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Abstract

Boundary-layer flow over bodies such as aircraft wings or turbine blades is
characterized by a pressure gradient due to the curved surface of the body.
The boundary layer may experience modal and non-modal instability, and the
type of dominant instability depends on whether the body is swept with respect
to the oncoming flow or not. The growth of these disturbances causes transition
of the boundary-layer flow to turbulence. Provided that they are convective
in nature, the instabilities will only arise and persist if the boundary layer is
continuously exposed to a perturbation environment. This may for example
consist of turbulent fluctuations or sound waves in the free stream or of non-
uniformities on the surface of the body. In engineering, it is of relevance to
understand how susceptive to such perturbations the boundary layer is, and
this issue is subject of receptivity analysis.

In this thesis, receptivity of simplified prototypes for flow past a wing is
studied. In particular, the three-dimensional swept-plate boundary layer and
the boundary layer forming on a flat plate with elliptic leading edge are consid-
ered. The response of the boundary layer to vortical free-stream disturbances
and surface roughness is analyzed, receptivity mechanisms are identified and
their efficiency is quantified.

Descriptors: Swept-plate boundary layer, surface roughness, free-stream tur-
bulence, cross-flow instability, streaks, leading-edge effects
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Preface

This thesis deals with the receptivity and the early stages of instability in spa-
tially evolving boundary-layer flows. A brief overview over the basic concepts
and methods is presented in the first part. The second part is a collection of
the following articles:

Paper 1. L.-U. Schrader, L. Brandt & D.S. Henningson, 2008
Receptivity mechanisms in three-dimensional boundary-layer flows. Journal of
Fluid Mechanics, Article in Press

Paper 2. L.-U. Schrader, S. Amin & L. Brandt, 2008
Transition to turbulence in the boundary layer over a smooth and rough swept

plate exposed to free-stream turbulence. To be submitted

Paper 3. L.-U. Schrader, L. Brandt, C. Mavriplis & D. S. Hen-

ningson, 2008
Receptivity to free-stream vorticity of flow past a flat plate with elliptic leading

edge. Internal report
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Introduction



CHAPTER 1

Introduction

Cycling through the landscape with the wind gently blowing around the head
is often considered as a pleasant leisure activity, but it is also an example for
the relevance of fluid dynamics in everyday life. The aerodynamic forces on
the cyclist and his bike dominate in fact over the rolling-friction forces above a
speed of about 13 km/h, see Lukes et al. (2005), and account for circa 90% of the
total resistance at a racing speed of 32 km/h. Beyond 10 km/h the laminar flow
around the biker becomes unstable, causing a substantial raise in air resistance.
The instabilities occur inside the thin boundary layer forming on rider and
bicycle and are excited by perturbations arising for instance from the rough
material of the biker’s jacket or some fluctuations in the oncoming air stream.
The initial magnitude of the triggered instabilities follows from the receptivity

of the thin boundary layer to these perturbations, and the subsequent growth
from the stability characteristics of the layer. Once the primary instabilities
have reached a certain amplitude the boundary layer becomes susceptive to
secondary instability which is usually generated by high-frequency fluctuations
from outside and initiates the break-down of the laminar layer to its turbulent
state.

Receptivity, disturbance growth and break-down define the three basic
stages of transition of boundary-layer flow to turbulence. Though the receptiv-
ity process comes first on the route toward turbulence, researchers have initially
focused on the stability of boundary layers. This seems indeed natural, as the
stability is an intrinsic characteristic of the boundary layer, while receptivity
involves the interaction of the layer with its environment. In stability theory
the boundary-layer flow is treated as a dynamical system subject to certain ini-
tial and boundary conditions, and its stability characteristics are governed by
the stability equations. In the classic linear analysis these are derived from the
Navier-Stokes equations by considering small perturbations and linearizing the
equations about the basic flow, assuming locally parallel flow. The solutions
to the linear disturbance equations are wave-like disturbances with amplitudes
being functions of one spatial direction solely. Such disturbance waves have
indeed been observed in the experiments of Schubauer & Skramstad (1947) in
the two-dimensional incompressible flat-plate boundary layer, where they are
called Tollmien-Schlichting modes. On the other hand, the classic linear sta-
bility theory has failed in predicting the instability characteristics of Poiseuille
pipe flow, for example. This led to the development of the theory of transient
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1. INTRODUCTION 3

disturbance growth, see for instance Reddy & Henningson (1993), accounting
for the short-time behavior of the disturbance waves. The concepts of stability
analysis are revisited in section 2.1.

Receptivity theory links the boundary-layer instabilities to the perturba-
tions from the free stream or the wall. While the objective of a stability analysis
is to clarify whether disturbances can arise inside the boundary layer at given
conditions and at which rate they grow, a receptivity study is concerned with
how and at which incipient amplitudes these disturbances are excited by the ex-
ternal perturbations. The receptivity problem had been formulated already by
Morkovin (1969); however, the fundamental work of Goldstein (1983, 1985) and
Ruban (1985) on the mechanisms behind receptivity was first published about
fifteen years later. These early studies employed asymptotic analysis and have
later been complemented by the Finite Reynolds-Number Theory (FRNT), e.g.
in Crouch (1992, 1993); Choudhari & Streett (1992); Choudhari (1994), build-
ing again on the solution of the stability equations. The external perturbations
are incorporated in FRNT either through the boundary conditions or through
a forcing term, leading to inhomogeneous governing equations. Receptivity is
briefly reviewed in section 2.2.

It is worth noticing that receptivity has so far not entered in the transition-
prediction tools usually used in engineering and aeronautics. The most common
approach, the eN -method, builds on the classic linear theory, that is, neither
receptivity nor nonlinear and secondary-instability growth nor transient am-
plification are considered. This clearly points to the need of ongoing research
on receptivity and stability to improve the industrial prediction tools. Also
the cyclist might benefit from the insights on this research field: He is well ad-
vised to wear tightly fitting clothes of either very smooth material to prevent
laminar-turbulent transition or very rough material to avoid a long transitional
region in the boundary layer and to promote rapid break-down to turbulence.

                          growth

receptivity                                                    break-down

laminar region                                                                turbulent region

Figure 1.1. Receptivity, disturbance growth and break-down
are the three basic stages of laminar-turbulent transition.
Transition in the swept-plate boundary layer is shown here.
The flow is from left to right. Details can be found in Part II,
Paper 2.



CHAPTER 2

Theoretical background

2.1. Stability theory

Unsteady incompressible flow is governed by the time-dependent incompressible
Navier-Stokes equations along with the continuity condition,

∂ ~U

∂t
+ (~U · ∇)~U = −∇P +

1

Re
∇2 ~U , (2.1a)

∇ · ~U = 0 . (2.1b)

The instantaneous flow field is described by the velocity vector ~U(~x, t) =
(U ,V,W)T , solution to the equations (2.1), and the pressure field P(~x, t), both
depending on space ~x = (x, y, z)T and time t. The equations above are in
non-dimensional form with velocities normalized by the reference velocity Uref

and lengths by the reference length Lref . The characteristic scales define along
with the kinematic viscosity ν the Reynolds number,

Re =
UrefLref

ν
. (2.2)

The solution ~U(~x, t) depends on the initial state of the flow field at time t0,

~U(~x, t0) = ~U0 , (2.3)

and on the conditions at the boundaries of the domain of interest. An example
are the no-slip/impermeability conditions for the velocity at a solid non-porous
wall.

The objective of stability theory is to determine the evolution of small

disturbances ~u to the underlying base flow ~U , being a steady or time-periodic
solution of (2.1). If these disturbances grow in amplitude as time passes by
(temporal perspective) or as they are transported downstream by the basic
flow (spatial perspective), the boundary layer is unstable; if they, in contrast,
die out, the flow is stable. The disturbances are governed by the stability
equations, derived by substituting the decomposition

~U = ~U + ε~u (2.4a)

P = P + εp (2.4b)

into the equations (2.1). P is the mean pressure and p the pressure perturba-
tion. In linear stability analysis the disturbance amplitude ε in (2.4) is assumed
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2.1. STABILITY THEORY 5

to be small in comparison with Uref and the linearized stability equations are
solved, being readily to hand after discarding the terms of order ε2,

∂~u

∂t
+ (~U · ∇)~u + (~u · ∇)~U = −∇p +

1

Re
∇2~u , (2.5a)

∇ · ~u = 0 . (2.5b)

The solution for ~u requires again the specification of an initial state, e.g. a
disturbance-free incipient flow field, and boundary conditions, for instance zero
slip at a solid wall.

2.1.1. Classic eigenmode analysis

If space and time can be separated, a temporal eigenmode ansatz assuming
time-periodic instabilities may be substituted into decomposition (2.4),

~Q(x, y, z, t) = ~Q(x, y, z) + ε~q(x, y, z)e−iωt , (2.6)

where the velocity components and the pressure have been combined in the

vectors ~Q, ~Q and ~q for the instantaneous flow field and its mean and fluctuating
part, respectively. In classic linear theory, the ansatz (2.6) is simplified by
assuming a one-dimensional, ”locally parallel” basic flow and a ”normal-mode”-
like disturbance with an amplitude function depending on one spatial direction
alone,

~Q(x, y, z, t) = ~Q(y) + ε~q(y)ei(αx+βz−ωt) + compl. conjg. , (2.7)

This approach has in particular been successful in viscous theory based on
the Orr-Sommerfeld/Squire equations (Orr (1907); Sommerfeld (1908); Squire
(1933)) and is valid not only in strictly parallel flow, e.g. developed laminar
channel flow, but also for slowly varying inhomogeneous base flows. In two-
dimensional boundary-layer flow at large enough Reynolds numbers, for in-
stance, the predicted normal eigenmodes – the Tollmien-Schlichting waves –
are an accurate approximation of the disturbance waves first observed in the
experiment by Schubauer & Skramstad (1947). The derivation of the Orr-
Sommerfeld/Squire system from the equations (2.5) together with the parallel-
flow assumption is outlined in textbooks like Schmid & Henningson (2001);
Drazin (2002), and the result is written for three-dimensional (e.g. Falkner-
Skan-Cooke) flow and in wavenumber space here, indicated by the tilde,

∂

∂t

(

ṽ

η̃

)

=

(

(D2 − α2 − β2)−1LOS 0
iαW ′ − iβU ′ LSq

) (

ṽ

η̃

)

(2.8)

with the linear operators

LOS = (−iαU − iβW )(D2 − α2 − β2) + iαU ′′ + iβW ′′ +
1

Re
(D2 − α2 − β2)2,

LSq = −iαU − iβW +
1

Re
(D2 − α2 − β2) .

η̃ is the vertical vorticity; α and β are the stream- and spanwise wavenumbers;
D is the normal-derivative operator and the prime and double prime denote
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the first respective second derivative of the one-dimensional base flow. The
solution of the initial-value problem (2.8) is,

q̃ = eLtq̃|t=t0 , (2.9)

where q̃ = (ṽ, η̃)T for the Orr-Sommerfeld/Squire problem and the matrix
operator in (2.8) is labelled L. The key to stability analysis are the eigenvalues

σi and -functions ~φi of the matrix exponential,

eLt~φi = σi
~φi, |σ1| > · · · > |σn|. (2.10)

The instability condition stated above in words can now be mathematically
formulated:

Asymptotically unstable flow, if |σ1| > 1 , (2.11a)

Asymptotically stable flow otherwise. (2.11b)

The eigenvalues of eLt and those of the matrix operator L, denoted λi here,
are related via λi = 1

t
log σi with λi being a measure for the amplification rate

of the eigenmode ~φi.

Clearly from equation (2.11), only one eigenvalue governs the instabil-
ity characteristics of the basic flow, namely that pertaining to the least sta-
ble eigenmode. The amplitude function of this mode is non-zero inside the
boundary layer and tends to zero outside of it; hence, it is sometimes termed
boundary-layer mode. Grosch & Salwen (1978) have shown that besides the
boundary-layer modes there exists also a continuous eigenvalue spectrum in
boundary-layer flows with all eigenmodes being damped. The amplitude func-
tions of the continuous-spectrum modes differ significantly from those of the
boundary-layer modes in that they are oscillatory in the free stream and tend to
zero toward the wall. Therefore, they are sometimes labelled free-stream modes.
Due to their shape these modes are adequate as a model for vortical free-stream
perturbations in full Navier-Stokes simulations. This idea has been exploited
by Jacobs & Durbin (1998) for Blasius flow, where a simplified method for the
computation of the free-stream modes is presented. The free-stream modes have
later been used in Jacobs & Durbin (2001); Brandt et al. (2004) as a model for
free-stream turbulence in two-dimensional boundary-layer flow. The concept
of the continuous-spectrum modes is extended to Falkner-Skan-Cooke flow in
Part II of this thesis (Paper 1), where the free-stream modes are used in Direct
Numerical Simulations (DNS) to develop a model for receptivity of swept-plate
flow to free-stream vorticity. In Paper 2 the Falkner-Skan-Cooke free-stream
modes are employed for the generation of synthetic free-stream turbulence at
the inflow of the computational domain.

The discussion on the classic stability analysis is finalized by stating that
the accuracy of predictions from linear theory along with (2.7) drops whenever
”non-parallel effects” become important. A successful effort to reconcile the
classic theory with stability problems in flows with more than one inhomoge-
neous direction has been the development of the Parabolized Stability Equation
approach (PSE) by Herbert (see Herbert (1997) for a review). In PSE the basic
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flow is still resolved in one direction only, but it is allowed to develop moder-
ately in the other two directions. The PSE approach leads to parabolic stability
equations amenable to an efficient spatial marching technique and is thus ap-
propriate for parametric stability studies. Excellent agreement between results
from PSE and DNS on the evolution of cross-flow instability in Falkner-Skan-
Cooke flow was for instance demonstrated in Högberg & Henningson (1998).
Another attempt to broaden the classic stability analysis is the global-stability
theory where the eigenmode ansatz for spanwise periodic problems reads,

~Q(x, y, z, t) = ~Q(x, y) + ε~q(x, y)ei(βz−ωt) + compl. conjg. , (2.12)

i.e. the eigenmodes have two-dimensional amplitude-shape functions and are
periodic in only one spatial direction and in time. Global-mode theory is dis-
cussed in Theofilis et al. (2002); Åkervik & Henningson (2008).

2.1.2. Transient growth

The experiment by Schubauer & Skramstad (1947) appears convincing that
the instability characteristics of the Blasius boundary layer were predictable
by addressing the classic linear stability theory alone; however, already the
work by Taylor (1939) had cast a shadow on the classic approach. Continuing
research efforts revealed in fact that eigenmode analysis fails in predicting the
response of the Blasius boundary layer to free-stream turbulence, for instance.
Klebanoff (1971) observed boundary-layer disturbances differing seriously from
the TS-waves predicted by linear eigenmode analysis in that they occurred fur-
ther upstream, had a different shape and exhibited algebraic instead of expo-
nential amplification. These disturbances were later called ”Klebanoff modes”
though they are not modal in nature. Ellingsen & Palm (1975) demonstrated
for inviscid shear layers that there can indeed exist initial disturbances grow-
ing linearly in time instead of exponentially, producing a streaky pattern of
alternating high and low streamwise velocity. This kind of amplification was
termed ’transient growth’ in Hultgren & Gustavsson (1981) and shown to ex-
ist in viscous flow, as well. Landahl (1980) proposed a physical explanation,
building on the wall-normal displacement of fluid particles in shear flows by
weak pairs of counter-rotating stream-wise vortices, causing stream-wise veloc-
ity perturbations. This so-called lift-up mechanism is efficient in forcing axial
streaks of high and low stream-wise velocity alternating in the span-wise direc-
tion. The mathematical framework for transient growth is given in Butler &
Farrell (1992); Reddy & Henningson (1993); Trefethen et al. (1993) and in the
textbook by Schmid & Henningson (2001). It is based on the non-normality of
the linear Navier-Stokes – or in the example above – Orr-Sommerfeld/Squire
operator in shear flows, LL∗ 6= L∗L, where the star denotes the adjoint oper-
ator. Transient growth of an initial disturbance at time t = t0 is then given
by,

G(t) = ‖eLtq̃|t=t0‖
2 . (2.13)
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The condition for non-modal instability can be formulated by means of the
singular values σi

eL
∗teLt ~φi = σi

~φi, σ1 ≥ · · · ≥ σn ≥ 0. (2.14)

and reads

Transient growth, if σ1 > 1 , (2.15a)

No transient growth otherwise. (2.15b)

Transient amplification describes hence the short-time behavior of boundary-
layer disturbances, while linear growth is approached when t → ∞, reflected by
the attribute ”asymptotic” in (2.11). Transient growth is also called non-modal,
as the underlying mechanism does not rely on the evolution of a single growing
eigenmode but on the interaction between eigenmodes of Orr-Sommerfeld and
Squire type. This results in a boundary-layer disturbance changing its shape as
individual modes grow or decay in time and space at different rates. Transient
growth may for this reason occur before the subsequent exponential behav-
ior and trigger laminar-turbulent transition before the asymptotic instability
reaches relevant amplitude levels. The ”natural transition” mechanism due to
the latter disturbance is then ”bypassed”, and the transition route is called
bypass transition. Paper 3 deals with the receptivity and the early transient-
growth phase preceding bypass transition in the two-dimensional boundary
layer on a plate with elliptic leading edge, where the ”Klebanoff modes” play a
central role, as well. In Paper 2, a scenario is considered where both non-modal
and modal instabilities co-exist. The three-dimensional swept-plate boundary
layer under free-stream turbulence is considered there, and it is found that as-
ymptotic instability due to cross-flow modes outweighs transient instability in
form of the streaks.

Figure 2.1. Response of the boundary layer on a flat plate
with elliptic leading edge to vortical free-stream disturbances.
The reader is referred to Part II, Paper 3.
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2.2. Receptivity

In the previous section the focus has been on the instability of boundary-
layer flow to modal and non-modal disturbances. It was also indicated that
boundary-layer instability needs a forcing from outside1 – for instance through
the free-stream turbulence in Klebanoff’s experiment – and that the nature and
the initial amplitudes of the disturbances inside the layer strongly depend on
the perturbation environment. Receptivity analysis extends the stability theory
by including the connection between the forcing through external perturbations
and the response of the boundary layer.

Perturbations residing in the free-stream or on the wall will always enforce
a disturbance inside the boundary layer. If the forced disturbance field is able
to feed the eigenmodes of the boundary layer with energy and a modal or non-
modal instability arises, the layer is said to be receptive to the perturbation
environment; if, in contrast, the forced response dies out, the boundary layer
is not receptive. Receptivity requires a resonance in frequency and wavenum-
ber between the enforced disturbance and the eigenmodes of the layer. In
laboratory experiments perturbation sources may be designed such that this
resonance is available, but many natural disturbance sources do not provide
wavenumber resonance. This is the case in particular for free-stream distur-
bances, the length scales of which are governed by the inviscid dynamics in the
outer flow, while the characteristic length of the TS-waves, for instance, are
dominated by the viscous effects in the boundary layer. Examples are sound
waves at low Mach numbers, possessing much larger wavelengths than the TS-
modes, and the vortical free-stream disturbances considered in Paper 1 in this
thesis with smaller chordwise wavelengths than the unstable cross-flow modes
in the swept-plate boundary layer investigated there.

Despite the lack of direct wavenumber resonance, two-dimensional
boundary-layer flow has been found to be receptive to free-stream sound under
certain conditions, and likewise, the three-dimensional swept-plate boundary
layer is demonstrated to be receptive to free-stream vortices in Paper 1. Gold-
stein (1983, 1985) was the first to propose an explanation for this apparent
contradiction by introducing the concept of length-scale conversion. He consid-
ered two-dimensional flat-plate boundary-layer flow exposed to a plane acoustic
free-stream disturbance. In the incompressible limit, the sound wave enforces a
Stokes wave with the frequency of the acoustic forcing and with zero streamwise
wavenumber. There is thus no direct wavenumber resonance between the Stokes
and the TS-mode unless a second steady source provides the TS-wavenumber.
This can be a non-uniformity at the wall, e.g. a roughness bump or a suction
hole in the plate; but also the rapidly developing regions of the mean flow
can convert the length scale of the enforced Stokes solution into that of the
TS-wave. Such regions are found near the leading edge of the plate, where
the boundary layer grows rapidly, or on a curved surface. Goldstein (1983,

1The focus is on convective instability here. In absolutely unstable flows the instability is
sustained without external forcing, see e.g. Schmid & Henningson (2001).
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1985) addressed asymptotic analysis to demonstrate receptivity through scale
conversion. Expansion of the disturbance in powers of 1

Re
leads to the triple-

deck equations which are linearized in terms of the disturbance amplitude and
govern the disturbance evolution in the limit of high Reynolds numbers. The
triple-deck formulation is only valid at the first neutral point (branch I) of the
unstable mode. A successful attempt to extend receptivity analysis to moder-
ate Reynolds numbers and to the regions away from branch I of the instability
was the Finite-Reynolds Number Theory (FRNT) first addressed by Zavol’skii
et al. (1983). FRNT builds on the same ideas as the classic linear stability
theory, namely (1) on the assumption of a one-dimensional ”locally parallel”
basic flow and (2) on small amplitudes of the external perturbations, allowing
for linearization. FRNT has been applied in two-dimensional flat-plate flow by
Crouch (1992) and Choudhari & Streett (1992) and in the Falkner-Skan-Cooke
boundary layer by Crouch (1993) and Crouch (1994).

The Finite-Reynolds Number Theory is briefly discussed here by consider-
ing an acoustic free-stream disturbance with amplitude εu and a steady rough-
ness bump with height εs in two-dimensional flow. In analogy with equation
(2.4a) the instantaneous flow field can be decomposed,

~U(x, y, t) = ~U(y) + εu~uu(x, y, t) + εs~us(x, y) + εuεc~uus(x, y, t) . (2.16)

The total disturbance environment inside the boundary layer consists thus of
the Stokes solution ~uu due to the free-stream sound, the steady disturbance
field ~us enforced by the roughness and the travelling wave ~uus with the acoustic
frequency and the length scales of the roughness. Like in classic stability theory,
ansatz functions in the form of ”normal modes” for the amplitude profiles of ~uu

and ~us are used in the FRNT,

~uu(y, t) = ~̃uu(y)e−iωt (2.17a)

~us(x, y) =
1

2π

∞
∫

−∞

~̃us(y;α)eiαxdα . (2.17b)

In the formulation of (2.17b) the roughness is assumed to be localized in chord-
wise direction; thus, the spectrum of the bump contains a large number of
chordwise wavenumbers α. An integration over all present wavenumbers is
then necessary to obtain the total steady contribution, leading to the Fourier
transform in (2.17b). Further, the dependence of the spectral coefficient ~̃us on

α must be specified, that is, a relation between the wavenumber spectrum H̃(α)
of the bump contour and the disturbance velocity due to the bump needs to be
established. In e.g. Crouch (1992) and in Paper 1 this is done by modelling the
surface roughness through a projection of the no-slip conditions at the hump
contour along the wall gradient of the mean flow onto the undisturbed wall,
leading to non-homogeneous boundary conditions,

~̃us(0;α) = −H̃(α)

(

∂~U

∂y

)

0

. (2.18)
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At the free-stream boundary y∞, a condition for the Stokes contribution ~̃uu is
prescribed,

~̃uu(y∞) =

(

e−iωt

0

)

. (2.19)

After plugging in decomposition (2.16) into the Navier-Stokes equations, lin-
earizing about the mean flow, sorting the terms of order εu, εs and εuεs and
applying the ansatz (2.17) along with the boundary conditions (2.18) and (2.19)
to the contributions of order εs and εu the steady disturbance field ~us due to
the roughness and the unsteady Stokes solution ~uu caused by the sound are
obtained.

However, the receptivity analysis aims at determining the amplitude of
the travelling wave ~uus in equation (2.16), since the boundary-layer instability,
here the TS-wave, is contained in this function. ~uus is found by substituting
the ansatz (2.17) into the contribution at order εuεs to the total disturbance.
The details of this derivation can be found in Crouch (1992); Choudhari (1994);
Collis & Lele (1999) and the result reads,

~uus(x, y, t) =
1

2π

∞
∫

−∞

~̃uus(y;α)ei(αx−ωt)dα . (2.20)

The form of the coefficient ~̃uus is obtained when applying boundary conditions
deduced from those in (2.18) and (2.19) to the contribution at order εsεu, see
Crouch (1992),

~̃uus(y;α) = εsεuH̃(α)Λ̃(α)~uus(y) , (2.21)

where ~uus(y) is a normalized amplitude function taking the form of a ”normal

mode”. The α-dependence of ~̃uus has been isolated in the function Λ̃ and the
amplitude in the factor εsεu. The bump shape H̃ enters in (2.16) through the
boundary conditions.

Clearly from (2.20), the travelling-wave field ~uus contains the frequency of
the free-stream sound and the wavenumbers provided by the roughness. There-
fore, as time t → ∞, ~uus will be entirely dominated by the unstable TS-wave.
This is reflected by the transfer function Λ̃(α) in equation (2.21) becoming
very large at the wavenumber αTS of the TS-wave, while the contributions at
α 6= αTS die out. Tam (1981) shows that the integral in equation (2.20) then

reduces to 2πiC̃(αTS), where C̃(αTS) is defined as

C̃(αTS) = lim
α→αT S

[(α − αTS)Λ̃(α)] . (2.22)

Since the amplitude function ~uus in (2.21) is normalized to be 1 at its wall-
normal maximum, the maximum amplitude of the TS-wave can be written as

ATS = εuεs|H̃(αTS)C̃(αTS)| . (2.23)

Equation (2.23) can be re-organized,

Crec =
ATS

εuεs|H̃(αTS)|
, (2.24)
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where Crec is the modulus of C̃(αTS). It should be noticed that equation (2.26)
relates the amplitude ATS of the boundary-layer instability to the amplitudes
εu of the sound wave and εs|H̃(αTS)| of the roughness in the form

Crec =
Initial instability amplitude

Amplitudes of the perturbation sources
, (2.25)

that is, Crec is a measure for the efficiency in energy transfer from the driving
perturbation sources to the TS-wave. Crec is called receptivity coefficient, and
it is in fact the key in receptivity analysis. Another interesting detail worth of
notice is that only the spectral content of the bump function at the instability
wavenumber, |H̃(αTS)|, enters in Crec, that is, the boundary layer is equally
receptive to two roughness bumps of different shape as long as they provide
the same amplitude at αTS .

As indicated above, Finite-Reynolds Number Theory builds on the as-
sumption of ”parallel flow”. Bertolotti (2000) presents an extension to include
non-parallel effects at first order and shows that the shape-independence of
receptivity to roughness is not always maintained. In Paper 1, Crec has been
determined through Direct Numerical Simulation (DNS) to characterize the re-
ceptivity of the three-dimensional swept-plate boundary layer to surface rough-
ness and vortical free-stream modes. This type of base flow supports cross-flow
instability which is three-dimensional, i.e. the spanwise wavenumber β has to
be considered, as well. Steady localized roughness with sinusoidal shape in
spanwise direction is shown to be efficient in exciting stationary cross-flow vor-
tices (”CF”) inside the boundary layer, and the receptivity coefficient is in this
case

Crec =
ACF

εs|H̃β(αCF )|
. (2.26)

Figure 2.2 displays the dependence of Crec on the spanwise wavenumber of the
roughness. Three bumps with different contours are considered, as indicated
by the three thick curves in (b). The figure shows that the shape-independence
of receptivity to roughness is observed for most of the investigated spanwise
wavenumbers. Further, the result obtained in parallel flow is plotted as a
thin line. This curve corresponds to the prediction for Crec by the FRNT
and exhibits a moderate deviance to higher values. The exclusion of non-
parallel effects leads thus to an over-prediction of roughness receptivity, i.e. the
predictions from FRNT are ”on the safe side”.

The discussion on receptivity is concluded by highlighting the usefulness
of the curves for Crec like those in figure 2.2: Once the dependence of Crec on
the spanwise wavenumber is known for a given Reynolds number, the curves
can be used to weight different instability components in a complex disturbance
environment. This is demonstrated in figure 2.3 and at length in Paper 2, where
the receptivity coefficients determined through simplified models for receptivity
to roughness and free-stream vorticity are applied to predict the total boundary-
layer disturbance in the flow over a swept plate. The figure shows that the
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Figure 2.2. (a) Roughness bump with chordwise localized,
spanwise sinusoidal shape. (b) Receptivity to three different
roughness elements. Thick lines: Receptivity coefficient Crec

in spatially evolving flow versus spanwise wavenumber of the
three roughness elements. Thin solid line: Receptivity coeffi-
cient in parallel flow. A detailed explanation of the figure is
found in Paper 1.

prediction is already quite successful if only a small number of individual modes
is considered.

The receptivity coefficients obtained from simplified linear models as those
in Paper 1 or from calculations based on FRNT can also be combined with es-
tablished transition-prediction tools such as the eN -method to provide a refined
prediction tool for industrial use, including the receptivity process. Since the
instability amplitudes in the eN -method are normalized with their magnitude
at the first neutral point of the instability, it is more adequate to apply receptiv-
ity coefficients defined at branch I instead of those computed at the receptivity
site. These coefficients are occasionally called effective receptivity coefficients,
denoted Ceff

rec here. Ceff
rec can be used to determine the disturbance amplitude

A(x) at any location in the linear regime downstream of the receptivity site, if
the N -factor of the instability is known,

A(x) = εs|H̃β(αCF )|Ceff
rec eN(x). (2.27)

Since the receptivity mechanisms depend on many influencing factors, for in-
stance the geometry of the problem of interest, the perturbation environment
and the nature of the dominant instabilities, the practical application of the
findings from receptivity analysis in an industrial context will require a vast
database of receptivity coefficients. This motivates the continuation of research
on this field to develop refined theoretical receptivity models. Direct Numerical
and Large-Eddy Simulations like those presented in this thesis will in the future
continue to serve as validation tools for these models.
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Figure 2.3. (a) Amplitude evolution of single unstable travel-
ling cross-flow waves in swept-plate flow and the corresponding
receptivity coefficients. The latter are used to weight the indi-
vidual evolution curves to obtain the envelope. (b) Swept-plate
boundary-layer response to free-stream turbulence in compar-
ison with the envelope from (a). See Paper 2 for a discussion.



CHAPTER 3

Numerical methods

The results compiled in Paper 1 and 2 have been obtained by using the sim-
ulation code Simson, building on a global spectral method and described in
Chevalier et al. (2007). For the computations of the flow over the flat plate
with leading edge presented in Paper 3, the code Nek5000 employing the
Spectral-Element Method by Patera (1984) has been addressed, see Tufo &
Fischer (1999). Both numerical approaches are discussed in the papers in Part
II of this thesis, and the reader is referred to the respective sections. Here,
the focus is on a comparison between the global spectral technique and the
Spectral-Element Method, see table 3.1, to highlight their applicability and
limitations.

In global spectral methods, the solution to the Navier-Stokes equations is
approximated by a linear combination of sinusoidal or polynomial basis func-
tions prescribed over the entire numerical domain, as indicated by the label
global. In contrast, the polynomial basis functions used in the Spectral-Element
Method are defined on sub-domains called spectral elements, and the method
is thus a local approach. It has its local nature in common with the Finite-
Element Method (FEM), while the orthogonality of the basis functions dis-
tinguishes it from FEM. The benefit of the local approach is its geometric
flexibility and the availability of two refinement strategies: (1) through the re-
duction of the element size (h-refinement) and (2) by raising the order of the
basis polynomials (p-refinement). Thus, the Spectral-Element Method allows
for localized refinement, while in the global approach, an increase in resolution
along one direction always affects the whole numerical domain. On the other
hand, the global spectral method ensures exponential convergence as the mesh
is refined, while the convergence rate of the Spectral-Element Method is usually
lower. This together with the possibility of employing Fast-Fourier Transforms
ensures the high efficiency of the global spectral approach.

In summary, the global spectral method is due to its performance the pre-
ferred tool when the geometry of the simulation domain can be kept simple
and when sufficiently smooth solutions to the governing equations are expected.
For complex geometries or flow fields with local steep gradients, requiring lo-
calized refinement, the Spectral-Element Method is an accurate alternative to
finite-difference or -volume methods. The discussion of the two approaches is
concluded with the remark that the Spectral-Element Method passes into a

15



16 3. NUMERICAL METHODS

global spectral method, when the physical domain of interest is decomposed
into one single element.

Table 3.1. Global spectral method versus Spectral-Element Method.

Global spectral method Spectral-Element Method

Simulation
code

Simson Nek5000

Programming
language

Mainly Fortran77 Mainly Fortran77

General Global approach Local approach
characteristics Fourier-Galerkin-

Chebyshev tau method
Galerkin method

Fast Fourier transforms
Special fea-
tures

Fringe technique

Numerical
grid

Equidistant in the hori-
zontal directions, Gauss-
Lobatto-Chebyshev nodes
in the vertical direction

Sub-domains (spectral
elements) with arbitrary
shape, Gauss-Lobatto-
Legendre points

Basis func-
tions/ spatial
discretization

Fourier modes in the hor-
izontal directions, Cheby-
shev polynomials in the ver-
tical direction

Polynomial interpolation of
Lagrange form at Legendre
nodes

De-aliasing 3
2 -rule in the horizontal di-
rections

Filtering at the high-
est wavenumbers, over-
integration

Time integra-
tion

Implicit/explicit split-
ting: Four-step third order
Runge- Kutta method
+ second-order Crank-
Nicholson

Implicit/explicit splitting
technique: Third-order
backward differentiation
+ third-order Adams-
Bashforth

Parallelisation MPI and OpenMP MPI
Partitioning into slices in
span-wise direction

Element-wise partitioning

Applications Incompressible laminar and
turbulent flow: Channel
flow, 2D and 3D boundary-
layer flow on flat plates

Massively parallel simula-
tions of incompressible lam-
inar and turbulent flow in
complex geometries

Limitations To problems which can be
made periodic using the
fringe technique

Less efficient than the global
spectral method

Simple geometries, e.g. no
curved walls or leading edge



CHAPTER 4

Summary of the papers

Paper 1

Receptivity mechanisms in three-dimensional boundary-layer flows.

In this article receptivity mechanisms in swept-plate flow under favorable pres-
sure gradient are analyzed. The sensitivity of the boundary layer to perturba-
tions arising from the surface of the plate or from the free stream is termed re-

ceptivity. Two different disturbance sources are considered: a surface-roughness
element being localized in the chord- and sinusoidal in the span-wise direction
and a vortical free-stream disturbance modelled by a continuous-spectrum Orr-
Sommerfeld mode. In the presence of these disturbances the boundary layer
response is dominated by steady and unsteady cross-flow modes, respectively.
The efficiency of energy transfer from the forced disturbance due to the rough-
ness and the free-stream vorticity to the cross-flow instability is quantified in
terms of the receptivity coefficient. A parameter study is performed to identify
the length scales of the perturbation with most efficient receptivity.

The receptivity mechanism for unsteady cross-flow waves due to free-stream
vorticity has been explained for the first time in the paper. The focus has
been on demonstrating the link between penetration and decay of the free-
stream disturbance and the receptivity of the boundary layer to it. It has
been found that scale conversion is a key element and that receptivity to free-
stream vorticity is most efficient in the rapidly evolving upstream region of
the layer. Further, to determine whether steady or unsteady cross-flow modes
are dominant prior to the breakdown of the boundary layer to turbulence, a
combination of surface roughness and free-stream vorticity has been considered.
It has been found that stationary cross-flow vortices dominate the boundary-
layer response below an amplitude of the free-stream vortex of about 0.5%.

Paper 2

Transition to turbulence in the boundary layer over a smooth and rough swept

plate exposed to free-stream turbulence.

This article is closely linked with Paper 1 in that the material on receptiv-
ity presented there is extended. Swept-plate boundary-layer flow with free-
stream acceleration in chordwise direction is considered, being a prototype for
swept-wing flow downstream of the leading edge and upstream of the pres-
sure minimum of the wing. The flow is exposed to two different perturbations

17
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sources: free-stream turbulence and localized wall roughness with random am-
plitude along the span. Thus, the disturbance sources are more complex than
those studied in Paper 1, and the focus has been on demonstrating that the
receptivity coefficients presented there are also applicable in a more realistic
perturbation environment.

In addition to the receptivity study, a description of the break-down to tur-
bulence of the swept-plate boundary layer is included in Paper 2. The numerical
simulation of transition in three-dimensional boundary-layer flow is a novelty
and has not been addressed before. Here, Large-Eddy Simulations are per-
formed with the aim of identifying the relevant disturbance structures excited
by free-stream turbulence and random wall roughness at different disturbance
amplitudes.

Paper 3

Receptivity to free-stream vorticity of flow past a flat plate with elliptic leading

edge.

Two-dimensional flow over a flat plate with leading edge of elliptic shape is
investigated in Paper 3. The focus is on studying the boundary-layer response
when leading-edge- and surface-curvature effects are included. The Spectral-
Element Method is addressed, allowing for the simulation of flow around bodies
with curved surface. A vortical disturbance is imposed at the inflow plane of
the computational domain. In order to isolate the effect of the three vorticity
components on the response of the boundary layer, free-stream perturbations
with axial, vertical and span-wise vorticity are considered separately. It has
been found that the disturbance inside the boundary layer is dominated by long
streaks triggered through low-frequency axial free-stream vorticity. However,
at low frequencies, also wall-normal free-stream vorticity contributes to some
extent to the total disturbance amplitudes in the boundary layer, in particular
if the leading edge is blunt. The vertical vortex tubes in the free stream are
wrapped around the leading edge and tilted, and this mechanism triggers axial
vorticity. For span-wise free-stream vorticity of high frequency, the formation of
Tollmien-Schlichting waves is enhanced in the presence of a blunt leading edge.
This leading-edge effect is, however, of minor importance, as the amplitudes of
the TS-waves remain low in comparison of those of the low-frequency streaks.



CHAPTER 5

Outlook

In the present thesis receptivity of spatially evolving boundary layers to free-
stream turbulence and wall roughness is investigated. Three-dimensional
boundary-layer flow of Falkner-Skan-Cooke type and two-dimensional flow past
a flat plate with elliptic leading edge have so far been considered. Both types
of flow accommodate various characteristics of the flow over a swept wing: the
chordwise pressure gradient, the streamline curvature and the cross flow in the
case of the swept-plate configuration and the consideration of leading edge and
wall curvature in the case of the flat plate with elliptic nose. A natural ex-
tension is then to combine these ingredients in order to refine the model for
swept-wing flow.

At the Department of Mechanics, experiments on receptivity of the bound-
ary layer on a swept flat plate with elliptic leading edge are currently carried
out in the Minimum-Turbulence Level (MTL) wind tunnel within the European
TELFONA project. Apart from the pressure distribution due to the leading-
edge curvature, a favorable pressure gradient is imposed in the free stream by
means of the bump-shaped roof of the test section. In this way a Falkner-Skan-
Cooke like velocity distribution is obtained in the free stream above the flat
plate. The boundary layer is perturbed by placing tiny cylindrical roughness
elements near the leading edge and by inserting a turbulence grid upstream of
the plate. In the continuation of the present research project, simulations of
this configuration will be performed by means of the Spectral-Element Method,
and the results on receptivity to roughness and free-stream turbulence will be
compared with the experimental findings.

The Spectral-Element Method opens the possibility of accurately studying
the flow around bodies of interest in aeronautics or turbo-machinery. One
example is the flow field over a concave wall where other instability types than
those considered in this thesis come into play. If the radius of curvature is of
the order of the boundary-layer thickness, the centrifugal forces become large
enough to create a wall-normal pressure variation. This leads to centrifugal
instability and the formation of Görtler vortices. Simulations of this scenario
will together with the present results provide insights which will in the future be
useful for the computation of the transitional and turbulent flow field around a
full-wing model. Such simulations will, however, require modelling techniques
for the smallest disturbance structures in the flow field such as the sub-grid
models applied in LES.
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