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Abstract

The future fusion power plants that are based on magnetic confinement will
deal with plasmas that inevitably contain energetic (non-thermal) particles.
These particles come, for instance, from fusion reactions or from external
heating of the plasma. Ensembles of energetic ions can excite eigenmodes in
the Alfvén frequency range to such an extent that the resulting wave fields re-
distribute the energetic ions, and potentially eject them from the plasma. The
redistribution of ions may cause a substantial reduction of heating efficiency.
Understanding the dynamics of such instabilities is necessary to optimise the
operation of fusion experiments and of future fusion power plants.

Two models have been developed to simulate the interaction between en-
ergetic ions and Alfvén eigenmodes. One is a bump-on-tail model, of which
two versions have been developed: one fully nonlinear and one quasilinear.
The quasilinear version has a lower dimensionality of particle phase space
than the nonlinear one. Unlike previous similar studies, the bump-on-tail
model contains a decorrelation of the wave–particle phase in order to model
stochasticity of the system. When the characteristic time scale for macro-
scopic phase decorrelation is similar to or shorter than the time scale of non-
linear wave–particle dynamics, the nonlinear and the quasilinear descriptions
quantitatively agree. A finite phase decorrelation changes the growth rate and
the saturation amplitude of the wave mode in systems with an inverted en-
ergy distribution around the wave–particle resonance. Analytical expressions
for the correction of the growth rate and the saturation amplitude have been
derived, which agree well with numerical simulations. A relatively weak phase
decorrelation also diminishes frequency chirping events of the eigenmode.

The second model is called FOXTAIL, and it has a wider regime of valid-
ity than the bump-on-tail model. FOXTAIL is able to simulate systems with
multiple eigenmodes, and it includes effects of different individual particle or-
bits relative to the wave fields. Simulations with FOXTAIL and the nonlinear
bump-on-tail model have been compared in order to determine the regimes of
validity of the bump-on-tail model quantitatively. Studies of two-mode sce-
narios confirmed the expected consequences of a fulfillment of the Chirikov
criterion for resonance overlap. The influence of ICRH on the eigenmode–
energetic ion system has also been studied, showing qualitatively similar ef-
fects as seen by the presence of phase decorrelation.

Another model, describing the efficiency of fast wave current drive, has
been developed in order to study the influence of passive components close
to the antenna, in which currents can be induced by the antenna generated
wave field. It was found that the directivity of the launched wave, averaged
over model parameters, was lowered by the presence of passive components in
general, except for low values of the single pass damping of the wave, where
the directivity was slightly increased, but reversed in the toroidal direction.

Descriptors
Fusion plasma physics, tokamak, wave–particle interactions, TAEs, bump-
on-tail instabilities, magnetohydrodynamics, nonlinear dynamics, quasilinear
dynamics, Hamiltonian mechanics, Monte Carlo method, ICRH, FWCD.
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Sammanfattning

De framtida fusionskraftverken baserade på magnetisk inneslutning kommer
att hantera plasmor som oundvikligen innehåller energetiska (icke-termiska)
partiklar. Dessa partiklar kommer exempelvis från fusionsreaktioner eller från
externa uppvärmningsmekanismer av plasmat. Ensembler av energetiska jo-
ner kan excitera egenmoder i Alfvén-frekvensområdet i en sådan utsträckning
att de resulterande vågfälten omfördelar de energetiska jonerna i rummet, och
potentiellt slungar ut jonerna ur plasmat. Omfördelningen av joner kan orsa-
ka en väsentligen minskad uppvärmningseffekt. Det är nödvändigt att förstå
dynamiken hos denna typ av instabilitet för att kunna optimera verknings-
graden hos experiment och hos framtida fusionskraftverk.

Två modeller har utvecklats för att simulera interaktionen mellan ener-
getiska joner och Alfvén-egenmoder. Den första är en bump-on-tail-modell,
av vilken två versioner har utvecklats: en fullt icke-linjär och en kvasi-linjär.
I den kvasi-linjära versionen har partiklarnas fasrum en lägre dimensionali-
tet än i den icke-linjära versionen. Till skillnad från tidigare liknande studier
innehåller denna bump-on-tail-modell en dekorrelation av våg–partikelfasen
för att modellera stokasticitet hos systemet. När den karakteristiska tidsska-
lan för makroskopisk fasdekorrelation är ungefär samma som eller kortare än
tidsskalan för icke-linjär våg–partikeldynamik så stämmer den icke-linjära och
den kvasi-linjära beskrivningen överens kvantitativt. En ändlig fasdekorrela-
tion förändrar vågmodens tillväxthastighet och satureringsamplitud i system
med en inverterad energifördelning omkring våg–partikelresonansen. Analytis-
ka uttryck för korrektionen av tillväxthastigheten och satureringsamplituden
har härletts, vilka stämmer väl överens med numeriska simuleringar. En rela-
tivt svag fasdekorrelation försvagar även “frequency chirping events” (snabba
frekvensskiftningar i korttids-Fourier-transformen av egenmodens amplitud-
utveckling) hos egenmoden.

Den andra modellen, kallad FOXTAIL, har ett mycket bredare giltighets-
område än bump-on-tail-modellen. FOXTAIL kan simulera system med flera
egenmoder, och den inkluderar effekter av olika enskilda partikelbanor rela-
tivt vågfälten. Simuleringar med FOXTAIL och med bump-on-tail-modellen
har jämförts för att kvantitativt bestämma bump-on-tail-modellens giltig-
hetsområde. Studier av scenarier med två egenmoder bekräftar de förväntade
effekterna av när Chirikov-kriteriet för resonansöverlapp uppfylls. Även infly-
tandet av ICRH på dynamiken mellan egenmoder och energetiska joner har
studerats, vilket har visat kvalitativt liknande effekter som har observerats i
närvaron av fasdekorrelation.

En annan modell, vilken beskriver effektiviteten hos “fast wave current
drive” (strömdrivning med snabba magnetosoniska vågor), har utvecklats för
att studera inflytandet av passiva komponenter nära antennen, i vilka ström-
mar kan induceras av vågfälten som genereras av antennen. Det visades att
den utskickade vågens direktivitet, medelvärdesbildat över modellparametrar,
generellt sett minskade vid närvaron av passiva komponenter, förutom vid
låg “sinlge pass damping” (dämpning av vågen vid propagering genom hela
plasmat), då direktiviteten istället ökade något, men bytte tecken i toroidal
riktning.
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Chapter 1

Introduction

1.1 Thermonuclear fusion

The ongoing climate change is expected to have severe consequences on the eco-
logical and social systems on all continents of the world. Among the expected
consequences in several regions are, for instance, reduced access to fresh water sup-
plies [1, 2], reduced crop yield [2], global migration and extinction of species [2, 3],
and more frequent extreme weather conditions, such as floods and droughts [1, 2].
Human activity, and more specifically emission of greenhouse gases from the burn-
ing of fossil fuels, is extremely likely (confidence higher than 95%) the dominant
cause of the observed global warming since 1950 [1]. Adding to that, there is
a monotonously growing world population, with a general increase of the energy
consumption per capita over the last decades (see Fig. 1.1). By the year 2050,
estimations of the annual world energy consumption is up to 2.9× 105 TWh [4],
which is about twice of the total consumption of today. The need to adapt to more
sustainable energy sources is larger than ever before. Controlled thermonuclear
fusion power turns out to be one promising candidate to fulfill future needs; it gives
in principle no emissions of greenhouse gases and it is a practically inexhaustible
source of energy in terms of availability of the required fuel. It also has advantages
over the commercial nuclear power plants of today (which are based on nuclear
fission), since it produces no long-lived nuclear waste in comparison, and it lacks
the risk of suffering nuclear meltdown.

What is then the principle of thermonuclear fusion? Fusion is the process of
fusing two nuclei into a heavier nucleus. If the potential energy of the consisting
protons and neutrons of the heavier nucleus is lower than the total potential energy
contained in the two lighter nuclei, the energy difference is released in the form of
kinetic energy. In a fusion power plant, the released energy in the fusion process
is extracted and converted to, for instance, electricity. The strong nuclear force
that confines the protons and neutrons of the nuclei only acts on distances of the
orders 10−15 m and shorter. In order for the positively charged nuclei to fuse,
their electrostatic potential barrier must be overcome, such that their distance is
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Figure 1.1: Left: Total energy consumption, Right: Average energy consumption
per capita. Source: U.S. Energy Information Administration (EIA) [5].

Figure 1.2: The process of deuterium (2H) fusing with tritium (3H).

within the range of the strong nuclear force. Colliding nuclei with high kinetic
energy can overcome this barrier. This can be achieved for instance by heating the
fusing material to temperatures of the order 107 K or higher, which is known as
thermonuclear fusion.

The most promising fusion reaction for practical energy production is the deu-
terium–tritium reaction, since it has a high reaction rate at relatively low tem-
peratures, and the energy release per reaction is also relatively high (17.6MeV).
An illustration of the deuterium–tritium reaction is shown in Fig. 1.2. The fused
nucleus (5He) is highly unstable, and soon decays to a 4He nucleus (also known as
an α-particle) and a neutron. The nuclear potential energy released in the process
is converted to kinetic energy, with 3.5MeV going to the helium-4 nucleus, and
14.1MeV going to the neutron.

One of the most successful devices for achieving controlled thermonuclear fusion
is the tokamak, invented by Tamm and Sakharov in the 1950s [6]. It consists of a
torus shaped chamber with a set of strong magnetic fields applied to confine the
fuel plasma. An illustration of the magnetic field lines inside a tokamak is shown

2



1.1. THERMONUCLEAR FUSION

Figure 1.3: Simplified illustration of the characteristic magnetic field configuration
of a tokamak. r is the radius, θ is the poloidal angle, and ζ is the toroidal angle.1The
yellow arrows depict the magnetic field lines at a given r.

in Fig. 1.3. There are so called “toroidal field” coils outside of the chamber with
currents applied in the poloidal (θ) direction, which creates a magnetic field in the
toroidal (ζ) direction. However, a purely toroidal field does not effectively confine
the plasma. Due to the curvature of the magnetic fields, the net effect is that
the plasma drifts outwards, away from the symmetry axis of the torus. A purely
poloidal magnetic field also produces an unstable plasma. The principle of the
tokamak is that a toroidal current is induced in the plasma itself, generating the
poloidal component of the magnetic field lines, which combined with the toroidal
field produces helical field lines. Adding to that a vertical field line component,
a macroscopically stable plasma confinement can be achieved (read for instance
Ref. [7, 8] for more details).

The tokamak plasma is heated using a combination of methods, for instance by
making use of the plasma resistivity by driving a current in the plasma (Ohmic heat-
ing), injecting hydrogen atoms with high energy (neutral beam injection) and by
injecting electromagnetic waves resonating with the gyration frequencies of charged
particles in the plasma (ion/electron cyclotron resonance heating). As fusion ig-
nition temperatures are reached, energetic α-particles are produced. When they
collide with thermal particles, the plasma is further heated, which helps to sustain
fusion ignition temperatures.

Ideally, the geometry of the magnetic field lines in a tokamak allows for the
definition of nested two dimensional surfaces where the magnetic field on any point

1It is more common to denote the toroidal angle using φ. Here, ζ is instead used to avoid
confusion with the phase coordinate of the bump-on-tail models presented in this thesis.

3



1. INTRODUCTION

of that surface is parallel to the surface. They define the magnetic surfaces (also
referred to as flux surfaces) of the field configuration, and there is a single curve
that all of the magnetic surfaces enclose, referred to as the magnetic axis. In the
more general case, magnetic field lines rather cover a volume of the plasma, com-
monly referred to as a stochastic field region. However, the description of the field
configuration in a plasma solely in terms of magnetic surfaces is a valid approxi-
mation for most cases of interest. The flux label is a useful concept, which refers
to quantities that are constants on a magnetic surface. Any quantity g(r) that is
constant along the magnetic field lines, that is, B · ∇g = 0, is also a flux label.

The so called safety factor is an example of a flux label, given by the number of
toroidal transits per poloidal transit of a magnetic field line on a magnetic surface.
It is evaluated as

q = 〈B · ∇ζ〉
〈B · ∇θ〉

, (1.1)

where 〈·〉 denotes averaging over a single magnetic surface. As the name implies,
the safety factor is closely related to the stability of the magnetic field configuration.

A common approximation for the tokamak plasma is that the so called aspect
ratio, defined as the ratio of the major radius and the minor radius of the torus,
is much larger than 1. Then the magnetic surfaces of the equilibrium plasma are
close to concentric, and the torus can be geometrically approximated with a cylinder
that is periodic along the azimuthal axis, which gives obvious analytical advantages
above the full toroidal geometry. At a distance r � R0 from the magnetic axis,
where R0 is the distance from the symmetry axis to the magnetic axis, the large
aspect ratio approximation is valid.

The strength of the equilibrium magnetic field inside the torus typically decays
as ∼ R−1, where R is the distance to the symmetry axis. Therefore, the region
of the torus closest to the symmetry axis is commonly referred to as “the high
field side”, whereas the region furthest away from the symmetry axis is “the low
field side”. The gradient of the magnetic field strength exerts an outward force
F = −∇⊥B2/2µ0 on the charged particles of the plasma, analogous to that of
a pressure gradient (∇⊥ is the component of the gradient perpendicular to the
equilibrium magnetic field). Thus, the quantity B2/2µ0 is often referred to as the
magnetic pressure.

1.2 The significance of the presented work

The thermonuclear plasmas relevant for fusion power production inevitably contain
energetic ions, that is, ions with energies larger than the thermal (Maxwellian) ion
distribution. Energetic ions are either produced by the various heating mechanisms
or from fusion reactions (the D–T reaction produces 3.5MeV α-particles). As the
energetic particles relaxes towards thermal equilibrium by collisions, the tempera-
ture of the thermal distribution increases. This heating must balance the continu-
ous energy losses, for instance coming from heat conduction and Bremsstrahlung,

4



1.3. THE STRUCTURE OF THE THESIS

in order to maintain thermonuclear temperatures.
A plasma not being in thermal equilibrium contains free energy that can po-

tentially drive instabilities in the plasma. One of the most important instabilities
driven by this source is the toroidal Alfvén eigenmode (TAE), which is a discrete
frequency global wave, appearing because of the toroidal geometry of the tokamak
plasma. An ensemble of energetic ions travelling with approximately the same ve-
locity as the TAE phase velocity may transfer net energy to the TAE via stimulated
emission. If the TAE is excited to large enough amplitudes, it might eject energetic
ions from the plasma. This can substantially reduce the heating efficiency of the
energetic ions [9, 10], potentially causing difficulties in reaching a high enough Q
(ratio between output and input power of the reactor). A high Q is crucial for the
successful fusion reactor. There are also phenomena called avalanches, where a se-
ries of TAEs are nonlinearly excited in a domino-like fashion, gradually transporting
energetic ions out of the plasma [11, 12].

The dynamics of TAEs depends on complex nonlinear interplay between the
TAEs and energetic ions in local regions of phase space. Understanding and pre-
dicting the nonlinear behaviour of the energetic particles and the TAEs requires
advanced modelling, especially if one wants to resolve long time scales. The au-
thor of this thesis has designed and developed models for this particular purpose
in collaboration with their supervisors. A collision operator not previously used in
the presented kind of model is included in the form of a phase decorrelation, and
its effects on the system is studied thoroughly in Papers I – IV. The models can
be applied to simulate not only the dynamics of TAEs, but also the dynamics of
other discrete global modes of the plasma [13, 14]. The derivations of the models,
as presented in the thesis, are made from the perspective of the TAE, though. Pos-
sible applications of the model also include for instance space plasmas, and more
general problems concerning nonlinear wave–particle interactions.

1.3 The structure of the thesis

In the following sections of the thesis, the theory behind the used wave–particle
models is derived. Section 1.4 outlines the theory of magnetohydrodynamic waves,
such as TAEs. Why do these waves exist, and what are their properties? Section
1.5 discusses the dynamics of single charged particles in a tokamak, which makes
up the theory of the particles in the models. In Chapter 2, the theory of the waves
and the particles are combined, in order to produce the model equations of two
wave–particle models. The first model is the so called bump-on-tail model, describ-
ing the resonant interaction between energetic particles and a single eigenmode.
The model is based on a set of simplifying assumptions of wave–particle interac-
tion, reducing the phase space of individual particles to two dimensions. The sec-
ond model is called FOXTAIL (“FOurier series eXpansion of fasT particle–Alfvén
eigenmode Interaction”-modeL). It is a more general model simulating particles
in five-dimensional phase space. The model includes geometrical effects coming
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from different particle orbit structures relative to the eigenmode wave field in dif-
ferent regions of particle phase space. Chapter 3 presents how the bump-on-tail
model can be applied numerically by using two Monte Carlo versions of the model.
The first version (presented in Sec. 3.2) is a nonlinear Monte Carlo model, suit-
able to describe nonlinear wave–particle interactions. Within certain limits of the
nonlinear model, a mathematically and numerically simpler model, not taking the
full nonlinear dynamics into account, adequately describes the necessary wave–
particle dynamics. This model, referred to as the quasilinear model, is derived in
Sec. 3.3. The quasilinear model has apparent analogies with descriptions based
on the quasilinear theory of wave–particle interactions. The specific Monte Carlo
implementation of FOXTAIL is described in Chapter 4. The main theoretical and
numerical results from the wave–particle models and the FWCD antenna coupling
model are presented in the attached papers, which are summarized in Chapter 5.
The conclusions of the studies are summarized and discussed in Ch. 6. The attached
appendices complete the theory in parts of the thesis. Appendix A describes the
equilibrium tokamak configuration in a toroidal coordinate system. In App. B, the
quasilinear diffusion coefficient used in the quasilinear bump-on-tail model is de-
rived. The numerical algorithms used in the bump-on-tail Monte Carlo models are
derived in App. C. Appendix D outlines the method for evaluating the eigenfunc-
tions and frequencies of specific TAEs used in the present version of FOXTAIL.

In order to follow the derivations and to understand the theory presented
in the thesis, it is recommended that the reader is well familiar with Hamilto-
nian/Lagrangian mechanics and with the use of curvilinear coordinates. It is also
preferable for the reader to know basic magnetohydrodynamics and perturbation
theory.

1.4 Magnetohydrodynamic waves

One of the simplest ways to describe macroscopic behaviour of a magnetically con-
fined plasma is with the theory of magnetohydrodynamics (MHD), initially devel-
oped by Alfvén [15]. The plasma is then described as an electrically conducting
fluid, where each fluid element has macroscopic properties, such as mass density,
fluid velocity, electric current density and scalar pressure. Often for practical fu-
sion plasma applications, the plasma electrical resistivity can be neglected, which
is then referred to as an “ideal” MHD model (if resistivity is included, it is instead
called “resistive” MHD). The single-fluid MHD model cannot properly describe the
detailed distribution of energetic particles in phase space. For modelling of these
particles, a more general multi-fluid description or a hybrid MHD-kinetic descrip-
tion must be used instead. A more complete description of basic MHD theory is
outside the scope of this thesis. For those who are unfamiliar with basic MHD the-
ory, Refs. [16] and [17] are recommended, where the MHD equations are derived,
concepts such as MHD equilibrium are explained, and the validity of the MHD
model is discussed. In this section (Sec. 1.4 and subsections), the basic properties
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of the waves of interest will be derived using MHD theory. Section 1.5 discusses
the dynamics of single particles in a tokamak.

In order to derive the normal modes of ideal MHD theory, an oscillatory2 dis-
placement of the equilibrium plasma on the form ξ(r, t) = ξω(r) exp−iωt is con-
sidered. To lowest order in ξω, the following linear PDE solves the displacement
vector according to ideal MHD theory [8]:

ω2ρm,0ξω = 1
µ0

[
B1 × (∇×B0) +B0 × (∇×B1)

]
+∇p1, (1.2)

B1 = ∇× (ξω ×B0), (1.3)
p1 = − ξω · ∇p0 − γp0∇ · ξω, (1.4)

where γ = 5/3 is the ratio of specific heats, and p is the scalar kinetic pressure.
B0, p0 and ρm,0 are all unperturbed equilibrium quantities, whereas B1 and p1 are
the linearly perturbed quantities associated with the wave mode.

1.4.1 Homogeneous plasma

One simple, but yet interesting case to consider is a uniform magnetized plasma,
where p0 and B0 are spatially constant. Choosing a coordinate system such that
the z-axis is along the equilibrium magnetic field, eq. (1.2) simplifies to

ω2ξω = Fξω, (1.5)

where F is a differential matrix operator, defined as

F ≡


−v2

A

(
∂2

∂x2 + ∂2

∂z2

)
− v2

s
∂2

∂x2 −(v2
A + v2

s ) ∂2

∂x∂y −v2
s

∂2

∂x∂z

−(v2
A + v2

s ) ∂2

∂x∂y −v2
A( ∂

2

∂y2 + ∂2

∂z2 )− v2
s
∂2

∂y2 −v2
s

∂2

∂y∂z

−v2
s

∂2

∂x∂z −v2
s

∂2

∂y∂z −v2
s
∂2

∂z2

 , (1.6)

and vs =
√
γp0/ρm,0 is the adiabatic sound speed. Equation (1.5) can be solved

simply by making a Fourier ansatz to the displacement vector:

ξω(r) =
∑
k

ξω,keik·r, (1.7)

which is the same as finding normal mode solutions (the sum may just as well
be replaced by an integral for continuous spectra). Then each ξω,k satisfies the
equation

ω2ξω,k = Fkξω,k (1.8)

2An oscillatory assumption on the form ξ(r, t) = ξω(r) exp−iωt can be made without any loss
of generality when considering the linear stability of the equilibrium plasma. ξω(r) is then simply
the Fourier transform of a general time dependent solution ξ(r, t).
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Figure 1.4: a) Shear Alfvén wave, with k̂ = B̂0. b) Fast magnetosonic wave in a
low-β plasma. c) Slow magnetosonic wave in a low-β plasma. B̂1 is the direction
of the perturbed magnetic field.

for individual Fk. The coordinate system may be chosen such that kx = 0. Then
Fk is written as

Fk =

k2
‖v

2
A 0 0

0 k2v2
A + k2

⊥v
2
s k⊥k‖v

2
s

0 k⊥k‖v
2
s k2

‖v
2
s

 , (1.9)

where k⊥ = ky, k‖ = kz, and k2 = k2
‖ + k2

⊥. The three eigenvalues of eq (1.9)
give the dispersion relations for the normal modes of the infinitely homogeneous
magnetized plasma, whereas the corresponding eigenvectors give the direction of
plasma displacement of the normal modes. The eigenvalues are given by

ω2
A ≡ k2

‖v
2
A, (1.10)

ω2
{f,s} ≡

k2(v2
A + v2

s )
2

1±

√
1−

4k2
‖v

2
Av

2
s

k2(v2
A + v2

s )2

 . (1.11)

Equation (1.10) is the dispersion relation of the shear Alfvén wave (sometimes
only referred to as the “Alfvén wave”). It is an incompressible wave, i.e., it pro-
duces no perturbations in plasma density or pressure, and it is expressed as the
propagation of a “shear” of the magnetic field lines, as illustrated in Fig. 1.4.a. The
corresponding eigenvector ξA is in the k ×B0 direction.

The dispersion relations of the two remaining normal modes of the homogeneous
magnetized plasma is given by eq. (1.11), with the plus and the minus sign corre-
sponding to the fast magnetosonic wave, ωf (sometimes called the “compressional
Alfvén wave”), and the slow magnetosonic wave, ωs (sometimes only called the
“sound wave”), respectively. The corresponding eigenvectors have no component

8



1.4. MAGNETOHYDRODYNAMIC WAVES

in the k ×B0 direction. The two remaining components are (unnormalised)(
ξ⊥
ξ‖

)
{f,s}

=
(

β̃ sin(2θ)
β̃ cos(2θ)− 1±

√
(1 + β̃)2 − 4β̃ cos2 θ

)
, (1.12)

where θ is the angle between the wave vector k and the unperturbed magnetic field
B0, β̃ = v2

s /v
2
A = γβ/2, and β (commonly known as the “plasma β”) is the ratio

of the scalar kinetic pressure p and the unperturbed magnetic pressure B2
0/2µ0.

In a low-β plasma, the dispersion relation for the fast magnetosonic wave reduces
to ω2

f ≈ k2v2
A. In this limit, the fast wave mainly has a plasma displacement

perpendicular to the unperturbed magnetic field. Typically, k‖ � k⊥ for the fast
magnetosonic waves due to finite geometry effects [8], making the magnetic field
perturbation predominantly parallel to the unperturbed magnetic field, as seen in
Fig. 1.4.b. Using eqs. (1.3) and (1.4), it can further be shown that µ0p1/(B0 ·B1) ≈
β(1+γ)/2� 1, meaning that perturbation of the magnetic pressure dominates over
the perturbation of the kinetic pressure for fast waves in a low-β plasma.

The dispersion relation of the slow magnetosonic wave in a low-β plasma is
ω2

s ≈ k2
‖v

2
s , with a plasma displacement mainly along the magnetic field lines.

Then B1 vanishes to first order in |ξ||k| according to eq. (1.3). In the regime
k⊥ . k‖, the perturbed kinetic pressure is first order in |ξ||k|, meaning that the
perturbed kinetic pressure is typically much larger than the perturbed magnetic
pressure. Thus, the slow magnetosonic wave is much similar to a regular sound
wave, as illustrated in Fig. 1.4.c.

1.4.2 Inhomogeneous bounded plasma
When generalizing to inhomogeneous plasmas with finite boundaries, more complex
physics arises. Spectral analysis of the plasma waves reveals regions of both continu-
ous and discrete wave frequencies. In this section, the occurrence of continuous and
discrete frequency solution will be derived, which explains the fundamental physics
behind the so called Alfvén wave continuum and the discrete Alfvén eigenmodes,
such as the toroidal Alfvén eigenmodes (TAEs). The spectral analysis of the inho-
mogeneous plasma presented here summarizes the theory on the subject presented
in Ref. [17], but with the use of slightly different notations for convenience.

Consider a plasma in ideal MHD equilibrium characterized by the profilesB0(x),
p0(x) and ρm,0(x), where x is the direction of inhomogeneity in a Cartesian coordi-
nate system. The plasma is bounded in the x direction by the coordinates x1 and
x2 (x1 < x2), and it is subject to a gravitational force in the negative x direction
(the force dF acting on a volume element dV is dF = −gρm,0dV êx for a constant
g). It is further assumed that B0,x(x) = 0 for all x ∈ [x1, x2]. Well defined magnetic
surfaces then exist at each value of x, and the magnetic field becomes divergence
free for any profiles B0,y(x) and B0,z(x). This simple plasma slab model roughly
corresponds to a toroidal fusion plasma with nested flux surfaces. The applied
gravitational force is analogous to the force acting on the tokamak plasma due to
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curved field lines. The MHD equilibrium is fulfilled by the equation

d
dx

(
p0 + B2

0
2µ0

)
+ gρm,0 = 0, (1.13)

stating that the force of the total pressure gradient (kinetic plus magnetic) is bal-
anced by the gravitational force.

When introducing a small plasma displacement ξω(r), a Fourier ansatz of the
displacement vector can easily be made with respect to the symmetrical coordinates,
i.e.

ξω(r) =
∑
κ

ξω,κ(x)eiκ·η, (1.14)

where κ ≡ kyêy + kzêz and η ≡ yêy + zêz. However, the x dependence of the
displacement vector is not easily solved using Fourier analysis due to the inho-
mogeneities in the x direction. Inserting eq. (1.14) into eq. (1.2) yields a second
order ODE for the x-component ξx of the displacement (ω and κ indices being
suppressed)

d
dx

(
Pω

dξx
dx

)
+Qωξx = 0, (1.15)

where

Pω ≡ ρm,0(v2
A + v2

s ) (ω2 − ω2
A)(ω2 − ω2

S)
Dω

, (1.16)

Qω ≡ ρm,0(ω2 − ω2
A)
(

1− κ2g2

Dω

)
+ d

dx

(
gρm,0

[
1− ω2(ω2 − ω2

A)
Dω

])
, (1.17)

Dω ≡ (ω2 − ω2
f,0)(ω2 − ω2

s,0), (1.18)
ω2

A ≡ κ2
‖v

2
A, (1.19)

ω2
S ≡ κ2

‖
v2

Av
2
s

v2
A + v2

s
, (1.20)

ω2
{f,s},0 ≡

κ2(v2
A + v2

s )
2

1±

√
1−

4κ2
‖v

2
Av

2
s

κ2(v2
A + v2

s )2

 . (1.21)

ωf,0 and ωs,0 are for the upper and the lower sign of eq. (1.21), respectively. The
two remaining components of ξ can be calculated directly from ξx according to

ξ‖ = −
iκ‖
Dω

(
v2

s (ω2 − ω2
A)dξx

dx − g(ω2 − κ2v2
A)ξx

)
, (1.22)

ξ⊥ = − iκ⊥
Dω

(
[(v2

A + v2
s )ω2 − v2

sω
2
A]dξxdx − gω

2ξx

)
, (1.23)

which are the parallel and perpendicular components of ξ with respect to the equi-
librium magnetic field, parallel to the y,z-plane.
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When considering a cylindrical plasma model with inhomogeneities in the radial
direction, which is geometrically more similar to a tokamak plasma, an equation a
lot similar to eq. (1.15) arises for the radial plasma displacement. The corresponding
equation for the cylindrical plasma is known as the Hain-Lüst equation [18]. Due
to the similarities between the Hain-Lüst equation and eq. (1.15), the eigenfunction
and eigenvalue solutions (here, given by ξx and ω2, respectively) to the equations
share the same essential properties. This makes the analysis of the inhomogeneous
plasma slab sufficient for our purposes, despite the large geometrical differences.

Since eq. (1.15) is a second order equation, there exist two linearly independent
solutions ξx,1(x) and ξx,2(x) for each ω2. Limiting the general solution ξx(x) =
C1ξx,1(x) + C2ξx,2(x) by applying the boundary conditions ξx(x1) = ξx(x2) = 0
yields the linear system of equations(

ξx,1(x1) ξx,2(x1)
ξx,1(x2) ξx,2(x2)

)
︸ ︷︷ ︸

=Ξ

(
C1
C2

)
=
(

0
0

)
. (1.24)

The above equation only has nontrivial solutions when det Ξ = 0, for which ξx(x) =
C[ξx,2(x1)ξx,1(x)− ξx,1(x1)ξx,2(x)], and C is an arbitrary constant. The condition
det Ξ = 0 is fulfilled only for a limited set of frequencies ω2. This limited set
correspond to standing wave solutions in the x direction, resulting in a discrete
set of allowed wave frequencies in the plasma slab, so called eigenmode solutions.
In short, the discrete frequency spectrum can be understood as an effect of the
plasma geometry, with an integer number of nodes in each direction of the bounded
geometry.

The boundary condition of eq. (1.24) states that the plasma displacement at
the boundaries can only be tangential to the boundary surfaces. A more typical
boundary condition for tokamak plasmas is that the plasma is limited by perfectly
conducting walls at its boundaries. Even though realistic inner walls of the vessel are
not perfectly conducting, it is a good approximation for low resistivity plasmas, since
an almost perfectly conducting plasma boundary layer is then formed, effectively
acting as a perfectly conducting wall [17]. Hence, rather than being a condition
on the conductivity of the wall materials, the assumption of perfectly conducting
boundaries can be regarded as a condition on the conductivity of the plasma itself.
This assumption can be mathematically stated by the conditions Bx = 0 and
Ey = Ez = 0 at the boundaries, i.e., no magnetic field lines penetrates the boundary
surfaces, and the components of the electric field tangential to the boundary surface
vanishes. The equilibrium plasma satisfies these conditions by initial assumptions,
since B0,x(x) = 0 for all x, and the ideal MHD plasma satisfies E0 = v0 × B0,
where the equilibrium plasma flow, v0, must be tangential to the boundary surface
at the boundaries. The perturbed electric field is given by E1 = −iωξ × B0 +
v0 × B1. When assuming perfectly conducting walls, the second term obviously
has no components tangential to the boundary surface, since both v0 and B1 are
then tangential. The tangential components of the first term are E1,y = iωξxB0,z
and E1,z = −iωξxB0,y. Setting both these components to zero at the boundaries is
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equivalent with assuming ξx(x1)B0(x1) = ξx(x2)B0(x2) = 0. The x component of
the perturbed magnetic field is given by

B1,x =
(1.3)

êx · [∇̃ × (ξ ×B0)] = iκ‖ξxB0, (1.25)

where the operator ∇̃ ≡ êx ∂
∂x + iκ. Since ξxB0 is zero by the conducting boundary

surfaces, B1,x also vanishes at the boundaries. In conclusion, when the equilibrium
magnetic field is nonzero at the boundaries (which is a necessary condition for
magnetic confinement of the tokamak plasma), the boundary condition in eq. (1.24)
is equivalent with assuming that the boundary surfaces are perfectly conducting.

Returning to eq. (1.15), special care is required when Pω(x) vanishes or diverges
to infinity somewhere in the interval x ∈ [x1, x2]. Equation (1.15) can be rewritten
as

d2ξx
dx2 + 1

Pω

dPω
dx

dξx
dx + Qω

Pω
ξx = 0. (1.26)

It can immediately be seen that at the points where Dω → 0, i.e., where Pω → ±∞,
the first and zeroth order derivative terms of eq. (1.26) vanish. The equation
then reduces to d2ξx/dx2 = 0, yielding linear solutions in the proximity of these
points. Hence, there is nothing singular about the points where Pω → ±∞. On
the other hand, when Pω → 0, d2ξx/dx2 → ±∞, unless both dPω/dx × dξx/dx
and Qωξx go to zero faster than Pω in these points (or the first and zeroth order
derivative terms cancel around these points). These exceptions are not satisfied
in general, and singular eigenfunction solutions arise. The mathematical nature
of these singularities can be understood from the following example. Consider for
simplicity the case when ω2

A(x) (or ω2
S(x)) is monotonously increasing in the interval

x ∈ [x1, x2], and there is only one point x = ηω ∈ (x1, x2) satisfying Pω(ηω) = 0.
Then the general eigenfunction solution can be written as [17]

ξx(x) = C1u(x)Θ(ηω − x) + C2uω(x)Θ(x− ηω)
+ C3[uω(x) ln |x− ηω|+ vω(x)], (1.27)

where C1, C2 and C3 are arbitrary constants, uω(x) and vω(x) are finite valued
functions depending on the specific profiles Pω(x) and Qω(x), and Θ(x) is the
Heaviside step function, defined as

Θ(x) =
{

0 : x < 0,
1 : x ≥ 0. (1.28)

Note that the general solution ξx(x) in eq. (1.27) has three degrees of freedom.
This extra degree of freedom enables one to always find a nontrivial solution ξx(x)
satisfying det Ξ = 0. Hence, eigenfunction solutions ξx(x) exist for all frequencies
ω2 that ω2

A(x) and ω2
S(x) can take on the interval x ∈ [x1, x2]. These eigenfrequency

continua are truly an effect of the inhomogeneity of the plasma, since ω2
A and ω2

S
would be constants in a homogeneous plasma.
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Figure 1.5: Typical MHD spectrum for the inhomogeneous magnetized plasma slab
subject to a gravitational force.

Presented in Fig. 1.5 is a schematic diagram of the MHD spectrum of the plasma
slab. The spectra for cylindrical and toroidal plasmas are qualitatively the same.
The discrete frequency solutions, shown as vertical lines in the figure, are classi-
fied as either Sturmian or anti-Sturmian. The Sturmian/anti-Sturmian property
is defined such that the eigenmode frequency increases/decreases as the number of
nodes of the wave field across the slab increases. When certain conditions on the
spatial dependence of ω2

A(x) and ω2
S(x) are met at their global extrema, the discrete

frequency solutions cluster at the corresponding extrema [17], meaning that the fre-
quency approaches the extremal value as the number of nodes goes to infinity. The
Sturmian property is determined by the sign of Pω. Although the eigenfunction so-
lutions of the plasma displacement do not become singular at ω2 = ω{f,s},0(x), they
still alter the sign of Pω(x). Hence, within the frequency ranges ω2 = ω{f,s},0(x) for
any x ∈ [x1, x2] (labelled as “non-monotonic” in Fig. 1.5), the discrete frequency
solutions are neither entirely Sturmian nor anti-Sturmian.

1.4.3 Toroidal plasma
In a plasma with toroidal geometry, the slow and the Alfvén wave continua no longer
correspond to single coherent frequency regions. Rather, they split up, forming gaps
in the frequency continua. This is a consequence of the poloidal mode coupling
resulting from the inherent inhomogeneity of the toroidal plasma in the poloidal
direction.

To show the coupling of poloidal modes mathematically, we start from the as-
sumption of a low aspect ratio, toroidal plasma. In this limit, flux surfaces are close
to concentric, and it is convenient to use the toroidal coordinates (r, θ, ζ), where
r is the distance from the magnetic axis. The radial plasma displacement can be
Fourier decomposed in the toroidal and poloidal directions according to

ξr(r, t) =
∑
mθ,nζ

ξmθ,nζ ,ω(r)ei(nζζ−mθθ−ωt). (1.29)

With the force operator of eq. (1.2) acting on such a displacement and neglecting
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Figure 1.6: The continuous frequency spectrum of Alfvén waves (ω2 = ω2
A) in an

axisymmetric toroidal magnetized plasma. The cylindrical solution corresponds to
the frequency solutions of a cylindrical plasma that is periodic along the azimuthal
axis. mθ is the poloidal mode number of the wave, q is the safety factor, and
ω̄ ≡ qRω/vA is the normalized wave frequency.

kinetic effects, one arrives at the system of equations [19] (suppressing nζ and ω
indices) 

. . . . . . . . .
...

...
. . . Pmθ−1 Qε 0 · · ·
. . . Qε Pmθ Qε

. . .

· · · 0 Qε Pmθ+1
. . .

...
...

. . . . . . . . .





...
ξmθ−1

ξmθ

ξmθ+1
...


=



...
0
0
0
...


, (1.30)

where

Pmθ ≡
d
dr

[
r3
(
ω2

v2
A
− k2
‖,mθ

)
d
dr

]
− (m2

θ − 1)r
(
ω2

v2
A
− k2
‖,mθ

)
+ r2 d

dr

(
ω2

v2
A

)
,

Qε ≡
d
dr

(
r3ε̂

ω2

v2
A

d
dr

)
, k‖,mθ = 1

Ra

(
nζ −

mθ

q

)
, ε̂ ≈ 5r

2Ra
,

Ra is the major radius, q is the safety factor, and ε̂ is the toroidal coupling constant.
In the cylindrical limit of the torus (r/Ra → 0⇒ ε̂→ 0), the off-diagonal operator
elements of eq. (1.30) vanishes, and the poloidal eigenfunctions become independent

14



1.4. MAGNETOHYDRODYNAMIC WAVES

solutions to the wave equation. When ε̂ is nonzero, the adjacent poloidal Fourier
components of the radial plasma perturbation couple.

Shown in Fig. 1.6 are the typical continuum spectra of Alfvén waves in toroidal
and in cylindrical geometry. The curves in the figure correspond to the singular
points where the wave perturbations are localized. Looking first at the cylindrical
solutions, there appears to be multiple eigenfunction solutions for each frequency,
which are related to different poloidal mode numbers. In the frequency regions of
the crossing between the singularities of two neighbouring poloidal modes (∆mθ =
1), gaps in the continuous spectrum are formed in the toroidal plasma [20, 21].
Similarly, ellipticity of the plasma cross section forms gaps in regions of the crossing
between poloidal modes where ∆mθ = 2, triangularity form gaps at crossings where
∆mθ = 3, etc.

Within the geometrically induced frequency gaps, where no continuum fre-
quency solutions exist, discrete frequency solutions may form [22], depending on
specific conditions of the equilibrium plasma. The discrete solutions in the ∆mθ = 1
gap are known as toroidal Alfvén eigenmodes. In Ref. [23], it was shown that a TAE
exists in the continuum gap when λ < s2, where s = (r/q)dq/dr is the magnetic
shear,

λ ≡ 4ρL,imθs

rrε̂3/2

√
3
4 + Te

Ti

is called the finite Larmor radius parameter, ρL,i =
√
mTi/eBa is the thermal ion

Larmor radius, Ba is the on-axis magnetic field, Te and Ti are the electron and ion
temperatures, respectively, and rr is the radius where q(rr) = (mθ− 1/2)/nζ . Both
the magnetic shear, the ion Larmor radius and the electron and ion temperatures
are evaluated at r = rr. The corresponding TAE exists in the frequency gap with
poloidal mode numbersmθ−1 andmθ and toroidal mode number nζ . The frequency
of the mode is typically close to the lower edge of the frequency gap. TAEs may
also form close to the upper edge of the gap, especially in the low shear limit. These
modes are sometimes called “low shear toroidal Alfvén eigenmodes”.

Unlike the Alfvén waves belonging to the continuum, the TAE eigenfunctions are
not singular. Rather, they have a global radial structure, with widths of the order
rr/mθ. The typical damping mechanisms acting on the TAEs are also relatively
weak (compared to waves in the Alfvén continuum, for instance). Consequently, a
relatively low derivative of the inverted3 energetic ion distribution at the resonance
is required to destabilize the mode. As was stated in Sec. 1.2, the destabilization
of TAEs by energetic ions is a serious concern that needs to be accounted for in
the design of future fusion reactors, since they might reduce the heating efficiency
of energetic ions significantly.

3An inverted distribution a distribution with a positive derivative of the energy distribution of
particles along the characteristics of wave–particle interaction (described in more detail in Sec. 2.8).
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Figure 1.7: Illustration of a “bump-on-tail” distribution in energy.

1.5 Charged particles in a toroidal plasma

The Alfvén eigenmodes described in the previous section can be excited by resonant
particles in a region of phase space with an inverted energy distribution. Such a
distribution is illustrated in Fig. 1.7. Since the distribution is non-thermal, it cannot
be described in detail by a single-fluid MHD model.4 In the models presented
in this thesis, a kinetic description of the energetic particle distribution is used,
meaning that the kinematic properties of individual particles are kept track of in the
simulations. Analysis of the dynamics of the wave–energetic particle system requires
some basic understanding of the typical motion of individual charged particles in
a tokamak, which is presented in this section. Knowledge of the full spatial and
temporal structure of both the eigenmode wave field and of the particle orbits in
different regions of phase space is required to solve the detailed dynamics of the
wave–particle system.

Solving the motion of individual particles in a tokamak is most easily made
by identifying a set of constants of motion. In an axisymmetric toroidal plasma
with slowly varying electromagnetic fields, three constants of motion can be iden-
tified [24]. These invariants are the kinetic energy5

E = mv2

2 , (1.31)

4In principle, one can roughly describe a specific distribution in toroidal canonical momentum
(eq. (1.33)) by a radial density profile, since orbits with a short extent in the radial direction
(typically referred to as “thin orbits”) have radial locations indexed by their toroidal canonical
momentum. However, the canonical momenta of energetic ions, having relatively wide orbits, are
not well described by radial density profiles.

5The relevant velocity scales of the particles in the bump-on-tail problem are those less or
similar to the phase velocity of the resonant wave in the reference frame of the thermal plasma.
The toroidal Alfvén eigenmodes have phase velocities similar to the Alfvén velocity, which is
typically much less than the speed of light. Therefore, the non-relativistic form of the kinetic
energy and other kinetic quantities can be used here.
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the magnetic moment

µ = mv2
⊥

2B , (1.32)

and the (toroidal) canonical angular momentum

Pζ = (mv + eA) · ∂r
∂ζ

= mvζ + eAζ , (1.33)

where vζ and Aζ are the covariant toroidal components of the velocity and the
magnetic vector potential, respectively. In order to derive the particle orbits using
that E, µ and Pζ are constants of motion, the magnetic field configuration needs to
be defined. This is done in App. A.1, from the assumption that the configuration is
time independent and axisymmetric, and it has well defined, two dimensional and
nested flux surfaces. It is shown that the magnetic field can be written on the form

B = F (ψ)∇ζ +∇ζ ×∇ψ, (1.34)

where ψ is the poloidal magnetic flux per radian. A toroidal coordinate system
(ψ, θ, φ) is used in these derivations.

Toroidal Alfvén eigenmodes typically have wavelengths much longer than the
Larmor radii of the ions that they interact resonantly with, and their frequencies are
lower than ion cyclotron frequencies. Consequently, the phase of the gyro-motion is
usually an ignorable coordinate of the system. Even if there exist scenarios where
Larmor radius length scales are important for the TAE–energetic ion dynamics,
there are more sophisticated ways to include these effects than to keep track of the
gyro-phase of the particles, for instance by a gyrokinetic formulation of the wave–
particle problem (see Paper V for details). An efficient TAE–energetic particle
model only keeps track of the particle motion averaged over the gyro-motion time
and length scales. This averaged charged particle motion is referred to as the guiding
centre motion. In order to derive the guiding centre orbits, the total velocity v in
eq. (1.33) is replaced by the guiding centre velocity, which is the combined parallel
motion v‖ = v ·B/B and perpendicular drift motion, given by

vd = m

eB3

(
v2
⊥
2 + v2

‖

)
B ×∇B = 2E − µB

eB3 B ×∇B, (1.35)

here including the ∇B-drift (v2
⊥ term) and the curvature drift (v2

‖ term). An E×B
drift may also be included from an equilibrium electric field, which is done in the
derivations of Paper VI. The covariant toroidal component of the guiding centre
velocity can now be expressed as

vζ,gc =
(
v‖B

B
+ vd

)
· ∂r
∂ζ

=
v‖F

B
− 2E − µB

eB3 (∇B)ψ. (1.36)

Using a gauge such that Aψ = 0 and Aζ(ψ = 0) = 0, it can be shown that
Aζ = −ψ, as derived in App. A.2. The canonical momentum can then be expressed
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Table 1.1: Description of the different orbit categories, illustrated in Fig. 1.8.

Category Orbit(s)

I • Co-passing orbit encircling the magnetic axis
• Counter-passing orbit encircling the magnetic axis

II • Co-passing orbit encircling the magnetic axis
• Counter-passing orbit not encircling the magnetic axis

III • Trapped orbit encircling the magnetic axis
• Counter-passing orbit encircling the magnetic axis

IV • Trapped orbit encircling the magnetic axis
• Counter-passing orbit not encircling the magnetic axis

V • Trapped orbit encircling the magnetic axis
VI • Co-passing orbit encircling the magnetic axis
VII • Trapped orbit not encircling the magnetic axis
VIII • Co-passing orbit not encircling the magnetic axis
IX No orbits

as
Pζ =

mv‖F

B
− m(2E − µB)(∇B)ψ

eB3 − eψ, (1.37)

giving that

v2
‖(E,µ, Pζ , ψ, θ) =

(
(Pζ + eψ)B(ψ, θ)

mF (ψ) + (2E − µB(ψ, θ))(∇B(ψ, θ))ψ

eF (ψ)B2(ψ, θ)

)2

.

(1.38)
By combining eqs. (1.31) and (1.32), it is easily shown that

v2
‖(E,µ, ψ, θ) = 2(E − µB(ψ, θ))

m
. (1.39)

Equating eqs. (1.38) and (1.39), one ends up with the equation

2(E − µB)
m

=
(

(Pζ + eψ)B
mF

+ (2E − µB)(∇B)ψ

eFB2

)2

. (1.40)

For a given set of invariants (E,µ, Pζ), this is an equation that solves the spatial
structure of the guiding centre orbit in the poloidal plane. Methods for solving the
toroidal structure and the time evolution of the orbit are presented in Sec. 4.3.

When solving eq. (1.40) for a typical tokamak configuration, topologically dif-
ferent solutions arise in different regions of invariant space. These different solution
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Figure 1.8: a) Orbit categories for the deuterium ion in Λ,Pζ-space (Λ ≡ µBa/E,
Ba is B on the magnetic axis) at µ = 250 keV/T. The categorization uses the
convention presented in Ref. [25] except for category “0”, meaning that the orbit
passes the last closed flux surface. The description of the different categories is
summarized in Tab. 1.1. b) – i) Chosen orbits from the different categories plotted
in the poloidal plane (the high-field side is to the left). Green, red and blue curves
mean that the orbit is co-passing, counter-passing and trapped, respectively. The
topological differences between the categories are determined by the number of
individual orbit solutions for a given (E,µ, Pζ), the kind of orbit (co-/counter-
passing or trapped) and whether or not the orbits encircle the magnetic axis (black
dot in the figures).
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categories are presented in Fig. 1.8 and in Table 1.1. One distinguishes between
three different kinds of orbits: co-passing, counter-passing and trapped orbits. The
co-passing orbit always goes in the same toroidal direction as the plasma current,
whereas the counter-passing orbit goes in the direction opposite to the current. For
the trapped orbit, the velocity component parallel to the magnetic field changes
sign somewhere along the orbit.6 The orbits of Fig. 1.8 are calculated using the
FOX code for a typical JET equilibrium configuration (see Sec. 4.3 for more de-
tails). The trapped orbits encircling the magnetic axis (exist in category III – V)
are often referred to as “potato orbits”, whereas the trapped orbit not encircling
the magnetic axis are known as “banana orbits” (category VII orbits). The region
of category IX has no orbits, meaning that eq. (1.40) has no solutions in this part
of invariant space.

1.6 Ion cyclotron resonance heating and current drive

A different, but not completely unrelated topic relative to the other subjects pre-
sented in this thesis are the concepts of ion cyclotron resonance heating (ICRH)
and current drive (FWCD, for fast wave current drive). Paper VII combines the
theory of TAE–energetic particle dynamics with ICRH, whereas Paper VIII con-
siders the topic of FWCD. As the name suggests, ICRH aims at heating the plasma
via waves in resonance with the cyclotron motion of ions in the plasma. FWCD
operates in the same range of frequencies as ICRH, but its power is instead ab-
sorbed by the tail of the thermal electron distribution via fast magnetosonic waves
in order to drive a current. A photograph of the array of antennas used for these
purposes can be seen in Fig. 1.9. This section outlines the basic theory of ICRH
and FWCD, in order to prepare the reader for Papers VII and VIII.

The cyclotron resonance is defined by the condition

ω = nhΩc + k‖v‖ + k⊥ · vd, (1.41)

where ω is the wave frequency, nh is the harmonic number of the resonance,
Ωc = eB/m is the cyclotron frequency, and k is the wave vector. The velocity
dependent terms define the Doppler shift of the resonance condition. The contri-
bution from the vd term is typically negligible compared to the v‖ term. Without
the Doppler shift, the resonance condition defines a surface in the plasma given
by B = mω/nhe. This resonance surface is approximately a cylinder with radius
R = nhRaΩc,a/ω, assuming B ≈ BaRa/R, where Ωc,a is the on-axis cyclotron fre-
quency. The Doppler shift introduces a width around this surface where charged
particles interact resonantly with the wave.

6When the parallel velocity changes sign along the orbit, it typically implies that also the
toroidal velocity component changes sign. However, this is not always the case close to the
boundary between trapped and passing orbits, meaning that there is an overlap in the definition
of trapped and passing orbits. The orbits in this overlapping region are here referred to as trapped
orbits.

20



1.6. ION CYCLOTRON RESONANCE HEATING AND CURRENT DRIVE

Figure 1.9: Photograph from inside of the JET experimental tokamak, with arrays
of radio frequency antennas used for, e.g., ICRH and FWCD shown inside the
inserted red frame. Source: EUROfusion [26].

In the frequency range of the ion cyclotron resonances, the wave propagates as a
fast magnetosonic wave in the plasma. However, at the surface of the fundamental
resonance (nh = 1) of a majority ion species, these waves can only propagate with a
right-handed polarization, whereas the ion cyclotron motion rotates in a left-handed
sense, and no net energy is transferred to these ions (read for instance Ref. [27] for
details). One option is to heat at a higher harmonic resonance (nh > 1). One can
also come around this issue by introducing a minority ion species to the plasma [28]
with densities typically a few percent of the majority ion density. Commonly used
minority species are 1H or 3He for a deuterium plasma.

Assuming that the gyro-phase of the ion is random relative to the wave phase
each time it passes through the resonance surface, a quasilinear diffusion can be
used to model the impact of ICRH on the plasma (see for instance Refs. [29, 30] for
details on general quasilinear theory of plasmas, and Refs. [27, 31] for the quasilinear
diffusion model for ICRH). The steady state solution of this model is a perturbed
Maxwellian ion distribution with a high-energy tail. An example of such a distribu-
tion is shown in Fig. 1.10. The high-energy tail is a source of energetic particles that
can potentially excite TAEs [32, 33]. As was shown in Paper VII, the presence
of ICRH may also decorrelate the interaction between energetic ions and TAEs in
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Figure 1.10: Example of a tail distribution resulting from quasilinear ICRH.

a similar way as phase decorrelation does. One of the effects is a lowering of the
linear growth rate of the eigenmode.

The frequencies of the waves used for ICRH and FWCD are typically of the
order of tens of MHz. When propagating in vacuum (or in air), these waves are
referred to as radio waves, having wavelengths of the order of 10m. However,
the geometry of the antenna results in characteristic wavelengths in the poloidal
and toroidal directions that are a lot shorter than this. Such waves are actually
not unphysical. To show this, we state the vacuum dispersion relation, here in
Cartesian coordinates for simplicity:

ω2 = (k2
x + k2

y + k2
z)c2. (1.42)

Locally, x is the radial coordinate, whereas y and z are the poloidal and toroidal
coordinates, respectively. The wavelength is λ = 2πc/ω = 2π/

√
k2
x + k2

y + k2
z .

A wavelength in the poloidal–toroidal plane shorter than λ implies ω2 < (k2
y +

k2
z)c2. The vacuum dispersion relation thus implies that k2

x < 0, meaning that kx is
purely imaginary. This corresponds to an evanescent wave in the radial direction,
which decays/grows exponentially in space rather than being sinusoidal. One of the
consequences is that the wave field in front of the antenna has to be many orders
of magnitude larger than in the plasma if the antenna is sufficiently far from the
plasma boundary. To avoid arcing and RF-sheaths [34], the antenna voltage must
be kept below a certain threshold. High coupling of antenna power relative to the
applied voltage is then required for efficient heating and current drive.

FWCD aims to transfer net momentum in the toroidal direction to electrons
travelling with approximately the same velocity as the phase velocity of the fast
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magnetosonic waves. The energy transfer is made via Landau damping, which
is based on the same principle as the bump-on-tail distribution of energetic ions
exciting a TAE, but with the opposite sign of the net energy transfer. It requires a
negative derivative of the energy distribution of electrons locally at the resonance,
which is satisfied by a thermal (Maxwellian) electron distribution. Fast waves
excited by the antenna typically travel in both toroidal directions. For efficient
current drive, the net momentum carried by the waves must be larger in one toroidal
direction than the other. The directivity is a measurement of the asymmetry of the
toroidal momentum carried by the fast magnetosonic waves. It is defined by

D =
∑

waves
nζP

/ ∑
waves

|nζ |P, (1.43)

where P is the Poynting flux of the wave, and nζ is the toroidal mode number. A
high directivity |D| is mainly achieved by adjusting the relative phase of the alter-
nating currents in the antenna current straps (located behind each of the four tilted
grids in Fig. 1.9). A 90 ◦ relative phase between toroidally adjacent straps typically
gives optimal directivity. Paper VIII mainly investigates how the directivity is
affected by the presence of passive conducting components close to the antenna.
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Chapter 2

Excitation of Alfvén eigenmodes

In this chapter, the model equations of two wave–particle models are derived: the
bump-on-tail model and FOXTAIL (“FOurier series eXpansion of fasT particle–
Alfvén eigenmode Interaction”-modeL). FOXTAIL is a realistic 3D geometry mo-
del, including, for instance, effects of different temporal and spatial structures of
individual particle orbits relative to the wave field of specific eigenmodes. Both
models have code implementations developed by the author. The bump-on-tail
model can be regarded as a special case of FOXTAIL, allowing a certain set of
simplifying assumptions for the wave–particle interaction. This enables the system
to be expressed in a lower dimensionality phase space (energetic particles in FOX-
TAIL have five phase space dimensions, whereas in the bump-on-tail model, they
have only two) and significantly reduces the free parameters of the model.

The model equations of both the bump-on-tail model and FOXTAIL are derived
in this chapter from a Lagrangian/Hamiltonian formulation of TAE–energetic par-
ticle interaction. This is done with a perturbative approach, where the wave field is
considered to be a perturbation of the equilibrium. Zero indices (0) will generally
be used to indicate unperturbed equilibrium quantities. Sections 2.1 – 2.3 presents
the derivation of the total wave–particle Hamiltonian. The simplifying assump-
tions of the bump-on-tail model are presented in Sec. 2.4, and the bump-on-tail
model equations and the properties of the model are presented in Secs. 2.5 and 2.6,
respectively. Starting again from the total wave–particle Hamiltonian, the model
equations of FOXTAIL are derived in Sec. 2.7, and its properties are presented in
Sec. 2.8.

2.1 Action–angle description of the equilibrium system

Action–angle coordinates are a set of canonical coordinates for which the Hamilto-
nian describing this system is independent of the angle coordinates, and therefore
the action variables conjugate to the angle variables are constants of motion of the
given system [35]. Assume that the Hamiltonian can be written on the form H(I),
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where (I, ξ) are canonical conjugate variables. Then the equations of motion are
İ = −∂H/∂ξ = 0, ξ̇ = ω, where ω = ∂H/∂I are constants, i.e., the angle variables
move on straight lines in ξ space with a constant velocity. When dealing with the
response of a system due to a weak perturbation, it can be worthwhile to express
the unperturbed system in terms of action–angle variables. The equations of mo-
tion for the angle variables are then unchanged, and the equation of motion of the
action variables (which are no longer constants of motion in the perturbed system)
only depend on the angular dependence of the perturbation.

In order to derive the action–angle canonical coordinate system, we start from
the single particle guiding centre Lagrangian, as presented in Ref. [36]:

L0 = eẋ ·A∗ + mµ

e
α̇−H0, (2.1)

where ẋ is the guiding centre velocity, A∗ ≡ A0 + ρ‖B0 is the “modified vector
potential”, ρ‖ ≡ mv‖/eB0 is the “parallel gyro-radius”, α is the gyro-phase, and

H0 =
mv2
‖

2 + µB0 + eφ0 (2.2)

is the equilibrium Hamiltonian. The term ρ‖B0 is added to the vector potential in
order to make the system describe the guiding centre motion, rather than complete
gyro-orbits (see Refs. [36, 37] for details). With the equilibrium magnetic field given
by eq. (1.34) (or more conveniently expressed on the form of eq. (A.8)) and with
the vector potential given by

A0 = 1
2π (Ψtor∇θ −Ψpol∇ζ), (2.3)

as derived in App. A.2 (Ψtor and Ψpol are the toroidal and poloidal magnetic fluxes,
respectively), the equilibrium guiding centre Lagrangian can be expressed as

L0 =
eρ‖gψθ

J
ψ̇ + e

(
ρ‖gθθ

J
+ Ψtor

2π

)
θ̇ + e

(
ρ‖F − ψ

)
ζ̇ + mµ

e
α̇−H, (2.4)

where ψ = Ψpol/2π is the poloidal magnetic flux per radian,

J ≡
(
∂r

∂ψ
× ∂r

∂θ

)
· ∂r
∂ζ

= 1
(∇ψ ×∇θ) · ∇φ (2.5)

is the Jacobian, and
gψθ ≡

∂r

∂ψ
· ∂r
∂θ
, gθθ ≡

∂r

∂θ
· ∂r
∂θ

(2.6)

are covariant metric tensor components of the (ψ, θ, ζ) coordinate system. A to-
tal time derivative term d(eρ‖gψθψ/J )/dt can be subtracted from the Lagrangian
without changing the Euler–Lagrange equations [35], giving

L0 = −eψ d
dt

(
ρ‖gψθ

J

)
+ e

(
ρ‖gθθ

J
+ Ψtor

2π

)
θ̇ + e

(
ρ‖F − ψ

)
ζ̇ + mµ

e
α̇−H. (2.7)
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The first term of the Lagrangian is then of higher order in the Larmor radius [38],
and can consequently be neglected for small enough Larmor radii.

Three momenta canonically conjugate to (α, ζ, θ) can be immediately read from
eq. (2.7), namely

Pα = mµ

e
= m2v2

⊥
2eB0

, (2.8)

Pζ = e(ρ‖F − ψ) =
mv‖F

B0
− eψ, (2.9)

Pθ = e

(
ρ‖gθθ

J
+ Ψtor

2π

)
=
mv‖gθθ

B0J
+ eΨtor

2π . (2.10)

It should be noted that eq. (2.9) lacks the term coming from the guiding centre
drift velocity, as specified in eq. (1.37). Similarly, eq. (2.10) lacks a drift term that
would arise when deriving Pθ using the theory in Sec. 1.5. This is an approxima-
tion of this particular Lagrangian formulation of the guiding centre motion, since
the perpendicular drift contribution to the canonical momenta are typically small
relative to the parallel contribution (vd/v‖ is of the order Larmor radius over major
radius).

Equations (2.9) and (2.10) can be rewritten as

v‖(Pζ , ψ, θ) = (Pζ + eψ)B0(ψ, θ)
mF (ψ) , (2.11)

v‖(Pθ, ψ, θ) = (2πPθ − eΨtor(ψ))B0(ψ, θ)
2πmgθθ(ψ, θ)

. (2.12)

The two above equations can in principle be expressed on the form v‖(Pζ , Pθ, θ)
and ψ(Pζ , Pθ, θ). By inserting these functions and eq. (2.8) into the equilibrium
Hamiltonian of eq. (2.2), one arrives at a Hamiltonian on the form

H0(Pα;Pζ ;Pθ, θ) = m

2 v
2
‖(Pζ , Pθ, θ) + ePα

m
B0(ψ(Pζ , Pθ, θ), θ)

+ eφ0(ψ(Pζ , Pθ, θ), θ). (2.13)

The total Hamiltonian of the system is simply the single particle Hamiltonian of
eq. (2.13) summed over the individual particles:

H0,p =
∑
k

H0(Pα,k;Pζ,k;Pθ,k, θk). (2.14)

This Hamiltonian is expressed on canonical form. In the following, we will use
semicolon to separate canonically conjugate pairs when expressing Hamiltonian
coordinate dependences. The guiding centre Hamiltonian does not depend on α
and ζ, meaning that Pα and Pζ are constants of motion in the equilibrium system.
However, Pθ is not a constant, because of the θ dependence.
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By applying Hamilton–Jacobi theory [35], a transformed canonical coordinate
system with all momentum coordinates being constants of motion can be found,
i.e., an action–angle formulation of the system! This is done by first solving
Pθ(Pα, Pζ ,H0, θ) from eq. (2.13). For charged particles whose guiding centre orbits
encircle the magnetic axis, the poloidal action can then be calculated as

P̃θ(Pα, Pζ ,H0) = 1
2π

∫ 2π

0
dθ Pθ(Pα, Pζ ,H0, θ). (2.15)

P̃θ is the orbit averaged value of the poloidal canonical moment Pθ. For guiding
centre orbits not encircling the magnetic axis (exist in category II, IV, VII & VIII
in Fig. 1.8) there are no unique solutions of Pθ(Pα, Pζ ,H0, θ). Rather, the mapping
θ → Pθ is 1 → 2 or 1 → 0 in the interval θ ∈ [0, 2π). This can be solved by
piecewise integration along the inner and the outer leg of the guiding centre orbit,
respectively. For simplicity, we limit the discussion to guiding centre orbits that
encircle the magnetic axis, for which Pθ(Pα, Pζ ,H0, θ) can be uniquely solved for
all θ ∈ [0, 2π).

Solving H0 in eq. (2.15) yields the action–angle Hamiltonian H0(Pα;Pζ ; P̃θ),
expressed in the three action variables. It is left to identify the canonical angle
variables, which will be denoted by α̃, θ̃ and ζ̃. Inserting the solutionH0(Pα, Pζ , P̃θ)
into Pθ(Pα, Pζ ,H0, θ) yields

Pθ(Pα, Pζ ,H0(Pα, Pζ , P̃θ), θ) = P̄θ(Pα, Pζ , P̃θ, θ). (2.16)

From now on, we choose to distinguish between H0 = H0(Pα;Pζ ;Pθ, θ) and H̄0 =
H̄0(Pα, Pζ , P̃θ), and between Pθ(Pα, Pζ ,H0, θ) and P̄θ(Pα, Pζ , P̃θ, θ), which is im-
portant when differentiating these expressions, even though H0 = H̄0 and Pθ = P̄θ.
The frequencies ωα = α̇, ωζ = ζ̇ and ωθ = θ̇ are found from Hamilton’s equations
according to

ωα(Pα, Pζ , Pθ, θ) = ω̄α(Pα, Pζ , P̃θ, θ) = ∂H0
∂Pα

= eB0
m

, (2.17)

ωζ(Pα, Pζ , Pθ, θ) = ω̄ζ(Pα, Pζ , P̃θ, θ) = ∂H0
∂Pζ

, (2.18)

ωθ(Pα, Pζ , Pθ, θ) = ω̄θ(Pα, Pζ , P̃θ, θ) = ∂H0
∂Pθ

. (2.19)

The functions ω̄α, ω̄ζ and ω̄θ are found by replacing Pθ with P̄θ(Pα, Pζ , P̃θ, θ).
Analogously, the frequencies ω̃α = ˙̃α, ω̃ζ = ˙̃ζ and ω̃θ = ˙̃θ are1

ω̃α(Pα, Pζ , P̃θ) = ∂H̄0
∂Pα

, (2.20)

1Distinguishing between H0 and H̄0 is only necessary when it is the variable being differen-
tiated or integrated, since the definitions then specify which other variables to be kept constant.
When differentiating with respect to H̄0, it may as well be replaced by H0, since H0 = H̄0.

28



2.1. ACTION–ANGLE DESCRIPTION OF THE EQUILIBRIUM SYSTEM

ω̃ζ(Pα, Pζ , P̃θ) = ∂H̄0
∂Pζ

, (2.21)

ω̃θ(Pα, Pζ , P̃θ) = ∂H̄0

∂P̃θ
=
(
∂P̃θ
∂H0

)−1

=
(

1
2π

∫ 2π

0
dθ ∂Pθ

∂H0

∣∣∣∣
θ

)−1

=
(

1
2π

∫ 2π

0

dθ
ω̄θ(Pα, Pζ , P̃θ, θ)

)−1

. (2.22)

Since the equilibrium Hamiltonian does not explicitly depend on time, the gener-
ating function for the sought canonical transformation is Hamilton’s characteristic
function according to Hamilton–Jacobi theory, which is here defined as

W(P̃α, P̃ζ , P̃θ, α, ζ, θ) = αP̃α + ζP̃ζ +
∫ θ

0
dθ′ P̄θ(P̃α, P̃ζ , P̃θ, θ′). (2.23)

Due to the symmetry of the Hamiltonian with respect to α and ζ it can be shown
that P̃α = Pα and P̃ζ = Pζ . Using the found generating function, the angle θ̃
conjugate to P̃θ is

θ̃(Pα, Pζ , Pθ, θ) = ∂W
∂P̃θ

=
∫ θ

0
dθ′ ∂P̄θ

∂P̃θ

∣∣∣∣
θ′

=
∫ θ

0
dθ′ ∂H̄0

∂P̃θ

∂Pθ
∂H0

∣∣∣∣
θ′

=
∫ θ

0
dθ′ ω̃θ(Pα, Pζ , P̃θ)

ω̄θ(Pα, Pζ , P̃θ, θ′)
. (2.24)

The angle variables α̃ and ζ̃ conjugate to Pα and Pζ are not the same as α and ζ
in the transformed coordinate system. Specifically, they are defined by

α̃(Pα, Pζ , P̃θ, α, θ) = ∂W
∂P̃α

= α+
∫ θ

0
dθ′ ∂P̄θ

∂Pα

∣∣∣∣
θ′

= α+
∫ θ

0
dθ′ ω̃α(Pα, Pζ , P̃θ)− ω̄α(Pα, Pζ , P̃θ, θ′)

ω̄θ(Pα, Pζ , P̃θ, θ′)
, (2.25)

ζ̃(Pα, Pζ , P̃θ, ζ, θ) = ∂W
∂P̃ζ

= ζ +
∫ θ

0
dθ′ ∂P̄θ

∂Pζ

∣∣∣∣
θ′

= ζ +
∫ θ

0
dθ′ ω̃ζ(Pα, Pζ , P̃θ)− ω̄ζ(Pα, Pζ , P̃θ, θ

′)
ω̄θ(Pα, Pζ , P̃θ, θ′)

= ζ + Z(Pα, Pζ , P̃θ, θ). (2.26)

Note that the function Z ≡ ζ̃ − ζ is independent of ζ.
The derived angle coordinates α̃, ζ̃ and θ̃ evolve with constant frequencies, given

by eqs. (2.20) – (2.22). These frequencies are the frequencies of the original coor-
dinates α, ζ and θ, given by eqs. (2.17) – (2.19), averaged over one guiding centre
orbit. The frequency ω̃ζ = ˙̃ζ is usually referred to as the precession frequency of the
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2. EXCITATION OF ALFVÉN EIGENMODES

particle, whereas ω̃θ is the so called bounce frequency. Note also that the angles α̃,
ζ̃ and θ̃ are the same as α, ζ and θ at θ = 0, which then defines the offset of the new
angle coordinates. Using this new set of canonical variables (P̃α, α̃; P̃ζ , ζ̃; P̃θ, θ̃)2 the
unperturbed Hamiltonian is expressed as

H0,p =
∑
k

H̄0(P̃α,k; P̃ζ,k; P̃θ,k), (2.27)

and the unperturbed Lagrangian is

L0 =
∑
k

[
˙̃αkP̃α,k + ˙̃ζkP̃ζ,k + ˙̃θkP̃θ,k − H̄0(P̃α,k; P̃ζ,k; P̃θ,k)

]
. (2.28)

2.2 The wave perturbation Lagrangian

Outlined in Ref. [39] is the derivation of a Lagrangian describing the complete TAE–
particle system. Following this reference, we start from the general electromagnetic
perturbation Lagrangian interacting with a thermal distribution of particles. As-
suming that the response of thermal particles due to the wave field perturbation is
adiabatic, the perturbation Lagrangian can be written on the form

Lw =
∑
k

(
mk|ẋk|2

2 + ekẋk ·A− ekφ
)

+
∫

d3r

(
ε0E

2

2 − B2

2µ0

)
−
∑
k

(
mk|ẋk,0|2

2 + ekẋk,0 ·A0 − ekφ0

)
−
∫

d3r

(
ε0E

2
0

2 − B2
0

2µ0

)
, (2.29)

where the zero (0) indices correspond to quantities of the equilibrium system, and
the summation is over thermal particles. For simplicity, it is assumed to be a zero
β, ideal MHD plasma. Choosing a gauge where φ = φ0, it follows from ideal MHD
that the perturbed vector potential A1 = A1,⊥, i.e., the parallel A1 component
vanishes. To quadratic order in the wave field perturbation, the Lagrangian can be
expressed as

Lw =
∫

d3r

(
Ȧ2

1,⊥
2µ0v2

A
+

J‖

2B0
(A1,⊥ · [∇×A1,⊥])− (∇×A1,⊥)2

2µ0

)
, (2.30)

where vA is the Alfvén velocity and J‖ is the parallel component of the equilibrium
plasma current. The perturbed vector potential can be written in terms of two
independent scalar function Φ and Ψ according to

A1,⊥ = ∇⊥Φ + B0 ×∇Ψ
B0

, (2.31)

2The tildes on Pα and Pζ may be discarded since P̃α = Pα and P̃ζ = Pζ . Here they are
included for aesthetic reasons.

30



2.2. THE WAVE PERTURBATION LAGRANGIAN

where Φ is associated with magnetic shear, and Ψ is associated with magnetic
compression. In a general inhomogeneous plasma, Alfvén waves are both shear
and compressional (the magnetic field perturbation has nonzero components both
parallel and perpendicular to the equilibrium magnetic field). However, in a low-
β plasma, where the parallel gradients are much smaller than the perpendicular
gradients, the magnetic wave fields for different wave modes are either parallel or
perpendicular, and the excitation of Φ and Ψ becomes nearly decoupled. Hence, the
TAE, which is a shear Alfvén wave, can be described solely by the scalar function
Φ. Inserting eq. (2.31) into eq. (2.30), neglecting the compressional Ψ term, yields

Lw = 1
2µ0

∫
d3r

{
(∇⊥Φ̇)2

v2
A

−B2
0
(
∇⊥[d‖Φ]

)2
− (d‖Φ)

(
[∇×B0]2d‖Φ + [∇Φ · ∇2B0]

)}
, (2.32)

where the operator d‖ ≡ B−2
0 B0 · ∇. Oscillating solutions on the form Φ(r, t) =

Φω(r)C(t)e−i[ϑ(t)+ωt] are assumed, where C(t) is the slowly varying amplitude of
the wave, and ϑ(t) is the slowly varying phase (C(t) and ϑ(t) vary on time scales
much longer than ω−1). From the principle of least action, it can be shown that
the spatial part of the scalar field Φω(r) solves the eigenvalue problem

ω2
0∇ ·

(
1
v2

A
∇⊥Φω0

)
+ (B0 · ∇)

{
1
B2

0
∇ ·
(
B2

0∇⊥
[
d‖Φω0

])
− (∇×B0)2

B2
0

d‖Φω0 −
1

2B2
0

(
∇Φω0 · ∇2B0

)}
− 1

2
(
∇2B0 · ∇

) (
d‖Φω0

)
= 0, (2.33)

with the eigenfunctions Φω0 and eigenvalues ω0. In the geometry of an axisymmetric
tokamak, the eigenfunctions can always be written as a sum of the contributions
from modes according to

Φω0(ψ, θ, ζ) =
∑
mθ

Φω0
mθ,nζ

(ψ)ei(nζζ−mθθ). (2.34)

The sum is due to coupling between poloidal modes in the toroidal geometry, as
discussed in Sec. 1.4.3.

The general solution Φ is a linear combination of the eigenfunctions Φω0 accord-
ing to

Φ(ψ, θ, ζ, t) = Re
[∑

i

Ci(t) exp(−i[ϑi(t) + ω0,it])Φω0,i(ψ, θ, ζ)
]
, (2.35)

where the summation is over eigenmodes. Neglecting any terms oscillating on time
scales ω−1

0,i and faster, the perturbation Lagrangian can be reduced to
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Lw =
∑
i

ϑ̇iω0,iC
2
i

2µ0

∫
d3r
|∇⊥Φω0,i |2

v2
A

. (2.36)

Choosing a normalization of the eigenfunctions Φω0,i according to

ω0,i
2µ0

∫
d3r
|∇⊥Φω0,i |2

v2
A

= 1, (2.37)

the perturbation Lagrangian is simply expressed as

Lw =
∑
i

ϑ̇iC
2
i . (2.38)

2.3 The total wave–particle Hamiltonian

Now, consider the response to the TAE perturbation coming from energetic par-
ticles. To lowest order, the wave–energetic particle interaction Lagrangian can be
written as

Lint =
∑
k

ekẋk ·A1,⊥ =
∑
k

Li,k, (2.39)

where A1,⊥ is the perpendicular component of the perturbed vector potential, ẋ
is the guiding centre velocity, and the summation is over energetic particles. As
was stated in the previous section, a gauge is chosen such that the perturbed scalar
potential vanishes. Again, one can neglect the compressional component Ψ in
eq. (2.31) in the low-β plasma assumption, using the same argument as in the
previous section. InsertingA1,⊥ = ∇⊥Φ into eq. (2.39) and suppressing the particle
index, one obtains

Li = e

(
v · ∇Φ− v‖

B0 · ∇Φ
B0

)
. (2.40)

Using eqs. (2.34) and (2.35), the first term can be written as

ev · ∇Φ = eRe
[∑
i,mθ

Ci exp [i(nζ,iζ −mθθ − ϑi − ω0,it)]

×
(

dΦmθ,i
dψ ψ̇ − imθΦmθ,iθ̇ + inζ,iΦmθ,iζ̇

)]
, (2.41)

where Φmθ,i has been used as shorthand notation for Φω0,i
mθ,nζ,i . With B0 given by

eq. (1.34),3 the second term is

−
ev‖B0 · ∇Φ

B0
= eRe

[∑
i,mθ

Ci exp [i(nζ,iζ −mθθ − ϑi − ω0,it)]

3To derive eq. (2.42), the form of the equilibrium magnetic field given by eq. (A.8) has been
used to derive the parallel velocity, whereas the form of B0 given by eq. (A.9) has been used to
find B0 · ∇Φ.
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× (gψθψ̇ + gθθ θ̇ + JF ζ̇)iΦmθ,iGmθ,i

]
, (2.42)

where
Gmθ,i ≡

mθR
2 − nζ,iJF
J 2R2B2

0
. (2.43)

Combining the two terms yields

Li = Re
[∑

i

Ciei(nζ,iζ̃−ϑi−ω0,it)Vi

]
, (2.44)

where

Vi(ψ, θ, ψ̇, θ̇, ζ̇) ≡ e
∑
mθ

e−i(nζ,iZ+mθθ)
([

iΦmθ,igψθGmθ,i + dΦmθ,i
dψ

]
ψ̇

+ iΦmθ,i
[
(gθθGmθ,i −mθ)θ̇ + (JFGmθ,i + nζ,i)ζ̇

])
. (2.45)

Note that in eq. (2.44), ζ̃ has been separated out from Vi using the definition
Z ≡ ζ̃ − ζ, as given by eq. (2.26). Vi is now a function of the guiding centre
position in the poloidal plane, (ψ, θ), and the three components of the guiding
centre velocity, (ψ̇, θ̇, φ̇). All these coordinates can in principle be expressed as
functions of (P̃α, P̃ζ , P̃θ, θ̃).4 Rewriting Vi on the form Vi(P̃α, P̃ζ , P̃θ, θ̃) and defining
its Fourier decomposition in θ̃-space,

Vi,`(P̃α, P̃ζ , P̃θ) = 1
2π

∫ 2π

0
dθ̃ Vi(P̃α, P̃ζ , P̃θ, θ̃)e−i`θ̃, (2.46)

the interaction Lagrangian can be written as

Li = Re
[∑
i,`

Ciei(`θ̃+nζ,iζ̃−ϑi−ω0,it)Vi,`(P̃α, P̃ζ , P̃θ)
]
. (2.47)

Now we have finally reached the stage of the derivations where all results can be
combined in a complete Lagrangian for the wave–particle system. This Lagrangian
is written as

L = L0 + Lw + Lint

=
∑
k

[
˙̃αkP̃α,k + ˙̃ζkP̃ζ,k + ˙̃θkP̃θ,k − H̄0(P̃α,k; P̃ζ,k; P̃θ,k)

]
+
∑
i

ϑ̇iC
2
i

+ Re

∑
i

Ciei(nζ,iζ̃k−ϑi−ω0,it)
∑
k,`

Vi,`(P̃α,k, P̃ζ,k, P̃θ,k)ei`θ̃k

 , (2.48)

4An additional label needs to be added for category I – IV orbits (Figs. 1.8.b – 1.8.e) to specify
which of the two orbit solutions that the particle follows.
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and the corresponding Hamiltonian is

H =
∑
k

(
H̄0(P̃α,k; P̃ζ,k; P̃θ,k)

+
∑
i

Hint,i(P̃α,k; P̃ζ,k, ζ̃k; P̃θ,k, θ̃k;C2
i , ϑi; t)

)
, (2.49)

where

Hint,i(P̃α; P̃ζ , ζ̃; P̃θ, θ̃;C2
i , ϑi; t)

= −Re
[
Ciei(nζ,iζ̃−ϑi−ω0,it)

∑
`

Vi,`(P̃α, P̃ζ , P̃θ)ei`θ̃
]
. (2.50)

This Hamiltonian can be used to describe the complete dynamics of an ensemble
of particles interacting with multiple TAEs.

The Hamiltonian of eq. (2.49) is the basis of the FOXTAIL code, presented in
Ch. 4. In the code, the interaction coefficients Vi,` are calculated for given set of
eigenmodes in a user defined region of momentum space. The assumptions made
in the derivations of Sec. 2.4 are used in order to derive the equations of the bump-
on-tail model. In Sec. 2.7, we will go back to the Hamiltonian of eq. (2.49) in order
to derive the equations of FOXTAIL.

2.4 Resonant wave–particle interactions

It should be noticed that when

nζ,i
˙̃ζk + ` ˙̃θk = nζ,i

∂H
∂P̃ζ

+ `
∂H
∂P̃θ

= ω0,i (2.51)

for some integer `, the corresponding term in the Fourier series in eq. (2.50) evolve
slowly, whereas other terms typically oscillate rapidly on time scales similar to ω−1

0,i .
Specifically, |nζ,i ˙̃ζk+` ˙̃θk−ω0,i|−1 is the characteristic time scale of the wave–particle
interaction. The regions of phase space where eq. (2.51) is satisfied can be identified
as having strong wave–particle interaction. The strength of the interaction also
depends on the value of the amplitude Ci multiplied by the Fourier coefficient Vi,`
associated with the spatial structures of the eigenmode. When poloidal variations
of the eigenmode are negligible, Vi,0 is the dominant coefficient. Resonant wave–
particle interaction often refers to the condition nζ,i

˙̃ζk = ω0,i, meaning that the
toroidal phase velocity of the wave matches the precession frequency of the particle
in the toroidal direction.

The density of resonances in ˙̃ζ-space for a given eigenmode is proportional to
n−1
ζ . Thus, for low-nζ modes, the resonances are well separated in phase space,

and interactions of Alfvén eigenmodes with energetic particles can be described
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in terms of single resonances acting on isolated regions of phase space. It is pos-
sible to consider the dynamics of particles locally in this particular region. One
may then drop the summation over the eigenmodes and the Fourier components in
eq. (2.50). Given an arbitrary spatial structure of the eigenmode, for which Vi,` is
non-negligible for any given `, the single resonance Hamiltonian can be expressed
as

Hr =
∑
k

(
H̄0(P̃α,k; P̃ζ,k; P̃θ,k)

+Hint,`(P̃α,k; P̃ζ,k, ζ̃k; P̃θ,k, θ̃k;C2, ϑ; t)
)
, (2.52)

where

Hint,`(P̃α; P̃ζ , ζ̃; P̃θ, θ̃;C2, ϑ; t)

= −Re
[
Cei(nζ ζ̃+`θ̃−ϑ−ω0t)V`(P̃α, P̃ζ , P̃θ)

]
, (2.53)

and with eigenmode indices dropped for convenience. It turns out that there is
only one single action–angle pair characterizing the particle dynamics around the
resonance [14]. The non-ignorable angle coordinate is ξ = nζ ζ̃+ `θ̃. A Hamiltonian
transformation of the system can be found from the generating function

F2(I1, I2, I3, α̃, ζ̃, θ̃) =
(
∂Ω
∂P̃θ

α̃− ∂Ω
∂P̃α

θ̃

)
I1

+
(
∂Ω
∂P̃θ

ζ̃ − ∂Ω
∂P̃ζ

θ̃

)
I2 + (nζ ζ̃ + `θ̃)I3, (2.54)

where
Ω ≡ ξ̇ = nζ

˙̃ζ + ` ˙̃θ (2.55)
is the angular frequency, and its derivatives in eq. (2.54) are evaluated at a chosen
point on the resonance Ω = ω0. The new canonical coordinates (ξ, I) are5

ξ1 = ∂Ω
∂P̃θ

α̃− ∂Ω
∂P̃α

θ̃, I1 = P̃α

∂Ω/∂P̃θ
,

ξ2 = ∂Ω
∂P̃θ

ζ̃ − ∂Ω
∂P̃ζ

θ̃, I2 = − 1
Ω′

(
∂Ω/∂P̃α
∂Ω/∂P̃θ

nζP̃α − `ζ̃ + nζP̃θ

)
,

ξ3 = nζ ζ̃ + `θ̃, I3 = 1
Ω′

(
∂Ω
∂P̃α

P̃α + ∂Ω
∂P̃ζ

P̃ζ + ∂Ω
∂P̃θ

P̃θ

)
,

(2.56)

5Note that the transformation is singular when ∂Ω/∂P̃θ = 0. If this is the case, a generating
function on the form F2 =

(
∂Ω
∂P̃θ

ζ̃ − ∂Ω
∂P̃ζ

θ̃
)
I1 +

(
∂Ω
∂P̃ζ

α̃− ∂Ω
∂P̃α

ζ̃
)
I2 + (nζ ζ̃ + `θ̃)I3 may be chosen.

This transformation becomes singular for ∂Ω/∂P̃ζ = 0. If ∂Ω/∂P̃θ = ∂Ω/∂P̃ζ = 0, one can instead
use the generating function F2 =

(
∂Ω
∂P̃ζ

α̃− ∂Ω
∂P̃α

ζ̃
)
I1 +

(
∂Ω
∂P̃ζ

α̃− ∂Ω
∂P̃α

θ̃
)
I2 + (nζ ζ̃ + `θ̃)I3, giving

a singular transformation for ∂Ω/∂P̃α = 0.

35



2. EXCITATION OF ALFVÉN EIGENMODES

where
Ω′ ≡ ∂Ω

∂P̃ζ
nζ + ∂Ω

∂P̃θ
`. (2.57)

The inverse transformation is given by

α̃ = ξ1

∂Ω/∂P̃θ
− ∂Ω/∂P̃α

Ω′

(
nζ

∂Ω/∂P̃θ
ξ2 − ξ3

)
,

ζ̃ = 1
Ω′

(
`ξ2 + ∂Ω

∂P̃ζ
ξ3

)
,

θ̃ = − 1
Ω′

(
nζξ2 −

∂Ω
∂P̃θ

ξ3

)
,

P̃α = ∂Ω
∂P̃θ

I1,

P̃ζ = ∂Ω
∂P̃θ

I2 + nζI3,

P̃θ = − ∂Ω
∂P̃α

I1 −
∂Ω
∂P̃ζ

I2 + `I3.

(2.58)

In this new coordinate system, the single resonance Hamiltonian becomes

Hr =
∑
k

(
H0,r(Ik) +Hint,r(I1,k; I2,k; I3,k, ξ3,k;C2, ϑ; t)

)
, (2.59)

where

H0,r(I) = H̄0(P̃α(I); P̃ζ(I); P̃θ(I)), (2.60)

Hint,r(I1; I2; I3, ξ3;C2, ϑ; t) = −Re
[
Cei(ξ3−ϑ−ω0t)Vr(I)

]
, (2.61)

Vr(I) = V`(P̃α(I), P̃ζ(I), P̃θ(I)). (2.62)

The Fourier component index ` of Hint,r and Vr have been dropped for convenience.
Now, I1 and I2 are constants of motion in the perturbed system due to the inde-
pendence in ξ1 and ξ2, whereas the particle motion within the phase space (ξ3, I3)
characterizes the whole wave–particle dynamics.

Assuming the perturbation Hamiltonian to be small, or more specifically assum-
ing ∂H0,r/∂I3 � ∂Hint,r/∂I3, the contribution from the interaction Hamiltonian
to the frequency ξ̇3 can be neglected. Then the resonance is characterized by the
condition

ξ̇3 = Ω(I) = ∂H0,r
∂I3

= ω0, (2.63)

which defines a surface in 3-dimensional I space. With the specific choice of momen-
tum coordinates I, the derivatives ∂Ω/∂I1 and ∂Ω/∂I2 vanish at the chosen point
on the resonance surface. Hence, when approximating Ω with its linear expansion
in I, Ω becomes a function of I3 only. If one further assumes that Vr(I) ≈ const. in
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a local region around the point on the resonance surface where an ensemble of ener-
getic ions are located, I1 and I2 become truly ignorable coordinates of the system,
and the single resonance Hamiltonian reduces to 4 dimensions (I = I3, ξ = ξ3, C, ϑ)
according to

Hr =
∑
k

(
H0,r(Ik) +Hint,r(ξk;C2, ϑ)

)
, (2.64)

where6

H0,r(I) = ω0I + (I − Ir)2

2
dΩ
dI

∣∣∣∣
Ir

, (2.65)

Hint,r(ξ;C2, ϑ; t) = −Re
[
Cei(ξ−ϑ−ω0t)Vr

]
. (2.66)

Here, Ir is defined as the value of I at the resonance.

2.5 Bump-on-tail model equations

All equations of motion of the system can be derived from the Hamiltonian of
eq. (2.64) according to

ξ̇k ≈
∂H0,r(Ik)

∂I
= ω0 + (Ik − Ir)

dΩ
dI

∣∣∣∣
Ir

,

İk = −∂Hr
∂ξk

= Re
[
iCei(ξk−ϑ−ω0t)Vr

]
,

Ċ = 1
2C

dC2

dt = − 1
2C

∂Hr
∂ϑ

= 1
2 Im

[
Vre−i(ϑ+ω0t)

∑
k

eiξk
]
,

ϑ̇ = ∂Hr
∂C2 = 1

2C
∂Hr
∂C

= − 1
2C Re

[
Vre−i(ϑ+ω0t)

∑
k

eiξk
]
.

(2.67)

Here, the equations for the wave amplitude and phase are derived from the fact
that C2 and ϑ are canonically conjugate, which is apparent from the total wave–
particle Lagrangian of eq. (2.48). By proper coordinate transformations, the system
of equations of eq. (2.67) can be written on a dimensionless form, which reduces
the number of free parameters of the system. The suggested transformations are

τ = t/t̃, φ = ξ − ω0t, u = t̃(I − Ir)
dΩ
dI

∣∣∣∣
Ir

,

A = −iCeiϑt̃2V ∗r
dΩ
dI

∣∣∣∣
Ir

, t̃ =
(
|Vr|2

2
dΩ
dI

∣∣∣∣
Ir

)−1/3

.

6H0,r should in general also contain a term that is an arbitrary function of (I1, I2). Since ξ1
and ξ2 are ignorable coordinates, the added term would not influence the dynamics of the system,
and consequently the term can be ignored without any loss of generality.
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The resonance condition expressed in the new set of variables is simply u = 0.
Applying the transformation to eq. (2.67) yields{

dφk
dτ = uk,

duk
dτ = Re

[
Ae−iφk

]
,

dA
dτ = −

∑
k

eiφk . (2.68)

These three differential equations are the model equations of the bump-on-tail
model described in this thesis. Another useful form of the model equations can
be obtained by describing the energetic particle distribution with a smooth distri-
bution function in φ,u-space:

∂f

∂τ
+ u

∂f

∂φ
+ Re

[
Ae−iφk

] ∂f
∂u

= 0,

∂A

∂τ
= −

∫
dφ du f(φ, u, τ)eiφ.

(2.69)

(2.70)

The stated equations only describe direct wave–particle interaction. Additional
operators acting on the energetic particle distribution and the mode amplitude that
model other processes than wave–particle interaction may be added to the system.
The operators studied in Papers I – IV are in the form of a phase decorrelation
and a wave damping, which are described in more detail in Sec. 3.2.1.

2.6 Basic properties of the bump-on-tail system

The bump-on-tail model equations are nonlinear because of the Re
[
Ae−iφk

]
∂f/∂u

term in eq. (2.69) and A depends on f according to eq. (2.70). Considering linear
limits of the model equations, a few properties of the system can be derived analyt-
ically. One such property is that the amplitude increases (decreases) exponentially
when there is a positive (negative) derivative of f with respect to u at the resonance
u = 0 [40]. This phenomenon is analogous to Landau damping.

In order to derive this property, we start by defining the total energy of the
system. From the two equations (2.69) and (2.70) it can easily be shown that the
quantity

Etot = |A|
2

2 +
∫

dφ du f(φ, u, τ)u (2.71)

is a constant of motion, i.e., dEtot/dτ = 0 (this is not true when explicit wave
damping is added to the system or if the collision operator contain sources or sinks).
If this quantity is regarded as the total energy of the system, then Ew ≡ |A|2/2 can
be identified as the wave energy, and u is the particle energy. It should be noted
that u = 0 corresponds to the resonant particle energy rather than zero energy.
The physical kinetic energy of the particle relates to u according to

T (u) = Tr + dT
du

∣∣∣∣
Tr

u+O(u2), (2.72)
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2.6. BASIC PROPERTIES OF THE BUMP-ON-TAIL SYSTEM

where Tr is the resonant kinetic energy. Tr and dT/du|Tr are not constants in
general. In the local region of 6-dimensional phase space considered in the model
they are being regarded as constants, though. For simplicity, u is referred to as the
particle energy in the presented bump-on-tail model.

Next, we consider approximate solutions to the kinetic equation. Defining
f(φ, u, τ) = f0(u) + f1(φ, u, τ), where f1(φ, u, 0) = 0, and assuming f1 � f0,
then, to lowest order, eq. (2.69) can be written as

∂f1
∂τ

+ u
∂f1
∂φ

= −Re
[
Ae−iφ] df0

du . (2.73)

Assuming short initial time scales are considered, for which the time dependence
of the wave amplitude can be neglected, eq. (2.73) can be solved analytically:

f1(φ, u, τ) = Im
[
Ae−iφ (1− eiuτ)] 1

u

df0
du . (2.74)

The rate of change of the total particle energy can be calculated as

dEp
dτ =

∫
dφ du u∂f

∂τ

(2.69)= −
∫

dφdu uRe
[
Ae−iφ] ∂f

∂u
. (2.75)

Inserting f = f0 + f1, with f1 given by eq. (2.74) yields

dEp
dτ = −

∫
dφdu uRe

[
Ae−iφ] ∂

∂u

(
f0(u) + Im

[
Ae−iφ (1− eiuτ)]

× 1
u

df0
du

)
= π|A|2

∫
du u ∂

∂u

(
sin(uτ)
u

df0
du

)
= −π|A|2

∫
du sin(uτ)

u

df0
du . (2.76)

For large τ , the factor sin(uτ)/u become much peaked at the resonance u = 0, with a
height equal to τ and a characteristic width scaling as 1/τ . If a characteristic energy
scale uc around the resonance for which df0/du ≈ df0/du|u=0 can be identified,
and if τ � 1/uc, then df0/du can be regarded as a constant, and consequently be
moved outside of the integral in eq. (2.76):

dEp
dτ = −π df0

du

∣∣∣∣
u=0
|A|2

∫
du sin(uτ)

u
= −π2 df0

du

∣∣∣∣
u=0
|A|2. (2.77)

If d2f0/du2|u=0 is large, then uc becomes small, and the procedure of moving the
distribution function outside of the integral becomes valid on long time scales. If this
time scale is longer than that of which A(τ) varies considerably, the assumption
for solving eq. (2.73) becomes invalid. Hence, an assumption for the presented
derivations to be valid is that d2f0/du2|u=0 is small enough.
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Figure 2.1: Simulation of particle dynamics in a system of constant mode amplitude
|A| and phase φw = arg(A), at time τ = 3|A|−1/2. The colour scheme represents
the initial particle energies, u0, normalized with respect to the wave amplitude,
|A|. The curves define trapped (white), separatrix (black) and passing (grey) phase
space trajectories.

Given that Etot of eq. (2.71) is constant, the change of the wave energy is minus
the change of the total particle energy:

d
dτ
|A|2

2 = |A|d|A|dτ = π2 df0
du

∣∣∣∣
u=0
|A|2 = π

2
dF0
du

∣∣∣∣
u=0
|A|2 ⇔

|A(τ)| = |A(0)|eγLτ , (2.78)

where

γL = π

2
dF0
du

∣∣∣∣
u=0

, (2.79)

F0(u) =
∫

dφ f(φ, u, 0). (2.80)

The constant γL is here referred to as the linear growth rate of the wave amplitude.
It can be shown that given an initial φ distribution (that is, ∂f/∂φ|τ=0 6= 0), where
the initial variation in φ is small enough, the presented derivations are still valid.

A different regime of interest is when the wave amplitude can be regarded as
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2.7. FOXTAIL MODEL EQUATIONS

approximately constant. Then, a test particle will be governed by the equations


dφ
dτ = u

du
dτ = Re

[
Ae−iφ] ⇒ d2φ

dτ2 = Re
[
Ae−iφ] .

Defining η ≡ φ− φw − π/2, where φw = arg(A) yields

d2η

dτ2 = −|A| sin η. (2.81)

This is exactly the pendulum equation, with |A| = g/L (g being the gravitational
acceleration and L the pendulum length). Similarly to the pendulum system, there
are regions of trapped and passing particles with respect to the wave field, sepa-
rated by a separatrix, which can be seen in Fig. 2.1. More precisely, the trapped,
separatrix and passing regions are defined by |u| < usep, |u| = usep and |u| > usep,
respectively, where usep ≡

√
2|A|(1 + sin(φ− φw)). All particles move on trajec-

tories in phase space with constant Q ≡ u2 − 2|A| sin(φ − φw). The stable points
in phase space are located at (φ, u) = (φw + π(2n+ 1/2), 0), whereas the unstable
points are located at (φ, u) = (φw + π(2n − 1/2), 0) for all integers n. The fre-
quency of which particles oscillate closely around the stable point is ωb =

√
|A|.

The system with a dynamical wave amplitude A(τ) can be viewed as a system of
pendulums in a gravitational field of varying strength and direction.

2.7 FOXTAIL model equations

In Sec. 2.4, it was assumed that a single eigenmode and a single resonance domi-
nated the dynamics of the wave–particle system. FOXTAIL relaxes this assump-
tion, and it can consequently include the effects from several eigenmodes and reso-
nances in parallel. The model also includes the effects of particles interacting differ-
ently with eigenmodes in different regions of momentum space, i.e., it includes the
P̃ dependence of the interaction coefficients Vi,`. The FOXTAIL model equations
can be derived from the Hamiltonian of eq. (2.49), here repeated for convenience:

H =
∑
k

(
H̄0(P̃α,k; P̃ζ,k; P̃θ,k) +

∑
i

Hint,i(P̃α,k; P̃ζ,k, ζ̃k; P̃θ,k, θ̃k;C2
i , ϑi; t)

)
,

Hint,i(P̃α; P̃ζ , ζ̃; P̃θ, θ̃;C2
i , ϑi; t) = −Re

[
Ciei(nζ,iζ̃−ϑi−ω0,it)

∑
`

Vi,`(P̃ )ei`θ̃
]
.
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The Hamiltonian equations yield

˙̃Pα,k = − ∂H
∂α̃k

= 0,

˙̃Pζ,k = −∂H
∂ζ̃k

=
∑
i,`

Re
[
inζ,iCie−iϑiUi,k,`

]
,

˙̃Pθ,k = − ∂H
∂θ̃k

=
∑
i,`

Re
[
i`Cie−iϑiUi,k,`

]
,

˙̃αk ≈
∂H̄0(P̃k)
∂P̃α

= ω̃α(P̃k),

˙̃ζk ≈
∂H̄0(P̃k)
∂P̃ζ

= ω̃ζ(P̃k),

˙̃θk ≈
∂H̄0(P̃k)
∂P̃θ

= ω̃θ(P̃k),

Ċi = 1
2Ci

dC2
i

dt = − 1
2Ci

∂H
∂ϑi

= −1
2
∑
k,`

Re
[
ie−iϑiUi,k,`

]
,

ϑ̇i = ∂H
∂C2

i

= 1
2Ci

∂H
∂Ci

= − 1
2Ci

∑
k,`

Re
[
e−iϑiUi,k,`

]
,

(2.82)

where
Ui,k,` ≡ ei(`θ̃k+nζ,iζ̃k−ω0,it)Vi,`(P̃k). (2.83)

As for the bump-on-tail model, the equations for the angular frequencies only con-
tain the contributions from the equilibrium Hamiltonian, and it is assumed that
∂H̄0/∂P̃ � ∂H̄int,i/∂P̃ .

Modelling the motion of the transformed poloidal canonical momentum is im-
practical for two reasons. First, if one wants to model the exact motion of P̃θ when
interacting only with a single mode, many Fourier coefficients ` might need to be
included before ˙̃Pθ converges, since each term in ˙̃Pθ is proportional to `Vi,`. Second,
P̃θ is not used in any other similar Monte Carlo code (HAGIS [41] partly uses the
untransformed poloidal canonical momentum, Pθ), and possibly complicated coor-
dinate transformations results if FOXTAIL is to be used in conjunction with other
existing codes. The more conventional momentum coordinates J ≡ (E,Pζ = P̃ζ , µ)
are used instead. Since µ = ePα/m, µ is a constant of motion also in the wave–
particle system. The total change of the particle energy is simply the time derivative
of the Hamiltonian. Since the particle energy is only changed via the interaction
with the eigenmode in the considered system, the energy change of a single particle
is given by the time derivative of the single particle interaction Hamiltonian:

Ėk =
∑
i

∂Hint,i
∂t

(Jk, ζ̃k, θ̃k, Ci, ϑi, t) =
∑
i,`

Re
[
iω0,iCie−iϑiUi,k,`

]
. (2.84)

If we introduce the quantities

Ai ≡ i
√

2ω0,iCie−iϑi , (2.85)
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Ui,k ≡
√
ω0,i
2
∑
`

Ui,k,`, (2.86)

the particle and eigenmode equations are

µ̇k = 0, Ȧi = −
∑
k

U∗i,k,

Ṗζ,k =
∑
i

Re
[
nζ,i
ω0,i

AiUi,k

]
, ˙̃ζk = ωp(Jk),

Ėk =
∑
i

Re
[
AiUi,k

]
, ˙̃θk = ωB(Jk).

(2.87)

These are the FOXTAIL model equations. The ˙̃αk equation of eq. (2.82) is dis-
carded, since the wave–particle interaction is independent of α̃. ωp and ωB are here
used instead of ω̃ζ and ω̃θ to remind the reader that these are the precession and
bounce frequencies, respectively. Additional operators can be added to the system,
for instance a damping term −γd,iAi in the Ȧi equation modelling explicit wave
damping, or an operator in E,µ-space modelling quasilinear ICRH diffusion (as
introduced in Paper VII). These additional operators and others are discussed in
more detail in Sec. 4.1.

2.8 Properties of the FOXTAIL system

The total energy of the wave–particle system takes a very intuitive form in FOX-
TAIL. This is given by

Etot =
∑
i

|Ai|2

2 +
∑
k

Ek. (2.88)

From eq. (2.87), it then follows that

Ėtot =
∑
i

Re
[
AiȦ

∗
i

]
+
∑
k

Ėk =
∑
i,k

Re
[
−AiUi,k +AiUi,k

]
= 0. (2.89)

Other properties of the FOXTAIL wave–particle system is shared with the bump-
on-tail system in the limit where only a single eigenmode–Fourier coefficient pair
is significant for the dynamics of the system and when the interaction coefficients
Vi,` are essentially constant in J in the region where the simulated particles are
located. The dynamics can get more complicated than for the bump-on-tail model
when these conditions are not satisfied. Stochastization of particle trajectories as
a result of resonance overlap may for instance result in scenarios with two or more
included eigenmodes. This phenomenon is described in Paper VI.

One important property of the FOXTAIL wave–particle system can be directly
seen in eq. (2.87), namely

Ėk
ω0,i

= Ṗζ,k
nζ,i

(2.90)
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when particles are only interacting with a single eigenmode. The relation follows
from the fact that the eigenfunction of the TAE in the axisymmetric plasma is on
the form

Φ(r, t) =
∑
mθ

Φmθ (ψ)ei(nζζ−mθθ−ωt), (2.91)

i.e., it has a single toroidal mode number [41]. What eq. (2.90) says is that an
eigenmode can only perturb particles along straight curves in E,Pζ-space. These
curves are referred to as characteristic curves (or simply “characteristics”) of wave–
particle interaction in the thesis and in the attached papers. The I momentum
coordinate system of Sec. 2.4 is related to the characteristic curves in such a way
that perturbing the particle in I3 while keeping I1 and I2 constant moves the
particle tangentially7 to the characteristic curves. When a distribution of energetic
particles is placed in relation to a wave–particle resonance in such a way that there
is a positive derivative of the energy distribution along the characteristic curves,
the distribution defines a bump-on-tail distribution that can potentially excite an
eigenmode. This is why for instance a slowing down distribution of α-particles
can excite TAEs, although they typically have a negative derivative of the energy
distribution around the resonance when integrating over the Pζ distribution.

7The particles of the bump-on-tail model do not exactly follow the characteristic curves, since
I is a linear combination of P̃ , and the characteristic curves are bent in P̃ζ ,P̃θ-space when including
the influence of several Fourier coefficients, as apparent from eq. (2.82).
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Chapter 3

The bump-on-tail model

The bump-on-tail model is a model for describing the nonlinear TAE–energetic par-
ticle dynamics. It is valid under the assumption that the effect of a single eigenmode
and a single resonance dominates the dynamics. Lowest order approximations for
the momentum dependence of particle bounce and precession frequencies and the
strength of the interaction with the wave field are also made. All of these assump-
tions are presented in more detail in Sec. 2.4. Under these assumptions, the model
equations end up on a very simple form, and there are only two non-ignorable phase
space coordinates of the energetic particles. The bump-on-tail model equations, as
derived in Ch. 2 (eq. (2.68)), are{

dφk
dτ = uk,

duk
dτ = Re

[
Ae−iφk

]
,

dA
dτ = −

∑
k

eiφk .

This chapter starts by presenting a set of extensions of the bump-on-tail model
that takes into account effects on the system that are not the result of direct inter-
action between the simulated energetic particles and the eigenmode. Then follows
the theory of two versions of the bump-on-tail model: one nonlinear model and one
quasilinear model. The nonlinear model is essentially based on the above model
equations, with additional operators modelling phase decorrelation and explicit
wave damping, as will be presented in Sec. 3.1. The quasilinear model is derived
from the nonlinear model in the limit of strong phase decorrelation, in which the
decorrelation time scales becomes shorter than characteristic time scales for wave–
particle interaction. In such a limit, the phase coordinate φ (and consequently also
the complex phase of the wave, arg(A)) becomes an ignorable coordinate, and the
dimensionality of the particle phase space reduces to one, i.e., the u-coordinate.

Both the nonlinear and the quasilinear model have numerical code implemen-
tations. These implementations are so called Monte Carlo models, meaning that
the simulated energetic particle distribution is represented by a finite set of discrete
entities, so called markers. Each marker has a weight factor, denoting how many
particles it represents. How finely resolved the dynamics of the energetic particle
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3. THE BUMP-ON-TAIL MODEL

distribution is depends on how many markers there are in a given phase space
volume and how evenly they cover this volume.

3.1 Extensions of the bump-on-tail model

As was briefly discussed in the end of Sec. 2.5, additional operators acting on the
amplitude and on the energetic particles can be introduced in order to model the
effects of processes other than direct wave–particle interactions. Such processes
might for instance be particle collisions or interactions between the TAE and parti-
cles not part of the simulated distribution. One operator commonly used in similar
bump-on-tail models is wave damping, introduced as a −γdA term in eq. (3.6),
where γd is the damping rate. The wave damping can be used to model damping in
connection with mode conversion (such as continuum damping). If there are ensem-
bles of resonant particles not part of the simulated particle distribution that have
a negative derivative of the energy distribution along the characteristic curves for
wave–particle interaction, these particles will also introduce an exponential decay
to the wave according to eq. (2.79). To differentiate between the damping of γd and
that of having a negative ∂f/∂u at the resonance, where f is the simulated fraction
of the energetic particle distribution, we refer to the damping of γd as explicit wave
damping.

Several operators acting on the particle distribution have been thoroughly stud-
ied similar bump-on-tail models in order to model particle collisions. Among these
are for instance Krook-type collision, velocity space diffusion and the slowing down
operator.1 One operator not previously considered in these models is the so called
phase decorrelation operator. The specific form of this operator, when added to the
kinetic equation on the form of eq. (2.69), is

∂f

∂τ
+ u

∂f

∂φ
+ Re

[
Ae−iφk

] ∂f
∂u

= Dφ
∂2f

∂φ2 , (3.1)

where Dφ is a constant characterizing the strength of phase decorrelation. When
written on the form of eq. (3.1), it can be immediately seen that the operator acts as
a constant diffusion in φ-space. When the operator acts on individual markers, it is
modelled by a random process (a so called Wiener process, which will be explained
in Sec. 3.2.1) statistically smearing out the φ distribution of markers.

One way to understand the relation between phase decorrelation and Coulomb
collisions is to start from the diffusion coefficient for collisions in velocity space,
Dvv (for instance the Spitzer diffusion coefficient [43]). Applying a coordinate
transformation where φ and u are part of the new coordinate system, for instance,
(φ, u, ξ1, ξ2, I1, I2), with the ξi and Ii coordinates given by eq. (2.56), one of the

1Read for instance the PhD thesis by Lesur [42] and references for a presentation of the studies
made on the collision operators acting in the Berk–Breizman bump-on-tail model.
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Figure 3.1: Example of a process that perturbs the momentum of the particle.
The curves correspond to guiding centre orbits, where the blue curve is before the
perturbation, and the red curve is after the perturbation. Plotted is also a mapping
of locations along the two orbits to different θ̃-coordinates. The perturbation occurs
at the intersection of the two orbits, perturbing the θ̃-coordinate by the amount
∆θ̃ = 0.1.

contributing terms to the kinetic equation is

df
dτ = t̃

√
g

∂

∂φ

(
√
gDφφ ∂f

∂φ

)
, Dφφ = ∂φ

∂v
·Dvv · ∂φ

∂v
,

where √g is the Jacobian of the transformation. With the simplifying assumptions
that √g is independent of φ and Dφφ is independent of φ and u, we arrive at the
form of the phase decorrelation in eq. (3.1), given that Dφ = t̃Dφφ.

A more intuitive way of understanding phase decorrelation can be seen from
Fig. 3.1. Remember that φ is a linear combination of the angular action–angle
coordinates of the equilibrium system: ζ̃ and θ̃. Say that a collision, or any other
process, perturbs the momentum of the particle by a finite amount such that it
goes from following the blue guiding centre orbit of Fig. 3.1 to the red orbit. The
θ̃-coordinate, mapping the location of the particle in the poloidal plane, does not
need to be the same in the intersection between the two orbits. In the example, they
differ by the amount ∆θ̃ = 0.1. These arguments are valid also for infinitesimal
momentum perturbations. Consequently, a linear momentum perturbation results
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in a linear θ̃ (and ζ̃) perturbation, despite keeping (ψ, θ, ζ) constant2. If there is a
diffusive process in energy, then this also results in a phase decorrelation. A deriva-
tion that quantitatively relates a momentum perturbation to a phase decorrelation
is presented in Sec. 4.1.

To summarize, the extended bump-on-tail model is on the form
∂f

∂τ
+ u

∂f

∂φ
+ Re

[
Ae−iφk

] ∂f
∂u

= Dφ
∂2f

∂φ2 ,

∂A

∂τ
= −

∫
dφdu f(φ, u, τ)eiφ − γdA.

(3.2)

(3.3)

Note that the given arguments for the phase decorrelation implies that there should
also be a diffusive process in the momentum coordinates linked to the phase decorre-
lation, i.e., it is unphysical to perturb φ if not (I1, I2, u) is perturbed simultaneously.
One can imagine processes that only perturb the I1 and I2 coordinates, leaving u
constant. Another way of viewing the relevance of the model is that it isolates the
effects of phase decorrelation, since the effects of a diffusion in the u-coordinate
have already been studied thoroughly [14, 42, 44–47].

3.2 Nonlinear model

3.2.1 Monte Carlo model equations
In the absence of phase decorrelation, the Monte Carlo formulation of the model
equations is given by 

dφk
dτ = uk,

duk
dτ = Re

[
Ae−iφk

]
,

dA
dτ = −

∑
k

wkeiφk − γdA,

(3.4)

(3.5)

(3.6)

where the k index is the marker index. The only difference from the original individ-
ual particle model equations is that the terms of the amplitude equation, (3.6), now
contains a weight factor wk, denoting how many particles the marker represents.
Modelling sources and sinks can for instance be made by dynamically adjusting the
weight factors, and merging/splitting of markers can also be made by manipulating
the weight factors in order to improve the efficiency or to reduce statistical fluctu-
ations of the system. However, in the presented simulations the weight factors are
constant and the same for all markers. A common weight factor w can always be

2When (ψ, θ, ζ) denotes the guiding centre position of the particle, a v⊥ perturbation actually
results in a perturbation of the guiding centre position (on the order of the Larmor radius if there
is a large angle deflection). This shift is not necessarily related to phase decorrelation, but it may
be accounted for.
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transformed away by the substitutions τ ′ = w1/3τ , u′k = w−1/3uk, A′ = w−2/3A,
γ′d = w1/3γd. Consequently, one can rescale all parameters to let the set of markers
represent an arbitrary amount of particles.

The phase decorrelation introduces processes smearing out the probability dis-
tributions of markers in φ. Since each marker must have a specific φ-value, such a
smearing out of the probability distribution can only be made by statistical means
by introducing random processes in φ. Such processes cannot be described by ordi-
nary differential equations. Using the Kolmogorov forward equation on the kinetic
equation of eq. (3.2), a linear φ perturbation of a marker can be written on Itō form
according to

dφk = uk dτ +
√

2Dφ dWτ,k, (3.7)
where Wτ,k are independent Wiener processes in τ . A Wiener process is a ran-
dom process with a mean zero value and a variance 〈W 2

τ 〉 = τ . Equation (3.7)
defines a so called stochastic differential equation (SDE), unlike the ordinary dif-
ferential equations of eqs. (3.4) – (3.6). Written on Itō SDE-form, the Monte Carlo
formulation of the extended bump-on-tail model is

dφk = uk dτ +
√

2Dφ dWτ,k,

duk = Re
[
Ae−iφk

]
dτ,

dA = −
(∑

k

wkeiφk + γdA

)
dτ.

(3.8)
(3.9)

(3.10)

Numerically, the case Dφ = 0 is solved using the standard fourth order Runge–
Kutta method (commonly denoted as RK4). For the case Dφ 6= 0, the Itō–Taylor
numerical scheme [48] with a strong convergence of order 1.5 is used (the details
are presented in Appendix C). Some simplifications are made for numerical feasi-
bility, though. For N markers, the full scale problem can be written as a system of
(2N + 2) SDE:s (N equations for all φk, N equations for uk, and equations for the
real and imaginary components of A). Assuming that A(τ) evolves on much longer
time scales than the individual φk(τ) and uk(τ), A can be treated as an indepen-
dent variable of the system. Then, the system of 2N marker equations reduces to
individual 2 dimensional subsystems, with one subsystem for each marker. For a
finite time step ∆τ and using the order 1.5 strong Itō–Taylor numerical scheme,
the finite changes in φk and uk are given by

∆φk =
√

2Dφ∆Wk + uk∆τ + 1
2 Re

[
Ae−iφk

]
∆τ2, (3.11)

∆uk = Re
[
Ae−iφk

(
∆τ − i

√
2Dφ∆Zk + 1

2

[
Ȧ

A
−Dφ − iuk

]
∆τ2

)]
, (3.12)

where eq. (3.6) is inserted for Ȧ. The increments related to the Wiener processes,
∆Wk and ∆Zk, can be sampled using

∆Wk = ξ1,k
√

∆τ , ∆Zk = ∆τ3/2

2

(
ξ1,k + ξ2,k√

3

)
,
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3. THE BUMP-ON-TAIL MODEL

where ξi,k are normally distributed random variables of unit variance. The finite
step in A is computed using RK4.

3.2.2 Reduction of statistical fluctuations
Since the energetic particle distribution is represented by a finite set of markers,
numerical results inevitably contain statistical fluctuations. The simple approach
to generate an initial distribution is to scatter them randomly in phase space with
a probability distribution corresponding to the specific shape of the distribution in
φ,u-space. This section presents a few methods by which statistical fluctuations
are reduced relative to this approach.

Statistical fluctuations become apparent, for instance, when starting with an
inverted u distribution around the resonance and a flat φ distribution. A completely
flat initial distribution in φ and an initially low wave amplitude A is close to an
unstable equilibrium of the system (eq. (3.3) is zero in the absence of explicit
damping, but a small perturbation initiates the exponential growth of the wave due
to the inverted u distribution). However, a distribution of finite markers is never
completely flat, and the initial evolution of the system is sensitive to statistical
variations in the phase distribution of markers. One way to make the system
less sensitive to initial conditions is to introduce a sinusoidal perturbation to the
distribution function in phase according to

f(φ, u, τ = 0) = F0(u)1− δ cosφ
2π = F0(u)Φ(φ), (3.13)

with δ � 1. Another method is to increase the initial eigenmode amplitude, which
accelerates u differently for different φ according to eq. (3.9), and eventually pro-
duces the φ distribution that initiates the growth of the eigenmode amplitude.

When the initial distribution in u and φ is separable, as in eq. (3.13), the φ and
u distributions of markers can be generated separately. To numerically generate the
initial distribution in u, one first defines finite boundaries in u, such that F0(u) = 0
for all u beyond these boundaries. Then the markers are distributed on a grid
according to

uk(τ = 0) = u(xk), (3.14)

x(u) = 1
N

∫ u

umin

du′ F0(u′), u < umax, (3.15)

where x(u) ∈ [0, 1), the inverse function u(x) ∈ [umin, umax), and N is the number
of particles. If the weight factors are the same for all markers, then the initial
distribution uk(0) is found from eq. (3.14), with xk being evenly distributed on the
interval [0, 1).

Similarly, the initial φ distribution can be obtained by deriving a function φ(y),
with dy/dφ = Φ(φ)/N . However, generating an initial distribution for instance by
placing markers evenly on the two dimensional (x, y) grid gives rise to numerical
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Figure 3.2: 5 000 points generated in [0, 1)× [0, 1) space using a) a Mersenne twister
pseudo-random algorithm, developed by Matsumoto and Nishimura [49], b) a quasi-
random Sobol’ sequence [50] in two dimensions, c) a quasi-random Sobol’ sequence
combined with a Matoušek scrambling method [51].

correlation effects that affects the macroscopic evolution of the system. On the
other hand, markers being distributed randomly on the (x, y) grid might result in
large statistical fluctuations. To solve this issue, the markers are distributed evenly
in x space (the distorted grid in u), whereas in y space they are distributed using
a quasi-random low-discrepancy sequence. Such sequences are commonly used in
Monte Carlo models to reduce statistical fluctuations.

The properties of the low-discrepancy quasi-random sequences are that they
behave as random sequences for most practical purposes, even though they are
typically generated using a deterministic algorithm, and the distribution of the
sequence is such that it covers space more efficiently than a (pseudo-)random se-
quence would do, which can be seen in Fig. 3.2. A lot more regions of local high- and
low-density distributions are visible in the pseudo-randomly generated distribution
than in the quasi-random ones. Such structures might give large discrepancy of the
outcome of the simulations. The lower discrepancy of the quasi-random sequences
“mimics” the distribution of a much larger set of markers than what is actually
used, and they are generated on the cost of larger correlation effects in general.
As can be seen in Fig. 3.2.b there are diagonal patterns visible in the distribution
generated with the Sobol’ sequence, which might cause undesirable macroscopic
correlation effects on the outcome of simulations. To reduce possible correlation
effects, scrambling methods can be applied to the quasi-random sequences, which
was made in Fig. 3.2.c. For the initial φ distribution, a base-2 van der Corput
sequence [52] combined with a random linear scrambling method introduced by
Matoušek [51] is used.
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Figure 3.3: Convergence study of the wave amplitude evolution, using different
sizes of the finite time steps and different amount of markers in the simulations.
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3.2.3 Convergence properties
To study the numerical convergence of the nonlinear model, a set of simulations
has been made by varying the number of time steps Nτ and the number of markers
Np used in the simulations, which are the two resolution parameters of the model.
The results are presented in Fig. 3.3. For each combination of Nτ and Np, four
simulations have been made of the amplitude evolution in the absence of explicit
wave damping and phase decorrelation. The values σerr and σsta are the error of the
mean value and the (square root of the) statistical variance, respectively, defined
as

σerr =

√〈[
Aref(τn)−

〈
|Am(τn)|

〉
m

]2
/γ4

L

〉
n

, (3.16)

σsta =
√〈[

|Am(τn)| −
〈
|Am(τn)|

〉
m

]2
/γ4

L

〉
m,n

, (3.17)

where Am(τn) is the wave mode amplitude of the m:th simulation at the discrete
time τn, and the average 〈·〉{m,n} is the unweighted arithmetic mean with respect
to the simulation index and/or the time index. Aref(τn) is the reference amplitude
evolution, estimated as 〈|Am(τn)|〉m for the set of simulations that uses the same
number of markers Np, but with the highest time resolution (Nτ = 4 · 103). Conse-
quently, σerr for the simulations in Figs. 3.3.e and 3.3.f are zero by definition. The
average CPU time of the simulations, which is performed on an Intel® Core™ i7-
2600 (3.4 GHz) processor, is also presented.

The initial distributions of the presented simulations are macroscopically the
same. Microscopically they vary by using four different offsets in the quasi-random
sequences generating the distributions. A set of four different offset values has been
used, and this set is the same for each combination of Nτ and Np. Hence, the four
initial distributions used for Np = 2 · 105 are the same for each Nτ , whereas for
Np = 4 · 105 the quasi-random sequences are continued with twice the amount, and
consequently, the microscopic distributions for Np = 4 ·105 are different from those
that use Np = 2 · 105. Then the chosen set of simulations used for the reference
amplitude evolution uses the same microscopic initial distributions as the compared
set.

The average CPU time approximately scales asNτ×Np. The error σerr decreases
as the time resolution increases, but not as the number of markers is increased.
Similarly, the statistical variance decreases as the number of markers is increased,
but not as the time resolution increases. An exception is for the set of simulations
in Fig. 3.3.b, where the statistical variance is much larger than in Figs. 3.3.d and
3.3.f. This is either due to lacking statistics in the estimation of σsta (a larger set of
simulations might be required) or due to not being in a regime where the variance
scales regularly with resolution parameters. The number of markers typically relates
to statistical fluctuations of the macroscopic dynamical parameters of the system,
whereas the time resolution relates to errors of the mean macroscopic dynamics.
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3.3 Quasilinear model

Quasilinear theory can be used to describe the slow mean-field response of a plasma
interacting with an oscillatory electromagnetic field. It was simultaneously devel-
oped by Vedenov, Velikhov and Sagdeev [29] and by Drummond and Pines [30]
in the early 1960s. It can be regarded as a simplification of the theory of non-
linear plasma oscillations. The quasilinear approximation is valid within certain
parameter regimes, for instance when the energy density of the oscillating wave
field is small compared to the kinetic energy density of the plasma particles, and
the interaction between modes is non-resonant. A quasilinear description of the
wave–particle interaction can be advantageous over a full nonlinear description due
to the reduction of the dimensionality of particle phase space. Macroscopic be-
haviour of the system described by the quasilinear model developed in this section
coincides with the one described by the nonlinear model for large enough values of
Dφ (see Paper III and IV for further details).

In the quasilinear limit of the nonlinear model, it is assumed that the wave am-
plitude does not change considerably on time scales τ � D−1

φ . On these time scales,
the system becomes independent of the φ-coordinate, and the phase decorrelation
translates into a diffusion in u because of the curvature of the particle trajectories
in φ,u-space in the presence of the wave field, as seen in Fig. 2.1. This can also
be understood directly from the model equations of the nonlinear model, since the
dynamics of φk and uk are coupled in their corresponding drift terms. Outlined in
App. B is the derivation of a quasilinear diffusion coefficient in particle energy u
resulting from a finite phase decorrelation. The found diffusion coefficient is

Du(u) = A2Dφ

2(D2
φ + u2) . (3.18)

Note that A is real in the quasilinear model, since the dynamics are independent of
the wave–particle phase. The above diffusion coefficient is on a similar form as of the
standard quasilinear diffusion model considered in the literature [29, 30]. However,
in those references, the diffusion coefficient was rather derived from the Vlasov
equation with an added oscillatory wave field satisfying Poisson’s equation and by
neglecting rapidly varying oscillating terms in the plasma response. The quasilinear
diffusion coefficient then acts on the slowly varying mean-field component of the
distribution function.

The kinetic equation corresponding to the quasilinear diffusion coefficient of
eq. (3.18) is

∂F

∂τ
= ∂

∂u

(
Du(u)∂F

∂u

)
= − ∂

∂u

(
dDu

du F

)
+ ∂2

∂u2 (DuF ) . (3.19)

The distribution F is used to denote the distribution function integrated over φ,
whereas f contains the distribution in φ. According to the Kolmogorov forward
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equation, the corresponding Itō SDE for u is given by

du = dDu

du dτ +
√

2Du dWτ . (3.20)

Assuming now that Etot given by eq. (2.71) is constant in the absence of explicit
wave damping, also in the quasilinear model, the quasilinear kinetic equation results
in a wave amplitude equation on the form

dA
dτ = − 1

A

∫
du dDu

du F (u, τ)− γdA

= 1
A

∫
du Du(u)∂F

∂u
− γdA. (3.21)

In the Monte Carlo model, where the distribution function is represented by a finite
set of markers, the amplitude equation is written as

dA
dτ =

∑
k

ADφwkuk
(D2

φ + u2
k)2 − γdA. (3.22)

As long as τ � τQL, where τQL is the time scale of quasilinear flattening3,
F (u, τ) can be approximated with a temporally constant function F0(u). Assum-
ing an inverted distribution function in energy at the wave resonance, the wave
amplitude eventually grows due to the unstable distribution. It can be shown that
the linear evolution of the amplitude satisfies the equation

dA
dτ = Aγcor ⇒ A(τ) = A0eγcorτ , (3.23)

where
γcor = Dφ

2

∫
du dF0

du
1

D2
φ + u2 (3.24)

If dF0/du is approximately constant in u at energy scales |u| . Dφ (this is sat-
isfied for weak enough decorrelation) it can be set to its value at the resonance.
Equation (3.24) then becomes

γcor ≈
1
2

dF0
du

∣∣∣∣
u=0

Dφ

∫ du
D2
φ + u2 = π

2
dF0
du

∣∣∣∣
u=0

. (3.25)

This expression is exactly the linear growth rate γL of the nonlinear model in the ab-
sence of explicit wave damping and phase decorrelation, as given by eq. (2.79). For
stronger decorrelations, when dF0/du essentially varies on energy scales |u| . Dφ,

3Quasilinear flattening is the process of flattening of the energy distribution function around
the wave–particle resonance due to quasilinear diffusion. The time scale of this process for the
presented quasilinear model is considered in more detail in Papers III and IV.
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the value of γcor in the quasilinear model is the corrected growth rate, depending
on the more precise structure of dF0/du around the resonance.

Again, assuming that A can be treated as an independent variable, the Itō–
Taylor numerical scheme [48] (the details are presented in Appendix C) for the
quasilinear model with strong convergence of order 1.5 can be written as

∆uk = A

2

√
Dφ

D2
φ + u2

k

{
2∆Wk − Λkuk

(
∆W 2

k + ∆τ
)

− Λ2
k

(
D2
φ − 3u2

k

)(1
3∆W 3

k + ∆Z+
k

)
+ Λ2

ku
2
k∆Z−k

+ Λ3
kuk

(
7D2

φ − 9u2
k

)
∆τ2 + 2Ȧ

A

(
∆Z−k + Λkuk∆τ2)}, (3.26)

where eq. (3.22) is inserted for Ȧ, and k denotes the marker index. The Λk param-
eter is defined as

Λk ≡ A
√

Dφ

(D2
φ + u2

k)3 ,

and the Wiener increments can be sampled using

∆Wk ≡ ξ1,k
√

∆τ , ∆Z±k = ∆τ3/2

2

(
ξ1,k ±

ξ2,k√
3

)
,

where ξi,k are normally distributed random variables of unit variance.
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Chapter 4

FOXTAIL

FOXTAIL is a model for describing the nonlinear interactions between TAEs and
energetic particles in realistic geometries. There is also a code implementation
of the model with the same name. The model presented in Ch. 3 is a similar
model, valid under a set of simplifying assumptions of the wave–particle interaction.
These assumptions are typically invalid when an eigenmode interacts resonantly
with energetic particles in a wide region of momentum space, or when an ensemble
of energetic particles interacts significantly with more than one eigenmode. More
realistic models are required for these kinds of scenarios.

FOXTAIL considers the full spatial and temporal structures of individual parti-
cle guiding centre orbits relative to the wave field of a specific eigenmode, meaning
that it can simulate the interaction with particles well separated in momentum
space. FOXTAIL also supports the inclusion of multiple eigenmodes interacting
with an ensemble of energetic particles in parallel. It uses the angular action–angle
coordinates (described in Sec. 2.1) to efficiently keep track of the particle location
in a guiding centre orbit. In this chapter, the Monte Carlo formulation of the model
is described (Sec. 4.1), which is the basis of the code implementation of the model
(described in Secs. 4.2 – 4.4).

4.1 Monte Carlo model equations

As for the bump-on-tail Monte Carlo model, the energetic particle distribution
is modelled by a finite set of markers in FOXTAIL. In Sec. 2.7, a Hamiltonian
formulation of the TAE–energetic particle interaction was used to arrive at the
FOXTAIL model equations, eq. (2.87), here repeated for convenience:

µ̇k = 0, Ṗζ,k =
∑
i

Re
[
nζ,i
ω0,i

AiUi,k

]
, Ėk =

∑
i

Re
[
AiUi,k

]
,

Ȧi = −
∑
k

U∗i,k,
˙̃ζk = ωp(Jk), ˙̃θk = ωB(Jk),
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where

Ui,k ≡
√
ω0,i
2 ei(nζ,iζ̃k−ω0,it)

∑
`

ei`θ̃kVi,`(Jk).

A Monte Carlo formulation of these equations is given by

µ̇k = 0, Ȧi = −
∑
k

wkU
∗
i,k,

Ṗζ,k =
∑
i

Re
[
nζ,i
ω0,i

AiUi,k

]
, ˙̃ζk = ωp(Jk),

Ėk =
∑
i

Re
[
AiUi,k

]
, ˙̃θk = ωB(Jk).

(4.1)

The only difference from eq. (2.87) is that the terms of the amplitude equation
now contain a marker weight factor wk. Note that in the special case of only
including ` = 0 Fourier coefficients, the system is independent of the θ̃-coordinate,
and it can consequently be ignored. When θ̃ can be ignored, larger time steps can
be taken in general, since ωB is often larger than ωp, especially for category VII
orbits. Mathematically, the choice of only including ` = 0 coefficients corresponds to
considering the transit orbit averaged wave–particle interaction. The more Fourier
orders ` being included to the system, the more finely resolved is the instantaneous
acceleration of the particle by the wave.

As described in Paper VI, additional operators on generic drift–diffusion form
in momentum space can be used to model, for instance, collisions or losses from
Bremsstrahlung. Such operators can be written as stochastic differential equations
on Itō form according to 

dµk = aµ dt+ bµ · dWt,

dPζ,k = aPζ dt+ bPζ · dWt,

dEk = aE dt+ bE · dWt.

(4.2)

A specific form of the above operator was presented in Paper VII to model quasi-
linear diffusion by ion cyclotron resonance heating, namely dµk = D′RF(Jk)

Bres
dt+

√
2DRF(Jk)
Bres

dWt,k,

dEk = D′RF(Jk) dt+
√

2DRF(Jk) dWt,k,

(4.3)

where DRF is the quasilinear ICRH diffusion coefficient (specified in more detail in
Paper VII),

D′RF ≡
∂DRF
∂E

+ 1
Bres

∂DRF
∂µ

, (4.4)

and Wt,k is a scalar Wiener process (one for each marker).
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Paper VI also presented a link between momentum diffusion and phase decor-
relation. Given an arbitrary linear J perturbation, dJ , and assuming that this
corresponds to a minimal perturbation of the guiding centre orbit location in R,Z-
space, θ̃ is perturbed by dθ̃ = ∂θ̃/∂J · J , where

∂θ̃

∂J
= − ωB

Ṙ2 + Ż2

(
Ṙ
∂R

∂J
+ Ż

∂Z

∂J

)
, (4.5)

Ṙ and Ż are the R and Z velocity, respectively, of the guiding centre motion,
and the derivatives ∂R/∂J and ∂Z/∂J are evaluated while keeping θ̃ constant.
Similarly, ζ̃ is perturbed by the perturbation in J according to dζ̃ = ∂ζ̃/∂J · J
where

∂ζ̃

∂J
= ζ̇ − ωp

Ṙ2 + Ż2

(
Ṙ
∂R

∂J
+ Ż

∂Z

∂J

)
+ ∂Z
∂J

, (4.6)

Z(θ̃,J) ≡ ζ̃ − ζ. Again, the derivatives with respect to J on the right hand side
are evaluated while keeping θ̃ constant.

Yet another operator that can be added to the system is an eigenmode amplitude
damping operator, added as a −γd,iAi term to the Ȧi equation of eq. (4.1). As for
the −γdA term of the bump-on-tail model (first introduced in eq. (2.70)), the added
damping to the FOXTAIL model equations can be used to model various damping
mechanisms acting on the eigenmode, such as Landau damping from the interaction
with a thermal distribution or damping in connection with a mode conversion.

To summarize, the following additions may be introduces to the FOXTAIL
model equations: 

dµk = dµc,k,

dPζ,k =
∑
i

Re
[
nζ,i
ω0,i

AiUi,k

]
dt+ dPζ,c,k,

dEk =
∑
i

Re
[
AiUi,k

]
dt+ dEc,k,

dAi = −
(∑

k

wkU
∗
i,k + γd,iAi

)
dt,

dζ̃k = ωp(Jk) dt+ ∂ζ̃

∂J
· dJ ,

dθ̃k = ωB(Jk) dt+ ∂θ̃

∂J
· dJ ,

(4.7)

where subscript “c” is used here to denote processes perturbing the particle mo-
mentum coordinates that are not the result of direct eigenmode–energetic particle
interaction.

4.2 The structure of the code

FOXTAIL contains a lot more physics than the bump-on-tail model. In order to
solve the FOXTAIL wave–particle system, several particle and eigenmode properties
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must be known. The particle properties are the precession (ωp) and bounce (ωB)
frequencies, and the eigenmode properties are the toroidal mode number (nζ) and
the frequency (ω0). FOXTAIL also calculates the interaction coefficients Vi,` in
a relevant part of momentum space. This requires knowledge about the spatial
and temporal structures of individual energetic particle orbits and the structures
of individual eigenmodes.

The code is essentially split into two parts: FOX and TAIL. TAIL is the wave–
particle dynamics solver that solves eq. (4.1) numerically. FOX is the preprocessor
of TAIL, calculating all the particle and eigenmode specific properties and the
interaction coefficients. FOX is written in MATLAB®, whereas TAIL is written in
C++. The more detailed structure of the code is shown in Fig. 4.1.

4.3 The FOX code: Particle orbit and interaction
coefficient solver

The FOX code first calculates the guiding centre orbits on an equidistant grid (due
to reasons explained in Sec. 4.4) in Λ,Pζ ,µ-space for a chosen particle species, given
an equilibrium configuration specified in a separate file. The reason for choosing
Λ ≡ µBa/E instead of E for the momentum grid is that the boundaries of the topo-
logically different orbit solutions (see Fig. 1.8) is fairly constant for a given (Λ, Pζ)
while varying µ, whereas they vary a lot in µ for a given (E,Pζ). The equilibrium
file, containing for instance the fields F (ψ), B(ψ, θ), J (ψ, θ) and the metric tensor
components gij(ψ, θ), is generated using the CHEASE equilibrium code [53]. The
boundaries of this grid and the number of grid points in each dimension are speci-
fied by the user. These should be chosen such that it encompasses the relevant part
of momentum space for wave–particle interaction (typically close to the resonances
of the included eigenmodes), and with a fine enough grid to resolve the structures
of ωB, ωp and Vi,` in this region.

Orbits that are closed in the poloidal plane result from these calculations. The
orbits are mapped onto a grid in θ̃-space using the transformation θ̃ = ωBt, where
t = 0 is the time location of the orbit where the outer leg of the orbit intersects
with the equatorial plane. From this, one can identify ψ, θ, ψ̇, θ̇ and ζ̇ as functions
of J and θ̃. The guiding centre velocities ψ̇, θ̇ and ζ̇ are found from the combined
parallel and perpendicular drift motion of particles. Specifically, these are given by

ψ̇ = vd · ∇ψ = −F (2E − µB)
eJB3

∂B

∂θ
,

θ̇ =
(
v‖B

B
+ vd

)
· ∇θ = Pζ + eψ −mvd,ζ

mJF
+ F (2E − µB)

eJB3
∂B

∂ψ
,

ζ̇ = Pζ + eψ

mR2 ,

(4.8)

where
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COEFFICIENT SOLVER
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Figure 4.1: The structure of the FOXTAIL code. The different parts are described
in more detail in Secs. 4.3 and 4.4.
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vd,ζ = −2E − µB
eB3 (∇B)ψ (4.9)

is the covariant toroidal component of the drift velocity.
In order to solve the full spatial and temporal structure of the guiding centre

orbits, the method of Sec. 1.5 is used by solving eq. (1.40).1 This is done numerically
by bilinear interpolation of the fields on the left hand side of eq. (1.40) in ψ,θ-space.
From this, the spatial structure of the orbit in the poloidal plane is obtained. Time
coordinates can be related to each point of the orbit by the integral

tj =
∫ ψj

ψ0

dψ
ψ
≈ 2

j∑
k=1

ψk − ψk−1

ψ̇k + ψ̇k−1
, (4.10)

where the indices of t and ψ label the discrete points of the obtained orbit solution in
the poloidal plane. The approximation is found by assuming a constant ψ̈ between
two adjacent points of the orbit solution. The bounce frequency is simply evaluated
by ωB = 2π/∆torb, where ∆torb is the total time of the closed orbit in the poloidal
plane. The function Z ≡ ζ̃ − ζ is found by integration of the toroidal velocity
according to

Zj = ωpθ̃j
ωB
−
∫ tj

0
dt ζ̇, (4.11)

where the precession frequency is evaluated by ωp = ∆ζorb/∆torb, and ∆ζorb is
minus the second term of eq. (4.11) for the total time integral 0→ ∆torb.

Next, one is to find the interaction coefficients Vi,` for the chosen points on the
J -grid. A simple code to find the frequencies ω0,i, toroidal mode numbers nζ,i and
eigenfunctions of TAEs Φmθ,i(ψ) existing in the equilibrium is written, based on the
analytical methods presented in Ref. [54]. These methods are outlined in App. D.
The user specifies which of the eigenmodes and Fourier coefficients to be included
in the simulations. For each eigenmode and each grid point J , the function Vi(J , θ̃)
of eq. (2.45) is evaluated, here repeated for convenience

Vi(J , θ̃) ≡ e
∑
mθ

e−i(nζ,iZ+mθθ)
([

iΦmθ,igψθGmθ,i + dΦmθ,i
dψ

]
ψ̇

+ iΦmθ,i
[
(gθθGmθ,i −mθ)θ̇ + (JFGmθ,i + nζ,i)ζ̇

])
,

1The attentive reader might have noticed that there is an inconsistency between the method
described in Sec. 1.5 and the Hamiltonian method of Sec. 2.1; the Hamiltonian method neglects
the contribution from toroidal drift motion in Pζ of eq. (2.9), whereas Pζ of eq. (1.37) does not.
Since the derivation of the FOXTAIL model equation is based on the Hamiltonian formalism,
should not Pζ of eq. (2.9) rather be used for consistency? “Not necessarily” is the short answer.
The precession frequency and the Z(J , θ̃) function are derived in FOXTAIL by integration of ζ̇,
and not from differentiation of the equilibrium Hamiltonian. With the drift motion included in
Pζ , ζ̇ of eq. (4.8) has a simple form. Otherwise, the drift motion would have to be explicitly added
to ζ̇ in order to get accurate estimations of ωp and Z. For the derivations to be fully consistent,
there has to exist a guiding centre Hamiltonian H0(Pα, Pζ , Pθ, θ) with Pζ including drift motion.
It does not need to be the same as the one presented in Sec. 2.1.
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Gmθ,i ≡
mθR

2 − nζ,iJF
J 2R2B2

0
.

The fields gψθ, gθθ, Gmθ,i and J are functions of ψ and θ, whereas Φmθ,i and F are
functions of ψ only. They are transformed to functions of J and θ̃ by evaluating
them at the guiding centre orbit locations ψ(J , θ̃) and θ(J , θ̃). The orbit specific
quantities Z, θ, ψ̇, θ̇ and ζ̇ are easily expressed as functions of J and θ̃ once
the spatial and temporal structures of the orbits are numerically evaluated. Then
one calculates the interactions coefficients Vi,`(J) for the chosen set of Fourier
coefficients according to eq. (2.46) (here expressed in J -space rather than in P̃ -
space):

Vi,`(J) = 1
2π

∫ 2π

0
dθ̃ Vi(J , θ̃)e−i`θ̃.

Figure 4.2 illustrates the whole calculation procedure carried out by the FOX
code. Figure 4.2.a shows the guiding centre orbit from a specific point on the J -grid
and a wave field component of a given TAE. Integration of the wave field along the
calculated orbits on the J -grid gives the interaction coefficients Vi,`, one of these
plotted in Fig. 4.2.b. Resulting from the calculation of the time evolutions of the
guiding centre orbits are also the bounce and precession frequencies of the particle,
as shown in Figs. 4.2.c and 4.2.d, respectively.

Regarding plots of the kind presented in Fig. 4.2.b, besides looking quite nice,
they also reveal a great deal of important physics. The interaction coefficient dif-
fers by approximately four orders of magnitude in the dark red and the dark blue
areas. Hence, a particle in the dark red region will have a factor of 104 larger rate
of energy change Ė than a particle in the dark blue region by acceleration of an
eigenmode with a given amplitude. The blue-green stripes are cancellation zones,
where the acceleration and deceleration of the particle by the wave field is approx-
imately balanced along the orbit locally in momentum space. The growth rate of
an eigenmode scales as the interaction coefficient squared, and it scales linearly
with the amount of resonant particles. Consequently, the eigenmode excitation by
an inverted energetic particle distribution is very sensitive to the specific location
of the distribution in momentum space. It is sensitive not only to the location of
the distribution relative to the resonance of the interaction, but also where on the
resonance surface that the distribution is located. More examples of this kind of
plots are shown in Papers VI and VII.

Another code is used to generate a distribution of markers representing the
energetic particle distribution. Currently, FOXTAIL has mainly been used to
benchmark against the bump-on-tail model, and typical bump-on-tail distributions
have been generated. The used initial distributions are further described in Pa-
pers VI & VII. Files containing ωB, ωp, Vi,` on a Λ,Pζ ,µ-grid, nζ,i and ω0,i
for the included eigenmodes, and initial amplitudes Ai and marker distribution
(Ek, Pζ,k, µk, ζ̃k, θ̃k, wk) are exported to files by FOX on HDF5-format, which are
then imported by the TAIL code.
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Figure 4.2: Example data calculated by FOX, using a JET-like equilibrium. a)
Plot of a guiding centre orbit in the poloidal plane. The colors show Re(Eψ) =
−ω0,i Im([∇⊥Φi]ψ), where Eψ is the covariant ψ component of the electric wave
field of a TAE, calculated by the method described in App. D. b) The interaction
coefficient Vi,`=0(J) for the same TAE interacting with a deuterium ion, plotted
in Λ,Pζ-space for µ = 250 keV/T. c) & d) Bounce and precession frequencies,
respectively, of a deuterium ion.
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4.4 The TAIL code: Wave–particle dynamics solver

In the present version of TAIL, the system of equations of eq. (4.1) is solved with the
standard 4th order Runke–Kutta method. When ICRH diffusion is added, random
terms  ∆µk = ξk

√
2DRF∆t
Bres

,

∆Ek = ξk
√

2DRF∆t,
(4.12)

are added after each Runge–Kutta time step, where ξ is a normally distributed
random variable of unit variance, with different values generated for each marker
at each time step. The specific form of the ICRH diffusion operator in eq. (4.12)
is valid under the assumption that DRF is a constant in momentum space, which
is a simplification made for the studies presented in Paper VII. This removes the
D′RF terms of eq. (4.3).

In each time step, ωB, ωp, Vi,` are evaluated at all marker positions in Λ,Pζ ,µ-
space using trilinear interpolation. The interpolation routines requires the fields
ωB, ωp and Vi,` to be tabulated on an equidistant grid in Λ,Pζ ,µ-space in order to
directly evaluate the indices of the adjacent grid points to a given point (Λ, Pζ , µ),
i.e., without the need of routines scanning over the grid. If a marker ends up outside
the boundaries of the grid, it is simply reflected back. If, say, Λ of the marker is
lower than Λmin, then Λ is shifted by ∆Λ = 2(Λ−Λmin), ensuring that the marker
remains within the boundaries of the grid. When particles reach the region where
the guiding centre orbit crosses the last flux surface (category “0” orbits in Fig. 1.8),
they are discarded from the system.2

The simulation can be run in parallel using Message Passing Interface (MPI).
Each process then handles a segment of the marker distribution, calculating ∆Ek,
∆Pζ,k, ∆µk (if processes that perturb µ are included), ∆ζ̃, ∆θ̃ and the contribution
to ∆Ai for the set of markers that the process owns. The contribution to ∆Ai from
each distribution function segment is sent to one process dedicated to handle the
mode amplitude dynamics. The standard Runge–Kutta method requires evaluation
of Ȧi at (t + c∆t,J + c∆tJ̇ , ζ̃ + c∆tωp, θ̃ + c∆tωB), where c is either 0, 0.5 or 1.
Since J̇ depends on the mode amplitudes, ∆Ai has to be sent back to all processes
once all contributions have been summed up. This has to be done four times
in each time step, since the standard Runge–Kutta method works in four partial
steps. Although it seems to be very frequent sending of information between the
processes, simulations has been over 10 times more efficient with the parallelization
when running TAIL on multi-core processors.

Figure 4.3 shows the TAE amplitude evolution of a typical bump-on-tail scenario
simulated with the TAIL code. The simulation does not include explicit wave

2This boundary condition is not yet implemented in the current version of FOXTAIL, since
scenarios with markers passing through these boundaries have not yet been studied, and imple-
menting such a boundary condition can be numerically complicated because of the curved bound-
ary of category “0” orbits in Λ,Pζ ,µ-space.
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Figure 4.3: Example simulation of a typical bump-on-tail scenario using the TAIL
code. ωb is the bounce frequency of particles deeply trapped by the wave field, and
γL is the linear growth rate, evaluated from eq. (2.79) by a coordinate transforma-
tion from J -space to u-space, as described in Paper VI. δB/Ba is the maximum
magnetic component of the TAE wave field divided by the on-axis magnetic field
strength.

damping or ICRH diffusion (the system is described by eq. (4.1)). The simulated
energetic particle distribution consists of 2.5×1016 3He2+ ions distributed on 2.5×
105 markers. The time step length of the simulation is 2 µs. For a more detailed
description of the eigenmode and other simulation parameters, the reader is directed
to Paper VI (the particular simulation of Fig. 4.3 is referred to as “case #1” in
the paper).
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Chapter 5

Comments on the included papers

The author’s contributions to the presented papers are in principle the same for
all eight of them. Emmi has developed the codes for all numerical calculations.
The papers have been written by Emmi, with the support from one or both of
their supervisors. Emmi has also performed or taken part in all of the analytical
calculations.

5.1 Overview of the included papers

The content of the included papers can be divided into three main topics. The first
topic is on the bump-on-tail model for describing resonant nonlinear interaction
between energetic particles and a single TAE (Papers I – IV). The main focus of
these papers was the inclusion of a phase decorrelation operator, which is used to
decorrelate the wave–particle interaction. The theoretical foundation of this topic
is presented in Chapters 2 and 3. A subtopic is the quasilinear bump-on-tail model.
This is a version of the nonlinear model valid in the limit of strong phase decorrela-
tion (Papers III and IV), whose theory is described in Sec. 3.3. The second of the
main topics is FOXTAIL (Papers V – VII), which is another model for describing
nonlinear interaction between energetic particles and TAEs. FOXTAIL includes
more physics of the wave–particle interaction than what is covered by the theory of
the bump-on-tail model. For instance, FOXTAIL can simulate the interaction with
multiple TAEs, and the full spatial and temporal structures of individual guiding
centre orbits relative to the wave fields of the included eigenmodes are considered.
The theory of this topic is presented in Chapters 2 and 4. The third topic is fast
wave current drive (FWCD) and the influence on the efficiency of the current drive
by passive conducting components close to the antenna structure (Paper VIII).
The theory of this topic is presented in Sec. 1.6 and in Emmi’s MSc thesis [55].

In Paper I, the linear growth and the nonlinear relaxation of the TAE ampli-
tude due to an inverted energetic particle distribution was studied. Specifically, it
was studied how these dynamics were affected by varying strengths of the phase
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decorrelation. It was found that phase decorrelation decreased the linear growth
rate, and it increased the relaxation amplitude of the system. The effects were
qualitatively explained as a consequence of the phase decorrelation partly destroy-
ing coherent structures in the energetic particle phase space, since these kinds of
dynamics are understood to be dependent on such coherent structures. The ob-
servations were also explained by indirect diffusion in energy space via interaction
with the eigenmode, allowing for a wider range in energy space to become flattened
by the wave.

Similar studies were also performed in Paper II, but the characteristic time
scale of phase decorrelation was now compared against the inverse linear growth
rate of the mode. This allowed for a more quantitative analysis of the observed
influence of phase decorrelation. Presented in Paper II was also the effect of phase
decorrelation on so called frequency chirping events, which can be seen as up–down
frequency “chirpings” of the local time Fourier decomposition of the eigenmode
amplitude evolution. It was seen that a comparably weak phase decorrelation di-
minished the frequency chirpings significantly. Also this was explained as a con-
sequence of phase decorrelation destroying coherent phase space structures of the
energetic particle distribution. Papers I and II use different model equations and
different parameters than those presented in this thesis. The more detailed discus-
sions of these papers (Secs. 5.2 and 5.3) will regard how to compare the parameters
of Papers I and II with the thesis parameters, and also in what parameter regimes
the model equations presented in the papers are different from those presented in
the thesis.

Papers III and IV introduced the quasilinear bump-on-tail model, which is
analytically simpler than the previous nonlinear model. Paper III mainly presents
quantitative comparisons between the nonlinear and the quasilinear model. Paper
IV is essentially an extension of Paper III, also including several quantitative
studies of the nonlinear model, both with and without phase decorrelation. From
analysis of the quasilinear model, an analytical expression for the correction of the
growth rate by the presence of phase decorrelation was derived. This correction
agreed accurately with the growth rate found in simulations. An analytical wave–
particle model was also developed, from which the characteristic time scale for
quasilinear flattening of the distribution could be derived.

Paper V essentially explains the theory of FOXTAIL, why and how the model
is constructed. The paper was written when the development of the computational
model had just been initiated. Paper VI, which was written after the compu-
tational model was essentially finished, presents a more detailed theoretical and
numerical description of the model, along with first simulation results from the
model. Paper V presents a gyrokinetic description of the model, which was not
included in the version of the model described in Paper VI. A link between phase
decorrelation and momentum diffusion was derived in the papers, although it was
not analysed numerically. In the numerical studies presented in Paper VI, results
from FOXTAIL and the nonlinear bump-on-tail model were quantitatively com-
pared. Also, two-mode scenarios were studied, verifying the expected dynamics of

68



5.2. PAPER I

the system by the fulfillment of the Chirikov criterion of resonance overlap.
In Paper VII, a quasilinear operator describing the effect of ion cyclotron

resonance heating (ICRH) was included in FOXTAIL. A scan of the strength of
diffusion by ICRH in a typical bump-on-tail scenario was performed. It was seen
that the implemented ICRH operator had a similar impact on the system as a
phase decorrelation operator, with a decreasing linear growth rate and an increased
saturation level.

Paper VIII describes a model used for calculating the coupling of a radio
frequency antenna with a plasma, which was initially described in Ref. [55]. In
the studies presented in the paper, the efficiency of FWCD was analysed, and
particularly how it was affected by the presence of passive conducting components
close to the antenna. The analysis was performed by taking average value of the
directivity of the launched wave over a wide range of frequencies, which is analogous
to averaging over a range of plasma densities for the particular antenna–plasma
model. This analysis was repeated for varying values of the single pass damping of
the wave. It was found that the directivity was lowered on average by the presence
of passive components in general, except for low values of the single pass damping,
where the directivity was slightly improved, but reversed in the toroidal direction.

5.2 Paper I

Paper I is the contribution for the 13th Joint Varenna-Lausanne International
Workshop on the Theory of Fusion Plasmas, situated in Varenna, Italy, August
27 – 31, 2012. The paper is published in IOP:s Journal of Physics: Conference
Series, Ref. [56]. The derivation of the model is based on more ad hoc assumptions
than those presented in this thesis (see section 2.4), and the model equations differ
slightly from the nonlinear model. In the discrete marker description the model
equations described in the paper are given by

dφk,I
dt = ∂ω

∂W

(
mv2

k,I
2 −Wres

)
, (5.1)

dvk,I
dt = q

m

(
E1(t) cos(nφk,I) + E2(t) sin(nφk,I)

)
, (5.2)

dE1
dt = − qw

ε

∑
k

vk,I cos(nφk,I)− γd,IE1, (5.3)

dE2
dt = − qw

ε

∑
k

vk,I sin(nφk,I)− γd,IE2, (5.4)

where all quantities except φk,I, vk,I, E1 and E2 are constants. An index I has been
introduced to denote quantities as they are defined in Paper I to avoid conflicts
with quantities that use the same notation elsewhere in the thesis that have different
definitions. When applying the substitutions

φk = nφk,I,
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uk = nt̃I
∂ω

∂W

(
mv2

k,I
2 −Wres

)
,

ur,I = nt̃IWres
∂ω

∂W
,

A = nt̃2I q
∂ω

∂W

√
2Wres
m

(E1 + iE2) ,

τ = t/t̃I,

γd = t̃Iγd,I,

t̃I =
(

2nq2Wres
mε

∂ω

∂W

)−1/3

, (5.5)

the model equations reduce to

dφk
dτ = u, (5.6)

duk
dτ =

√
uk
ur,I

+ 1 Re
[
Ae−iφk

]
, (5.7)

dA
dτ = − w

∑
k

√
uk
ur,I

+ 1eiφk − γdA. (5.8)

These model equations are the same as in the model presented in the thesis with
a common weight factor w = wk except for the factors

√
uk/ur,I + 1 in eq. (5.7)

and (5.8). The discrepancy between the models presented in the paper and in
the thesis depends on the quadratic dependence of the momentum variable v (in
Paper I it is referred to as the velocity) in the acceleration of the marker phase
φk,I. The two models agree in the limit |uk| � ur,I. This condition is equivalent
to |mv2

k,I/2 −Wres| � Wres, which is satisfied in the simulations presented in the
paper (typically |mv2

k,I/2−Wres|/Wres . 0.1). The same energy balance condition
is valid in the models presented in the paper and in the thesis, i.e.,

Etot = |A|
2

2 + w
∑
k

uk

is a constant in the absence of explicit wave damping.
A phase decorrelation time tc = π2n2t̃I/2Dφ is introduced that models phase

decorrelation in the same way as the thesis model does. In the limit tc →∞, which
is equivalent to Dφ = 0, the adaptive Dormand-Prince method [57] is used for
the discrete time approximation of the solutions to eq. (5.6) – (5.8). When phase
decorrelation is present, a simple Euler-Maruyama numerical scheme is used, and
a forward Euler method is used for the evolution of the wave mode amplitude. A
time scale for the amplitude evolution is derived, in the paper referred to as tE . A
local nonlinear flattening profile of the velocity is also derived, which is then used to
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estimate the saturation level of the amplitude in the absence of wave damping and
phase decorrelation. This estimated saturation level is ωsat

B /γL = (16/3π)2 ≈ 2.9,
which is an underestimate of the previously found saturation value of ωsat

B /γL =
3.2 [44, 58–60].

For finite values of tc and in the absence of explicit wave damping, three param-
eter regimes of the phase decorrelation were observed, which were defined from the
saturation time and the growth rate of the wave amplitude as compared with the
correlated case (tc → ∞). What was in the paper referred to as the weakly corre-
lated regime is characterized by a saturation time of the wave mode that is much
longer than in the correlated case. In the intermediate regime, the wave amplitude
has a saturation time similar to the correlated case. This regime was also charac-
terized by having the strongest diffusion in velocity space due to interactions with
the wave. In the strongly decorrelated regime the saturation time is again much
longer, and the growth rate of the amplitude is heavily decreased. The strongly
decorrelated regime is also referred to as the quasilinear regime, since the time scale
of wave–particle phase decorrelation is shorter than any macroscopic time scale of
the system.

The added phase decorrelation was found to destroy coherent structures of par-
ticles in phase space. The finite decorrelation was also found to typically increase
the saturation level of the wave amplitude. This was qualitatively explained as due
to the fact that phase decorrelation gives rise to diffusion in velocity space, which in
turn allows for a wider region in velocity to become flattened than in the correlated
case.

5.3 Paper II

Paper II is the contribution for the 13th IAEA (International Atomic Energy
Agency) Technical Meeting on Energetic Particles in Magnetic Confinement Sys-
tems, situated in Beijing, China, September 17 – 20, 2013. The derivation of the
model is based on the formalism presented in Ref. [14]. The model equations are
slightly different than those presented for the nonlinear model in the thesis, though.
These are

dφk,II
dt = dω

dv (vk,II − vr), (5.9)

dvk,II
dt = q

m
Re
[
Ee−inφk,II

]
, (5.10)

dE
dt = − q

ε

∑
k

wkvk,IIeinφk,II − γd,IIE. (5.11)

An index II is introduced to denote Paper II specific definitions of quantities.
With the substitutions

φk = nφk,II,
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uk = nt̃II
dω
dv (vk,II − vr),

ur,II = nt̃IIvr
dω
dv ,

A = nt̃2IIq

m

dω
dv E,

τ = t/t̃II,

γd = t̃IIγd,II,

t̃II =
(
nvrq

2

mε

dω
dv

)−1/3

, (5.12)

the model equations become

dφk
dτ = uk, (5.13)

duk
dτ = Re

[
Ae−iφk

]
, (5.14)

dA
dτ = −

∑
k

wk

(
uk
ur,II

+ 1
)

eiφk − γdA. (5.15)

These are the same as the equations for the nonlinear model presented in the thesis
except for the factor uk/ur,II + 1 in eq. (5.15). This is due to the integrand factor
v introduced in the substitution for the integral over six dimensional phase space,∫

dΓ on page 3 in Paper II. This integrand factor was introduced ad hoc to make
the quantity

Etot = ε|E|2

2 +
∑
k

wk
mv2

k,II
2 ∝ |A|

2

2 +
∑
k

wkur,II
2

(
uk
ur,II

+ 1
)2

(5.16)

a constant of motion of the wave–particle system, for which the particle kinetic
energy has a trivial form expressed in terms of vk,II. Again, in the limit |uk| � ur,II,
which is equivalent to |vk,II − vr| � vr, the model presented in Paper II agrees
with the nonlinear model presented in the thesis.

The phase decorrelation time, as described in Paper II, is defined as tc =
π2n2t̃II/2Dφ. For the deterministic case, that is tc →∞, a fifth order explicit Taylor
numerical scheme has been used for finite time stepping (this was not mentioned
in the paper itself). In the presence of phase decorrelation an Itō–Taylor numerical
scheme with strong convergence of order 1.5 was used, which is the same method
as was presented in the thesis (cf. eq. (3.11) and (3.12)), with the same assumption
of a slowly varying wave amplitude for numerical feasibility. The resulting diffusion
coefficient in v due to the phase decorrelation, which is analogous to the quasilinear
diffusion coefficient presented in the thesis, is presented. A complete quasilinear
version of the stochastic nonlinear model was not presented in Paper II, though.
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Some improvements of the statistics of the numerical simulations were made
since Paper I. A sinusoidal perturbation in the initial phase distribution was in-
troduced for better consistency of the initial wave amplitude evolution in different
simulations (cf. eq. (3.13)), and initial distributions using quasi-random sequences
was used for better statistics in general. Instead of applying a random linear scram-
bling method [51], as was presented in the thesis, a low amplitude pseudo-random
noise was added to destroy possible correlation effects.

The existence of three characteristic regimes of the phase decorrelation for finite
tc was verified. These regimes were described in terms of different values of the
dimensionless quantity γL,IItc = π2n2γL/2Dφ.

The marginally stable regime was also studied, with γd,II/γL,II = γd/γL =
0.9. The local time Fourier decomposition of the wave amplitude showed similar
phenomena as the previously observed frequency chirping event, with associated
hole-clump creation in phase space [44–46]. In the absence of phase decorrelation,
the frequency shifts of the wave matched a

√
t scaling, as was theoretically predicted

in the literature [45]. However, the proportionality factor of the frequency shift was
9.9% less than the theoretical value. When phase decorrelation was added to
the system the frequency chirpings and the hole-clump structures in phase space
appeared to fade out on time scales similar to tc.

5.4 Paper III

Paper III is the contribution for the 14th Joint Varenna-Lausanne International
Workshop on the Theory of Fusion Plasmas, situated in Varenna, Italy, September
1 – 5, 2014. The paper is published in IOP:s Journal of Physics: Conference Series,
Ref. [61]. The theory presented in the paper is based on the same model equations
as in the thesis. The quasilinear Monte Carlo model was introduced, using the
diffusion coefficient of eq. (3.18). An approximate analytical solution based on
the quasilinear model was also presented in the paper, which was used to derive
an estimate of the time scale of quasilinear flattening. The quasilinear diffusion
coefficient was replaced by a parabolic function in u according to

Du(u) =
{

A2

2Dφ

(
1− u2

u2
w

)
: |u| ≤ uw,

0 : |u| > uw,
(5.17)

where uw is the characteristic width of the diffusion coefficient (uw ∼ Dφ). Approx-
imate analytical solutions to the distribution function and to the wave amplitude
could then be obtained:

F (u = uwx, τ) = 1
uw

∞∑
n=0

Qn(τ)Pn(x), (5.18)

Qn(τ) = Qn(0)
(

η + ψ

η exp([η + ψ]τ) + ψ

)n(n+1)/2
, (5.19)
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A2(τ) = Dφu
2
wη(η + ψ)

η + ψ exp(−[η + ψ]τ) , (5.20)

where
η ≡ A2(0)

Dφu2
w
, ψ ≡ 4Q1(0)

3Dφuw
= 2
Dφu2

w

∫ uw

−uw

du uF (u, 0).

By choosing uw such that the linear growth rate of the analytical model γana ≈ ψ/2
matches the corrected growth rate γcor, given by eq. (3.24), an expression for the
time scale of quasilinear flattening was obtained:

τQL = 1
η + ψ

[
1 + ln

(
1 + e− 1

e
ψ

η

)]
. (5.21)

The expression was numerically verified by comparing analytical results with sim-
ulations of the nonlinear and the quasilinear models. A constant time shift was
applied to the nonlinear simulation to compensate for initial nonlinear effects not
present in the quasilinear and in the analytical models.

A set of simulations using the nonlinear and the quasilinear model were com-
pared in order to identify the parameter regime where the nonlinear dynamics of
the wave–particle system agree with the quasilinear approximation. The quantity
chosen to compare was the time difference between the two states |A| = 0.1Asat and
|A| = 0.6Asat (referred to as the saturation time ∆), where Asat is the saturation
amplitude in the presence of phase decorrelation and in the absence of explicit wave
damping. In the presence of phase decorrelation, the second term of eq. (2.71) goes
to zero as τ →∞, and consequently, the saturation amplitude is Asat =

√
2Etot.

It was found that when Dφ �
√
Amax =

√
0.6Asat, the value of ∆ for the non-

linear simulations typically deviated from the ∆ of the quasilinear simulations with
more than 10%, indicating that nonlinear wave–particle dynamics are significant in
this regime. Physically, Dφ/

√
A is the ratio of the bounce time for particles deeply

trapped by the wave field and the time scale for macroscopic phase decorrelation.
Narrow initial energy distributions around the wave–particle resonance also made
nonlinear effects more apparent.

5.5 Paper IV

Paper IV is published in AIP:s Physics of Plasmas, Ref. [62]. The paper is es-
sentially an extension of Paper III, and is based on the same model equations.
Apart from presenting the results of Paper III, a quantitative analysis of the ef-
fects from narrow initial widths of the energy distribution around the wave–particle
resonance was made. From the analysis, it was found that a narrower energy distri-
bution decreased the linear growth rate and the relaxation amplitude of the wave
in the absence of phase decorrelation and explicit wave damping. This effect was
not accounted for when deriving γcor of eq. (3.24), since γcor/γL → 1 in the limit
Dφ → 0, independent of the initial distribution function. As the strength of phase
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decorrelation was increased, the numerical growth rate γnum (obtained by a linear
least square fit of the numerical wave amplitude evolution) approaches γcor as Dφ

was increased.
Presented in Paper IV was also an analysis of the nonlinear frequency chirp-

ing events with associated hole-clump pair creation in phase space, which was an
extension to part of the analysis presented in Paper II. The lower boundary of γd
for the observation of frequency chirping events in the local time Fourier decom-
positions of the wave was studied using the nonlinear model. These events were
detected for γd = 0.3γL, but not below this limit, possibly due to lack of numerical
resolution. As a weak phase decorrelation was added (Dφ �

√
A), the frequency

chipring events and the associated hole-clump pair creation were diminished. An
interpretation of this is that frequency chirping events are much dependent on the
dynamics of coherent phase space structures that evolve on time scales of several
γ−1

L and on the build-up of a plateau region in energy space with sharp gradients at
the boundaries. In the presence of phase decorrelation, such structures are smeared
out, and consequently the chirping events are diminished.

5.6 Paper V

Paper V is the contribution for the 14th IAEA Technical Meeting on Energetic Par-
ticles in Magnetic Confinement Systems, organized in Vienna, Austria, September
1 – 4, 2015. This was the first paper presenting FOXTAIL, outlining the essential
theory of the model. At the time of presenting the paper, only the orbit solver of
FOX had been implemented. The paper also describes a gyrokinetic formulation
of FOXTAIL, giving a more accurate estimation of 〈v · δE〉g than 〈v〉g · 〈δE〉g,
where δE is the electric field component of the eigenmode, and 〈·〉g averages over
the gyro-motion.

Slightly different notations have been used in the paper relative to the thesis.
W has been used for the kinetic energy in order to avoid confusion with the electric
field and its components, and the Jacobian (J in the paper) is the inverse of the
Jacobian of eq. (2.5) (this is an existing, but more rare convention). The shifted
toroidal coordinate φs(θ̃,J) was introduced in the paper. It is the guiding centre
toroidal motion, shifted such that φs = 0 corresponds to the point θ̃ = 0, i.e., the
point where the outer leg of the orbit intersects with the equatorial plane. It relates
to the Z(θ̃,J) function of eq. (2.26) according to Z = ωpθ̃/ωB − φs.

The eigenfunction of the TAE is also defined in relation to the electric wave field
according to δE = −∇⊥Φ, rather than A1,⊥ = ∇⊥Φ as in eq. (2.31). Since the
derivations of Sec. 2.2 assumed a gauge such that the wave electrostatic potential
vanishes, the wave vector potential relates to the electric wave field according to
δEi = −∂A1,⊥/∂t = iω0,iA1,⊥ for the wave field of a single mode, i.e., Φi only
differs by a factor iω0,i in Paper V.

A different normalization of Ci is also used in the paper, such that C2
i /(2ω0,i)

and ϑi are canonically conjugate (Paper V uses ωi and χi for the wave frequency
and phase, respectively). This can be done simply by adding a factor 2ω0,i to
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the left hand side of the normalization condition in eq. (2.37). With the specific
normalization of Ci, the Hamiltonian equations of motion has a simple form, and
one does not need the scaling factor i

√
2ω0,i to Ai in order to arrive at the model

equations of eq. (2.87).
Yet another difference that should be noted is in eq. (12) in the paper for Ẽi(r).

The interaction coefficient Vi is proportional to v · Ẽi = ψ̇Ẽi,ψ + θ̇Ẽi,θ + φ̇Ẽi,φ
(Paper V uses φ as a toroidal coordinate). When comparing with eq. (2.45), it
seems to be quite different. This is because the derivations arriving at eq. (12) in
the paper assumed that the metric tensor of the toroidal coordinate system was
diagonal, i.e., gψθ = ∂r

∂ψ ·
∂r
∂θ = 0, gψθ = ∇ψ · ∇θ = 0. The tensor was actually

assumed to be non-diagonal when deriving the gyrokinetic version of the model
(tan β = FJ/(gψθB) on page 6 in the paper). Hence, the paper is inconsistent
about the assumptions of the coordinate system.

5.7 Paper VI

Paper VI is submitted to Elsevier’s Computer Physics Communications. The pa-
per gives a more complete description of the theoretical and computational basis
of FOXTAIL. Phase decorrelation is directly related to momentum space pertur-
bations, based on the assumption of a minimal perturbation of the guiding centre
position in R,Z-space while perturbing the momentum. The paper also presents
first numerical results of the TAE–energetic particle dynamics using FOXTAIL.
Using techniques to directly map FOXTAIL scenarios to approximate scenarios
with the bump-on-tail model, the evolutions of TAE amplitudes are compared with
bump-on-tail simulations, in order to quantitatively evaluate the validity of the
bump-on-tail approximation. Also, different two-mode scenarios are studied in or-
der to verify expected consequences of resonance overlap (these phenomena are also
studied in Refs. [13, 39]). This is done with analysis of the Chirikov parameter,
here estimated as the average width of the wave field separatrices (c.f. Fig 2.1)
divided by the average separation of the resonances in energy space along the two
characteristic curves for wave–particle interaction.

The same notations are used in Paper VI as in Paper V, except that Paper
VI uses the more common definition of the Jacobian, according to eq. (2.5). Also,
the electric wave field component as presented in the paper, and consequently the
interaction coefficient, supports non-diagonal metric tensors.

5.8 Paper VII

Paper VII is a report published in the TRITA-EE series (ISSN: 1653-5146), the
internal publication series of KTH Royal Institute of Technology, School of Elec-
trical Engineering. The paper presents an extension of FOXTAIL, including a
quasilinear diffusion operator modelling the effect of ion cyclotron resonance heat-
ing of the simulated energetic ion distribution. The quasilinear ICRH operator is
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based on the operator presented in Ref. [31]. A set of simplifications are used in
the FOXTAIL implementation of the operator, neglecting for instance the Doppler
shift of the ICRH resonance and the transfer of toroidal kinetic momentum to the
energetic ions. The implementation also neglects drift components of the operator,
using a constant value of the quasilinear diffusion coefficient, which was evaluated
on a chosen reference point in momentum space. This specific form of the diffusion
operator has the special property that it is energy conserving on average (i.e., no
actual heating of ions). With this property, it is qualitatively similar to the phase
decorrelation operator in the sense that it decorrelates the wave–particle interaction
while conserving the total energy of the system on average.

It was found that the effects of ICRH diffusion indeed shared some properties
with the effects of phase decorrelation. One of the observed effects was a decrease
of the linear growth rate and an increase of the mode amplitude above the level of
nonlinear mode saturation in the absence of decorrelation processes. The increase
of the mode amplitude relative to the level of nonlinear saturation can be under-
stood as an effect of energetic ions leaking through the separatrix of the wave field,
allowing for more energy to be transferred from the energetic particle distribution
to the wave. It was speculated that the saturation amplitude of the eigenmode in
the presence of ICRH diffusion corresponded to the level where a maximum amount
of energy in the absence of sources and sinks were transferred from the energetic
ions to the eigenmode. This theoretical final state, corresponding to a symmetric
energy distribution of ions around the wave–particle resonance, is the same as the
saturated state of the system in the presence of phase decorrelation.

5.9 Paper VIII

Paper VIII is the contribution for the 20th Topical Conference on Radio Frequency
Power in Plasmas, in Sorrento, Italy, June 25 – 28, 2013. The paper is published
in AIP Conference Proceedings, Ref. [63]. The basis of the paper is a model for
coupling between a radio frequency (RF) antenna and a fusion plasma, whose theory
is presented in Ref. [55]. The objective was to investigate how fast wave current
drive is affected by the presence of a passive conducting component (for instance a
limiter) close to the RF antenna in the vacuum region.

A simple slab geometry is assumed in the vacuum region of the vessel. The wave
at the plasma boundary has one component going into the plasma and one reflected
component, with the amplitude of the reflected component being a fraction |R| ≤ 1
of the ingoing wave amplitude (|R| is here a free parameter of the model). By solving
Maxwell’s equations in the vacuum region, assuming an infinitely conducting inner
wall of the vacuum vessel, it can be shown that there is a maximum Poynting flux at
the boundary at a given reflected phase ϑ = arg(R) (this resonance becomes more
peaked for |R| close to 1). In order to solve the reflected phase, some assumptions
of the wave propagation in the plasma have to be made. One simple method to
solve this is given in Ref. [64], with minor refinements of the method presented in
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Ref. [55]. The wave fields of fast magnetosonic waves are found assuming a cold
plasma model (see Ref. [27] for details) in a homogeneous cylindrical plasma. The
dispersion relation is given by

ω2 = k2v2
A

1 + v2
A/c

2 , (5.22)

and the eigenfunction solutions of the waves are Bessel functions for the homoge-
neous cylindrical plasma. Resonant coupling can be identified as wave solutions
with nodes at the plasma boundary. For a given wave with poloidal mode number
ny and toroidal mode number nz, a range of resonant frequencies is then given by

ω2
nx,ny,nz = v2

A
1 + v2

A/c
2

(
ζ2
nx,ny

a2 + n2
z

R2
a

)
, (5.23)

where nx is the total number of radial nodes of the wave eigenfunction in the
plasma, a is the minor radius of the plasma, Ra is the major radius, and ζnx,ny
is the nx:th zero of the ny:th Bessel function of the first kind. By comparing
the chosen antenna frequency with the set of resonant frequencies, and identifying
the resonant frequencies with the resonant reflected phases, one can make a linear
interpolation of the frequency in order to retrieve the reflected phase. Say that
ωnx ≤ ω < ωnx+1 for some antenna frequency ω (suppressing ny and nz indices of
the resonant frequencies). The reflected phase is then

ϑ = ϑres + 2π ω − ωnx
ωnx+1 − ωnx

, (5.24)

assuming a 2π separation between the reflected phases of the adjacent resonances
ωnx and ωnx+1.

In order to quantify the efficiency of the current drive, the directivity is used as
a measurement in the paper, here defined by

D(ω, |R|2) =
∑
ny,nz

Re[P (ω, |R|2, ny, nz)]nz∑
ny,nz

Re[P (ω, |R|2, ny, nz)]|nz|
, (5.25)

where the summation is over a range of poloidal and toroidal mode numbers. It
measures the asymmetry of the Poynting flux P between toroidal modes nz. If
D = 1, the wave only transfers momentum in the positive z direction (z is the
toroidal coordinate of the slab geometry), and vice versa for D = −1. High |D|
gives good conditions for efficient current drive.

If a passive conducting component is present close to the antenna, the coupling
between different mode numbers becomes redistributed. This redistribution some-
times has a positive impact on the directivity and sometimes a negative impact,
depending on the specific ω and |R|, which is shown in the paper. When the wave
damping is low, i.e., |R| ≈ 1, the influence of the passive component is particularly
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sensitive to model parameters. By sweeping the antenna frequency over a wide
range, the average influence was studied.

It was concluded that the presence of passive components typically had a nega-
tive impact on the directivity on average (i.e., lowering |D|). However, with certain
configurations of the passive components around the antenna and with a low damp-
ing of the wave, the directivity can actually be improved, giving a higher average
|D| but with opposite sign compared to the case without a passive component.
Two versions of the model were also studied in the absence of passive conducting
components: one with two spatial dimensions of the vacuum region (the poloidal
coordinate is omitted, assuming poloidal symmetry in the vacuum region), and one
with three dimensions. Calculations showed generally less variations of the direc-
tivity with respect to model parameters in the 3D version of the model than in the
2D version.
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Chapter 6

Conclusions and discussion

Waves interacting with charged particles in a magnetized toroidal plasma has been
studied by theoretical and numerical modelling. The studies are motivated by the
aim to develop an efficient fusion power plant based on the principle of magnetic
confinement. The main part of these studies is devoted to the theory of toroidal
Alfvén eigenmodes (TAEs) interacting resonantly with energetic ions. The remain-
ing part concerns efficient fast wave current drive, a method used to drive a current
in magnetized toroidal plasmas by transfer of momentum to resonant electrons.

For studying the TAE–energetic particle dynamics, three Monte Carlo codes
were developed, based on the theory by Berk et al. [13, 14, 39]. Two of these are
typical bump-on-tail models: one nonlinear model and one quasilinear model. The
particles of these two models have a single non-ignorable momentum coordinate,
and they interact with a single eigenmode. The models are extended to include
the effects of phase decorrelation in order to model stochasticity of the system (for
instance, due to collisions between particles). As the strength of phase decorrela-
tion, denoted by the constant parameter Dφ, is increased in the nonlinear model, a
regime where the dynamics can be approximated using a quasilinear description has
been identified. From studies of this regime, the quasilinear model was developed,
in which the wave–particle phase becomes an ignorable coordinate of the system.
The quasilinear regime corresponds to when the time scale of macroscopic phase
decorrelation (D−1

φ ) is similar to or shorter than the bounce time of particles deeply
trapped by the wave field.

The introduced phase decorrelation was shown to have a large impact on the
dynamics of the system. Coherent structures of the order ∆φ, where φ is the
wave–particle phase, are typically destroyed on time scales similar to ∆φ2/Dφ in
the nonlinear model. Coherent structures in particle phase space are essential for
phenomena such as the nonlinear relaxation of the wave amplitude [59, 60] and
chirping of the wave frequency [44–46]. Such phenomena are consequently strongly
affected by the presence of phase decorrelation. As for the nonlinear relaxation, the
introduction of phase decorrelation allows for an infinitely wide region in the energy
distribution to become flattened due to interactions with the wave mode, unlike in
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the correlated case (Dφ = 0), where only a limited region in energy around the
wave–particle resonance becomes nonlinearly flattened. A quantitative description
of the relaxed state of the wave mode in the presence of phase decorrelation and in
the absence of sources and sinks relative to the wave–energetic particle system was
presented in Papers III & IV. In the relaxed state, the wave energy increases by an
amount corresponding to the energy difference between the initial energetic particle
distribution and a symmetrical energetic particle distribution in energy around the
resonance, in case this energy difference is positive. This energy difference might
correspond to a much higher amplitude level of relaxation than in the correlated
case, depending on initial conditions of the wave–particle system. Another effect
of the presence of phase decorrelation was a typical decrease of the wave amplitude
growth rate. This decrease has been derived analytically for the quasilinear model.

In the absence of collisions and dissipative mechanisms, the bounce frequency1

of particles deeply trapped by the wave field in the nonlinear bump-on-tail model re-
laxes to a value proportional to the analytical linear growth rate of the wave [44, 58–
60]. In Paper IV it was concluded that a finite extension of the particle distribu-
tion in energy typically decreases this proportionality constant when Dφ = γd = 0.
Also, the numerical linear growth rate, as compared to the analytical linear growth
rate, decreases. As Dφ is increased, the difference between the numerical and the
analytical (corrected) growth rate decreases.

The third of the developed TAE–energetic particle models, called FOXTAIL
(“FOurier series eXpansion of fasT particle–Alfvén eigenmode Interaction”-modeL),
is more general than the presented bump-on-tail models. Particles are described in
a five-dimensional phase space: three invariants and two angular action–angle vari-
ables of the equilibrium system. FOXTAIL can also simulate the interaction with
multiple eigenmodes in parallel, and it includes effects of having different spatial
and temporal structures of individual particle orbits relative to the wave fields. For
this, coefficients quantizing the interaction strength with different eigenmodes, re-
ferred to as interaction coefficients, are tabulated in particle momentum space. An
extension of FOXTAIL includes the effect of quasilinear diffusion by ion cyclotron
resonance heating (ICRH) on the TAE–energetic particle system.

In studies not including the effect of ICRH, FOXTAIL simulations have been
compared to simulations with the bump-on-tail model, in order to verify that there
exist regimes where the approximations made to derive the bump-on-tail model are
valid, and that there exist regimes where they are not valid. Essentially, for the
approximations to be valid, a localized enough energetic ion distribution around
the wave–particle resonance is required. Scenarios with two modes interacting with
a single ensemble of energetic ions were also studied in order to verify the expected
consequences of satisfying the Chirikov criterion. In scenarios including ICRH, it
was found that it had a similar impact on the system as phase decorrelation. Results

1The bounce frequency of particles deeply trapped by the wave field, ωb, depends on the wave
amplitude, and can be regarded as a measurement of the amplitude itself. In Ref. [44, 58] and in
the thesis, what is referred to as the wave amplitude is proportional to ω2

b.
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showed an increase of the relaxation amplitude of the eigenmode and a lowering of
the linear growth rate.

The model used for simulating fast wave current drive (FWCD) uses a slab
geometry in the vacuum region between the inner wall and the plasma boundary.
Coupling properties between the FWCD antenna and the plasma were found by
assuming a homogeneous cylindrical low-β plasma. Included to this model was also
one or a pair of passive component close to the antenna, in which currents could
be induced by the surrounding wave field in the vacuum region. The efficiency of
the current drive was studied by the directivity, which is a measure of the toroidal
asymmetry of the momentum carried by the launched waves. The studies showed
that the presence of passive conducting components close to the antenna sometimes
lowered the efficiency of the current drive and sometimes improved it. In low
single pass damping scenarios, the directivity, and also the influence by passive
components on the directivity, was particularly sensitive to model parameters. A
statistical averaging over model parameters typically showed a mean decrease of
the directivity by the presence of passive components.

The results presented in this thesis give a deeper theoretical understanding of
several phenomena related to wave–particle dynamics, with applications in fusion
power research. There are many possible paths along which the presented work
could be continued. Presumably, the most worthwhile studies would include further
development of FOXTAIL. One interesting path would for instance be to study
phase decorrelation and how it relates to momentum diffusion quantitatively. The
theoretical model for these calculations is already developed, in principle, as was
presented in Paper VI. Such a study would determine the regimes of validity of the
quasilinear model in terms of physical parameters, and it would enable quantitative
comparisons between experimental observations and the simulation results of the
bump-on-tail model with phase decorrelation.

Another possible continuation would be to use FOXTAIL in conjunction with
more complete existing Monte Carlo codes where TAE dynamics is relevant, such as
codes used for modelling ICRH and/or NBI. For this implementation to be relevant,
more sophisticated, self-consistent methods to calculate the TAE eigenfunctions
than those used at present are required. Part of the work to use the MHD code
MISHKA [65–68] for this purpose has already been initiated.

It is possible to study many other kinds of eigenmodes using FOXTAIL, in
principle, since they more or less satisfy the same equations in the interaction with
energetic particles. The basic requirements are that they are low frequency waves
with time-independent eigenfunctions and slowly varying amplitudes and phases
compared to the eigenfrequency of the wave. Another requirement is that the wave
perturbation Lagrangian can be expressed on the form Lw =

∑
i ϑ̇iC

2
i , where Ci

and ϑi are the slowly varying components of the wave amplitude and phase of the
i:th mode, respectively. As was pointed out in Ref. [13], the stated form of the
wave perturbation Lagrangian is not unique for the TAE, but it is the same to
lowest order in amplitude for other eigenmodes, with Ci and ϑi being the gen-
eralized, slowly varying amplitude and phase of the eigenmode, respectively. It
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would be worthwhile to study the applicability of FOXTAIL to eigenmodes such
as BAEs (β-induced Alfvén eigenmodes), RSAE (reversed shear Alfvén eigenmode)
and GAMs (geodesic acoustic modes). For eigenmodes with very localized eigen-
functions (GAMs, for instance), a gyrokinetic formulation of the wave–particle in-
teraction might be required.

One could also extend FOXTAIL in other ways to include more physics. The
theoretical foundation of a gyrokinetic formulation was already presented in Paper
V. The particle phase space could also be extended to include the gyro-phase,
which enables one to simulate the more detailed nonlinear dynamics of ICRH. More
operators acting on the energetic particle distribution could be included, such as a
slowing down operator combined with diffusion operators in energy and pitch angle
to model Coulomb collisions. Simulations with such operators on long enough time
scales would also require the development of better boundary conditions than the
reflecting boundary conditions presently used. How would one for instance deal with
markers drifting across the boundary for bifurcating orbit solutions, or across the
boundary where there are no orbit solutions? If markers are expected to drift over
large distances in momentum space, interacting resonantly with many eigenmodes,
one might also need to develop methods to split the volume in parts around the
resonances. Tabulating the interaction coefficients of all included eigenmodes in
the same volume of momentum space, as is done presently, is impractical, both
concerning the memory usage and the calculation efficiency.

The simulated scenarios presented in the papers all include artificial and very
localized energetic particle distributions that remain localized throughout the simu-
lations. Besides avoiding the need of more sophisticated boundary conditions, these
scenarios require relatively few markers for a low level of statistical fluctuations in
the simulation results. More realistic initial energetic particle distributions, or sce-
narios where particles drift over large distances in momentum space, would require
a lot more markers for a decent level of statistical fluctuations, which is compu-
tationally challenging. Another approach is to use the δf method [69], where the
response of a background distribution f0, containing both energetic and thermal
particles, is included analytically in the equations of motion of the wave–particle
system, whereas markers only represent deviations from the background distribu-
tion. This method significantly reduces the required amount of markers for scenarios
where particle distributions cover large phase space volumes, to the expense of a
more complicated wave–particle system of equations to solve. Presumably, the δf
method also gives less compatibility of FOXTAIL with other codes, since the codes
must use the same background distribution to be used in conjunction.

The theoretical foundations of many of the possible extensions of FOXTAIL
are already finished or partly finished. However, some of the suggested extensions
raise issues that require deep physical and programming technical consideration.
Whether these issues are practically soluble for FOXTAIL or they require entirely
different approaches is uncertain at the moment. What is certain is that FOXTAIL
can be further developed to a large extent, and it has the potential to produce
many more results relevant for the fusion power research.
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Appendix A

Equilibrium configuration and
gauge choice

A.1 Magnetic field configuration

A magnetic field configuration is assumed such that it has well defined, two dimen-
sional and nested flux surfaces, in which it is possible to find a coordinate system
(%, θ, ζ), where % is any flux label (B · ∇% = 0), the angular coordinates θ ∈ [0, 2π)
and ζ ∈ [0, 2π) spans the magnetic surface labelled by %. It is further assumed
that the configuration is symmetric with respect to ζ (a so called axisymmetric
configuration), with |∂r/∂ζ| = R. The stated assumptions are consistent with a
magnetic field vector expressed as

B = Bθ
∂r

∂θ
+Bζ

∂r

∂ζ
, (A.1)

where the contravariant magnetic field components Bθ and Bζ are independent
of ζ. More can be said about the configuration from MHD equations. Assuming
MHD force balance, and the pressure is equilibrated at each flux surface, the force
balance equation is

J ×B = ∇p = dp
d%∇%, (A.2)

meaning that J and B both lie in the plane perpendicular to ∇%, i.e., they are
tangential to the flux surface. Combining J ·∇% = 0 with Ampère’s law, neglecting
the displacement current, yields

(∇×B) · ∇% = (∇B% ×∇%+∇Bθ ×∇θ +∇Bζ ×∇ζ) · ∇%

=
(
∂Bζ
∂%
∇%×∇ζ + ∂Bζ

∂θ
∇θ ×∇ζ

)
· ∇%
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= ∂Bζ
∂θ

(∇θ ×∇ζ) · ∇% = 0 ⇒ ∂Bζ
∂θ

= 0. (A.3)

In other words, Bζ = R2Bζ , is a flux label. It is common also to denote the covariant
toroidal magnetic field component with F (ψ) instead of Bζ(ψ) to avoid confusion
with the toroidal magnetic field component using normalized basis vectors, often
written as Bζ (or more commonly Bφ, if φ is used to denote the toroidal angle).

By introducing the poloidal magnetic flux per radian, here denoted by ψ, the
magnetic field can further be simplified as

B = F (ψ)∇ζ +∇ζ ×∇ψ. (A.4)

Here, we have chosen to express F as a function of ψ, which is possible since ψ
uniquely labels each flux surface in a tokamak configuration. The particular choice
of toroidal coordinates (ψ, θ, ζ) is practical when calculating guiding centre orbits,
because of the simple form of the magnetic field in eq. (A.4). To prove that ψ is
indeed the poloidal magnetic flux per radian, start from the definition of the total
poloidal flux:

Ψpol =
∫
SP(ψ,θ)

dS ·B =
∫ ψ

0
dψ′

∫ 2π

0
dζ J∇θ · (F∇ζ +∇ζ ×∇ψ′)

=
∫ ψ

0
dψ′

∫ 2π

0
dζ ∇θ · (∇ζ ×∇ψ

′)
∇ψ′ · (∇θ ×∇ζ)︸ ︷︷ ︸

=1

= 2π
∫ ψ

0
dψ′ = 2πψ, (A.5)

where
J (ψ, θ) ≡

(
∂r

∂ψ
× ∂r

∂θ

)
· ∂r
∂ζ

= [(∇ψ ×∇θ) · ∇ζ]−1 (A.6)

is the Jacobian, and the surface SP(ψ, θ) is defined by (ψ′ : 0 → ψ, θ, ζ : 0 → 2π),
with the normal vector in the ∇θ direction.

The derivations of Ch. 2 uses the equilibrium magnetic field expressed on a
slightly different form than in eq. (A.4), namely

B = Bψ∇ψ +Bθ∇θ +Bζ∇ζ. (A.7)

This form makes it easy to calculate for instance v ·B = ψ̇Bψ + θ̇Bθ + ζ̇Bζ in order
to derive an expression for the parallel velocity. Before deriving the more specific
expressions for the covariant magnetic field components, we start by expressing
∇ζ ×∇ψ on the form

∇ζ ×∇ψ = 1
J
∂r

∂θ
.

Using this, the covariant ψ component of the magnetic field is given by

Bψ = B · ∂r
∂ψ

=
(
F∇ζ +∇ζ ×∇ψ

)
· ∂r
∂ψ

= gψθ
J
,
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where
gψθ ≡

∂r

∂ψ
· ∂r
∂θ

is the covariant ψ,θ-component of the metric tensor. The remaining components
are

Bθ = B · ∂r
∂θ

= gθθ
J
, gθθ ≡

∂r

∂θ
· ∂r
∂θ
,

Bζ = F.

Equation (A.7) is then explicitly written as

B = gψθ
J
∇ψ + gθθ

J
∇θ + F∇ζ. (A.8)

It is also useful to express B with contravariant vector components:

Bψ = B · ∇ψ =
(
F∇ζ +∇ζ ×∇ψ

)
· ∇ψ = 0,

Bθ = B · ∇θ =
(
F∇ζ +∇ζ ×∇ψ

)
· ∇θ = 1

J
,

Bζ = B · ∇ζ =
(
F∇ζ +∇ζ ×∇ψ

)
· ∇ζ = F |∇ζ|2 = F

R2 ⇒

B = 1
J
∂r

∂θ
+ F

R2
∂r

∂ζ
. (A.9)

Then one can easily find, for instance, B · ∇φ = (∂φ/∂θ)Bθ + (∂φ/∂ζ)Bζ for some
scalar field φ(ψ, θ, ζ).

A.2 Gauge choice

A convenient choice of gauge proves to be such that the covariant ψ component of
the vector potential vanishes, i.e.,

A = Aθ∇θ +Aζ∇ζ, (A.10)

and Aζ = 0 at the magnetic axis (Aθ = 0 at the magnetic axis for geometrical
reasons). Such a gauge can always be found. Suppose that A = Aψ∇ψ + Aθ∇θ +
Aζ∇ζ, where Aψ 6= 0, and Aζ(ψ = 0) 6= 0. Aζ(ψ = 0) must be independent of θ
assuming A is continuous in r, and Aζ(ψ = 0) and Aψ are independent of ζ due to
axisymmetry. Then define the scalar field

f(ψ, θ) =
∫ ψ

0
dψ′ Aψ(ψ′, θ) + ζAζ(ψ = 0)

⇒ ∇f = ∂f

∂ψ
∇ψ + ∂f

∂θ
∇θ + ∂f

∂ζ
∇ζ
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= Aψ∇ψ +
(∫ ψ

0
dψ′ ∂Aψ

∂θ

)
∇θ +Aζ(ψ = 0)∇ζ.

A gauge transformation A→ A−∇f then cancels the Aψ∇ψ term, and gives that
Aζ = 0 at the magnetic axis.

The specific components Aθ and Aζ can be related to the poloidal and toroidal
flux functions. Start again from the definition of the poloidal flux:

Ψpol =
∫
SP(ψ,θ)

dS · (∇×A) =
∫ ψ

0
dψ′

∫ 2π

0
dζ J∇θ · (∇Aθ ×∇θ +∇Aζ ×∇ζ)

=
∫ ψ

0
dψ′

∫ 2π

0
dζ ∇θ · (∇ψ

′ ×∇ζ)
∇ψ′ · (∇θ ×∇ζ)︸ ︷︷ ︸

=−1

∂Aζ
∂ψ′

= −2π
∫ ψ

0
dψ′ ∂Aζ

∂ψ′
= −2πAζ ,

i.e., Aζ = −ψ. Similarly, it can be shown that Ψtor = 2πAθ. Consequently, the
vector potential of the gauge Aψ = 0 can be expressed as

A = 1
2π (Ψtor∇θ −Ψpol∇ζ). (A.11)
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Appendix B

The quasilinear diffusion coefficient

When deriving an energy diffusion coefficient suitable for the quasilinear model one
will first have to derive the variance of u. Since u and φ have coupled equations
of motion via the interaction with the wave mode, the applied decorrelation in φ
gives rise to a decorrelation in u, which is a valid assumption when the time scales
for variation in u and φ are much shorter than the time scale for variation in A. In
the simplest case, the wave amplitude and phase are constant. Starting from the
system of SDE:s

du = A cos(ϕ) dτ, (B.1)
dϕ = udτ +

√
2Dφ dWτ . (B.2)

Here, ϕ is the phase difference between the particle and the wave, and A is the
absolute value of the complex wave field.

A simple generic approach to evaluate the energy diffusion coefficient is to ignore
the stochastic part of eq. (B.2), and assume perfect coherence until a certain time
τc:

u(τ) = u0 +A

∫ τc

0
dt cos(ϕ0 + u0t)

= u0 + A

u0

[
sin(ϕ0 + u0τc)− sinϕ0

]
. (B.3)

The variance can be estimated as

σ2
u =

〈
(u(τc)− 〈u(τc)〉ϕ0)2

〉
ϕ0
, (B.4)

where the brackets 〈·〉ϕ0 is defined as the average with respect to ϕ0. The average
of u(τc) is simply u0. This yields

σ2
u = A2

u2
0

〈
(sin(ϕ0 + u0τc)− sinϕ0)2

〉
ϕ0

= A2

u2
0

〈
sin2 ϕ0[1− cos(u0τc)]2
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+ cos2 ϕ0 sin2(u0τc)− sin(2ϕ0) sin(u0τc)[1− cos(u0τc)]
〉
ϕ0

= A2

u2
0

(
1− cos(u0τc)

)
= 2A2 sin2(u0τc/2)

u2
0

. (B.5)

The energy diffusion coefficient can be estimated as

Du(u) = σ2
u(τc)
2τc

= A2 sin2(uτc/2)
u2τc

= A2τc
4

sin2(uτc/2)
(uτc/2)2 . (B.6)

The diffusion coefficient has a maximum of A2τc/4 at u = 0 and a total integral
area with respect to u of πA2/2. This diffusion model is independent of the explicit
form of the decorrelation in ϕ. Due to the assumption of perfect coherence in ϕ
until the given time τ = τc, a periodic set of resonances appear at uτc = 2nπ where
the diffusion vanishes, with n being a non-zero integer.

A more accurate way to estimate the diffusion coefficient is to include the
stochastic term in the integral in eq. (B.3). For small ∆u ≡ u(τ)− u0,

u(τ) = u0 +A

∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)
. (B.7)

The Wiener process W (t) defines trajectories in probability space. The variance of
u is calculated as

σ2
u =

〈(
u− 〈u〉

)2〉
, (B.8)

where 〈·〉 is now the expectation value of the trajectories in the probability space
of the Wiener process. The integrand of eq. (B.7) can be rewritten as

cos
(
ϕ0 + u0t+

√
2DφW (t)

)
= cϕ(t)cD(t)− sϕ(t)sD(t), (B.9)

where the following shorthand notations have been used:

cϕ(t) ≡ cos(ϕ0 + u0t), sϕ(t) ≡ sin(ϕ0 + u0t),

cD(t) ≡ cos
(√

2DφW (t)
)
, sD(t) ≡ sin

(√
2DφW (t)

)
.

Using the two identities

〈cD(t)〉 =
∫ ∞
−∞

dx√
2πt

exp
(
−x

2

2t

)
cos
(√

2Dφx
)

= e−Dφt, (B.10)

〈sD(t)〉 =
∫ ∞
−∞

dx√
2πt

exp
(
−x

2

2t

)
sin
(√

2Dφx
)

= 0, (B.11)

the expectation value of u becomes〈
u(τ)

〉
= u0 +A

∫ τ

0
dt
〈

cos
(
ϕ0 + u0t+

√
2DφW (t)

)〉
90



= u0 +A

∫ τ

0
dt cϕ(t)e−Dφt = u0 + A

u2
0 +D2

φ

Γ(ϕ0, u0, τ), (B.12)

Γ(ϕ0, u0, τ) ≡ Dφ cosϕ0 − u0 sinϕ0 − e−Dφτ
[
Dφcϕ(τ)− u0sϕ(τ)

]
. (B.13)

The next step is to evaluate the variance:

σ2
u =

〈(
u− 〈u〉

)2〉
= A2

〈(∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)
− Γ(ϕ0, u0, τ)

D2
φ + u2

0

)2〉

= A2

{〈[∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)]2
〉
− Γ2(ϕ0, u0, τ)

(D2
φ + u2

0)2

}
. (B.14)

The expression within the expectation value brackets is[∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)]2

=
[∫ τ

0
dt
(

cϕ(t)cD(t)− sϕ(t)sD(t)
)]2

=
∫ τ

0
dt
∫ τ

0
dt′
(

cϕ(t)cϕ(t′)cD(t)cD(t′)

− 2cϕ(t)sϕ(t′)cD(t)sD(t′) + sϕ(t)sϕ(t′)sD(t)sD(t′)
)
. (B.15)

To determine the expectation value of this expression, one needs to evaluate the
following identities:

〈cD(t)cD(t′)〉 t>t
′

=
∫ dxdy

2π
√

(t− t′)t′
cos
(√

2Dφx
)

cos
(√

2Dφy
)

× exp
(
− (x− y)2

2(t− t′) −
y2

2t′

)
=
∫ dx√

2πt
cos
(√

2Dφx
)

cos
(
t′

t

√
2Dφx

)
× exp

(
−1
t

[
Dφ(t− t′)t′ + x2

2

])
= 1

2e−Dφ(t+3t′)
(

e4Dφt′ + 1
)
, (B.16)

〈cD(t)sD(t′)〉 t>t
′

=
∫ dxdy

2π
√

(t− t′)t′
cos
(√

2Dφx
)

sin
(√

2Dφy
)

× exp
(
− (x− y)2

2(t− t′) −
y2

2t′

)
∝
∫

dx cosx sin
(
t′x

t

)
exp

(
− x2

4Dφt

)
= 0, (B.17)

〈sD(t)sD(t′)〉 t>t
′

=
∫ dxdy

2π
√

(t− t′)t′
sin
(√

2Dφx
)

sin
(√

2Dφy
)

× exp
(
− (x− y)2

2(t− t′) −
y2

2t′

)
=
∫ dx√

2πt
sin
(√

2Dφx
)

sin
(
t′

t

√
2Dφx

)
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× exp
(
−1
t

[
Dφ(t− t′)t′ + x2

2

])
= 1

2e−Dφ(t+3t′)
(

e4Dφt′ − 1
)
. (B.18)

This gives that the expectation value of eq. (B.15) is〈[∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)]2
〉

= 1
2

∫ τ

0
dt
{∫ t

0
dt′ e−Dφ(t+3t′)

[
cϕ(t)cϕ(t′)

(
e4Dφt′ + 1

)
+ sϕ(t)sϕ(t′)

(
e4Dφt′ − 1

)]
+
∫ τ

t

dt′ e−Dφ(t′+3t)

×
[
cϕ(t)cϕ(t′)

(
e4Dφt + 1

)
+ sϕ(t)sϕ(t′)

(
e4Dφt − 1

)]}
. (B.19)

If the variance is asymptotically linear in τ , then the contribution from the first
term in eq. (B.14) to the diffusion coefficient is proportional to the differentiation
of the above expression with respect to τ in the limit of large τ . Using Leibniz’s
integral rule yields

d
dτ

〈[∫ τ

0
dt cos

(
ϕ0 + u0t+

√
2DφW (t)

)]2
〉

=
∫ τ

0
dt e−Dφ(τ+3t)

[
cϕ(τ)cϕ(t)

(
e4Dφt + 1

)
+ sϕ(τ)sϕ(t)

(
e4Dφt − 1

)]
Dφτ→∞= Dφ

D2
φ + u2

0
. (B.20)

Differentiation of the second term in eq. (B.14) with respect to τ gives

− d
dτ

A2Γ2(ϕ0, u0, τ)
(D2

φ + u2
0)2 = −2A2Γ(ϕ0, u0, τ)

(D2
φ + u2

0)2
∂Γ
∂τ

Dφτ→∞= 0. (B.21)

The energy diffusion coefficient in the limit of τ � τc is then a constant that equals

Du(u) = lim
Dφτ→∞

σ2
u(τ)
2τ = lim

Dφτ→∞

1
2

dσ2
u

dτ = D0
1 + u2/D2

φ

, (B.22)

whereD0 ≡ A2/2Dφ is the maximum, and the total integral area with respect to u is
πA2/2. Assuming Dφ ∝ τ−1

c , with τc being the characteristic phase decorrelation
time, this diffusion coefficient scales the same as in eq. (B.6) with respect to A
and τc, both in height and area. Setting τc = 2/Dφ gives that the two diffusion
coefficients have the same heights at the resonance, and the areas are the same,
irrespective of τc or Dφ. The form of the diffusion coefficient in eq. (B.22) is the
one to be used in the quasilinear model presented in this thesis.
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Appendix C

The Itō–Taylor numerical scheme

The so called Itō–Taylor expansion of a stochastic process can be regarded as a
generalization of the deterministic Taylor expansion. Considering for simplicity the
one dimensional stochastic process with scalar noise (i.e., the stochastic process
only depends on one independent Wiener process), satisfying the Itō-stochastic
differential equation

dXt = a(Xt, t) dt+ b(Xt, t) dWt, (C.1)

Itō’s lemma states that

df |x=Xt = L0(f,Xt)dt+ L1(f,Xt)dWt, (C.2)

where

L0(f,X) =
[
∂f

∂t
+ a

∂f

∂x
+ b2

2
∂2f

∂x2

]
x=X

, (C.3)

L1(f,X) = b
∂f

∂x

∣∣∣∣
x=X

, (C.4)

for any twice differentiable function f(x, t)1. The case of a multi-dimensional
stochastic process is considered in Ref. [48]. On integral form, eq. (C.2) can be
written as

f(Xt, t) = f(Xt0 , t0) +
∫ t

t0

ds L0(f(x, s), Xs)

+
∫ t

t0

dWs L1(f(x, s), Xs), (C.5)

1The operators L0(f,X) and L1(f,X) are defined such that the first argument is any function
f : R× R→ R, i.e., a real scalar function with two real scalar arguments, and the differentiation
of the operators are with respect to the first and the second argument of that function, which are
not necesarrily denoted by x and t.
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where the second term is an Itō-integral. The integral equation for the stochastic
process Xt is obtained by choosing f(x, t) = x:

Xt = Xt0 +
∫ t

t0

ds a(Xs, s) +
∫ t

t0

dWs b(Xs, s). (C.6)

Similarly, one can obtain integral equations for a(Xt, t) and b(Xt, t) by choosing
f(x, t) = a(x, t):

a(Xt, t) = a(Xt0 , t0) +
∫ t

t0

ds L0(a(x, s), Xs)

+
∫ t

t0

dWs L1(a(x, s), Xs) (C.7)

and f(x, t) = b(x, t):

b(Xt, t) = b(Xt0 , t0) +
∫ t

t0

ds L0(b(x, s), Xs)

+
∫ t

t0

dWs L1(b(x, s), Xs), (C.8)

respectively.
Considering the discrete time approximation of the stochastic process in the

interval [t0, t], the simplest time stepping algorithm can be obtained by treating
a(Xs, s) and b(Xs, s) as constants in the interval s ∈ [tn, tn+1] for any integer n.
Then, eq. (C.6) yields the so called Euler–Maruyama numerical scheme:

∆X̄n = a(X̄n, tn) ∆tn + b(X̄n, tn)∆Wn, (C.9)
∆X̄n ≡ X̄n+1 − X̄n, ∆t ≡ tn+1 − tn, ∆Wn ≡Wtn+1 −Wtn ,

where X̄n is the Euler-Maruyama approximation of Xtn . The above numerical
scheme has a strong convergence of order 0.5. That is,√〈(

X̄tn −Xtn

)2〉 = O
[
max
k≤n

(
∆t1/2k

)]
, (C.10)

where 〈·〉 is the expectation value over the probability space of the Wiener process.
Higher order approximations are obtained by inserting eq. (C.7) and (C.8) into
eq. (C.6). Then, multi-dimensional integrals with respect to combinations of s and
Ws are obtained. The higher dimensions of the integrals are higher order in ∆t.
By consecutively inserting eq. (C.7) and (C.8) into themselves and truncating at
some higher order integral yields numerical schemes of arbitrary order of strong
convergence in ∆t. There are methods for sampling the multi-dimensional Itō-
integrals in terms of ∆t and random variables (the details are presented in the
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literature, [48]). For instance,

∆Wn ≡
∫ tn+1

tn

dWs = ξ1
√

∆tn, (C.11)

∆Zn ≡
∫ tn+1

tn

ds
∫ s

tn

dWs′ = ∆t3/2n

2

(
ξ1 + ξ2√

3

)
, (C.12)

where ξk are normally distributed random variables of unit variance.
Specifically, when having a multi-dimensional system of Itō-stochastic differen-

tial equations with scalar noise, satisfying the equations

dXk
t = ak(Xt, t) dt+ bk(Xt, t) dWt, (C.13)

the Itō–Taylor numerical scheme with a strong convergence of order 1.5 is given by

∆Xk = bk(X, t)∆W + ak(X, t)∆t+ 1
2L1(bk,X)

(
∆W 2 −∆t

)
+ L1(ak,X)∆Z + L0(bk,X) (∆W∆t−∆Z)

+ 1
2L1(L1(bk,x),X)

(
∆W 3

3 −∆W∆t
)

+ 1
2L0(ak,X)∆t2, (C.14)

where the time discretization index has been suppressed, and L0 and L1 are the
d-dimensional generalizations of eq. (C.3) and (C.4):

L0(f,X) =
[
∂f

∂t
+

d∑
k=1

ak
∂f

∂xk
+ 1

2

d∑
k=1

d∑
`=1

bkb`
∂2f

∂xk∂x`

]
x=X

, (C.15)

L1(f,X) =
d∑
k=1

bk
∂f

∂xk

∣∣∣∣
x=X

. (C.16)

For non-scalar noise, the approximations of the multi-dimensional Itō-integrals be-
come much more involved and less numerically feasible for large systems.

In the nonlinear model with N markers, the system is (2N + 2)-dimensional,
with an N -dimensional noise. This system is numerically infeasible for large N ,
even though the phase diffusion coefficient Dφ is a constant. On the other hand,
when the wave amplitude is treated as an independent variable, which is valid for
slowly varying wave amplitudes, each set of marker equations can be treated as an
independent subsystem of dimension d = 2 (one dimension for φ space and one for
u space) with scalar noise. The time dependence of A(τ) can then be regarded as an
explicit time dependence of the drift in u. Defining X1 = φ, X2 = u, a1(u, τ) = u,
b1 =

√
2Dφ, a2(φ, τ) = Re[A(τ)e−iφ] and b2 = 0 generates the order 1.5 strong Itō–

Taylor algorithm for the nonlinear model. Inserting these definitions into eq. (C.14)
yields

∆φ =
√

2Dφ∆W + u∆τ + 1
2 Re

[
Ae−iφ]∆τ2, (C.17)
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∆u = Re
[
Ae−iφ

(
∆τ − i

√
2Dφ∆Z + 1

2

[
Ȧ

A
−Dφ − iu

]
∆τ2

)]
, (C.18)

where eq. (3.6) is inserted for Ȧ ≡ dA/dτ .
For the quasilinear model, the same approximation can be made for slowly vary-

ing wave amplitudes. Each marker subsystem is then 1-dimensional, but where the
drift and diffusion coefficients for u depend explicitly on both τ and u. Specifi-
cally, a(u, τ) = ∂Du/∂u and b(u, τ) =

√
2Du(u, τ). Inserting these expressions into

eq. (C.14) yields

∆u =
√

2Du∆W + D′u
2
(
∆W 2 + ∆τ

)
+
√
Du

2 D′′u

(
∆W 3

3 + ∆Z+
)

+ 2Ḋu + (D′u)2

2
√

2Du

∆Z− + 1
2
(
Ḋ′u +D′uD

′′
u +DuD

′′′
u

)
∆τ2, (C.19)

where dots and primes are shorthand notations for differentiation with respect to
τ and u, respectively, and

∆Z± ≡ ∆t3/2

2

(
ξ1 ±

ξ2√
3

)
.

Expressed in A, u and Dφ, eq. (C.19) is written as

∆u = A

2

√
Dφ

D2
φ + u2

{
2∆W − Λu

(
∆W 2 + ∆τ

)
− Λ2 (D2

φ − 3u2)(1
3∆W 3 + ∆Z+

)
+ Λ2u2∆Z−

+ Λ3u
(
7D2

φ − 9u2)∆τ2 + 2Ȧ
A

(
∆Z− + Λu∆τ2)}, (C.20)

where eq. (3.22) is inserted for Ȧ, and

Λ ≡ A
√

Dφ

(D2
φ + u2)3 .
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Appendix D

Analytical method to solve the
TAE eigenfunctions

The current version of FOXTAIL uses an approximate analytical method to find
the eigenfunctions of the TAEs. The methods are presented in Ref. [54], and sum-
marized in this appendix. Here, a simplified version of the eigenvalue equation for
shear Alfvén waves is used, namely

ω2
0∇ ·

(
1
v2

A
∇⊥Φ

)
+ (B · ∇)

(
1
B2∇ ·

[
B2∇⊥

(
B · ∇Φ
B2

)])
= 0, (D.1)

only including the first two terms of eq. (2.33). This approximation is generally valid
for large nζ modes. In the large aspect ratio limit, the minor radius is approximately
a flux label, and the poloidal structure of the TAE eigenfunction is dominated by
two adjacent poloidal modes. Then the poloidal eigenfunctions Φmθ and Φmθ+1
satisfy the coupled equations

d
dy

[
ω̄2 −

(
y + 1

2

)2
]

dΦmθ
dy − 1

s2

[
ω̄2 −

(
y + 1

2

)2
]

Φmθ

= −ηd2Φmθ+1
dy2 − ε−∆′

s

dΦmθ+1
dy − ∆′

2s2 Φmθ+1,

d
dy

[
ω̄2 −

(
y − 1

2

)2
]

dΦmθ+1
dy − 1

s2

[
ω̄2 −

(
y − 1

2

)2
]

Φmθ+1

= −ηd2Φmθ
dy2 − ε−∆′

s

dΦmθ
dy − ∆′

2s2 Φmθ ,

(D.2)

where y = nζ(q−qr), qr = (mθ+1/2)/nζ , ω̄ = ωqrR0/vA(rr), s = (r/q)dq/dr is the
magnetic shear, η = (ε + ∆′)/2, ∆′ is the radial derivative of the Shafranov shift,
ε(r) = r/R0 is the inverse aspect ratio, R0 is the major radius, and rr is the radial
location of the shear Alfvén continuum gap (at q(r) = qr). Assuming a flat profile
of the plasma current, ∆′ = cε with c = 0.25. A flat current profile generally gives
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D. ANALYTICAL METHOD TO SOLVE THE TAE EIGENFUNCTIONS

a low shear equilibrium. Assuming s ≤ ε, terms of higher order in s in eq. (D.2) can
be discarded. Introducing the symmetric and anti-symmetric linear combinations
of Φmθ and Φmθ+1, ΦS ≡ Φmθ + Φmθ+1, ΦA ≡ Φmθ − Φmθ+1, they now satisfy{

z(Φ′′S − ΦS) + (1− ε∗c1)Φ′S + ε∗(1− g)Φ′′A + ε∗(g + c0)ΦA = 0,
z(Φ′′A − ΦA) + (1 + ε∗c1)Φ′A − ε∗(1 + g)Φ′′S + ε∗(g − c0)ΦS = 0, (D.3)

where z = y/s, primes denote the derivative with respect to z, c0 = c/(1+ c) = 0.2,
c1 = 2(1 − c)/(1 + c) = 1.2, ε∗ = η/s = ε(1 + c)/2s, and g = (ω̄2 − 1

4 )/η. The
eigenvalue g gives the location of the TAE frequency relative to the toroidicity
induced gap (see Fig. 1.6), with g = −1 (g = +1) corresponding to the bottom
(top) edge of the gap. Two branches of eigenvalue solutions can be found from
eq. (D.3), with the upper branch given by

g+
j ≈ c0 + 1

2c0ε∗

[
−c1 + (2j + 1)

√
c21 − 2c0(1 + c0)

]
, (D.4)

and the lower branch given by

g−j+1 ≈ −c0 −
1

2c0ε∗

[
c1 + (2j + 1)

√
c21 − 2c0(1 + c0)

]
, (D.5)

where integers j = 0, 1, . . . denote radial quantum numbers of the wave. In FOX-
TAIL, only the upper branch solutions are used at the moment. In the limit of
ε∗ � 1, it can be shown that eq. (D.3) can be reduced to

ε∗2
[
c21 − 2c0(1 + c0)

]
Φ′′S +

[(
ε∗c1 − 2c0ε∗2[c0 − g]

)
− z2

]
ΦS ≈ 0,

ΦA ≈
zΦS + ε∗c1Φ′S

2c0ε∗
,

(D.6)

for upper branch solutions. ΦS then has the solutions ΦS,j(z) = e−ξ2/2Hj(ξ), where

ξ ≡ z√
ε∗[c21 − 2c0(1 + c0)]1/4

,

and Hj(ξ) are the Hermite polynomials. From this, one can calculate the TAE
eigenfunctions Φmθ = (ΦS + ΦA)/2 and Φmθ+1 = (ΦS − ΦA)/2. By sequentially
scanning over possible (nζ ,mθ) combinations (for which q = (mθ + 1/2)/nζ some-
where in the plasma), approximations for the eigenfunctions of all existing TAEs
in the given equilibrium can be obtained. The only parameters that the presented
method requires are the q-profile, the Alfvén velocity (vA(r) ≈ Ba/

√
µ0ρm(r)),

and the major radius. The method further requires a low shear (s ≤ ε), and a
fairly constant current density profile. For large shear equilibria, |g| > 1, and no
eigenmodes can be found with this method.
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