
Gibbs Measures and Phase Transitions
in Potts and Beach Models

PER HALLBERG

Doctoral Thesis
Stockholm, Sweden 2004



TRITA-MAT-04-MS-10

ISSN 1401-2286

ISRN KTH/MAT/DA--04/05--SE

ISBN 91-7283-849-3

KTH Matematik

SE-100 44 Stockholm

SWEDEN

Akademisk avhandling som med tillstånd av Kungl Tekniska högskolan framlägges
till offentlig granskning för avläggande av teknologie doktorsexamen fredagen den
24 sep 2004 i Kollegiesalen, Administrationsbyggnaden, Kungl Tekniska högskolan,
Valhallavägen 79, Stockholm.

c© Per Hallberg, september 2004

Tryck: Universitetsservice US AB



iii

Abstract

The theory of Gibbs measures belongs to the borderland between sta-
tistical mechanics and probability theory. In this context, the physical
phenomenon of phase transition corresponds to the mathematical con-
cept of non-uniqueness for a certain type of probability measures.

The most studied model in statistical mechanics is the celebrated
Ising model. The Potts model is a natural extension of the Ising model,
and the beach model, which appears in a different mathematical con-
text, is in certain respects analogous to the Ising model. The two main
parts of this thesis deal with the Potts model and the beach model,
respectively.

For the q-state Potts model on an infinite lattice, there are q+1 basic
Gibbs measures: one wired-boundary measure for each state and one
free-boundary measure. For infinite trees, we construct “new” invariant
Gibbs measures that are not convex combinations of the basic measures
above. To do this, we use an extended version of the random-cluster
model together with coupling techniques. Furthermore, we investigate
the root magnetization as a function of the inverse temperature. Criti-
cal exponents to this function for different parameter combinations are
computed.

The beach model, which was introduced by Burton and Steif, has
many features in common with the Ising model. We generalize some
results for the Ising model to the beach model, such as the connection
between phase transition and a certain agreement percolation event.
We go on to study a q-state variant of the beach model. Using random-
cluster model methods again we obtain some results on where in the
parameter space this model exhibits phase transition. Finally we study
the beach model on regular infinite trees as well. Critical values are
estimated with iterative numerical methods. In different parameter re-
gions we see indications of both first and second order phase transition.

Keywords and phrases: Potts model, beach model, percolation, random-
cluster model, Gibbs measure, coupling, Markov chains on infinite trees,
critical exponent.
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Sammanfattning

Titeln på denna doktorsavhandling kan översättas med Gibbsmått och
fasövergångar i Potts- och beachmodellen. Teorin för Gibbsmått härrör
från gränslandet mellan statistisk mekanik och sannolikhetsteori. I dessa
sammanhang motsvaras en fasövergång i fysiken av flertydighet hos vissa
sannolikhetsmått i matematiken.

Den berömda Isingmodellen är den mest studerade modellen inom
statistisk mekanik. Pottsmodellen är en naturlig utvidgning av denna
modell och den så kallade beachmodellen, som uppträder i ett annat ma-
tematiskt sammanhang, kan i vissa avseenden också anses likna Ising-
modellen. De två huvuddelarna av denna avhandling ägnas åt dessa två
modeller – Pottsmodellen och beachmodellen.

Till Pottmodellen på ett oändligt gitter, med q tillstånd, hör q + 1
grundläggande Gibbsmått: dels ett randmått för varje tillstånd, dels
måttet med fri rand. Vi konstruerar, på oändliga träd, “nya” invari-
anta Gibbsmått som inte är konvexa kombinationer av de grundläg-
gande måtten ovan. För att åtstadkomma detta använder vi en utvid-
gad variant av den så kallade random-clustermodellen tillsammans med
kopplingstekniker. Vidare utforskar vi magnetiseringen i trädets rot som
funktion av den inversa temperaturen. Kritiska exponenter till denna
funktion bestäms för olika parameterkombinationer.

Beachmodellen introducerades av Burton och Steif och den uppvi-
sar många likheter med Isingmodllen. Vi generaliserar några resultat för
Isingmodellen till beachmodellen, såsom sambandet mellan fasövergång
och en viss perkolationshändelse. Vi fortsätter sen med att studera en
q-tillståndsvariant av beachmodellen. Genom att använda metoder för
random-clustermodellen på nytt, erhåller vi resultat rörande var i para-
meterrummet som modellen uppvisar fasövergång. Vi studerar slutligen
också beachmodellen på oändliga träd. Kritiska värden kan uppskattas
med iterativa numeriska metoder. För olika regioner i parameterrummet
ser vi indikationer på såväl första som andra ordningens fasövergång.
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Chapter 1

Introduction

This thesis consists of three parts. The first part gives the necessary background
in terms of mathematical concepts along with some relevant models. The last two
parts are devoted to the two models appearing in the title – the Potts model and
the beach model – respectively.

1.1 Statistical mechanics

Statistical mechanics attempts to explain the macroscopic behavior of matter on the
basis of its microscopic structure. This thesis deals with this microscopic structure.
We will consider systems of infinitely many random variables attached to the sites
of a lattice and depending on each other according to their position. This (multi-
dimensional) lattice shall be our model for matter. Even though the number of
molecules in a piece of matter is indeed finite, it is of the order 1023 and infinity is
a good approximation for 1023.

Let us look at two examples, beginning with the phenomenon of ferromagnetism.
In a first approximation, a ferromagnetic metal (like iron) is composed of a very
large number of elementary magnetic moments, called spins, which are located at
the sites of a crystal lattice. Due to interaction between atom electrons, adjacent
atoms tend to align their spins in parallel. At high temperatures, the effect of this
tendency is negligible in comparison with the thermal motion. If, however, the
temperature is below a certain threshold value, called the Curie temperature, the
overall effect of these alignments are seen at the macroscopic level, in the form of
spontaneous magnetization. This means that even in the absence of any external
magnetic field, the atomic spins align and together they induce a macroscopic mag-
netic field. In a variable external field h, the magnetization of the ferromagnet thus
exhibits a jump discontinuity at h = 0.

A second example is the liquid-vapor phase transition of a real gas. Everyone
has experienced this transition when boiling water. Up to 100◦ C (at pressure
1 atm) the temperature of the water increases, but at that point, the liquid keeps

1



2 CHAPTER 1. INTRODUCTION

its temperature and instead starts to vaporize. The two phases thus coexist at that
point in a temperature–pressure diagram. On the macroscopic level, this phase
transition is again characterized by a jump discontinuity, this time in the density of
the gas. The microscopic description of this model is a very simplified picture of the
gas, called a lattice gas. In this model we think of the gas container as divided into
a huge number of small cells, which may be occupied by (at most) one gas particle.
The particles attract each other via van der Waals forces, so adjacent cells tend to
have equal occupancy number (0 or 1). This is analogous to spin interaction in the
magnetic set-up above. In fact the two models are equivalent, and so is therefore
also their macroscopic behavior.

1.1.1 Gibbs measure

The theory of Gibbs measures is a branch of classical (i.e. non-quantum) statistical
physics, but it can also be viewed as a part of probability theory. It was introduced
in the late 1960’s with the work of Dobrushin, Lanford and Ruelle, as a natural
mathematical description of a physical system in equilibrium containing a very
large number of interacting components. The concept combines two elements: (i)
the well-known Maxwell–Bolzmann–Gibbs formula for the equilibrium distribution
of a physical system with a given energy function and (ii) the probabilistic idea of
specifying the dependence structure by means of conditional probabilities. Due to
its somewhat implicit definition, the Gibbs measure for a given type of interaction
may fail to be unique. In physical terms, this means that the system can take
several distinct equilibria, as in the boiling water example. The phenomenon of
non-uniqueness of Gibbs measures thus translates into a phase transition in physics
language. This terminology has then found its way back into the mathematics,
where we may talk about both phase transition and magnetization.

For much more on Gibbs measures and related theory we refer to Georgii [19],
Georgii, Häggström and Maes [20], and van Enter, Fernandez and Sokal [14].

1.1.2 The Ising model

As early as in 1920 a simple model for ferromagnetism was presented. It later
became known as the Ising model. It models the matter in the simplest possible way
just as in the first example above, but still the model exhibits a phase transition for
low temperatures, i.e. the model allows for non-unique Gibbs measures. Moreover,
the critical Curie temperature analog is seen in the model. In one dimension though,
the Ising model fails to produce the spontaneous magnetization phenomenon. This
was one of Ising’s initial findings and he also had an (apparently faulty) heuristic
argument for extending this result to two dimensions. These disappointing news
made the model be forgotten some 15 years until it was revived by Peierls. Today
it is the most studied model of statistical mechanics. For example, even though
the model was originally invented with ferromagnetism in mind, in the course of
time it has been realized that the model can be applied to many areas where the
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individual elements modify their behavior so as to conform to the behavior of other
individuals in their vicinity. A recent example is the modeling of order-disorder
transitions in binary alloys.

The Ising model will be more thoroughly presented in Chapter 3. The Potts
model is a natural generalization of the Ising model and it is introduced in the same
chapter.

1.2 The beach model

Part III of this thesis deals with the beach model, which in certain respects is
analogous to the Ising model, but appears in a different mathematical context. The
beach model was introduced in 1994 by Robert Burton and Jeffrey Steif, see [6, 7].
It is well known that a so called strongly irreducible subshift of finite type (explained
in Chapter 7) in one dimension has a unique measure of maximal entropy, [40]. The
beach model was brought forth as a counterexample to this in higher dimensions.
Burton and Steif showed that in some part of the parameter space the model has
more than one measure of maximal entropy, called phase transition by analogy
with the language of statistical mechanics. See [23, 24] for more on the connections
between statistical mechanics and subshifts of finite type in general.

The beach model was then somewhat enlarged and further studied by Hägg-
ström, [25]. It was shown in [25] that the phenomenon of phase transition was
monotone in the model parameter, hence proving the existence of a critical value
above which there are multiple measures of maximal entropy and below which there
is only one such measure. This is similar to the critical inverse temperature of the
Ising model, and its region of phase transition. In [47] Wallerstedt examines and
shows some other similarities between the two models, such as the global Markov
property of the plus measure and certain large deviation properties. See also Häg-
gström [28] for some other results in the same spirit, although in a more general
graph context. The main purpose of Part III is to look for similarities, but also
differences, between the beach and Ising models.

The whereabouts of the critical value for the beach model on Zd depends on the
dimension d. In [25] lower and upper bounds were given, resulting in rather broad
intervals. However, in [38] Nelander was able to, with a Markov chain Monte Carlo
technique, conjecture better estimates for the critical value for low dimensions. Here
we will investigate the same question for the beach model on regular trees. The
question of phase transition can then be transferred to the question of the number
of solutions to a certain fixed point problem. Using this, the critical value is very
accurately approximated. We estimate the “magnetization” as well, and we see
indications of some unusual behavior, such as a discontinuity for the magnetization
function outside the critical value.
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1.3 Overview of the thesis
The rest of the thesis is outlined as follows, the main results of each chapter being
pointed out.

Chapters 2 and 3 serve as a background to the rest of the thesis. Notion, con-
cepts and a few important results from probability theory is covered in Chapter 2,
while Chapter 3 contains a presentation of some important models.

Chapter 4 introduces an extended random-cluster model, Definition 4.1. The
main results for this model concern its coupling with the Potts model, Theorem 4.3,
and the existence of an infinite volume limit, Theorem 4.13.

Chapter 5 investigates the q-state Potts model on an infinite regular tree. We
construct in Theorem 5.2 an invariant Gibbs measure, which can be thought of
as having a boundary (infinitely far away) with r (< q) spin values. This Gibbs
measure is “new” in the sense that it is not a convex combination of formerly
established Gibbs measures, Theorem 5.11.

Chapter 6, which concludes Part II, investigates the magnetization function
under the Gibbs measure established in Chapter 5. As it turns out, the magnetiza-
tion probability is the solution to a fixed point problem, Theorem 6.1. The other
main result is Theorem 6.7 which gives the critical exponent for the magnetization
function.

Chapter 7 begins with an exposition of the beach model history. Next, an
investigation of the connection between phase transition and a certain agreement
percolation event follows. The similarities between the beach and Ising models on
Zd are emphasized, the main results being Theorems 7.18, 7.19, and 7.23.

Chapter 8 introduces a multitype beach model. As a tool for analyzing this
model, we take the beach-random-cluster model of Definition 8.2. An infinite vol-
ume limit is achieved, Proposition 8.10, and its capability of exhibiting a phase
transition is investigated. Theorem 8.12 is the stepping-stone between the beach
model and its random-cluster representation.

Chapter 9 confines itself to infinite trees once more. As before, the magnetiza-
tion is related to a fixed point problem, this time in R3 (rather than in R) and is
thus much harder to analyze. The number of solutions to the problem relates to
the number of Gibbs measures for the model, Corollary 9.9. The last section draws
attention to several qualitative differences between the beach and Potts models.
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Chapter 2

Preliminaries

In this chapter we define some basic concepts and introduce the notation which
will be used throughout. Following the route laid out in [20], we then state some
important results, all related to the central concept of stochastic domination.

2.1 Basic concepts

2.1.1 The lattice

We will study physical systems with a large number of interacting components, e.g.
particles or spins, which are modelled to be located at the sites of a crystal lattice
V . The standard case is when V = Zd, the d-dimensional hypercubic lattice. In
general we shall use graphs to describe the lattice.

A graph consists of a countable (finite or infinite) set V of vertices and a set E
of edges connecting pairs of vertices. Sometimes we will use the synonymous words
site or node for vertex and bond or link for edge. Each edge e ∈ E is an unordered
pair of vertices 〈x, y〉, x, y ∈ V . If e = 〈x, y〉 is an edge, then x and y are said to be
neighbors, often here denoted as x ∼ y. Also, x and y are said to be incident to e.
The degree of a vertex is the number of its neighbors. We will model the lattice by
a graph G = (V, E) so that V describes the sites of the lattice with the adjacencies
given by E.

In the case V = Zd, the edges will always be drawn between lattice sites of unit
distance; hence x ∼ y whenever |x − y| = 1. Here | · | stands for the L1-norm, i.e.
|x| =

∑d
i=1 |xi| whenever x = (x1, . . . , xd) ∈ Zd. This choice is natural because

then |x−y| coincides with the graph-theoretical distance (= the number of edges in
the shortest path connecting x and y). We will often, with some abuse of notation,
refer to the graph Zd, meaning the graph with vertex set Zd equipped with edges
as above.

A graph G = (V,E) is locally finite if each node has finite degree. We will
only consider graphs that are locally finite. Let G be the set of countably infinite,

7



8 CHAPTER 2. PRELIMINARIES

locally finite, connected graphs. Some common examples of elements in G, besides
Zd, are the triangular lattice in two dimensions, and the regular tree Td (also known
as the Cayley tree or the Bethe lattice), which is defined as the (unique) infinite
connected graph containing no circuits in which every vertex has exactly d + 1
neighbors. Many of the results in this thesis concerns the graph Td.

A region of the lattice, that is a subset Λ ⊂ V , is called finite if its cardinality
|Λ | is finite. The complement of a region Λ will be denoted by Λc = V \ Λ. The
boundary ∂Λ of Λ is the set of all sites in Λc which are adjacent to some site of Λ,
i.e. ∂Λ = {x ∈ Λc : ∃ y ∈ Λ such that x ∼ y}.

Let (Λn)∞n=1 be an increasing sequence of finite regions of V converging to V in
the sense that each x ∈ V is in all but finitely many of the Λn’s. We refer to such
a sequence as an exhaustion of G. For Zd the common choice would be to take
Λn = [−n, n]d ∩ Zd.

2.1.2 Configurations

The constituents of our systems are the spins or particles at the lattice sites. So,
at each site x ∈ V we have a variable σ(x) taking values in a non-empty set S.
The set S is called the state space. In a magnetic set-up, σ(x) is interpreted as the
spin of an elementary magnet at x ∈ V . In a lattice gas interpretation, there is a
distinguished vacuum state 0 ∈ S representing the absence of any particle, and the
remaining elements correspond to the types and/or the number of the particles at
x. We will always assume that S is finite.

A configuration is a map σ : V → S, which to each vertex x ∈ V assigns a
value σ(x) ∈ S. Sometimes the value σ(x), because of the magnetic interpretation,
is referred to as the spin at site x. A configuration σ is an element of the product
space Ω = SV . Ω is called the configuration space and its elements are usually
written as σ, η, ξ, . . .. It is sometimes useful to visualize the elements of the state
space S as colors. A configuration is then a coloring of the lattice. A configuration
σ is constant if for some a ∈ S, σ(x) = a for all x ∈ V . Two configurations are said
to agree on a region Λ ⊂ V , written as “σ ≡ η on Λ”, if σ(x) = η(x) for all x ∈ Λ.
Similarly, we write “σ ≡ η off Λ” if σ(x) = η(x) for all x ∈ Λc.

We will also consider configurations in regions Λ ⊂ V . These are elements of
SΛ, again denoted by letters like σ, η, ξ, . . .. Given σ1 ∈ SΛ1 and σ2 ∈ SΛ2 where
Λ1, Λ2 ⊂ V and Λ1∩Λ2 = ∅, we write σ = σ1∨σ2 for the configuration σ ∈ SΛ1∪Λ2

for which σ ≡ σ1 on Λ1 and σ ≡ σ2 on Λ2.
A configuration σ ∈ SΛ is a restriction of a configuration η ∈ S∆ if Λ ⊂ ∆ and

σ ≡ η on Λ. We also say that in this case that η is an extension of σ.
Let E denote the collection of all finite regions of V . Then the cylinder sets

NΛ(σ) = {ξ ∈ Ω : ξ ≡ σ on Λ}, Λ ∈ E ,

form a countable neighborhood basis of σ ∈ Ω; they generate the product topology
on Ω. Hence, two configurations are close to each other if they agree on some large
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finite region, and a diagonal-sequence argument shows that Ω is a compact in this
topology.

An automorphism of a graph G is a bijective mapping γ : V → V such that
x ∼ y ⇔ γx ∼ γy. Each such automorphism induces a transformation of the
configuration space Ω. One important class of automorphisms are the translations
of the integer lattice V = Zd, γyx = x + y, x, y ∈ Zd. The associated translation
group acting on Ω is then given by Tyσ(x) = σ(γ−yx) = σ(x − y), x, y ∈ Zd. In
particular, any constant configuration is translation invariant. Similarly, we can
speak of periodic configurations which are invariant under Ty.

Later on we will also consider configurations which refer to the lattice bonds
rather than its vertices. These are elements η of the product space {0, 1}E , and a
bond e ∈ E will be called open if η(e) = 1 and closed if η(e) = 0.

For a bond configuration η ∈ {0, 1}E we will sometimes talk of its (open) con-
nected components, meaning the components of the subgraph obtained by keeping
all vertices V and all open edges but removing the closed edges. When referring to
one such component we mean its vertices and edges (and it could for example inter-
sect both E and V ). Note also that any vertex that has become isolated through
the procedure above is considered to be a connected component.

2.1.3 Observables

An observable is a real function on the configuration space which may be thought
of as the numerical outcome of some physical measurement. Mathematically, it is a
measurable real function on Ω. Here, the natural underlying σ-field of measurable
events in Ω is the product σ-algebra F = (F0)V , where F0 is the set of all subsets
of S. F is thus the smallest σ-algebra on Ω for which all projections X(x) : Ω → S,
X(x)(σ) = σ(x) with σ ∈ Ω and x ∈ V , are measurable. It coincides with the
Borel σ-algebra for the product topology on Ω. Yet another way of describing F is
F = σ(cylinder sets of Ω). Whenever we talk about measures on Ω the measurable
space (Ω,F) is understood.

We also consider events and observables depending only on some region Λ ⊂ V .
We let FΛ denote the smallest sub-σ-field of F containing the events N∆(σ) for
σ ∈ S∆ and ∆ ∈ E with ∆ ⊂ Λ. Equivalently, FΛ is the σ-algebra of events
occurring in Λ.

An event A is called local if it occurs in some finite region, which means that
A ∈ FΛ for some Λ ∈ E . Similarly, an observable f : Ω → R is called local if it
depends on only finitely many spins, meaning that f is measurable with respect
to FΛ for some Λ ∈ E . The local events and local observables should be viewed
as microscopic quantities. On the other side we have the macroscopic quantities
which only depend on the collective behavior of all spins, but not on the values of
any finite set of spins.

For an observable f , let ‖ · ‖ denote the supremum norm ‖f‖ = supσ |f(σ)|.
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2.1.4 Random fields

We will deal with systems where the spins are random in some fashion. It is
therefore natural to study probability measures µ on (Ω,F). Each such µ is called
a random field . Equivalently, the family X = (X(x), x ∈ V ) of random variables
on the probability space (Ω,F , µ) which describe the spins at all sites is called a
random field.

Here are some standard notations concerning probability measures. The expec-
tation of an observable f with respect to µ is written µ(f) =

∫
f dµ. The probability

of an event A is µ(A) = µ(1A) =
∫

A
dµ, and we omit the set braces when A is given

explicitly. For example, given any x ∈ V and a ∈ S we write µ(X(x) = a) for µ(A)
with A = {σ ∈ Ω : σ(x) = a}.

We write µ|A for the restriction of a measure µ to the event A ∈ F . For any
event B ∈ F we have µ|A(B) = µ(A ∩B).

Whenever we need a topology on probability measures on Ω, we shall take the
weak topology. In this (metrizable) topology, a sequence of probability measures
µn converges to µ, denoted by µn → µ, if µn(A) → µ(A) for all local events
A ∈ ⋃

Λ∈E FΛ. This holds if and only if µn(f) → µ(f) for all local functions f .
As there are only countably many local events, one can see by a diagonal-sequence
argument that the set of all probability measures on Ω is compact in the weak
topology.

2.2 Markov random fields

Most of the random fields we are going to study are Markovian. The precise meaning
of this is the following.

Definition 2.1 The random object X (or the measure µ) is said to be a Markov
random field if µ admits conditional probabilities such that for all finite Λ ⊂ V , all
σ ∈ SΛ, and all η ∈ SΛc

we have

µ(X(Λ) = σ |X(Λc) = η) = µ(X(Λ) = σ |X(∂Λ) = η(∂Λ)). (2.1)

In other words, the Markov random field property says that the conditional distri-
bution of what we see on Λ, given everything else, only depends on what we see on
the boundary ∂Λ.

In practice, when verifying that a given measure µ is a Markov random field,
the following result is often useful.

Proposition 2.2 If µ is a measure such that for all Λ, ∆ ∈ E with Λ ∪ ∂Λ ⊂ ∆,
all σ ∈ SΛ and all η ∈ S∆\Λ it holds that

µ(X(Λ) = σ |X(∆ \ Λ) = η) = µ(X(Λ) = σ |X(∂Λ) = η(∂Λ)),

then µ is a Markov random field.
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The advantage gained by using Proposition 2.2 instead of the definition is that we
need only condition on local events.

Proof of Proposition 2.2. For a given Λ take some exhaustion (∆n)∞n=1 with Λ ⊂
∆1. Define the filtration (Fn)n≥1 by Fn = σ(X(∆n \ Λ)). Then Fn ↗ F∞ =
σ(X(Λc)). Define

Mn = E(1X(Λ)=σ | Fn),

where the expectation is taken with respect to µ. Then Mn is a (uniformly inte-
grable) martingale and as n →∞,

Mn → E(1X(Λ)=σ | F∞) a.s.,

see for example Williams [48], Section 14.2. The desired property (2.1) now fol-
lows. ¤

For Markov random fields on Zd there is an interesting dichotomy between one
dimension and higher dimensions. In one dimension we know that an irreducible
aperiodic finite state Markov field indexed by Z (i.e. a Markov chain) always has
a unique stationary distribution, and it is ergodic and so on. For d ≥ 2, however,
a finite state Markov random field satisfying the corresponding irreducibility and
aperiodicity conditions may have more than one translations invariant distribution,
and consequently all the usual mixing properties may fail.

2.3 Stochastic domination
In this section we will point at some probabilistic tools which allow us to compare
different configurations and different probability measures. Throughout this section
we can let V be an arbitrary finite or countably infinite set, not necessarily the
vertex set of some graph. Also, let S for the moment be any closed subset of R and
define as before the product space Ω = SV .

Since S ⊂ R the elements of S are ordered. The product space Ω is then
equipped with a natural partial order ¹ which is defined coordinate-wise: For
σ, σ′ ∈ Ω, we write σ ¹ σ′ (or σ′ º σ) if σ(x) ≤ σ′(x) for every x ∈ V . A function
f : Ω → R is said to be increasing if f(σ) ≤ f(σ′) whenever σ ¹ σ′. An event
A is said to be increasing if its indicator function 1A is increasing. The following
standard definition of stochastic domination expresses the fact that µ′ prefers larger
elements of Ω than µ.

Definition 2.3 Let µ and µ′ be two probability measures on Ω. We say that
µ is stochastically dominated by µ′, or µ′ is stochastically larger than µ, writing
µ ¹D µ′, if for every bounded increasing function f : Ω → R we have µ(f) ≤ µ′(f).

The notation ¹D is appropriate, since the stochastic domination relation gives a
partial ordering on (Ω,F):

µ ¹D µ′, µ′ ¹D µ ⇒ µ = µ′. (2.2)
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Stochastic domination is a central concept and is often very useful in connection
with coupling.

2.3.1 Coupling
Coupling is a probabilistic technique which has turned out to be useful in many areas
of probability theory, and especially in its applications to statistical mechanics. The
basic idea is to define two (or more) stochastic processes jointly on the probability
space so that they can be compared realizationwise. Often one constructs the
dependence between the processes in a efficient way for the problem at hand. For
more on coupling theory, see for example [35]. Let us now state what we mean by
a coupling of X and X ′.

Definition 2.4 A coupling P of two Ω-valued random variables X and X ′, or of
their distributions µ and µ′, is a probability measure on Ω×Ω having marginals µ
and µ′, so that for every event A ⊂ Ω,

P ((σ, σ′) : σ ∈ A) = µ(A) (2.3)

and
P ((σ, σ′) : σ′ ∈ A) = µ′(A). (2.4)

We think of a coupling as a redefinition of the random variables X and X ′ on a
new common probability space such that their distributions are preserved. X and
X ′ are the projections on the two coordinate spaces. With this in mind, we write
P (X ∈ A) and P (X ′ ∈ A) for the left-hand sides of (2.3) and (2.4), respectively.
In the same spirit, P (X = X ′) is short for P ((σ, σ′) : σ = σ′).

The coupling inequality

Suppose µ and µ′ are two probability measures on Ω. We then define the total
variation distance ‖µ− µ′‖TV between µ and µ′ by

‖µ− µ′‖TV = sup
A⊂Ω

|µ(A)− µ′(A)|

where A ranges over all measurable sets of Ω. A short computation gives the next
proposition, called the coupling inequality. It provides us with a convenient upper
bound on the total variation distance. See for example [35] for a proof.

Proposition 2.5 Let P be a coupling of two Ω-valued random variables X and X ′,
with distributions µ and µ′. Then

‖µ− µ′‖TV ≤ P (X 6= X ′). (2.5)

2.3.2 Three important theorems
Here follows three important results which will be used repeatedly.
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Strassen’s theorem

The following fundamental result of Strassen [45] characterizes stochastic domina-
tion in coupling terms.

Theorem 2.6 (Strassen) For any two probability measures µ and µ′ on Ω, the
following statements are equivalent.

(i) µ ¹D µ′

(ii) For all continuous bounded increasing functions f : Ω → R, µ(f) ≤ µ′(f).

(iii) There exists a coupling P of µ and µ′ such that P (X ¹ X ′) = 1.

The theorem is deep, the hard part being the implication (ii)⇒(iii). For a proof
see [34] or [35].

The equivalence (i) ⇔ (ii) in Theorem 2.6 implies the following corollary.

Corollary 2.7 The relation ¹D of stochastic domination is preserved under weak
limits.

Holley’s inequality

Next we recall a sufficient condition for stochastic domination. This condition is
essentially due to Holley [29] and refers to the finite-dimensional case when |V | < ∞.
We also assume for simplicity that S ⊂ R is finite. Hence Ω is finite. In this case, a
probability measure µ on Ω is called irreducible if, for any ξ, η ∈ Ω such that both
ξ and η have positive µ-probability, we can move from ξ to η through single-site
changes without passing through any element with zero µ-probability.

Theorem 2.8 (Holley) Let V be finite, and let S be a finite subset of R. Let µ and
µ′ be probability measures on Ω. Assume that µ′ is irreducible and assigns positive
probability to the maximal element of Ω (with respect to ¹). Suppose further that

µ(X(x) ≥ a |X ≡ ξ off x) ≤ µ′(X ′(x) ≥ a |X ′ ≡ η off x) (2.6)

whenever x ∈ V , a ∈ S, and ξ, η ∈ SV \{x} are such that σ ¹ η, µ(X ≡ ξ off x) > 0
and µ′(X ≡ η off x) > 0. Then µ ¹D µ′.

Since this theorem is so important to this work we will give the proof. Holley in fact
did not state the result quite in this generality, but the following proof, quoted from
[27], is a trivial extension of Holley’s proof. It illustrates the coupling technique in
conjunction with Strassen’s theorem.

Proof Theorem 2.8. Consider a Markov chain (Xk)∞k=0 with state space Ω and
transition probabilities defined as follows: At each integer time k ≥ 1, pick a random
site x ∈ V according to the uniform distribution. Let Xk = Xk−1 on V \ {x}, and
select Xk(x) according to the single-site conditional distribution prescribed by µ.
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This is a so-called Gibbs sampler for µ, and it is immediate that if the initial
configuration X0 is chosen according to µ, then Xk has distribution µ for each k.
Define a similar Markov chain (X ′

k)∞k=0 with µ replaced by µ′.
Next, define a coupling of (Xk)∞k=0 and (X ′

k)∞k=0 as follows. First pick the initial
values (X0, X

′
0) according to the product measure µ × µ′. Then, for each k, pick

a site x ∈ V at random and let Uk be an independent random variable, uniformly
distributed on the interval [0, 1]. Let Xk(y) = Xk−1(y) and X ′

k(y) = X ′
k−1(y) for

each site y 6= x, and update the values at x by letting

Xk(x) = max{a ∈ S : µ(X(x) ≥ a |X ≡ ξ off x) ≥ Uk}

and
X ′

k(x) = max{a ∈ S : µ′(X ′(x) ≥ a |X ′ ≡ η off x) ≥ Uk}
where ξ = Xk−1(V \ {x}) and η = X ′

k−1(V \ {x}). It is clear that this construction
gives the correct marginal behaviors of (Xk)∞k=0 and (X ′

k)∞k=0. The assumption
(2.6) implies that Xk ¹ X ′

k whenever Xk−1 ¹ X ′
k−1. By the irreducibility of

µ′, the chain (X ′
k)∞k=0 will almost surely hit the maximal state of Ω at some finite

(random) time, and from this time on we will thus have Xk ¹ X ′
k. Since the coupled

chain (Xk, X ′
k)∞k=0 is a finite state aperiodic Markov chain, (Xk, X ′

k) has a limiting
distribution as k → ∞. Picking (X,X ′) according to this limiting distribution
gives a coupling of X and X ′ such that X ¹ X ′ almost surely, whence µ ¹D µ′ by
Theorem 2.6. ¤

The FKG inequality

As a consequence of Holley’s inequality we obtain the celebrated FKG inequality
(Theorem 2.11 below) of Fortuin, Kasteleyn, and Ginibre [18], who stated it un-
der slightly different conditions. It concerns the correlation structure in a single
probability measure rather than a comparison between two probability measures.

Definition 2.9 A probability measure µ on Ω is called monotone if

µ(X(x) ≥ a |X ≡ ξ off x) ≤ µ(X(x) ≥ a |X ≡ η off x)

whenever x ∈ V , a ∈ S, and ξ, η ∈ SV \{x} are such that σ ¹ η, µ(X ≡ ξ off x) > 0
and µ′(X ≡ η off x) > 0.

Intuitively, µ is monotone if the spin at a site x prefers to take large values whenever
its surrounding sites do.

Definition 2.10 A probability measure µ on Ω is said to have positive correlations
if for all bounded increasing functions f, g : Ω → R we have

µ(fg) ≥ µ(f)µ(g). (2.7)
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Theorem 2.11 (The FKG inequality) Let V be finite, S a finite subset of R,
and µ a probability measure on Ω which is irreducible and assigns positive probability
to the maximal element of Ω. If µ is monotone, it also has positive correlations.

A proof of Theorem 2.11 in this formulation, using Holley’s inequality, can be found
in [20].

2.3.3 An application
We conclude by stating a simple, but useful, observation from [34] (Corollary 2.8)
used later on. It says that if two probability measures have the same marginal
distributions and are comparable in the sense of stochastic domination, then they
are in fact equal.

Proposition 2.12 Let V be finite or countable, and let µ and µ′ be two probability
measures on Ω = RV satisfying µ ¹D µ′. If, in addition, µ(X(x) ≤ r) = µ′(X(x) ≤
r) for all x ∈ V and r ∈ R then µ = µ′.

Proof. Let P be a coupling of µ and µ′ such that P (X ¹ X ′) = 1 which exists by
Theorem 2.6. Writing Q for the set of rational numbers, we have for each x ∈ V

P (X(x) 6= X ′(x)) = P (X(x) < X ′(x)) ≤
∑

r∈Q
P (X(x) ≤ r,X ′(x) > r)

=
∑

r∈Q
(P (X(x) ≤ r)− P (X ′(x) ≤ r))

= 0.

Summing over all x ∈ V we get P (X 6= X ′) = 0, whence µ = µ′ by (2.5). ¤





Chapter 3

Some models

In this chapter we present a couple of well-known models, all important to this
thesis.

3.1 Percolation

Percolation was introduced in the 1950’s by Broadbent and Hammersley [4] as a
model for the passage of a fluid through a porous medium. The medium is modelled
by a graph (V, E), and either the sites or the bonds of this graph are considered
to be randomly open or closed (blocked). We will here only treat the case of site
percolation.

The basic question of percolation theory is how a fluid can spread through the
medium. This involves the connectivity properties of the set of open vertices. To
describe these we introduce some terminology. An open path is a path on the
graph for which all vertices along the path are open. An open cluster is a maximal
connected set in which all vertices are open. An infinite open cluster is an open
cluster containing infinitely many vertices. Using these terms we may say that the
existence of an infinite open cluster is equivalent to the fact that a fluid can wet a
macroscopic part of the medium.

Bernoulli site percolation, or independent site percolation, is the classical way
of assigning the open and closed vertices. Take some p ∈ [0, 1], called the retention
parameter of the model. Each vertex is then declared open with probability p (and
assigned the value 1) and closed with probability 1 − p (value 0). This is done
independently for every vertex. We write ψp for the associated probability measure
on the configuration space {0, 1}V .

The first question is now whether infinite clusters can exist. This depends, of
course, both on the graph and on the parameter p. A first observation in percolation
theory is the following.

Proposition 3.1 For Bernoulli site percolation on an infinite, locally finite graph

17
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(V,E), there is a critical value pc ∈ [0, 1] such that

ψp(∃ an infinite open cluster) =

{
0 if p < pc

1 if p > pc.

At the critical value p = pc, the ψp-probability of having an infinite open cluster is
either 0 or 1.

For a vertex x ∈ V let C(x) denote the open cluster containing x. Fix some vertex
o ∈ V (the origin) and consider the percolation probability function

θ(p) = ψp(|C(o)| = ∞).

A coupling argument shows that θ is non-decreasing and an equivalent definition
of pc is then

pc = sup
{
p ∈ [0, 1] : θ(p) = 0

}
. (3.1)

In this thesis we will use Bernoulli site percolation as a comparison to other
models with dependencies. Later on ψp is used for relating to other measures via
stochastic domination.

For more on percolation, see the books by Grimmett [22] and Kesten [31].

3.2 The ferromagnetic Ising model

The Ising model was introduced in statistical mechanics by Wilhelm Lenz [33]
and his student Ernst Ising [30] in the 1920’s as a simple microscopic model for a
ferromagnet. The model has other applications too as was seen in Chapter 1. It
is today the most studied of all Markov random field models; see e.g. [19, 32] for
introductions and some history.

The state space is S = {−1,+1}, and the classical interpretation of the model is
that each site of the graph (think of Zd) is an atom, and that the states +1 and −1
represent “spin up” and “spin down”, respectively. If the large-scale fraction of +1’s
is 1/2, then no magnetization has occurred, while if this fraction is different from
1/2 so that the majority of spins point in the same direction, then the material is
magnetized.

The model tries to incorporate the mechanics of elementary magnets, in that
the spins of two close sites should tend to point in the same direction. This is done
by considering probability measures which favors configurations with a lot of local
spin alignment.

3.2.1 Gibbs measure

Consider a graph G = (V, E) ∈ G. A probability measure on Ω = SV is said to
be a Gibbs measure for the Ising model on G at inverse temperature β ≥ 0 if it is
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Markov and for all finite Λ ⊂ V and all σ ∈ SΛ, η ∈ S∂Λ we have

µ(X(Λ) = σ|X(∂Λ) = η)=
1

ZΛ
β,η

exp


β

( ∑
x ∼ y
x, y∈Λ

σ(x)σ(y) +
∑

x ∼ y
x∈Λ, y∈∂Λ

σ(x)η(y)

)
 .

(3.2)
Here ZΛ

β,η is a normalizing constant that does not depend on σ. For β = 0 (“infinite
temperature”) the spin variables are independent under µ, but as soon as β > 0
we see that the probability distribution starts to favor configurations with many
neighbor pairs of aligned spins. This tendency becomes stronger and stronger as β
increases.

To show the existence of Gibbs measures, one can construct the so-called ‘plus
measure’ µ+

β this way: Let {Λn}∞n=1 be an exhaustion of G. For each n, let µ+
β,n

be the probability measure on {−1, 1}V corresponding to picking X ∈ {−1, 1}V by
setting X(Λc

n) ≡ +1 and picking X(Λn) according (3.2) with Λ = Λn and η ≡ +1.
Standard monotonicity arguments based on Holley’s Theorem (Theorem 2.8) show
that the measure µ+

β,n converge to a Gibbs measure µ+
β which is independent of the

choice of exhaustion.

3.2.2 Phase transition
The Ising model is symmetric under interchange of the spin values −1 and +1, and
using this symmetry we obtain the ‘minus measure’ µ−β in the analogous way as
for µ+

β . The two measures µ−β and µ+
β are extreme Gibbs measures in the sense

of stochastic ordering, i.e. µ−β ¹D µβ ¹D µ+
β , where µβ is any Gibbs measure. So

if µ−β = µ+
β then any other Gibbs measure coincides with them; there is a unique

Gibbs measure. This situation arises when β is small (i.e. the temperature is high),
making the spin interaction too weak to produce any long range order; the boundary
conditions become irrelevant in the infinite volume limit. In contrast, when β is
sufficiently large, the interaction becomes so strong that the Gibbs measures prefer
configurations with either a vast majority of plus spins or a vast majority of minus
spins, and this preference even survives in the infinite volume limit. In particular
µ−β 6= µ+

β and they can be distinguished by their overall density of +1’s: the density
is greater than 1/2 under µ+

β and (by symmetry) less than 1/2 under µ−β . This is
the spontaneous magnetization phenomenon that Lenz and Ising were looking for
but were discouraged by not finding in one dimension. For Zd with d ≥ 2 however,
we have more than one Gibbs measure when β is large enough. The classical proof
of this is a contour argument due to Peierls [41], see also [11].

The existence of multiple Gibbs measures is called a phase transition by analogy
with the language of statistical mechanics. The occurrence of a phase transition
is increasing in β, i.e. if β1 < β2 and a phase transition occurs when β = β1,
then this is also the case when β = β2. This monotonicity was originally proved
using so-called Griffiths inequalities [21]. Together with Dobrushin’s uniqueness
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condition [12], which shows that on Zd there is no phase transition when β > 0 is
sufficiently small, we get the following classical theorem.

Theorem 3.2 For the ferromagnetic Ising model on the integer lattice Zd of di-
mension d ≥ 2 there exists a critical inverse temperature βc = βc(d) ∈ (0,∞) such
that for β < βc the model has a unique Gibbs measure while for β > βc there are
multiple Gibbs measures.

The modern approach to show Theorem 3.2 is based on the random-cluster rep-
resentation of the Ising model, see [27]. The result extends to any graph in G in
place of Zd, except that βc may then take the values 0 or ∞. For instance, on Z1

we have βc = ∞, which means that there is a unique Gibbs measure for all β. For
Z2 the critical value has been found to be βc = 1

2 log(1 +
√

2), see [39]. Later it
was also shown in [1] that the model has a unique Gibbs measure at the critical
value β = βc. For higher dimensions a rigorous calculation of the critical value is
beyond current knowledge. It is believed that uniqueness holds at criticality in all
dimensions d ≥ 2, but so far this is only known for d = 2 and d ≥ 4, see [3].

3.3 The random-cluster model

It is today widely recognized that the random-cluster model, originally introduced
by Fortuin and Kasteleyn [15, 16, 17], is one of the most important tools for studying
the Ising model. The main point of the random-cluster representation for the
Ising model is to translate apparently difficult questions about correlations into
easier questions about percolation, i.e. about certain connectivity probabilities in a
random graph.

The random-cluster model was brought into fashion in the late 1980’s through
the papers by Swendsen and Wang [46], Edwards and Sokal [13], and Aizenman et
al. [2]. See also Häggström [27] on how the random-cluster representation relates
to the study of phase transitions in Ising and several other models.

3.3.1 Finite graph definition

Here is the definition of the model on a finite graph G = (V, E). For a bond
configuration η ∈ {0, 1}E , we write k(η) for the number of connected components
of η.

Definition 3.3 The random-cluster measure φG
p,q for G with parameters p ∈ [0, 1]

and q > 0 is the probability measure on {0, 1}E which to each η ∈ {0, 1}E assigns
probability

φG
p,q(η) =

1
ZG

p,q

{∏

e∈E

pη(e)(1− p)1−η(e)

}
qk(η). (3.3)
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Here ZG
p,q is the appropriate normalizing constant,

ZG
p,q =

∑

η∈{0,1}E

{∏

e∈E

pη(e)(1− p)1−η(e)

}
qk(η),

making φG
p,q a probability measure.

Note that taking q = 1 in (3.3) yields the Bernoulli bond percolation measure
for G. All other choices of q give rise to dependencies between edges (as long as p
is not 0 or 1, and G is not a tree).

Unlike the percolation model, it is not completely straightforward to define the
random-cluster model on an infinite graph; formula (3.3) simply does not work in
this case. We will have reason to come back to the random-cluster model and then
we will see how to approach this problem.

3.4 The Potts model

In 1952 Potts [42] proposed a generalization of the Ising model in which each vertex
may be in any of q distinct states, labeled 1, 2, . . . , q; the Ising model is recovered
by taking q = 2 and identifying the state space {1, 2} with {−1, +1}. The physi-
cists showed interest in the model, for one thing because it exhibits a first order
phase transition (explained in Chapter 5) on Zd when q is large enough; the phase
transition for the Ising model is of second order. Furthermore, the Potts model has
application to other areas, image analysis being one.

3.4.1 Finite graph definition

We now define the Potts model, and for simplicity let us here do this for finite
graphs only. To make the generalization of the Gibbs measure definition in (3.2)
clear, we rewrite the spin interaction contribution in (3.2) as follows. For spins
σ(x), σ(y) ∈ {−1, +1} we have

σ(x)σ(y) = 1− 2 · 1{σ(x)6=σ(y)},

motivating the q-state Potts model definition on a finite graph G = (V,E).

Definition 3.4 The Gibbs measure µG
q,β on {1, . . . , q}V for the q-state Potts model

at inverse temperature β is the probability measure for which

µG
β,q(σ) =

1
ZG

β,q

exp

(
−2β

∑
x∼y

1{σ(x) 6=σ(y)}

)
. (3.4)

Here ZG
β,q is yet another normalizing constant; Z with various sub- and superscripts

will always denote normalizing constants.
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We see from the definition above that the model is invariant under permutations
of the state space S = {1, . . . , q} and that there is no particular order between
the q spin values. We will often refer to the spin states as colors to emphasize
this fact. Consequently, there is no “largest” configuration as for the Ising model
(≡ +1). Hence, when trying to define Gibbs measures for the Potts model on
infinite graphs, the ‘plus measure’ idea of the Ising model fails – there is no obvious
stochastic monotonicity to ensure a well-defined limiting measure.

To approach the above dilemma, one makes use of the random-cluster model.
As mentioned before, there is a correspondence between the random-cluster model
and the Ising and Potts models. The simplest way to show this correspondence is
through the Edwards–Sokal coupling [13]. The correspondence is most transparent
in the case of finite graphs, where one can make an explicit coupling of the measures
φG

p,q and µG
β,q (see Section 4.3 for a somewhat modified version of it). The following

useful result is a direct consequence of the construction.

Proposition 3.5 Let p = 1− e−2β, and suppose we pick a random spin configura-
tion X ∈ {1, . . . , q}V as follows:

1. Pick a random edge configuration Y ∈ {0, 1}E according to the random-cluster
measure φG

p,q.

2. For each connected component C of Y , pick a spin at random (uniformly) from
{1, . . . , q}, assign this spin to every vertex of C, and do this independently for
different connected components.

Then X is distributed according to the Gibbs measure µG
β,q.

3.4.2 Infinite graphs
According to Proposition 3.5, we can take random-cluster configurations and pro-
duce Potts configurations. Since the random-cluster model with the configuration
space {0, 1}E can be extended to infinite graphs, the Potts model can go along via
relations similar to that in Proposition 3.5.

In principle, we obtain Gibbs measures on graphs like Zd with the following
procedure. Consider a finite box of the vertex set and put one color i ∈ {1, . . . , q}
all around the boundary of this box. Take the Potts Gibbs measure (with a given
boundary like (3.2)) inside the box. Next, increase the box size and let it grow
to the whole infinite vertex set of the graph. The measure inside the box then
converges weakly to a Gibbs measure µi

β,q. Those Gibbs measures correspond to
µ−β and µ+

β for the Ising model. Actually, having no boundary condition for the
finite boxes and then passing to the limit also results in convergence; this time to
the “free boundary Gibbs measure” µ0

β,q.
Just like for the Ising model, a critical inverse temperature βc(q) can be defined,

and Theorem 3.2 has an identical Potts model version. Note that the critical value
depends on q.



Part II

The Potts model
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Chapter 4

An extended random-cluster model

4.1 Multicolored boundary

In Section 3.4.2 it was explained how, in principle, Gibbs measures for the Potts
model on infinite graphs like Zd are constructed. The measure µi

β,q can be thought
of as producing configurations with an i-colored boundary infinitely far away. Let
us think of how this construction can be generalized so that more than one color is
allowed on the boundary.

Take a lattice V and consider a finite region Λ ⊂ V . Say that we put color i
on ∂Λ and let the configuration on Λ follow the Potts Gibbs measure with that
boundary. This results in a measure on {1, . . . , q}Λ∪∂Λ. An equivalent way to
obtain the same measure is to take the Gibbs measure (3.4) on {1, . . . , q}Λ∪∂Λ and
then condition on the event {X ≡ i on ∂Λ}. The point is that the latter approach
easily generalizes to more than just one boundary color.

4.1.1 The Potts model with restricted vertices

To formalize the ideas in the discussion above we introduce a Potts model with
“restricted vertices”. For these restricted vertices not all spin values are permitted,
but merely r of them (1 ≤ r ≤ q). Without loss of generality we may assume that
the allowed spin values for a restricted vertex are 1, . . . , r.

Let G = (V, E) be a finite graph and take W ⊂ V as the set of restricted vertices.
Let µG,W

β,q,r be the probability measure obtained by conditioning the measure µG
β,q

on the event that the configuration is permitted in the sense above. We then get a
probability measure which to each configuration σ ∈ {1, . . . , q}V \W × {1, . . . , r}W

assigns probability

µG,W
β,q,r(σ) =

1

ZG,W
β,q,r

exp

(
−2β

∑
x∼y

1{σ(x) 6=σ(y)}

)
. (4.1)
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4.2 The random-cluster measure

Recall the random-cluster model in Section 3.3. We will here define a somewhat
extended version of this model, adjusted for the Potts model with restricted vertices.
As usual we start with finite graphs.

Take a finite graph G = (V,E). For a vertex set A ⊂ V and a bond configuration
η ∈ {0, 1}E write kA(η) for the number of open connected components of η that
intersect some vertex of A.

Definition 4.1 The extended random-cluster measure φG,W
p,q,r for G and W ⊂ V

with parameters p ∈ [0, 1], q > 0 and r > 0 is the probability measure on {0, 1}E

which to each η ∈ {0, 1}E assigns probability

φG,W
p,q,r (η) =

1

ZG,W
p,q,r

{∏

e∈E

pη(e)(1− p)1−η(e)

}
qkV (η)−kW (η)rkW (η), (4.2)

where ZG,W
p,q,r is a normalizing constant.

Remark 4.2 Note that by taking W = ∅ or r = q, the measure defined in (4.2)
reduces to the standard random-cluster measure φG

p,q defined in (3.3).

4.3 The coupling

The Edwards–Sokal coupling was mentioned in Section 3.4. We will make a similar
coupling for the Potts model with restricted vertices.

Take the graph G = (V, E) and pick a set W ⊂ V . For p ∈ [0, 1], q ∈ {2, 3, . . .}
and r ∈ {1, . . . , q}, let PG,W

p,q,r be the probability measure on {1, . . . , q}V \W ×
{1, . . . , r}W×{0, 1}E corresponding to picking a random element of {1, . . . , q}V \W×
{1, . . . , r}W × {0, 1}E according to the following two-step procedure.

1. Assign each vertex in W a spin value from {1, . . . , r} according to uniform
distribution, assign each remaining vertex a spin value from {1, . . . , q} ac-
cording to uniform distribution and assign each edge a value 1 (open) or 0
(closed) with respective probabilities p and 1− p, and do this independently
for all vertices and edges.

2. Condition on the event that no two vertices with different spins have an open
edge connecting them.

In other words, PG,W
p,q,r is the measure which to each element (σ, η) of {1, . . . , q}V \W×

{1, . . . , r}W × {0, 1}E assigns probability proportional to

∏

e=〈x,y〉∈E

(
pη(e)(1− p)1−η(e)1{(σ(x)−σ(y))η(e)=0}

)
.
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The following theorem states that the edge marginal of PG,W
p,q,r is the extended

random-cluster measure in (4.2), and the vertex marginal is the Gibbs measure for
the Potts model with restricted vertices (4.1), meaning that PG,W

p,q,r is a coupling of
µG,W

β,q,r and φG,W
p,q,r .

Theorem 4.3 Let PG,W,vertex
p,q,r and PG,W,edge

p,q,r be the probability measures obtained
by projecting PG,W

p,q,r on {1, . . . , q}V \W ×{1, . . . , r}W and {0, 1}E, respectively. Then

PG,W,vertex
p,q,r = µG,W

β,q,r (4.3)

with β = − 1
2 log(1− p), and

PG,W,edge
p,q,r = φG,W

p,q,r . (4.4)

Proof. The proof is just a matter of summing out the marginals. Letting Z be
the normalizing constant in PG,W

p,q,r , fixing σ ∈ {1, . . . , q}V \W × {1, . . . , r}W, and
summing over all η ∈ {0, 1}E we find

PG,W,vertex
p,q,r (σ) =

∑

η∈{0,1}E

PG,W
p,q,r (σ, η)

=
1
Z

∑

η∈{0,1}E

∏

e=〈x,y〉∈E

pη(e)(1− p)1−η(e)1{(σ(x)−σ(y))η(e)=0}

=
1
Z

∏

e=〈x,y〉∈E

(1− p)1{σ(x)6=σ(y)}

=
1
Z

exp

(
−2β

∑
x∼y

1{σ(x)6=σ(y)}

)

= µG,W
β,q,r(σ),

since Z must be equal to ZG
β,q by normalization. This proves (4.3). To verify (4.4)

we proceed similarly, fixing η ∈ {0, 1}E and summing over σ ∈ {1, . . . , q}V \W ×
{1, . . . , r}W . Note that, given η, there are exactly qkV (η)−kW (η)rkW (η) configurations
σ that are allowed, in that any open edge in η connects two vertices with the same
spin. We get

PG,W,edge
p,q,r (η) =

∑

σ∈{1,...,q}V \W×{1,...,r}W

PG,W
p,q,r (σ, η)

= qkV (η)−kW (η)rkW (η) 1
Z

∏

e∈E

pη(e)(1− p)1−η(e)

= φG,W
p,q,r (η),
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again by normalization. ¤
It is the relation (4.4) that motivates the Definition 4.1.

We will now look more closely at the measure φG,W
p,q,r and its local specification.

For e = 〈x, y〉 ∈ E and η ∈ {0, 1}E\{e}, write {x ←→ y} for the event that there
exists an open path in η from x to y. We also write {x ←→ A}, A ⊂ V for the
event that there exists some y ∈ A such that {x ←→ y}. The lemma below follows
after a moments thought from Definition 4.1.

Lemma 4.4 Consider the extended random-cluster model with parameters p, q and
r on a finite graph G = (V,E) with some vertex set W ⊂ V . For any edge e =
〈x, y〉 ∈ E, and any configuration η ∈ {0, 1}E\{e}, we have that

φG,W
p,q,r (e is open | η) =





p if x ←→ y in η
p

p+(1−p)r if x ←→/ y in η, and if

x ←→ W, y ←→ W in η
p

p+(1−p)q otherwise.

(4.5)

4.4 Infinite volume random-cluster measures on trees
The random-cluster model becomes more interesting when the underlying graph is
infinite. We will here deal with the case of infinite regular trees. A first step is
to define and prove the existence of extended random-cluster measures for these
graphs.

First we need some notation. Let Td be as defined in Section 2.1.1. We will
always assume d ≥ 2; the tree obtained with d = 1 is simply Z, and most of our
results do no not apply to this case. Write Vd and Ed for the vertex set and the
edge set, respectively, of Td. Designate one of the vertices of Td as the root and
denote it 0. For a vertex v ∈ Vd, let |v| denote the length of the shortest path
starting at v and ending at 0, with |0| = 0. Similarly, for an edge e ∈ Ed, let |e|
denote the length of the shortest path starting with e and ending at 0.

To establish the existence of extended random-cluster measures for the infinite
graph Td, we will first show that the model on finite parts agrees with standard
random-cluster measures, but with different parameters. We then take infinite
volume limits in parallel. Finally we show that the limit thereby obtained indeed
is an extended random-cluster measure on Td as defined below.

We start off by introducing the standard random-cluster model on infinite trees
and stating some useful properties. After that the extended random-cluster model
is defined and shown to exist.

4.4.1 The standard random-cluster model
Pick p ∈ [0, 1] and q > 0. Let S ⊂ Ed be finite and connected and let S̄ denote
the set {v ∈ Vd : ∃ e ∈ S such that e is incident to v}. For a configuration ξ ∈
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{0, 1}Ed\S of edges off S, let the random-cluster measure φS,ξ
p,q “on S with boundary

ξ” be given by

φS,ξ
p,q (η) =

1

ZS,ξ
p,q

{∏

e∈S

pη(e)(1− p)1−η(e)

}
qkf (η,ξ)

for all η ∈ {0, 1}S , where kf (η, ξ) is the number of finite connected components
which intersect S̄ in the configuration (η ∨ ξ) which agrees with η on S and with
ξ on Ed \ S. We have here suppressed the dependence on d. The measure and the
normalizing factor of course also depend on d.

Definition 4.5 A probability measure φ on {0, 1}Ed is called a C-random-cluster
measure with parameters p and q if its conditional probabilities satisfy

φ(η|ξ) = φS,ξ
p,q (η)

for all finite S ⊂ Ed, all η ∈ {0, 1}S and φ-a.a. ξ ∈ {0, 1}Ed\S .

This defines a consistent set of conditional probabilities, and the same conditional
probabilities hold for finite graphs. The fact that we only count the finite connected
components differs from the standard case where the infinite graph is such that the
complement to simply connected finite sets are connected (e.g. as for Zd). Counting
in this manner components is equivalent to the idea that all infinite components
are connected “at infinity”. This corresponds to a one-point compactification of the
graph. That is why we use the prefix ‘C’ above, which stands for “compactified”.
Also, for x, y ∈ Vd we write {x C←→ y} in η if there is an open path in η from x to
y where paths are permitted to go “via infinity”, i.e. {x ←→∞} (x is connected to
an infinite open path) and {y ←→∞}. The C-variant of random-cluster measures
for regular trees was introduced by Häggström in [26].

Write φS,1
p,q for φS,ξ

p,q with ξ ≡ 1. We say we have the wired boundary condition, as
the all-1 boundary firmly wires all edges in Ed \ S together. The compactification
makes this intuition sound, even for trees. A basic observation now for this measure
is stated in the lemma below which follows directly from definitions.

Lemma 4.6 Consider the C-random-cluster model with parameters p and q on
Td = (Vd,Ed). Let S ⊂ Ed be a finite connected region and let ξ ∈ {0, 1}Ed\S be
the configuration ξ ≡ 1. Then for any edge e = 〈x, y〉 ∈ S and any configuration
η ∈ {0, 1}S\{e}, we have

φS,1
p,q (e is open|η) =

{
p if x

C←→ y in η ∨ ξ
p

p+(1−p)q otherwise.
(4.6)

We shall here concentrate on the case q ≥ 1. In particular Lemma 4.6 then means
that the conditional probability in (4.6) is increasing in η. This allows for the use
of Theorem 2.8 to establish stochastic domination between certain measures.
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Lemma 4.7 For p ∈ [0, 1], q ≥ 1, and any two finite edge sets S1 ⊂ S2, we have

φS1,1
p,q ºD φS2,1

p,q .

Moreover, if (Sn)∞n=1 is an exhaustion of Td, then the limit

φ1
p,q = lim

n→∞
φSn,1

p,q

exists and is independent of the exhaustion.

This approach to the random-cluster model on trees was first suggested by Chayes
et al. [9]. The deep result is the following ([20], Theorem 6.17).

Theorem 4.8 For p ∈ [0, 1] and q ≥ 1, we have that φ1
p,q is a C-random-cluster

measure.

Now let φ be any random-cluster measure of either type, compactified or not, with
the given parameters p and q. Yet another application of Theorem 2.8 implies that
φ ¹D φS,1

p,q for all finite S ⊂ Ed. Since the stochastic domination is preserved in the
limit according to Corollary 2.7 we conclude that

φ ¹D φ1
p,q. (4.7)

Hence, it makes sense to speak of φ1
p,q as a maximal measure which dominates all

other random-cluster measures with the given parameters. The extremality (4.7)
leads to the next important lemma.

Lemma 4.9 The measure φ1
p,q is invariant under graph automorphisms.

Proof. Let φ1
p,q be defined as in Lemma 4.7 and let γ be some automorphism on Td.

The map γ induces a map on the measures and let γ(φ1
p,q) = φ̂1

p,q. Since φ̂1
p,q may

at the same time be viewed as constructed from an increasing sequence of regions
as in Lemma 4.7 it is a random-cluster measure which also is maximal, i.e. satisfies
(4.7). Altogether we now have φ1

p,q ¹D φ̂1
p,q and φ̂1

p,q ¹D φ1
p,q so φ1

p,q = φ̂1
p,q by

(2.2). ¤

4.4.2 The extended random-cluster model
We now turn to the extended random-cluster model and try to find an infinite
volume limit for this model. Pick p ∈ [0, 1], q > 0 and r > 0. Let S ⊂ Ed once
again be a finite connected region. For a configuration ξ ∈ {0, 1}Ed\S of edges off
S, let the extended random-cluster measure φS,ξ

p,q,r “on S with boundary ξ” be given
by

φS,ξ
p,q,r(η) =

1

ZS,ξ
p,q,r

{∏

e∈S

pη(e)(1− p)1−η(e)

}
qk(η,ξ)−k∞(η,ξ)rk∞(η,ξ)

for all η ∈ {0, 1}S , where k(η, ξ) is the number of connected components in (η ∨ ξ),
finite or infinite, that intersect S̄, and k∞(η, ξ) is the number of these that are
infinite. Note the resemblance with Definition 4.1.
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Definition 4.10 A probability measure φ on {0,1}Ed is called an extended random-
cluster measure with parameters p, q, and r if its conditional probabilities satisfy

φ(η|ξ) = φS,ξ
p,q,r(η)

for all finite S ⊂ Ed, all η ∈ {0, 1}S and φ-a.e. ξ ∈ {0, 1}Ed\S .

This also defines a consistent set of conditional probabilities.
The local specification for φS,ξ

p,q,r becomes especially simple on trees, because the
first alternative in (4.5) goes away. If we write, like before, φS,1

p,q,r for φS,ξ
p,q,r with

ξ ≡ 1, we get the following lemma, more or less as a special case of Lemma 4.4.

Lemma 4.11 Consider the extended random-cluster model with parameters p, q,
and r on Td = (Vd,Ed). Let S ⊂ Ed be a finite connected region and let ξ ∈
{0, 1}Ed\S be the configuration ξ ≡ 1. Then for any edge e = 〈x, y〉 ∈ S and any
configuration η ∈ {0, 1}S\{e}, we have

φS,1
p,q,r(e is open|η) =

{
p

p+(1−p)r if x
C←→ y in η ∨ ξ,

p
p+(1−p)q otherwise.

(4.8)

The fact that we only get two possible values for the conditional probabilities
in Lemma 4.11 makes it possible to establish the relation between the extended
random-cluster model and the standard one for regular trees.

Proposition 4.12 For p ∈ [0, 1], q > 0 and r > 0 we have

φS,1
p,q,r = φS,1

p′,q′ ,

where {
p′ = p

p+(1−p)r ,

q′ = q
r .

(4.9)

Proof. Note that both measures are defined on the same finite configuration space,
{0, 1}S . If we can show that the conditional probabilities in Lemma 4.6 (with
parameters p′ and q′) and Lemma 4.11 agree, we are done. To see this, note that
the conditional probability for {e is open|η} increases with η and an application of
Theorem 2.8 then gives

φS,1
p,q,r ¹D φS,1

p′,q′ and φS,1
p,q,r ºD φS,1

p′,q′ .

The statement follows from (2.2). Hence, it remains to check that

p

p + (1− p)r
= p′ (4.10)
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and
p

p + (1− p)q
=

p′

p′ + (1− p′)q′
. (4.11)

The relation (4.10) is the first equation in (4.9). In addition,

p

p + (1− p)q
=

p

p + (1− p)r

/[
p

p + (1− p)r
+

(1− p)r
p + (1− p)r

· q

r

]

=
p

p + (1− p)r

/[
p

p + (1− p)r
+

(
1− p

p + (1− p)r

)
q

r

]

= p′/[ p′ + (1− p′)q′ ],

so (4.11) is also satisfied. ¤

Finally we get the promised infinite volume limit.

Theorem 4.13 Let (Sn)∞n=1 be an exhaustion of Td. For p ∈ [0, 1], q > 0 and
r ∈ (0, q] we then have that the weak limit

φ1
p,q,r = lim

n→∞
φSn,1

p,q,r

exists, is invariant under graph automorphisms and is an extended random-cluster
measure.

Proof. From Proposition 4.12 we have that φS,1
p,q,r = φS,1

p′,q′ for all finite S ⊂ Ed,
with p′ and q′ as in (4.9). Note that the assumptions guarantee that 0 ≤ p′ ≤ 1 and
q′ ≥ 1. Therefore Lemma 4.7 can be used and the existence of the limit is assured,

φ1
p,q,r = φ1

p′,q′ . (4.12)

The invariance follows directly from Lemma 4.9. It remains to show that the limit
indeed is an extended random-cluster measure. To do so, we make use of the fact
that φ1

p′,q′ is a C-random-cluster measure according to Theorem 4.8. Take some
finite connected region S ⊂ Ed and two partial configurations η ∈ {0, 1}S and
ξ ∈ {0, 1}Ed\S to get

φ1
p,q,r(η|ξ) = φ1

p′,q′(η|ξ) = φS,ξ
p′,q′(η)

=
1

ZS,ξ
p′,q′

{∏

e∈S

(p′)η(e)(1− p′)1−η(e)

}
(q′)kf (η,ξ)

∝
{∏

e∈S

pη(e)((1− p)r)1−η(e)

}(q

r

)kf (η,ξ)

=

{∏

e∈S

pη(e)(1− p)1−η(e)

}
qkf (η,ξ)rc(η)−kf (η,ξ),
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where c(η) is the number of closed edges in the configuration η. The fact that S is
a subtree gives a relation between the number of connected components in S and
c(η),

k(η, ξ) = k(η) = c(η) + 1.

We therefore get the following weighing factor exponent for r:

c(η)− kf (η, ξ) = k(η, ξ)− 1− kf (η, ξ) = k∞(η, ξ)− 1.

All in all,

φ1
p,q,r(η|ξ) ∝

{∏

e∈S

pη(e)(1− p)1−η(e)

}
qk(η,ξ)−k∞(η,ξ)rk∞(η,ξ)−1 ∝ φS,ξ

p,q,r(η).

In fact, by normalization the left- and right-hand sides are equal, hence from Defi-
nition 4.10 we see that the theorem is proved. ¤

We call φ1
p,q,r the wired measure for the extended random-cluster model on Td. Note

that for the case r = 1, (4.9) simplifies to p′ = p and q′ = q, whence φ1
p,q,1 = φ1

p,q.

4.5 The critical value

We have seen that the wired measure for the extended random-cluster model φ1
p,q,r

in fact is nothing more than a measure for the standard C-random-cluster model
with just some other parameter values. We can therefore transfer some of the prop-
erties of the standard model to the extended one. The measure φ1

q,r is thoroughly
studied in [26], and we quote one important theorem below. Let θq(p) denote the
probability, under φ1

p,q, that the root 0 lies in an infinite connected component.

Theorem 4.14 (Häggström) Given q ≥ 1, there exists a critical value pc(q) ∈
(0, 1) such that θq(p) = 0 when p < pc(q) and θq(p) > 0 when p > pc(q). For
1 ≤ q ≤ 2,

pc(q) =
q

d + q − 1

while for q > 2,
pc(q) <

q

d + q − 1
.

It is also shown in [26] that pc(q) for q > 2 can be characterized as the unique value
of p ∈ (0, 1) for which the polynomial

(q − 1)xd+1 +
(

1− p

1− p
− q

)
xd +

(
p

1− p
+ 1

)
x− 1

has a double root in (0, 1). For d = 2 this implies that
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pc(q) =





q
q+1 if 1 ≤ q ≤ 2,

2
√

q−1
1+2

√
q−1

if q > 2.
(4.13)

Theorem 4.14 can almost directly be translated to the extended random-cluster
model. Let θq,r(p) denote the probability, under φ1

p,q,r, that the root 0 lies in an
infinite connected component.

Theorem 4.15 Given q > 0 and r ∈ (0, q], there exists a critical value pc(q, r) ∈
(0, 1) such that θq,r(p) = 0 when p < pc(q, r) and θq,r(p) > 0 when p > pc(q, r).
For 0 < r < q/2,

pc(q, r) <
q

d + q − 1
while for q/2 ≤ r ≤ q,

pc(q, r) =
q

d + q − 1
.

Proof. From (4.12) it follows that

θq,r(p) = θq′(p′), (4.14)

with p′ and q′ as in (4.9). Since the map p 7→ p′ is increasing in p, the sets
{p : θq,r(p) = 0} and {p : θq,r(p) > 0} are intervals. This shows the existence of
pc(q, r). Let p′c be short notation for pc(q′). We have, by inverting the relations
(4.9) and from Theorem 4.14,

pc(q, r) =
r p′c

1− p′c + r p′c
=

r

1/p′c − 1 + r

≤ r

(d + q′ − 1)/q′ − 1 + r
=

r q′

d + q′ − 1− q′ + r q′

=
q

d + q − 1
.

Equality holds if and only if p′c = q′/(d + q′ − 1), i.e. if and only if 1 ≤ q′ ≤ 2
according to Theorem 4.14. 1 ≤ q′ ≤ 2 is in turn equivalent to q/2 ≤ r ≤ q and we
are done. ¤
Theorem 4.14 and Theorem 4.15 are summarized in Table 4.1. From the upper
left-hand and lower right-hand squares we can see that there is no obvious order
between pc(q) and pc(q, r). The next proposition says that the order depends on r.

Proposition 4.16 Let p ∈ [0, 1], q ≥ 1 and r ∈ (0, q]. Then

pc(q, r) ≤ pc(q) if r < 1, (4.15)

pc(q, r) = pc(q) if r = 1, (4.16)

pc(q, r) ≥ pc(q) if r > 1. (4.17)
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0 < r < q/2 q/2 ≤ r ≤ q

1 ≤ q ≤ 2
pc(q) = q/(d + q − 1)

pc(q, r) < q/(d + q − 1)

pc(q) = q/(d + q − 1)

pc(q, r) = q/(d + q − 1)

2 < q
pc(q) < q/(d + q − 1)

pc(q, r) < q/(d + q − 1)

pc(q) < q/(d + q − 1)

pc(q, r) = q/(d + q − 1)

Table 4.1: Critical values for different random-cluster models.

Proof. Since φ1
p,q,1 = φ1

p,q, (4.16) follows immediately. We show (4.15), the proof
for (4.17) being completely analogous.

From (4.6) and (4.8) we have, when r < 1, that

φS,1
p,q (e is open|η) ≤ φS,1

p,q,r(e is open|η)

for all finite connected S ⊂ Ed and all η ∈ {0, 1}S . The probabilities are also
increasing in η and by the aid of Theorem 2.8,

φS,1
p,q ¹D φS,1

p,q,r.

Next, take the infinite volume limit as in Lemma 4.7 and Theorem 4.13. The
stochastic dominance is then preserved,

φ1
p,q ¹D φ1

p,q,r.

Finally, since {0 ←→∞} is an increasing event,

θq(p) = φ1
p,q(0 ←→∞) ≤ φ1

p,q,r(0 ←→∞) = θq,r(p),

and we conclude that
pc(q, r) ≤ pc(q).

¤
In the lower left-hand square of Table 4.1, we can use Proposition 4.16 to order
pc(q) and pc(q, r). Moreover, when d = 2 we can see from the explicit expressions
for pc that we in that case actually have strict inequalities in (4.15) and (4.17).
Indeed, when d = 2, q > 2 and r < 1 we have

r − 1 < 0 ⇒ (r − 1)(q − r − 1) < 0 ⇔ rq − r2 < q − 1

⇔ r
√

q/r − 1 <
√

q − 1 ⇔ 2r
√

q/r−1

1+2r
√

q/r−1
< 2

√
q−1

1+2
√

q−1

⇔ pc(q, r) < pc(q).

The case 1 < r < q/2 can be treated similarly.
We quote another theorem from [26] which gives further qualitative description

of θq(p) that will be useful in Chapters 5 and 6.
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Theorem 4.17 (Häggström) For q ≥ 1, θq(p) is nondecreasing in p. For 1 ≤
q ≤ 2, θq(p) is continuous for all p. For q > 2, θq(p) is continuous for all p 6= pc(q),
while at p = pc(q), θq(p) is continuous from the right but not from the left.

Hence,

θq(pc(q))

{
= 0 for 1 ≤ q ≤ 2,

> 0 for q > 2.



Chapter 5

Mixed boundary on trees

We now continue to explore the idea of a Gibbs measure with a multicolored bound-
ary. Let us confine ourselves to (infinite) trees. Consider the q-state Potts model
with parameter β ∈ (0,∞) on the regular tree Td. For low values of β (“high
temperature”) there is a unique Gibbs measure. For large β however, there are
several Gibbs measures. The “free boundary measure” µ0

β,q is one such measure.
Taking one color at the time on the boundary and “sending the boundary to infin-
ity” produces another q Gibbs measures, see Section 3.4.2. We will refer to these
q + 1 Gibbs measures as the basic Gibbs measures for the model. Their existence
is formally shown using the C-random-cluster measure of Definition 4.5. For sure,
all convex combinations of the basic measures result in additional Gibbs measures.

One way to construct a Gibbs measure with a multicolored boundary is to
proceed as follows. Consider an exhaustion of the tree T2 and designate one color
each for the three main branches emanating from 0. By putting the appointed
color on the boundary and passing to the limit we get a Gibbs measure, very
much resembling a “Dobrushin state” for the Ising model. However, this measure
is not invariant under graph automorphisms. We seek a Gibbs measure with a
multicolored boundary that is automorphism invariant.

In this chapter we shall prove that there in fact exist, for q ≥ 3 and β large
enough, invariant Gibbs measures, which are not convex combinations of the basic
measures above. They are said to have a mixed boundary and can be viewed as
having a boundary (infinitely far away) with a mixture of certain colors. Among
the q colors, only r of them, say, are allowed on the boundary.

5.1 Coupling the models

We will here first define the Potts model on the infinite graph Td with a mixed
boundary. Next we make use of the extended random-cluster model and the cou-
pling in Section 4.3 to show that the model with a mixed boundary is indeed a
Gibbs measure on Td. But first some notation.

37
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For k = 1, 2, . . . let Sk = {e ∈ Ed : |e| ≤ k}, and let as before S̄k = {v ∈ Vd :
|v| ≤ k}. Furthermore, let Gk denote the subgraph containing the first k levels of
the tree Td, i.e. Gk = (S̄k, Sk), and let Wk = {v ∈ Vd : |v| = k} ⊂ S̄k. Thus, the
set Wk is the inner vertex boundary of the subgraph Gk. Finally, let µk

β,q,r be the

measure on Vd arising by first picking the configuration on S̄k according to µGk,Wk

β,q,r

as defined in (4.1), and then for Vd \ S̄k assigning colors matching the boundary
vertex at level k in their branch, respectively.

Definition 5.1 Let β ≥ 0 and let 1 ≤ r ≤ q be integers. We define the Potts
model measure with a mixed boundary on Td as

µβ,q,r = lim
k→∞

µk
β,q,r (5.1)

if the limit exists as a weak limit.

Theorem 5.2 The limit (5.1) exists and the probability measure µβ,q,r is a Gibbs
measure for the q-state Potts model on Td at inverse temperature β.

Proof. To show the existence of the limit (5.1) we will construct a coupling of
(X1, X2, . . . , X) such that Xk ∼ µk

β,q,r for all k and for which it holds that

Xk → X a.s. as k →∞. (5.2)

Here the convergence is in the usual product topology. When (5.2) is established
the existence of the limit (5.1) will follow since convergence almost surely implies
convergence in distribution.

Let p = 1 − e−2β . From Proposition 4.12 and the first part of Lemma 4.7 we
know that

φSk,1
p,q,r ºD φSk′ ,1

p,q,r when k ≤ k′.

We can therefore use Strassen’s Theorem (Theorem 2.6) and consider a coupling
such that

Y1 ≥ Y2 ≥ Y3 ≥ . . . a.s., (5.3)

where Yk ∈ {0, 1}Ed and Yk ∼ φSk,1
p,q,r for all k. Also, to each vertex v ∈ Vd,

associate two random variables (colors) Iv and Fv chosen uniformly from {1, . . . , r}
and {1, . . . , q} respectively, and do this independently of everything else. Now, for
each k, do a vertex coloring Xk ∈ {1, . . . , q}Vd in the following way.

1. For each connected component of the edge configuration Yk, determine which
vertex of that component is closest to 0. We shall call that vertex the father
of the component. Note that the father is unique since Td is a tree.

2. For each finite connected component of Yk, color in Xk each vertex of that
component with the color Fv, where v is the father of the component.
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3. For each infinite connected component of Yk, color in Xk each vertex of that
component with the color Iv, where v is the father of the component.

We then have Xk ∼ µk
β,q,r. This follows from Theorem 4.3 and the definitions of

φSk,1
p,q,r and µk

β,q,r. It remains to show that the sequence X1, X2, . . . converges a.s.
Consider the sequence X1, X2, . . . in a single coordinate, i.e. at a fixed vertex

v. Assume v is at level l, |v| = l. The number of possible fathers of the connected
components containing v is then l+1. The sequence Y1, Y2, . . . in (5.3) is decreasing,
so a fixed edge can in that sequence flip from 1 to 0 but not back. Thus, v can
change father at most l times. With the same argument the connected component
containing v can in the sequence X1, X2, . . . change from infinite to finite, but not
back. So, X1(v), X2(v), . . . can change at most a finite number of times and will,
hence, converge. We have convergence in all coordinates and therefore, since we
have finitely many spin values, convergence in the product topology: Xk → X a.s.
as k →∞, i.e. (5.2).

Next we show that µβ,q,r is a Gibbs measure, i.e. that µβ,q,r is a Markov random
field, and that it has the right conditional probabilities according to the Potts model.
So, using Proposition 2.2, for all finite subsets Λ and ∆ such that Λ∪∂Λ ⊂ ∆ ⊂ Vd

we are to show that

µβ,q,r(X(Λ) = σ|X(∆ \ Λ) = ω) = µβ,q,r(X(Λ) = σ|X(∂Λ) = ω(∂Λ))

=
1

ZΛ,∆,ω
β,q

exp
{
−2β

(
ΣΛ

σ + Σ∂Λ
σ,ω

)}
(5.4)

for all σ ∈ {1, . . . , q}Λ and all ω ∈ {1, . . . , q}∆\Λ. Here we have introduced the
notations

ΣΛ
σ =

∑

{x∼y: x,y∈Λ}
1{σ(x) 6=σ(y)}

and
Σ∂Λ

σ,ω =
∑

{x∼y: x∈Λ, y∈∂Λ}
1{σ(x)6=ω(y)}.

Take k large enough to ensure that ∆ ⊂ S̄k. If Xk ∼ µk
β,q,r then for each

σ ∈ {1, . . . , q}S̄k\Wk × {1, . . . , r}Wk we have from (4.1)

µk
β,q,r(Xk(S̄k) = σ) =

1

ZGk,Wk

β,q,r

exp
{
−2β ΣS̄k

σ

}
.

By comparing exponents we see that

µk
β,q,r(X(Λ) = σ|X(∆ \ Λ) = ω) ∝ exp

{
−2β

(
ΣΛ

σ + Σ∂Λ
σ,ω

)}
.

The probability above depends on ω only via Σ∂Λ
σ,ω, which in turn depends on ω

only through ω(∂Λ). Thus, the equalities (5.4) are satisfied with µβ,q,r replaced by
µk

β,q,r.
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From (5.1) we have, since Vd is countable, µk
β,q,r

TV→ µβ,q,r as k → ∞. Hence,
(5.4) is satisfied. ¤

The following result is a consequence of the construction in the proof of Theorem 5.2.

Corollary 5.3 Let p = 1−e−2β, let 1 ≤ r ≤ q be integers and suppose we construct
a random spin configuration X ∈ {1, . . . , q}Vd as follows:

1. Pick a random edge configuration Y ∈ {0, 1}Ed according to the measure φ1
p,q,r.

2. For each finite connected component of Y , color each vertex in that component
with one color chosen uniformly from {1, . . . , q} and for each infinite con-
nected component do likewise but choose the color uniformly from {1, . . . , r},
and do this independently for all different connected components.

Then X is distributed according to the measure µβ,q,r.

Proof. Let R denote the recipe in the proof of Theorem 5.2 that takes an edge
configuration of Ed and makes a vertex coloring of Vd according to the program 1–
3. The sequence Y1, Y2, . . . is decreasing and is therefore convergent a.s., and let Y
denote the limit. The statement is now equivalent to R(Y ) = X, where X is defined
in (5.2). It suffices to show that (R(Y ))(v) = X(v) for each vertex v ∈ Vd. To see
this, examine the two cases: (a) v belongs to an infinite connected component in
Y , (b) v belongs to a finite connected component of Y .

In both cases we can take k large enough to have the father of the v-component
in Yk to coincide with the father of the v-component in the Y -configuration. In
the case (a), the v-component will be infinite in Yk for all k, due to Yk ≥ Y from
(5.3), and we are done. In the case (b), the v-component in Yk is for k large enough
identical to the corresponding component in Y , and we are done. ¤

The next two important results follow immediately from Corollary 5.3 (in the latter
case together with Theorem 4.13).

Corollary 5.4 Let v be any vertex of Td. Then

µβ,q,r(X(v) = 1) = . . . = µβ,q,r(X(v) = r) ≥ 1
q
,

and

µβ,q,r(X(v) = r + 1) = · · · = µβ,q,r(X(v) = q) ≤ 1
q
.

Proposition 5.5 The measure µβ,q,r is invariant under graph automorphisms.
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5.2 A similar tree
Along with Td we will make use of another infinite tree which is very similar to Td.
Let us define T̃d = (Ṽd, Ẽd) to be the subgraph of Td where one branch emanating
from the root is removed. Thus, in T̃d all vertices have degree d + 1, but for the
root which has degree d. Our interest in this tree rests on the fact that T̃d has the
nice property of every vertex having the same number of children.

A mixed boundary Gibbs measure can be defined on Ṽd in exactly the same way
as on Vd. Let µ̃k

β,q,r be the analog of µk
β,q,r: a q-state Gibbs measure on the first

k generations of Ṽd, conditioned on the boundary to have colors in {1, . . . , r} and
filling the rest of the sites according to generation k. Passing to the limit, we have
the following result, the proof being completely analogous to that of Theorem 5.2.

Proposition 5.6 Let β ≥ 0 and let 1 ≤ r ≤ q be integers. Then the weak limit

µ̃β,q,r = lim
k→∞

µ̃k
β,q,r (5.5)

exists and is a Gibbs measure for the q-state Potts model on T̃d at inverse temper-
ature β.

s s s s s s s s s s s s
s s s s s s

s s s
s 0

Figure 5.1: The tree Td splits up into copies of T̃d. Here d = 2.

One way to combine µ̃β,q,r with µβ,q,r is the following. Consider the graph Td and
remove the edges connected to 0, and let σ be a configuration on this graph chosen
according to the finite volume Gibbs measure with mixed boundary at generation
k+1 (as usual sites at generation > k+1 are assigned colors according to generation
k+1). The disconnected parts of the graph split σ into d+1 independent outcomes
following µ̃k

β,q,r, call them σ1, . . . σd+1, along with a uniformly distributed spin at
0. Now add the d + 1 missing edges and let δ(σ) denote how many of these that
connect sites of different colors. Recalling the definition (4.1) we get

µk+1
β,q,r(σ) =

1
Zk

β,q,r

e−2βδ(σ)
d+1∏

i=1

µ̃k
β,q,r(σi), (5.6)

where Zk
β,q,r is a normalizing finite sum. As an example of how to use the formula

(5.6) we give the following lemma.

Lemma 5.7

µβ,q,r(X(0) = 1) =
1
q
⇔ µ̃β,q,r(X(0) = 1) =

1
q
. (5.7)
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Proof. For k = 0, 1, . . ., define
{

xk = µ̃k
β,q,r(X(0) = 1),

yk = µ̃k
β,q,r(X(0) = q).

(5.8)

To use (5.6) in our case, group all configurations σ which has 1 at the root and sort
them by their number δ(σ). The numerator in (5.6) becomes

Zk
β,q,r · µk+1

β,q,r(X(0) = 1) =
d+1∑

j=0

∑

{σ:σ(0)=1, δ(σ)=j}
e−2βδ(σ)

d+1∏

i=1

µ̃k
β,q,r(σi)

=
d+1∑

j=0

(
d + 1

j

)
e−2β·j(1− xk)jxd+1−j

k

=
[
(1− xk)e−2β + xk

]d+1

.

For the denominator in (5.6), we do the same type of computation for all root values
and add up. The probability of finding the root of one of the d + 1 subtrees with
one of the first r colors is, by symmetry, xk. Likewise is yk the probability of there
finding one of the remaining q − r colors. Thus,

Zk
β,q,r = r

[
(1− xk)e−2β + xk

]d+1

+ (q − r)
[
(1− yk)e−2β + yk

]d+1

.

To shorten expressions, introduce

γ := e−2β (5.9)

and
s := q − r. (5.10)

The above notations will be used extensively. Observe that we have

r xk + s yk = 1 (5.11)

Altogether, we arrive at

µk+1
β,q,r(X(0) = 1) =

[
(1− xk)γ + xk

]d+1

r
[
(1− xk)γ + xk

]d+1

+ s
[
(1− yk)γ + yk

]d+1
. (5.12)

Next, define the limiting probabilities

x := lim
k→∞

xk and y := lim
k→∞

yk (5.13)

and note that rx + sy = 1.
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Now, assume that the second statement in (5.7) holds. This means that x = 1/q
and then also y = 1/q. Hence, the brackets in (5.12) become equal and vanish in
the limit. Thus,

µβ,q,r(X(0) = 1) = lim
k→∞

µk+1
β,q,r(X(0) = 1) =

1
r + s

=
1
q
,

proving the ⇐ direction.
To show the other direction, assume µ̃β,q,r(X̃(0) = 1) = x > 1/q. We then get

y < 1/q and

(1− x)γ + x = x(1− γ) + γ

> y(1− γ) + γ

= (1− y)γ + y.

We see that the brackets in (5.12) are not equal in the limit and together with
Corollary 5.4 we then get µβ,q,r(X(0) = 1) > 1/q. ¤

Intuitively, Lemma 5.7 is clear. If the probability for spin 1 at the root is 1/q
then the corresponding random-cluster measure does not percolate (a.s. no open
path from the root to “infinity”). Thinking of the random-cluster models, it seems
reasonable that if an infinite path has zero probability in one model, an extra/less
branch cannot change this probability for the other model.

5.3 Magnetization and critical values

For the Ising model, one quantity of interest is the magnetization. It is often
defined as the expected value of the spin at a certain site under the ‘plus measure’,
µ+

β (X(v)). This value is directly connected to the probability of having a ‘+’ at
this site:

µ+
β (X(v)) = µ+

β (X(v) = +1)− µ+
β (X(v) = −1)= 2

{
µ+

β (X(v) = +1)− 1
2

}
.

Here, for the mixed Potts model, we define a similar function for the magnetization
at the root.

Definition 5.8 For 1 ≤ r ≤ q integers and X ∼ µβ,q,r, let the magnetization
mq,r(β) be defined as

mq,r(β) = µβ,q,r(X(0) ∈ {1, . . . , r})− r

q
. (5.14)
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From Corollary 5.3 we get

mq,r(β) =
r

q
φ1

p,q,r(0 ←→/ ∞) +
r

r
φ1

p,q,r(0 ←→∞)− r

q

=
r

q
+

q − r

q
φ1

p,q,r(0 ←→∞)− r

q

=
q − r

q
θq,r(p), (5.15)

where as always p = 1 − e−2β . Since θq,r(p) is increasing we can define a critical
β-value for this model,

βc(q, r) = sup{β : mq,r(β) = 0}.

One good reason for studying the Potts model on homogeneous trees is that the
magnetization can be computed, at least implicitly. This is carried out in detail in
Chapter 6. The most natural graph to work with in this context turns out to be
T̃d, and for this tree we define an analogous magnetization function

m̃q,r(β) = µ̃β,q,r(X(0) ∈ {1, . . . , r})− r

q
.

There is a direct relation between the two functions, see Section 6.1. In the same
way as above a critical value for this graph, β̃c(q, r) is defined. The important
observation is now that these two models have the same critical value, i.e.

βc(q, r) = β̃c(q, r). (5.16)

This follows from a simple application of Lemma 5.7. Since the two critical values
coincide we continue with the model on Td.

It is clear from (5.15) that mq,r(β) = 0 is equivalent to θq,r(p) = 0 and from
Theorem 4.15 we then have

βc(q, r) = −1
2

log(1− pc(q, r)). (5.17)

As mentioned in Section 3.4.2 there is for the standard Potts model a critical value
describing at what β-value multiple Gibbs measures start appearing, if the graph
allows for that. For Td we define

βc(q) = sup{β : ∃ unique Gibbs measure for (q, β)-Potts model on Td}.

We know, since 0 < pc(q) < 1 in Theorem 4.14, that 0 < βc(q) < ∞. Moreover,
uniqueness of Gibbs measures is equivalent to non-percolation in the corresponding
random-cluster model, φ1

p,q(0 ←→∞) = 0, with p = 1− e−2β . Hence,

βc(q) = −1
2

log(1− pc(q)). (5.18)
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How are βc(q) and βc(q, r) related? Due to the definition of βc(q) and The-
orem 5.2 it is obvious that βc(q) ≤ βc(q, r). That could also be seen, applying
Proposition 4.16, the case r ≥ 1, to (5.17) and (5.18). An interesting question is
when do we have strict inequality, βc(q) < βc(q, r)? In that situation there are
β-values that yields non-zero magnetization in the traditional model with a one-
colored boundary, but no magnetization in the model with a mixed boundary. In
fact, we always have strict inequality (when r > 1) and there are actually several
different critical values, as the next theorem shows.

Theorem 5.9 Let q ≥ 3 and let m = dq/2e. Then

βc(q) = βc(q, 1) < βc(q, 2) < · · · < βc(q, m) = βc(q, m + 1) = · · · = β(q, q − 1).

We postpone the proof of Theorem 5.9 to Section 6.3.

5.4 New Gibbs measures
There would be little point in studying the mixed boundary Gibbs measure µβ,q,r

if it were just a convex combination of the basic Gibbs measures. In this section we
will see that this is indeed not the case. In fact, the critical value βc(q, r) marks the
point up to which the measure µβ,q,r can be found among the basic Gibbs measures.
Above βc(q, r) it cannot, not even as a convex combination.

For i = 1, . . . q, let as before µi
β,q denote the Gibbs measure for the q-state Potts

model on Td with inverse temperature β obtained by putting i on the boundary and
sending it to infinity. Likewise, let µ0

β,q denote the free boundary Gibbs measure
for the same model. The statements in the previous paragraph are proved below.

Proposition 5.10 Let 1 ≤ r ≤ q be integers. For β ∈ [0, βc(q, r)), and also for
β = βc(q, r) in the case r ≥ q/2, we have

µβ,q,r = µ0
β,q.

Proof. Let p = 1− e−2β . Then p ≤ pc(q, r). If p < pc(q, r) we have θq,r(p) = 0. If
p = pc(q, r) then we are in the case r ≥ q/2, and here θq,r(pc(q, r)) = θq′(pc(q′)) = 0
according to Theorem 4.17 since q′ = q/r ≤ 2. Hence, we conclude that in both
cases θq,r(p) = 0, or equivalently,

µβ,q,r(X(0) = 1) =
1
q
. (5.19)

Fix a self-avoiding path (vi)∞i=0 of vertices starting at the root and going off
to “infinity”. Let X ∼ µβ,q,r and consider the stochastic process (X(vi))∞i=0. We
will show that this process is a Markov chain. From (5.19) we see that the initial
distribution for X(v0) = X(0) is uniform on {1, . . . , q}. To show the Markov
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Figure 5.2: The relevant part for checking the Markov property.

property, take any n ∈ N and let l denote the vertices {v0, . . . , vn−1}, and let
v = vn, u = vn+1. Now X(u) and X(l) are conditionally independent given X(v)
because there is no connection between u and l other than through v, and in the
model the interactions are of distance one. Hence, we get

µβ,q,r(X (u) = σu|X(v) = σv, X(l) = σl)

=
µβ,q,r(X(u) = σu, X(l) = σl|X(v) = σv)

µβ,q,r(X(l) = σl|X(v) = σv)

=
µβ,q,r(X(u) = σu|X(v) = σv)µβ,q,r(X(l) = σl|X(v) = σv)

µβ,q,r(X(l) = σl|X(v) = σv)

= µβ,q,r(X(u) = σu|X(v) = σv),

proving the Markov property.
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Figure 5.3: The subtree T′d in the case d = 2.

Let us compute the transition matrix, i.e. µβ,q,r(X(u) = j|X(v) = i) for all i, j ∈
{1, . . . , q}. As above, due to conditional independence, we can disregard the graph
beyond v when computing this probability. To begin with, we take the finite u-
rooted subtree T′d with k generations, see Figure 5.3, and then later we let k →∞.

Let µ be the Gibbs measure on T′d having a mixed boundary with r out of q
colors. With γ = exp(−2β) we have

µ(X(u) = j) =

∑
{σ:σ(u)=j} µ(σ)∑
{all σ} µ(σ)

=
Pj(γ)

P1(γ) + . . . + Pq(γ)
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where Pm(γ), m = 1, . . . q are polynomials in γ, denoting the sum of the probabil-
ities of those configurations that have spin m at vertex u. Now, add to the graph
the vertex v with the forced spin value i, and see how this alters the measure. Let
µ̂ be the Gibbs measure with the same boundary condition on the new extended
graph. Thinking as above we get

µ̂(X(u) = j) =
γ1{i6=j}Pj(γ)

Pi(γ) + γ[P1(γ) + . . . + Pi−1(γ) + Pi+1(γ) + . . . + Pq(γ)]

=
γ1{i6=j}µ(X(u) = j)

µ(X(u) = i) + γ µ(X(u) 6= i)
.

Now we let k →∞. We get the following transition probabilities:

µβ,q,r(X(u) = j|X(v) = i) =
γ1{i6=j} µ̃β,q,r(X(0) = j)

µ̃β,q,r(X(0) = i) + γ µ̃β,q,r(X(0) 6= i)
. (5.20)

Now use (5.19) with Lemma 5.7 to simplify (5.20) to

µβ,q,r(X(u) = j|X(v) = i) =
γ1{i 6=j}

1 + (q − 1)γ
. (5.21)

We have a complete description of the behavior of µβ,q,r along the path (vi)∞i=0 as a
Markov chain with uniform initial distribution and transitions given by (5.21). Since
the path (vi)∞i=0 was arbitrary we have the same Markov chain description along
any “root to infinity”-path. In addition, two or more such paths are conditionally
independent given the spins on their common parts. Hence, the measure µβ,q,r is
fully specified by this Markov chain description. If we then note that there is no
dependence on r in this description, we may conclude that

µβ,q,r = µβ,q,q for all r ∈ {1, . . . , q}.
Since µβ,q,q = µ0

β,q we are done. ¤

Theorem 5.11 Let 1 < r < q be integers. For β > βc(q, r) and for β = βc(q, r) in
the case r < q/2, there is no solution (λ0, . . . , λq) ∈ Rq+1 to the equation

µβ,q,r = λ0µ
0
β,q +

q∑

i=1

λiµ
i
β,q. (5.22)

Proof. The main idea is to use the same kind of Markov chain as in the proof of
Proposition 5.10.

If β > βc(q, r) then mq,r(β) > 0. If β = βc(q, r) in the case r < q/2 we have from
Theorem 4.17 (since q′ > 2) that mq,r(β) > 0. Thus, in both cases mq,r(β) > 0, or

x := µβ,q,r(X(0) = 1) >
1
q
. (5.23)
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The symmetry (Corollary 5.4) implies that for any v ∈ Vd

{
µβ,q,r(X(v) = i) = x for i = 1, . . . , r,

µβ,q,r(X(v) = i) = y for i = r + 1, . . . , q,
(5.24)

where rx + sy = 1.
Consider a self-avoiding path (vi)∞i=0 starting at v0 = 0. If X ∼ µβ,q,r then

(X(vi))∞i=0 is a Markov chain. The chain is finite, irreducible and aperiodic, hence
ergodic. Having (5.24) in mind, the invariant distribution π is of course given by

π = [x · · · x︸ ︷︷ ︸
r

y · · · y︸ ︷︷ ︸
s

].

Let Nn ∈ Nq be the spin value frequency vector for the vertices v1, . . . , vn, and
consider the event

A = { lim
n→∞

Nn

n
= π}.

By ergodicity,
µβ,q,r(A) = 1.

We go on to compute the the probability for the same event under the other Gibbs
measures in (5.22). If X ∼ µ0

β,q then the Markov chain along the same path is
ergodic with uniform invariant distribution. From (5.23) and the ergodicity we get

µ0
β,q(A) = 0.

Finally, if X ∼ µi
β,q then the corresponding Markov chain has invariant distribution

of the form
[a · · · a︸ ︷︷ ︸

i−1

b a · · · a︸ ︷︷ ︸
q−i

],

where a < b. This distribution does not coincide with π since it has just one “high”
value, whereas π has r > 1 such values. Therefore, again using ergodicity,

µi
β,q(A) = 0, i = 1, . . . , q.

Testing the relation (5.22) against the event A now shows the theorem. ¤



Chapter 6

The magnetization

In this chapter we will study the magnetization function for the mixed boundary
Potts model. It turns out this function is right-continuous but may have a dis-
continuity (from the left) at some critical point and we will investigate for which
parameter combinations this occurs. We will also study the behavior around this
critical point in terms of critical exponents.

The regular structure of a homogeneous tree enables us to derive an expres-
sions for the magnetization in the Potts model. Although the computation of it is
straightforward, the magnetization function is expressed rather implicitly. We shall
mainly treat the Potts model on T̃d and study the magnetization at the root, i.e.
study

m̃q,r(β) = µ̃β,q,r(X(0) ∈ {1, . . . , r})− r

q
.

The corresponding function for Td is easily computed from the other as we shall see.
Recall from (5.16) that the two graphs have the same critical value. For 0 < p < 1,
let us define

ψq,r(p) = µ̃β,q,r(X(0) = 1), (6.1)

with β = − 1
2 log(1 − p) as usual. In general, it is better (more convenient) to

parameterize with p rather than β, even with no random-cluster representation
around. We will use p from now on. The function ψq,r(p) in (6.1) relates to the
magnetization (5.14) through m̃q,r(β) = r ψq,r(p)− r/q.

A few times in this chapter, the computations will get a bit complex due to
lengthy expressions with many parameters. If there are no difficulties in the deriva-
tions, we will sometimes skip the details. All expressions can be verified with some
symbolic computer program such as maple.

6.1 A recursive relation
We will here derive a recursive expression for the root magnetization. Recall the
notations defined in (5.8)–(5.10). Let us compute xk+1 and yk+1 in terms of xk

49
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and yk.
Consider the Potts model on the finite subtree of T̃d with k +1 generations and

with an r-colored boundary. Let i denote the number of sites with color 1 among
the d in generation 1, and let j denote the number of those sites that have a color
in {2, . . . , r}. Then proceed as in the proof of Lemma 5.7. We get

xk+1 ∝
d∑

i=0

d−i∑

j=0

(
d

i, j

)
xi

k

[
(r − 1)xk

]j [
1− rxk

]d−i−j
γd−i

=
d∑

i=0

(
d

i

)
xi

kγd−i
d−i∑

j=0

(
d− i

j

)[
(r − 1)xk

]j [
1− rxk

]d−i−j

=
d∑

i=0

(
d

i

)
xi

kγd−i
[
(r − 1)xk + 1− rxk

]d−i

=
[
xk + γ(1− xk)

]d
,

and analogously
yk+1 ∝

[
yk + γ(1− yk)

]d
.

Putting it together we arrive at

xk+1 =

[
xk + γ(1− xk)

]d

r
[
xk + γ(1− xk)

]d

+ s
[
yk + γ(1− yk)

]d
. (6.2)

Let us instead of γ use the parameter p = 1− e−2β = 1− γ. If we substitute 1− p
for γ in (6.2), use (5.11) and rearrange we get

xk+1 = fd
p,r,s(xk), (6.3)

where

fd
p,r,s(x) =

1

r + s
[

1−p+p(1−rx)/s
1−p+px

]d
. (6.4)

Normally, we will write f(x) instead of fd
p,r,s(x), suppressing the dependence on p,

r, s and d. For convenience, let us also write

f(x) =
1

r + s
[
g(x)

]d
, (6.5)

where we define

g(x) =
1− p + p(1− rx)/s

1− p + px
. (6.6)



6.1. A RECURSIVE RELATION 51

Theorem 6.1 Let 0 < p < 1 and let 1 ≤ r < q be integers. Consider the sequence
(ui)∞i=0 defined by {

uk+1 = f(uk), k = 0, 1, . . . ,

u0 = 1
r .

(6.7)

Then
u := lim

k→∞
uk (6.8)

exists and u = ψq,r(p) as defined in (6.1). Moreover, u is the largest solution to
the fixed point problem

x = f(x), x ∈ [
1
q , 1

r

]
. (6.9)

Proof. Let (ui)∞i=0 be defined as in the assumptions (6.7), and let β = − 1
2 log(1−p).

We know that x0 = µ̃0
β,q,r(X(0) = 1) = 1/r, because there is only one random

vertex for that measure and its spin is uniformly distributed on {1, . . . , r}. Hence,
u0 = x0. The relation (6.3) now implies that

uk = xk, k = 0, 1, . . . .

Proposition 5.6 then guarantees that the limit u exists and that u = ψq,r(p) as
stated. From the model it is clear that u ∈ [1/q, 1/r]. Besides, since f is continuous,
it follows from (6.7) and (6.8) that u satisfies u = f(u), i.e. solves the problem (6.9).
It remains to show that u is the largest solution to that problem.

0.2 0.21 0.22 0.23 0.24 0.25
0.2

0.21

0.22

0.23

0.24

0.25
q=5  r=4  d=6  p=0.4

0.2 0.21 0.22 0.23 0.24 0.25
0.2

0.21

0.22

0.23

0.24

0.25
q=5  r=4  d=6  p=0.6

Figure 6.1: The convergence of (6.7) illustrated in two cases. f(x) is plotted for
x ∈ [ 1q , 1

r ] when q = 5, r = 4 and d = 6. In the left plot p = 0.4 and in the right
plot p = 0.6.

By inspection, g(1/q) = 1, g(1/r) > 0 and g(x) is decreasing for 1
q ≤ x ≤ 1

r .
Put into f we then get

• f( 1
q ) = 1

q ,
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• f(x) is continuous and strictly increasing for 1
q ≤ x ≤ 1

r ,

• f( 1
r ) < 1

r .

We can conclude that if there is only one solution to (6.9) it must be u = 1/q.
This corresponds to no magnetization. On the other hand, if there are additional
solution to (6.9), the properties of f above imply that (ui)∞i=0 converges to the
largest solution to (6.9). We then have positive magnetization, which corresponds
to a phase transition. The two different situations are illustrated in Figure 6.1. ¤

Once the probability ψq,r(p) = µ̃β,q,r(X(0) = 1) is computed, e.g. from (6.9), we
easily get the corresponding probability for the graph Td. If we write fd(x) = f(x)
to emphasize the dependence on d, the relation (5.12) gives, when passing to the
limit,

µβ,q,r(X(0) = 1) = fd+1(µ̃β,q,r(X(0) = 1)). (6.10)

6.2 First and second order phase transition

Consider the function ψq,r(p) in (6.1). We know from Section 5.3 that a plot of
ψq,r(p) typically should look like one of those in Figure 6.2. The magnetization
function may be discontinuous at the critical value, as in the left plot. In physics
language, we then say we have a phase transition of the first order . If the magne-
tization is continuous at pc, we have a second order phase transition.

The equations (6.7) and (6.8) enable us to compute, at least approximately, the
function ψq,r(p) numerically. We simply iterate as in (6.7) until |uk+1−uk| < ε for
some small ε > 0. We then hope that uk is a good approximation of the limit u.
The two plots in Figure 6.2 were generated in matlab using the algorithm above
with ε = 10−14.
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0.3
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0.6

0.7

0.8

0.9

1
q=3  r=1  d=2

0.4 0.6 0.8 1
0.3

0.35

0.4

0.45

0.5
q=3  r=2  d=2

Figure 6.2: The function ψq,r(p) plotted for d = 2, q = 3 and r = 1 (left) and r = 2
(right).
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Judging from Figure 6.2, it would seem that the 3-state Potts model on T̃2 has
a phase transition of the first order when r = 1, but just of the second order when
r = 2. This observation, and some other qualitative aspects of ψ follow directly
from Theorem 4.17.

Corollary 6.2 The function ψq,r(p) is nondecreasing in p. For 1 ≤ q′ ≤ 2, i.e.
for r ≥ q/2, ψq,r(p) is continuous for all p. For q′ > 2, i.e. for r < q/2, ψq,r(p) is
continuous for all p 6= pc(q, r), while at p = pc(q, r), ψq,r(p) is continuous from the
right, but not from the left.

Proof. If we combine (6.10), (6.1), (4.14) and Corollary 5.3 we can write

ψq,r(p) = f−1
d+1

(
1
q

+
(

1
r
− 1

q

)
θq′(p′)

)
,

with p′ and q′ as in (4.9). Thus, ψq,r(·) is strictly increasing as a function of θq′(·).
Since also p 7→ p′ is strictly increasing, we can transfer all the properties from
Theorem 4.17 about θq to ψq,r. ¤
Put in words, Corollary 6.2 implies that the phase transition is the first order when
r < q/2 and of the second order when r ≥ q/2. Our observation in Figure 6.2 is
thereby confirmed.

Consider Figure 6.1 again. What happens when we go from the left to the
right plot, increasing p? We know that the function f(x) increases as p increases.
Somewhere on the way we pass pc since the largest solution to the fixed point
problem is 1/q in the left but not in the right plot. From the continuity of f(x)
in p it follows that y = f(x) should be tangential to the line y = x at x = ψq,r(p)
when p = pc(q, r).
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1.01
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Figure 6.3: The ratio f(x)/x and the line x ≡ 1 plotted at criticality, p = pc(q, r).
We have d = 2, q = 5 and r = 1 (left) and r = 4 (right).

The different behavior of the magnetization function in the two separate situations
r < q/2 and r ≥ q/2 can perhaps be a little better understood by studying the
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function f(x) at criticality, i.e. when p = pc(q, r). The equation x = f(x) can be
expressed as f(x)/x = 1 and in Figure 6.3 the ratio y = f(x)/x is plotted when
p = pc, along with the line y = 1. Note that y = f(x)/x is tangential to y = 1 at
their largest intersection, as expected. The left plot illustrates the first order phase
transition case, and the right plot the second order case.

In Section 6.4 the above statements are proved, with the present section hope-
fully aiding the intuition.

6.3 The discontinuity
Let us look more closely at the case q′ > 2. Corollary 6.2 tells us we have a
discontinuity in ψq,r(p) at p = pc(q, r). In this section we will try to discover where
this jump occurs and how large it is.

The simplest case is d = 2, where previous results are available.

Proposition 6.3 Let d = 2 and let 0 < r < q/2. Then

pc(q, r) =
1

1 +
1

2
√

rs

. (6.11)

Moreover, if r and q are integers, then

ψq,r(pc(q, r)) =
1
2r

.

Proof. From (4.9) and (4.13) we have

1
pc(q′)

=
1 + 2

√
q/r − 1

2
√

q/r − 1
=

1
2
√

q/r − 1
+ 1.

By inverting (4.9) and using p′ = pc(q′) we get

1
pc(q, r)

= 1 +
1
r

(
1

pc(q′)
− 1

)
= 1 +

1
2r

√
q/r − 1

= 1 +
1

2
√

rs
.

For the second statement we take p = pc(q, r) from (6.11) and plug it into f(x).
After simplification we get

f(x)− x =
(2rx− 1)2(1− rx− sx)

5r + 4sr2x2 + s + 4
√

rs− 8r2x + 4r3x2
.

The two roots to x = f(x) are x = 1/2r and x = 1/q, and since we know that
ψq,r(pc(q, r)) > 1/q from Corollary 6.2 we are done, due to Theorem 6.1. ¤

For d > 2 we will have to do with estimates.
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Proposition 6.4 Let q and r be fixed with q′ > 2. Write p
(d)
c for the critical

probability on the graph T̃d. Also define x
(d)
c = ψq,r(p

(d)
c ). Then

(i) {p(d)
c }∞d=2 is decreasing,

(ii) {x(d)
c }∞d=2 is increasing.

Proof. We will show (i) and (ii) by extending the two sequences to the real half-
line d ≥ 2. Let us write pc(d) and xc(d) to emphasize this extension, with these
“critical” quantities defined as follows.

Assume d ∈ [2,∞) is given. Introduce for x ∈ (
1
q , 1

r

]
and p ∈ (0, 1) the two

functions

F1(d, x, p) = fd
p,r,s(x)− x,

F2(d, x, p) =
∂

∂x
F1(d, x, p) =

d

dx
fd

p,r,s(x)− 1,

with fd
p,r,s from (6.4). We then define pc(d) and xc(d) as the (unique) solution

(xc(d), pc(d)) = (x, p) to the system

{
F1(d, x, p) = 0,

F2(d, x, p) = 0.
(6.12)

For integer d, (6.12) gives the correct critical values, due to (6.9) and Lemma 6.8
below, property (ii).

The system (6.12), which gives xc(d) and pc(d) implicitly from d, describes a
curve in R3. If we move along this curve, increasing d, we can observe how xc(d)
and pc(d) vary with d. Along the curve we have the differentials

dF1(d, x, p) =
∂F1

∂d
dd +

∂F1

∂x
dx +

∂F1

∂p
dp = 0 (6.13)

and

dF2(d, x, p) =
∂F2

∂d
dd +

∂F2

∂x
dx +

∂F2

∂p
dp = 0. (6.14)

All the partial derivatives are evaluated at some point (d, x, p) on the curve. Recall
that ∂F1/∂x = F2, and therefore the middle term in (6.13) vanishes due to (6.12).
Hence, if we can show that both remaining coefficients in (6.13) have the same sign,
then we have actually shown (i).

Putting (6.13) into (6.14) yields
{

∂F2

∂d
− ∂F2

∂p

∂F1

∂d

/
∂F1

∂p

}
dd +

∂F2

∂x
dx = 0.
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For the same reason we have shown (ii) if the two coefficients above have opposite
signs. In fact we will show the following.





∂F1/∂d > 0,

∂F1/∂p > 0,

∂F2/∂x ≤ 0,
∂F2
∂d − ∂F2

∂p
∂F1
∂d

/
∂F1
∂p > 0.

(6.15)

The remainder of this proof is devoted to showing (6.15).
Recall the notation of (6.4–6.6) and write g(x, p) instead of just g(x). After

rewriting g(x, p) a bit,

g(x, p) = 1− (qx− 1)/s

1/p− 1 + x
, (6.16)

we see that g(x, p) ∈ (0, 1) since x > 1/q. The first two inequalities of (6.15) now
follow by inspection.

The third inequality follows from Lemma 6.8 (iii) below.
The last inequality needs some more detailed computation. Let us define

G(d, x, p) = r + s
[
g(x, p)

]d
.

We can then write, in compact form (all functions are to be evaluated at a point
(d, x, p) on the curve), {

F1 = G−1 − x,

F2 = −G−2 G′x − 1.

We get

∂F2
∂d − ∂F2

∂p
∂F1
∂d

/
∂F1
∂p = 2G−3G′dG

′
x −G−2G′′xd − (2G−3G′pG

′
x −G−2G′′xp)

· (−G−2G′d)/(−G−2G′p)

= G−2
[
G′′xpG

′
d/G′p −G′′xd

]
.

The factor G−2 is positive and therefore we track the sign of the bracket. The
relevant partial derivatives are

G′d = sgd log g,

G′p = sdgd−1g′p,

G′′xp = sd(d− 1)gd−2g′xg′p + sdgd−1g′′xp,

G′′xd = sdgd−1g′x log g + sgd−1g′x,
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and we get

G′′xpG
′
d/G′p −G′′xd =

{
sd(d− 1)gd−2g′xg′p + sdgd−1g′′xp

} g log g

dg′p

−
{

sgd−1g′x + sdgd−1g′x log g
}

= sgd−1

[
(d− 2)g′x log g +

g′′xp

g′p
g log g − g′x

]
. (6.17)

Since sgd−1 > 0 we seek the sign of the bracket expression on the right-hand side
of (6.17). We can compute the derivatives of g from either (6.16) or the expression

g(x, p) = −r

s
+

1
s

q − pq + p

1− p + px
,

whichever is suitable. We arrive at

g′x = −p

s

q − qp + p

(1− p + px)2
< 0,

g′p = −1
s

qx− 1
(1− p + px)2

< 0,

g′′xp = −1
s

q − pq + p

(1− p + px)3
< 0.

Finally, use the inequality g log g > g − 1, valid for g ∈ (0, 1), to get

(d− 2)g′x log g +
g′′xp

g′p
g log g − g′x ≥ g′′xp

g′p
g log g − g′x >

g′′xp

g′p
(g − 1)− g′x

= − q − pq + p

(qx− 1)(1− p + px)
qx− 1

1− p + px

p

s
+

p

s

q − qp + p

(1− p + px)2
= 0.

We have shown that the bracket in (6.17) is positive and with that the last inequality
of (6.15) holds. ¤

The last two propositions give a lower bound on xc for all d. The next proposition
also gives an upper bound on xc. The proof is given in Section 6.4 after some useful
notation have been introduced.

Proposition 6.5 Assume Hypothesis 6.11 as stated below. Let q′ > 2 and define
xc = ψq,r(pc). Then

1
2r
≤ xc <

1
r
− 1

q
. (6.18)

We end this section by giving the proof of Theorem 5.9, which states that the
critical probability pc(q, r) is strictly increasing in r up to a certain point.
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Proof of Theorem 5.9. Let q ≥ 3 and m = dq/2e as in the assumptions. For all
r ∈ {m, . . . , q − 1} we have

q′ =
q

r
≤ q

m
≤ q

q/2
= 2

so we see from (5.17) and Table 4.1 (lower right-hand square) that the critical values
β(q, r) agree:

βc(q,m) = βc(q,m + 1) = · · · = βc(q, q − 1).

For r = m− 1 we have that

q′ =
q

r
=

q

m− 1
=

q

dq/2e − 1
>

q

q/2
= 2,

so if we use (5.17) together with Table 4.1 once again we get

βc(q,m− 1) < βc(q, m).

It remains to show that βc(q, r) < βc(q, r + 1) for 1 ≤ r ≤ m− 2. This is the hard
part.

We start by noting that the probability in (4.8) is increasing in η and decreasing
in r. Thus, using Theorem 2.8 and passing to the limit in the usual manner, we get

φ1
p,q,r ºD φ1

p,q,r+1.

Since {0 ←→∞} is increasing we can use Corollary 5.3 next to get

µβ,q,r(X(0) = 1) ≥ µβ,q,r+1(X(0) = 1).

The corresponding relation then also holds for the tree T̃d, of course:

µ̃β,q,r(X(0) = 1) ≥ µ̃β,q,r+1(X(0) = 1),

or
ψq,r(p) ≥ ψq,r+1(p), 0 < p < 1. (6.19)

Since we have r ≤ m − 2, both ψq,r and ψq,r+1 are discontinuous according to
Corollary 6.2 with discontinuity points pc(q, r) and pc(q, r + 1), respectively. If we
can show that

ψq,r+1(pc(q, r)) = 1/q. (6.20)

it would then follow that pc(q, r) < pc(q, r + 1), completing the proof by means of
(5.17).

Fix q and write fr(x) = f(x) with f as defined in (6.4) to emphasize the
dependence on the parameter r. To establish (6.20) we show that there is no
solution to (6.9) other than x = 1/q when f(x) = fr+1(x) and p = pc(q, r). Then
Proposition 6.1 implies (6.20).
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Define x̂ = ψq,r(pc(q, r)) and note that fr(x̂) = x̂. By (6.19) it suffices to show
that x = fr+1(x) with x ∈ (1/q, x̂] has no solution to complete the proof.

Let p = pc(q, r), take any x ∈ (1/q, x̂] and write

1
fr+1(x)

= r + 1 + (s− 1)

[
1− p + p1−(r+1)x

s−1

1− p + px

]d

= r + 1 + (s− 1)
[
1− p + p 1−rx

s

1− p + px

]d
[

1− p + p 1−(r+1)x
s−1

1− p + p 1−rx
s

]d

. (6.21)

We know from Proposition 6.1 that fr(x) < x, x ∈ (1/q, 1/r] when p < pc(q, r). By
continuity of fr in p we conclude that fr(x) ≤ x, x ∈ [1/q, 1/r], when p = pc(q, r).
The inequality can be written

[
1− p + p 1−rx

s

1− p + px

]d

≥
1
x − r

s
, x ∈

[1
q
,
1
r

]
, (6.22)

thereby estimating the first bracket in (6.21). For the second bracket, use the
inequalities (1 − y)d ≥ 1 − dy when 0 ≤ y ≤ 1 and p = pc(q, r) < q/(d + q − 1) to
get

[
1− p + p1−(r+1)x

s−1

1− p + p 1−rx
s

]d

=


1−

p
{

1−rx
s − 1−(r+1)x

s−1

}

1− p + p1−rx
s




d

≥ 1−
d

{
qx−1

s(s−1)

}

1
p − 1 + 1−rx

s

> 1−
d

{
qx−1

s(s−1)

}

d+q−1
q − 1 + 1−rx

s

= 1− dq

s− 1
qx− 1

s(d− 1) + q(1− rx)
. (6.23)

Finally, put (6.21) together with (6.22) and (6.23):

1
fr+1(x)

> r + 1 + (s− 1)
1− rx

sx

{
1− dq

s− 1
qx− 1

s(d− 1) + q(1− rx)

}

= 1 +
s− 1 + rx

sx
− 1− rx

sx

dq(qx− 1)
s(d− 1) + q(1− rx)

=
1
x

+
qx− 1

sx

{
1− dq(1− rx)

s(d− 1) + q(1− rx)

}

=
1
x

+
qx− 1

sx

{
s(d− 1)− (d− 1)q(1− rx)

s(d− 1) + q(1− rx)

}

≥ 1
x

+
qx− 1

sx
(d− 1)

s− q(1− r 1
q )

s(d− 1) + q(1− rx)

=
1
x

.

¤



60 CHAPTER 6. THE MAGNETIZATION

6.4 Critical exponents
In the Potts model interesting phenomena occur when β (or p) is close to its critical
value. We will in this section study the magnetization around this critical value.
Fix q, r and d and write ψ and pc for ψq,r and pc(q, r) respectively. The main
question is: As p approaches pc from above, how does the function ψ behave? For
similar functions in statistical physics, it is commonly believed that they behave as
powers of p− pc. That is to say,

ψq,r(p)− ψq,r(pc) ≈ (p− pc)β for some β > 0. (6.24)

The constant β may of course depend on q, r and d. Sometimes it is not clear how
strong one may expect such an asymptotic relation as (6.24) to be. We therefore
make the following definition.

Definition 6.6 If the limit

lim
p↓pc

log[ψ(p)− ψ(pc)]
log[p− pc]

= β (6.25)

exists we call β the critical exponent for the function ψ at pc.

Critical exponents come up in many areas of percolation with critical behavior.
In most cases the exponents are only conjectured to exist, taking values suggested
by physicists. However, we lack rigorous proofs of the existence of these exponents.

Here, for the Potts model on regular trees, we have in Proposition 6.1 a rather
implicit description of ψ. Still, it is explicit enough to allow for the following result.
A defect of the result is that it, in the q′ > 2 case, hinges on Hypothesis 6.11 below,
which we have not (yet) been able to prove, but the truth of which we do not doubt.

Theorem 6.7 Assume Hypothesis 6.11. The critical exponent β in (6.25) then
exists for the function ψ = ψq,r. Moreover,

β =

{
1 if 1 ≤ q′ < 2,
1
2 if q′ ≥ 2,

(6.26)

where q′ = q/r.

Before proving Theorem 6.7, we need some properties of the function f .

Lemma 6.8 Consider f as defined in (6.4) as a function of both x and p, f =
f(x, p). Define xc = ψ(pc) and Df =

(
0, 1

r

)× (0, 1). Then

(i) f(x, p) is infinitely differentiable in Df ,

(ii) ∂f
∂x (xc, pc) = 1,

(iii) ∂2f
∂x2 (xc, pc) ≤ 0,
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(iv) ∂kf
∂pk (1

q , p) = 0, 0 < p < 1, k = 1, 2, . . ..

Proof. Property (i) is immediate, since f(x, p) is a rational function with a positive
denominator in the domain Df .

Property (ii) was indicated in Section 6.2. We know that xc is the largest
solution to f(x, pc) = x, 1/q ≤ x ≤ 1/r. Since f(1/r, p) < 1/r it is clear from
continuity that

∂f

∂x
(xc, pc) ≤ 1.

To get a contradiction to (ii), assume that

∂f

∂x
(xc, pc) < 1.

We then have two cases. If xc = 1/q there exists, by continuity in p and the fact that
f(1/q, p) = 1/q for all p, some p0 > pc such that f(x, p0) < x for all x ∈ (1/q, 1/r].
This contradicts the definition of pc. On the other hand, if xc > 1/q, then there
exists, since f(x, p) is strictly increasing in p when x > 1/q, some other p0 < pc

such that f(x0, p0) = x0, where 1/q < x0 < xc. This also contradicts the definition
of pc.

Property (iii) follows from (ii): If ∂2f
∂x2 (xc, pc) > 0, then (ii) would imply that

f(x, pc) > x in some right neighborhood of xc. This contradicts the facts that xc is
the largest solution to f(x, pc) = x and that f is continuous with f(1/r, pc) < 1/r.

Property (iv) follows from the identity f(1/q, p) = 1/q for all p. ¤
In one case we will need a refinement of Lemma 6.8.

Lemma 6.9 When q′ > 2 we have

∂2f

∂x2
(xc, pc) < 0.

Proof. Recall the notation of (6.5) and (6.6). The variable p is suppressed, but
should be evaluated at p = pc(q, r).

f ′(x) = −
[
r + s gd(x)

]−2

s d gd−1(x)g′(x)

= −f2(x)s d
gd(x)
g(x)

g′(x)

= −f2(x)d
[

1
f(x)

− r

]
g′(x)
g(x)

= d
(
rf2(x)− f(x)

)
h′(x), (6.27)

where we define
h(x) = log g(x), 1/q ≤ x ≤ 1/r. (6.28)
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We then get

f ′′(x) = d
(
2rf(x)f ′(x)− f ′(x)

)
h′(x) + d

(
rf2(x)− f(x)

)
h′′(x)

=
(
2rf(x)f ′(x)− f ′(x)

) f ′(x)
rf2(x)− f(x)

+ d
(
rf2(x)− f(x)

)
h′′(x).

At xc we have f(xc) = xc and f ′(xc) = 1 and therefore

f ′′(xc) = (2rxc − 1)
1

rx2
c − xc

+ d(rx2
c − xc)h′′(xc). (6.29)

From Proposition 6.5 we know that 2rxc − 1 ≥ 0. Since rx2
c − xc < 0 we will get

f ′′(xc) < 0 in (6.29) completing the proof once we have shown that h′′(xc) > 0.
Differentiating (6.28) twice, with g from (6.6), yields

h′′(x) =
−(rpc)2

(s− spc + pc − pcrx)2
+

p2
c

(1− pc + pcx)2
.

Since h′′(x) is decreasing (it is easy to see that h′′′(x) < 0) it will have at most one
zero. Solving h′′(x) = 0 for x we get

s− spc + pc − pcrx = r(1− pc + pcx)

or

x =
1
2r

+
1
2r

(s− r)(
1
pc
− 1).

The expression for this root is decreasing in pc and since pc < q/(q+d−1) ≤ q/(q+1)
we get the bound

x >
1
2r

+
1
2r

(s− r)(
q + 1

q
− 1)

=
q + (s− r)

2rq

=
s

rq
=

1
r
− 1

q
.

Finally, according to Proposition 6.5, xc is less than this root and as a result
h′′(xc) > 0 as desired. ¤

Remark 6.10 Lemma 6.9 makes it possible to strengthen the third inequality of
(6.15) to strict inequality. As a consequence, Proposition 6.4 can be improved upon:
the two sequences in (i) and (ii) are in fact strictly monotone.
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Using the notations from the last proof, we take the opportunity to find out
more about xc in the q′ > 2 case. Suppose p = pc(q, r). Then, since f(xc) = xc

and f ′(xc) = 1, we get this relation for xc from (6.27),

1 = d (rx2
c − xc)h′(xc)

= d (rx2
c − xc)

{ −pr/s

1− p + p(1− rxc)/s
+

−p

1− p + pxc

}

= d (rx2
c − xc)

{
− qp− qp2 + p2

(s− sp + p− prxc)(1− p + pxc)

}
.

We can after rearrangements write this as a quadratic equation,

ax2
c − bxc + c = 0, (6.30)

with the coefficients




a = r
(
dq(1− p) + (d− 1)p

)
> 0,

b = dq(1− p) + (d− 1)p− (s− r)(1− p) > 0,

c = s/p + 1− 2s + sp− p > 0.

(6.31)

The solutions to (6.30) are
b

2a
±
√

b2 − 4ac

2a
.

We may discard the smaller root, since

b− a

r
= −(s− r)(1− p) < 0 ⇒ b

2a
<

1
2r

,

and we know that xc ≥ 1/2r from Proposition 6.3 in conjunction with Proposi-
tion 6.4. Therefore

xc =
b +

√
b2 − 4ac

2a
(6.32)

One may note that the discriminant in (6.32), b2−4ac, must be non-negative when
p = pc(q, r). In fact, this condition gives a lower bound for pc, see Figure 6.4.

With a, b, and c as in (6.31), define the function

ϕ(p) =
b +

√
b2 − 4ac

2a
(6.33)

for those p ∈ [0, 1] where the discriminant is non-negative. The formula (6.32)
is then expressed as xc = ϕ(pc). Figure 6.4 motivates the following hypothesis
(without proof).

Hypothesis 6.11 For 1 ≤ r < s and d ≥ 2 the function ϕ(p) in (6.33) is increas-
ing in p.
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0.1
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p

Figure 6.4: The solutions to (6.30), with ϕ(p) solid and the other root dashed. The
star marks (p, x) = (pc, 1/2r) and the diamond (q/(q + d − 1), 1/2r). Parameters
are (q, r, d) = (3, 1, 2) left and (6, 2, 5) right.

We are now ready to prove Proposition 6.5.

Proof of Proposition 6.5. The left-hand inequality of (6.18) follows immediately
from Proposition 6.3 together with Proposition 6.4.

The right-hand inequality follows from Hypothesis 6.11 and Theorem 4.15,

xc = ϕ(pc) ≤ ϕ

(
q

q + d− 1

)
=

q − r

qr
+

r − s

qr(d + 1)
<

1
r
− 1

q
.

¤
With these preparations we can at last turn to the proof of Theorem 6.7.

Proof of Theorem 6.7. Take p > pc and let x ∈ [1/q, 1/r] be defined as the largest
solution to

x = f(x, p). (6.34)

Writing
(x, p) = (xc, pc) + (h, k),

we should think of h and k as small. We will let p ↓ pc, i.e. let k ↓ 0, and since ψ(p)
is non-decreasing and continuous for p ≥ pc it follows that h ↓ 0 also. We make
use of Lemma 6.8 (i) and make a third order Taylor expansion of f(x, p) around
(xc, pc),

f(x, p) =
3∑

j=0

1
j!

(
h

∂

∂x
+ k

∂

∂p

)j

f(xc, pc) + O(|(h, k)|4)

= f(xc, pc) + hf1 + kf2 +
1
2!

(h2f11 + 2hkf12 + k2f22) +

1
3!

(h3f111 + 3h2kf112 + 3hk2f122 + k3f222) + O(|(h, k)|4).
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All partial derivatives are to be evaluated at (xc, pc). Here, |(h, k)| = √
h2 + k2. If

we combine Lemma 6.8 (ii) with (6.34) and f(xc, pc) = xc we get the equation

0 = kf2 +
1
2!

(h2f11 + 2hkf12 + k2f22) +

1
3!

(h3f111 + 3h2kf112 + 3hk2f122 + k3f222) + O(|(h, k)|4). (6.35)

We have three different cases depending on the value of q′.
1 ≤ q′ < 2 In this case we have r > s, pc = q/(q + d − 1) and xc = 1/q.
Lemma 6.8 (iv) into (6.35) leaves this equation for h,

0 =
1
2
hf11 + kf12 + O(|(h, k)|2).

A direct computation of the partial derivatives results in

f11(xc, pc) = − (d− 1)q(r − s)
ds

< 0, (6.36)

f12(xc, pc) =
(q + d− 1)2

dq
=

q

dp2
c

> 0. (6.37)

Both f11 and f12 are non-zero, making the rest term negligible in the limit as k ↓ 0.
Thus,

lim
p↓pc

log[ψ(p)− ψ(pc)]
log[p− pc]

= lim
k↓0

log h

log k
= lim

k↓0
log[−2f12/f11 · k]

log k
= 1.

For p close to the right of pc we have the approximation

ψ(p)− ψ(pc) ≈ 2f12

−f11
(p− pc) =

2s

(d− 1)p2
c(r − s)

(p− pc). (6.38)

q′ = 2 In this case we have r = s, pc = q/(q + d− 1) and xc = 1/q. Now f11 = 0,
see (6.36), so (6.35) reduces to

0 = kf12 +
1
6
h2f111 +

1
2
hkf112 +

1
2
k2f122 + O(|(h, k)|3).

The derivatives are this time

f111(xc, pc) = −2(d2 − 1)q2

d2
< 0,

f112(xc, pc) = 0,

f122(xc, pc) =
2(q − 1)q

d2p3
c

> 0.
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Solving our equation for h, we can neglect the term with k2 and higher order terms
when we let k ↓ 0. Thus,

lim
p↓pc

log[ψ(p)− ψ(pc)]
log[p− pc]

= lim
k↓0

log h

log k
= lim

k↓0
log

√
−6f12/f111 · k

log k
=

1
2
.

An approximation of the same type as before is

ψ(p)− ψ(pc) ≈
√

6f12

−f111

√
p− pc =

√
3d

(d2 − 1)p2
cq

√
p− pc. (6.39)

q′ > 2 In this case we have r < s, pc < q/(q +d−1) and xc > 1/q. It follows from
the second inequality of (6.15) that f2 > 0. Also, f11 < 0 by Lemma 6.9. Equation
(6.35) reduces to

0 = kf2 +
1
2
h2f11 + hkf12 +

1
2
k2f22 + O(|(h, k)|3).

Solving for h, we can ignore the terms with hk, k2 and higher order terms when
k ↓ 0. We get

lim
p↓pc

log[ψ(p)− ψ(pc)]
log[p− pc]

= lim
k↓0

log h

log k
= lim

k↓0
log

√
−2f2/f11 · k
log k

=
1
2
.

¤
In the last case, when q′ > 2, we do not get an explicit approximation such as (6.38)
or (6.39) for ψ near pc. However, when d = 2, we can make use of Proposition 6.3.
With xc = 1/2r and pc known the relevant partial derivatives are easy to compute.

f2(xc, pc) =
(s− r)(2

√
rs + 1)2

√
rs

4r2s(
√

r +
√

s)2

f11(xc, pc) = − 2(s− r)r
(
√

r +
√

s)2

From the proof of Theorem 6.7 we then have the following approximation for p
close to the right of pc,

ψ(p)− ψ(pc) ≈
√

2f2

−f11

√
p− pc =

2
√

rs + 1
2r 4
√

rs

√
p− pc. (6.40)

It is notable that if we in this approximation let r = s, it then agrees with (6.39), the
case q′ = 2 with d = 2. In Figure 6.5 the approximated expressions (6.38)–(6.40)
are plotted. In the case q′ < 2, a better approximation than the linear function
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Figure 6.5: The function ψq,r(p) (solid) and the approximations near p = pc

(dashed), see (6.38)–(6.40). Here d = 2, q = 4 and r = 1, 2, 3.

(6.38) is available. If we make use of Lemma 6.8 to simplify (6.35) we get

0 =
1
2
hf11 + kf12 +

1
6
h2f111 +

1
2
hkf112 +

1
2
k2f122 + O(|(h, k)|3).

If we drop the error term and solve the second order equation for h, we get a better
approximation of ψ(p) than (6.38). A plot of this kind of approximation is shown
in Figure 6.6.

0.78 0.8 0.82 0.84 0.86
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Figure 6.6: The function ψq,r(p) (solid) and an approximations near p = pc

(dashed). Here d = 2, q = 4 and r = 3.
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Chapter 7

The beach model and percolation

In the paper [6], from 1994, Burton and Steif investigate the non-uniqueness of
measures of maximal entropy for subshifts of finite type (defined below). The
authors present a model which is an example of a strongly irreducible subshift of
finite type which has more than one measure of maximal entropy in some part of its
parameter space. The model later got the name ’the beach model’. In [7] Burton
and Steif study the beach model further and present a variant which has exactly q
ergodic (extremal) measures of maximal entropy for any given q ∈ N.

The beach model (with q = 2) was somewhat enlarged and further studied by
Häggström, [25]. It was shown in [25] that the parameter has a critical value above
which there is more than one measure of maximal entropy and below which there
is only one such measure. This is similar to the phase transition phenomenon for
the Ising model. The whereabouts of this critical value in the Zd case could only
be given as a rather broad interval, with endpoints depending on the dimension d.

In this chapter we will define the beach model and investigate some of its other
similarities with the Ising model, beside the critical parameter behavior.

7.1 The model as a subshift of finite type

We will first define what is meant by a subshift of finite type on Zd and then later
introduce the beach model (following Burton and Steif). Let Ty with y ∈ Zd denote
the “translation by y”-operator acting on configurations (defined in Section 2.1.2).

Definition 7.1 Let σi : Γi → S, 1 ≤ i ≤ K, be a finite set H of configurations
with Γi ⊂ Zd finite for each 1 ≤ i ≤ K. The subshift of finite type (in d dimensions)
corresponding to H is the set X ⊂ SZ

d

consisting of all configurations σ : Zd → S
such that for all y ∈ Zd, it is not the case that Tyσ is an extension of some σi (The
σi’s should be thought of as the disallowed finite configurations).

Subshifts of finite type (SOFTs) are shift invariant, i.e. if σ ∈ X then also Tyσ ∈ X.

71
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A configuration σ̃ : Γ → S is said to be compatible (with X) if ∃σ ∈ X such
that σ̃ is a restriction of σ.

Definition 7.2 Let X be a SOFT. X is strongly irreducible if there is an r ≥ 0
such that whenever we have two finite compatible configurations σ1 : Γ1 → S and
σ2 : Γ2 → S and the distance between Γ1 and Γ2 is greater than r, there is an
σ ∈ X that is an extension of both σ1 and σ2.

The next definition gives a measure of the degree of complexity of a SOFT.
Let Λn = [−n, n]d and Xn = {σ̃ : Λn → S with σ̃ compatible}. Further we let
Nn = |Xn| and finally X(σ̃) = {σ ∈ X : σ is an extension of σ̃}, where σ̃ : Λn → S.

Definition 7.3 The topological entropy of X is

H(X) = lim
n→∞

log Nn

|Λn| .

Suppose that µ is a translation invariant probability measure on X. Then the
measure theoretic entropy of µ is

H(µ) = lim
n→∞

− 1
|Λn|

∑

σ̃∈Xn

µ(X(σ̃)) log µ(X(σ̃)).

Both of these limits exist by sub-additivity. Clearly for any such µ we have H(µ) ≤
H(X). It is in fact well known that supµ H(µ) = H(X) where the supremum
is taken over all translation invariant probability measures on X. Moreover, the
supremum is achieved at some measure (see [37]). In the case of strong irreducibility
there is in 1 dimension always a unique measure of maximal entropy, as was shown
by Parry [40]. However, for d ≥ 2 there sometimes exist more than one measure
of maximal entropy. By analogy with the Ising model we say that we have a
phase transition when multiple measures of maximal entropy exist. Here it will be
exemplified by the beach model.

The following characterization of measures with maximal entropy for strongly
irreducible SOFTs is from [6]. The (i)⇒(ii) direction of Proposition 7.4 was shown
under some extra assumption, but it was noted in [23] that this assumption could
be dropped.

Proposition 7.4 Let X be a strongly irreducible SOFT for which the disallowed
finite configurations consists only of pairs of neighbors. Let µ be a translation
invariant probability measure on X. Then the following statements are equivalent.

(i) µ is a measure of maximal entropy.

(ii) The conditional distribution of µ on any finite set Γ given the configuration
on ∂Γ is µ-a.s. uniform over all configurations on Γ which (together with the
configuration on ∂Γ) extend the configuration on ∂Γ.
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We are now ready to describe the beach model.

Definition 7.5 Take d ≥ 2, M ∈ {2, 3, . . .} and let S′ = {−M,−M + 1, . . . ,−1,
1, . . . ,M − 1, M}. The beach model in d dimensions with parameter M is the d-
dimensional SOFT where a negative in S′ may not sit next to a positive, unless
they both have one as their absolute value.

It is the interpretation in two dimensions of the symbols representing altitude above
the sea level that has given rise to the name of the model; the rules of the model
prevent the shores from being too steep.

The beach model is a SOFT satisfying the conditions of Proposition 7.4. This
tells us that for the beach model, looking for measures of maximal entropy, is the
same as looking for measures with uniform conditional distributions.

One of the main results in [6] is that we have a phase transition for the beach
model when the parameter M is large enough:

Proposition 7.6 (Burton and Steif) Consider the beach model and let d ≥ 2.
If

M > 4e28d

then there are exactly 2 ergodic measures of maximal entropy in d dimensions.

7.2 The model with a continuous parameter

In the previous section the parameter of the model, M , was integer-valued. It was
desirable to extend the parameter space, and in [25] a beach model variant allowing
for rational M ≥ 1 was presented, where essentially the two spin values −1 and +1
were replaced by several new spin values.

In this section we will treat (and stay with) yet another formulation of the beach
model, appearing initially in [28]. Compared to the original formulation this one
has the advantage of a smaller state space and a real-valued parameter. It is no
longer a SOFT, but can instead be formulated for a wider class of graphs.

7.2.1 Definition

The state space for this model is S = {−2,−1, 1, 2}. Here the former spins
2, 3, . . . , M have been represented by the 2 and similarly for the negative spins.
To keep what once were uniform conditional distributions, we let the measure put
weights (M−1), 1, 1, (M−1) respectively on the new spins. The model parameter
M can now take all real values in (1,∞).

Consider some graph G = (V,E) ∈ G. We say that a configuration σ ∈
{−2,−1, 1, 2}Λ with Λ ⊂ V is BM-feasible if for each neighbor pair x ∼ y we
have σ(x)σ(y) ≥ −1. Note that this criterion of feasibility is just a reformulation
of the one appearing in Definition 7.5.
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Definition 7.7 A probability measure µ on SV is said to be a Gibbs measure for
the beach model on G = (V, E) with parameter M > 1 if for all finite Λ ⊂ V , all
σ ∈ SΛ and µ-a.a. η ∈ SΛc

we have

µ(X(Λ) = σ|X(Λc) = η) =
1

ZΛ,η
M

(M − 1)n−2(σ)+n+2(σ)1{(σ∨η) BM-feasible}. (7.1)

Here n−2(σ) and n+2(σ) are the number of −2’s and +2’s in σ. The reason why
we use the quantifier “µ-a.a.” rather than “all BM-feasible” for the set of outer con-
figurations is that certain BM-feasible configurations η may cause (σ∨ η) to be not
BM-feasible for every σ ∈ SΛ. Note that a beach model Gibbs measure, condi-
tioned on the configuration η outside Λ, only depends on η through the condition
that (σ ∨ η) should be BM-feasible, and that this in turn only involves the configu-
ration on the region boundary ∂Λ. For that reason it is sometimes more convenient
to simply condition on {X(∂Λ) = η(∂Λ)} rather than on {X(Λc) = η(Λc)}, getting
the same conditioned measure. To conclude, a beach model Gibbs measure has the
Markov random field property (2.1).

7.2.2 Existence of Gibbs measure

One natural way to construct Gibbs measures for the beach model on G is to use the
same idea as for the Ising model. It turns out the model possesses the monotonicity
properties required, which are expressed in the lemma below.

The corresponding lemma for SOFTs on Zd was stated by Burton and Steif in
[6]. Let Λ ⊂ V be finite and for any η ∈ Ω, write µΛ,η for the beach model measure
on Ω that agrees with η outside Λ and else follows the right-hand side of (7.1).

Lemma 7.8 Let Λ ⊂ V be finite, and let η1 and η2 be two spin configurations on
Ω satisfying η1 ¹ η2. Then we have

µΛ,η1 ¹D µΛ,η2 .

Proof. The idea is to use Theorem 2.8. We need to check for all x ∈ Λ, all a ∈
{−2,−1, 1, 2} and all η ∈ Ω that µΛ,η(X(x) ≥ a|X(Λ \ {x}) = σ) is increasing in
σ. But this could easily be done. The cases a = 2 and a = 1 are shown below. The
case a = −1 follows from the case a = 2 using the model symmetry, and the case
a = −2 is trivial. Let Sσ,x ⊂ S denote the spin values represented in σ(∂{x}).

µΛ,η(X(x) ≥ 2|X(Λ \ {x}) = σ) =





0 if Sσ,x ∩ {−1,−2} 6= ∅,
M−1
M+1 if Sσ,x = {1},
M−1

M otherwise.
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This conditional probability is increasing in σ.

µΛ,η(X(x) ≥ 1|X(Λ \ {x}) = σ) =





0 if Sσ,x 3 −2,
1

M+1 if Sσ,x = {−1},
1
2 if Sσ,x = {−1, 1},
M

M+1 if Sσ,x = {1},
1 otherwise.

This conditional probability is also increasing in σ and we are done. ¤ It could

be argued that the measure µΛ,η should be called µM
Λ,η to stress the fact that the

parameter for the measure is M , but we will suppress this dependence on M .
Let (Λn)∞n=1 be an exhaustion of G and fix a vertex o ∈ Λ1 called the origin.

Then, denote by µ+,n the probability measure obtained by taking Λ = Λn together
with the boundary condition ξ ≡ 2, i.e. µ+,n = µΛn,ξ. These measures are then
stochastically ordered:

µ+,1 ºD µ+,2 ºD · · · . (7.2)

This follows from Lemma 7.8 because µ+,n could be obtained from µ+,n+1 by
conditioning on the increasing event that X ≡ 2 on Λn+1 \ Λn.

We see, by (7.2) and compactness of {−2,−1, 1, 2}V, that the sequence (µ+,n)∞n=1

has a limit. This limit, called the ‘plus measure’, is denoted µ+. To see that this is
a Gibbs measure for the beach model, we need to check for any finite Λ ⊂ V and
any η ∈ S∂Λ that µ+ satisfies (7.1). This however, is immediate from the fact that
the same property holds for µ+,n for each n which is large enough for Λ∪ ∂Λ to be
contained in Λn.

For consistency, we should check that the limiting measure µ+ is independent of
the choice of exhaustion. Assume (Λ′)∞n=1 is another exhaustion of G with measures
µ′+,n and limit µ′+, and we will see that we must have µ+ = µ′+. We are done if it
can be established that µ+ ¹D µ′+, because then by symmetry µ′+ ¹D µ+ implying
µ+ = µ′+. In fact, from Corollary 2.7 it is enough to show µ+ ¹D µ′+,n. So fix n and
find m0 large enough so that Λm ⊃ Λ′n for all m > m0. Then µ+,m ¹D µ′+,n, which
yields the desired domination upon letting m → ∞. The result is summarized as
follows.

Proposition 7.9 The limiting probability measure

µ+ = lim
n→∞

µ+,n

on {−2,−1, 1, 2}V exists and is a Gibbs measure for the beach model on G. The
limit is independent of the choice of exhaustion.
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By the symmetry of the model, we of course have a measure analogous to µ+, the
‘minus measure’ µ−, obtained with boundary condition −2 rather than 2. Now,
from Lemma 7.8 we have

µ−,n ¹D µΛn,η ¹D µ+,n (7.3)

for any η ∈ Ω and n ∈ N. Let µ be any Gibbs measure for the beach model with
parameter M . Taking the average

∫
µ(dη) in (7.3), we obtain µ−,n ¹D µ ¹D µ+,n,

and in the limit
µ− ¹D µ ¹D µ+, (7.4)

where µ is any beach model Gibbs measure. Here we see that µ− and µ+ play a
special role and are extremal in the sense of stochastic ordering.

From (7.4) we also obtain an efficient criterion for the existence of a phase
transition. A corresponding criterion is valid for the Ising model and was there first
observed by Lebowitz and Martin-Löf [36] and Ruelle [43].

Proposition 7.10 For the beach model on a graph G ∈ G with parameter M , the
following statements are equivalent.

(i) There is more than one Gibbs measure;

(ii) µ+ 6= µ−;

(iii) µ+(X(o) > 0) > 1
2 ;

(iv) ∃ ε > 0 such that µ+,n(X(o) > 0) ≥ 1
2 + ε for all n.

Here we will only show (i)⇔(ii)⇐(iii)⇔(iv), and postpone the missing link (ii)⇒(iii)
to Section 8.2.

Proof of (i)⇔(ii)⇐(iii)⇔(iv) in Proposition 7.10. The implications (iv)⇒(iii) and
(ii)⇒(i) are immediate. (i)⇒(ii) follows from the relation (7.4). (iii)⇒(iv) is obvious
observing from (7.2) that {µ+,n(X(o) > 0)}∞n=1 is a decreasing sequence with a limit
> 1/2. (iii)⇒(ii): By ±-symmetry µ−(X(o) > 0) = µ+(X(o) < 0) = 1−µ+(X(o) >
0) < 1/2, so µ− and µ+ differ at the origin. ¤
Proposition 7.10 says that we get a lot of information by just looking at a single site.
If its spin direction is biased in the plus measure, then we have a phase transition.

7.2.3 Properties of µ+

We will now state some properties of µ+ that will be useful later on.
By tail triviality of a measure µ on (Ω,F) we mean the following. For some

ordering of the vertices V = {v1, v2, . . .}, let Fn = σ(X(vn+1), X(vn+2), . . .) and
define T = ∩nFn. In words, T is the collection of events that do not change when
altering a finite number of spins. µ is said to have a trivial tail if for all events A ∈ T ,
either µ(A) = 0 or µ(A) = 1. To check that T does not depend on the vertex order,
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let v′1, v
′
2, . . . be some other ordering and let π denote the permutation defined by

v′π(n) = vn, n ∈ N. If F ′n = σ(X(v′n+1), X(v′n+2), . . .) and T ′ = ∩nF ′n, then we will
show that T = T ′. Take some event A 6∈ T . Then there exists some m such that
A 6∈ Fm. Define M = max(π(1), . . . , π(m)). Then {v1, . . . , vm} ⊂ {v′1, . . . , v′M}
and therefore F ′M ⊂ Fm. Thus A 6∈ F ′M and obviously A 6∈ T ′. This shows that
T ′ ⊂ T and by symmetry T = T ′ follows.

Proposition 7.11 The measure µ+ has positive correlations.

Proof. Since the inequality (2.7) is preserved under rescaling and addition of con-
stants to f and g, µ has positive correlations whenever µ ¹D µ′ for any probability
measure µ′ with bounded increasing Radon–Nikodym density relative to µ. The-
orem 2.6 thus shows that µ has positive correlations whenever µ(fg) ≥ µ(f)µ(g)
for all continuous bounded increasing functions f and g. Hence, the property of
positive correlations is also preserved under weak limits. Since µ+,n has positive
correlations according to Theorem 2.11 with Lemma 7.8, the claim follows. ¤

Proposition 7.12 The measure µ+ is automorphism invariant and has a trivial
tail.

Proof. From Proposition 7.9 the measure µ+ is independent of the choice of ex-
haustion. To any automorphism could the corresponding change of exhaustion be
made, thus making it clear that µ+ is invariant under automorphisms.

To show tail triviality for µ+ assume, to get a contradiction, that there exists
some tail event A with probability α = µ+(A) such that 0 < α < 1. Let µ1 =
1
αµ+|A and µ2 = 1

1−αµ+|Ac . A moments though reveals that these measures are
Gibbs measures as the restriction to a tail event does not influence the conditional
probabilities on finite regions. Moreover, we see that µ+ is a convex combination
of the other two Gibbs measures; µ+ = α · µ1 + (1 − α) · µ2. For any increasing
event B we know from (7.4) that

αµ1(B) + (1− α)µ2(B) ≤ (α + 1− α)µ+(B) = µ+(B)

with equality if, and only if, µ1(B) = µ2(B) = µ+(B). But we already know
that equality holds, so substituting B for {X(x) ≥ a}, x ∈ V , a ∈ S and using
Proposition 2.12 gives µ1 = µ2 = µ+. We thereby have the desired contradiction,
because for example µ1(A) = 1 while µ+(A) = α < 1. ¤

7.2.4 A critical value

The beach model has the sufficient monotonicity properties to imply that the ex-
istence of more than one Gibbs measure is increasing in M . The following is an
immediate consequence.
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Theorem 7.13 For any graph G ∈ G there exists a critical value Mc = Mc(G)∈
[1,∞] such that for M < Mc we have that the beach model on G with parameter M
has a unique Gibbs measure whereas for M > Mc there are multiple Gibbs measures.

A proof using a random-cluster approach can be found in [28], but also in Section 8.2
below in a somewhat more general context (Theorem 8.14). For the graph Zd this
result was first obtained by Häggström [25], using the equivalence between the
beach model with parameter M and the site-centered ferromagnet with parameter
log M . The critical value Mc(Zd) was shown to belong to the interval

(
2d2 + d + 1
2d2 + d− 1

, exp{22d−2 log(1 +
√

2)}
)

. (7.5)

For d = 2, this amounts to the interval (1.222, 33.971), and in fact simulations
indicate that Mc(Z2) ∈ (2.1, 2.2), see [38].

7.3 Agreement percolation

Consider again the general setting of Chapter 2. G = (V, E) is a locally finite
graph, S is a finite set, and Ω = SV . Suppose µ is a random field and η ∈ Ω a fixed
configuration. Let {x η←→ ∞} denote the event that x ∈ V belongs to an infinite
cluster of the random set R(η) = {y ∈ V : X(y) = η(y)}. The picture for this event
is that the configuration agrees with η on an infinite cluster, including x.

This idea can be extended to more than one such fixed configuration η. Let
H = {ηi ∈ Ω, i = 1, . . . , N} be a finite set of fixed configurations. As above we

consider the event {x H←→ ∞} that x ∈ V belongs to an infinite cluster of the
set R(H) = {y ∈ V : X(y) = η(y) for some η ∈ H}. We say that µ exhibits

agreement percolation for H if µ(x H←→∞) > 0 for some x ∈ V . To visualize such
an agreement, it may be convenient to think of a reduced description of µ in terms
of its image under the map sH : Ω → {0, 1}V , which describes local agreement and
disagreement with H, and is defined by

(sH(σ))(x) =

{
1 if σ(x) = η(x) for some η ∈ H,

0 otherwise

With this mapping, we can write {x H←→∞} = s−1
H {x ↔∞}.

We would like to investigate how agreement percolation is related to phase tran-
sition in the beach model. It is then natural to consider events like “the ‘plus sites’
percolate”. What is the connection between such an event and phase transition?

For the Ising model on Zd this question has been answered. In fact, on the square
lattice Z2, phase transition is completely characterized by the following percolation
event. The result is due to Coniglio et al. [10].
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Theorem 7.14 For the Ising model on Z2 at inverse temperature β, the µ+
β -

probability of having an infinite plus-cluster is 0 in the uniqueness regime β ≤ βc,
and 1 in the non-uniqueness regime β > βc.

We shall see that the beach model in two dimensions also possesses this equiv-
alence between non-uniqueness and agreement percolation. For d ≥ 3, or for non-
planar graphs in general, the corresponding sharp equivalence is no longer true in
either model. The implication in one direction is still true though, as will be shown
below.

7.3.1 Looking at signs only
To consider the event that ‘plus sites’ percolate in the beach model, we let η1 ≡ +1
and η2 ≡ +2 as and form H+ = {η1, η2}. Agreement with H+ is then the same as
the considered sites having plus signs. We write {x +←→ ∞} for the event that x
belongs to an infinite plus cluster, i.e.

{x +←→∞} = {x H+

←→∞}.

For every configuration ξ ∈ {−2,−1, 1, 2}V = Ω we can talk about the sign
configuration η ∈ {0, 1}V of ξ, by identifying plus spins with 1 and minus spins
with 0: η = sH+(ξ). Likewise, any measure µ on Ω induces a measure ν on {0, 1}V

in the same manner:
ν(η) = µ(s−1

H+(η)), η ∈ {0, 1}V .

In particular, every Gibbs measure for the beach model µ induces a corresponding
“sign measure” ν = µ ◦ s−1

H+ .

Lemma 7.15 Let µ1 and µ2 be two measures on {−2,−1, 1, 2}V and let ν1 and ν2

be their corresponding induced measures on {0, 1}V . Then

µ1 ¹D µ2 ⇒ ν1 ¹D ν2.

Proof. Assume µ1 ¹D µ2. From Strassen’s Theorem 2.6 we know there exists some
coupling P such that P (X1 ¹ X2) = 1 and X1 ∼ µ1, X2 ∼ µ2. Let Y1 = sH+(X1)
and Y2 = sH+(X2). Then, since sH+ preserves order, we have that P (Y1 ¹ Y2) = 1
and also that Y1 ∼ ν1, Y2 ∼ ν2. Using Strassen’s Theorem once again we find that
ν1 ¹D ν2. ¤

Proposition 7.16 The measure ν+ is automorphism invariant, has positive cor-
relations and has a trivial tail.

Proof. All three properties are inherited from µ+, for which they are valid, see
Proposition 7.11 and 7.12. Firstly automorphism invariance follows, since if T :
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Ω → Ω is any automorphism then T−1 and s−1
H+ commute. Secondly, positive

correlations follows since the mapping sH+ is monotone. Thirdly, tail triviality
follows because ν+ has a smaller tail σ-field T ′ than µ+ has: Let X ∈ Ω be a beach
model realization and let Y = sH+(X) be its sign configuration. If A′ ∈ T ′ is a tail
event, then for each n we can determine whether A′ occurs, i.e. whether Y ∈ A′,
by observing the signs Y (vn), Y (vn+1), . . .. Let A = s−1

H+(A′) and note that we, for
every n, know if A occurs by just observing X(vn), X(vn+1), . . .. Hence, A is a tail
event for (Ω,F) and ν+(A′) = µ+(s−1

H+(A′)) = µ+(A) = 0 or 1. ¤

7.3.2 Phase transition implies agreement percolation
For the Ising model, it is known that in the non-uniqueness regime where we have
phase transition, the ‘plus measure’ of the Ising model exhibits agreement perco-
lation for the ground state η ≡ +1. This result, due to Russo [44], is valid for an
arbitrary locally finite graph.

How can one establish such a result? Coniglio et al. [10] developed a convenient
criterion which can be used for general Markov random fields. Here we show a
somewhat modified verion of this.

Theorem 7.17 Let (V,E) be a locally finite graph, µ a Markov random field on
Ω = SV , and H ⊂ Ω a finite set of configurations. Suppose there exists a constant
c ∈ R and a local function f : Ω → R depending only on the configuration in a
connected set ∆, such that µ(f) > c but

µ(f |X ≡ ξ on ∂Γ) ≤ c (7.6)

for all finite connected sets Γ ⊃ ∆ and all ξ ∈ Ω with sH(ξ) ≡ 0 on ∂Γ. Then

µ(∆ H←→∞) > 0, i.e. µ exhibits agreement percolation for H.

Proof. Suppose by contraposition that µ(∆ H←→ ∞) = 0. For any ε > 0 we can

then choose some finite Λ ⊃ ∆ such that µ(∆ H←→ Λc) < ε. For ξ 6∈ {∆ H←→ Λc},
there exists a connected set Γ such that ∆ ⊂ Γ ⊂ Λ and sH(ξ) ≡ 0 on ∂Γ; we simply
let Γ be the union of ∆ and all H-clusters meeting ∂∆. We let Γ(ξ) be the largest

such set. For ξ ∈ {∆ H←→ Λc} we put Γ(ξ) = ∅. Then, for each finite connected set
Γ 6= ∅, the event {ξ : Γ(ξ) = Γ} depends only on the configuration in Λ \Γ, whence
by the Markov property µ(f |Γ(·) = Γ) is an average of the conditional probabilities
that appear in the assumption (7.6). From this we obtain

µ(f) ≤ cµ(Γ(·) 6= ∅) + µ(|f |1{Γ(·)=∅}) < c + ε‖f‖.
Letting ε → 0 we find that µ(f) ≤ c, contradicting our assumption. ¤

Next we use the theorem above in the case of the beach model. One crucial set
in Theorem 7.17 is {ξ : sH(ξ) ≡ 0 on ∂Γ for all finite Γ ⊃ ∆}. With H = H+ this
set corresponds to configurations with just −1 and −2 outside ∆.
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Theorem 7.18 If we have a phase transition for the beach model on G with origin
o, then the ‘plus sites’ percolate in the ‘plus measure’:

µ− 6= µ+ =⇒ µ+(o +←→∞) > 0.

Proof. Assuming µ− 6= µ+ we have from Proposition 7.10 that µ+(X(o) > 0) >
1/2. So, apply Theorem 7.17 with µ = µ+, H = H+, c = 1/2, f = 1{X(o)>0} and
∆ = {o}. Now check the condition (7.6):

µ+(X(o) > 0|X ≡ ξ on ∂Γ) ≤ µ+(X(o) > 0|X ≡ −1 on ∂Γ) ≤ 1
2
,

where the first inequality is due to Lemma 7.8 and second inequality comes from
the following calculation.

µ+(X(o) > 0|X ≡ −1 on ∂Γ) = 1− µ+(X(o) < 0|X ≡ −1 on ∂Γ)
= 1− µ+(X(o) > 0|X ≡ +1 on ∂Γ)
≤ 1− µ+(X(o) > 0|X ≡ −1 on ∂Γ).

Here we have used the ±-symmetry and again Lemma 7.8. The requirements of
Theorem 7.17 are thus fulfilled and we conclude that µ+(o +←→∞) > 0. ¤
The intuition behind the theorem is clear: If the plus sites do not percolate in the
plus measure, there should a.s. be a contour of minuses surrounding the origin. But
then, the origin itself could not possibly have a bias towards positive sign due to
the Markov property.

7.3.3 Does agreement percolation imply phase transition?
A natural question is now if the converse of Theorem 7.18 holds. It turns out
the answer depends on the graph. Taking the example the graph Zd we will show
that in d = 2 dimensions the converse of Theorem 7.18 holds whereas for d = 3
dimensions it does not. We begin with the former statement.

The converse holds

Theorem 7.19 For the beach model on Z2 phase transition is equivalent to agree-
ment percolation:

µ− 6= µ+ ⇐⇒ µ+(o +←→∞) > 0. (7.7)

To prove this theorem we need some classical results on the number of infinite
clusters for percolation models. First a definition.

Definition 7.20 A probability measure µ on {0, 1}V , with V a countable set, is
said to have finite energy if, for every finite region Λ ⊂ V ,

µ(X ≡ η on Λ|X ≡ ξ off Λ) > 0

for all η ∈ {0, 1}Λ and µ-a.e. ξ ∈ {0, 1}Λc

.
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Beach model Gibbs measures lack the finite energy property as −1 cannot sit next
to +2 for example. However, looking at the signs only (i.e. considering the induced
sign measure from a beach model Gibbs measure) clearly gives a measure with finite
energy.

Theorem 7.21 (The Burton-Keane uniqueness theorem) Let µ be a prob-
ability measure on {0, 1}Zd

which is translation invariant and has finite energy.
Then, µ-a.s., there exists at most one infinite open cluster.

See [5] for a proof.
So, we can have at most one infinite open cluster, and for obvious reasons, at

most one infinite closed cluster. Can they coexist? On Z2 (which is planar) it turns
out they cannot. The following theorem is quoted from [20]. Their proof is based
on a geometrical argument of Yu Zhang and of course Theorem 7.21.

Theorem 7.22 Let µ be an automorphism invariant probability measure on {0,1}Z2

with finite energy, positive correlations and trivial tail. Then

µ(∃ infinite open cluster, ∃ infinite closed cluster) = 0.

Proof of Theorem 7.19. We only need to show the ⇐-direction. Assume, to get a
contradiction that µ+(o +←→∞) > 0 but µ− = µ+. Focusing just on signs we then
have ν+(o ←→∞) > 0 and ν− = ν+. Consider the event that there exists an infinite
open cluster. This is a tail event and from Proposition 7.16 we know that ν+ has a
trivial tail, and therefore this event must have ν+-probability 1. By assumption ν+

coincides with ν− and symmetry implies that an infinite closed cluster exists ν+-
a.s. This contradicts Theorem 7.22; the assumptions of that theorem are satisfied
according to Proposition 7.16. ¤

The converse fails

The equivalence of non-uniqueness and percolation just observed on Z2 cannot be
expected to hold for non-planar graphs. Consider, for example, the beach model on
Z3. For M = 1 uniqueness certainly holds, and plus-percolation is here equivalent to
Bernoulli site percolation on Z3 with parameter 1/2. But a result of [8] states that
pc(Z3) < 1/2. The plus spins thus percolate for M = 1. In view of the following
theorem, this is still the case for sufficiently small M > 1, so that plus-percolation
does occur in a non-trivial part of the uniqueness region.

Theorem 7.23 There is some M ∈ (1,Mc(Z3)) such that the plus measure µ+ for
the beach model on Z3 exhibits agreement percolation for H+,

∃M : 1 < M < Mc(Z3) with µM
+ (o +←→∞) > 0.



7.3. AGREEMENT PERCOLATION 83

Proof. We first note from (7.5) that Mc(Z3) > 1.
We have µ+(o +←→ ∞) = ν+(o ←→ ∞), and since {o ←→ ∞} is an increasing

event on {0, 1}Z3
we are done if we can find M < Mc(Z3) and p > pc(Z3) such that

ψp ¹D νM
+ , (7.8)

because for such a p we see from (3.1) that ψp(o ←→∞) > 0. To show (7.8), take an
exhaustion of Z3, (Λn)∞n=1, and apply Holley’s Theorem 2.8 to the projections of ψp

and ν+ on {0, 1}Λn . Once we have established a stochastic domination between the
projected measures, the full stochastic domination (7.8) follows easily by passing
to the limit.

Let Λ∗ be shorthand for Λ \ {o}. We need to show that

ψp(X(o) = 1|X(Λ∗n) = ξ) ≤ ν+(Y (o) = 1|Y (Λ∗n) = η) (7.9)

for all ξ, η ∈ {0, 1}Λ∗n for which ξ ¹ η. The left-hand side equals p, of course. For
the right-hand side, let X be a random field following µ+. Then

ν+(Y (o) = 1|Y (Λ∗n) = η) = µ+(X(o) > 0|sH+(X(Λ∗n)) = η)
≥ µ+(X(o) = 1|sH+(X(Λ∗n)) = η). (7.10)

We name some relevant events: Let A = {X(o) = 1}, B = {sH+(X(Λ∗n)) = η} and
C = {|X(∂{o})| ≡ 1}. In the beach model every site has, given the configuration
everywhere else, probability at least 1/M to take value in {−1, 1}. Therefore

µ+(C|B) ≥ 1− 6(1− 1
M

),

because the origin has 6 neighbors in Z3. Continuing from (7.10) we get

µ+(A|B) ≥ µ+(A ∩ C|B) = µ+(A|C, B) · µ+(C|B)

≥ 1
M + 1

· (1− 6(1− 1
M

)), (7.11)

and combining (7.10) and (7.11) yields

ν+(Y (o) = 1|Y (Λ∗n) = η) ≥ 1
M + 1

· (1− 6(1− 1
M

)). (7.12)

The right-hand side of (7.12) approaches 1/2 as M ↘ 1, and since pc(Z3) < 1/2,
we can find some p > pc(Z3) satisfying (7.9) for M small enough (uniformly in n).
Now letting n →∞ will give (7.8) ending the proof. ¤
It can be remarked that pc(Zd) is decreasing in the dimension d, so Theorem 7.23
is easily extended to higher dimensions d ≥ 3.





Chapter 8

The multitype beach model

A q-type variant of the beach model was introduced and studied by Burton and
Steif in [7]. It is analogous to the Potts model generalization of the Ising model
where the two spin directions ‘+’ and ‘-’ are replaced by colors {1, 2, . . . , q}, for
some q ∈ {2, 3, . . .}. Here we will study this model in the set-up with the reduced
state space.

Let G = (V, E) ∈ G be some graph. Mark each vertex x ∈ V with σx = (cx, jx)
from the state space S = {1, 2, . . . , q} × {1, 2}. The cx will sometimes be referred
to as the color of the vertex x and the jx as its intensity. A typical configuration
σ ∈ SV = Ω is a coloring of the vertices with different intensities. A configuration
σ = (c, j) ∈ Ω is said to be a BM-feasible configuration if for x, y ∈ V ,

x ∼ y ⇒ {cx = cy} ∨ {jx = jy = 1}.
Hence, in a BM-feasible configuration two neighboring sites may have different color
only if they both have the lower intensity 1. This generalizes the former concept of
BM-feasibility.

Definition 8.1 A probability measure µ on (Ω,F) is said to be a Gibbs measure
for the q-type beach model on G with parameters q ∈ {2, 3, . . .} and M > 1 if for all
finite Λ ⊂ V , all σ ∈ SV and µ-a.a. η ∈ SΛc

we have

µ(X(Λ) = σ|X(Λc) = η) =
1

ZΛ,η
M,q

(M − 1)n2(σ)1{(σ∨η) BM-feasible}. (8.1)

Here n2 is the number of vertices with the intensity 2. We see that µ has the
Markov random field property (2.1) for the same reason as for the beach model
defined in Definition 7.7. Note also that q = 2 in the model above would give a
model equivalent to the beach model defined in Chapter 7.

Since the colors have no special order, stochastic dominance relations such as
(7.2) are no longer available. Instead, to prove existence of Gibbs measures on
infinite graphs, we will make use of the random-cluster model.

85
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However for finite graphs, the is no problem of existence. For G = (V,E) finite
let µM

q be the Gibbs measure for the q-type beach model with parameter M , i.e.
µM

q is the probability measure on SV which to each σ ∈ SV assigns probability

µM
q (σ) =

1
ZG

M,q

(M − 1)n2(σ)1{σ is BM-feasible}, (8.2)

where again Z is a normalizing constant.

8.1 A random-cluster representation
We will study the multitype beach model with the random-cluster model as our pri-
mary tool. The random-cluster model presented in Section 3.3 has to be somewhat
adjusted though to fit the beach model situation. This variant was introduced by
Häggström in [27] and for lack of a better name, we call it the beach-random-cluster
model. It differs from the standard random-cluster model by living on the vertices
of a graph rather than on the edges. We start by defining it for finite graphs.

Let the graph G = (V, E) be finite. For a site configuration η ∈ {0, 1}V, define
the bond configuration η? ∈ {0, 1}E by letting

η?(e) =

{
1 if at least one of e’s endpoints takes value 1 in η

0 otherwise,

for each e ∈ E.

Definition 8.2 The beach-random-cluster measure φp,q for the finite graph G =
(V,E) with parameters p ∈ [0, 1] and q > 0 is the probability measure on {0, 1}V

which to each η ∈ {0, 1}V assigns probability

φp,q(η) =
1

ZG
p,q

{∏

v∈V

pη(v)(1− p)1−η(v)

}
qk?(η),

where k?(η) is the number of connected components in η?.

Note the different way of counting connected components compared to standard
percolation. For instance, two open sites at distance two will automaticly belong
to the same connected component in the beach-random-cluster model.

The following result is the key to using the random-cluster model in analyzing
the beach model. It is the beach model analog of Proposition 3.5.

Proposition 8.3 Let the graph G = (V, E) be finite, let p = (M − 1)/M , q > 1 an
integer and suppose we pick a random beach model configuration X = (c, j) ∈ SV

as follows:

1. Pick a random vertex configuration Y ∈ {0, 1}V according to the beach-
random-cluster measure φp,q.
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2. Form Y ? ∈ {0, 1}E from Y as before. For each connected component C of Y ,
pick a color at random (uniformly) from {1, . . . , q}, assign this color to every
vertex in C and do this independently for different connected components.

3. Assign intensities by jx = Y (x) + 1, ∀x ∈ V .

Then X is distributed according to the Gibbs measure µM
q .

Proof. Let X be a beach model configuration that was obtained through steps 1–3
from the random-cluster configuration Y . Note that X will be BM-feasible perforce
and that Y is uniquely determined by X. For some BM-feasible configuration σ,
let η be its corresponding random-cluster configuration. Then

P (X = σ) = P (X = σ|Y = η) · P (Y = η)

=
(

1
q

)k?(η)

· 1
ZG

p,q

pn1(η)(1− p)n0(η)qk?(η)

=
1

ZG
p,q

(
M − 1

M

)n1(η) (
1
M

)n0(η)

=
1

ZG
p,q

(M − 1)n2(σ)

M |V |

∝ (M − 1)n2(σ),

where n1(η) and n0(η) represent the number of open and closed vertices in η. The
distribution for X agrees with µM

q as defined in (8.2). ¤
As a warm-up for the phase transition considerations, we give the following result
as a typical application of the random-cluster representation.

Corollary 8.4 If we pick a random beach configuration X = (c, j) ∈ SV according
to the Gibbs measure µM

q , then for any i ∈ {1, . . . , q} and two vertices x, y ∈ V , the
two events {cx = i} and {cy = i} are positively correlated, i.e.

µM
q (cx = i, cy = i) ≥ µM

q (cx = i) · µM
q (cy = i).

Proof. The measure µM
q is invariant under permutations of the color set {1, . . . , q},

so that
µM

q (cx = i) = µM
q (cy = i) =

1
q
.

We therefore need to show that

µM
q (cx = i, cy = i) ≥ 1

q2
.

We may now think of X as being obtained as in Proposition 8.3 by first picking
a configuration Y ∈ {0, 1}V according to the beach-random-cluster measure φp,q
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and then assigning i.i.d. uniform colors to the connected components. Given Y , the
conditional probability for {cx = cy = i} is 1/q if x and y are in the same connected
component of Y ?, and 1/q2 if they are in different connected components. Hence,
for some α ∈ [0, 1],

µM
q (cx = i, cy = i) = α

1
q

+ (1− α)
1
q2
≥ 1

q2
.

¤

8.1.1 Infinite volume limits
Definition 8.2 cannot be applied immediately to infinite graphs, but as we shall
see, a thermodynamic limit exists. The idea is, as before, to establish a stochastic
monotonicity of measures defined on larger and larger parts of the graph.

The basic observation is stated in the lemma below which follows from Defini-
tion 8.2.

Lemma 8.5 Consider the beach-random-cluster model with parameters p and q on
a finite graph G = (V,E). For any vertex x ∈ V , and any configuration η ∈
{0, 1}V \{x}, we have

φp,q(x is open | η) =
p q1−k?(x,η)

p q1−k?(x,η) + 1− p
, (8.3)

where k?(x, η) is the number of connected components of the edge configuration η?

corresponding to η (as in Definition 8.2, taking η(x) = 0) that contain x or some
vertex adjacent to x.

For q ≥ 1, Lemma 8.5 means in particular that the conditional probability in (8.3)
is increasing both in η and p. This allows for the use of Holley’s inequality and the
FKG inequality to prove the following result.

Corollary 8.6 For a finite graph G with maximal degree ∆, the beach-random-
cluster measure φp,q with p ∈ [0, 1] and q ≥ 1 satisfies

(a) φp,q is monotone, and therefore has positive correlations,

(b) φp,q ¹D ψp,

(c) φp,q ºD ψbp,
where

p̂ =
p

p + (1− p)q∆
.

Furthermore, for 0 ≤ p1 ≤ p2 ≤ 1 and q ≥ 1, we have

(d) φp1,q ¹D φp2,q.
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Proof. The monotonicity in (a) is just the observation that the conditional prob-
ability in (8.3) is increasing in η. Positive correlations follows from Theorem 2.11.
Next, note that (8.3) and 1 ≤ k?(x, η) ≤ ∆ + 1 imply that

p

p + (1− p)q∆
≤ φp,q(x is open | η) ≤ p (8.4)

for all η as in Lemma 8.5. Theorem 2.8 in conjunction with the second (resp. first)
inequality in (8.4) implies (b) (resp. (c)). Finally, (d) is just another application of
Theorem 2.8. ¤
Consider now the integer lattice Zd (for simplicity) with its usual graph structure.
Let (Λn)∞n=1 be some exhaustion of this graph. Suppose that each Λn has no holes in
the sense that Λc

n has no finite connected components; since we can always assume
without loss of generality that Λn is connected, we call such a Λn simply connected.
Let φp,q,n be the probability measure on {0, 1}V for which each ξ ∈ {0, 1}V is
assigned probability

φp,q,n(ξ) =
1

ZΛn
p,q

{ ∏

v∈Λn

pξ(v)(1− p)1−ξ(v)

}
qk?(ξ,Λn) 1{ξ≡1 off Λn}, (8.5)

where k?(ξ, Λn) is the number of connected components in ξ? that do not inter-
sect Λc

n. This type of boundary condition with {ξ ≡ 1 off Λn} is called the wired
boundary condition for the same reason as in Section 4.4.1.

Consider the beach-random-cluster measures φp,q,n and φp,q,n+1. Since Λn ⊂
Λn+1, we can obtain φp,q,n from φp,q,n+1 by conditioning on the increasing event
{ξ ≡ 1 on Λn+1 \ Λn}. Hence, if q ≥ 1 then Corollary 8.6(a) implies that

φp,q,n ºD φp,q,n+1 for n = 1, 2, . . . ,

by complete analogy with (7.2). Moreover, we obtain the following result on the
existence of an infinite volume limit.

Lemma 8.7 For p ∈ [0, 1] and q ≥ 1, the limiting measure

φp,q = lim
n→∞

φp,q,n,

exists and is translation invariant.

This convergence result has consequences for the convergence of Gibbs distributions
for the multitype beach model, as we will show next. For q ∈ {2, 3, . . .} and
i ∈ {1, . . . , q} and for any member of the exhaustion Λn let µi

q,n denote the beach
model measure on Ω with boundary condition η ≡ (i, 2) on Λc

n, as in (8.1). The
dependence of M for these measures is here suppressed. In the same way as for finite
graphs, a random beach model configuration X following µi

q,n can be obtained by
starting with a random-cluster configuration chosen randomly according to φp,q,n

and then proceed as described below. The following is a simple modification of
Proposition 8.3 and the proof is analogous. (Note that by the simple connectness
of all Λn there is always a unique component containing Λc

n).
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Proposition 8.8 Consider the graph Zd, let p = (M − 1)/M and suppose we pick
a random beach model configuration X = (c, j) ∈ SZ

d

as follows:

1. Pick a random vertex configuration Y ∈ {0, 1}Zd

according to the beach-
random-cluster measure φp,q,n.

2. Form the edge configuration Y ? in the usual way. For each finite connected
component C of Y ?, pick a color at random (uniformly) from {1, . . . , q}, as-
sign this color to every vertex in C and do this independently for different
connected components.

3. The remaining vertices are assigned the color i.

4. Assign intensities by jx = Y (x) + 1, ∀x ∈ V .

Then X is distributed according to the Gibbs measure µi
q,n.

Corollary 8.9 With p = (M − 1)/M , we have

µi
q,n(co = i) =

1
q

{
1 + (q − 1)φp,q,n(o ?←→ Λc

n)
}

.

Here ?←→ refers to connectivity in the edge configuration Y ?.

Proof. Using the recipe in Proposition 8.8 we see that the origin will get color i
for sure if it is connected to the boundary and with probability 1/q otherwise. We
have

µi
q,n(co = i) = φp,q,n(o ?←→ Λc

n) +
{

1− φp,q,n(o ?←→ Λc)
} 1

q

=
1
q

{
1 + (q − 1)φp,q,n(o ?←→ Λc

n)
}

.

¤

Proposition 8.8 leads us to the following result extending Proposition 7.9 to the
multitype beach model.

Proposition 8.10 For any i ∈ {1, . . . , q}, the limiting probability measure

µi
q = lim

n→∞
µi

q,n

on SZ
d

exists and is a translation invariant Gibbs measure for the q-type beach model
on Zd with parameter M . The limit is independent of the choice of exhaustion.
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Proof. As before, a weak limit of finite-volume Gibbs measures is a Gibbs measure
whenever it exists. We thus need to show that µi

q,n(f) converges as n → ∞, for
any local function f .

Fix an f as above, and let ∆ ⊂ Zd be the region on which f depends. Take
n large enough so that ∆ ⊂ Λn. As shown above, we may think of a SZ

d

-valued
random element X with distribution µi

q,n as arising by first picking a random-

cluster configuration Y ∈ {0, 1}Zd

according to φp,q,n (with p = (M − 1)/M) and
then assigning random colors to the connected components, forcing color i to the
(unique) infinite cluster. For x, y ∈ ∆, we write {x ↔ y} for the event that x and
y are in the same connected component in Y ?, and {x ↔∞} for the event that x
is in an infinite cluster. Clearly, the conditional distribution of f given Y depends
only on the indicator functions (1{x↔y})x,y∈∆, (1{x↔∞})x∈∆ and (Y (x))x∈∆, since
the conditional distribution of X on ∆ is uniform over all elements of S∆ such that
the recipe in Proposition 8.8 is followed. Hence, the desired convergence of µi

q,n

follows if we can show that the joint distribution of (1{x↔y})x,y∈∆, (1{x↔∞})x∈∆

and (Y (x))x∈∆ converges as n →∞. This, however, follows from Lemma 8.7 and an
inclusion-exclusion argument upon noting that (1{x↔y})x,y∈∆, (1{x↔∞})x∈∆ and
(Y (x))x∈∆ are increasing functions. ¤

8.2 Phase transition

In this section we will see that the beach model exhibits phase transition for certain
choices of the parameters.

Consider the multitype beach model on Zd, d ≥ 2. All the arguments to be used
here, except those showing that the critical value Mc(q) is strictly between 1 and
∞, go through on arbitrary infinite graphs; we stick to the Zd case for simplicity of
notation. We consider the limiting Gibbs measures µi

q obtained in Proposition 8.10.
For i ∈ {1. . . . , q} these play a role similar to that of the ‘plus’ and ‘minus’ measures
µ+ and µ− in Chapter 7. The difference is that those measures represented extremal
Gibbs measures in the sense of stochastic ordering, whereas the measures µi

q cannot
be compared in the same way. We have already seen effects of this in the proof of
Proposition 8.10, where the use of the random-cluster representation was essential.

We first state an analog of Corollary 8.6, applicable to the beach-random-cluster
measures φp,q,n on Zd with wired boundaries. We write ψp,n for the probability
measure on {0, 1}Zd

which to a configuration ξ assigns probability

ψp,n(ξ) =
∏

x∈Λn

pξ(x)(1− p)1−ξ(x)1{ξ≡1 off Λn}. (8.6)

The measure ψp,n describes ordinary Bernoulli site percolation inside the region
Λn.



92 CHAPTER 8. THE MULTITYPE BEACH MODEL

Lemma 8.11 Let (Λn)∞n=1 be a simply connected exhaustion of Zd. For p ∈ [0, 1]
and q ≥ 1, let φp,q,n and ψp,n be defined as in (8.5) and (8.6), respectively. We
then have

(a) φp,q,n is monotone,

(b) φp,q,n ¹D ψp,n,

(c) φp,q,n ºD ψbp,n,

where
p̂ =

p

p + (1− p)q2d
.

Furthermore, for 0 ≤ p1 ≤ p2 ≤ 1 and q ≥ 1, we have

(d) φp1,q,n ¹D φp2,q,n.

Proof. Single-site conditional probabilities for x ∈ Λn under φp,q,n are the same as
in the finite setting (8.3). For any η ∈ {0, 1}Λn\{x},

φp,q,n(x is open | η) =
p q1−k?(x,η)

p q1−k?(x,η) + 1− p
.

We are thus back in the situation of Corollary 8.6, and the proof of that corollary
also applies here. The exponent 2d in the expression for p̂ comes from the fact that
2d is the (maximal) vertex degree for the graph Zd. ¤

The following result is a variant of Proposition 7.10 extended for the multitype
beach model. Besides, it also gives a characterization of phase transition in terms
of percolation in the random-cluster model.

Theorem 8.12 Let M > 1 and p = (M − 1)/M . For any x ∈ Zd and any
i ∈ {1, . . . , q}, the following statements are equivalent.

(i) µ1
q = µ2

q = . . . = µq
q,

(ii) µi
q(cx = i) = 1/q,

(iii) φp,q(x
?←→∞) = 0.

Proof. (i)⇒(ii): By symmetry µi
q(cx = i) = µj

q(cx = j) for any i, j ∈ {1, . . . , q}.
From (i) we must then have µi

q(cx = i) = 1/q, and (ii) is established.
(ii)⇒(iii): For the given vertex x, take a simply connected exhaustion (Λn)∞n=1

for which x ∈ Λ1. By the aid of Corollary 8.9,

µi
q(cx = i) = lim

n→∞
µi

q,n(cx = i) =
1
q

+
q − 1

q
lim

n→∞
φp,q,n(x ?←→ Λc

n).
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But, from Lemma 8.7 we get

lim
n→∞

φp,q,n(x ?←→ Λc
n) = lim

n→∞
φp,q,n(x ?←→∞) = φp,q(x

?←→∞), (8.7)

thus proving the implication.
(iii)⇒(i): We will show that µi

q = µj
q for any i, j ∈ {1, . . . , q}, by showing that

µi
q(f) = µj

q(f) for all local functions f : Ω → R. Fix such a function f and some
ε > 0. For a given exhaustion (Λn)∞n=1 we then can find some n0 such that f only
depends on the configuration on Λn0 and such that

∣∣µi
q(f)− µi

q,n(f)
∣∣ < ε for all n > n0. (8.8)

In view of (iii) and (8.7) we can also find an m > n0 such that φp,q,m(x ?←→ Λc
m) <

ε/|Λn0 | for all x ∈ Λn0 , and thus

φp,q,m(Λn0

?←→ Λc
m) < ε. (8.9)

Here {Λn0

?←→ Λc
m} is the event that there exists an open path from Λn0 to Λc

m.
Denote this event C.

Now, let us make use of Proposition 8.8. Take Y ∈ {0, 1}Zd

according to φp,q,m

and let it generate two beach model configurations Xi, Xj ∈ Ω coupled in the
following way: In step 2 of Proposition 8.8, let the finite components get the same
color in both configurations Xi and Xj . The infinite components get colors i and
j, respectively. Then Xi will follow µi

q,m and Xj will follow µj
q,m. Because f is

local it has finite range, so without loss of generality we can assume ‖f‖ ≤ 1. Using
(8.9) we then get

∣∣µi
q,m(f)− µj

q,m(f)
∣∣ =

∣∣µi
q,m(f1C) + µi

q,m(f1Cc)− µj
q,m(f1C)− µj

q,m(f1Cc)
∣∣

=
∣∣µi

q,m(f1C)− µj
q,m(f1C)

∣∣
≤ 2 φp,q,m(C)
< 2 ε. (8.10)

Combining (8.8) and (8.10) gives
∣∣µi

q(f)− µj
q(f)

∣∣ < 4 ε,

and, since ε was arbitrary, we know that µi
q and µj

q are identical on cylinder sets,
and hence identical. ¤
Note that the missing link (ii)⇒(iii) in Proposition 7.10 now follows as a special
case of the last theorem. Just take q = 2 and use the implication (ii)⇒(i) of
Theorem 8.12. Needless to say, none of the results leading to Theorem 8.12 rely on
Proposition 7.10.

In Theorem 8.12, the statement (i) does not exclude the possibility of the exis-
tence of more than one Gibbs measure, i.e. phase transition. But in fact, we have
the following result.
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Theorem 8.13 Each one of the statements (i)-(iii) of Theorem 8.12 are equivalent
to

(iv) There is a unique Gibbs measure for the q-type beach model on Zd with pa-
rameter M .

We omit the proof, which is a tedious but straightforward adaptation of the corre-
sponding result in [20] for the Potts model. The idea for proving (iii)⇒(iv) is that
absence of percolation in the random-cluster model implies that every region is cut
off from infinity by a set of closed edges. Thus, independently of what happens
macroscopically, the local spins feel as if they are in a system with free boundary
condition. This makes a phase transition impossible.

Now we have the tools to prove that the phenomenon of phase transition for
the multitype beach model is increasing in M . We will see the usefulness of the
percolation criterion (iii) above, and get a generalization of Theorem 7.13.

Theorem 8.14 There exists a critical value Mc(q) ∈ [1,∞] such that for M <
Mc(q) we have that the q-type beach model on Zd with parameter M has a unique
Gibbs measure whereas for M > Mc(q) there are multiple Gibbs measures.

Proof. Assume M1 < M2. We are to show that if there are multiple Gibbs measures
for the beach model with parameters M1 and q, then so is the case also for the model
with the parameters M2 and q.

Let p1 = (M1 − 1)/M1 and p2 = (M2 − 1)/M2. Then p1 < p2 and from
Lemma 8.11(d) we have φp1,q,n ¹D φp2,q,n for n = 1, 2, . . .. Passing to the limit, we
get φp1,q ¹D φp2,q.

Assume there are multiple Gibbs measures when M = M1. Then, by using the
equivalence of (iii) and (iv) in Theorem 8.13, we have that φp1,q(x

?←→ ∞) > 0.
The event {x ?←→ ∞} is increasing and therefore φp2,q(x

?←→ ∞) > 0 from the
above. Thus, using Theorem 8.13 again, we have multiple Gibbs measures also for
M = M2. ¤

Those prudent readers who feel uneasy about the omission of the proof of The-
orem 8.13 may instead define Mc(q) as the point supM{condition (i) holds} and
settle for the corresponding variant of Theorem 8.14.

The percolation criterion in Theorem 8.12 (iii) raises the question of when a
non-trivial percolation threshold exists for the beach-random-cluster model. For
Zd this is answered below.

Proposition 8.15 For the beach-random-cluster model on Zd, d ≥ 2, and any fixed
q ≥ 1, there exists a percolation threshold pc(q) ∈ (0, 1) (depending on d) such that

φp,q(o
?←→∞)

{
= 0 for p < pc(q),

> 0 for p > pc(q).
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Proof. The statement of the proposition consists of the following three parts:

(i) φp,q(o
?←→∞) = 0 for p sufficiently small,

(ii) φp,q(o
?←→∞) > 0 for p sufficiently close to 1, and

(iii) φp,q(o
?←→∞) is increasing in p.

We first prove (i). Take some exhaustion (Λn)∞n=1 of Zd and suppose p < pc(Zd),
the critical value for Bernoulli site percolation on Zd defined in (3.1). For ε > 0,
we can then pick n large enough so that

ψp(o
?←→ Λc

n) ≤ ε.

Let m > n, so that Λm ⊃ Λn. By Lemma 8.11(b), we have

φp,q,m(o ?←→∞) ≤ φp,q,m(o ?←→ Λc
n)

≤ ψp,m(o ?←→ Λc
n)

= ψp(o
?←→ Λc

n)
≤ ε.

We find by letting m →∞ that φp,q(o
?←→∞) ≥ ε. Since ε was arbitrary,

φp,q(o
?←→∞) = 0, for p < pc(Zd),

proving (i).
Next, (ii) can be established by a similar argument: Let p be such that p̂ =

p/[p + (1− p)q2d] > pc(Zd). Lemma 8.11(c) then shows that φp,q,n ºD ψbp,n ºD ψbp
for every n, so that

φp,q(o
?←→∞) = lim

n→∞
φp,q,n(o ?←→∞) ≥ ψbp (o ?←→∞) > 0,

proving (ii).
To check (iii), use Lemma 8.11(d). This proves (iii) and thereby the proposi-

tion. ¤

In [7] it was shown that for M > 2e · q(7q2)d, there are exactly q ergodic Gibbs
measures for the q-type beach model on Zd. Here we know from Theorem 8.14 that
the model has a critical M -value and the next theorem says it satisfies 1 < Mc(q) <
∞.

Theorem 8.16 Let q ∈ {2, 3, . . .}. For the graph Zd the q-type beach model has a
critical value Mc(q) ∈ (1,∞) (depending on d).
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Proof. Let pc(q) ∈ (0, 1) be the critical p-value for the beach-random-cluster model
on Zd, and let

M0 =
1

1− pc(q)

Now take M < M0 and note that p = (M − 1)/M will satisfy p < pc(q). Thus
φp,q(0

?←→ ∞) = 0 and from Theorem 8.12 there is a unique Gibbs measure for
the corresponding beach model. On the other hand, if M > M0, then p > pc(q)
and again by Theorem 8.12, we have a phase transition. Thereby the critical Mc(q)
and M0 must coincide. Finally, pc(q) ∈ (0, 1) according to Proposition 8.15, which
implies that Mc(q) ∈ (1,∞). ¤



Chapter 9

On a regular tree

We have seen that the beach model resembles the Ising model in many ways. The
critical behavior of the beach model and the other results of Chapter 7 all have
their Ising model counterparts. Also the multitype beach model and the Potts
model seem to go hand in hand. But there turn out to be distinct differences.
Here some of these will be exposed as we specialize to a certain problem. We will
study the multitype beach model on the tree T̃d and compare to results obtained
in Chapters 5 and 6.

After having defined the beach model on T̃d, which is done in the same manner
as for Zd above, we will look more closely at the magnetization at the root. It is
of genuine interest as it is directly connected to the number of Gibbs measures at
hand. We will then compare the behavior of the root magnetization function to that
of the Potts model. The mixed boundary idea will be incorporated as well. Again,
as for the Potts model in Chapter 6 the simple structure of the graph T̃d allow us to
derive recursive relations for the studied quantities and therefore good estimations
thereof (this is the reason for choosing T̃d instead of Td). Where we cannot obtain
a rigorous result, numerical methods will provide us with an educated guess. The
beach model will show some peculiar behavior not matched by the Potts model.

9.1 Definition

Consider the graph T̃d = (Ṽd, Ẽd) as in Section 5.2. Denote as before the root 0.
For k = 1, 2, . . . let Sk = {v ∈ Ṽd : |v| ≤ k} be the vertices of the first k generations.

We must start with the beach-random-cluster model on Ṽd. As in Section 4.4.1
we define random-cluster measures on an increasing family of subgraphs. For ex-
ample, (Sk)∞k=1 constitutes a good exhaustion for this purpose. Let this time φp,q,k

be the probability measure on {0, 1}eVd for which each η ∈ {0, 1}eVd is assigned

97
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probability

φp,q,k(η) =
1

ZSk
p,q

{ ∏

v∈Sk

pη(v)(1− p)1−η(v)

}
qk?(η,Sk) 1{η≡1 off Sk}, (9.1)

where k?(η, Sk) is the number of connected components in η? that do not intersect
Sc

k. This definition is similar to (8.5), with the difference that here Sc
k is not

connected. Since the disconnected infinite components are not counted they could
be thought of as C-connected in the sense of Section 4.4.1. So we will still refer
to this boundary condition as the wired boundary condition. For q ≥ 1 the same
stochastic domination relations hold as in Section 8.1.1 and a limiting probability
measure is obtained in the same way as in Lemma 8.7:

Lemma 9.1 For φp,q,k as in (9.1) with p ∈ [0, 1] and q ≥ 1, the limiting probability
measure

φp,q = lim
k→∞

φp,q,k,

exists on {0, 1}eVd .

Next, we go on to the beach model on T̃d. As before the state space is S =
{1, . . . , q} × {1, 2}, and the configuration space is now Ω = S

eVd . Let πi
q,k be the

beach model measure on Ω which has boundary condition η ≡ (i, 2) on Sc
k and else

follows the right-hand side of (8.1). A configuration following πi
q,k can be obtained

exactly as in Proposition 8.8, starting with a beach-random-cluster configuration
from φp,q,n. Note that step 3 in Proposition 8.8 makes sure that πi

q,k delivers proper
beach model configurations on Sk with an all i-colored boundary. As before, the
dependence of the parameter M is suppressed when denoting the measure πi

q,k.

We are at the last step for constructing beach model Gibbs measures for T̃d. It is
straightforward to adapt Proposition 8.10 to the T̃d-case. Together with Lemma 9.1
we then get

πi
q = lim

k→∞
πi

q,k

as a weak limit. Moreover, πi
q is a q-type Gibbs measure for T̃d. Before going

on to compute the magnetization for this measure, we will bring up an idea from
Chapter 5.

9.1.1 Mixed boundary
We will incorporate the idea of a mixed boundary to the beach model on T̃d. It
may be applied to the beach model in very much the same way as it was done to
the Potts model in Chapter 5. Here we give a sketchy description of how it is done.

Consider Sk ⊂ T̃d as defined above and let Wk = {v ∈ Ṽd : |v| = k} be the
inner boundary of this set. Take some r ∈ {1, . . . , q} that will be the number of
colors allowed on the boundary. Then consider the q-type Gibbs measure on (the
finite) Sk conditioned on the event that
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1. We have only intensity 2 on the boundary, and

2. We have only colors {1, . . . , r} on the boundary.

We could then extend the measure to the whole graph in the obvious way: For a
configuration, color vertices in Sc

k according to Wk and put intensity 2 all around.
We then get a measure on Ω that we will call πq,r,k. It is the mixed boundary Gibbs
measure for the beach model on Sk

The necessary change of the beach-random-cluster measure (like the one in
Section 4.2) can be made to get convergence of the measures πq,r,k to a Gibbs
measure πq,r on Ω as k →∞.

9.2 The magnetization at the root

We can talk about the magnetization for the beach model in the same way as for
the Potts model, see Section 5.3. The magnetization is interesting since it relates
to the number of Gibbs measures. From Theorem 8.12 and Theorem 8.13, which
go through on any infinite graph, we can extract the following.

Corollary 9.2 Let M > 1 and let q ∈ {2, 3, . . .}, with i ∈ {1, . . . , q}. Then the
following two statements are equivalent.

(i) πi
q(c0 = i) = 1/q.

(ii) There is a unique Gibbs measure on T̃d with parameters q and M .

In view of Corollary 9.2 we would like to compute the probability

θq(M) = πi
q(c0 = i), (9.2)

i.e. the probability that the root has the same color as the boundary. Let us
therefore define the magnetization in this way.

Definition 9.3 The magnetization for the q-type beach model with an r-colored
boundary on Sk ⊂ T̃d is defined as

θq,r,k(M) = πq,r,k(c0 = 1). (9.3)

Note that we then have

θq(M) = lim
k→∞

θq,1,k(M). (9.4)
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9.2.1 The recursion

The regular structure of T̃d will give us a relation recursive in k for the probability
in (9.3). Start by defining

xk
1 = πq,r,k{(c0, j0) = (1, 2)},

xk
2 = πq,r,k{(c0, j0) = (1, 1)},

xk
3 = πq,r,k{(c0, j0) = (q, 1)},

xk
4 = πq,r,k{(c0, j0) = (q, 2)},

and
xk =

[
xk

1 xk
2 xk

3 xk
4

]
,

for k = 0, 1, 2, . . .. The colors {1, . . . , r} are exchangeable and so are the colors
{r+1, . . . , q} and therefore the vector xk determines the root marginal distribution
for πq,r,k. Note that we must have

(
xk

1 + xk
2

)
r +

(
xk

3 + xk
4

)
s = 1, (9.5)

where we us before define
s = q − r.

Let us compute xk+1 in terms of the probabilities in xk. Consider Sk+1 as built-
up by the root 0 and d copies of Sk. To get the state probabilities for 0, use the
BM-feasibility condition and remember the weight (M − 1) for intensity 2. Then,
for k ≥ 0 we get 




xk+1
1 ∝ (

xk
1 + xk

2

)d (M − 1),

xk+1
2 ∝ (

xk
1 + r xk

2 + s xk
3

)d
,

xk+1
3 ∝ (

r xk
2 + s xk

3 + xk
4

)d
,

xk+1
4 ∝ (

xk
3 + xk

4

)d (M − 1).

(9.6)

We normalize according to (9.5) to get the correct probabilities. Together with

x0 =
[ 1

r
0 0 0

]
(9.7)

we then have a complete description of the root marginal for all finite k.
Inspired by the recursion (9.6), let the mapping T1 : R4 → R4 be defined by

T1




x1

x2

x3

x4


 =




(x1 + x2)d (M − 1)
(x1 + r x2 + s x3)d

(r x2 + s x3 + x4)d

(x3 + x4)d (M − 1)


 .
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Also, let T2 : R4 → R4 be defined by

T2(x) =
1

(x1 + x2) r + (x3 + x4) s
· x

for those x =
[
x1 x2 x3 x4

]
where the denominator does not vanish. Finally, define

the mapping T : R4 → R4 as
T = T2 ◦ T1. (9.8)

The recursion (9.6) together with (9.7) is now expressed simpler as




xk+1 = T (xk) for k ≥ 0,

x0 =
[

1
r 0 0 0

]
.

We obviously have xk = T k(x0), k ≥ 1. Our findings so far are summarized in the
following proposition.

Proposition 9.4 Let θq,r,k(M) be as defined in (9.3), and T as in (9.8). Then

θq,r,k(M) = [ 1 1 0 0 ] • T k([ 1/r 0 0 0 ]),

where • denotes scalar product.

9.2.2 The homogeneous tree

It could be of interest to compare this process on T̃d with the corresponding one on
Td. To compute the magnetization at the root for Td, we do the same procedure as
for T̃d with the only difference that in the last iteration we substitute d + 1 for d.
It is thus clear that we get positive magnetization for Td if, and only if, we get it
for T̃d, compare Lemma 5.7. The two trees therefore have the same critical value.
We will henceforth stick to the graph T̃d.

9.3 A fixed point problem

Consider the following fixed point problem.

(P) Let M > 1 be real, and let d ≥ 2, r ≥ 1, and s ≥ 0 be integers. For
T : R4 → R4 as defined in (9.8), solve the equation

T (x) = x.

We will see that the number of solutions to (P) is connected to the number of Gibbs
measures for the beach model on T̃d. First a remark and a few lemmas.
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Remark 9.5 If x is a solution to (P), then T2(x) = T2(T2T1 x) = T 2
2 T1 x =

T2T1 x = x. Hence, a solution x = [x1 x2 x3 x4] to (P) satisfies (x1 + x2) r + (x3 +
x4) s = 1.

Lemma 9.6 The vector x̂ is a solution to (P), where

x̂ = lim
k→∞

T k([ 1/r 0 0 0 ]).

Proof. We know that xk = T k([ 1/r 0 0 0 ]) is the root marginal description for the
measure πq,r,k. As k →∞ the sequence (xk)∞k=0 will converge to the root marginal
description for πq,r. Since T is a continuous mapping, the limit x̂ = limk→∞ xk

solves the problem (P). ¤

Lemma 9.7 The vector xsym is a solution to (P), where

xsym = [ a 1/q − a 1/q − a a ].

and a ∈ (0, 1/q) solves the equation

a =
(1/q)d(M − 1){

(1/q)d(M − 1) + (1 + a− qa)d
}

q
. (9.9)

Proof. With xsym as above we get

T (xsym) =
1{

(1/q)d(M − 1) + (1 + a− qa)d
}

q




(1/q)d(M − 1)
(1 + a− qa)d

(1 + a− qa)d

(1/q)d(M − 1)


 .

Apparently, T (xsym) is symmetric in the same way as xsym, and the sum of its
first two components equals 1/q. Thus, xsym solves (P) if a is chosen so that
xsym

1 = [T (xsym)]1, i.e. if a satisfies (9.9). Indeed, there is (at least) one solution
to (9.9) when 0 < a < 1/q: If we let

g(a) = a− (1/q)d(M − 1){
(1/q)d(M − 1) + (1 + a− qa)d

}
q

it is easy check that g(0) = −(M − 1)/{(M − 1 + qd)q} < 0, g(1/q) = 1/(Mq) > 0
and g is continuous. ¤
We call a vector symmetric if it is on the form [ a 1/q−a 1/q−a a ], and the solution
xsym of Lemma 9.7 is therefore symmetric. In the same way as x̂ describes the root
marginal for πi

q,r, the vector xsym describes the root marginal for the q-type Gibbs
measure on T̃d with free boundary measure. This should be intuitively clear, but to
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make this intuition precise, consider the Gibbs measure πq,r with r = q and s = 0.
This measure is the Gibbs measure with all q colors allowed on the boundary, hence,
the free boundary. The map T1 in this case becomes

T1




x1

x2

x3

x4


 =




(x1 + x2)d (M − 1)
(x1 + q x2)d

(q x2 + x4)d

(x3 + x4)d (M − 1)


 .

Let xfree = [ x1 x2 x3 x4 ] solve (P). We then have (x1 + x2) r + (x3 + x4) s =
(x1 + x2) q = 1, so x2 = 1

q − x1 which agrees with a symmetric solution. Also,

[
T (xfree)

]
1

=
(1/q)d (M − 1){

(1/q)d (M − 1) + (x1 + qx2)d
}
q

=
(1/q)d (M − 1){

(1/q)d (M − 1) + (x1 + 1− qx1)d
}
q

Since xfree solves (P) we have [T (xfree)]1 = x1, and we see that the equation for
x1 is identical to that for a in (9.9). The other probabilities will then fall to place
and we get xsym = xfree.

Proposition 9.8 Let M > 1 be real, and let d ≥ 2 and q ≥ 2 be integers. Let
r = 1 (and s = q−1). Then the solution x̂ in Lemma 9.6 is symmetric if, and only
if, there is a unique q-type beach model Gibbs measure on T̃d with parameter M .

Proof. If x̂ is symmetric then we have from (9.4) together with Proposition 9.4 and
Lemma 9.6 that

θq(M) = [ 1 1 0 0 ] • x̂ = a + (1/q − a)

= 1/q,

and Corollary 9.2 gives the uniqueness.
If there is a unique Gibbs measure, then Corollary 9.2 implies that x̂1+x̂2 = 1/q.

From Remark 9.5 (with r = 1, s = q − 1) we then see that x̂ must be on the form
x̂ = [a 1/q − a 1/q − b b] for some b ∈ [0, 1/q]. Finally,

a

b
=

x̂1

x̂4
=

[T (x̂)]1
[T (x̂)]4

=
(1/q)d(M − 1)
(1/q)d(M − 1)

= 1,

proving that x̂ is symmetric. ¤

Corollary 9.9 Let M > 1 be real, and let d ≥ 2, q ≥ 2 be integers. If r = 1 (and
s = q − 1) then

(P) has exactly one solution ⇒ There is a unique Gibbs measure on T̃d.
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Proof. If (P) has exactly one solution, then the solutions x̂ and xsym of Lemma 9.6
and Lemma 9.7 must coincide. Hence, x̂ is symmetric and Proposition 9.8 gives the
result. ¤

In the light of Corollary 9.9 it would in general be of interest to know how many
solutions there are to the problem (P). This is not an easy question to answer. One
way to obtain another solution to (P) from a given one, is to use the “reversive”
U : R4 → R4 defined by

U([ x1 x2 x3 x4 ]) = [x4 x3 x2 x1 ].

We have the following proposition.

Proposition 9.10 Consider the problem (P) in the case r = s. If x solves (P),
then so does x̃ = U(x).

Proof. For any x ∈ R4 it holds that

T1(U(x)) =




(x4 + x3)d (M − 1)
(x4 + r x3 + r x2)d

(r x3 + r x2 + x1)d

(x2 + x1)d (M − 1)


 = U







(x1 + x2)d (M − 1)
(x1 + r x2 + r x3)d

(r x2 + r x3 + x4)d

(x3 + x4)d (M − 1)







= U(T1(x)),

that is, T1 U = U T1. Since obviously also U and T2 commute when r = s we get

T U = T2 T1 U = T2 U T1 = U T2 T1 = U T,

and thus
T x̃ = T U x = U T x = U x = x̃.

¤
Consider the situation in Proposition 9.3 where r = s. If we now take M large

enough, we ought to have x̂ non-symmetric. For the Potts model this is certainly
true (Chapter 5). We then have two different solutions to (P) and Proposition 9.3
presents us with yet another one, all in all three solutions.

Why this interest in the number of solutions to (P)? The reason is that it is
tempting to believe that each solution to (P) corresponds to some Gibbs measure
on T̃d, with a suitably chosen boundary condition.

9.3.1 Generalization
Although d, r and s have been thought of as integers, there is no need for such a
restriction on the parameters for (P). The problem (P) can be posed for real d, r
and s, and could then be seen as an extension of the beach model on a regular tree
– at least regarding the question of non-zero magnetization.
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9.4 Numerics

9.4.1 The critical value
Consider the q-type beach model on T̃d with an r-colored boundary, described by
the measure πq,r. For M small, πq,r coincides with the free boundary measure.
Indeed, for M < Mc(q) on T̃d we have a unique Gibbs measure and in particular
πq,r = πi

q for any color i. Corollary 9.2 states that the root color has a uniform
distribution. The intensity distribution on 1 and 2 depends of course on M though.
This motivates the following definition.

Definition 9.11 Let 1 ≤ r ≤ q be integers and write πM
q,r for the q-type beach

model Gibbs measure on T̃d with parameter M . Define

Mc(q, r) = sup
{

M ≥ 1 : πM
q,r(c0 = 1) =

1
q

}
.

Proposition 9.4 suggests a way to determine the critical value Mc(q, r):

1. Choose ε > 0 and δ > 0 small with ε ¿ δ, and let x0 = [1/r 0 0 0].

2. Compute xk+1 = T (xk) and iterate until ‖xk+1 − xk‖∞ < ε.

3. Guess that M < Mc(q, r) if
∣∣∣∣[1 1 0 0] • xk − 1

q

∣∣∣∣ < δ,

otherwise not.

For computation in matlab, in which calculations are done with an accuracy of
order 10−16, the choices for ε and δ have been ε = 10−13 and δ = 10−7.

We can now estimate the critical value Mc(q, r) for some different q and r, see
Table 9.1. On T̃2 we see that the critical value seems to be increasing in r and
then, for r sufficiently close to q, constant in r. This would then be analogous to
the Potts model, confer Theorem 5.9. If we instead look for a diversity between the
to models, notice the how the critical point shifts when going from T̃2 to T̃3 in the
beach model. For r = 1, the critical value decreases, but for r ≥ 2, it increases (at
least when q ≤ 6). This differs from the Potts model, where the critical value is
(strictly) decreasing in d, see Proposition 6.4.

9.4.2 The magnetization function
The algorithm in the previous section also allow us to plot the magnetization prob-
ability θq,r(M) through θq,r(M) = πM

q,r(c0 = 1) ≈ [1 1 0 0]•xk for some k suggested
by step 2. In the following we write as if the properties of θq,r(M) suggested by
the plots actually hold.
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q\r 1 2 3 4 5

2 2.113 ∞ − − −
3 3.130 3.598 ∞ − −
4 3.868 5.621 5.652 ∞ −
5 4.467 6.864 8.249 8.249 ∞
6 4.984 7.778 10.144 11.378 11.378

q\r 1 2 3 4 5

2 2.030 ∞ − − −
3 2.698 4.897 ∞ − −
4 3.108 6.918 10.657 ∞ −
5 3.423 7.606 12.626 18.203 ∞
6 3.684 8.119 13.305 18.956 24.902

Table 9.1: Critical values Mc(q, r) for T̃2 (upper table) and T̃3 (lower table).

Let us first look at the case with the “original” parameter values q = 2 and
r = 1. In Figure 9.1 we see the magnetization plotted for two different graphs. On
the tree T̃2 the model exhibits a second order phase transition, whereas on T̃3 the
phase transition is of the first order. This is a bit surprising, since the type of phase
transition normally does not depend on the branching index d. For example, for
the Potts there is no d-dependence concerning this issue, see Corollary 6.2.

If we go to the case with q = 3 colors we see in Figure 9.2 that the order of phase
transition depends on r. This is true in the Potts model as well, see Corollary 6.2.

Figure 9.3 illustrates some odd magnetization functions. These functions are
strictly convex on some part of the parameter axis.

In Figure 9.4 we see something even more peculiar. Here we have a discontinuity
in the magnetization function outside the critical point. For the Potts model,
this can never happen as demonstrated in Corollary 6.2. We have, at present, no
explanation for this surprising phenomenon.
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Figure 9.1: The function θ2,1(M) on T̃2 (left) and on T̃3 (right).



9.4. NUMERICS 107

3 3.1 3.2 3.3
0.2

0.4

0.6

0.8

1
q=3  r=1  d=2

M
3 3.5 4 4.5 5

0.3

0.35

0.4

0.45

0.5
q=3  r=2  d=2

M

Figure 9.2: Plot of θ3,r(M) on T̃2 in the cases r = 1 (left) and r = 2 (right).
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Figure 9.3: Plot of θq,r(M) in the cases (q, r, d) = (5, 3, 2) and (q, r, d) = (3, 2, 3).
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Figure 9.4: Plot of θq,r(M) in the cases (q, r, d) = (7, 5, 2) and (q, r, d) = (4, 3, 3).
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