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Abstract

The topic of this dissertation is the study of the emergence of higher-order correlations in recur-

rently connected populations of brain cells.

Neurons have been experimentally shown to form vast networks in the brain. In these networks,

each brain cell communicates with tens of thousands of its neighbors by sending out and receiving

electrical signals, known as action potentials or spikes. The effect of a single action potential

can propagate through the network and cause additional spikes to be generated. Thus, the

connectivity of the neuronal network greatly influences the network’s spiking dynamics. However,

while the methods of action potential generation are very well studied, many dynamical features

of neuronal networks are still only vaguely understood.

The reasons for this mostly have to do with the difficulties of keeping track of the collective, non-

linear behavior of hundreds of millions of brain cells. Even when one focuses on small groups of

neurons, all but the most trivial questions about coordinated activity remain unanswered, due to

the combinatorial explosion that arises in all questions of this sort. In theoretical neuroscience one

often needs to resort to mathematical models that try to explain the most important dynamical

phenomena while abstracting away many of the morphological features of real neurons.

On the other hand, advances in experimental methods are making simultaneous recording of

large neuronal populations possible. Datasets consisting of collective spike trains of thousands

of neurons are becoming available. With these new developments comes the possibility of finally

understanding the way in which connectivity gives rise to the many interesting dynamical aspects

of spiking networks.

The main research question, addressed in this thesis, is how connectivity between neurons in-

fluences the degree of synchrony between their respective spike trains. Using a linear model

of spiking neuron dynamics, we show that there is a mathematical relationship between the

network’s connectivity and the so-called higher-order cumulants, which quantify beyond-chance-

level coordinated activity of groups of neurons. Our equations describe the specific connectivity

patterns that give rise to higher-order correlations. In addition, we explore the special case of

correlations of third-order and find that, in large, regular networks, it is the presence of a single

subtree that is responsible for third-order synchrony.

In summary, the results presented in this dissertation advance our understanding of how higher-

order correlations between spike trains of neurons are affected by certain patterns in synaptic

connectivity. Our hope is that a better understanding of such complicated neuronal dynamics

can lead to a consistent theory of the network’s functional properties.
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Abstrakt

Ämnet för denna avhandling är att studera uppkomsten av högre ordningens korrelationer i

återkopplade populationer av nervceller.

Neuroner har experimentellt visats skapa omfattande nätverk i hjärnan. I dessa nätverk, kommu-

nicerar varje hjärncell med tiotusentals av sina grannar genom att skicka och ta emot elektriska

impulser, s̊a kallade aktionspotentialer eller spikar. Effekten av en enskild spik fortplantas genom

nätverket och kan i sin tur frambringa p̊aföljande spikar. Detta innebär att kopplingsstrukturen

i neurala nätverk har stor p̊averkan p̊a nätverksdynamiken. Trots att mekanismerna för upp-

komsten av enskilda aktionspotentialer är noga studerade, finns dock fortfarande bara en vag

först̊aelse av m̊anga av spikande neuronnäts dynamiska egenskaper.

Sv̊arigheten ligger framförallt i att simultant observera och analysera det kollektiva, icke-linjära

beteendet hos hundratals miljoner nervceller. Även för mindre grupper av neuroner, förblir alla

förutom de mest triviala fr̊agor obesvarade p̊a grund av den kombinatoriska explosion som up-

pst̊ar i dessa fr̊agor. Inom teoretisk neurovetenskap behöver man ofta använda sig av förenklade

matematiska modeller, som kan förklara de viktigaste dynamiska fenomenen men abstraherar

bort den komplexa morfologin hos biologiska nervceller.

Dock har nya framsteg inom experimentella metoder nu möjliggjort att simultant registrera data

fr̊an stora populationer av nervceller. Datamängder best̊aende av simultant inspelade spikt̊ag

fr̊an tusentals neuroner börjar bli tillgängliga. Denna utveckling skapar nya möjligheter att slut-

ligen först̊a hur spikande neuronnäts kopplingsstruktur kan ge upphov till de m̊anga intressanta

dynamiska aspekterna.

Den huvudsakliga forskningsfr̊agan, som behandlas i denna avhandling, är hur neuroners kop-

plingsmönster p̊averkar graden av synkronisering mellan deras respektive spikt̊ag. Genom att

använda en linjär modell för dynamiken hos spikande neuroner visar vi att det finns ett matema-

tiskt samband mellan nätverkets kopplingsstruktur och s̊a kallade högre ordningens kumulanter,

som över slumpniv̊a kan kvantifiera den koordinerade aktiviteten hos grupper av nervceller. V̊ara

ekvationer beskriver de specifika kopplingsmönster som ger upphov till högra ordningens korre-

lationer, och vi konstaterar att i stora reguljära nätverk är det närvaron av ett enskilt delträd

som orsakar tredje ordningens synkronisering.

Sammanfattningsvis fördjupar resultaten som presenteras i denna avhandling v̊ar först̊aelse för

hur högre ordningens korrelationer mellan neurala spikt̊ag p̊averkas av specifika synaptiska kop-

plingsmönster. Vi hoppas att en bättre först̊aelse av den här typen av komplicerad dynamik i

neurala nätverk kan leda till en fullständig teori om nätverkets funktionella egenskaper.
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Zusamenfassung

Thema dieser Dissertation sind Untersuchungen zur Entstehung von Korrelation höherer Ord-

nung in Neuronenpopulationen mit rekurrenten Verbindungen.

Experimentelle Forschung hat aufgezeigt, dass Neuronen enorme Netzwerke im Gehirn bilden. In

diesen Netzwerken kommuniziert jede Gehirnzelle mit zehntausenden ihrer Nachbarn durch das

Senden und Empfangen elektrischer Signale, sogenannter Aktionspotentiale. Der Effekt eines

einzelnen Aktionspotentials kann sich dabei im Netzwerk ausbreiten und weitere Aktionspoten-

tiale auslösen. Daher hat die Konnektivität des Netzwerks ganz maßgeblichen Einfluss auf die

entstehende Dynamik der Netzwerkaktivität. Während die Mechanismen der Entstehung von

Aktionspotentialen bereits sehr genau beschrieben sind, ist unser Verständnis vieler dynamischer

Eigenschaften neuronaler Netzwerke allerdings immer noch vage.

Die Ursachen dafür liegen in erster Linie in den Schwierigkeiten, die mit dem Erfassen des kollek-

tiven, nichtlinearen Verhaltens hunderter Millionen Hirnzellen verbunden sind. Auch wenn nur

kleine Gruppen von Neuronen betrachtet werden, lassen sich selbst einfache Fragen zur koor-

dinierten Aktivität aufgrund der kombinatorischen Explosion, die in allen Problemen dieser Art

unweigerlich auftritt, oft nicht beantworten. In der theoretischen Neurowissenschaft bedient man

sich deshalb oft mathematischer Modelle, die versuchen die wichtigsten dynamischen Phänomene

zu erklären, während viele morphologische Eigenschaften echter Neuronen außer Acht gelassen

werden.

Auf der anderen Seite ermöglichen experimentelle Fortschritte das gleichzeitige Messen großer

Neuronenpopulationen. Zunehmend werden Datensätze, die die Abfolge von Aktionspoten-

tialen, sogenannte Spiketrains, tausender Neuronen umfassen, verfügbar. Diese neue Entwick-

lung eröffnet die Möglichkeit, das Entstehen vieler interessanter dynamischer Aspekte neuronaler

Netzwerke endlich zu begreifen.

Die wesentliche Forschungsfrage, die dieser Dissertation zugrunde liegt, besteht darin, wie Kon-

nektivität zwischen Neuronen den Grad an Synchronität zwischen ihren jeweiligen Spiketrains

beeinflusst. Auf Basis eines linearen Modells neuronaler Dynamik zeigen wir, dass eine math-

ematische Beziehung zwischen der Netzwerkkonnektivität und den sogenannten Kumulanten

höherer Ordnung, die ein Maß für die nicht-zufällige Koordination der Aktivität innerhalb einer

Gruppe von Neuronen darstellen, besteht. Unsere Formeln beschreiben die spezifischen Konnek-

tivitätsmuster, die zu Korrelationen höherer Ordnung führen. Des Weiteren behandeln wir den

Sonderfall Korrelationen dritter Ordnung und zeigen, dass sich in großen regulären Netzwerken

Synchronität dritter Ordnung auf eine einzelne Baumstruktur zurückführen lässt.

Die Ergebnisse, die in dieser Dissertation vorgelegt werden, bringen unser Verständnis der Zusam-

menhänge zwischen Spiketrainkorrelationen höherer Ordnung und bestimmten Motiven synap-

tischer Konnektivität weiter voran. Wir sind zuversichtlich, dass ein besseres Verständnis dieser

komplexen neuronalen Dynamik wesentlich zu einer konsistenten Theorie funktionaler Netzw-

erkeigenschaften beitragen kann.
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Chapter 1

Introduction

The spiking activity of a single neuron has been experimentally related to the sensory

input the neural cell receives. Furthermore, single unit activity has been found to corre-

late with the animal’s behavior and even higher-level cognitive functions. At the same

time, the exact mechanisms that underlie the synchronization of the firing of individual

neurons have not yet been uncovered. This is a very unfortunate development. Indeed,

it is thought that it’s precisely this synchronization of spiking activity of individual neu-

rons that enables populations of brain cells to perform complex mental functions. In a

sense, it is the cooperation and coordination of many simple neural units that, working

together, are able to produce a wide range of behaviors and process sensory information

in increasingly abstract ways. Consequently, understanding the exact way in which this

coordination is facilitated in anatomical circuits will give us important insight into the

underlying principles of neural computation.

The problem, of course, is that the activity of a single neuron depends on the states of

potentially all of its many presynaptic neighbors. Therefore, the study of synchrony in

recurrent neural networks is a very complicated problem. This is especially true when

one looks at coordinated spiking of more than two neurons, where both theoretical and

experimental results are few and far between.

The aim of this dissertation is to shed light on the topic of this type of coordinated

activity by relating the organization of synaptic connections between neurons to the

synchrony of their action potential timings. The chosen level of description is that

of networks of spiking nerve cells and the topic under consideration is one of higher-

order correlations between spiking events as well as complementary measures of spiking

activity.

1
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1.1 Scope of the thesis

Theoretical models of spiking neural networks have helped researchers relate the dy-

namic activity, described in terms of action potential timings or count statistics, to the

properties of the connectivity between neurons that facilitates their communication. De-

spite this, most models simplify the underlying graph topology, therefore making the

study of the properties of more structured networks difficult.

The overall aim of this thesis is to elucidate the interplay between network connectivity

and the emergence of synchrony between spike trains of groups of neurons in the observed

population. A major topic of research is the development and propagation of higher-

order correlations of action potentials, as well as the description of the dependence of

these correlations on the presence or absence of certain motifs in the network graph.

In the study of pairwise correlations, common input has often been cited as most proba-

ble topological cause, but this intuition tends to break down when dealing with correla-

tion of higher order. Indeed, what are all the possible ways in which seven neurons can

share input? The major difficulty in relating connectivity to higher-order synchrony is

thus the combinatorial explosion that naturally takes occurs in these sorts of problems.

It is the quite possibly the major reason why so few theoretical studies tackle the issue

of higher-order correlations.

The main question this thesis aims to answer is : Which motifs in the network cause or

amplify higher-order synchrony in networks of spiking neurons? Furthermore, can the

presence of these motifs be inferred from neural data? In other words, we would like

to know if we can, knowing connectivity, predict the degree of higher-order correlations

that will emerge between spiking events. We are also interested in the inverse problem -

can we recover information about network topology by measuring statistics, quantifying

higher-order coordination between action potentials. As a starting point, we take the

Hawkes point process, a simple, linear model of neural network dynamics that we use as a

surrogate for real biological data. We use statistical analysis and numerical simulations,

as well as analytical results to show that one can indeed obtain numerical estimates of

higher-order correlations by knowing the network topology.

1.1.1 Cumulant densities of the Hawkes point process

The central mathematical result of this work is presented in Paper A. In it, we derive

closed-form formulae that relate network structure to statistical measures of correlations

of higher-order, known as cumulants. To do this, we use the linear Hawkes process as a

surrogate for a spiking neural network and compute the nth order cumulant densities -
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statistical measures of our own design - in terms of the connectivity matrix of the process.

This matrix describes the graph of neuronal interactions that, in the case of the Hawkes

process, can only be excitatory. In this paper, we provide a simple, combinatorial

algorithm to compute the nth order density for a given network, for arbitrary n. Our

algorithm is based on a simple representation of neural interactions in terms of rooted

trees, a consequence of the linearity of the point process model we use. In addition,

we further explore the relation between the network’s spiking statistics and topology by

computing cumulants of spike counts using only combinatorial information about the

number of certain subtrees, formed by synaptic connection between cells. Our result

implies that knowing the combined weight of all subtrees of a certain type, present

in the network graph is information that is sufficient to compute the average level of

higher-order correlations in the network.

1.1.2 Third-order correlations and topology in a balanced neuronal

network

In Paper B, we apply the our analytical results to probe the dependence of third-order

correlations on connectivity in a balanced network of excitatory and inhibitory neurons.

Our Hawkes process model should technically not apply in this case, as it is only defined

for positive interaction kernels. Despite this, we find it to be a very good approxima-

tion of the simulated dynamics. The main results of this work is that, in unstructured,

random networks, average triplet correlations do not depend on fine-scale structure. In-

deed, we find that they can be accurately predicted based on very global parameters,

such as the connection probability and the overall strength of excitation and inhibition.

Furthermore, we obtain a simple decomposition of the average level of third-order cor-

relations in terms of the relevant topological motifs in the network graph. As expected,

the contribution of the motifs with a higher number of edges decays exponentially with

a constant that depends on the network graph’s spectral radius. On the other hand, in

networks with a wide out-degree distribution, such as those that exhibit a small-world-

like topology, this ceases to be the case. More specifically, we find that in assortative

networks with a geometric out-degree distribution, the contribution to average third-

order synchrony of more complex motifs is much higher that in the case of networks

with random connectivity. In other words, in order to predict third-order correlations

that will emerge in networks with non-uniform out-degree distributions, one has to know

much more about the network’s fine-scale structure.
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1.2 List of publications, included in this thesis

• Paper A was published as

Cumulants of Hawkes point processes
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Network connectivity and

dynamics

2.1 Neurons and neuronal network dynamics in experi-

mental settings

A brain cell is a vastly complicated system with a diverse morphological structure.

Its dynamical behavior depends on a multitude of internal biological parameters and

electro-chemical processes. In addition to this, a neuron can rarely become active on its

own and, instead, often responds to biochemical inputs from a large number of other

neural cells that connect to it by way of a synapse. In the cortices of higher mammals,

neurons are numerous and tightly packed together, which enables each individual cell to

receive signals from approximately ten thousand of it synaptic neighbors [1]. Indeed, it

is thought that the neural cell’s dendritic arbor is optimized to maximize the number

of potential connections [2]. It comes then as no surprise that neurons tend to be in

a constant state of arousal, caused by the incessant bombardment by spiking events it

experiences [3, 4]. Consequently, it is the cooperative behavior of populations of neural

cells that determines the dynamics of an individual neuron’s output. In fact, the rate

of a singe cell can be predicted from the activity of its surroundings [5]. What this

seems to imply is that coordinated activity of a large number of neurons is necessary

for the implementation of a specific cognitive function. This fact further underlines the

importance of studying correlations within groups of neurons.

However, much is still not known about the structure of large neuronal networks, due

to the fact that sampling of their structure on a cellular level remains quite difficult.

Despite this, for example, a precise functional organization on the level of single cells

5
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has so far been observed in cat sensory cortex [6]. Furthermore, the probability that two

neurons will be connected to each other has been shown to depend on their response

properties. This is true for both long-range connections [7] , as well as for cells situated

close to each other [8]. At this point in time, a diagrammatical representation of the full

connectivity of a large network is out of reach. However, certain statistical information

about network topology has been gained by sampling connections between a small subset

of neurons.

2.1.1 Neuronal network connectivity

A hypothesis that is often found in theoretical work is that of random connectivity be-

tween individual neural cells. Sadly, this has been shown not to be the case even in local

networks, where no constraints due to large distances are present [9]. For instance, in

[10], the connectivity between triplets of simultaneously recorded neurons is shown to

be inconsistent with the random connectivity assumption, as a high degree of clustering

was observed. Another example is [11] where clusters of small assemblies of neurons

were found, implying a structure similar to that of the small-world paradigm. Studies

have also shown that the amount of shared input between two excitatory neurons is

considerably larger if they are connected [12]. Likewise, inhibitory brain cells have been

reported to form non-random, fine-scale connectivity structures [13]. In summary, while

the precise neural connectivity patterns have not yet been elucidated, sampling-based

results show an intricate and non-random organization of networks on a cellular level.

However, the function and dynamical significance of these structural characteristics re-

mains unknown.

2.1.2 Role of correlation in network dynamics

Studies of single neurons imply that the spike trains of individual cells are random and

irregular [14]. Their firing rates are frequently quite low [15] and the corresponding rate

distributions have been found to be broad [16]. Furthermore, correlations between pairs

of spike trains, characterizing cooperative dynamics, have been reported in a variety of

brain areas [17–20]. Also, correlations between inhibitory and excitatory inputs are re-

ported to be essential for the development of irregular firing [21]. Correlations have been

shown to have an important function in information processing [22, 23] and coincidence

detection [24]. They are also believed to be tied to expectation and attention (see [24] for

details). In addition, it was observed that nerve cells are sensitive to synchronous input

from large groups of neurons [25]. While there has been much work on elucidating the

causes and effects of pairwise correlations between spike trains, it seems that correlations
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beyond second order also have a role to play. For example, it was indicated that a neu-

ron’s firing rate profile depends on higher-order correlations between presynaptic spikes

[26]. Higher-order correlations have also been reported in the rat somatosensory cortex

and the visual cortex of the behaving macaque [27]. Indeed, it has been suggested that

these correlations are inherent properties of cortical dynamics in many species [28, 29].

2.1.3 Oscillations and correlations

Finally, it is important to mention that spike train correlations can also be induced

by oscillations in the surrounding neuronal population. Indeed, oscillations have been

proposed as an underlying mechanism for a variety of cortical functions [30]. However,

the focus of this thesis will be on the study and modeling of non-oscillatory activity

which has been observed in, for instance, the sensory cortex of behaving animals [31].

2.2 Theoretical models in the study of neural networks

Mathematical models are important tools in the theoretical neuroscientist’s arsenal, as

they can be used to relate the essential properties of single neurons to the large-scale

dynamics of networks in a way that’s consistent with experimental findings. Of course,

in order to be able to study the intricacies of large neural networks in a systematic way,

many of the single cell’s inherent complexities need to be ignored.

A popular choice is the so-called point neuron model, in which the interesting cellular

morphology is neglected and the state of the neuron is described with the help of a

single variable. In this paradigm, axons and dendrites are assumed to play no role in the

neuron’s activity besides facilitating communication between the cell and its pre- and

post-synaptic partners. Despite these simplifications, the point model has proven to be

a very good descriptor of a single neuron’s dynamics. It was shown that, for example,

exact spike timings of response to fluctuating input can be reproduced [32]. In addition,

due to the model’s tractability, it is often possible to understand network dynamics

analytically [33]. When this is not the case, efficient simulation algorithms and tools

[34] have been developed to make numerical experimentation with tens of thousands of

simulated neurons easy [35].

Recently, neuron models based on stochastic point processes have enjoyed some popular-

ity in theoretical studies [36–40]. Since the early days of neuroscience, Poisson processes

have been used to help explain the variability and dynamics of neuronal spiking events

[41, 42]. The overall consensus, however, seems to be that spike train statistics mostly
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exhibit non-Poissonian properties [43–45]. A simple and tractable alternative to the

Poissonian ansatz, Hawkes point process model is steadily gaining popularity [46–48].

Interestingly, some studies have shown it to be superior to the Poisson model in fitting

neural data in specific cases [49]. The Hawkes process was first introduced in [50, 51] as

a model of chain-reaction-like phenomena, in which the occurrence of an event increases

the likelihood of more such events happening in the future. It was originally designed

to model the dynamics of aftershocks that accompany strong earthquakes [52, 53], but

has since found application as model of spiking neural networks where it has been used

to study, among other things, the interplay between spike train correlations and neural

network topology [36, 48].

When it comes to models of connectivity, it must be said that much of the work has so

far dealt with population dynamics of unstructured networks [54], a notable exception

being [55], where sustainable activity in a small-world network has been demonstrated.

The use of linear models is also quite established in neuroscience literature. In [56], linear

response theory was used to explain oscillations in the population activity of a specific

all-to-all connected network, inspired by the sensory system of electric fish. Furthermore,

linear models have been successfully applied to explain the activity of neural networks

in [57].

In summary, theoretical models of neural network activity have been successfully used

to elucidate how the interplay between single neuron dynamics and the surrounding

population activity gives rise to the experimentally observed spike train statistics. Es-

pecially popular are linear and point process paradigms that have yielded many useful

phenomenological descriptions of dynamics of spiking neural networks.

2.3 Correlations of higher order in theoretical models

The description of correlations between neural spike trains, as well as their consequences

have been the subject of intense research. The reason for this is the hypothesized

importance of the coordinated behavior of large groups of neurons for normal brain

function.

Average correlations can be used to quantify the amount of synchronous activity in a

network [58] and they can, in addition, specify the amplitude of population-level fluc-

tuations [36]. Various related measure exist for correlations - some of them include

temporal information (such as covariance functions), while others neglect it (count co-

variances and correlation coefficients) [59]. In the broadest sense, they all quantify the

tendency of a group of two or more neurons to spike simultaneously, or with a certain
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time lag. Coordinated spikes of groups of two neurons are known as pairwise correla-

tions in the literature, while synchrony among larger groups, consisting of three or more

neurons have been named higher-order correlations.

Much of the work has so far focused on pairwise correlations, as higher-order synchrony

tends to be difficult to detect in experimental settings [60] (however, some methods do

exist - see [61, 62]). Additionally, it is hard to distinguish if correlations in a group

of neurons arise due to common input, direct connections between members of the

group or the oscillations in the activity of the surrounding population of brain cells.

Neurons whose output spike trains are found to be correlated are often said to exhibit

a ”functional connection”, but it needs to be said that there is no simple way to relate

functional connectivity to its anatomical counterpart, signifying the presence or absence

of a synapse.

The importance of correlations of information processing and integration has been the

topic of much research. Correlations between neuronal spike trains are believed to have

an important function in information processing [22, 23] and coincidence detection [24],

but they are also believed to be tied to expectation and attention (see [24] for a review).

In addition, it been shown that nerve cells can be extremely sensitive to synchronous

input from large groups of neurons [25]. Furthermore, synaptic plasticity is believed to

strongly depend on input correlations [63].

These findings have motivated many theoretical studies that have investigated the de-

scription, origin and propagation of correlations in networks of neurons. Analytical

results for binary neurons in a network with random connectivity have already been

obtained in [64]. This is quite an achievement, as precise analytical descriptions of such

phenomena are generally very difficult to obtain due to non-linearities present in even

the simplest neuron models [65–67]. However, linear approximations and linear models

have proven to be useful in the description of shared input between pairs of neurons

[36, 68].

As far as higher-order correlations are concerned, neural data has recently been inten-

sively investigated for signs of higher-order synchrony using maximum entropy models,

classical tools borrowed from statistical physics [69–74] (however, new methods are being

developed in order to shed more light on what seems to be a very important property of

networks in the brain - see [75–77]). In the maximum entropy framework, the quantifiers

of higher-order coordination are the so-called ”interaction parameters” of the binary ex-

ponential family. An alternative, if somewhat less popular measure, commonly used

in statistical literature, also exists - it is the joint cumulant. As already mentioned in

[61, 78], cumulant correlations are not identical to the higher order exponential family

parameters (for details, see [78]). In a sense, it can be said that non-zero cumulants
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indicate the presence of additive common input (a well-known model for correlated

stochastic signals, see [79–81]), while the interaction parameters of maximum entropy

models measure multiplicative interactions. The mathematical differences between the

two types of dependence are currently under investigation [82–84].

2.4 Graph theory - a way to describe network connectivity

A mathematical description of a neural network’s synaptic connectivity is often made by

representing it as a graph, i.e. as a abstract object consisting of ”nodes” (or ”vertices”),

symbolizing the cell bodies of neurons and ”edges”, symbolizing the synaptic connection

between them. Once this is done, one is able to apply the vast machinery of graph

theory in order to rigorously study the the underlying network topology. The interest in

the application of graph theory to neuroscience has recently gone up, as more and more

studies are being published on the fine-scale structure of real-world network [85, 86].

In graph theory, networks are usually coarsely described using statistics such as the dis-

tribution of incoming or outgoing connections of nodes (its ”degrees”). A surprising fact

is that this kind of characterization is often good enough to reproduce the most impor-

tant features of networks one observes in the real world. For example, a popular model

is the Barabási-Albert graph, which produces networks with a scale-free distribution of

degrees [87].

In addition, graph theory can be used to elucidate the effect of connectivity on network

dynamics. There is a multitude of problems in which this kind of description is useful,

such as gene interactions [88], social dynamics [89], insurance risk [90, 91], corporate

default clustering [92, 93], market impact [94], high-frequency financial data [95], micro-

structure noise [96] and even crime [97]. The results are usually formulated by specifying

a dynamical system on a particular network model.

In theoretical neuroscience, graph theory is used as means of studying the theory of in-

teractions of neurons in a network [98]. One thing to note is, however, that an important

drawback of representing a neural network as a graph is that the spatial information

about the relative positions of neurons is completely lost - the only relevant datum is

whether or not a pair of cells is connected by a synapse or not. Furthermore, in networks

of brain cells the dominant model is that of a directed, weighted graph. In other words,

the edges between cells have a specific direction (cell A connects to cell B, but B might

not connect to A) and synaptic strength. The prevalent object of study is, however, the

large-scale network (see [98]). Data are obtained using, for instance, functional magnetic

resonance imaging which yields networks of co-active brain regions [99], i.e. functional
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connectivity. Anatomical connections can be obtained with the help of diffusion-tensor

imaging [100].

The inquiry about synaptic connectivity on the single cell level is less common. One

explanation as to why theoretical research mostly concerns itself with unstructured and

random topologies could be the relative difficulty of experiments to record the fine-scale

connectivity on the neuron level. With the exception of simple statistics like the average

number of synapses per cell, questions about the presence or absence of a certain network

characteristics (such as the small-world property [101]) are still a largely unresolved issue.

In contrast, the distribution of the so-called ”motifs” (that is, subraphs) present in the

network has already been quantified in networks of neurons [102]. The consequence of

existence of these motifs on spiking dynamics is still subject to speculation.



Chapter 3

Methods

3.1 Point process models

Point processes are mathematical objects that are meant to represent locations (in space)

of random phenomena. Informally, they can be thought of as representing a “cloud” of

random points in a d-dimensional space, usually a subset of Rd. One-dimensional point

processes are especially interesting, both theoretically and form the point of view of

applications, as they are much simpler to analyze and, in addition, can be thought of

as representing occurrences of certain events in time. As such, one-dimensional point

processes are perfect candidates for modeling neuronal spike trains.

In what follows, we will provide some basic mathematical preliminaries, that we will

refer to for the rest of this chapter. Next, we will study in more detail the very simple,

but very useful model of the Poisson point process and its natural history-dependent

generalization, the linear Hawkes point process.

3.1.1 Basic definitions

Consider a sequence T = [Tn]n≥1 of positive, random variables (functions defined on an

abstract probability space - for a formal definition see, for example, [103]), representing

times of random occurrences of a certain event. As we have already mentioned, T can

be also thought of as as collection of random points on the positive half-line R+. By

superposing all event times in the sequence, we obtain the point process s = [s(t)]t≥0,

formally defined by setting

s(t) :=
∑
n≥1

δ(t− Tn), (3.1)

where δ(t− Tn) denotes the Dirac delta function, centered at the random point Tn.

12
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The number of events occurring before time t is given by

N(t) :=

∫ t

−∞
s(u)du = |{n : Tn ≤ t}|, (3.2)

The conditional probability, given the past activity, of a new event occurring in the

interval (t, t+ dt) is given by the conditional rate function (λ(t))t≥0. More specifically,

we have [103] that

P{dN(t) = 1|Ht} = λ(t)dt, (3.3)

where Ht represents the history of the point process s up to time t. Thus, the probability

that there is an event at time t, given all the previous information about the point process

up to this time (represented by the history Ht is represented by the (random) function

λ(t). In addition, we will also assume that

P{dN(t) ≥ 2|Ht} = o(dt), (3.4)

i.e. that the probability of two or more events arriving simultaneously is negligibly small.

Such point processes are called simple. For such processes, it follows that the random

variable dN(t) is (up to first order) a Bernoulli random variable and therefore,

E[dN(t)] = P{dN(t) = 1} = P{an event occurs at t}, (3.5)

where E[·] denotes the mathematical expectation operator.

By specifying the form of the conditional rate function λ(t), one obtains different point

process models.

The definition in the case of d dimensions is analogous - one starts by considering a

d-dimensional sequence T = [Tn]n≥1 where Tn ∈ Rd, ∀n. The d-dimensional point

process s = [st]t≥0 is then defined by

s(t) :=
∑
n≥1

δ(t−Tn), (3.6)

and the corresponding counting process is a positive, d-dimensional random variable

such that

N(t) = [Ni(t)]1≤i≤d, Ni(t) =

∫ t

−∞
si(u)du = |{n : Tin ≤ t}|, (3.7)

where Tin is the i-th component of the vector Tn.



Contents 14

3.1.2 Poisson point process

The simplest point process is the Poisson point process, defined by setting the conditional

rate function λ(t) equal to a positive constant, i.e.

λ(t) ≡ λ > 0,∀t. (3.8)

In this case, we have (from 3.3) that

P{dN(t) = 1|Ht} = λdt, (3.9)

and, since the right-hand side is independent of the history Ht, the expression on the

left must be history-independent as well. Therefore, we must have (after rewriting the

previous equation), when h→ 0,

P{N(t+ h)−N(t) = 1} = λh, (3.10)

P{N(t+ h)−N(t) > 1} = o(h), (3.11)

where the last statement follows from the assumption that the point process is simple.

Furthermore, we have that, for t1 < t2 < t3 < t4, the random variables Nt2 − Nt1

and Nt4 −Nt3 must be independent (otherwise, this would be in contradiction with the

already mentioned history independence property of the conditional rate function). Such

point processes are known in the literature as processes with independent increments,

for obvious reasons.

What is interesting in the case of the Poisson process (and, indeed, what gives it its

name) is the fact that one can prove [104], from the already mentioned properties, that

the number of events in any interval of size s is a Poisson random variable with rate λs.

More precisely, we have

P{N(t+ s)−N(s) = k} = e−λ
(λs)k

k!
. (3.12)

The Poisson process is simple to study analytically, but has some properties that make

it a less plausible model of neuronal spike trains, even though it has been often used to

study the variability of action potential firing [41, 42]. One of them is the independence

of the future firing rate on past spiking events - something that, one can argue, should

not be the case in real neuronal networks. To overcome this inadequacy, we need to

consider a self-affecting point process - one in which the probability of future events

depends in some way on the history of the process.
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3.1.3 Hawkes point process

A quintessential example of a (d-dimensional) self-affecting process is the Hawkes pro-

cess([50, 51]). Its conditional intensity, for 1 ≤ i ≤ d, is given by

λi(t) = µi +

d∑
j=1

∫ t

0
gij(t− s)dNi(s) := µi +

d∑
j=1

Nj(t)∑
n=1

gij(t− Tjn). (3.13)

With slight abuse of notation, the previous equation can be rewritten in vector form as

λ(t) = µ+

∫ t

0
G(t− s)dN(s), (3.14)

where λ(t) is the d-dimensional vector of conditional intensities, µ is a vector of base

rates, and

G(t) =


g11(t) · · · g1d(t)

...
. . .

...

gd1(t) · · · gdd(t)

 (3.15)

is the interaction matrix.

The functions gij(t) are assumed to be positive, bounded, and equal to 0 on (−∞, 0).

The base intensities µi-s are assumed to be constant.

One can see immediately why such a process would be suitable for modeling a network

of spiking neurons. Indeed, if we interpret the events of the point process as action

potentials and G(t) as the connectivity matrix of the network, with the function gij(t)

describing the influence of the activity of neuron j on the rate of neuron i, we see that

the rate of neuron i is equal to a sum of two terms. The first is the neuron’s base rate,

represented by mui. This is the constant rate at which the neuron would fire if it did

not receive any input from the surrounding network, i.e. if gij(t) ≡ 0, ∀j. Note that,

in this case, the spike train of neuron i would exhibit Poisson point process statistics.

The second term in the sum equals a convolution of the interaction kernel gij(t) with all

previous spiking events, corresponding to neuron j, for all 1 ≤ j ≤ d. It represents the

influence of all of the spikes of all of the presynaptic neighbors of neuron i on its future

firing rate. Note that, in the Hawkes process framework, all of the presynaptic influences

add up linearly and only excitatory interactions between point event are allowed. This

makes the Hawkes process simpler to analyze mathematically.

It can be shown ([105]) that the Hawkes process is asymptotically stationary if the

spectral radius (that is, its largest eigenvalue) of the matrix Γ =
∫
R G(s)ds is less than

one.
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Asymptotic stationarity is defined in the following, very formal way. Let N
′

= [N
′
(t)]t≥0

be a d-dimensional Hawkes process with intensity given by (3.13) and let, ∀t ≥ 0, St be

the shift operator, defined by

StN
′
(B) := N

′
(t+B), B ∈ B(Rd+), (3.16)

where B(Rd+) denotes the Borel σ-algebra on Rd+.

Then, there exists a stationary point process N = [N(t)]t≥0 with intensity (3.13) such

that N
′

converges in variation to N when t→∞, i.e.

lim
t→∞

sup
B∈B(Rd

+)

|P{StN
′ ∈ B} − P{N ∈ B}| = 0. (3.17)

In layman’s terms, this means that the distributions of N and N
′

grow “closer and

closer together” with increasing t and since N is defined to be stationary, in a sense, N
′

becomes more and more stationary as t increases.

The mathematical expectation of of N can then be computed [50] in terms of the model

parameters G(t) and µ. It reads

E(Nt)

t
= (I− Γ)−1µ =

∑
n≥0

Γnµ, ∀t ≥ 0. (3.18)

This simple results already implies an interesting property of the Hawkes process that

we will thoroughly explore in this thesis. Namely, it is the fact that statistics of N(t)

can be expressed in terms of the (integrated) interaction matrix. Indeed, what equation

(3.18) tells us is that the average number of spiking event in a time interval of unit size

is equal to the product of the base rate of the process, multiplied by a power series of

the matrix Γ. From the point of view of graph theory, the component Γnij represents

the number of paths of length n in the network, going from node j to node i. Thus,

the average rate of node i can be computed as
∑d

j=1

∑
n≥0 Γnijµj , the sum of all ways in

which a spontaneous event of node j can reach node i in any number steps.

In the work, presented in this thesis, we manage to show that a (not so simple) relation-

ship exists between the network matrix and more complex statistical measures, known

as joint cumulants of the point process model. We define these measures in the next

sections.
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Figure 3.1: Conditional rate functions of a two-dimensional, mutually exciting,
Hawkes process with exponential interaction kernels gij(t) = αije

−βt, αii = 0. The
bottom of the figure shows event times corresponding to the “blue” and “red” nodes.
Note that “jumps” in the intensity function of one node happen at event times of the

other.

3.2 Statistical measures of dependence

3.2.1 Covariance of two random variables

A core notion in probability theory and statistics is the covariance of two random vari-

ables X and Y , often denoted by cov[X,Y ]. Intuitively, it represents a measure of

statistical dependence between X and Y and is computed as

cov[X,Y ] ≡ E[XY ]− E[X]E[Y ]. (3.19)

To clarify why the covariance is, in fact, an intuitive way of quantifying pairwise depen-

dence, let us look at the special case of binary random variables, i.e. assuming X and Y

can only take values 0 or 1. Using the definition of covariance and properties of binary
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random variables, we find that the covariance equals

P{X and Y are both equal to 1} − P{X is equal to 1}P{Y is equal to 1}.

Therefore, the covariance cov[X,Y ] is the probability of both X and Y having the a value

of 1 at the same time, minus the probability that this happens due to a random coinci-

dence. Indeed, assuming that X and Y are statistically independent, the probability of

both being equal to 1 is exactly

P{X is equal to 1}P{Y is equal to 1}. (3.20)

Thus, in a sense, the covariance cov[X,Y ] of X and Y measures probability of both

variables being equal to 1, in excess of what would be expected to happen purely by

chance.

3.2.2 The third-order joint cumulant

The concept of covariance of two random variables can be generalized further by asking

the question: How can we measure the inter-dependence of three random variables X,

Y and Z? For simplicity, let us assume that they, just as in the previous example, are

binary. The naive thing to try is to define the “third-order covariance” κ3[X,Y, Z] as

P{X, Y and Z all equal 1} − P{X equals 1}P{Y equals 1}P{Z equals 1}, (3.21)

or, in terms of expectations,

E[XY Z]− E[X]E[Y ]E[Z]. (3.22)

At first sight, this seems decent enough. We measure the third-order dependence by

taking all the cases in which the three variables have the same value, and then subtract

the cases in which this is only due to pure chance. But we are missing something crucial.

What if only X and Y are truly dependent? What if, indeed, cov[X,Y ] 6= 0, but the

fact that Z has the same value is simply due to chance?

To account for this case, we have to subtract cov[X,Y ]P{Z = 1} from our naive formula

for the third-order covariance. However, since there is nothing special about the variable

Z, we must also subtract cov[X,Z]P{Y = 1} and cov[Y,Z]P{X = 1} to account for the

other two, complementary cases. Therefore, the full formula for κ3[X,Y, Z] must read
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κ3[X,Y, Z] = E[XY Z] (3.23)

− cov[X,Y ]E[Z]− cov[X,Z]E[Y ]− cov[Y,Z]E[X] (3.24)

− E[X]E[Y ]E[Z]. (3.25)

Plugging in Eq. 3.19, we get

κ3[X,Y, Z] = E[XY Z]−E[XY ]E[Z]−E[XZ]E[Y ]−E[Y Z]E[X]+2E[X]E[Y ]E[Z], (3.26)

which is the definition of joint third cumulant of variables X, Y and Z in terms of their

first and second mixed moments. The third cumulant measures the inter-dependence of

three random variables in the same way that covariance does for two. In fact, covariance

is nothing more than the cumulant of second order.

3.2.3 Joint cumulants of order n

Of course, cumulants of orders n > 3 can also be defined, and their definitions and

interpretations are analogous.

Indeed, we can consider now an arbitrary n-dimensional random vector X = (X1, · · · , Xn) ≡
Xn̄, where we used the symbol n̄ to denote the set {1, · · · , n}. The cumulant of order

n, denoted by κ[Xn̄], is a general measure of statistical dependence of the components

of X. It is defined, combinatorially, as

κ[Xn̄] =
∑
π

(|π| − 1)!(−1)|π|−1
∏
B∈π

E [XB] , (3.27)

where the sum goes over all partitions π of the set {1, · · · , n}, | · | denotes the number

of blocks of a given partition, and

E[XB] = E

[∏
i∈B

Xi

]
(3.28)

is the mixed moment of all those components of X, whose indices are in B. A dual

formula, expressing moments in terms of cumulants, reads

E[Xn̄] =
∑
π

∏
B∈π

κ[XB], (3.29)

where κ[XB] denotes the cumulant of those components of X, whose indices are in B.
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General cumulants of nth order share the same properties as the covariance of two

random variables. An important property of cumulants κ[Xn̄] is their multilinearity. In

other words, we have

κ[X + Y,Z1, Z2, · · · ] = κ[X,Z1, Z2, · · · ] + κ[Y, Z1, Z2, · · · ]. (3.30)

For a more thorough introduction into the (combinatorial and algebraic) theory of cu-

mulants, see [106] and [107]. However, a notable result found in those references is that

cumulants κ[Xn̄] can be obtained as coefficients in the Taylor expansion of the loga-

rithm of the so-called characteristic function ϕX(t) of the random vector X, defined to

be equal to the Fourier-Stieltjes transform of the cumulative distribution function FX(t)

of X, i.e.

ϕX(t) := E
[
eit·X

]
=

∫
Rn

eit·XdFX(t). (3.31)

In other words, they can be obtained as

κ[Xn̄] =
1

ik
∂k

∂t1 · · · ∂tn
logϕX(t)

∣∣∣
t=0

. (3.32)

Thus, by knowing the characteristic function of a random vector X, one is in the position

to obtain all possible statistics that describe it through the use of simple differentiation.

What is interesting is that there exists an object, analogous to ϕX(t), for point processes.

We dedicate the next section of this chapter to it.

3.3 Laplace functionals of point processes

Characteristic functions encode all statistical information about finite-dimensional ran-

dom vectors. Indeed, knowing the analytic form of ϕX(t) is equivalent to knowing

the full joint cumulative distribution function of the vector X - not surprising, as the

characteristic function is defined to be its integral transform.

The question of whether a similarly useful object exists for stochastic processes is a lot

more subtle. The problem with defining a “characteristic functional” often comes down

to issues of convergence. Fortunately, however, in the case of point processes, these

issues are completely nonexistent. Indeed, point processes are sufficiently well-behaved

that the definition of such a functional can proceed in the most natural and convenient

way.
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3.3.1 Definition of a Laplace functional

Let s = [st]t≥0 be a one-dimensional point process and N = [Nt]t≥0 be its counting

process. Then, for every appropriate function f(t), we define the Laplace functional

Ls(f) of s “at” f as

Ls(f) = E
[
exp

{
i

∫
R
f(t)dN(t)

}]
. (3.33)

It turns out that, for the Laplace functional to exist, it is enough to assume that f(t)

is measurable and positive [108]. To understand how one can intuitively arrive at this

definition, we start from a characteristic function of a random vector (X1, · · · , Xn) :

ϕ(f1, · · · , fn) = E

[
exp

{
i
n∑
k=1

fkXk

}]
. (3.34)

Analogously then, for a stochastic process [X(t)]t≥0, we can ”define”

ϕ(f(t))” = ”E

[
exp

{
i
∑
t∈R

f(t)X(t)

}]
” = ”E

[
exp

[
i

∫
R
f(t)X(t)dt

}]
. (3.35)

Now, if we set X(t) = dN(t)
dt = s(t) to be the point process in question, we have

Ls(f(t)) = E
[
exp

{
i

∫
R
f(t)dN(t)

}]
, (3.36)

which is exactly the definition of the Laplace functional. Therefore, the functional can

been seen to represent a natural generalization of the characteristic function for an

infinite-dimensional random variable.

3.3.2 Cumulant densities of a point process

The following section contains some very formal arguments from the field of functional

analysis and could be skipped by the less mathematically inclined.

From our previous discussion, we know that

κ[Xn̄] =
1

ik
∂k

∂t1 · · · ∂tn
logϕX(t)

∣∣∣
t=0

. (3.37)

By replacing the characteristic function ϕX(t) with the Laplace functional of a point

process s = [s(t)]t≥0, and partial derivatives with their functional counterparts, we are

able to define a measure of higher-order statistical dependence between functions of

event times of a point process. We will call these objects cumulant densities of s. The

reason for this nomenclature will become clearer shortly. Indeed, proceeding formally,
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we define κn[ρ(t)] to be a functional ρ(t) 7→ κn[ρ(t)] such that

κn[ρ(t)] :=
1

ik
δk

δf(t1) · · · δf(tn)
logLs(f(t))

∣∣∣
f(t)≡0

. (3.38)

By the Riesz-Markov-Kakutani representation theorem [109], the (linear) functional

κn[ρ(t)] has the form of an integral with respect to some measure. We can then identify

the “point process cumulant” κn[ρ(t)] with that measure, i.e. with a function κn(t) such

that ∫
R
κn(t)ρ(t)dt =

1

ik
δk

δf(t1) · · · δf(tn)
logLs(f(t))

∣∣∣
f(t)≡0

. (3.39)

We will say that the function κn(t) is the nth order cumulant density of the point process

s. We call it a “density” since it is given by the Radon-Nikodym derivative of the measure

we identify with the “cumulant functional” κn[ρ(t)].

By way of example, let us now plug in the general expression for Ls(f(t)) and compute

the first cumulant density, κ1(t). For the sake of simplicity, we proceed formally, assum-

ing that all pertinent limits exist and that the subtler maneuvers behind the calculation

are justified.

With this now in mind, we get

κ1[ρ(t)] =
1

i

δ

δf(t)
logE

[
exp

{
i

∫
R
f(t)dN(t)

}] ∣∣∣
f(t)≡0

(3.40)

=
1

i

E
[

δ
δf(t) exp

{
i
∫
R f(t)dN(t)

}]
E
[
exp

{
i
∫
R f(t)dN(t)

}] ∣∣∣
f(t)≡0

(3.41)

=
1

i

E
[
i
∫
R ρ(t)dN(t) exp

{
i
∫
R f(t)dN(t)

}]
E
[
exp

{
i
∫
R f(t)dN(t)

}] ∣∣∣
f(t)≡0

(3.42)

= E
[∫

R
ρ(t)dN(t)

]
. (3.43)

Finally, using the Campbell-Hardy theorem [110], assuming the point process s has an

intensity λ(t), we get

κ1[f(t)] = E
[∫

R
ρ(t)dN(t)

]
=

∫
R
λ(t)ρ(t)dt, (3.44)

which, according to our previous discussion, means that the first-order cumulant density

of the point process s is simply its intensity, i.e. κ1(t) ≡ λ(t), just as one would expect.

It is now easy to see how successive functional differentiation of the logarithm of the

Laplace functional can provide higher-order cumulant densities. In the next section, we

will show how one can obtain explicit expression for the second order density of the
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Hawkes process. We will thereby show that our functional approach yields the same

result as the one obtained in Hawkes’ original papers [50, 51].

Note that the previous derivation (as well as what follows) generalizes straightforwardly

to the case of a d-dimensional point process s = [s(t)]t≥0. For the sake of simplicity, we

don’t present those derivations here.

3.3.3 Laplace functional of a Hawkes process

In this section, we show that there is a simple, convolutional representation of a Laplace

functional of a one-dimensional, linear Hawkes process. The following arguments are

easily generalizable to the d-dimensional case, but we will not present them here, as we

plan to have this topic be a subject of an upcoming publication.

To derive the formula for Ls(f), where s = [s(t)]t≥0 is a Hawkes process, we start by

applying the famous Doob-Meyer decomposition theorem to the counting process N(t)

of s. More precisely, it can be shown that [111]

dN(t) = dM(t) + λ(t)dt, (3.45)

where λ(t) stands for the conditional intensity of s(t) (given by formula (3.13) for d = 1),

i.e.

λ(t) = µ+

∫
R
g(t− s)dN(t), (3.46)

and dM(t) is a martingale (see [111] for a formal definition). The theory of martingales

is a rich mathematical subject, but for our purposes it is enough to say that martingales

could be said to represent time-uncorrelated noise in a general stochastic system. Indeed,

the well-known and often-used Brownian motion process is itself a martingale. The

defining property of martingales is that, given information about its present value, it is

impossible to predict the value it will take in the future or, in heuristic terms

M(s) = E[M(t)|M(s)], where s ≤ t. (3.47)

That is, given M(s), the value of the martingale at time s, its expected value at time

t ≥ s is still M(s). With all this in mind, all equation (3.45) is saying is that the total

randomness of the point process can be seen as a sum of random, uncorrelated effects

(M(t)) and the influence of its previous history on its future dynamics (λ(t)).
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The Doob-Meyer decomposition can be used to obtain a very intuitive formula for the

conditional intensity λ(t) [94]. Indeed, if we rewrite equation (3.13) as

λ(t) = µ+ g ? dN(t), (3.48)

where ? represents the convolution operator, we have that this is the same as

λ(t) = µ+ g ? λ(t) + g ? dM(t), (3.49)

or, equivalently,

(δ − g) ? λ(t) = µ+ g ? dM(t). (3.50)

Now, we introduce the function Ψ(t), given by

Ψ(t) :=
∞∑
n=1

g?n(t), (3.51)

where g?n(t) is defined recursively by

g?0(t) := δ(t), (3.52)

g?n(t) := g ? g?n−1(t) =

∫
R
g(t− x)g?(n−1)(x)dx, ∀n ≥ 1. (3.53)

It is easy to see that Ψ(t) < 0, for t < 0. Indeed, it follows from the fact that g?n = 0

on t < 0, for all n ≥ 0. Next, we note that δ(t) + Ψ(t) is the inverse in the convolution

product of δ(t)− g(t). Thus, convolving both sides of (3.48) with it, we get

λ(t) = (1 + Ψ̂(0))µ+ Ψ ? dM(t), (3.54)

where Ψ̂(z) represents the Laplace transform of Ψ(t). This is because µ is a constant; a

convolution of δ(t) + Ψ(t) with respect to µ is equivalent to

µ ? (δ + Ψ)(t) =

∫
R

(δ + Ψ)(t)dt = 1 + Ψ̂(0). (3.55)

Furthermore,

g ? (δ + Ψ)(t) = Ψ(t). (3.56)

Now, seeing as how,

(1 + Ψ̂(0))µ =
µ

1− γ = λ, (3.57)

we have that

λ(t) = λ+ Ψ ? dM(t). (3.58)
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Finally, we are ready to write down a simple expression for Ls(f). Firstly, from (3.58)

and (3.45), we obtain

dN(t) = dM(t) + λ(t)dt = dM(t) + λdt+ Ψ ? dM(t)dt. (3.59)

Therefore, we have the expression

dN(t) = λdt+R ? dM(t)dt⇔ s(t) = λ+R ? dM(t), (3.60)

where we set

R(t) := δ(t) + Ψ(t) =
∞∑
n=0

g?n(t). (3.61)

The intuition behind this (3.60) is simple - in a nutshell, it says that the activity of the

point process s(t) is a sum of a constant excitatory drive, represented by the stationary

rate λ, and a term equal to a filtered version of the martingale M(t). The second term,

thus, is nothing more but the “martingale noise”, filtered arbitrarily many times by the

interaction kernel g(t) - it represents the memory effects of the Hawkes, the self-exciting

property that defines it.

To compute Ls(f), we plug in the expression (3.60) into (3.36). Denoting Ks(f) :=

logLs(f), we get

Ks(f) = logE
[
exp

{
i

∫
R
f(t)(λdt+R ? dM(t)dt)

}]
(3.62)

= iλ

∫
R
f(t)dt+ logE

[
exp

{
i

∫
R
f(t)(R ? dM(t))dt

}]
(3.63)

= iλ

∫
R
f(t)dt+ logE

[
exp

{
i

∫
R
f(t)

∫
R
R(t− s)dM(s)dt

}]
(3.64)

= iλ

∫
R
f(t)dt+ logE

[
exp

{
i

∫
R2

f(t)R(t− s)dM(s)dt

}]
. (3.65)

By differentiating the functional K(ωt), we can obtain expressions for the cumulant

densities of the Hawkes process. In principle, this can be done up to an arbitrary order

n. For example, differentiating twice yields the covariance density of a one-dimensional

Hawkes process, first obtained in [50, 51]. Indeed, we have

k2(t1, t2) :=
1

i2
δ2

δf(t1)δf(t2)
K(f(t))

∣∣∣
f(t)≡0

(3.66)

=

∫
R2

R(t1 − u)R(t2 − v)E[dM(u)dM(v)]. (3.67)
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This reduces the computation of cumulant densities to computing the mixed moments

of the martingale dM(t). This is a great simplification as we have that

E[dM(u)dM(v)] = λδ(u− v)dudv, (3.68)

which further implies

k2(t1, t2) =

∫
R2

R(t1 − u)R(t2 − v)E[dM(u)dM(v)] (3.69)

= λ

∫
R2

R(t1 − u)R(t2 − v)δ(u− v)dudv (3.70)

= λ

∫
R
R(t1 − u)R(t2 − u)du, (3.71)

which is an expression for the covariance density of the Hawkes process in the time

domain, equivalent to Hawkes’ original result. Indeed, the expression first published in

[50, 51] is a simple Laplace transform of our formula.

This approach can be used to obtain all cumulant densities - however, the expression

get more and more complicated as the order increases. We have obtained a recursive

formula for the n-th order Hawkes process cumulant density but this result was never

published as the practical usefulness of said formula ends at order n = 3. What we

found is that an alternative representation of the Hawkes process makes it much easier

to derive the cumulant densities using a graphical method (see Paper A).

Note that in this section we only considered the case of a one-dimensional Hawkes pro-

cess. The derivations we present here can be generalized to the case of d dimension with

minor modifications. In particular, the multi-dimensional Laplace functional becomes

a function of the interaction matrix G(t) - that is, of the convolutional power series

R(t) =
∑

n≥0 G?n(t). This is exactly what we are looking for, as it offers a way in which

to relate measures of higher-order synchrony between spike events (i.e. the cumulant

densities) to the underlying network topology (represented by the matrix G(t)). In

short, it provides us with a way of analytically relating network topology to correlations

of higher-order in a recurrently connected, stochastic network of point processes.



Chapter 4

Results

4.1 Cumulant densities of Hawkes point processes

4.1.1 Mathematical preliminaries

In this section, we provide a detailed derivation of the cumulant densities of a univariate

Hawkes process. The multivariate case can be treated analogously, using the same

methods we describe here. In fact, these derivations have already been covered (albeit,

in less detail), as they are a major part of Paper A.

4.1.1.1 The conditional rate process

Let N = {Nt}t≥0 be a point process on R+. Furthermore, let, ∀t ≥ 0, Ht be the history

of N up to time t, defined by

Ht := σ{Ns : 0 ≤ s ≤ t}.

In other words, Ht is the minimal sigma algebra, generated by the family of random

variables {Ns : 0 ≤ s ≤ t}. Heuristically, it represents the knowledge about N , obtained

by observing it up to a certain time t. We say that N has a conditional rate {λt}t≥0 if,

∀t ≥ 0,

• λt is Ht-measurable,

• λt ≥ 0,

• {λt}t≥0 is almost surely integrable on all compact sets on R+,

27
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and, additionally, if

Pt{Nt+h −Nt = 1} = λth+ o(h)

Pt{Nt+h −Nt > 1} = o(h),
(4.1)

where Pt(·) := P (·|Ht) is the conditional probability, given the history Ht. It is easy to

see that, if the rate is constant, i.e. if we set λt = λ, ∀t ≥ 0, N becomes a homogeneous

Poisson process with rate λ. Likewise, if {λt}t≥0 changes in time, but is deterministic, we

end up with the definition of an inhomogeneous Poisson process. Thus, the conditional

rate process is just a generalization of an already familiar class of point processes.

We are mostly interested in the special case in which the future rate of the process

explicitly depends on its past. More specifically, if we let g : R→ R+ be a positive, real

function such that gt = 0 for t < 0 or, equivalently,

gt = θtft,

where θt is the Heaviside step function and f : R→ R+, we can define the rate process

{λt}t≥0 by

λt := µ+

∫
R
gt−sdNs, (4.2)

where the last integral simply represents the convolution of previous events with the

kernel gt or, more precisely, ∫
R
gt−sdNs :=

∑
Tn≤t

g(t− Tn).

A point process with rate of form (4.2) is named after Alan Hawkes, who first introduced

it in 1971 [50]. It is the simplest example of a self-exciting point process (SEP), the

name stemming from the fact that the arrival of a single event increases the probability

of another event arriving in the near future.

Ideally, we would like these contributions to decrease as time since the last arrival in-

creases; otherwise the process might ”explode” - we might experience an infinite number

of events in finite time. This is not realistic, so we need to eliminate that possibility. To

insure this, we have the following

Assumption 4.1. The influence of a single event decreases sufficiently quickly as time

passes or, mathematically,

gt → 0 , t→∞. (4.3)
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4.1.1.2 Expected number of events and the martingale property

For most applications, it is important to know the average number of events in a given

interval of time. Luckily, for a conditional rate process, this is easy to calculate - all we

need is the definition of the conditional rate. Indeed, from (4.1), it follows that

lim
h→0

1

h
Et (Nt+h −Nt) = lim

h→0

1

h

∞∑
k=1

kPt{Nt+h −Nt = k} (4.4)

= lim
h→0

1

h
Pt{Nt+h −Nt = 1}+ lim

h→0

o(h)

h

∞∑
k=2

k (4.5)

= lim
h→0

1

h
(λth+ o(h)) (4.6)

= λt, (4.7)

where Et(·) denotes E(·|Ht). Therefore, by the Dominated Convergence Theorem, we

have that

Eu(dNu) = Eu(λudu), (4.8)

since we assumed that λu is Hu-measurable. Now, integrating both sides on, say, the

set [s, t], we get,

Es (Nt −Ns) = Es

(∫ t

s
λudu

)
, (4.9)

after an application of Fubini’s theorem for conditional expectation.

Another way of writing this is1

Es

(
Nt −

∫ t

0
λudu

)
= Ns −

∫ s

0
λudu, (4.10)

which is tantamount to saying that the process {Mt}t≥0, defined by

Mt = Nt −
∫ t

0
λudu, (4.11)

is a martingale.

An important property of martingales (among others) is that their averages are constant

in time. More precisely,

〈Mt〉 = c , ∀t ≥ 0. (4.12)

1To be entirely precise, we would have to prove that
∫ s

0
λudu is Hs-measurable; it is, but we don’t

give a proof of this fact here.
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We can see this, for example, by taking expectations on both sides of (4.10). In our

particular case, since

〈M0〉 =

〈
N0 −

∫ 0

0
λsds

〉
= 0, (4.13)

it follows that 〈Mt〉 = 0 , ∀t ≥ 0. Likewise, we have that

Nt = Mt +

∫ t

0
λsds , ∀t ≥ 0, (4.14)

and so, if we define dNt := Nt+dt −Nt, we obtain the decomposition

dNt = dMt + λtdt. (4.15)

This is a special case of a very deep result of martingale theory, known as the Doob-

Meyer decomposition theorem. We don’t have to worry about the most general case,

though; for our purposes, the simple expression written above will do. Indeed, we can

already use it to prove a simple result.

Lemma 4.2. Let N = {Nt}t≥0 be a conditional rate process with rate (4.2). Then,

〈dMtdMt〉 = 〈dNtdNt〉 = 〈λt〉dt. (4.16)

Proof. Substituting (4.15) into dM2
t , we get

dM2
t = dN2

t − 2dNtλtdt+ λ2
t (dt)

2. (4.17)

Notice that the last term is o(t); we can, therefore, disregard it. Now, taking conditional

expectations of both sides we get

Et
(
dM2

t

)
= Et

(
dN2

t

)
− 2λ2

t (dt)
2, (4.18)

Once again, the second term is o(t), so we have

Et
(
dM2

t

)
= Et

(
dN2

t

)
= Et (dNt) = λtdt. (4.19)

where the second equality follows from (4.1). Taking averages of both sides, we finally

obtain (4.16).

4.1.1.3 The cluster representation of a Hawkes process

So far, we have looked at the Hawkes process as a dynamic object; by specifying its

conditional rate we have, at least probabilistically, determined how it will evolve in
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time. We can thus, in theory, calculate the probability of all possible point patterns on

R+ it can produce.

The question now is : given a point pattern on, say [0, T ], is there a different point

process that could generate it with equal probability? It turns out that the answer is

yes. Indeed, it was shown [112], that the Hawkes process is probabilistically equivalent

to a cluster process C, which evolves in the following way.

1. Let I be a realization of a homogeneous Poisson process with rate µ on [0, T ]. We

will call elements of I immigrants.

2. Each immigrant i generates a cluster Ci. The clusters are mutually independent.

3. The clusters Ci have the following branching structure.

• Each cluster Ci consists of a number of generations of offspring of the original

immigrant i, which itself belongs to generation 0.

• Given i and the offspring of generations 0, 1, 2, · · · , n, every ”child” x of gen-

eration n, generates an offspring Poisson process with rate function r(·) :=

g(· − x).

4. The point process C is equal to the union of all generated clusters, i.e.

C =
⋃
i

Ci.

The biggest benefit of such a representation is how much it simplifies the computations

of moments and cumulants, as we will see in what follows. Before we go on however, we

will, for simplicity’s sake, make the following stationarity assumption.

Assumption 4.3. The Hawkes process {Nt}t≥0 is weak-sense stationary. More precisely,

the average of its rate is constant in time, i.e.

〈λt〉 = λ = const. (4.20)

Even thought it may seem so, this is not a very limiting assumption. Indeed, in [105] it

was proven that a stationary version of a conditional rate process with rate (4.2) always

exists.
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4.1.2 The first cumulant

This case is particularly easy, as the first cumulant is simply the average. Thus, we can

define the first cumulant k(t) density by

k(t) :=
〈dNt〉
dt

. (4.21)

From (4.15), it follows that

k(t) = 〈λt〉 = λ, (4.22)

by our stationarity assumption. Now, all we have to do is compute λ. To do this, we

take averages of both sides of (4.2). We have

λ = µ+

〈∫
R
gt−sdNs

〉
(4.23)

= µ+

∫
R
gt−s〈dNs〉 (4.24)

= µ+

∫
R
gt−s〈λs〉ds (4.25)

= µ+ λ

∫
R
gsds. (4.26)

Therefore,

k(t) =
µ

1− γ , (4.27)

assuming that

γ =

∫
R
gsds < 1. (4.28)

Of course, we could have gotten to the same result by using the cluster representation.

To do this, we argue in the following way. Firstly, we note that, by (4.1),

〈dNt〉 = P{there is an event at time t}. (4.29)

But, what is the probability that the cluster process C will yield an event at time

t? Well, for one, that event could be one of the original immigrants - it could belong

to generation 0. Since the immigrant process is a homogeneous Poisson process, the

probability of that is

P{t belongs to the 0-th generation} := p0(t) = µdt. (4.30)

Of course, the event at t needn’t be an immigrant itself - it could just as well be a child

of an immigrant, a first-generation offspring. What is the probability of that? First, we

have to ”place” the immigrant at some point s and then, that immigrant has to produce



Contents 33

an offspring at t. The probability of that is

µg(t− s)dtds. (4.31)

But, the original immigrant could appear at any point s. Therefore, in order to arrive

at the full probability of t being an offspring of the first generation, we have to integrate

the previous expression with respect to the immigrant’s position. We get

p1(t) = µ

∫
R
g(t− s)dtds = µγdt. (4.32)

Furthermore, t could belong to the second generation. In that case, we have another

node in between t and its immigrant. Arguing the same way as previously, we have

p2(t) = µ

∫
R

∫
R
g(t− s1)g(s1 − s2)dtds1ds2 = µγ2dt. (4.33)

By induction, we have that pn(t) = µγndt, ∀n ≥ 1. Then, the probability of there being

a spike at time t is simply

〈dNt〉 = µ
∞∑
n=0

γndt =
µdt

1− γ , (4.34)

if the geometric series
∑∞

n=0 γ
n is summable, i.e. if γ < 1. Therefore,

k(t) =
〈dNt〉
dt

=
µ

1− γ , (4.35)

which is, of course, the same as (4.27).

4.1.3 The second cumulant

In analogy to the previous case, we can define a second cumulant density, by

k(t1, t2) := 〈dNt1dNt2〉 − 〈dNt1〉〈dNt2〉. (4.36)

Once again, we will pursue two approaches to compute k(t1, t2).

4.1.3.1 The conditional rate representation

Inspired by [94], we rewrite the rate (4.9) of the Hawkes process as

λt = µ+ g ? dNt, (4.37)
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where ? represents the convolution operator. In light of (4.15), this is the same as

λt = µ+ g ? λt + g ? dMt, (4.38)

or, equivalently,

(δ − g) ? λt = µ+ g ? dMt. (4.39)

Now, we introduce the function Ψt, given by

Ψt :=
∞∑
n=1

g?nt , (4.40)

where g?nt is defined recursively by

g?0t := δt, (4.41)

g?nt := g ? g?n−1
t =

∫
R
gt−xg

?(n−1)
x dx, ∀n ≥ 1. (4.42)

It is easy to see that Ψt < 0, for t < 0. Indeed, it follows from the fact that g?n = 0 on

t < 0, for all n ≥ 0. Next, we note that δt + Ψt is the inverse in the convolution product

of δt − gt. Thus, convolving both sides of (4.39) with it, we get

λt = (1 + Ψ̂0)µ+ Ψ ? dMt, (4.43)

where Ψ̂z represents the Laplace transform of Ψt. This is because µ is a constant; a

convolution of δt + Ψt with respect to µ is equivalent to

µ ? (δ + Ψ)t =

∫
R

(δ + Ψ)tdt = 1 + Ψ̂0. (4.44)

Furthermore,

g ? (δ + Ψ)t = Ψt. (4.45)

Now, seeing as how,

(1 + Ψ̂0)µ =
µ

1− γ = λ, (4.46)

we have that

λt = λ+ Ψ ? dMt. (4.47)

In fact, we can simplify this expression even further. Let

dQt := dNt − 〈dNt〉 = dNt − λdt. (4.48)
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Then, subtracting λdt from both sides in (4.15), we obtain

dQt = dMt + (λt − λ)dt = dMt + Ψ ? dMt = (δ + Ψ) ? dMt = R ? dMt, (4.49)

where we set

Rt := δt + Ψt =

∞∑
n=0

g?nt . (4.50)

Now, the covariance density of {Nt}t≥0 is, by definition,

k(t1, t2) = 〈dNt1dNt2〉 − λ2dt1dt2. (4.51)

But, equivalently,

k(t1, t2) = 〈dQt1dQt2〉, (4.52)

since

〈dQt1dQt2〉 = 〈(dNt1 − 〈dNt1〉)(dNt2 − 〈dNt2〉)〉 = 〈dNt1dNt2〉 − λ2dt1dt2. (4.53)

Therefore,

k(t1, t2) = 〈R ? dMt1 R ? dMt2〉 (4.54)

=

∫
R2

Rt1−s1Rt2−s2〈dMs1dMs2〉. (4.55)

We now have to compute 〈dMs1dMs2〉. First off, we notice that, for s1 < s2,

〈dMs1dMs2〉 = 〈dMs1Es2 (dMs2)〉 = 0, (4.56)

as {Ms}s≥0 is a martingale. Using the same argument to treat the case s2 < s1, we

conclude that

〈dMs1dMs2〉 = λδs1−s2ds1ds2, (4.57)

by virtue of (4.16) and our stationarity assumption. This implies that

k(t1, t2) = λ

∫
R
Rt1−sRt2−sds. (4.58)

Substituting δt + Ψt for Rt in the previous equation and multiplying out all the terms,

we get

k(t1, t2) = λδt1−t2 + λ(Ψt1−t2 + Ψt2−t1) + λ

∫
R

Ψt1−sΨt2−sds. (4.59)

Letting Ψ̃t := Ψ−t, we can represent the last term as∫
R

Ψt1−sΨt2−sds = Ψ̃ ?Ψt2−t1 . (4.60)
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By denoting τ := t1 − t2 and Laplace transforming both sides of the previous equation

with respect to it, we can recover Hawkes’s result [51]. Namely,

k̂(z) = λ(1 + Ψ̂−z)(1 + Ψ̂z) = λ(1− ĝ−z)−1(1− ĝz)−1, (4.61)

as

1 + Ψ̂z = R̂z = (1− ĝz)−1. (4.62)

4.1.3.2 The cluster representation

By (4.1), k(t1, t2) is equivalent to

k(t1, t2) = P{event at t1 and t2} − P{event at t1}P{event at t2}. (4.63)

Of course, if t1 and t2 are equal, then

k(t1, t1) = P{event at t1} − P{event at t1}2 = λdt1 − λ(dt1)2 = λdt1, (4.64)

by our previous considerations. Thus, we assume that t1 6= t2. Next, assume that t1

and t2 belong to different clusters; for example, C1 and C2, respectively. Then,

k(t1, t2) = P{event at t1 and t2} − P{event at t1}P{event at t2} (4.65)

= P{event at t1}P{event at t2} − P{event at t1}P{event at t2} (4.66)

= 0, (4.67)

as C1 and C2 are independent by assumption. Thus, the only way that k(t1, t2) is not

zero, for t1 6= t2, is if t1 and t2 belong to the same cluster. In fact, we have that

k(t1, t2) = P{events at t1 and t2 | t1 and t2 belong to the same cluster}. (4.68)

Indeed, if we denote C1,2 the event that t1 and t2 belong to the same cluster, and by

C̄1,2 its complement, we have

P{event at t1, t2 } = P{event at t1, t2 |C1,2}+ P{event at t1, t2 |C̄1,2} (4.69)

= P{event at t1, t2 |C1,2}+ P{event at t1}P{event at t2}, (4.70)
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since

P{event at t1, t2 |C̄1,2} =
∑
i,j

P{event at t1, t2 | t1 in Ci, t2 in Cj} (4.71)

=
∑
i,j

P{event at t1 | t1 in Ci}P{event at t2 | t2 in Cj} (4.72)

= P{event at t1 }P{event at t2 }, (4.73)

once again, by independence of different clusters.

Furthermore, if t1 and t2 belong to the same cluster, there are three relations they can

be in. Specifically, we have that exactly one of the following is true :

1. t1 is an ancestor of t2,

2. t2 is an ancestor of t1,

3. t1 and t2 are ”cousins” - they have a common ancestor.

Let us compute p1 = P{t1 is an ancestor of t2}. In the simplest case, t1 is an immigrant

and t2 a first generation offspring. The probability of that is

µg(t2 − t1). (4.74)

Of course, there’s no reason why there couldn’t be an arbitrary number of generations

in between t1 and t2. Likewise, t1 can itself belong to an arbitrary generation, i.e. it

can be arbitrarily ”distant” from its immigrant. To make matters more specific, let’s

assume that t1 belongs to generation m ≥ 0 (that is, there are m generations between

t1 and the original immigrant), and that there are n ≥ 1 generations between t1 and t2.

Let’s denote the probability of this by pm,n(t1, t2). It equals

pm,n(t1, t2) = µ

∫
R
Jm(x, t1)dx · Jn(t1, t2), (4.75)

where

J0(u, v) = δu−v, (4.76)

J1(u, v) = g(v − u), (4.77)

Jk(u, v) =

∫
R
· · ·
∫
R︸ ︷︷ ︸

k times

g(x1 − u)g(x2 − x1) · · · g(v − xk)dx1 · · · dxk, (4.78)

∀k ≥ 2, represents the probability of a ”genetic chain”, connecting u with its offspring

v, through k intermediate generations. We then the following simple result.
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Lemma 4.4. For all k ≥ 0,

Jk(u, v) = g?kv−u. (4.79)

Proof. The case of k = 0 and k = 1 is trivial. Assume, therefore, that k ≥ 2. Set

yi := xi − u, for all 1 ≤ i ≤ k. Then,

Jk(u, v) =

∫
Rn

g(y1)g(y2 − y1) · · · g(v − u− yk)dy1dy2 · · · dyk = g?kv−u. (4.80)

From (4.79), we easily get that ∫
R
Jm(x, t1)dx = γm. (4.81)

Similarly,

Jn(t1, t2) = g?nt2−t1 . (4.82)

Summing pm,n(t1, t2) over all possible choices of m’s and n’s, we obtain an expression

for p1. Namely, we have that

p1 = µ

∞∑
m=0

γm
∞∑
n=1

g?nt2−t1 = λΨt2−t1 . (4.83)

Using the same argument to take on the case of p2 = P{t2 is an ancestor of t1}, we

conclude that

p2 = λΨt1−t2 . (4.84)

Finally, we take care of the third case - that of t1 and t2 having a common ancestor.

First off, let’s assume that x is an immigrant and that t1 and t2 are its descendants,

where there are n1 generations between t1 and x, and n2 generations between t2 and x.

Denoting the corresponding probability by p12(n1, n2), we have that

p12(n1, n2) = µ

∫
R
Jn1(x, t1)Jn2(x, t2)dx, (4.85)

as the ”branches” t1-s and s-t2 are independent, by assumption. Again, from (4.79), we

have that

p12(n1, n2) = µ

∫
R
g?n1
t1−xg

?n2
t2−xdx. (4.86)

Summing over all possible values of n1 and n2, we get

p12(0) := µ
∞∑

n1,n2=1

p12(n1, n2) = µ

∫
R

Ψt1−sΨt2−sds. (4.87)
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Of course, all this was done under the assumption that x is an original immigrant. In

fact, x can also belong to any generation. Therefore, if x is in generation k ≥ 0, we get

that

p12(k) = µγk
(∫

R
Ψt1−sΨt2−sds

)
, (4.88)

essentially by computing
∫
R Jk(y, x)dy, for any k ≥ 0, where y represents the original

immigrant. Summing over all values of k, we obtain

p12 := λ

(∫
R

Ψt1−sΨt2−sds

)
. (4.89)

At last, by summing up p1 + p2 + p12, we get the same expression for the covariance

density as the one found using the conditional intensity representation :

k(t1, t2) = λδt1−t2 + λ(Ψt1−t2 + Ψt2−t1) + λ

∫
R

Ψt1−sΨt2−sds. (4.90)

4.1.4 The third cumulant

Define, analogously to the previous cases, the third cumulant density k(t1, t2, t3), by

k(t1, t2, t3) := 〈dNt1dNt2dNt3〉−λ(〈dNt1dNt2〉+〈dNt1dNt3〉+〈dNt2dNt3〉)+2λ3. (4.91)

4.1.4.1 The conditional rate representation

First off, we note that

k(t1, t2, t3) = 〈dQt1dQt2dQt3〉. (4.92)

This can be seen by, for example, substituting (4.48) into the previous equation and

multiplying out all the terms. Thus, as in the case of the second cumulant, we have that

k(t1, t2, t3) =

∫
R3

Rt1−s1Rt2−s2Rt3−s3〈dMs1dMs2dMs3〉. (4.93)

All we have to do now is compute 〈dMs1dMs2dMs3〉. Firstly, if s1 6= s2 6= s3, we can,

without loss of generality, assume that s1 < s2 < s3 (if this is not the case, we can

re-label the variables so that the ordering holds true). Then, we have

〈dMs1dMs2dMs3〉 = 〈dMs1dMs2Es3(dMs3)〉 = 0, (4.94)

meaning that 〈dMs1dMs2dMs3〉 6= 0 only if some two or all three of the s’s are equal. If

s1 = s2 = s3,

〈dMs1dMs2dMs3〉 = 〈dM3
s1〉. (4.95)



Contents 40

Expanding dM3
s1 in terms of dNs1 and λs1ds1, we get

dM3
s1 = dN3

s1 − 3dN2
s1λs1ds1 − 3dNs1λ

2
s1(ds1)2 + λ3

s1(ds1)3. (4.96)

The last two terms we can disregard, as they are o(s1). Now, applying Es1(·) to both

sides, we obtain

Es1
(
dM3

s1

)
= Es1

(
dN3

s1

)
− 3Es1

(
dN2

s1

)
λs1ds1 (4.97)

= Es1 (dNs1)− 3Es1 (dNs1)λs1ds1 (4.98)

= λs1ds1 + o(s1). (4.99)

Therefore, we have that

〈dM3
s1〉 = λds1. (4.100)

If, on the other hand, s1 = s3 6= s2, then

〈dMs1dMs2dMs3〉 = 〈dM2
s1dMs2〉. (4.101)

Now, if s1 < s2

〈dM2
s1dMs2〉 = 〈dM2

s1Es2 (dMs2)〉 = 0. (4.102)

Otherwise, if s2 < s1,

〈dM2
s1dMs2〉 = 〈Es1

(
dM2

s1

)
dMs2〉 = 〈λs1dMs2〉ds1. (4.103)

by (4.19). But

〈λs1dMs2〉 = 〈Ψ ? dMs1 dMs2〉 (4.104)

= λ〈dMs1〉+

∫
R

Ψs1−u〈dMudMs2〉 (4.105)

= λ

∫
R

Ψs1−uδu−s2duds2 (4.106)

= λΨs1−s2ds2. (4.107)

Summing up, we have that

〈dM2
s1dMs2〉 = λΨs1−s2ds1ds2. (4.108)
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Combining the results of all previous considerations, we get

〈dMs1dMs2dMs2〉 = λδs1−s2δs2−s3ds1ds2ds3 (4.109)

+ λΨs1−s2δs1−s3ds1ds2ds3 (4.110)

+ λΨs1−s3δs1−s2ds1ds2ds3 (4.111)

+ λΨs2−s1δs2−s3ds1ds2ds3. (4.112)

Plugging this into (4.93) , we find the full expression for the third cumulant :

k(t1, t2, t3) =

∫
R3

Rt1−sRt2−s2Rt3−s3〈dMs1dMs2dMs3〉 (4.113)

= λ

∫
R
Rt1−sRt2−sRt3−sds (4.114)

+ λ

∫
R2

Rt1−uRt3−uRt2−vΨu−vdudv (4.115)

+ λ

∫
R2

Rt1−uRt2−uRt3−vΨu−vdudv (4.116)

+ λ

∫
R2

Rt2−uRt3−uRt1−vΨu−vdudv. (4.117)

4.1.4.2 The cluster process representation

Arguing exactly like we did in the case of the second cumulant, we have that

k(t1, t2, t3) = P{events at t1, t2, t3 | t1, t2, t3 belong to the same cluster}. (4.118)

The situation now is a little bit more complicated though; assuming they all belong to

the same cluster, what ”relation” could the different event times be in? It turns out

that 3 distinct types of such relations exist; they are shown in the following figure.

T3 x

y

t1 t2 t3

T1,2 x

y

t1 z

t2 t3

T1,1,1 x

t1

t2

t3

It total, there is just one possible relation of type T3, but
(

3
2

)
= 3 relations of type

T1,2 and 3! = 6 contributions of type T1,1,1, one for every permutation of the t’s. Let

us compute their contribution to the third cumulant density. In what follows, x will



Contents 42

always represent the orignal immigrant of the cluster all three event times belong to.

For patterns of type T3, we have

P{T3} = µ
∞∑
m=0

∫
R
Jm(x, y)dx ·

∞∑
n1,n2,n3=0

∫
R
Jn1(y, t1)Jn2(y, t2)Jn3(y, t3)dy (4.119)

= λ

∫
R
Rt1−yRt2−yRt3−ydy. (4.120)

For relations of type T1,2, we note that, heuristically, first need to ”connect” t2 and t3

to their common ancestor, which we will denote z. Then, there needs to be a ”genetic

chain” from z to y, the common ancestor of t1 and the subtree containing the other

two event times. This chain needs to be at least one generation ”long”; otherwise, the

pattern T1,2 collapses in T3. Finally, we must connect y to the original immigrant x.

Thus,

P{T1,2} = µ
∞∑
m=0

∫
R
Jm(x, y)dx (4.121)

×
∞∑

n1,n2,n3=0

∞∑
l=1

∫
R2

Jn1(y, t1)Jl(y, z)Jn2(z, t2)Jn3(z, t3)dydz (4.122)

= λ

∫
R2

Rt1−yRt2−zRt3−zΨz−ydydz, (4.123)

for one particular combination of t’s. All the others are obtained analogously. Finally,

we note that the relation T1,1,1 has already been taken care of; indeed, to obtain the

contribution of such a pattern to the third cumulant, it is enough to consider the case

of, for example, the lengths of ”chains” t1-y and t2-z being equal to 0 in T1,2. But, this

case is included in the previous formula. Thus, by combining all the results, we get the

same expression for the third cumulant density :

k(t1, t2, t3) = λ

∫
R
Rt1−yRt2−yRt3−ydy (4.124)

+ λ

∫
R2

Rt1−zRt3−zRt2−yΨz−ydydz (4.125)

+ λ

∫
R2

Rt1−zRt2−zRt3−yΨz−ydydz (4.126)

+ λ

∫
R2

Rt2−zRt3−zRt1−yΨz−ydydz. (4.127)

4.1.5 Cumulant of order n

Before we state the main theorem of this section, we will ”set the scene” by proving a

couple of auxiliary results.
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Lemma 4.5. Let n ≥ 1 and t ∈ R+. Then,

〈dMn
t 〉t =

λtdt , if n ≥ 2

0 , if n = 1
(4.128)

Proof. The identity in the case of n = 1 is consequence of the fact that {Mt}t≥0 is a

martingale. For n ≥ 2, from (4.15), we have that

dMn
t = dNn

t − λtdNn−1
t dt+ o(t), (4.129)

as all higher order terms of λdt are o(t). Now, by applying the conditional expectation

operator 〈·〉t to both sides, we obtain

〈dMn
t 〉t = 〈dNn

t 〉t − λt〈dNn−1
t 〉tdt+ o(t) = λtdt− λ2

t (dt)
2 + o(t) = λtdt+ o(t), (4.130)

as 〈dNn
t 〉t = 〈dNt〉t, for any n ≥ 2.

Lemma 4.6. Fix n ≥ 2. Let t = (t1, · · · , tn) and i = (i1, · · · , in) be multi-indices such

that t1 < · · · < tn and
∑n

k=1 ik = n, ik ≥ 1, ∀k. Furthermore, let

dM i
t := (dMt1)i1 · · · (dMtn)in. (4.131)

Then, if in ≥ 2,

〈dM i
t 〉 = λ

〈
n−1∏
s=1

(dMts)
is

〉
dtn (4.132)

+

n−1∑
j=1

Ψtn−tj

〈
dM

ij+1
tj

n−1∏
s=1,s 6=j

(dMts)
is

〉
dtn (4.133)

+

∫
R

Ψtn−u1

〈
dMu1

n−1∏
s=1

(dMts)
is

〉
dtn. (4.134)

Otherwise, if in = 1,

〈dM i
t 〉 = 0. (4.135)

Proof. Taking the conditional expectation of the product dM i
t with respect to the ”lat-

est” time tn, we have, if in = 1,

〈dM i
t 〉 = 〈(dMt1)i1 · · · (dMtn−1)in−1〈dMtn〉tn〉 = 0, (4.136)
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as {Mt}t≥0 is a martingale. On the other hand, if in ≥ 2,

〈dM i
t 〉 = 〈(dMt1)i1 · · · (dMtn−1)in−1〈(dMtn)in〉tn〉 (4.137)

= 〈λtn(dMt1)i1 · · · (dMtn−1)in−1〉dtn. (4.138)

Now, from (4.47), we get

〈dM i
t 〉 = λ

〈
n−1∏
s=1

(dMts)
is

〉
dtn (4.139)

+
n−1∑
j=1

∫
R

Ψtn−u1

〈
dM

ij+1
tj

n−1∏
s=1,s 6=j

(dMts)
is

〉
δtj−u1du1dtn (4.140)

+

∫
R

Ψtn−u1

〈
dMu1

n−1∏
s=1

(dMts)
is

〉
dtn, (4.141)

where the second term comes from considering the case of u1 = tj for some j. The above

expression proves our claim.

Lemma 4.7. Let t and i be multi-indices satisfying the conditions of the previous

Lemma. Define

Ci1 = λ

〈
n−1∏
s=1

(dMts)
is

〉
+

n−1∑
j=1

Ψtn−tj

〈
dM

ij+1
tj

n−1∏
s=1,s 6=j

(dMts)
is

〉
, (4.142)

Cin = λ

∫
Rn−1

n−1∏
r=1

Ψtn−r+1−ur

〈
n−1∏
q=1

dMuq

〉
(4.143)

+

n−1∑
k=1

∫
Rn−1

Ψt1−uk

n−1∏
r=1

Ψtn−r+1−ur

〈
n−1∏
q=1

dMuq

〉
, (4.144)

and

Cik = Di
k + Eik + F ik, 1 < k < n, (4.145)
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Di
k = λ

∫
Rk−1

k−1∏
r=1

Ψtn−r+1−ur

〈
n−k∏
s=1

(dMts)
is

k−1∏
q=1

dMuq

〉
(4.146)

Eik =

n−k∑
j=1

∫
Rk−1

Ψtn−k+1−tj

k−1∏
r=1

Ψtn−r+1−ur

〈
(dMtj )

ij+1
n−k∏

s=1,s 6=j
(dMts)

is

k−1∏
q=1

dMuq

〉
(4.147)

F ik =

k−1∑
l=1

∫
Rk−1

Ψtn−k+1−ul

k−1∏
r=1

Ψtn−r+1−ur

〈
(dMul)

2
n−k∏
s=1

(dMts)
is

k−1∏
q=1,q 6=l

dMuq

〉
,

(4.148)

Then,

〈dM i
t 〉 =

n∑
k=1

Cik

k−1∏
m=0

dtn−m, (4.149)

Proof. The claim follows by applying Lemma 4.6 iteratively.

Theorem 4.8 (The general cumulant formula). Let t be a multi-index of length |t| = n,

satisfying the conditions of Lemma 4.6. Also, let

dQB :=

〈∏
b∈B

dQtb

〉
=

∫
R|B|

∏
b∈B

Rtb−vb

〈∏
b∈B

dMvb

〉
, (4.150)

where dQt is defined as in (4.48). Next, define, in the multi-index notation, the n-th

cumulant density of Hawkes process by

k(t) :=
∑
π

(|π| − 1)!(−1)|π|−1
∏
B∈π

dQB, (4.151)

where π runs through the list of partitions of the set {1, · · · , n}, containing no blocks of

length 1, and B runs through the list of blocks of one such partition.

Introduce the following notation :

• ρ enumerates all partitions of the set {1, · · · , |B|}, excluding the trivial partition

{{1}, · · · , {|B|}},

• H = |ρ| is the number of blocks in partition ρ,

• the family {Lh}1≤h≤H represents blocks of partition ρ,

• pH denotes a permutation of the set {1, · · · , H},
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• I[pH ] is a multi-index, defined by

I[pH ] := (|LpH(1)|, · · · , |LpH(H)|), (4.152)

• ApH is a subset of RH , defined by

ApH := {(vpH(1), · · · , vpH(H)) ∈ RH : vpH(1) < · · · < vpH(H)}, (4.153)

• 1ApH
denotes the characteristic function of the set ApH and, finally,

• the C
I[pH ]
k ’s are defined as in Lemma 4.7.

Then,

〈dMB〉 =
∑
ρ

∑
pH

1ApH

(
H∑
k=1

C
I[pH ]
k

k−1∏
m=0

dvpH(H−m)

)
, (4.154)

and

dQB =
∑
ρ

∑
pH

∫
ApH

H∏
h=1

∏
i∈Lh

(Rti−vpH (h)
)

(
H∑
k=1

C
I[pH ]
k

k−1∏
m=0

dvpH(H−m)

)
. (4.155)

Example 4.1. We will now show how Theorem 4.8 could be used to derive the expression

for the 4th cumulant. We will not, however, derive the full formula. The reason for this

is the fact that, even though the procedure we are about to illustrate is straightforward

and iterative, it is extremely tedious and notation-heavy, already in the case of ”small” n.

Furthermore, a complete expression for the 4th cumulant contains 17 terms, making it

rather unwieldy for practical use. With this in mind, we set n = 4 and t = (t1, t2, t3, t4).

To begin with, we enumerate all partition of the set {1, 2, 3, 4} that contain no blocks of

length 1. These are

P1 = {{1, 2, 3, 4}} , P2 = {{1, 2}, {3, 4}} , (4.156)

P3 = {{1, 3}, {2, 4}} and P4 = {{1, 4}, {2, 3}}. (4.157)

Indeed, any other partition (say, {{1, 2, 3}, {4}}) has a block containing only one ele-

ment. Therefore,

k(t) = dQP1 − dQP21dQP22 − dQP31dQP32 − dQP41dQP42, (4.158)
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where, for example, P21 denotes {1, 2}, the first block of the second partition. From

(4.150), we have

dQP1 =

∫
R4

Rt1−u1Rt2−u2Rt3−u3Rt4−u4〈dMP11〉, (4.159)

dQP21 =

∫
R2

Rt1−u1Rt2−u2〈dMP21〉 , dQP22 =

∫
R2

Rt3−u3Rt4−u4〈dMP22〉, (4.160)

dQP31 =

∫
R2

Rt1−u1Rt3−u3〈dMuP31
〉 , dQP32 =

∫
R2

Rt2−u2Rt4−u4〈dMP32〉 (4.161)

dQP41 =

∫
R2

Rt1−u1Rt4−u4〈dMP41〉 , dQP42 =

∫
R2

Rt2−u2Rt3−u3〈dMP42〉. (4.162)

Next, we use formula (4.154). The partition P2, for example, contains blocks P21 =

{1, 2} and P22 = {3, 4}; thus, the only partitions of P21 and P22, appearing in (4.154)

are {{1, 2}} and {{3, 4}}. What’s more, they each contain only a single, two-element

block ({1, 2} and {3, 4}, respectively). Now, Lemma 4.6 implies that

〈dMP21〉 = 〈dMu1dMu2〉 = 〈dM2
u1〉δu1−u2du2, (4.163)

〈dMP22〉 = 〈dMu3dMu4〉 = 〈dM2
u3〉δu3−u4du4. (4.164)

Finally, by applying Lemma 4.5 to 〈dM2
u1〉 and 〈dM2

u3〉, we conclude that

〈dMP21〉 = λδu1−u2du2, 〈dMP22〉 = λδu3−u4du4. (4.165)

Proceeding analogously in the treatment of blocks P31, P32, P41 and P42, we obtain

〈dMP31〉 = λδu1−u3du3, 〈dMP32〉 = λδu2−u4du4, (4.166)

〈dMP41〉 = λδu1−u4du4, 〈dMP42〉 = λδu2−u3du3. (4.167)

(4.168)

All this, in turn, implies that

dQP21 = λ

∫
R
Rt1−u1Rt2−u1du1 , dQP22 = λ

∫
R
Rt3−u3Rt4−u3du3, (4.169)

dQP31 = λ

∫
R
Rt1−u1Rt3−u1du1 , dQP32 = λ

∫
R
Rt2−u2Rt4−u2du2, (4.170)

dQP41 = λ

∫
R
Rt1−u1Rt4−u1du1 , dQP42 = λ

∫
R
Rt2−u2Rt3−u2du2. (4.171)

The only thing that’s left now is to compute 〈dMP11〉 = 〈dMu1dMu2dMu3dMu4〉. In

order to do that, first we notice that P11 = {1, 2, 3, 4} can be partitioned in exactly 5
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ways. Indeed, every partition ρ of P11 belongs to one of the following 5 classes :

ρ1 = {{4 elements}} , (4.172)

ρ2 = {{3 elements}, {1 element}} , (4.173)

ρ3 = {{2 elements}, {2 elements}} (4.174)

ρ4 = {{2 elements}, {1 element}, {1 element}} (4.175)

ρ5 = {{1 element}, {1 element}, {1 element}, {1 element}}. (4.176)

In light of the definition of ρ in (4.154), we can exclude ρ5. Next, we note that there are(
4
0

)
= 1 partitions of type ρ1,

(
4
1

)
= 4 partitions of type ρ2, 1

2

(
4
2

)
= 3 partitions of type

ρ3 and, finally,
(

4
2

)
= 6 partitions of type ρ4. Indeed, we have

ρ2 =



{{1, 2, 3}, {4}}

{{1, 2, 4}, {3}}
{{1, 3, 4}, {2}}

{{2, 3, 4}, {1}}

, (4.177)

ρ3 =


{{1, 2}, {3, 4}}

{{1, 3}, {2, 4}}

{{1, 4}, {2, 3}}

, (4.178)

ρ4 =



{{1, 2}, {3}, {4}}

{{1, 3}, {2}, {4}}

{{2, 3}, {1}, {4}}
{{2, 4}, {1}, {3}}

{{3, 4}, {1}, {2}}

, (4.179)

and, finally, ρ1 = {{1, 2, 3, 4}}. The crucial step now is to note that

〈dMP11〉 6= 0⇔ (u1, · · · , un) ∈ Rn\{u1 6= · · · 6= un}. (4.180)

This is, in fact, the inspiration behind the definition of ρ. More precisely, we can see

that, in order for 〈dMP11〉 to be non-zero, there must be at least one j 6= k, such that

uj = uk. In general, however, we can have H groups of variables {uk}1≤k≤n such that

all variables in one group are equal to a single ”group representative”. In our case, for

example, a partition of type ρ2 represents those groupings of uk’s where three variables
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are equal, with the fourth being distinct from the rest. Therefore,

〈dMP1〉 =
〈
dM4

v1

〉
(type ρ1)

+
〈
dM3

v1dMv2

〉
(type ρ2)

+
〈
dM2

v1dM
2
v2

〉
(type ρ3)

+
〈
dM2

v1dMv2dMv3

〉
, (type ρ4)

where we used a single term to denote all the contributions of a single variable group

type to 〈dMP11〉. For example,

〈dM3
v1dMv2〉 = 〈dM3

u1dMu4〉δu2−u1δu3−u1du2du3 (4.181)

+ 〈dM3
u1dMu3〉δu2−u1δu4−u1du1du3 (4.182)

+ 〈dM3
u1dMu2〉δu3−u1δu4−u1du3du4 (4.183)

+ 〈dM3
u2dMu1〉δu3−u2δu4−u2du3du4. (4.184)

Thus, all contributions to 〈dMP11〉 can be computed by deriving general formulas for the

various variable group representatives and then making the necessary substitutions. The

general formulas, in turn, can be obtained with the help of Lemmas 4.7 and 4.5. For

example, from Lemma 4.5, we have that

〈
dM4

v1

〉
= λdv1. (4.185)

Next, let us consider
〈
dM3

v1dMv2

〉
. In notation of Theorem 4.8, we have

• H = |ρ2| = 2,

• pH ∈ {(1, 2), (2, 1)},

• I[pH ] ∈ {(|L1|, |L2|), (|L2|, |L1|)} = {(3, 1), (1, 3)},

• ApH ∈ {{(v1, v2) ∈ R2 : v1 < v2}, {(v1, v2) ∈ R2 : v2 < v1}}.

Furthermore, from Lemma 4.6, it follows that, on the set A(1,2),
〈
dM3

v1dMv2

〉
is equal to

zero. Indeed, all one needs to do in order to see this is to set i = I[(1, 2)] and t = (v1, v2).

On the set A(2,1), however, we have, by Lemma 4.7,

C
I[(2,1)]
1 = C

(1,3)
1 = λ〈dM2

v2〉+

∫
R

Ψv1−x1〈dMv2dMx1〉 = λ2dv2 + λΨv1−v2dv2, (4.186)

C
I[(2,1)]
2 = C

(1,3)
2 = 0. (4.187)
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Thus, from (4.154), we have that

〈
dM3

v1dMv2

〉
= 1A(1,2)

(C
(3,1)
1 dv2 + C

(3,1)
2 dv2dv1) (4.188)

+ 1A(2,1)
(C

(1,3)
1 dv1 + C

(1,3)
2 dv1dv2) (4.189)

= 1A(2,1)
(λ2 + λΨv1−v2)dv1dv2. (4.190)

Likewise, for
〈
dM2

v1dM
2
v2

〉
, we have

• H = |ρ3| = 2,

• pH ∈ {(1, 2), (2, 1)},

• I[pH ] ∈ {(2, 2)},

• ApH ∈ {{(v1, v2) ∈ R2 : v1 < v2}, {(v1, v2) ∈ R2 : v2 < v1}}.

Thus, on the set A(1,2),

C
I[(1,2)]
1 = C

(2,2)
1 = λ〈dM2

v1〉+

∫
R

Ψv2−x1〈dM2
v1dMv1〉 (4.191)

= λ2dv1 + λΨv2−v1dv1 + λ

∫
R

Ψv2−x1

(∫
R

Ψv1−x2〈dMx2dMx1〉
)
dv1, (4.192)

=

(
λ2 + λΨv2−v1 + λ

∫
R

Ψv2−x1Ψv1−x1dx1

)
dv1, (4.193)

C
I[(1,2)]
2 = C

(2,2)
2 = 0. (4.194)

Analogously, if (v1, v2) ∈ A(2,1),

C
I[(2,1)]
1 = C

(2,2)
1 =

(
λ2 + λΨv1−v2 + λ

∫
R

Ψv1−x1Ψv2−x1dx1

)
dv2 (4.195)

C
I[(2,1)]
2 = C

(2,2)
2 = 0. (4.196)

Therefore,

〈
dM2

v1dM
2
v2

〉
= 1A(1,2)

(
λ2 + λΨv2−v1 + λ

∫
R

Ψv2−x1Ψv1−x1dx1

)
dv1dv2 (4.197)

+ 1A(2,1)

(
λ2 + λΨv1−v2 + λ

∫
R

Ψv1−x1Ψv2−x1dx1

)
dv1dv2, (4.198)

= λ2 + λ

∫
R

Ψv1−x1Ψv2−x1dx1 + λ1A(1,2)
Ψv2−v1 + λ1A(2,1)

Ψv1−v2. (4.199)

The last component, 〈dM2
v1dMv2dMv3〉, can be computed in the same way. Plugging the

derived expressions into (4.155), one can then obtain all 17 terms, comprising the 4th

cumulant density.
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4.2 Third-order correlations in balanced neuronal networks

4.2.1 Preliminaries

Consider an N -dimensional Hawkes process N(t) = (N1(t), · · · , NN (t)) with conditional

intensity function λ(t), where

λ(t) = µ+

∫
R

G(t− s) · dN(s), (4.200)

or, in terms of components,

λi(t) = µi +

N∑
j=1

∫
R
gij(t− s)dN j(s) (4.201)

is the value of the i-th coordinate of λt. For a given time vector t = (t1, · · · , tn) and

multi-index i = (i1, · · · , in), we define the the nth order cumulant density of the Hawkes

process, denoted by κi(t), by letting

κi(t) :=
κ(dN i1(t1), · · · , dN in(tn))

dt
, (4.202)

where we used κ(·) to denote the joint cumulant and dt to denote the differential

dt1 · · · dtn. In addition, we define the integrated cumulant densities as

κi :=

∫
Rn
+

ki(t)dt. (4.203)

Note that κi can be seen as the n-dimensional Laplace transform, ”at zero”, of κi(t).

Indeed, if we denote

Lω(κi(t)) =

∫
Rn
+

e−ω·tκi(t)dt, (4.204)

where ω = (ω1, · · · , ωn) ∈ Cn and ω · t =
∑

i ωiti, we have, clearly,

κi = L0(κi(t)). (4.205)

In the special case N = 3, it can be shown (using the same methods as in the previ-

ous chapter - see also Paper A) that the integrated third-order cumulant κijk can be
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computed as

κijk =
N∑
m=1

λm[R]im[R]jm[R]km

+
N∑

m,n=1

λn[R]im[R]jm[Ψ]mn[R]kn

+

N∑
m,n=1

λn[R]jm[R]km[Ψ]mn[R]in

+

N∑
m,n=1

λn[R]im[R]km[Ψ]mn[R]jn, (4.206)

where Ψ = (I−G)−1−I, R = (I−G)−1 and λn is the n-th coordinate of the stationary

rate vector λ = (I−G)−1µ. Here, G denotes the integrated interaction matrix, i.e.

G :=

∫
R

G(t)dt. (4.207)

4.2.2 The average third cumulant

We are interested in quantifying the average third-order cumulants that arise in a bal-

anced, spiking neuronal network, that is sufficiently well approximated by a multivariate

Hawkes process. When N = 3, this means computing κ̄3, where

κ̄3 :=
1

N3

∑
i,j,k

kijk. (4.208)

Note that the sum in Eq. 4.208 goes over ALL indices i, j and k. Thus, we have three

distinct cases:

1. The three indices are all distinct (i 6= j, j 6= k, k 6= i);

2. the three indices are all equal (i = j = k);

3. two of three indices are equal, with the third being distinct (i = j and j 6= k, or a

permutation thereof).

The number of summands in the first case is equal to N(N − 1)(N − 2), in the second

case it is simply N , and in the third one it equals 3N(N − 1). Thus, we have

κ̄3 =
1

N3

∑
i,j,k

κijk +
∑
i,j

κiij +
∑
i

κiii

 . (4.209)
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In the limit of large networks, the first term becomes dominant, as

lim
N→+∞

3N(N − 1)

N3
= 0 , lim

N→+∞

N

N3
= 0 , but lim

N→+∞

N(N − 1)(N − 2)

N3
= 1. (4.210)

Therefore, in all calculations that follow, we will assume that i, j and k are all different

κ̄3 =
1

N3

∑
i 6=j 6=k

κijk. (4.211)

Furthermore, we assume the following about the underlying network topology:

1. (Random network condition) Every node j has probability p of forming a connec-

tion with any of the other N − 1 nodes.

2. (Generalized Dale’s law) To each node j we assign a type l ∈ L such that, for a

fixed j we have ∀i, gij = gl.

In other words, the probability of a directed connection between any pair of nodes is equal

to p, and each node is of a single type l and as such, only makes outgoing connections

of type l. Here, L denotes the set of type labels.

The derivations that follow can still be done under these general assumptions. Also,

note that, even though the first assumption allows for random topologies, the results

obtained in this section hold true for regular networks as well, as very large random

networks are approximately regular. However, in the interest of concreteness, we will

assume that L = {E, I}. In short, each node j can either be of type E (excitatory)

or type I (inhibitory). Thus, for a given “excitatory” node j, gij is either 0 (with

probability 1− p) or gE (with probability p), for every neuron i. Likewise if the neuron

is inhibitory (in that case, gij equals gI).

4.2.3 κ̄3 in terms of topological motifs

What is the total input to neuron in an network, defined by our two rules? First, we

note that, mathematically, the total input to node i can be computed as
∑

j Gij . Given

our previous considerations, we have that the total input equals

p(NEgE +NIgI) = Np

(
NE

N
gE +

NI

N
gI

)
≡ Nµin, (4.212)

where NE and NI are the numbers of excitatory and inhibitory neurons in the network,

respectively. We have also µin as p
(
NE
N gE + NI

N gI

)
, the average strength of the total
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m

i j k kji

m

n

Figure 4.1: Topological motifs, contributing terms to the third order cumulant density

input to a neuron. Now, if we set the external input µ to 1, the stationary rate of neuron

i can be seen to equal

λi =
∑
j

[∑
n

Gn

]
ij

=
∑
j

(δij +Gij +G2
ij + · · · ) =

1

1−Nµin ≡ λ̄. (4.213)

Thus, the equations for κ̄3 simplifies to

κ̄3 =
λ̄

N3

∑
l1,l2,l3

 ∑
i,j,k,m

Gl1imG
l2
jmG

l3
km


+

3λ̄

N3

∑
l1,l2,l3,l4

 ∑
i,j,k,m,n

Gl1imG
l2
jmG

l4
mnG

l3
kn

 . (4.214)

Let us note that the two terms in the previous equations correspond to sums over all

nodes (term in square brackets) and then sums over all lengths of branchesof relevant

3-trees, used in the derivation of the formula for the third order cumulant density (see

Figure 4.1). It is important to remember, however, that some of the lengths of branches

of trees in Figure 4.1 can also be 0 (which, topologically, corresponds to a contraction of

an edge). In order to reduce the possibility of confusion, let us expand the formula for

κ̄3 in such a way that there are no ”phantom branches” - that is, no branches of length
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Figure 4.2: Tree shapes resulting from all possible edge contractions

zero. We get

κ̄3 =
λ̄

N3

∑
l1,l2,l3

 ∑
i,j,k,m

Gl1imG
l2
jmG

l3
km

 (4.215)

+
3λ̄

N3

∑
l1,l2

∑
i,j,k

Gl1ikG
l2
jk

 (4.216)

+
3λ̄

N3

∑
l1,l2,l3

 ∑
i,j,k,m

Gl1imG
l2
jmG

l3
mk

 (4.217)

+
6λ̄

N3

∑
l1,l2,l3

 ∑
i,j,k,n

Gl1ijG
l2
jnG

l3
kn

 (4.218)

+
6λ̄

N3

∑
l1,l2

∑
i,j,k

Gl1ijG
l2
jk

 (4.219)

+
3λ̄

N3

∑
l1,l2,l3,l4

 ∑
i,j,k,m,n

Gl1imG
l2
jmG

l4
mnG

l3
kn

 . (4.220)

These 6 terms each correspond to one of the 6 possible tree shapes, depicted in Figure

4.2. First, let us compute the terms inside the square brackets. The following result will

help us do this.

Lemma 4.9. Let T be an arbitrary rooted tree with at most N nodes. Then, the square

bracket corresponding to it (obtained by summer over all possible indices of nodes in a tree

with a fixed number of branches) can be computed using the following pseudo-algorithm.

1. Set X = 1.
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2. For every leaf of T , X ← X ∗N

3. For every edge in T , X ← X ∗ p

4. For every internal node of out-degree k (where the root counts as an internal node)

of T , X ← X ∗ µ(k)·Np , where µ(k) is defined as the average common input, shared

by k nodes and is defined by

µ(k) = p

(
NE

N
gkE +

NI

N
gkI

)
. (4.221)

Proof. A simple, yet tedious exercise in linear algebra. One should consider the general

form of the element (i, j) of an arbitrary power of the matrix G, i.e. Gnij and do the

summations that appear in its definition, keeping in mind that there is only a finite

number of possible values that gij can take.

Furthermore, it is not difficult to prove that the previous lemma can be equivalently

formulated as

Lemma 4.10. Let T be an arbitrary rooted tree with n ≤ N nodes and l ≤ n− 1 leaves.

Then, the corresponding square bracket term is equal to

Nnpl−1
∏
v

µ(kv)
[
µ(1)N

]l1+···+ln−1−n+1
, (4.222)

where the product is over all internal nodes of T and kv is the out-degree of node v. The

numbers l1, · · · , ln−1 encode the lenghts of branches of T , of which there are n− 1 (in a

tree with n nodes).

Let’s now use Lemma 4.10 to compute square bracket terms for all the trees in Figure

4.2. If we enumerate the trees, going from left to right and top to bottom, we get

1. The first tree :

X1 = N4p2µ(3)
[
µ(1)N

]l1+l2+l3−3
, (4.223)

where l1, l2 and l3 are fixed lengths of the three branches of the first tree and

l1, l2, l3 ≥ 1.

2. The second tree :

X2 = N3pµ(2)
[
µ(1)N

]l1+l2−2
. (4.224)
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3. The third (and forth) tree - they have the same number of nodes and their internal

nodes have the same distribution of out-degrees :

X3, X4 = N4pµ(1)µ(2)
[
µ(1)N

]l1+l2+l3−3
. (4.225)

4. The fifth tree :

X5 = N3
[
µ(1)

]2 [
µ(1)N

]l1+l2−2
. (4.226)

5. The sixth tree :

X6 = N5p2
[
µ(2)

]2 [
µ(1)N

]l1+l2+l3+l4−4
. (4.227)

4.2.4 Explicit formula for κ̄3

Now that we have expressions for the square bracket terms for all trees appearing in

the third order integrated cumulant density, we are ready to compute the sums of there

squared terms over the lengths of branches {li}1≤i≤k. Looking at the expressions for

{Xk}1≤k≤6, it is easy to see that the only place where the lengths li explicitly appear is

as powers of the term µ(1)N . Thus, to compute sums over lengths of branches, we have

to be able to compute

Sk :=
∑

l1,l2,··· ,lk

a
∑k

i=1(li−1). (4.228)

First, we make the following observation.

Proposition 1. The sum Sk can be written as

Sk =
∑
r≥k

(
r − 1

k − 1

)
ar−k =

∑
r≥k

1

(k − 1)!
(r − 1)(r − 2) · · · (r − k + 1)ar−k (4.229)

Proof. By definition, Sk =
∑

l1

∑
l2
· · ·∑lk

a
∑k

i=1(l1−1). If we introduce a new variable

r =
∑k

i=1 li, we have that r ≥ k, as li ≥ 1, for all i. Furthermore, the number of

different k-tuples (l1, · · · , lk) that result in the same value of r is equal to the number

of compositions of the number r into k parts, which is equal to
(
r−1
k−1

)
. The claim then

readily follows.

In addition, we also have the following

Proposition 2. The sum Sk is explicitly summable for all |a| < 1 and equals

Sk =
(−1)k−2

(1− a)k
. (4.230)
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Proof. We start from the result of the previous proposition and substitute r − 1 = x,

getting

Sk =
∑
x≥k−1

1

(k − 1)!
x(x− 1) · · · (x− k + 2)ax−(k−1). (4.231)

Now, letting n = k − 1 and r = x we obtained

Sn+1 =
1

n!

∑
r≥n

r(r − 1) · · · (r − n+ 1)ar−n. (4.232)

On the other hand, for |a| < 1,

d

dan

(
1

1− a

)
=

d

dan

∑
r≥0

ar =
∑
r≥0

r(r − 1) · · · (r − n+ 1)ar−n (4.233)

=
∑
r≥n

r(r − 1) · · · (r − n+ 1)ar−n, (4.234)

and therefore

Sn+1 =
1

n!

d

dan

(
1

1− a

)
. (4.235)

But, by induction,
d

dan

(
1

1− a

)
=

(−1)n−1n!

(1− a)n+1
. (4.236)

Thus, we have, after letting n+ 1 = k,

Sk =
(−1)k−2

(1− a)k
, (4.237)

which proves our claim.

We are now ready to compute sums over branch lengths for all of the 6 tree shapes,

appearing in the expression for κ̄3. Indeed, from our previous considerations, we have

1. The first tree (k = 3, S3 = −1
(1−a)3

):

∑
l1,l2,l3

N4p2µ(3)
[
µ(1)N

]l1+l2+l3−3
=
−N4p2µ(3)

(1− µ(1)N)3
(4.238)

2. The second tree (k = 2, S2 = 1
(1−a)2

) :

∑
l1,l2

N3pµ(2)
[
µ(1)N

]l1+l2−2
=

N3pµ(2)

(1− µ(1)N)2
(4.239)
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3. The third (and fourth) tree (k = 3) :

∑
l1,l2,l3

N4pµ(1)µ(2)
[
µ(1)N

]l1+l2+l3−3
=
−N4pµ(1)µ(2)

(1− µ(1)N)3
(4.240)

4. The fifth tree (k = 2) :

∑
l1,l2

N3
[
µ(1)

]2 [
µ(1)N

]l1+l2−2
=

N
[
µ(1)

]2
(1− µ(1)N)2

(4.241)

5. The sixth tree (k = 4, S4 = 1
(1−a)4

) :

∑
l1,l2,l3,l4

N5p3
[
µ(2)

]2 [
µ(1)N

]l1+l2+l3+l4−4
=
N5p3

[
µ(2)

]2
(1− µ(1)N)4

(4.242)

Finally, we are ready to write the formula for κ̄3. It reads

κ̄3 =
λ̄

N3

−N4p2µ(3)

(1− µ(1)N)3
+

3λ̄

N3

N3pµ(2)

(1− µ(1)N)2
+

3λ̄

N3

−N4pµ(1)µ(2)

(1− µ(1)N)3
(4.243)

+
6λ̄

N3

−N4pµ(1)µ(2)

(1− µ(1)N)3
+

6λ̄

N3

N
[
µ(1)

]2
(1− µ(1)N)2

+
3λ̄

N3

N5p3
[
µ(2)

]2
(1− µ(1)N)4

. (4.244)

Each term in the equation corresponds to one of the tree shapes in Fig. 4.2. We have

chosen not to perform any simplifications in the formula, as we feel that it would obscure

the correspondence each term has to its tree counterpart. This correspondence makes

it easier to derive the formula through a purely graphical method. Heuristically, the

relationship that exists that can be described as follows

• The exponent of N in the formula counts the number of nodes of a particular tree

• The exponent of p is one less than the number of leaves of the tree

• The µ(·) terms each correspond to an internal node of the tree (that is, a node

that is not a leaf). The number in parenthesis in the superscript denotes the out-

degree of that particular internal node. Thus, for example, µ(3) indicates that the

particular tree has an internal node with out-degree 3.

• The power k of the normalization factor 1
(1−µ(1)N)k

encodes the number of edges

in the tree

Eq. 4.243 can be used as an approximation whenever the degree distribution of the

network in question is narrow–formally, it is only exactly true for a regular network, in
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which all neuron have the same in- and out-degrees. For large random networks of the

Erdős-Rényi type, this is approximately true with a high probability.

4.2.5 κ̄3 in the limit of large networks

A final thing to note about Eq. 4.243 is what happens when N → +∞. Firstly, note

that, once we perform all possible cancellations of terms in equation 4.243, we find, after

rearranging

κ̄3 = 3p3
[
µ(2)

]2
N2Λ̄5 −

(
9pµ(1)µ(2) + p2µ(3)

)
N Λ̄4 + (3pµ(2) + 6[µ(1)]2)Λ̄3. (4.245)

Thus, in the limit of large networks, the most important term is

κ̃3 ≡
3Λ̄

N3

N5p3
[
µ(2)

]2
(1− µ(1)N)4

= 3p3
[
µ(2)

]2
N2Λ̄5, (4.246)

since we have 1/(1− µ(1)N) = Λ̄. More precisely, we obtain the relation

κ̄3 = κ̃3 +O(N) +O(1). (4.247)

One more thing to note is that the leading term κ̃3 is proportional to a power of the

stationary rate Λ̄. Let us briefly consider what happens to Λ̄ in very large networks, for

N → +∞. We have

Λ̄ =
1

1−Np
(
NE
N gE + NI

N gI

) → 0, N → +∞, (4.248)

assuming we keep all other parameters fixed. As a result of this, the product N2Λ̄5 in

κ̃3, will decay to zero with increasing network size. Thus, when the size of the network

considered grows without bounds, two things happen :

• The leading term κ̃3 becomes a better approximation of the average third cumulant

κ̄3 but, at the same time,

• The average third cumulant κ̄3 itself goes to 0.



Chapter 5

Discussion

5.1 Higher-order correlations and connectivity in the Hawkes

point process model

In Paper A we considered the problem of computing measures of higher-order correla-

tions between spike counts of different cells embedded in a neural network, in terms of

the network’s connectivity structure. Higher-order correlations were expressed in terms

of time-integrated cumulant densities of a point process. Using the linear Hawkes point

process model as a surrogate for a real network of spiking neurons, we have shown that,

unsurprisingly, the strength of higher-order correlations in a spiking neuronal network

depends on the presence of certain topological motifs, coding for “common input“ to

groups of more than two neurons. In the case of higher-order synchrony,this common

input can be represented using the concept of a tree from graph theory, where the set

of leaves of a given tree corresponds to the neurons in the network that share input.

Unlike the pairwise correlation case, in general there are many distinct shapes of trees

that need to be considered. In our work, we also present a pseudo-algorithm which one

can use to programmatically enumerate all the necessary motifs that affect the emer-

gence of correlations of a given order. Thus, in summary, our results make it possible to

estimate the level of higher-order correlations in a recurrent network of spiking neurons,

using only the information about connectivity. The formulae we derive offer an intuitive

description of how synaptic connectivity leads to the development of coordination of

spiking activity in large groups of neurons.

A possible shortcoming of our explicit equations is their supra-exponentially increas-

ing complexity with respect to the order of correlations considered. This ”explosion”,

however, is mostly due to combinatorial factors, that arise in many problems involving

cumulants, and higher-order correlations in general. It must be pointed out that their
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definition naturally involves objects such as set partitions - thus, it seems to us that

these sorts of issues would be quite difficult to avoid.

Another limitation of the model that we present is that it only allows for excitatory

interactions - an arrival of an event at a given time can only increase the likelihood of

future event, never decrease it. However, we have found that the model, surprisingly,

offers a very good approximation of dynamics of balanced excitatory-inhibitory networks

of neurons with a rectifying transfer function. Indeed, most of the results in Paper B

are based on the validity of this claim.

Further generalizations of our results might involve computing cumulants (and other

important statistics) of a non-linear Hawkes processes (see e.g. [105] for the definition),

whose conditional rate function involves a non-linear transformation of the linear rate

equation we have chosen to work with. This would allow for, for example, multiplicative

interaction between point events, such as was already discussed in [113]. However, in

this case, the resulting process no longer admits the crucial immigrant-offspring repre-

sentation that allowed us to derive our results, meaning an alternative approach would

be necessary.

5.2 How network topology affects correlations of third or-

der

In this thesis, the interplay between network connectivity and correlations of higher-

order was studied. The issue of quantifying correlations using knowledge about network

topology, as well as the inverse problem of inferring connectivity based on spike count

statistics were studied mathematically and with the help of computer simulations.

In Paper B, we have studied the relation between synaptic connectivity and correlations

of third order among neural spike trains.

Using the theory of Hawkes point process, we have shown that a linear stochastic point

process model can reproduce not only the event rates and pairwise correlations in bal-

anced networks of excitatory and inhibitory neurons, but also its third-order joint cu-

mulants, which we used as statistical measures of correlations within groups of three

nodes. These cumulants can be seen as a quantification of “non-Gaussian” properties of

the total population activity.

We must note that similar work, pertaining to the influence of connectivity on corre-

lations of second order has already been published [36, 114–116]. In these papers, the
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authors dissect contributions of certain topological motifs to emergence of pairwise cor-

relations in a recurrent network of interconnected point processes. One example of such

processes is the Hawkes model, used extensively in this thesis. By interpreting known

mathematical results [50, 51] in an original fashion, it was shown how the influence of

recurrent input can be disentangled in such a away as to take into account the effects of

indirect connections between neurons on the synchrony of their spiking. To our knowl-

edge, however, no such result exists for explaining the origins of more complex patterns,

synonymous with higher-order correlations. This was precisely our motivation for this

study.

Much in the same way as the works already mentioned, we showed that measures of

third-order correlations (the “third-order joint cumulants”) are heavily influenced by

the presence of certain connectivity patterns in the network graph. While in the case of

pairwise correlations between neurons, these motifs were simple binary trees [36], when

dealing with third-order interactions the motifs become more complex “trees with three

leaves”. Note that is a special case of the result we presented in Paper A. Furthermore,

we obtained an expansion of the third-order joint cumulants in terms of a sum of weights

of all such relevant subraphs. More precisely, it is the combined “strength” of all such

trees, containing a triplet of neurons, that determine how often, on average, the activity

of such a triplet exhibits coordinated spiking. In addition, our numerical experiments

show that these expansions are still computationally manageable. Indeed, computing

the third-order joint cumulants of spike trains using Hawkes process theory is much less

computationally intensive than estimating them from data via k-statistics (an unbiased

estimator of cumulants, see [107]) as it only relies on simple algebraic manipulations of

the connectivity matrix of the network.

We also showed that, in a regular network (that is, a network with fixed in- and out-

degrees), the tree expansion of third-order joint cumulants is well approximated by

a formula that doesn’t depend on fine-scale connectivity information, but rather on

global parameters, such as the connection probability p. Thus, in short, one would

be able to quantify the extent of third-order correlations that will emerge in a regular

network, solely based on data about the probability that an arbitrary pair of neurons

is connected by a synapse. Our result also extends to large random networks, as they

are approximately regular when the number of nodes grows without bound. In essence,

we find that our formula is useful for quantifying the level of third-order correlations in

networks with a narrow out-degree distribution.

In addition, feeling it necessary to consider the case of non-random topologies, where

our regular network approximation should fail, we investigated triplet correlations in

networks of highly interconnected hubs. We showed that, in this instance, the average
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third-order joint cumulant does, in fact strongly depend on the details of the connectivity

pattern. Very detailed information about the network’s topology is needed to compute

the level of third-order correlations and no useful approximations such as in the case

of random connectivity are available. There is a simple reason for this. Networks

with a very wide out-degree distribution are, in some sense, the opposite of a random

network. The presence of interconnected hubs increases the average number of subtrees

in the network and, consequently, their overall contribution to the average third-order

joint cumulant. Thus, such networks illustrate nicely how specific “complex” motifs can

influence the overall third-order cumulant structure, which is not possible in networks

with narrow out-degree distributions.

We have chosen to quantify correlations using time-integrated joint cumulants. However,

in neuroscience, traditionally, higher-order synchrony is most frequently investigated us-

ing maximum entropy models, where the quantifiers of higher-order coordination are the

so-called ”interaction parameters”. In general, cumulant correlations are not identical

to the higher-order exponential family parameters (for details, see [78]). It can be ar-

gued that the presence of non-zero cumulants in the network’s spiking statistics indicate

the presence of additive common input, which is an often used model for correlated

stochastic signals [79–81]. On the other hand, the interacton parameters of maximum

entropy models were designed to simulate multiplicative communication between nodes.

The mathematical differences between the two types of dependence are currently under

investigation [82–84] and, to our knowledge, no consensus has yet been reached. How-

ever, as each neuron in the Hawkes point process model responds only to the linear

sum of spiking activity of its presynaptic partners, it seemed natural to us to quantify

higher-order correlations using the concept of cumulants.
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Bernstein Center Freiburg & Faculty of Biology, University of Freiburg, 79104 Freiburg im Breisgau, Germany
and KTH Royal Institute of Technology, 10691 Stockholm, Sweden

John Hertz†

Institute for Neuroscience and Pharmacology and Niels Bohr Institute, University of Copenhagen, 2100 Copenhagen, Denmark
and NORDITA, KTH Royal Institute of Technology and Stockholm University, 10691 Stockholm, Sweden

Stefan Rotter‡

Bernstein Center Freiburg & Faculty of Biology, University of Freiburg, 79104 Freiburg im Breisgau, Germany
(Received 19 September 2014; published 7 April 2015)

We derive explicit, closed-form expressions for the cumulant densities of a multivariate, self-exciting Hawkes
point process, generalizing a result of Hawkes in his earlier work on the covariance density and Bartlett spectrum
of such processes. To do this, we represent the Hawkes process in terms of a Poisson cluster process and show
how the cumulant density formulas can be derived by enumerating all possible “family trees,” representing
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equations.
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I. INTRODUCTION

The Hawkes point process was first introduced in Ref. [1]
as a model of chain-reaction-like phenomena, in which the
occurrence of an event increases the likelihood of more
such events happening in the future. This intrinsic “self-
exciting” property has made Hawkes processes appealing to
a wide variety of researchers dealing with data exhibiting
strong temporal clustering. Although it was originally used
to model the dynamics of aftershocks that accompany strong
earthquakes [2,3], it has since found application to many
other problems, including accretion disk formation [4], gene
interactions [5], social dynamics [6], insurance risk [7,8],
corporate default clustering [9,10], market impact [11], high-
frequency financial data [12], microstructure noise [13],
crime [14], generic properties of high-dimensional inverse
problems in statistical mechanics [15], and dynamics of
neural networks [16,17]. There is also recent theoretical work
exploring generic mathematical properties of the process in its
own respect [18–20].

As the areas of application of Hawkes models continue
to grow, it becomes increasingly important to understand the
probabilistic behavior of the process. Unfortunately, despite
its ubiquity, the mathematical properties of the Hawkes
process are still not fully known. In fact, the same dynamical
characteristics that make it such a useful model in practice are
the ones that complicate formal analysis. Hawkes processes do
not (except in some special cases, see Ref. [21]) possess the
Markov property, making it impossible to study them using
standard techniques.

Recently, quite a few methods have been devised to
circumvent this problem; there are now many well-known

*stojan.jovanovic@bcf.uni-freiburg.de
†hertz@nbi.dk
‡stefan.rotter@biologie.uni-freiburg.de

results describing Hawkes process stability [22], long-term
behavior [7,23], and large deviation properties [24]. Yet, since
the early works of Hawkes himself on the covariance density
and Bartlett spectrum [25] of self-exciting processes [1,26],
few have tried to further elucidate their statistical properties.
In his work, Adamopoulos [27], for example, attempts to derive
the probability generating functional of the Hawkes process,
but manages only to represent it implicitly, as a solution of
an intractable functional equation. Errais et al. [10], using
the elegant theory of affine jump processes, show that the
moments of Hawkes processes can be computed by solving
a system of nonlinear ODEs. Once again, however, explicit
formulas turn out to be unobtainable by analytic means. Last,
Saichev and Sornette [28,29], using the alternative Poisson
cluster representation of self-exciting processes, show that the
moment generating function of the Hawkes process satisfies
a transcendental equation that does not admit an explicit
solution.

Statistical behavior of, for example, Hawkes process mo-
ments and cumulants is of some importance in neuroscience,
where the problem of quantifying levels of synchronization of
action potentials has become very pertinent. It has been shown
that nerve cells can be extremely sensitive to synchronous
input from large groups of neurons [30]. More precisely, a
neuron’s firing rate profile depends, to a large degree, on
higher-order correlations among the presynaptic spikes [31].
Of course, which synchronous patterns are favored by the
network is also determined by its connection structure. While
the contribution of specific structural motifs to the emergence
of pairwise correlations (i.e., two-spike patterns) has already
been dissected [16], no such result exists in the case of more
complex patterns, stemming from correlations of higher order.

In this paper, we derive analytic formulas for the nth-order
cumulant densities of a linear, self-exciting Hawkes process
with arbitrary interaction kernels, generalizing the result in
Ref. [26]. Inspired by the approach of Saichev et al., we do

1539-3755/2015/91(4)/042802(9) 042802-1 ©2015 American Physical Society
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this by utilizing the Poisson cluster process representation [32],
which simplifies calculations considerably. Furthermore, we
show that the cumulant densities admit a natural and intuitive
graphical representation in terms of the branching structure
of the underlying process and describe an algorithm that
facilitates practical computation. Finally, we generalize the
result in Ref. [16] by showing that the integrated cumulant
densities can be expressed in terms of formal sums of
topological motifs of a graph, induced by specifying the
physical interactions between different types of point events.

II. PRELIMINARIES

A. Basic definitions

Consider a sequence T = (Tn)n�1 of positive, random
variables, representing times of random occurrences of a
certain event. Alternatively, T can be also thought of as as
collection of random points on the positive half-line R+. By
superposing all event times in the sequence, we obtain the
point process s = [s(t)]t�0, formally defined by setting

s(t) :=
∑
n�1

δ(t − Tn), (1)

where δ(t − Tn) denotes the Dirac δ function, centered at the
random point Tn.

It is easy to see that the number of events occurring before
time t is given by

N (t) :=
∫ t

−∞
s(u)du = |{n : Tn � t}|. (2)

The conditional probability, given the past activity, of a
new event occurring in the interval (t,t + dt) is specified by
the conditional rate function [λ(t)]t�0. More specifically, we
have, up to first order [33],

P {dN(t) = 1|Ht } = λ(t)dt , (3)

where Ht represents the history of the point process s up to
time t . Additionally, we assume that

P {dN (t) � 2|Ht } = o(dt), (4)

i.e., that the probability of two or more events arriving
simultaneously is negligibly small. Intuitively, therefore, the
conditional rate function represents the probability of a new
event occurring in the infinitesimally near future, given the
information about all events in the past.

Furthermore, from our previous considerations it also
follows that dN(t) is (up to first order) a Bernoulli random
variable and, therefore,

〈dN(t)〉 = P {dN(t) = 1} = P {an event occurs at t}. (5)

B. The multivariate Hawkes process

As was pointed out in Ref. [32], the Hawkes process can
be defined in two equivalent ways: either by specifying its
conditional rate function or as a Poisson cluster process,
generated by a certain branching structure.

1. The conditional rate representation

Following Refs. [1] and [26], let us consider a d-
dimensional point process s = [s(t)]t�0, with rate function
[λ(t)]t�0 defined by

λ(t) := μ +
∫ t

−∞
G(t − u) · dN(u) (6)

≡ μ +
∫ t

−∞
G(t − u) · s(u)du, (7)

where μ denotes the d-dimensional base rate vector with
positive entries (μi > 0) and G(t) is an d × d matrix of
nonnegative, integrable functions gij (t), with support on R+,
called the interaction kernel. In principle, therefore, the rate
λ(t) should always remain positive, but models for which the
probability of negative values is sufficiently small may be
useful approximations [16].

Rewriting Eq. (6) in terms of the components of the
conditional rate function λi(t), we find that, ∀i,

λi(t) = μi +
d∑

j=1

∫ t

−∞
gij (t − u)dNj (u). (8)

From Eqs. (3) and (8), we can now see that

P {dNi(t) = 1|Ht }
dt

=
base rate︷︸︸︷

μi (9)

+
d∑

j=1

∫ t

−∞
gij (t − u)dNj (u)

︸ ︷︷ ︸
influence of past Ht

, (10)

i.e., that the probability of an event of type i occurring at time
t is simply the sum of a constant base rate and a convolution
of the complete history of the process with the interaction
kernel G(t), whose component gij (t) describes the increase
of the likelihood of type i events at t , caused by a type
j event, occurring at 0. Note that, in the special case of
no interactions [gij (t) ≡ 0], we recover the definition of a
multivariate Poisson process with constant rate μ. In this case,
however, the (conditional) rate function is independent both of
time and of the history Ht .

2. The cluster process representation

Let us consider a Poisson cluster process C, which evolves
in the following way ([34]; see also Fig. 1):

(1) Let I k be a realization, on the interval [0,T ], of a
homogeneous Poisson process with rate μk . We will call points
in I k immigrants of type k.

(2) For every k, each immigrant x ∈ I k generates a cluster
of points Ck

x . All such clusters are mutually independent.
(3) The clusters Ck

x are generated according to the follow-
ing branching structure:

(a) Each cluster Ck
x consists of generations of offspring

of all types of the immigrant x, which itself belongs to
generation 0.

(b) Recursively, given the immigrant x and the offspring
of generation 1,2, · · · ,n of all types, every “child” y of

042802-2
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FIG. 1. (Color online) Evolution of a Poisson cluster process on
a network with 4 nodes and 6 directed links. Left column: Hatched
nodes are active, and dashed links are transmitting a signal to all
their respective neighbors. Right column: A cluster, generated by
the arrival of an immigrant from node A, evolves sequentially as
new offspring are produced. Row 1: A type A immigrant arrives,
providing the seed from which a new cluster will emerge. Row 2:
The type A immigrant generates 1st generation offspring of types B

and D, respectively. Together, these constitute the 1st generation of
events. Row 3: The 1st generation, type D, event generates a single
offspring event of type C. The event of type B creates two offspring of
types A and C, respectively. Row 4: Finally, the 2nd generation, type
A, event is the only one to generate 3 offspring events, of types B, C,
and D, respectively. Bottom: A time sequence of events generated in
this 4-generation-long evolution, here displayed by means of a “raster
plot,” which indicates the events generated by each node on the time
axis.

generation n and type j , produces, ∀i, its own offspring of
generation n + 1 and type i by generating a realization of
an inhomogeneous Poisson process Oij with rate λ(t) :=
gij (t − y). In other words, the probability of there being, at
time t , a type i offspring event of generation n + 1, caused
by a type j event y of generation n is equal to gij (t − y)dt .

(4) The point process C is equal to the superposition of all
points in all generated clusters, i.e.,

C =
∑
k,x

Ck
x . (11)

For example, if C were used to model the dynamics of a
spiking neuronal network, the immigrants I k would represent
all the spikes of neuron k, caused by constant, external input
to the network, and the clusters Ck

x all subsequent spikes,
caused by action potential propagation through the network
via synaptic connections.

Having defined the cluster process C, it is then possible to
show (see, e.g., Ref. [32]) that by letting ∀i and ∀t � 0,

λi(t) := lim
δ→0

1

δ
P {event of type i in [t,t + δ)|Ht }, (12)

and assuming that the spectral radius ρ(G) (i.e., the largest
eigenvalue) of the integrated kernel matrix,

G :=
∫ +∞

−∞
G(t)dt, (13)

is strictly less than 1, then λi(t) must be equal to the conditional
rate function in Eq. (8). Furthermore, the corresponding point
process will also be stationary. In other words, we will have

〈N(t)〉
t

= 〈λ(t)〉 = λ = (I − G)−1μ, (14)

where I denotes the d × d identity matrix. In what follows,
we will always assume that we are working with a stationary
version of a Hawkes process. More specifically, we will assume
that ρ(G) < 1 and, consequently, that the matrix (I − G)−1 can
be expanded in terms of powers of the integrated kernel matrix
G, i.e.,

(I − G)−1 =
+∞∑
n=0

Gn. (15)

Note that the matrix G has a very useful interpretation
(which follows from the definition of the Poisson cluster
process)—its component gij represents the average total
number of events of type i in the second generation, caused
by a first generation, type j event. Thus, the components of
the nth matrix power Gn equal the average total number of
type i offspring within n subsequent generations, of a first
generation, type j event.

From our previous considerations, it now follows that
by requiring that ρ(G) < 1 (or, equivalently, that the series
Eq. (15) converges), we, in fact, assume that each event of a
given type produces only finitely many events of any other
type, after an infinite number of generations.

III. THE HAWKES PROCESS CUMULANT DENSITY

Consider now an arbitrary n-dimensional random vector
X = (X1, · · · ,Xn) ≡ Xn̄, where we used the symbol n̄ to
denote the set {1, · · · ,n}. The cumulant of order n, denoted
by k(Xn̄), is a general measure of statistical dependence of
the components of X. It is defined, combinatorially, as (see
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Ref. [35], page 27)

k(Xn̄) =
∑
π

(|π | − 1)!(−1)|π |−1
∏
B∈π

〈XB〉 , (16)

where the sum goes over all partitions π of the set {1, · · · ,n},
| · | denotes the number of blocks of a given partition, and

〈XB〉 =
〈∏

i∈B

Xi

〉
. (17)

A dual formula, expressing moments in terms of cumulants,
reads

〈Xn̄〉 =
∑
π

∏
B∈π

k(XB), (18)

where k(XB) denotes the cumulant of those components of X,
whose indices are in B.

The cumulant k(Xn̄) is a natural generalization, to higher
dimensions, of the covariance cov(X1,X2) of two variables.

Indeed, if we set n = 2, X = (X1,X2) and apply Eq. (16),
we obtain

k(X1,X2) = (1 − 1)!(−1)1−1〈X1X2〉
+ (2 − 1)!(−1)2−1〈X1〉〈X2〉, (19)

as π1 = {{1,2}} and π2 = {{1},{2}} are the only partitions of the
set {1,2}. Also, obviously, |π1| = 1 and |π2| = 2. Thus,

k(X1,X2) = 〈X1X2〉 − 〈X1〉〈X2〉 = cov(X1,X2). (20)

For a given time vector t = (t1, · · · ,tn) and multi-index
i = (i1, · · · ,in), we now define the nth order cumulant density
of the Hawkes process, denoted by ki(t), by letting

ki(t) := k[dNi1 (t1), · · · ,dNin (tn)]

dt
, (21)

where we used dt to denote the differential dt1 · · · dtn.
As in the general case, the cumulant density ki(t) is used

to quantify the mutual dependence of random events of types
(i1, · · · ,in) at times (t1, · · · ,tn).

For example, from Eqs. (20) and (5), we can see that, for
i = (1,2), t = (t1,t2) and dt = dt1dt2,

ki(t)dt = P {type 1 event at t1, type 2 event at t2}
−P {type 1 event at t1}P {type 2 event at t2}. (22)

The formulas for the nth order cumulant density ki(t), how-
ever, get more and more complicated with increasing n, as the
number of set partitions involved grows supraexponentially.

To illustrate this point, we set n = 3, i = (1,2,3), and t =
(t1,t2,t3). Then, from Eq. (16), we have

ki(t)dt = 〈dN1(t1)dN2(t2)dN3(t3)〉
− 〈dN1(t1)dN2(t2)〉〈dN3(t3)〉
− 〈dN1(t1)dN3(t3)〉〈dN2(t2)〉
− 〈dN2(t2)dN3(t3)〉〈dN1(t1)〉
+ 2〈dN1(t1)〉〈dN2(t2)〉〈dN3(t3)〉. (23)

To alleviate the problem of increasing complexity, we use
the cluster process representation to come up with a useful and

intuitive expression for the density ki(t) in terms of the cluster
process’s branching structure.

First off, note that the only way that events (t1, · · · ,tn)
[of types (i1, · · · ,in)] can be statistically dependent is if
they all belong to the same cluster, i.e., if they are all
offspring (possibly of different generations) of a single original
immigrant.

More specifically, we can show that (see Appendix A),
for every multi-index i = (i1, · · · ,in) and every vector t =
(t1, · · · ,tn),

ki(t)dt = P
{
Ei

t ∩ C i
t

}
, (24)

where

Ei
t = {∀k, there is a type ik event at time tk}, (25)

C i
t = {∃ cluster C such that, ∀k, tk ∈ C}. (26)

This result now provides us with a practical way of
computing ki(t)dt.

For example, in the case when n = 2, we have that
kij (t1,t2)dt1dt2 is equal to the probability of there being a type
i event at time t1, a type j event at time t2, and that both of these
events are descendant from a common immigrant. Therefore,
in order to compute the 2nd order cumulant density, we need to
sum up the probabilities of all possible “family trees,” which
contain events t1 and t2 (see Fig. 2).

In order to formalize this computation, we define

R
ij
t := P {type j event at 0 causes type i event at t}

dt
. (27)

Then,

R
ij
t =

⎡
⎣∑

n�0

G�n(t)

⎤
⎦

ij

, (28)

where [·]ij extracts component (i,j ) of a given matrix, and
G�n(t) denotes the nth convolution power of the interaction

T12 x

u

t1 t2

x

u

v

t1

t2

x

u

v

t1

w

y

t2

FIG. 2. A schematic representation of all possible family trees,
containing events t1 and t2. Two concrete examples of family trees,
mapping to the same general schema, are given in the second row. The
root, x, denotes the original immigrant and u the branching point in
the family tree of immigrant x, leading to the appearance of offspring
t1 and t2. Note that each link connecting two nodes can be, in theory,
any number of generations long.
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kernel G(t), defined recursively by

G�0(t) = Iδ(t),

G�n(t) =
∫ t

−∞
G�(n−1)(t − s) · G(s)ds.

Indeed, if we define p
ij
n (t) to be equal to the probability

that an event of type j at 0, after n generations, causes a type
i event at t , we have

p
ij

0 (t)

dt
= δij δ(t) = [Iδ(t)]ij , (29)

p
ij

1 (t)

dt
= [G(t)]ij , (30)

p
ij

2 (t)

dt
=

d∑
k=1

∫ t

−∞
[G(t − s)]ik[G(s)]kj ds = [G�2(t)]ij , (31)

and therefore, by induction,

R
ij
t = [Iδ(t) + G(t) + G�2(t) + G�3(t) + · · · ]ij (32)

=
⎡
⎣∑

n�0

G�n(t)

⎤
⎦

ij

. (33)

Furthermore, noting that P {type k immigrant at x} is, by
construction, equal to μkdx, we obtain the probability of an
immigrant (arriving at any point in time) generating an event
of type m at time u. It equals

d∑
k=1

∫
R

μkRmk
u−xdx =

d∑
k=1

[(I − G)−1]mkμ
k = λm, (34)

i.e., it is the mth component of the stationary rate vector λ

in Eq. (14), where the first equality in the previous equation
follows from∫

R
Rmk

u−xdx =
∑
n�0

∫
R

[G�n(u − x)]mkdx (35)

=
∑
n�0

[Gn]mk = [(I − G)−1]mk . (36)

Computing the probability of the family tree T12 in Fig. 2 is
now straightforward; recalling the definition of R

ij
t and taking

into account our previous considerations, we get

kij (t1,t2) = P (T12)

dt1dt2
=

d∑
m=1

λm

∫
R

Rim
t1−uR

jm
t2−udu, (37)

recovering a classical and well-known result on the covariance
density of the Hawkes process (see Ref. [26]).

A big advantage of our approach, however, is that it can be
used to compute cumulant densities of orders greater than 2.

For example, in order to compute the 3rd order density
kijk(t1,t2,t3), we start, as in the two-dimensional case, by
enumerating all possible family trees with leaves t1, t2, and
t3. In this case, however, there are in total four different
possibilities (see Fig. 3).

T123 x

u

t1 t2 t3

T1,23 x

u

t1 v

t2 t3

T2,13 x

u

t2 v

t1 t3

T3,12 x

u

t3 v

t1 t2

FIG. 3. A schematic representation of all possible family trees,
containing events t1, t2, and t3. Once again, the root x denotes the
original immigrant, nodes u and v represent the branching points in
the family tree of immigrant x, and each link between two nodes can
be any number of generations long.

We can now proceed in much the same way as before,
summing up the probabilities of all possible trees in order
to derive the desired formula. We define t = (t1,t2,t3), dt =
dt1dt2dt3, and

�
ij
t = R

ij
t − δij δ(t) =

⎡
⎣∑

n�1

G�n(t)

⎤
⎦

ij

, (38)

finally obtaining

kijk(t) = P (T1,23)

dt
+ P (T2,13)

dt
+ P (T3,12)

dt
+ P (T123)

dt

=
d∑

m,n=1

λn

∫
R

Rin
t1−u

(∫
R

R
jm
t2−vR

km
t3−v�

mn
v−udv

)
du

+
d∑

m,n=1

λn

∫
R

R
jn
t2−u

(∫
R

Rim
t1−vR

km
t3−v�

mn
v−udv

)
du

+
d∑

m,n=1

λn

∫
R

Rkn
t3−u

(∫
R

Rim
t1−vR

jm
t2−v�

mn
v−udv

)
du

+
d∑

m=1

λm

∫
R

Rim
t1−uR

jm
t2−uR

km
t3−udu. (39)

It is important to point out that Eq. (39) can be derived
in a different, albeit a more tedious way using martingale
theory arguments, generalizing the derivation of Bacry et al.
in Ref. [36] for the second-order cumulant density.

The newly introduced function �
ij
t corresponds to the

probability of a type j event at 0 generating a type i event
at t , after at least one generation.

The appearance of such a term in the above equations is a
consequence of the fact that, for instance, contracting the link
between nodes u and v in tree T1,23 to a point turns it into
T123, which is already accounted for. Thus, in order to avoid
counting certain configurations twice, we must introduce a
“stiff” link between the two internal nodes u and v in trees
T1,23, T2,13, and T3,12.
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TABLE I. Number of terms in ki(t) for a given n (from Ref. [37]).

n Terms in ki(t)

2 1
3 4
4 26
5 236
6 2,752
7 39,208
8 660,302
9 12,818,912
10 282,137,824

By generalizing the above considerations, it is possible to
construct a general procedure for computing the nth order
cumulant density ki1···in(t1, · · · ,tn).

(1) For a given n � 2, generate all possible rooted trees T

with n leaves.
(2) Label the leaves of T with ordered pairs (ik,tk), in

arbitrary order. Label the internal nodes (including the root) of
T arbitrarily.

(3) For every tree T , construct an integral term IT ,
according the the following pseudo-algorithm:

(a) Set IT ← 1;
(b) For every edge in T , connecting a node v of type jv

to a leaf tk of type ik:

IT ← IT · R
ikjv

tk−vdv;

(c) For every edge in T , connecting an internal node u

of type ju to another internal node v of type jv:

IT ← IT · �
jvju

v−udu;

(d) Let x be the root of T . Set

IT ← IT · λjx ;

(e) Integrate IT with respect to the variable du, for every
internal node u.

(f) Sum over all ju for every internal node u.
(g) Sum over all jx

(4) Add up all integral terms IT for every rooted tree T ,
generated in the first step, to obtain the nth order cumulant
density.

The principal difficulty of the above procedure lies its first
step, i.e., in the enumeration of all topologically distinct rooted
trees with n labeled leaves. While there are known algorithms
that can tackle this problem (see, e.g., the classic text by
Felsenstein [37]), the number of terms grows very quickly
with increasing n (see Table I) and thus computing ki(t) quickly
becomes impractical.

IV. INTEGRATED CUMULANTS AS SUMS
OF TOPOLOGICAL MOTIFS

Let ki(t) be, for a given time vector t = (t1, · · · ,tn) and
multi-index i = (i1, · · · ,in), the nth-order cumulant density
of a d-dimensional Hawkes process. We define the integrated
cumulant of order n, denoted simply by ki, by setting

ki :=
∫
Rn+

ki(t)dt. (40)

Note that ki can be seen as the n-dimensional Laplace
transform, “at zero,” of ki(t). Indeed, if we denote

Lω[ki(t)] =
∫
Rn+

e−ω·tki(t)dt, (41)

where ω = (ω1, · · · ,ωn) ∈ Cn and ω · t = ∑
i ωi ti , we have,

clearly,

ki = L0[ki(t)]. (42)

Thus, if we define

Rt :=

⎛
⎜⎝R11

t · · · R1d
t

...
. . .

...
Rd1

t · · · Rdd
t

⎞
⎟⎠, � t = Rt − Iδ(t), (43)

we can, by Laplace transforming the covariance density
kij (t1,t2), prove (see Appendix B) that,

kij =
d∑

m=1

λm[R]im[R]jm, (44)

where we set

R = (I − G)−1 = L0(Rt ). (45)

Expanding R in powers of G, we get

kij =
d∑

m=1

+∞∑
k=0

+∞∑
l=0

λm[Gk]im[Gl]jm. (46)

Interpreting now the matrix power Gl in the sense of graph
theory, i.e., as a matrix whose component (i,j ) corresponds to
the sum of lengths of all paths from node j to node i in exactly
l steps, we see that the integrated covariance density kij can
be equivalently represented as

kij =
∑

T ∈T m
ij

w(T ), (47)

where the sum goes over the set T m
ij of all rooted trees T with

root m, containing nodes i,j . Here, w(T ) denotes the weight of
tree T , defined as the product of weights of all edges, contained
in T , times the weight of the root m, defined as being equal
to λm.

The graph H with adjacency matrix G can be thought of
as follows. Each node i ∈ {1, · · · ,n} in H corresponds to
a type of event in the underlying Hawkes process, and the
existence of an edge eij from j to i indicates the possibility
of generating type i events from those of type j . Starting in
node j , traversing the corresponding edge to reach node i

is equivalent to generating gij type i offspring of a type j

immigrant. Therefore, each path through graph H represents
a specific “bloodline” of a type m immigrant, while a tree
T ∈ T m

ij accounts for the possibility of the bloodline splitting
somewhere along the way, concluding in, after a certain
number of generations, in offspring of both types i and j .
The previous formula tells us that the sum of weights of all
such trees is equal to the integrated covariance kij .
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Now, reasoning in much the same way as before we have,
for kijk ,

kijk =
d∑

m=1

λm[R]im[R]jm[R]km

+
d∑

m,n=1

λn[R]im[R]jm[�]mn[R]kn

+
d∑

m,n=1

λn[R]jm[R]km[�]mn[R]in

+
d∑

m,n=1

λn[R]im[R]km[�]mn[R]jn, (48)

where � = (I − G)−1 − I = L0(� t ). Once again, expanding
R and � in powers of G yields

kijk =
∑

T ∈T m
ijk

w(T ), (49)

where T m
ijk is the set of all rooted trees with root m, containing

nodes i,j,k, and w(·) is the already defined weight function.
It is now easy to see that the general result is of the form

ki =
∑

T ∈T m
i

w(T ), (50)

where i = (i1, · · · ,in) and T m
i = T m

i1···in is the set of all rooted
trees with root m, containing nodes i1, · · · ,in.

V. DISCUSSION

In this paper we described the method for computing
a class of statistics of linear Hawkes self-exciting point
processes with arbitrary interaction kernels. By using the
Poisson cluster process representation, we were able to obtain a
general procedure for deriving formulas for nth order cumulant
densities. Furthermore, we have shown there is a one-to-one
correspondence between the integral terms, appearing in said
densities, and all topologically distinct rooted trees with n

labeled leaves.
We also considered the problem of computing time-

integrated cumulants and showed this can be done by
simplifying the expressions for the corresponding cumulant
densities. Moreover, and not surprisingly, we demonstrated
that integrated cumulants likewise admit a representation in
terms of a formal sum of topological motifs, generalizing
previous work on the topological expansion of the integrated
covariance [16].

The problem of quantifying higher-order correlations is of
some importance in theoretical neuroscience. Indeed, it has
long been suggested [38,39] that understanding the cooperative
dynamics of populations of neurons would provide fundamen-
tal insight into the nature of neuronal computation. However,
while direct experimental evidence for coordinated activity on
the spike train level mostly relies on the correlations between
pairs of nerve cells [40–44], it is becoming increasingly clear

that such pairwise correlations cannot completely resolve the
cooperative dynamics of neuronal populations [31,45–47] and
that higher-order cumulants need to be taken into account.

One possible shortcoming of our work is the (supraex-
ponentially) increasing complexity of the closed-form ex-
pressions for the densities ki(t) for higher values of n. This
“explosion,” however, is mostly due to combinatorial factors
that arise in many problems involving cumulants. As their
definition naturally involves objects such as set partitions, it
seems to us that these sorts of issues would be quite difficult
to avoid.

Another limitation of the present model is that it only
allows for excitatory interactions—an arrival of an event at
a given time can only increase the likelihood of future event,
never decrease it. We hope, in the future, to be able to extend
our analysis to include models in which there also exists a
possibility of mutual inhibition between points of different
types.

Further generalizations of our results might involve com-
puting cumulants (and other important statistics) of a nonlinear
Hawkes processes (see, e.g., Ref. [22] for the definition),
whose conditional rate function involves a nonlinear transfor-
mation of Eq. (6), thus allowing for, for example, multiplicative
interaction between point events [48]. However, in this case,
the resulting process no longer admits an immigrant-offspring
representation, meaning an alternative approach would be
necessary.
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APPENDIX A: PROOF OF EQUATION (24)

Let t be an arbitrary time vector t = (t1, · · · ,tn) and i an
arbitrary multi-index i = (i1, · · · ,in).

From Eq. (5), for every vector t = (t1, · · · ,tn) and multi-
index i = (i1, · · · ,in), we have that

〈dNi1 (t1) · · · dNin(tn)〉 = P
{
Ei

t

}
, (A1)

P
{
Ei

t

} = P {∀k, there is a type ik event at tk}. (A2)

Furthermore, it is clear that

P
{
Ei

t

} = P
{
Ei

t ∩ C i
t

} + P
{
Ei

t ∩ C̄ i
t

}
, (A3)

where C̄ i
t denotes the complement of the set

C i
t = {∃ cluster C such that, ∀k, tk ∈ C}. (A4)

Indeed, events t of type i either are or aren’t all in some
cluster C. We now proceed by induction in n. For n = 2,
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we have

P
{
E

ij
t1t2

} = P
{
E

ij
t1t2 ∩ C

ij
t1t2

} + P
{
E

ij
t1t2 ∩ C̄

ij
t1t2

}
. (A5)

But, as the only way that two events are not in the same
cluster is if they each belong to a different one; say, if t1 ∈ C

and t2 ∈ D,

P
{
E

ij
t1t2 ∩ C̄

ij
t1t2

} =
∑
C,D

P
{
Ei

t1
∩ E

j
t2 ∩ Ci

t1
∩ D

j
t2

}
(A6)

=
∑
C,D

P
{
Ei

t1
∩ Ci

t1

}
P

{
E

j
t2 ∩ D

j
t2

}
(A7)

= P
{
Ei

t1

}
P

{
E

j
t2

} = 〈
dNi(t1)

〉〈
dNj (t2)

〉
,
(A8)

because of independence of different clusters C and D. Thus,

P
{
E

ij
t1t2 ∩ C

ij
t1t2

} = P
{
E

ij
t1t2

} − 〈dNi(t1)〉〈dNj (t2)〉 (A9)

= kij (t1,t2)dt1dt2, (A10)

proving that Eq. (24) is true for n = 2.
Next, we assume that Eq. (24) is true for n − 1 and prove

that it then must also be true for n.
Consider the complementary set C̄ i

t. If events t are not
all in the same cluster, how could they be distributed?
One possibility is that they are divided up between two
different clusters, like in the previous case. In fact, they
could potentially be distributed in c different clusters, where
2 � c � n. Therefore,

P
{
Ei

t ∩ C̄ i
t

} =
n∑

c=2

c∏
r=1

P
{
E

ir
tr ∩ B(r)ir

tr

}
, (A11)

where the first sum goes over all possible numbers of different
clusters that events t could be partitioned in, while tr denotes
the subset of t that belong to the rth cluster B(r) (and ir denotes
their types).

Now, note that the previous equation is, in fact, a sum
over all partitions π of the set {1, · · · ,n} with at least two
blocks (i.e., |π | > 1). Let us now fix one such partition π =
{B(1), · · · ,B(|π |)}. As |π | > 1, we must have, ∀r , 1 � r �
|π |, that |B(r)| < n. But then, by the inductive assumption,

P
{
E

ir
tr ∩ B(r)ir

tr

} = kir (tr ), (A12)

and, therefore,

P
{
Ei

t ∩ C̄ i
t

} =
∑

π :|π |>1

∏
B∈π

kir (tr )dtr . (A13)

Finally, from Eqs. (A3), (A13), and (18), we get

ki
tdt +

∑
π :|π |>1

∏
B∈π

kir (tr )dtr = P
{
Ei

t ∩ C i
t

} + P
{
Ei

t ∩ C̄ i
t

}
,

(A14)
which completes the proof.

APPENDIX B: FORMULAS FOR INTEGRATED
CUMULANTS

Let T m
i be the set of all rooted trees with root m and

leaves i = (i1, · · · ,in). Next, let T ∈ T m
i and let IT be the

corresponding integral term. In order to compute the Laplace
transform Lω(IT ), we first consider the leaves of T .

Each leaf ik contributes a term R
ikjv

tk−v , for some internal
node v. For simplicity, let us assume that leaves i1, · · · ,is(v)

all descend from a single internal node, which we denote v.
Then, applying to IT the Laplace transform with respect to
variables t1, · · · ,ts(v), we obtain

s(v)∏
l=1

Lωl

(
R

iljv

tl−v

)
e−vσv , (B1)

where we denote σv = ∑s(v)
l=1 ωl .

Of course, in general the leaves i1, · · · ,in are divided into
several groups, according to which internal node they descend
from. In that case, applying to each such group the Laplace
transform in the already described way, yields several terms of
Eq. (B1).

Moving one level up in tree T , we are now in a situation
in which several internal nodes, each with its own group
of dependent leaves, all descend from a common node u,
residing one level above them. We denote these internal
nodes by v1, · · · ,vr(u). Each such internal node vl contributes

to IT a term �
jvl

ju

vl−u. Transforming the exponential term in
Eq. (B1),

e−vlσvl = e−(vl−u)σvl e−uσvl , (B2)

and multiplying with �
jvl

ju

vl−u, we get

r(u)∏
l=1

Lσvl

(
R

jvl
ju

vl−u

)
e−u
u , (B3)

where 
u = ∑r(u)
l=1 σvl

.
By induction, we can now see that this procedure must end

after a finite number of steps (equal to the “depth” of tree T ),
at which point we are left with a product of various terms of
Eqs. (B1) and (B3), integrated with respect to the position x of
the root m (as this is the last node we reach by “climbing up”
T ). The exponential terms in this product can be combined to
form ∫

R
e−x

∑n
i=1 ωi dx = δ(ω1 + · · · + ωn), (B4)

the integral representation of a Dirac δ function.
By setting ω = 0, we now see that the formulas for ki can be

obtained from formulas for the cumulant densities by simply
“erasing” all the integral signs and replacing all the functional
terms with their integrated counterparts.
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Statistiques, Vol. 50 (Institut Henri Poincaré, Paris, 2014),
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Abstract
The study of processes evolving on networks has recently become a very popular research

field, not only because of the rich mathematical theory that underpins it, but also because of

its many possible applications, a number of them in the field of biology. Indeed, molecular

signaling pathways, gene regulation, predator-prey interactions and the communication

between neurons in the brain can be seen as examples of networks with complex dynamics.

The properties of such dynamics depend largely on the topology of the underlying network

graph. In this work, we want to answer the following question: Knowing network connectiv-

ity, what can be said about the level of third-order correlations that will characterize the net-

work dynamics? We consider a linear point process as a model for pulse-coded, or spiking

activity in a neuronal network. Using recent results from theory of such processes, we study

third-order correlations between spike trains in such a system and explain which features of

the network graph (i.e. which topological motifs) are responsible for their emergence. Com-

paring two different models of network topology—random networks of Erdős-Rényi type
and networks with highly interconnected hubs—we find that, in random networks, the aver-

age measure of third-order correlations does not depend on the local connectivity proper-

ties, but rather on global parameters, such as the connection probability. This, however,

ceases to be the case in networks with a geometric out-degree distribution, where topologi-

cal specificities have a strong impact on average correlations.

Author Summary

Many biological phenomena can be viewed as dynamical processes on a graph. Under-
standing coordinated activity of nodes in such a network is of some importance, as it helps
to characterize the behavior of the complex system. Of course, the topology of a network
plays a pivotal role in determining the level of coordination among its different vertices. In
particular, correlations between triplets of events (here: action potentials generated by
neurons) have recently garnered some interest in the theoretical neuroscience community.
In this paper, we present a decomposition of an average measure of third-order
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coordinated activity of neurons in a spiking neuronal network in terms of the relevant
topological motifs present in the underlying graph. We study different network topologies
and show, in particular, that the presence of certain tree motifs in the synaptic connectivity
graph greatly affects the strength of third-order correlations between spike trains of differ-
ent neurons.

Introduction
Analyzing networks of interacting elements has become the tool of choice in many areas of
biology. In recent years, network models have been used to study the interactions between
predator and prey [1], gene interactions [2] and neural network dynamics [3, 4]. A fundamen-
tal question in the study of complex networks is how the topology of the graph on which a
dynamic process evolves influences its activity. A particularly interesting issue is the emergence
of synchronized, or correlated patterns of events. While it is obvious that the presence or
absence of such patterns of activity depends largely on how individual nodes in the network
are connected, it is by no means a trivial task to explain exactly how this happens.

In theoretical neuroscience, the connection between network topology and correlated activ-
ity continues to be an important topic of study. Not only are correlations between neuronal
spike trains believed to have an important function in information processing [5, 6] and coinci-
dence detection [7], but they are also believed to be tied to expectation and attention (see [7]
for details). In addition, it been shown that nerve cells can be extremely sensitive to synchro-
nous input from large groups of neurons [8].

While there has been much work on elucidating the causes and effects of pairwise correla-
tions between spike trains [3], it seems that correlations beyond second order also have a role
to play in the brain. For example, it was indicated that a nonlinear neuron’s firing rate profile
depends on higher-order correlations between the presynaptic spikes [9]. Higher-order corre-
lations have also been reported in the rat somatosensory cortex and the visual cortex of the
behaving macaque [10]. Indeed, it has been suggested that these correlations are inherent prop-
erties of cortical dynamics in many species [11, 12]. As a result, neural data has recently been
intensively investigated for signs of higher-order synchrony using classical means such as max-
imum entropy models [13–18]. In addition, new methods are being developed in order to shed
more light on what seems to be a very important property of networks in the brain [19–21].

In this work, we study the relation between the topology (i.e. synaptic connectivity) and cor-
relations of third order between neuronal spike trains. Our aim was to show how triplet corre-
lations depend on topological motifs in a network with known connectivity. We hope our
results can be used to facilitate thought experiments to relate hypothetical connectivity to
third-order correlations by, for example, assuming specific network topologies and then com-
puting how these assumptions affect the dynamics.

In the following text, the word “connection” is meant to be translated as “synapse”. While
this might be a point of contention, in previous work, it was clearly shown that that a mapping
between synaptically coupled spiking networks (e.g. comprising LIF neurons) and statistical,
point process models, such as Hawkes process exist, with exactly the same underlying connec-
tivity [22]. In addition, it has been demonstrated that synaptic connectivity can be recon-
structed from simulated spike trains with very high fidelity, provided the network has a
connectivity which is not too dense and not too sparse [23]. On the basis of these two results,
we feel enough confidence to claim that in the Hawkes process network models considered

Topology and Third-Order Correlations

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004963 June 6, 2016 2 / 28

Competing Interests: The authors have declared
that no competing interests exist.



here “connections” in terms of coupling kernels can be safely identified with “synapses” in a
spiking neuronal network.

However, we would also like to point out that knowing the true connectivity in an experi-
mental setting is close to impossible. Indeed, the connectivity matrices, obtained by statistical
inference methods applied to neural data are rarely more than a proxy for the actual “anatomi-
cal” connectivity. In other words, the existence of a statistical relationship between the firings
of two neural cells (“correlation”) does generally not imply the existence of an actual synapse
between them. In addition, the inference of connectivity from neural data is confounded by
undersampling. One can typically only record from a tiny fraction of all neurons that constitute
the network, while most of the population remains effectively hidden to the experimenter.

Similar work, pertaining to the influence of connectivity on correlations of second order has
already been published [3, 24–26]. In it, the authors dissect the contribution of specific struc-
tural motifs to the emergence of pairwise correlations in a recurrent network of interconnected
point processes, meant to represent neurons communicating via spikes. Interpreting known
mathematical results [27] in an original fashion, they show how the influence of recurrent
input can be disentangled to take into account not only effects of direct connections, but also
indirect connectivity. However, no such result exists in the case of more complex patterns,
stemming from correlations of higher order. With this paper, we aim to fill this gap.

Analogously to [3], we show that measures of third-order correlations (known in the statis-
tical literature as “third-order joint cumulants”) are also heavily influenced by the presence of
certain topological motifs in the network graph. We find that the motifs in question can be
thought of representing “common input to triplets of neurons” and that, in graph theory
terms, they represent rooted trees with three leaf nodes. Furthermore, we obtain an expansion
of the joint third cumulants in terms of a sum of weights of all such subgraphs and show that,
in a regular network (that is, a network with fixed in- and out-degrees), this expansion can be
approximated by a formula that doesn’t depend on the specific adjacency matrix, but rather on
global connectivity parameters, such as the connection probability p. In addition, our result
extends to large random Erdős-Rényi type networks, as they are approximately regular when
the number of nodes grows without bound. We find that the formula we derive is a useful
approximation for quantifying the level of third-order correlations in networks with a narrow
out-degree distribution. In addition, we look at networks of highly interconnected hubs and
show that, in this case, the average joint third cumulant depends strongly on the details of the
connectivity pattern.

Methods

The Hawkes process as a model of spiking neural networks
To study higher-order correlations in networks of spiking neurons with a fixed network topol-
ogy, we apply a point process model introduced in [27, 28], which we will refer to as the
“Hawkes process”. As the theory of Hawkes processes is rich and rather technical, we will only
summarize the important definitions and equations needed to present our results. A more for-
mal and thorough treatment of the model can be found in Hawkes’ original papers.

In what follows, we will use capital letters to denote matrices. Vectors will not be explicitly
marked, as their identity will be clear from the context. Individual components of matrices and
vectors are referred to by indices attached to the symbol. Furthermore, note that, from here
onwards, the phrase “third-order correlations” should always be interpreted as referring to
“third-order joint cumulants” (defined below).

Our spiking neuronal network consists of N neurons, of which NE are excitatory and NI are
inhibitory. Spike trains of neuron i, SiðtÞ ¼

P
ndðt � tinÞ, are modeled as realizations of point

Topology and Third-Order Correlations
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processes with time-dependent firing rates Λi(t). In other words, we have

LiðtÞ ¼ E½SiðtÞjSjðt0Þ; t0 � t; 1 � j � N�; ð1Þ

where E½�� is the (conditional) expectation operator. In the Hawkes process framework, the
vector Λ(t) of instantaneous firing rates (conditional on Si(t0), for t0 � t) is given by

LðtÞ ¼ mþ
Z t

�1
Gðt � t0Þ � Sðt0Þdt0 � mþ ðG ? SÞðtÞ: ð2Þ

The vector μ can be interpreted as the rate of spontaneous activity (due to constant external
input) in the network. The neurons in the network would independently spike at rates, given
by components of vector μ, if there were no synaptic connections between neurons in the
network.

Recurrent synaptic interaction in the network is governed by the matrix of interaction ker-
nels G(t), an N × Nmatrix of causal functions gij(t), describing the influence of a spike in neu-
ron j imposed on the future rate of neuron i. Typically, this is a sparse matrix with most
entries being zero, and only few of them being nonzero. In principle, all of the functions gij(t)
can be different. However, for the sake of simplicity, we will assume that all source neurons in
the excitatory subpopulation have interaction kernels equal to gE(t) to contact their targets,
and all inhibitory neurons have interaction kernels gI(t). Thus, the total synaptic weight of
excitatory neurons equals gE �

R
gE(t) dt and is positive, i.e. gE > 0. Similarly, for inhibitory

neurons, gI �
R
gI (t) dt< 0.

The number gE represents the expected number of extra spikes in the postsynaptic (target)
neuron induced by a spike of the presynaptic (source) neuron. Analogously, for inhibitory neu-
rons, the number gI represents the expected reduction in the total number of spikes produced
by the postsynaptic neuron.

The exact connectivity between neurons in the network is chosen randomly, according to
various rules, as will be explained in the sections to follow.

One important thing to note is that the Hawkes model only allows for pairwise interactions,
and yet possesses correlations of all orders. Furthermore, the Hawkes process is a probabilistic
spike generator and, as such, may exhibit a different behavior than an encoder with a determin-
istic threshold mechanism. It is, however, important to realize that real neurons that are
embedded in a large network possess both stochastic and deterministic features. Another
potential limitation of the Hawkes model is that it provides a good approximation when synap-
ses are weak, but strong synapses may more thoroughly explore neuronal nonlinearities.
Finally, the Hawkes process is formally correctly defined only for positive interaction kernels.
Negative interactions may lead to a rate vector Λ(t) with negative entries, which is of course
not a meaningful configuration. Thus, technically, one should use the rectified rate [Λ(t)]+ as a
basis for spike generation in simulations. In the following, we will assume that the probability
of having negative entries in the rate vector is negligibly low and will ignore the rectifying non-
linearity. The goodness of this approximation is illustrated in Fig 1.

At equilibrium, the expected firing rate vector of the Hawkes process, E½LðtÞ�, no longer
depends on time. We can compute the stationary rate vector, denoted Λ, as follows

L ¼ mþ
Z þ1

�1
LGðt � t0Þdt0 ¼ mþ L

Z þ1

�1
GðtÞdt

� �
; ð3Þ

from which we obtain the stationary rate of the network as

L ¼ ðI� GÞ�1m; ð4Þ

Topology and Third-Order Correlations
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where we have used G as a shortcut for the matrix of integrated interaction kernels, i.e.G� RG(t)
dt and I denotes theN × N unit matrix. A summary of symbols, used in the text can be found in
Table 1.

In what follows, we will also restrict ourselves to systems in which the spectral radius of the
matrix G (the largest eigenvalue of G), which we denote by ρ(G), is less than 1. Indeed, this con-
dition insures the existence of the matrix inverse in the rate Eq 4. Furthermore, if ρ(G)> 1, it
may happen that no stable equilibrium of the system exists and the spiking activity exhibits
runaway solutions.

Pairwise correlations in the Hawkes process framework
An important result, originally presented in Hawkes’ original work [27, 28], was that the lagged
cross-covariance of spike trains of different neurons can be analytically computed directly
from the matrix of interaction kernels G(t). More precisely, we can formally define the covari-
ance density matrix, denoted by C(τ), as

CðtÞ ¼ E½Sðt þ tÞSðtÞT � � LLT : ð5Þ
As was discussed before, intuitively, the entry (i, j) in C(τ) can be thought of as representing the
probability that a spike of neuron j causes a spike of neuron i after time lag τ, minus the proba-
bility that this happens by chance (which, assuming stationarity, equals ΛΛT). As noted in

Fig 1. Hawkes process theory reproduces rates, correlations and third cumulants in a simulated
network with Erdős-Rényi type random connectivity. Network parameters are N = 1000,NE = 800,NI =
200, p = 0.1, gE = 0.015 and gI = −0.075. Top left: Fluctuating firing rates of 50 randomly chosen neurons
(gray traces) and their average (red line). The average rate only rarely goes below 0 (dashed line). Top right:
Estimated temporal averages of firing rates scattered vs. rates predicted by Hawkes theory. The diagonal
(green line) indicates a perfect match. Note that there is a slight discrepancy between theory and simulation
for very low rates. Bottom left: Estimated integrated pairwise covariances (of all possible neuron pairs)
scattered vs. integrated covariances predicted by Hawkes theory. Bottom right: Estimated integrated joint
third cumulants (see the following sections for a definition) of a 100 randomly chosen neurons, scattered vs.
integrated joint cumulants computed from Hawkes theory. The larger discrepancies are due to finite
simulation time and a relatively small sample size.

doi:10.1371/journal.pcbi.1004963.g001
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[27, 28], it is possible to rewrite C(τ) as

CðtÞ ¼ DdðtÞ þ C0ðtÞ � LLT ; ð6Þ

where D� diag(Λ) is a diagonal matrix, with the entries of the rate vector Λ on the diagonal.
Furthermore, C0(τ) denotes the continuous part of the covariance density matrix, which is the
solution to the matrix convolution equation

C0ðtÞ ¼ GðtÞDþ ðG ? C0ÞðtÞ; t > 0; ð7Þ

where the convolution of two matrix functions F(t) and G(t) equals a matrix function
H(t)� (F ? G)(t) with

HijðtÞ ¼
Z t

�1
Fðt � sÞ � GðsÞds ¼

X
k

Z t

�1
Fikðt � sÞGkjðsÞds; ð8Þ

where � denotes the usual product of two numerical matrices. An important result in [28] is

that the Fourier transform of the covariance density matrix, i.e. ĈðoÞ � R þ1
�1 CðtÞe�iotdt can

be expressed in terms of the Fourier transform ĜðoÞ of the matrix of interaction kernels

Table 1. Symbols used in text (in order of appearance).

Symbol Description

N total number of neurons

NE number of excitatory neurons

NI number of inhibitory neurons

S(t) spike train vector

Λ(t) conditional firing rate vector

G(t), gij(t) matrix of interaction kernels, its components

(gE) gE(t) (integrated) excitatory neuron interaction kernel

(gI) gI(t) (integrated) inhibitory neuron interaction kernel

μ, μi external input vector, external input to neuron i

Λ stationary firing rate vector, L ¼ E½LðtÞ�
G integrated matrix of interaction kernels

C(τ) covariance density matrix

R(t) convolution power series of the matrix G(t)

κijk(t1, t2, t3) third-order joint cumulant density of neurons i, j and k

Ni(T) spike count of neuron i in a bin of size T

κijk(T) third cumulant of spike counts of neurons i, j and k

Ψ(t) CðtÞ ¼ RðtÞ � IdðtÞ
κijk integrated joint third cumulant of neurons i, j and k

B power series of matrix G

C integrated covariance density matrix

Npop(T) population spike count in a bin of size T

�k3 average joint third cumulant

p connection probability

μ(k) average common input, shared by k neurons

~k3 quadratic approximation of the average third cumulant �k3

doi:10.1371/journal.pcbi.1004963.t001
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G(t). More precisely, we have

ĈðoÞ ¼ ðI� ĜðoÞÞ�1DðI� Ĝ�ðoÞÞ�1
; ð9Þ

where � denotes the conjugate transpose of a matrix.
Recently, it has been shown [29, 30] that, component-wise and in the time domain, the pre-

vious equation can be written as

CijðtÞ ¼
XN
k¼1

Lk

Z þ1

�1
RikðuÞRjkðuþ tÞ du; ð10Þ

where Λk is the k-th component of the previously defined stationary rate vector, and the matrix
R(t) is a function of G(t). Namely, we have that R(t) is a “convolution power series” of G(t) or,
more precisely,

RðtÞ ¼
X
n�0

G?nðtÞ: ð11Þ

Here, the matrix G?n(t) denotes the n-th convolution power of the interaction kernel G(t),
defined recursively by

G?0ðtÞ ¼ IdðtÞ; ð12Þ

G?nðtÞ ¼
Z t

�1
G?ðn�1Þðt � sÞ � GðsÞds; n � 1; ð13Þ

where � again denotes a matrix product. We have the following heuristic interpretation of the
matrix elements Rij(t):

RijðtÞ dt � Pfspike of neuron j at 0 causes neuron i to spike at tg: ð14Þ

This heuristic offer an interesting interpretation of Eq 10. Indeed, we can see the product
Λk Rik(u)Rjk(u + τ)du as representing the probability that neuron k, spiking at its stationary
rate Λk, causes neuron i to spike at u and neuron j at u + τ. The covariance density Cij(τ) of neu-
rons i and j at lag τ is then nothing more than this probability, summed over all possible spikes
times of neuron i (hence the integral w.r.t. u) and over all possible “presynaptic” neurons k.
Thus, Cij(τ) can be seen as a sum of all possible ways in which a neuron k can induce activity in
neurons i and j, with spikes that are τ apart.

Moreover, a simple graphical representation of Cij(τ) is now available. As was first shown in
[3], the product Λk Rik(u)Rjk(u + τ) du can be represented as a rooted tree with leaves i and j
(see Fig 2). Then, it can be shown that the lagged cross-covariance of spiking activity between
neurons i and j is a sum of integral terms, each corresponding to a rooted tree with leaves i and
j in the underlying network (for more details, see [3] and [29]).

Higher order cumulants in analysis of network dynamics
We now move on to the problem of analyzing cumulants of higher order in networks of spiking
neurons and introduce the tools necessary to do so. In statistics, a quantifier of third order cor-
relations, analogous to the well-known covariance operator, is the third order joint cumulant,
often denoted as κ3[X, Y, Z]. It measures above-chance level third order dependence in the
same way that covariance does for second order. It is defined, for random variables X, Y and Z,

Topology and Third-Order Correlations
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as (see S3 Appendix. for a full derivation of the formula)

k3½X;Y ;Z� ¼ E½XYZ� � E½XY �E½Z� � E½XZ�E½Y � � E½YZ�E½X� þ 2E½X�E½Y �E½Z�: ð15Þ

Let i, j and k be three distinct neurons in a recurrent neuronal network. Let further A = {(i, t1),
(j, t2), (k, t3)} denote a spike pattern, where neuron i spikes at time t1, neuron j at t2 and neuron
k at t3. If we now plug in the variables Si(t1), Sj(t2) and Sk(t3) into Eq 15 and denote

kijkðt1; t2; t3Þ � k3½Siðt1Þ; Sjðt2Þ; Skðt3Þ�; ð16Þ

we see that the newly introduced function κijk(t1, t2, t3) measures the likelihood of the pattern
A occurring not due to chance and not due to pairwise correlations.

Next, let Ni(T) represent the number of spikes of neuron i in a time bin of size T. Then,
clearly,

NiðTÞ ¼
Z T

0

SiðtÞ dt: ð17Þ

Now, using Fubini’s theorem, we find that

kijkðTÞ � k3½NiðTÞ;NjðTÞ;NkðTÞ� ¼
Z T

0

Z T

0

Z T

0

kijkðt1; t2; t3Þ dt1dt2dt3: ð18Þ

In other words, while the function κijk(t1, t2, t3) encodes the probability of occurrence of a sin-
gle pattern A, the “integrated cumulant” κijk(T) (that is, the joint third cumulant of spike
counts) measures the probability of the non-chance occurrence of any pattern of neurons i, j
and k in a time bin of duration T. We will call the function κijk(t1, t2, t3) the (3rd order)

Fig 2. Pictorial representation of terms contributing to the pairwise covariance density. Each entry of C
(τ) is a weighted sum of integral terms, corresponding to rooted trees with 2 leaves, i and j.

doi:10.1371/journal.pcbi.1004963.g002
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cumulant density, as one needs to integrate it in order to obtain the 3rd cumulant of spike
counts, i.e. κijk(T).

Assuming stationarity, the density κijk(t1, t2, t3) can be written (with slight abuse of nota-
tion) as a function of only the (two) time lags between spike events at t1, t2 and t3

kijkðt1; t2; t3Þ ¼ kijkðt2 � t1; t3 � t1Þ � kijkðt1; t2Þ; ð19Þ
where we have defined τ1 = t2 − t1 and τ2 = t3 − t1. In that case, we get (see S1 Appendix)

kijkðTÞ ¼ k3½NiðTÞ;NjðTÞ;NkðTÞ�
T

¼
Z T

�T

Z T

�T

kijkðt1; t2Þdt1 dt2: ð20Þ

Thus, we obtain an alternative interpretation of κijk(T): It represents the third joint cumulant
of spike counts of neurons i, j and k in a bin of size T, normalized by the bin size. As such, it is
a quantity that can be easily computed from data, using unbiased estimators of higher-order
cumulants, called k-statistics [31].

Joint third cumulants in the Hawkes process framework
A recent result in the theory of Hawkes processes [29] shows that all 3rd order cumulant densi-
ties κijk(t1, t2, t3) can be computed, just as in the pairwise case, as sums of integral terms, each
corresponding to a relevant topological motif (a subtree of the graph on which the process
evolves), present in the underlying network. However, in the case of triplet correlations, the rel-
evant rooted trees are somewhat more complicated (see Fig 3). Algebraically, we have

kijkðt1; t2; t3Þ ¼
XN
m¼1

Lm

Z þ1

�1
Rimðt1 � uÞRjmðt2 � uÞRkmðt3 � uÞdu

þ
XN
m;n¼1

Ln

Z þ1

�1
Rinðt1 � uÞ

Z þ1

�1
Rjmðt2 � vÞRkmðt3 � vÞCmnðv � uÞdv

� �
du

þ
XN
m;n¼1

Ln

Z þ1

�1
Rjnðt2 � uÞ

Z þ1

�1
Rimðt1 � vÞRkmðt3 � vÞCmnðv � uÞdv

� �
du

þ
XN
m;n¼1

Ln

Z þ1

�1
Rknðt3 � uÞ

Z þ1

�1
Rimðt1 � vÞRjmðt2 � vÞCmnðv � uÞdv

� �
du;

ð21Þ

where Λn (the stationary rate of neuron n) and Rij(t) (the rate change at time t in neuron i
caused by a spike of neuron j at 0) have been defined previously, and

CðtÞ ¼ RðtÞ � IdðtÞ ¼
X
n�1

G?nðtÞ; ð22Þ

which, heuristically, simply means that

CijðtÞ dt � Pfspike of neuron j at 0 causes neuron i 6¼ j to spike at t 6¼ 0g: ð23Þ

Unfortunately, this formula is cumbersome, impractical and difficult to work with. How-
ever, a much more elegant expression is obtained if one considers the previously defined joint
cumulants of spike counts, κijk(T). Formally, considering infinitely large time bins

kijk � lim
T!þ1

kijkðTÞ ¼
Z þ1

�1

Z þ1

�1
kijkðt1; t2Þ dt1dt2; ð24Þ
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and letting B � ðI� GÞ�1, where G is the previously defined integrated matrix of interaction
kernels, we have [29]

kijk ¼
X
m

LmBimBjmBkm

þ
X
m;n

LnBimBjmðBmn � dmnÞBkn

þ
X
m;n

LnBjmBkmðBmn � dmnÞBin

þ
X
m;n

LnBimBkmðBmn � dmnÞBjn:

ð25Þ

This can be considered as a generalization of the pairwise correlation result from [3]. Indeed, if

we let ω = 0 in Eq 9 and set C � Ĉð0Þ ¼ R CðtÞ dt, we have
Cij ¼ BDB� ¼

XN
m¼1

LmBimBjm: ð26Þ

The problem, of course, is that the collection of all integrated cumulants {κijk}i, j, k represents a
three-dimensional tensor, and as such cannot be represented in terms of a common matrix
multiplication. For this reason, we must express κijk as weighted sums and double sums of
entries of the matrix B in formula 25.

Populations cumulants as sums of joint cumulants of spike counts
Finally, let us touch upon the link between integrated covariances Cij, cumulants κijk, and
moments of the population count distribution Npop(T) which we define as the sum of activity
of all neurons in the network

NpopðTÞ �
XN
m¼1

NmðTÞ: ð27Þ

Fig 3. Pictorial representation of terms contributing to κijk(t1, t2, t3). Each κijk(t1, t2, t3) is a weighted sum
of integral terms, corresponding to rooted trees with leaves i, j and k (see Eq 21). The first term maps to the
left tree, while the three remaining terms correspond to three possible ways in which three labeled leaves can
be arranged into two groups to form the tree on the right. The first group would represent the daughter nodes
of vertexm, and the second group would be a single child of the root node n.

doi:10.1371/journal.pcbi.1004963.g003
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From the general properties of cumulants [32], one can prove that

lim
T!þ1

Var½NpopðTÞ�
T

¼
X
i;j

Cij: ð28Þ

In other words, the variance of the population activity is equal to the sum of all integrated
covariances, normalized by bin size. Of course, this is only strictly true for infinitely large time
bins, but we have found that Eq 28 is still a very good approximation whenever the size of bin
T is much bigger than the temporal width of any entry in the matrix of interaction kernels G(t).

Likewise, one can prove that

lim
T!þ1

k3½NpopðTÞ�
T

¼
X
i;j;k

kijk: ð29Þ

Thus, the sums of all integrated cumulants of order 3 is equal to the third cumulant of popula-
tion activity, normalized by bin size [31]. To understand why it is important to know the third
cumulant κ3[Npop(T)] consider that, for a normally distributed random variable X, all cumu-
lants of order 3 and higher are zero

X 	 N ð0; 1Þ ) kn½X� ¼ 0; for all n � 3: ð30Þ

Therefore, in a sense, non-zero cumulants of order 3 and higher measure the departure from
normality of the variable Npop(T). Furthermore, in statistics, a measure of skewness of the dis-
tribution of a random variable X is defined as the (scaled) third cumulant κ3[X]. As the Gauss-
ian distribution is symmetric about 0 (and thus κ3[X] = 0), any significant deviation of
κ3[Npop(T)] indicates right (negative) or left (positive) skewness.

Simulation and data analysis details
The simulation of linearly interacting point processes was conducted using the NEST simulator
[33]. We simulated a network of 1000 neurons, of which 800 were excitatory and 200 inhibi-
tory. The spikes of each neuron were generated according to a time-dependent rate function Λ
(t), defined by Eq 2. Negative values of Λ(t) were rectified to zero, resulting in no spike output.
Neurons received external Poissonian drive with constant rate of 10 Hz. Incoming spikes
induced an increment of amplitude 1.5 Hz and −7.5 Hz for excitatory and inhibitory spikes,
respectively, which decayed with a time constant of 10 ms. In the Hawkes process framework,
this corresponds to an exponential interaction kernel with total integral gE = 0.015 and gI =
−0.075, respectively. The synaptic delay was set to 2 ms. The simulation time step was 0.1 ms.
The total simulation time was 5000 s = 5 � 106 ms.

Spike data from simulations were sampled in time bins of duration T = 100 ms, producing
5 � 104 bins. We found that the theoretical results concerning infinite sized bins are still largely
valid when the bin size T is at least one order of magnitude larger than the interaction kernel
time constant. The rates, pairwise covariances and joint third cumulants were estimated from a
data matrix with 1000 rows (representing individual neurons) and 50000 columns (represent-
ing time bins) using k-statistics [31], which are known to be unbiased estimators of cumulants
of any order. Note that pairwise covariances are nothing more that joint cumulants of second
order.
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Results

Weights of subtrees in the network determine the strength of triplet
correlations
In this section we explain how recurrent connectivity affects joint third cumulants of triplets of
neurons in a spiking neuronal network. As was mentioned before, the matrix of integrated
interaction kernels G can be interpreted as an effective connectivity matrix, as each entry (i, j)
represents the excess number of spikes in neuron i, caused by an individual spike in neuron j.
With this in mind, let us now take a moment to develop a topological interpretation of Eq 25.
Firstly, as ρ(G)<1 has been assumed, we have a power series expansion for the matrix

B ¼ ðI� GÞ�1, namely B = ∑n G
n. In order to develop intuition, we first consider what happens

to Eq 26 when we plug the power series expansion of B into it (as was done in [3]). The formula
for Cij reads

Cij ¼
XN
m¼1

Xþ1

r¼0

Xþ1

s¼0

LmG
r
imG

s
jm: ð31Þ

We now interpret the matrix Gr in the sense of graph theory, i.e. as a matrix whose entry (i, j)
corresponds to the sum of compound weights of all paths from node j to node i in exactly r
steps. Indeed, a typical entry of matrix Gr equals

Gr
ij ¼

X
k1 ;k2 ;���;kr�1

Gik1
Gk1k2

� � �Gkr�1 j
: ð32Þ

We observe that each of the summands in the above equation is the average number of excess
spikes, caused by an individual length r chain of spiking events, originating in neuron j. The entry
Gr

ijis then the sum over all such chains, i.e. over all possible intermediary neurons k1, k2, � � �kr−1.
Thus, a procedure for computing Cijwould go as follows:

1. Pick a “root neuron”m

2. Create a “spiking chain” from neuronm to neuron i that is r synaptic steps long

3. Create a “spiking chain” from neuronm to neuron j that is s neurons long

4. Compute the weight of the subtree defined in this way by multiplying together the weights
of the branches (given by Gr

im and Gs
jm)

5. Multiply everything by the “weight of the root node”, which we can formally define to be
Λm

Note that r = 0 (s = 0) is a distinct possibility (as the first term in the power series expansion
of B is G0 � I). In that case, we identify neuronsm and i (m and j) and our “two-pronged tree”
becomes a single branch with neuron i (j) on top and neuron j (i) on the bottom.

Our previous discussion shows that the integrated covariance density Cij can be equivalently
expressed as

Cij ¼
X
T2T m

ij

wðTÞ; ð33Þ

where the sum goes over the set T m
ij of all rooted trees T with rootm, containing nodes i and j.

Here, w(T) denotes the weight of tree T, defined as the product of weights of all edges, con-
tained in T, times the weight of the rootm, defined as being equal to Λm.
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Now, since, in the stationary case (see S1 Appendix)

Cij ¼ lim
T!þ1

cov½NiðTÞ;NjðTÞ�
T

; ð34Þ

we have that, for infinitely large time bins, the probability (normalized by bin size) of the non-
chance occurrence of ANY pattern of neurons i and j in a bin of size T can simply be computed
as the sum of weights of ALL possible rooted trees with leaves i and j. Thus, in a nutshell, the
only way pairwise interaction can arise between neurons i and j is through shared input by a
neuron k, that can be arbitrarily far upstream from both i and j. This is the main result of [3].

With our intuition primed by consideration of the simpler, pairwise correlation case, we are
ready to tackle the computation of κijk. Once again, plugging the power series expansion of
matrix B into Eq 25 yields

kijk ¼
X
T2T m

ijk

wðTÞ; ð35Þ

where T m
ijk is the set of all rooted trees with rootm containing nodes i, j, k, and w(�) is the

already defined weight function. As we have that (see S1 Appendix)

kijk ¼ lim
T!þ1

k3½NiðTÞ;NjðTÞ;NkðTÞ�
T

; ð36Þ

the interpretation of the “sum over trees” formula is analogous. In other words, for infinitely
large time bins, the probability (normalized by bin size) of the non-chance occurrence of ANY
pattern of neurons i, j and k in a bin of size T can simply be computed as the sum of weights of
ALL possible rooted trees, containing nodes i, j and k. The only difference from the pairwise
correlation case is that the topological motifs contributing to triplet correlations are different
and more numerous.

What are the subtrees, contributing to κijk? We can get our first hint by comparing the for-
mula 25 and the trees in Fig 3. Indeed, the first term in Eq 25 corresponds to the left, “three-
pronged” tree in Fig 3—in fact, it is the combined weight of all such structures found in the
graph with adjacency matrix G, summed over all possible identities of the root nodem and
over all possible lengths of the tree branches terminating at i, j and k. However, as any of the
three branches can also be of length 0, the left tree in Fig 3 actually represents 4 different contri-
butions to κijk, one corresponding to the tree depicted, in which case all of the branches are of
length at least 1, and three other “two-pronged” trees obtained by collapsing one of the three
branches and identifying the nodem with node i, j or k (see first row of Fig 4). Algebraically,
this can also be seen by replacing one of the Bmatrices in the first row of formula 25 by the
identity matrix I. Indeed, placing I instead of B in any of the tree slots yields three possible
contractions.

In the right tree in Fig 3, each of the last three terms in Eq 25 corresponds to one copy of it,
the only difference among them being the label of the rightmost node. Indeed, the second term
represents a tree in which the rightmost node is labeled k, for the third term the rightmost
node is i, and for the last one it is j. Each of these terms contains three Bmatrices, and thus,
each of these three terms will yield three additional trees whose weight will contribute to the
overall sum, defining κijk (see the second row of Fig 4). Like before, all of these are obtained by
replacing one of the Bmatrices with the identity matrix I and performing the corresponding
summation.

Notice that the last three terms in Eq 25 also depend on entries of the matrix B� I. This sig-
nifies the fact that the link between nodes n andm in Fig 3 can only “telescope out”, i.e. it
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cannot be contracted to 0 (indeed, it corresponds to the power series ∑n � 1 G
n in which the

term of order 0 is not present). For reasons as to why this branch does not allow contractions,
see [29].

To summarize, the six different tree shapes depicted in Fig 4 all contribute terms that, when
summed up, yield κijk. Likewise, as was mentioned previously, each branch, incident to each of
the trees pictured, can have arbitrarily many intermediate nodes in between the two vertices
shown.

Average third cumulants in large random networks depend on the
presence of a particular subtree
We are interested in computing the average third cumulant in the network, defined as

1

N3

X
i;j;k

kijk; ð37Þ

where κijk represent the integrated joint third cumulants of neurons i, j and k, considered previ-
ously. From Eq 29, we have that the previous sum equals

lim
T!þ1

k3½NpopðTÞ�
TN3

; ð38Þ

the third cumulant of population activity for an infinitely large time bin T, normalized by net-
work size and bin width.

Note that the sum in Eq 37 goes over ALL indices i, j and k. Thus, we have three distinct
cases:

1. The three indices are all distinct (i 6¼ j, j 6¼ k, k 6¼ i);

Fig 4. The pictorial representation of all terms, contributing to κijk. The tree shapes depicted in this figure were obtained from
those in Fig 3 by performing all possible contractions of branches (see text).

doi:10.1371/journal.pcbi.1004963.g004
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2. the three indices are all equal (i = j = k);

3. two of three indices are equal, with the third being distinct (i = j and j 6¼ k, or a permutation
thereof).

The number of summands in the first case is equal to N(N − 1)(N − 2), in the second case it
is simply N, and in the third one it equals 3N(N − 1). Thus, we have

�k3 ¼
1

N3

X
i;j;k

kijk þ
X
i;j

kiij þ
X

i

kiii

" #
: ð39Þ

In the limit of large networks, the first term becomes dominant, as

lim
N!þ1

3NðN � 1Þ
N3

¼ 0; lim
N!þ1

N
N3

¼ 0; but lim
N!þ1

NðN � 1ÞðN � 2Þ
N3

¼ 1: ð40Þ

Therefore, in all calculations that follow, we will assume that i, j and k are all different

�k3 ¼
1

N3

X
i 6¼j6¼k

kijk: ð41Þ

Furthermore, we assume the following about the underlying network topology:

1. (Random network condition) Every node j has probability p of forming a connection with
any of the other N − 1 nodes.

2. (Generalized Dale’s law) To each node j we assign a type l 2 L such that, for a fixed j we have
8i, gij = gl.

In other words, the probability of a directed connection between any pair of nodes is equal
to p, and each node is of a single type l and as such, only makes outgoing connections of type l.
Here, L denotes the set of type labels.

The derivations that follow can still be done under these general assumptions. Also, note
that, even though the first assumption allows for random topologies, the results obtained in
this section hold true for regular networks as well, as very large random networks are approxi-
mately regular. However, in the interest of concreteness, we will assume that L = {E, I}. In
short, each node j can either be of type E (excitatory) or type I (inhibitory). Thus, for a given
“excitatory” node j, gij is either 0 (with probability 1 − p) or gE (with probability p), for every
neuron i. Likewise if the neuron is inhibitory (in that case, gij equals gI).

We now compute the average input to a neuron, embedded in the network. First, we note
that, mathematically, the total input to node i can be computed as ∑j Gij. Given our previous
considerations, we have that the total input equals

pðNEgE þ NIgIÞ ¼ Np
NE

N
gE þ

NI

N
gI

� �
� Nmin; ð42Þ

where NE and NI are the numbers of excitatory and inhibitory neurons in the network, respec-

tively. We have also μin as p NE
N
gE þ NI

N
gI

� �
, the average strength of the total input to a neuron.

Now, if we set the external input μ to 1, the stationary rate of neuron i can be seen to equal

Li ¼
X

j

X
n

Gn

" #
ij

¼
X

j

ðdij þ Gij þ G2
ij þ � � �Þ ¼ 1

1� Nmin
� �L: ð43Þ

Unsurprisingly, since the external input to all neurons is the same, the stationary rates are all
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equal (Li ¼ �L; 8i). The computation of the average cumulant �k3 can be done in much the
same way (for details, see S2 Appendix). Note that, to simplify derivation, we assume that all
neurons (irrespective of their type) have the same in-degree and out-degree. The final formula
then reads

�k3 ¼ �
�L
N3

N4p2mð3Þ

ð1� mð1ÞNÞ3 þ
3�L
N3

N3pmð2Þ

ð1� mð1ÞNÞ2 �
3�L
N3

N4pmð1Þmð2Þ

ð1� mð1ÞNÞ3

� 6�L
N3

N4pmð1Þmð2Þ

ð1� mð1ÞNÞ3 þ
6�L
N3

N3½mð1Þ�2
ð1� mð1ÞNÞ2 þ

3�L
N3

N5p3½mð2Þ�2
ð1� mð1ÞNÞ4 ;

ð44Þ

where each term in the equation corresponds to one of the tree shapes in Fig 4. We have chosen
not to perform any simplifications in the formula, as we feel that this would obscure the corre-
spondence each term has to its tree counterpart. Here, we have defined μ(k) as the average com-
mon input, shared by k neurons, equaling

mðkÞ ¼ p
NE

N
gkE þ

NI

N
gkI

� �
: ð45Þ

Note that in this formalism, μ(1) is the “average common input shared by one neuron”, equal to
μin, the average total input to a neuron. The precise nature of this relation between formula 44
and the topology of specific trees is covered in S2 Appendix. However, heuristically, the rela-
tionship is as follows

• The exponent of N in the formula counts the number of nodes of a particular tree

• The exponent of p is one less than the number of leaves of the tree

• The μ(�) terms each correspond to an internal node of the tree (that is, a node that is not a
leaf). The number in parenthesis in the superscript denotes the out-degree of that particular
internal node. Thus, for example, μ(3) indicates that the particular tree has an internal node
with out-degree 3.

• The power k of the normalization factor 1
ð1�mð1ÞNÞk encodes the number of edges in the tree

Eq 44 can be used as an approximation whenever the degree distribution of the network in
question is narrow–formally, it is only exactly true for a regularnetwork, in which all neuron
have the same in- and out-degrees. For large random networks of the Erdős-Rényi type, this is
true as the resulting Binomial distributions have a standard deviation that vanishes with
increasing network size. The numerical efficacy of such an approximation can be found in the
following section.

A final thing to note about Eq 44 is what happens when N! +1. Firstly, note that, once
we perform all possible cancellations of terms in eq 44, we find, after rearranging

�k3 ¼ 3p3 mð2Þ� �2
N2 �L5 � 9pmð1Þmð2Þ þ p2mð3Þ� �

N �L4 þ ð3pmð2Þ þ 6½mð1Þ�2Þ�L3: ð46Þ

Thus, in the limit of large networks, the most important term is the one corresponding to tree
T6 in Fig 4

~k3 �
3�L
N3

N5p3 mð2Þ½ �2
ð1� mð1ÞNÞ4 ¼ 3p3 mð2Þ� �2

N2 �L5; ð47Þ
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since we have 1=ð1� mð1ÞNÞ ¼ �L. More precisely, we obtain the relation

�k3 ¼ ~k3 þ OðNÞ þ Oð1Þ: ð48Þ

As is now evident, the contributions from all trees of this shape to �k3 grows as a quadratic func-
tion of N. The reason for this is that, in large networks, the number of “more complicated” sub-
graphs grows faster than the number of simpler ones. To see why this is true, consider
counting all possible trees with k nodes and k − 1 edges in a random graph. Since each edge is
generated independently, the number of such trees equals

N

k

 !
pk�1ð1� pÞ k

2ð Þ�kþ1
; ð49Þ

Thus, as long as k� bN/2c, the number of tree structures with k nodes in a random graph of
size N will increase with increasing k. This is, in a nutshell, why the most relevant contribution
to �k3 comes from the “most complicated” tree, i.e. T6.

With the previous discussion in mind, one may expect that, for N! +1, the quadratic
term ~k3 is a good approximation for �k3. Indeed, Fig 5 illustrates this. Thus, we are able to con-
clude that, in the limit of large networks, the dominating contribution to the average joint third
cumulant �k3 comes from the trees of topology T6 present in the network. One more thing to

note is that the leading term ~k3 is proportional to a power of the stationary rate �L. Let us briefly

consider what happens to �L in very large networks, for N! +1. We have

�L ¼ 1

1� Np NE
N
gE þ NI

N
gI

� �! 0; N ! þ1; ð50Þ

assuming we keep all other parameters fixed. As a result of this, the product N2 �L5 in ~k3, will
decay to zero with increasing network size. Thus, when the size of the network considered
grows without bounds, two things happen:

• The leading term ~k3 becomes a better approximation of the average third cumulant �k3 but,
at the same time,

• The average third cumulant �k3 itself goes to 0.

The second point shouldn’t be too surprising. Indeed, once we remember that �k3 is propor-
tional to the skewness of the population activity (defined as the sum of spike counts of all neu-
ronsin the network, in a bin of size T), its asymptotic vanishing is a straightforward
consequence of the Central Limit Theorem. As N increases, the population activity is behaving
more and more like a Gaussian random variable and, as a consequence, its skewness inevitably
decays to zero. This effect is reflected by the horizontal asymptote in Fig 5.

The signs of tree motif contributions to the third cumulant in regular
networks depend on their topological structure
In this section, we will analyze the contributions of terms, corresponding to tree shapes in Fig 4
with fixed branch length. More precisely, let us consider once again Eq 25, plugging in the
power series expansion of matrix B and exchanging the order of summation over “branch
length” (i.e. summation over powers of the Gmatrix) and summation “over nodes” (i.e.
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summation over i, j and k, used to define �k3), we get

�k3 ¼
�L
N3

X
l1 ;l2 ;l3

X
i;j;k;m

Gl1
imG

l2
jmG

l3
km

" #

þ 3�L
N3

X
l1 ;l2

X
i;j;k

Gl1
ikG

l2
jk

" #

þ 3�L
N3

X
l1 ;l2 ;l3

X
i;j;k;m

Gl1
imG

l2
jmG

l3
mk

" #

þ 6�L
N3

X
l1 ;l2 ;l3

X
i;j;k;n

Gl1
ij G

l2
jnG

l3
kn

" #

þ 6�L
N3

X
l1 ;l2

X
i;j;k

Gl1
ij G

l2
jk

" #

þ 3�L
N3

X
l1 ;l2 ;l3 ;l4

X
i;j;k;m;n

Gl1
imG

l2
jmG

l4
mnG

l3
kn

" #
:

ð51Þ

Fig 5. Efficacy of the quadratic approximation to �3 (Eq 47) for different network sizesN. All four panels: �3 and its quadratic approximation, ek3,
plotted for different values of the connection probability p. Each panel corresponds to a network of a given size.

doi:10.1371/journal.pcbi.1004963.g005
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The terms in the square brackets can be interpreted as the total weight of all relevant trees (see
Fig 4) present in the network, with lengths of all branches fixed. Under the regularity assump-
tion, i.e. if all neurons have the same in-degree and out-degree, it is straightforward to conclude
that the “square bracket term” of a tree T with n nodes and l leaves, embedded in a network of
size N, can be computed as (see S2 Appendix)

Nnpl�1
Y
v

mðkvÞ mð1ÞN
� �l1þ���þln�1�nþ1

; ð52Þ

where the product is over all internal nodes (i.e. nodes that are not leaves) of T and kv is the
out-degree of node v. The numbers l1, . . ., ln−1 encode the lengths of branches of T , of which
there are exactly n − 1 in a tree with n nodes. In fact, it is this result that greatly simplifies the
“summation over branch lengths” one needs to perform in order to obtain Eq 44.

Furthermore, from formula 52 we see that the only relevant characteristics of a tree T that
determine the weight of the contribution are the number of its nodes n, the number of its leaves
l and the out-degrees of its internal nodes. Note that the root counts as an internal node here.
Trees with a large total branch length contribute relatively little to �k3. Indeed, as

jmð1ÞNj ¼ jp NEge þ NIgIð Þj < 1; ð53Þ

we have that, when the total length of all branches tends to infinity (i.e. when the sum
sn � l1 + � � � + ln−1 grows beyond all bounds), the corresponding term ðmð1ÞNÞsn decays to zero.

Lastly, we consider the issue of determining the signs of various contributions to �k3. This
can be done by once again closely analyzing formula 52. First, note that the common input
terms μ(k) are positive for even and negative for odd k. Indeed, as we assume that underlying
network in inhibition-dominated (that is, if we assume that the total input to a neuron is nega-
tive) we have, in mathematical terms that

NEgE þ NIgI < 0 , gI < �NE

NI

gE: ð54Þ

Thus,

mð2rþ1Þ ¼ p
NE

N
g2rþ1
E þ NI

N
g2rþ1
I

� �

< p
NE

N
g2rþ1
E þ ð�1Þ2rþ1 NE

N
NE

NI

� �2r

g2rþ1
E

 !
:

Therefore,

mð2rþ1Þ < p
NE

N
1� NE

NI

� �2r
" #

g2rþ1
E < p 1� NE

NI

� �2r
" #

g2rþ1
E < 0; ð55Þ

since gE > 0, NE > NI and 0� p� 1. In the same way, one can show that μ(2r) > 0. Therefore,
the out-degree sequence of the internal nodes of the tree affects the sign of the corresponding
contribution. If, for example, the tree has two internal nodes, with out-degrees 1 and 2, respec-
tively, this will contribute an overall negative sign to the term. However, the out-degree
sequence alone does not completely determine the sign of the contribution. Another factor is
the parity of the total length of all branches, i.e. the sum sn � l1 + . . . + ln−1. To see why, note
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that Nμ(1) < 0, by our previous discussion, and likewise

mð1ÞN
� �sn�nþ1 ð56Þ

is either negative or positive, depending on whether sn = 2r + 1 or sn = 2r. (Note that sn� n − 1.)
To summarize, the resulting sign of the total contribution to the average third cumulant, of

a specific tree with n nodes, l leaves, a given out-degree sequence and branch lengths depends
on both the parity of the product of the internal node out-degrees and the parity of the total
branch length. What this means in practice is that the presence of certain trees increases the
overall level of third order correlation, while the existence of others can actually have the oppo-
site effect. Whether the latter or the former is the case depends solely on the tree’s topological
structure, i.e. how the internal nodes branch and how many edges it contains. As an illustra-
tion, the signs and sizes of contributions of two sample trees in a recurrent random network
are depicted in Fig 6. One can clearly see which trees increase third-order correlations in the
network, and which trees actually decrease them.

Fig 6. Contributions of some tree structures to the average third cumulant in a random network. Top: Theoretical (narrow out-degree
distribution approximation) and sample contributions to the average third cumulant of T6 (see Fig 4) tree topologies with fixed branch lengths. Ticks on
the x-axis code for the lengths of the four branches of the tree. The ordering of the indices in the tick labels is done in a top-to-bottom and left-to-right
fashion. More precisely, the first number corresponds to the length of the “leftmost” branch emanating from the root node, and so forth. The sample
contributions were computed as averages of 3 independent realizations of a random network. Bottom: Theoretical and sample contributions to the
average third cumulant of T1 tree topologies with fixed branch lengths.

doi:10.1371/journal.pcbi.1004963.g006
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One last thing to note is how quickly the contributions, involving higher matrix powers of G
(i.e. those trees with higher total branch length) decay to zero as the total branch length
increases. This behavior is essentially governed by the spectral radius ρ(G) of the connectivity
matrix. For example, in a large random network of both excitatory and inhibitory neurons, the

spectrum consists of a single eigenvalue of size Nmð1Þ ¼ Np NE
N
gE þ NI

N
gI

� �
and a bulk spectrum,

contained within a circle in the complex plane [34]. Its radius r is asympotically given by

r2 ¼ Npð1� pÞ NE

N
g2E þ

NI

N
g2I

� �
: ð57Þ

While, as was already mentioned, the quantity Nμ(1) corresponds to the total average input to a
neuron, the radius r of the circle encompassing the bulk spectrum corresponds to the variance
of this input. Thus, if the variance of the total input to a neuron in a random network is not too
big (r< 1), it will exhibit the aforementioned decay of contributions from trees with higher
total branch lengths.

Excitatory hubs in the network increase third-order cumulants
In the previous sections, we have demonstrated that the average third cumulant in networks
with narrow degree distributions is determined by global parameters such as the number of
neurons N, the connection probability p, and the average strength of input shared by k neurons,
μ(k). Of course, in networks with a wide degree distribution, the regular network approximation
(which we used to derive the equation in S2 Appendix) is no longer valid. To demonstrate
some of the new phenomena by simulation, we consider a network model with a geometric
degree distribution, originally introduced in [3]. In short, the out-degrees k of excitatory and
inhibitory neurons are chosen from a geometric distribution with parameter k0 (representing
the mean out-degree) according to

PðkÞ ¼ 1� 1

k0

� �k�1
1

k0
: ð58Þ

This distribution exhibits a mean connection probability of 1/k0 and a long tail. After the sam-
pling of out-degrees, excitatory neurons are divided into “hubs” (out-degree k> k0) and “non-
hubs” (k� k0). Postsynaptic neurons for non-hubs and inhibitory neurons are chosen ran-
domly from the population consisting of all other neurons. However, for hub neurons, a fixed
fraction f of all outgoing connections goes to other hubs. By varying f between 0 and 1, one can
choose how densely connected the subnetwork of hubs will be. The “critical value” to keep in
mind here is f0 = 0.35. If f> f0, hub neurons have a preference to connect to other hubs. Such a
network is called “assortative”, otherwise it is called “disassortative”, see [3] for details. Similar
networks have been studied in [35, 36]. The effect of the geometric out-degree distribution on
the distribution of network motifs is depicted in Fig 7.

If excitatory hubs preferentially connect to other hubs (for assortative networks), the num-
ber of relevant tree motifs with high total branch length grows in the network, and so does
their combined strength. This is one major difference between assortative and random net-
works, and a reason why the contributions of longer trees in networks with hubs tend to be
much larger than in Erdős-Rényi topologies. Of course, along the same lines, the number of
“short”motifs (i.e. those with small total branch length) decreases (in comparison to their “lon-
ger” counterparts). This phenomenon is illustrated in Fig 7.

This discrepancy can also be used to say something about the topology of the network that
generated a given set of recorded spike data. Indeed, once the connection probability and third
order correlations have been estimated (e.g. with the help of k-statistics), one could compare
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the regular network theory predictions with the third order cumulants obtained from data. A
large disparity between the two could imply, for example, the presence of hubs and a wide in-
and out-degree distribution in the network that generated the data.

Discussion
In this work, we have studied connections between topology and measures of average third-
order correlations in networks of spiking neurons. We have compared different connectivity
rules with respect to their effect on the average joint third cumulant, �k3. Furthermore, we
showed which topological motifs in the network contribute to the overall strength of third-
order correlations. While our focus was on network models arising in neuroscience, we feel
that the results presented here could as well be relevant in other fields, where correlations of
higher-order play an important role.

As a handy computational model of spiking neuronal activity, we have used the Hawkes
point process [27, 28], which was originally introduced as a model of earthquake activity. It is

Fig 7. Contribution of tree motifs with longer total branch length increases in networks with excitatory hubs. Top: Theoretical (narrow out-
degree distribution approximation for random networks) and sample contributions (in non-regular networks) of the average third cumulant of T6 (see
Fig 4) tree topologies with fixed branch lengths. Ticks on the x-axis code for the lengths of the branches of the tree. The ordering of the indices in the
tick labels is done in a top-to-bottom and left-to-right fashion. The sample contributions were computed as averages of 3 independent realizations of an
assortative network with a geometric out-degree distribution. Bottom: Theoretical and sample contributions to the average third cumulant of T1 tree
topologies with fixed branch lengths.

doi:10.1371/journal.pcbi.1004963.g007
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sufficiently rich in order to model interesting dependencies between various types of events (in
our case, spikes of different neurons), but still simple enough to be tractable. Indeed, these are
the exact properties that make Hawkes processes quite useful models in neuroscience. They
have been employed in the analysis of pairwise correlations between spike trains [3, 37], model-
ing spike-timing dependent plasticity [38, 39], and, very recently, to model single unit activity
recorded on a monkey during a sensory-motor task [40].

Using the Hawkes process theory, we have shown that a linear stochastic point process
model can reproduce not only the event rates and pairwise correlations in networks (as was
already shown in [3]), but also its third-order joint cumulants, which are statistical measures of
correlations between groups of three nodes. These cumulants can be seen as a quantification of
“non-Gaussian” properties of the total population activity observed in time bins of a given size.

The problem of quantifying higher-order correlations is of some importance in computa-
tional neuroscience. It has been suggested a long time ago [41, 42] that understanding the
cooperative dynamics of populations of neurons would provide much needed insight into the
neuron-level mechanisms of brain function. Indeed, there is now a large body of experimental
evidence that supports the idea of computationally relevant correlations between neurons in a
network [7, 43–45]. The evidence for coordinated activity of neuronal spike trains, however,
mostly relies on the correlations between pairs of nerve cells [46–50]. Unfortunately, it is
becoming increasingly clear that pairwise correlations cannot explain the intricate dynamics of
neuronal populations [9, 12, 51, 52] and that higher-order moments of spiking activity need to
be taken into account.

Traditionally in neuroscience, higher-order synchrony has been almost exclusively investi-
gated with the help of classical tools borrowed from statistical physics such as maximum
entropy models [13–18, 53]. In this approach, the quantifiers of higher-order coordination are
the so-called “interaction parameters” of the binary exponential family. However, an alterna-
tive measure, commonly used in statistical literature, also exists—it is the joint cumulant. As
already mentioned in [54, 55], cumulant correlations are not identical to the higher order expo-
nential family parameters (for details, see [54]). In a sense, it can be said that non-zero cumu-
lants indicate the presence of additive common input (a well-known model for correlated
stochastic signals, see [56–58]), while the interaction parameters of maximum entropy models
measure multiplicative interactions. The mathematical differences between the two types of
dependence are currently under investigation [59–61]. As our neuronal network model each
neuron “feels” only the linear sum of spiking activity of its presynaptic partners, in this work
we have opted for quantifying synchrony using joint cumulants. Finally, it may be worthwhile
to note that there are other ways of generating time structured correlations of higher order in
computational models (see, for example, [9], but also [62]).

In addition, by generalizing the result in [3], we have found that integrated third-order cor-
relations (κijk) also admit a representation in terms of sums of weights of certain topological
sub-motifs in the network. While in the case of pairwise correlations between neurons these
motifs were simple binary trees (see Fig 2), when dealing with third-order interactions the
motifs become more complex (Fig 3) “trees with three leaves”, which are still manageable com-
putationally. More precisely, it is the combined “strength” of all such trees containing a triplet
of neurons that determine how often, on average, the activity of such a triplet exhibits coordi-
nated spiking. Sadly, no concise matrix product formula is available for the whole third cumu-
lant tensor {κijk}i, j, k and one has to resort to writing down equations for individual
components, which still offer the possibility of efficient estimation. Indeed, computing the the-
oretical cumulants κijk for (close to) regular networks is much less computationally intensive
than estimating them from data via k-statistics and only relies on simple algebraic manipula-
tions of the connectivity matrix G.
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We have also studied analytically the average third-order cumulant �k3, derived from the
sum of joint cumulants of all possible triplets of neurons in the network. We have shown that
the value of �k3 in random networks of Erdős-Rényi type does not depend on fine-scale topolog-
ical structure and is instead a function of global network parameters, such as the network size
N, the connection probability p and total common input to groups of neurons. Furthermore,
we have shown that, in the limit of very large networks, the dominating contribution to �k3

comes from the combined weight of all trees with a specific topology (which we denoted T6, see
Fig 4) present in the network. Thus, for large, random networks, it is tree-like connectivity
motifs of this topology that affects the average third cumulant most.

We were able to show that the contributions of individual subtrees to the average joint
cumulant depend on specific topological properties of the tree, such as its number of branches,
number of nodes and, interestingly, the out-degrees of its internal nodes (nodes that are not
leaves as they have a nonzero out-degree). Not surprisingly, in a stable network (whose connec-
tivity matrix G has a spectral radius less than 1), the absolute contributions of trees with a large
number of branches decays to 0 as the number of branches increases. However, the sign of the
total contribution turns out to depend both on the parity of the sum of all internal node out-
degrees and the parity of the total branch length. This, in principle, allows one to determine
whether the presence of a particular sub-tree in a network will increase or decrease the third
cumulant, and thus allow to compute the total size of third-order interactions.

Finally, we considered a case in which our regular network approximation fails, networks
with interconnected hub neurons. Similar networks were already considered in [3]. Their main
characteristic is a heavy-tailed out-degree distribution (in the case we considered, it was geo-
metric). Such networks are, in a sense, the opposite of an Erdős-Rényi type random network.
The presence of interconnected hubs increases the number of subtrees in the network with
large total branch length and, consequently, their overall contribution to the average joint third
cumulant. Thus, such networks illustrate nicely how “higher-order”motifs can, for certain net-
works, influence the overall third-order cumulant structure, which is not possible in networks
with narrow out-degree distributions.

As far as the limitations of our approach are concerned, it is important to note that the lin-
ear theory of Hawkes processes which we resorted to [29] is strictly valid only for purely
excitatory networks, as the instantaneous rate function is not allowed to become negative.
For the case discussed here, this may happen, as the networks are inhibition-dominated.
However, in accordance with what was already mentioned in [27], the theoretical results
remain approximately valid for networks with negative interactions, as long as the probability
of the rate being negative is small. Still, an interesting generalization of our model, and the
results achieved with it, would be the case of multiplicative interaction [63]. More generally,
a point process model in which an non-negative nonlinearity is applied to Eq 3 yields a neces-
sarily positive rate for any choice of interaction kernels. The computational approach one
would have to use in this case in order to study the effect of topology on higher-order correla-
tions would be quite different, though, as almost no analytical results exist for such models
[64, 65].
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