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försvaras p̊a engelska.

Copyright c© 2004 Ola Forslund
Printed in Stockholm, Sweden by Universitetsservice US-AB



iii

Abstract

The subject of this thesis is scattering of electromagnetic waves from planar
and curved periodic structures. The problems presented are solved in the
frequency domain.

Scattering from planar structures with two-dimensional periodic depen-
dence of constitutive parameters is treated. The constitutive parameters
are assumed to vary continuously or stepwise in a cross section of a peri-
odically repeating cell. The variation along a longitudinal coordinate z is
arbitrary. A general skew lattice is assumed. In the numerical examples, low
loss and high loss dielectric materials are considered. The problem is solved
by expanding the fields and constitutive parameters in quasi-periodic and
periodic functions respectively, which are inserted into Maxwell’s equations.
Through various inner products defined with respect to the cell, and elim-
ination of the longitudinal vector components, a linear system of ordinary
differential equations for the transverse components of the fields is obtained.
After introducing a propagator, which maps the fields from one transverse
plane to another, the system is solved by backward integration. Conventional
thin metallic FSS screens of patch or aperture type are included by obtain-
ing generalised transmission and reflection matrices for these surfaces. The
transmission and reflection matrices are obtained by solving spectral domain
integral equations. Comparisons of the obtained results are made with ex-
perimental results (in one particular case), and with results obtained using
a computer code based on a fundamentally different time domain approach.

Scattering from thin singly curved structures consisting of dielectric ma-
terials periodic in one dimension is also considered. Both the thickness and
the period are assumed to be small. The fields are expanded in an asymptotic
power series in the thickness of the structure, and a scaled wave equation is
solved. A propagator mapping the tangential fields from one side to the
other of the structure is derived. An impedance boundary condition for the
structure coated on a perfect electric conductor is obtained.

Keywords: electromagnetic scattering, periodic structure, frequency selec-
tive structure, frequency selective surface, grating, coupled wave analysis,
electromagnetic bandgap, photonic bandgap, asymptotic boundary condi-
tion, impedance boundary condition, spectral domain method, homogenisa-
tion
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1 Introduction

1.1 General

In this thesis, various electromagnetic problems on periodic structures are
treated. The analysis of periodic structures in physics and electromagnetics
is of great importance. Infinitely extended structures, periodic in one, two
or three dimensions do not exist in reality, but many structures may in prac-
tical situations be treated as such. In an actual situation, regardless of the
dimension of the periodicity, a periodic structure is always truncated; it may
also be quasi-periodic1 or contain ‘defects’.

Many solid materials, conductors, semiconductors and isolators consist
of more or less perfect crystals in which the atoms are arranged in a pe-
riodic pattern [1]. Crystals can be seen both from classical and quantum
mechanical viewpoint. By virtue of the wave particle dualism, electrons in a
crystal can be thought of as wave packages moving in a periodic potential; the
Schrödinger equation is treated using periodic boundary conditions. Crystals
can be characterised by means of, e.g., bombardment of X-rays, neutrons or
electrons; the wavelength of the X-rays or the de Broigle wavelength of the
particles being in the order of the distance between the atoms in the crystal
for maximum interaction; the angular positions of the scattered beams and
the wavelength determining the lattice of the crystal.

Engineers in electromagnetics and optics have obtained many ideas from
the nature regarding applications of periodic structures. Band structure the-
ory of crystals has inspired engineers working with so called photonic crystals;
these crystals form Photonic Bandgap Materials (PBG materials) or Electro-
magnetic Bandgap Materials (EBG materials); the latter a more appropriate
name when considering electromagnetic wave propagation. Such materials
can be used as building blocks in plane wave filters, filters in transmission
lines, filters in antenna constructions, waveguides at both optical and mi-
crowave frequencies, waveguide couplers and various other devices.

Large phased array antennas [2] are often analysed as infinite periodic
structures. As a rule of thumb, the centre element in an array of size 5λ0×5λ0

(λ0 being the free space wavelength) behaves as an element in an infinite pe-
riodic surrounding [3]; for an array with element distance λ0/2 this means
10×10 number of elements. The inter-element coupling and radiation proper-
ties of the elements in a large array can be approximated by the properties of
an element in an infinite periodic surrounding, apart from for some elements
close to the edge of the antenna.

A plane wave filter—in microwave or antenna literature often called Fre-
quency Selective Surface (FSS)—can be analysed as an infinite periodic struc-
ture. A conventional frequency selective surface usually consists of one or
more thin screens of periodically distributed metallic patches or apertures in
a ground plane; the thin screens are often stacked and separated by homoge-

1By quasi-periodic it is here meant that some parameter may vary from cell to cell in
an otherwise periodically repeating pattern.



2 Introduction & Summary

neous sheets of dielectric material. Much effort, theoretical and experimental,
has been spent throughout some decades to increase the understanding and
to develop efficient computation models for such structures. A lot of research
in this area is covered in [4], [5] and [6]. In [7], the spectral domain method
for analysis of frequency selective surfaces is reviewed. Applications for such
structures are, e.g., diplexers [8, 9] (see figure 1), or multiplexers in reflector
antenna systems, out of band monostatic Radar Cross Section (RCS) reduc-
tion for antennas within aircraft radomes and elsewhere [10] (see figures 2
and 3), and frequency scanning reflectors in structures supporting higher or-
der modes. By using quasi-periodic patterns a flat (or moderately curved)
surface can be designed as a focusing reflector for fixed beam [11] (see fig-
ure 4), or frequency scanning applications [12]. Such antennas are sometimes
called Reflectarray antennas [13], and some types may also be referred to as a
Flat Parabolic Surfaces (FLAPS) [14]. Such flat antennas with quasi-periodic
patterns are often locally analysed as if in an infinitely extended flat periodic
surrounding. Other examples where similar local analysis techniques can be
applied are FSS structures in curved aircraft radomes and curved antenna
reflectors with periodic patterns.

Frequency selective
subreflector:
reflecting horisontal pol.
at f, transparent at f 

Main reflector:
Polarisation-
twisting

Waves with freq f

Waves with freq f

Focus 1Focus 2

Figure 1: Standard application of a Frequency Selective Structure: Fo-
cus splitting in a reflector antenna system, left—principle, right—photo of
SaabTech’s dual band director with FSS (by courtesy of SaabTech).
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Subreflector:
reflecting hor. pol.
within band

Main reflector
polarisation 
twisting

Frequency selective structure
transparent for vert. pol.
within band, otherwise
reflecting

freq out of band.

vert pol. within band

Figure 2: Standard application of a Frequency Selective Structure: Out of
band RCS reduction of a Reflector antenna system, left—principle, right—
photo of SaabTech’s stealth director with a bandpass FSS (by courtesy of
SaabTech).

Figure 3: Measured monostatic RCS in azimuth of a reflector antenna system
without (left) and with (right) FSS at a frequency 0.55 times the centre
operating frequency, graphs taken from [10]

Figure 4: Application of a Frequency Selective Structure: A Reflectarray
antenna consisting of quasi-periodic patterns of dipoles in front of a ground
plane—by courtesy of Saab Bofors Dynamics
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A grating [15] is usually thought of as a structure that is periodic in one
dimension (1D) with respect to a lateral (transverse)2 coordinate. (In ‘ev-
ery day’ language, the word grating refers to a set of (metal) rods placed
in parallel, in a common plane and, presumably, at equal distance from one
another—like in the door or window of a prison cell.) A classical grating,
as mentioned in [15], is some kind of profiled material, periodic in 1D, and
backed by a plane substrate. The material is often a conducting (or a coated
conducting) material in the case of a reflection grating; it can also be a dielec-
tric material in the case of a transmission grating. In [15], the term bigrating
is also used for a structure periodic in 2D, examplified by a slab with peri-
odically distributed apertures; the slab being a Perfect Electric Conductor
(PEC) in the examples given. The term crossed grating is in [15] used for
stacked gratings, periodic in 1D, where the gratings are rotated an angle of
90 degrees in relation to each other, thus requiring a 2D expansion of the
fields outside the structure.

In this thesis, structures with constitutive parameters, which are inho-
mogeneous or piecewise homogeneous and periodic in one or two dimensions
along some transverse coordinates are analysed. In paper I, a structure peri-
odic in 1D is treated, and is there referred to as an inhomogeneous grating. In
paperIII, a structure periodic in 2D (with varying permittivity) is treated and
is there, as in [16], referred to as a dielectric frequency selective structure in-
stead of as a grating. Problems involving such periodically inhomogeneous or
piecewise homogeneous dielectrics and thin screens of periodically distributed
PEC patches or their complements, i.e., apertures in screens, are treated in
paper IV. Here, a common name is chosen for the structures treated in pa-
pers I, III and IV, namely Frequency Selective Structures (as in [17] and [18])
rather than using the terms grating or frequency selective surface; the latter
phrase associates, somewhat misleading, to a structure that is thin, which is
not necessarily the case; the term grating is used mainly for structures which
are periodic in 1D with respect to a transverse coordinate.

A Frequency selective structure is a ‘plane wave filter’ whose transmission
or reflection is not only a function of frequency but also of incidence angles
(θ0, ϕ0) and polarisation of the driving fields. At frequencies higher than
a specific cut off frequency fc, higher order modes, i.e., higher order plane
waves, grating lobes, might propagate in free space on the incidence and
transmission sides. An FSS consisting of stacked thin perforated metallic
screens inter-spaced by homogeneous dielectric sheets, i.e., a ‘conventional’
FSS, can be made to operate as a filter for the fundamental plane wave mode
only, while a dielectric frequency selective structure obtains its frequency
selectivity mainly through the excitation of higher order plane wave modes
in the structure itself. A dielectric frequency selective structure can also be
designed to act as an EBG material, this is, however, not of primary interest
in this thesis.

When the period d of a periodic structure is considerably smaller than the

2It is here meant that the periodicity occurs in a direction transverse to the direction
of the fundamental wave propagation when the wave is incident normal to the structure.
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free space wavelength λ0, no higher order mode can propagate in free space.
Moreover, when the wavelength is large enough, no guided modes associated
with the periodicity appear (guided modes might still appear though). In
these conditions, the fields respond to averaged properties of the structure,
and it can be seen as a homogeneous medium. A dielectric frequency selective
structure behaves under these conditions as a homogeneous non-isotropic ma-
terial for the fundamental plane wave mode. (For homogenisation of planar
media, periodic in 1D or 2D, see [19], [20] and [21].) In paper II, scattering
from a thin periodically inhomogeneous dielectric medium coated on a PEC
is treated, and its homogenised properties are expressed via a higher order
mixed Dirichlet and Neuman boundary condition.

1.2 Historical notes

In a paper from 1880, Floquet treated one-dimensional linear differential
equations with periodically varying coefficients, and found that they have
solutions which are periodic, except for a constant, which is multiplied to the
solution with each periodic increment in the dependent variable. (See [22] or
the original [23].) Such functions can be referred to as pseudo-periodic. Later,
in 1928, in a work on quantum mechanics [24], Bloch used pseudo-periodicity
of the solution of the Schrödinger equation for electrons in a crystal, but this
time for 3D arguments. Plane wave expansions used in quantum mechanics,
optics and physics in general, are often referred to as Bloch functions or
Bloch waves; they are also often referred to as Floquet modes in literature
on Electromagnetics. According to [15], however, the first scientist to use
pseudo-periodic plane wave expansions was Lord Rayleigh in 1907 [25], and
thus the terms Rayleigh waves and Rayleigh expansions also occur. In Lord
Rayleigh’s paper a grating, periodic in 1D, is considered. The profile of the
grating, as well as the scattered waves, are expanded in a Fourier series. An
acoustic case is treated, and the wave velocity potential is set to zero on the
grating surface and the coefficients in the expansion of the scattered waves
determined. An analogy is made with the electromagnetic (supposedly TE)
case. Although the most appropriate name for the plane wave expansions
might be Rayleigh waves or Rayleigh modes, in this thesis old habits are
maintained, and the term Floquet mode is used.

1.3 Time convention etc.

In the papers included in this thesis, various electromagnetic problems on
periodic structures are treated in the frequency domain. In such an analy-
sis, one decomposes the actual electric field E(r, t) and magnetic field H(r, t)
into Fourier components. Depending on the choice of dependence of the time
t in the Fourier representation, Maxwell’s equations look different in the fre-
quency domain. In the Fourier representation of the electric field, it is repre-
sented by an integral from−∞ to +∞ in the frequency domain, i.e., ‘negative
frequencies’ are considered. However, E(r, t) is a real quantity and for a real
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quantity y(t) the Fourier transform ỹ(ω) fulfils ỹ(ω)∗ = ỹ(−ω). Alternatively,
one might just say that the complex representation is used and denote the
actual time dependent electric field by E(r, t) = Re{E(r, ω) e−iωt}, ω > 0,
where the quantity E(r, ω), which in general is complex, is the electric pha-
sor, in practice often called the electric field, which it also is in this thesis.
With this notation Faraday’s and Ampère’s equations with sources become

∇×E = iωB−m
∇×H = −iωD + j

(1)

where B is the magnetic flux density, D the electric displacement, m is the
magnetic volume current and j the electric volume current. In reality no
magnetic currents are known to exist, but nevertheless, they can be useful
to introduce in equivalent problem formulations, as in paper IV. In papers
III and IV, the time convention e−iωt (as above) is used. In papers I and II,
however, the time convention eiωt is used. This inconsistency is regrettable;
in the following of this thesis the convention e−iωt is used unless otherwise
mentioned.

1.4 The Floquet-Bloch theorem

Assuming a medium periodic in 3D, where the periodically repeating refer-
ence cell is defined by the spatial vectors d1, d2 and d3, which are linearly
independent but not necessarily orthogonal, the Floquet-Bloch theorem says
that the components Φi to the solution of the wave equation must each fulfil
the condition

Φi(r + md1 + nd2 + pd3) = Φi(r) eik·(md1+nd2+pd3), m, n, p ∈ Z (2)

where Z denotes the set of all integers. The solution Φi is said to be pseudo-
periodic, i.e.

Φi(r) = Φ′i(r)e
ik·r (3)

where Φ′i(r) is periodic with the period of the 3D-lattice and k is the wave
vector of the incident fields. In the following, only structures periodic in 2D
are treated and one can thus omit pd3.

2 Scattering and propagation in planar fre-

quency selective structures periodic in 2D

2.1 Geometry definition

Consider a structure periodic in 2D along a transverse plane spanned by the
Cartesian vectors x̂ and ŷ. Assume that the periodic medium is restricted to
some limited interval on the longitudinal z-axis. Without loss of generality,
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one can assume that there is vacuum, below often called free space, outside
the periodic structure.

Within the interval on the z-axis, in which the structure is localised,
the z-dependence of the constitutive parameters may be arbitrary, and the
medium may also in a general case include metallic elements. Assume that
the medium is defined by rhombic shaped periodically repeating cells, where
the reference unit cell I is defined by the transverse vectors d1 and d2, such
that I ≡ {rt : rt = ξd1 + ζd2, ξ, ζ ∈ [0, 1]}, where d1 = d1x̂. In figure 5, a
cross section of the periodically repeating cell is depicted.

d1

d2

x

y

α rt

thin PEC element

dielectric, inhomogeneous
across the cell

Figure 5: The periodically repeating cell I

2.2 Vector basis functions

In order to represent the field solutions in free space and within the pe-
riodically repeating medium, a number of vector basis functions are intro-
duced. A scalar function that is continuous or piecewise continuous can on
the domain I be expanded in the complete orthonormal basis

ηmn(rt) = D−1/2 eikf ;mn·rt where
kf ;mn = 2π

D
(m ẑ × d1 − n ẑ × d2) and

D = |d1 × d2|
(4)

where D is the area of the cell, r = rt + zẑ and m,n ∈ Z. The fields
within and outside the periodic structure are pseudo-periodic when a plane
wave is incident, according to the Floquet-Bloch theorem. A pseudo-periodic
function

Q′(rt, z) = Q(rt, z) eikt;00·rt (5)

where Q(rt, z) is periodic and where

kt;00 = k0 sin(θ0) (cos(ϕ0) x̂+ sin(ϕ0) ŷ) (6)

can be expanded in the complete orthonormal set

ψmn(rt) = ηmn(rt) eikt;00·rt = D−1/2 eikt;mn·rt (7)
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where kt;mn = kt;00 + kf ;mn and, as before, m,n ∈ Z. The electromagnetic
fields are vector-valued and hence a complete set of vector-valued functions
are required to represent the fields. A set of orthonormal vector basis func-
tions are defined as

A1mn(rt) = k−1
t;mn∇ψmn(rt)× ẑ = iψmn(rt) k̂t;mn × ẑ

A2mn(rt) = k−1
t;mn∇ψmn(rt) = iψmn(rt) k̂t;mn

A3mn(rt) = ψmn(rt)ẑ

(8)

where k̂t;mn = kt;mn/|kt;mn| and kt;mn = |kt;mn|. A continuous function ex-
panded in any of these functions converges both pointwise and uniformly. A
discontinuous (piecewise continuous) function (such as a ‘rectangular’ pulse)
converges pointwise, if properly defined, but not uniformly; such a func-
tion does, however, converge in the mean, with respect to the inner product
on I. For a medium with constitutive parameters which are continuous with
respect to the lateral spatial variable rt, both constitutive parameters and
transverse field components expanded in these basis functions converge both
pointwise and uniformly. In the case of a medium with constitutive parame-
ters which has finite jump discontinuities with respect to rt, both fields and
constitutive parameters suffer from Gibbs’ phenomenon. See, e.g., [26] for a
remark on material representation. For a medium with metallic parts, which
are not infinitely thin with respect to z, it is not recommended to use the
basis functions defined above, at least not if the metallic parts are multiply
connected with respect to the cell; e.g., when we have apertures in a metallic
screen of some thickness; in this case the fields would have to be expanded
in, e.g., waveguide modes.

In [15], it is elaborated upon the usefulness of a plane wave expansion (in
the groove region) for metallic profile gratings, periodic in 1D; it is concluded
that such expansions might give useful results for a shallow grating, but not,
e.g., for a lamellar grating with deep grooves.

2.3 Field expansions

In paperIII, the permittivity is the only constitutive parameter that is allowed
to vary. In the following, the equations given in paper III are generalised to
include a varying permeability as well. In the inhomogeneous region, as well
as in free space, the following expansion is made

E(r) =
∑
mn

{
g1mn(k0z)A1mn(rt) + k−1

0 ∇× g2mn(k0z)A1mn(rt)

+ g3mn(k0z)A3mn(rt)
}

=
∑
mn

{
g1mn(k0z)A1mn(rt) + g′2mn(k0z)A2mn(rt)

+
(
λmng2mn(k0z) + g3mn(k0z)

)
A3mn(rt)

}
,

(9)

where prime denotes differentiation with respect to k0z, k0 is the vacuum
wave number and λmn = kt;mn/k0. Notice that the third term, g3mn(k0z)A3mn(rt)



Introduction & Summary 9

is the only term that is not divergence free. In free space, g3mn(k0z) equals
zero; the term is introduced to take care of that ∇ · E �= 0 in the inhomo-
geneous region. One can notice that if ∇· is applied to the expansion of the
electric field,

∇ ·E = k0

∑
mn

g′3mn(k0z)ψmn(rt) (10)

is obtained; this allows a complete representation of ∇ ·E. Similarly, for the
magnetic H field

iη0H(r) =
∑
mn

{
h1mn(k0z)A1mn(rt) + k−1

0 ∇× h2mn(k0z)A1mn(rt)

+ h3mn(k0z)A3mn(rt)
}

=
∑
mn

{
h1mn(k0z)A1mn(rt) + h′2mn(k0z)A2mn(rt)

+
(
λmnh2mn(k0z) + h3mn(k0z)

)
A3mn(rt)

}
(11)

is obtained.

2.4 Free space

Assuming free space conditions (vacuum) and considering the wave equation
∇×∇×E = k2

0E, the following is obtained for the different components

A1mn(rt) :
(
λ2
mn − 1

)
g1mn − g′′1mn = 0

A2mn(rt) :
(
λ2
mn − 1

)
g′2mn − g′′′2mn + λmng

′
3mn = 0

A3mn(rt) : λmn

(
λ2
mn − 1

)
g′2mn − λmng

′′
2mn +

(
λ2
mn − 1

)
g3mn = 0.

(12)

Moreover, since ∇ · E = 0 in vacuum, g3mn = 0. One can then write the
solutions for g1mn and g′2mn as

g±1mn = w±mn

g′
±
2mn = iγmnv

±
mn

(13)

where

w±mn = b±mne
±ikz;mnz = b±mne

±ik0γmnz

v±mn = a±mne
±ikz;mnz = a±mne

±ik0γmnz.
(14)

Superscript (+) corresponds to waves traveling in the +z direction and

γmn =
kz;mn

k0

=

{
(1− λ2

mn)
1/2 when 1 ≥ λ2

mn

i(λ2
mn − 1)1/2 when 1 < λ2

mn

. (15)

The choice of coefficients for the solution of g′±2mn will be elaborated upon
later in sections 2.7 and 2.9.
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2.5 ODE system for the tangential electric and mag-
netic mode fields

By inserting the expansions for the fields into Faraday’s and Ampère’s laws,
by using the orthogonality of the basis functions and that γ2

mn + λ2
mn = 1,

the ẑ-directed components are eliminated and one obtains the following ODE
system

∂

∂k0z




h1mn(k0z)

g′2mn(k0z)

g1mn(k0z)

h′2mn(k0z)


 = Dmn




h1mn(k0z)

g′2mn(k0z)

g1mn(k0z)

h′2mn(k0z)


+

∑
m′n′
Cmn,m′n′




h1m′n′(k0z)

g′2m′n′(k0z)

g1m′n′(k0z)

h′2m′n′(k0z)


 , (16)

where the matrix D is given by

Dmn =




0 1 0 0
−γ2

mn 0 0 0
0 0 0 1
0 0 −γ2

mn 0


 ,

and the matrix C by

Cmn,m′n′ =




0 α12 α13 0
α21 0 0 α24

α31 0 0 α34

0 α42 α43 0


 .

The unknowns in (16) are all coefficients of the tangential field components
and are thus continuous with respect to z. The coefficients α read

α12 =
∫
I
(ε(r)− 1)A∗2mn(rt) ·A2m′n′(rt) dS

α13 =
∫
I
ε(r)A∗2mn(rt) ·A1m′n′(rt) dS

α21 = −
∫
I
(µ(r)− 1)A∗1mn(rt) ·A1m′n′(rt) dS +

λmnλm′n′
∫
I

(
(ε(r))−1 − 1

)
A∗3mn(rt) ·A3m′n′(rt) dS

α24 = α31 = −
∫
I
µ(r)A∗1mn(rt) ·A2m′n′(rt) dS

α31 =
∫
I
µ(r)A∗2mn(rt) ·A1m′n′(rt) dS

α34 =
∫
I
(µ(r)− 1)A∗2mn(rt) ·A2m′n′(rt) dS

α42 = α13 = −
∫
I
ε(r)A∗1mn(rt) ·A2m′n′(rt) dS

α43 = −
∫
I
(ε(r)− 1)A∗1mn(rt) ·A1m′n′(rt) dS +

λmnλm′n′
∫
I

(
(µ(r))−1 − 1

)
A∗3mn(rt) ·A3m′n′(rt) dS,

(17)
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where ε(r) is the relative permittivity and µ(r) is the relative permeability.
For materials with more complex constitutive relations, more elements of the
matrix C will be non-zero.

The elements of the matrix Cmn,m′n′ can be calculated in different ways.
Often they can be calculated analytically. In the case of a continuously
varying constitutive parameter, it is suitable to expand the parameter in the
Fourier basis ηmn(rt) defined in (4). Alternatively, the parameters can be
expanded in a local pulse basis up such that

up(r) =

{
1 if rt ∈ Ωp

0 otherwise
, (18)

where Ωp is a subdomain of I. Intuitively, one would use the pulse basis
in the case of a medium which is piecewise homogeneous across the cell I.
The pulse basis is, however, equivalent to the Fourier basis in the case of
a piecewise homogeneous medium. If, e.g., Ωp is a circular or a triangu-
lar shaped domain, then the matrix elements can be calculated analytically.
Circular and polygon shaped domains with constant parameters can thus be
treated efficiently in a computer code; polygon shaped domains can be sub-
divided into triangular domains. Moreover, assuming that the cell consists
of two piecewise homogeneous domains, where say εi is the relative permit-
tivity within a polygon shaped or circular domain Ω, and εs is the parameter
in the complementary domain I\Ω, then the matrix coefficient α12 can be
calculated as

α12 = δmm′δnn′(εs − 1) +
∑
p

(εi − εs)
∫
Ωp

A∗2mn(rt) ·A2m′n′(rt)dS. (19)

The other matrix elements can be calculated in a similar way. In this way
multiply connected domains can easily be treated in a computer code by
successively ‘adding’ and ‘subtracting’ domains. A computer code, which
can treat piecewise homogeneous multiply connected domains that are cir-
cular and/or polygon shaped, has been developed and used in the numerical
examples of papers III and IV.

2.6 The propagator—the solution to the ODE system

A propagator is in general thought of as an operator that maps the total
tangential fields from one point k0z

′ to another k0z. Assuming z < z′ the (+
to −) propagator K(k0z, k0z

′) is defined by



h1mn(k0z)
g′2mn(k0z)
g1mn(k0z)
h′2mn(k0z)


 =

∑
m′n′
Kmn,m′n′(k0z, k0z

′)



h1m′n′(k0z

′)
g′2m′n′(k0z

′)
g1m′n′(k0z

′)
h′2m′n′(k0z

′)


 , (20)

where Kmn,m′n′ is a 4 × 4 block matrix. The functions g1mn and g′2mn are
the tangential electric mode fields (or voltages, since the dimension, using SI
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units is Volt) corresponding to TE and TM cases respectively, cf. (9). If (20)
is inserted into Eq. (16), the differential equation

∂

∂k0z
K(k0z, k0z

′) =
(
D + C(k0z)

)
K(k0z, k0z

′), (21)

is obtained with boundary condition

K(k0z
′, k0z

′) = I,

where I is the identity matrix. The unknowns of this system of equations are
continuous with respect to z (as in the case of equation (16)). This equation
is solved by backward integration from k0z

′ to k0z. Useful properties of the
propagator K are

K(k0z, k0z
′)K(k0z

′, k0z
′′) = K(k0z, k0z

′′)

K(k0z, k0z
′)−1 = K(k0z

′, k0z).
(22)

Thus, the resulting propagator for several cascaded slabs is straightforward
to obtain and no matrix inversions are required.

2.7 The vacuum wave-splitting

The term wave-splitting is mainly used in problems on time domain wave
propagation. A review of time domain wave-splitting techniques and research
results is given in [27].

By wave-splitting, it is meant that the total mode fields are decomposed
into forward (+) and backward (-) propagating modes. By vacuum wave-
splitting, this decomposition is fitted to the solutions in free space [28]; by
a similarity transformation of matrix D, the matrix is diagonalised and the
change of basis provides the forward and backward propagating modes in free
space. These vacuum split modes correspond to the physical forward and
backward propagating modes in free space, whereas in the periodic medium
they do not since they are not decoupled. In paperI, as in [28], wave-splitting
is adopted before solving the ODE system (16); thus the system is solved
directly in the vacuum split basis; the vacuum split components are also con-
tinuous with respect to z since the wave-splitting is just a constant similarity
transformation. Here, however, the presentation and notation of paper III
is essentially followed; the vacuum wave-splitting is used merely to derive
the transmission and reflection matrices. The splitting is not unique [27]; a
splitting is chosen such that the transmission and reflection for the modes
can be derived directly from it. In vacuum, the elements of C become zero,
and the ODE system reads

∂

∂k0z




h1mn(k0z)

g′2mn(k0z)

g1mn(k0z)

h′2mn(k0z)


 = Dmn




h1mn(k0z)

g′2mn(k0z)

g1mn(k0z)

h′2mn(k0z)


 . (23)
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The wave splitting is defined by



v+
mn(k0z)
v−mn(k0z)
w+
mn(k0z)

w−mn(k0z)


 = Pmn



h1mn(k0z)
g′2mn(k0z)
g1mn(k0z)
h′2mn(k0z)


 . (24)

The matrix Pmn is chosen so that the transmission and reflection matrices
can be derived directly from it:

Pmn =
1

i2γmn




iγmn 1 0 0
−iγmn 1 0 0

0 0 iγmn 1
0 0 iγmn −1


 . (25)

The inverse is

P−1
mn =




1 −1 0 0
iγmn iγmn 0 0

0 0 1 1
0 0 iγmn −iγmn


 . (26)

The ODE system for v±mn(k0z) and w±mn(k0z) is then diagonal in free space
and has trivial solutions given by (13) and(14). The eigenvalues are ±iγmn.

2.8 The physical wave-splitting for a homogeneous isotropic
lossless medium with relative permittivity ε and
relative permeability µ

The wave-splitting of section 2.7, which diagonalises the matrix D, is physical
in free space and can be used to calculate the transmission and reflection of
a structure referring to free space. The splitting is not physical in, e.g., a
homogeneous slab with relative permittivity ε and relative permeability µ.
Assuming such an isotropic medium with constitutive parameters ε and µ,
the coefficient matrix D + C is diagonalised by the similarity transformation
PH(D + C)P−1

H . The coefficient matrix in the homogeneous medium reads

Dmn + Cmn =




0 ε 0 0
λ2
mn/ε − µ 0 0 0

0 0 0 µ
0 0 λ2

mn/µ− ε 0


 . (27)

The wave-splitting matrix PHmn reads

PHmn =
1

i2γh;mn




i√
ε
γh;mn

√
ε 0 0

− i√
ε
γh;mn

√
ε 0 0

0 0 i√
µ
γh;mn

√
µ

0 0 i√
µ
γh;mn −√µ


 (28)
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and its inverse

P−1
Hmn =




√
ε −√ε 0 0

i√
ε
γh;mn

i√
ε
γh;mn 0 0

0 0
√
µ

√
µ

0 0 i√
µ
γh;mn − i√

µ
γh;mn


 . (29)

The eigenvalues are ±iγh;mn, where

γh;mn =

{
(εµ− λ2

mn)
1/2 when εµ ≥ λ2

mn

i (λ2
mn − εµ)1/2 when εµ < λ2

mn

. (30)

An alternative to solving the ODE equation for the propagator directly in the
vacuum split basis is to successively diagonalise as one integrates backwards.
In general this diagonalisation has to be done numerically.

2.9 Transmission and Reflection

The transmission and reflection for each mode referring to free space is
defined with respect to the unit vectors û‖mn(rt), û⊥mn(rt), v̂‖mn(rt) and
v̂⊥mn(rt), which are all orthogonal to the free space propagation direction
of mode mn. Denote by eTM+

mn , eTE+
mn , eTM−

mn and eTE−
mn the forward (+z) and

backward propagating electric fields for mode mn in free space. By observing
that v− = w− = 0 for forward, and v+ = w+ = 0 for backward propagating
modes respectively, by using equations (9) and (24),

eTM+
mn (rt, k0z) = v+

mn(k0z)
(
iγmnA2mn(rt) + λmnA3mn(rt)

)
= v+

mn(k0z) û‖mn(rt)

eTM−
mn (rt, k0z) = v−mn(k0z)

(
iγmnA2mn(rt)− λmnA3mn(rt)

)
= v−mn(k0z) v̂‖mn(rt)

eTE+
mn (rt, k0z) = w+

mn(k0z)A1mn(rt) = w+
mn(k0z) û⊥mn(rt)

eTE−
mn (rt, k0z) = w−mn(k0z)A1mn(rt) = w−mn(k0z) v̂⊥mn(rt)

(31)

is obtained. Thus the components of the splitting defined by (24) directly
gives the forward and backward propagating TM and TE modes. The modes
correspond to physically forward and backward propagating modes in free
space. Assuming that the medium is located between z0 and z1, where z0 <
z1, the transmission and reflection matrices are defined by[

v+
mn(z1)

w+
mn(z1)

]
=
∑
m′n′
TLR;mn,m′n′

[
v+
m′n′(z0)

w+
m′n′(z0)

]
(32)

and [
v−mn(z0)
w−mn(z0)

]
=
∑
m′n′

ΓLR;mn,m′n′

[
v+
m′n′(z0)

w+
m′n′(z0)

]
(33)

where one by subscript LR means that there is incidence from the left side
(−z). TLR;mn,m′n′ and ΓLR;mn,m′n′ have the 2× 2 block structure

TLR;mn,m′n′ =

[
T TM,TM

LR;mn,m′n′ T TM,TE
LR;mn,m′n′

T TE,TM
LR;mn,m′n′ T TE,TE

LR;mn,m′n′

]
. (34)
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In order to shorten the expressions, the free space wave number k0 is simply
dropped in the arguments of the expressions for (32) and (33) above. This is
made in the following for all quantities depending on the variable z whenever
there is no risk of confusion and no derivatives are calculated.

As mentioned earlier, transmission and reflection can be defined in dif-
ferent ways. They can be defined directly from the tangential fields or with
respect to defined ‘reference modes’ as above. The definition chosen here is
such that the reflection coefficients become −1 for reflection against a PEC
screen, regardless of TM or TE incidence or mode numbers mn. In this re-
spect the definition chosen here, and in papers III and IV, is consistent with
some textbooks such as [30]. In others, e.g. [31], the definition is such that
it gives −1 for the TE case and +1 for the TM case. The argument for the
definition chosen here is that one would like to think of a ‘short circuit’, i.e.,
a PEC, inserted in a transmission line or a waveguide as giving a voltage
reflection coefficient −1, regardless of whether a TE, TM, or for that matter
a TEM mode is incident. Another definition might be more convenient in,
e.g., a ray tracing application.

2.10 Alternative propagators

An alternative to using the propagator defined in section 2.5 is, as indicated
in section 2.7, to apply a similarity transformation to equation (20) using
(24) and obtain the vacuum wave split propagator G(z0, z1) that maps the
vacuum split components from right (+) to left (−)



v+
mn(z0)

w+
mn(z0)

v−mn(z0)
w−mn(z0)


 =

∑
m′n′

[
GA;mn,m′n′(z0, z1) GB;mn,m′n′(z0, z1)
GC;mn,m′n′(z0, z1) GD;mn,m′n′(z0, z1)

] 
v+
m′n′(z1)

w+
m′n′(z1)

v−m′n′(z1)
w−m′n′(z1)


 , (35)

i.e.,

G(z0, z1) = PK(z0, z1)P−1, (36)

where

G(z0, z1) =

[
GA;mn,m′n′(z0, z1) GB;mn,m′n′(z0, z1)
GC;mn,m′n′(z0, z1) GD;mn,m′n′(z0, z1)

]
. (37)

The similarity transformation can be applied directly to the ODE equa-
tion (16), then using (35), the ODE-system

∂

∂k0z
G(k0z, k0z

′) = (PDP−1 + PC(k0z)P−1)G(k0z, k0z
′) (38)

is derived; it can be solved in a way similar to that for K by backward
integration and with boundary condition

G(k0z
′, k0z

′) = I,
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where I is the identity matrix. The vacuum split propagator fulfils the same
expressions as those given for the propagator in (22); the unknowns of (38)
are also continuous with respect z.

It can be shown, using (32), (33), (35) and definitions for transmission
and reflection given incidence from the right (+) that the right to left, (+)
to (−), vacuum split propagator is related to the transmission and reflection
for the medium located between z0 and z1 through

GA = T −1
LR

GB = −T −1
LR ΓRL

GC = ΓLRT −1
LR

GD = TRL − ΓLRT −1
LR ΓRL,

(39)

where by subscript RL, it is meant that there is incidence from the right (+).
It is sometimes of interest to consider a PEC backed structure; it is, however,
sufficient to consider the structure in free space to obtain the solution for the
metal backed case. Using (33), (35) and that[

v−mn(z1)
w−mn(z1)

]
=
∑
m′n′
−δmm′δnn′

[
v+
m′n′(z1)

w+
m′n′(z1)

]
, (40)

where δ denotes the Kronecker delta function,

Γ(z0) = (GC − GD)(GA − GB)−1 (41)

is obtained.
In paper I, the term transmission Green’s function is used. This term

stems from what in time domain methods is called a Compact Green’s func-
tion [32] since it assumes that a pulse with ‘compact support’ is output on
the transmission side; these Green’s functions are also used in [33], there
denoted modified Green’s functions. The transmission Green’s functions de-
noted G+ and G− in paper I are related to the vacuum split propagator G in
the formulation used here. The approach is somewhat different in paperI and
two way propagation is not considered; a relationship equivalent to (22) is
not obtained. A homogeneous medium is assumed on the transmission side,
(+) side, and the propagator equations have to be solved subject to different
boundary conditions. In the terminology used here, the propagators G+ and
G− are defined as[

v+
mn(z0)

w+
mn(z0)

]
=
∑
m′n′

G+
mn,m′n′(z0, z

−
1 )

[
v+
m′n′(z

−
1 )

w+
m′n′(z

−
1 )

]
(42)

[
v−mn(z0)
w−mn(z0)

]
=
∑
m′n′

G−mn,m′n′(z0, z
−
1 )

[
v+
m′n′(z

−
1 )

w+
m′n′(z

−
1 )

]
. (43)

Thus using (33), (35), (42) and (43), one obtains the following relationship
between the transmission Green’s functions and the vacuum split propagator

G+(z0, z
−
1 ) = GA(z0, z

−
1 ) + GB(z0, z

−
1 )Γ(z−1 )

G−(z0, z
−
1 ) = GC(z0, z

−
1 ) + GD(z0, z

−
1 )Γ(z−1 )

(44)
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where Γ(z−1 ) should be interpreted as the reflection matrix obtained in the
vacuum split basis when there is incidence from vacuum upon the medium
present for z ≥ z1. Notice that GB(z−1 , z

−
1 ) = GC(z−1 , z

−
1 ) = 0. Furthermore

from (44), one obtains G+(z−1 , z
−
1 ) = I and G−(z−1 , z

−
1 ) = Γ(z−1 ) which are

the boundary conditions used in paper I. In the case there is vacuum on the
transmission side one obtains

G+ = GA
G− = GC .

(45)

In paper I, invariant imbedding is also considered. This approach leads
to ODE systems of less degree than the propagator methods described so
far. One ODE system is obtained for the reflection matrix and another for
the transmission matrix. The ODE system for the reflection is independent
of the system for the transmission and can be solved provided that Γ(z−1 )
is known. Once the system for the reflection has been solved, the system
for the transmission can be solved with Γ(z) as a known coefficient. One
serious drawback with this approach is that the system for the reflection is
nonlinear, of Ricatti type, resulting in stability problems.

2.11 The incorporation of thin PEC elements

Given that generalised transmission and reflection matrices can be obtained
for thin PEC screens with periodically distributed elements, these screens
can be incorporated in structures with periodically varying constitutive pa-
rameters by cascading operations, thus forming complex structures. This can
be done provided that the period of the different structures is the same or
that they are related to each other in such a way that periodically repeating
super-cells can be obtained. The thin PEC screens with periodically dis-
tributed elements can be either of patch or aperture type; the incorporation
of such screens is the subject of paper IV.

The generalised transmission and reflection matrices are obtained using a
spectral domain integral equation approach [7] [34]. In the spectral domain
method, the integral operators are expressed in the spectral domain, trans-
forming the spatial domain convolution of the Green’s functions and currents
into multiplications.

In order to obtain the propagator for the infinitely thin metallic screen,
the following FT-pair


f̃(kt) =

1

2π

∫
R2

f(rt) e−ikt·rtdS

f(rt) =
1

2π

∫
R2

f̃(kt) eikt·rtdSk
(46)

is defined. This FT pair can be seen as a natural extension of the periodic
basis ηmn(rt) = D−1/2eikf ;mn (see figure 5 and section 2.2), where one lets the
cell I become infinitely large, lets

∑
mn →

∫
dmdn, lets the discrete variable

kf ;mn → kt where the latter is the continuous lateral transform variable. The
basis function ηmn(rt) then becomes eikt·rt/(2π).
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2.11.1 The patch type of screen

Assume that there is a thin metallic patch type of FSS located at z = z0. For
a field E+(rt, z

−
0 ) incident from z−0 , the well known Electric Field Integral

Equation (EFIE) 3 reads

ẑ × {E+(rt, z
−
0 ) + iω[A(J(rt, z0)) + 1

k2
0
∇(∇ ·A(J(rt, z0)))]} = 0,

rt ∈ Iσ,
(47)

where A is the magnetic vector potential A = µ0

∫
S J(r′)G(r, r′)dS,

G(r, r′) = eik0|r−r′|/(4π|r−r′|) is the free space Greens’ function, J is the in-
duced surface current and Iσ is the conducting domain (which is a subdomain
of I). The scattered tangential fields E±t (rt, z

±
0 ) in +z and −z directions (in

the location of the screen) can be written

E±t (rt, z
±
0 ) = iω[A(J(rt, z0)) +

1

k2
0

∇(∇ ·A(J(rt, z0)))]. (48)

Assume that the current on the element(s) of the reference cell exists alone,
as if no more elements are present. This isolated current on the element in the
reference cell I is denoted by JI(rt). Furthermore this current is developed in
a (presumably) complete set of basis functions {jp(rt)} which can be Fourier
transformed using (46). The set {jp(rt)} is assumed to consist of currents
in spatially orthogonal directions. It is also an advantage if the current set
fulfils the free space edge conditions [35]. Expressing the operators in the
spectral domain, the EFIE (see [34]), for the incident tangential field E+

t (rt)
at z = z−0 and rt ∈ Iσ turns into

E+
t (rt, z

−
0 ) = − iωµ0

k2
0
·∑

jν g̃0(kt;jν , z
−
0 , z0)[k

2
0J̃I(kt;jν)− kt;jνkt;jν · J̃I(kt;jν)]4π

2

D
eikt;jν ·rt ,

rt ∈ Iσ,
(49)

where g̃0(kt, z, z
′) = − eikz |z−z

′|

4πikz
is the FT of the scalar free space Green’s

function assuming r′t = 0 and

kz =

{
(k2

0 − |kt|2)1/2 when k0 ≥ |kt|
i(|kt|2 − k2

0)
1/2 when k0 < |kt| . (50)

Notice that the continuous functions J̃I(kt) and g̃0(kt;jν , z, z
′) in the integral

equation are sampled at discrete points which equal the discrete Floquet
mode wave numbers.

The total E-field is, after decomposition into forward (+z) and backward
propagating modes, physical in vacuum, expressed as

E(r) =
∑
mn

{
(w+

mn(z) + w−mn(z))A1mn(rt)

+iγmn(v
+
mn(z) + v−mn(z))A2mn(rt) + λmn(v

+
mn(z)− v−mn(z))A3mn(rt)

}
.

(51)

3Sometimes also called the mixed potentials integral equation; the last term involving
A stems from the electrostatic potential and is thus a result of charge accumulation.
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Similarly, for the magnetic field H

H(r) = 1
iη0

∑
mn

{
(v+

mn(z)− v−mn(z))A1mn(rt) +

iγmn(w
+
mn(z)− w−mn(z))A2mn(rt) + λmn(w

+
mn(z) + w−mn(z))A3mn(rt)

}(52)

is obtained. In a general problem, there is a set of waves incident upon the
thin PEC screen of patches. A generalised reflection coefficient in the form
of a matrix that fits the description given for transmission and reflection for
media with periodically varying constitutive parameters has to be derived.
Thus one must obtain the coupling between an incident mode m′n′ of TM or
TE type and an arbitrary mode mn of TM or TE type. This is performed
by assuming one incident TM or TE mode at a time as exciting term in the
integral equation (49). By inserting expansions for the current, by making
use of inner products with respect to the modes on the conducting domain Iσ
for the EFIE and the inner products with respect to the modes on the peri-
odically repeating cell I for the scattered fields, the elements of the reflection
matrix are obtained as

ΓTMTM
mnm′n′ = −

∑
pq

{γm′n′ γ−2
mn[k

2
0 j̃p(kt;mn)− kt;mnkt;mn · j̃p(kt;mn)] ·

k̂t;mn (̃jq(kt;m′n′))
∗ · k̂t;m′n′(B−1)pq}

ΓTMTE
mnm′n′ =

∑
pq

{ iγ−2
mn[k

2
0 j̃p(kt;mn)− kt;mnkt;mn · j̃p(kt;mn)] ·

k̂t;mn (̃jq(kt;m′n′))
∗ · (k̂t;m′n′ × ẑ)(B−1)pq}

ΓTETM
mnm′n′ =

∑
pq

{γm′n′(iγmn)
−1k2

0 j̃p(kt;mn) ·

(k̂t;mn × ẑ) (̃jq(kt;m′n′))
∗ · k̂t;m′n′(B−1)pq}

ΓTETE
mnm′n′ = −

∑
pq

{γ−1
mnk

2
0 j̃p(kt;mn) ·

(k̂t;mn × ẑ) (̃jq(kt;m′n′))
∗ · (k̂t;m′n′ × ẑ)(B−1)pq},

(53)

where an element Buv in B is given by

Buv =
∑
jν

γ−1
jν [k2

0 (̃ju(kt;jν))
∗ · j̃v(kt;jν)− (̃ju(kt;jν))

∗ · kt;jνkt;jν · j̃v(kt;jν)].

(54)

The indices LR and RL are omitted since the FSS considered here is sym-
metrical. For the details of the derivation see paper IV. By observing that
the incident field has to be added to the scattered field to obtain the total
fields, the transmission coefficients are obtained as

T TMTM
mnm′n′ = δmm′δnn′ + ΓTMTM

mnm′n′

T TMTE
mnm′n′ = ΓTMTE

mnm′n′

T TETM
mnm′n′ = ΓTETM

mnm′n′

T TETE
mnm′n′ = δmm′δnn′ + ΓTETE

mnm′n′ .

(55)
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2.11.2 The dual case—the aperture type of screen

A screen consisting of apertures in a thin PEC is considered here. If an
aperture screen and patch screen ‘put on top of each other’, form an infinite
PEC without overlap, they are considered as dual to each other.

Using equivalence principles4 and imaging , as in [37], an integral equation
dual to that of the patch case is obtained as

ẑ × {H+(rt, z
−
0 ) + 2iω[F(M(rt, z0)) + 1

k2
0
∇(∇ · F(M(rt, z0)))]} = 0,

rt ∈ Iσm ,
(56)

where H+(rt, z
−
0 ) is the incident field, M(rt, z0)) is the equivalent magnetic

current located in the position of the apertures and F denotes the electric
vector potential F = ε0

∫
S M(r’)G(r, r’)dS. The spectral domain version of

equation (56) reads

H+
t (rt, z

−
0 ) =

−2iωε0
k2
0

∑
jν

g̃0(kt;jν , z
−
0 , z0)[k

2
0M̃I(kt;jν)− kt;jνkt;jν · M̃I(kt;jν)]

4π2

D
eikt;jν ·rt ,

rt ∈ Iσm . (57)

For the dual case, the transmitted H-field in the case of an aperture plays
the role of the scattered E-field (48) in the case of a patch, except for a
change of sign. The reflected tangential H-field in the location of the screen
is obtained as the total minus the incident field. The magnetic current in the
case of an aperture can be expanded in the same type of basis functions as
the electric current in the case of a patch. If the currents in the patch case
fulfil the edge conditions, so do the magnetic currents in the aperture case. A
similar procedure to that used for the patch case can be used to show that the
solution to the aperture case, and hence the reflection and transmission, can
be obtained directly from the patch case. Denote by Γ

(c)
mnm′n′ and T (c)

mnm′n′ the
2 × 2 reflection and transmission coefficients for the complementary screen
(with apertures instead of patches). As a consequence of the duality

T (c)
mnm′n′ =

[
−ΓTETE

mnm′n′ −ΓTETM
mnm′n′

−ΓTMTE
mnm′n′ −ΓTMTM

mnm′n′

]

Γ
(c)
mnm′n′ =

[
−T TETE

mnm′n′ −T TETM
mnm′n′

−T TMTE
mnm′n′ −T TMTM

mnm′n′

] (58)

is obtained, where the elements are given by (53) and (55). In paper IV, it
is shown that the derived solutions for the scattering parameters of the dual
patch and aperture cases fulfil Babinet’s principle as extended by Booker [38].

4See e.g. [36] on surface equivalence principles.
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2.11.3 The singularity of Γ and T (c)

In paperIV, it is also noticed that Γ and T (c) are singular. This singularity is
elaborated upon, and it is realised that it is not sufficient to include spatially
orthogonal currents to make the matrices non-singular. The reason Γ and
T (c) still become singular is related to the projection of the 3D vector wave
functions (Floquet modes) on the 2D currents representing the elements. The
reason of the redundancy is that an ambiguity occurs in the domain I\Iσ.
This phenomenon appears regardless of lattice geometry, element geometry,
incidence angle, the number of current- and Floquet modes and is solely
related to the ‘redundant set’ of vector waves which are projected onto the
elements. Linear combinations of incident modes that set up a zero current
on the element can always be found unless the element fills the entire cell.

2.12 Cascading

Assume that the propagator matrix or the transmission and reflection matri-
ces have been calculated for some periodic structure, either of the thin PEC
aperture or screen type, or of the type with periodically varying constitutive
parameters and some thickness. This structure can be ‘cascaded’ with some
other periodic structure provided that the period of the different structures
is the same or that they are related to each other in such a way that period-
ically repeating super-cells can be obtained.5 It is straightforward to cascade
different structures using the propagator K or the vacuum split propaga-
tor G by matrix multiplications. Given the propagator K, the transmission
and reflection matrices are obtained by first applying the vacuum splitting
transformation (36), giving G, and then by extraction of the relevant partial
matrices from the vacuum split propagator (see (39)), to obtain the transmis-
sion and reflection by TLR = GA−1 and ΓLR = GC GA−1. This does, however,
constitute a problem, if one wishes to include a thin PEC screen of aperture
type, since its transmission matrix becomes singular; this can in a pragmatic
way be circumvented by the addition of ‘noise’ on the diagonal. A much
better approach, however, is to cascade by using scattering matrices, i.e., by
essentially using transmission and reflection matrices. The scattering matri-
ces for two adjacent structures are cascaded using a Redheffer [27] type of
product as, e.g., in [40]. For a thin screen located at z0



v−mn(z

−
0 )

w−mn(z
−
0 )

v+
mn(z

+
0 )

w+
mn(z

+
0 )


 =

∑
m′n′

Smn,m′n′(z
−
0 , z

+
0 )



v+
mn(z

−
0 )

w+
mn(z

−
0 )

v−mn(z
+
0 )

w−mn(z
+
0 )


 , (59)

5A special case occurs for media which can be seen as homogenised, or at such a distance
from surrounding periodic screens that they only couple via the fundamental mode. In
these cases screens of different periodicity can be cascaded using the fundamental mode
only.
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where the scattering matrix Smn,m′n′ reads

Smn,m′n′ =


 S

(1,1)
mn,m′n′ S

(1,2)
mn,m′n′

S
(2,1)
mn,m′n′ S

(2,2)
mn,m′n′


 . (60)

The four partial matrices are expressed in terms of reflection- and transmis-
sion coefficients as

S
(1,1)
mn,m′n′ =

[
ΓTMTM

LR;mn,m′n′ ΓTMTE
LR;mn,m′n′

ΓTETM
LR;mn,m′n′ ΓTETE

LR;mn,m′n′

]
(61)

S
(1,2)
mn,m′n′ =

[
T TMTM

RL;mn,m′n′ T TMTE
RL;mn,m′n′

T TETM
RL;mn,m′n′ T TETE

RL;mn,m′n′

]
(62)

S
(2,1)
mn,m′n′ =

[
T TMTM

LR;mn,m′n′ T TMTE
LR;mn,m′n′

T TETM
LR;mn,m′n′ T TETE

LR;mn,m′n′

]
(63)

S
(2,2)
mn,m′n′ =

[
ΓTMTM

RL;mn,m′n′ ΓTMTE
RL;mn,m′n′

ΓTETM
RL;mn,m′n′ ΓTETE

RL;mn,m′n′

]
. (64)

Given two adjacent scattering matrices S(z0, z1) and S(z1, z2), where z0 <
z1 < z2, the Redheffer star product gives for the cascaded scattering matrix
S(z0, z2) that

S(1,1)(z0, z2) = S(1,1)(z0, z1) + S(1,2)(z0, z1) ·(
I − S(1,1)(z1, z2)S

(2,2)(z0, z1)
)−1

S(1,1)(z1, z2)S
(2,1)(z0, z1)

S(1,2)(z0, z2) = S(1,2)(z0, z1) ·(
I − S(1,1)(z1, z2)S

(2,2)(z0, z1)
)−1

S(1,2)(z1, z2)

S(2,1)(z0, z2) = S(2,1)(z1, z2) ·(
I − S(2,2)(z0, z1)S

(1,1)(z1, z2)
)−1

S(2,1)(z0, z1)

S(2,2)(z0, z2) = S(2,2)(z1, z2) + S(2,1)(z1, z2) ·(
I − S(2,2)(z0, z1)S

(1,1)(z1, z2)
)−1

S(2,2)(z0, z1)S
(1,2)(z1, z2),

(65)

where I is the identity matrix. In the particular case of a PEC to the right
at z1 one obtains

S(1,1)(z0, z1) = S(1,1)(z0, z1)− S(1,2)(z0, z1) ·(
I + S(2,2)(z0, z1)

)−1
S(2,1)(z0, z1).

(66)

This type of product does not require either the inverse of T or Γ, and
thus both thin PEC screens of aperture and patch type can be included in a
composite structure. This cascading operation is also more stable concerning
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periodic media in general. The reason the Redheffer product is stable, as
opposed to the straightforward cascading of the K or G matrices, is that it
does not simultaneously map forward and backward going evanescent modes,
but only considers forward mapping of propagating and evanescent modes.
An attempt to illustrate this is made in figure 6. The matrices involved in
the operation can all be said to be physically measurable quantities, and
the matrix inverses that have to be calculated become singular only in very
hypothetical cases.

The currents on the elements of the thin PEC screens are expanded in a
basis that is appropriate for the type of element considered. If possible, entire
domain functions that fulfil the edge conditions should be used. In paper IV,
entire domain basis functions for straight dipoles, straight slots, circular slots
and circular rings are used; these basis functions fulfil the edge conditions for
a homogeneous medium.6 The current coefficients are determined as if the
screen is in free space; the accuracy of each coefficient is determined by the
number of modes included in a ‘Floquet mode sum’; this number is in general
different from the number of modes used in the cascading operation. The
concept of relative convergence was introduce to explain why there some-
times seems to be an optimal number of modes in the Floquet mode sum
corresponding to a given number of current modes on the element; there is,
in some situations, no need to increase the number of Floquet modes beyond
this optimal number and additional number of modes might even degrade the
results. Such observations are, however, not made with the basis functions
used in the numerical examples of paperIV. The relation between the current
expansion and the number of modes included in the Floquet mode sum is
partly addressed in [41]. Relative convergence for waveguide and scattering
problems is thoroughly elaborated upon in [42].

A set of coefficients is determined for each incident mode (m′, n′). In the
cascading operation, the coupling to the surrounding media is determined
by the coefficients in the vacuum split basis. The fields, as given by (51)
and (52), should fulfil the boundary conditions at the screen, but they do
not, partly due to the limited number of modes and partly due to Gibbs’
phenomenon.

As an example, the total tangential electric field Et at the screen , as given
by (51), is plotted for a PEC screen of dipoles at resonance in free space in
figures 7 and 8. The cell is quadratic with side length d = 0.2333, dipole
length l = 0.2 and width w = 0.02; all dimensions are given with respect to
a reference length l0; the incidence is normal to the screen and the incident
E-field is parallel to the dipoles. In both cases, three modes for the current
and mode indices up to 20 in the Floquet mode sum are included. In figure
7, modes with indices |m|, |n| ≤ 4 are included in the field calculations, while
in figure 8, indices |m|, |n| ≤ 8 are included. The effect of the addition of
modes is thus illustrated by these two figures. Notice the oscillations of the

6To impose the edge conditions for a homogeneous medium is questionable in a general
situation, but would in many situations give a better result than, e.g., assuming a constant
current distribution across the width would.
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field in the cut along the dipole and the ‘difficulties’ in fulfilling the boundary
condition Et = 0 on the dipole. Notice also that the field, particularly in
figure 8, is very close to zero outside the dipoles, thus illustrating the ‘short
circuiting’ effect the screen has at resonance. The transmission through the
screen corresponding to figure 8 is -35 dB. Fields virtually only exist at
the edges of the dipoles because of charge accumulation. In figure 9, Et is
plotted for the dual slot screen on the incidence side. This might seem like
a ‘nicer’ case than the previous, since the oscillations are not as severe, but
it is equivalent to the dipole case in this respect and the oscillations will
appear for the tangential magnetic field Ht. In figure 10, Et is plotted for
a screen consisting of circular slots in a hexagonal lattice; the screen is at
resonance in free space and the field on the incidence side is plotted; modes
with indices |m|, |n| ≤ 8 are included. The dimensions of the cell and element
are the same as those of the examples in paper IV. In figure 11, transmission
and reflection for the fundamental mode for a PEC ring embedded in a thin
dielectric, inhomogeneous across the cell, are plotted. The PEC ring by itself
is the complement of the circular slot case of figure 10. The geometry is
exactly as that corresponding to figure 6 in paper IV. The figure illustrates
the convergence of the transmission and reflection of the fundamental mode,
as the maximum of the mode numbers are increased from |m|, |n| = 0 to
include all modes with |m|, |n| ≤ 8. It can be noticed that the curves with
maximum mode numbers |m|, |n| = 8 and |m|, |n| = 6 are virtually on top of
each other, and that the dash dotted curve for modes up to |m|, |n| = 4 is only
slightly shifted upwards in frequency. Thus, although the tangential fields
differ quite a lot between the different cases, the transmission and reflection
for the fundamental mode does not.

zp zp-zp-zp- zp-

many
Floquet 
modes

few
Floquet
modes

PEC screen

z

(0,0)

(0,-1)

(0,1)
(0,-2)

PEC

Figure 6: Left: Cascading a PEC screen with other media; Right: Illustration
of the ‘forward’ coupling of the Redheffer product for a PEC backed structure

A conclusion from figures 7, 8, 9 and 10 is that although we expand
the current in a basis which is appropriate for the element and few current
modes actually are required for an good representation of the current, quite a
large number of Floquet modes are required to obtain a good representation
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of the fields, and the boundary conditions are only approximately fulfilled.
Since in the cascading operation, the coupling to the surrounding medium
and elements is determined by the coefficients in the vacuum split basis, it
would appear that a very large number of Floquet modes must be included
to calculate the reflection coefficient for a composite structure. This is not
quite the case; the elements of the reflection and transmission matrices are
obtained by the application of various inner products of the fields and element
currents on the cell I and the conducting domain Iσ. The elements of Γ and
T are actually the result of an averaging process of the fields; they can be
said to be functionals. Thus, the fields do not have to be known in detail
to obtain good values of the reflection and transmission. This is shown
in an example of paper IV and in figure 11 below, which shows that there
is actually not that large difference between a case where Floquet modes
with indices |m|, |n| ≤ 4 and |m|, |n| ≤ 8 are included. Nevertheless, more
Floquet modes should in general be included close to screens of conducting
elements than in the rest of the structure as indicated in figure 6. This
can be done by zero-padding. By zero-padding, it is here meant that the
vacuum split propagator G is calculated using fewer elements in intermediate,
in particular homogeneous sections, between sections of PEC screens, than
in the immediate vicinity of the PEC screens. In this way Γ and T can be
calculated without problems using (39). The Redheffer product (65) is then
used in the cascading, expanding Γ and T to the full size using zeros.
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Figure 7: Tangential E field for a PEC screen of dipoles at resonance, normal
incidence, |m|, |n| ≤ 4, left: magnitudes at y = 0 and x = −0.1015, right:
2D plot of magnitude.
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Figure 8: Tangential E field for a PEC screen of dipoles at resonance, normal
incidence, |m|, |n| ≤ 8, left: magnitudes at y = 0 and x = −0.1015, right:
2D plot of magnitude.
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Figure 9: Tangential E field on the incidence side for a PEC screen of slots
at resonance, normal incidence, |m|, |n| ≤ 8, left: magnitudes at y = 0 and
x = 0, right: 2D plot of magnitude.
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Figure 10: Tangential E field on the incidence side for a PEC screen of
circular slots at resonance, normal incidence, |m|, |n| ≤ 8, left: magnitude at
x = 0, right: 2D plot of magnitude.
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Figure 11: Transmission and reflection for a PEC ring in a hexagonal lattice
embedded in a thin inhomogeneous dielectric: Illustration of convergence
when successively adding Floquet modes until |m|, |n| = 8

2.13 On the stability

The behaviour of the solution to the ODE system is determined by the eigen-
values of the coefficient matrix D+C(z). The ODE system for the propagator
is in general instable with respect to a semi infinite interval on the z- axis;
only finite intervals are of interest here though. Consider a homogeneous
medium, lossless across the cell I; the medium has relative permittivity ε �= 1
and relative permeability µ = 1. The coefficient matrix D + C is in this case
a constant. The eigenvalues ±iγh;mn of this coefficient matrix are given in
section 2.8 as

±iγh;mn =

{
±i (ε− λ2

mn)
1/2 when ε ≥ λ2

mn

∓ (λ2
mn − ε)1/2 when ε < λ2

mn

. (67)

A finite number of these eigenvalues are purely imaginary and appear as
conjugate pairs, corresponding to propagating modes, and the rest are purely
real, also appearing as pairs, which are each others mirrors with respect to
origo. As |m|, |n| → ∞, the real eigenvalues grow beyond all bounds. Assume
that there is a medium, piecewise homogeneous across the cell I, and varying
with z. Assume that the cross section partly consists of a medium with
permittivity ε and partly of free space. If gradually decreasing the part
consisting of dielectric, from completely filling the cell, until there is free
space, an eigenvalue will move from ±i (ε − λ2

mn)
1/2 to ±i (1 − λ2

mn)
1/2 for

some propagating mode and from ∓(λ2
mn − ε)1/2 to ∓(λ2

mn − 1)1/2 for some
evanescent modes. Some modes may also in the process change behaviour,
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from being propagating to evanescent, i.e., a pair of eigenvalues might go
from ±i (ε−λ2

mn)
1/2 on the imaginary axis to ∓(λ2

mn− 1)1/2 on the real axis.
The eigenvalues symmetrically located on the real axis constitute a prob-

lem in a numerical integration. Nevertheless, even an explicit zero-stable7

method can be used with good results as long as the medium is split up
into sufficiently small slices. The slices can then be cascaded using the Red-
heffer type of product (65). As a rule of thumb, given the largest mode
number pair (m,n), the slices should be proportional to e−k0 max|γh;mn| t for a
dielectric material with maximum permittivity ε and structure thickness t,
which, if spread homogeneously throughout the structure would give eigen-
values ±iγh;mn, (see (67)). Using an explicit method, the instability is easily
detected. In general though, an implicit method with an exterior region of
stability should be used.

The methods used for propagation of the fields through a medium with
varying constitutive parameters derived and used in papers I and III resem-
ble the so called Coupled Wave Analysis (CWA) method described in [43]
and [44]. In the formulations in [43] and [44], media periodic in 1D (grat-
ings) are treated and they are assumed piecewise constant with respect to
the lateral variable and piecewise independent of z. Stability is obtained
by diagonalisation of the system matrix (corresponding to D + C) for each
portion where the coefficient matrix is constant and by the introduction of
unknown coefficients for ‘normalised’ modes corresponding to forward and
backward propagation making sure that increasing exponential functions are
never calculated.

2.14 Some additional examples of continuously
z-dependent structures

2.14.1 An absorbing wedge backed by a PEC

Some materials used for absorption in, e.g., anechoic chambers consist of
pyramidal, or wedge shaped periodic structures. These materials can, e.g.,
consist of polyurethane foam to some degree filled with carbon. Often they
are mounted on a ground plane since these rooms are often electromagnet-
ically shielded. In figure 12, the reflection for such a structure is shown for
a wave at oblique incidence. The relative permittivity ε of the wedge is in
this case 2 + i; the real part of the permittivity is probably a lot lower for
the polyurethane material mentioned, resulting in somewhat poor matching
in this case, but this can be seen as an example of the principle. These
absorbers are in general not designed considering the periodicity. They are
seen as a gradual impedance matcher for a plane wave, i.e., the fundamental
mode. They are, nevertheless, periodic structures, and higher order modes
are excited in the scattering, as can be seen seen in the left of figure 12; this

7A zero-stable method is stable for stepsize zero, i.e., the origin is included in the
stability region. The stability region is the region in the complex plane in which stepsize
× eigenvalues are plotted.
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Figure 12: Reflection from a wedge shaped absorbing material backed by
a PEC, (θ0, ϕ0) = (45◦, 0◦), left: modes |m| = 0, |n| ≤ 4 included, right:
illustration of the effect of increasing the number of modes.

is seldom mentioned or specified by manufacturers of these materials, and
in this example the scattering of the higher order modes is, as an average,
larger than that of the fundamental mode.

The right of figure 12 illustrates the effect of successive addition of modes.
Notice that for TE incidence and frequencies below 5 GHz, a solution includ-
ing only the fundamental mode gives a good result. In this example, the
structure is sliced, with the structure still z- dependent in each slice. The
Redheffer product is used to cascade the slices.

2.14.2 A layer of homogeneous dielectric spheres

In this example a ‘layer’ of homogeneous dielectric spheres on a quadratic
cell is considered. The spheres have a diameter of 20 mm and are placed
in a cell with d1 = d2 = 22.5 mm. The relative permittivity of the spheres
is 4.0 + 0.04i. The surrounding medium is free space. Normal incidence of
a plane wave (fundamental mode), with ϕ0 = 0 is assumed. Modes with
indices |m|, |n| ≤ 3 are included. Transmission and reflection are shown in
figure 13.

As in the example of the absorbing wedge, the structure is sliced, each
slice is z-dependent though. The Redheffer product is used to cascade the
results from all slices. Notice that a band of complete transmission is ob-
tained around 6.5 GHz, and that a narrow band of large reflection is obtained
around 9 GHz. The transmission band is mainly caused by the fundamen-
tal mode, and is ‘equivalent to’ that of a half wave radome. The reflection
band is caused by the excitation of higher order modes interfering with the
fundamental mode.
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Figure 13: Transmission and reflection from a layer of homogeneous dielectric
spheres in free space

3 Scattering from curved structures

3.1 On homogenisation

So far only planar structures periodic in 2D have been considered. When
the period of a structure is small, the structure can be considered as ho-
mogeneous, approximately. Depending on the geometry of the structure and
the materials involved, the resulting effective constitutive relations for such a
structure depend on the directions of the incident fields and the constitutive
relations. Its parameters, such as ε and µ, will in general turn into 3 × 3
matrices. This process of scaling is usually referred to as homogenisation.
There are several interesting aspects of this scaling technique. Solving prob-
lems with very different length or time scales can be of great difficulty in
many numerical methods. Homogenisation methods could thus be of great
use in ‘eliminating’ problems on the ‘microscopic scale’, turning these into
macroscopic relationships. A homogenised planar structure can, e.g., be cas-
caded with another periodic or non periodic planar structure using methods
described in section 2.12. Homogenisation for a planar dielectric grating (pe-
riodic in 1D) is treated in [19]. In [20], homogenisation of planar periodic
woven materials periodic in 2D is considered. This section is associated with
paperII, in which the time convention eiωt is used; this convention is assumed
in the rest of section 3.

3.2 Impedance boundary conditions

An impedance boundary condition expresses a relationship between the fields
on a surface. A simple type of impedance boundary condition is

n̂× (n̂×E) = −Z n̂×H (68)
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where n̂ is an outward pointing surface normal and Z is the surface impedance.
This boundary condition is usually referred to as a Leontovich condition [45].
The purpose of introducing an Impedance Boundary Condition (IBC) is
twofold: to obtain a local boundary condition8 and to transform a two do-
main problem into a one domain problem. Moreover, if the IBC is to be of
any practical use, the ‘surface impedance’ must be fairly independent of the
incidence angle of the incident fields; for the Leontovich condition to be valid
in this respect |εµ| � 1 should be fulfilled. A consequence of |εµ| � 1 is
that the waves in this medium are propagating almost normal to the surface
regardless of the incidence angle on the free space side ; consequently the
fields are virtually parallel to the surface. When |εµ| � 1 is not fulfilled,
there are components normal to the surface and the IBC fails to model the
component of the polarisation current iωP normal to the surface.

Another example of a surface impedance condition often used is the phys-
ical optics approximation9

Js = n̂× (Hin + Hsc) ≈ n̂× 2Hin (69)

where Js is the surface current, Hin is the incident magnetic field and Hsc

the scattered. This approximation becomes exact for an infinite planar PEC,
but is widely used in antenna and scattering problems for curved and finite
objects. In order to obtain more accurate IBC:s, conditions are imposed on
the higher order normal derivatives of the fields, (see [45] and [46]). Such
boundary conditions are referred to as higher order boundary conditions.

In paper II, a homogenisation is performed for a thin 1D periodic dielec-
tric medium. The medium is moreover considered to be curved, with a local
radius of curvature along the direction of the periodicity. In the solution
process, the fields are expanded in the thickness h of the periodic medium.
The asymptotic expansion is correct when h → 0. A propagator, mapping
the tangential fields from one side to the other, is derived for this thin ho-
mogenised sheet. When the thin sheet is put on top of a conductor an IBC is
obtained. This IBC is a mixed Dirichlet–Neuman boundary condition, since
it expresses a relationship between a tangential field component and its nor-
mal derivative, or equivalent: a relationship between tangential electric and
magnetic field components. The coefficients of the terms are expressed in a
power series of the structure thickness h. Depending on the powers included,
it is said to be of a certain order. In paper II, a 3rd order IBC is developed
for the case of TE incidence. By the introduction of an IBC, the problem in
the periodic curved sheet is eliminated and a two domain problem is turned
into a one domain problem as illustrated in figure 14.

8A global boundary condition can always be obtained as a surface integral equation.
9This is not an IBC in the classical sense (since n̂×E = 0), but rather an approximate

local boundary condition for the current and magnetic field on a PEC.
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PEC

Dielectric IBC

=>

Figure 14: The transformation of a two domain problem to a one domain
problem via an IBC.

3.3 IBC for a thin periodically inhohomogeneous di-
electric on a PEC – TM case

In paper II, the TE case is treated. Here the results for the TM case of
the same problem are included. As in paper II, a single curved thin structure
described by parameters (s, n) is considered. (See figure in paperII.) The unit
vectors ŝ, ẑ, n̂ constitute a right handed system. The medium is assumed
periodic in s such that ε(s, n) = ε(s + d, n). The case where the magnetic
field is orthogonal to the vectors ŝ and n̂ is denoted TM. Thus H = Hẑ in
the TM case. In the TM-case, one obtains an additional term that depends
on the inhomogenity of the relative permittivity ε. The modified Helmholz
equation reads

∇2H − [∂sn ln(ε(s, n))]∂snH + k2
0ε(s, n)H = 0. (70)

By applying a similar procedure to the equation for the TM-case (70), one
obtains the propagator expression[

∂nH̃

H̃

]
(s, n) |n=h = P̃

(2)
TM

[
∂nH̃

H̃

]
(s, n) |n=0 +O(h3), (71)

where

P̃
(2)
TM =

[
1− hc(s, 0) + h2C22(s, 1) hC21(s, 1) + h2D21(s, 1)

h− 1
2
h2c(s, 0) 1 + h2C11(s, 1)

]
, (72)

and where O(x) < Kx when x → 0+ and K is a positive constant. The
coefficients C11, C21, C22 and D21 are given in paper II. Notice that the ele-
ments of the propagator matrix are the same as in the TE-case. The term
[∂sn ln(ε(s, n))]∂snH in the TM equation does not contribute to the asymp-
totic approximation. One can think of the medium as homogeneous with an
averaged permittivity; for such a medium one will obtain Helmholz equation
for both the TE- and TM-cases and the same propagator matrices. The
boundary condition with respect to the PEC is of course different though.

From (72), one can directly extract the 2nd order PEC impedance bound-
ary condition for the averaged fields as

{1− hc(s, 0) + h2C22(s, 1)}∂nH̃(s, n) |n=0 +

−{hC21(s, 1) + h2D21(s, 1)}H̃(s, n) |n=0 +O(h3) = 0.
(73)
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4 Final remarks

4.1 On comparisons with other methods

The problems considered in this thesis can of course be analysed using other
methods. A method to incorporate periodic boundary conditions in the
FDTD method has recently been developed by Holter and Steyskal [47, 48]
and can of course be used for a large class of problems; the code PBFDTD
developed by Holter is used for comparisons in papers III and IV. For struc-
tures consisting of PEC domains, and domains piecewise homogeneous with
respect to the constitutive parameters, boundary integral equation methods
can always be used. When the constitutive parameters are truly inhomoge-
neous, some method involving a volume integral equation might be used. In
[49] and [50], hybrids between Finite Element Methods (FEM) and surface
integral equations are presented. FEM is used for the interior of the struc-
ture, allowing truly inhomogeneous constitutive parameters, as well as 3D
metallic objects.

The alternative methods mentioned are all of a more general character
but also to a higher degree numerical. Comparisons are made between the
method of this thesis and the PBFDTD code considering the calculated data
but not the execution time; the PBFDTD is, however, a Fortran code, and
the results obtained by the methods presented and used in this thesis are
implemented mainly in Matlab code, which is very slow because of its inter-
preting nature; this has to some extent been compensated by vectorisation
of parts of the Matlab code. Thus one should be careful about making state-
ments about how the different methods compare in execution-time. It is
believed that in most cases, e.g., for the problems treated in paper IV, the
method used here is considerably faster. Fast codes are essential for design
and optimisation problems. The method used here is probably also fast for z-
dependent structures periodic in 1D and for truly inhomogeneous structures
where the constitutive parameters can be separated piecewise with respect
to z as, e.g., ε(rt, z) = f(rt)g(z). For a general dependence of z where a
convolution has to be calculated continuously, the method is considerably
slower, but could perhaps still be attractive if implemented in a compiling
code as Fortran.

4.2 Applications

Various applications of frequency selective structures are briefly addressed
in section 1. The structures analysed in this thesis are in general more
complex than conventional frequency selective surfaces, i.e., thin metallic
sheets with periodically distributed elements inter-spaced by homogeneous
dielectrics layers. Since the structures are more complex they are also prob-
ably more expensive to manufacture. In paper IV, e.g., conventional thin
frequency selective surfaces combined with layers of piecewise homogeneous
dielectrics are analysed. Unless some additional features, or in some aspect
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better performance can be achieved using complex structures, than what can
be offered by conventional frequency selective structures or gratings, then
these complex structures are of course of no practical interest. In paper IV,
however, as well as the other papers of this thesis, analysis rather than design
or optimisation is considered, so based on this thesis no conclusion should
be drawn. Since a dielectric structure, inhomogeneous across the cell, offers
a new ‘parameter space’ for optimisation and design, in addition to that of
conventional structures, this could be the subject of further investigation.

In paper IV, it is, however, suggested that weight reduction of a con-
ventional frequency selective structure consisting of filtering elements in a
‘quarter wave sandwich structure’ can be obtained by removing the dielec-
tric material that is not close to the metallic elements, while still maintaining
the performance. This is interesting in applications where weight and mo-
ment of inertia are limiting factors. It is here also suggested that the onset
frequency and excitation of surface waves in general can be manipulated us-
ing piecewise homogeneous, instead of homogeneous dielectric materials, as
spacers between conventional thin metallic FSS screens.

5 A short summary of the appended papers

5.1 Paper I

In paper I, a medium periodic in 1D is treated. The medium is assumed to
have an arbitrary dependence of the constitutive parameters with respect to a
longitudinal z-direction. An oblique incidence of a plane wave with arbitrary
incidence angles (θ0, φ0) is assumed. For an arbitrary incidence angle, the TE
and TM cases are coupled, so consequently both are treated. The E and H
fields and constitutive parameters are expanded in pseudo-periodic and pe-
riodic functions. The field expansions are inserted into Maxwell’s equations
and the longitudinal components eliminated resulting in an ODE system ex-
pressed in tangential field components. The components of the ODE’s are
thus continuous with respect to the longitudinal coordinate z, even though
the constitutive parameters are discontinuous. A similarity transformation
is applied to the ODE system to obtain a vacuum wave-splitting; the ob-
tained forward and backward propagating modes correspond to physically
forward and backward propagating modes in free space. The vacuum split
ODE system is solved introducing transmission Green’s functions G+ and
G−, propagating the vacuum split fields backwards from the transmission
side to the incidence side. An invariant imbedding approach is also dis-
cussed. The invariant imbedding approach leads to ODE systems of less size
than the Green’s functions approach. One ODE system for the reflection
matrix, and one for the transmission matrix is obtained. The system for the
reflection matrix can be solved independently of the system for the trans-
mission. A serious drawback of the imbedding approach is, however, that
the system for the reflection is nonlinear. All results presented in the pa-
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per are obtained using the Green’s functions approach. In the derivation, a
bianisotropic medium is assumed but the numerical examples are restricted
to inhomogeneous and piecewise homogeneous dielectric media with small
losses.

5.2 Paper II

In paper II, an asymptotic method is used to calculate scattering from a
periodic structure. Wave propagation in thin singly curved sheets is treated.
The medium considered is a dielectric, periodic in 1D, where the period is
assumed small compared to the wavelength and curvature of the structure.
The structure is described by the local coordinates (s, n) with associated
unit vectors ŝ(s, n) and n̂(s, n). The structure is independent of a third
orthogonal coordinate z. The TE case (E = Eẑ) is considered; the Laplace
operator and Helmholz equation are expressed in this local coordinate system.
The electric field E is expanded in a power series in the structure thickness h.
A rapid and slow variation of the field is assumed with respect to s, due to the
periodicity, and a scaling of the coordinate system and Helmholz equation
is made with respect to this. The series expansion of E is inserted into the
scaled Helmholz equation; the coefficient, each a differential eq. in itself,
for each power in h is identified. The obtained equations are averaged with
respect to the rapid scale, and the resulting equations integrated with respect
to the coordinate along the thickness. In this way, a propagator, mapping the
tangential fields from one side to the other is obtained. An IBC for a coated
PEC is then directly obtained from this propagator by prescribing that the
E-field is zero on one side of the propagator. The IBC for a cog-wheel like
periodic dielectric on a circular PEC cylinder is calculated. The results are
compared with an integral equation based solution. Since an averaging is
applied with respect to the rapid scale, the method is mainly of interest for
far field computations.

5.3 Paper III

This paper is to some extent a generalisation of paperI to inhomogeneous me-
dia, which are periodic in 2D with respect to the transverse coordinates and
have an arbitrary dependence of the constitutive parameter in the longitudi-
nal z-direction. The formulation is somewhat different from paper I though.
The ODE system is solved directly for the transverse field components with-
out applying vacuum wave-splitting. The vacuum wave-splitting is applied,
after the ODE system is solved, merely to obtain the transmission and reflec-
tion matrices. As in paper I, an obliquely incident plane wave with incidence
angles (θ0, φ0) is assumed, and both the TE and TM cases are treated since
they are coupled. The permittivity is assumed to vary such that it is inhomo-
geneous or piecewise homogeneous across the periodically repeating cell. A
computer code that can handle inhomogeneous and piecewise homogeneous
media is developed. The piecewise homogeneous media can consist of multi-
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ply connected domains, built by polygons or circles or both. The coefficients
of the system matrix of the ODE is analytically calculated for such domains.
A numerical example is given for a homogeneous slab with ‘drilled’ circular
holes. This example is compared both with calculations made using a code
based on vastly different FDTD techniques (developed by Holter et al. [47]
[48]) and with experiments. The agreement is very good between the method
used in the paper an the FDTD based calculations. The agreement with the
experimental results is good considering the error sources of the experiment.
Another example considers a pyramidal shaped absorbing material placed in
front of a PEC.

5.4 Paper IV

This paper considers the embedding of thin PEC screens with periodically
distributed elements of patch or aperture type in dielectric materials piece-
wise homogeneous across the periodically repeating cell. The PEC patch
screen is treated using a spectral domain integral equation formulation for
the tangential electric field. The current on the elements is expanded in
entire domain basis functions. Assuming incidence of a fundamental plane
wave as well as higher order modes, the reflection and transmission matrices
are obtained by the application of inner products with respect to the entire
cell as well as the conducting domain. The dual aperture case is treated by
a dual integral equation for the magnetic field, and the solution for the dual
case is expressed using the solution for the patch case. If the electrical cur-
rents in the case of a patch fulfil the edge conditions in free space, so do the
magnetic currents for the dual case. The reflection matrix for the patch case
and its dual, the transmission matrix for the aperture case both become sin-
gular. The cause of this singularity is discussed. Because of this singularity,
the solution for the composite structure consisting of thin PEC screens with
periodically distributed elements and periodic dielectric material is derived
using a Redheffer type of product, which does not involve any difficult matrix
inversions. Numerical examples for circular rings, circular slots and straight
slots embedded in dielectric materials, piecewise homogeneous across the pe-
riodically repeating cell, are given. Comparisons are made with calculation
methods based on the previously mentioned FDTD code.
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[9] O. Forslund, B.-O. Ås and B. Thylén. Provision of X-band illumina-
tion in a Ku-band tracking antenna. International Conference Radar 92,
Brighton, U.K., Oct. 1992, 230–233.
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