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Abstract—FOXTAIL is a code used to describe the nonlinear
interactions between toroidal Alfvén eigenmodes and an ensemble of resonant energetic particles in tokamaks with realistic
geometries. This report introduces an extension of the code,
including effects from ion cyclotron resonance heating (ICRH) of
energetic ions using a quasilinear diffusion operator in adiabatic
invariant space. First results of the effects of ICRH diffusion
on the system consisting of a single Alfvén eigenmode linearly
excited by resonant ions are presented. It is shown that the
presence of ICRH diffusion allows for the mode amplitude to
grow larger than in the case of nonlinear saturation in the absence
of sources and sinks. Gradually increasing the strength of ICRH
diffusion also decreases the linear growth rate of the mode. Both
these phenomena are previously observed also for the case of a
finite phase decorrelation operator in bump-on-tail systems with
a single eigenmode.

I. I NTRODUCTION

T

HE toroidal geometry of the tokamak plasma induces
frequency gaps in the shear Alfvén wave continuum as
a result of coupling of poloidal harmonics. In these gaps, discrete frequency waves, so called toroidal Alfvén eigenmodes
(TAEs), might exist [1], propagating with phase velocities
√
ω/k ≈ vA = B/ µ0 ρm . Light energetic ions have similar
velocities, and can interact resonantly with TAEs. Inverted
energetic ion distributions around the resonance can drive
these modes unstable, especially considering that TAEs have
comparably low instability thresholds [2]. Experiments have
produced unstable TAEs driven by energetic ions coming
from e.g. neutral beam injection (NBI) [3, 4], ion cyclotron
resonance heating (ICRH) [5, 6], and from fusion born αparticles [7]. As the mode amplitudes grow large, their wave
fields transport and potentially eject large fractions of energetic
ions from the plasma, which reduces the possibility to achieve
reactor relevant conditions significantly [3–7]. It is therefore
of great importance to understand the mechanisms that excite
and govern the dynamics of these modes.
Many of the important properties of the TAE dynamics, such
as amplitude saturation and frequency chirping, are understood
to be dependent on the nonlinear dynamics of TAEs and
energetic ions. Understanding the long time scale dynamics
of these systems could also be much relevant for future
devices, such as ITER, because of long pulse operation and
the importance of sufficient α-particle heating. FOXTAIL [8]
is a code designed to simulate the long time scale nonlinear

dynamics of TAEs and ensembles of energetic ions in realistic
tokamak geometries.
This report also presents an extension of the code, consisting
of a quasilinear diffusion operator modelling the influence
of ICRH on the dynamics of TAEs and energetic ions. To
the authors’ best knowledge, few numerical modelling studies
aimed at describing TAE–energetic ion dynamics specifically
under the influence of ICRH have been made. Studies of a
numerical model for TAE–ion dynamics during ICRH were
made by Bergkvist, et al. [9, 10]. The studies showed mode
damping on time scales faster than the slowing down time
as the ICRH is deactivated, and pitch-fork splitting of the
mode frequency by renewal of the tail distribution by ICRH,
which is in agreement with experimental observations [11, 12].
However, the numerical model for the TAE–energetic ion
interaction used in the studies was quasilinear. Presented in
this report is a fully nonlinear interaction model, with the
ability to simulate scenarios with wave–particle interactions
weakly decorrelated by the presence of ICRH.
The structure of the report is as follows: Section II presents a
description of FOXTAIL and of the quasilinear ICRH operator.
Section III presents the studies made for this report, starting
with the description of a more specific ICRH diffusion operator used in the studies. This is followed by a presentation of the
parameter setup for the simulations and numerical results from
these. The studies investigates the dynamics of a single TAE
interacting with an energetic bump-on-tail distribution under
the influence of the suggested ICRH diffusion operator at
various diffusion strengths, from weak to strong decorrelation
of the interaction. Section IV presents the main conclusions
made in the report.
II. M ODEL DESCRIPTION
A. Overview of FOXTAIL
FOXTAIL is a Monte Carlo model, where the energetic
particles are represented by discrete markers in a 5D phase
space. Three of the phase space coordinates are the invariants
E (kinetic energy), Pφ (toroidal canonical momentum) and
µ (magnetic moment, which is an adiabatic invariant). The
remaining two coordinates are the transformed poloidal (θ̃)
and toroidal (φ̃) angles, part of an action–angle canonical
coordinate system [13] of the equilibrium (i.e., in the absence
of TAEs).
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The equations of motion of the system are given by

X
˙

Ai Ui,k ,
θ̃k = ωB (Jk ),
 Ėk = Re
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X ni


˙
Ai Ui,k , φ̃k = ωp (Jk ),
Ṗφ,k = Re
ω
i
i



X


∗

µ̇k = 0,
Ȧi = −
wk Ui,k
,




k
where
Ui,k ≡

X

Vi,` (Jk )ei(`θ̃k +ni φ̃k −ωi t) ,

gyro-orbit and left-hand component of the electric wave field,
calculated by
Z t
dt0 (ωa − nh Ωc − kk vk − k⊥ · vd ), (6)
ν(t) = ν(t0 ) +
t0

(1)

(2)

`

and Jk ≡ (Ek , µk , Pφ,k ). Here, Ai is the amplitude of the
i:th mode, normalised such that |Ai |2 /2 is the mode energy,
and ni and ωi are the toroidal mode number and frequency
of the same mode, respectively. The index k labels each
marker representing the energetic particle distribution, with a
weight factor wk . The frequencies ωB and ωp are the bounce
and precession frequencies of the particle. The fields Vi,` (J )
are Fourier coefficients in θ̃-space of a function quantifying
the instantaneous acceleration of a particle interacting with a
single eigenmode (see Ref. [8] for details). FOXTAIL solves
eq. (1) for a set of markers and mode amplitudes using the
standard 4th order Runge–Kutta method.
Equation (1) only includes direct eigenmode–energetic particle interaction, and it excludes particle collisions, eigenmode
damping (coming e.g. from interaction with a thermal distribution or damping in connection with mode conversion) and
particle sources and sinks (auxiliary heating, Bremsstrahlung,
fusion reactions, etc.). The next section presents an extension
of the FOXTAIL model, which includes a quasilinear diffusion
operator modelling the effects of ion cyclotron resonance
heating (ICRH).
B. Quasilinear ICRH operator
References [14, 15] present an ICRH operator acting on an
ion species. The operator, averaged over the guiding centre
orbits of the ions, can be expressed as
X
df
=
L(DRF L(f )),
(3)
dt RF n ,n ,ω
h

where
L=
DRF =

a

a

1 ∂
na ∂
∂
+
+
,
∂E
Bres ∂µ ωa ∂Pφ
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with vd being the perpendicular drift velocity of the ion. The
number of local resonances varies between 0 and 4 in different
regions in momentum space. Π in eq. (5) is the phase integral:
r
Z
2πi iν
iν(t)
e .
(7)
Π = dt e
≈
ν̈
The approximation in eq. (7), being the phase integral evaluated at the local ion cyclotron resonance, results from expanding ν to second order in t. The approximation lacks validity
in a neighbourhood around ν̈ = 0, where the inclusion of
higher order terms is required [16]. The diffusion coefficient
of eq. (5) was derived assuming that the phase ν is decorrelated
each time the ion passes the local resonance, e.g. by collisions
or by nonlinear effects.
III. T HE EFFECTS OF ICRH DIFFUSION
A. The ICRH diffusion operator
The aim of the presented study is to investigate how the
TAE dynamics is qualitatively affected by an energetic ion
distribution under the influence of ICRH diffusion. The operator of eq. (3) includes some physical properties that are not
necessary to account for in this particular study. Consequently,
a set of simplifying assumptions are made for the FOXTAIL
implementation of the ICRH diffusion operator. The first
assumption is that only one single antenna is present with a
single toroidal mode number, removing the summation over na
and ωa in eq. (3). Furthermore, the transferred toroidal kinetic
momentum from the ICRH wave field to the ions (∂/∂Pφ term
in eq. (4)) and the Doppler shift (velocity dependent terms in
the resonance condition) are neglected. We choose also only to
consider the fundamental cyclotron resonance (nh = 1). Then,
given that k⊥ v⊥ /Ωc  1, the Bessel function Jnh +1 = J2 is
negligible compared to Jnh −1 = J0 ≈ 1, and the second term
of eq. (5) can be neglected. It is also assumed that the energetic
ion distribution is sufficiently far from the point where ν̈ = 0
at the local resonances, making the approximation of eq. (7)
valid. Consequently, the operator is given by the equation
df
dt

(4)

ωB X
2
Zev⊥ (E+ Jnh −1 + e2iζ E− Jnh +1 )Π . (5)
8π n
r

Here, ωa and na are the frequency and toroidal mode number
of the ICRH wave field, nh is the harmonic number of the ion
cyclotron resonance, Bres = mωa /Ze is the resonant magnetic
field of the fundamental resonance, E+ and E− are the leftand right-hand polarized components of the electric wave field,
respectively, and ζ is the angle of propagation of the wave
in the plane perpendicular to the magnetic field. Jnh ±1 are
Bessel functions of the first kind with the argument k⊥ v⊥ /Ωc .
nr indexes the locations of the local ion cyclotron resonances
ν̇ = 0 along the orbit, where ν is the relative phase of the

= L(DRF L(f )),

(8)

RF

with
L=

∂
1 ∂
+
,
∂E
Bres ∂µ

2
ωB X |Zev⊥ E+ |
4 n
|Ω̇c |
r
2
ZeωB |E+ | µBres X 1
=
.
2
nr |Ḃ|

(9)

DRF =

(10)

The derivatives Ω̇c and Ḃ are calculated along the unperturbed
guiding centre orbit and evaluated at the resonant points
ωa = Ωc (which is equivalent to B = Bres ). It can be
2 (7)
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seen that the points in momentum space where Ḃ = 0, the
diffusion coefficient becomes singular, as a consequence of
the approximation of eq. (7). For trapped ions, this happens
for instance at the surface E = µBres .
In order to implement the ICRH operator in FOXTAIL, the
operator should be written on the form of a system of differential equations describing the motion of individual markers,
as in eq. (1). In Ref. [15], a system of stochastic differential
equations (SDEs) in E,Λ,Pφ -space is given on Itō form for
each marker, where Λ ≡ µB0 /E is the normalized magnetic
moment and B0 is the on-axis magnetic field strength. With
the assumptions used for the ICRH operator in this report, the
system of SDEs reads

p

dERF = LDRF dt + 2DRF dWt ,







Λ −Λ
2DRF


 dΛRF = res
LDRF −
dt
E
E
(11)

Λres − Λ p


2DRF dWt ,
+



E


 dPφ,RF = 0,
where Λres = B0 /Bres corresponds to the singular surface
E = µBres , and Wt is a Wiener process. Using Itō’s
lemma, this system of SDEs can be transformed to coordinates
(E, µ, Pφ ):
p

dE
=
LD
dt
+
2DRF dWt ,

RF
RF



1
1 p
(12)
dµRF =
2DRF dWt ,
LDRF dt +

Bres
Bres


 dP
φ,RF = 0.
It can be seen from eq. (12) that the total power transferred
from the antenna to the simulated fraction of energetic particles is on average given by
X
PRF =
LDRF (Jk )wk .
(13)
k

In the presented version of the ICRH operator, the diffusion
coefficient of eq. (10) is taken to be constant. With this
simplification, the average power transfer PRF vanishes. It is
computationally simpler, since one does not have to evaluate
the diffusion coefficient at each of the marker locations in
momentum space throughout the simulation. A reference point
in phase space is chosen where the diffusion coefficient is
evaluated, giving the correct ordering of the ICRH diffusion.
The reference point is chosen to be located within the region
of the initial distribution function.
Using the Euler–Maruyama numerical scheme and assuming
a constant DRF , a finite time step ∆t evolves the markers in
E,µ-space according to

p

 Ek,m+1 = Ek,m + ζk,m√ 2DRF ∆t,
(14)
2DRF ∆t

,
 µk,m+1 = µk,m + ζk,m
Bres
where ζk,m are normally distributed random variables of unit
variance, k is the marker index and m is the time index.
The random terms of eq. (14) are added to FOXTAIL for
each marker after each Runge–Kutta time step solving the
interaction between energetic particles and TAEs.
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Figure 1. The interaction coefficient V`=1 in Λ,Pφ -space, at µ = 300 keV/T.
The pink curve is the wave–particle resonance `ωB + nωp = ωTAE for
(`, n) = (1, 4). The thin grey curves are the characteristic curves for wave–
particle interaction, defined by E +(ωTAE /n)Pφ = const. ψs is the value of
poloidal magnetic flux per radian on the separatrix. Consequently, Pφ /Zeψs
is the approximate value of s2 = ψ/ψs at the turning point vk = 0 of the
orbit.

B. Simulation parameters
In the presented studies, a system is chosen containing
an ensemble of energetic 3 He2+ ions close to the resonance
of a single TAE. The equilibrium is calculated with the
CHEASE code [17], using a JET-like configuration with onaxis magnetic field B0 = 2.4 T and core electron temperature
Te,0 = 5.7 keV. The included TAE has a toroidal mode
number of n = 4, and poloidal mode numbers m = [5, 6].
Eigenfunctions of the TAE are calculated analytically using
the method described in Ref. [18].
The FOXTAIL simulations presented in this report only
considers the dynamics of energetic particles in an adiabatic
invariant space spanned by 0.9 ≤ Λ ≤ 1, 0.3 eVs ≤ Pφ ≤
0.9 eVs (which corresponds to 0.16 ≤ Pφ /Zeψs ≤ 0.48),
250 keV/T ≤ µ ≤ 350 keV/T. In this invariant space, all
3
He2+ ions are trapped (vk changes sign along the orbit).
Markers crossing the boundaries of the simulated invariant
space are reflected at the boundary surface.
A single Fourier coefficient of the interaction coefficient
V` is included: ` = 1 (mode index i is suppressed since the
system only contains one mode). This interaction coefficient is
plotted in Fig. 1 in Λ,Pφ -space, along with the resonance and
the characteristic curves for eigenmode–particle interaction.
An energetic particle distribution, consisting of 1015 3 He2+
ions distributed on 106 markers, is placed in relation to the
resonance such that there is a positive derivative of the energy
distribution function at the resonance along the characteristic
curves of wave–particle interaction (see Fig. 2). Such a placement initially transfers net energy from the energetic particles
to the TAE via a process analogous to Landau damping. The
distribution is a Gaussian along the characteristic curves and
along the resonance surface. As the mode amplitude grows,
the regions of phase space around the resonance where the
ions are trapped by the wave field grows wider in energy.
3 (7)
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Figure 3. The ICRH diffusion coefficient of eq. (10) at µ = 300 keV/T. The
colour scale of DRF has an upper bound at 1 MeV2 /s, although the diffusion
coefficient has far larger values close to the singularity at Λ = 1. The white
dot shows the location of the reference point, where the constant value of
DRF used in the simulations is evaluated.

Bump-on-tail distribution

0.14

0.9

15

Figure 2. a) Initial energetic particle distribution function in Λ,Pφ -space
(all remaining dimensions of the distribution function are integrated over)
along with the resonance (pink curve) and the curves for wave–particle
interaction (grey curves). b) Corresponding “bump-on-tail” distribution, i.e.,
the distribution of the energy difference between the particles and the
resonance surface (`ωB + nωp = ωTAE ) along the characteristic curves
for wave–particle interaction (see Ref. [8] for details).

The mixing of ions inside the separatrices locally flattens
the energy distribution around the wave–particle resonance,
gradually braking the growth of the mode amplitude. Eventually, the mode is expected to reach a saturated state, where
the ion energy distribution is completely flattened around the
resonance.
The quasilinear ICRH operator is configured such that the
antenna frequency matches the 3 He2+ cyclotron frequency at
the magnetic axis (Bres = B0 and ωa /2π ≈ 24 MHz). The
singular surface of the ICRH diffusion coefficient, E = µBres ,
then corresponds to the surface Λ = B0 /Bres = 1. Figure 3
shows the diffusion coefficient of eq. (10) calculated at the
simulated part of Λ,Pφ -space. A reference point where DRF
is evaluated is chosen at (Λ, Pφ , µ) = (0.95, 0.6 eVs =
0.32Zeψs , 300 keV/T). When the left-handed electric ICRH
wave field component is chosen to be 200 V/m, the diffusion

coefficient in the reference point has the value DRF =
0.32 MeV2 /s.
In order to relate the strength of the diffusion coefficient
with a specific antenna power, a simple power absorption
model is used [19]. According to this model, the ICRH
wave field can be parted in a weakly damped and a strongly
damped component. It is here assumed, for simplicity, that the
weakly damped component is homogeneous in field strength
throughout the plasma, whereas the strongly damped component is localized in the core of the plasma. The width of
the strongly damped component around the magnetic axis
for on-axis heating depends on the Doppler broadening of
the cyclotron resonance and on the focusing of the antenna.
The simulated
fraction of energetic ions is centered around
p
s = ψ/ψs ≈ 0.57, being well outside the localized wave
field of the strongly damped component for typical plasma
parameters. Consequently, the weakly damped wave field
component dominates in this region. From the homogeneity
of the weakly damped wave field component, it can be further
assumed that the power transmitted to the simulated fraction
of ions has the same average power transmission per ion as
the remaining part of the 3 He2+ ions heated by the weakly
damped component.
The power transmitted to the simulated fraction of energetic
ions is 110 W, which is found from eq. (13) by evaluating
0
DRF
numerically for E+ = 200 V/m and summing over the
initial 3 He2+ distribution. The width of power absorption, ∆R,
around the resonance R = R0 is estimated by


R0
,
kk vk = ωa − Ωc (R0 + ∆R/2) ≈ ωa 1 −
R0 + ∆R/2
where R0 ≈ 3 m√ is the major radius. Using kk = 25/R0
and vk ≈ vth / 2 ≈ 5.2 × 105 m/s gives an absorption
width of ∆R ≈ 17 cm. The volume of absorption is then
V = 2πhR0 ∆R = 8.8 m3 , assuming a height h = 2.8 m.
Given an average 3 He2+ ion density of 1 × 1018 m−3 , the total
4 (7)
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amount of heated 3 He2+ ions is 8.8 × 1018 . The total power
transmitted by the weakly damped field component is then
8.8 × 1018
= 960 kW.
1 × 1015

Pweak = (1 − as (2 − as ))Ptot .

d=
0
0.001
0.01
0.1
0.2
0.6
1

5

The fraction of the total power transmitted by the weakly
damped component can be related to the single pass damping
of the wave, as , according to

4

(15)

In these studies, the value of the diffusion coefficient is
varied around the reference value of DRF,ref = 0.32 MeV2 /s.
We introduce a proportionality constant d such that DRF =
d × DRF,ref . The amplitude evolution of the TAE for a wide
range of proportionality constants is plotted in Fig. 4, and the
final bump-on-tail distributions of the energetic particles for a
subset of the studied cases is shown in Fig. 5.
We note first that in the absence of ICRH diffusion, the
mode grows exponentially and nonlinearly saturates at around
δB/B0 = 3 × 10−4 , with a corresponding local flattening
of the bump-on-tail distribution around the resonance. These
growth and saturation mechanisms are well studied phenomena
in bump-on-tail models (see e.g. Refs.[20, 21]), and connected
to the evolution of TAEs via the theory of Berk et al. [22, 23],
on which the FOXTAIL model is based. The mode growth
and saturation are modified as the proportionality constant
is gradually increased. In the presence of ICRH diffusion,
the mode does not appear to saturate at the considered time
scales. It can grow larger than in the absence of diffusion,
which is explicitly seen for 0.001 ≤ d ≤ 0.2 in Fig. 4. For
d & 0.1, the growth rate of the mode decreases significantly
with increasing diffusion strength. Above d = 1, the mode
amplitude is strongly damped on the studied time scales. An
effect on the energy distribution function by the presence
of ICRH diffusion is a broadening of the whole distribution
around the resonance, as seen in Fig. 5.
Similar dynamics of the mode amplitude and the bump-ontail distribution has been observed in a bump-on-tail model in
the presence of phase decorrelation [24]. In the presence of
phase decorrelation, the mode saturates at an amplitude where
the energy transferred from the energetic particles to the wave
is the energy difference between the initial energetic particle
distribution and a final distribution corresponding to a symmetric distribution around the resonance. As the phase decorrelation is increased, the saturation amplitude is maintained, but
the growth rate gradually decreases. The theoretical saturation
amplitude for the TAE by the presence of phase decorrelation
in the cases presented in this report is δB/B0 = 1.3 × 10−3 .
Although not explicitly shown by the results of Fig. 4, it is
possible that this is the saturation amplitude of the mode also

1
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2

4

6

8

10

t [ms]
Figure 4. The evolution of the TAE amplitude for a set of proportionality
constants d relative to the reference value of ICRH diffusion DRF,ref =
0.32 MeV2 /s. δB is the local maximum of the magnetic wave field around
the q(ψ) = (5 + 12 )/4 surface, where q is the safety factor.

0.15
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C. Scan of ICRH diffusion strength
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If a 20 %, a 50 % or a 80 % single pass damping is assumed,
then the total ICRH power is 1.5 MW, 3.9 MW or 24 MW,
respectively. Hence, whether the assumed left-hand polarized
electric field component E+ = 200 V/m is reasonable depends
primarily on the damping of the wave.
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Figure 5. The initial bump-on-tail distribution (dashed curve) and final bumpon-tail distributions (solid curves, evaluated at t = 10 ms) for a subset of the
cases presented in Fig. 4.

in the presence of ICRH diffusion. This conjecture is based
on the argument that the suggested ICRH diffusion operator
is energy conserving on average, and the energy difference
between the initial state and a final symmetric bump-on-tail
distribution corresponds to the maximum exhaustible energy
from the energetic ion distribution to the TAE in the absence
of sources and sinks. Such a state cannot be reached in
the absence of decorrelation processes in general, because of
coherent dynamics prohibiting the leaking of particles through
the separatrices of the wave field in particle phase space.
The suggested final state is not expected to be unique for
the case of finite phase decorrelation, but in principle any
energy conserving process that decorrelates the interaction
between energetic particles and a single TAE in the absence of
sources and sinks. However, having a non-constant interaction
coefficient Vi,` along the characteristic curves of wave–particle
5 (7)
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interaction, which is the case for the FOXTAIL model, but not
for the bump-on-tail model presented in Ref. [24], might also
break the symmetry of the theoretical final state, perturbing
the saturated mode energy. Note also that the more realistic
ICRH operator is not energy conserving (otherwise there
would be no heating!). The similarities with the effects of
phase decorrelation is interesting more from the point of view
that this is a mathematically different decorrelation process,
indicating that the effects of phase decorrelation, as studied
in Ref. [24], occur qualitatively also for other decorrelation
processes.
IV. C ONCLUSIONS
The original FOXTAIL code [8], used to simulate the nonlinear interaction between toroidal Alfvén eigenmodes (TAEs)
and resonant energetic ions, has been extended to include
a diffusion operator modelling the effects of ion cyclotron
resonance heating (ICRH). Based on the quasilinear ICRH
operator presented in Ref. [14], the operator described in this
report uses a set of simplifying assumptions to arrive at a
constant diffusion operator in kinetic energy and magnetic
moment. The suggested simplifications conserves the total
energy of the system on average.
A test case has been constructed without any sources or
sinks, in which an ensemble of energetic 3 He2+ ions excites
and nonlinearly saturates a single TAE. The positive derivative
of the ion energy distribution along the characteristic curves of
wave–particle interaction at the resonance transfers net energy
from the ions to the TAE. As ions mix inside the regions of
phase space where they are trapped by the TAE wave field, the
energy distribution is locally flattened around the resonance,
and the eigenmode nonlinearly saturates.
As the ICRH diffusion operator is included in the system,
the mode amplitude does no longer saturate on the studied time
scales. Above a certain threshold of the value of the ICRH
diffusion coefficient, the growth rate of the mode decreases
significantly with the increasing diffusion coefficient. These
observed effects are a lot reminiscent of the effects of phase
decorrelation in bump-on-tail models [24]. One of the major
differences between phase decorrelation and ICRH diffusion
is that mode amplitude saturation typically takes place on time
scales similar to the inverse linear growth rate in the presence
of phase decorrelation, whereas it appears to take place on
longer time scales for finite ICRH diffusion.
The saturated state for a system with finite phase decorrelation is a state where the energy transferred from the
energetic particles to the wave is the energy difference between
the initial energetic particle distribution and a final state
corresponding to a symmetric distribution in energy around the
resonance. Although it was not explicitly shown by the results
of this report, it is possible that this saturated state is the same
also in the presence of finite ICRH diffusion, in the special
case of an energy conserving operator on average. The varying
interaction strength between the energetic ions and the TAE in
different part of momentum space might perturb the saturated
mode energy in the presence of ICRH diffusion, assuming
that these variations produce asymmetrical final bump-on-tail
distributions around the wave–particle resonance.
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