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Abstract

Although it is possible to directly solve an entire flow-acoustics problem in
one computation, this approach remains prohibitively large in terms of the compu-
tational resource required for most practical applications. Aeroacoustic problems
are therefore usually split into two parts; one consisting of the source computation
and one of the source propagation. Although both these parts entail great chal-
lenges on the computational method, in terms of accuracy and efficiency, it is still
better than the direct solution alternative. The source usually consists of highly
turbulent flows, which for most cases will need to be, at least partly, resolved.
Then, acoustic waves generated by these sources often have to be propagated for
long distances compared to the wavelength and might be subjected to scattering by
solid objects or convective effects by the flow. Numerical methods used solve these
problems therefore have to possess low dispersion and dissipation error qualities
for the solution to be accurate and resource efficient.

The wave expansion method (WEM) is an efficient discretization technique,
which is used for wave propagation problems. The method uses fundamental
solutions to the wave operator in the discretization procedure and will thus pro-
duce accurate results at two to three points per wavelength. This thesis presents a
method that uses the WEM in an aeroacoustic context. Addressing the propaga-
tion of acoustic waves and transfer of sources from flow to acoustic simulations.
The proposed computational procedure is applied to a co-rotating vortex pair and
a cylinder in cross-flow. Overall, the computed results agree well with analytical
solutions.

Although the WEM is efficient in terms of the spatial discretization, the pro-
cedure requires that a Moore-Penrose pseudo-inverse is evaluated at each unique
node-neighbour stencil in the grid. This evaluation significantly slows the proce-
dure and might even be more time consuming than the system matrix inversion.
In this thesis, a method with a regular grid is explored to speed-up this process.
Furthermore, a procedure for introducing irregular regions, while preserving the
speed-up in the regular parts, is also presented.
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Sammanfattning

Aven om det #r mojligt att 16sa bade det turbulenta flodet och den akustiska
utbredningen i en berfikning, sa kallad "direkt simulering", sa &r detta fortfarande
utom rdckhaéll for dom flesta praktiska tillimpningarna. Numeriska 16sningar till
aeroakustiska problem delas dirfor vanligen upp i tva delar, en dér den aeroakustiska
kéllan beriknas, och en som hanterar ljudutbredningen fran killan. Bada dessa
berikningar stiller stora krav pa noggrannhet och effektivitet i berdkningsmeto-
den som anvinds. Killan bestar ofta av starkt turbulenta floden vilka, atminstone
delvis, maste losas upp av den numeriska metoden. De akustiska ljudvagorna
som genereras av Kéllan transporteras sedan ofta dver langa avstand i relation till
vaglingden. Ljudvagorna kan da ocksa paverkas av reflektioner mot solida vig-
gar eller av stromningen i sig. Numeriska metoder som anvinds for att 16sa dessa
problem behdver dérfor ha egenskaper sd som sma dissipation- och disperssions-
fel.

Vagexpansionsmetoden (WEM) ir en effektiv diskretiseringsteknik som an-
vinds for att 16sa vagutbredningsproblem. Metoden anvinder fundamentala 16s-
ningar till vagoperatorn i diskretiseringsprocessen. Det mojliggor noggranna 16s-
ningar redan vid tva till tre punkter per vaglingd. Den hir avhandlingen beskriver
hur WEM kan anvéndas i ett aeroakustiskt sammanhang, och behandlar dérfor
bade den akustiska utbredningen, men dven 6verforingen av kéllor fran stromnings-
till akustikberdkningar. Den foreslagna berikningsmetodiken appliceras pa tva
olika testfall, ett som beskrivs av tva motroterande virvlar och ett med en cylinder
i flode. Resultaten fran bada fallen visar god Gverensstimmelse med analytiska
referenslosningar.

Aven om WEM ir en effektiv diskretiseringsmetod vad giller punkter per
vaglingd, sa kriver metoden att en Moore-Penrose pseudoinvers utvirderas i varje
unik nodstencil i berikningsnitet. Den hir utvirderingen dr langsam och kan till
och med ta lidngre tid @n inverteringen av systemmatrisen. I den hir avhandlingen
undersoks en metod baserad pa ett reguljirt berdkningsnét for att snabba upp pro-
cessen. Vidare utforskas dven en procedur for att inkludera icke-reguljéra regioner,
vilken bibehaller mojligheten att snabba upp den totala processen.



Nyckelord: Ljudutbredning, ljudalstring, aeroakustik, aerodynamik, computa-
tional fluid dynamics, numeriska metoder, Lighthill, Curle, Ffowcs Williams and
Hawkings, Wave expansion method.
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OVERVIEW






Introduction

In this chapter the proposed method and scope of work is stated together with
a discussion of the background to flow noise and its simulation. The background
includes importance in industrial application and the simulation techniques that
are relevant within the subject. Finally a simulation method is proposed and the
contributions to this method are described.

1.1 Relevance to Industry and Society

Aeroacoustic simulations are an important part in the development of quiet
products and transportation. More and more focus is directed towards avoiding
or reducing aeroacoustic noise in the development of transportation. Driving this
development are the costumer’s requirements on quieter products, and legislation
requirements aiming to lessen the environmental impact of the noise from traffic,
trains and aircraft. As an example, reduction of external noise is one of the priority
areas in the Strategic Research Agenda of ACARE Vision 2020!. For external
noise, the goal is to reduce the perceived external noise to half of the levels of
2001, which is when the report was published. Due to changes in recent years’
additional goals have also been presented towards the year of 2050. This new
vision, Flightpath 20502 was released in 2011 and further highlights the research
needs of the years to come.

The possibility to use aeroacoustic simulations in the design process is also of
high importance to the industry. As they enable designs to be analysed in an early
design phase, reducing the risk of late changes which are usually much costlier.
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Simulations can also give a detailed insight to the physical problem and therefore
present new solutions.

Due to these demands, research within aeroacoustics has grown considerably
during recent decades®. Computational aeroacoustics is now part of the product
development process at many aircraft and vehicle manufacturers. The most fre-
quent areas of research within aeroacoustics are still related to the aircraft indus-
try, where noise legislation close to airports is driving the research for the design
of quiet aircraft. Furthermore, high speed trains and the vehicle industry are also
subjected to noise legislation, which increases the need for better testing and sim-
ulation methods.

For small and medium size companies such as Creo Dynamics, efficient simu-
lation methods are a key element to perform parametric studies and evaluate new
innovative ideas. The aeroacoustic testing can be very expensive, especially if
wind tunnels or complex lab environments are needed. Direct simulations are
tempting, since they reveal much details of the physical problem. However, mas-
sive computer resources are often required to solve the flow-acoustic fields directly.
Turbulence-resolving flow simulations on the other hand are becoming a natural
part of the aerodynamic analysis. Linear propagation methods with sources based
on these CFD simulations are therefore a very attractive alternative.

1.2 Aeroacoustic approaches

1.2.1 Direct

Aeroacoustic problems are complex by nature and the description of the source
characteristics is far from trivial. The compressible flow equations which govern
the fluid motion also includes the acoustic perturbations. To solve these equations
for the whole region of interest, retaining both the flow and acoustic fields, is gen-
erally referred to as direct simulation in aeroacoustics*. Although the possibility
to perform large scale computations has expanded the region in which these sim-
ulations are possible, they are still prohibitively expensive for most cases. Many
challenges exists for such computations. For example, the difference in scales of
the pressure fluctuations in hydrodynamic near field and the pressure in the acous-
tic far field. This is usually many orders of magnitude, which makes it very chal-
lenging for a numerical method. Another challange is that the acoustic waves must
usually be propagated for long distances compared to the extent of the source re-
gion. A high spatial resolution will therefore be needed in a very large domain. A
further discussion regarding the requirements for direct simulations within aeroa-
coustics is given in Tam?.
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1.2.2 Hybrid

Due to the challenges associated with direct simulations, the source computa-
tion and propagation are usually decoupled. This is referred to as a hybrid treat-
ment and is convenient, since it allows the flow and acoustic propagation to be
solved individually. Appropriate methods and numerical schemes can then be used
for each of these parts separately, avoiding some of the challenges faced with direct
simulation.

Acoustic analogy

The most common way to form a hybrid method is to use an acoustic anal-
ogy. The rearrangement of the flow equations in the form of an analogy was first
proposed by Lighthill %7 and has since its introduction been the starting point for
a major part of flow induced noise computations. Lighthill’s analogy considers
aeroacoustic sources in an unbounded flow, such as a turbulent jet. The under-
standing of jet noise scaling resulting from this approach was also one of the sig-
nificant contributions of the work by Lighthill.

Further development by Curle® yielded an equation where the effect of solid
surfaces is included in the solution. These are accounted for by sources introduced
at the surfaces. Curle’s solution has then also been extended to account for the
effect of source motion in the analogy by Ffowcs Williams and Hawkings®, which
for example allowed the inclusion of rotating blades for fans and rotors.

Vortex-based analogies have also been formulated from Lighthill’s analogy by
for instance Powell'® and Howe'!. The vortex-based analogies are derived in a
similar approach as Lighthill’s analogy. However, the vortex formulation high-
lights the role of convected vorticity as a source of sound. This formulation might
give a less extended source region than the sources in Lighthill’s analogy and could
therefore present an advantage in numerical simulations. However, it has also been
argued that this formulation is more sensitive to numerical errors in the source de-
scription, which on the other hand would present a weakness. A further discussion
regarding the robustness of these sources is given by Martinez-Lera et. al.'?. The
vortex sound theory also presents a natural way of relating the acoustic propaga-
tion to a potential flow.

1.3 Simulation methods

In hybrid simulations, the non-linear flow equations will give the solution in
the source region. From these sources linear propagation equations can be used
to evaluate the acoustic field. A schematic illustration of methods used for aeroa-
coustic computations is shown in Figure 1.1, where the parts related to this work
are marked in bold font.
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Figure 1.1. Aeroacoustic simulation methods

1.3.1 Flow

The computation of the source region is a very complex problem which usually
results in resolving highly turbulent flows. It is usually not possible to resolve all
the turbulent scales. Instead the smallest scales of isotropic turbulence are mod-
elled using large eddy simulation (LES) methods '*. The simulation and modelling
of these flows is not reviewed to any greater extent in this work. Although it should
be mentioned, that when simulations are used to describe the sources, the accuracy
of these computations will be essential for the acoustic field to be correct.

1.3.2 Analytical propagation

For many cases, the most efficient application of aeroacoustic analogies is to
assume that the source region is compact and that the listener is located in a qui-
escent flow, to which the sound waves can propagate freely. This assumption is
particularly valid in very low-Mach-number flows when the source is compact
(i.e. the wavelength is long with regard to the considered object) and the sound is
not scattered by any solid object. For these cases the solution of the analogies can
often be found using the free-field Green’s function. The acoustic pressure at the
listener’s location can then be calculated using an integral solution of the source
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propagation. A recent formulation of such a procedure is found in Nayafi-Yasdi
et. al.'%, solving for moving sources in a uniform moving media.

In a more general case, where the scattering by the flow or solid objects is
not negligible, a tailored Green’s function is needed to account for the boundaries
in the acoustic propagation. Howe ! describes the derivation of tailored Green’s
functions for a number of model problems. In cases with complex geometry, these
methods become highly complicated. The use is therefore limited to generic ge-
ometries.

1.3.3 Numerical propagation

The aeroacoustic analogy can also be formulated as a boundary value prob-
lem (BVP), which is solved numerically. This will give more flexibility and avoid
the analytical treatment in the Green’s function integral formulation. Many well
established methods exist for the solution of these linear propagation problems,
such as the finite difference method (FDM), finite element method (FEM) and the
boundary element method (BEM). All these methods have their advantages and
short comings. The FDM is quite straight forward to implement. However, it
requires the use of a smooth grid which can impose restrictions on the grid gen-
eration. The FEM is less sensitive to the element shape and thus more applicable
to practical applications. Both the FEM and the FDM require that the full domain
is discretized. This will result in a large system matrix that needs to be inverted.
The BEM, on the other hand, only requires the surfaces to describe the problem,
which will result in a smaller system matrix. However, this matrix will be densely
populated and is therefore more difficult to solve.

The FEM has been used in numerous aeroacoustic applications. The formula-
tions usually involves solving the variational form of Lighthill’s analogy, proposed
by Oberai . Versions of this approach have also been further developed in recent
years and are part of some of the leading commercial software in the field, such
as LMS Virtual Lab and Actran. A challenging part of these formulations is the
transfer of sources from the flow simulation to the acoustic propagation solver. The
flow solver generally requires a much finer mesh in the source region, especially
if the different solvers are to be used efficiently.

Since the volume is discretized in FDM and FEM, a spatially varying mean
flow can be included in the acoustic computations, to account for the effect of con-
vection. In the BEM, only homogeneous flow effects can be included. This is done
by using Prandtl-Glauert transformation. In general this restricts the use of the
BEM slightly more in terms of the turbulent source compactness. If the turbulent
source region is spatially extended in comparison to the wavelenght, the scattering
by the flow might not be negligible. Khalighi '® recently showed a BEM formula-
tion related to an aeroacoustic analogy. By using the BEM to solve the acoustic
propagation, scattering by objects can be included. The method will therefore also
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avoid part of the compactness limitation which normally restrict the frequency
range of integral methods.

The numerical methods mentioned above all suffer from dispersion-type errors.
This means that many points are needed to accurately resolve the acoustic waves.
In the use of second order FEM and FDM, a range of 7 to 10 points per wavelength
is usually recommended. Higher-order methods (HOM) can be used to decrease
this number. However, these are more challenging to implement and may also
increase the size or bandwidth of the systems matrix. Examples of higher-order
methods with low dispersion-error properties can be found in Tam'’, Bogey and
Bailly '® and Efraimsson et. al.!°.

1.4 Proposed method

The Wave Expansion Method (WEM) is a very efficient discretization method
for solving acoustic propagation described by linear time-harmonic equations. It
is rather easy to implement and does not suffer from dispersion-type errors. The
grey areas in Figure 1.1 illustrate problems to which this type of method can be
applied.

The WEM is based on the Green’s function discretization that was firstly de-
veloped by Caruthers et. al.?’. In that work the use of a local wave expansion
stencil was proposed and developed for the solution of the Helmoltz equation. The
results showed great promise in the number of grid points needed to resolve acous-
tic waves. Later the method was also applied to acoustic propagation through an
inhomogenus flow field, showing the application to acoustic propagation in a aero-
engine nacelle?'*??. The utilaization was mostly focused on two dimentions untill
Ruiz and Rice?® explored its application to three space dimensions, also introduc-
ing a free radiation boundary conditions, further highlighting the advantages of the
discretization technique. A forward-advancing implementation was developed by
Barrera Rolla and Rice >* where backscattering was neglected to enable large-scale
problems such as long-range atmospheric propagation. The method has recently
been further developed by O’Reilly>%2® who introduced a flow-impedance bound-
ary condition for the application to lined ducts. Liu?’ also added a method to
introduce a point source with the application to car interior acoustics.

In general the method has showed to be highly efficient in solving acoustic
wave propagation. The method has been shown to give accurate solutions down
to a spatial resolution of two points per wavelength. These properties make the
WEM very suitable for aeroacoustic problems where the acoustic propagation can
be solved as a linear propagation. Although the WEM is efficient, it is not nearly as
well investigated as for example the FEM. There are still parts of the method that
needs to be investigated further or improved. Two of these are the implementation
of sources and the local pseudo-inverse that needs to be evaluated at each node
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as the stiffness matrix is assembled. For the method to work in the context of an
aeroacoustic analogy these gaps need to be addressed.

1.5 Scope of work

This work aims at using the WEM in the context of aeroacoustic analogies. To
do this, aeroacoustic sources need to be introduced in the method. Firstly, simple
point sources are introduced, with and without a convective mean flow. These are
then extended to more complicated source regions based on analytical solutions
and CFD computations. As a first stage this is solved as a free-radiation problem.
However, the long term goal is to include scattering and inhomogeneous flow in
the acoustic WEM solution, allowing the method to be used without the limitation
of compact geometries and source regions.

1.6 Contributions

The main contributions of this thesis related to the development of the WEM
are

A method to introduce sources of different character such as monopole,
dipole and quadropole into the acoustic propagation simulation.

Introduction of sources in an acoustic propagation with convection effects
from a mean flow.

Solution of acoustic propagation with sources from CFD based on an aeroa-
coustic analogy.

A method to speed-up the assembly process by using regions of regular grid.







Aeroacoustic analogies

The aeroacoustic analogy is a concept that has its origin in the 50s when there
was a need to bring further light to the source of jet noise from aircraft. Aeroacous-
tic analogies started with the reformulation of the flow equations in the form of an
inhomogeneous wave equation by Lighthill. From this, the famous U8 — law gave
much insight, describing the scaling of relevant parameters for jet noise. Since
then, Lighthill’s analogy has been further developed by numerous researchers
who have contributed by expanding or reformulating it to be applicable to other
cases and conditions. The formulations of some of the most important aeroacous-
tic analogies are described in this chapter, more detailed descriptions are found
in Howe ''"?® and Hirschberg and Rienstra?®. A short description of the use of
Green’s functions to solve acoustic equations is also given.

2.1 Lighthill

The derivation of Lighthill’s analogy’ starts at the equations for fluid flow
known as the Navier-Stokes equations, conservation of mass and momentum. These
are given by

Op  Opu;
— 4+ —=m 2.1
ot 0x; 2.1)

apui + Bpu,-uj _ 81) 87’,-,-

—_— i 2.2
ot c?xj ox; * ax]' +fl (2:2)

11
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where p is the density, ¢ is the time, u is the velocity, p is the pressure, 7;; is the
viscous stress tensor, m is a mass source and f; is a momentum source. These
equations describe the motion of the fluid flow, including also the acoustic pertur-
bations. To form a wave equation, the time derivative of Equation (2.1) is added to
the spatial derivative of Equation (2.2),

0%’ _om  Of; 9*

- = P — uj ’61_ ii)s 2.3
P e P R 23)

where the fluctuation are described by p = p’ + pg and p = p’ + py. Primed
quantities therefore denote fluctuations around a mean, which is denoted by 0. By
subtracting the second spatial derivative of the pressure fluctuation on both sides
and substituting p with p/cg, assuming homentropic conditions, Equation (2.3)
may be written as

Fp _om  0f; N T;;

- =— -2 2.4
o7 Voxox, o  dx;  dxox; @4

where T;; is the Lighthill stress tensor
Tyj = puij + (p' = c3p')oi; = Tij 2.5)

This equation has a LHS that corresponds to a wave equation and a RHS that
can be considered as an aeroacoustic source. It should be noted that no restrictions
are posed on the perturbations to be small. In fact, this means that Equation (2.4)
is still just as difficult to solve as the flow equations. However, if a listener in a
quiescent region of the field is considered, the RHS would be vanishing in this
region. The remaining part will therefore consist of a wave equation. Thus it
makes sense to regard the field in two regions; one where the RHS is non-zero,
also referred to as a source region; and one where the RHS is zero, here the field
will describe propagation of acoustic waves.

The region decomposition shown in Figure 2.2 is an important part of Lighthill’s
analogy and implies that the source on the RHS can be treated separately, if it is
assumed to be unaffected by the acoustic propagation. This is usually used in
computational aeroacoustics where the source region is computed using methods
suitable for flow simulations and the acoustic propagation is then treated separately
assuming that the RHS is known.

2.2 Green’s function solution

With the use of Green’s theorem, one can construct an integral equation which
combines the effect of sources, propagation, boundary conditions and initial con-
ditions. In the case that the source ¢ is known, the convolution of the source and

12
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%', 2%’ —
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Figure 2.1. Acoustic regions.

the Green’s function G will give an explicit solution to the wave equation of the
form,

P(x,1) = f f 4y, DG(x, dly, T) Pydr. 2.6)
\%4

where x and y are the locations of the receiver and source, ¢ is the time and 7 is the
time at the source. However, if g is dependent on p’ these are integral equations
and not a explicit solution any more. The Green’s function also has to satisfy
boundary conditions which make it very difficult to find for a general case. The
use of the Green’s function is therefore usually restricted to cases of a free-field
radiation or cases where simpler descriptions of the geometrical boundaries can
be applied. Although this might sound very restrictive, it has still proven to be
very useful in many cases and the free-field Green’s function is widely used in
aeroacoustics today. The free-field Green’s functions in two-dimensions is defined
as the impulse response,

62 ) 62
(ﬁ - Com) Go(X,1,y,T) = 6(x — y)o(t — 7), 2.7
i0X;j

and is given by

Go(X.£:y,7) = H(co(t —7) - [x—yl) 2.8)

2mco \/co(t -7 - x—y]

where H is the Heaviside function. In frequency domain the Green’s function for
the Helmholtz equation

0* .
( o kz) Go(x,y,w) = §(x —y) (2.9)

13
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will be ]
A —1 2
Go(x.y, w) = - Hy” (kix = y)) (2.10)
here H(()z) is the Hankel function of order zero and second kind and k is the wave
number. To account for the convection of a mean flow, a Prandtl-Glauert transfor-
mation can be used to transform the convected Helmholtz equation,

6—2+k2—2iM~ki—M~M~a—2 Go(X, ¥, w) = 6(X —y) (2.11)
ox2 Fox, T G, [ OO = 0T :

to the Helmoltz equation with the following free-field Green’s function,

. i , k
G(x,y,w) = #e“M"(x‘—yl)/ﬁz)ng) (B—Zrﬁ) (2.12)

where rg = /(x; —y1)2 + 2(x2 — y2)2, = V1 — M? and M is the Mach number.

The Green’s functions shown so far will work perfectly well to give a solution
to a distribution of monopole sources. Which would typically correspond to a
fluctuating mass injection. In the aeroacoustic analogies, the sources are also of
multi-pole character, such as dipole and quadropole. Multi-pole sources can either
be constructed using multiple monopole sources, or the derivatives of these sources
can be transferred to the Green’s function. If we consider the quadropole source
term by Lighthill, 9*T; /0x;0x;, and neglect the other sources. The frequency
domain solution based on the Green’s function will be,

A & Tij o
pX,w) = | ——God’y. (2.13)
(3x,~(9x‘,~
%
By applying partial integration twice the derivative will be on the Green’s function,

R Gy 4
X, w) = lej P, d’y. (2.14)
14

This is still the same solution. However, from a computational perspective it can
have some important implications. The Lighthill tensor, T;;, is often computed
using a numerical method. If the derivative is taken on the Lighthill tensor, it
will be evaluated using the numerical method, which might introduce numerical
errors. If the derivative is instead transferred to the Green’s function, it can be
described using the analytical solution. The first and second derivative of the free-

field Green’s function will be of the form,
‘% = THP k- y) (2.15)
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and
PGy ik (o H{? (kix - y)
= |H9Ux-y) - L— -~
omox, 4 o (R =3D ==

(2.16)

The Prandtl-Glauert transformation described previously can be used to include
the effect of a mean flow in these Green’s functions with derivatives.

2.3 Curle’s equation

Figure 2.2. Flow domain regions used in Curle’s equation.

Lighthill’s theory is formulated to consider free-field turbulent flows and sound
propagation to a listener in a quiescent field. However, it is common that surfaces
are present in the source region. Curle derived a solution to Lighthill’s analogy
referred to as Curle’s equation®. In this derivation a surface is defined by using a
function f(x),

fx)>0 forxinV,

2.17
f(x) <0 forx within S. ( )

fx)=0, where{

and the Heaviside unit function of f, which is then,

1 forxinV,

H(p) = {o for X within S. (2.18)
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CHAPTER 2. AEROACOUSTIC ANALOGIES

By introducing H = H(f) in the momentum and continuity equation and using a
similar process as in Lighthill’s analogy, a differential form of Curle’s equation is
given by

1 &
-2 _v|[n
(csaﬂ i
PHTy) OH\ o oH
~ oxidx; _a_x((p”’”f+p’1)a ) at(p”fa ) @19

This differential equation can be formulated as an integral equation yielding Curle’s
equation.

Hcxp' f[ il dy 9§[puu +pl] —J(y)
P = Gxdx; ﬁx] Teqnx —y|  dx; it Py t”47r|x yl

AN
= 5@ Lol g~y @20

where #, denotes that the variables should be evaluated at emission time and p

p’0ij — Tij. In this formulation the surface does not have to coincide with a sohd
surface. The position of the surface is therefore still possible at an arbitrary loca-
tion. However, if the surface is restricted to solid surfaces this expression can be
significantly simplified giving the following integral formulation,

Hep' = f [Tyl — 95[ e A dS’(Y) (221
o7 bxiox; ax] Ve 4 | T ax o P apx —yl”

In Curle’s equation a surface integral will appear which includes the surface dipole
sources. In bounded low-Mach number flows these are often regarded as the most
significant sources. Therefore, the volume integral over the quadropole sorces is
often discarded, which simplifies the equations further.

2.4 Ffowcs Williams and Hawkings

Letting the surface from the derivation of Curle’s equation include a motion,
Equation (2.19) needs to be rewritten. This is useful in many aeroacoustic ap-
plications where the noise is generated by spinning or translating objects. To do
this a velocity v is used to describe the surface velocity. The differential equation
of Ffowcs Williams and Hawkings® can then be attained in a similar way as for

16
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Curle’s equation,

1 &

- = V2 H 2 7

(e ¥l
_HTy) 3
B 6x,-8xj ax,-

OH 0 OH
((Pui(uj —vj)+ P,{j)g) * 5 ([P(uj - v)) +,00Vj]g)

J
(2.22)

where H is still the Heaviside function. This formulation does take the aspect of
source motion into account. However, in many cases it is also convenient to use
a reference moving with the source. This would resemble a windtunnel setup or
microphones traveling with the source through a flow field. With this assumption
the Ffowcs Williams and Hawkings equation will take the following form

Dl L& 'H = a—z[T-H] + i[F~6( )]+ é[ 6()1  (2.23)
D2 COOa)Ci2 P = Bx,-axj ij Bx[ i f ot Q f .

where the quadropole, dipole and monopole sources are on the form,

Tij = p(ui = UP)u; — UP)(p — c&p))bij — Tijs (2.24)
F; = —I:p(ui—zUi )uj+pooUi Uj +p6,'j—Tij] a—xj, (2.25)
oy O
Qi = [pu; — pU; ]a_f (2:26)

Xj

When expressing the equation in a moving frame of reference, Fourier transform

can be used to transform the equation into frequency domain3°,

ox; c')_x, B i 0x;0x;

2 2
{6—2 + k2 = 2iMik 9 MM 9 }ci,ﬁH =
i+ Zirscn+ Liosn. @2
6x,-(9xj Y ox; ! ot ’ '

This formulation is related to Equation (2.11) and the Green’s functions can be
used to retrieve a solution. The sources in Equation (2.27) are then described by

Tij = plu; = U)u; = UP)(p - Cap)i; — Tij, (2.28)
F; = = |pui = 2UP)u; + péij = 75| mj, (2.29)
0; = pu;n;. (2.30)
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2.5 Vortex Sound

Powell formulated an aeroacoustic analogy which highlights the significance
of vorticity as an acoustic source'?. In this formulation the Lamb vector, L =
(w x u), acts as a source, where u is the velocity vector and w is the vorticity
vector. The vorticity based formulation can have the advantage in that the source
region can be less geometrically extended than the source region from Lighthill’s
analogy. This would mean that a smaller region of the flow would have to be used
to evaluate the aeroacoustic sources. The derivation of this analogy starts at the
flow equations, but with the vorticity introduced as a variable by using, w = V Xu,
and the vector identity

%V(u-u)zux(qu)+(u~V)u. (2.31)

The momentum equation given in Equation (2.2) will have the form

ou
ot
Using a similar manipulation as for Lighthill’s analogy, taking the time derivative
of Equation (2.1) and add that to the spatial derivative to Equation (2.32), the
following is retrieved

1
p— +V(p+ E,o|u|2) +p@xu)+V-7=0. (2.32)

1 62p/ ~ azp/

cg o ox?
1

1 op 1 > (p
=V-|p(wxu)+ V(Eplulz) —uZ §|u|2Vp] + o (p_z —p’)

ot ot c
(2.33)

For isentropic flow at low Mach numbers the RHS may be approximated by,

1 62pl ~ 62p/

2 50 2
c; ot 0x;

=V [p(wxw)], (2.34)

giving the Lamb vector as the source of sound for these conditions.
Howe furthermore derived a vortex-based analogy with the total enthalpy as
the acoustic variable.

d 1

B= f—p T (2.35)
p 2

This will result in an analogy that naturally relates to a potential flow rather than

the free field used in Lighthill’s analogy. The total enthalpy is introduced by con-

sidering the momentum equation in Crocco’s form

Ju

i VB=-wxu (2.36)
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and subtracting the divergence of the momentum equation from the time derivative
of the continuity equation, in a similar way as Lighthill’s analogy. And by assum-
ing a high Reynolds number homentropic flow, neglecting viscous dissipation, the
following vortex sound equation is attained

(g (ég)—%v-(pV))Bz éV.(pwxu). (2.37)
In steady irrotational regions, fluctuations in the total enthalpy can then be related
to the velocity potential, B = —d¢/0t. For this case the Lamb vector also becomes
the important source term. However, compared to the formulation by Powell this
formulation incorporates the effect of a potential flow for the wave equation.

Howe further showed that for low Mach numbers the wave operator may be
simplified, as ¢ = ¢y and p = py is the far-field speed of sound and density. Also, by
neglecting the nonlinear effects of propagation and scattering of sound by vorticity.
The pressure at a reciever located in the far-field may then be described by the
approximation, p = pgB.

2.6 Conclusions

The aeroacoustic analogies presented in this chapter are all derived based on
the flow equations. Depending on the assumptions made and choice of acoustic
variable, these will take very different forms. It is therefore important to consider
which assumptions need to be made in the analogies, in order to find a formula-
tion that is suitable. Considerable simplifications can also be made to the source
formulation by assuming that some terms are small. For example, by assuming a
low Mach number or that no chemical reactions are occurring. Without making
assumptions, the solution will not be much easier than a direct simulation.
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The Wave Expansion Method

The Wave Expansion Method (WEM) is a discretization technique that can be
used for harmonic wave propagation problems. Common examples of these types
of problems are finding solutions to the Helmholtz equation, the convected form of
the Helmholtz equation or the Linearized Euler equations. To solve these types of
wave propagation problems for a longer distance, with regard to wavelength, is of-
ten challenging. This is since the computational domain, in terms of discretization
points, will become quite large. To minimize the computational cost, it is there-
fore essential to have a numerical method that is efficient in terms of points per
wavelength. More specifically, it is significant that the dispersion or phase errors
are small for wave propagation problems. The formulation in the WEM possesses
this quality, using natural waves or Green’s functions of plane waves in the dis-
cretization procedure. It is therefore well suited for these harmonic propagation
problems solved in frequency domain.

Many volume discretizing schemes like the FDM or the FEM have a depen-
dence on the type of elements or structure of the grid used for the computations. In
the WEM, the elements are only used to find the neighbours of the nodes. There-
fore, the form or shape of the elements is more or less arbitrary. This also means
that the difference in programming effort is quite similar in one-, two- or three-
dimensions. This close to mesh-less property is elaborated on in Paper B and in
Chapter 5.

In the following sections, the discretization and setting up of standard boundary
conditions is shown. Further descriptions of this discretization is also found in
Caruthers et. al.? or Ruiz and Rice?.
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CHAPTER 3. THE WAVE EXPANSION METHOD

Figure 3.1. Schematic sketch of WEM discretization.

3.1 Discretization

A schematic of the discretization in WEM is shown in Figure 3.1. This figure
shows the center-node, at a location referred to as a, and surrounding nodes, at
locations referred to as b-f, which are connected using square elements. A number
of incoming plane waves are also illustrated surrounding these nodes. The direc-
tions of these plane-waves are evenly distributed around the nodes, and the number
of waves does not have to correspond to the number of surrounding nodes.

Using the discretization for a harmonic variable ¢, the variable ¢ at x,, can be
approximated by a superposition of acoustic fields which are defined by a number
of J plane waves. These plane-waves have the amplitude y; and direction vector
«;. The unknown, ¢, at x, can thereby be described by

J
G =) yje e, 3.
=1
To simplify the notation a vector,
h, = [ ghen i) (32)

is used to describe the plane-waves and a vector,

y=Inn» ---)’J]T, (3.3)

contains the amplitudes of these waves. Thus, the shorter notation becomes

22



3.2. PLANEWAVE FORMULATIONS

¢a = hay. (3.4

¢ at the neighbouring nodes is then approximated by the same waves given by

¢ = Hy (3.5)
where
B = |00 e ba e by b 1 81| (3.6)
and
H = [h] h! b} h] h} h] b} h{]T (3.7)

When the number of plane waves are larger than the number of neighbouring nodes
the system is under-determined. This local system of equations is then solved and
the waves amplitudes are calculated by premultiplying with the Moore-Penrose
pseudo-inverse of H.

y=H"¢, (3.8)

By introducing this into Equation (3.4), the variable ¢ at x, can be related to ¢ at
the neighbouring nodes as,

¢a =h,H' @, (3.9)

As this procedure is performed for each node in the computational domain, a sys-
tem of equations in the form of Equation (3.10) can be assembled as

K¢ = Q. (3.10)

Where K is an unsymmetric and sparse system matrix which will be the discretized
wave operator, and Q is a vector where sources can be added.

3.2 Planewave formulations

The acoustic waves used in the WEM discretization are based on plane-wave
solutions to the harmonic propagation equation of interest. These plane-waves will
have the form

¢ = velr* 3.1D

where v is the eigenvector and k is the wave number. If we consider the Helmholtz
equation given by
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2
(v + %}aﬁ =0, (3.12)

where c is the speed of sound and w the angular frequency. Then insert the plane-
wave solution from Equation (3.11) into Equation (3.12), this will result in a char-
acteristic equation on the form,

2
. w .
Py KON 1 2y ik - (3.13)
C

where 6 is the wave direction vector. For this case v = 1, and the equation can be
solved giving the wave numbers

w9 o__% (3.14)
C C

In the case of a mean flow the convected form of the Helmholtz equation is

> (1 > 2w w?
vVi—|-u-v ——2u~v+c—2 ¢ =0. (3.15)
c ¢
which together with Equation (3.11) gives the characteristic equation
Y 2 2
[1—(—u~9)]k2——‘;’u~0k+“’—2=0. (3.16)
¢ c c
Solving this equation for the wavenumbers gives
G 7C) S 3.17
u-0+c u-0-c ( )

Systems of equation can also be solved, introducing more variables by for
example coupling the linearized mass and momentum equations.

iwp +pc? V=0 (3.18)
1

iwi+—-vp=0 (3.19)
P

Solving the characteristic equation for this system of equations gives the wave
number,

=9 o 2 (3.20)
c c
and the eigenvectors
1 -1

gx/(pc) 2 Hx/(PC)
M = @ = 3.21
VoS oo Y T e/ G20

0./(pc) 8/(pc)
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The eigenvectors and wavenumbers for the desired propagation equations are then
used in the discretization procedure of the WEM as described previously.

3.3 Boundary conditions

3.3.1 Dirichlet

The Dirichlet boundary condition for the n”* node is enforced by setting the
non-zero position K(n, n) of the system matrix to one and the corresponding posi-
tion of the source vector Q(n) to the boundary condition value.

3.3.2 Neumann

A Neumann condition is imposed by augmenting the gradient condition to
Equation (3.5) for the nodes on the boundary as,

-

where v, is the wall velocity and has the same number of entries as the number
of nodes of the stencil that are on the boundary. n is the normal unit vector. The
derivative is evaluated by setting

H

n-vhl|?= Heuey, (3.22)

n-vh; = ik(n- a;)h; (3.23)

The pseudo-inverse of H,, is

b,
Vb], (3.24)

n

y=[m|
and Equation (3.9) then becomes
ba = hH:z—ug,L¢nb - hH;ug,Rvn =0, (3.25)

where H;,, ; contains the first J columns of Hy,,., and Hy,, ; contains the columns
corresponding to the boundary nodes. For non-zero entries of v,, the part hH;ug’RV,,

is added to the source vector Q.

3.3.3 Radiation

A non-reflecting boundary condition can be implemented in the WEM by only
considering plane waves traveling out of the domain. For the interior nodes de-
scribed in Figure 3.1, the plane waves should have a uniform distribution surround-
ing the node which is evaluated. However, a non-reflecting boundary condition can
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Figure 3.2. Schematic sketch of point source WEM discretization.

be achieved by only directing these waves out of the domain, preventing the waves
from travelling in the opposite direction. In this work the outgoing waves are dis-
tributed between an angle of 45 degrees from the boundary’s local normal vector,
illustrated in Figure 3.2. The treatment at the outer boundaries is discussed further

in Ruiz and Rice 3.
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Introduction of sources

This chapter describes the procedure to include sources in the WEM. To demon-
strate the use of the solution procedure with distributed sources, some well defined
test cases are used. These cases highlight the efficiency and possibility to use the
method. The test cases considered are well known and can for some cases be
compared to analytical solutions. This is convenient since the error can be easily
evaluated. The chapter should be regarded as an extended summary of Paper A.

4.1 Point sources

Point sources need special consideration in the WEM. A robust way to intro-
duce a point monopole source in the Helmholtz equation was introduced by Liu?’,
where the point source was distributed to the neighbouring nodes using free field
Green'’s functions. Given the stencil in Figure 4.1, the pressure at a node at loca-

tion x; from a monopole source at a node located at x; can be evaluated using a
Green’s function. The pressure in the node located at x; is then formulated as

o1 =hiy+gq 4.1)

where ¢ is a monopole source contribution,

q = iwpo QG (XiXy). (4.2)
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O O
O O
O O
o o

Figure 4.1. Point source discretization stencil.

G corresponds to the Green’s function, w is the frequency, Q; is the source strength
and py is the density. As described previously, the pressure at the neighbouring
nodes are included through

¢, =hyy +Q, (4.3)

where Q is the source distribution at the corresponding nodes evaluated with the
Green’s function

Q1 = iwpo QsG(x,x;) “4.4)

Since the solution is not given at the source node, this node is left out from the
evaluation at node 1. This gives the following expression for the pressure in node
l’

¢1-hH; ¢, =q-hHQ 4.5)

In a similar fashion the Green’s function of a multipole source can be introduced.
For a monopole the free-field Green’s function in 2D, as described in Chapter 3, is

—i
G(x,Xg) = ZHff)(/dx - xol) (4.6)

where H(()z) is the zeroth order Hankel function of the second kind, k is the wave
number and x the location of the receiver.
For a dipole source the resulting derivative of the Green’s function is given by
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4.2. DISTRIBUTED CFD SOURCES

0G _ —ik

> = HP (kix — Xo])

4.7
Here H§2) is the first order Hankel function of second kind. For a dipole source g
will represent a force, also giving it the directivity. The pressure for a monopole
and dipole point source in a free-field, computed on three different grid levels, is
compared to the analytical solution in Figure 4.2. The computed solutions gives
a perfect match to the analytical solution. By adding yet another derivative to the
Green’s function a quadropole source can also be achieved in the same way. As
described in chapter 2, Prandtl-Glauert transformation can be used to include the
effect of a mean flow in the Green’s function.

0.25

02

Real(p)
=)
o
&

-0.156

My

WEM monopole G3

va\ f

Greens function
©  WEM monopole G1
¥ WEM monopole G2

Real(p)

@

&

o

— Greens function
© WEM dipole G1
v WEM dipole G2

WEM dipole G3

2 a i A
MAN VWY

05

0
X [m]

0.5 1

0
x[m]

0.5 1

Figure 4.2. Pressure of a dipole and monopole point source computed at grid level G1, G2 and G3.

4.2 Distributed CFD sources

The sources based on the aeroacoustic analogies from Chapter 2 consist of
spatially distributed variables. To use the source introduction method described
previously, this distributed source is described by a cloud of point sources, where
each CFD cell corresponds to one point source. This is achieved by performing
a spatial integration of the source variable in each CFD cell and then introducing
each of these as point sources on the acoustic grid. The point sources are intro-
duced on the nearest node and its surrounding as illustrated in Figure 4.3. Using
Equation (4.1) and the stencil in Figure 3.1, the variable ¢ on a surrounding acous-
tic node to a quadropole source is given by

ér=hy+gqg (4.8)

where
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Figure 4.3. Schematic sketch of CFD to WEM source introduction. The red square on the fine CFD
mesh is introduced on the nodes on the acoustic grid which is marked by circles.

1))
Hx,ﬁxj

q=0; G(x1[xy) 4.9

and Q; is the quadropole strength, corresponding to the aeroacoustic source inte-
grated over a CFD cell. All the CFD cells are then introduced on the acoustic grid
in order to transfer the sources to the acoustic grid.

4.3 Co-rotating vortex pair

A case of a co-rotating vortex pair is used to evaluate the previously defined
implementation for sources that are described by a flow field. The vortex-pair
has been used numerous times for the validation and investigation of aeroacoustic
methods. The flow field consists of two thin line-vortices that imposes a rotation
on each other. As the two rotate around each other, an acoustic field similar to that
of a rotating quadrupole is generated. In the following section the acoustic field
by these vortices is computed with sources described by both Lighthill’s analogy
and the Vortex Sound Theory. The computed sound fields are then compared to an
analytical solution given by Howe'!.
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Figure 4.4. Co-rotating vortex pair sound generation, Howe .

4.3.1 Analytical solution

Assuming a low Mach number flow, each of the two vortices can be described
by a Lamb-Oseen vortex, see Saffman3!. The mathematical description in terms
of velocity of such a vortex is,

0 0
- - r
= o2 Uy = g2l ug= ——(1— ), (4.10)
ry ry 2nry

where u;, up and ug are the velocity components; y; and y, are the spatial coordi-
nates; y(l’ and y(z) are the coordinates for the vortex origin; 7, is the radius from the
vortex core; I is the circulation and o is a parameter that determines the size of
the vortex core. The vorticity, w, of each vortex can then be described by

F r2 2
_ —ry 20"
w=—=e 7. 4.11
2r0? “11)
As presented by Howe!!, there exists an analytical solution for the radiated
sound at a position, X, in the acoustic far-field generated by the co-rotating vortices.
By assuming that the source is compact with regard to the acoustic wavelength the
pressure is given by,

d
Px) ~ —4w/72r—rp0U2M%cos [2¢ —2Q( - é) + ;—r : 4.12)

where d is the distance between the vortices, r is the distance from the center of
rotation to the listener position, ¢ is the angle, pg is the density, U the rotation
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velocity, M is the rotation Mach number, ¢ is the speed of sound, Q is the angular
frequency and 7 is the time. The existence of analytical solutions for both the flow
and acoustic field makes the co-rotating vortex case very convenient for validation
of numerical methods.

4.3.2 Numerical solution

Two different regions are considered in the computation of this case. One con-
tains the flow solution, Qf, which is given from the analytical description. The
other covers the acoustic part of the domain, ©,. The acoustic region is signif-
icantly larger than the flow domain in the setup considered, since the source is
compact with regard to the wavelength and it is desired to perform the computa-
tions on a domain that covers at least a number of wavelengths. A free-radiation
boundary condition is imposed at the outer perimeter of (), to avoid reflections of
the acoustic waves propagating out of the domain. The different regions used are
illustrated in Figure 4.5.

2,
I”—-;s\\
L i \
a Lr 16 0]
4
\\ 4

Figure 4.5. Co-rotating vortex pair domains.

By assuming the flow to be at rest, the inhomogeneous Helmholtz equation for
the acoustic propagation based on the aeroacoustic analogies will be

(V2+K)p=5 xeQ=0Q,UQ, (4.13)

where k is the wave number and § is the source in frequency domain. In the
flow domain, Q, the aeroacoustic sources are computed at each node using both
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Powell’s and Lighthill’s aeroacoustic analogies. Powell’s analogy will give volume
sources related to the vorticity, in the form

s =V-[po(wxuw], 4.14)

where u is the velocity vector, w is the vorticity vector and p is the farfield density.
The quadropole source in Lighthill’s formulation will give the following volume
source term,

82

S = —F—1jj.
(’)xiaxj J

4.15)

The sources are evaluated in time domain and then transformed to frequency do-
main. In Q,, the source term, §, is set to zero.

Pressure over line x<0, y=0 x107° Real(Pressure) over line x<0, y=0
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Figure 4.6. Pressure at the rotation frequency, presented on a line from the center of the domain to
the outer boundary for the solutions based on; the analytical expression; Lighthill analogy and Vortex
sound analogy. Left: pressure real part; right: pressure amplitude.

For the computations, the acoustic region was set to a width of L, = 400d
and the diameter of the source region was equal to, Ly = 2d. Both domains were
discretized using equally spaced square elements, 40000 node in the acoustic grid
and 2500 nodes in the flow grid. The circulation of a vortex pair is described by,
w = 2U/d = T'/(nd2). For the considered case, the Mach number, M = U/c was
equal to M = 0.05, where U is the rotational velocity and c is the speed of sound.

In Figure 4.6, the pressure on a line from the center of rotation is presented and
the numerical solutions of the analogies are compared to the analytical solution.
Close to the centre of rotation in the near field the solutions tend to differ, which
is expected since the analytical solution is not valid in this region. However, if
we consider the region at about one wavelength from rotational centre, then the
solutions converge towards the same pressure.

Considering the two analogy formulations there is more or less no difference
in the results, although the formulation of the sources is quite different. Lighthill’s
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analogy uses a quadropole formulation of the volume sources, while Powell’s anal-
ogy uses a dipole formulation. The results should of course agree for this case,
although the implementation of the sources becomes different. Therefore, it shows
that the numerical implementation is working with both quadropoles and dipoles.
However, even though they produce similar results in a case such as this one, with
perfect analytical description of the source, they might still show different sen-
sitivity to errors that might ocurre in this description. This has previously been
highlighted by Martinez-Lera et. al.!>. The vortex sources then appeared to be
much more sensitive to an artificial error that was introduced on top of the sources.
The sensitivity was considered to be connected to the dipole formulation in this
analogy.

4.4 Cylinder in cross-flow

In this section, a cylinder in flow conditions corresponding to three different
Mach numbers is considered. The dimensions of the cylinder are scaled to give
a Reynolds number of Re=150. At these conditions the flow is dominated by
a periodic shedding from the upper and lower side. The vortices shed are then
transported downstream by the mean flow, resulting in a very extended wake re-
gion. The strong periodic shedding also generates an acoustic field similar to that
of a dipole. Strong sound fields generated by shedding of vortices behind cylin-
ders usually have a distinct tonal behaviour, which is referred to as aeolian sound.
As the Mach number increases this sound field is also influenced by quadropole
sources and mean flow effects. For the acoustic propagation solution to capture this
field correctly, both the convective effects of the flow and the quadrupole sources
in the wake need to be included. This makes it a more challenging case than the
co-rotating vortex pair.

©)

nd_Vorticity
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Figure 4.7. Contour of non-dimensional vorticity.
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Table 4.1. Cylinder flow domain grid parameters.

Radial nodes Circumferential nodes Total nodes

Coarse 360 300 108,000
Medium 460 400 184,000
Fine 840 800 588,000

4.4.1 Flow solution

The cylinder flow field was simulated using the Star-CCM+ v10.02 commer-
cial flow solver. Three different flow conditions were considered, M,,=0.1, M,,=0.2
and M,,=0.3, where M, is the free-stream Mach number. The dimensions of
the cylinder and flow properties were set to give a Reynolds number of Re=150,
Re = LU/v, where L is the diameter of the cylinder, U the free-stream velocity and
v is the dynamic viscosity. At this Reynolds number the flow around the cylinder
can be considered two-dimensional. The 2D assumption is valid for a Reynolds
number lower than Re = 200. However, at higher Reynolds numbers the vortex
structures are known to form in three dimensions. 3D simulations are then needed
to capture the flow properly. Due to the low Reynolds number, the computations
were performed without a turbulence model and considered as laminar. 2"-order
numerical schemes were used for both time and space, with a sufficiently small
time-step to resolve all the relevant properties. Three different grid levels were
also used to evaluate the grid convergence of the solutions. The different grids are
summarized in Table 4.1 and a close up of the grid close to the cylinder is shown
in Figure 4.8.

Figure 4.8. Close-up near the cylinder of the finest grid used in the CFD computations.
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Table 4.2. Cylinder forces in relation to previous publications.

Reference Re Cp(RMS) Cp

Current study at Mach=0.1 150 1.32  0.368

O. Posdziecha, R. Grundmannb, 2007 150 1.299 0.356

L. Qu, C Norberg L. Davidson et. al., 2013 150 1.303 0.355
Park, 1998 150 1.32 0.364

At the Reynolds number considered, the flow around the cylinder is dominated
by a two-dimensional periodic vortex shedding. The vortices shed from the cylin-
der are convected downstream by the mean flow and form what is usually referred
to as a Von Karman vortex sheet. These vorticity structures downstream the cylin-
der are shown in Figure 4.7 using vorticity contours at a single time-step. The os-
cillating flow caused by cylinders at Reynolds number, Re=150, has been the sub-
ject of numerous numerical and experimental investigations, see e.g. Qu et.al’?,
Park et.al®* and Williamson et.al**, where the reduced frequency, k = 27L/U.,
predicted for the vortex shedding ranges from 0.57 < k < 0.58. The frequency
range computed for the different grid levels and Mach numbers in this study was
0.57 < k < 0.58. The drag and lift force acting on the cylinder was predicted in the
range 1.31 < Cp < 1.37 and 0.36 < CL(RMS) < 0.38. Both the drag and lift force
showed an increasing trend with increasing Mach number. All these results are
considered to be in good agreement with previously published results presented in
Table 4.2.

4.4.2 Acoustic solution

The acoustic analogy used to solve the acoustic propagation of this case is a
frequency formulation of the Ffowcs Williams and Hawkings equation described
in section 2.4. This formulation is based on a windtunnel type of setup, were the
object is seen as stationary in a moving flow. This is convenient since it resembles
the setup in the flow computation. In this aeroacoustic analogy the convection of
the flow is included in the wave operator, leading to a source formulation where
the convection of the flow is deducted from the volume sources. The source terms
will therefore have the following form,

Tyj = pu; = UP)uj = UY) + (p = cp)ij = Tij (4.16)

Fi = (péij — tijn;, 4.17)

where U is the free stream convection velocity, u is the velocity, p is the density,
Coo 18 the speed of sound, p is the pressure and 7;; is the viscous stress tensor. These

sources are computed and evaluated from the CFD solution for a time series, which
is then transformed into frequency domain using Fast Fourier Transform(FFT).
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Figure 4.9. Domains used for the acoustic computation.

The domain used for the acoustic computation is illustrated in Figure 4.9. Q;
is a region where the sources are evaluated from the flow simulation. In the re-
gion outside, €Q,, the source is equal to zero and the propagation is governed by
the convected Helmholtz equation. The surface, Iy, is included in the acoustic re-
gion. On this surface the dipole sources based on the pressure on the surface of the
cylinder are introduced. This problem setup will therefore correspond more to a ra-
diation problem, which could be solved using integral methods mentioned earlier.
However, it also shows that the sources are transferred to the acoustic propagation
solution, which is the goal. For future simulations the target is to include the scat-
tering of the walls by using a Neumann boundary condition instead of using the
dipoles to include this part.

Since the compressible flow equations are solved, the acoustic pressure can be
extracted directly from the CFD solution. The solution accuracy will deteriorate
with the distance from the cylinder due to the coarser grid in the outer regions
of the domain. Dispersion and dissipation errors will then have a significant im-
pact on the acoustic waves. However, while remaining in the region close to the
cylinder, the CFD solution is still considered to satisfactorily capture the acous-
tic field. The ability to capture the acoustic waves is of course also related to the
wavenumber. With higher Mach number the wavenumber is increased and more
grid points would be needed to properly resolve the acoustic waves. For the cases
considered, the solution is regarded to give reasonable accuracy up to 20 d for all
Mach numbers.

The acoustic field generated around the cylinder is dominated by the shedding
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frequency and the harmonics of this tone. The frequency spectra of the pressure
at two points, one at a location 20 d perpendicular to the cylinder and one 20 d
upstream of the cylinder is presented in Figure 4.10 together with the time signal.
The shedding frequency and its harmonics appears as distinct peaks in the spectra
at the perpendicular location. The peak at shedding frequency is not predicted in
the upstream location. However, the first harmonic is predicted higher at this loca-
tion. This reveals some of the directivity of the source. The shedding frequency,
which is related to the lift force fluctuations gives a strong perpendicular directiv-
ity. While the first harmonic is connected to the drag force, resulting in a stronger
upstream directivity.

‘With this tonal behaviour taken in to consideration, the acoustic evaluation is
performed at this shedding frequency and its harmonics.

Pressure vs. time Pressure spectra

upstream location 60 upstream location

0.01 perpendicular location perpendicular location

40
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Figure 4.10. Time series and frequency spectra of pressure at an upstream and a perpendicular location.
Evaluated on the fine grid at Mach=0.3.

Figure 4.11 illustrates the directivity at the shedding frequency. For compar-
ison, a FW-H integral solution and the direct CFD simulation are included. The
acoustic pressure magnitude is evaluated circumferentially at a radius of 20 d. In
the region trailing the cylinder, the pressure is omitted, since hydrodynamics pres-
sures of the wake will dominate the acoustic pressure. The FW-H integral solution
solves the same linear-propagation problem, with exactly the same sources as the
WEM solution. These two solutions should therefore be closely related. The CFD
solution on the other hand, is solved using the compressible flow equations with
a finite volume method. No approximations are introduced in the CFD solution,
regarding linear wave propagation in a uniform flow. Differences of the CFD so-
lution and the analogy formulations therefore describe how the assumptions in the
analogy influence the solution. However, the CFD solution will also be subjected
to errors related to the solution procedure. It should be more prone to numerical
errors in the acoustic propagation due to the properties of the discretization.

Comparing the three solutions, the analogy solutions are close to identical,
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while the CFD solution starts to show slight differences with increased Mach num-
ber. The difference between the solutions can be related to dissipation errors in the
CFD solution or assumptions made in the analogy. As the Mach number increases
the resolution in terms of points per wavelength decreases in the CFD solution,
which would suggest that dissipation could be an issue with the higher Mach num-
ber. However, the analogies also assume that the flow through which the acoustic
waves propagate is homogeneous. As the wavelength is reduced and Mach number
is increased, this assumption becomes more questionable.

Mach=0.1 — — FWH total Mach=0.2 — — FWH total
- — -+ WEM total 90  0.003 - —--WEM total
—— CFD pressure = —— CFD pressure

150,

0 180

270 270

— — FWH total
= — -+ WEM total
= CFD pressure

180"":"'_"' X - ..:. =40

Figure 4.11. Directivity plot at a radius of 20d for the shedding frequency.

A quantitative assessment of the pressure field at the shedding frequency is
shown in Figure 4.12. Pressure normalized by the dynamic pressure is presented
on a region covering 50 d x 50 d. At M,=0.1, both methods show similar re-
sults. With higher Mach number, slight differences appear in the magnitude of
the acoustic waves. However, the overall prediction is very similar for the two
simulations.
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Figure 4.12. Acoustic pressure at the shedding frequency computed with CFD and WEM for three
different Mach numbers.

4.5 Conclusions

In this chapter sources of different character have been introduced in the WEM.
It is shown how a monopole source can be extended to dipole and quadropole
sources by adding a derivative to the Green’s function. A mean flow can also
included by using a Prandtl-Glauert transformation. The point sources show ex-
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cellent agreement with the analytical solution of the Green’s function.

The simulation of the co-rotating vortex pair uses a source that is described
by an analytical flow field. However, the solution is described on a discrete grid
and then transferred to the acoustic simulation. The sources are described using
two different aeroacoustic analogies, Lighthill and Vortex Sound Theory. The two
analogies gave identical results for the computed cases and compare well with the
analytical solution of the acoustic far-field.

In the cylinder case, a uniform mean flow is included in the wave operator
and the sources are computed using CFD simulations. Since no analytical solution
exists for this case, the result are compared to the pressure extracted directly from
the CFD simulations. The results are in good agreement with each other. However,
slight differences in amplitude and directivity start to appear as the Mach number
is increased. This can either be a result of the CFD grid being to coarse to fully
resolve the acoustic waves or it can also be related to the flow field used in the
acoustic propagation. The flow field is assumed to be uniform in the propagation
which might not be a good assumption as the Mach number increases.
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Fast matrix assembly technique

The WEM is an efficient procedure for solving linearized harmonic propaga-
tion equations in terms of points per wavelength. However, the procedure includes
the computation of a Moore-Penrose pseudo-inverse which is performed at each
point in the computational domain. When this is performed in a serial manner
through a single value decomposition, it is very time consuming. It might even
take more time than the inversion of the overall systems matrix. In the following
chapter, which can be seen as an extended summary of Paper B, a method using
a regular grid is presented. The structure of the regular grid is used to avoid the
repeated evaluation of the pseudo-inverse. Furthermore, a method to introduce an
irregular region in this regular grid is also described. This allows the method to be
used without the limitation of a regular grid structure in all the domain.

5.1 Process for background matrix

As described in Chapter 3, the assembly of the system matrix includes the
evaluation of a pseudo-inverse at each of the nodes in the domain. This procedure
will relate each node to its neighbours and give the values to be introduced in the
system matrix. By repeating this for each node, all the rows of the matrix can be
entered. For an irregular grid, each row will have its own separate values depend-
ing on the local grid topology. The result of the pseudo-inverse is depending on
the position of the neighbours with respect to the node at which the evaluation is
performed. Therefore, an irregular grid will give different results at all nodes.
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Figure 5.1. Different node types.

If the grid is regular, the relation to the neighbouring nodes will be the same at
all positions. This provides a possibility to reuse the result at one node for all the
nodes in the domain.

A regular grid can also be created using a certain structure, which gives knowl-
edge of how the nodes are connected. By using this structure, the positions of the
different values from the pseudo-inverse can be entered on each row. One row of
the system matrix can therefore be used to describe the remaining rows.

There will be regions of the grid that cannot be created using this regularity.
Even though the grid is fully equidistant, the outer boundaries will still differ from
the internal nodes. This is due to the different number of neighbours and boundary
conditions, resulting in different matrix entries for these nodes.

Regions where the pseudo-inverse will be different are illustrated in Figure
5.1. These regions, four boundary faces, four corners and internal nodes, will give
a total of 9 different evaluations. If the domain is extended to three dimensions
two more boundary regions and four more corners will be added giving a total
of 15. This is a significant reduction from the evaluation at every node, which is
otherwise needed.

5.1.1 Plane wave in a pipe

To investigate the possible speed-up using a method based on a regular grid,
plane wave propagation is considered. This case is described in Figure 5.2 and
will give plane waves propagating through a two-dimensional pipe. The first pipe
end is defined by a Dirichlet boundary condition, setting the pressure to unity.
The second is defined by an impedance boundary condition, which is set to let the
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Figure 5.2. Plane wave setup.

waves propagate out of the pipe. At the walls, a Neumann boundary condition is
used, imposing a zero gradient condition.

—&— Inversion of stiffness matrix
—6— Evaluation of H*
—¥— New assembly

. s
0 0.5 1 1.5 2 25 3
Nodes in the domain x10*

Figure 5.3. Time of fast assembly and pseudo-inverse evaluation at every node.

The new assembly process decreases the assembly time significantly. This is
shown in figure 5.3, where the new assembly time is compared to the time it takes
to perform the pseudo-inverse at each node. The time to invert the entire system
matrix is also included in the figure. For this case the evaluation of the pseudo-
inverse at every node takes longer time. The pseudo-inverse evaluations will also
scale linearly with the number of nodes in the domain, which is not the case for
the new assembly process. The new assembly will therefore give a considerable
reduction in solution time.

The plane wave propagation can be described analytically through a 1D wave
propagation. This solution can then be compared to the WEM solution, where the
error defined by the deviation of the computed pressure to the analytical solution
is
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N is then the number of nodes in the evaluation, p, is the computed pressure at
node n and pfff is the analytical solution at node n. Figure 5.2 shows the quite rapid
decreasing error of the WEM solution which is compared to three FDM solutions *
of the same problem. The WEM solution starts to give reasonable accuracy with
as few as two to three points per wavelength. Which is very good considering
the Nyqvist criteria, stating that the absolute minimum needed is two points. The
reason for the lower error in the WEM solution is mainly due to the low dispersion
error of this method. This is an important advantage in many aeroacoustic analysis,
especially when higher frequency and many wave lengths are considered. At only a
few points per wavelength the WEM therefore outperforms all the FDM solutions.
In terms of error reduction it will give a similar result as the 4th order FDM.
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Figure 5.4. Error with increasing node density for the WEM and three different finite difference
schemes.

5.2 Process with irregular region

The procedure described previously will be significantly limited by the regular
grid that is needed. By considering the grid in different regions, this requirement
can be dropped for parts of the domain. As an example, if a solid irregular object
is introduced in the domain. The grid in the close proximity to the object will need
to account for the object. However, most of the grid need not be affected by this.
Thus a local re-meshing of this region can account for the irregularity. By doing
s0, a major part of the grid will still consist of the regular grid and can still take
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Figure 5.5. Regular grid with object.

advantage of the previously described method. The pseudo-inverse then only has
to be re-evaluated for the nodes in the irregular region.

Irregularities can also consist of inhomogeneities in the flow, since this will
effect the wavenumbers in the WEM discretization. For these cases the pseudo-
inverse will need to be re-evaluated in the region with inhomogeneous flow. For
the cylinder case considered in Chapter 4, this would typically correspond to the
source region.

5.2.1 Local remeshing

The re-meshing process should be able to capture the geometrical features of
the object such as boundary nodes and also exclude nodes that are inside the object.
This type of procedure can be performed in a number of different ways. One
would be to cut the region out of the grid and then introduce a new mesh, which
is connected to the regular grid at the intersections. Another is to reposition the
nodes to account for the object. In both these cases the pseudo-inverse then needs
to be re-evaluated for the nodes in this new region and the corresponding rows and
columns are re-assembled in the system matrix. The nodes connecting the two
grids will also have to be re-evaluated since neighbours in the stencil will change.

To identify which nodes are influenced by the object, the elements which are
inside and intersected by the object are identified. This is done by first finding
all the nodes inside the object. The elements connected to these nodes are then
marked, illustrated on the left side of Figure 5.5. By finding marked elements
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receiver

Figure 5.6. Schematic sketch of a monopole scattered by a cylinder.

that have nodes on both sides of the object, the elements which should contain
boundary nodes are found. The elements marked by an irregular object are shown
in the right part of Figure 5.5. The re-meshing is then performed by projecting
the internal nodes within the marked elements onto the surface. These nodes will
therefore be boundary nodes and the appropriate boundary conditions are then
applied. After the nodes are projected, the elements within the object are deleted
and the corresponding rows in the system matrix are nullified.

By performing these, steps the grid has been updated to account for the object
by moving nodes to the surface of the object and deleting the elements inside the
object.

To finalize the procedure, the rows in the system matrix for all the nodes that
are in elements that are in connection to the boundary of the object needs to be
evaluated. It is not enough to only consider the nodes on the surface. The pseudo-
inverse will change for the nodes that have the boundary nodes in their stencil as
well. Therefore, all of these nodes should be re-evaluated. After this procedure
the system matrix is fully updated. This way of re-meshing by moving nodes also
means that the system matrix will still have the same size, since no new nodes are
introduced.

To test the method of including an irregular part of the domain, the acoustic
scattering of a monopole source by a cylinder is considered. In Figure 5.6, the
relevant variables for the setup are illustrated. In these computations the radius of
the cylinder is specified to unity, a = 1, with receivers distributed circumferentially
at a distance of r = 3a. The monopole source is of unit strength and is located at
distance of R = 6a. The solutions are computed for three different wave numbers,
ka = m, ka = 2r and ka = 8.
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The results of the WEM computation is compared to an analytical solution
which is described in Paper B in Part II or further in Khalighi '®. Figure 5.7 shows
the computed pressure amplitude of the circumferential receivers compared to this
analytical solution. The WEM solution is in good agreement with the analytical
solution.

ka=3.1416 —— WEM ka=6.2832 —— WEM ka=25.1327 WEM
90 o4 ===+ Analytical 90 (.06 === Analytical 90 004 ===+ Analytical
T T 60 T 60

150/ & \ 150/

2108 /330 210\

Figure 5.7. Pressure on receivers at a radius of 3a for ka = «, ka = 27 and ka = 8x.

5.3 Conclusions

In this section, a method to reuse the result of the pseudo-inverse at one loca-
tion for a large part of the domain is presented. Since this is a time consuming
part of the system matrix assembly a considerable speed-up is achieved in doing
so. The plane wave propagation case used for the evaluation also highlights the
efficiency of the WEM. Reasonable accuracy is achieved at just a few points per
wavelength. It is also shown that the limitations of the regular grid can be circum-
vented by a local re-evaluation of the pseudo-inverse.
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Summary and Outlook

6.1 Conclusions

This work aimed at using the WEM in an aeroacoustic analogy framework.
In this thesis two main parts have been investigated and developed. The first is
directly related to aeroacoustic analogies, where aeroacoustic sources have been
defined and then propagated using the WEM. The second part is related to the
assembly process in the WEM, where a regular grid with irregular regions is used
to minimize the assembly time. The following main conclusions may be drawn:

o The introduction of sources has been successfully implemented in the pro-
cess, both for monopole and multipole sources. By using Prandtl-Glauert
transformation the sources are also possible to use with the effect of a mean
flow. Furthermore, distributed sources have also been successfully trans-
ferred to the acoustic grid from analytical and CFD solutions.

o By using a regular grid, a considerable speed-up is achieved compared to
using a process where the pseudo-inverse is evaluated at each node. By al-
lowing irregular regions, the process also becomes less restrictive as objects
can be included in the domain.

6.2 Reflections and limitations

The method presented in the current work was evaluated in 2D. A 2D formu-
lation is very convenient when the objective is to develop and verify simulation
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procedures. However, the usefulness is also very limited, since most practical
flow acoustic problems are in 3D. There are cases where both the flow and acous-
tic propagation can be described in 2D. In general, this is true for 2D flows at
low Reynolds numbers. By extending the method to 3D, the range of application
would be significantly increased.

The use of an aeroacoustic analogy also limits the range of application. In the
formulations used, the flow and acoustic propagation are decoupled. The decou-
pling assumes that the flow source region is not influenced by the acoustic prop-
agation. However, interactions between the flow and acoustic fields are permitted
if they are included in the source computation and are properly resolved. A situa-
tion where the decoupling fails is therefore when backscattering from outside this
region interacts with the flow. This might be the case when shedding is triggered
by acoustic waves.

In the current work, the flow is solved in time domain, whereas the acoustic
propagation is solved in frequency domain. This is efficient for each of the compu-
tations. However, it also means that the sources have to be transformed from time
to frequency domain. To allow the transformation, a sufficient amount of time data
needs to be stored. For large scale flow simulation this can be a limiting factor.

By using a uniform mean flow, convection is included in the acoustic propa-
gation, extending the range of Mach numbers where it is applicable. The uniform
flow will be closely related to the actual flow in the far field region. However, the
near field and wake cannot be described properly by this assumption. The effect
of the flow will typically increase with higher frequency and higher Mach number
when these regions are not compact.

Regarding the fast assembly process, the regular grid gave a substantial speed-
up of the assembly process. In this work, an irregular region in the form of a solid
object was considered, which introduced wall boundaries in the computational do-
main. The grid was re-meshed for the irregular region close to the wall. However,
the irregularity could also have consisted of inhomogeneous flow. Local regions of
inhomogeneous flow could also have been added. The pseudo-inverse would then
have to have been re-evaluated in these regions.

The re-meshing procedure described showed an approach to integrate an irreg-
ular region in the form of a solid object. This was achieved by repositioning the
nodes to account for the object. While this was convenient, since no new nodes
where introduced, and the system matrix was still the same size. It also limits the
geometrical features that can be captured. If the geometrical features are smaller
than the grid distance, more advanced meshing procedures can be used to include
these.
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6.3 Future work

To extend the area of application, the method should be evaluated with 3D
problems. This will make it valid for more realistic cases. The flow and source re-
gion around vehicles and aircraft is 3D, due to the geometrical shape and high
Reynolds number. The solver used in this work is valid for 3D, however the
Green’s functions used in the source introduction will need to be updated from
2D to 3D.

A natural continuation of this work will also include scattering of surfaces by
the acoustic waves and a non-uniform mean flow. Thus, giving the method full
advantage of being an volume discretizing method. This would enable the use for
scattering of aeroacoustic sources from aircraft structures such as landing gear,
wing trailing edges, struts or other external features.

A vast number of aeroacoustic analogies and decoupling procedures are avail-
able within aeroacoustics. Their uses are related to the assumptions made in the
derivations. The Vortex Sound Theory by Howe naturally relates the acoustic prop-
agation to a potential flow by using the total enthalpy as acoustic variable. The
formulation might also give a less extended source region due to the vortex based
formulation.

The assembly method should also be investigated further. There are many dif-
ferent aspects of this that could be continued. Especially the re-meshing procedure
which can be developed further by applying a more robust way of re-meshing the
irregular region.

The continuation of the work with the WEM for aeroacoustics is considered
to extend the applicability to larger problems and provide an efficient propagation
method which can include the effect of flow and scattering.
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