -0.13e,f,g

-0.12c, -0.09d

a Ref. [108], LAPW, LDA.
b Ref. [110], LMTO, LDA.
c Ref. [111], LMTO, GGA [112].
d Ref. [109], LAPW, LDA calculated at the experimental volumes.
e Ref. [106].
f Ref. [107].
g Experimental values extrapolated to T = 0 K, Ref. [111].
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The Al-Li system presents one of the most severe tests for single-site CPA
based methods. In conclusion, the obtained overall good agreement with
experiment suggests that the EMTO-CPA method can safely be applied in
the ab initio determination of the elastic properties of substitutional random
alloys.
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Chapter 6

Embedded cluster studies of
defects in α-quartz

Silicon dioxide is a versatile dielectric with many important technological
applications. Amorphous silica forms the passivating layer in metal oxide
semiconductor technologies and is the basis of most optical fibres. In its
crystalline form, α-quartz, is important in oscillator technologies. The na-
ture and number of point defects in silica is crucial to the reliability of all
these devices. Hence the fundamental defects in both crystalline and amor-
phous silica have been studied intensely for the last forty years. Since oxygen
deficiency is common for both gate oxide layers and optical fibres, the oxygen
vacancy is considered by far the most important defect in silica. This defect
has been implicated as the fundamental positive charge trap in bulk silica
and thin-films grown on silicon. It is one of the so-called Oxygen-deficient
centres (ODCs) in silica fibres that play an important role in the UV-induced
refractive index changes in these devices.

The neutral oxygen vacancies in α-quartz and in amorphous silica have
broadly similar structures and properties. The relation between the posi-
tively charged oxygen vacancies in crystalline and amorphous silica is much
less straightforward and is still a subject of active debate. While the over-
all picture of these two defects is established, the theoretical picture is not
completely clear. There is some controversy over the prediction of relative
stability different defect configurations. More importantly, there is no clear
understanding of the nature of optical transitions of these centres in quartz.

However, studying charged defects in dielectrics using periodic DFT meth-
ods is much more difficult due to the defect-defect interaction imposed by
the periodicity of the system and small size of the unit cell. Moreover, there
are no established techniques for treating optical absorption of point defects
within plane-wave DFT. Therefore in the part of the Thesis I turned to a
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different approach which is known as an embedded cluster method, briefly
described above. The main purpose of my work reported in paper VI has
been to develop a new parametrization of an embedded cluster method[115],
and to test it on well-studied defects in silica. Although this work has been
focused primarily on oxygen vacancies in α-quartz, it will have wider appli-
cations in further studies of similar defects in amorphous silica.

I developed further the embedded cluster method implemented in the
GUESS computer code[116–119] and applied it to study oxygen vacancies in
α-quartz. This method allows us to study point defects in crystals and amor-
phous solids combining quantum mechanical treatment of atoms surrounding
the defect with the shell model[62] representation of the rest of the solid. It
provides the consistent Madelung potential at the site of interest and allows
one to account for both ionic and electronic contributions to the polarization
of the defect environment.

The aim of paper VI was to create a fully consistent method and to im-
prove the quality of embedding. The latter is judged on the basis of the
so-called perfect lattice test described below: one would like to minimize
the distortions of the positions and the electronic structure of atoms at the
quantum-mechanical (QM) cluster border with respect to the perfect lat-
tice treated periodically. For future applications in defect studies one would
like to avoid having the electronic states localized at the cluster border in
the valence band and at the bottom of the conduction band. To asses the
performance of the new scheme and to elucidate the nature of the optical ab-
sorption we carried out the calculations of the properties of oxygen vacancies
in α-quartz.

The consistent embedding scheme which we are trying to achieve in this
study includes the following components. First, a periodic calculation of
the perfect α-quartz was made using the CRYSTAL code[120]. This code
employs Gaussian type basis sets, which can be used further in embedded
cluster studies, as well as the Hartree-Fock method and DFT functionals
compatible with the Gaussian code used in embedded cluster calculations.
In periodic calculations we used the 6-31G* basis set and optimized the
geometry of the α-quartz lattice.

Secondly, we developed a computational method for optimizing the pa-
rameters of classical inter-atomic potentials. This has been necessary because
the previous scheme used the published parameters from ref.[121]. This as
well as most other existing sets of parameters did not reproduce correctly
the dielectric properties of α-quartz. Treating the dielectric properties more
accurately is important for calculating the properties of charged defects. An-
other reason for developing a method for fitting and optimizing the param-
eters of inter-atomic potential was that this would provide the flexibility in
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obtaining new sets of parameters necessary to achieve consistency with QM
calculations with different basis sets and DFT functionals. Changing basis
set or functional leads to different geometric parameters of the perfect lattice
and may result in the artificial strain at the cluster border if the classical
interactions are not adjusted accordingly.

Thirdly, we have optimized the parameters of a semi-local pseudopotential
describing the interaction of the border Si∗ atoms with the QM oxygen ions
inside the cluster. This is the vital part of the embedding scheme as it is
responsible for eliminating spurious border electronic states and achieving a
homogeneous electron density distribution inside the cluster.

The results clearly demonstrate that using a semi-local pseudopotential
for the interface Si∗ ions leads to the significant improvement of the boundary
conditions at the cluster border with respect to the previous publications by
Sulimov et al.[115] and Mysovsky et al.[122]. The additional improvement
has been achieved by optimizing the inter-atomic potentials in the classical
region. This made the description of the quartz structure using the classical
and quantum-mechanical methods more consistent and eliminated some of
the strain at the cluster border. Yet another difference between this work and
the previous publications has been that we employed the DFT method and
the B3LYP functional instead of the Unrestricted Hartree-Fock method used
before. In combination with Time-dependent DFT scheme for calculating
optical transitions energies, this lead to fairly accurate predictions of the
optical transition energies for both neutral and positively charged vacancies.
This is a considerable improvement with respect to the previous studies which
paves the way to more extensive studies of optical properties of defects in
amorphous silica.
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[41] L. Szunyogh, B. Újfalussy, P. Weinberger, and J. Kollár. Phys. Rev. B,
49:2721, 1994.

[42] M. Abramowitz and I. A. Stegun, editors. Handbook of Mathematical
Functions. Dover Publications, Inc., New York, 1970.

[43] L. Vitos. Phys. Rev. B, 64:014107, 2001.

55



[44] L. Vitos. Quantum-mechanical description of substitutional random
alloys. Recent Res. Devel. Physics, 5:43, 2004.

[45] P. Soven. Phys. Rev. B, 156:809, 1967.

[46] B. L. Györffy. Phys. Rev. B, 5:2382, 1972.

[47] I. A. Abrikosov and B. Johansson. Phys. Rev. B, 57:14164, 1998.

[48] O. K. Andersen, O. Jepsen, and D. Glötzel. North-Holland, New York,
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