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Abstract

Today’s bridge design work in many cases demands a trustworthy dynamic analysis
instead of using the traditional dynamic amplification factors. In this thesis a reliable
3D Bernoulli-Euler beam finite element model of the New Årsta Railway Bridge
was prepared for thorough dynamic analysis using in situ bridge monitoring for
correlation. The bridge is of the concrete box girder type with a heavily reinforced
and prestressed bridge deck. The monitoring system was designed for long term
monitoring with strain transducers embedded in the concrete and accelerometers
mounted inside the edge beams and at the lower edge of the track slab.

The global finite element model used the exact bridge geometry but was simplified
regarding prestressing cables and the two railway tracks. The prestressing cables and
the tracks were consequently not included and an equivalent pure concrete model
was identified.

A static macadam train load was eccentrically placed on one of the bridge’s two
tracks. By using Vlasov’s torsional theory and thereby including constrained warp-
ing a realistic modulus of elasticity for the concrete without prestressing cables
and stiffness contribution from the railway tracks was found. This was allowed by
comparing measured strain from strain transducers with the linear elastic finite el-
ement model’s axial stresses. Mainly three monitoring bridge sections were used,
each of which was modelled with plane strain finite elements subjected to sectional
forces/moments from a static macadam train load and a separately calculated tor-
sional curvature.

From the identified modulus of elasticity the global finite element model was updated
for Poisson’s ratio and material density (mass) to correspond with natural frequen-
cies from the performed signal analysis of accelerometer signals. The influence of
warping on the natural frequencies of the global finite element model was assumed
small and the bridge’s torsional behaviour was modelled to follow Saint-Venant’s
torsional theory.

A first preliminary estimation of modal damping ratios was included. The results
indicated that natural frequencies were in accordance between modelling and signal
analysis results, especially concerning high energy modes. Estimated damping ratios
for the first vibration modes far exceeded the lower limit value specified in bridge
design codes and railway bridge dynamic analysis recommendations.

Keywords: Bridge monitoring, FE modelling, signal analysis, torsion, warping,
modulus of elasticity, natural frequency, damping, finite differences.
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Sammanfattning

I designen av dagens broar ställs ofta krav på trovärdiga dynamiska analyser fram-
för användandet av traditionella dynamiska förstoringsfaktorer. I denna avhandling
prepareras en pålitlig 3D finit elementmodell av Nya Årstabron med Bernoulli-
Euler balkelement för grundlig dynamisk analys genom att använda mätningar på
bron som korrelationsmedel. Bron är av betong och typen lådbalkbro med extremt
armerat och efterspänt brodäck. Mätsystemet var designat för långtidsmätningar
med trådtöjningsgivare ingjutna i betongen och accelerometrar monterade i kant-
balkarna och på spårplattans underkant.

Den globala finita elementmodellen använde den exakta brogeometrin men var för-
enklad såtillvida att spännkablar och de två spåren inte inkluderades. Istället iden-
tifierades en ekvivalent modell beståendes av enbart betong.

En statisk last från ett makadamtåg placerades excentriskt på ett av brons spår.
Genom att använda Vlasovs vridningsteori och därigenom beakta förhindrad välv-
ning hittades en realistisk elasticitetsmodul för betongen utan spännkablar och
styvhetsbidrag från spåren. Detta var möjligt genom att jämföra uppmätta töjningar
från trådtöjningsgivarna med axialspänningar från den linjärelastiska finita element-
modellen. I huvudsak tre mätsektioner på bron användes och för vilka var och en
modellerades med plana töjningelement utsatta för tvärsektionskrafter och moment
från den statiska makadamtågslasten och den separat beräknade vridningskröknin-
gen.

Från den identifierade elasticitetsmodulen uppdaterades den globala finita element-
modellen beträffande tvärkontraktionstal och materialdensitet för att överensstämma
med egenfrekvenser från utförd signalanalys på accelerometersignalerna. Inverkan
av välvning på den globala modellens egenfrekvenser antogs liten och brons vrid-
ningsbeteende modellerades att följa Saint-Venants vridningsteori.

En första preliminär uppskattning av modala dämpningskvoter utfördes. Resultaten
visade på att egenfrekvenserna överensstämde väl mellan modell och signalanalysens
resultat, särskilt beträffande moderna med hög energi. Uppskattade dämpnings-
kvoter för de första fria vibrationsmoderna överskred klart det lägre gränsvärdet
specificerat i bronormer och rekommendationer för dynamisk analys av tågbroar.

Nyckelord: Mätning, finit elementmodellering, signalanalys, vridning, välvning,
elasticitetsmodul, egenfrekvenser, dämpning, finita differenser.
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Chapter 1

Introduction

1.1 Background

Today increasingly complex and unique bridges are being constructed. This is partly
due to the present design trend and the aesthetically demand from society on con-
structional work in recent years. The architect, in turn, is given a freer hand in his
or her work. The result is often sophisticated and complicated production methods
since the material consumption are also optimised as a result of restrictive bud-
gets. For bridges, and especially concrete bridges, this results in extremely slender
structures with difficult and challenging reinforcement and casting work.

As a result, the trend in today’s bridge engineering research includes monitoring
of the actual behaviour of newly constructed bridges, but also in the process of
updating older bridges for the actual dynamic load effects. Conference contribu-
tions and journal papers in this field of research clearly indicate this huge amount
of monitoring activity, see for example (Zhao and DeWolf, 2002; Xu et al., 1997;
Brownjohn et al., 2003; Xia and Zhang, 2005; Zhai et al., 2004; Lin and Yang,
2005; Xia et al., 2005; Kim et al., 2005; Kumar and Rao, 2003; Frýba and Pirner,
2001). In addition, suitable monitoring equipment such as strain transducers, fibre
optic sensors and accelerometers has the possibility of following movements both
during construction stages and for the bridge in operation. Therefore, the monitor-
ing process is becoming more effective. Besides, not only due to the development of
monitoring equipment technology but also in the computer capacity in the last few
years the monitoring activity on bridges is drastically increased. Above all, moni-
toring is however performed as an essential part in trying to fully understand the
actual behaviour of complicated bridge structures.

In contrast, today’s railway infrastructure is moving towards railway lines designed
for high-speed trains. This is to make the railway traffic competitive in the growing
demand for fast and safe means of transport. The development of high-speed lines
involves the design of both new railway sections and updating of existing ones.
At the same time allowable axle loads for particularly industry railway traffic are
enlarged to make transports even more effective (James, 2001).
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CHAPTER 1. INTRODUCTION

Consequently, due to the fact of the extremely slender bridge constructional work,
high vehicle axle loads, i.e. a high ratio between vehicle and bridge mass, and a
considerable expansion of high-speed lines, many railway bridges are more easily
subjected to high dynamic excitations. The dynamic load effects in mind involve
displacements and accelerations, i.e. increased deformations and deformation shapes
changing quickly with time.

In the process of understanding and controlling railway bridges the Swedish National
Railway Administration (Banverket) have initiated and are now in the beginning
of an ongoing railway bridge monitoring program. The monitoring program has
the intention of forming a scientific knowledge base to be able to use for further
research in the future. The New Årsta Railway Bridge in Stockholm, Sweden, is
among other railway bridges considered interesting to monitor due to its extreme
slenderness. Besides the impressive but unusual prestressed box girder design with
curved surfaces in all directions the bridge has two unballasted tracks mounted
directly to the track slab which is unusual or even unique in Sweden.

1.1.1 Problem statement

When it comes to analysing railway bridges, both in a research purpose and for
daily design work as an engineer, a finite element (FE) model of the bridge is an
effective tool to represent the bridge and use it for dynamic analysis. Traditionally
the dynamic load effect of railway traffic on bridges is taken into account by using a
so-called dynamic amplification factor, here abbreviated DAF. This way of seeing it
is however considered conservative as it only takes the determinant span length into
account, e.g. according to the Swedish National Railway Administration’s principle
D = 1.0 + 4

8+LΦ
(Banverket, 2004), where D is the dynamic amplification factor.

Calculations including vehicle speed, vehicle configuration, bridge characteristics
such as natural frequencies and damping, and vehicle bridge interaction (VBI) ef-
fects including track irregularities thus however give a more correct dynamic bridge
response.

Today’s railway bridge design codes from the European Committee for Standardiza-
tion (CEN), the International Union of Railways (UIC) and the Swedish National
Railway Administration (Banverket), in many cases specify that a thorough dy-
namic calculation shall be performed (Banverket, 2004; CEN, 2002; UIC, 2003). The
Swedish bridge design code (Banverket, 2004) specifies this for all railway bridges
with a maximum line speed at site over 200 km/h. Experience and research per-
formed by the author and his colleagues at KTH indicates that the dimensioning
dynamic load case can result from lower speeds. This is especially true when actual
structural properties are unknown and lower limit values from design codes are used
for dynamic stiffness, mass and damping.

This type of dynamic analysis makes the design engineers confused since they do
not have the knowledge necessary. What makes it complicated is that a complete
speed range has to be inspected to find the actual dynamic load effects. In addition,
simulating crossing vehicles on railway bridges includes the VBI which not only on

2



1.2. AIM AND SCOPE

its own is complicated but is not even available to do in every commercial computer
software (Karoumi, 1998). Furthermore, the design codes do not provide great
guidance in how to exactly perform this type of analysis. Preferable is therefore
a relatively simple FE model, even for very complicated railway bridge structures,
with good applicability in the dynamic analysis of the moving load problem without
being very time consuming to construct. The problem though is to use FE models
that reflect the real behaviour of the bridge. Consequently, monitoring is preferably
used to validate and update the FE models.

In conclusion, by performing monitoring on railway bridges the possibility of using
relatively simple FE models for reliable dynamic analysis should be able to verify.
Monitoring thereby results in finding appropriate bridge properties. This includes
the modulus of elasticity, Poisson’s ratio, the material density and the damping
ratios. Thus, only when these parameters are correctly used and made assumptions
can be verified as acceptable it is possible to talk about meaningful dynamic analysis.
With an extensive amount of experience, and an increased database of analysed
bridges, more realistic FE model parameters are able to use in future similar bridge
design works. This is preferable instead of the upper and lower limits specified in
the design codes.

1.2 Aim and Scope

The fundamental aims of this thesis are, with the New Årsta Railway Bridge as
reference:

• Prepare a reliable bridge FE model to be used in thorough dynamic analysis
of moving trains.

• Measure the dynamic bridge properties (natural frequencies and damping).

• Evaluate the real bridge material parameters (modulus of elasticity, density
and Poisson’s ratio) and compare those with values given in design codes.

• Provide useful guidance in preparing simplified but reliable bridge FE models.

• Show the usefulness and possibilities with simple and cost-effective bridge mon-
itoring.

• Form a knowledge base concerning optimised prestressed railway bridges to
constitute a base for further research within this field or for use in future
similar bridge projects.

The study investigates the appropriateness of using a relatively simple FE model
to reflect the static and dynamic behaviour of the actual bridge. A simple model
refers to the use of exactly the correct bridge cross sections but where the reinforce-
ments and the prestressing cables are ignored. In exchange an ’increased’ modulus

3



CHAPTER 1. INTRODUCTION

of elasticity is used. This could be seen as the ’actual’ modulus of elasticity as
the concrete is heavily compressed due to prestressing and therefore regarded as
uncracked. Reasonably, the concrete therefore on its own has a higher modulus of
elasticity.

Two types of ’methods’ are included in the thesis and used to verify the developed
FE model. Firstly, monitored strain results are compared with those achieved from
the FE model when a macadam train is statically loading the bridge. Torsional and
warping displacements are then included in FE cross section analyses assuming plane
strain. Consequently, both the Saint-Venant and Vlasov portion are included in the
total torsional moment due to the eccentricity of the train load. This procedure
identifies an equivalent modulus of elasticity to use for the simplified global bridge
FE model consisting of beam elements. Secondly, the traditional way of comparing
actual natural frequencies, i.e. measured frequencies from signal analysis, with nu-
merical results is used. The latter involves an updating of the remaining material
parameters of the FE model to achieve good correlation for natural frequencies.

The thesis does not describe the monitoring equipment in detail. It describes where
the strain transducers, accelerometers and data acquisition system are mounted/placed
and how the data analysis is performed.

1.3 Thesis Layout

Chapter 2 includes a brief overview of bridge monitoring. Different types of mon-
itoring systems are presented. Examples are the Weigh-In-Motion (WIM) and the
Structural Health Monitoring (SHM) systems. The possibility of using monitoring
for various purposes is presented. Above all the utility of using bridge monitoring
as an instrument for reliable dynamic FE modelling is highlighted.

Chapter 3 is dedicated to the New Årsta Railway Bridge. Here are the bridge and
its history presented. This chapter presents the instrumentation and describes the
data acquisition system.

In chapter 4 the theory of structural dynamics is presented. Analytical natural
beam frequencies are included and the concept of the dynamic amplification factor
is presented. The last part of this chapter deals with experimental dynamics for
which design code values and recommendations are briefly specified.

Chapter 5 is completely dedicated to the theory of signal analysis and its fundamen-
tals.

In chapter 6 the bridge FE model is described and made assumptions are specified.
At the end the FE model verification methods are presented.

Chapter 7 has the results. First torsional curvatures and cross sectional stresses from
the static macadam load testing are given. Finally, global natural frequencies and
the fundamental track slab frequency are presented with the first rough estimation
of structural damping ratios. The natural frequencies achieved in the bridge design
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phase are included for comparability.

The final chapter, chapter 8 evaluates the research method and the achieved results.
It also includes proposed further research.

Numerous appendices are included at the end of the thesis. These are mainly code
for the FE software SOLVIAR© and code in the programming language MATLABR©.
The first 20 natural frequencies of the bridge are also illustrated.

1.4 Notation

Throughout the thesis the term bridge is sometimes used with an implicit meaning of
a railway bridge. In its context it may however be suitable also for a road bridge. The
same goes for vehicle, where the implicit meaning is all type of railway traffic loads,
i.e all types of train configurations. In addition, the term monitoring is often used
throughout the thesis and has the function of a generic term for all types of bridge
monitoring. Sensor is used to include all types of monitoring instruments included
in the sensory system for a specific monitoring project. Finally, the bibliography
notation example 27(12):1813-1819 denotes volume 27, number 12 and pages 1813-
1819, respectively.
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Chapter 2

Bridge Monitoring

2.1 General

There has been a recent emergence of monitoring in civil engineering. This is pri-
marily a result of complicated constructional work with innovative design which has
required long-term monitoring to follow the behaviour of structures. Monitoring is
therefore nowadays used as an instrument to secure the confidence of infrastructure
owners. This is often referred to as SHM which for bridges could indicate an urgent
need of strengthening or even replacement of the bridge if it comes to the worst.
Monitoring has also been shown to accurately assess the bridge behaviour from load-
ing and is therefore used in the identification of structural properties. Thus, due to
the development within monitoring equipment and monitoring techniques, the use
of bridge monitoring has increased. This has made the usage of bridge monitoring
more appropriate than bridge health monitoring.

Traditional strain gauges have the possibility of monitoring both static and dynamic
load effects on bridges. For frequency analysis purposes they are however often
complemented with accelerometers. In addition, also the most modern fibre optic
sensors have been and are being developed to perform monitoring of dynamic load
effects besides only static measurements possibilities as previously has been the case.

2.1.1 The Monitoring Concept

In this section part of the content refer to a guideline for structural health monitoring
(ISIS Canada, 2001).

Monitoring of bridges is a relatively new technique within civil engineering. It is
then often referred to as structural health monitoring (SHM). Monitoring is however
not always related to the health of structures and should therefore be defined by
its objectives and by the physical system and sensors required to achieve these
objectives. However, in all types of bridge monitoring the in situ bridge behaviour
is in some way monitored under various service loads.
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Constructional work monitoring within civil engineering can be characterised hav-
ing the basic concept of composing comprehensive integration of various sensing
instruments and the ancillary system. A complete monitoring system consists of

• a sensory system composed of sensors,

• a data acquisition system,

• a data processing system,

• a communication system, and

• a evaluation and verification system.

A verification system can constitute a suitable developed FE model to assure the
reasonability of achieved monitoring results and to be used for further specific re-
search.

Monitoring instruments have been available and used mostly in laboratory environ-
ments for several years now. In addition, there exists several bridge design codes and
guidelines that have strictly been used and followed in the past. Nowadays bridge
monitoring is carried out and its objectives are consistent with the objectives of the
earlier normative praxis. Consequently, bridge monitoring is only a natural step
in the augmentation of current practice by integrating new technology into bridge
monitoring systems.

In achieving a comprehensive picture of a complete monitoring system it is necessary
to understand that it exists different kinds of structural monitoring, i.e. different
types of systems depending on the bridge characteristics to be measured. However,
jointly for all monitoring systems are that they can be divided into two monitoring
subsystems: static and dynamic monitoring. Figure 2.1 illustrates the subdivision
of a typical monitoring system.

Each subsystem may involve different types of tests such as bridge behaviour tests
including for example stress history monitoring. Monitoring can have the intention
of demonstrating a momentary bridge behaviour characteristic such as in the perfor-
mance of temporary monitoring. Indeed, global and local changes in a structure can
be identified using long term monitoring. Dynamic monitoring makes it possible to
identify the real dynamic load effects and the typical structural parameters: natural
frequencies, mode shapes and damping ratios. These are unique for each specific
bridge.

Specific for every type of a bridge monitoring system is that it as the main task
records data concerning a certain type of bridge behaviour or bridge parameter.
However, the process of constructing a suitable monitoring system for data as-
sembling involves knowledge within many engineering areas: structural mechanics,
structural dynamics, materials, sensors, data acquisition, signal analysis and process-
ing, computers and data communication, etc. Consequently, a complete monitoring
system is preferably divided into and includes the following parts:
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Monitoring system

Static

measurements

Dynamic 

measurements

Temporary/
Periodic 

monitoring

Long term/
Continuous 
monitoring

Temporary/
Periodic 

monitoring

Long term/
Continuous 
monitoring

Figure 2.1: Flowchart illustration of the subdivision of a typical monitoring system.
The shaded surrounding box symbolises the complete monitoring system.
Modified from (ISIS Canada, 2001).

• Data acquisition

• Data communication

• Signal analysis and data processing

• Informative storage of processed data

• Intelligent selection of valuable/informative results

• Data evaluation

• Presentation of results and documentation

An illustrative flowchart of a preferably monitoring system is presented in Fig-
ure 2.2. These monitoring subsets are most suitable for dynamic monitoring where
the amount of collected data is voluminous.

Necessary in data acquisition is thorough planning of the instrumentation and se-
lection of suitable sensors, i.e. equipment that can monitor the absolute values of,
or changes in, the physical quantities of interest in the specific project. For bridge
monitoring these parameters mainly include:

• strains/stresses,

• deformations/displacements,

• accelerations,

• structure temperatures,

• air temperatures,

• time, and
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Data acquisition
including sensor 

installation and data 
collection

Data

involving transmission
of data for processing

Data processing
including signal
analysis filtering

Data storage
containing enough 

information for 
retrievability

Data evaluation
involving interpreting
of monitoring results

as structural responses

Data selection
including intelligent 

assortments depending 
on the considered 

significance of the data

communication

Figure 2.2: Flowchart of an effective monitoring course of action in a complete mon-
itoring system. Redrawn and modified from (ISIS Canada, 2001).
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• specific parameters of interest from monitoring case to case, such as axle loads.

Monitoring sensors include electrical resistance strain gauges, vibrating wire strain
gauges, deflection transducers, accelerometers, fibre optic sensors, etc. Specific in-
formation concerning many of these sensors can be found in for example (Hoffmann,
1989; EMPA et al., 2004).

Data acquisition is complicated and often leads to tedious data processing due to the
enormous amount of sampled data. It is therefore of great importance to keep the
data volume within reasonable limits without risking loosing valuable information.
Consequently, a suitable sampling frequency has to be intelligently chosen. A low
rate will jeopardise the possibility of achieving the desired information. Too high
a rate will indeed eat unnecessary much of the memory and the hard disk drive on
the computer and thereby make the long term monitoring impossible.

Another issue in the data acquisition process is the transfer of data from sensors to
the data acquisition system. This transfer normally goes through lead wires. The
disadvantage is that the length of the lead wires often introduces different levels
of noise in the data signals. Therefore, their length should preferably be within
limits compatible with the data acquisition system in question. Interested readers
can find further advice concerning data acquisition in Appendix B of (ISIS Canada,
2001). Wireless communication between sensors and data acquisition system could
be preferable when a large number of sensors are used. Disturbances between the
monitoring system and the signal system of the railway must then be avoided.

Data communication involves the transport of monitoring data from the data ac-
quisition system to the office where the processing and analysis are performed. For
example the data acquisition system can be connected to the Internet making it
possible to connect to the system from computers in the office and download data.
The best is however if monitoring data can be pre-analysed at site by implementing
analysis algorithms into the monitoring system.

Thermal effects exist in all types of structures. If the sensors used do not compensate
for this effect a reference gauge could be used to isolate thermal effects in the results.
For ease of operation it is always preferably to be consistent so that all results either
include the thermal effects or does not.

Data storage means storage of processed data so that it will be available for evalu-
ation in the very moment or sometimes in the future. It is important to make the
monitoring data obtainable whenever wanted for new analysis or reinterpretation.
Therefore, it is invaluably important to make sure that data files include comments
and descriptions to make the meaning of everything clear even after many years
when the files are reopened. It may also be clever to store raw data files, especially
from projects where the data are not that voluminous and the hard disk drive spaces
on computers or equivalents are not limited.

Data selection and data evaluation closely belongs to each other. The interpretation
of the monitoring data is the most important part in the monitoring projects since
this is where the actual results of structural response are presented. It is however
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Table 2.1: Historical development within the field of structural monitoring activity,
including the numerical structural dynamic techniques (Wenzel, 2003).

Period Developmental phase
19th century Development of relevant structural dynamics
1920-1945 Execution of simple tests at clearly defined structures
1965-1975 Development of the linear FE method
1970-1980 Development of the forced vibration method
1975-1990 Integration of the linear FE method
1990-2000 Integration of the non-linear FE analysis
1992-1995 Introduction of the ambient vibration method
1993-1996 Introduction of computer measuring technology for data
Since 1994 Application of the ambient vibration method
Since 1995 Further developments of monitoring methods resulting

in ’smart’ monitoring
Since 1996 Commercial utilisation of monitoring equipment

important to choose data that is suitable for analysis and presentation. Thus, if
the purpose of the analysis is known, and the evaluator has experience, the data
selection is probably performed before the evaluation. However, the data evaluation
could indeed be performed before the selection of valuable results. Therefore, the
flow in Figure 2.2 between the data selection and data evaluation is reversible.

2.2 Monitoring History

The history of dynamic monitoring is briefly listed in Table 2.1. The structural
dynamic theory and numerical analysis facilities are included since they are closely
related to the monitoring process as in the updating of FE models. To make the
monitoring activity history further illustrative it is graphically illustrated in Fig-
ure 2.3.

Thus, the monitoring activity has drastically exploded in the last decade due to ad-
vanced technology development within the fields of personal computers and ’smart’
monitoring techniques. The term smart is then used to emphasise the meaning of in-
telligent monitoring involving durable, reliable and economical monitoring systems.
However, bridge testing is not a new phenomenon, exemplified in Figure 2.4.

Another example is Switzerland where dynamic testing of bridges has been per-
formed since the 1920s (ISIS Canada, 2001). The fact is that all highway bridges
with spans greater than 20 m have been and are being tested dynamically. These
monitoring tests use vehicles with prescribed axle distances crossing the bridges at
different speeds. In addition, ’bumps’ are introduced at different locations on the
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Figure 2.3: Graphical illustration of the history of dynamic monitoring activity. Re-
drawn from (Wenzel, 2003).

Figure 2.4: Illustration of the testing of a steel truss in England to be used for a
railway bridge in India in the 19th century. From (ISIS Canada, 2001).
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Figure 2.5: The Whipple Truss Bridge from 1867, still in service for buses and trucks,
and with purely original members. From (DeLony, 1996).

deck of the bridges to further increase the dynamic load effects.

In the following examples are presented that can be found in (DeLony, 1996).

Furthermore, the prototype of the plate girder bridge, the Britannia Bridge (1850)
across the Menai Straits, Wales (UK), designed by Robert Stephenson and William
Fairbairn, was also subjected to testing. As a fact, Navier’s theory of elasticity,
published in 1826, did not convince Stephenson since, after all, very little was known
about structural theory. Therefore, he relied mainly on empirical methods of testing,
modified and retested a series of bridge model details.

Major bridge failures in the 19th century led to tremendous disasters in the USA,
Great Britain and France. All disasters were based upon similar reasons: total
ignorance of metallurgy resulting in uneven production methods and faulty cast-
ings. Furthermore, adequate inspections and maintenance were seldom correctly
performed. Consequently, major bridge failures with human fatal outcomes resulted
in development of standards, specifications and regulations including bridge testing
to protect the travelling public.

It however took another quarter century to develop better bridge design according
to advanced theories of stress analysis, better material knowledge and simply due
to the respect of the forces of nature. Therefore, not until the middle of the 20th
century, after the tragical Tacoma Bridge collapse in 1940 in the USA, the dynamics
of structures were fully understood and controlled.

The American Squire Whipple and other European engineers such as Collignon did
a tremendous and pioneering work in the last quarter of the 19th century when
the railroads influenced the scientific design of bridges. This resulted n applica-
tion of both analytical and graphical solutions of bridge design calculations and
probably the first time ever full size member testing of bridges. Figure 2.5 shows
the Whipple Truss Bridge (1867), Normanskill Farm, Albany, New York (USA),
which even today remains in service. Though, restricting only buses and trucks the
bridge demonstrates the efficiency of Whipple’s design since all members are still
the original.

Finally, Marc Séguin, who together with Guillaume-Henri Dufour designed the
world’s first permanent wire cable suspension bridge, is mentioned. Séguin pro-
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2.3. DYNAMIC BRIDGE MONITORING

posed a major structure over the Rhône at Tournon and the bridge was opened to
the public in 1823. By scientific testing he had then proved an incredible strength of
the wire cable and all of which he also described in Des ponts en fil de fer, published
in 1824.

2.3 Dynamic Bridge Monitoring

Dynamic monitoring is performed during different types of dynamic bridge tests.
These tests can always be described as monitoring of dynamic load effects. Some
of the most typical is monitoring of stress and acceleration histories, due to forced
or ambient vibrations. Stress histories are mostly used in determining fatigue life.
Ambient vibration monitoring is conducted to determine structure vibrations excited
naturally by wind, traffic, influencing activities, etc. and is described in detail in
(Wenzel and Pichler, 2005).

The focus here is on monitoring dynamic load effects and their influencing param-
eters. Consequently, dynamic bridge monitoring is not only used for evaluating
the true dynamic bridge behaviour (strain, stress, accelerations, velocities, displace-
ments, etc.), but also to determine the vibration characteristics (natural frequencies,
mode shapes and damping ratios).

Every structure vibrates, not only due to superimposed dynamic loads but quasi-
static excitations are also always present in nature. These vibrations are however
very small in most cases and can be emphasised as white noise in the structural static
average response. The meaning of this is that all frequencies in the response spec-
trum are represented with approximately equal energy content. However, even the
smallest vibrations are possible to detect and measure with today’s modern highly
sensitive accelerometers. Furthermore, the structural dynamic response depends on
the type of dynamic excitation and the properties of the structure. This is schemat-
ically illustrated in Figure 2.6. Notice that the structural properties, i.e. stiffness,
mass and damping, are crucial concerning the dynamic response of a structure.

Figure 2.7 illustrates how dynamic monitoring could be integrated into a complete
FE bridge design and evaluation process. Dynamic monitoring allows for signal
analysis used to calculate natural frequencies, mode shapes and damping ratios.
The frequencies are used for comparison with the FE model frequency analysis
results. The damping ratios are indeed used as input to the FE model according
to the theory of Rayleigh damping. As illustrated there are two ways of performing
dynamic FE simulations; direct time integration and mode superposition. Mode
superposition is convenient to use since it usually gives accurate results only with
the first few modes included. It is however shaded here only since the direct time
integration method is necessary when modelling complicated vibration situations,
e.g. the moving load problem including vehicle/bridge interaction.
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Dynamic influences Structural properties

Dynamic stiffness,
mass and damping

Natural frequencies 
(resonance)

Structure dynamic
characteristics

Modes
(mode shapes)

Cyclic loading
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moving loads 
(eccentricity)

Vehicle/bridge 
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Earthquakes

Wind and wave 
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(ambient vibration)

Structural dynamic response

NoiseVibrationsStress

Figure 2.6: A schematic illustration of the dynamic influences and structural prop-
erties that determine the structural vibration response. Redrawn and
modified from (Wenzel et al., 2003).
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Figure 2.7: Illustration of the interaction between the actual bridge structure to the
left and the bridge FE model to the right. The dynamic monitoring plays
an important role and is integrated into the structural model.
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2.4 Monitoring Benefits

The most obvious and important benefits with bridge monitoring could be cate-
gorised without order of precedence as follows:

• To assess and understand actual bridge behaviour.

• To control and update numerical calculation methods and models.

• To verify calculation parameters used.

• To measure loads, dynamic load effects and load distributions.

• To upgrade existing bridges for higher axle loads and/or speed

This of course provides a properly installed and functioning monitoring system (sen-
sors and data acquisition system).

2.5 Monitoring Possibilities

This section is used to further describe and exemplify the possibilities with bridge
monitoring.

For example the Canadian Network of Centres of Excellence on Intelligent Sens-
ing for Innovative Structures (ISIS Canada) report on a demonstration project. A
camera has been installed and synchronised with a computer that records strain
measurements, permanently stores photos, and records vehicles that exceed current
weight limits (ISIS Canada, 2001). In addition, a web page facilitates interactive
access to monitoring results and downloading of information from a database. For
intelligent processing of downloaded data a suitable software program is used.

ISIS Canada Network of Centres of Excellence among others has also developed
advanced technologies to facilitate remote monitoring. As a result a wireless trans-
mission has been developed as well as an economical, portable microchip data acqui-
sition system. This intelligent data acquisition system accommodates transmission
by radio frequency, the Internet or satellite.

Research at the Division of Structural Design and Bridges at the Royal Institute of
Technology (KTH) in Stockholm, Sweden, involves a cost-effective method for the
assessment of actual traffic loads on bridges (Karoumi et al., 2005). The method
uses very few sensors to compose a complete ’Bridge Weigh-in-Motion’ (B-WIM)
system. It includes axle detection and accurate axle load evaluations to increase
the knowledge of actual traffic loads and their effects on bridges. Consequently, the
B-WIM monitoring together with developed algorithms converts the instrumented
bridges to scales for weighing of crossing vehicles.
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Above all, bridge monitoring has the possibility of being used for bridge FE model
verification and updating since it reflects the actual bridge behaviour and the FE
models are based on many assumptions.
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Chapter 3

The New Årsta Railway Bridge

3.1 General

The New Årsta Railway Bridge in Stockholm, opened for traffic on 28 August 2005,
is an optimised, slender and very complex eleven spans prestressed concrete bridge
consisting of two unballasted tracks. The bridge has a unique design since it is
shaped as curved surfaces in both the longitudinal and lateral directions. Therefore,
the Swedish National Railway Administration (Banverket) initiated a monitoring
program to study the static and dynamic behaviour of the bridge. As a whole the
monitoring project includes static measurements conducted during the construction
phase, static and dynamic mmeasurements during a ’test period’ and for the bridge
in operation. A total of five bridge sections have been instrumented which mainly
includes the span second closest to the southern abutment and over the navigable
channel.

Totally, the monitoring system consists of as much as 40 fibre optic sensors, 21
strain transducers, 9 thermocouples and 6 accelerometers. These monitoring instru-
ments are measuring the bridge behaviour through central data acquisition systems
mounted inside the bridge. The monitoring procedure has been simplified since the
central data acquisition systems are connected to the outside world through Internet
cable and therefore can be controlled and programmed from the office.

3.2 Background

The New Årsta Railway Bridge is built as a compliment to the old Årsta Bridge
with an upgrading from two tracks to four between Stockholm South and the new
Årstaberg further south of Stockholm. Thereby the track capacity is increased as a
further step in a positive development of rail traffic in the region.

In 1994 the Swedish National Railway Administration (Banverket) and the City of
Stockholm announced for an international competition to come up with the design
of the new railway bridge to be located west of the existing bridge crossing the so-

21



CHAPTER 3. THE NEW ÅRSTA RAILWAY BRIDGE

called Årstaviken. Fifteen Swedish and nine foreign architectural and engineering
firms were invited for a pre-qualification of performing the design and constructional
work. Finally five of them were accepted and assigned to refine their proposals to
come up with a bridge complying with the prerequisites: an option of a supple-
menting pedestrian road and cycle way; consideration of the interaction with the
already existing bridge and the surroundings. An assessment group consisting of
representatives from the City of Stockholm, the Swedish National Railway Admin-
istration (Banverket) and technical specialists within different areas decided that
a bridge proposed by the architectural firm Foster and Partners in collaboration
with the design firm Ove Aarup A/S., after some modifications, had found the win-
ning concept. They had proposed a prestressed bridge of ’Falun red’ concrete, with
a double-curved underside and supported on piers with an elliptical cross-section.
The assessment group declared the winning proposal as follows (Banverket, 2003):

A bridge that, despite its considerable width, is experienced as being
a slender and elegant structure. With its simplicity and rhythmically
formed contours it interacts attractively and effectively with the existing
bridge. The bridge has an advanced concrete structure and a relatively
high construction cost, but offers advantages from the point of view of
maintenance and noise prevention.

However, due to the advanced design of the bridge—it could possibly be claimed to
represent what is practicable to achieve as a bridge structure within the framework
of today’s advanced calculation techniques and modern materials—a reference group
was set up to investigate the possibilities of actually build the bridge and restrictions
to have in mind during the design work. They worked with experts from the leading
technical universities and institutes and their conclusion was that the design had
to be reworked. So, the first design conducted by Foster/Aarup was reworked, not
only once but twice. As a result, the final design was produced by the Danish firm
COWI A/S.

Then the Swedish National Rail Administration (Banverket), as a natural step in the
process, conducted another international pre-qualification for contract procurement.
Companies where assessed on the basis of resources, competence and quality systems.
Nine companies were then shown compatible to implement the bridge structure.
Consequently, these companies were invited to tender for the building contract under
competitive conditions. This led to six of them submitting tenders and those were
assessed on the basis of commercial and technical criteria. Finally, after evaluating
all six tenders Banverket decided that SKANSKA had the best tender and therefore
got the privilege of being chosen as the contractor.

3.3 Bridge Description

The total length of the New Årsta Railway Bridge is approximately 833 m. On
construction drawings however all dimensions are calculated for the centre line (CL)
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Figure 3.1: Elevation and site plan of the New Årsta Railway Bridge. The longi-
tudinal direction of the bridge lies predominantly in a south to north
direction with Årsta in the south and Tanto in the north. Notice the
curved bridge shape going from close to pier 4 (P4) all the way to the
northern abutment. Notice also the old bridge indicated to the east of
the new bridge. From (COWI, 2000).

of the western track (U1) in Figure 3.1. Then the spans, distributed from the south
abutment (SA) to the north abutment (NA) have lengths according to 65 m, 9×78 m
and 48.15 m. Including edge beams the bridge is 19.5 m wide and its cross section
height has a variation from 5.325 m over the piers to 3.425 m at midspan. In between
the height variation in metres is defined as

Z(X) =

⎧⎪⎨
⎪⎩

5.3 + 0.000324369X3 − 0.00983779X2, 0 ≤ X ≤ 13

5.3 − 0.0000270358X3 + 0.0038653X2

− 0.178131X + 0.771869, 13 ≤ X ≤ 39

(3.1)

As illustrated in Figure 3.2 there is a 2 m thick transversal wall over each elliptical
pier to distribute the loads to the supports and to function as stiffeners. The bridge
has an extremely soft and characteristic form in both the longitudinal and transversal
directions which is indeed emphasised from an artist’s impression in Figure 3.3.
Consequently, the design is very slender with a superstructure that is thickest above
each pier and gets thinner and thinner towards each midspan where it is as narrow as
possible according to design calculations. Therefore, the dead weight of the bridge
is optimised using unballasted tracks where the system of track fastenings consists
of steel plates and vibration-cushioning railpads with fastening devices embedded
in the track slab concrete. The directly fastened track is illustrated in Figure 3.3.
The small walks along each side of the bridge are a pedestrian and cycle path on
the west side cantilever and a service road on the eastern side.

The construction work was performed according to the Swedish general codes and
specifications (Banverket, 1994; Vägverket, 1994; Vägverket, 1997a; Vägverket,
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Figure 3.2: Cross sections for the New Årsta Railway Bridge. The bridge has longi-
tudinal walls under the centre line of each track and a transversal wall
over each pier. Notice that the dimensions given here are without edge
beams.

Figure 3.3: An artist’s impression of the New Årsta Railway Bridge and the track
fastening device. Notice the old Årsta Bridge in the background. From
(Banverket, 2003).
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Figure 3.4: Illustration of how a typically installed monitoring cross section could be
instrumented. From (Dahlquist and Franzén, 2003).

1997b). The concrete grade class is therefore related to the cubic strength. The
complete superstructure then uses K60, except for abutments and retaining walls
where K40 is used.

The slender design of the bridge has required a high amount of reinforcement to
satisfy the needs for bearing capacity. Therefore, much non-tensioned reinforcement
and tendons are used. The superstructure is so heavily reinforced that it contains an
average of as much as 220 kg/m3 non-tensioned reinforcement. This is approximately
twice as much as usually used for RC bridges. Besides the bridge have about 50
tendons spread over the cross section and extended along the complete bridge length.
These are used for post-tensioning and fixed inside durable plastic pipes to separate
them from the superstructure and make replacement of damaged tendons possible.

3.4 Instrumentation and Data Acquisition

Strain transducers, accelerometers, a linear variable differential transformer (LVDT)
and fibre optic sensors are placed on the bridge. These are mainly embedded in the
concrete and connected to the central data acquisition units placed inside the bridge.
The principle of the monitoring system is illustrated in Figure 3.4.

Since this thesis concentrate on the identification of dynamic bridge properties it
only concerns the equipment possible to use in dynamic monitoring, i.e. accelerom-
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Table 3.1: Typical specifications for the strain transducers manufactured by KTH
and including strain gauges 1-XY11-6/120 from HBM connected as a full
bridge.

Parameter Value Unit
Nominal resistance 120 Ω

Measuring length 300 mm
Sensitivity 260 μs/kN

Gage factor (gage sensitivity) approx. 2 -

eters and strain transducers. The fibre optic sensors are part of another ongoing
monitoring project and interested readers are referred to (Enckell-El Jemli, 2003;
Enckell-El Jemli et al., 2003; Enckell et al., 2003; Enckell and Wiberg, 2005). For
the dynamic monitoring purpose four cross sections are instrumented, concentrated
to the navigable channel part of the bridge, i.e. mainly span P8–P9 in Figure 3.1,
and denoted with A, B, C and D. A symbolises the pier section at P9; B is the
quarter point section in span P8–P9 closest to P9; C is the midspan section in span
P8–P9; D constitutes the midspan section in span P7–P8. Sensors in these sections
are logically named A, B, C or D depending on their positions, and followed by a K,
symbolising KTH, and a number. The accelerometers have either the abbreviation
AV or AH in the end, symbolising an accelerometer in the vertical and horisontal
direction, respectively. Figure 3.5 to 3.8 illustrates the instrumentation. The strain
transducers are pre-mounted onto the reinforcement and embedded in the concrete
while most accelerometers are placed inside special electrical boxes mounted in the
edge beams. The LVDT (BK11) in Figure 3.6 is used to check the long-term stability
of the embedded strain transducer at the same location (BK5). Cables between the
monitoring instruments and the central data acquisition unit are carefully placed
protected and embedded in the concrete.

Each strain transducer consists of four resistance wire strain gauges of the type
1-XY11-6/120 from Hottinger Baldwin Messtechnik (HBM) connected as a full
Wheatstone bridge. The laboratory technician Kent Lindgren at the Royal Institute
of Technology (KTH) has developed and implemented the design and assembly of
the strain transducers. The four active strain gauges in each transducer are glued
onto a 300 mm long hollow steel bar with a diameter of 10 mm and inside which the
current supply and signal cable is routed and thereby protected from damage, see
Figure 3.9 and 3.10. In addition, the strain gauges and the steel bar are encapsulated
with several layers acting as protection shields. At each end of the strain monitor-
ing instrument an anchor plate with a diameter of 50 mm is located to ensure that
the deformations are only introduced at these. The strain transducers use a HBM
standard 6 wire circuit which compensates for the resistance of the supply cables,
thus ensuring full voltage over the bridge. Some of the strain transducers technical
specifications are presented in Table 3.1. An in situ mounted strain transducer is
shown in Figure 3.9 and Figure 3.10 illustrates its schematic construction. Typical
specifications for the strain transducers are to be found in Table 3.1.

26



3.4. INSTRUMENTATION AND DATA ACQUISITION

A
K

4

A
K

C
B

A
K

3
A

K
2

L
on

gi
tu

d
in

al
 s

tr
a
in

 t
ra

n
sd

u
ce

rs

C
on

n
ec

ti
on

 b
ox

P
ed

es
tr

ia
n
 a

n
d
 c

y
cl

e 
p
at

h

A
K

1

Figure 3.5: The location of strain transducers in Section A over P9, monitoring strain
in the longitudinal bridge direction. AK1 is placed inside the lateral wall
over the pier. Also notice the pier with bearings and the circular holes
illustrating the plastic pipes for tendons.
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Figure 3.6: The location of strain transducers, accelerometer and LVDT in Section B,
the quarter point section closest to P9 in span P8–P9. Both longitudinal
and transversal strains are measured. The LVDT (BK11) is used to
check the long-term stability of the embedded strain transducer BK5.
Also notice the circular holes illustrating the plastic pipes for tendons,
evenly distributed over the cross section.
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Figure 3.7: The location of strain transducers and accelerometers in Section C,
the midspan section in span P8–P9. Both longitudinal and transversal
strains are measured. Three of the accelerometers measure acceleration
in the vertical direction while the fourth measures in the horizontal di-
rection.
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P7–P8.
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Figure 3.9: A strain transducer mounted onto the reinforcement before casting.

φ50 Full Wheatstone bridge

Protection cover
φ10

300

Figure 3.10: Illustration of the strain transducer construction. Dimensions are given
in millimeters.
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Table 3.2: Typical specifications for the Si-FlexTM, SF1500S accelerometers from
the supplier Colibrys SA (Colibrys, 2006).

Parameter Value Unit
Linear output range ± 3 g peak
Sensitivity 1.2 V/g
Frequency response (full signal) DC to 5000 Hz
Noise (10 to 100 Hz) 300 to 500 ngrms/

√
Hz

Linearity error ± 0.1 %

(a) Accelerometer mounted inside
special developed cylinder.

(b) Accelerometer mounted inside a special box em-
bedded in the edge beam concrete.

Figure 3.11: Accelerometer placed inside special cylinder and on the bridge.

The accelerometers are based on the micro electromechanical systems (MEMS) sen-
sors. The MEMS are small integrated devices or systems that combine electrical
and mechanical components (EMPA et al., 2004). The application of the MEMS
technology to accelerometers is a relatively new development and the accelerome-
ters used here throughout are the Si-FlexTM, SF1500S accelerometers. Some of the
manufacturer’s technical specifications are presented in Table 3.2 (Colibrys, 2006).
In addition, the Si-FlexTM accelerometer includes DC offset adjustment.

The accelerometers are mounted inside special cylinders developed by the laboratory
technician Claes Kullberg at KTH. One of these cylinders is illustrated in Figure 3.11
where it is also seen how the accelerometers are placed inside boxes embedded in
the edge beam concrete.

The data acquisition system consists of two basic MGCplus Digital Frontend mod-
ules together with carrier frequency amplifiers named ML55B, both from HBM. The
system is mounted in a special cabinet located close to the transversal wall at pier 9.
For safety protection the cables between the strain transducers and the data acqui-
sition system are protected from concrete vibrator contact by being tightly mounted
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3.4. INSTRUMENTATION AND DATA ACQUISITION

together with the reinforcement. The accelerometers are installed after completing
the bridge. Therefore, the power supply and signal cables between the accelerom-
eters and the data acquisition system are not literally embedded in concrete, but
wired freely in special tubes inside the concrete and on the concrete surface of the
bridge interior.

For the bridge in service it is very difficult to reach the data acquisition system and
manually download the monitoring data to a portable PC. Therefore, the monitoring
system is necessarily connected to the outside world through Internet cable. This
constitute a modern monitoring solution where everything can be mastered from
the computer at the office and no manual in situ readings are necessary.
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Chapter 4

Bridge Dynamics

4.1 Structural Dynamic Theory

The equation of motion for an MDF system

[m]{ü} + [c]{u̇} + [k]{u} = {p(t)} (4.1)

contributes a system of coupled equations. Torsional motion in the form of a tor-
sional angle ϕ are included in the equation of motion as (Brandt, 2000)

Iϕ̈ + c′ϕ̇ + k′ϕ = M(t) (4.2)

for each torsional SDF and where M(t) is the torsional moment.

The mass and stiffness matrices are then by (finite element) discretisation of the
bridge structure. The damping matrix is however unpractical to create by dis-
cretisation and another procedure therefore has to be adopted. Consequently, the
damping coefficient, ζ, in Equation 4.20 is determined by monitoring experiments
or based on experience, which is described in Section 4.3.

Transformation using the modal coordinates according to

{u(t)} = [Φ]{q(t)} (4.3)

where

[Φ] =

⎛
⎜⎝

φ11 · · · φn1
... · · · ...

φ1n · · · φnn

⎞
⎟⎠ =

(
{φ1} · · · {φn}

)
(4.4)

includes the n natural vibration modes, i.e. the mode shapes, of the structure. For
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a discrete system they are vectors according to Equation (4.4) but they can indeed
constitute functions, as for the distributed system of a simply supported beam. For
example the first natural vibration mode is then composed of

φ1(x) = a sin(
πx

L
) (4.5)

where a is a constant.

Natural circular frequencies and natural vibration modes are found by solving the
free vibration form of Equation (4.1), i.e. without damping and external forces equal
to zero according to

[m]{ü} + [k]{u} = {0} (4.6)

Neglecting the damping is correct if the damping is small which is an acceptable
assumption for most structures. Assuming a solution of the form

{u} = {φn} sin(ωnt) (4.7)

and substituting Equation (4.7) into Equation (4.6) an equation valid for every time
t is achieved, implying the eigenvalue problem

([k] − ωn
2[m]){φn} = {0} (4.8)

The eigenvalue problem has the nontrivial solutions corresponding to

det([k] − ωn
2[m]) = 0 (4.9)

Equation (4.9) is referred to as the characteristic equation of the system. The natural
frequencies are related to the natural circular frequencies according to

fn =
ωn

2π
=

1

Tn

(4.10)

The number of natural frequencies are equal to the number of degrees of freedom
for discrete systems while distributed systems have an infinite number of natural
frequencies.

Furthermore, introducing Equation (4.3) in Equation (4.1) and premultiply with
[Φ]T results in

[Φ]T [m][Φ]{q̈} + [Φ]T [c][Φ]{q̇} + [Φ]T [k][Φ]{q} = [Φ]T{p(t)} (4.11)

This equation is rewritten as
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4.1. STRUCTURAL DYNAMIC THEORY

[M]{q̈} + [C]{q̇} + [K]{q} = {P(t)} (4.12)

where [M] and [K] are diagonal matrices since the natural vibration modes cor-
responding to different natural frequencies can be shown to satisfy the following
orthogonality conditions when ωn �= ωs (Chopra, 2001)

{φn}T [k]{φs} = 0 and {φn}T [m]{φs} = 0 (4.13)

The damping[C] is however a nondiagonal matrix, which is the case for all real
structures while {P(t)} is a column vector. Therefore Equation (4.12) is still a
system of N coupled equations through the damping terms according to

Mnq̈n +
N∑

r=1

Cnrq̇n + Knqn = Pn(t) (4.14)

Only when assuming classical damping, i.e. Cnr = 0 if n �= r the modal equations
will be uncoupled and thus reduced to

Mnq̈n + Cnq̇ + Knqn = Pn(t) (4.15)

where the diagonal matrix elements in Equation (4.12) are

Mn = {φn}T [m]{φn} (4.16)

Cn = {φn}T [c]{φn} (4.17)

Kn = {φn}T [k]{φn} (4.18)

Dividing Equation (4.15) by Mn gives

q̈n + 2ζnωnq̇ + ωn
2q =

Pn(t)

Mn

(4.19)

where the equality

ζn =
Cn

2Mnωn

=
Cn

2
√

KnMn

(4.20)

is used.
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Each SDF equation in the uncoupled system is possible to solve and give the modal
coordinate vector {q(t)}. Finally, the displacements are achieved by transforming
back to real coordinates according to Equation (4.3).

The problem however is how to obtain [C] or [c]. This is mostly done by experiments
or based on experience. In addition, transformation is only useful if [C] is diagonal.
It may therefore sometimes be better to solve the coupled equations in Equation (4.1)
directly. Consequently, the damping matrix, [c], is necessary to determine. This is
possible through the damping ratios, ζn, which are identified by monitoring or chosen
from experience. The two evaluation methods available are:

1. Calculate [c] from the modal matrix [C].

From Equation (4.20) the diagonal modal damping matrix is composed as

[C] =

⎛
⎜⎝

C1

. . .
Cn

⎞
⎟⎠ (4.21)

Since
[C] = [Φ]T [c][Φ] (4.22)

it follows that
[c] = ([Φ]T )−1[C][Φ] (4.23)

2. Use Rayleigh damping.

A damping matrix is used according to

[c] = a0[m] + a1[k] (4.24)

Modal coordinate transformation forms a diagonal modal damping matrix and

ζn =
a0

2

1

ωn

+
a1

2
ωn (4.25)

The drawback with the former method is that all damping ratios have to be known
which usually is not the case. Rayleigh damping on the other hand uses only two
modal damping coefficients. This means that only damping ratios for two natural
vibration modes has to be achieved. The natural vibration modes chosen should
then be taken so that they ensure reliable damping ratios for all other vibration
modes. Experience shows that it is appropriate to use the lowest natural vibration
mode and the third or fourth lowest to calculate a0 and a1 and thereby reflect the
actual structural damping more correctly (Chopra, 2001).

Most systems are reasonably modelled as linear systems, i.e. with small elastic de-
formations, with classical damping. The dynamic response is then determined us-
ing classical modal analysis since classical natural frequencies and vibration mode
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shapes exist. Consequently, the equation of motion in Equation 4.1 can be solved
using transformation to modal coordinates and resulting in an uncoupled system.
Thus, the response of each natural vibration mode is calculated independently of
the others. The total response constitutes a combination of separate modal re-
sponses, recognised as mode superposition. Characteristic for each mode is that it
responds with its own particular deformation pattern, the so-called mode shape. It
has its own frequency, the natural frequency, with its own modal damping. These
three constitute the structural dynamic characteristics. A SDF system according
to Equation 4.19, with its own vibration properties, is consequently analysed when
computing the specific modal response as a function of time . The solutions to these
SDF equations could be expressed in closed form for simple excitations that can be
described analytically or numerically for complicated excitations.

Systems with damping such that [C] in Equation 4.12 is nondiagonal are referred
to as having nonclassical damping. These systems differ from those with classical
damping. Systems with classical damping possess the same natural modes as the
undamped systems. This is not the case for systems with nonclassical damping.
Consequently, the classical modal analysis method with mode superposition is not
possible to use for these systems. The fact is that classical vibration modes do
not exist for systems with nonclassical damping. Therefore, the equation of motion
can not be uncoupled and numerical time integration methods are required. Con-
sequently, the solutions to these systems are always numerical even if the dynamic
excitation is simple. Furthermore, modal analysis can not be used for inelastic,
i.e. nonlinear systems, independently of classical or nonclassical damping systems.
However, systems with classical damping are always possible to solve using direct
integration. This approach solves the coupled equations directly in the nodal dis-
placements by using numerical methods. Two types of numerical solution methods
are typically used; the Newmark or Hilber-Hughes method.

4.1.1 Analytical Natural Beam Frequencies

In an analytical (exact) frequency analysis for the transverse vibration of beams the
following assumptions are used:

• The beam is straight and uniform along the spans, i.e. the beam mass is evenly
distributed throughout the beam.

• The beam is composed of a linear, homogeneous, isotropic elastic material.

• The beam is slender. Only flexural deformation is considered. Rotary inertia
and shear deformation is not considered.

• Only deformations normal to the undeformed beam axis are considered. Plane
sections remain plane.

• No axial loads are applied to the beam.
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• The shear centre of the beam’s cross section coincides with the centre of gravity,
i.e. the plane of vibration is also a plane of symmetry of the beam, so that
rotation and translation of the beam are uncoupled.

The total transverse free vibration deformation as a function of the location x and
the time t is then the sum of the modal deformations according to (Blevins, 1979)

u(x, t) = ΣN
n=1Anφn(x) sin(2πfnt + θn) (4.26)

where φn(x) is the mode shape displacement value associated with the nth vibration
mode and An is a constant with the units of length. An and θn are determined by
the means used to set the beam in motion.

Generally, i.e. for both single-span beams and uniform multispan beams, the natural
frequency of transverse vibration can be expressed as (Blevins, 1979)

fn =
λ2

n

2πL2

√
EI

m
, n = 1, 2, 3, . . . (4.27)

where m is the mass per unit length of the span and λn is a dimensionless parameter
which is a function of the mode number, boundary conditions and the number of
spans. Values of λn for different cases are for example possible to find in (Blevins,
1979).

For a multispan beam with unequal spans the fundamental frequency is represented
with λ2

n in Figure 4.1. The ends are clamped and the outermost spans have a different
span length than the innermost spans. This case approximately corresponded to the
track slab of the New Årsta Railway Bridge in the transverse direction.

Concerning beams supporting a uniform axial load (e.g. from prestressing) the pre-
vious assumption of no axial loads applied to the beam is not valid. However, a
tensile load which is applied axially to a beam increases the natural frequencies
while a compressive axial load decreases the natural frequencies. Exact solutions
are however only available for single-span uniform beams with special boundary
conditions. An approximate formula for the effect of the axial load P on the natural
frequency is then

fn|P �=0

fn|P=0

=

√
1 +

P

|Pb|
λ2

1

λ2
n

, n = 1, 2, 3, . . . (4.28)

where Pb is the axial load required to buckle the beam.

Similarly to Equation (4.27) longitudinal vibrations have natural frequencies accord-
ing to (Blevins, 1979)
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Figure 4.1: Fundamental natural frequency of a N span beam with extreme ends
clamped, pinned intermediate supports and variable spacing in outermost
spans. From (Blevins, 1979).
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fn =
λn

2πL2

√
E

μ
, n = 1, 2, 3, . . . (4.29)

where μ is the mass density of the beam material and values of λn for different cases
are for example possible to find in (Blevins, 1979).

The natural frequency of torsion is a function of the torsional constant, C, defined
as the moment required to produce a torsional rotation of one radian on a unit
spanwise length divided by the shear modulus. However, a noncircular cross section
will generally warp as it deforms in torsion, see Section 6.3.1. For simple closed cross
sections however, where the cross sectional dimensions are small compared with the
length of the beam, the effect of warping on the deformation is very small. The
effect of warping on the natural frequency may even be neglected for thin-walled
opened cross sections if (Gere, 1954)

1

n

tw
D

L

D
> 10 (4.30)

where D is the diameter of the cross section, tw is the typical minimum wall thickness
of the beam’s cross section and n is again the mode number.

Then, for slender, uniform, isotropic, homogeneous beams with circular cross section
the exact torsional natural frequencies are (Blevins, 1979)

fn =
λn

2πL2

√
CG

μIp

, n = 1, 2, 3, . . . (4.31)

where Ip is the polar area moment of inertia (m4) of the cross section about the
axis of torsion. Notice though that this equation is valid if, and only if, warping is
neglected.

4.1.2 The FE Method

When the cross section of the beam becomes complicated, and the beam in addition
is curved, the assumptions in Section 4.1.1 are not valid. In addition, when for exam-
ple the centre of gravity of the section does not coincide with the centre of rotation
the torsional and flexural natural frequencies will be coupled. The warping effect
can also be sufficient. Then a numerical solution is most conveniently implemented.
That is where the finite element method is introduced.

The finite element method is the most powerful and versatile technique that can be
used in modelling of virtually any bridge type. It results in a finite number of DOFs
and sets of coupled or uncoupled equations.

The type of bridge model used in a dynamic analysis should be as complex as
required to obtain accurate and reliable results, but also as simple as reasonably
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possible to minimise the computational effort (UIC, 2006).

4.2 Dynamic Amplification Factor

It became natural to mention the dynamic amplification factor (DAF) when dealing
with dynamic bridge monitoring. Not since its concept actually is necessary but it is
still used in bridge design codes. In addition, it is insightful to present the complexity
involved in calculating and choosing an appropriate dynamic amplification factor.

In monitoring dynamic load effects one follows some type of oscillating structural
response. This response gives an idea of the dynamic amplification factor as the
magnification of the structural static load response. Experience, calculations and
old praxis have then resulted in empirical dynamic amplification factor formulas
to be found in bridge design codes. Relating the dynamic response to the static
response in this way is and has been a user friendly design tool easy to use. It is
however more convenient, and correct to talk about actual dynamic bridge response.
This is since the empirical design code formulas only take a determinant length of
the bridge into account and therefore impossibly can consider the moving load effects
correctly. It should for example be obvious that the train speed has an influence on
the dynamic bridge response. James has indeed highlighted the complexity within
the subject (James, 2003). He emphasises that the dynamic amplification factor in
reality results from a complex interaction between bridge properties (included the
track for railway bridges) and the vehicle.

Already in 1931 the dynamic amplification of the static load was defined as the
factor by which the dynamic load exceeds the static load (Fuller et al., 1931). It is
however important to realise that the dynamic amplification of the force may not
necessarily be the same as for example the dynamic stress amplification factor (ISIS
Canada, 2001). In spite of that, the same DAF value is usually used to calculate
different dynamic load effects and the dynamic load on its own, which for a SDF
system with harmonic excitation is defined as (Chopra, 2001)

DAFforce =
Fdyn

Fstat

=
1√

[1 − (ω/ωn)2]2 + [2ζ(ω/ωn)]2
(4.32)

Figure 4.2 tries to illustrate the dynamic force amplification. As a result of vehicle
speed and for example track irregularities the varying dynamic load has its total
maximum value of Fdyn = (

∑16
n=1 Fn(t))max. The static load is Fstat = 2

∑2
n=1(mg)n.

Unfortunately, there is a lack of uniformity in calculating the dynamic amplification
factor. For example, the Swedish National Railway Administration specify their
dynamic amplification factor as (Banverket, 2004)

D = 1.0 +
4

8 + LΦ

(4.33)
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Figure 4.2: Illustration used to elucidate the dynamic amplification of the static load.
The dynamic force is oscillating, i.e. varying with time. The dynamic
amplification factor is then achieved when the dynamic force reaches its
maximum value and the inequality (

∑16
n=1 Fn(t))max > 2

∑2
n=1(mg)n is

valid.
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Figure 4.3: Dynamic amplification factors defined according to railway bridge design
codes. D is from the Swedish National Railway Administration and Φ is
from Eurocode.

while the Eurocode (CEN, 2002) uses

Φ2 =
1.44√

LΦ − 0.2
+ 0.82, 1.00 ≤ Φ2 ≤ 1.67 (4.34)

for carefully maintained track, and

Φ3 =
2.16√

LΦ − 0.2
+ 0.73, 1.00 ≤ Φ3 ≤ 2.00 (4.35)

for track with standard maintenance. These differences are graphically illustrated
in Figure 4.3.
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Figure 4.4: Midspan response illustration of a simply supported bridge. Different
parameters used for definition of the dynamic amplification factors are
included. Redrawn and modified from (Biggs and Suer, 1956).

Even though monitoring is performed there are different definition alternatives for
the dynamic amplification factor. Some possibilities are illustrated and identified
using Figure 4.4. Notice that this example should be seen as a reconstruction from
data of a vehicle travelling over a simply supported bridge. A fictitiously scaled
response is used that necessarily not reflect the actual bridge behaviour in a real
load case. The variation of both dynamic and static responses at midspan are
illustrated with respect to the load position. The median response is included as an
average of consecutive dynamic response peaks.

Regarding Figure 4.4 the following alternatives for a dynamic amplification factor
from monitoring can be found in the literature (Bakht and Pinjarkar, 1990):

δ∗s + Δ1

δ∗s
,

δstat + Δ2

δstat

,
δstat + Δ3

δstat

,
2δmax

δmax + δmin

,
δmax

δ2

,
δmax

δ1

and
δmax

δ′stat

It becomes even more complicated if a reference point close to a bearing or support
is used. This point has hardly any static response at all, and when its maximum dy-
namic response is divided by nearly zero a very large DAF is achieved. Furthermore,
multispan bridges probably have their maximum static and dynamic responses at
different locations. Should it then be possible to calculate the dynamic amplification
factor by combining different reference points?

In addition, there hardly ever exists any discussion or justification in selecting a
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Dynamic response

Static response

one cycle

Δ Y/Y static.max.DIF=1+
ΔY

Y static,max.

Figure 4.5: Definition of DAF. Notice that DIF is specified instead of DAF. From
(Kim et al., 2005).

particular definition (ISIS Canada, 2001). In other words, citing 26 published refer-
ences the dynamic amplification factor definition chosen is taken as being axiomatic
and therefore requiring no justification (Bakht and Pinjarkar, 1990).

The author’s opinion however is that if the dynamic amplification factor has to be
used instead of the actual dynamic bridge response, it must be based on a reasonable
definition. A good rule of thumb could be to define the DAF as the ratio of the
maximum absolute value of the difference between the dynamic and static response
to the maximum static response during one major period of the dynamic response,
including the maximum static response, and adding it to one (Kim et al., 2005).
This definition is illustrated in Figure 4.5

4.3 Experimental Dynamics

Much of the information found in this section is possible to find in structural dynamic
literature, e.g. (Chopra, 2001; Tedesco et al., 1999; Battini, 2005).

Experimental dynamics has the purpose of determining the dynamic characteristics
of structures by means of monitoring. Most often the excitation is unknown and
the structural response referred to as ambient vibrations (random noise). Traffic
and wind load are two examples of random forces. The structural response is the
sum of a free vibration solution and a particular solution which depends on the
random load. To determine the structural properties from an ambient vibration
the random decrement technique is used to convert the ambient vibration data to
free vibration data. The technique is for example described in (Johnson, 1999)
where the excitation mechanism is eliminated from the response signal and left
is a freely vibrating mechanical system signal. For railway bridges however the
majority of the response consists of a free vibration; the bridge structure is disturbed
from its equilibrium state due to a crossing train load and vibrates freely without
applied forces. These free vibration response parts are often considered enough in
determining the unknown dynamic characteristics. Those are the bridge’s natural
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ü

t

0

Figure 4.6: Example of a typical acceleration signal in the time domain. Recon-
structed from (Battini, 2005).

frequencies, mode shapes and modal damping ratios.

In most cases accelerations are easier than displacements to measure. Therefore,
accelerations most commonly constitute the monitoring signal magnitude.

Damping is one of the most important structural characteristics that affects the
response. The damping phenomenon is however not yet well known and therefore
has to be assumed in dynamic analysis. Consequently, damping ratio estimations in
the bridge design code are necessary as reference values in designing new structures
where damping cannot be measured.

4.3.1 Time and Frequency Domain in Signal Analysis

A typical bridge acceleration signal, free from noise is exemplified in Figure 4.6.

The fundamental and the concept of experimental dynamics is to use the signal for
signal analysis. In signal analysis the signal is transformed from the time domain to
the frequency domain where the dynamic characteristics are possible to determine.
The basic theory is to represent a given signal as a combination of a number of
sine and cosine terms. This means that a signal is composed of components with
different frequency and that the coefficients for the sine and cosine terms reveals the
strength of each frequency. By representing the signal in the frequency domain one
makes signal analysis and signal manipulations easier.

Since the trigonometric sine and cosine functions are related through the complex
exponential function in Euler’s formula as
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eiθ = cos θ + i sin θ (4.36)

where i is the complex unit it follows that

e−iθ = cos(−θ) + i sin(−θ) = cos θ − i sin θ (4.37)

Consequently, the following fundamental expressions in signal analysis for sine and
cosine are achieved

sin θ =
eiθ − e−iθ

2i
cos θ =

eiθ + e−iθ

2
(4.38)

For a given integer n the notation

�n = cos(2π/n) − i sin(2π/n) = e−2πi/n (4.39)

is used and where �n has important symmetry characteristics.

Furthermore, signal analysis is based on the properties of the Fourier transform,
which is the standard tool for detecting sinusoids in a signal and thereby measure the
signal content for each frequency. One can however not transform to the frequency
domain continuously and must instead sample and digitise the time domain input.
Assuming a function, or signal, depending on the time t, i.e. y(t), its sampled values
at n locations evenly distributed in time becomes

yl = y[l] = y[lΔt], l = 1, 2, . . . , n (4.40)

The efficient tool for performing Fourier analysis of discrete time sequences is a tech-
nique called the Discrete Fourier Transform (DFT), for finite duration signals. The
DFT of (y1, y2, . . . , yn) is then a vector (Y1, Y2, . . . , Yn) with the elements (Jönsson,
2004)

Yl =
n∑

k=1

yk�
(k−1)(l−1)
n , l = 1, 2, . . . , n (4.41)

In matrix form, i.e.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Y1

Y2

Y3
...

Yn

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 · · · 1

1 �1
n �2

n · · · �n−1
n

1 �2
n �4

n · · · �
2(n−1)
n

...
1 �n−1

n �
2(n−1)
n · · · �

(n−1)2

n

⎤
⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

y1

y2

y3
...

yn

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(4.42)
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the coefficient matrix is the so called Fourier matrix, [F], with the elements

Flk = �(k−1)(l−1)
n (4.43)

The inverse Fourier matrix, [F]−1, has elements given by shifting the sign for the
exponents for �n in [F] and by dividing with the number of samples, n, according
to

F−1
lk =

1

n
�−(k−1)(l−1)

n (4.44)

This is verified through the matrix multiplication which gives [F]−1[F] = [F][F]−1 =
[I], where [I] is the identity matrix. Consequently, the inverse DFT is written

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

y1

y2

y3
...

yn

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=
1

n

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 · · · 1

1 �−1
n �−2

n · · · �−n−1
n

1 �−2
n �−4

n · · · �
−2(n−1)
n

...
1 �

−(n−1)
n �

−2(n−1)
n · · · �

−(n−1)2

n

⎤
⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

y1

y2

y3
...

yn

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(4.45)

or in its compact form

yl =
1

n

n∑
k=1

Yk�
−(k−1)(l−1)
n , l = 1, 2, . . . , n (4.46)

For real function values this complex exponential function that interpolates the
function values becomes

y[t] =
1

n

n∑
k=1

(
ak cos

(
2π(k − 1)(t − 1)

n

)
+ bk sin

(
2π(k − 1)(t − 1)

n

))
(4.47)

which corresponds to

y[t] =
1

n

n∑
k=1

ck sin

(
2π(k − 1)(t − 1)

n
+ θn

)
(4.48)

where t is measured in units of the sampling interval Δt.

In Equation (4.47) the DFT results in the amplitudes according to

ak = Re(Yk) and bk = −Im(Yk) (4.49)
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and in Equation 4.48

ck =
√

a2
k + b2

k and θk = arctan
ak

bk

(4.50)

Consequently, the DFT decomposes the discrete function y[t] into a finite number of
vibrations with frequencies fk = (k− 1)/n, where k = 1, 2, . . . , n. Those frequencies
are then measured in number of cycles per time unit Δt and the sampling frequency
naturally has 1 cycle per time unit Δt. The coefficients Yk indicate the strength of
the different vibrations while they also represent the function y[t] in the frequency
domain.

The component Yn/2+1 is of special interest as it represents the Nyquist frequency,
fn/2+1 = 1/2, which is the highest frequency possible to represent at a given sampling
frequency (n is supposed to be even so that n/2 is an integer). This phenomenon is
further discussed in Section 5.2. However, for real valued signals Yn/2+1 is always a
real number. Furthermore, the components placed symmetrically around Yn/2+1 are
complex conjugated so that

Yk = Ȳn+2−k, k = 2, 3, . . . , n/2 (4.51)

This means that the second part is a mirror of the first part, while Y1 and Yn/2+1

are unique. This is the case for all real valued signals and therefore the mirror fre-
quencies are usually not plotted in the frequency domain.

Example 4.1

A simple signal has the discrete values (1, 2, 3, 4). The DFT is then calculated as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Y1

Y2

Y3

Y4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎣

1 1 1 1

1 �1
4 �2

4 �3
4

1 �2
4 �4

4 �6
4

1 �3
4 �6

4 �9
4

⎤
⎥⎥⎥⎦
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

y1

y2

y3

y4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⇔

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Y1

Y2

Y3

Y4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎣

1 1 1 1

1 −i −1 i

1 −1 1 −1

1 i −1 i

⎤
⎥⎥⎥⎦
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

2

3

4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

10

−2 + i2

−2

−2 − i2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

The Nyquist frequency component is thus Y3 = −2. Notice also that the compo-
nents Y2 and Y4, placed symmetrically around Y3, are complex conjugated. From
(Y1, Y2, Y3, Y4) it is by using the inverse DFT possible to restore the original signal
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1

2
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4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

�

The digital computation of the DFT is an approximation to the true Fourier trans-
form that unfortunately requires excessive amounts of computation time. This is
especially true when high resolution is required, i.e. when n is large. Therefore,
modern frequency domain solution algorithms are based on the Fast Fourier Trans-
form (FFT). The FFT though requires that the number of points is a power of
2, i.e. n = 2N , where N is an integer. This allows certain symmetries to occur
reducing the number of calculations which have to be done (Hewlett-Packard Co.,
1994). As a result, transformation of monitoring data from the time domain to the
frequency domain is possible with a significantly decreased computational time in
evaluating the DFT. Actually, the ratio of computational time using a FFT relative
to a standard DFT is approximately (Tedesco et al., 1999)

FFT

DFT
≈ n log2 n

n2
(4.52)

Several variations of the FFT exist and (Cooley and Tukey, 1965) possibly developed
the most popular algorithm. However, an alternative published by (Press et al.,
1994) has e.g. a more intuitive development. Interested readers are referred to the
specific literature.

It is important though to recall that the FFT is only an approximation to the
desired true Fourier transform over a finite time interval as it only gives samples of
the Fourier transform. The sampled representation can however be as close to ideal
as possible by placing the samples closer to each other.

When the Fourier transform now is familiar it is convenient to present the relation-
ship between the different domains. In Figure 4.7 the relation between the time and
frequency domain is clearly illustrated as different views of the same three dimen-
sional signal graph.

As a result of the transformation the FFT gives the dynamic characteristics of the
structure represented in the frequency domain according to Figure 4.8 where the
samples are called (and illustrated with) lines. Thus, the natural vibration modes
included in Equation (4.47) get their shapes according to the sign determined by
the phase given by a FFT.
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Figure 4.7: Illustrative illustration of the relationship between the time and fre-
quency domain. a) Three dimensional coordinates showing time, fre-
quency and amplitude. b) Time domain view. c) Frequency domain
view. Notice how the time domain view indicates that the original signal
in the upper part of the graph is separable into its harmonic components
using Fourier series. From (Hewlett-Packard Co., 1994).
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Figure 4.8: Results from a FFT of an undamped signal with magnitude and phase
angle versus frequency. Reconstructed from (Battini, 2005).
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Figure 4.9: FFT of a signal from a damped structure with a magnitude versus fre-
quency plot known as a Fourier amplitude spectrum (Andersson and
Malm, 2004). Reconstructed from (Battini, 2005).

For a system with damping the principle of Fourier analysis is the same but the
lines in the frequency domain are not that distinctive due to the damping effect, see
Figure 4.9.

To gather all information found in a FFT of a signal it is most often convenient
to plot the Power Spectral Density (PSD) to identify the energy content connected
with each mode. In the PSD representation of the FFT the squared sum of the coef-
ficients an and bn per unit frequency is plotted as a function of the natural frequency
(Johnson, 1999). Consequently, PSD plotting is a method of describing the power
contained within a defined bandwidth and therefore its unit for an acceleration signal
becomes (m/s2)2

Hz
or m2

s3
.

However, three types of signals exist in reality, i.e. periodic signals, random signals
(noise) and transient signals. For periodic signals it is convenient to use a linear
spectrum according to Figure 4.8 where the coefficients for amplitude and phase
angle is specified. The effect spectrum is however more common in a FFT analysis
where the squared coefficients cn in Equation (4.50) are used divided by two. Con-
sequently, in an effect spectrum the phase angle is missing. Only for random signals
(noise) it is practical to talk about the PSD since it is only those signals that has
a continuous spectrum, i.e. includes all frequencies. For transient signals it is not
relevant to scale their spectrum for the effect in the signal. Instead they are often
scaled corresponding to their energy. This so called Energy Spectral Density (ESD)
is, since energy is effect multiplied by time, defined as

ESD = T · PSD (4.53)

where T is the time to collect a time block (Brandt, 2000). Consequently, an ESD
illustrates the energy contained within a defined bandwidth and so the unit becomes
m2

s2
.

The FFT algorithm however has some drawbacks. It require a periodic signal. This
problem is solved by artificially adding the same time record block as the actual
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input so that it is repeated throughout time. This is a technique called windowing
which is introduced in Section 5.3. Thus, the signal is then possible to analyse as
periodic.

The modal damping ratios are possible to determine according to the half-power
bandwidth method in the frequency domain, see Section 4.3.3. Another possibility
is to use the logarithmic decrement technique as developed in Section 4.3.2. This
however works solely in the time domain for a SDF signal. Therefore, the natural
frequencies identified in the signal analysis of a MDF system are used to apply an
appropriate band-pass filter on the original signal. This results in an SDF signal
corresponding to the monitoring point acceleration from the mode shape associated
with the natural frequency in question.

Due to output from a FFT, see Figure 4.8, the FFT algorithm has the property of
transforming N equally spaced samples of a time record in the time domain to N/2
equally spaced lines, i.e. samples, in the frequency domain. Thus, only half as many
samples as in the time domain is achieved since each frequency line contains both
amplitude and phase information. The lowest frequency possible to resolve with a
FFT is based on the length of the time record. Consequently, the lowest possible
frequency line of a FFT occurs at a frequency equal to the reciprocal of the time
record length. In addition, the spacing between two lines in the frequency domain,
i.e. the frequency resolution, is the reciprocal of the time record and the highest
frequency possible to identify with signal anslysis accordingly becomes

fmax =
N

2
· 1

Tt

(4.54)

4.3.2 Viscously Damped Free Vibration

It is possible to use different damping models but a viscous proportional damping
is the most used approach. This is because the mathematical equation describing
the motion is simple. In addition, a viscously damped model gives results that
experientially agrees well with actual structural damping behaviour. However, real
damping ratios, ζn, have to be determined experimentally.

A SDF system in free vibration corresponding to Equation (4.1) for a MDF system,
i.e.

mü + cu̇ + ku = 0 (4.55)

is used to illustrate the viscously damped free vibration. The linear viscous damper
causes the following force proportional to the velocity

fD = −cu̇(t) (4.56)
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which is in accordance with the second left hand term in Equation (4.55). Further-
more, if the damping coefficient is less than the critical damping

ccr = 2
√

km (4.57)

it can be shown that the SDF motion has the solution

u(t) = e−ζωnt [a1 cos(ωDt) + a2 sin(ωDt)] (4.58)

where the damped natural circular frequency is related to the undamped ditto as

ωD = ωn

√
1 − ζ2 (4.59)

and the damping ratio in accordance with Equation (4.20) is

ζ =
c

ccr

=
c

2
√

km
(4.60)

Using the initial conditions it is then possible to write the solution in the more
compact form

u(t) = ae−ζωnt sin(ωDt + θ) (4.61)

where

a =

√
u2

t=0 +

(
u̇t=0 + ζωnut=0

ωD

)2

(4.62)

sin θ =
ut=0

a
(4.63)

cos θ =
u̇t=0 + ζωnut=0

aωD

(4.64)

The solution is illustrated graphically in Figure 4.10. This transient free vibration
signal can be used to experimentally determine the natural frequency and the damp-
ing ratio of a structure. Using two local maximal data recordings with p periods
in between, as indicated in Figure 4.10, it is possible to show that by using the
logarithmic decrement technique the damping ratio is determined. Thus, for small
damping ratios (ζ < 0.1) it is convenient to express the damping ratio as

ζ =
1

2πp
ln

un

un+p

(4.65)
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Figure 4.10: Monitoring signal for a damped system in free vibration. Reconstructed
from (Battini, 2005).

or for an acceleration signal

ζ =
1

2πp
ln

ün

ün+p

(4.66)

4.3.3 Half-Power Bandwidth

The half-power bandwidth is an experimental method to determine the modal damp-
ing ratios. It is an important property of the frequency response curve illustrated in
Section 4.3.1 and it builds traditionally on the response curve for the dynamic am-
plification factor described in Section 4.2. In Figure 4.11 the dynamic amplification
factor is plotted against the frequency ratio in Equation (4.32).

A structure is consequently excited by a harmonic load and the frequency of the
load is increased step by step. At each step, the structural response is observed
until the transient part damps out and the amplitude of the steady-state response
is measured.

The frequency ratios on the left hand side and right hand side of the resonant
ratio are defined as ωra and ωrb, respectively, and illustrated with dashed lines in
Figure 4.11. The condition for choosing these frequency ratios is that the response
amplitude is here 1/

√
2 times the resonant amplitude. For small damping ratios it
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Figure 4.11: Frequency response curve concerning deformations and used to define
the half-power bandwidth. Reconstructed from (Battini, 2005).

is then valid that

ζ ≈ ωrb − ωra

2ωn

≈ ωrb − ωra

ωrb + ωra

=
frb − fra

frb + fra

(4.67)

Although Equation (4.67) is derived from the frequency-displacement curve for a
constant-amplitude harmonic force it is also approximately valid for other response
curves, i.e. velocity and acceleration amplitude responses, as long as the structure
is lightly damped (Chopra, 2001).

4.3.4 Rayleigh Damping

Rayleigh damping is an easy way of including damping in FE models by constructing
the damping matrix for a structure from identified modal damping ratios. However,
since similar damping mechanisms often are distributed throughout the structure
it is appropriate to idealise the damping as classical (Chopra, 2001). The classical
damping matrix is then preferably constructed from the modal damping ratios and
included in FE models for analysis referred to as Rayleigh damping.

As mentioned in Section 4.1 the Rayleigh damping involves the two constants a0

and a1. These are used to control the mass-proportional and stiffness-proportional
parts of the total damping according to

[c]m = a0[m] and [c]k = a1[k] (4.68)

Both these damping matrices result in a diagonal matrix [C], see Equation (4.12),
due to the modal orthogonality properties in Equation (4.13). Consequently, Equa-
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tion (4.68) fulfills the criteria of classical damping. However, by themselves, neither
of the two damping models in Equation (4.68) are convenient for practical applica-
tion.

Furthermore, the modal damping ratios for a mass-proportional damped system are
related to the coefficient a0. The generalised damping for the nth natural vibration
mode in Equation (4.17) can then be expressed as

Cn = a0Mn (4.69)

which according to Equation (4.20) results in

ζn =
a0

2

1

ωn

(4.70)

A similar approach for a stiffness-proportional system gives

Cn = a1ω
2
nMn (4.71)

ζn =
a1

2
ωn (4.72)

However, as already mentioned, variations of modal damping ratios with the natural
frequencies they represent are not representative when comparing with monitoring
data. Rayleigh damping therefore combines the two damping contributions accord-
ing to

[c] = a0[m] + a1[k] (4.73)

Consequently, the damping ratio for the nth natural vibration mode is possible to
define as in Equation (4.25), which for convenience is repeated

ζn =
a0

2

1

ωn

+
a1

2
ωn (4.74)

Finally, the coefficients a0 and a1 are determined by specifying only two modal
damping ratios, ζi and ζj, for the ith and j th natural vibration modes, respectively.
Equation (4.74) then results in

1

2

[
1/ωi ωi

1/ωj ωj

]{
a0

a1

}
=

{
ζi

ζj

}
(4.75)

Assuming that both natural vibrations have the same damping ratio, i.e. ζi = ζj = ζ,
the following is consequently valid

58



4.4. DESIGN CODE VALUES AND RECOMMENDATIONS

Natural frequencies ωn

M
od

al
da

m
pi

ng
ra

ti
os

ζ n

[c] = a0[m]

ζn =
a0

2ωn

[c] = a1[k]

ζn =
a1ωn

2

(a) Mass-proportional and stiffness-
proportional damping.

Natural frequencies ωn

M
od

al
da

m
pi

ng
ra

ti
os

ζ n Rayleigh damping

ζn =
a0

2ωn

+
a1ωn

2

ωi ωj

ζ

(b) Rayleigh damping.

Figure 4.12: Modal damping ratios as a function of natural frequency.

a0 = ζ
2ωiωj

ωi + ωj

(4.76)

a1 = ζ
2

ωi + ωj

(4.77)

The principle of Rayleigh damping is illustrated in Figure 4.12. As emphasised in
Figure 4.12(b) it is necessary to choose the natural vibration modes i and j correctly
since they highly influence the structural response. Consequently, the damping ratio
values used for all modes contributing significantly to the structural response, i.e.
the lowest modes, must be reasonable. If, for example the five first natural vibration
modes are those that mostly contribute to the structural vibration response it would
be suitable to use approximately the same modal damping ratio for all of these
five natural frequencies. It would therefore be appropriate to use the first and
fourth natural vibration modes to specify the damping ratio ζ in Equation (4.76)
and (4.77), which is also indicated in Figure 4.12(b). The second and third modal
damping ratios will then according to Figure 4.12(b) be somewhat smaller than ζ
while the fifth natural vibration mode at the same time becomes somewhat larger.
Notice also from Figure 4.12(b) that modes with even higher natural frequencies will
be modelled with high damping ratios. Their contribution to the total structural
vibration response will therefore obviously be negligible.

4.4 Design Code Values and Recommendations

Today’s bridge design codes and recommendations specify a thorough dynamic rail-
way bridge analysis for new structures carrying high-speed railway traffic or for
existing structures to check if higher speeds or heavier axle loads are permitted
(Banverket, 2004; CEN, 2002; UIC, 2003; UIC, 2006). With high-speed one usu-
ally means speeds higher than 200 km/h. However, experience shows that dynamic
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analysis becomes more and more necessary as too high levels of bridge deck acceler-
ations caused by moving trains are achieved even for speeds below 200 km/h. This
is especially true for light and slender bridges where regular spacing of train axles
more likely causes resonance vibrations and dynamic effects that significantly exceed
the static effects. In addition, more recent experience in the UK indicates that it
is advisable to consider a dynamic analysis for the design of lightweight orthotropic
steel floors for speeds above 160 km/h (Bucknall, 2003).

In many cases the theory of dynamic factors in Section 4.2 is not sufficient since it can
not generally predict the resonance effects from crossing trains and fully incorporate
all parameters important in bridge dynamics. Therefore, bridge design codes and
guidelines give recommendations in choosing parameters as structural mass, stiffness
and damping when performing a reliable dynamic bridge analysis.

Furthermore, for a dynamic analysis of the structure only, just any one track on a
multi track bridge structure needs to be loaded (Bucknall, 2003).

In the following parameter values and recommendations presented is based on in-
formation found in (Banverket, 2004; CEN, 2002; UIC, 2003; UIC, 2006; Bucknall,
2003). These bridge design codes actually provide greater than the usual level of
guidance.

4.4.1 Mass

Any underestimation of mass will overestimate the natural frequency of the struc-
ture or the resonance frequency. At resonance the maximum dynamic load effects
are likely to occur and where the maximum acceleration of a structure is inversely
proportional to the mass of the structure. As resonance occur when a multiple of the
frequency of loading and a natural frequency of the structure coincide, two specific
cases for the mass of a structure are to be considered, i.e.

• a lower bound estimate to predict maximum deck accelerations, and

• an upper bound to predict the lowest train speeds at which resonant effects
are likely to occur.

However, where correlation of the numerical and measured results is undertaken any
justified adjustments of the mass within the extreme limits is possible.

4.4.2 Stiffness

When determining whether a structure will be prone to resonance effects the rela-
tionship between frequency of loading and the natural frequencies of a structure is
paramount. The natural frequency of a structure depends upon its element length
or span, mass, stiffness, boundary conditions and vibration mode shape. Of these
parameters, stiffness is the most difficult to predict accurately.
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Any overestimation of bridge stiffness will overestimate the natural frequency of
the structure. Therefore, a lower bound estimate of the stiffness (the modulus of
elasticity) throughout the structure shall be used in the estimation of the lowest
critical train speed.

In the dynamic analysis of concrete or composite bridges, the dynamic modulus of
elasticity should be used.

Where the correlation of the numerical and measured data is carried out, the stiffness
can be adjusted to better represent real conditions of the structure or to account
for the stiffness contribution of other bridge components. That could be secondary
structural elements, rails, ballast, etc.

Concerning Poisson’s ratio no specific guidance is given. The author’s opinion is
therefore that its best suitable value is found by updating a bridge FE model so that
its torsional natural frequencies correspond to those found by in situ monitoring.
This is since the torsional natural frequencies highly depend on the shear modulus
which in turn influence the rotational stiffness.

4.4.3 Damping

In bridge structures the damping mechanism is highly complex. As the peak re-
sponse of a structure at traffic speeds corresponding to resonant loading is highly
dependent upon damping only lower bound estimates of damping shall be used. This
is to ensure that safe estimates of peak dynamic effects at resonance are obtained.
The lower limit of damping ratio to use for prestressed bridges with span length
L ≥ 20m is 0.01.

Analysis shows that there is little correlation between damping and natural frequen-
cies, but some correlation between damping and span length. The damping is then
generally higher on short span bridges.

4.4.4 Fundamental Frequency

For bridges with a fundamental frequency n0 within certain limits and a maximum
line speed at site not exceeding 200 km/h, a thorough dynamic analysis is not re-
quired. If the fundamental frequency however exceeds the upper limit, a dynamic
analysis is always required. The upper limit of n0 is governed by dynamic increments
due to track irregularities and is given as

n0 = 94.76L−0.748
Φ (4.78)

The lower limit of n0 is governed by dynamic amplification due to track irregularities
and is given as
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n0 = 23.58L−0.592
Φ (4.79)

for 20 m < LΦ < 100 m.

The fundamental longitudinal bending frequency of the global bridge can be esti-
mated using the approximative relationship

n0 ≈ 110

LΦ

(4.80)

for typical bridges.
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Chapter 5

Signal Analysis Fundamentals

5.1 General

In dynamic monitoring the input to a data acquisition system is a continuous ana-
logue voltage. This voltage is for example the output of a transducer and pro-
portional to acceleration or any other type of input. The FFT technique from
Section 4.3.1 for frequency spectrum analysis thus however requires digitised sam-
ples of the input signal for its effective digital calculations. Consequently, the data
acquisition system requires a sampler and an analogue to digital converter (ADC)
to result in a digital, i.e. discrete, signal suitable for frequency spectrum analysis.

Purpose designed post processing of the data is possible by using suitable signal
analysis software. Typical examples are catman� from HBM or the MATLAB�

language with the signal processing toolbox from The MathWorks.

Unfortunately, the properties of the FFT thus involve some undesirable characteris-
tics in the frequency spectrum analysis. Among these are phenomenons like aliasing
and leakage. Therefore important and potential problems with the FFT together
with recommended analysis techniques are briefly addressed in the following sec-
tions. Hence, the problem with aliasing is solved by using an anti-aliasing filter
which is explained in Section 5.2. Leakage can originate in windowing the signal
and is treated in Section 5.3.

5.2 Aliasing

The usefulness of the frequency range defined in Equation (4.54) can unfortunately
be limited by a sampling problem phenomenon referred to as aliasing. Aliasing is
actually always a potential problem when sampling from a continuous signal and
constitutes a problem that is often overlooked in signal analysis. The results can
then be disastrous as aliasing creates false frequencies in the frequency domain. The
problem is best described in Figure 5.1 where the original harmonic signal is sampled
with a frequency equal to the reciprocal of the period of the signal. Consequently,
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Figure 5.1: The most illustrative example of aliasing. From the original real signal
the samples are used to reconstruct the signal. It is then clear that too
low a sampling rate will result in a false low frequency signal. Recon-
structed from (Hewlett-Packard Co., 1994).

this is not fast enough to obtain the real behaviour and one is deluded into believing
that the signal is constant. However, the frequency of the real signal is higher than
the sampling frequency, resulting in a false frequency within the frequency range of
the FFT.

Thus, as a result of sampling two signals they are defined to alias if the difference of
their frequencies in the frequency domain falls within the frequency range of interest
(Hewlett-Packard Co., 1994). A further result is that this false ’difference frequency’
is always generated and is therefore present when sampling and performing a FFT.
This has resulted in the sampling theorem: no frequency over one half of the sampling
frequency appears correctly after sampling. It pops up at a completely different
frequency due to aliasing. However, the problem is avoided by using a sample rate
greater than twice the highest interesting frequency of the real signal, which is
reasonable referring to Figure 5.1. Then the alias frequency (input frequency minus
sampling frequency or vice versa) will fall outside the frequency range of the FFT
according to Equation (4.54). Accordingly, if the highest interesting frequency to
monitor is denoted fM it has to be fulfilled that the sampling frequency

fs > 2fM (5.1)

where 2fM is usually referred to as the Nyquist rate (Oppenheim et al., 1997).
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Furthermore, a high sampling rate gives a wider frequency range in the frequency
domain while it at the same time requires a huge data storage capacity.

Finally, many monitoring devices, among them all HBM devices, uses purely inte-
grating ADCs for which the aliasing error only occurs in a very slight form (Hottinger
Baldwin Messtechnik GmbH, 2003). This is since frequencies higher than the sample
rate are strongly suppressed. As this monitoring error however still exists, but at
a suppressed amount, it is necessary to stop signals being measured at frequencies
above half the sampling rate. For example, the HBM devices use a Bessel low-pass
filter with nominal cut-off frequency at 15% of the sample rate (Hottinger Baldwin
Messtechnik GmbH, 2003).

5.2.1 Anti-Alias Filtering

Since the real world hardly ever defines the frequency range of its signals the only
way to prevent signals to alias into the interesting frequency range is to use an anti-
alias filter. This means that the interesting input frequency range is surely limited to
real signals by adding a low pass filter before the sampler and the ADC. The desired
input frequencies will then pass with no loss and the higher frequencies, that possibly
could alias into the frequency range, are completely rejected. However, as the anti-
alias filter—as well as all other filters—has a gradual roll off at the cut-off frequency
it means that signals with large magnitude in this frequency transition zone are not
attenuated well enough to absolutely avoid that these signals alias into the desired
input frequency range. Therefore, it is common practice to use a sampling frequency
two and a half to four times the maximum desired input frequency (Hewlett-Packard
Co., 1994). Only then signal aliasing products are avoided for sure. However,
as higher sampling frequencies makes the FFT to cover higher frequencies in the
frequency domain, i.e. includes frequency lines outside the desired frequency range,
it could be reasonable to instead of Equation (4.54) use

fmax = a · N

2
· 1

Tt

(5.2)

where a takes on a value between 0.5 and 0.8 to avoid aliasing problems (Hewlett-
Packard Co., 1994).

5.3 Windowing

Windowing is the procedure of repeating the finite time record signal throughout
time as an infinitely long periodic time record signal. This is necessary in signal
analysis as it is a requirement in performing the FFT. This causes no problem if an
undamped continuous signal is measured and the time record contains an integral
number of cycles of the input signal, i.e. the signal is periodic in the time record.
Alternatively, the input signal must be zero at the beginning and the end of the
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Figure 5.2: When sampling a time record of the input signal is extracted. This time
record is due to windowing with a rectangular window function (constant
function equal to one) repeated throughout time and the monitoring sig-
nal is thereby accommodated to FFT analysis. As in this example it
is clear that windowing can lead to highly distorted waveforms. Recon-
structed from (Hewlett-Packard Co., 1994).

time record. If these requirements are not fulfilled the assumed input signal for the
FFT is not periodic, see Figure 5.2 where a non-periodic sampling time record is
taken from the actual input signal and ’windowed’ throughout time. The FFT then
assumes a highly distorted input signal. As a result the frequency spectrum is spread
out and includes surrounding frequencies instead of just the distinctive frequency
peaks, or peak that actually is the case for the real signal. This phenomenon where
the energy in the signal is smeared throughout the frequency domain is recognised
as leakage. Notice though that the actual frequency or frequencies are still present,
but energy is leaking from those specific lines in the frequency domain to all other
sampling lines resulting from the FFT. Unfortunately, very small signals close to
dominating signal frequencies are then unrecognised.

The windowing example in Figure 5.2 constitutes the case where the sampled data
is multiplied by a rectangular window function constantly equal to one over the
time record. Nevertheless, other windowing functions are available. These are con-
structed with the purpose of avoiding the non-periodicity at the edges of the time
record. Therefore, windowing functions that are zero at the ends of the time record
and one in the middle are used. Using these windowing functions the discontinuity
in the signal in Figure 5.2 is avoided and the leakage in the frequency domain is
minimised. Examples of different windowing functions are the Hanning, Hamming,
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Figure 5.3: A transient input signal (at the top) is multiplied by the Hanning win-
dow function (in the middle) resulting in the windowed transient (at the
bottom). Reconstructed from (Hewlett-Packard Co., 1994).

Blackman and Bartlett windows (Hall, 2000). Notice though that using these win-
dowing functions the original input data is modified. Consequently, one can not
expect perfect results in the frequency domain. The frequency domain however
moves closer to the correct frequency lines, but the windowed data does not have as
narrow a spectrum as an unwindowed function which is periodic in the time record
(Hewlett-Packard Co., 1994; Andersson and Malm, 2004). This is therefore impor-
tant to take into consideration when evaluating the modal damping ratios according
to the half-power bandwidth method.

Finally, a transient signal in Figure 5.2 is used. The most common window, the
Hanning window, is also included as the windowing function

H(t) =
1

2

[
1 − cos

(
2π

(
t − Tt

2

)
Tt

)]
0 ≤ t ≤ Tt (5.3)

Consequently, a transient response multiplied by the Hanning window results in a
signal looking more like a sine wave, i.e. towards a narrow frequency spectrum. As
the transient signal naturally has energy spread widely in the frequency domain it is
therefore wrong to use the Hanning window function, or the other window functions
mentioned earlier, for transients. Instead, all data in the time record is used equally
by applying the rectangular or uniform windowing function that weights all of the
time record uniformly. Notice though that this of course requires that the transient
has the property of being zero at the beginning and the end of the time record.
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Furthermore, a signal with this property actually does not need windowing of the
input, i.e. the signal occurs completely within the time record and is a so-called
self-windowing function.

To summarise, traditional windowing (e.g. with the Hanning function) of a con-
tinuous signal results in leakage in the frequency domain. Transients, i.e. damped
signals, on the other hand go from a widely spread to a false more narrow spectrum.
For self-windowing signals no windowing function is necessary and consequently no
leakage is generated in the FFT.

5.4 Signal Averaging

As mentioned earlier a desired signal is often measured in the presence of signifi-
cant noise. Therefore, techniques have been developed to both measure signals in
the presence of noise and to measure the noise itself. Using statistics the method
to improve the estimate of a monitoring value is to average. Different types of
curve smoothing methods are available. Among others there are the simple moving
average method and the considerably more effective Savitzky-Golay algorithm (Hot-
tinger Baldwin Messtechnik GmbH, 2003). The moving average smoothing method
actually smoothes data by replacing each data point with the average of neighbour-
ing data points defined within a span specified by an odd number of data points, i.e.
an even number of data points on each side of the data point in question. Conse-
quently, the moving average smoothing algorithm is equivalent to low-pass filtering,
resulting in a smoothed function according to (The MathWorks, 2006)

ymas[i] =
1

2n + 1
(y[i + n] + y[i + n − 1] + . . . + y[i − n]) (5.4)

where ymas[i] is the moving average smoothed discrete value for the ith data point, n
is the number of neighbouring data points on each side of ymas[i] (i.e. the window size)
and 2n + 1 is the total averaging span. Thus, the data point to be smoothed must
be at the centre of the span and therefore the span is adjusted for data points that
cannot accommodate the specified window size, i.e. for data end points. However,
the Savitzky-Golay smoothing algorithm is considered more convenient to use with
frequency data.

5.4.1 Savitzky-Golay smoothing

The Savitzky-Golay curve smoothing technique is preferable as it has the advan-
tage that even with a small number of smoothing points, interference, i.e. noise,
is effectively suppressed and the original signal is still basically retained. In ad-
dition, moving average smoothing reduces the amplitude of the basic frequencies
and smoothes the overall signal while Savitzky-Golay averaging does not (Hottinger
Baldwin Messtechnik GmbH, 2003). Staggs also declares from his work that the
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Savitzky-Golay smoothing filter results in obtaining superior estimates and reduction
of noise in the data (Staggs, 2005). In the following the Savitzky-Golay smoothing
algorithm is briefly described mathematically from (Staggs, 2005).

As for the moving average method the Savitzky-Golay algorithm represents a low-
pass filter well adapted in smoothing noisy data (Savitzky and Golay, 1964). Sim-
ilarly, a general data set, e.g. in the frequency domain (fi, yi), 1 ≤ i ≤ m, is to be
smoothed. The averaging concept is then to fit a polynomial P of degree d to 2n+1
data points obtained from n data points to the left and n data points to the right of
a specific data point (fk, yk). Accordingly, the smoothed data point ỹi is obtained
from the value of P at fi.

For convenience, and to avoid numerical difficulties when the ith data point is
smoothed the f values are rescaled in the interval [fi−n, fi+n] as

f̃k =
fk − fi−n

fi+n − fi−n

, k = i − n, . . . , i + n (5.5)

Thus, the smoothing polynomial P is given by

P (f̃) =
d∑

j=0

pj f̃
j (5.6)

and consequently the sum of squared deviations from the data set, S, which is a
function of the d + 1 unknown coefficients pj, is given by

S =
i+n∑

k=i−n

(
P (f̃k) − yk

)2

(5.7)

The unknown coefficients are found by solving the d+1 normal equations ∂S/∂pj =
0, j = 0, 1, . . . , d. In matrix form these equations are [A]{p} = {b}, where {p} =
(p0, p1, . . . , pd)

T and the components of the coefficient matrix and the right-hand-side
vector are given by

Ajl =
i+n∑

k=i−n

f̃ l+j−2
k , j = 1, 2, . . . , d + 1, l = 1, 2, . . . , d + 1 (5.8)

bj =
i+n∑

k=i−n

f̃ j−1
k yk, j = 1, 2, . . . , d + 1 (5.9)

Finally, the equations in matrix form, [A]{p} = {b}, is solved using the standard
technique of LU -decomposition, see e.g. (Anton and Rorres, 1994). The smoothed
data point, ỹi, is then obtained by evaluating P (f̃i). However, the data points close
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Figure 5.4: The analog and digital filtering procedure involved in reliable signal anal-
ysis. Reconstructed from (Hewlett-Packard Co., 1994).

to the start and the end of the data set need special attention. Those are preferably
dealt with defining additional points for i = 1 − n, 2 − n, . . . , 0 as

fi = f1 + (i − 1)(f2 − f1), yi = y1 (5.10)

This seems reasonable on physical grounds since the frequency spectrum from an
acceleration monitoring test cannot include negative frequencies. The same cannot
be said at the end of the data set since the vibration may involve high frequencies.
However, if the sampling frequency is set reasonably high the highest frequency
achieved in the frequency spectrum is indeed not that interesting. Accordingly, it
seems reasonable to here adjust n so that if i+n > m, then n is replaced with n− i.

Furthermore, Staggs specify that the noise in the signal reduces as the number of
smoothing points, n, increases. In addition, the number of smoothing points should
not be chosen too large a fraction of the total number of points in the data set as
it then has the tendency to filtering out even narrow and clear frequency peaks in
the frequency spectrum. Concerning the averaging polynomial degree it is generally
valid that a higher degree polynomial can more accurately capture the heights and
widths of narrow frequency peaks, but may do poorly at smoothing wider peaks (The
MathWorks, 2006). Although, Staggs declares that the polynomial degree should be
chosen so that d ≤ n to avoid averaging problems.

5.5 Digital Filtering

Unfortunately, a different analogue anti-alias filter would naturally be necessary to
use every time a new sampling rate is specified for the ADC. The convenient solution
is to use a digital filter. It is then used in combination with a single analogue anti-
alias filter to always assure aliasing protection. Furthermore, the digital filter filters
the signal after it has been sampled and digitised according to Figure 5.4.

As a result, using digital filters it is possible to use a constant sampling frequency
for the ADC that is chosen so that the highest needed frequency spectrum range is
achieved. Thereby only one suitable LPF (anti-alias filter) is necessary and more
narrow frequency spans are obtained by following the ADC with a digital filter.
Typical for a digital filter is that it not only filters a digital representation of a
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Elliptic
Chebyshev

Butterworth
Bessel

Figure 5.5: The four common basic digital filters with their passband region to the
left and the transition region to the stopband region to the right. Re-
drawn from (Maxim Integrated Products, Inc., 2002).

signal into a specified frequency span but also reduces the sampling rate so that
its output signal has a rate needed for that frequency span (Hewlett-Packard Co.,
1994). This is however not always the case.

Spectra of different digital filters are to be found in for example (Claerbaut, 1975).
The four basic filter types, i.e. the Bessel, the Butterworth, the Chebyshev and the
Elliptic digital filters, are graphically illustrated in Figure 5.5 with its corresponding
behaviour of the passband and the transition region to the stopband. However,
the transition region characteristics are possible to control with the filter order.
Notice though that a high filter order, i.e. a steep transition zone between passband
and stopband, introduces new frequencies to the signal due to oscillations in the
beginning of the passband.

5.6 Correlation

Correlation is used to measure the similarity between two signals. The correlation
function is generated by multiplying the two signals together at each instant in time
and sum up all these data point products. If the signals are identical every product
is positive and the resulting sum is consequently large. If the two signals on the
other hand are dissimilar some of the products become positive and some negative.
Hence, there is then more likely for the products to cancel so that the final sum
becomes smaller than in the previous case.

Furthermore, using a time shift between the signals it is possible to find an average
product for every time shift by dividing each final sum by the number of products
contributing to it. Plotting the average product as a function of time shift the auto-
correlation function of the signal is achieved. This function expresses the similarity
(correlation) between a signal and itself as a function of the time shift. For example,
random noise is naturally not identical to itself at any amount of the time shift and
therefore its auto-correlation function only has a peak at the point of zero time shift.
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In addition, the auto-correlation of any periodic signal is periodic and has the same
period as the signal itself (Hewlett-Packard Co., 1994).

Using the same technique for the similarity between two non-identical signals one
finds the cross correlation function. So, if cross correlation exists it is reinforced in
the cross correlation function while uncorrelated noise is reduced.

Consequently, these correlation techniques could be used to identify long-term changes
in dynamical bridge response. However, it should also be able to use in identifying
torsional frequencies from bridge monitoring provided that signals are achieved from
for example both edge beams in the same cross section. Moreover, torsional frequen-
cies are separated from bending frequencies by first band-pass filtering of the original
signals from each edge beam so that only the specific natural frequency in question
remains in both signals. Finally, the correlation function between these signals is
calculated. A correlation function indicating zero time lag then consequently repre-
sents a bending frequency while an existing time lag identifies a torsional frequency.
This follows naturally from the torsional rotation where one of the edge beams is
moving downwards when the other one is moving upwards, i.e. both movements
constitute a time shifted version of themselves.

However, an even more convenient method to separate torsion frequencies from
bending frequencies is to divide the monitoring signal into its relevant parts, i.e.
vertical and torsional accelerations (Johnson, 1999). Consequently, vertical signals
not only include pure vertical motion, i.e. bending of the girder but also torsional
movements. Thus, making use of the assumption that the bridge girder rotates
around its centre of rotation the signal is possible to separate into these components.
Notice though that this requires a minimum of two vertical monitoring instruments
in the specific cross section where this type of analysis is performed.

As a result, signal separation alternative one involves monitoring of the vertical
acceleration at the centre line of the bridge, close to the rotation centre, and at
a position as far out from the centre line as possible. The former signal would
then only include vertical acceleration while the latter signal includes both vertical
and torsional acceleration components. So, if the pure vertical acceleration signal is
subtracted from the signal involving both vertical bending and torsion the remaining
part will be the part only due to torsion.

A second alternative is to make the distance between the accelerometers as large
as possible, i.e. mount them in the edge beams on opposite sides and consequently
symmetrically round the centre line of the bridge. In this case, both signals are
a combination of pure vertical acceleration (bending frequency) and pure torsion
(torsional frequency). To separate the bending part from the torsional part the
signals are combined according to (Johnson, 1999)

at =
aR − aL

L
(5.11)

ab =
aR + aL

2
(5.12)
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where aR and aL symbolises the accelerometer to the right and to the left, respec-
tively, in the specific cross section, and L is the distance between the accelerometers.
The distance between the accelerometers is necessary to use when converting edge
beam accelerations due to torsion into rotations in radians per second squared.

5.7 Signal Analysis Procedure

After discussions with Palle Andersen at Structural Vibration Solutions A/S it has
been concluded that the first natural mode, or frequency, of a system determines the
total monitoring (sampling) time. According to Andersen a total monitoring time
of 500 to 1000 times the reciprocal of the fundamental frequency is necessary to pre-
dict the fundamental frequency absolutely correct. As this is naturally unrealistic
for transient signals achieved from trains crossing a bridge the natural frequencies
may not have been accurately determined. This is however always the case for tran-
sients so this rule of thumb should probably only be valid for the ambient vibration.
However, Andersen mentioned that it is always preferable to determine the modal
damping ratios in the frequency domain and not in the time domain, i.e. to use the
half-power bandwidth method instead of the logarithmic decrement technique when
the monitoring time is short. For structures with widely separated modes of vibra-
tion the damping ratios are then relatively straight forward to analyse since each
mode can be treated as if it is the only one present. Also tightly spaced, but lightly
damped structural modes can be analysed concerning damping ratios. However,
tightly spaced modes whose damping is high enough to cause the modal responses
to overlap thus create computational difficulties in trying to separate the effects
from the structural vibration modes. If however the time domain is used to calcu-
late the damping ratios with the logarithmic decrement technique the normalised
SDF auto-correlation function achieved from the inverse FFT is to be used. How-
ever, according to Andersen it is recommended to only use the part between 0.95
and 0.3 correlation to achieve a linearly decaying function for the absolute extreme
values of the auto-correlation function on a logarithmic scale.

Here, monitoring natural frequencies were achieved from the accelerometer signals.
The acceleration signal analysis were based on

• a single train crossing the bridge,

• a sampling frequency of 600 Hz,

• a number of 42200 samples in the time history of the acceleration signal, i.e.
N = 215 = 32768 samples used for the FFT analysis which consequently
resulted in a frequency resolution in the frequency domain of Δf = 1

N 1
fs

≈
0.0183 Hz,

• an anti-alias Bessel low-pass filter with a cutoff frequency at 15 % of the sam-
pling frequency, i.e. at 90 Hz,
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• a normalisation of the acceleration signals in the time domain to a zero accel-
eration level using a best-fit straight line from time zero to 42200 1

fs
s,

• a FFT of the whole signals, i.e. not only the free vibration parts, to the fre-
quency domain as ESD,

• an averaging in the frequency domain with the 4th order Savitzky-Golay al-
gorithm using a window size of 8 data points,

• a digital Butterworth band-pass filter of order 8 applied on the original signal
in the time domain to extract specific modal response signals with lower and
upper cutoff frequencies close to the natural frequency identified from the ESD
graph,

• a FFT of the extracted modal signals to the frequency domain represented as
PSD,

• an averaging of each natural frequency peak in the frequency domain with the
4th order Savitzky-Golay algorithm using a window size of 6 to 10 data points,
depending on which best suited the specific frequency response, and

• a modal damping ratio evaluation in the frequency domain according to the
half-power bandwidth method with linear interpolation between the Savitzky-
Golay algorithm points.

The signals used were measured at the same time for one specific train crossing
the bridge. The complete signals were used and not only the free vibration parts
to avoid windowing and consequently leakage in the frequency domain. Therefore,
the monitoring was starting and ending with zero acceleration. In addition, the
magnitude and unit of the signal in the time range where thereby retained.

To further test the reliability of measured results the theoretical fundamental fre-
quency of the track slab was compared with the higher frequency range of the signal
from accelerometer CK3AV, mounted in the vertical direction at the lower edge of
the track slab.
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Bridge FE modelling

6.1 General

The New Årsta Railway Bridge was modelled using a three dimensional model with
finite beam elements. The purpose has been to verify and update the model from
monitoring. The aim later on is to use the model for moving load simulations and
predict actual dynamic bridge behaviour and load effects.

The model constituted a continuum of an elastic material that symbolised the con-
crete. The exactly correct cross section geometry was used along the bridge. As
simplifications the reinforcement, the prestressing cables, the rail and the rail fas-
tenings were not included. Instead the modulus of elasticity and Poisson’s ratio
were identified to achieve an equivalent model with dynamic properties agreeing
with monitoring results.

6.1.1 Conditions and Assumptions

The following conditions and made assumptions were used:

• Three dimensional beam elements were used for the global model with beam
elements that follows the Bernoulli-Euler theory of bending. The Bernoulli-
Euler theory is based on the assumption that plane sections normal to the
axis of the element remain plane after deformation. Shear deformations were
added to the bending deformations and were based on equivalent shear areas
of the cross section in the directions of the principal moments of inertia. The
shape of the cross section was maintained during deformation but out-of-plane
(axial) warping of the cross-section due to shear flow was unrestrained. The
global torsional behaviour followed Saint-Venant’s theory of torsion. In the
identification of cross sectional stress-strain results, plane two dimensional
models with plane strain elements were used. Constrained warping was then
considered by manually giving the torsional curvature.
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• Classical damping

• The stiffness of the railway track was not considered. Experience indicates the
influence of its dynamic properties on the response of the bridge is generally
negligible for medium and long span bridges (L > 20m). In this case, the
mass and stiffness properties of the railway track was incorporated into the
bridge model in a simplified way by appropriate modification of the model’s
dynamic properties.

• The prestressed concrete was modelled as an equivalent isotropic linear elas-
tic material without reinforcement and prestressing cables. Consequently, the
stress-strain relationships were defined by means of constant modulus of elas-
ticity and Poisson’s ratio.

6.1.2 Post-Tensioned Concrete Bridges

The post-tensioned prestressing system design on the New Årsta Railway Bridge was
based on the VSL system. Each tendon was composed of 19φ 15.7 mm strands and
is placed in empty polyethylene ducts. After casting and when a specified concrete
strength was achieved the tendons were stressed and the ducts were finally grouted.
Thus, if grouting was performed properly, the tendons were bonded completely to
the surrounding concrete along the whole length of every prestressing cable.

Frýba specifies that the prestress in the wires bears no effect on the potential energy
in the beam and consequently causes no change in its natural frequencies’ character-
istic behaviour, i.e. the mode shape forms (Frýba, 1996; Frýba, 1999). Consequently,
the prestress forces are at equilibrium with the compressing concrete forces and the
total resulting force acting on a unit length is unchanged. Frýba further conclude
that a grouted prestressed beam (bridge) therefore can be dynamically computed
as though it were not subjected to any axial force at all. Naturally, the concrete
cross sectional area of the bridge must include the whole concrete cross section and
the ideal area of tendons. However, the effect of prestress is only a stiffer bridge
which is achieved by selecting a modulus of elasticity value corresponding to the
given prestress.

6.1.3 SOLVIAR© FE Program Summary

This section throughout refers to the SOLVIAR© Finite Element System Version 03
manual (SOLVIA Engineering AB, 2005).

Many FE packages are available on the market and here the SOLVIAR© Finite Ele-
ment System Version 03 has been chosen for bridge analysis purposes. The SOLVIA
system consists of the SOLVIA-PRE, SOLVIA and SOLVIA-POST programs ac-
cording to the illustration in Figure 6.1. The SOLVIA module includes both dis-
placement/stress and temperature analysis possibilities.
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SOLVIA-PRE
SOLVIA
including

SOLVIA-TEMP
SOLVIA-POST

Figure 6.1: The separate modules included in the SOLVIA FE system are used in
the illustrated order. Modified from (SOLVIA Engineering AB, 2005).

The SOLVIA module can be used for static and dynamic analysis and indeed stress
analysis of structures. It is possible to perform either a linear or nonlinear analysis.
However, in many cases only a linear analysis is required. In addition, a nonlinear
analysis is generally proceeded by a linear analysis. Consequently, the SOLVIA
module is designed to perform a linear analysis very effectively, but for which the
input file can easily be changed and suited for a nonlinear run.

Besides temperature analysis the SOLVIA-TEMP program can be used for other
engineering problems such as for calculation of beam cross-sectional stresses.

The FE models for analysis are defined by input to the SOLVIA-PRE module. There
are also model generation and model display options available. It is SOLVIA-PRE
that produces the input files for SOLVIA and SOLVIA-TEMP, see Figure 6.1. The
SOLVIA-PRE input file (and SOLVIA-POST input file as well) includes commands,
parameters and data lines, see Appendix D.

A SOLVIA or SOLVIA-TEMP analysis stores the results in a porthole file. This
file can direct the analysis results to the SOLVIA-POST module, see Figure 6.1.
SOLVIA-POST has two databases, one database with displacement/stress results
from a SOLVIA analysis and one database from a SOLVIA-TEMP analysis with cor-
responding temperature results. SOLVIA-POST naturally performs post-processing
of analysis results. This means that one has the possibility of choosing how to dis-
play the results, as plots and/or listings. In addition, SOLVIA-POST allows for
post-processing analysis of data such as searching for extreme results, etc.

In the plotting of analysis results it is optional to include the original and deformed
meshes, contours and vectors, x-y diagrams and diagrams telling the result variation
along lines in the model.

6.2 Bridge Generation

The complex bridge geometry was by the author automatically generated using
coordinates calculated with algorithms developed by the author in the programming
language MATLABR©. Consequently, running these algorithms gave all cross section
and plane geometry coordinates. The difficulties however were within using correct
material properties and cross section parameters for the varying cross section. A
systematic bridge generation process was achieved using the following two main
steps:

1. Generation of cross sections and calculation of cross section properties.
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2. Assembling of piecemeal constant cross sections and supplement the super-
structure with constant elliptic piers and supports to generate the complete
bridge structure.

6.2.1 Clothoid Shaped Transition Curve

The geometry of the New Årsta Railway Bridge was extremely complex, especially
the characteristic cross section design, but also the plane geometry concerning the
curve for the northern part of the bridge. Consequently, the theory of clothoid
shaped transition curves was used. The concept is reproduced here, based on infor-
mation found in (Sahlin and Sundquist, 2000).

The track was composed of straight and circular curved track parts. In between
transition curves were arranged to create an acceptable change in centripetal accel-
eration for the passengers’ comfort.

The theoretically most convenient transition curve between straight and circular
form is the so-called clothoid function, defined as

R(s) · s = A2 (6.1)

where A is a clothoid function constant. Thus, if a clothoid curve with length L is
used to connect a straight track part with a circular curve with radius R it is valid
that

A2 = RL (6.2)

This was the case for the New Årsta Railway Bridge where A, R and L were given
in the construction document. The applicable clothoid is illustrated in Figure 6.2
where notations are used for a clothoid transition curve connecting to a circular
curve with radius RB at point B.

The clothoid shaped transition curve is however complicated to calculate and setting
out. Therefore, an approximate method is used for the clothoid in the form of an
series expansion for the x and y parameters according to

x ≈ s − RB
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In addition
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R = ∞
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Figure 6.2: A clothoid shaped transition curve connecting a straight track part from
point A to a circular track part in point B. Reproduced from (Sahlin and
Sundquist, 2000).

τB =
LB

2RB

(6.5)

ν = yB − RB (1 − cos τB) (6.6)

a = xB − RB sin τB (6.7)

6.2.2 Bridge Supports and Boundary Conditions

The support conditions for the complete bridge were assumed according to Fig-
ure 6.3. The legend F indicates that the main girder and piers are fixed for transla-
tions in the longitudinal and transversal direction. In addition, the bridge deck was
prevented from rotation around its longitudinal axis over each pier. The bearings at
the top of the piers had the function of hinges for full pier rotations in all directions
and for the bridge deck around its transversal and vertical axis. The main girder
was released for longitudinal movements at other pier supports and the abutment
supports, but locked for translation in the other directions. All pier bottom plates
were represented as rigid clamped pier supports, but in reality they bottom plates
at P8 and P9 were piled.
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F F F F F F F

Pier

Span

NL P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 SL

1 2 3 4 5 6 7 8 9 10 11

4815 65009 × 7800

Figure 6.3: The boundary conditions assumed for the FE model. F means fixed
connection for translations between the bridge deck and pier.

(a) The main span cross section consisting
of plane strain elements.

(b) Cross section of plane strain elements
close to the northern abutment.

Figure 6.4: Discretisation of the bridge cross sections into plane strain elements.

6.2.3 Cross Section Parameters

Piecemeal constant beam cross sections of at most 0.5 m length were used to consti-
tute the bridge superstructure. Each of these cross sections were generated in the
SOLVIA system from by the author calculated cross section coordinates, where each
cross section required a separate analysis run. The specific cross section was mod-
elled using a special material model called T-MATERIAL in the SOLVIA-PRE module
for temperature analysis. It had the property of letting cross sectional properties
be calculated. These cross sectional properties included area moments of inertia,
torsional constant, warping constant, effective shear areas as well as locations of
the shear centre and centre of gravity. A requirement was that the beam cross sec-
tion shape was modelled using thermal PLANE STRAIN elements that use the same
T-MATERIAL defined by the SOLVIA-PRE command T-MATERIAL N BEAMSTRESS.
Two of the cross sections consisting of plane strain elements are exemplified in Fig-
ure 6.4.

To achieve a listing of cross sectional parameters the T-BEAMSTRESS command was
used in the SOLVIA-POST module, supplemented with the LIST T-BEAMSTRESS
option. The command LIST T-BEAMSTRESS listed the calculated values of the cross
section area, area moments of inertia, torsional constant (Saint-Venant torsional mo-
ment of inertia), warping constant, effective shear areas and locations of the shear
centre and centre of gravity for the beam cross section. In addition, the result file
was printed in such a format that the properties could be used as input in defining a

80



6.2. BRIDGE GENERATION

(a) User specified section over a pier. (b) General section over a pier.

(c) User specified section close to the
transversal wall over a pier.

(d) General section close to the transversal
wall over a pier.

Figure 6.5: Visualisation differences between the user defined and general cross sec-
tion alternatives. Notice that there is a difference to scale between the
general sections to the right and the user defined sections to the left.
The beam element node and shear centre position is marked. The node
point is defined at the centre line of track U1.

SECTION N GENERAL cross section of the BEAM element in a separate SOLVIA-PRE
run, i.e. when generating the complete bridge. The drawback however with using
GENERAL beam sections was that the actual cross section is only visible symboli-
cally as a rectangle and a circle. The rectangle has the same principle moments of
inertia and the circle has the same area as the actual section. In Figure 6.5, the
SECTION N USER cross section alternative is included to clearly illustrate the visual-
isation differences. The SECTION N USER option has the possibility of representing
the actual cross section appearance, but it is indeed not supposed to use in col-
laboration with the automatically generated T-MATERIAL properties. Therefore, the
SECTION N GENERAL alternative, to the right in Figure 6.5 was used. Note though
that the beam sections are not composed of nodes. They only constitute the beam
properties for a beam element generated between node i and j. Consequently, the
beam element’s r-s-t coordinate system has its r-axis coinciding with the center of
gravity. The positions of the beam element nodes were controlled with the offset
commands SOFFSET and TOFFSET. This was used to steer the position of vehicle loads
to naturally act in node points on track U1, and since the bridge’s plane geometry
was given for this location in space.
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The SOLVIA-PRE and SOLVIA-POST file used to generate cross sections with
plane strain elements, and the listing of section properties is included in Appendix A.
Appendix B contains an example of a result list with cross section properties.

6.2.4 Assembling of Beam Elements

The bridge generation file became extremely large due the varying beam cross sec-
tions throughout the bridge and the variation in vertical alignment of the bridge
deck. The cross sections were however repeated in each span, but since the vertical
alignment of the deck varies throughout the complete bridge length the bridge was
divided into as many as 22 element groups. This was not necessary but it became
easier to generate the SOLVIA-PRE code in this way with the aid of MATLAB. Each
main span then consisted of two element groups since each half included exactly the
same cross sections. The span closest to the southern abutment also included two
element groups while the most northern span was only compounded in one element
group. All bridge piers have the same cross section so they were modelled within
one element group. Each element group was generated in the same way, calling
the generated cross section property listings, with the only difference of the beam
elements’ nodal coordinate locations. No beam element was longer than 0.5 m and
every element’s node coordinate was automatically calculated with an algorithm in
MATLAB developed by the author and specified within the SOLVIA-PRE com-
mand COORDINATES. Totally the bridge generation resulted in a SOLVIA-PRE file
with over 10 000 rows. A simple MATLAB file for generation of the SOLVIA-PRE
is included in Appendix C in a shortened version. The resulting SOLVIA-PRE file
is also presented in Appendix D.

To correctly describe the orientation of each beam element the BEAMVECTOR com-
mand was used. It defines vectors that can be refereed to in the GLINE command
for beam element generation. Consequently, BEAMVECTOR defined the rs-plane for
selected elements. Referring each element to its belonging cross section properties
was performed using the EDATA command where the element number was combined
with the belonging cross section property listing.

The assumed boundary conditions according to Figure 6.3 were modelled using
the SOLVIA-PRE commands RIGIDLINK, FIXBOUNDARIES and CONSTRAINTS. Rigid
links use master and slave nodes which means that as the nodes displace due to
deformations the slave node is constrained to translate and rotate such that the
distance between the master node and the slave node remains constant. This implies
that the rotations at the slave node were the same as the rotations at the master
node. FIXBOUNDARIES specified fixed boundary conditions for selected directions
for nodes of the main structure. The command CONSTRAINTS became necessary
to use when specifying the hinge connections between piers (P3-P9) and the main
girder. To be able to correctly specify the boundary conditions in the clothoid
shaped curve the SKEWSYSTEMS VECTORS function in the SOLVIA system was used.
This related the concerned supports to the longitudinal direction of the bridge that
follows its horizontal alignment. The defined skew coordinate systems were identified
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Figure 6.6: A part of the bridge in the curve with two piers seen from above. Notice
how close to each other the different beam sections in the superstructure
are (each vertical line is a cross section). Also notice the beam element
generation node line which also represented the centre line of track U1.
The general section of the piers, i.e. the inertia rectangle and area circle,
is also clearly indicated together with its correct orientation.

Figure 6.7: The complete FE bridge model generated in SOLVIA from different
views.

by a number and were applied to selected support nodes of the structure using the
command NSKEWS to define the directions of nodal displacement degrees of freedom.
Figure 6.6 illustrates the bridge seen from above where it is clearly seen that the
piers were oriented correctly in relation to the superstructure.

The complete bridge FE model is illustrated in Figure 6.7 with the general beam
element sections according to Figure 6.5 visible. Notice in the lower left view that
bigger circles are clearly seen in the bridge deck over each pier where the transversal
wall was located and the cross sectional area was consequently increased.
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6.3 FE Model Verification Methods

Cross sectional stresses were compared between a static field test with a fully loaded
macadam train and FE model results. Consequently, this could give information con-
cerning appropriate material parameters to use for modulus of elasticity, Poisson’s
ratio and consequently the shear modulus. However, the bridge was eccentrically
loaded with the train on track U1, i.e. a line perpendicular to the paper at the node
mark in Figure 6.5, which resulted in torsion. However, as the model consisted of
beam elements it was necessary to separately calculate the torsional angle variation
to completely consider the torsional phenomenon, i.e. including the Vlasov portion
in addition to the Saint-Venant portion (SOLVIA Engineering AB, 2005).

The other verification method was to compare the natural frequencies achieved with
SOLVIA with those from monitoring. This step has been considered important since
the natural bridge frequencies of the FE model are the most critical parameters
required for obtaining a good match with site data (UIC, 2006).

As part of the matching processes the following parameters were adjusted

• The structural/elemental stiffness including Poisson’s ratio and consequently
the shear modulus

• The structural mass

• The bridge supports and boundary conditions

6.3.1 Cross Section Stresses Comparison

The cross section stresses depend on the axial forces in direction of, and the mo-
ments about, the r, s and t direction of the element’s r-s-t system, located at the
centre of gravity (see Figure 6.5). The moments about the s and t axis are bending
moments while the moment about the longitudinal r axis is the torsional moment.
However, since the bridge deck was supported by the piers the torsion included con-
strained warping, i.e. the torsional curvature was not constant along the beam. Both
shear and normal warping stresses were consequently present. The beam element
in SOLVIA however originally models Saint-Venant torsion only and is based on
the assumption that unconstrained axial warping displacements can occur and that
the torsion is consequently uniform along the beam element (SOLVIA Engineering
AB, 2005). Then calculated torsional shear stresses and axial stresses are due to
Saint-Venant torsion only. However, for the axial (normal) stresses it is possible
to include stresses due to constrained warping if a value of the torsional curvature
is given. Consequently, it became reasonable to compare monitoring stresses with
those theoretically calculated. Even the value of Poisson’s ratio could be evaluated
since the numerical solutions involved the shear modulus which according to theory
is related to the modulus of elasticity through Poisson’s ratio.
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Figure 6.8: Illustration of the torsional out-of-plane deformation, also referred to as
warping displacement. From (Ugural and Fenster, 1995).
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Figure 6.9: Torsion of I-beam. For the upper beam the warping is unconstrained.
The cross section of the lower beam is forced to remain plane in the
midspan section and consequently the warping is constrained. Modified
from (Petersson and Sundquist, 2001).

Torsional Warping Influence on Axial Stresses

Torsional loading of beam elements results in cross section deformations in the di-
rection of the longitudinal axis of the beam. For circular cross sections all plane
sections perpendicular to the longitudinal axis of the beam remain plane following
the application of torque. Consequently, points in a specific cross sectional plane re-
main in that plane also after twisting (Ugural and Fenster, 1995). For non circular
cross sections on the contrary the initially plane cross sections experience out-of-
plane deformation, i.e. axial warping displacements according to Figure 6.8. Most
closed cross sections such as box girders belong to the latter alternative and are
called torsional quasi-plane sections, in contrast to the opened cross sections such
as I-beams and channel beams where the warping displacement is totally dominant.

When the warping is unconstrained the type of torsion is called Saint-Venant torsion
and introduces Saint-Venant torsional shear stresses. On the contrary, when the
warping is constrained the cross sections are forced to remain plane and one talks
about Vlasov torsion that consequently gives axial torsional stresses in addition
to the Vlasov torsional shear stresses. Unconstrained and constrained warping is
clearly illustrated in Figure 6.9.

In SOLVIA a user-supplied torsional curvature value affects the axial stress distri-
bution of the beam element’s cross section according to

σrr(r, s, t) =
Fr

A
+

tIt − sIst

IsIt − I2
st

Ms − sIs − tIst

IsIt − I2
st

Mt + Ew(s, t)
d2ϕr

dr2
(6.8)

85



CHAPTER 6. BRIDGE FE MODELLING

N1

N2

1

2

r

s

t

Fr

FrFs

Fs

Ft

Ft

Mr

Mr

Ms

Ms

Mt

Mt

Figure 6.10: Generalised beam element with cross sectional forces/moments using
the engineering sign convention. As for the New Årsta Railway Bridge
the beam element is generated between node 1 (N1) and node 2 (N2)
but offset to point 1 and 2, respectively. Notice though that the forces
act at the centre of gravity where also the element’s r-s-t coordinate
system is located. Modified from (SOLVIA Engineering AB, 2005).

Thus, the constrained axial stress is composed of three parts, i.e. the axial (normal)
force part, the bending moments part and the warping displacement part. The forces
and moments are consequently given in the r-s-t system of the beam element, i.e.
acting at the cross section’s centre of gravity with an engineering sign convention
according to Figure 6.10. The torsional warping function, w, is scaled so that
w(s, t) · dϕr/dr is the axial warping displacement due to Saint-Venant torsion.

The torsional curvature included in Equation (6.8) has to be calculated outside
SOLVIA. Later in this section the algorithm used to estimate the torsional curva-
ture is described. The torsional curvature at each bridge cross section is however
linearly dependent on the modulus of elasticity, resulting in a constant E d2ϕr

dr2 prod-
uct in Equation (6.8). Consequently, for each value of Poisson’s ratio only one
torsional curvature calculation was necessary for each section to achieve the axial
stress distribution in Equation (6.8). The actual modulus of elasticity correspond-
ing to measured strain results was then found through the linear elastic deformation
relation E = σ

ε
according to Hooke’s law. Poisson’s ratio however affects the cross

sectional forces/moments values in Figure 6.10 and the torsional curvature indeed so
that the numerically solved strain results could be even further improved. However,
this effect was found small and to more accurately analyse the reliability of Poisson’s
ratio used, shear stresses should preferably be considered.

In SOLVIA the SOLVIA-POST command T-BEAMSTRESS was used in the same way
as when calculating the cross sectional properties earlier but now the beam cross
section’s forces/moments/torsional curvatures were given as input. Besides the tor-
sional curvatures the input data was found using the SOLVIA-POST command
BEAMFORCES in a separate load case analysis to list the beam element forces and
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moments in a specific structural node point. This result list was indeed compatible
with the T-BEAMSTRESS command.

As previously, the command T-BEAMSTRESS used thermal analogy calculations and
therefore needed a cross section modelled in SOLVIA-PRE using the thermal PLANE
STRAIN elements. These elements were assigned to constitute the T-MATERIAL N
BEAMSTRESS material model.

Consequently, a nonzero torsional curvature was associated with constrained axial
displacements. Notice though that in such a case shear stress due to constrained
warping (Vlasov shear stress) would occur along with Saint-Venant shear stress.
SOLVIA however does not calculate the Vlasov shear stresses by the T-BEAMSTRESS
command. Therefore, when a nonzero torsional curvature is specified as input to
SOLVIA only axial stresses are output and consequently no shear stresses.

Torsional Curvature Estimation

For prismatic beams the differential equation describing the torsional angle for a
combination of Saint-Venant and Vlasov torsion is

d4ϕx

dx4
− κ2 d2ϕx

dx2
=

mx

ECSC
(6.9)

where

κ2 =
GIr

ECSC
(6.10)

However, the New Årsta Railway Bridge had a non-prismatic cross section and
Equation (6.9) was therefore not valid. Thus, Åkesson specify in (Åkesson, 1970)
with reference to (Cywinski, 1964; Cywinski, 1967) that for smoothly varying Ir and
CSC the differential equation can be given according to

d2

dx2

(
ECSC(x)

d2ϕx

dx2

)
− d

dx

(
GIr(x)

dϕx

dx

)
= mx (6.11)

This differential equation can be solved only numerically and was solved by the
author using the method of finite differences. The theory of finite differences is in
detail described in for example (Ugural and Fenster, 1995) and is here only briefly
reproduced.

First of all, Equation (6.11) was further developed. A differential operator D of
order n operating on a function g = g(x) multiplied by a function f = f(x) follows
the rule (Råde and Westergren, 1998)
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Dn(fg) =
n∑

k=0

(
n

k

)
f (n−k)g(k) (6.12)

where

(
n

k

)
=

n!

k!(n − k)!
and 0! = 1 (6.13)

Equation (6.12) in (6.11) results in

ECSC(x)
d4ϕx

dx4
+ 2

dECSC(x)

dx

d3ϕx

dx3

+

(
d2ECSC(x)

dx2
− GIr(x)

)
d2ϕx

dx2
− dGIr(x)

dx

dϕx

dx
= mx

(6.14)

The basic of finite difference expressions follow logically from the fundamental rules
of calculus with the definition of the first derivative with respect to x, exemplified
here with the continuous torsional angle function ϕ = f(x) as

(
dϕ

dx

)
n

= lim
Δx→0

ϕ(xn + Δx) − ϕ(xn)

Δx
= lim

Δx→0

ϕn+1 − ϕn

Δx
(6.15)

for an arbitrary point n on the torsional angle curve. Instead of letting the increment
in the independent variable become vanishingly small it assumes a finite value Δx =
h and Equation (6.15) approximately becomes

(
dϕ

dx

)
n

≈ Δϕn

h
=

ϕn+1 − ϕn

h
(6.16)

Here Δϕn is the first difference of ϕ at point xn. However, this difference is expressed
in the terms of the numerical value of the torsional angle function at the point in
question and a point ahead of it, n and n + 1, respectively. Consequently, this
difference is termed a forward difference. An often more accurate approximation
than the forward difference (or backward difference as well) is the central difference
which involves pivot points symmetrically located with respect to xn.

Accordingly, in terms of symmetrical pivot points, the derivative of ϕ at xn is

(
dϕ

dx

)
n

≈ ϕ(xn + h) − ϕ(xn − h)

2h
=

1

2h
(ϕn+1 − ϕn−1) (6.17)

Consequently, the first central difference δϕ is
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δϕn =
1

2
(ϕn+1 − ϕn−1) ≈ h

(
dϕ

dx

)
n

(6.18)

The second central difference at xn is the difference of the first central difference,
i.e.

δ2ϕn = δ(δϕn) =
1

2
δ(ϕn+1 − ϕn−1) =

1

2
(δϕn+1 − δϕn−1)

=
1

4
(ϕn+2 − ϕn) − 1

4
(ϕn − ϕn−2)

=
1

4
(ϕn+2 − 2ϕn + ϕn−2)

(6.19)

Since the finite difference expressed in this way depend on torsional angle values
two intervals ahead of and behind the specific point considered the approximation
is improved and instead expressed in terms of the function only one interval in each
direction. Consequently, the definition of the forward and backward difference gives
the second central difference at xn according to

δ2ϕn = Δ(∇ϕn) = Δ(ϕn − ϕn−1) = Δϕn − Δϕn−1

= (ϕn+1 − ϕn) − (ϕn − ϕn−1)

= ϕn+1 − 2ϕn + ϕn−1 ≈ h2

(
d2ϕ

dx2

)
n

(6.20)

Similarly, the third and fourth central differences are defined as

δ3ϕn =
1

2
(ϕn+2 − 2ϕn+1 + 2ϕn−1 − ϕn−2) ≈ h3

(
d3ϕ

dx3

)
n

(6.21)

δ4ϕn = ϕn+2 − 4ϕn+1 + 6ϕn − 4ϕn−1 + ϕn−2 ≈ h4

(
d4ϕ

dx4

)
n

(6.22)

Developing the derivatives of the torsional angle, the warping stiffness ECSC(x) and
the torsional rigidity GIr(x) in Equation (6.14) according to the principle of finite
differences in Equation (6.18), (6.20), (6.21) and (6.22) the resulting torsional angle
differential equation became
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1

h4

[
ECSCn−1ϕn−2 − 2

(
ECSCn−1 + ECSCn

)
ϕn−1

+
(
ECSCn−1 + 4ECSCn + ECSCn+1

)
ϕn

− 2
(
ECSCn + ECSCn+1

)
ϕn+1 + ECSCn+1ϕn+2

]
=

1

2h2

[(
GIrn−1 + GIrn

)
ϕn−1 − 4GIrnϕn

+
(
GIrn + GIrn+1

)
ϕn+1

]
+ mx

(6.23)

Consequently, using Equation (6.23) a system of N equations was achieved. Thus,
the equation system could be written as

[Cw]{ϕ} = [C]{ϕ} + {mx} (6.24)

An algorithm, developed by the author in MATLAB calculated the torsional angles
along the beam as

{ϕ} =
(
[Cw] − [C]

)−1{mx} (6.25)

Assumed boundary conditions for the torsional angle was taken into account. Since
the static load case used for cross section stress verification consisted of a macadam
train going from pier 8 (P8) to pier 10 (P10) the torsional angle was the same for span
9 and 10 with the symmetry plane over pier 9 and perpendicular to the longitudinal
bridge direction. In addition, the cross section over the piers was extremely stiff
due to the 2 m thick transversal wall. Therefore, the box girder of the bridge was
assumed to be rigidly clamped over pier 9. That is

ϕx=0 = 0 and
dϕx=0

dx
= 0 (6.26)

If symmetry conditions were assumed at midspan it was valid that

dϕx=39

dx
= 0 and Mx=39 = GIr

dϕx=39

dx
− ECSC

d3ϕx=39

dx3
= 0 (6.27)

The total torsional moment, Mx, was composed of two terms, i.e. the Saint-Venant
portion, MSV = GIr

dϕx

dx
, and the Vlasov portion, MVL = −ECSC

d3ϕx

dx3 . As mentioned
earlier, the Vlasov moment is due to constrained warping and is assumed to be
zero in a conventional Saint-Venant torsion analysis. This means that the torsional
curvature is then assumed to be constant along the bridge.

In the static load test the macadam train was loading track U1 of the bridge ac-
cording to Figure 6.11. It consisted of one locomotive and nine wagons fully loaded
with macadam. The wagons were 14.34 m long with a bogie centre to bogie centre
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Figure 6.11: The macadam train loading the bridge between pier 8 and pier 10.
Each load arrow symbolises an axle loads in a bogie. Since the bridge
is composed of beam elements the wheel loads were combined to point
loads acting at the beam node point located at the centre line of track
U1.

distance of 9.30 m. The axle distance in a bogie of the wagons was 1.80 m and the
total weight of each wagon loaded with macadam was approximately 80 metric tons,
i.e. the axle load was about 20 metric tons. The locomotive on the contrary had a
total weight of approximately 88 metric tons, i.e. an axle load of about 22 metric
tons. Its length was 15.42 m with a bogie centre to bogie centre distance of 7.30 m
and an axle distance in each bogie of 2.40 m.

The algorithm programmed by the user in MATLAB and used to solve Equa-
tion (6.25) is included in Appendix E, where the boundary conditions presented
in Equation (6.26) and (6.27) were implemented. With the conditions above a train
load approximated as evenly distributed the distributed moment about the global X-
axis per unit length, mx, see Figure 6.11, was approximately -120 kNm/m. However,
as the torsional angle according to Equation (6.23), and thus the torsional curvature,
depend on the modulus of elasticity and the shear modulus these parameters had
to be varied in achieving accurate axial stresses according to Equation (6.8) when
comparing with measured results.

The second derivative to the solution of Equation (6.25) was consequently the tor-
sional curvature necessary for input in SOLVIA.
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6.3.2 Frequency Analysis and the Subspace Iteration Method

When natural frequencies of the structure were to be calculated the SOLVIA-
PRE command FREQUENCIES SUBSPACE-ITERATION was addressed. In addition,
ANALYSIS TYPE=DYNAMIC was specified.

Consequently, to find the modal characteristics, i.e. the vibration properties con-
sisting of natural frequencies and natural vibration modes, the matrix eigenvalue
problem in Equation (4.8), i.e.

[k]{φn} = λn[m]{φn} (6.28)

is to be solved. As mentioned in Section 4.1 the eigenvalue λn ≡ ω2
n are the roots of

the characteristic equation in Equation (4.9), which again is

p(λn) = det ([k] − λn[m]) = 0 (6.29)

However, for large systems such as the New Årsta Railway Bridge it is time-consuming
to solve the characteristic equation since the evaluation of the coefficients of the
polynomial requires much computational effort and the roots of p(λn) are indeed
sensitive to numerical round-off errors in the coefficients (Chopra, 2001).

With the development within digital computer power and commercial FE programs,
more reliable and efficient solving methods are now available. The methods are
briefly divided into three categories depending on the solution algorithm (Chopra,
2001):

1. Vector iteration methods working directly on the property of the eigenvalue
problem in Equation (6.28).

2. Transformation methods using the orthogonality property of the natural vi-
bration modes in Equation (4.13).

3. Polynomial iteration techniques working on the equality p(λn) = 0.

Especially for large systems a combination of two or more methods belonging to the
same or different categories have been developed. A convenient and reliable solving
procedure used by SOLVIAR© is the subspace iteration method. Then, to find an
eigenpair (λn, φn) either the eigenvalue or the natural vibration mode is calculated
by iteration and the other is obtained without further iteration.

The theory of the subspace iteration method and the corresponding algorithm is
presented in detail in (Géradin and Rixen, 1994).
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Chapter 7

Results

7.1 Cross Sectional Stresses

Monitoring cross sectional strains from the static macadam train load were compared
with the stresses achieved from Equation (6.8), assuming a linear elastic material.
These calculations required values of the torsional curvature to correctly include the
Vlasov portion of torsion in the results. The term stresses has been used instead
of strains since Equation (6.8) was given as axial stress distribution which also is
indirectly used.

7.1.1 Torsional Curvature

The calculated cross sectional warping constant with respect to the shear centre,
CSC, and the Saint-Venant torsional inertia, Ir, both included in Equation (6.23)
and necessary to calculate the torsional curvature, are presented in Figure 7.1 and
7.2, respectively. A polynom of the fifth degree according to the least squares method
was used to fit the cross sectional values calculated within SOLVIA and to achieve
torsional curvature results completely throughout the beam length, i.e. for every
value of x. The independent variable x included the instrumented bridge cross
sections, i.e. section A, B and C, and was going from the central pier section at pier
9 to the midspan section between pier 8 and pier 9, located at x = 39m.

For the finite difference calculation of the torsional curvature a modulus of elas-
ticity, E = 36GPa, corresponding to the characteristic value of concrete with a
cubic strength of 60 MPa, was used. Poisson’s ratio was given a value of 0.2, com-
monly used for concrete. As a result, the torsional angle according to Figure 7.3
was achieved. The bridge beam from pier to midspan was divided into 500 seg-
ments, i.e. 501 evenly distributed finite difference calculation points were used. The
corresponding torsional curvature is presented in Figure 7.4.

If Poisson’s ratio was varied the torsional curvature results at the instrumented
bridge sections A, B and C, corresponding to x = 0 m, x = 19.5 m and x = 39 m,
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Figure 7.1: Cross sectional warping constant with respect to the shear centre. The
blue curve symbolises SOLVIA calculations and the dashed black curve is
the least squares fitted polynom of the fifth degree for which the equation
is given.
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Figure 7.2: Cross sectional Saint-Venant torsional inertia. The blue curve symbolises
SOLVIA calculations and the dashed black curve is the least squares
fitted polynom of the fifth degree for which the equation is given.
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Figure 7.3: Torsional angle. E = 36 GPa and G = 15 GPa.
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Figure 7.4: Torsional curvature. E = 36 GPa and G = 15 GPa.
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Table 7.1: Torsional curvatures at instrumented sections when the modulus of elas-
ticity, E = 36GPa, was used and Poisson’s ratio was varied.

ν
Torsional curvature

x = 0 m x = 19.5 m x = 39 m
0.10 -1.12090·10−6 2.13572·10−7 7.23011·10−7

0.15 -1.16551·10−6 2.22839·10−7 7.35604·10−7

0.20 -1.20943·10−6 2.31961·10−7 7.47546·10−7

0.25 -1.25263·10−6 2.40938·10−7 7.58886·10−7

0.30 -1.29514·10−6 2.49771·10−7 7.69666·10−7

respectively, were achieved according to the results in Table 7.1. Since the torsional
curvature was linearly dependent of the modulus of elasticity (see Appendix E) only
one value of the modulus of elasticity, e.g. 36 GPa as here, was necessary for the
torsional curvature calculations. From the measured strain the torsional curvature
for all values of the modulus of elasticity could be given.

7.1.2 Static Load Testing Stresses from Macadam Train

The monitoring strain results from the static load testing with a macadam train
were graphically illustrated in Figure 7.5 to 7.7. Results only for the strain trans-
ducers instrumented in the longitudinal bridge axis direction were included since
these were possible to compare with SOLVIA FE results considering constrained
warping influences. Notice how the graphs illustrate the train slowly moving into
position, showing load position effects, and the actual static load effects when the
train is completely standing still at the end of the monitoring sequence. In addi-
tion, strain transducer CK1 in Figure 7.7 was indicating instability and its results
were therefore considered as unreliable. Notice also that the influence of constrained
warping is clear since strain transducers symmetrically placed on opposite sides of
the centre line of the bridge indicated different strain results (compare for exam-
ple strain transducer BK2 and BK4 in Figure 7.6). If unconstrained warping had
been the case, the cross sectional stress distribution would have been symmetrically
distributed around the vertical symmetry plane at the centre line of the bridge.

In Table 7.2 axial strain results from monitoring and from the FE model in the
instrumented cross sections were presented. Besides using the modulus of elasticity
E = 36GPa results that were best in accordance with actual strain results from
monitoring were included. Thus, the most appropriate modulus of elasticity con-
cerning axial stress results was identified. In addition to the traditional value of 0.2
for Poisson’s ratio, 0.3 was tested only to get a picture of its influence. Consequently,
its influence was found small. To emphasise the constrained warping influence cross
sectional stress results with and without torsional curvature were considered. Fig-
ure 7.8 to 7.13 graphically illustrates the theoretical SOLVIA axial cross sectional
stress distributions.
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Figure 7.5: Measured strain at section A from static macadam train loading. Strain
transducers included are those oriented in the longitudinal axis direction
of the bridge.
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Figure 7.6: Measured strain at section B from static macadam train loading. Strain
transducers included are those oriented in the longitudinal axis direction
of the bridge.
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Figure 7.7: Measured strain at section C from static macadam train loading. Strain
transducers included are those oriented in the longitudinal axis direction
of the bridge.

Table 7.2: Axial strain results in micro strains (μs) at monitoring bridge sections.

Cross Strain E
ν

d2ϕx

dx2

Source
section transducer [GPa] Monitoring FEM FEM1

x = 0m
AK1

– – – −11.85 – –
36 0.2 −1.21·10−6 – −19.49 −18.85
59 0.2 −7.38·10−7 – −11.89 −11.50
36 0.3 −1.30·10−6 – −19.48 –

AK2
– – – 23.22 – –
36 0.2 −1.21·10−6 – 38.67 36.56
60 0.2 −7.26·10−7 – 23.20 21.93
36 0.3 −1.30·10−6 – 38.63 –

continued on next page
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Table 7.2: (continued)

Cross Strain E
ν

d2ϕx

dx2

Source
section transducer [GPa] Monitoring FEM FEM1

AK3
– – – 31.96 – –
36 0.2 −1.21·10−6 – 51.39 49.49
58 0.2 −7.52·10−7 – 31.90 30.72
36 0.3 −1.30·10−6 – 52.14 –

AK4
– – – −18.59 – –
36 0.2 −1.21·10−6 – −39.78 −38.48
77 0.2 −5.65·10−7 – −18.60 −17.99
36 0.3 −1.30·10−6 – −39.75 –

x = 19.5 m
BK1

– – – −9.50 – –
36 0.2 2.32·10−7 – −13.12 −13.16
50 0.2 1.67·10−7 – −9.45 −9.48
36 0.3 2.50·10−7 – −13.06 –

BK2
– – – 8.11 – –
36 0.2 2.32·10−7 – 9.93 9.16
44 0.2 1.90·10−7 – 8.13 7.49
36 0.3 2.50·10−7 – 9.94 –

BK3
– – – 6.66 – –
36 0.2 2.32·10−7 – 8.44 7.92
46 0.2 1.82·10−7 – 6.61 6.20
36 0.3 2.50·10−7 – 8.30 –

BK4
– – – 4.44 – –
36 0.2 2.32·10−7 – 8.16 9.01
66 0.2 1.27·10−7 – 4.45 4.91
36 0.3 2.50·10−7 – 8.07 –

continued on next page
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Table 7.2: (continued)

Cross Strain E
ν

d2ϕx

dx2

Source
section transducer [GPa] Monitoring FEM FEM1

x = 39m
CK1

– – – 17.63 – –
36 0.2 7.48·10−7 – 39.41 34.09
80 0.2 3.36·10−7 – 17.74 15.34
36 0.3 7.70·10−7 – 39.45 –

CK2
– – – −17.48 – –
36 0.2 7.48·10−7 – −26.85 −23.68
55 0.2 4.89·10−7 – −17.58 −15.50
36 0.3 7.70·10−7 – −26.85 –

CK3
– – – −20.43 – –
36 0.2 7.48·10−7 – −34.45 −30.81
61 0.2 4.41·10−7 – −20.33 −18.19
36 0.3 7.70·10−7 – −34.61 –

1Alternative FE model with fixed connection between box girder and piers.
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Figure 7.8: Longitudinal cross sectional stress distribution at the instrumented sec-
tion over pier 9 (x = 0m) from the static macadam train load. Uncon-
strained warping.

Figure 7.9: Longitudinal cross sectional stress distribution at the instrumented sec-
tion over pier 9 (x = 0m) from the static macadam train load. Con-
strained warping taken into account.
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Figure 7.10: Longitudinal cross sectional stress distribution at the instrumented
quarter section in span P8-P9 closest to pier 9 (x = 19.5 m) from the
static macadam train load. Unconstrained warping.

Figure 7.11: Longitudinal cross sectional stress distribution at the instrumented
quarter section in span P8-P9 closest to pier 9 (x = 19.5 m) from the
static macadam train load. Constrained warping taken into account.
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Figure 7.12: Longitudinal cross sectional stress distribution at the midspan section
in span P8-P9 (x = 39m) from the static macadam train load. Uncon-
strained warping.

Figure 7.13: Longitudinal cross sectional stress distribution at the midspan section
in span P8-P9 (x = 39m) from the static macadam train load. Con-
strained warping taken into account.
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Figure 7.14: Linear least squares fit of calculated modulus of elasticity values in the
three instrumented bridge sections.

From Table 7.2 the modulus of elasticity achieved from FE modelling and resulting
in strains corresponding to monitoring results were plotted in Figure 7.14. Note
that the strain transducer AK4 and CK1 were left out. AK4 gave an unrealistically
high value of the modulus of elasticity, which is further discussed and motivated in
Chapter 8. CK1 was omitted due to the unstable behaviour in Figure 7.7. Conse-
quently, a modulus of elasticity of approximately 55 GPa was found reasonable to use
for a competitive equivalent uncracked linear elastic prestressed concrete material,
modelled without prestressing cables.

7.2 Natural Frequencies

Figure 7.15 illustrates the acceleration response in exactly the same time range for
the six accelerometers according to Figure 3.6 to 3.8 from a random train crossing
the bridge.

The corresponding Energy Spectral Densities were represented in Figure 7.16 to 7.20.
In Figure 7.16 the pure bending curve from the combination of CK1AV and CK2AV
was relying upon the resulting signal from Equation (5.12). Similarly, the spectrum
in Figure 7.17 was constructed from the resulting signal in Equation (5.11).

Figure 7.21 revealed how the energy content varies with time for the combined
vertical bending signal arising from accelerometer CK1AV and CK2AV, see Fig-
ure 7.16. More interestingly, it indicated disturbance frequencies valid throughout
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(c) Acceleration signal for accelerometer
CK2AV.
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(d) Acceleration signal for accelerometer
CK3AV.
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(f) Acceleration signal for accelerometer
DK1AV.

Figure 7.15: Acceleration signals from a random train crossing the bridge. All six
accelerometers instrumented on the bridge are represented.
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Figure 7.16: Energy Spectral Density for pure vertical bending from accelerometer
CK3AV only and a combination of accelerometer CK1AV and CK2AV.
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Figure 7.17: Energy Spectral Density for pure torsion from a combination of ac-
celerometer CK1AV and CK2AV.
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Figure 7.18: Energy Spectral Density for horisontal bending from accelerometer
CK4AH.
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Figure 7.19: Energy Spectral Density for a combination of vertical bending and tor-
sion from accelerometer BK1AV.
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Figure 7.20: Energy Spectral Density for a combination of vertical bending and tor-
sion from accelerometer DK1AV.

the complete signal. Thus, besides the expected constant energy content at 50 Hz
and 50/3 ≈ 16.7 Hz (from the alternating current and the railway electrification fre-
quency, respectively) a very low frequency had constant energy content during the
whole signal. From a comparison with the FE analysis this frequency corresponded
to the distinctive peaks at around 2.1 Hz in Figure 7.16 to 7.20. This frequency was
not possible to explain, and was not considered in the validation of the FE mod-
els’ natural frequencies. In addition, Figure 7.21 indicated uncertainties concerning
the very low frequencies. This was considered by using frequencies below 1 Hz as
unpredictable from signal analysis.

The constant frequencies of 100 Hz and 200 Hz were unable to explain. However,
in Figure 7.22 where the spectrogram of the pure vertical bending signal from ac-
celerometer CK3AV was illustrated they did not exist.

In verifying the monitoring natural frequencies with the FE model results a great
deal of effort was put into identifying the first natural frequencies with the highest
energy content. The vertical bending modes with the highest energy content then in-
volved approximately 22 times more energy content (compare Figure 7.16 and 7.17)
and therefore were of the greatest concern. Thus, from Figure 7.16 three vertical
bending modes with a low frequency and relatively high energy content were iden-
tified at 1.30 Hz, 1.45 Hz and 2.42 Hz. Concerning the torsional modes the three
low-frequency modes with the highest energy content were identified in Figure 7.17
at 2.44 Hz, 3.26 Hz and 3.55 Hz. Consequently, the frequency around 2.4 Hz was
a combined bending and torsion mode. This was also proved with the FE model
frequency analysis.
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Figure 7.21: Spectrogram for the combined vertical bending signal arising from ac-
celerometer CK1AV and CK2AV. Notice the horizontal ’lines’ indicating
disturbing frequencies with constant energy throughout the whole sig-
nal even though the train only influenced the bridge until approximately
50 s. In the colour scale to the right dark red means high energy and
light blue low energy content.
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Figure 7.22: Spectrogram for the pure vertical bending signal arising from accelerom-
eter CK3AV. In the colour scale to the right dark red means high energy
and light blue low energy content.
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Figure 7.23: FE model natural frequency and mode shape no. 4. The lower right
cross section clearly indicate the mode behaviour at the accelerometer
monitoring position, i.e. at midspan between P8-P9.

.

In Figure 7.23 to 7.27 the FE model mode shapes and natural frequencies corre-
sponding to signal analysis results were illustrated. That was the mode 4, 6, 11, 18
and 20 when the material parameters for Poisson’s ratio and the density were iden-
tified as 0.1 and 2400 kg/m3, respectively. As indicated in Figure 7.24, 7.26 and 7.27
also these modes were a combination of bending and torsion. The energy content in
the torsional movement were however small compared to the torsional energy in Fig-
ure 7.25. Figure 7.19 and 7.20 were included only to verify those natural frequencies
mentioned previously since they had to be included in these frequency spectrums
too if they were correct. In Appendix F the first 20 natural frequencies and mode
shapes from the FE model analysis were included.

However, the frequency components corresponding to the spectrum in Figure 7.18,
i.e. from the horizontal accelerometer, were unidentified with the FE model. How-
ever, this spectrum also included the 2.1 Hz frequency which further demonstrated
its possible incorrectness. Its error source was however identified.

In Table 7.3 the five lowest natural frequencies (below 5 Hz) with the highest energy
content and with good correspondence between signal analysis and FE model results
were listed. The choice of natural frequencies from the FE model results then only
concerned a static system of the bridge model according to Figure 6.3. The natural
frequency values for the alternative FE model, with clamped connection between
superstructure and piers, were included and chosen for the same natural frequency
numbers. Furthermore, the natural frequencies achieved by COWI and their FE
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Figure 7.24: FE model natural frequency and mode shape no. 6. The lower right
cross section clearly indicate the mode behaviour at the accelerometer
monitoring position, i.e. at midspan between P8-P9.

Figure 7.25: FE model natural frequency and mode shape no. 11. The lower right
cross section clearly indicate the mode behaviour at the accelerometer
monitoring position, i.e. at midspan between P8-P9.
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Figure 7.26: FE model natural frequency and mode shape no. 18. The lower right
cross section clearly indicate the mode behaviour at the accelerometer
monitoring position, i.e. at midspan between P8-P9.

Figure 7.27: FE model natural frequency and mode shape no. 20. The lower right
cross section clearly indicate the mode behaviour at the accelerometer
monitoring position, i.e. at midspan between P8-P9.
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model in the design phase were included, also with values given for the same natural
frequency numbers as given in column one. The damping ratios in column six were
calculated with the half-power bandwidth method using the results in Section 7.3 and
included here for result reporting clarity only. In addition, the approximate method
in Section 4.4.4 resulted in a fundamental frequency of approximately 1.0 Hz.

As earlier mentioned the material properties besides the modulus of elasticity, i.e.
Poisson’s ratio and the density, were adjusted to fit the FE model frequencies to
the monitoring frequencies. The values of 0.1 for Poisson’s ratio and a density of
2400 kg/m3 were found appropriate from the results in column three. The modulus
of elasticity used were consequently 55 GPa, as indicated in Figure 7.14.

Table 7.3: Natural frequency comparison among four sources, i.e. monitoring signals,
two different FE models and design work results from COWI. The material
parameters, i.e. the modulus of elasticity, Poisson’s ratio and the density,
were 55 GPa, 0.1 and 2400 kg/m3, respectively. Modal damping ratios
were estimated in Section 7.3. Notice that the alternative FE model
naturally is much stiffer and mode no. 6 and 11 then besides mode no. 4
vibrated in pure bending only.

No. Type Frequency (Hz) Damping ratio
Monitoring FEM FEM1 COWI %

4 bending 1.30 1.30 1.95 1.13 2.5
6 bending/torsion 1.45 1.44 2.40 1.32 2.7
11 bending/torsion 2.43 2.45 3.23 1.66 1.7
18 bending/torsion 3.26 3.26 4.07 2.23 1.2
20 bending/torsion 3.55 3.55 4.27 2.45 0.5

7.2.1 Track Slab Frequencies

From the theory in Section 4.1.1 the analytical fundamental frequency for the track
slab was compared with the result from accelerometer CK3AV. By extracting the
track slab in Figure 7.28 and using a unit strip of that slab it was assumed compara-
ble with the static system in Figure 4.1. Consequently, with L = 4.5 m the factor β
approximately became 0.73. With number of spans, N = 3, this resulted in λ2

1 ≈ 17.
Assuming a slab of uniform thickness the moment of inertia of the slab strip (or the
beam) was

I =
bh3

12
≈ 1 · 0.3223

12
≈ 0.0028

m4

m

Using the modulus of elasticity of 55 GPa found in Section 7.1.2, the fundamental
1Alternative FE model with fixed connection between box girder and piers.
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Figure 7.28: Cross section at midspan of the New Årsta Railway Bridge between pier
8 and 9.

slab track frequency was approximately found to be

f1 =
λ2

1

2πL2

√
EI

m
≈ 17

2π · 4.52

√
55 · 109 · 0.0028

2400 · 1 · 0.322
≈ 60 Hz

This value corresponds well to the frequency with the second highest energy con-
tent in the signal from accelerometer CK3AV. The signal gave the second highest
energy at a frequency of 58.5 Hz and the highest energy content at 71.9 Hz. This
frequency band had the highest energy content both for the global bridge behaviour
in Figure 7.21 and the global bridge behaviour in combination with the track slab
behaviour in Figure 7.22. However, since the colour bar to the right of these figures
only relates to the frequency energy in that specific signal it is not visible that the
energy content is approximately seven times greater at the 71.9 Hz frequency when
the track slab behaviour was considered too. At the 58.5 Hz frequency the same
relation between the energy contents was approximately 3.4.

7.3 Damping Ratios

The damping ratios were estimated in the frequency domain according to the half-
power bandwidth method in Section 4.3.3. This was made for the pure bending
signal from accelerometer CK3AV in Figure 7.16 and for the pure torsional signal
from a combination of accelerometer CK1AV and CK2AV in Figure 7.17.
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Figure 7.29: Extracted natural frequency at 1.30 Hz with the fourth order Savitzky-
Golay results for use in the modal damping ratio estimation. Notice
that the PSD is used and should here be multiplied by 10−4.

In Figure 7.29 to 7.33 the resulting frequency domain signals were obtained when
using suitable digital Butterworth band-pass filters of order 8 applied on the original
signals in the time domain. To smooth each natural frequency peak the fourth order
Savitzky-Golay algorithm were used and included for the damping ratio calculations.
Resulting damping ratios were included in Table 7.3.
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Figure 7.30: Extracted natural frequency at 1.45 Hz with the fourth order Savitzky-
Golay results for use in the modal damping ratio estimation. Notice
that the PSD is used and should here be multiplied by 10−4.
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Figure 7.31: Extracted natural frequency at 2.43 Hz with the fourth order Savitzky-
Golay results for use in the modal damping ratio estimation. Notice
that the PSD is used and should here be multiplied by 10−5.

116



7.3. DAMPING RATIOS

Frequency /Hz

P
SD

/m
2
s−

3

filter extracted frequency

smoothing

Butterworth band-pass

4th order Savitzky-Golay

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.2

0.4

0.6

0.8

1

1.2

Figure 7.32: Extracted natural frequency at 3.26 Hz with the fourth order Savitzky-
Golay results for use in the modal damping ratio estimation. Notice
that the PSD is used and should here be multiplied by 10−5.
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Figure 7.33: Extracted natural frequency at 3.55 Hz with the fourth order Savitzky-
Golay results for use in the modal damping ratio estimation. Notice
that the PSD is used and should here be multiplied by 10−5.
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Chapter 8

Discussion and Conclusions

The following is concluded from the research on the New Årsta Railway Bridge:

• Axial beam stress FE modelling of a linear elastic beam element material, in-
cluding constrained warping for torsional load cases, can be used to accurately
determine a corresponding modulus of elasticity from monitoring results.

• When using the identified corresponding modulus of elasticity global dynamic
characteristics concerning natural frequencies become reliable when using stan-
dard concrete values for density and Poisson’s ratio.

• The prestressed bridge can preferably be modelled without prestressing ca-
bles, especially concerning the bridge’s global behaviour, by instead using an
increased modulus of elasticity.

• The influence of constrained warping is obvious both from monitoring results
and FE modelling.

• The analytical value of the fundamental slab track frequency corresponds to
the measured value.

• A first preliminary estimation of damping ratios results in comparatively high
damping.

To the best of the author’s knowledge this type of modulus of elasticity identification
is not to be found in the literature However, as in finding a reliable or realistic
value, with emphasis on real and not a lower bound estimate as specified in design
codes, it seems to be a suitable method. This is of course valuable in performing
reliable dynamic FE modelling. In fact, design codes specify a dynamic modulus
of elasticity to be used. The author’s option is however that this should be the
case only for very sudden impacts and consequently high strain changing rates.
An eventually dynamically increased modulus of elasticity could then be verified in
thorough dynamic modelling of for example accelerations that are compared with
measured results.
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Poisson’s ratio and the density was chosen to 0.1 and 2400 kg/m3, respectively. The
fact is that good results would have been achieved even with more standard values
of 0.2 and 2500 kg/m3, respectively. This is of great importance to think of as these
results result from only one measurement and the bridge’s dynamic characteristics
are highly dependent on for example temperature.

The relation between the different sources in the natural frequency result comparison
becomes somewhat irrelevant as the mode shapes from the alternative FE model
differ in look due to its fixed connection between the bridge deck and piers, and the
consequently stiffer structure. COWI’s mode shapes on the other hand are difficult
to characterise from the author’s documented material.

The evaluation of the cross sectional stresses using the T-BEAMSTRESS command is
based on the assumption that the lateral surface of the beam is free from loading and
that the cross section stresses give resultants that are equal to the applied section
forces/moments. Consequently, all studied sections are disturbed from the train load
which could explain the wide range in modulus of elasticity values. Above all, the
support section at P9 may not be applicable to this evaluation at all, especially not
the lower part since the support stresses acting on the lateral surface in general is a
significant loading that gives redistribution of stresses acting in this region compared
to the stresses obtained from T-BEAMSTRESS. That is also way the high axial stress
value of the strain transducer AK4 is excluded in the result evaluation. Concerning
sensor CK1 it is called instable only since earlier measurements have been indicating
completely unreliable results.

One may think that signal analysis of only the free vibration part of the signals would
result in clearer spectral densities but the difference is nearly invisible. However,
the free vibration part could with advantage be studied to compare the achieved
damping ratios with results achieved from the logarithmic decrement technique. It
is though necessary that the signal starts and ends with zero acceleration.

Numerous sources of error exist and exactly how they influence the results is hard
to say. A few of these are the actual macadam train axle loads, exact load position,
exact sensor positions and assumed boundary conditions. It should however be clear
that different boundary conditions could identify the horizontal natural frequencies.
In addition, the symmetry conditions for torsion at the midspan sections are ques-
tionable. Small changes of these conditions are however assumed to have a very
small influence on the final axial stress results.

Finally, the identified damping ratios are very preliminary. Consequently, the modes
of vibration are extremely tightly spaced which means that the modal responses
overlap and make computations difficult in trying to separate the effect from the
modes.

It should be noticed that the focus and the main part of the research in the thesis
are in finding a proper FE model. Even though it consists of beam elements this was
very time consuming, due to the bridge’s complex geometry. In addition, the model
is prepared for vehicle/bridge interaction dynamics with contact surfaces, which is
not included in the thesis. This indeed took time to cope with, especially to make
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the moving suspension loads to follow the bridge in its curved part.

8.1 Further Research

The three following subjects are identified as necessary in future research to follow
up and develop the present study further.

8.1.1 Improved Structural Properties Prediction Using
ARTeMIS Extractor

• Improved dynamic characteristic evaluation concerning natural frequencies,
mode shapes and damping ratios using the very powerful Stochastic Subspace
Identification (SSI) method and a statistical approach with several measure-
ments

• ARTeMIS Extractor results comparison with FEM and Rayleigh damping

8.1.2 Interaction Modelling

• Train/Bridge interaction FE modelling

• 2n factorial parameter study (speed, damping, track irregularities, tempera-
ture)

Researchers have for years past studied the so-called moving load problem. In these
studies it is discussed and proposed how to interpret the moving load since its
interaction with the bridge may considerably influence the dynamic load effects.

The most significant factors influencing the moving load problem results can be
identified in a statistical 2n factorial experimental where a lower and upper value of
different parameters are included.

8.1.3 Mode Superposition vs Direct Time Integration

• Investigation of the mode superposition rule of including modes with a natural
frequency up to 30 Hz

• Investigation of the mode superposition participating mass ratios

121





Bibliography

Åkesson, B. Å. (1970). Handbok i analys av balkars vridning. Del 2. Chalmers
Tekniska Högskola, Institutionen för byggnadsstatik. (In Swedish).

Andersson, A. and Malm, R. (2004). Measurement Evaluation and FEM Simulation
of Bridge Dynamics. Master of science thesis, Royal Institute of Technology
(KTH).

Anton, H. and Rorres, C. (1994). Elementary Linear Algebra. Applications Version.
John Wiley & Sons, Inc. Seventh Edition.

Bakht, B. and Pinjarkar, S. J. (1990). Review of Dynamic Testing of Bridges. Trans-
portation research record 1223, Transportation Research Board, Washington,
D.C., USA.

Banverket (1994). BV Bro, utgåva 4. Banverkets ändringar och tillägg till Vägverkets
Bro 1994. Standard BVS 583.10. (In Swedish).

Banverket (2003). The new Årsta Bridge - a new railway bridge in stockholm.
Brochure from Banverket Eastern Track Region.

Banverket (2004). BV Bro, utgåva 7. Banverkets ändringar och tillägg till Vägverkets
Bro 2004. Standard BVS 583.10. (In Swedish).

Battini, J. M. (2005). Lecture notes in Structural Dynamics. Royal Institute of
Technology.

Biggs, J. M. and Suer, H. S. (1956). Vibration Measurements on Simple-span
Bridges. Bulletin 124, Highway Research Board, Washington, D.C., USA.

Blevins, R. D. (1979). Formulas for natural frequency and mode shape. Van Nostrand
Reinhold, cop., New York.

Brandt, A. (2000). Ljud- och vibrationsanalys I. Saven EduTech AB och Institutio-
nen för telekommunikation och signalbehandling, Blekinge tekniska högskola.

Brownjohn, J. M. W., Moyo, P., Omenzetter, P., and Lu, Y. (2003). Assessment
of Highway Bridge Upgrading by Dynamic Testing and Finite-Element Model
Updating. Journal of Bridge Engineering, 8(3):162–172.

Bucknall, I. (2003). New Eurocode Requirements for the Design of High Speed
Railway Bridges. In Structures for High-Speed Railway Transportation, IABSE
Symposium, Antwerp, Belgium, August 27-29.

123



BIBLIOGRAPHY

CEN (2002). Eurocode 1: Actions on structures - Part 2: Traffic loads on bridges.
European Committee for Standardization. Final draft, prEN 1991-2.

Chopra, A. K. (2001). Dynamics of Structures. Theory and Applications to Earth-
quake Engineering. Prentice-Hall. Second Edition.

Claerbaut, J. F. (1975). Fundamentals of Geophysical Data Processing. McGraw-
Hill, New York, NY, US.

Colibrys (2006). Data sheet for the si-flextm sf1500s accelerometer. Available from
the World Wide Web: <http://www.colibrys.com/> (13 Mars 2006).

Cooley, J. W. and Tukey, J. W. (1965). An Algorithm for the Machine Calculation
of Complex Fourier Series. Mathematics of Computation, 19(297).

COWI (2000). Construction document. Drawn by COWI and approved by Banver-
ket. Revise C.

Cywinski, Z. (1964). Torsion des dünnwandigen Stabes mit veränderlichem, ein-
fach symmetrischem, offenem Querschnitt. Der Stahlbau, 33(10):301–307. (In
German).

Cywinski, Z. (1967). Zum Torsionproblem des dünnwandigen geraden Stabes mit
veränderlichem Querschnitt. Der Stahlbau, 36(10):317–318. (In German).

Dahlquist, H. and Franzén, I. (2003). Ingjutna sensorer håller koll på ny järnvägsbro.
Ny Teknik. Published in May. (In Swedish).

DeLony, E. (1996). Context for World Heritage Bridges. A joint
publication with TICCIH. Available from the World Wide Web:
<http://www.icomos.org/studies/bridges.htm> (10 Oct. 2005).

EMPA, CityU, COWI, LTU, NFBC, OU, UMINHO, USTUTT, USAC, and WUT
(2004). Evaluation of Monitoring Instrumentation and Techniques. Technical
report, The Sustainable Bridges project co-funded by the European Commission
within the Sixth Framework Programme.

Enckell, M., Karoumi, R., and Wiberg, J. (2003). Structural Health Monitoring
for an optimized pre-stressed concrete bridge. In Proceedings of SHMII-1, The
First International Conference on Structural Health Monitoring and Intelligent
Infrastructure, Tokyo, Japan, November 13-15.

Enckell, M. and Wiberg, J. (2005). Monitoring of the New Årsta Railway Bridge
- Instrumentation and preliminary results from the construction phase. Tech-
nical report, Royal Institute of Technology (KTH). Department of Civil and
Architectural Engineering. Division of Structural Design and Bridges.

Enckell-El Jemli, M. (2003). Monitoring of the New Årsta Railway Bridge. Master
of science thesis, Royal Institute of Technology (KTH).

124



BIBLIOGRAPHY

Enckell-El Jemli, M., Karoumi, R., and Lanaro, F. (2003). Monitoring of the New
Årsta Railway Bridge using traditional and fibre optic sensors. In Proceedings of
SPIE - The International Society for Optical Engineering, volume 5057, pages
279–288, San Diego, USA, March 2-6.

Frýba, L. (1996). Dynamics of Railway Bridges. Thomas Telford Services Ltd.

Frýba, L. (1999). Vibration of Solids and Structures under Moving Loads. Thomas
Telford Services Ltd. Third Edition.

Frýba, L. and Pirner, M. (2001). Load tests and modal analysis of bridges. Engi-
neering Structures, 23(1):102–109.

Fuller, A. H., Eitzen, A. R., and Kelly, E. F. (1931). Impact on Highway Bridges.
Transactions ASCE, 95. Paper 1786.

Géradin, M. and Rixen, D. (1994). Mechanical Vibrations. Theory and Application
to Structural Dynamics. John Wiley & Sons, Ltd.

Gere, J. M. (1954). Torsional Vibration of Beams of Thin-Walled Open Section.
J.Appl.Mech.Div., Am. Soc. Civil Engrs, 21:381–387.

Hall, L. (2000). Simulations and Analyses of Train-Induced Ground Vibrations –
A Comparative Study of Two- and Three-Dimensional Calculations with Actual
Measurements. Doctoral thesis, Royal Institute of Technology (KTH).

Hewlett-Packard Co. (1994). The Fundamentals of Signal Analysis. Application
Note 243.

Hoffmann, K. (1989). An Introduction to Measurements using Strain Gages. Hot-
tinger Baldwin Messtechnik GmbH, Darmstadt.

Hottinger Baldwin Messtechnik GmbH (2003). catman� 4.5 HBM Software, Oper-
ating Manual.

ISIS Canada (2001). Guidelines for Structural Health Monitoring. The Canadian
Network of Centres of Excellence on Intelligent Sensing for Innovative Struc-
tures. Design Manual No. 2.

James, G. (2001). Raising Allowable Axle Loads on Railway Bridges using Simulation
and Field Data. Licentiate thesis, Royal Institute of Technology (KTH).

James, G. (2003). Analysis of Traffic Load Effects on Railway Bridges. Doctoral
thesis, Royal Institute of Technology (KTH).

Jönsson, P. (2004). MATLAB-beräkningar inom teknik och naturvetenskap. Stu-
dentlitteratur. (In Swedish).

Johnson, R. (1999). Progression of the Dynamic Properties of Large Suspension
Bridges during Construction – A Case Study of the Höga Kusten Bridge. Li-
centiate thesis, Royal Institute of Technology (KTH).

125



BIBLIOGRAPHY

Karoumi, R. (1998). Response of Cable-Stayed and Suspension Bridges to Moving
Vehicles. Doctoral thesis, Royal Institute of Technology (KTH).

Karoumi, R., Wiberg, J., and Liljencrantz, A. (2005). Monitoring traffic loads and
dynamic effects using an instrumented railway bridge. Engineering Structures,
27(12):1813–1819.

Kim, C. W., Kawatani, M., and Kim, K. B. (2005). Three-dimensional dynamic
analysis for bridge-vehicle interaction with roadway roughness. Computers &
Structures, 83(19-20):1627–1645.

Kumar, R. and Rao, M. V. B. (2003). Prestressed Concrete Bridges in India. Assess-
ing their structural integrity using proof load testing and frequency response
method. Concrete International, 25(10):75–81.

Lin, C. W. and Yang, Y. B. (2005). Use of a passing vehicle to scan the fundamen-
tal bridge frequencies: An experimental verification. Engineering Structures,
27(13):1865–1878.

Maxim Integrated Products, Inc. (2002). Filter basics: Anti-aliasing. Available
from the World Wide Web: <http://pdfserv.maximic.com/en/an/AN928.pdf>
(23 Feb. 2006).

Oppenheim, A. V., Willsky, A. S., and Nawab, S. H. (1997). Signals & Systems.
Prentice-Hall International, Inc. Second Edition.

Petersson, T. and Sundquist, H. (2001). Vridning och lastfördelning. Report 15.
Utgåva 5. Royal Institute of Technology. Department of Structural Engineering.
ISSN 1103-4289. (In Swedish).

Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery, B. P. (1994).
Numerical Recipes in FORTRAN. Cambridge University Press, Melbourne,
Australia.

Råde, L. and Westergren, B. (1998). Mathematics Handbook for Science and Engi-
neering. Studentlitteratur. Fourth Edition.

Sahlin, S. and Sundquist, H. (2000). Banmekanik. Report 62. Royal Institute
of Technology. Department of Structural Engineering. ISSN 1103-4289. (In
Swedish).

Savitzky, A. and Golay, M. J. E. (1964). Smoothing and differentiation of data by
simplified least squares procedures. Analytical Chemistry, 36(8):1627–1639.

SOLVIA Engineering AB (2005). SOLVIAR© Finite Element System. Pre-release of
the users manual to Version 03.

Staggs, J. E. J. (2005). Savitzky-Golay smoothing and numerical differentiation of
cone calorimeter mass data. Fire Safety Journal, 40(6):493–505.

Tedesco, J. W., McDougal, W. G., and Ross, C. A. (1999). Structural Dynamics.
Theory and Applications. Addison Wesley Longman, Inc.

126



BIBLIOGRAPHY

The MathWorks (2006). Curve Fitting Toolbox Documentation. Available from the
World Wide Web: <http://www.mathworks.com/access/helpdesk/help/
toolbox/curvefit> (15 Feb. 2006).

Ugural, A. C. and Fenster, S. K. (1995). Advanced Strength and Applied Elasticity.
Prentice-Hall International, Inc. Third Edition.

UIC (2003). UIC Code 776-2 R. Design requirements for rail-bridges based on in-
teraction phenomena between train, track, bridge and in particular, speed. In-
ternational Union of Railways.

UIC (2006). Guidelines for Railway Bridge Dynamic Measurements and Calcula-
tions. International Union of Railways. Draft UIC leaflet. Version 1.

Vägverket (1994). Bro 94. Publ. 1994:1–1994:7. (In Swedish).

Vägverket (1997a). Bro 94. Del 9. Publ. 1997:57. (In Swedish).

Vägverket (1997b). Bro 94. Supplement nr. 3. Publ. 1997:56. (In Swedish).

Wenzel, H. (2003). Monitoring and Assessment. In Proceedings of the SAMCO
Summer Academy, Cambridge University, Cambridge, UK. Keynote Lecture.

Wenzel, H. and Pichler, D. (2005). Ambient Vibration Monitoring. John Wiley &
Sons, Ltd.

Wenzel, H., Pichler, D., and Geier, R. (2003). BRIMOS Bridge Monitoring System.
Dynamic System Identification and Damage Detections in Bridge Structures.
Examination and Assessment of Structures in Practice. In Proceedings of the
SAMCO Summer Academy, Cambridge University, Cambridge, UK. Annex.

Xia, H., Yang, N., and Gao, R. (2005). Experimental analysis of railway bridge
under high-speed trains. Journal of Sound and Vibration, 282(1-2):517–528.

Xia, H. and Zhang, N. (2005). Dynamic analysis of railway bridge under high-speed
trains. Computers & Structures, 83(23-24):1891–1901.

Xu, Y. L., Ko, J. M., and Zhang, W. S. (1997). Vibration Studies of Tsing Ma
Suspension Bridge. Journal of Bridge Engineering, 2(4):149–156.

Zhai, W. M., Cai, C. B., and Wang, K. Y. (2004). Numerical simulation and field
experiment of high-speed train-track-bridge system dynamics. Vehicle System
Dynamics Supplement, 41:677–686.

Zhao, J. and DeWolf, J. T. (2002). Dynamic Monitoring of Steel Girder Highway
Bridge. Journal of Bridge Engineering, 7(6):350–356.

127



BIBLIOGRAPHY

128



Appendix A

Section Generation and Property
Listing in SOLVIAR©

SOLVIA-PRE input

*CALCULATION OF CROSS SECTION PARAMETERS FOR INPUT TO ’SECTION N GENERAL’

HEADING ’THE NEW ÅRSTA RAILWAY BRIDGE. CROSS SECTION AT X=10.25’

T-DATABASE CREATE

COORDINATES
ENTRIES NODE X Y Z
1 0.00000 0.00000 -1.39800
2 0.00000 -1.95000 -1.42700
3 0.00000 -5.63000 -1.37200
4 0.00000 -5.83000 -1.20000
5 0.00000 -5.83000 0.00000
6 0.00000 -9.50000 -0.09200
7 0.00000 -9.50000 -0.72500
8 0.00000 -9.00000 -0.75006
9 0.00000 -8.50000 -0.82602

10 0.00000 -8.00000 -0.95530
11 0.00000 -7.50000 -1.14242
12 0.00000 -7.00000 -1.39487
13 0.00000 -6.50000 -1.72500
14 0.00000 -6.00000 -2.14313
15 0.00000 -5.50000 -2.54951
16 0.00000 -5.00000 -2.95590
17 0.00000 -4.50000 -3.30761
18 0.00000 -4.00000 -3.60782
19 0.00000 -3.50000 -3.86271
20 0.00000 -3.00000 -4.07679
21 0.00000 -2.50000 -4.25339
22 0.00000 -2.00000 -4.39499
23 0.00000 -1.50000 -4.50341
24 0.00000 -1.00000 -4.57998
25 0.00000 -0.50000 -4.62558
26 0.00000 0.00000 -4.64073
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51 0.00000 0.00000 -1.72100
52 0.00000 -1.50000 -1.72100
53 0.00000 -2.10000 -1.92100
54 0.00000 -2.10000 -3.70864
55 0.00000 -1.50000 -3.85454
56 0.00000 -1.00000 -3.93768
57 0.00000 -0.50000 -3.98714
58 0.00000 0.00000 -4.00355

65 0.00000 -2.40000 -3.62708
66 0.00000 -2.40000 -1.92100
67 0.00000 -3.00000 -1.72100
68 0.00000 -5.43000 -1.72100
69 0.00000 -5.43000 -1.92506
70 0.00000 -4.93000 -2.37391
71 0.00000 -4.43000 -2.75231
72 0.00000 -3.93000 -3.07222
73 0.00000 -3.43000 -3.34170
74 0.00000 -2.93000 -3.56644
75 0.00000 -2.50000 -3.72708

LINE NODES N1=7 N2=10
8 9
LINE NODES N1=14 N2=20
15 STEP 1 TO 19
LINE NODES N1=69 N2=75
70 STEP 1 TO 74
LINE NODES N1=54 N2=58
55 56 57
LINE NODES N1=20 N2=22
21
LINE NODES N1=22 N2=26
23 24 25

T-MATERIAL 1 BEAMSTRESS E=36E9 NU=0.2

EGROUP 1 PLANE SUBTYPE=STRAIN MATERIAL=1

GSURFACE N1=5 N2=6 N3=7 N4=10 EL1=6 EL2=3 EL3=3 EL4=6
GSURFACE N1=5 N2=10 N3=11 N4=4 EL1=6 EL2=2 EL3=4 EL4=4
GSURFACE N1=3 N2=4 N3=11 N4=12 EL1=2 EL2=4 EL3=2 EL4=4
GSURFACE N1=3 N2=12 N3=13 N4=68 EL1=4 EL2=2 EL3=4 EL4=2
GSURFACE N1=68 N2=13 N3=14 N4=69 EL1=4 EL2=2 EL3=4 EL4=2
GSURFACE N1=52 N2=67 N3=66 N4=53 EL1=4 EL2=2 EL3=2 EL4=2
GSURFACE N1=2 N2=3 N3=68 N4=344 EL1=7 EL2=2 EL3=7 EL4=2
GSURFACE N1=1 N2=2 N3=344 N4=51 EL1=4 EL2=2 EL3=4 EL4=2
GSURFACE N1=53 N2=66 N3=65 N4=54 EL1=2 EL2=8 EL3=2 EL4=8
GSURFACE N1=58 N2=54 N3=22 N4=26 EL1=4 EL2=5 EL3=4 EL4=5
GSURFACE N1=75 N2=69 N3=14 N4=20 EL1=6 EL2=4 EL3=6 EL4=4
GSURFACE N1=54 N2=65 N3=75 N4=523 EL1=2 EL2=1 EL3=2 EL4=1
GSURFACE N1=523 N2=75 N3=20 N4=22 EL1=2 EL2=4 EL3=2 EL4=4

COPYSETTINGS ALL=YES

MIRROR XDIR=0 YDIR=1 ZDIR=0
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EDGE-CONTINUITY

MESH OUTLINE=YES

SOLVIA-TEMP
END

SOLVIA-POST input

*CALCULATION OF CROSS SECTION PARAMETERS FOR INPUT TO ’SECTION N GENERAL’

*THE NEW ÅRSTA RAILWAY BRIDGE. CROSS SECTION AT X=10.25

T-DATABASE CREATE

WRITE plane_x10.25.dat

T-BEAMSTRESS
LIST T-BEAMSTRESS

END
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Appendix B

Listed Beam Section Properties in
SOLVIAR©

SECTION 11 GENERAL,

* CROSS SECTION AT THE STRAIGHT PART P1-P10 WITH LONGITUDINAL COORDINATE
* X=5.25 WHERE X STARTS FROM A PIER AND IS GOING NORTH

* SECTION PROPERTIES FROM BEAM STRESS ANALYSIS

* SAINT-VENANT TORSIONAL MOMENT OF INERTIA
RINERTIA = 54.82985627 ,

* AREA MOMENTS OF INERTIA IN S-T SYSTEM (ORIGIN AT CENTER OF GRAVITY)
SINERTIA = 53.45179729 ,
TINERTIA = 609.1077246 ,
STINERTIA = 6.1242677596E-14 ,

* SECTION AREA
AREA = 22.63619884 ,

* SHEAR AREAS IN PRINCIPAL DIRECTIONS
SPAREA = 5.094388551 ,
TPAREA = 9.336964547 ,

* COORDINATES TO SHEAR CENTER IN USER SYSTEM SU-TU
SUSC = -3.7832658969E-13 ,
TUSC = -4.290434041 ,

* COORDINATES TO CENTER OF GRAVITY IN USER SYSTEM SU-TU
SUCG = 1.8830734594E-15 ,
TUCG = -2.188391689 ,

* PRINCIPAL MOMENTS OF INERTIA
* SPINERTIA = 53.45179729
* TPINERTIA = 609.1077246

* ANGLE IN DEGREES FROM S-AXIS TO SP-AXIS
* PHI = 0.000000000
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APPENDIX B. LISTED BEAM SECTION PROPERTIES IN SOLVIAR©

* COORDINATES TO SHEAR CENTER IN S-T SYSTEM (ORIGIN AT CENTER OF GRAVITY)
* SSC = -3.8020966315E-13
* TSC = -2.102042353

* WARPING CONSTANT (Csc) = 189.1725565
* TORSIONAL PARAMETER PER UNIT LENGTH KAPPA =
* = SQRT( G*RI/(E*Csc) ) = 0.3475152491

* S- AND T-DIRECTION COMPONENTS OF THE RIGID OFFSET
* VECTOR NODE TO CENTER OF GRAVITY

SOFFSET = -2.25 ,
TOFFSET = -0.765891689
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Appendix C

MATLABR© Code for Generation of
SOLVIA-PRE file

% BRIDGEgen.m

clear all

format long g

% Call for bridge coordinates

COORDgen % Call for the function COORDgen that calculates
% the nodal coordinates for the horisontal and
% vertical alignment of the centre line of track U1

COORDgen_pelare % Call for the function COORDgen_pelare that
% calculates the end node coordinates for all piers

fid = fopen(’BRIDGEgen.pre’,’w’);

% Code generation

fprintf(fid,’DATABASE CREATE \n\n’);
fprintf(fid,’COORDINATES \n’);
fprintf(fid,’ ENTRIES NODE X Y Z \n’);
for i=1:length(COORD)

fprintf(fid,’ %g %g %g %g \n’,i,COORD(i,1),COORD(i,2),COORD(i,3));
end
for i=10001:10012 % Noder i pelartoppen

fprintf(fid,’ %g %g %g %g \n’,i,COORD_pelare(i-10000,1),...
COORD_pelare(i-10000,3),COORD_pelare(i-10000,5));

end
for i=20001:20012 % Noder i pelarbotten

fprintf(fid,’ %g %g %g %g \n’,i,COORD_pelare(i-20000,2),...
COORD_pelare(i-20000,4),COORD_pelare(i-20000,6));

end
fprintf(fid,’\n’);

% Generation of skewsystems for bearings in the horisontal curvature

x=[533 611 689 767 815.15]; % Bearing position in CLU1 from SL
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APPENDIX C. MATLABR© CODE FOR GENERATION OF SOLVIA-PRE FILE

fprintf(fid,’SKEWSYSTEMS VECTORS \n’);
for i=1:5

if i<3
s=x(i)-496.042;
[xCLU1_1,yCLU1_1]=xy_koord(s-0.001);
[xCLU1_2,yCLU1_2]=xy_koord(s+0.001);
yprim=(yCLU1_1-yCLU1_2)/(xCLU1_2-xCLU1_1);
fprintf(fid,’ %g %g %g %g %g %g %g \n’,i,cos(yprim),...

-sin(yprim),0,sin(yprim),cos(yprim),0);
else

s=x(i)-496.042;
tau=140/(2*504.5);
dtau=(s-140)./504.5;
yprim=tau+dtau;
fprintf(fid,’ %g %g %g %g %g %g %g \n’,i,cos(yprim),...

-sin(yprim),0,sin(yprim),cos(yprim),0);
end

end
fprintf(fid,’NSKEWS \n’);
for i=1:5

fprintf(fid,’ %g %g \n’,10007+i,i);
end
fprintf(fid,’\n’);

% Material definition

fprintf(fid,’MATERIAL 1 ELASTIC E=36E9 NU=0.2 DENSITY=2500 \n\n’);

% Bridge deck generation

% EGROUP 1

fprintf(fid,’EGROUP 1 BEAM \n’);
fprintf(fid,’BEAMVECTOR \n’);
for i=1:61

fprintf(fid,’ %g %g %g %g \n’,i,(COORD(i+1,1)-COORD(i,1))/2,...
COORD(i+1,2)+1,(COORD(i+1,3)-COORD(i,3))/2);

end

% Reading of cross section property listings

i=1;
for s_SL=0.2:0.4:12.6

fprintf(fid,’READ ’’plane_SL_x%3.1f.dat’’ \n’,s_SL);
fprintf(fid,’GLINE %g %g AUX=-%g EFIRST=%g ADDZONE=BEAM \n’,...

i,i+1,i,i);
fprintf(fid,’EDATA \n’);
fprintf(fid,’ %g %g \n’,i,i);
i=i+1;

end
for s_SL=13.05:0.5:14.05

fprintf(fid,’READ ’’plane_SL_x%4.2f.dat’’ \n’,s_SL);
fprintf(fid,’GLINE %g %g AUX=-%g EFIRST=%g ADDZONE=BEAM \n’,...

i,i+1,i,i);
fprintf(fid,’EDATA \n’);
fprintf(fid,’ %g %g \n’,i,i);
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i=i+1;
end
for s_SL=14.525:0.45:25.775

fprintf(fid,’READ ’’plane_SL_x%5.3f.dat’’ \n’,s_SL);
fprintf(fid,’GLINE %g %g AUX=-%g EFIRST=%g ADDZONE=BEAM \n’,...

i,i+1,i,i);
fprintf(fid,’EDATA \n’);
fprintf(fid,’ %g %g \n’,i,i);
i=i+1;

end
fprintf(fid,’\n’);

% Generation of piers

% Bridge deck node numbers at pier locations:

p=[1 140 296 452 608 764 920 1076 1232 1388 1544 1645];

% EGROUP 22

fprintf(fid,’EGROUP 22 BEAM \n’);

% Reading of cross section property listings

fprintf(fid,’READ ’’plane_pelare.dat’’ \n’);
for i=3:9

fprintf(fid,...
’GLINE %g %g AUX=%g EL=%g EFIRST=%g ADDZONE=PELARE \n’,10000+i,...
20000+i,p(i),ceil(abs(COORD_pelare(i,6)-COORD_pelare(i,5))/0.5),...
12000-1000*i+1);

fprintf(fid,’EDATA \n’);
fprintf(fid,’ %g %g \n’,12000-1000*i+1,1);
fprintf(fid,’ STEP 1 TO \n’);
fprintf(fid,’ %g %g \n’,...

12000-1000*i+ceil(abs(COORD_pelare(i,6)-COORD_pelare(i,5))/0.5),1);
end
fprintf(fid,’\n’);

% Connection between bridge deck and piers with rigidlinks

fprintf(fid,’RIGIDLINK \n’);
for i=[1 2 10:12];

fprintf(fid,’ %g %g \n’,p(i),10000+i);
end
fprintf(fid,’\n’);

% Boundary conditions

fprintf(fid,’FIXBOUNDARIES DIRECTIONS=123456 \n’);
fprintf(fid,’ 20003 STEP 1 TO 20009 \n’);
fprintf(fid,’FIXBOUNDARIES DIRECTIONS=234 \n’);
fprintf(fid,’ 10001 10002 \n’);
fprintf(fid,’ 10010 10011 10012 \n’);
fprintf(fid,’FIXBOUNDARIES DIRECTIONS=4 \n’);
fprintf(fid,’ 10003 STEP 1 TO 10009 \n’);
fprintf(fid,’\n’);
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APPENDIX C. MATLABR© CODE FOR GENERATION OF SOLVIA-PRE FILE

fprintf(fid,’CONSTRAINTS \n’);
for i=3:9

fprintf(fid,’ %g %g %g %g \n’,10000+i,1,p(i),1);
fprintf(fid,’ %g %g %g %g \n’,10000+i,2,p(i),2);
fprintf(fid,’ %g %g %g %g \n’,10000+i,3,p(i),3);

end
fprintf(fid,’\n’);

fprintf(fid,’SOLVIA \n’);
fprintf(fid,’END \n’);

fclose(fid);
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Appendix D

SOLVIA-PRE Code for Bridge FE
Model Generation

HEADING ’GENERATION OF THE NEW ÅRSTA RAILWAY BRIDGE CONSISTING OF BEAM ELEMENTS’

DATABASE CREATE

COORDINATES
ENTRIES NODE X Y Z
***input of node numbers and global nodal coordinates***

SKEWSYSTEMS VECTORS
1 0.999953 -0.00966951 0 0.00966951 0.999953 0
2 0.995601 -0.0936898 0 0.0936898 0.995601 0
3 0.970446 -0.241317 0 0.241317 0.970446 0
4 0.92171 -0.387881 0 0.387881 0.92171 0
5 0.880551 -0.473951 0 0.473951 0.880551 0

NSKEWS
10008 1
10009 2
10010 3
10011 4
10012 5

MATERIAL 1 ELASTIC E=36E9 NU=0.2 DENSITY=2500

EGROUP 1 BEAM
BEAMVECTOR

1 0.2 1 0.0025
2 0.2 1 0.0025
3 0.2 1 0.0025
4 0.2 1 0.0025
5 0.2 1 0.0025
6 0.2 1 0.0025
7 0.2 1 0.0025
8 0.2 1 0.0025
9 0.2 1 0.0025
10 0.2 1 0.0025
11 0.2 1 0.0025
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APPENDIX D. SOLVIA-PRE CODE FOR BRIDGE FE MODEL GENERATION

12 0.2 1 0.0025
13 0.2 1 0.0025
14 0.2 1 0.0025
15 0.2 1 0.0025
16 0.2 1 0.0025
17 0.2 1 0.0025
18 0.2 1 0.0025
19 0.2 1 0.0025
20 0.2 1 0.0025
21 0.2 1 0.0025
22 0.2 1 0.0025
23 0.2 1 0.0025
24 0.2 1 0.0025
25 0.2 1 0.0025
26 0.2 1 0.0025
27 0.2 1 0.0025
28 0.2 1 0.0025
29 0.2 1 0.0025
30 0.2 1 0.0025
31 0.2 1 0.0025
32 0.2 1 0.0025
33 0.25 1 0.003125
34 0.25 1 0.003125
35 0.25 1 0.003125
36 0.225 1 0.0028125
37 0.225 1 0.0028125
38 0.225 1 0.0028125
39 0.225 1 0.0028125
40 0.225 1 0.0028125
41 0.225 1 0.0028125
42 0.225 1 0.0028125
43 0.225 1 0.0028125
44 0.225 1 0.0028125
45 0.225 1 0.0028125
46 0.225 1 0.0028125
47 0.225 1 0.0028125
48 0.225 1 0.0028125
49 0.225 1 0.0028125
50 0.225 1 0.0028125
51 0.225 1 0.0028125
52 0.225 1 0.0028125
53 0.225 1 0.0028125
54 0.225 1 0.0028125
55 0.225 1 0.0028125
56 0.225 1 0.0028125
57 0.225 1 0.0028125
58 0.225 1 0.0028125
59 0.225 1 0.0028125
60 0.225 1 0.0028125
61 0.225 1 0.0028125

READ ’plane_SL_x0.2.dat’
GLINE 1 2 AUX=-1 EFIRST=1 ADDZONE=BEAM
EDATA

1 1
READ ’plane_SL_x0.6.dat’
GLINE 2 3 AUX=-2 EFIRST=2 ADDZONE=BEAM
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EDATA
2 2

READ ’plane_SL_x1.0.dat’
GLINE 3 4 AUX=-3 EFIRST=3 ADDZONE=BEAM
EDATA

3 3
READ ’plane_SL_x1.4.dat’
GLINE 4 5 AUX=-4 EFIRST=4 ADDZONE=BEAM
EDATA

4 4
READ ’plane_SL_x1.8.dat’
GLINE 5 6 AUX=-5 EFIRST=5 ADDZONE=BEAM
EDATA

5 5
READ ’plane_SL_x2.2.dat’
GLINE 6 7 AUX=-6 EFIRST=6 ADDZONE=BEAM
EDATA

6 6
READ ’plane_SL_x2.6.dat’
GLINE 7 8 AUX=-7 EFIRST=7 ADDZONE=BEAM
EDATA

7 7
READ ’plane_SL_x3.0.dat’
GLINE 8 9 AUX=-8 EFIRST=8 ADDZONE=BEAM
EDATA

8 8
READ ’plane_SL_x3.4.dat’
GLINE 9 10 AUX=-9 EFIRST=9 ADDZONE=BEAM
EDATA

9 9
READ ’plane_SL_x3.8.dat’
GLINE 10 11 AUX=-10 EFIRST=10 ADDZONE=BEAM
EDATA

10 10
READ ’plane_SL_x4.2.dat’
GLINE 11 12 AUX=-11 EFIRST=11 ADDZONE=BEAM
EDATA

11 11
READ ’plane_SL_x4.6.dat’
GLINE 12 13 AUX=-12 EFIRST=12 ADDZONE=BEAM
EDATA

12 12
READ ’plane_SL_x5.0.dat’
GLINE 13 14 AUX=-13 EFIRST=13 ADDZONE=BEAM
EDATA

13 13
READ ’plane_SL_x5.4.dat’
GLINE 14 15 AUX=-14 EFIRST=14 ADDZONE=BEAM
EDATA

14 14
READ ’plane_SL_x5.8.dat’
GLINE 15 16 AUX=-15 EFIRST=15 ADDZONE=BEAM
EDATA

15 15
READ ’plane_SL_x6.2.dat’
GLINE 16 17 AUX=-16 EFIRST=16 ADDZONE=BEAM
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EDATA
16 16

READ ’plane_SL_x6.6.dat’
GLINE 17 18 AUX=-17 EFIRST=17 ADDZONE=BEAM
EDATA

17 17
READ ’plane_SL_x7.0.dat’
GLINE 18 19 AUX=-18 EFIRST=18 ADDZONE=BEAM
EDATA

18 18
READ ’plane_SL_x7.4.dat’
GLINE 19 20 AUX=-19 EFIRST=19 ADDZONE=BEAM
EDATA

19 19
READ ’plane_SL_x7.8.dat’
GLINE 20 21 AUX=-20 EFIRST=20 ADDZONE=BEAM
EDATA

20 20
READ ’plane_SL_x8.2.dat’
GLINE 21 22 AUX=-21 EFIRST=21 ADDZONE=BEAM
EDATA

21 21
READ ’plane_SL_x8.6.dat’
GLINE 22 23 AUX=-22 EFIRST=22 ADDZONE=BEAM
EDATA

22 22
READ ’plane_SL_x9.0.dat’
GLINE 23 24 AUX=-23 EFIRST=23 ADDZONE=BEAM
EDATA

23 23
READ ’plane_SL_x9.4.dat’
GLINE 24 25 AUX=-24 EFIRST=24 ADDZONE=BEAM
EDATA

24 24
READ ’plane_SL_x9.8.dat’
GLINE 25 26 AUX=-25 EFIRST=25 ADDZONE=BEAM
EDATA

25 25
READ ’plane_SL_x10.2.dat’
GLINE 26 27 AUX=-26 EFIRST=26 ADDZONE=BEAM
EDATA

26 26
READ ’plane_SL_x10.6.dat’
GLINE 27 28 AUX=-27 EFIRST=27 ADDZONE=BEAM
EDATA

27 27
READ ’plane_SL_x11.0.dat’
GLINE 28 29 AUX=-28 EFIRST=28 ADDZONE=BEAM
EDATA

28 28
READ ’plane_SL_x11.4.dat’
GLINE 29 30 AUX=-29 EFIRST=29 ADDZONE=BEAM
EDATA

29 29
READ ’plane_SL_x11.8.dat’
GLINE 30 31 AUX=-30 EFIRST=30 ADDZONE=BEAM
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EDATA
30 30

READ ’plane_SL_x12.2.dat’
GLINE 31 32 AUX=-31 EFIRST=31 ADDZONE=BEAM
EDATA

31 31
READ ’plane_SL_x12.6.dat’
GLINE 32 33 AUX=-32 EFIRST=32 ADDZONE=BEAM
EDATA

32 32
READ ’plane_SL_x13.05.dat’
GLINE 33 34 AUX=-33 EFIRST=33 ADDZONE=BEAM
EDATA

33 33
READ ’plane_SL_x13.55.dat’
GLINE 34 35 AUX=-34 EFIRST=34 ADDZONE=BEAM
EDATA

34 34
READ ’plane_SL_x14.05.dat’
GLINE 35 36 AUX=-35 EFIRST=35 ADDZONE=BEAM
EDATA

35 35
READ ’plane_SL_x14.525.dat’
GLINE 36 37 AUX=-36 EFIRST=36 ADDZONE=BEAM
EDATA

36 36
READ ’plane_SL_x14.975.dat’
GLINE 37 38 AUX=-37 EFIRST=37 ADDZONE=BEAM
EDATA

37 37
READ ’plane_SL_x15.425.dat’
GLINE 38 39 AUX=-38 EFIRST=38 ADDZONE=BEAM
EDATA

38 38
READ ’plane_SL_x15.875.dat’
GLINE 39 40 AUX=-39 EFIRST=39 ADDZONE=BEAM
EDATA

39 39
READ ’plane_SL_x16.325.dat’
GLINE 40 41 AUX=-40 EFIRST=40 ADDZONE=BEAM
EDATA

40 40
READ ’plane_SL_x16.775.dat’
GLINE 41 42 AUX=-41 EFIRST=41 ADDZONE=BEAM
EDATA

41 41
READ ’plane_SL_x17.225.dat’
GLINE 42 43 AUX=-42 EFIRST=42 ADDZONE=BEAM
EDATA

42 42
READ ’plane_SL_x17.675.dat’
GLINE 43 44 AUX=-43 EFIRST=43 ADDZONE=BEAM
EDATA

43 43
READ ’plane_SL_x18.125.dat’
GLINE 44 45 AUX=-44 EFIRST=44 ADDZONE=BEAM
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EDATA
44 44

READ ’plane_SL_x18.575.dat’
GLINE 45 46 AUX=-45 EFIRST=45 ADDZONE=BEAM
EDATA

45 45
READ ’plane_SL_x19.025.dat’
GLINE 46 47 AUX=-46 EFIRST=46 ADDZONE=BEAM
EDATA

46 46
READ ’plane_SL_x19.475.dat’
GLINE 47 48 AUX=-47 EFIRST=47 ADDZONE=BEAM
EDATA

47 47
READ ’plane_SL_x19.925.dat’
GLINE 48 49 AUX=-48 EFIRST=48 ADDZONE=BEAM
EDATA

48 48
READ ’plane_SL_x20.375.dat’
GLINE 49 50 AUX=-49 EFIRST=49 ADDZONE=BEAM
EDATA

49 49
READ ’plane_SL_x20.825.dat’
GLINE 50 51 AUX=-50 EFIRST=50 ADDZONE=BEAM
EDATA

50 50
READ ’plane_SL_x21.275.dat’
GLINE 51 52 AUX=-51 EFIRST=51 ADDZONE=BEAM
EDATA

51 51
READ ’plane_SL_x21.725.dat’
GLINE 52 53 AUX=-52 EFIRST=52 ADDZONE=BEAM
EDATA

52 52
READ ’plane_SL_x22.175.dat’
GLINE 53 54 AUX=-53 EFIRST=53 ADDZONE=BEAM
EDATA

53 53
READ ’plane_SL_x22.625.dat’
GLINE 54 55 AUX=-54 EFIRST=54 ADDZONE=BEAM
EDATA

54 54
READ ’plane_SL_x23.075.dat’
GLINE 55 56 AUX=-55 EFIRST=55 ADDZONE=BEAM
EDATA

55 55
READ ’plane_SL_x23.525.dat’
GLINE 56 57 AUX=-56 EFIRST=56 ADDZONE=BEAM
EDATA

56 56
READ ’plane_SL_x23.975.dat’
GLINE 57 58 AUX=-57 EFIRST=57 ADDZONE=BEAM
EDATA

57 57
READ ’plane_SL_x24.425.dat’
GLINE 58 59 AUX=-58 EFIRST=58 ADDZONE=BEAM
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EDATA
58 58

READ ’plane_SL_x24.875.dat’
GLINE 59 60 AUX=-59 EFIRST=59 ADDZONE=BEAM
EDATA

59 59
READ ’plane_SL_x25.325.dat’
GLINE 60 61 AUX=-60 EFIRST=60 ADDZONE=BEAM
EDATA

60 60
READ ’plane_SL_x25.775.dat’
GLINE 61 62 AUX=-61 EFIRST=61 ADDZONE=BEAM
EDATA

61 61

***similar input of the 20 remaining element groups***

EGROUP 22 BEAM
READ ’plane_pelare.dat’
GLINE 10003 20003 AUX=296 EL=49 EFIRST=9001 ADDZONE=PIER
EDATA

9001 1
STEP 1 TO
9049 1

GLINE 10004 20004 AUX=452 EL=49 EFIRST=8001 ADDZONE=PIER
EDATA

8001 1
STEP 1 TO
8049 1

GLINE 10005 20005 AUX=608 EL=40 EFIRST=7001 ADDZONE=PIER
EDATA

7001 1
STEP 1 TO
7040 1

GLINE 10006 20006 AUX=764 EL=39 EFIRST=6001 ADDZONE=PIER
EDATA

6001 1
STEP 1 TO
6039 1

GLINE 10007 20007 AUX=920 EL=39 EFIRST=5001 ADDZONE=PIER
EDATA

5001 1
STEP 1 TO
5039 1

GLINE 10008 20008 AUX=1076 EL=43 EFIRST=4001 ADDZONE=PIER
EDATA

4001 1
STEP 1 TO
4043 1

GLINE 10009 20009 AUX=1232 EL=41 EFIRST=3001 ADDZONE=PIER
EDATA

3001 1
STEP 1 TO
3041 1

RIGIDLINK
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1 10001
140 10002
1388 10010
1544 10011
1645 10012

FIXBOUNDARIES DIRECTIONS=123456
20003 STEP 1 TO 20009

FIXBOUNDARIES DIRECTIONS=234
10001 10002
10010 10011 10012

FIXBOUNDARIES DIRECTIONS=4
10003 STEP 1 TO 10009

CONSTRAINTS
10003 1 296 1
10003 2 296 2
10003 3 296 3
10004 1 452 1
10004 2 452 2
10004 3 452 3
10005 1 608 1
10005 2 608 2
10005 3 608 3
10006 1 764 1
10006 2 764 2
10006 3 764 3
10007 1 920 1
10007 2 920 2
10007 3 920 3
10008 1 1076 1
10008 2 1076 2
10008 3 1076 3
10009 1 1232 1
10009 2 1232 2
10009 3 1232 3

SOLVIA
END
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Appendix E

MATLABR© Code for Torsional Angle
Calculations

% Torsional angle calculations from static macadam train loading of span P8-P10
% of the New Årsta Railway Bridge

clear, clf

E=36e9; % modulus of elasticity (Pa)
v=0.2; % Poisson’s ratio
G=E/(2*(1+v)); % shear modulus (Pa)
mx=120000; % torsional moment (Nm/m)
m=500; % number of steps
L=39; % half span length (m)
h=L/m; % step length (m)

x=[0:h:L]’; % independent step variable

q(1:m+1,1)=mx; % torsional moment vector

Ir=-0.00247*x.^3+0.216*x.^2-6.57*x+87; % Saint-Venant torsional inertia (m4)
Csc=-0.00163*x.^3+0.191*x.^2-8.39*x+236; % warping constant (m6)

% Generation of operator matrices in their basic form

K=zeros(m+1);
A=zeros(m+1);
for i=3:m-1

K(i,i-2:i+2)=E/h^4*[Csc(i-1) -2*(Csc(i-1)+Csc(i))...
Csc(i-1)+4*Csc(i)+Csc(i+1) -2*(Csc(i)+Csc(i+1)) Csc(i+1)];

A(i,i-1:i+1)=G/(2*h^2)*[Ir(i-1)+Ir(i) -4*Ir(i) Ir(i)+Ir(i+1)];
end

% Boundary condition for support section at P9 (1st row and column are deleted
% since fi(1)=0. Assumed rigid clamping => fi’(1)=0)

K(2,1:4)=E/h^4*[0 2*Csc(1)+4*Csc(2)+Csc(3) -2*(Csc(2)+Csc(3)) Csc(3)];
A(2,1:4)=G/(2*h^2)*[0 -4*Ir(2) Ir(2)+Ir(3) 0];

% Boundary condition for midspan section (Assumed symmetric conditions
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% => fi’(L)=0 and Mx=0 => fi’’’(L)=0)

K(m,m-2:m+1)=E/h^4*[Csc(m-1)+Csc(m+1) -2*(Csc(m-1)+Csc(m))...
Csc(m-1)+4*Csc(m)+Csc(m+1) -2*(Csc(m)+Csc(m+1))];

K(m+1,m-1:m+1)=E/h^4*[Csc(m)+Csc(m) -2*(Csc(m)+Csc(m+1))-2*(Csc(m+1)+Csc(m))...
Csc(m)+4*Csc(m+1)+Csc(m)];

A(m,m-1:m+1)=G/(2*h^2)*[Ir(m-1)+Ir(m) -4*Ir(m) Ir(m)+Ir(m+1)];
A(m+1,m:m+1)=G/(2*h^2)*[Ir(m)+Ir(m+1)+Ir(m+1)+Ir(m) -4*Ir(m+1)];

% Solution of the equation system K*fi=A*fi+q when fi(1)=0

C=K(2:m+1,2:m+1)-A(2:m+1,2:m+1);
fi=C\q(2:m+1);
fi=[0 fi’];

% Plot of torsional angle variation result

plot(x,fi’)
title(’Torsional angle variation from pier to midspan’)
xlabel(’x /m’)
ylabel(’Torsional angle /rad’)
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Appendix F

FE Model Natural Frequencies

The following pages includes an illustration of the natural frequencies and corre-
sponding mode shapes for the first 20 frequencies resulting from a beam FE model
frequency analysis of the New Årsta Railway Bridge.

The natural frequencies are ordered in an increasing order from left to right. In
each sub figure the lower right cross section clearly indicate the mode behaviour at
the accelerometer monitoring position, i.e. at midspan between P8-P9, used for the
comparisons performed between FE model results and signal analysis in Chapter 7.

(a) Natural frequency and mode shape no. 1. (b) Natural frequency and mode shape no. 2.

(c) Natural frequency and mode shape no. 3. (d) Natural frequency and mode shape no. 4.

Figure F.1: Natural frequencies no. 1-4 with corresponding mode shapes.

149



APPENDIX F. FE MODEL NATURAL FREQUENCIES

(a) Natural frequency and mode shape no. 5. (b) Natural frequency and mode shape no. 6.

(c) Natural frequency and mode shape no. 7. (d) Natural frequency and mode shape no. 8.

(e) Natural frequency and mode shape no. 9. (f) Natural frequency and mode shape no. 10.

(g) Natural frequency and mode shape no. 11. (h) Natural frequency and mode shape no. 12.

Figure F.2: Natural frequencies 5-12 with corresponding mode shapes.
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(a) Natural frequency and mode shape no. 13. (b) Natural frequency and mode shape no. 14.

(c) Natural frequency and mode shape no. 15. (d) Natural frequency and mode shape no. 16.

(e) Natural frequency and mode shape no. 17. (f) Natural frequency and mode shape no. 18.

(g) Natural frequency and mode shape no. 19. (h) Natural frequency and mode shape no. 20.

Figure F.3: Natural frequencies 13-20 with corresponding mode shapes.

151





List of Bulletins from the Department of Structural Engineering,
The Royal Institute of Technology, Stockholm

TRITA-BKN. Bulletin

Pacoste, C., On the Application of Catastrophe Theory to Stability Analyses of
Elastic Structures. Doctoral Thesis, 1993. Bulletin 1.

Stenmark, A-K., Dämpning av 13 m lång stålbalk "Ullevibalken". Utprovning av
dämpmassor och fastsättning av motbalk samt experimentell bestämning av mod-
former och förlustfaktorer. Vibration tests of full-scale steel girder to determine
optimum passive control. Licentiatavhandling, 1993. Bulletin 2.

Silfwerbrand, J., Renovering av asfaltgolv med cementbundna plastmodifierade avjämn-
ingsmassor. 1993. Bulletin 3.

Norlin, B., Two-Layered Composite Beams with Nonlinear Connectors and Geome-
try Tests and Theory. Doctoral Thesis, 1993. Bulletin 4.

Habtezion, T., On the Behaviour of Equilibrium Near Critical States. Licentiate
Thesis, 1993. Bulletin 5.

Krus, J., Hållfasthet hos frostnedbruten betong. Licentiatavhandling, 1993. Bulletin
6.

Wiberg, U., Material Characterization and Defect Detection by Quantitative Ultra-
sonics. Doctoral Thesis, 1993. Bulletin 7.

Lidström, T., Finite Element Modelling Supported by Object Oriented Methods.
Licentiate Thesis, 1993. Bulletin 8.

Hallgren, M., Flexural and Shear Capacity of Reinforced High Strength Concrete
Beams without Stirrups. Licentiate Thesis, 1994. Bulletin 9.

Krus, J., Betongbalkars lastkapacitet efter miljöbelastning. 1994. Bulletin 10.

Sandahl, P., Analysis Sensitivity for Wind-related Fatigue in Lattice Structures.
Licentiate Thesis, 1994. Bulletin 11.

Sanne, L., Information Transfer Analysis and Modelling of the Structural Steel Con-
struction Process. Licentiate Thesis, 1994. Bulletin 12.

Zhitao, H., Influence of Web Buckling on Fatigue Life of Thin-Walled Columns.
Doctoral Thesis, 1994. Bulletin 13.

Kjörling, M., Dynamic response of railway track components. Measurements during
train passage and dynamic laboratory loading. Licentiate Thesis, 1995. Bulletin 14.

Yang, L., On Analysis Methods for Reinforced Concrete Structures. Doctoral Thesis,
1995. Bulletin 15.

Petersson, Ö., Svensk metod för dimensionering av betongvägar. Licentiatavhan-
dling, 1996. Bulletin 16.



Lidström, T., Computational Methods for Finite Element Instability Analyses. Doc-
toral Thesis, 1996. Bulletin 17.

Krus, J., Environment- and Function-induced Degradation of Concrete Structures.
Doctoral Thesis, 1996. Bulletin 18.

Editor, Silfwerbrand, J., Structural Loadings in the 21st Century. Sven Sahlin
Workshop, June 1996. Proceedings. Bulletin 19.

Ansell, A., Frequency Dependent Matrices for Dynamic Analysis of Frame Type
Structures. Licentiate Thesis, 1996. Bulletin 20.

Troive, S., Optimering av åtgärder för ökad livslängd hos infrastrukturkonstruk-
tioner. Licentiatavhandling, 1996. Bulletin 21.

Karoumi, R., Dynamic Response of Cable-Stayed Bridges Subjected to Moving Ve-
hicles. Licentiate Thesis, 1996. Bulletin 22.

Hallgren, M., Punching Shear Capacity of Reinforced High Strength Concrete Slabs.
Doctoral Thesis, 1996. Bulletin 23.

Hellgren, M., Strength of Bolt-Channel and Screw-Groove Joints in Aluminium
Extrusions. Licentiate Thesis, 1996. Bulletin 24.

Yagi, T., Wind-induced Instabilities of Structures. Doctoral Thesis, 1997. Bulletin
25.

Eriksson, A., and Sandberg, G., (editors), Engineering Structures and Extreme
Events proceedings from a symposium, May 1997. Bulletin 26.

Paulsson, J., Effects of Repairs on the Remaining Life of Concrete Bridge Decks.
Licentiate Thesis, 1997. Bulletin 27.

Olsson, A., Object-oriented finite element algorithms. Licentiate Thesis, 1997. Bul-
letin 28.

Yunhua, L., On Shear Locking in Finite Elements. Licentiate Thesis, 1997. Bulletin
29.

Ekman, M., Sprickor i betongkonstruktioner och dess inverkan på beständigheten.
Licentiate Thesis, 1997. Bulletin 30.

Karawajczyk, E., Finite Element Approach to the Mechanics of Track-Deck Systems.
Licentiate Thesis, 1997. Bulletin 31.

Fransson, H., Rotation Capacity of Reinforced High Strength Concrete Beams. Li-
centiate Thesis, 1997. Bulletin 32.

Edlund, S., Arbitrary Thin-Walled Cross Sections. Theory and Computer Imple-
mentation. Licentiate Thesis, 1997. Bulletin 33.

Forsell, K., Dynamic analyses of static instability phenomena. Licentiate Thesis,
1997. Bulletin 34.



Ikäheimonen, J., Construction Loads on Shores and Stability of Horizontal Form-
works. Doctoral Thesis, 1997. Bulletin 35.

Racutanu, G., Konstbyggnaders reella livslängd. Licentiatavhandling, 1997. Bul-
letin 36.

Appelqvist, I., Sammanbyggnad. Datastrukturer och utveckling av ett IT-stöd för
byggprocessen. Licentiatavhandling, 1997. Bulletin 37.

Alavizadeh-Farhang, A., Plain and Steel Fibre Reinforced Concrete Beams Sub-
jected to Combined Mechanical and Thermal Loading. Licentiate Thesis, 1998.
Bulletin 38.

Eriksson, A. and Pacoste, C., (editors), Proceedings of the NSCM-11: Nordic Sem-
inar on Computational Mechanics, October 1998. Bulletin 39.

Luo, Y., On some Finite Element Formulations in Structural Mechanics. Doctoral
Thesis, 1998. Bulletin 40.

Troive, S., Structural LCC Design of Concrete Bridges. Doctoral Thesis, 1998.
Bulletin 41.

Tärno, I., Effects of Contour Ellipticity upon Structural Behaviour of Hyparform
Suspended Roofs. Licentiate Thesis, 1998. Bulletin 42.

Hassanzadeh, G., Betongplattor på pelare. Förstärkningsmetoder och dimensioner-
ingsmetoder för plattor med icke vidhäftande spännarmering. Licentiatavhandling,
1998. Bulletin 43.

Karoumi, R., Response of Cable-Stayed and Suspension Bridges to Moving Vehi-
cles. Analysis methods and practical modeling techniques. Doctoral Thesis, 1998.
Bulletin 44.

Johnson, R., Progression of the Dynamic Properties of Large Suspension Bridges
during Construction A Case Study of the Höga Kusten Bridge. Licentiate Thesis,
1999. Bulletin 45.

Tibert, G., Numerical Analyses of Cable Roof Structures. Licentiate Thesis, 1999.
Bulletin 46.

Ahlenius, E., Explosionslaster och infrastrukturkonstruktioner - Risker, värderingar
och kostnader. Licentiatavhandling, 1999. Bulletin 47.

Battini, J-M., Plastic instability of plane frames using a co-rotational approach.
Licentiate Thesis, 1999. Bulletin 48.

Ay, L., Using Steel Fiber Reinforced High Performance Concrete in the Industrial-
ization of Bridge Structures. Licentiate Thesis, 1999. Bulletin 49.

Paulsson-Tralla, J., Service Life of Repaired Concrete Bridge Decks. Doctoral The-
sis, 1999. Bulletin 50.

Billberg, P., Some rheology aspects on fine mortar part of concrete. Licentiate



Thesis, 1999. Bulletin 51.

Ansell, A., Dynamically Loaded Rock Reinforcement. Doctoral Thesis, 1999. Bul-
letin 52.

Forsell, K., Instability analyses of structures under dynamic loads. Doctoral Thesis,
2000. Bulletin 53.

Edlund, S., Buckling of T-Section Beam-Columns in Aluminium with or without
Transverse Welds. Doctoral Thesis, 2000. Bulletin 54.

Löfsjögård, M., Functional Properties of Concrete Roads ? General Interrelation-
ships and Studies on Pavement Brightness and Sawcutting Times for Joints. Licen-
tiate Thesis, 2000. Bulletin 55.

Nilsson, U., Load bearing capacity of steel fibree reinforced shotcrete linings. Licen-
tiate Thesis, 2000. Bulletin 56.

Silfwerbrand, J. and Hassanzadeh, G., (editors), International Workshop on Punch-
ing Shear Capacity of RC Slabs ? Proceedings. Dedicated to Professor Sven Kin-
nunen. Stockholm June 7-9, 2000. Bulletin 57.

Wiberg, A., Strengthening and repair of structural concrete with advanced, cemen-
titious composites. Licentiate Thesis, 2000. Bulletin 58.

Racutanu, G., The Real Service Life of Swedish Road Bridges - A case study. Doc-
toral Thesis, 2000. Bulletin 59.

Alavizadeh-Farhang, A., Concrete Structures Subjected to Combined Mechanical
and Thermal Loading. Doctoral Thesis, 2000. Bulletin 60.

Wäppling, M., Behaviour of Concrete Block Pavements - Field Tests and Surveys.
Licentiate Thesis, 2000. Bulletin 61.

Getachew, A., Trafiklaster på broar. Analys av insamlade och Monte Carlo gener-
erade fordonsdata. Licentiatavhandling, 2000. Bulletin 62.

James, G., Raising Allowable Axle Loads on Railway Bridges using Simulation and
Field Data. Licentiate Thesis, 2001. Bulletin 63.

Karawajczyk, E., Finite Elements Simulations of Integral Bridge Behaviour. Doc-
toral Thesis, 2001. Bulletin 64.

Thöyrä, T., Strength of Slotted Steel Studs. Licentiate Thesis, 2001. Bulletin 65.

Tranvik, P., Dynamic Behaviour under Wind Loading of a 90 m Steel Chimney.
Licentiate Thesis, 2001. Bulletin 66.

Ullman, R., Buckling of Aluminium Girders with Corrugated Webs. Licentiate
Thesis, 2002. Bulletin 67.

Getachew, A., Traffic Load Effects on Bridges. Statistical Analysis of Collected and
Monte Carlo Simulated Vehicle Data. Doctoral Thesis, 2003. Bulletin 68.



Quilligan, M., Bridge Weigh-in-Motion. Development of a 2-D Multi-Vehicle Algo-
rithm. Licentiate Thesis, 2003. Bulletin 69.

James, G., Analysis of Traffic Load Effects on Railway Bridges. Doctoral Thesis
2003. Bulletin 70.

Nilsson, U., Structural behaviour of fibre reinforced sprayed concrete anchored in
rock. Doctoral Thesis 2003. Bulletin 71.

Wiberg, A., Strengthening of Concrete Beams Using Cementitious Carbon Fibre
Composites. Doctoral Thesis 2003. Bulletin 72.

Löfsjögård, M., Functional Properties of Concrete Roads - Development of an Op-
timisation Model and Studies on Road Lighting Design and Joint Performance.
Doctoral Thesis 2003. Bulletin 73.

Bayoglu-Flener, E., Soil-Structure Interaction for Integral Bridges and Culverts.
Licentiate Thesis 2004. Bulletin 74.

Lutfi, A., Steel Fibrous Cement Based Composites. Part one: Material and mechan-
ical properties. Part two: Behaviour in the anchorage zones of prestressed bridges.
Doctoral Thesis 2004. Bulletin 75.

Johansson, U., Fatigue Tests and Analysis of Reinforced Concrete Bridge Deck Mod-
els. Licentiate Thesis 2004. Bulletin 76.

Roth, T., Langzeitverhalten von Spannstählen in Betonkonstruktionen. Licentitate
Thesis 2004. Bulletin 77.

Hedebratt, J., Integrerad projektering och produktion av industrigolv - Metoder för
att förbättra kvaliteten. Licentiatavhandling, 2004. Bulletin 78.

Österberg, E., Revealing of age-related deterioration of prestressed reinforced con-
crete containments in nuclear power plants - Requirements and NDT methods. Li-
centiate Thesis 2004. Bulletin 79.

Broms, C.E., Concrete flat slabs and footings New design method for punching and
detailing for ductility. Doctoral Thesis 2005. Bulletin 80.

The bulletins enumerated above, with the exception for those which are out of print,
may be purchased from the Department of Civil and Architectural Engineering, The
Royal Institute of Technology, SE-100 44 Stockholm, Sweden.

The department also publishes other series. For full information see our homepage
http://www.byv.kth.se


