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Abstract

Consider a mixture of two immiscible, incompressible fluids e.g. oil and water. Since

the fluids do not mix, an interface between the two fluids will form and move in time. The

motion of the two fluids can be modelled by the incompressible Navier-Stokes equations

for two phase flow with surface tension together with a representation of the moving

interface. The parameters in the Navier-Stokes equations will depend on the position and

other properties of the interface. The interface should move with the velocity of the flow

at the interface. Since the fluids are incompressible, the density of each fluid is constant.

Mass conservation then implies that the volume occupied by each of the two fluids should

not change with time. The object of this thesis has been to develop a new numerical

method to simulate incompressible two phase flow accurately that conserves mass and

volume of each fluid correctly.

Numerical simulations of incompressible two phase flow with surface tension have been

a challenge for many years. Several methods have been developed and used prior to the

work presented in this thesis. The two most commonly used methods are volume of fluid

methods and level set methods. There are advantages and disadvantages of both of the

methods.

In volume of fluid methods the interface is represented by a discontinuity of a globally

defined function. Because of the discontinuity it is hard both to move the interface as well

as to calculate properties of the interface such as curvature. Specially designed methods

have to be used, and all these methods are low order accurate. Volume of fluid methods

do however conserve the volumes of the two fluids correctly.

In level set methods the interface is represented by the zero contour of the globally

defined signed distance function. This function is smooth across the interface. Since the

function is smooth, standard methods for partial differential equations can be used to

advect the interface accurately. A reinitialization is however needed to make sure that the

level set function remains a signed distance function. During this process the zero contour

might move slightly. Because of this, the volume conservation of the method becomes

poor.

In this thesis we present a new level set method. The method is designed such that the

volume of each fluid is conserved, at least approximately. The interface is represented by

the 0.5 contour of a regularized characteristic function. As for standard level set methods,

the interface is moved first by an advective step, and then reinitialized. Unlike traditional

level set methods, we can formulate the reinitialization as a conservation law. Conservative

methods can then be used to move and to reinitialize the level set function numerically.

Since the level set function is a regularized characteristic function, we can expect good

conservation of the volume bounded by the interface.

The method is discretized using both finite differences and finite elements. Uniform

and adaptive grids are used in both two and three space dimensions. Good convergence as

well as volume conservation is observed. Theoretical studies are performed to investigate

the conservation and the computational time needed for reinitialization.
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Preface

This thesis consists of an introduction and two papers. In both papers the ideas
were developed by the two authors together. The author of this thesis also wrote
both manuscripts and made all the numerical calculations.

Paper 1 E. Olsson, G. Kreiss. A conservative level set method for two phase flow.
J. Comput. Phys, 210:225-246, 2005.

Paper 2 E. Olsson, G. Kreiss. A conservative level set method for two phase flow
II. Submitted.
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Chapter 1

Incompressible Two Phase Flow

Many physical phenomena can be modeled as incompressible, immiscible two phase
flow with surface tension. Examples include water droplets falling through the air,
petroleum and water mixtures flowing in a porous media, molten glass in air etc.
Since the fluids are immiscible, a moving interface between the fluids will form. In
this thesis we will present a new method to simulate the motion of the two fluids
and the interface between them. To justify the need for the new method, we will
give a short overview of the most frequently used traditional techniques. As we will
see, the main advantages of the new method is that it conserves mass correctly and
that it is easy to implement for problems in both two and three dimensions.

1.1 Mathematical Formulation

Assume a given domain Ω occupied by two different fluids. Denote the subdomains
occupied by fluid 1 and 2 by Ω1 and Ω2 respectively. We assume that Ω \Ω1 = Ω2.
The internal boundary between Ω1 and Ω2 we denote by Γ.

Taking forces due to inertia, viscosity, gravitation and surface tension into ac-
count, conservation of momentum gives

(ρ~u)t + ∇ · (ρ~u~u) = −∇p +
1

Re
∇ ·

(

µ
(

∇~u + (∇~u)T
))

+
ρ

Fr2
~eg +

1

We
~Fst. (1.1)

If the fluids are incompressible, conservation of mass gives

∇ · ~u = 0. (1.2)

The system (1.1) and (1.2) is known as the incompressible Navier-Stokes equations.
Re, Fr and We are non dimensional parameters depending on properties of the fluids
and the length scale of the problem. ρ and µ are dimensionless density and viscosity
and ~Fst is the force due to surface tension. ~u and p are the unknown velocity and
pressure. In addition to the Navier-Stokes equations, the motion of the interface
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6 CHAPTER 1. INCOMPRESSIBLE TWO PHASE FLOW

has to be described. Given an initial interface, the interface should move with the
velocity of the flow at the interface. This can be formulated as

dX

dt
= ~u(X), X ∈ Γ. (1.3)

(1.3) gives an ordinary differential equation (ODE) for every point on the inter-
face. It is possible to represent the boundary by a certain level set of a globally
defined function Φ. The ODE:s (1.3) can then be replaced by the partial differential
equation (PDE)

Φt + ~u · ∇Φ = 0

on all of Ω.
We will assume that the density and viscosity is constant within each of the

fluids, i.e.

ρ(x) =

{

ρ1 if x ∈ Ω1

ρ2 if x ∈ Ω2

and respectively for µ. The force due to surface tension can be written as

~Fst(x) = κ(x)n̂(x)δΓ.

Here, κ and n̂ are the mean curvature and normal of the interface. δΓ is a Dirac
function with support only on Γ such that

∫

Ω
δΓdΩ =

∫

Γ
ds. In order to include

surface tension the normal and curvature of the interface are thus needed.
The density and viscosity will in general be discontinuous across the interface.

These discontinuities together with the surface tension will result in discontinuities
in pressure and gradients of the velocity.

It is important to notice that the volume occupied by each fluid will be conserved
in time. This means that if there is no mass flow through the boundaries of Ω then
∂
∂t

(
∫

Ω2

dΩ) = ∂
∂t

(
∫

Ω1

dΩ) = 0. This is a consequence of the incompressibility and
the conservation of mass.

1.2 Traditional Numerical Methods for Two Phase Flow

In general only approximate solutions of the equations (1.1), (1.2) and (1.3) can
be found. Several different techniques have been developed for incompressible two
phase flow. One main difference between the methods is how the interface is rep-
resented. How the curvature and normal are calculated will naturally depend on
the representation.

All methods for representing the interfaces can be divided into two classes. In
the first class, the interface Γ is represented implicitly by a function defined on all
of Ω. To this class belong the level set method, the volume of fluid method and
the phase field method. In the second class, the interface Γ is instead explicitly
tracked. These methods are called front tracking methods.
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Among these methods, the volume of fluid method, the level set method and
front tracking methods are probably the most commonly used. A short summary of
the basic features of these methods will be given in the following sections. For phase
field methods we refer the review paper by Anderson, McFadden and Wheeler [1]
and to the work of Jacqmin [7].

1.3 The Volume of Fluid Method

The volume of fluid method has since it was first introduced in 1976 by Noh and
Woodward [9] been extensively used, studied and developed. Here, we will only
describe the main idea of the method. A more complete overview of the method
and its developments can be found in the review paper by Scardovelli and Zaleski
[14].

The idea of the volume of fluid method is the following. The computational
domain Ω is divided into small cells. Each cell is assigned a value between zero and
one representing the fraction of one of the fluids within that cell. From these cell
fractions the position of Γ can be determined using some kind of reconstruction. In
the original paper by Noh and Woodward [9], a piecewise constant reconstruction
was used. Later, many piecewise linear reconstructions have been proposed, e.g.
by Rider and Kothe [13] and Pilliod and Puckett [12]. A characteristic function χ
being zero within fluid one and one within fluid two can now be determined.

To advect the interface, the PDE

χt + ∇ · (~uχ) = 0

can be solved. This is done using finite volume techniques, i.e. the flux of each
fluid in and out of each cell is calculated. Because of the discontinuity in χ, special
methods have to be used not to smear the discontinuity. The order of accuracy
seems to range from one to two for volume of fluid methods. The method does
however conserve mass exactly. This is not the case for the level set method and
front tracking methods.

To calculate normals and curvature, a smooth version of χ, χ̃, is in general
calculated using some kind of regularization. The normal and curvature can then
be computed from n̂ = ∇χ̃/|∇χ̃| and then κ = −∇ · n̂.

1.4 The Level Set Method

The idea to evolve an interface by representing it as a level set of a global function
was introduced by Osher and Sethian [11]. They described techniques for motion
in either a given underlying velocity field or with curvature dependent speeds.
Since then, the level set method have been applied to several different problems
such as propagation of fronts, crystal growth, image processing, compressible and
incompressible flow etc.
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In level set methods, the interface is represented as the zero contour of the
signed distance function Φ:

Φ(x) =

{

minxI∈Γ ‖x − xI‖ if x ∈ Ω1

−minxI∈Γ ‖x − xI‖ if x ∈ Ω2.

The zero contour, and thus the interface, can now be moved correctly by solving
the PDE

Φt + ~u · ∇Φ = 0. (1.4)

In contrast to the characteristic function used in the volume of fluid method, this
function is smooth across the interface Γ. Because of this, standard higher order
techniques can be used to solve (1.4) numerically. Mostly, higher order essentially
non-oscillatory (ENO) schemes ([6], [16], [17]) are used.

(1.4) will move the zero contour in the right way. Φ will however in general not
remain a signed distance function as time evolves. A reinitialization is therefore
needed to make sure that Φ remains a distance function. This reinitialization can
also be formulated as a PDE. Given an initial Φ0 with the correct position of the
zero contour,

Φt + sgn(Φ0) (|∇Φ| − 1) = 0 (1.5)

can be solved to steady state. This was used by Sussman, Smereka and Osher
[21], where the level set method was first used for incompressible two phase flow
calculations. For numerical reasons, a regularized sign function was used. In nu-
merical approximations of (1.5), it has become evident that the zero contour will
move, in particular if the initial Φ0 is far from a signed distance function. This in
turn implies a poorer conservation of the volume bounded by the interface. Several
different approaches have been used in order to decrease the movement of the zero
contour during reinitialization. A modification to the reinitialization was presented
by Sussman and Fatemi [18] and also used in [19]. There, a constraint was added
to the reinitialization such that the volume bounded by the zero contour could be
approximately conserved locally within each cell. The zero contour might thus still
move, but the volume bounded by the zero contour will be approximately preserved
during the reinitialization. It should be noted that the numerical solution of the
advection will also imply a small change in the volume bounded by the interface.
Even though the results in [19] shows better conservation compared to [21], there
is still a continuous mass loss which accumulates as time evolves.

Other approaches have been used to improve the mass conservation of level set
methods. Enright et al [4] proposed to distribute marker particles close to the zero
level set. These marker particles were also moved with the flow, but by solving
the ODE (1.3) for each particle. Numerical experiments have shown that methods
based on the ODE formulation have better conservation properties compared to the
level set method. Any marker particle initially on one side of the interface should
always remain on that side. Marker particles moving from one side to the other side
of the zero contour of the level set function was used to indicate where the interface
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had moved incorrectly. Within each cell closer than 3∆x to the interface, 16 for 2D
calculations and 64 for 3D calculations marker particles were placed. These marker
particle will improve the resolution close to the zero contour. In particular, the
particle level set method improves resolution where features of the interface cannot
be resolved by the fixed grid used for the level set function. Numerical evidence
of improved resolution and conservation during both advection and reinitialization
was presented. No guarantee of conservation for long time simulation can however
be given. The marker particles obviously increases the complexity of the level set
method. The method has not yet been used for two phase flow calculations with
surface tension.

Sussman and Puckett [20] proposed a coupled level set and volume of fluid
method. Both a level set function as well as the fraction of volume within each
cell were used. In this way calculations of curvature could be improved compared
to earlier volume of fluid methods. Mass could be conserved almost exactly. Since
the fraction of volume is advected, it is however hard to see how any high order of
accuracy of the advection can be obtained.

Good introductions to the level set method and more complete reviews can be
found in the books by Osher and Fedkiw [10] and by Sethian [15].

1.5 Front Tracking Methods

In front tracking methods the interface is defined explicitly, usually by marker
particles distributed on the interface. This approach was used by Unverdi and
Tryggvason [23]. The interface is then evolved by solving the ordinary differential
equation

dX

dt
= ~u(X), X ∈ Γ. (1.6)

for each particle. In order to calculate normals and curvatures one needs to keep
track of which particle is neighbor to which particle. Particles might move too
close together or too far apart, resulting in numerical difficulties. To avoid this,
the particles might have to be redistributed along the interface. Since the particles
move independently of each other, oscillations in the interface might occur. Some
regularizing technique has to be applied to suppress such oscillations. Interpolations
also have to be done to interpolate the interface to the fixed grid used for the
velocity and pressure. Special care also has to be taken when merging or breakup
of interfaces occur.

Another example of a front tracking method is the segment projection method,
developed by Tornberg and Engquist [22]. They represented the interface by several
line segments. No redistribution of marker points is needed and the calculation of
normal and curvature is simpler compared to the method of Unverdi and Tryggv-
ason. The method is however still difficult to implement.
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Front tracking methods have turned out to be accurate and thereby to con-
serve volumes quite well. The implementation does however become complex, in
particular for problems in three dimensions.

1.6 Numerical Treatment of Surface Tension and

Discontinuities Across the Interface

In general, the density and viscosity are discontinuous across the interface. The
surface tension acts only at the interface, creating a jump in the pressure at the
interface. When using numerical methods, special care has to be taken to handle
these discontinuities. The most simple approach, and which has been used tradi-
tionally, is to regularize all jumps and the surface tension. The density and viscosity
can be regularized such that instead of jumping discontinuously, they go smoothly
from ρ1 to ρ2 over several grid points.

A regularization of the surface tension was presented by Brackbill, Kothe and
Zemach [2]. They suggested to replace the surface tensional force

~Fst = κn̂δΓ.

by
F̃st = κ∇φ

where φ is some function going smoothly from zero to one across the interface. It
can easily be verified that as the transition from zero to one of φ becomes sharper,
F̃st → ~Fst. This approach of modeling surface tension have been used for the level
set method, volume of fluid methods and front tracking methods. It should be
noted that one has to be careful when discretizing regularized delta functions. It
was shown by Engquist et al [3] that certain discrete regularized delta functions will
produce errors of order 1. This means that errors will persist under grid refinement
if an inappropriate approximation of the delta function is used.

More recently, techniques to impose sharp discontinuities at the interface have
been developed. For instance, Kang et al. [8] have developed a sharp interface
method for two phase flow based on the level set method. Francois et al. [5] present
a corresponding method for the volume of fluid method. The sharp approach avoids
the unphysical smearing. Because of this, they can be expected to be more accurate
than the diffuse methods.



Chapter 2

A Conservative Level Set Method

2.1 Introduction

As we have seen, the level set method is a powerful tool to represent moving inter-
faces. The main advantage is the simplicity and the possibility to obtain high order
of accuracy by using standard techniques for partial differential equations. How-
ever, the conservation of mass and volume might be poor. This will in particular
be true if the interface is not well resolved or in long time calculations.

The goal of our work has been to construct a method having all the good
properties of the level set method. We want to represent the interface as the level
set of a globally defined function Φ. The motion of the interface can then be
expressed as a partial differential equation. This removes several of the difficulties
present in front tracking methods. Furthermore, we want Φ to be smooth over the
interface, so that standard, possibly higher order accurate, methods can be used
to solve the PDE and to calculate normal and curvature. This is not the case for
volume of fluid methods. All these are properties of standard level set method. In
addition to these, we want the method to have some kind of built in conservation.
For long time calculations or when the features of the interface are too small to be
resolved by the grid, there should still be good conservation of volume and mass.

The method we have developed is described in the two papers included in this
thesis. We will briefly summarize the content of these articles in the next sections.

2.2 Summary of Included Papers

Paper 1: A Conservative Level Set Method for Incompressible

Two Phase Flow

In Paper 1 a new method to represent and move an interface in a given velocity field
~v is presented. The velocity field is supposed to be divergence free, i.e. ∇ · ~v = 0.
The interface is represented as the 0.5 contour of a certain regularized characteristic

11



12 CHAPTER 2. A CONSERVATIVE LEVEL SET METHOD

function. This means that Φ ≈ 1 on one side of the interface and Φ ≈ 0 on the
other. Across the interface Φ goes rapidly from zero to one.

Since the velocity is divergence free, the 0.5 level set can be advected by solving
the conservation law

Φt + ∇ · (Φ~u) = 0. (2.1)

Given Φ(x, tn) as initial condition, denote the solution of (2.1) at t = tn+1 by
Φ∗(x, tn+1). As for standard level set methods, the 0.5 contour of Φ∗(x, tn+1) will
move correctly, but the shape of Φ∗(x, tn+1) across the interface will be different
from that of Φ(x, tn). To recover the original profile the PDE

Φτ + ∇ · (Φ(1 − Φ)n̂) = ε∆Φ (2.2)

Φ(x, 0) = Φ0 = Φ∗(x, tn+1)

is suggested to be solved to steady state. This gives Φ(x, tn+1). Here, ε > 0 is a
small constant and

n̂ =
∇Φ0

|∇Φ0|
.

The method is different from standard level set method in two important ways.
First of all, the reinitialization can be formulated as a conservation law. Because of
this, we can use conservative numerical methods to obtain an approximate solution
Φh ≈ Φ. If there is no flux through the boundaries, this implies that

d

dt

(
∫

Ω

ΦhdΩ

)

= 0.

Secondly, since Φh is an approximate regularized characteristic function, we have
that

∫

Ω

ΦhdΩ ≈ AΦ=0.5.

Here, AΦh=0.5 denotes the area bounded by the interface Φh = 0.5. This motivates
why we can expect the variations of AΦh=0.5 in time to be small.

The method is discretized using conservative second order accurate finite dif-
ferences. Numerical tests are performed. The convergence of the method for two
different velocity fields is checked. These results yield an estimated order of accur-
acy of two and good conservation of the area bounded by the 0.5 contour. The
results are compared with a standard second order level set method. The conser-
vation of the new method is significantly better compared to the standard method.
The method is also coupled with a solver of the incompressible two phase flow
Navier-Stokes equations with surface tension. Calculations show good conserva-
tion, but the convergence rate is low. All calculations are performed on uniform
grids in two space dimension.
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Paper 2: A Conservative Level Set Method for Incompressible

Two Phase Flow II

In Paper 2 the method described in Paper 1 is studied and developed further. First
of all, the equation for the reinitialization is modified. In the original formulation
(2.2) there was compression only in the direction of n̂, while there was diffusion in
all directions. This implies that the diffusion in the normal direction will quickly
become balanced by the compression. No compression will however balance the
diffusion in the tangential direction. This tangential diffusion might thus move the
position of the interface. To avoid this, (2.2) is replaced by

Φτ + ∇ · (Φ(1 − Φ)n̂) = ε∇ · ((∇Φ · n̂) n̂) . (2.3)

(2.3) gives a diffusive flux only in the direction of n̂.
The convergence of (2.3) to steady state is studied by looking at the correspond-

ing one dimensional problem. The study indicates an exponential convergence on
a fast time scale. This suggests that only a few time steps will be needed to reach
a steady state of (2.3).

The conservation of AΦh=0.5 is studied in more detail. We show that, if numer-
ical errors are small, then

AΦh=0.5(tn) = AΦh=0.5(0) + δ(tn),

where
|δ(tn)| < 2 · LΓ(tn)|κ(tn)|∞ε2.

Here, LΓ(tn) is the length and |κ(tn)|∞ the maximum magnitude of the curvature
of the interface Γ at t = tn.

A finite element discretization is proposed. A simple adaptive procedure based
only on the distance to the interface is presented. Calculations of incompressible two
phase flow with strong surface tension are presented. The results of the computa-
tions show good area conservation as well as second order of accuracy. Calculations
were performed for both two and three dimensional problems.





Chapter 3

Open Questions and Future Work

Even though we have been able to use the new conservative level set method with
satisfying results, there are still many open questions. Among these are how to
handle fluid interfaces in contact with non slip walls. Another question is how
the interface moves during the reinitialization. So far the method have only been
applied to simple problems, where the exact solution is more or less known. A
goal is of coarse to be able to use the method to solve more complicated flow
problems. One example is how oil is extracted out of a porous medium by air or
water injections. The process of producing hard metals by liquid phase sintering is
another interesting problem.

These are all problems we plan to solve in the future. They will be discussed
briefly in the following sections.

3.1 Contact Lines

In reality, the interface between two liquids is often in contact with a wall. The
intersection of the interface and the boundary is called contact lines. If non slip
boundary conditions are used, i.e. if ~v = 0 on the boundary, the contact lines
will not move. In physical experiments, this is not observed. Instead, interfaces
do move along walls. This indicates that the physical model we are using does
not model contact lines correctly. It is instead believed that there is a preferred
angle between the interface and the wall. Which preferred angle this is, depends
on properties of the fluids and the wall. Furthermore, how the interface moves will
depend on this angle. We believe that it should be possible to modify our method
by imposing some given contact angle. Exactly how this should be done remains
to be investigated.

15



16 CHAPTER 3. OPEN QUESTIONS AND FUTURE WORK

3.2 Analysis of the Method

One important issue that have not yet been analyzed is how the 0.5 contour of Φ
moves during the reinitialization. It is clear that in the limit ε → 0, the reinitializ-
ation will not move the interface at all. But what happens for small ε > 0? If the
displacement of the interface is small, for instance, decreases exponentially with ε,
then it is reasonable to use higher order accurate methods to improve the accuracy
of the method. However, if the error is O(ε), then our method is bound to be low
order accurate. An analysis of the motion of the interface during the reinitialization
will indicate whether or not our method can be used to move interfaces with high
order of accuracy. Furthermore, it will suggest how small ε should be chosen to
obtain accurate results.

3.3 Applications in Petroleum Engineering and Material

Science

There are two different physical problems we want to study using our method. To
handle both of these, the method must be able to move contact lines correctly.

First of all, we want to simulate the recovery of petroleum by water or gas
injections. In general, empirical macroscopic models are used to simulate the flow
on a large scale. It is however hard for such models to accurately account for the
effect of surface tension and the motion of contact lines. This can be studied using
our method. However, only a small volume can be modeled since the geometry of
the porous medium is varying on a very small length scale. Results from calculations
on the small scale could however be used to improve the macroscopic model. In
practice, one is unable to extract all of the oil by water or gas injections. Some
oil is always trapped. Simulations could improve the understanding of when such
trapping occurs and how it could be avoided.

The second application is the formation of hard metals by liquid phase sinter-
ing. Small grains of Tungsten Carbide is mixed with grains of Cobalt. When the
powder is heated, the Cobalt melts while the Tungsten Carbide remains solid. The
liquid Cobalt tends to pull the solid grains together, creating a densified material.
The driving force of this process is believed to be the strong surface tension of
liquid Cobalt. When the material is cooled down, a hard solid material is formed.
Using numerical simulation it will be possible to increase the understanding of the
process. The process of liquid phase sintering is similar to the extraction of oil.
An important difference is however that the Tungsten Carbide grains will move
and deform slightly. To fully model this, three phases have to be modeled. The
conservative level set method for two phase flow thus have to be further developed
before it can be used to simulate the complete process of liquid phase sintering.
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