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Summary
Methods to design test-procedures for acoustic multi-ports in ducts with a focus on pressure sampling positions
for accurate modal decomposition are demonstrated. Acoustic fields up- and downstream of an in-duct acoustic
element are excited by external sources and decomposed into transmitted and reflected aeroacoustic modal pres-
sure amplitudes in order to first determine the acoustic scattering of the element. Secondly, the determination of
the element source strength requires tests with no external sources, but with known terminations and scattering
data. Unfavourable source and sensor positions lead to mode coupling and to ill-conditioned or even singular
decomposition matrices, which results in high amplifications of uncertainties within the wave decomposition. An
unoptimised but over-determined assembly is compared with a setup containing a minimum of sensors but with
optimised positions. Lower uncertainty amplification, despite the usage of fewer sensors, is achieved for most
frequencies, especially after the cut-on of t he higher order acoustic modes. A genetic algorithm (GA) is used
to achieve this optimised setup by minimising the condition number of the decomposition matrix, which is a
multi-dimensional optimisation problem with numerous local minima. To estimate the stability of the optimised
configuration, a Monte-Carlo Method (MCM) is deployed to introduce normal distributed complex pressure un-
certainties into the decomposition. In order to estimate the wave number, different approaches are compared -
namely the classical non-dissipative wav e number estimate, an extended Kirchhoff method for viscous-thermal
damping and an eigenvalue solution of the Linearised Navier Stokes Equations by Dokumaci. The presented de-
composition method is not only applicable to measurement data but is equally useful to post-process results from
numerical computations.

© 2016 The Author(s). Published by S. Hirzel Verlag · EAA. This is an open access article under the terms of the
Creative Commons Attribution (CC BY 4.0) license (https://creativecommons.org/licenses/by/4.0/).

PACS no. 43.20.El, 43.20.Fn, 43.20.Mv

1. Introduction

Two-port modelling is commonly applied in engineering
applications with the aim of determining the scattering be-
haviour of aeroacoustic elements in connected duct and
pipe systems with flow, and to extract the reflection-free
source vector from measurement data [1, 2, 3, 4, 5]. That
data can be used to predict scattering and sound-emission
for sophisticated aeroacoustic systems for low frequencies
(plane waves), without measuring or simulating them as
a whole. The main assumption being that the studied sys-
tem is linear and time-invariant and that the division in
sub-systems is made in such a way, that the inflow con-
ditions to each element correspond to the reference case
used for the determination of the two-port data. The over-
all sound-emission evoked by interconnected components
can eventually be predicted with fairly low effort, which is
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exploited to design systems and abate noise. The two-port
characteristics can furthermore be used to predict interac-
tions between the hydrodynamic field and the sound field,
e.g. to find critical setups for whistling [6].

As discussed by Boden and A◦ bom [1], multi-port mod-
els of higher order can be used to treat cases with three or
more connected ducts with plane waves, e.g., a T-junction
as in [7], or ducts with higher order modes.

An early example of multi-port work involving higher
order modes is Lavrentjev and A◦ bom [8]. More recent
work has been done by Trabelsi et al. [9] on obstacles in
rectangular ducts. Sitel et al. investigated the scattering of
discontinuities in circular ducts for multi-ports of the or-
der 5, but concentrated on the influence of the positions
of the external sources and their over-determination. This
work has been applied by Taktak et al. to the impedance
measurement of induct liners for higher order modes [10].
Another recent work is Newman et al. [11] who applied
the theory proposed in [8] for multi-port testing to a case
with three propagating modes. The studied object was a
low speed fan and the purpose to obtain better source data
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by a standard method (e.g. ISO 5136). In addition an error
analysis was presented for the wave decomposition apply-
ing the methods presented in [12]. Compared to the plane
wave range, however, the amount of published work is
limited with the main reason being the rapidly increasing
complexity of experiments and post-processing involving
higher-order modes. It can also be noted that most of the
published work on higher order multi-ports is experimen-
tal. Nevertheless, the rapidly growing accessibility of nu-
merical computations (e.g., compressible flow simulations
[13]) for aeroacoustic induct elements opens the possibil-
ity to also apply multi-port models to numerical data.

The characteristic parameters of a multi-port are usu-
ally ascertained in two steps [14]. First, independent sound
fields are excited by external sources. Pressure sensors lo-
cated upstream and downstream are utilised to decompose
these sound fields into incident and outgoing wave-modes,
leading to transmission and reflection coefficients of the
system. To conduct the decomposition, an analytical so-
lution of the wave equation is used to map a superposi-
tion of propagating modes to the measured pressure points.
This semi-analytical approach requires the knowledge of
the mode shapes along a cross-section in the duct and the
propagation speed of the modes, namely the complex wave
number.

In a second step, these scattering parameters are applied
to extract reflection-free source strength data from acous-
tic records of the noise emitted by the system. The quality
of the results achieved with this method is highly depen-
dent on the experimental setup, namely the pressure sen-
sor and source positions. A◦ bom and Bodèn proposed cri-
teria for the axial microphone separation for plane wave
two-port characterisations, based on singular decomposi-
tion matrices [15]. In later studies, extensions to a higher
order mode decomposition are derived [16], assuming that
the mode shapes could be separated in a single sensor-
section, using wall mounted pressure sensors. To separate
incident from outgoing modes, a second sensor-section is
used, that has to satisfy the sampling condition from the
two microphone method. This approach is, however, sen-
sitive for mode coupling at certain frequencies and results
in ill-conditioned decomposition matrices. The paper in
hand, thus, extends the investigations of A◦ bom [16] and
proposes guidelines for sensor and source placing at ar-
bitrary positions on the channel walls in order to achieve
well-conditioned decomposition matrices and to facilitate
the experimental rig design. As a new approach, singu-
larities caused by couplings within two dissimilar modes
are investigated using vector-base calculations. Further-
more, we show a method to evaluate the quality of certain
sensor spacing by utilising the condition number of the
modal matrix. This approach has been successfully applied
by Gerhold et al. [17], but only for the two-microphone
method. Gerhold optimises microphone arrays in rectan-
gular ducts, based on the condition number of the high-
est frequency. Such a single-frequency method estimates
the measurement quality but fails on narrow-band sin-
gularities evoked by mode coupling. In the present pa-

per, the condition number is used over the entire mea-
surement spectrum to optimise the sensor configuration.
However, such optimisation is complicated due to the high
number of parameters. We introduce a genetic algorithm
into the actual optimisation problem. To show the im-
provement in terms of uncertainty propagation through the
modal decomposition, a Monte-Carlo simulation is per-
formed on simulated scattering data for the optimised and
non-optimised setup. This has been done by Schultz et
al. [18] but only for the two-microphone method. Schultz
showed that the Monte Carlo Method treats uncertainties
with higher accuracy than the linear multivariate uncer-
tainty analysis.

The same criteria established for the microphone sec-
tions might be applied to the design of the source arrays.
Since sources for real measurements commonly require
more mounting space, non-singular setups cannot gener-
ally be guaranteed. We eradicate this detriment by intro-
ducing source over-determination. Holmberg et al. [3] as
well as Sitel et al. [19] have empirically shown the positive
effect of source over-determination on the characterisation
of acoustic two-ports.

In order to minimise the uncertainty in the decomposi-
tion technique, a precise knowledge of the mode-shapes
and complex wave numbers is mandatory and there exist
various models to compute both as eigen-solutions of sim-
plified Navier-Stokes Equations. Models of different levels
of simplification will be used here for the wave decompo-
sition. First, a none-dissipative model, taking only convec-
tive flow into account. However, Allam and A◦ bom showed
that thermo-viscous dissipation is relevant for acoustic in-
duct propagation [20]. We, hence, compare the classical
Kirchhoff theory extended for in-duct flow with an eigen-
value solution for higher order modes obtained by Doku-
maci [21].

This paper has the following structure: Firstly, we intro-
duce the multi-port approach and the modal decomposi-
tion, which is a review of the existing literature and theory
(Section 2). Secondly, we describe the general method to
determine multi-port data from measurements and simu-
lations (Section 3) and point out difficulties in the test-
rig design, namely finding appropriate source and sensor
positions (Section 4). We discuss frequencies with singu-
lar mode decompositions due to mode coupling and show
how to evaluate and to optimise a test setup applying the
Monte Carlo Simulation and Genetic Algorithms (Sec-
tion 5). In the ’results’ section of this paper, we apply
the theory to measurements and computations of two test
cases. In Section 6.5, the scattering matrix of a straight
duct of the diameter 150 mm is measured between 500 Hz
and 3000 Hz, which contains the cut-on of 6 duct-modes.
We use the genetic algorithm to optimise the measure-
ment setup and the Monte Carlo Method to evaluate the
enhancement. We apply different wave number models to
the decomposition in order to show possible differences in
the results (Section 6.6). We use the full-wave decomposi-
tion to precisely determine the temperature and mean-flow
velocity of the measurement (Section 6.7). Finally, we ap-
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Figure 1. An illustration of an acoustic multi-port. The vectors p+ and p− are acoustic pressure perturbations in outgoing and incident
direction, S is the scattering matrix and ps+ the source vector. The indices a and b denote the downstream and upstream side of the
multi-port.

ply the multi-port procedure to compute the acoustic scat-
tering from an orifice, using the Finite Element Method.
We use highly over-determined decomposition matrices in
order to extract the complex mode amplitudes from grid
data and we compare the numerical results with experi-
mental data (Section 6.8).

2. Theoretical investigations

2.1. Mode decomposition in ducts with flow

Aeroacoustic duct elements can be described with multi-
port models [1, 22]. This approach is advantageous as
sophisticated duct systems can be partitioned in ascer-
tainable subcomponents. These components are defined
by their transmission and reflection properties of acoustic
wave modes and their capability to excite acoustic fields.
We denote the analytical eigen-solution of a wave equa-
tion, e.g. the Helmholz Equation as an acoustic mode. A
subcomponent in a duct, as in Figure 1, can mathemati-
cally be described in the frequency domain as

p+(ω) = S(ω) p−(ω) + ps+(ω), (1)

with

p± =
[

pa±
pb±

]

, ps+ =
[

pas+
pbs+

]

(2)

and p(ω)± ∈ C[2N×1] are the complex vectors of modal
pressure amplitudes for a certain angular frequency ω. The
indices − and + indicate the incident and outgoing direc-
tion of the modes and the indices a and b denote the down-
stream and upstream side of the test-object. Equation (1) is
only valid for linear and time invariant systems. Linearity
applies for sound pressure levels of less than 150 dB [22]
and time invariance implies that the system properties e.g.,
the speed of sound, temperature, geometry, and boundary
conditions are constant in time.

At an angular frequency ω a number of N modes are
propagating which we denote as cut-on modes. The scat-
tering matrix S ∈ C[2N×2N] contains the transmission
and reflection of all N modes at the inlet and the outlet,
whereas in the notation of this paper the elements of its
main diagonal describe pure reflection of single modes, the
N-th minor diagonal describes pure transmission, and the
remaining elements describe scattering of acoustic pres-
sure between dissimilar modes (Figure 2). In this paper,

S =

Reflection a

N

N

N

Transmission

a to b

Transmission

b to a

N

Reflection b

Figure 2. Schematic of the contents of the scattering matrix. The
downstream and upstream side of the multi-port is denoted with
a and b, respectively.

the number of modes N are chosen to correspond to the
modes that are cut-on. In principle, cut-off modes can be
included which can be important, e.g. for in-duct acoustic
holography [5].

The source vector ps+ ∈ C[2N×1] contains the sound
waves which are generated by the element itself under
reflection-free conditions. We refer to the scattering ma-
trix as passive part and to the source vector as active part
of the multi-port, where the aim of a full multi-port anal-
ysis is to determine such characteristic properties. A key
step, thereby, is to determine the complex mode ampli-
tudes p(ω)± in both propagating directions at the multi-
port inlet and outlet. This is done by applying a modal
decomposition technique to the acoustic fields which are
sampled at n spatial positions up- and downstream of the
subcomponent, where n ≥ 2 ×N .

We introduce a vector Ω[1×N] containing all cut on
modes in a circular duct sorted by ascending cut-on fre-
quencies such as

Ω =
[

(0, 0) , (1, 0) , (-1, 0) , (2, 0) ,

(-2, 0) , (0, 1), . . .
]

, (3)

where for a mode (m, n) m is the azimuthal mode order
and n is the radial mode order. A mode of the order i will
now be referred to the i-th element of Ω, where Ω1 is the
plane wave mode.

We, furthermore, define a vector Y[1×n] for the n sensor
points which are used to sample the sound-pressure field
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such that

Y =
[

(Φ0, z0, r0), (Φ1, z1, r1),

(Φ2, z2, r2), . . . , (Φn, zn, rn)
]

, (4)

and Yj contains the cylindrical coordinates of the j-th sen-
sor point. The denotion ’sensor point’ will not restrict the
method to measurement data but can also be understood as
a sensoring-point in a numerical grid.

We can write the acoustic pressure at each sensor point
as superposed eigen-modes

pj =
N
∑

i=1

p+iΨ+j,iT+j,i +
N
∑

i=1

p−iΨ−j,iT−j,i, (5)

where Ψ± denotes the mode shape within a duct cross-
section and T± describes the axial wave propagation rel-
ative to a reference point. Here, + and − denote the up-
stream and downstream direction of the sound propaga-
tion. Both, Ψ± and T± are functions of the sensor point po-
sition and the propagating mode. We assume a rigid walled
straight duct and fully developed plug flow that causes, due
to its axial symmetry, similar mode shapes in both propa-
gation directions Ψ+ = Ψ− = Ψ and we can express the
functions Ψj,i and Tj,i as [23]

T±j,i = exp
(

− izjki±
)

, (6)

Ψj,i = C̃iJmi (κi rj) exp
(

iΦjmi
)

, (7)

= Cj,i exp
(

iΦjmi
)

, (8)

where (Φj, zj, rj) = Yj , (mi, ni) = Ωi, ki± is the wave
number, and Cj,i is the radial mode-shape as a function
of Jmi , the Bessel-function of the first kind and order mi,
a mode-depending normalisation factor C̃i, and the mi-th
root of the derivative of the Bessel-function κi such that
J ′mi (κi R) = 0 for the duct radius R.

Considering all sensor points, we can rewrite Equa-
tion (5) in matrix notation

p(ω) = M(ω) p±(ω), (9)

where p ∈ C[n×1] is the vector of sampled pressures and
M ∈ C[n×2N] is the modal matrix. The modal matrix maps
the superposition of complex mode vectors to the mea-
sured pressure-points. Taking into account convective flow
effects, we can split M into a pair of modal matrices

M =
[

M+ M−
]

. (10)

Following from Equation (5), we can rewrite the convec-
tive sub-matrices to

M± =

se
ns

or
s

















y

modes−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→










Ψ1,1T±1,1 Ψ1,2T±1,2 · · · Ψ1,NT±1,N

Ψ2,1T±2,1 Ψ2,2T±2,2 · · · Ψ2,NT±2,N
...

...
. . .

...
Ψn,1T±n,1 Ψn,2T±n,2 · · · Ψn,NT±n,N











, (11)

where the j-th row corresponds to the j-th sensor point and
the i-th column to the mode of the i-th order.

2.2. Wave number estimations

A good estimate of the complex wave number ki± in Equa-
tion (6) is crucial for reliable wave decomposition. In the
literature, there are wave number estimates of different
complexity, depending on the included mechanisms of dis-
sipation. In Section 6.6 of this paper, three different formu-
lations are compared. First, a non-dissipative wave number
model for sound propagation in ducts with convective flow
is used [23]

ki± = ±
ω

c

√

1 − (κic/ω)2(1 −M2) ∓M
1 −M2

, (12)

where M is the Mach-number of the mean-flow and c is
the speed of sound inside the duct. Equation (12), how-
ever, does not account for dissipative effects. In addi-
tion, we use the Kirchhoff formulation, which accounts
for thermo-viscous effects [20]. We define a correction pa-
rameter K0 which we multiply with the wave number in
Equation (12)

K0 = 1 +
1 − i
√

2s

(

1 +
(γ − 1)
ξ

)

−
i
s2

(

1 +
(γ − 1)
ξ

−
(γ2 − γ)

2ξ2

)

. (13)

Here, γ is the specific heat ratio, ξ2 = µCp/κth is the
Prandtl-number, s = r

√

ρ0ω/µ is the shear wave num-
ber, µ is the dynamic viscosity, ρ0 is the quiescent density,
κth is the thermal conductivity, Cp is the specific heat co-
efficient of the fluid, and r is the duct radius. The resulting
complex wave number is a function of the fluid properties,
but the derivation assumes plane wave propagation only
and we expect inaccuracy for higher order modes.

We finally use Dokumaci’s dissipation model, which
gives a formulation for thermo-viscous dissipation of
higher order acoustic modes in presence of mean flow by
iteratively solving the eigen-value problem of a dissipative
wave equation. A more detailed description of this method
can be found in [21].

3. Multi-port eduction in measurements
and computations

The decomposition method presented in this paper repre-
sents a general post-processing approach for acoustic pres-
sure and is not restricted to the origin of the pressure data.
The classical application, however, is the scattering and
source characterisation especially of acoustic two-ports
from measurement data [3]. Those measurements are usu-
ally carried out with a low number of sensor points and
the sensor positions are restricted to the channel walls to
guarantee the undisturbed inflow to the test objects and
to minimise local flow noise in the measured signals. The
modal decomposition of measurement data scales down to
a matrix inversion of M (see Equation 9), which is usually
square or only slightly overdetermined. The fact that the
stability of this method highly depends on the invertibility
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of the modal decomposition matrix engender challenges in
the test-rig design, i.e. in the sensor and source placing.

Increasing interest in numerical computations and
higher capability to generate and access large data sets
opens new fields of applications for multi-port character-
isation techniques. The decomposition of numerical data
brings a number of advantages compared to the empiri-
cal approach. Admittedly, the computed time samples are
still much shorter than data gained from measurements.
However, a plethora of sensoring-points is accessible, even
inside the channel cross-sections. The decomposition ma-
trix is hence highly over-determined and guarantees a sta-
ble matrix inversion. Furthermore, in computations we can
disable all disturbing effects e.g. thermo-viscous damping,
fluctuations in temperature and flow-velocity, and struc-
tural vibrations of the test-rig, which usually complicate
measurements.

The general approach to gain multi-port data from mea-
surements and computations is similar. However, simula-
tions and measurements engender different challenges and
require adapted procedures, which we describe in detail
for measurements in Section 3.1 and for computations in
Section 3.2.

3.1. Multi-port eduction using measurement data

The pressure field generated by an aeroacoustic source that
we sample in experiments is always a superposition of the
sound created by the source itself, external sound which
is scattered inside the test-rig, and hydrodynamic pres-
sure fluctuations from the flow field. A multi-port educ-
tion, therefore, involves two steps [8]. First, the system
scattering is isolated from Equation (1). Artificial acoustic
loads are generated by external sound sources at the up-
stream and downstream side of the test object to measure
the transmission and reflection at the inlet and at the outlet.
Those sound fields have to be uncorrelated to the source of
the test object so that we can neglect the source vector ps+
in Equation (1). In addition, the signal used to excite the
external sources can be used as a reference to improve the
signal-to-noise ratio in the data [8]. We compute the scat-
tering matrix

P+P−1
− = S, (14)

where (. . .)−1 denotes the (pseudo-) inverse. Note that
here, other than in Equation (1), P+ and P− are matri-
ces which have the different external acoustic fields as
columns and the complex mode amplitudes of the decom-
posed fields as rows. The scattering matrix S has the di-
mension 2N × 2N and we, therefore, need N mathemat-
ically linear independent complex mode vectors from de-
composed external sound fields upstream and downstream
to solve all its coefficients. Depending on the test-object,
we might reduce the number of necessary sound fields, e.g.
by assuming symmetry in the circumferential mode pairs
or in upstream and downstream direction.

Furthermore, we can use the same sound fields to solve
for the reflection coefficients of the test-rig terminations

R =
[

Ra 0
0 Rb

]

=
[

Pa− P−1
a+ 0

0 Pb− P−1
b+

]

, (15)

where we have to use the sound fields which are excited
at the opposite end of the test object, i.e. the downstream
excitation for the upstream reflection and vice versa. This
may lead to difficulties as for strongly reflecting or absorb-
ing test-objects, e.g. mufflers, the sound-pressure level can
be too weak to be clearly recognised in the hydrodynamic
noise on the other side of the test object. For such cases, it
might be necessary to arrange a separate measurement of
the reflection removing the test object [2].

In a second step, the source vector can be isolated from
plain ’listening’ data, without external sources. However,
this approach engenders two problems. First, the aeroa-
coustic source signal is usually covered by strong hydro-
dynamic noise. Such fluctuations are eliminated from the
passive measurement by correlating the sensor signal to
the driving signal of the external sources. In active mea-
surements, however, we do not apply external sources and
we usually do not have access to any reference signal cor-
related to the sources either, which is only possible when
measuring on the harmonics from periodic machines [1].
Using plain auto-spectra of the microphone signals, how-
ever, leads to much higher pressure levels, blurred mode-
amplitudes, and corrupted phase information.

Another problem in active measurements is the reflec-
tions induced by the test-rig terminations. Those reflec-
tions superpose with the actual acoustic source and cause
errors in the solution of the source vectors. A multi-port
eduction which does not account for internal test-rig re-
flection generates mode-vectors which are measurement-
specific and hence not comparable with the data gained
from different assemblies, e.g. computations or different
test-rigs.

We use Equation (15) to rearrange Equation (1) to

ps+ =
[

E − S R
]

p+, (16)

where E denotes the unit matrix. We define the modal de-
composition for the inlet and outlet of the test-object

[

pa
pb

]

=
[

Ma 0
0 Mb

]







pa+
pa−
pb+
pb−






= M p±. (17)

We further introduce a matrix T, such that

p = M T p+, (18)

with

T =







E 0
Ra 0
0 E
0 Rb






. (19)
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Inserting Equation (18) into Equation (16), we can finally
derive an expression for the modal source vector that only
depends on measurable values

ps =
[

E − S R
](

MT
)−1p

= C p. (20)

The formulation of Equation (20) accounts for the inter-
nal reflection of the test-rig, which results in reflection-
free and hence test-rig independent source-vectors. We,
furthermore, halved the degree of freedom in the modal
decomposition and reduced the number of necessary sam-
ple points as we only decompose p+, which enables us to
conduct two independent wave-decompositions which can
be correlated to reduce uncorrelated, hydrodynamic noise.
We can separate our 2N sensor positions in two groups (1
and 2) trying to maximise the distance between the micro-
phone pairs and define the pressure vectors p1 and p2. We
can now introduce the source cross-spectrum Gs

Gs = ps1 pcs2 = C1p1(C2p2)c

= C1p1 pc2Cc
2, (21)

where (. . .)c denotes the complex conjugated and trans-
pose. Equation (20) and Equation (21) extend the investi-
gations of Lavrentjev and A◦ bom [14] for two-sided multi-
ports of arbitrary mode order.

We can conclude that the modal decomposition is a key
method in both, the active and the passive measurement.
As presented in this paper, its quality mainly relies on the
sensor and source position. In this paper, the focus is on
the passive characterisation to demonstrate our methods
and how to evaluate a given sensor and source config-
uration. However, an example showing the extraction of
source data of an axial compressor using the theory of this
paper can be found in [2].

3.2. Multi-port eduction using numerical data

In computation, models with very low internal reflections
can be realised, e.g. by adding sponge-layers or perfectly
matched layers to the duct terminations [6]. This enables
us,as opposed to measurements, to extract the source data
directly from a single computation. One example is pre-
sented by Alenius [24], where the source data of a circular
orifice plate in a low Mach-number flow is extracted from
compressible flow (LES) simulations.

The scattering for duct elements can also be obtained
using compressible flow computations or Large Eddy Sim-
ulations as shown by Alenius [13] and Lacombe [25].
These papers treated 2-ports and the plane wave range,
but since large eddy simulations are computationally very
heavy, it is not ideal to extend the approach to higher or-
der modes. Kierkegaard et al. [6] demonstrated a simpli-
fied method in order to compute the scattering of an in-
duct orifice plate, u sing Linearised Navier-Stokes Equa-
tions in the frequency domain. The advantage of this ap-
proach is that the steady flow field could be computed sep-
arately in a first step and is than coupled to the acous-
tics, which reduces the degree of freedom for the acous-
tic computation significantly. However, this work was only

(0,0)

(1,0) (2,0)

(0,1)

(-1,0)

(-2,0)

Figure 3. Real part of the force to excite an (m,n)-mode.

conducted for the plane wave mode in a two-dimensional
computation. In this paper, we demonstrate the decom-
position method on a three-dimensio nal grid to account
for higher order modes as well. We apply the mode de-
composition directly to the computational data, which due
to the Moore-Penrose pseudo inverse of the highly over-
determined decomposition matrix M behaves like a least
square filter on the numeric data. To focus on the method
described in the paper and not on numerical subtleties, the
computation is conducted without mean flow, which sim-
plifies the computational effort considerably. As the duct
diameter is large, compared to the acoustic boundary lay-
ers , we neglected thermal- viscous effects. As governing
equations, we chose the linear continuity and momentum
equation

−iωp + ρ0c
2∇ · v = 0, (22)

−iωρ0v = ρ0F − ∇p, (23)

with the pressure and velocity perturbation in frequency
domain p and v, a source force F, and the speed of sound
in the medium c. With regard to boundaries, we use slip
boundary conditions and zero normal velocity

u · n = 0, (24)

where n is the unit vector normal to the duct walls. The
acoustic excitation is accomplished with pure mode excita-
tions in a cross-section close to the duct inlets and outlets.
The sources are realised as distributed forces in a sub-area
of the computational domain upstream and downstream of
the test-object. The force distribution over the duct cross-
section is computed with Equation (7) which results in the
hig her order mode-shapes in Figure 3.

4. Test-rig design for accurate multi-port
measurements

In Section 2, we described the modal decomposition tech-
nique, which is a key method in the multi-port eduction
for both properties, the scattering matrix and the source
vector. It involves the matrix inversion of the modal ma-
trix M which, therefore, becomes of particular interest for
stability analyses of the modal decomposition. As shown
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in Equation (11), its values are functions of the acous-
tic mode shapes and wave numbers and the positions of
the sensor points. Unfavourable axial and azimuthal sen-
sor separation can cause linear dependent matrix rows or
columns in M, which disturb the decomposition and am-
plify uncertainties. Such singularities were investigated by
A◦ bom et al. [16]; However, the study focusses on axial
sensor separation. Singular decompositions were found for
frequencies whose half-wave length corresponds to the ax-
ial sensor separation in the two-microphone method. In
this section, we generalise that result for an arbitrary num-
ber of sensors and azimuthal sensor positions.

4.1. Conditions for non-singular sensor spacing

The i-th column of the modal matrix M represents the
complex distribution of the i-th mode at the sensor posi-
tions in + direction for i ≤ N and the (i −N)th mode in
− direction for i > N . The modal decomposition becomes
singular, if columns of M are linear dependent. This can
be interpreted as coupling of the mode shapes (or waves)
at the microphone positions and we refer to it as mode
coupling.

We want to investigate the coupling of K ≤ 2N arbi-
trary modes (waves) and we separate the corresponding
columns from the modal matrix which results in a sub-
matrix D[n×K]

D =

se
ns

or
s

















y

modes−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→










Ψ1,i1T1,i1 Ψ1,i2T1,i2 · · · Ψ1,iKT1,iK
Ψ2,i1T2,i1 Ψ2,i2T2,i2 · · · Ψ2,iKT2,iK

...
...

. . .
...

Ψn,i1Tn,i1 Ψn,i2Tn,i2 · · · Ψn,iKTn,iK











, (25)

where i1...K is the mode order of the arbitrary modes. Mode
coupling occurs if the columns of that sub-matrix D are
linear dependent

K
∑

i=1

aiDi = 0, (26)

for at least one non-trivial constant ai and Di is the i-th col-
umn of D. As the values in the column-vector Di are com-
plex functions of the wave number, the mode-shapes, and
the sensor positions a general solution of Equation (26)
may be inappropriate for a high number of modes. How-
ever, we can yield a useful simplification if we consider
the coupling of two modes

Di1 = a Di2 . (27)

If Equation (27) has a non-trivial solution, the chosen sen-
sor spacing is singular. We can easily argue that also any
pair of values in Di1 has the same non-trivial solution, i.e.

[

Dj1,i1

Dj2,i1

]

= a

[

Dj1,i2

Dj2,i2

]

(28)

with the two sensor points j1 and j2. This leads us to a
condition for non-singular sensor separation

∣

∣

∣

∣

(

Ψj1,i1Tj1,i1 Ψj1,i2Tj1,i2

Ψj2,i1Tj2,i1 Ψj2,i2Tj2,i2

)∣

∣

∣

∣

6= 0, (29)

where |·| denotes the determinate. Note, that Equation (29)
has to be fulfilled for at least one combination of sensor
points to avoid mode coupling for the modes i1 and i2. We
insert Equation (6) and 7 into Equation (29)

Cj1,i1Cj2,i2 ei(φj1mi1+φj2mi2−ki1 zj1−ki2 zj2 )

= Cj1,i2Cj2,i1 ei(φj1mi2+φj2mi1−ki2 zj1−ki1 zj2 ), (30)

which can be rewritten as

eiψ = Q, ψ,Q ∈ C, (31)

with

ψ =
(

φj1 − φj2

) (

mi1 − mi2
)

+
(

zj1 − zj2

) (

ki1 − ki2
)

,

Q =
Cj1,i2

Cj1,i1

Cj2,i1

Cj2,i2

. (32)

For wall mounted sensors, Cj1,i = Cj2,i and hence Q = 1
and Equation (31) gives us a solution for mode coupling
due to insufficient axial and circumferential sensor posi-
tions

(

φj1 − φj2

) (

mi1 − mi2
)

+
(

zj1 − zj2

) (

ki1 − ki2
)

= 2πl, (33)

with l ∈ Z. Equation (33) contains complex wave numbers
of dissimilar modes and further general evaluation may be
inexpedient. However, a number of special but important
cases can be investigated to derive helpful guidelines for
the test-rig design. In case of coupling of similar modes,
but in up- and downstream direction, Equation (33) sim-
plifies with mi1 = mi2 = mi. Substituting the wave number
from Equation (12) in Equation (33) then gives

2πf = c(1 −M2)

√

√

√

√

(

πl

zj2 − zj1

)2

+
κ2
i1

(

1 −M2
) , (34)

where 2πf = ω is the frequency in 1/s.
Equation (34) gives singular frequencies around which

there will be an increased measurement uncertainty. This
will be referred to as ’weak singularities’ corresponding
to spatial sampling along the duct axis that corresponds
to the periodicity of pressure maxima/minima. For plane
wave sound propagation in a circular duct, Equation (34)
simplifies to (with l=1)

zj2 − zj1 = 0.5
c

f

(

1 −M2) =
1
2
λ
(

1 −M2), (35)

where λ is the wave length of the sound wave. Equa-
tion (35) corresponds to the well-known condition for mi-
crophone separation for the two-microphone method [16].

Another special case of weak singularities occurs for
frequencies where k+i = k−i, which is for the cut-on fre-
quency of the corresponding mode (ki(fcuton) → 0). From
Equation (33) follows, that the cut-on frequencies must be
singular, regardless of the sensor positions.

We can further derive a formulation for couplings
between contra-wise spinning azimuthal modes directly
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from Equation (33), if we set mi1 = −mi2 = mi and
ki1 = ki2

(

φj1 − φj2

)

=
πl

mi
, mi 6= 0. (36)

Equation (36) may be interpreted as an application of the
Nyquist criterion for azimuthal mode capturing. Since it is
not a function of frequency, couplings of azimuthal mode
pairs occur with their cut-on frequency and remain for all
frequencies above. We refer to the arising singularity as a
’strong singularity’ that is defined by the angular separa-
tion of azimuthal pressure maxima/minima.

Another interpretation of Equation (33) follows from
the circumstance that ki1 ≈ ki2 for f � κi1/2c. It follows,
that pure radial modes (m = 0) necessarily couple for high
frequencies if they are measured with wall mounted mi-
crophones.

Equation (34) and (36) constitute appropriate guide-
lines to decide sensor positions that lead to well-con-
ditioned system matrices. The condition number of M im-
proves if we create setups which fulfil those conditions for
as many sensor pairs as possible. However, mode coupling
for more than two modes may appear in advanced setups
with numerous sensors. Predicting this demands solutions
for higher order versions of Equation (26), whereas an
analytical solution might not be evaluable. A convenient
method to illustrate the strength of a certain sensor config-
uration and to unmask possible singularities is to calculate
the condition number of the modal matrix M as a function
of frequency. A suitable sensor setup results in low con-
dition numbers over the whole frequency range of interest
and only comprises weak singularities around the cut-on
frequencies.

4.2. Conditions for non-singular source spacing

In Section 3.1, the scattering matrix S was extracted from
a number of decomposed measurements under external
acoustic excitations. This step also involves a matrix inver-
sion, i.e. of the external pressure matrix P− (Equation 14)
with the different pressure fields as columns. The condi-
tion of this inversion is constituted by the positions of the
sources.

We assume a set of perfect monopole point sources and
their positions are written as a vector, corresponding to
Equation (4)

Ys =
[

(Φ0, z0, r0, q0), (Φ1, z1, r1, q1),

. . . , (Φk, zk, rk, qk)
]

, (37)

where Ysj contains the cylindrical coordinates (Φj, zj, rj)
and the volume velocity qj in the frequency domain of
the j-th point-source position and the number of sources
is k. Assuming reflection free duct terminations and fol-
lowing the formulation of Goldstein [26], we can describe
the pressure field excited by a perfect monopole source Ysj
using the notation from Equation (7) as

pj = qj
cρ

2

N
∑

i=1

αiCj,iexp(i(mi(φj) + ki(xj))

= qj
cρ

2

N
∑

i=1

αiΨ
∗
j,iT

∗
j,i, (38)

with αi = 1/
√

1 − (κic/ω)2(1 −M2) and ∗ denotes the
operator for the complex conjugated. We define a matrix
G± which describes the monopole fields of the sources

pi,j = Gi,j q̃j (39)

with Gi,j = αiΨ
∗
j,iT

∗
j,i, q̃j = qj

cρ

2
.

We can write Equation (39) in matrix notation for excita-
tions at the upstream and downstream side of the multi-
port

P+ = G+q, (40)

P− = G−q. (41)

The condition that we sufficiently excite all modes in the ±
direction corresponds to that G± is non-singular. Compar-
ing Equation (39) and Equation (10) shows that G± and
M± have a similar structure and we can derive the same
conditions for non-singularity as in Section 4.1 also for
G±.

One has to note, however, that the source matrix G±
and the decomposition matrix M± mathematically have
the same structure, but they usually do not have the same
number of rows as the number of sources and the num-
ber of sensors of a test setup may be different. We can
then not conclude an appropriate source-spacing from ex-
isting optimised sensor spacings and vice-versa as a sub-
matrix of M± and G± does not necessarily have to b e well-
conditioned. The conditions in Section 4.1 must be applied
to sensor and source spacing in separate steps followed by
two (separate) optimisations as described in Section 5.1.

In the design for the source section, we have to account
for the bulkiness of common loud-speaker sources which
increases their minimal possible distance and decreases
the upper limit of resolvable frequencies. The derivation
in this section is, furthermore, only valid for source arrays
in infinite ducts i.e., with low internal reflections as Equa-
tion (38) uses the free field greens function. In real ducts,
however, the excitation can be disturbed, i.e. if the sound
sources are in pressure node s due to reflections at the
duct terminations or the test object. An over-determination
within the source array reduces both of these problems
and ensures that all modes are excited for the frequen-
cies of interest. Improved results using over-determination
were shown in previous work by Holmberg et al. [3].
However, the internal reflections of the test-rig depend on
the test-object and the specific boundary conditions and
are usually not known during the test-rig design. In or-
der to detect disturbed data, the condition number of P−
should be computed during measurements/computations
for each frequency of interest. In case of numerical com-
putations, single modes can be created separately prescrib-
ing source distributions over a cross-section (Section 3.2)
which makes P− diagonal and hence well-conditioned.
The problem of pressure nodes due to internal reflections,
however, remains.
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4.3. Optimisation of the sensor positions

Equation (34) and (36) already provide necessary con-
ditions for non-singular sensor spacing. However, the in-
vertability of the modal decomposition matrix still varies
with the sensor spacing, even if both conditions are for-
mally fulfilled. We can evaluate the quality of a certain
sensor configuration by computing the condition number
of the modal matrix M over the frequency range of inter-
est. In this pa per, we show how to use the condition num-
ber in order to optimise a gi ven sensor array. As an optimi-
sation strategy, we apply a genetic algorithm (GA). Due to
their short convergence-time even for multi-dimensional
equations, GA find broad application in engineering opti-
misation, e.g. in [27, 28, 29]. A genetic optimisation con-
sists of three steps, as shown in Figure 4. First, a number
of initial sensor arrays are computed by randomly change
(mutate) the sensor positions of an initial setup. Such an
initial setup can for instance be a non-singular setup which
was created with condition 34 and 36. The set of all mu-
tated sensor arrays is referred to as a population and each
single sensor array is a candidate solution of this popu-
lation. Second, based on a frequency averaged condition
number, the quality of each candidate solution is evaluated
and the candidates with most promising condition num-
bers are chosen to create a new set of enhanced candidate
solutions. In a third step, we rec ombine and mutate those
candidates to span a new generation of candidate solutions.
We repeat step two and three until we reach convergence
and the optimisation of a population is finished [30]. To de-
crease the chance of detecting local minima, we repeat the
optimization with several start-populations until we reach
converged optimised condition numbers.

5. Quality evaluation of multi-port data

Quality evaluation of multi-port data for higher order
acoustic modes had very little attention in the literature.
A◦ bom and Bòden [15] gave complete uncertainty analysis
for the two-microphone method amongst others including
uncertainties due to turbulent flow noise, incorrect wave
number estimates, inaccurate microphone positions, and
imperfect microphone calibration. Peerling [31] extended
this work to describe the uncertainties in the scattering of
an acoustic two-port.

However, both investigations are based on multivariate
uncertainty analysis, which demands the partial deriva-
tives of all uncertain parameters. The complexity of that
approach increases significantly with the number of sen-
sors. It, furthermore, only accounts for linear uncer-
tainty propagation, which is not necessarily given for
wave-decomposition and scattering computation in over-
determined sensor and source arrays. Schultz et al. [18]
applied a Monte-Carlo method to two-port data to account
for non-linear uncertainties. We extend this work and ap-
ply a Monte-Carlo method to the scattering matrix calcu-
lation of a higher order acoustic multi-port and account for
uncertainties due to noise in the pressure-signals and due
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Figure 4. A schematic diagram of the Genetic Algorithm used in
this paper.
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Figure 5. Schematic diagram of the MCM used in this paper.

to errors in the wave number estimate. The measurement
noise is, therefore, estimated using the coherence between
the sensors and sources, see Section 5.1. To estimate the
uncertainties in the flow-velocity and the temperature, we
use the full wave decomposition, see Section 5.2.

5.1. Error estimation with the Monte-Carlo-Method

A schematic diagram of the Monte-Carlo Method used in
this paper can be seen in Figure 5, which follows the sug-
gestions in [32].

The pressure signals of the sensors, the temperature
and the flow-velocity are treated as statistical properties
with standard distributed noise around the measured mean
value. We decompose the measured sound fields for each
set of those distributions and compute the scattering ma-
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trix. The statistical variations of its components from all
computed sets are used to compute the 95 % confidence
interval of the results. However, we need to estimate the
uncertainties in the input variables, i.e. the uncertainty in-
duced by the sensor signal noise and the flow properties.

The relative uncertainties εr in the pressure-signals can
be computed following Bendat and Piersol [33]. We con-
centrate on the system noise which was addressed as
a dominant contributor to the random uncertainties of
two-port measurements by Peerlings [31]. It contains all
the normal-distributed noise of the reference signal and
the final data, e.g. flow-noise, amplifier-noise, acquisition
noise. We use the coherence γ in order to estimate the spec-
trum of the random noise in our measurements

Gnn = (1 − γ2
xy)Gyy, γ2

xy =
|Gxy|2

GyyGxx
,

Hxy =
Gxy

Gxx
, (42)

where Gyy, Gxx and Gnn are the estimates for the auto-
spectra of the input, the output and the noise, respectively.
The function Gxy is the cross-spectrum and Hxy is the
H1-transfer function between the reference and the source
signal. If we assume a normally distributed measurement
noise, we can express its absolute error as

εa(Gnn) =
Gnn√
nd

=
(1 − γ2

xy)|Gxy|2

Gxxγ
2
xy
√
nd

=
(1 − γ2

xy)|Hxy|2Gxx
γ2
xy
√
nd

. (43)

For the Monte Carlo computation we derive the relative
error contributed by the system noise normalised to the
cross-spectra |Gxy|

εr(Gnn) =
(1 − γ2

xy)|Hxy|Gxx
γ2
xy
√
nd

. (44)

5.2. Estimation of temperature and mean-flow veloc-
ity

In measurement setups for higher-order multi-port educ-
tion, the decomposition matrix is overdetermined with
sensor points in the plane wave region which enables us
to solve the linear system in Equation (9) for additional
unknowns. Allam and A◦ bom [34] proposed the full wave
decomposition method in order to estimate the wave num-
ber from overdetermined plane wave measurements. This
method applies an iterative optimisation algorithm to an
initial guess of the wave number obtained from tempera-
ture and velocity measurements of the flow field in order to
solve for the wave number. Holmberg et al. [3] deployed
the method for accurate two-port measurements and re-
ported an improvement, although they only concentrate on
the real part of the wave number. The values obtained with
that method vary over frequency and Holmberg proposes
to use an average Mach-number value.

Instead of using an iterative optimisation algorithm to
fit for the wave number, we estimate the flow velocity and
temperature from the error in the over-determined decom-
position. Therefore, we use one of the wave number esti-
mators from Section 2.2. In this paper, we apply the wave
number in Equation (12) but the method is not restricted
to that estimator. We define a vector pd of complex modal-
amplitudes that results from a modal decomposition of a
pressure field pm

pd = M−1pm. (45)

The decomposition matrix M contains exponential func-
tions of the uncertain wave number and hence propa-
gates its uncertainties into pd. If M is over-determined, the
Moore-Penrose-Pseudo inverse solves Equation (45), us-
ing a least-error method. If we now re-compose the sound
field

Mpd = p̃m, (46)

we obtain the pressure field p̃m where p̃m = pm only for
square decomposition matrices. For overdetermined de-
composition matrices, p̃m differs from pm, and the differ-
ence between those two vectors is larger with increasing
uncertainties in M. We can state a value for an averaged
error E

E =
∥

∥M pd − pm
∥

∥, (47)

where || . . . || is the euclidean norm. Equation (47) can be
used to estimate the wave number, eg. by computing E
over a grid of velocity and temperature values. The min-
imum value of E corresponds to the wave number that
allows the best decomposition, i.e. the best agreement of
the measured fields to the analytic solution. If we com-
pute the wave number for a number of low frequency mea-
surements, we can compute the mean values of the flow-
parameters and their standard deviation that we use as un-
certainty parameters for the Monte-Carlo simulation.

6. Results

To apply the theory of this paper, both experiments and
computations were performed. The purpose of these tests
was as follows:
1. To show the necessary steps in the test-rig design in or-

der to create sensor arrays with well-conditioned de-
composition matrices (Section 6.1). We compared the
theoretical uncertainty propagation through a complete
scattering computation of the test cases A) a highly
overdetermined, but non-optimised setup and B) a not
overdetermined but optimised setup, using the theory
from Section 4.

2. To gain measurement results of an optimised test-rig for
multi-ports of the order 6. We applied the theory from
Section 2 to decompose the measured sound fields and
to compare the three different wave number estimators.
As a test case, we chose the empty duct with low Mach-
number flow (M=0.1), as this case is well-studied [35]
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and the analytical solution is pure transmission without
reflection. We used the coherence to estimate the sig-
nal noise (Section 5.1) and the full wave decomposition
(Section 5.2) to solve for the flow properties in order to
compute the error bars with the Monte-Carlo Method.

3. To apply the decomposition to numerical data and to
compare the results with measurements. We computed
the scattering of a circular orifice plate without mean
flow, using the theory from Section 3.2. In [6] it was
shown, that the demonstrated method works well for
cases with mean-flow in the plane wave range. One can
argue, that the results in [6] can also be accomplished
for higher order modes in the same way, as the equa-
tions are linear and the modes are eigen-solutions of
those equations. Adding turbulent flow would, however,
increase random uncertainties in the data and may in-
troduce bias errors into the wave-numbers and mode-
shapes due to non-uniform flow profiles, see [36].

6.1. Test-rig design

The experiments in this paper are tests done as part of the
work within the framework of the European Project ’Ide-
alVent’ (Integrated Design of Optimal Ventilation Systems
for Low Cabin and Ramp Noise). The goal of this project
was to characterise components of an air-conditioner sys-
tem as it can be found in common aircraft, using aeroa-
coustic multi-ports. The data was gained with different
measurement setups and numerical approaches and com-
pared to validate and evaluate the established methods and
models. In order to take comparable data, a number of
agreements about the conditions in measurement and com-
putation had to be defined, which are presented in Table I.

Based on these conditions, the cut-on frequencies of in-
terest were computed with the roots of the imaginary part
of the convective wave number in Equation (12)

√

1 −
(

κmnc/ω
)2(

1 −M2
)

= 0 (48)

to be f10 = 1337 Hz, f20 = 2217 Hz, and f01 = 2780 Hz
for c = 343 m/s which results in a total number of six prop-
agating modes. Following Section 2, we need at least 12
sensor points upstream and downstream in order to de-
compose the sound fields into the modal components and
at least six external sources upstream and downstream to
compute the full scattering matrix. We compared two se-
tups: A) non-optimised and B) optimised. In A), we ap-
plied 16 sensors and 12 sound sources upstream and down-
stream in a simple, unoptimised setup to achieve a mea-
surement with over-determination in sources and sensors.
This setup was only investigated theoretically. In B), we
used a minimum of 12 Brül and Kjaer 1/4-inch 4938-A11
high pressure microphones upstream and downstream and
a slightly over-determined source array with 8 sources in
an optimised assembly. As a guide line for both setups, we
apply the conditions 34 and 36. Equation (34) was used
to solve for the axial sensor separation. It is clear, that κm
in Equation (34) and hence also the singular frequency in-
creases with the mode order, which reduces the maximal

Table I. Conditions for the test-rig design.

Frequencies 500 Hz–3000 Hz
Flow velocity 30 m/s
Duct, diameter circular, 0.15 m
Temperature (288 - 298) K

Table II. Sensor positions of test A). Mic.:number of sensor,
Pos.:axial position in mm, Ang.:azimuthal position in deg.

Mic. Pos. Ang. Mic. Pos. Ang.

1 0 0 9 110 0
2 0 90 10 110 90
3 0 180 11 110 180
4 0 270 12 110 225
5 40 0 13 150 90
6 40 90 14 150 180
7 40 180 15 150 270
8 40 270 16 150 315

possible axial separation of sensors to the plane wave con-
dition in Equation (35) in our case to ∆z < 48 mm. For
the azimuthal sensor positions we satisfied condition 36
for m = 1, 2 for at least two microphones per mode. For
case A), we divided the sensor array in four cross-sections
with four sensors each and broke the occurring symme-
try for the (2,0)-mode at two sensor positions (Sensor 9
and 16). A more detailed description of this design can be
found in [12], where the sensor array in Table II is adopted.
The flow speed and the flow velocity for the wave num-
ber estimates were measured with a pitot-tube upstream of
the test section (flow velocity) and a thermo-couple down
stream of the test section (temperature) and additionally
fitted with the full wave decomposition (Section 6.7)

6.2. Optimization of the sensor positions

Test case B) originated from the genetic optimisation de-
scribed in Section 4.3. We used a frequency averaged
condition number of the decomposition matrix M as the
criteria for the optimisation. We computed the condition
number for 105 frequencies and weighted their average
for higher frequencies to especially focus on the accu-
racy of the higher order acoustic-modes. However, one can
also consider weight-functions, which focus on frequency
bands of particular interest, e.g. the harmonics of a fluid-
machine.

We started the optimisation with a random distribution
of 12 sensor points which fulfilled the conditions for none
singular wave decomposition and optimised over 3600
generations. Figure 6a shows the averaged condition num-
ber over the generations during the optimisation. Sudden
jumps in the graph indicate iterations where the optimisa-
tion has converged and a restart was prescribed. The GA
decreased the mean-condition number to 2.3, whereas the
mean condition number with the same weighting of test
case A) was 5.9. Single populations converged already af-
ter less than 40 generations (Figure 6b). Even after the 30
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Figure 6. a) Data for the optimisation with a GA for 3600 gener-
ations. The mean-condition number shows several local minima.
Dashed line: optimised condition number b) the convergence of
the first population. A strong gradient and convergence after 35
generations.

Table III. Sensor positions for the optimised setup B). Mic.: num-
ber of microphone, Pos.: axial position in mm, Ang.: azimuthal
position in deg.

Mic. Pos. Ang. Mic. Pos. Ang.

1 0 0 7 100 70
2 40 265 8 100 145
3 50 20 9 120 205
4 60 125 10 140 315
5 70 205 11 140 80
6 90 295 12 180 345

first iterations, the initial condition number has been re-
duced by more than 50 percent to 2.6. The minima that
we found for each population are local. A higher number
of computed populations enhanced the condition number
further but the enhancement from the highest converged
optimisation to the lowest was only 12 percent from 2.6
to 2.3.

The optimised sensor section is presented in Table III.
The optimised axial positions showed a wider distribu-

tion than the none-optimised setup in Table II which is
in accordance with Equation (30) where a higher num-
ber of axial position reduces the coupling within the ra-
dial modes. The optimised azimuthal positions renounced
angles fulfilling condition 36, which resulted in more sta-
bility in the azimuthal mode separation. Both effects were
visible in the condition number of the optimised config-
uration (Figure 7). Even if we indicated a slight decline
in the plane wave range, the calculation showed a signifi-
cant improvement after the cut-on of the (±2,0)-mode and
(0,1)-mode. For these regions, we reduced the condition
number by up to a factor of 3.
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Figure 7. Condition number of the unoptimised, but over-de-ter-
mined A) (solid line) and the optimised B) (dashed line) sensor
array.
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Figure 8. A convergence study of MCM with 64 normally
distributed unknowns. The curve represents the (1,0) mode at
2900 Hz. It converges at between 200000 and 400000 samples.

6.3. Theoretical uncertainty propagation through
the test-setups

We investigated the uncertainty propagation applying the
Monte Carlo Method to both setups for computed pres-
sure fields. The pressure fields were computed using the
source positions from [12] for test-case A) and an opti-
mised source section for test-case B).

First, we performed a convergence study at 2900 Hz
for test-case A) on the unoptimised sensor arrays for the
(1,0)-mode. We assumed that the MCM converges slowest
for the lowest over-determination and the highest mode.
We computed the uncertainties for a large number of test-
samples. The computed error can be found in Figure 8.

The Monte Carlo simulation approached convergence
between 200000 and 400000 samples. We used 400000
samples to compute the theoretical uncertainty propaga-
tion through test-cases A) and B) (Figure 9). An uncer-
tainty of 2 % in the smooth estimate of the pressure val-
ues was assumed. Case A) (white markers) showed small
uncertainties for low frequencies, but strongly increased
uncertainties especially after the cut-on frequency of the
(2,0)-mode. The strong coupling in most of the sensor
points for the (2,0)-mode affected this mode particularly.
The optimised setup in case B) (black markers) accounted
for that problem and reduced the uncertainties in the (2,0)-
mode by a factor higher than 2. As a result of the optimisa-
tion, we could find a more uniform propagation of uncer-
tainties to the single modes, which all showed very close
uncertainty values.
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Figure 9. Comparison of the uncertainty propagation between the
unoptimised setup A) (white markers) and the optimised setup
(black markers) B).

Table IV. Mean condition number of the modal matrix over fre-
quency for optimised sensor arrays with increasing number of
sensor. Mic.:number of sensors in the array. Cond.:averaged con-
dition number of M.

Mic. cond. Mic. cond. Mic. cond.

12 2.388 13 2.147 14 1.942
15 1.921 16 1.809
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Figure 10. Condition number as a function of frequency. Effect of
over-determination in the sensor array on the over-all condition
number. Computed for optimised sensor positions.

6.4. Remark on the effect of over-determination

Holmberg et al. recognised a positive effect on the sta-
bility and accuracy of the scattering computation using
over-determined sensor and source arrays [3]. However, as
shown in this paper, the effect of over-determination is not
mainly induced by the number of additional sensors but
by their actual position relative to a reference sensor and
is hence always related to certain sensor spacing. With the
optimisation strategy presented in Section 4.3 we can de-
sign sensor arrays with enhanced condition numbers. The
optimal condition number is unique for the number of used
sensors and can be compared which gives a reasonable
measure for the effect of over-determination. We applied
the genetic algorithm to sensor arrays containing an in-
creasing number of sensor points. As a result, the mean
condition number of the modal matrix for the optimised
sensor arrays can be seen in Table IV.

It was found that the condition number decreased with
a higher over-determination for optimised sensor arrays.

Figure 10 shows the condition number as a function of
frequency and number of optimised sensors. Due to the
weighting for higher frequencies in the computation of
the mean condition number in our optimisation, the over-
determination mainly influenced the higher order modes.
The gain for additional over-determination was much
stronger for a low number of sensors. The effect of two
additional sensors from 12 to 14 decreased the condition
number by around 20% at 2900 Hz, whereas we saw only
7% improvement between 14 and 16 sensors for the same
frequency.

6.5. Scattering of the empty duct

We used the optimised test-setup (case B)) from Sec-
tion 6.2 to measure the full scattering of the empty duct
(R = 150 mm) with mean flow (v = 30 m/s) for 100 fre-
quencies from 500 Hz to 3000 Hz. The empty duct ele-
ment was 1100 mm long, measured from the closest mi-
crophones on the upstream and downstream side. The mi-
crophones were calibrated for phase and amplitude for all
frequency points following the procedure used in [16]. The
source sections were placed upstream and downstream,
behind the sensor section. To reduce possible structural
vibrations, the duct of the source sections was not phys-
ically connected to the test sections, following the advices
in [31]. The gaps in the channel wall between the source
part and measuring part of the test-rig were closed with
tape. The velocity was measured with a Pitot-tube far up-
stream of the test object to ensure undisturbed inflow and
we measured the center-line velocity.

The temperature was measured with a thermocouple in-
side the duct wall downstream of the test-object. The duct
was made of 5 mm thick aluminium. The inlet was con-
nected to a pressurised chamber and the outlet to a muffler.
A schematic sketch of the measurement assembly can be
seen in Figure 11. We measured the cross-spectra between
the sources and the sensors for a simultaneous sinusoidal
excitation of six sources at uncorrelated frequencies and
decomposed the sound fields into their modal components
using the theory from Section 2. Figure 12 shows the mea-
sured magnitude of the transmission coefficient (|Si,i+6|)
and reflection coefficient (|Si,i|) of the empty duct for all
the six propagating modes upstream and downstream. The
analytical solution is pure transmission (|Si,i+6| = 1) and
no reflection ((|Si,i| = 0)). We measured values which
were very close to the analytical solution. The (0,0)-mode
differed less then 2%, the (1,0)-mode and (0,1) less than
3%, and the (2,0)-mode less than 5% as an negative offset
from the analytical solution, where we used Dokumaci’s
wave number estimator for the post-processing. A com-
parison to the other estimators is made in Section 6.6.

The only larger disturbances we noticed were at the cut-
on frequencies where we received spikes in the scattering
computation. This behaviour corresponds to the investiga-
tions in Section 4.1 as the decomposition becomes singu-
lar for those frequencies. Another disturbance we noticed
was a transmission drop of around 5% for the (±1,0) and
(±2,0)-mode close to their cut-on frequencies. Tests with
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Figure 12. The magnitude of the transmission and reflection co-
efficients of the empty duct upstream and downstream.

additional weights that we applied to the shell of the duct
element indicated a coincidental resonance in the channel
walls at those frequencies. This effect is discussed in de-
tail, e.g. in [37].

6.6. Comparison of different wave number estima-
tors

We computed the scattering of the empty duct for the three
different wave number estimators discussed in Section 2.2.
To make the results comparable, we post-processed the
same data using the same velocity, temperature and duct-
length. Figure 13 shows the magnitude of the transmis-
sion coefficients of the empty duct at the upstream side
(|Si,i+6|) calculated with the different dissipation models.
Dokumaci’s model showed the results which where closest
to the analytical solution. Since the wave number solution
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Figure 13. Comparison of Dokumaci’s [21] (solid line), Kirch-
hoff’s (dashed line) and a non-dissipative (dashed-dotted line)
wave number model for transmission calculation of an empty
duct (Length = 1100 mm and v=30 m/s) from upstream to down-
stream direction.

of Dokumatci equals the Kirchhoff solution for the (0,0)-
mode, there was no difference between both for the (0,0)-
mode. The improvement for higher order modes, however,
is remarkable. The Kirchhoff wave number enhances the
solution of the transmission coefficient for the higher order
modes by around 3 % whereas we found the wave number
with Documaci’s approach to be increased by more than
5 %. The shape of curves, however, was not affected by
the used model.

6.7. Uncertainty estimation for the empty duct mea-
surements

We estimated the uncertainties due to noise in the pres-
sure signals and uncertain flow properties. We computed
the coherence from the measured auto-spectra and cross-
spectra (Equation 43) for each sensor and used this in-
formation to estimate its standard deviation due to signal-
noise (Equation 44).

To estimate the uncertainty in the flow parameters, we
used the full wave decomposition from Section 5.2 on the
plane wave range of our measurement. We computed the
flow velocity and the temperature for 27 frequencies and
used the mean value as a guess for the measurement prop-
erties, as proposed in [3]. The standard deviation of those
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Figure 14. Temperature and velocity estimation based on Sec-
tion 5.2. The shades show the normalised, averaged error (Equa-
tion 47). The contour lines are circles of constant wave number.

Table V. Results from the wave number fitting. v in [m/s] and T
in [K].

a) T measured T fitted

500 Hz, 0 m/s 294.45 295.35
500 Hz, 30 m/s 292.55 295.36
1100 Hz, 0 m/s 294.45 294.95
1100 Hz, 30 m/s 292.55 293.56

b) v measured v fitted

500 Hz, 0 m/s 0.0 -0.20
500 Hz, 30 m/s 30.0 27.76
1100 Hz, 0 m/s 0.0 -0.20
1100 Hz, 30 m/s 30.0 28.98

values was the input for the Monte Carlo simulation. Fig-
ure 14 shows an excerpt of the data for two flow velocities
(0 m/s (a),(b) and 30 m/s (c),(d) ) for two different fre-
quencies (500 Hz (a),(c) and 1100 Hz (b),(d) ). The plots
show the grid of velocity and temperature on which we
solved Equation (47). The shades show the averaged error
which we normalised to the averaged error of our initial
guess (T = 293 K, v = 0 m/s for a) and b) and v = 30 m/s

for c) and d) ). The contour-lines can be interpreted as
lines of constant error, i.e. lines of constant wave num-
bers. We found, that the flow velocity has only little in-
fluence on the density of the contour lines and hence on
the susceptibility to uncertainties. However, the frequency
had a large impact on the error in the decomposition. As
the wave number in plane wave range is a linear function
of the frequency, this behaviour was reasonable.

In Table V we show the results from the wave number
fit averaged over 27 frequencies compared with results ob-
tained from the thermocouple and pitot tube. The obtained
values for the temperature were stable and differed less
than one percent from the measured values (Table Va).
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Figure 15. Uncertainty estimation for the empty-duct measure-
ments applying the MCM based on the signal coherence and the
uncertainty in the wave number.

The standard deviation of the temperature and velocity
for all of the 27 frequencies were low (293.00 ± 0.33) K
and (28.92 ± 0.18) m/s.

We used the estimated noise and the standard deviation
of the flow properties to perform a MCM on the mea-
surement data and computed the error-bounds presented
in Figure 15. The grey areas show the 65% and 95% confi-
dence interval of the scattering data. We found, that the un-
certainty increases with the number of propagating modes
which was due to the decreasing over-determination in the
sources and sensors. The error bounds did not result in a
smooth curve but in spikes for certain frequencies, which
coincided with the findings in [31]. One has to point out
that the method only considered some of the uncertainty
sources and only random uncertainties. Others, e.g. uncer-
tainties in the microphone-positions, the dimensions of the
duct, and structural vibrations introduce additional errors
and the given error bars hence underestimated the actual
error bounds. We found weaknesses in the method partic-
ularly at the cut-on frequency, here the error was highly
underestimated.

6.8. Scattering of an orifice plate

To demonstrate the method on numerical data using highly
overdetermined decomposition matrices, we computed the
scattering of a circular sharp edged orifice plate without
flow. The thickness of the plate was 1.6 mm and the aper-
ture had a radius of 56 mm. We solved Equation (22)
and Equation (23) with the acoustic solver in COMSOL
Multiphysics®. We discretised the orifice and the duct
4 duct diameters upstream and downstream with a total
number of 65.000 hexahedral elements in an axial and cir-
cular structured three dimensional grid. The terminations
of the duct were modelled with perfectly matched layers
in order to decrease reflections [6]. We increased the mesh
density close to the orifice as we expected the presence of
evanescent modes in the acoustic near field. We applied the
modal decomposition to the pressure data that we sampled

848



Sack et al.: On acoustic multi-port characterisation ACTA ACUSTICA UNITED WITH ACUSTICA
Vol. 102 (2016)

0.2

0.4

0.6

0.8

1.0

(0,0)-mode

Transmission coefficient measurement

Reflection coefficient measurement

Transmission coefficient computation

Reflection coefficient computation

0.2

0.4

0.6

0.8

1.0

(1,0)-mode

m

a

g

n

i

t

u

d

e

0.2

0.4

0.6

0.8

1.0

(2,0)-mode

500 1000 1500 2000 2500

frequency

[Hz]

0.2

0.4

0.6

0.8

1.0

(0,1)-mode

Figure 16. Magnitude of the transmission and reflection coeffi-
cients for a circular orifice without flow.

at all the grid points on both sides of the orifice in a dis-
tance of at least one duct diameter to exclude the acoustic
near field from the modal decomposition. We computed
the scattering at 55 frequency points for all propagating
modes. The results can be seen in Figure 16 in compari-
son to measurements taken on a similar orifice using the
method and the setup from Section 6.5. The results from
the computation were completely symmetric for both the
upstream and downstream side, and for the +/− modes, so
that we only present a part of the magnitudes of the trans-
mission (|Si,i+6|) and reflection coefficients (|Si,i|).

We found, that the mode decomposition with highly
overdetermined matrices is well suited to extract scatter-
ing data from computations in the frequency domain. We
found a very good agreement between the measurements
and the computations even for higher order modes. We
were able to reproduce both, shape and level of the scatter-
ing parameters. Only close to the cut-ons between 1400 Hz
and 1500 Hz for the (1,0)-mode, and 2500 Hz and 2600 Hz
for the (2,0)-mode, we saw bigger differences, which were
due to structural vibrations as pointed out in Section 6.5.
We could, furthermore, reproduce the coupling between
the (0,0)-mode and the (0,1)-mode, which was visible in
the reduced transmission of the (0,0)-mode after the cut-
on frequency of the (0,1)-mode.

7. Conclusion

In this work, we presented the theory which is needed to
design advanced test-rig setups to determine the scatter-
ing of acoustic multi-ports. We showed that the condi-
tion number is a strong measure to quickly assess a cer-
tain setup and indicate frequencies of singular decompo-
sition. We proposed to follow a number of steps during
the test-rig design. First, we proposed the usage sensor
positions that avoid weak and strong singularities evoked
by mode coupling of two modes based on analytical solu-

tions. This should be combined with the condition number
plot to give a good overview over possible higher order
mode coupling. In a second step, we demonstrated how
an existing setup can be further optimised. A genetic al-
gorithm applied to the microphone array showed reliable
and quickly converging results and enhanced the decom-
position especially for higher frequencies. We reduced the
mean condition number of the transformed modal matrix
by a factor of three (Figure 7). Using optimised setups
with different numbers of sensors, we could visualise the
positive effect of over-determination. We used calculated
sound fields together with our optimised setup in order to
perform a Monte-Carlo calculation on the pressure val-
ues that showed the positive effects of the optimisation
for each of the single modes compared to an unoptimised
setup. The uncertainties in the optimised setup moved gen-
erally closer together and the strong susceptibility of the
(2,0)-mode could be completely removed (Figure 9). To
estimate the influence of uncertainties in temperature and
velocity, we applied the full wave decomposition. A grid
over temperature and velocities showed the minimum av-
erage error and furthermore circles of constant wave num-
ber, which can be used to estimate the steepness of un-
certainty propagation in the wave number. We were able
to fit the mean flow velocity and the temperature based on
this method. Comparisons with temperature and flow mea-
surements showed a strong agreement with our method.
We eventually performed measurements on an empty duct
to demonstrate our optimised test setup. We compared
three different wave number models, whereas Dokumaci’s
model gave the best results and enhanced the Kirchhoff
model at higher order modes (Figure 13). The determined
transmission and reflection was found to be very close
to the analytical solution, which indicated a good mea-
surement setup. We finally used the method to measure
the acoustic scattering of a circular orifice plate and com-
pared the data to the solution of a numerical computa-
tion in frequency domain. By doing so, we demonstrated
the high potential of the decomposition method which can
be applied to both, measurement and numerical data. We
archived very clean data for both cases and showed a re-
markable agreement between measurements and compu-
tations (Figure 16).
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