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Abstract— In this paper, the optimal formation control prob-
lem of a multi-agent system is investigated. The foraging
behavior of N agents is modeled as a finite-horizon non-
cooperative differential game under local information, and its
Nash equilibrium is studied. The formations are achieved in an
intrinsic way in the sense that they are only attributed to the
inter-agent interaction and geometric properties of the network,
where the desired formations are not designated beforehand.
Through the design of individual costs and network topology,
regular polygons, antipodal formations and Platonic solids can
be achieved as Nash equilibria while inter-agent collisions are
avoided. Finally, numerical simulations are provided in both 2-
dimensional and 3-dimensional Euclidean space to demonstrate
the effectiveness and feasibility of the proposed methods.

I. INTRODUCTION

Multi-agent coordination is a fast-emerging field in control
community, which has gained increasing attention in the past
decades. Multi-agent system is popular due to its advantages
of better robustness as well as lower communication and
computation burden. Many research topics within this field
are inspired by biological modelling, such as flocking of
birds and fishes [1]. The theory has been widely applied
to motion planning of multi-robots system, where the agents
control their own dynamics to achieve a cooperative task
by exchanging information with neighbors. Following sig-
nificant results on consensus problem, realization of various
formation patterns has attracted more attention in the past
several years [2].

As for the non-consensus formation control problem,
most existing methodologies are based on the pre-defined
formation pattern, where the formation error is regulated
to zero [3], [4]. In this paper, the formation is achieved in
an “intrinsic” way in the sense that it is only attributed to
the inter-agent interaction and geometric properties of the
network, where the desired formations are not designated
beforehand. The idea of intrinsic formation control comes
from [7], [8], where the reduced attitude on S? is considered.
It has been shown that on the compact manifold of (S2)",
symmetric formations can be obtained by designing inter-
agent repulsion. However, their results cannot be applied to
the Euclidean space directly since it is unbounded.

In recent years, the game theoretic approach has shed
new light on the formation control problems. Game theory,
in particular evolutional game theory, has been applied to
multi-agent systems such as [5], [6]. Although there are
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numerous results on situations in which agents cooperative to
achieve a common task, there are more practical scenarios
where agents have individual and partial conflicting goals,
thus leading to a non-cooperative setting. Differential games
focus on multi-player decision making problems over time
and can be considered as a generalization of optimal control,
while the difference lies in that in a game each agent aims
to optimize its own, individual cost subject to the common
state dynamics [9]. On the other hand, compared to forma-
tion control methods based on navigation functions, game
theoretical approach has the advantage of treating formation
control from an optimization perspective as well as better
performance like robustness. However, among the existing
results of formation control problem based on differential
game theory, most papers focus on the consensus problem
[10], [11], [12]. For the non-consensus formation patterns,
the states are always chosen as the formation errors and the
problem can then be transformed to a consensus problem,
such as works by Mylvaganam [13], [14], [15], [16]. To the
best of our knowledge, only a few papers in this field have
considered the case outside the consensus framework, such
as [17], [18].

In this paper, the formation control problem of a multi-
agent system is investigated under a finite-horizon non-
cooperative differential game framework. A team of N a-
gents are moving towards a foraging point (which is assumed
to be the origin in R™) while minimizing their individual
costs. Different formation patterns are achieved as Nash
equilibria for the game by designing the network topology
and individual costs. The existence of Nash equilibrium for
the nonlinear game is proved. Regular polygons, antipodal
formations and Platonic solids can be achieved in R? and
R3 space while inter-agent collision is avoided. The main
novelty of the proposed method is four-folded:

1) The formations are achieved in a distributed way,
where only local information is available to each agent.
Each agent only has access to its own position and
relative displacement of its neighbors.

2) The problem is investigated in a non-cooperative set-
ting, where local competition is allowed while realizing
a collaborative task, making it more practical to real-
life applications.

3) The formations are realized in an intrinsic manner in
two aspects. Firstly, the desired formation pattern is
not combined in the individual cost beforehand. And
different patterns are only attributed to the inter-agent
interaction and geometric properties of the network.
Secondly, the form of individual costs is identical to all



agents and is also invariant with the number of agents,
which makes the methodology robust and scalable.

4) The proposed framework has a tutorial meaning since
a new systematic approach for formation control is
provided, where the desired formation can be obtained
by only intrinsically adjusting individual costs and net-
work topology. Furthermore, the results not only lead
to a better understanding of the natural phenomenon
where a collaborative swarming behaviour can result
from non-cooperative individual actions, but also bring
new inspiration in the construction of other formations.

The rest of the paper is organized as follows. In section
2, the optimal formation control problem is formulated
as a non-cooperative differential game. The existence and
solution of Nash equilibrium are studied in section 3. In
section 4, different formation patterns are designed in the
space of R? and R? respectively. Numerical simulations are
given in Section 5 and some concluding remarks are drawn
in Section 6.

II. PROBLEM FORMULATION

In this section, the optimal formation control problem
is introduced, which is formulated as a non-cooperative
differential game. We consider a team of N agents and
the dynamics of each agent is characterized by a single
integrator, i.e.

i =uy, 1=1,2,...,N, (1)
where z; € R" is the position of the i-th agent and u; € U
is its control input. Here U C R™ denotes a convex and
compact set. For instance, for the problems where no control
constraint is considered, we can choose U as U = {u € R™ :
[lul| < M} and M < +oo denotes a bounded constant that
is arbitrarily large.

In this paper the problem is studied in a decentralized
framework, where only local information is available to
each agent. We model the interaction between agents by
a graph denoted by G (V,€), where the vertex set

= {1,2,..., N} denotes the agents in the network and
E C V xV is the edge set. We say that agent j is a neighbor
of agent i is (j,4) € &, and the set of neighbors of agent 7 is
denoted by N; = {j : (j,i) € £}. The graph is undirected if
(4,%) € € means (i,7) € £. In this paper, modulo n opration
is utilized to identify agents. For example, agent O is the
same as agent N and agent N + 1 also refers to agent 1.

The foraging behavior of a multi-agent system is modeled
in the framework of non-cooperative game theory. Let x =
[z¥, ..., 2%]T. Each agent is associated with an individual
cost function based on local information

T
Ji(x(O),ui,u,i) = / li(x,ui)dt, (2)
0
where u_; is the strategy profile of all players except for
player i and I;(x, u;) is given by

1 2 ki
li(z,u;) = §||Ui|| + ?H
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Here k; and k5 are positive constants and the duration time
T is given. The first term penalizes the energy consumption,
while the second and third terms denote the penalization of
the distance to foraging location and repulsion from other
agents respectively.

Then the dynamic non-cooperative game played by agent
i is given by

min J;(2(0), u;, u_;)
“ “4)
s.t. :i:i:ui, iZLQ,...,N.

Here a continuous function wu;(¢) defined on the time
interval [0,7] is called an admissible control if u;(t) € U
for any t € [0,7]..

Definition 1 (Nash Equilibrium Strategy): The set of ad-
missible control (uf,us,...,uk) is called Nash Equilibrium
Strategy if

Ji(2(0), w7, uZy) < Ji(x(0), ui, uly), (5)

for all u; #u},1=1,2,...,N.

Finally, the optimal formation problem is solved by deter-
mining the Nash equilibrium strategy for each player. The
Nash equilibrium for the above differential game is char-
acterized by the optimal trajectories (x7, x5, ..., x% ). It will
be shown that different formation patterns can be obtained
as Nash equilibria by adjusting the network topology and
parameters in individual costs. Note that the definition of
l; also ensures that the agents reaches their target positions
without colliding with each other.

III. NASH EQUILIBRIUM FOR DIFFERENTIAL GAME

In this section, the Nash equilibrium for the designed non-
cooperative differential game is investigated. The existence
of Nash equilibrium strategy is proved under some assump-
tions, and the corresponding optimal strategies are analyzed.

A. Existence of Nash Equilibrium Strategy

In this part, the existence of Nash equilibrium strategies
for the non-cooperative dynamic game (4) is investigated.
The differential game played by agent ¢ can be regarded as
an optimal control problem w.r.t. u; with the strategies of
other agents (u_;) considered as known functions. Firstly a
general assumption is made on the initial configuration of
the agents.

Assumption 1: The initial positions of the agents do not

coincide, i.e. z;(0) # z;(0) foralli =1,...,N,j=1,...,N
and i # j. '
Here we define an additional state xg as
i 1
(1) = llull* + Fallzil|* + k2 D (6)
JEN; || - x] ||

with initial condition x{(0) = 0.
Then the optimal control problem for agent ¢ in (4) is
equivalent to

min g¢(z'(T))

st & (t)=f(ta'w), 0=z O

Uz(t) elU, Vte [07T}



= [z§,2]]T € R""! is the augmented state vector,

2 (0)T)7, g(@(T)) = z{(T) and f (¢, 2%, u;) is

where %*
deﬁned by

)

f(t,iti,ui) = [li(xi;ui,x_

Uq

i(t))}

where x_;(t) are regarded as known functions on [0, 7.

The definition of reachable set for the dynamic system in
(7) is given as follows.

Definition 2 (Reachable Set): Under the dynamics (7), a
point &% € R"*! is called reachable from (%) if there exists
an admissible control w;(¢) defined on time interval [0, 7]
such that the derived trajectory satisfies #(T") = Z%. The set
of all reachable points from 7°(°) is called the reachable set,
which is denoted by Rr.

Then the existence of optimal control of (7) is given in
Theorem 1.

Theorem 1: If U is convex and compact, then for any
given trajectories z;(t) (j # i) satisfying Assumption 1,
there exists an admissible control function u}(¢) that solves
the optimal control problem in (7) (equivalently in (4)), i.e.

9(#(T)) = min J,

S

, (8)
i‘é (T) S RT,

where 7% is the optimal trajectory corresponding to u;.

Proof: 1t is obvious that in R™(n > 2) space, for
any continuous trajectories of x;(t) with t € [0,7] and
j # 1, we can always find a smooth and bounded trajectory
Z;(t) for agent ¢ on [0, 7] such that it does not collide with
x;(t) for any ¢ € [0,T] and j # ¢. Thus it means that the
corresponding cost .J(1;) is bounded, i.e.

JZ(I'(O) Ui, U ) =1, 0< n < +09o, )

where 4; = Z; is the corresponding admissible control.

Since 1;(x;, i, x_;(t)) > 0 is bounded below, we know
that the infimum must be obtained by

where the infimum is over all admissible control.
Therefore, it is enough to only consider the trajectories
satisfying J;(x(0),u;,u_;) = g(#(T)) < 7. Then on
that subset of reachable set (denoted by R7), it holds
that I;(x;, u;, x_;(t)) is continuous and uniformly bounded,

where the pro}gerty of collision-free is also guaranteed by
| — x;]| > ==. Hence f(t,#',u;) is continuous and uni-

formly bounded on [0, T'] for the considered subset, making
Z%(t) also Lipschitz and continuously differentiable.

Now consider a sequence of convergent reachable points
{& 32 € Ry such that kli_{rolog(fk) = infJ(u;). Since

& € Ry for k = 1,2, ..., there exist admissible controls
uj,(t) such that the corresponding trajectories Zj,(t) which
start at 7 (0) = 7(0) satisfy

. (t) = f( T (1), up(T))dr, 0<t<T,

(1)

Here we denote fi(t) = f(t,#L(t),ul(t)). Due to the
fact that 7% (t) = fi(t) is uniformly bounded, we know
that 7% (t) is equicontinuous. Then by Ascoli’s Theorem,
the uniformly bounded sequence of functions {Z{ (¢)} must
converge uniformly to a continuous function Zi(t) with
7 (0) = 7°) along some subsequence, i.e.

xS
lim % (t) = & (t),

k—o0

vt € [0,T], (12)

where we have abused the indices for the subsequence, and

thus

lim (7)) = lim & = #(T).
k—o0

k—o0

(13)

Furthermore, since g(-) is continuous, it holds that

9(z(T)) = lim g(#4(T))

k—oc0

=infJ(u;).

Then it remains to show that #%(T) € Ry, which means
that 7% (¢) is a trajectory corresponding to some admissible
control.

Since 7 (¢ fo fu(T)dr and fi(t) is continuous and
bounded, we can see that 7% (t) is continuously differentiable.
Furthermore, by Moore-Osgood theorem, we can show that

Ty (1) = & (1), (14)
for any t € [0, 7. .
Here we denote 7%(t) as fs(t), which is partitioned as

Py (@)
where [} (t) € R and u}(t) € R™ for any ¢t € [0, T.
Then it holds that
up(t) = ui(t), t€0,T] (16)

Since U is compact, we have that uf(t) € U for any
t € [0, 7], which implies that w;(¢) is an admissible control
function.

In addition, since ul, — u}, T}
continuous, we have

— &L and [;(+) is

lim ; (7%, ul) = 1; (22, ul) = 15(t), 17
Jim 5 (3, uy) = 4 (2, 07) = (@) a7
for any t € [0, 7. 3 .

Therefore, we have proved that f(t) = f(t,2%,u}),
which means that

g
g(F(T)) = min Ji(2(0), us, u_s). (18)

Hence it holds that u] is the optimal solution to (7) and
7% is the corresponding optimal trajectory.
|
In conclusion, we have proved the existence of Nash
equilibrium strategy for game (4), where inter-agent collision
can be naturally avoided.



B. Description of Nash Equilibrium

Note that the differential game played by agent ¢ can be
considered as an optimal control problem with u; (j # 1)
given. Although the cost function is minimized w.r.t. u;, a
common state should be taken into consideration, i.e.

T

min / li(x, u;)dt
Uq 0

N

st. &= Z Bju,

j=1

where the column-wise block matrix B; € RN™ " consists

of N blocks of size n x n, where only the j —th block is an

identity matrix while the others are all zeros., and u; (j # ©)

are considered as known functions on time interval [0, .
Denote the Hamiltonian as:

; 19)

N
Hi(t, @, u;) = Li(2,u;) + XT(O_ Bjuy),

j=1

(20)

where A € R¥™ is the corresponding Lagrangian multiplier.
Then by Pontryagin’s maximum principle, the necessary
condition for the optimal solution to (19) can be given as

u; = argmin H;(t,z,u),

uelU
N
T = Z Bju;, (21)
j=1
A _ _aHz(ta Zz, ul)
B Ox ’
with boundary condition
z(0) = g 22)
AT)=0

Theorem 2: If U is convex and compact and Assumption
1 is satisfied, there exists Nash equilibrium to the non-
cooperative differential game defined by (4). And the trajec-
tories of Nash equilibrium strategies are obtained by solving
a set of differential equations with boundary constraints

fi = 7)\1‘

. T — s

N = —kjl.l" +k’2 z T
' B A N )

x;(0) given

A(T) =0

where ¢t = 1,2, ..., N.
In addition, the Nash equilibrium strategies and the corre-
sponding trajectories have the properties

1) z;(t) and w;(t) are bounded and Lipschitz continuous
on [0, ],

2) It can be guaranteed that the optimal trajectories are
collision-free, i.e. z;(t) # x;(t) for any j # ¢ and
tel0,T).

Remark 1: Since we have shown the existence of the

Nash equilibrium, we know that for any initial position x(0)

satisfying Assumption (1), there must exists solutions to the
above boundary value problem.

Remark 2: Since l;(x,u;) is not globally convex, the
solution to the boundary value differential equations can
only be considered as a local minimizer to the original
problem. Here we introduce a non-convex term in individual
costs to realize non-trivial formation patterns and guarantee
collision-free trajectories, which can be regarded as a trade-
off between formation performance and global optimality.

IV. DESIGN OF FORMATION PATTERNS

In this part, we will show that different formation patterns
can be realized by the design of network topology, and the
scale of the desired pattern is determined by the parameters
in individual costs. The novelty of the proposed method lies
in the fact that the formation pattern is only attributed to the
geometric properties of the inter-agent topology.

Because of the non-convexity of the individual game, in
general only local Nash equilibria can be obtained. When the
initial positions of all the agents are bounded within a local
neighborhood, it is enough to only consider the trajectories
of (23) near the invariant manifold

My ={z;, \i €R": N = 0,kymi =ky Y L%?”
JEN; i — ]
i=1,---N}

Then the desired formation pattern at terminal time is
given by the solutions of

kiz; = ko Z @

o i=1,.,N.
jem, i — ]

(24)

Since the individual costs for the game are symmetric, we
also expect to realize some symmetric formations. In this
section, we focus on two types of symmetric patterns that
are widely used in many applications: regular formation and
antipodal formation.

A. Regular Formation Design

The symmetry of the formation often leads to many
good performance in various promising applications, such
as the maximal observability of sensor network [19]. In
this part, the formation pattern with highest symmetry is
studied, which means regular polygon in R? space and
regular polyhedron R®. The definitions of regular patterns
are given as follows.

Definition 3: In R? space, a convex polygon is called a
regular polygon if it is equiangular (all angles are equal in
measure) and equilateral (all sides have the same length). In
the limit, a sequence of regular polygons with an increasing
number of vertices approximates a circle.

Definition 4: In R? space, a convex polyhedron is called a
regular polyhedron if its faces are identical regular polygons
and its vertices are all surrounded by the same pattern. A
regular polyhedron is identified by its Schlifli symbol of the
form {p, ¢}, where p is the number of sides of each face and
q the number of faces meeting at each vertex.

Firstly, the case of R? space is studied.



Proposition 1: If N agents are moving on R? space with
a complete graph G (i.e. N; = {j € V : j # i}), formations
of regular polygons can be obtained on a circle centred at
the origin, and the radius of the circle is given by

ko (n=1)/2 1 1/3 e
—_— f dd
. (2I€ sin(lﬁ/n)) nansoe
(=— k2 ( (" 2)/2¥+1))1/3 if n is even

2k sin(lm/n 2

1 (I /n) 05)

Proof: 1t is obvious that the shape of regular polygons

on a circle is invariant under rotations. Hence we only pay
attention to the relative position and the absolute coordinates
are ignored. Here we choose an arbitrary agent 7 as the
reference and set up a reference coordinated frame with

= [0,7]T. Then we show that regular polygons on the
circle satisfy Eq. (25).

Firstly we assume NN is odd and denote the position of
other agents as z; and x_;:

_ [Tsin(w)} - [—rsin(l&)]

r cos(16) r cos(16) (26)

wherelzl,...,”T_1 and 6 = QW’T
Then by (24), it holds that

n

Ozklaﬁi—k‘gz
J

Z; —l‘j
3
= i — ]
J#i

—klxi—kQZ[

=1

T; — Ty

T; — T
[ L P
n—1

=a[}] - ; e "

n—1

0 < 1 0
= kl |:’I":| - k2 Z 27"2 sin @ w |:1:| )

27
which derives that
(n—1)/2
kQ 1 1/3
=(—= _ . 28
" (le lzzl sm(lﬂ/n)) (28)
Similar results can be obtained when NN is even. |

Next we will show how to design network topology to
realize regular polyhedra in R? space.

The regular polyhedron is the most symmetrical of all
the polyhedra, being all of edge-transitive, vertex-transitive
and face-transitive. Unlike the regular polygons in R? space,
there exist only five types of regular polyhedra in the three-
dimensional Euclidean space, which are known as Platonic
solids as shown in Fig. 1 and Table I. However, not all
the Platonic solids can be obtained under a complete graph,
which are designed as shown in the next proposition.

Proposition 2: The Platonic solids of {3, 3} (tetrahedron)
and {3, 4} (octahedron) can be formed as a Nash equilibrium
satisfying (24) by a complete graph. However, the formations
of cube and dodecahedron are obtained under incomplete

(@ {3,3} (b) {4,3} (© {3,4}

(@ {5,3}
Fig. 1: Regular Polyhedra

(e) {3,5}

TABLE I: Parameters of Platonic solids

Vertices || Edges || Faces Schlifli symbol
Tetrahedron 4 6 4 {3,3}
Cube 8 2 6 {4,3}
Octahedron 6 12 8 {3,4}
Dodecahedron 20 30 12 {5,3
Icosahedron 12 30 20 {3,5

graph which is connected by some small units of tetrahedra.
Those two topologies are explained in detailed as following:
1) For the cube ({4,3}) of 8 agents, we divide the agents
into two distinct groups such as V; = {1,2,3,4}
and V, = {5,6,7,8}. The four agents in each group
are completely connected. And the graph has another
four edges which provide an one-by-one undirected
connection between two groups. For example, we can

take

o JieviiFiuiivg
e A Ui -4}

if i€V,
if i€ Vs.
(29)
2) As for the dodecahedron ({5,3}), twenty agents are
divided in to five distinct subsets, where each group
is composed of four agents. Each agent has exactly
four neighbors, which means that it is connected to
the other three agents in its own group and an agent
in another group. Furthermore, there exists at least one
edge between any two groups.

Here in order to provide a clear interpretation of the
designed topology, we replace the mathematical proof by
some inspiration behind the choice of graphs. The reason
why polyhedra {p,q} with p = 3 can be achieved by a
complete graph is that each face is a triangle, which is
structurally rigid. Since tetrahedron is the smallest rigid
polyhedron in R3 space, we consider constructing cube and
dodecahedron as polyhedral compounds of two and five
tetrahedra respectively, as is shown in Fig. 2.

B. Antipodal Formation Design

In this part, we consider the pattern of antipodal formation,
which can be regarded as “consensus upon antagonism”.



(a) Compound of 2 tetrahedra (b) Compound of 5 tetrahedra
Fig. 2: Polyhedral Compounds

Definition 5 (Antipodal Formation): Consider the multi-
agent system with N even. Antipodal formation refers to
the phenomenon that agents converge to two distinct points
that with opposite signs. In Euclidean space, it means that
the two converging points are symmetric with the origin.

The antipodal formation is also referred to bipartite con-
sensus in [20]. Such phenomenon is widely observed in
systems characterized by bimodal coalitions with opposite
opinions, such as duopolistic markets and two-party politics.

Proposition 3: For a system with N agents (N is even),
we divide V into two groups as V; = {1,3,..., N — 1} and
V_1 ={2,4,..., N}. If we choose an undirected graph as

M =V g, ifieVy, 30)

then the agents would achieve a antipodal formation as the
Nash equilibrium, and the relative distance between two
consensus points is (Nky/k)Y/3 .

Remark 3: Note that in [8] undirected ring (i.e. N; =
{i — 1,i + 1}) is used to realize antipodal formation on
a sphere. However, undirected ring is not suitable for our
problem in Euclidean space since it will lead to multiple
equilibrium patterns. For example, when N = 6, patterns of
antipodal formation, regular triangle and regular hexagon are
all possible to be achieved under an undirected ring topology.

V. SIMULATION

In this section, numerical simulation results are provided
to show the formation of different patterns under different
inter-agent graphs.

Under Assumption 1, random initial positions are gen-
erated for the multi-agent system. The Nash equilibrium
trajectories for several formation patterns are given as shown
in Fig. 3.

VI. CONCLUSION AND FUTURE WORK
A. Conclusion

In this paper, a novel game theoretic approach is pro-
posed to solve the optimal formation control problem for
multi-agent systems. The problem is formulated as a non-
cooperative differential game where only local information
is available. The existence of Nash equilibrium is proved
and collision-free formations of regular polygons, antipodal
formations and Platonic solids are achieved by designing the
network topology. The formations are achieved in an intrinsic
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Fig. 3: Nash Equilibrium Trajectories

way in the sense that they are only attributed to the inter-
agent interaction and geometric properties of the network,
where the desired formations are not designated beforehand.
Finally, the results of numerical simulations demonstrate the
feasibility of the proposed method.

B. Future Work

Future works include utilizing the proposed framework to
design other complicated formation patterns, such as the grid
network. In addition, how to extend the current results to an
infinite-horizon game is still an open problem.
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