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Abstract

In this thesis we have investigated di�erent numerical �lters for joint input
and state estimation, with the aim of designing a robust algorithm capable
of monitoring the continuous motion and loading in a truck chassis. The
algorithm has to be able to use sparse measurements of the motion on
di�erent parts of the truck as it is excited by road induced vibrations, and
transform this data into knowledge of the state in the entire system. To do
this, the algorithm has to be supplied with information about the dynamic
properties of the current system.

In Paper A we have developed and implemented a �xed-lag smoother for
joint input and state estimation in linear time-invariant dynamic structures.
A �xed-lag smoother maximizes the use of information available in the
measurements by allowing a small time lag in the estimation. As input,
external forces as well as support motions can be computed. Furthermore,
both measurement noise and model errors are accounted for and simulated
as stochastic processes. The �lter is �rstly veri�ed with straightforward
numerical simulations of a simply supported beam, followed by a more
involved simulation of a truck fuel tank. It is shown that the �xed-lag
smoother performs very well, it estimates both input and states with a
high accuracy even though the signals are contaminated with noise and the
model contains errors.

In Paper B the �xed-lag smoother is applied on real measurements. We
investigate the capabilities of the proposed �lter by analysing acceleration
measurements from a truck side skirt excited by road induced vibrations.
In this study, we focus on estimating the state in the side skirt body from a
minimum number of measurement sensors. The dynamic properties of the
side skirt are obtained experimentally from an operational modal analysis.
It is shown that the �xed-lag smoother estimates the state very well. The
results also shows that the smoothing e�ect is larger when fewer measure-
ment sensors are used.
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Sammanfattning

I detta arbete har vi studerat olika numeriska �lter för samtidig skattning
av både excitation och tillstånd i en struktur med målet att hitta en robust
algoritm att använda för övervakning av de kontinuerliga rörelserna och
lasterna i ett lastbilschassi. Algoritmen skall kunna använda glest inmätt
rörelsedata från olika delar av lastbilen och omvandla detta till information
om tillståndet i hela systemet. Till sin hjälp har algoritmen tillgång till
nödvändig information om systemets dynamiska egenskaper.

I artikel A har vi utvecklat och implementerat en utjämningsalgoritm
med konstant tidsfördröjning för skattning av både excitation och tillstånd
hos ett linjärt tidsinvariant dynamiskt system. Denna utjämningsalgoritm
maximerar utnyttjandet av den tillgängliga informationen hos inmätt data
genom att tillåta en kort tidsfördröjning i skattningarna. Filtret klarar av
att skatta excitation både i form av yttre krafter och som rörelser vid infäst-
ningarna. Hänsyn tas dessutom både till mätbrus och modellfel, vilka båda
simuleras som stokastiska processer. Det framtagna �ltret veri�eras först
genom enklare numeriska simuleringar av en fritt upplagd balk, vilka följs
av en mer realistiskt simulering av en bränsletank. Utjämningsalgoritmen
visar sig klara uppgiften mycket bra, både excitation och tillstånd skattas
med hög noggrannhet trots inverkan av både mätbrus och modellfel.

Arbetet utökas sedan i artikel B där utjämningsalgoritmen veri�era-
des med fysiska mätningar. Filtrets möjligheter och förmågor testas genom
analys av accelerationer uppmätt på en lastbilssidokjol exciterad av vägin-
ducerade vibrationer. I denna studie fokuserar vi på att skatta tillståndet
i hela sidokjolen utifrån få mätsensorer. Sidokjolens dynamiska egenskaper
erhålls, helt utan numeriska verktyg, från en så kallad �operational modal
analysis�. Vi visar att utjämningsalgoritmen med konstant tidsfördröjning
lyckas skatta tillståndet mycket bra och att den utjämnande e�ekten är
som störst när få mätsensorer används.
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A �xed-lag smoother for solving joint input and

state estimation problems in structural dynamics

Introduction

The uptime of our customers and the reliability of their vehicles are two top
priorities for Scania. At the moment, most vehicles are serviced at a �xed
regular basis, with little regard to the speci�c use of each individual vehicle.
The main drawbacks of this type of maintenance is that it easily result in
vehicles serviced too often, which costs its owner both time and money,
or too infrequently leading to costly unplanned stops. Somewhat more
sophisticated are the �exible maintenance plans which optimizes service
and maintenance from analysing operational data such as fuel consumption,
average speed, mileage and engine temperatures. This is a big step forward
when it comes to preventing downtime due to failures in the powertrain.
At the same time, the vehicle is more than its powertrain, and failures
due to overload and fatigue in the chassis are still very di�cult to predict.
The objective of this research is to explore the possibilities of an intelligent
vehicle who itself can monitor and prevent fatigue damage.

To monitor and compute fatigue damage, something has to be meas-
ured on the vehicle. Traditionally strain gauges has been used to locally
measure strain from which the damage can be computed. This is a robust
and well tested approach, but problems arise when you cannot measure the
strain in the exact position where you expect failure to occur. The main
drawback of strain measurements is that they are very local, you only get
information about the exact spot where the gauge is glued to the compon-
ent. Failure due to fatigue often occur adjacent to screw holes, in �llets
or in the connection between two components, positions where it might be
impossible to place a strain gauge. Another very commonly used type of
measuring equipment is the accelerometer. Accelerometers are both cheap
and easy to use, and provide a more global information about the motion
in a component or system. The downside is that there is a much less direct
connection between accelerations and fatigue. Nevertheless, to compute
the fatigue damage from any type of measurements, we need information
about the dynamic system which we are analysing. This information can
either be obtained from a detailed numerical model or from experimental
studies of the system.

Let us assume that we have both measurements and all the necessary
information to describe the dynamic behaviour of a system. To monitor
the fatigue damage everywhere in the system, we will need to make some
estimations about all the locations where we do not have measurement
sensors. The history of estimations started with very simple assumptions
of the so called inverse problem. The general idea is that if we know
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the system and all its inputs, then the responses, motions, everywhere in
the structure can be computed. Assume we have a linear time-invariant
dynamic system excited by the input loads F, giving rise to the responses
Y. The system itself is described by the transfer function H as

Y = HF. (1)

Assume now that we can measure Y, inevitably containing some noise, and
that we know H, then we can solve the inverse problem, in a least square
sense, by minimizing the residual norm

min
F

∥HF−Y∥2 . (2)

However, when dealing with real measurements and real structures, one
will most certainly encounter problems when trying to solve Eq. (2) [1].
The inverse problem is often ill-posed as the transfer matrix H most likely
is ill-conditioned. Hence, the system de�ned by Equation (2) may either be
numerically unsolvable or unstable with regard to small disturbances such
as measurement noise [2] or errors in the model H.

There are several ways to solve these problems, or at least the prob-
lem regarding measurement noise, and one way is to add regularization to
Eq. (2). One of the most commonly used regularization methods is Tik-
honov regularization, developed in the 1960s. Essentially, by postulating
additional information about the input F a more probable solution to the
inverse problem, where the e�ect of measurement noise has been reduced,
can be found.

Another approach is to look at the singular values, or more speci�cally
the condition number, of the transfer function H. A large condition num-
ber, which for a matrix is calculated as the largest singular value divided
by the smallest one, indicates that the estimated input will be very sens-
itive to small errors in the measurements. Also, if any singular values are
smaller than computer precision, the estimated inputs will be dominated
by numerical rounding errors. One way to overcome this is to truncate the
singular values which are too small. It can be seen as if we are exchanging
the original unstable problem with an almost equivalent stable problem
and solve this instead.

Nevertheless, all these methods still cannot deal with errors in the
model. To do that, we must look at systems from a probabilistic or stat-
istical perspective. This enables the possibility to compute the most likely
solution, given certain assumptions about the sizes and properties of meas-
urement noise and modelling errors. This is an area of research that is
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under much development, with a wide variety of applications. In the �eld
of structural mechanics, adaptive estimations based on a state-space for-
mulation of the problem has become one of the most popular approaches.
An adaptive estimator means a �lter that does not require a stationary
problem, but instead is able to use feedback loops to take new conditions
in their environment into account and adapt accordingly. The state-space
formulation is a way to mathematically describe a dynamic system. It is
based on the idea that a systems can be, in every time step, described by
its state. The state can be the position of the system, its velocity or any
other physical property of interest. We also assume that we can describe
the propagation of the states with a linear or nonlinear relation based en-
tirely on the state and the external input in the previous time step. One of
the most commonly used adaptive estimators is the Kalman �lter [3]. One
of the �rst to implement this idea in structural mechanics was Ma et al.
[4] who estimated impulsive loads in multiple degree of freedom systems
using a combined deterministic-stochastic method where the states are es-
timated with a Kalman �lter and the inputs are computed by a recursive
least squares algorithm. The advantage of the Kalman �lter is that it can
be used to estimate both the states and the external inputs of a system
at the same time. This was implemented in a two-stage Kalman �ltering
technique in [5] the following years. This method was later reformulated
and improved by Gillijns and De Moor [6, 7] and applied on a structural
mechanics problem by Lourens et al. [8]. The same author earlier success-
fully implemented the Kalman �lter with an augmented state-space system
including both states and unknown input in [9]. The work presented in this
thesis is based on this idea of an augmented state-space formulation. In this
thesis an algorithm, a �xed-lag smoother, for solving joint input and state
estimation problems in structural mechanics is derived and implemented.
We will start by exploring the possibilities of smoothing and then look at
the speci�c formulation of the �xed-lag smoother. Then we will discuss the
very di�cult, but also important, task of choosing the right tuning para-
meters to the �lter. Following this, we explore di�erent methods of how to
obtain and formulate an accurate state-space model description. The main
�ndings will be discussed and future work will be outlined.
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Method

As described in the introduction, there exists a wide range of di�erent state
and input estimation methods and the development of new methods goes
fast. In this section we will focus on the �xed-lag smoother developed and
implemented in this work. We will also touch upon the complicated, but
utterly important, task of tuning the �lter. Furthermore, di�erent meth-
odologies for how to obtain and formulate a system model are discussed.
For a more strictly mathematical derivation of the �xed-lag smoother, we
refer the reader to Paper A.

The �xed-lag smoother

We will start with some de�nitions. Let us consider a time signal x(t), and
that we want to discretize our problem using the �xed time step ∆t. The
discrete time at a certain moment t will be denoted with t = k∆t, where
our successive time instants is de�ned by the integer k. The speci�c value
of our time signal at time t = k∆t is then denoted xk, which we call our
system state at time k. We also need the estimate of xk denoted x̂k, de�ned
as the conditional expectation of xk given some known measurements Z as

x̂k = E [xk|Z] . (3)

The estimate and the true state may not be the same, and it is our task to
minimize the error between those.

The �xed-lag smoother is closely related to the regular Kalman �lter.
The Kalman �lter will estimate the state xk using all measurements taken
from time k = 0 up to the current time step as x̂k|k = E[xk|z0, z1, ..., zk].
However, if we can accept a time delay of L time steps in our estimates, then
that would allow us to use the extra available measurements from that time
interval to produce an estimation of xk as x̂k|k+L = E[xk|z0, z1, ..., zk+L].
Such an estimate is called a smoothed estimate, and an estimator producing
such estimate is called a smoother [10]. An illustration of the �xed-lag
smoother in comparison to the Kalman �lter is found in Fig. 1.

Since more measurements are used in estimating x̂k|k+L, one would
expect this estimate to be more accurate than x̂k|k. However, the price
for this enhanced accuracy is an increased computational complexity and
the inevitable time lag. It is therefore of great importance to examine the
trade-o�s between delay in processing data, improvement in performance
and computational complexity. In many practical situations, a small delay
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x0|L xk-L|k xk|k+L

Time k = 0 k k+LL

xL|L xk|k xk+L|k+LRegular Kalman
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^
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^
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Figure 1: Fixed-lag smoothing compared to Kalman �ltering. We calculate
an estimate at each time step k based on measurements L time steps ahead,
x̂k|k+L.

will not a�ect the performance and the limiting factor will be estimator
complexity.

To have a chance of understanding the �xed-lag smoothing algorithm
we need to de�ne some more terms. First of all we need the state-space
equations that de�ne our system. Here our state is written as xak where the
superscript 'a' refers to an augmented state which contains both the modal
displacements and velocities as well as the unknown input. The state-space
and measurement equation is written as

xak+1 = Aaxak +wa

k

zk = Caxak + vk

(4)

where he matrix Aa describes the dynamics of our system, and Ca tells
how the measurements and the states are connected. The noise processes
wa

k and vk are assumed to be zero mean and white with covariance as

E

[(
wa

k

vk

)(
wa

l
T vTl

)]
=

[
Qa 0
0 Rv

]
δk−l. (5)

Both the Kalman �lter and the �xed-lag smoother are designed to minimize
the error between real and estimated state. This error can of course not
be calculated straight away since the true state is not known. Instead, the
algorithms will minimize the error covariance de�ned as

Pk+1|k = E

[(
xak+1 − x̂ak+1|k

)(
xak+1 − x̂ak+1|k

)T]
. (6)

In addition, we have the Kalman gain Kk that de�nes a trade-o� between
how much new measurements are to be trusted compared to an initial guess
of the state estimate. With all this, we are ready for the �xed-lag smoother.
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The smoothed estimates will be valid for time k > L. The �rst step of a
�xed-lag estimator is to run the normal Kalman �lter, here formulated as
a one step a priori �lter

K
(0)
k = AaP

(0)
k|k−1C

aT

(
CaP

(0)
k|k−1C

aT +Rv

)−1

P
(0)
k+1|k = AaP

(0)
k|k−1

(
Aa −K

(0)
k Ca

)T
+Qa

x̂ak+1|k = Aax̂ak|k−1 +K
(0)
k

(
zk −Cax̂ak|k−1

)
.

(7)

This gives the initiation to the smoothing algorithm as the Kalman gain,

K
(0)
k , and the error covariance, P

(0)
k [10]. The following smoothing al-

gorithm is then repeated for i = [1 : L+ 1] as

K
(i)
k = P

(i−1)
k|k−1C

aT

(
CaP

(0)
k|k−1C

aT +Rv

)−1

P
(i)
k+1|k = P

(i−1)
k|k−1

(
Aa −K

(0)
k Ca

)T
x̂ak+1−i|k = x̂ak+1−i|k−1 +K

(i)
k

(
zk −Cax̂ak|k−1

)
,

(8)

which will in the last step give the smoothed estimated state vector x̂ak−L|k.

The tuning process

All adaptive �lters requires tuning, the sizes of the participating noise co-
variances has to be chosen to best represent the actual measurements and
model. Without tuning the �lter might, in the worst case, fail to run due
to numerical instabilities or the produced estimates might be very inaccur-
ate. For the �xed-lag smoother we need to assign values to the model error
Qa and the measurement noise covariance Rv. It is in fact three di�erent
covariance matrices since Qa consists of the two covariances Qx, which is
the model error of the states, and QF which describes the covariance of the
inputs. There are several ways of how to choose these covariances, and as
a general rule one can conclude that the more information you have about
your system and measurements, the easier this process becomes. Let us
assume that we have no information about how large the model errors are,
of how much noise the measurements are contaminated with and about the
sizes of inputs. If this is the case, the remaining option is some kind of
trial and error methodology. As we do not know how the result should
look, it will be very di�cult to know whether we have found the correct
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values of the covariances. In this work we have developed a methodology
to tune the �lter o�-line without the need of any prior information about
the covariances. With a start guess of the covariances, which does not
have to be even close to the correct values, initial estimates are computed.
Then we change the covariances, one-by-one in small steps, and compare
the estimates from the new set of covariances with the previous ones. The
root-mean-squared error between these estimates is plotted in a graph con-
taining all di�erent combinations of covariances. If the estimates changes
a lot when the covariances are changed just by a small increment, then we
recognize an unstable set of covariances. On the other hand, as soon as
the di�erence between estimates from two sets of covariances is very small,
then stable covariances have been found. As it turns out, there exists sev-
eral sets of stable covariances. To choose between them, one will have to
study the time signals and the frequency contents of the estimates. Often
the absolute values of the covariances are not as important as the relation
between them. Therefore, several sets of covariances can give rise to almost
identical estimates. When looking at the time signals from stable sets of
covariances, the �nal decision will be based on what trade-o� between noise
sensitivity and the ability to rapidly react to changes in the input that is
needed.

One major problem with plotting the di�erence between estimates in
a graph containing all combinations of three di�erent covariances is that
it would result in a four dimensional plot. From our experience, the most
convenient way is to start by look at the di�erences as numbers, without
plotting them. In all cases studied in this theses, one of the covariances
a�ected the di�erence between estimates signi�cantly less than the others
in a fairly large interval. A stable value of this parameter could therefore
easily be chosen, and the in�uence of the other two covariances could be
studied more thoroughly in a plot. Two examples of how the estimates vary
when the covariances are changed can be seen in Fig. 2. In both examples,
the covariances have been changed with half an order of magnitude in every
step. As can be seen in Fig. 2a, at a certain point the di�erence between
the estimates makes a signi�cant drop. There is a very sharp boundary
between unstable sets of parameters and stable sets. Now the question
becomes which one of these stable sets to select. Other tuning methods
has shown that the best set of parameters lies along the edge between
stable and unstable sets of parameters. Therefore we chose to look at the
time signals of the estimates from all sets of covariances on this boundary.
In Fig. 2b, this edge is not as well de�ned. Even though this shows a
more constant decrease of the di�erence, it still reaches a fairly uniform
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Figure 2: Di�erence between estimates made from di�erent sets of covari-
ances. The chosen parameters are marked with red dots. Figures from
Paper A.

minimal value from which we can choose our covariances. As mentioned
before, several sets of covariances might result in almost identical estimates
and how to know which of these to choose is far from trivial. The more
we know about the shape and size of the input motion or forces, the easier
we can choose between these estimates. By studying the time signals and
the frequency contents of the estimates, the number of interesting sets of
covariances can be minimised. As the remaining estimates will look very
much alike, both their states and inputs, it should not matter much which
one of these we choose.

Modelling

Another important aspect of the input and state estimation problem is how
to formulate the model to be used in the simulations. Two main options
exist: to use a numerical model, or a model based on parameters obtained
experimentally. Both methods have advantages and disadvantages, which
means that the best method depends on the system being studied.

A full numerical analysis with a FE-model is very versatile in that in-
formation is available for every position in the structure. FE-models are
built as part of the development process in many industries, which is a
rather time consuming process for a complex structure. Despite a sig-
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ni�cant amount of work being put into building a detailed FE-model, it
can still be di�cult to capture the true dynamic behaviour of a system.
Systems with nonlinearities such as rubber components, joints and loose
attachments place high demands on the simulation model if the dynamic
behaviour is to coincide with the physical structure, even within a limited
frequency interval. The side skirt analysed in Paper B is one such example.
Both the attachment of the side skirt to the rig structure and rubber bush-
ings within the side skirt structure result in very complicated numerical
dynamic simulations.

The complications involved in creating an accurate numerical analysis
model is why, in Paper B, we chose to use a model obtained experiment-
ally. Modal parameters such as the shape, frequency and damping of modes
in a limited frequency range can be obtained in several ways. Two com-
monly used methods are experimental modal analysis (EMA) and opera-
tional modal analysis (OMA). The EMA method is veri�ed and robust, but
can become rather time consuming for a larger system. The OMA method
uses measured data from operational conditions of the system to calculate
modal parameters. To successfully perform an OMA, the input should be
as close to white noise as possible. If the frequency content introduced into
the system is coloured, this will a�ect the excitation of the system modes.
At worst, both arti�cial modes can be identi�ed and genuine modes can be
missed. On the other hand, the modal parameters obtained from a success-
ful OMA will be very accurate. One disadvantage with the experimental
methods compared to the numerical model is the reduced spatial resolution
of the model. With both the EMA and OMA methods, the modal para-
meters are only computed at the positions where the response is measured.
All other positions have to be extrapolated from the measured ones, which
introduces additional uncertainty.

This uncertainty could be avoided if a third methodology is implemen-
ted; a combination of numerical and experimental models. By using ex-
perimentally obtained modal parameters, the numerical model can be cal-
ibrated to minimize the errors in dynamic simulations. This is more time
consuming than choosing either a numerical or experimental method, but
the advantage is an accurate system model in which the state can be es-
timated everywhere.

9



Ulrika Lagerblad

Concluding remarks and future work

A �xed-lag smoother has been formulated and implemented for joint in-
put and state estimation problems in structural mechanics. The e�ciency
of the �lter has been validated using both numerical and physical exper-
iments. The proposed algorithm performs very well compared to other
state of the art methods. Provided that no or little information is known
about the inputs as well as the measurement noise and modelling errors, a
tuning process has been suggested. This process can be utilized regardless
of �ltering algorithm and provides a robust methodology for the selection
of stable tuning parameters. The main advantages with the proposed �l-
tering algorithm is an improved noise reduction, phase correction and a
more accurate description of the individual contribution of both states and
multiple inputs.

In Paper A, numerical FE-models were used to describe the systems
and in Paper B the same information was obtained using a completely
experimental approach. The next step is to combine the numerical and ex-
perimental model to get an enhanced model, from which both displacement
modes and strain modes can be calculated at any position in the structure.
This will enable us performing strain and stress estimations needed for
fatigue calculations. The algorithm also has to be veri�ed using a larger
system with several sub-systems.

10
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Summary of appended papers

Paper A

In Paper A, a �xed-lag smoother for joint input and state estimation in
structural dynamics is derived. It is shown that the algorithm is capable
of estimation both input force and support motion from sparse measure-
ments of any combination of displacement, velocity and acceleration. The
algorithm is veri�ed by numerical simulations and the results are compared
to those of the regular augmented Kalman �lter. The concept is �rst shown
using simulations of a simply supported beam, followed by more involved
simulations of a truck fuel tank. Both support motion and external input
forces are estimated with very good result. By using the novel tuning meth-
odology, the �xed-lag smoother showed to reduce not only the noise level
but also corrected the phase shift and improved the individual contribution
of several inputs in the estimations.

Paper B

In Paper B, the �xed-lag smoother is applied on measurements from a truck
side skirt in order to estimate the states in positions without measurement
sensors. A linear dynamic system model derived from an operational modal
analysis is used together with sparse acceleration measurements. The es-
timates from the �xed-lag smoother are compared to those from another
state-of-the-art joint input-state estimator. The experimental results show
that both algorithms accurately predicts the response of the structure. If
the number of measurement sensors is large in comparison to the states
to be estimated, both algorithms performs almost identically well. How-
ever, when the number of measurement sensors are reduced, the �xed-lag
smoother excels.
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