b

Q%I:Q

FKTHE

VETENSKAP
<8 OCH KONST 9%

Mot

Perspectives on ldentification Systems

MINH THANH VU

Doctoral Thesis in Electrical Engineering
Stockholm, Sweden 2019



Division of Information Science and Engineering

KTH, School of Electrical Engineering and Computer Science
TRITA-EECS-AVL-2019:57 SE-100 44 Stockholm
ISBN: 978-91-7873-239-5 SWEDEN

Akademisk avhandling som med tillstdnd av Kungl Tekniska hogskolan framlég-
ges till offentlig granskning for avldggande av teknologie doktorsexamen i telekom-
munikation torsdag den 29 Augusti 2019 klockan 13.15 i F3, Lindstedtsvigen 26,
Stockholm.

© 2019 Minh Thanh V4, unless provided to IEEE in related publications.

Tryck: Universitetsservice US AB



o memery o my Gra ‘






Abstract

Identification systems such as biometric identification systems have been becoming
ubiquitous. Fundamental bounds on the performance of the systems have been
established in literature. In this thesis we further relax several assumptions in the
identification problem and derive the corresponding fundamental regions for these
settings.

The generic identification architecture is first extended so that users’ informa-
tion is stored in two layers. Additionally, the processing is separated in two steps
where the observation sequence in the first step is a noisy, pre-processed version of
the original one. This setting generalizes several known settings in the literature.
Given fixed pre-processing schemes, we study optimal trade-offs in the discrete
and Gaussian cases. As corollaries we also provide characterizations for related
problems.

In a second aspect, the joint distribution in the identification problem is relaxed
in several ways. We first assume that all users’ sequences are drawn from a common
distribution, which depends on a state of the system. The observation sequence is
induced by a channel which has its own state. Another variant, in which the channel
is fixed, however the distributions of users’ sequences are not necessarily identical,
is considered next. We then study the case that users’ data sequence are generated
independently from a mixture distribution. Optimal performance regions of these
settings are provided. We further give an inner bound and an outer bound on the
region when the observation channel varies arbitrarily. Additionally, we strengthen
the relation between the Wyner-Ahlswede-Kérner problem and the identification
problem and show the equivalence of these two.

Finally, we study a binary hypothesis testing problem which decides whether or
not the observation sequence is related to one user in the database. The optimal
exponent of the second type of error is studied. Furthermore, we show that the
single-user testing against independence problem studied by Ahlswede and Csiszar
is equivalent to the identification problem as well as the Wyner-Ahlswede-Korner
problem.






Sammanfattning

Identifikationssystem, som till exempel system for biometrisk identifikation, har
blivit allt mer vanligt forekommande. Fundamentala begransningar i prestanda hos
sddana system har etablerats av tidigare studier. I denna avhandling reducerar
vi ett antal antaganden i identifikationsproblemet samt hérleder motsvarande be-
gransningar i prestanda under dessa forutsattningar.

Den allménna identifikationsarkitekturen utokas sa att anvindarnas information
lagras i tva lager. Vidare separeras berdkningarna i tva steg dar observationssekven-
sen i det forsta steget ar en for-bearbetad brusig variant av originalsekvensen. Dessa
férutsdttningar generaliserar flera kidnda fall fran tidigare studier av problemet. Gi-
vet valda for-bearbetningsmetoder studerar vi optimala avvigningar i det diskreta
samt normalfordelade fallet. I form av foljdsatser tillhandahé&ller vi karakterisering-
ar av relaterade problem.

Vidare reducerar vi pa flera sédtt antagandena géllande de gemensamma dis-
tributionerna i identifikationsproblemet. Forst antar vi att samtliga anvdndares
sekvenser dras fran en gemensam distribution som beror pa systemets tillstand.
Observationssekvenserna introduceras genom en kanal med ett sjilvstéandigt till-
stand. Vidare undersoker vi en variant dar kanalen &ar fixerad, medan férdelning-
arna av anvandarnas sekvenser inte nodvéandigtvis dr identiska. Sedan studerar vi
fallet da anvdndarnas datasekvenser genereras oberoende fran en distribution med
flera komponenter. Optimala prestandaregioner hérleds for dessa forutsédttningar.
Vi tillhandahéller &ven inre och yttre begransningar for regionen nér kanalobser-
vationer varierar godtyckligt. Vi stirker 6ven relationen mellan Wyner-Ahlswede-
Korner problemet och det studerade identifikationsproblemet samt visar att dessa
ar ekvivalenta.

Till sist studerar vi ett binédrt hypotestest-problem vilket avser avgora ifall ob-
servationssekvensen star i relation till ndgon anvindare i en databas. Den optimala
exponenten for typ-tva fel studeras. Vi visar dven att testet av en enstaka anvinda-
re, tidigare studerat av Ahlswede och Csiszar, samt vart studerade identifikations-
problem &r ekvivalenta med Wyner-Ahlswede-Koérner problemet.
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Introduction

1.1 Identification systems

The blooming numbers of smart devices and services lead to an increase in high-
dimensional contents such as videos or audios. Because of the large amount of
data, efficient data storage and compression mechanisms are necessary. Given an
observed sequence, e.g. an image, reliable identification (recognition) of an related
user inside a database is crucial in many image or video processing applications in
eHealth, IoT, etc. An old but detailed overview of identification systems can be
found in [PBJOO).

_>W

Figure 1.1: A simplified model of identification systems studied in [WKLO03] and
[Tun09).

The information theoretic study of an identification problem (ID) was first done
by Willems in [WKLO03|], where he characterized the identification capacity for noisy
biometric systems. The compression and distortion aspects of users’ data were
taken into account in [Tun09] and |[TG14], where the trade-offs between compres-
sion and identification rates, and compression-distortion-capacity, respectively, were
provided. In [WOOS| the authors additionally considered compressing the obser-
vation and sending it to the processing center. Clustering was studied in [Wil09],



) Introduction

[Tunl2], and [FW16| as a method to improve the search speed, where in the en-
rollment phase users were distributed into clusters (groups) based on their data
sequences. Each user could appear in several clusters.

Generally speaking, the identification problem consists of two phases. In the
first phase, the enrollment phase, data from M users (z"(i))}, are enrolled into
a database as (j;)M,, cf. Fig. in a compressed or an uncompressed format.
The users’ data are not available after the enrollment phase. In the second phase,
the identification phase, a user w is chosen uniformly at random from M users. A
sequence y" observed at the output of the observation channel Py x» with the
corresponding input z™(w) is available to the system. The task of the system is to
identify the correct user w based on the observation y™ and the stored information
in the database (]z)f‘il The identification capacity corresponds to the maximum
number of users M such that the probability of correct identification approaches
one.

The mentioned previous works provide some initial understanding about the
identification systems. However, there are still significant gaps between the models
and practical systems that need to be filled. For example, real data sequences
are non-iid and could be generated from continuous sources. In this work, we
address several of these challenges by extending and relaxing several aspects of the
identification systems. We provide some motivations for each aspect below.

e Hierarchical ID: It can be beneficial that enrolled data are stored in parts in
distributed storage nodes, e.g. reduce local storage needs when remote access
to a centralized storage is available. This architecture can also be used to
enhance reliability against storage failures. Furthermore, searching through
the whole database and using the original observation sequence in one step can
be computational expensive. We therefore propose a pre-processing scheme
to address the challenges.

e Uncertainty: Realistic users’ data and observation sequences are not necessary
iid and the joint distribution might not be known exactly. However, the
systems are required to be reliable regardless of these conditions. Robustness
models are examined in this work.

o Hypothesis Testing: It is often assumed that the observation sequence is re-
lated to the data inside the system via the observation channel Py x» as
summarized in the previous paragraph. Again, in practice this might not
be the case. Therefore, we propose a screening step to find out whether the
observation sequence is legitimate or not, i.e. if y™ is related to an previously
enrolled user or not.

1.2 Thesis Outline

The investigation of these perspectives in this thesis is divided into four main chap-
ters, one technical introduction and a brief conclusion. We summarize the content
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of each chapter in the following.

In Chapter [2| we review characterizations of classic settings that are relevant for
latter chapters such as the lossy compression, the Wyner-Ahlswede-Korner (WAK)
setting, the hypothesis testing against independence and the identification problem.
The presentation focuses on showing how ideas of the achievability proofs were built
up chronologically. Additionally, we discuss properties of information quantities in
the mixture of discrete and continuous case which will be used in Chapter [

Chapter [3] studies the two-stage identification setting where users’ data are
stored hierarchically in two layers and the identification process is carried out in
two steps to speed up the search complexity. In the first step the system outputs
a list of compatible users to the second step based on a pre-processed observation
sequence. Based on the information of users in the list the second step produces
an estimated user and a reconstructed sequence of the true user. We present the
complete trade-off between the compression rates for both layers, the list size for the
first stage processing, the identification rate and the distortion level in the discrete
setting. We also discuss several derivatives of the two-stage setting.

In Chapter [d] we extend the setting in Chapter [3| to the Gaussian setting. The
complete trade-off characterization is also given for this setting. The proof idea
extends the one of Wyner reviewed in Chapter [2| for the discrete WAK setting with
a tweak in the error analysis.

Chapter [5] addresses our certainty about the underlying joint distribution of
users’ data sequences and the observation sequence. To facilitate the complexity of
the study we focus only on the compression and identification trade-off. We consider
several settings: the compound setting, the independent individual state setting,
the general distribution setting as well as its specialization to mixture settings, and
the arbitrary varying setting. We observe that several settings admit the same
compression-identification trade-off. Additionally we show the equivalence of the
identification setting and the WAK setting in the strong converse sense. Finally,
we provide a strong converse line of arguments that works for both the discrete and
the Gaussian identification settings.

Chapter [6] studies the problem that the observation sequence might not be re-
lated to one user in the database. We propose a binary hypothesis testing approach
to address this issue based on the Neyman-Pearson framework. The characteriza-
tion of the type II error exponent is given when the probability of type I of error is
strictly below 1. It shows an interesting trade-off between the error exponent and
the identification rate. Following the line of arguments from Chapter [f] we further
show that the hypothesis testing against independence is equivalent to the WAK
setting and the identification setting.

The material presented in this thesis is based on the author’s joint works which
are partially published in [VOS17; [VOS18a; [VOSB18; [VOS18bj [VOS19].
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T HIS chapter recaps several classical settings in information theory. The pre-
sented ideas, results and related properties are useful for latter chapters.

2.1 Set Covering

Assume that the space X is given. Let {U, }nez be a collection of subsets of X’ and
K be another subset of X'. We say that {Ua}acz covers K, if K C U ez Ua. We
are often interested in finding a finite cover of a set, i.e. |Z| < .

In information theory, covering arose in the context of the lossy source coding
problem. The aim of this problem is to communicate a source to a destination with
the minimum amount of resource (transmission rate) such that the reconstructed
information is not too distorted from the original source. Formally, this action is
described by a pair of compression/reconstruction mappings

fn: X" = M,
Gn: M — X" (2.1)

The corresponding covering is given by {U, } e, where Uy, = {a™ | frn(z™) = m}.
The discrepancy between the original and the reconstructed sequences is measured
by a function d: X™ x X™ — R, for example a distance metric. The quality of cover-
ing is usually measured in terms of the expected distortion or the excess probability
for a given target distortion level. Before discussing further we make a digression
to introduce some information quantities.

Definition 2.1 Given two distributions P and @ on a space X, the KL-divergence
between P and () is defined as

dpP
EP{IOng] itP<@

D(P||lQ) = (2.2)

00 otherwise
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where < denotes the absolute continuity relation and Z—P is the Radon-Nikodym
derivative of P w.r.t. @), which is defined in detail in Theorem

Different information theoretic quantities can be related to the divergence if the
above definition is relaxed. When X is a discrete random variable the entropy of
X can be obtained by H(X) = —D(Px]||pe) where p. is the counting measure.
Similarly, when Px has a density f, w.r.t the Lebesgue measure A\ then the dif-
ferential entropy of X can be defined by h(X) = —D(Px/||A). In the previous two
examples we have abused the integral definition of divergence, since it requires two
distributions on the same alphabet. We can also define the mutual information via
the divergence as follows.

Definition 2.2 Let Pxy be a distribution on the space X x ) with the corre-
sponding marginals Py and Py. The mutual information is given by

I(X;Y) = D(Pxy||[Px x Py), (2.3)

where Py X Py is the product (probability) measure on X x ). When Pxy <
Px x Py holds, we define the information density as

dP
W(z;y) = log ﬁ(% Y); (2.4)

so that in this case I(X;Y) = Ep,, [¢(X;Y)] holds.

We now get back to the lossy source coding problem. Assume that the source
sequence z" is generated iid from a distribution Px. Constructive assigning each z™
in X" to a element of the representative set M, or correspondingly a cover, is not an
easy task in general. Moreover, at large block length most of the of the probability
concentrates in a set of volume ~ 27 (X) which is typically much smaller than the
cardinality of X™. The probabilistic approach for this problem goes as follows. We
generate a random codebook u™ where each codeword u™(m), m € M, is generated
iid from a marginal distribution Py. Py is chosen as the output distribution of a
test channel Py x with input Px. Then we assign each sequence z" to a sequence
u™(m) according to some deterministic rules. It can be argued that with a suitable
rule the expected distortion is within the target one plus an infinitesimal quantity.
A stronger and explicit statement which expresses the excess probability is given
in the following.

Lemma 2.1 [Gal6s, Lemma 9.3] Fix a test channel Pyn xn. Generate M code-
words u"(m) independently, m € [1: M], from the marginal distribution Pyn» and
denote them collectively by u". Given a codebook, u™, each source sequence x" is
mapped to an index jo such that d(x™,u™(jo)) is minimized. Then

Pr{d(X™,U™(Jo)) > nD} < Pr{L(Xn; U™ >nRordX";U") > nD}
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+ exp(—Me "), (2.5)
where (X", U™) ~ Pxnpyn.

The first term on the right-hand side of Lemmal[2:1]can be seen as the probability
of an atypical event. Consider a special case where the joint distribution Pxnymn
and the distortion measure d(z™, u™) can be factorized as

PX”’U"’ < P;?Zi, d(sc",u") < st((ﬂi,ui)’ (26)

i=1

then due to the law of large numbers it corresponds to how much the information
density and the distortion measure deviates from their mean values. The approach
is, however, inflexible due to the coupling of ™ and u™ via the function d(, -), i.e., it
is not straightforward to extend this approach to multi-layer covering which appears
in many information theory problems such as the multiple description problem.

Strongly typical approach on finite alphabets was used to circumvent this prob-
lem. In the following we present a definition of a joint typical set. The individ-
ual/tuple typical set can be inferred similarly.

Definition 2.3 [EK11], p. 27] Given an e > 0, the set of joint e-(strongly) typical
sequence is defined as

’\{i: (zi,4i) = (,9)}]

n

T (Pyy) = {<x",y”>

— ny($,y)| < Eny(.’I},y)}. (27)
We usually abbreviate strongly typical sets as 7.*. The following property ex-

plains why the strongly typical approach is widely used.

Lemma 2.2 [EK11, p. 26] Given a function g: X x Y — Ry such that Ep,, (g) <
oo. If (z™,y™) € T'(Pxy) then

S|

(1 - G)EPXY(g) < Zg(xivyi) < (1 + G)pry(g)' (2'8)

Applying the above lemma to the lossy compression problem we see that if
(x™,u™(i)) € T for some i and the assumptions (2.6 are fulfilled then

|%d(x", (i) — Bldy(X, U)]| < €B[dy(X, U)]. (2.9)

In other words, we get the guarantee for the distortion for free when Py x is prop-
erly chosen. The focus is hence on building a strongly typical covering only. The
following lemma quantifies the quality of covering using the strongly typical ap-
proach.
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Lemma 2.3 (Strongly typical covering lemma) [EK11, Lemma 3.5] Assume that
Pr{(U", X") € T} — 1 as n — oo where (U",X™) is not necessary a se-
quence of iid pairs of random wvariables. For each realization u™ of U™, let 2™
sequences X™(m) where m € [1 : 2"%] be iid generated via the conditional distribu-
tion [, Px\y—,,- Then if R > I(X; X|U) + yn(e2) where v, — 0 as n — oo then
we have

Pr{(U™, X", X" (m)) ¢To}—0, asn — oo, (2.10)

where €3 > €1 and ea — 0 as well.

The flexibility of the strongly typical approach is explained in the following.
Assume that we want to cover X" using two layers of covering 4™ and v™ where
given a sequence u" (i), each v" (i, j) is generated iid according to [, Pvjy—y,. We
first look for a codeword (sequence) u" (i) such that (z™,u™(7)) € 7.*(Pxv). Then
we look for a sequence v™ (i, 7) such that

(@", u"(2), 0" (i, 4)) € T""(Pxuv)- (2.11)

Lemma [2.3]states how many codewords for each layer we need such that the cover is
successful with high probability. As we mentioned before, the distortion constraints
are automatically fulfilled with an appropriate choice of the conditional distribution
Pyyx, if required.

We now move further from the context of lossy source coding problem. Instead
of producing a hard decision which assigns each z™ to a center u"(i) we can also
assign each 2™ to each u™(7) with a certain probability denoted by Pg’l’}](xﬂu"(z))
To measure the quality of this soft assignment the following metric on the space of
probability measures is frequently used.

Definition 2.4 The total variation distance between two distributions P and @
on the same alphabet X" is defined as

1P = Qllrv = sup |P(A) — Q(A)]. (2.12)
ACX

Another “metric” which is also widely used is the KL-divergence. It should be
noted that when the space X is finite, the metric used in ([2.7) is equivalent to the
variational distance as the latter can be reformulated as

1P~ Qllrv = 5 3 1P() ~ Q)] (213)

TeEX

Compared with the (strongly /weakly) typical approach in which we want to cover
the space X™ with high probability using a suitable codebook, herein we want to
cover or approximate the distribution Pf?" with vanishing discrepancy also via a
suitable codebook. We have the following lemma.
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Lemma 2.4 (Soft Covering Lemma) [Hay06, Lemma 2/, [Cuf13, Corollary VIIL.2]
Given a joint distribution Pxy . Generate 2™ sequences U™ (m) did via the marginal
distribution Py . Denote the collection of these sequences by U™. For each realiza-
tion of these sequences let Pxn be the output of the channel Px |y where the input
s chosen uniformly at random from one of these generated sequences, i.e.

®n n
Pyn = 2nR ZPXlU . (2.14)

Then we have

_ 1
Eur[[Pxn = PR"[lrv < Pr{u(X™U") >} + 5 [eT J2nE. (2.15)

One may wonder what is the relation between soft-covering and covering using
conditionally, strongly typical sets. To answer this question we need the following
stronger lemma.

Lemma 2.5 (Strong soft covering lemma) [Cuf16, Theorem 1] Assume further that
the alphabets X and U are finite. Then if R > I(X;U) there exists a v1 > 0 and
v2 > 0 such that for sufficiently large n

Pr{||Px» — P{"||ry > e "} <e ¢, (2.16)

Lemma [2.5] says that we have a vanishing soft-covering with high probability, i.e.,
we have -

| Pxn — P™||7v — 0,in probability, asn — oo. (2.17)
If we assume that X" ~ P;?", U" = & and set PX\X <+ Py|x in Lemma then

(with high probability on the space of u™) for any v > 0 and sufficiently large n
the following two conditions are satisfied

Pr{(X",u"(i)) € T} > 1 -+, and || Px» — P{"||7v < 7. (2.18)
In other words a good soft-covering codebook can also be used for a strongly typical

covering.

2.2 The Wyner-Ahlswede-Korner setting

The Wyner-Ahlswede-Korner (WAK) setting [AK75], [Wyn75] deals with the task
of recovering the correct source information with helping from another sender in
the system. An illustration of the WAK setting is given in Fig. 23]

Formally, a code for the WAK setting consists of two encoding mappings (¢14,, ¢2n)
and a decoding mapping 1, which are defined as

Grn: X" = My, don: V" = Ms, and dy: My x My — Y™ (2.19)
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xn «@ M W Y

Pr{Y" #Y"}
2
b2 7

Figure 2.1: The WAK (one helper) model.

Note that both X and ) are finite in this setting. For a fixed € € [0,1) we say that
a rate pair (Ry, Rz) is e-achievable if there exists a WAK code (¢1n, dan, ¥r) such
that

1 A
limsup — log|M;| < R;, i =1,2, and limsupPr{Y" £Y"} <e. (2.20)
n—oo N n— 00

The WAK setup can be seen as a generalization of the Slepian-Wolf setting
where ¢1,, = id and M; = X™. We cite the result in the following.

Theorem 2.1 [SW75] Given discrete memoryless source {(X;,Y;)}32,. Let 0 <
€ <1 and~ > 0 be arbitrary but given. Then for all sufficiently large n, there exists
encoding functions fn: X" — My and g,: Y* — My and a decoding function
hp: M1 x Mo — Y™ such that Pr{h,(fn,(X™), g, (Y™)) #Y"} <€ if

1 1
- log M1 > H(X) + 7, and ﬁlog IMz| > HY|X) + . (2.21)

A simplified achievability proof for the Slepian-Wolf setting is provided by Cover
[Cov75] which we explain briefly in the following. We pre-select an alphabet M.
Then each sequence y™ € Y™ is assigned independently and uniformly at random to
an index mo € Ms. Upon observing y™ the second encoder sends the corresponding
bin index msy. Then based on the given information z" and ms, the decoder look
for a unique sequence §"™ which has the bin index ms such that (z™,§") is jointly
typical.

The conditionally typical lemma, which is a standard, contemporary tool to
study source coding with side information settings, was not available at that time
when the problem was put forth. To show the achievability of a rate pair (Ry, Rz),
Wyner [Wyn75] used a piggyback code inside a Slepian-Wolf code. We explain the
idea in the following. Assume that we use a test channel Py x, where U takes
values in U, to encode the information from X™. Assume further that there exists
a sequence of functions ), such that if (Y™, U™) ~ PZl then

6n = E[th, (Y™, U™)] = 0, as n — oo. (2.22)

A toy example of ¢, would be 1{(y™,u") ¢ T.*(Pyr)}. Wyner used the following
function

Gn(y™ u™) = dp(y", 03V (63V (y™), u™)), (2.23)
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where dg(-,-) is the normalized Hamming distance. ¢5W and 5%V are encoding
and decoding functions of the Slepian-Wolf setting with the source (Y™, U™) which
exist if R = H(Y|U) + v where v > 0 is arbitrary. In the WAK setting they
correspond to ¢9, and ,, respectively. Let f,: X" — U™ be an arbitrary map.
Then, after some derivation steps it can be shown that

E[dn (Y™, fu(X™)] < Pr{(X", fu(X")) & Sn} + 63/ (2.24)
as 0 < 1/;,1 < 1 where
Sp = {(z™,u") | E[hp, (Y™, u™)| X" = z"] < 61/2}. (2.25)

If we use our toy function v, then S, is the set of (2™, u™) such that the (conditional
given z™) probability that Y™ is not jointly typical with u™ is small. By Markov’s
inequality Pr{(X",U") ¢ S, } < 5+/* where (X™,U™) ~ PSP

Wymner noticed that in Lemma any measurable function d(-,-), which is not
necessary a distortion measure, can be used. Hence Lemma [2.1] can be used to
bound the first term in by defining d(z",u") = 1{(2",u") ¢ S} and setting
the threshold D = 0. Note further that f,, is the corresponding encoding rule when
u” is fixed. Therefore, we get

E[n(Y", f(X™)] < Pr{u(X";U") > nR} + Pr{(X"U") ¢ S,.}
+ exp(—Me ™M) 4 51/2, (2.26)

By choosing Ry = I(X;U) +~ and M = "B+ we can drive E[¢),, (Y™, fo(X™))]
to 0. The existence of f, or ¢1, hence follows. The expression says that
although (Y™, f,(X™)) is not iid, there exists a piggyback mapping f,: X" —
M = {un(i)PM U such that the overall effect is similar to (2.22), ie., as if
(Y™, £, (X™)) were iid distributed.

Ahlswede and Korner approached this setting with the same idea but with
a different method [AK75]. Let f,: X" — M be an arbitrary function. If we
apply f. to consecutive blocks of length n: X', XZ?H, ..., then the output indicies

{fn(X ,g]::rll)")}zozo are mutually independent and identically distributed. Hence we
can view the sequence of pairs

k41 k41 0o
(O fax M e, (2.27)

as a new iid super-source. Applying the Slepian-Wolf theorem for this super-source
we can see that the decoding error goes to zero if

Ri 2 H(fu(X"), Ry 2 H(Y"|fu(X")), (225)

where the normalizing factor 1/n is because each element of the super-source has
length n. Since f, and n are arbitrary, the following region is achievable

{(Rh Ry)

R > LHU(X), Re > CHOPUL(XO), s 20 8 (220)
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Fano’s inequality can be used to show that the given region is indeed the optimal
region. The key technical step in Ahlswede and Korner’s work is showing that

(2.29) equals to the following region
{(R1,R2) | R > I(X;U), Ry > HY|U), U= X =Y, U| <X +1}, (2.30)

which is called the image-characterization approach. The reader is referred to
[AKT75] for a detailed exposition.

The contemporary approach simplifies the proof by combining the following lemma,
the covering lemma, and the random binning argument by Cover, cf. [CT12, Section
15.4].

Lemma 2.6 (Conditional Typicality Lemma) [EK11, p. 27] Given (X", Y") ~
Pf?;} and x™ € T'(Px). Then for any ez > €1 we have

Pr{(z",Y") € T (Pxy)|X" = 2"} = 1, asn — oo. (2.31)

It should be mentioned that the conditionally typical lemma is not available
in the weak typicality approach. We also digress a bit from the context of the
WAK problem and discuss the applicability of Wyner’s approach when X, ), U
have continuous supports. Assume tha 0 < ¢, < 1, we observe that the relation
also holds in this case under the same choice of d(z™,u™). Additionally, the
right-hand side of goes to zero if there exists a sequence of functions t,, such
that is satisfied and E[t(X;U)] < oo holds.

Finally, the strong converse result for the WAK problem is proved based on the
blowing-up lemma developed by Ahlswede, Gacs and Kérner in [AGKT76].

2.3 Hypothesis testing

In many inference application one would like to distinguish between two hypotheses
Hy and H; under which the data sample z is generated from the distributions P,
and Py, , respectively. We define an acceptance region as a subset A of X’ such that
when = € A we declare that Hy is true. The false alarm (error of type I) and the
miss detection (error of type II) probabilities are given by

a = Py, (A%, B = Py, (A). (2.32)

The following important lemma which comes from the data-processing inequality
for the divergence is often used to prove the weak converse result.

Lemma 2.7 d(1—«||8) < D(P||Q) where d(1—«l|5) = (lfa)loglfTo‘Jralog 25
is the binary divergence.

We state another fundamental result in the followin@

2-1This assumption can be relaxed to an € [0, al.
2:2Both Lemma and hold when the test is random, i.e., each sample zx is assigned to Hyp
with probability p, and Hy with probability 1 — p,.
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Lemma 2.8 [Han03, Lemma 4.1.2] For any v > 0 and any A the following in-
equality holds

a+vﬁZPr{dPH°(X) Sv}, (2.33)
dPy,

where X ~ Py, .

Although Lemma [2.8] is not difficult to be proven, recalling it is another story.
Perhaps, the following interpretation helps to memorize this inequality:

false alarm probability + a scaled (by «y) miss detection probability > the
false alarm probability of the likelihood ratio test with threshold ~y.

Several approaches can be used to study the hypothesis testing problem such as
the Neyman-Pearson and the Bayesian frameworks. In the Bayesian approach one,
for example, aims to minimize the total probability of errors, while in the Neyman-
Pearson approach, the goal is to minimize the miss detection probability given
a false alarm level. We mainly focus on the Neyman-Pearson approach in this
thesis. As the result of Neyman-Pearson lemma, an optimal acceptance region for
a given false alarm threshold ag can be given in the following form, assuming that

PHO <<PH17
dPy,
= X o 2.34
A {xe ‘dPHl(x)>t}’ (2.34)

for some threshold ¢ such that Py, (A¢) = ayp.

As a standard scenario, it is often assumed that under hypothesis Hy the obser-
vation x™ is generated iid from a distribution Py while under hypothesis Hy, =" is
also generated iid but from a distribution @ x. In this case, the acceptance region
is also denoted by 4,, which induces the corresponding error probabilities denoted
by a,, and f,. Since we also assume that the block length n tends to oo, it would
be natural to inspect the convergence to 0 rate of the miss detection probability for
a given false alarm threshold in the Neyman-Pearson framework.

We say that F is an e-achievable exponent of type II of error if there exists a decision
region sequence A, such that

limsup «a,, < €, liminf 1 log S > FE. (2.35)
n—oo0 n—o0 1 Bn

Let EX = sup{F | E is an e-achievable exponent of type II of error} be the maxi-

mum e-achievable error exponent of type II.

The following result summarizes the asymptotic behavior of the miss detection

probability when the false alarm probability is constrained to be less than an e.

Theorem 2.2 (Stein’s lemma) [Han03, Corollary 4.2.1] Assume that D(Px||Qx)
is finite then for all € € [0,1) we have

Ef = D(Px|Qx). (2.36)
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The proof of Theorem is quite short, we discuss it in somewhat detail here.
Since we are considering the Neyman-Pearson framework, it is intuitively reasonable
to declare an acceptance region as

A, = {x"

The law of large numbers indicates that as n — oo, % log

ape"
dQ?}”

(™) > t}, for some ¢. (2.37)

P
S (X") = D(PxQx)
when X" ~ PY" with probability 1 (or almost surely). Therefore if we select ¢
such that logt = n(D(Px||@x) — ) where v > 0 is arbitrary, then the false alarm
probability can be forced to 0. The miss detection can be calculated based on the
change of measure argument as follows.

(a) 1dP2"
V(A = / dQY"(2") < / - (@)dQE" (a7)
A VR A, tdQY"
_ e—n(D(PxHQX)—’Y)/ de?n(xn) < e~ (D(Px[IQx)—7) (2.38)

n

where (a) is valid due to the definition of A,. The argument works by changing
the underlying measure from Q®" to P®™ based on the definition of the event A,,.
Hence we can conclude that E* > D(Px||Qx)-

Lemma can be used to show that the converse for ¢ = 0 holds, i.e. E* =
D(Px||@x). To show the converse direction for € € (0,1), or the strong converse,
we use Lemma Assume that for a given pair (¢, E), there exists a sequence
of decision regions {A,} such that all the conditions in are satisfied. Then
setting v = e"(P(Px[@x)+8) where € > 0 is arbitrary, we obtain by Lemma

g
T (X" < DPxx) + ¢

X"~ PY", n,

apPen
o (X" < D(Px]@x) +§},

Vn > ng(7). (2.39)

oy 4 MPPXIQ) 9 5 pr{l log
n

a4 MPPXIQX)TE) - (B-6) 5 pr{l log
- n

We can see that the right-hand side goes to 1 due to the law of large numbers.
Since a,, < 1 for all sufficiently large n, we must have D(Px||Qx) +& > E — £ for
all £. Hence D(Px||Qx) > F which implies that D(Px||Qx) > E¥ for all e.

In an attempt to connect the fields of information theory and statistics, Ahlswede
and Csiszar considered a distributed hypothesis testing problem with communi-
cation constraint in [AC86]. We consider first the testing against independence
scenario. The hypotheses are Hy: Pgy and Hy: PE™ x PE™ where Pxy is a prob-
ability measure on a finite space X x ). Due to the communication limits, the
decision center has only access to (y™, m;) where m; is a compressed version of z"™
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at some rate R.. The designer is allowed to select a compression mapping ¢, and
a decision mapping v,, which are defined as follows:

bt X" = My, and b, V" x My — {0,1}. (2.40)

An illustration of this setting is given in Fig. 2:2]

Y’n
Figure 2.2: The distributed hypothesis against independence model.

The decision region is given accordingly as

An ={W", on (™)) | Pn(y", n(a™)) = 0} (2.41)

The probabilities of error of type I and II, o, and (3,,, can be calculated accordingly.
Similarly, Ahlswede and Csiszar considered the Neyman-Pearson framework and
studied the convergence rate of the miss detection probability. We say that a rate-
exponent pair (R., F) is e-achievable if there exists a testing scheme (¢, 1,) such
that

R. > lim supl log |[Mi], limsup a,, <€, and E < lim inf 1 log i (2.42)
n—oo T n—00 n—oo 1 ﬂn

The achievability can be shown as follows. Note that for any mapping f,: X” — N

we can form a super-source as in . Then we can apply Stein’s lemma to

the super-source to show that the following set of rate-exponent pairs (R, E) is

achievable

1
{e.p)|m. > Lo, 0,
1
E > ED(PY"fn(X")HPY" X Pf"(Xn)), fn: X" — N} (243)

As a consequence of the above entropy characterization, the maximum achievable
error exponent is given as

0(Rc) = max{I(Y;U) |U - X =Y, U] <|X|+1,1(X;U) < R} (2.44)

O(R.) is a continuous, monotonically increasing and concave function of R.,
cf. [AC86; [WWT5|. We observe the similarity in the characterizations and
(2.43). It can also be shown that is indeed optimal. Since both are the
optimal achievable regions, it can be inferred that if a sequence of compression
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mappings ¢,: X" — N achieves the optimal characterization, i.e., there exists
a corresponding sequence of mappings, for one problem then it also attains the
optimality for the other problem, cf. also [TCO08]. The achievability proof can also
be simplified by using the covering lemma and the conditionally typical lemma.
The strong converse, which also holds for a more general setting in which the
distribution under Hy, Qxvy, is arbitrary such that Qxy (z,y) > 0 for all (z,y) €
X x ), is shown by the blowing up lemma in |[AC86].

2.4 Identification problem

As mentioned in Chapter |1| the identification problem [WKLO03| consists of two
phases: the enrollment and the identification phases. In the enrollment phase, we
map the data sequences from M users into a database. For simplicity we discuss
the discrete setting exclusively. Assume that each user sequence x" (i) is generated
iid from the distribution Px for all ¢ € [1 : M]. Then the enrollment process is
described by the following mapping

Gr: X — M. (2.45)

The uncompressed case corresponds to ¢, = id and M; = X™. In the identification
phase a user w is chosen uniformly at random from M users. An observation
sequence y" which is an output of the channel Pff’& with an input sequence x™(w)

is provided to the system. Let x™ and ¢, (x") be abbreviations of (z™(m))_, and

(dn (2™ (m)))M_,, respectively. The joint distribution of the whole system can be
written as

M
n n 1 n n n n n(,
Pynxnw (y", x", w) = MPSQ‘X(y |2 (w)) I I P (2" (7). (2.46)
i=1

An identification mapping v, is designed to find the true user w based on the
information inside the database ¢, (x™) and the observation sequence y™ which is
given as
Vn: MM x Y 5 WU {e}, (2.47)
where W = [1: M].
We say that a rate pair (R., R) is achievable if there exists a pair of mappings
(¢n, ¥n) such that

lim sup 1 log |M1| < R,, liminf 1 logM > R, and lim Pr{W # W} = 0. (2.48)
n—ooco N n—oo M n—00

The closure of the set of all achievable rate pairs is the rate region. Using the

strongly typical approach, the covering lemma, the conditionally typical lemma and

the analysis of the channel decoding problem, we can characterize the achievable

rate region as [Tun09, Theorem 1]

{(Re,R) | Rc > I(X;U), R<I(Y;U), U—-X =Y, [U| < |X|+1}.  (2.49)
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The identification capacity, which corresponds to the maximum number of users
that the system can support, is given by C' = I(X;Y). By looking at (2.49)), (2.30),
we see that there is some relation between the identification problem and the WAK
setting.

2.5 Formalities

In this part, we discuss some formal results which are needed in the study of iden-
tification systems where the underlying joint distribution is Gaussian. We first cite
some important results in probability theory. Using these tools we justify the defi-
nition and necessary properties of information quantities to ensure that everything
is just as planned.

Assume that v and p are two measures on a measurable space (€2, .A). We say v is
absolutely continuous w.r.t. p (written as v < p) if v(A) = 0 whenever pu(A4) =0
for A € A.

Theorem 2.3 (Radon-Nikodym) [Durl0, Section 5.1] Let v and v be o-finite mea-
sures on a measurable space (2, A). Then v < p iff there exists a Borel measurable
function f: (2, A) = (R4, B(Ry)) such that

V(A) = /A fdu, YA € A. (2.50)

Examples of o-finite measures are probability measures on R, the Lebesgue measure
Aon R, the counting measure p. on any countable spaces. We denote the underlying
probability space in this work by (9, A, P).

Definition 2.5 (Conditional expectation) [Durl0, Section 5.1]
We say that Y is a version of the conditional expectation of a integrable random
variable X given a sub-o-algebra F C A, where the latter is denoted by E[X|F], if

e Y is F measurable.

o For any A € F we have E[X14] =E[Y14].
We also define the conditional probability of H € A given F as P(H|F) = E[14]F].
Definition 2.6 (Regular conditional distribution) |[DurlO, Section 5.1.3]

Let X: (Q,A) — (5,Sx) be a random variable. We say a mapping x: QxSx —
R, is a regular conditional distribution of X given F C A if

o For each A € Sx, (-, A) is a version of P(X € A|F).

o For P- almost all w we have k(w, ) is a probability measure on (X, Sx).



18 Preliminaries

A complete, separable metric space, for example (R™, || - ||2), is a Polish space.
Let F be a Polish space and £ be the corresponding o-algebra generated from open
subsets of £. If X is a random variable taking values in £ then a regular conditional
distribution of X given any sub o-algebra F C A exists.

An important property of conditional expectation, often called tower property,
is that if E[|X|] < oo then we have E[X] = E[E[X]|Y]]. However, in our problem
we usually need to go deeper, for example to bound the differential entropy by the
minimum mean square error in the following Lemma [2.12] a density function is
needed. Therefore, we need to use a regular conditional distribution. The following
result helps to simplify the derivation.

Theorem 2.4 (Disintegration) [Kal06, Theorem 5.4] Fix two measurable spaces X
and Y, a sub o-algebra F C A, and a random variable X taking values in X such
that P[X € -|F] has a regular version v. Further, consider an F-measurable random
variable Y in Y and a measurable function f on X x Y with E[|f(X,Y)|] < oco.
Then

E[f(X,Y)|F](w) = /dy(w, 2 (@Y (@), P — a.s. (2.51)

If x is a regular conditional distribution of X given ¥ and F = o(Y) then a
consequence of the above theorem is

Ef(X,Y)] = / / £, y)di(y, 2)dPy (y). (2.52)

Before discussing information quantities such as mutual information, differential
entropy in more details we make an important convention. In our problem we
restrict our encoding, processing, reconstruction mappings to the following form

[ (A1, A1) — (A2, Ag) (2.53)

where {(A;, A;)}7_; are measurable spaces with A; being the corresponding Borel
o-algebra. The Borel o-algebra of R equipped with the Euclidean distance is B(R),
while the Borel o-algebra of a discrete set A equipped with the discrete metric is its
power set 24, If a mapping takes multiple arguments as input or output, in which
each argument’s range can be either discrete or R, then the corresponding (Borel)
o-algebra is the product of the (Borel) o-algebra of each individual argument. This
particular assumption is a consequence of the following result which says that for
a countable product of separable metric spaces, the (big) Borel o-algebra and the
product of Borel o-algebras agree

Lemma 2.9 [Kal06, Lemma 1.2] Let Sy, Sa, ... be separable metric spaces. Then
3(51 X SQ X ) = B(Sl) X B(Sg) X .. (254)

On the product space the finite product of measures has also the associate
property |Taol5]. Working with complete measurable space like (R, L(R)) where
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L(R) is the Lebesgue o-algebra could be out of hand, since even the complete
measure \, on L(R) is not equal to A®" and some properties hold only almost
everywhere, cf. Fubini’s theorem. A further explanation is beyond the scope of the
recapitulation of this thesis.

We present in the following the calculation of information quantities needed in
Chapter [4] For a more comprehensive consideration about general properties of
these information quantities, the reader is referred to for examples |[Gral3; PW17].
We say Y is a continuous random variable if it is (92, .4)/(R™, B(R™)) measurable
and the distribution Py has a density function w.r.t. A*". For simplicity, we carry
out the derivation with n = 1 only. An extension to any finite n can be inferred
directly.

Let (X,Y) be a pair of random variables taking values in R?. Assume that
Pxy < X®2. Let fxy = dPxy/d\®? be the corresponding density function.
We can define fx, fy and fx|y = fxy/fy whenever fy(y) # 0. Then, the
differential /conditional differential entropies are defined as

h(X) = —/1ngXdPX> h(Y) = —/bngdP)m
hXY) = —/log IxiydPxy, (2.55)

whenever the corresponding integrals exist. It is more tricky to define conditional
entropies when Pxy is not homogeneous, for example when it is a distribution of
a mixture of discrete and continuous random variables.

Lemma 2.10 Let Pxy be the joint distribution of a finite alphabet random variable
X and a continuous random variable Y then:

1. Pxy < Px X Py < pte X Py and Pxy < Px x Py < Px X A

2. Let Px|y be a regular conditional distribution of X given Y then I(X;Y) =
Ep,, [log Pjﬁ%] < log|X|. Hence H(X|Y) = Epy, [~log Px|y] is finite and
I(X;Y)=H(X)— HX|Y) holds.

3. Let fy|x be the density of the regular conditional distribution

P(Y € B|X =) = PYX(YPifv’)X =2), (2.56)

Then I[(X;Y) = Ep,, [log f}/%] Hence if h(Y') exists then
hY|X) = Epy, [~1og fyx] (2.57)
also exists and hence can also be calculated as

hY[X) = Epy [Epy [~ log fy|x]] = Epy [A(Y]X = z)].



20 Preliminaries

The assumption that Y is continuous can be lifted in 2. and the first part of 1..

Proof. 1. Tt is clear that Py x Py < Px X A and Px X Py < u. x Py. We
show now that Pxy < Px X Py is valid. Assume that Px X Py (A) = 0 for
some A € 2!*! x B(R). Then as A can be decomposed as |J,{z} x A,. Then
Px(z) x Py(A;) = 0. Hence for such z either Py-(A;) = 0 or Px(xz) =0
holds which implies that Pxy ({z} x A;) = 0. Pxy(A) = 0 then follows.

2. For any A € 211 x B(R) we have by Fubini’s theorem
[ Pt x Py = [ [P tainary grance)
D [ Per({a} x Aducla) = Pry(4), - (259)

where (a) holds since Px|y is a regular conditional distribution. The deriva-
tion implies that Py|y = dPxy /d(uc X Py). Then we have

dPXY (b) PX\Y
I(X;Y)=E log———F—| = E 1
(X:;Y) PXY[Ogd(PXXPY)] PXY[Og Py ]
(c) 1
< Epy, [log -] < log |X]. (2.59)
Px
. o P :
(b) is valid since d(gf);}y) = d(zf;(;y)/ d(i’:;]fj) = 5. (c) holds since for

each y, Px|y(-ly) is a distribution on & hence 0 < Pxy (z|y) < 1.

3. That P(Y € B|X = z) is a regular conditional distribution follows since X’ is
finite. We also observe that for each z, P(Y € | X = 2) < Py < \. Hence
Jy|x exists and is a measurable function on R for each 2. Since |X| is finite
fy|x is jointly measurable function of (x,y). Similarly, we have

/fY|X(y|x)d()‘ x dPx) = Z/ / fyix (ylz)dA(y)dPx (x)
_Z/{} (Y € Ay|X = z)dPx(z ZPXY{x}xA) Pxy (A).
(2.60)
Therefore, I(X;Y) = Epy, | ] follows. Since I(X;Y) is finite, if h(Y)

is finite then A(Y|X) is also ﬁnlte The last expression follows from the
disintegration.

O

We extend the consideration to the conditionally differential entropy of a con-
tinuous random variable given a mixture of a continuous random variable and a
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finite random variable. This quantity arises in a standard step when we relate the
minimum mean square error of estimating the source given the compressed infor-
mation and the continuous side information with the corresponding conditionally
differential entropy term.

Lemma 2.11 Let Pxyyz be a joint distribution of continuous random variables
(X,Y) and a finite random variable Z. There exists a non-negative jointly measur-
able function fx|yz such that v(Bly,z) = [ fx|yz(x)dX is a regular conditional
distribution of X given (Y, Z). Furthermore if h(Y') and h(X|Y) are finite then we
can define h(X1|Y,Z) as

h(X|Y,Z) = Epy, ,[—log fx|vz], (2.61)
i.e., the right-hand side is finite. It also follows that
WXIY, Z) = Epy , [Epy )y, [~ 10g fx|y z]l; (2.62)
and h(X,Y|Z) = h(Y|Z) + h(X|Y, Z) as well as h(X|Y,Z) < h(X|Y) hold.

Proof. Let P((X,Y) € -|Z = z) be a regular conditional distribution defined similar
as in (2.56) with the corresponding density function fxy|z. Then we can define

B {fXYZ/fY|Z if fyz(ylz) #0
Ixyyz = :

fx otherwise

It is clear that for each (y,z), v(-|y, z) is a probability measure on R and for each
B, v(Bly, z) is a measurable function of (y, z). Furthermore

/ V(B|yaz)dPYZ (;)/ /fx|yzfy‘zd)\®2dpz
C.x{z} C.x{z} /B

) / / fxvzd\®?dPy = Pxyz(B x C, x {z}), (2.63)
{z} BXCZ

where (a) follows from the Fubini’s theorem, the definition of v(Bly, z) and fy|z =
dPyz/d(A x Pgz). (b) holds since the set {(y,2) | fy|z(y|z) = 0} has probability
zero. The derivation further implies that [, v(Bly, z)dPyz = P(X € B, (Y, Z) € C)
since | Z| is finite. Hence v(Bly, z) is a regular conditional distribution.

Next, we have

I(X,Y;Z) = Epyy,[log fXY‘Z] = Epy, ,[log fY‘Z + log leYZ]
fxy fy fX\Y
© friz Ix|yz
2 Epyy ,llog “12] + Ep,, , log 512, (2.64)
fy Ix|y

Since h(Y) is defined, the first term in the last expression is finite. Therefore (c)
holds since the left-hand side is also finite. Since h(X|Y") is finite, the right-hand



29 Preliminaries

side in (2.61)) is finite as well. We can identify the second term in the last expression
to be the conditional mutual information I(X; Z|Y). Furthermore, I(X; Z|Y) > 0
by applying the disintegration property and the non-negativity of divergence. [

The above step-by-step calculation can be repeated to show that I(X,Y;Z) =
I(X;Z)+1(Y; Z|X) when X and Y are finite. Next, we revisit a standard lemma
which relates the differential entropy with the MMSE in estimating with side in-
formation.

Lemma 2.12 (Estimation error and differential entropy) Let X be a continuous
random variable, and Y be an arbitrary random wvariable such that Ep,, [(X —
E[X|Y])?] < co. Assume that a jointly measurable density Ix|y corresponding to
a regular conditional distribution P(X € -|Y = y) exists and h(X|Y) is defined.
Then

h(X|Y) < % log 2eEpy, [(X — E[X|Y])?]. (2.65)

An example for Y in the current lemma is the mixture of a continuous Y and a
discrete Z in the previous lemma.

Proof.

Epy, [(X — E[X|Y])?] & / (2 — E[X|y))%dPy y (xly)dPy (y)

- / (z — E[X|y)) x|y (ely)dA(@)dPy ()

® 1 © 1
> = 2 XIY=y) 4P > 2h(X|Y) 9
B /27ree Py (y) ome " (2.66)

where (a) follows due to the disintegration, (b) follows since

/ (x — EX[y])? x|y (ely)dA (@)

as well as h(X|Y = y) are finite Py-almost everywhere and Gaussian distribution
maximizes the conditional entropy for a given variance. Finally (¢) follows due to
the Jensen’s inequality and h(X|Y") is finite.

O

We discuss herein the formal definition and property of a Markov chain.

Definition 2.7 (Conditional independence) |[Kal06, p. 86] Let Fy, F2 and G be
sub o-algebras of A. We say that F; and F> are conditionally independent of G if
for all By € F; and By € F5 we have

P[B; N B2|G] = P[B1|G]P[B2|G], P — a.s. (2.67)
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It is usually not easy to verify the condition in the above definition. If F; =
o(X), Fo=0(Y) and G = 0(Z) where X and Y take values in Polish spaces, then
we can formally check the above condition by using regular conditional distributions
of X and Y given Z when these are simple to calculate. In our work, we assume
that the condition is fulfilled due to actions of encoding and decoding processes.

Lemma 2.13 [Kal06, Proposition 5.6] For any o-algebra F, G and ‘H, we have F
and H are conditionally independent given G iff

P[H|F,G] = P[H|G), P— a.s, H € H. (2.68)

The conditioning on the left-hand side of (2.68]) should be understood as w.r.t. the
joint o-algebra o(F,G). We state in the following corollaries of the above lemma
which might be of independent interest.

Corollary 2.1 Assume that F and H are conditionally independent given G. Let
f be a nonnegative H-measurable, integrable function. Then

E[f|F,G] = E[f|G] , P— a.s.. (2.69)

Proof. We note that for a given H € H, {w | P[H|F,G](w) # P[H|G)(w)} €
o(F,G). Lemma Mimplies that for any positive simple function x = Zle aiXA;
where A; € H, and a; > 0, Vi,

E[x|F,G] = E[x|F] a.s.. (2.70)

Since f is a nonnegative H-measurable, integrable function, there is a sequence of
increasing nonnegative, H-measurable, simple functions yx, that converges point-
wise to f. We have by monotone convergence theorem

lim E[.|F, 9] = E[f|F,0] as.
T Exa[G] = EfIG] a.s.. (271)
Denote B; = {w | limy, 00 E[xn|F, G](w) # E[f|F, Q’](w)},
By — {w | lim E(,|9)w) £ EL710)w)}

and
Ci = {w | E[xi|F,Gl(w) # E[xilG](w)}, i = 1,.... (2.72)

Define B = B1UB; |J,; C;. We observe that B € o(F,G) and P(B) = 0. For w € B¢
then

E[fIF,G)(w) = lim Elx,|F,](w) = lm El|G)w) =E[flg)w).  (273)

Hence, the conclusion follows. O
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Corollary 2.2 Assume that the conditions of Theorem [2.4 are fulfilled. Further-
more, assume that P[X € -|F,G] has a regular version vy and o(X) is conditionally
independent of G given F then

E[f(X,Y)|F,G](w /du w,z)f(z,Y(w)), P—a.s. (2.74)

Proof. By comparing v and vy via Lemma [2.13] and using Definition [2.6] we have
v is a version of P[X € :|F,G]. Therefore the conclusion follows from Theorem

2.4 O

Lemma 2.14 (Data processing inequality) Assume that X, Y and Z take values
in Polish spaces. FurthermoreY — X —Z and Z is a finite alphabet random variable
then I(X,Y;Z) = I(X; Z) hence I(X;Z) > I(Y; Z). The conclusions also hold if
both X andY are finite random variables while Z is arbitrary.

Proof. Since Z is a finite alphabet random variable we have

Py xy Py xy Pz x
I(Xa Y; Z) = EPXYZ [log ;Z } = EPXYZ [log PZ‘|X + IOg Plz ]
P
=Ep,, ,[log %} +1(X;2), (2.75)
Z|X

holds since the exception set {(z,y,2) | Pz xy(z|r,y) = 0, or Pz x(z|x) = 0}
has probability zero. Now by Lemma we have for each z, Pz xy(z|z,y) =
Py x(z|x) for almost all (x,y). Hence the first conclusion follows. The second
holds by exchanging X to Y in the above derivation and using the non-negativity
property of divergence.

When X and Y are finite then we have I(X,Y; Z) = I(X; Z)+Ep,, , [log 2XX2]

Py x I
Again using Lemma we have for any y € ¥, Py|xz(ylz,2) = Py|x(y|z) for
almost all (z, z). Hence I(X,Y;Z):I(X;Z). O
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DENTIFICATION using high-dimensional data is essential in many applications in
I eHealth, IoT, etc.. However, using high-dimensional observations directly puts a
heavy toll on the system. We propose a pre-processing procedure, e.g. a letter-wise
quantization, to reduce the search complexity.

As a motivating example for our work, consider designing a visual search app for
smartphones which takes as its input a picture of an object. Due to memory, power
restrictions on handheld devices and communication bandwidth restriction, the app
first returns a list of similar objects obtaining from a local database. This operation
can be modeled as a query to low resolution database using a low resolution image
or few important features. Additionally, it has an option of exact identification and
returning images of the same object by accessing to the refined information in the
cloud. The option can be viewed as a refined processing step and reconstruction of
the original information based on the list of objects returned in the first stage and
the full captured image information. The designer’s task is to make the trade-off
among different constraints feasible. Practical examples of visual search apps could
be Google Lens [Goo| or Amazon Flow |[Amal].

Another example would be: in some areas, such as in forensics or surveillance,
one would like to identify the suspects as quickly as possible and view their crim-
inal records. In these scenarios, we can also reduce the search complexity by first
providing a list of possible suspects. Then the search is refined inside the given list
to provide an identity of the suspect and his/her reconstructed record. The records
are stored in a second node which might be even a legal requirement, e.g. if only
further details about suspicious people are stored.

Motivated by these presented examples a two-stage discrete identification prob-
lem with pre-processing to enable efficient data retrieval and reconstruction is stud-
ied in this chapter. In the enrollment phase, users’ data are stored into the database
in two layers. The first layer stores some representative features of the sequence
as in [TKRO4]. The second layer contains refinement information. This informa-

25
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Figure 3.1: An overview of the two stage identification system. We assume that
there always exists a user W which has been enrolled previously and to which the
observation Y™ is the output of a memoryless channel Py |x with the input X™(W).
Furthermore, W is uniformly distributed over [1 : M] and independent of users’
data. The first and second layer information are represented by the collections
(J)M, and (K;)M,, respectively.

tion layer helps to identify the user exactly and reconstruct the corresponding data
sequence. This approach becomes interesting when querying information in the sec-
ond layer is costly and therefore the system needs to limit the number of queries.
An observation y" is provided to the processing unit which needs to return the cor-
rect user’s identity and its corresponding reconstruction sequence. To facilitate the
processing time and power, the observation is first passed through a fixed channel
Py|y, which can be thought of as a feature extraction operation, or a fixed obser-
vation compression scheme. In the first stage, the observation is pre-processed, and
the result is then used in combination with the stored first layer information in the
database to output a list of compatible users to the second stage. Then, the second
step uses the information of users contained in the list from both layers and the
original observation sequence to return the exact user identity and a corresponding
reconstruction sequence. The setting is depicted in Fig. [3.1
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3.1 Formal Problem Formulation & Result

We assume that all alphabets in this chapter are finite. The data sequence x™ (i) €
x", wherd®Ti € W = [1 : M] with M = |W)|, is compressed and stored hierar-
chically in two layers. The enrollment can be described by (possibly stochastic)
mappings

gbanXn%Mk, /{3:1,2. (31)

We denote database indices ¢1, (2™ (7)) and ¢o, (2™ (7)) as j; € My and k; € Mo
for all i € W.

An observer obtains information y™ about a user in the database from the out-
put of the memoryless channel Py |x with input 2™(w), where w is an instance of
a uniformly distributed random variable W over the set W, which is independent
of the users’ data. The observer sends y™ to a processing unit to identify w and
obtains a reconstruction " of z™(w) within the distortion D.

In the processing unit, the observation y™ is first pre-processed. The pre-
processing is modeled by a fized channel Pz}y to produce a noisy version 2", which
can be linked to a quantization or a feature extraction process. Then, based on z"
and the first layer database (j;)M,, a list £ € £ of at most 2"2 possible matching
indices of a given size, is produced. This action can be described by a processing
mapping

gr: 2" x MM 5 ¢,
gl(znv (]l)fvil) = L, (3'2)
where

&= {s‘s W, IS < 2nA} U {{e}}

is the set of subsets of users in W with cardinality at most 2" and the set {e},
which describes an error event. This means that we allow the mapping g; to
declare an error. The extracting action, which takes as its inputs the index list £
and the stored information of all users in both layers ((5;)M, (k;)*,) to return the
information of all chosen users inside the list along with the list ((ji)iec, (ki)icc, £),
can be described formally by a projection mapping

T MY x MY x € — Mo,

((4i)iec, (ki)iec, £)  if L # {e}

(1,1,{e}) otherwise ’ (3:3)

m((G)ily, (k)L £) = {
where

. . L L
Mo = J {((]i)ieﬁa (ki)iea,ﬁ)‘(]i)iea e M (ki)icc e MY, L € 3}
L#{e}
3-1For a € Z we use the shorthand notation [1 : a] for the set {1,...,a}.
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U{(L1,{eh}-

It should be clear from the definition of 9o that the vectors (j;)icr and (ki)icr
can contain repeated elements. Therefore, the inclusion of £ at the output of
7 helps to pinpoint which combination of users the output information belongs
tﬂ For brevity, elements of 915 are denoted by (jz, ke, £). In the second stage
the processing unit returns an estimate of the index @ which is the output of a
deterministic processing mapping ga(-) where

ga: Y™ x Mo —>WU{€}7
92(yn’ (jl:a kl:a 'C)) = lf}, (34)
i.e., go can declare an error event as well. Furthermore, the processing unit needs

to output a reconstruction sequence " of the data sequence z"(w). To describe
the reconstruction processing mapping, first define a second projection mapping

7 Mg X <Wu{e}> — Mys = My X Ms ¥ (Wu{e})

(oo by ) if B € L # {e}

ﬁ—((jlluk[hﬁ)ﬂi)) — {( (35)

1,1,e) otherwise
Similarly, we denote elements of 91,5 as (juw, kw, W), then the reconstruction map-
ping is given by
gz3: V" X Mg — X"
93(y"; (Jur, ko, W)) = 2. (3.6)

The two projection mappings 7 and 7 are inherent, hence need not to be designed
explicitly.

Definition 3.1 For a given pre-processing channel Py |y, an identification scheme
of length n consists of two enrollment mappings {qﬁkn}i:l and three processing

mappings {gx }izl .

Definition 3.2 For a given pre-processing scheme Pgzy, a rate-distortion tuple
(R, Ry, Ra, Ry, D) is achievable if for every € > 0, there exists an identification
scheme of length n such tha@

1 1
—logM >R—¢, —log|Mi|<R;+e
n n

1
510g|M2|<R2+6, A<Rp+e Pr(Wé¢L)<e

3-2The choice of (1,1) as the output information when £ = {e} is inconsequential.
3:3With abuse of notation, the distortion measure herein is already normalized compared with
(2.6). Furthermore, d: X X X — R is assumed to be bounded.
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Pr(W # W) <e, E[d(X"(W),X")] <D +e, (3.7)
for all sufficiently large n. The set of all achievable tuples is denoted by R.

Note that given Pr{WV # W} < € in the finite alphabet case our constraint
E[d(X™(W),X™)] < D +e¢

is equivalen to the constraint E[d(X™(W), X™)|W = W] < D' +¢ for an appro-
priate parameter pair (D’,€’), which is considered in [TG14], since the distortion
measure is bounded.

Definition 3.3 Let R* be the collection of tuples (R, Ry, Ra, Rr, D) such that
there exist random variables U and V defined on finite alphabets U and V which
satisfy

U < X[+ 5, V] < (|&] +5)(|¥] +2) (3-8)

and a deterministic reconstruction mapping f: U x V x Y — X such that the
followings expressions are fulfilled:

U-V-X-Y -2,

Ry > I(X;U), (3.9a)

Ri+ Ry > I(X;U) + I(X; V|U,Y), (3.9b)
Ri+Rs — R>I(X;U,V[Y), (3.9¢)
R <min{Ry +1(Z;U),1(Y;U,V)}, (3.9d)

D > E[d(X, f(U,V,Y))]. (3.9¢)

The above definitions imply that both R and R* are closed subsets of R® w.r.t. ¢;
metric. Furthermore, R* is not empty since it contains (0,0, 0,0, dynax). We state
our first result in the following theorem.

Theorem 3.1 For a given pre-processing strategy Pzy, memoryless data source
Py, and observation model Py |x, the rate-distortion region for our setting is given
by

R =TR" (3.10)

The proof of Theorem [3.1]is given in Subsection [3.3]

Remark 3.1 For a given choice of auxiliary random variables U, V such that the

distortion constraint (3.9€) is fulfilled, the first inequality (3.9al) shows the minimum
B

compression rate for the first layer. The second inequality (3.9b|) indicates the trade-
off between total compression rate in both layers. One notices that the second term

34This follows from a chain of inequalities Pr{W = WI}E[d(X"(W),X™)|W = W] <
E[d(X™ (W), X)] < E[d(X™(W), X™)|W = W] + dmaxPr{W # W}.
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the second storage node. .9¢) shows the trade-off between the total compression
rate and the identification rate. Namely, the identification rate is strictly smaller
than the total compression rate if the right-hand side of is positive. Lastly,
the first term on the right-hand side of is the maximum identification rate
resulting from the first layer information and pre-processed information. The second
term in is the maximum identification rate when the identification process
is performed jointly, i.e., with the original observation and information from both
layers.

on the right-hand side of (3.9bf) suggests the use of binning for the stored data on
3 [

Remark 3.2 In the special case where Ry, = R, i.e. the first processing stage
returns all possible users, we notice that U can be set to a deterministic value, e.g.
U = @, so that the rate-distortion region reduces to the one given in [TG14]
Theorem 1].

3.2 Related problems

3.2.A  The identification problem

When the distortion level D = dy,.x, i.e., the distortion constraint can be removed,
then binning for the second layer codewords is not necessary. We obtain the fol-
lowing corollary.

Corollary 3.1 For a fized Pz)y, the rate region of our identification setting, i.e.,
D = dpax, is given by the set of tuples (R, R1, Ra, Ry) such that

U-V-X-Y-7
Ry > 1(X;U), Ri+Ry>I(X;UYV),
R < min{Ry + I(Z;U), I(Y;U,V)}, (3.11)

where U and V' are random variables taking values on alphabets U and V, respec-
tively, with [U| < |X|+4 and |V| < (|X]+4)(|X| +1).

The proof of Corollary is given in Appendix

3.2.B A two observer problem

A related problem is stated in the following. The data sequence x™(w) is observed
through the channel Pzy|x by two Observers 1 and 2, which obtain y™ and 2",
respectively. Moreover, Observer 2 has only access to the information stored in
the first layer and is interested in obtaining a list of users in the database only,
for instance due to complexity or due to privilege restriction. Accordingly, the
decoding mapping and the requirement for the second observer are given by

L=go(z", (ji)gl), and Pr(W ¢ L) <, (3.12)
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where the list size is similarly constrained as [£| < 2"?. Observer 2 in the current
setting corresponds to the first processing stage in the previous settings. In contrast,
Observer 1 has access to both layers and wants to identify the user correctly, i.e.,
the decoding mapping and the requirement of the first observer are

W= g1(y", (i)Ly, (k)My), and Pr(W £ W) <. (3.13)

In other words, the identification processes for two observers are separated. Note
that there is no reconstruction requirement in the current problem. The rate region
for this problem can be described by the following proposition.

Proposition 3.1 The optimal rate region for the stated problem is the set of tuples
(R, Ry, Ro, Ry) such that

U-V-X-(V,2),
R <min{Rp + I(Z;U),I1(Y;U,V)}, (3.14)

where U and V' are random variables taking values on finite alphabets U and V,
respectively, with [U| < |X|+4 and |V| < (|X]+4)(|X] +1).

Note that the Markov condition X —Y — Z is not needed since the two identification
processes work independently. This means that our original problem can be viewed
as a sequential cooperation scheme between two identification processes. Note
further that if the pair (Py|x, Py x) in Proposition is equal to the one in
Corollary then the regions are identical. The proof of Proposition [3.1] is given

in Appendix [3.B]

3.3 Proof of Theorem |3.1

3.8.A  Achievability

Fix a conditional pmf Py x where U —V — X and a deterministic reconstruction
mapping f such that we have

E[d(X, f(U,V,Y))] = D. (3.15)

Additionally, for a fixed € > 0, we assume that the number of enrolled users is given
by M = 2" where R = R — ¢/2 and the actual list size is A =Ry + €/2. Also
let Ry = Ry + €/2, Ry = Ry + €/2 and R, = R}, — ¢/4 be the actual code rates.
The set of suitable tuples (R, Ry, R1, Ra, R;,) will be specified later in . We
also select an € > 0 for the strongly typical set, which depends on n and € — 0 as
n — 0o.

Codebook generation: The codebook used in the enrollment process is identical for
all users and constructed as follows: Generate 2"%v iid codewords u™(j) where
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jel: gniiu ] according to the marginal distribution Py. For each j, we draw
2n(Rv+Ry) codewords v™(j,1) where [ € [1 : 2"(1%‘/‘*‘}%/\/)] iid via the conditional
distribution Pyy. Each index I is parsed into a unique tuple I = (k, k') where
kell: 2"RV] and k' € [1: 2"1%]. Denote by

B(k)={l|l=(k,k), for some k'}, (3.16)

the k-th bin, where k € [1 : 2"%v]. Additionally, we include a fived pair of codewords
(ul,v?) corresponding to the error event. The codebook is known in the whole
system.

Enrollment: For each user index i € M, a codeword u"(j;) is looked for such
that (2™(i),u™(j;)) € T2*(XU). The chosen j; is stored in the first layer. Next, a

codeword v™(j;,1;) is searched for such that
(@" (@), u" (ji), v" (is i) € T (XUV). (3.17)

The chosen bin index k; is stored in the second layer. We note that in both steps if
there is more than one suitable index, we select one of them uniformly at random. If
there is none, an index is selected from the corresponding set of all indices uniformly
at random.

Identification and Reconstruction: The observation y” is first passed through the
memoryless pre-processing channel given by Pzy to produce 2™ which is used in
the first stage of our identification and reconstruction process.

First stage: We look for all indices ¢ € M such that

(2", u"(5:)) € T (20), (3.18)

and put them into the list £. If there are more than 2"* suitable indices then an
error is declared, i.e., we output the set £ = {e}. In this way, our list always meets
the size constraint in (3.2)).

Second stage: If £ = {e}, then we set = e. Otherwise, if £ # {e}, we find a
unique index  in £ such that

", u"(Ga), v" (Ju, 1) € T (YUV) (3.19)

for some I, where [ € B(ky), and 7, and ky, are the stored information of the -th
user. If there is no such @ or there is more than one then we also set @ = e. In the
next step, if @ # e then we search for a unique | € B(ky) such that

" u"(Gw), v" (Gu, 1) € T" (3.20)

If there is more than one [ or there is none then we set [ = e. Moreover, if % = e
or [ = e then we set u”(j;) = u” and v"(jy,l) = v?. The reconstruction sequence
is given as &, = f(ur(jo), vr(ja,1),yr) for all 7 = [1 : n].

Note that the search for the unique pair (w,i) could be done in a single step,
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however, to mitigate the complexity of describing (gs, g3) we choose the separate
descriptions, cf. the Gaussian setting in Chapter [4] for more information.
Analysis: Let J; and L;, i € M, be the chosen indices for the i-th user. Further-
more, let £1 be the list of indices i € M that satisfy in the first stage of the
identification process, while the return list is denoted by £. Consider the following
events

Eu ={(X"(W),U"(Jw)) ¢ T},
&y ={(X"W),U"(Jw), V" (Jw, Lw)) ¢ T},

& = {0 20 X0 )V O ) £ 7

& = {|L1] > 2"y,
& = {31 # Lw,l € B(Kw), Y™, U"(Jw), V" (Jw,l)) € T},

&y = {H(w',lwr),w' +£W,w' € Ly,
(Yn7Un(Jw’)7Vn(Jw’7lw')) € 7—€n7 liu € %(Kﬂ)')} (321)

Define 3
E=E,UEVE:JE, (3.22)
=1

to be the event that summarizes all “errors.” By the strongly typical covering lemma
|[EK11, Lemma 3.3] we obtain

Pr(&,) = % ZPr((X"(z’), U™(J;)) ¢ T) — 0, (3.23)

if Ry > I(X;U)+~n, where 4, > 0 and ,, — 0 as n — oo, since W is independent
of both (X"(z))f\il and the codebook. Similarly, we have Pr(é< N ¢E,) — 0 if
Ry + Ry, > I(X;V|U) + v,. Due to the Markov (conditional typicality) lemma
[EK11, p.27], we have

Pr(€sNé&ESNE,.) — 0. (3.24)

For the sake of simplicity in the analysis of the last three events we use the sym-
metric property of our problem. Due to symmetry, it is sufficient to condition on
the event {W = 1}. Following the analysis in [EK11, Section 11.3] we have

Pr(&W=1) >0 (3.25)

as n — oo if ]:%/ < I(Y;V|U) — v,. We focus on the two remaining events & and
&3. For each i € M define an indicator random variable

B (3.26)

=M@ aenr}
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Note that Pr(B; = 1|W =1) — 1 as n — oo. Hence, it is sufficient to consider the
following probability
w1}

cr{ S

2nR

Pr(B; =1, |£4] > 2"A|W =1)= Pr{Bl =1 ZB > gni

Mm

gt
Z E[B;|W =1] Y. Pr{B;|W =1}
< =2 — =2
- QnA —1 QnA -1
(;) §2n(R_A)2_n(I(Z;U)—Vn) =0 (3.27)

if R— A < I(Z;U) — v, where € = (1 —1/2") /(1 = 1/2"2) 5 1 as n — oco. (%) is
valid since conditioning on W =1, Z" is independen@ of U™(J;) for i € [2: M].
Therefore, for i > 2

Pr{B[W=1}=> "> > Py(ji)Pynys,W"|ji) P(Z" = 2"[W = 1)

Ji u™ zneT(Z|um)
(x%)

< ZZ Z Py, (J’L)PU”(J ‘]( "4:)27 n(H(Z)=n)

ji ut ZneTr(Zlun)

< 9~ nU(ZV)=7) (3.28)

where (xx) holds since W is independent of Z™ and Z™ is iid according to the
distribution Pz. The expressions ([3.24) and (3.27) imply that

pn=Pr(We¢L)—=0

as n — o0.
The probability of the last event can be bounded as

Pr(&[W = 1)
< Pr{30 ) 0 A L 00 ),V s ) € T2 Ly € B W =1

271R

< Pr{3l € B(K), (Y, U™(), V" (Ji, 1;)) € T'W = 1},

1=2

3-5This can be explained in more details as follows. Conditioning on W = 1, Z™ is independent
of X™ (i) for i € [2: M] and the codebook, while U™(J;) depends only on X" (z) and the codebook.
Hence, we can use a single codebook for all users.
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QnR

<N D> Prk (k)

1=2 j;,k; 1;€B (ki)
x Pr{(Y", U"(5:), V" (ji, ;) € T"|W =1, J; = ji, K; = ks }.

Since for i =2,..., M
Pr{(Y" Un(jl) V" (dis z)) € Tn|W =1,Ji=ji, K = k}
Z Z PU"( DV (G| i K (’LL v |]Za Z)P(Yn = y”|W = 1)

u v yn e T (Y |un,vm)

(%) 2—n(H(Y)—H(Y|U,V)—’Yn) _ 2—n(I(Y;U,V)—’)’n)7 (329)

Pr(&|W = 1) = 0if R+ R, < I(Y;U,V) — 4, where (a) is valid due to the
independence of Y and W. Since Pr(&;) — 0 and Pr(&) — 0,

o =Pr(W #W) = 0.
Moreover, due to the union bound
Pr{€} — 0, asn — oo. (3.30)
Given £¢, we obtain
(1 - OE[(X, f(U,V.Y))] < d(X"(W),X") < (1 + &E[d(X, f(U.V,Y))], (3.31)

by the typical average lemma [EK11, p.26], which implies that |d(X” (W),X”) —
D’ < €D. Hence, choosing € —+ 0 as n — oo

E[|d(X™(W),X") — D|] < E[|d(X"(W),X") — D||£°]
+ Pr(&)(dmax + D) = 93, (3.32)

Since Pr(W # W) = Elxpirzwy) and Pr(W ¢ £) = E[x{wgcy], by the Selection
Lemma [BB11, Lemma 2.2] there exists a codebook #,, such that

Pr(W # W|H,) < 6,,  Pr(W & L|H,) < 6n,
E[|d(X™(W),X"™) — D||Hn] < 6n, (3.33)

where §,, = 4max({d; ,}?_;). Since the space of codebooks is discrete,

which implies that .
E[d(X™(W),X™)|Hs] < D + 6y, (3.34)
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In summary, given an € > 0 if the following conditions

Ry > I(X;U), Ry+ R}, > I(X;V|U),
R}, < I(Y;V|U),
R < Ry +1(Z;U),
R+ R, <I(Y;UV), (3.35)

hold, then there exists a data processing scheme that satisfies all the requirements of
Definition for sufficiently large n. By using Fourier-Motzkin elimination [EK11}
Appendix D] to eliminate Rj, we obtairm

Ry > I(X;U), R.>I(X;V|U,Y),
Ry— R>I(X;V|U) = I(Y;U,V)
R <min{R;, + I(Z;U),1(Y;U,V)}. (3.36)

In the next step we simplify the above region by a rate transfer argument. Assume
that R}, RS, and © are positive numbers such that

R, —©>I(X;U),

R} + © > max {I(X; VIU,Y), R+ I(X;V|U) — I(Y; U, V)}. (3.37)

Herein, © is the rate transferred from storage Node 2 to storage Node 1. Since
I(X;U) >0, by there exists an identification scheme such that (R} —©, R, +
©) is achievable for the given R. This implies the achievability of (R}, R%) for the
given R. Applying the Fourier-Motzkin approach for a second time to eliminate ©,
the achievable rate region is enlarged tﬂ

Ry > I(X;U),
R+ R, > I(X;U)+ I(X;V|U,Y),
Ri+R,—R>I(X;U,VI]Y),
R <min{Ry + I(Z;U),I1(Y;U,V)}, (3.38)

since by definition, the achievable region is closed.

3.3.B  Cardinality bounding of U and V

It is sufficient to preserve the following quantities H (X |U), H(X|U,Y), H(X|U,V,Y),
H(Z|U), H(Y|U,V), the distortion constraint, and p(x) for all but one z € X. By

3-6This can be seen from the following constraints: R, > I(X;V|U) — Ry, Ri, >0, R}, <
I(Y;V|U) and Ry, < I(Y;U,V) — R.

3-TMore specifically, the enlarged region can be obtained from the following constraints © > 0,
©>I1(X;VIUY)—R,, ©>R+I1(X;V|U)—-I(Y;U,V) — R, and © < R} —I(X;U).
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the support lemma [EK11, Appendix C] the cardinality of & and V can be bounded
by

U] <X +6,

V| < (X +6)(|X] + 2). (3.39)

This implies that R* is a closed region.

3.8.C  Converse

Given ¢ > 0 small enough, assume that there exist mappings such that all the

conditions are fulfilled for all sufficiently large n. Furthermore by taking n large

enough, the condition % < ¢ is valid. For notation brevity we abbreviate (J;)M,

as J and (K;)M, as K. The corresponding realizations are denoted by j, and k.
Since Pr(W # W) < ¢, Fano’s inequality for the second stage implies

HWIY™ (Jg, Kz, L)) <1+Pr(W # W)logy M < 1+ elog, M. (3.40)

We also establish a variant of Fano’s inequality for the first stage. Define an auxil-
iary random variable
E = X{Wegl (Z",J)} . (341)

Since W is in the list when E = 1, the error probability P, = Pr(F = 0) is bounded
by €. We obtain the following inequality

H(E,W|Z",J) = E[- log, Pr(E, W|Z", J)]
— E[ log, Pr(W|2", J)] + E[~ log, Pr(E|W, 2", J)]
=HW|zZ",J)
= E[- log, Pr(E| 2", J)] + E[- log, Pr(W|E, Z", J)]
(%)
< H(E)+E[Pr(E=0[Z",J)HW|E=0,2",J)
+Pr(E=1Z2",J)HW|E =1,2",J)]
< hp(Pe) + Pelogo M +n(Rp +¢€) < n(Rp +¢€,), (3.42)
where €, = 2¢ + Lelog, M and hy(-) is the binary entropy function. (+*) follows

from the disintegration, i.e., the computing order is Eznj[Eg|zns[Ew g, 27,5 (-)]]
Define random variables

U= (W, Jw,Y"" "), and V; = (Us, Kw,Y%,), i€[l:n]. (3.43)

Observe that U; — V; — X;(W) = Y; — Z, for all i € [1 : n], due to the memory-
less property of the observation and pre-processing channels and the source. The
identification rate can be bounded firstly as

n(R—e)<loggy M =HW)=1I(W;Z",J)+ HW|Z",J)
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paig

I(W;Z™J) +n(Rr + €n)
IW,J;Z")+n(Rp + €,) = IW, Jw; Z") + n(RL + €,)

I/\ IANF

I(W, Jw, Z7 Z;) + n(Rp, + €,),

—~

a

<

=

M- L

I(W, Jw, Y% Zi) + n(Rp + €,), (3.44)
1

where (%) holds due to (3.42) and since W is independent of J. (a) holds due to the
Markov chain Z~1 — V=1 — (Z;, W, Jy) for all i € [1 : n], due to the memoryless
property of the pre-processing. This implies that

.
I

(R—e)(1—6) < % Zn: I(Us: Z) + Rp, + 2. (3.45)

=1
Secondly,
n(R—e) <logy M = HW)=I(W:;Y",(Je,Ke, L))+ HWY", (Je, K, L))
Wy, 2 T K) + 1+ elogy M
 IW Y™, I, K) + 1+ clogy M

(%)
< IW,J,K;Y")+ 1+ elogy M
=I(W, Jw,Kw;Y") + 1+ elogy M

<Y W, Jw, Kw, Y™ Y;) + 1+ elogy M (3.46)
=1

where (b) holds since by egs. (3.2) and (3.3), £ = ¢:(Z",J), and
(JL'n KL',; ‘C') = ((Ji)ieﬂa (Ki)i€£7 E) = 77(']7 K7 E)a

hold. We also use the inequality (3.40) in (b). (¢) is valid due to the Markov chain
Z" =YY" — (W,J,K). (%) holds since W is independent of both J and K. Using

(B43) and (346) gives us

1 n
R—e)(1- “SNT UL VY e 3.47
( €) n; (3.47)

Furthermore, the sum of the compressed rates can be bounded as

n(Ri + Ry +€) > H(Jw, Kw|W) > I(X"(W),Y"; Jw, Kw|W)
> 1YY" Jw|W) + I(X"(W); Jw, Kw|W,Y™)
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=

D 10v" Jy, W) + IX(W); T, K, WIY™)

6

IV W, Jw, Y + (X, (W) W, Jw, Ky, Y XY (W )|y;-)>

(f n . i—1 . n 1—1
zz ), Y W, Jw Y + I(Xa(W)s K, Y Ve, W, Jw, Y'7)
DN IHX(W): U) + I(XG(W); ViU Vo), (3.48)

1

where (d) is valid since W is independent of both X™(W) and Y™. (e) is true
due to the memoryless property of the observational channel. (f) holds since we
drop the term X®~1(W) in the second term. (g) follows from the Markov chain
Y; — X;(W) — (W, Jw, Y1) for all i € [1: n]. Similarly, we can show that

(X"(W); Jw, W)
:Z;I(XAW);W,JW,X“ Zj . (349)

.
Il

n(Ry +€) = H(Jw|[W) = I(X"(W); Jw|W) =

In addition, using the first line of ([3.48)) and the second last line in ([3.46)) we obtain

n(Ry + Rg + €) —logy M
> H(Jw, Kw|W) — I(W, Jw, Kyw;Y") — (1 4 elog, M)

Y X (W) T, K, WIY™) = (1 + elogy M)

- ZI(Xi(W); Jw, Ky, W[Y™, XY W) — (1 + elogy M)
(e) - ) n\i yi—1
= I(X(W); Jw, K, W, Y™, X1 W)[Y;) — (1 + elogy M)

> S I(XAW): U ViIYa) — (1 + elogy M), (3.50)

where () holds due to the memoryless property of the observation channel, i.e.,
YY" — X"(W)— (W, Jw,Kw) and (e) holds as before. This leads to

R1+R2+267(R 17€>

:\'—‘

ﬁj WHULVIYD.  (35)

Since

D+ e > E[d(X™(W), ga(Jyy, Ky, W,Y™))]



40 Discrete Hierarchical ID

> Pr(W = W) x E[d(X™(W), g3(Jw, Kw, W,Y")|W = W],  (3.52)
the following chain of expressions holds
Eld(X™ (W), gs(W, Jw, Kw,Y™))]
< E[d(X"(W), g3(Jw, Kw, W, Y™)|W = W]Pr(W = W)
+ Pr(W # W)dmax < D + (1 4 dimax €. (3.53)

Let @ be a random variable uniformly distributed on [1 : n] and independent of
everything else. Define

U= (UQaQ)7 V= (VQ7Q)7 and f(U7VvaYQ) :g3Q(JWaKWaVV7Yn)' (354)

Note that U — V — Xq(W) — Yo — Zg still holds. Then the above constraints can
be rewritten as

(R—e)(1—¢€) <I(Uq;Zg|lQ)+ Rr +2¢=1(U;Zg) + R, + 2¢
(R—e€)(1—¢€) <I(UV;Yg) +e
Ry + Ry + e 2 1(Xq(W);U) + I(Xq(W); VU, Vo)
Ryt e > I(Xo(W); D)
Ri+Ro+2e—(R—¢€)(1—¢)>I(Xo(W);U,V|Yg)
D+ (14 dua)e > Eld(Xg (W), £(U, V, ¥o))). (3.55)

Since (Xq(W),Yq, Zg) has the joint distribution as Pxy x Pyy,
((R—e)(l —€)—¢,R1+€¢ Ry + ¢ Ry +6,D—|—(1+dmax)6> eR”

by the cardinality bounding arguments presented in Subsection [3.3.B] Taking € — 0
completes the backward direction since R* is closed. |

3.A Proof of Corollary

Direct part: Rate tuples that fulfill the conditions given in also satisfy the
conditions given in with D = diax and an arbitrary deterministic mapping f.
Hence they are achievable.

Converse part: Similarly, we define auxiliary random variables

Uy=W,Jw,Z ), and V; = (U;, Ky, Y™ ), ie[l:n]. (3.56)
Then U; -V, — X;(W) =Y, — Z; for all i € [1 : n]. The two first constraints on the

compression rates can be derived shortly as

n(Ry +€) > zn: I(X; (W) W, Jy, X (W) > Zn: I(X;(W);Uh), (3.57)
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and

n(Ri+ Ry +¢) > Y I(G(W); W, Jw, K, XL (W)

i=1

I(X;(W) W, Jw, Kw, X' (W), Y"1, 27 1)

I

-
Il
-

I(Xi(W); Ui, Vi). (3.58)

-

Il
_

7

Following the same steps which lead to (3.46|), we obtain
n(R—e) <HW)=IW;Y",(Jg, K, L))+ HWI[Y", (Jz, Ke, L))

()
< I(Wa JW7KW7Yn) +1 +€10g2M

<D (UL Vi Yi) + 1+ elogy M, (3.59)
i=1
where (x) holds due to the Markov chain Z" — Y™ — (W, J, K). In addition, from
(3.44) we obtain

n(R—e) <Y I(W.Jw, 274 Zi) +n(Ry + en)
i=1

=1

The rest follows by defining a uniform random variable @ on the set [1 : n] and
taking e — 0 as in Theorem [3.I] The cardinality of &/ and V can be bounded
similarly using the support lemma [EK11, Appendix CJ.

3.B Proof of Proposition

The proof follows closely the one of Theorem [3.1] with some modifications.
Achievability: 2"FU codewords u™(j) are generated as before. For each m we draw
2nfv codewords v™(j, k) iid via the marginal pv|u, i-e., no binning is used. The
enrollment process follows accordingly. The identification process corresponding to
Observer 2 works identically as the first stage in while for Observer 1 the
processing unit searches through all users to find the unique @ such that

(ynvun(jw)7vn(jw?kﬁl)) € 7—5n7 (361)

which leads to the following event in the analysis

& = {Hw’,w' AW, (Y™, U"(Jur), V" (Jur, Kupr)) € 7'"}
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Similarly, we have Pr(&|W =1) = 0if R < I(Y;U,V) — yn.

One might notice that the condition X — Y — Z is not used in the achievability
proof of Theorem Hence, it can be concluded that the two stage processing in
the achievability of Theorem [3.I] achieves the rate region of Proposition [3.1}
Converse: Define the random variables U; and V; as in (3.56). We also obtain the
constraints as in (3.57)), (3.58), and (3.60)). To arrive at we need the following
modification

n(R—e)<HW)=IW;Y",J,K)+HWI|Y",J,K)

)

< I(W, Jw, Kw;Y™) + 1+ elogy M, (3.62)

where (x) follows from the Fano’s inequality and the requirement in ([3.13)).
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N this chapter we extend the setting in Chapter [3|to a Gaussian setting. Namely,
Iwe assume that the users’ data are independently Gaussian distributed, i.e.,
Xi(w) ~ N(0,0%), Vi € [1 : n],w € [1 : M]. The observation sequence Y" is
assumed to be related to X™ (W) via the following relation

Y, = Xl(W) + Ny, Vi € [1 : ’I’L},
while the pre-processed sequence Z" is assumed to be given by
Zi :}/;+N2i, Vi € []. ZTL],

where Ny; ~ N(0, 012\[1) and Ny; ~ N(0, 012\,2), Vi, are iid random variables, which
are also independent of the users’ data and each other. In other words, the ob-
servation and pre-processing channels are iid Gaussian. The AWGN assumptions
facilitate the detailed analysiﬂ

We take the reconstruction set to be the set of real numbers, i.e., X =R. The
distortion measure is the squared error distance

n n 1 n AN A
d(a", &) = —[la" = 2" |5 = = > (@ — &)*. (4.1)

4.1 Statement of Results

The definition of an identification scheme and achievability follows similarly as the
ones given in Definitions and in which the processing mappings {g;}3_; are

41For a zero-mean unit variance jointly Gaussian pair (X,Y) we can express, from the structure
of the conditional distribution Py |x, Y as Y = pX + W where p is the Pearson’s correlation
coefficient and W ~ N(0, (1 — p?)) is independent of X. Since the presence of the correlation
coefficient p could make the analysis and the choice of auxiliary random variables even more
complicated than our model, we do not pursue the details herein.

43
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measurable. The enrollment mappings {¢;, }7_; given by
Oin: R" = M,;, i =1,2,

are also required to be measurable. The reader is referred to Section [2.5]in Chapter
for the detailed convention. In the Section 4.2l we provide a proof of the following
observation.

Theorem 4.1 Let (R, Ry, Ro, Ry, D) be a rate-distortion tuple such that there exist
random variables U and V with a joint conditional probability densitﬂ puvix and
a measurable reconstruction mapping g: R® — R such that the following conditions

are fulfilled.

Ry > I(X:U), (4.22)

Ry + Ry > I(X;U) + I(X; V|U,Y), (4.2b)
Ri+ Ry — R>I(X;U,V|Y), (4.2¢)
R <min{R +1(Z;U),1(Y;U,V)}, (4.2d)

D > E[d(X, g(U,V,Y))]. (4.2¢)

Then (R, Ry, Ra, Rr, D) is achievable in the sense of Definition .

It will be clear from Section[4.2]that our proof for Theorem[4.T]can be transferred
directly to the discrete case as the pmfs in the discrete case can be viewed as density
functions w.r.t. the counting measure. Due to the formal analytical complexity of
the Gaussian case, where we have a mixture of discrete and continuous random
variables, we choose to present its proof separately for the sake of clarity. Theorem
[41) allows us to derive the rate-distortion region for the Gaussian setting, denoted
by Ras, which is given by the following theorem. For notation simplicity we define
the following three auxiliary functions of R in which all other parameters are fixed.

2 o 2 9—2R
B Ox 0N . 0'X2
ho(R) = log, ?Dlv hi(R) = log, M’

2 29—2(R—Ry) _ ;2
032 ( L) — g2

o
ha(R) = logy = 2 . 4.3
2(R) B2 0% 032-2R-F1) — (03, +0%;)) (4.3)

U2 U2
Theorem 4.2 Assume that 0 < R;, < R and 0 < D < % Then the corre-

Y

sponding rate-distortion region Rgs s given by
R<R,, (4.4a)
1 o2

Ry > -1lo X ,
2 3 (G 7%, +o%V2>>

42The ranges of U and V are R and the joint density pxyy is with respect to the (product)
Lebesgue measure in R3.

(4.4Db)
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2

1 oy
Ri+ Ry > 3 log, P P, +T, (4.4c)

Ry+Ry—R>T, (4.4d)

1 o2 1 o2
R, =min{ -1 ——2—— | +Rp, -1 |,
i mln{20g2<0?v1+012v2>+ L20g2<0?v1>}

r— %max {ho(R), hn(R), ha(R) ). (4.5)

where

Remark 4.1 The constraint corresponds to the constraint where R,
can be seen as the supremum of the right-hand side of w.r.t any pair of
auxiliary random variables U and V such that YZ — X — UV holds and the mutual
information terms are well-defined.

The constraint R;, < R is motivated from the fact that the first layer cannot
reasonably output a list with size larger than the number of users in the system.
As for the second restriction on the distortion level D, if we consider for each
i € [1: n] estimating X;(W) using ¥; and the MMSE estimator, then the distortion

2 2

IXINy
P

level is exactly . With additional information, the system in general can do

better than this b01Y1nd. If for some unknown reason, the target list size or the target
distortion level is set above the corresponding thresholds, then the corresponding
terms, related to D or Ry, in are omitted. For instance, the rate-distortion
trade-off when Ry > R and 0 < D < 0% 0%, /ot is given by

1 0%012\,1 03(2_21%
Rl+R2>R+2max{log2 O'%/D ’Ingaf,Q_zR—UJQVl
0<R< Llog, (2F (4.6)
1o N .
< 5 23] U]2V1

By definition the rate-distortion region R is closed in the finite dimensional metric
space induced by the ¢; distance. However, the constraint R < Ry and D > 0 may
lead to the impression that the region is not necessary closed. In Appendix we
show that Rgg is indeed closed.

The proof of Theorem is divided into the following parts. We first establish
an outer bound on the achievable rate-distortion region. It can be seen from the
Markov structure in Theorem that the second constraint can be refor-
mulated as

Ri+ R > I(Y;U)+ I(X; U, VI|Y).

The terms corresponding to the mutual information quantities I(X;U) and I(Y;U)
can be lower bounded without difficulty by applying the entropy power inequalities.
The crucial idea for deriving the outer bound is to minimize the term “related to”
I(X;U,V|Y') while all other parameters are fixed which results in the term I'. The
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Dominating functions
Cases Subcases Distributions of U and V'
ho(R) | hi(R) | ha(R)
L Repyy SR < Rer, v U~ Py, V~Py
Rergy < Reryy 1. 0 < R < Reyy, v U~ Py, V ~ Py(Rery,)
Rep, < Ry II. Rer, < R< R, v U ~ Py, V degenerate
IV. Reppy S R< R, v As in Case 11T
Rergy > Rery,
V. R, < R< Rerg, v U~ Py, V~Py(Rery,)
VI Rery, < R< R, v As in Case I
Rery, > Rp
Rep, > Ry VIL Ry < R < Rery, v As in Case 11
Ry, < Rp VIIL. VR v As in Case I

Table 4.1: Summary of optimal (marginal) distributions of the auxiliary random
variables U and V for all possible cases specified by the relation among Rer,,, Rero,
Rergss Ri, Ry and R where Py = N (0,0%(1— 2_2(R_RL))) and Py = N (0,02 (1—
2721)). Note that the marginal distribution of the auxiliary random variable U
does not change. Additionally, due to the relation the distribution of V in
Case V is identical to the one in Case II.

approach is particularly helpful in our scenario, since it does not create additional
parameters for describing the region.

Then, we discuss in Subsection how to resolve the complicated outer
bound into small subregions that can be achieved by different parameterized coding
schemes. This is done by studying transition points in the characterization of
I'. Finally, we show that each region can be achieved by an appropriate choice
of auxiliary random variables U and V in Theorem hence implying that the
complete outer bound is achievable. For an overview we summarize In Table
marginal distributions of the chosen U and V for all cases.
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4.2 Proof of Theorem /4.1

We provide a justification for Theorem in several steps. In the first step we
establish a supporting covering lemma, which bypasses the need of a Markov lemma
for weak typicality@ In the next step we provide a coding scheme which is based
on the adapted covering lemma. The analysis only highlights the important parts.
Our approach resembles the one given in [WZ76} Wyn78| with a tweak in the “error”
analysis.

As reviewed in Chapter [2] since the setup is a continuous scenario, the idea
is to look for a suitable mapping ¥, which is used to control “error” events.
To facilitate the designing process, which is quite mechanical, we highlight the
main steps in the proof in the following remark. Assume that we use a code-
book in which "™ is used to represent the first layer, and v™ represents the second
layer. As in the proof of the discrete case in Chapter [3] we would like to have
that (Y™, Z™ U™ (Jw), V™ (Jw, Lw)) is jointly weakly typical with high probability.
Since we do not have the conditional typicality lemma, we include this constraint
in the definition of 1,. Once the joint typicality is guaranteed, the analysis of the
list and identification constraints can be proceeded similarly as in Chapter

Additionally since the distortion measure is not bounded, the average distortion
level is not necessarily bounded even if the excess distortion probability goes to
zero. To achieve the desired average distortion level we also include a failsafe
mechanism in the definition of ), which consists of two steps. Firstly we quantize
the reconstruction mapping ¢ so that the resulting mapping called g takes only a
finite number of output values. Secondly, we require that with high probability the
combination of the chosen codewords and the side information sequence produces
a reconstructed sequence with a typical normalized distortion level, less that D + e.

It is interesting to note that we do not quantize the auxiliary random variables
as in [Wyn78|. This keeps us safe from having to define a jointly weak typical
set with a mixture of continuous, notably X, and discrete random variables. The
complete proof is given in the following.

4.2.A  Prelude

To differentiate between weak and strong typicality, given 0 < § < 1 we denote
the weakly typical set by A} whose definition for a tuple of random variables
(X1,..., X)) with a joint probability density function px, x,.. x, is given by [CT12,
p. 521], [Ooh98, Lemma 3]

AR (Xy ... Xg) = {(x?,,xﬁ)

1
’— glogpggs(xg) —h(Xg)’ <0, VSC[l: k]}

43Markov lemmas for continuous alphabets can be found in the works [Ooh98| Lemma 5] in
the context of weak typicality and [Mit15| in the sense of weak*-typicality. However, it is not
obvious to extend Lemma 5 in [Ooh98| to multiple layers of auxiliary random variables used in
our superposition coding scheme. Bounding the distortion level using the approach in [Mit15| is
difficult since the distortion measure is unbounded.
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where h(-) denotes the differential entropyizzl and Xs = (X;)ics. Some important
properties of weakly typical sequences are given in the following:

o If 2% € AY(Xs) then

2 hXSITO) < i (ad) < 2770, (4.7)

o If S NSy =3 and (v5,,2%,) € AF(Xs,us,) where S1, Sz C [1: k] then

9 n(h(Xs, | Xs5y)+20) <y xo, (@8 |2%) < 9~ n(h(Xs | Xs,)—26) (4.8)
— Sy So 1 2 -

o For x5 € A} (Xs,) then
Vol(AR (X, |2, ) < 2n(h(Xsy[Xs,)+20) (4.9)

where Af(Xs,|z}s ) is the conditional typical set. Note that the left-hand
side is zero if 25 ¢ A} (Xs,) as the set A} (Xs,|2% ) is empty in this case.

Assume that the tuple (X", Y™, Z", U", V”)~is generated iid from the joint density
pxyzuy. For brevity, we denote herein by Y™ the pair (Y™, Z™). Then due to the
weak law of large numbers we have the following properties

Pr{(Y™, U™, V") ¢ AX(YUV)} -0, (4.10)
as well as
Pr{|d(X",g(U™,V",Y")) = D| >} — 0, as n — oo, (4.11)

when we assume that D = E[d(X,g(U,V,Y))] < co. As in [WZ76] we define the
following indicator function
1 if |d(x”,g(u”,v”,y")) - D‘ >4,
Y (2", " u" 0") = or (5", v, u") ¢ AZ(YUV) . (4.12)
0 otherwise
Let 8, = E[p,(X™, Y™ U™, V™), then due to the union bound, ([&10) and (&.11)

we have
0n = 0, asn — oo. (4.13)

For brevity deﬁn@

S2 = {(a™,u",v"): nxuy (@, um, o) < 52}, (4.14)

44Note that AP (X1 ...Xy) is a Borel-measurable set.
4-58ince vy, is a Borel measurable and integrable mapping as 1, € {0,1}, nxyuv is also Borel
measurable and non-negative almost everywhere. Hence, the set Sg is Borel measurable.
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where
nXUV(‘Tna un7 Un) _ E[wn(l,n, }"/n7 un7 Un)|Xn — xn7 V= ,Un7 Un = un]
— Efn(a”, V", u",0") [ X" = 2"]. (4.15)

Due to the Markov inequality we have

B[, (X™, Y™, U™, V™)

172 =L/, (4.16)

Pr{(X",U" V") ¢ 83} <

Finally, deﬁn@
Bl = ANUVX)NS?, (4.17)

and B (z"), BS(x™,u™) as sections of B corresponding to the sequence x™ and
on the pair (", u"), respectively. Note that BJ(z™) can be the empty set. A
similar statement can be made about BZ(z", u™). The following lemma is useful
for analyzing the coding scheme that is presented in the next subsection.

Lemma 4.1 Assume that X™ ~ p%. Generate M codewords u™(j) iid according
to the marginal density py, where M > 2" For each u™(j) draw L codewords
v™(j,1) via the conditional density py |y, where L > o2nBv - Then for a given §,
where 0 < 6 < 1,

Pr{(X", U™ (), v*(j,1)) ¢ BS, Vj,l} -0 (4.18)

asn — o0 if Ry > I(X;U) + 48 and Ry > I[(X;V|U) + 56.
The proof of Lemma [£.1]is deferred to Appendix [£.A]

4.2.B A coding scheme

As in the discrete case we begin with the codebook construction. Given a § € (0,1),
whose value is determined later, fix a conditional density pyyx and a measurable
mapping ¢: R?* — R such that

Eld(X,g(U,V,Y))] = D < 0o, and I(Y;V|U) > 0. (4.19)

We will discuss the degenerate case where I(Y;V|U) = 0 at the end of this sub-
section. We note that since the distortion measure is the squared error distance,
there exists a measurable quantization mapping f: X - {fci}f\le C X, with N
sufficiently large and X = R such that [Wyn78| Eq. 2.11]

D =E[d(X, f(g(U,V,Y)))] < (1+4)D. (4.20)

46Hence BY is a Borel measurable set as it is the intersection of two measurable sets, cf.

Footnotes @ and @



50 Gaussian Hierarchical ID

Defind™7|
g=1rfog. (4.21)

With abuse of notation, we define B as before with § in place of g and D in place
of D.

Additionally@, we show in the following that there exist a deterministic mapping
and an auxiliary random variable which produce the same effect as drawing an
element from a set uniformly at random. We use the mapping and random variable
in our formal coding scheme to show that the resulting mappings are measurable.
Let 7 be the set of of all pairs (i,j) where i € [1 : 2"%v] and j € [1 : 2"Fv]. The
corresponding power set is 27. For each set £ € 27, we select one element of £
uniformly at random if £ # @. Otherwise, we select one element of 7 uniformly
at random. The corresponding conditional pmf is given by {Pg(¢) | t € T}. For
each n by the functional representation lemma [EK11, Appendix B] there exists a
discrete random variable T, defined on the corresponding finite alphabet ’7', and a
function ¥: 27 x T — T such that

O(E,T) ~ P, VE €27 (4.22)

Codebook generation: We generate a single codebook for all users which consists
of 21 iid sequence u"(j) from the marginal pdf py. For each j, 2"V codewords
v™(j,1) are drawn iid from the conditional pdf py ;. Each index [ is parsed into a
unique pair (k, k'), where k € [1:2"Fv] k' € [1 : 2"R,V] and Ry = Ry + Ry, ie.,
k is the corresponding bin index of [ where the bin is given as in . We also
fix two sequences u” and v? corresponding to the error message {e}.

Enrollment: Given 2" (i) where i € M, we search for the set Z; which is determined
as

I = {(ji;li) | (2" (i), u” (), v" (s, 1s)) € BS, js € [1:2"Rv] I, e [1: 2nRV]}.

(4.23)
If the set Z; is not empty then we select a tuple (j;, ;) uniformly at random from
T;. Otherwise, (j;,1;) is selected uniformly from the set of all pairs 7. Formally the
action is described by zﬁ(L-, t) as in where # is the corresponding realization
of T'. We store Ji in the first layer and the bin index k; in the second laye
Identification and Reconstruction: The two stage identification works similarly as

4.7 Note that § is a measurable mapping since it is a composition of two measurable mappings.

48By our restrictions, all mappings are required to be deterministic and measurable. However,
in our proof we use randomization in the encoding step to simplify the analysis. Hence, the
existence of the mapping and the auxiliary random variable allow us to perform derandomization
in the last step. Moreover, the output sequence is also a random vector since it is the output of
the combination of deterministic transformations whose inputs are random vectors.

49We note that this encoding scheme is different from the one in Section since the first
layer message j; is chosen after searching through codeword sequences in all layers. In contrast,
in the discrete case the stored index in the first layer of the i-th user is chosen based only on the
codewords in the first layer u™.
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in the discrete case with the following modification. Condition (3.18) is replaced
by

(2™, u"(j;)) € A3 (ZU). (4.24)
Condition (3.19) is replaced by searching for a unique @ such that
(", u" (o), " (Jus 1)) € AF(YUV). (4.25)

for some | € B(ky). Condition (3.20) is changed to searching for a unique [ € B(ky,)
when @ # e such that

If 0 = eweset [ = 1. When @ = e or | = e, we set u"(jp) = u” and
v"(jm,[) = v?. Then the processing center outputs the corresponding sequence
Zr = §(ur(ju), vr (ju, 1), yr) for all 7 = [1 : n] where g is defined in (£21).
Properness of our coding scheme:

Roughly speaking, in each of the aforementioned steps the action consists of a
combination of mappings whose pre-image of a Borel set is a finite intersections,
or/and unions, of Borel sets. Hence the resulting mappings are measurable. The
details are given in the following. We only need to show that mappings whose
input arguments contain elements of R are measurabl@ For notation brevity
we define 2 = 1 4 20(Buvthv) y — 1 4 onBu gn = (y"(1),...,u"(2")) and
" = (v*(1,1),...,0"(2"Rv 2nEvY),

o We first show that the mappings from the users’ data sequences and codebook
to the stored indices are jointly measurable. For the sake of clarity, we focus
on the first user. Consider the set of mappings {v; ;} where i € [1 : 2"Rv]
and j € [1:2"%v] each is defined as

Vigs RS = {x, (6,5))
1,7 if (™ u™ (i), v (. i 5
qpi’j(zn(l)’un,vn) — {( 7]) f( (]_)7 ( )’ ( 7])) c Bn

* otherwise

where * is a dummy symbol. Then each 1); ; is a measurable mapping since
the pre-image

i ((,5) = {(@"(1),u",0") | (@"(1),u" (i), 0" (i, 5)) € By,
other codewords take values in R™}, (4.27)

is a Borel set. Hence the map

w = (1#1,1, s awgnRuygnfi\/): RHXE — X{*> (27])}

1,3

410Mappings which map finite input alphabets to finite output alphabets are obviously measur-
able since the corresponding Borel o-algebras are power sets.
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Y™ (1), u",v") = I, (4.28)
is a measurable mapping. The one-to-one correspondence my between the
vector le and the set of suitable pairs Z; given in by eliminating all x,
e.g., for 7; = (*, (1,2),%,(1,4),%,..., *)

I = mo(Li) = {(1,2), (1,4}, (4.29)
is obviously measurable. Let T, 1/3 and T be defined as in then the map
P:RVEXT 5T
P (1), u", 0", ) = d(mo (s (2" (1), u™,0™)), 1) = (G, 1), (4.30)
which is our selection map, is
(R™Z x T, B(R™*Z) x 2T) = (T,27)

measurable. We note that the mappings from the chosen pair to the stored
pair are projections, hence measurable. In summary we show that the encod-
ing mappings are measurable.

To show that forming the list induces a measurable mapping, consider the
following set of mappings {g1;}2, where for each 4, g1; is defined as

gui RV x MY — {x,1}
. i if (2" u™(y;)) € AR (ZU
gui(2",u", g) = { \ (i) € A3(20) . (4.31)

* otherwise

Since A2 (ZU) is a Borel set, it can be seen that the map

M
91= (911, i)t RT x MY — € = X {*,4}
i=1
g (" u"g) e L. (4.32)
is jointly measurable. Next, let m; be defined as

T &g
A L by eliminating all * and if 1 < |£| < 2"4
mi (L) — . .
{e}  otherwise
Since 7 is a mapping from a discrete set to another discrete set, it is measur-
able w.r.t. the power set g-algebras. Hence the map g = 71 o §; is a jointly
measurable on

(R™T x MM BR™T) x 2M") 5 (g,29).

Our first stage processing map ¢g; can be obtain from g; once a set of code-
words is fixed.
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o Similarly, for user identification in the second stage we look at the following
set mappings {§2:}2,, whereas each is defined as
G20t R™Z x Mg — {*,i}
i ifie L and (y",u"(ji), v" (i 1) € AF(YUV)
g2 (Y™, u 0", (Go, ke, L) — for some 1 € B(k;)
*  otherwise

We observe that for each ¢ the mapping go; is jointly measurable. Next we
need the mapping

M
ma: X {x,i} > WU {e}
i=1

) w if it is the only non-x element in a
e
2( e otherwise

The second stage identification mapping g» can be obtained from gy = 75 o
N \M .
((g2i)i=1) once a set of codewords is fixed.
« Finally, to describe the reconstruction mapping g3 we need mappings g and
w3 which are defined in the following. Let 901, = My x {[1: 2] U {e}} x

(W U {e}). The mapping j3 searches for the unique second layer index [ of
the chosen user w, which has the bin index k;, and is defined formally as

932 RnXE X 95’112 — 95[/12
(jw,l, ) if @ # e and [ is unique such that
(ynv u”(jﬁ,), vn(jﬁh Z)) € Ag(YUV)
g3(y" u" 0", (o, b, @) — as well as [ € B(ky)
(Lie,) ifw#e
(1,1,e) ifw=e
where 9y, is defined in (3.5). The mapping w3 outputs the correspond-

ing codeword pair (u"(j),v" (ju,1)) given the input tuple (ju,1, @) and the
codebook. It is defined as

7q: RP<E-D » 95?/12 — R2"
(u"(jp), V" (Ju, 1)) if 0 #eand#e

(ul,vl) otherwise

e’ e

m3(u”,v", (Ju, [, ®)) — { (4.33)
The measurable properties of g3 and 73 can be shown similarly as the ones of
g1 and go. The reconstruction mapping gs can be obtained from gs(-,y™) =
g(ms(+,g3(+)),y™), where g, which has a finite output alphabet and is defined

in (4.21)), is applied symbolwisely.
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Analysis: Let J; and L;, i € W, be the chosen indices for the i-th user. Fur-
thermore, let £1 be the list of indices i € W that satisfy in the first stage of
the identification process.

Denoted by H the random variable which represents the randomly generated code-
book, i.e.,

H= {(U”(j»vn(j,z)) el 2] ie: 2”Rv1}, (4.31)

and its realization by H. The Markov relation

follows by our coding scheme. However, for the error analysis we need the Markov
relation in form of density terms.

Claim 1 For each triple (w, ju,lw), the function
Pxr (WYY i dw L W (2™ Y™ Hjw, lw, )
 Pr{Jy = ju Ly = Ly, W = w| X" (W) = 2", 1 = H}
Pry Ly w (Juw, bws w)

x P (2")py x (Y™ 2" )pw (H) (4.35a)

is a conditional density function of the distribution

,u(B,w,jw,lw) = Pr{(X"(W)7Y"”]-L) € B‘Jw :juan = lw7W = w}

w.r.t. the product of Lebesque measures N¥"1*5)  where B € B(R™1+9) js ¢
Borel set. It can also be argued that this function is jointly measurable in (x™,y™,
H, Juy by w).

Proof. It is immediate from the definition of px=(w)yne¢|.y, £y w in (4.35a) that it
is a jointly measurable function in (z™,y™, H). Lemma implies the following
relation

Pr{Jw = jus Lw = lu, W = w|X™(W) = 2™, H = H}
=Pr{Jy = Juw, Ly = lp, W =w| X" (W) =2",Y" =y", H = H}
PX”(W)Y"’H_ — a.S. (436)

Hence by integrating px»(w)y =2y Lww, defined as in (4.35a)), on each set Borel
set B and using the relation (4.36)) as well as the definition of conditional probability

we obtain the conclusion. We further note that since our encoding procedure is
identical among users and W is independent of users’ data and the encoding process,
we obtain

Pxr (WYY i Jw L w (2™ Y™ Hjw, b, w)
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o PI‘{J1 ij,Ll = lw|Xn(1) = Z‘n,H = H}

- x p'y (z™)py ™ H).
Pyt Guos lo) px( )py|x(y| )P (M)

(4.37)
0

Note further that as Pr{J,, = j, L, = l|X"(w) = 2™,H = H} = 0 for some
combinations of data sequence, observation and codebook for the w-th user, the
corresponding density value is zero.

For brevity, we denote herein again by Y™ the pair (Y, Z"), by 4, the ran-
dom variable ¥, (X™(W), Y™, U"(Jw), V"(Jw, Lw)) and by Pe, the distribution
PX"(W)U"(JW)V”(JW,LW)WJWLW‘ Additionally, we define

xB, = X8,(X"(W),U"(Jw), V" (Jw, Lw))
XB.?,] =1- XB., s (438)

where herein B,, is also a short notation for B2. We first notice that since v, (-) €

{0, 1},

With the helﬂ of (4.35a]) the second term can be bounded as

Elxs,%n] = /XBn (", u", ") X B¢y (2", u, 0", V)| X (w) = 2",
Un(jw) = unv Vn(jw; lw) = rUny W = w, Jw = jwa Lw = lw] dpcp

= /Xlgn (x",u”,v”)E[d)n(m”,u",v”,Y")|X"(w) =", W = w|dP,,
= /XBn (xnvunavn)nXUV(xn,un7vn)chp

(a)

< 6L/2 (4.40)
where (a) holds since given (z",u™,v™) € B, we have nxyv (z",u",v") < 52,
Due to the symmetry of the problem we obtain

Pr{(X"(W),U"(Jw),V"(Jw, Lw)) ¢ Bn}
= Pr{(X"(1),U"(J1),V"(J1,L1)) & Bn} (4.41)

as W is independent of the enrollment process. Moreover, by our encoding rule we
have

{we Q| (X", 0" (1), V*(J1, L)) ¢ Bn}

411Gee also the disintegration arguments in Corollary
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={weQ|(X"(1),U"(j1),V"(1,l)) ¢ Bn, Vi1, 11} (4.42)

Then by Lemma

Pr{(X" (W), U"(Jw), V" (Jw, Lw)) ¢ B} = 0, (4.43)
as n — oo if
Ry > I(X;U)+48, Ry + Ry >I1(X;V|U)+ 54. (4.44)
Hence
E[¢,] — 0, as n — oco. (4.45)

This implies that (Y™, U™(Jw),V™"(Jw, Lw)) € A}(YUV) with high probability,
i.e.,

Pr{W ¢ L1} — 0, asn — cc. (4.46)

As in the discrete case we consider the following events
& = {IL:] > 22},

Ey = {(U”(JW),V”(JW,Z),Y”) € AXUVY), for some | # Ly, | € EB(KW)},
&g = {El(w',i),w’ £ W,w' € L4,
(Y, U (Jw), V' (Jur, 1)) € AX(YUV), [ € %(Kw/)}. (4.47)

To bound the probability of the event £ we only need to verify (3.28)) for i > 2,
which is expressed in our case as

Pr{BW = 1} = / / oy P2 I AP 005,05
un,j; n(Z|um)

/ / A=) 4" AP (1,5, (W™, :)
' Ji (Z|um)

< 97 nI(ZU)=39) (4.48)

Therefore as in the discrete case Pr{&1} — 0if R—A < I(Z;U) — 3§. The analysis

in (3.29) can be carried out similarly and we obtain the condition R + Rj, <
I(Y;U,V) — 6, which is needed for Pr{€3} — 0. This further leads to

Pr{W # W} — 0. (4.49)

Hence, we only need to bound the probability of the second event &;.
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We use the same technique as the one in [MLK15, Lemma 1]. Due to the
symmetry of the codebook construction and the encoding process, it is sufficient to
condition on the following evendr_ml

{(i=1,L =1, W =1}. (4.50)

We also assume that I; = 1 belongs to B(1). Then due to the union bound and
symmetry

PT{52|J1 = 1,L1 = 1,W = 1}

< ) Pr{(UML), VML), Y") € Ay =1,L; = LW =1}
le®B(1), I#1
< 2" pr{(U™(1),V™(1,2),Y") € A}y =1,Ly =1, W =1}, (4.51)

The probability term in the right-hand side of (4.51)) can be factorizedlr_wl
Pr{(U"(1),V"™(1,2),Y") e A}|J1 =1,L, =1,W =1}

=/ pur(yve (1,2 v nLow (0" y" 1,1, ) du" dv™ dy™
AR(UVY)

:/ (/p(U”(l) — W VI(1,2) = o, Y = g,
A (UVY)

X*"1) =", V*(1,1)=0"J;=1,L =1,W = l)dx”dﬁ")du"dv”dy”
(;)/
A

([t
(UVY)

X pUn(l)Vn(172)Xn(1)‘/n(171)‘JILIW(un, Un, In, ’L~)n|1, 1, l)dl’ndﬁn) du”dv”dy”

n
5

) / P (g [ep(X7 (1) = 27, U™ (1) = u, VP(1,1) = 5|y = 1, Ly = 1)

x ( / p(V"(1,2) = " U(1) = ™, V(1 1) = 5%, X" (1) = &,
A:;L(V‘u",y")
J=1,L; = 1)dv"> dx"™dy"du"do". (4.52)

The equality in (x) holds according to the relation (4.35a]). Since densities are non-
negative, (xx) holds due to Fubini’s theorem and (4.37). For brevity, we denote

412For simplicity we drop the subscript for the index of the first user, i.e., the notation (j1,11)
is simplified as (j,1).

4.13Gince AF(UVY) is a Borel measurable set, we do not need to consider the complete measure
space. We also use the notation px|y (z|y) and p(X = z|Y" = y) for probability density function
interchangeably where the latter is handy when a long tuple of random variables is present in the
expression.
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F={U"(1)=u",V"(1,1) = 9", X"(1) = 2™} and
c{V"(Ll)|lz3}U{U"(j>,V”(j,Z>} , (4.53)
ddiz2
as the rest of the codeboo@ For given C = C define
n(C,F)=|{l|v*(1,1) €C, (u™,v"(1,1),2") € Byn}|
+HGD 122w (G) 0" (G 0) €C, (" (G), 0" (G D),a") € Ba}, (4.54)
which is a Borel measurable function, and
1 if (2™, u",0") ¢ By, andn(C,F) =0

) (4.55)
0 otherwise

ic,F) = {

As a standard step, we further defind™™|® = {C: p(C =C|F, J; = 1,L; = 1) = 0}.
Then
Pr{C S ®|]:, J=1L = 1} =0, (456)

which implies that

/ p(V™(1,2) = v"|F,J; = 1,1, = 1)dv"

Az (VIum,y™)

= / / p(V™(1,2) =v",C =C|F,Jy = 1, L = 1)dCdv"™
A (Viuryn) J&

—|—/ / p(V"(1,2) =v",C=C|F,J1 =1,L; = 1)dCdv"
A (Vur,yn) J e

© / / p(V™(1,2) =", C = C|F,Jy = 1,L, = 1)dCdv",  (4.57)
A3 (Viur g) Joe

where (b) is valid since (4.56]) can be seen as the integration of p(V"(1,2) = v"™,C =
C|F,J1 =1,L; = 1) over R™ x &, which implies that the first term in the above
sum is zero. A similar line of reasoning can be applied to resolve the case where

p(X"(1) =2",U"(1) =u",V"(1,1)=0"J1 =1,L1 =1) =0, (4.58)
in (@52,
Additionally, consider the case that (z™,u™,0") ¢ B,. Deﬁnelr_rgl
D ={C:n(C,F) >0}, (4.59)

414\ ore precisely, C is a random vector in which components are V7™(1,1) where I > 3 and

(U™(4),V"™(4,1)) for j > 2 arranged in the presented order.
15From its definition & is a Borel measurable set. In more details, due to the restriction (4.58)|)

® is the (z",u™, 3" )-section of the measurable set & = {(C,z™,u™,%") | p(F|J1 = 1,L1 = 1) >
0 and p(C = C,F|J1 = 1,L1 = 1) = 0}. This implies that the inner integral over & in
produces a measurable function in (z™,u™, 9™, v™).

416More specifically, © is the (z",u™,d")-section of the measurable set ® = {(C,z",u", ") |
(z™,u™, ™) ¢ By, and n(C, F) > 0}.
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which is a Borel set. Then due to our encoding rule
Pr{Ce®|F,J1=1,L; =1} =0, (4.60)

which leads to

/ p(V™(1,2) = v"|F, Jy = 1,1y = 1)dv"

AR (Vun,ym)

= / / p(V™"(1,2) =v",C =C|F,J; =1,L; = 1)dCdv™. (4.61)
Az (V]ur yn) J (DUS)e

Therefore, to upper bound (4.52)), by combining the arguments in (4.57)) and (4.61]),

it is sufficient to consider the following inner integral

/p(V"(LQ) = v",C = C‘f, Jl = 17L1 = 1)dC
[

= /p(C :Cl}—7J1 = 1,L1 = 1)
<
xp(V™*(1,2) =v"[C=C,F,Ji =1,L1 = 1)dC (4.62a)
@ /p(C —C|F, Jy =1,L = D)p(V"(1,2) = v"|C = C, F)
¢

PI’{Jl = 17L1 = 1‘V”(1,2) = v”,C = C,]:}

d 4.62b
PI‘{J1:1,L1:1|C:C,./_"} C’ ( )
wherd®7]
DUG)C if (2™, u", ") ¢ B,
et )o@ 57) ¢ Ba (4.63)
(Gl if (™, u",0") € B,

Note that in both cases, Pr{J; =1,L; = 1|C = C,F} > 0. In Appendix we
provide an argument to verify (¢) in (4.62)) independently for interested readers.
Next, we have

p(V"(1,2) =2"|C=C, F) = HpV|U(Ui|ui) (4.64)

due to our codebook generation. In addition, we bound the numerator term in

(4.62b)) as follows:
PI'{Jl = 17L1 = 1|V"(172) = Un7c = C’f}

m(l —1i(C,F)), (4.65)

where R = Ry 4+ Ry. We verify the above inequality by the following cases:

4171t can be seen that € is the (™, u™,3")-section of (& UD)°.
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o (2™, u",0") ¢ B, then n(C,F) = 0 by our restriction which implies that
i(C,F) = 1. We have
1
7<= SR (4.66)

with the equality when (2™, u™,v™) ¢ B,,.
o (2™ um ") € By, ie., i(C,F) =0, we always have

, 1

< - 4.67
TEY TN AU (4.67)

with the equality when (2™, u™, v™) ¢ B,,. The “+1” term in the denominator
is due to the event (z™,u",9") € B,.
Moreover, the denominator in (4.62b)) can be lower bounded as
PI‘{Jl = 1,L1 = 1|C = C,F}
Z / PI‘{Jl = 1,L1 = 1|C = C,]:, Vn(l,Q) = ’Un}
Bg, (xm,um)
x p(V™(1,2) =v"|C =C, F)dv"
1 1
x Pr{V"(1,2) ¢ B, (", u™)|U"(1) = u"}
1 1
> —1 ——(1—14(C
- <2nRZ(C,I)+n(C,J—'.)+1( Z( af)))
x Pr{V"(1,2) ¢ A3 (V|u",z™)|U™(1) = u"}. (4.68)

Now for sufficiently large n,
Pr{V"(1,2) ¢ A5 (V]u",2™")|U"(1) =u"} =1— / Py (0" |u")do"

> 27n(h(V\U)726)/ dom
AR (V]um,zm)
>1-— 2—n(h(V\U)—25)2n(h(V|U,X)+25)

— 1 _ 9 n(I(X3V|U)—46) (4.69)

This analysis implies that when § < I(X;V|U)/4 and for sufficiently large n

Pr{J; =1,L; = 1|]V"(1,2) = v",C = C, F}

p(V™(1,2) =v"|C =C, F) x Pr{Jy =1,L, =1|C=C}

n

1

= 1 — 2—n(I(X;V|U)—46) HpVIU(Uz’Wi)
i=1
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(e)
< (14 &)27h(VIU)=29) (4.70)

where € is a fixed positive number. (e) holds since v" € AZ(V|u™,y™). Combining

(4.57), (4.62b)) and (4.70) we obtain the following upper bound

/ p(V(1,2) = o"|F, Ji = 1, L, = 1)do"
A (VIum,y™)

< / (1+ €)2_"(h(V|U)_26)dv"/p(C =C|F,J1 =1,L; = 1)dC
AP (V]um,ym) <

S (1 + é\)27’n(h(V|U)725)2n(h(V|U,Y)+25)
= (14 )2~ U VY|U)—49) (4.71)
Hence, inserting the above inequality in (4.52)) we obtain
Pr{(U™(1),V™(1,2),Y") € AZ|Jy = 1,L; = 1,W =1} < (1 4 ¢)2 nU(ViYIU)=49)

and

Pr{&} — 0asn — oo, (4.72)
if R, <I(V;Y|U)—46 and 6 < I(V;Y|U)/4.
Lastly, we bound now the distortion level of the reconstruction sequence. Define

¢n = (1= n)(1 = xe,)(1 = X&) (1 = Xe3), (4.73)

and ¢,, = (1 — ¢,). We have the following simple inequality, which is actually the
union bound,

G <1 = (1 =) (1 = xe ) (1 = X&) + Xes <+ < n + Xe, + Xes + X5 (474)
Then E[¢,] — 0 as n — co. We notice that
¢ =1 = {|d(X"(W),X") - D| <6}, (4.75)

where X" = G(U™(Jy,), V™(Jy, L), Y™). Therefore the distortion level can be
upperbounded as
E[|d(X"(W),X") — D|] = E[¢,|d(X", X™) — D|] + E[¢n|d(X", X") — D|]
< 6+ E[¢n D] + E[p,d(X", X™)]. (4.76)

The last term in (4.76) can be bounded using similar techniques as in [Wyn7§|
Lemma 5.1]. First note that

n

ElGnd(X" (W), X)) = = 3" Bload(X,00), K] £ - 3" B6. 00600, 477

i=1
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where ((X;(W)) = max sy N d(X;(W), &1). We further observe that {¢(X;(W))},
are iid ~ Py(x) and integrable random variables. The latter statement holds due
to the property of the square distortion measure and Px. Then for all ¢ € [1 : n]
the following is valid for any a > 0

E[¢nC(Xi(W)] < aE[dn] + E[C(X: (W)X (c(x: ()20 - (4.78)

Due to the monotone convergence theorem and the iid property we have

E[C(X:(W))xqcx:wy=ay] = E[C(X)X{¢(x)>a}] <0, Vi (4.79)

for sufficiently large a > ag where ag depends only on (d, Px, {#x}+_,). This implies
that when a > ag

=3 ElGuC(Xi(W)] < aEfdn] +6 < 2 (4.80)

when n — oo. In conclusion we obtain

E[|d(X™(W),X™) — D|] < 46. (4.81)

for sufficiently large n. Recall that the discrete random variable T is used to select
a pair of indices (j;,1;) randomly, cf. , and and H is the random codebook.
Put § = 44, by using Markov’s inequality with the threshold 44, as in the proof of
[BB11, Lemma 2.2], we have for all sufficiently large n

|E[d(X"(W),X™)|H,T] - D| < E[|d(X"(W),X") — D||H,T], P - as,

PT{E[X{W¢W}|H,T] < 48, E[X{W¢£}|H,T] < 48,
E[|d(X™"(W),X") — D||H,T] < 48} > 1/4, (4.82)

which implies the existence of a codebook H and an instance of randomness .
Choosing § small enough, we therefore arrive at the conditions in . The rest
follows immediately.

Finally, we discuss about the casd™ ¥ when I(Y;V|U) = 0. We then have that

I(X;VIU,Y) = 1Y, X; VIU) = [(X; V]U), (4.83)
as Y — X — (U, V). The second constraint (4.2bf) becomes

Ri+ Rs ZI(X,U,V)

4180ne needs to investigate the continuity problem of mutual information as function of distri-
bution if one wants to use the previous result by taking the limit so that I(Y;V|U) would go to
0. In our case a direct proof is far less complex than studying the continuity property.
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The third constraint (4.2¢) can be omitted as
R+IX;UVIYV)<IY,X;UV)=IX;UYV), (4.84)

where the first inequality holds since R < min{Ry + I(Z;U),I(Y;U,V)}. In sum-
mary we need to prove the following region is achievable

Ry > I(X; )
Ry + Ry > I(X;U,V)
R <min{R; +I(Z;U),I(Y;U,V)}
D > E[d(X, g(U,V,Y))]. (4.85)

The achievability of the region can be proceeded in a similar manner as the
one when I(Y;V|U) > 0. Namely, we need two layers of codewords u™ and v".
However binning is not used for the second layer. The reconstruction sequence is
given by §(u™(jw), V" (Jw, lw), y™). In the analysis we simply omit the event & since
no binning is used.

The following sub-region, which is useful in a later discussion, can be obtained by
choosing V' and g such that V is independent of everything else and ¢g: R? — R
such that

Ry > I(X;U)
R <min{R; +I(Z;U),I(Y;U)}
D > E[d(X, g(U,Y))]. (4.86)

4.2.C A detailed justification of (4.62)

The skeptic reader might be wary of the validity of (¢) in (4.62]) which is ensured
by the following analysis. Let

¢ ={(C,a",u",7") | p(C=C,F)>0}. (4.87)

Then, we have Pr{(C, X™(1),U™(1),V™(1,1)) € €} = 0. Therefore, we can modify
the expression as follows. The LHS of is expanded to be an integral
over C and A} (UVY) of the corresponding conditional density term. Then by
restricting the integral on the set € and following similar steps as in , the
last integral in is changed to [ ng(V\u",y") f@(x",u",ﬁ")’ where €(z™, u™, ™)
is the corresponding section of €. The set € in (4.62) can be modified to € which
is the (2", u", 9")-section of (& UD)° N €&, cf. Footnote |4.15{ and |4.16]

Claim 2 Let R* be the product space of tuples (Cyu™, 0™, 2™, v™) where o = n(4+
(2nfv 24 (2nRu —1)2n8v ) with the corresponding Borel o-algebra B(RY). Then

p(V™"(1,2) =0"|C=C, F,Jy =1,L; = 1)Pr{J; = 1,L, = 1|C =C, F}
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=p(V"(1,2) =v"|C=C,F) x Pr{J; =1,L; = 1|]V"(1,2) =2",C=C,F}

A®Y_qalmost everywhere on {(C,u", o™, 2", v")|p(C = C,F) > 0} € B(R%). 4s a
corollary, the conclusion also holds when we restrict to v™ € A} (V|u™, y").

Proof. We first notice that Pr{J; = 1,Ly = 1|C = C,F}p(C = C,F) = Pr{J; =
1,L; = 1}p(C = C, F|Jy = 1, Ly = 1), A2(~")_almost everywhere on R*~", hence
also A®%-a.e. on R®. This can be seen by integrating both sides w.r.t. (C,u", 9", x")
on any set & € B(R*~™) and using the definition of conditional probability distri-
bution. Then for any set £ € B(R®)

/p(V"(l,Z) | = C F Sy =1, L1 = 1)

£>< Pr{J1 =1,L; =1|C =C, F}p(C = C, F)dCdu"do" dx" dv"

— Py (1, 1)/p(V”(172) — " C=C,F, Jy =1L =1)
x p(C = c,fgu1 —1,L; = 1)dCdu™di"dz"dv"

D prfg =1,L, = 1,(C,U™(1), V"*(1,1), X"(1), V"(1,2)) € &}

- /p(vn(1,2) — ", F)Pr{Ji = 1, L1 = 1|V"(1,2) = ", C = C, F}
xgp(c — C, F)dCdu"di" dx" dv".

In (d) we use the expression p(V"™(1,2) = v",C =C, F|J1 =1,L1 = 1) = p(C =
C,F|J1 =1,L1 = 1)p(V™(1,2) = v"|F,C =C,J; = 1,L; = 1) which holds except
on a zero probability set where p(C = C, F|J; = 1,L; = 1) = 0. The conclusion of
the claim follows. O

_ Since, we are doing integration over (u",y",v") € AF(UVY) and (C, 2™, u",0") €
(BUD)°N €&, Claim [2| indicates that replacing (4.62a]) by (4.62b]) does not change
the value of (4.51)).

Remark 4.2 One might wonder if the overly complicated analysis of the probabil-
ity of the event & could be avoidable by using the standard random binning trick.
We explain in this remark that this passage is similarly complex. Assume that we
did apply the random binning to generate K from L. Then we would have

Pr{&|W =1} < 2% Pr{(Y", U"(J,),V"(J1,1)) € AZ(YUV)|W =1}. (4.88)

If J; would not depend on the second layer codewords, we would be easily done with
the analysis as given U™(J7), V™(J1, 1) would be iid generated and independent of
Y™. However, it is not the case herein. The method mentioned in [EK11} Section
11.3] would have the same problem as it induces the same expression as the right-
hand side of . We expect that a similar issue would arise in the analysis of
the Heegard-Berger problem with side information at only one decoder.
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4.3 Proof of Theorem

4.3.A  Prelude

We first consider extreme cases which provide some points and hints about the
whole rate-distortion region. The discussion is analogous to Remark hence it
might seem repetitive.

1. Our setup can be regarded as an extension of the Heegard-Berger |[HB85|
scheme and the Wyner-Ziv problem. Hence when additionally M = 1, the
rate region collapses into

1 ox0
Ry + Ry >  log, XA (4.89)
g

2. For a given Ry, the first term in the definition of R, is the first stage identifi-

2
cation capacity % log, f’zzv(%'}"v + Ry, and the second term corresponds to the
1 2

2

identification capacity % log, ;QY when the processing unit has the full access
N1

to both storage nodes.

Assume that we want to design an identification scheme such that a given tuple
(R, R1, Ro, Ry, D) is achievable in which the list size Ry, is large enough such that
R, =1/2logy(0} /0%, ). When the identification rate R is small, the distortion level
D can be matched. However, when the identification rate R is close to the threshold
R, then the achieved distortion level by the identification scheme is likely to be
lower than the requested distortion D. One can explain this observation as follows.
In order for the identification rate to come close to the identification capacity R,
the compressed information must be close to the corresponding user’s data, i.e., the
distortion level for stored sequences will be extremely small and hence smaller than
the requested level D. In other words, the distortion constraint in becomes
inactive. This provides a hint that there will be a transition point from a region
where the distortion constraint is active to a region where the distortion constraint
is inactive when R increases. When the list size Ry is small or moderate, there
exist additional transition points where the identification rate is limited at the first
stage.

4.8.B  An outerbound

Suppose that the rate-distortion tuple (R, Ry, Re, Ry, D) is achievable, i.e., for
a given € > 0 there exists an identification scheme such that all conditions in
Definition [3.2] are satisfied for all sufficiently large n. In the following we consider

2 2
the case where we have R, < R and D < U):;Nl and derive an outerbound for

Y
the achievable rate-distortion region. Similarly as in the converse direction for the
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discrete case in Section we denote by J and K the tuples (J;)M, and (K;)M,.
The distortion constraint implies that

D+ e > E[d(X"(W), g3((Jyyr, Kypr, W), Y™)]
= inf B[d(X" (W), g(W. J, K, W, Ty, Ky, Y™)]

1 — .
> = fE[A(X;(W), g:(W. K, W, Jyy, Ky, Y™))] (4.90)
X 9gi

where the infimum is taken over all possible measurable functions g; on W MM x
MY x WU {e}) x My x My x R™. In our identification scheme, (W, Jy,, K3,)
are functions of (J, K,Y™, Z™), which lead to the following relations

X" (W) — (W, Y™, 2", J, K) — (W, Jyy,, Kyi,). (4.91)

as well as
X"(W) - (Y™, W, Jw,Kw) — (Z7, J\W,K\W), (4.92)

where we use J\y as a shorthand notation of (J;) 112w and similarly for K.
The Markov relation and the property of the squared error imply that

n 1 R
D+e> Y ~Ed(X(W),BLX; (W)W, T, K, W, Ty Ky, ")

=1
9y
i=1

where (a) holds due to Corollary in Chapter The constraint can
be interpreted in the following sense. A genie provides us the exact information
(W, Jw, Kw). Then, we use the optimal estimator in the square error sense to
reconstruct the original sequence using the aided information and the available
information (W, Jyirs Ky, Y™). It turns out that the optimal estimator depends
only on the exact information and the observation sequence.

As a standard step for a Gaussian setting, we next relate the distortion constraint
4.93]) to a differential entropy term. Usin Lemma and Lemma m
4.93]) implies that

E[d(X:(W), E[Xi(W)|W, Jw , Kw, Y"])], (4.93)

S|

WX ™ (W) |Jw, Kw, W, Y™) < g log, (2me(D + €)). (4.94)

4198ince R(X™(W)[Y™) as well as h(X;(W)| X~ L(W),Y™) are finite, conditional entropies

R(X; (W)W, Jw, Kw, X*~ 1 (W), Y"™) and h(X"(W)|W, Jw, Kw,Y™) are well-defined due to
Lemma [2.11] We further have h(X™(W)[W,Jw,Kw,Y"™) = h(X"(W),Y™W,Jw,Kw) —
WY ™ |W, Ty, Kw) = h(Xn (W)W, Ju, Ky, X"~ W), Y™) + h(X"~Y(W), YW, Jw, Ky ) —
YW, Jw,Kw) = - = Zi h(X; (W)W, Jw, Kw, X*~1(W),Y™) holds. Using the pro-
jection property E[(X;(W) —E[X;(W)|W, Jw, Kw,Y™)?] > E[(X;(W) —E[X;(W)|W, Jw, Ky,
X(W)i=1,Y"])?] , and Lemma [2.12] we obtain (£.94).
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Furthermore
(%) n 03(012\,
MX"W)|Jw, Kw,W,Y") < (X*"(W)|Y"™) = §log2 2me > L], (4.95)
Y

2 2

so that the assumption D < L):;& is to make the constraint (4.94)) possibly active.

Y
(*) is valid since conditioning reduces the entropy, cf. Lemma m
Next, using the variant of Fano’s inequality (3.42)), we arrive at the following
expression, which corresponds to (3.44)),

n(R —e¢) <loga M < I(W,Jw;Z")+n(Rr + €n)
=h(Z") — h(Z™"W, Jw) + n(Rr + €,) (4.96a)

= %logz(Zﬂ'ea%) — WMZ™W, Jw) + n(Rr + €,),

where €, = 2¢ + %elogQ M. The second inequality follows from (3.42) and the first
equality is valid due to Lemma This leads to

n(R—e¢)(1—¢) < % log, (2mea) — h(Z"|W, Jw) + n(Ry + 2€) (4.97)
which implies that
WZ" W, Jw) < g1og2(27rea§2*2((R*€><1*E>*RL>+4€). (4.98)

Lemma also shows that for a given (w, j,) the conditional pdfs pxn»wyw.,
and pyn|w ., are well defined. Furthermore, N* and NJ' are independent of
(W, Jw, Kw ). Due to the entropy power inequality [EK11, p. 22], cf. also [Ooh98,
Eq. (20)], we obtain

2 p(Z™ W, J, 2 B (YW, T 2 (N2 |W,J
QRMZ W Iw) > 9 Rh(Y"IW,Iw) 4 onh(NF| w)7

TZMWTw) > 9 R h(XTW)IWoTw) 4 o Rh(NIW.Tw) 4 9 h(N'|W.Jw) (4.99)

which leads to

2me(032 2B (l—e)—Ri)+de ) > 2RV IWodw)

2
— o2,
2me(o2 2((R-9U-a-Ru)tde _ (52 4 52 )) > gRh(X W Iw), (4.100)

Since h(X™|W, Jy) > —oo by Lemma we therefore have the following condi-
tion
(R—)(1—¢)— Ry, —2¢ < ~1 __% (4.101)
€ € L =2 < ;log, 2 %) .
Inequality (4.101) further leads to, since by Definition it must hold for every

e>0,
2

1
R < - log, <1 + 2‘7)‘2) + Ry, (4.102)
2 N, TN,
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as we take € — 0.
Additionally, corresponding to (3.46)) we obtain

n(R—e) <I(W, Jw,Kw;Y") + 1+ elogy M
= W(Y™) — h(Y"|W, Jw, Kw) + 1 + elogy, M

= glog2(2ma§) — RY™W, Jw, Kw) + 1 + elogy M, (4.103)
which leads to
WY "W, Jw, Kyw) < g log, (2mec? 2~ 2(R-a)(1-0)+2¢) (4.104)

Similarly, using the entropy power inequality results in that

271_60)2/2—2(1%—5)(1—5)%5 > 2%h(Y“\W,JW,KW)
> 2whX" (MW Tw Kw) 4 g Rh(NT W Tw o Kw) 5 9req? | (4.105)

since h(X™W, Jw, Kw) > —oo due to Lemma as well. Thus, there exists an
aq with 0 < oy < 1, which depends on other parameters, such that

n
(Y™ (W, Jw, Kw) = 3 logy(2me((1 — a1)oy 2 2 B9 4 o102 ), (4.106)

and

RXT (W)W, T, Kiw) < 5 logy(2me(1— an) (032 2007912 _ 62 ). (4.107)

From (4.105|) we also obtain a constraint on the rate R, namely

1 032/

Thus (4.102) and (4.108) imply that

0<RL,<R<R, (4.109)
Using the second inequality in (4.100) we have
n(Ry +¢€) > I(X"(W); Jw, W)

n - —€)(1—e)— €
5 <log2(27rec7§() — log2(27re(0%2 2((R—e)(1—e)—Rp)+de _ (012\,1 + 012\,2))))

Vv

=21 ok (4.110)
B) g2 0%272((R76)(175)—RL)+46 _ (‘712\/1 ¥ ‘712\/2) : :

Taking € — 0 we obtain

1 o3
el % . 4.111
125 g2(0%22<RRL>(012v1+012v2)> o



Proof of Theorem lﬁ' 69

Similarly, corresponding to (3.48)) we obtain
n(Ry+Ro+¢e) > I(Y"; Jw, W)+ I(X"(W); Jw, Kw,W|Y")
= h(Y™) = BV W, Jur) 4+ (X (W)[Y™) — h(X (W), K, W, Y™) . (4112)
Ay Az

The first term in (4.112)) is bounded based on the first inequality in (4.100) as

Ay > Z(logz(%re(f%) — log, (2me(022 2((H-)(1—e)=Ri)+de _ 012\,2)>

=3{% i (4.113)
A 022~ A(R=(1--R)+ic — g% )" .
The second term is bounded in three different ways:

1. From (4.94) we obtain

0% 0%
Ay > glog2 <Q7re );2N1> - %log2 2me(D + €)
Y

2 2
n OxON,

—1 —_
2982 52(D +¢)

This implies in combination with (4.113]) that

1 0%/ 1
R1 + R2 Z 5 10g2 O'QZQ_Q(R_RL) _ U?\b + §h0(R) (4115)

(4.114)

2. Secondly, the expressions in (4.106)) and (4.107) lead to

— WY X™(W)) + h(Y™ W, Ty, Kw)
| 0% (1— ap)o2 2 2R-00-a+2 o 62
0gs g (1 — ar) (022 2R-a0-9F2 _ 52 )

1 ( 7%
0g — —€)(1—e €
2\o (03 272(B-90-+2 _ 52 )

|3

- 2 5—2(R—e¢)(1—e€)+2¢ a1 2
X 0§1£1f<1(o-y2 ( )( ) + ]_OélaNl)> . (4.116)

2

We note that due to the inequality ([4.103]) the term — Tx
Y

(0Z 2 AR -T2 57

is positive hence (a) is valid. Note also that since o; might depend on € and
n, we should avoid taking the limit directly. Since 12‘(1“ is an increasing and

positive function of oy on [0,1), the infimum is attained at o3 = 0. Hence

n 29— 2(R—€)(1—€)+2¢
Ay > 21 2
2= 51082 (0%22(36)(16)%6 — 0'12V1>

(4.117)
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This implies by taking ¢ — 0 that

1 012/ 1
R+ Ry > 3 log, 5~ + ihl (R), (4.118)
2

29—-2(R—Ryr) _
0'22 ( L) o

3. Lastly, by applying a similar derivation we also observe that

1 o3 1
R]_ + R2 Z 5 10g2 0—%272(R7RL) — U]2V2 + ihQ(R) (4119)

Combining these three bounds we obtain

1 032/ 1
Ri+ Ry > 5 log, P + 5 max {ho(R), h1(R), ha(R)}. (4.120)

Additionally, we have the following constraint which corresponds to (3.50))

n(Ry+ Re+¢€) —logM > I(X"(W); W, Jw, Kw|Y"™) — (1 + elog M)
= Ay — (1+€log M). (4.121)

which implies that
Ri+R;—R>T. (4.122)

In summary, we obtain the following outerbound region

o%oR,

2
oy

0<D< ,0< R, <R<R,

o%
I
082 (0%22(1%1%) — (0%, + 012\,2)>’
2

g
Ri+Ry> =1 Y T,
1 + 2 = ng O'2Z272(R7RL) — 0_]2\]2 +

2
Ri+Ry;—R>T. (4123)

1
2
1

Ry

v

As R — R, either hi(R) or hao(R) goes to co. However, since both R; and Ry are
finite we must have
0<R,<R<R, (4.124)

4.8.C Analyzing the outerbound

The above outerbound matches some properties such as the reduction to Wyner-
Ziv’s region which are mentioned in Subsection [f.3:A] We observe that for fixed D
and Ry the three functions ho(R), hi(R) and hy(R) defined in provide the
key for the transition behavior from one extreme case to another since they are
monotone in the identification rate R.
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In Fig. and Fig. we plot different scenarios to indicate which of these
functions is the dominant one in a given interval. Studying this behavior facilitates
the process of selecting auxiliary random variables in the upcoming achievability
part.

Phase transition points
We show in the following that there are three possible transition points Rer,,,

Rer,, and R, as R varies, where the corresponding subscripts indicate which
functions are involved. More specifically, we have

1 022?52 1 032/(1 o ;2D7)
R =_log, 2~ Y R =_-log, — ™1
Cri2 9 g2 0_]2\[2 CcTro1 9 22 (:7,12\]1
1 0’%
Repg, = R + 5 logy —————. (4.125)
2 0_2 + TNy
N> I—GZL
N1
To derive R.,,, we first notice that the function
0327201 0%  0%272R '

is a decreasing function w.r.t. R, which implies that h;(R) is an increasing one.
Similarly, ho(R) is also an increasing function w.r.t. R. Hence by solving the
following equation

hi(R) = ha(R) (4.127)

we can find the (possibly) unique intersection point R..,, if the equation has a
solution. The above expression implies that

2 012V1 2 012\’1
= Oy — o—2R = O’Y(l - 0-%2—2(R—RL) — O_]QV )
2
1 0.2 22RL _ 0.2
& Rer,, = 5 logy Z X (4.128)

O'N2

Note that however R.,,, can lie outside the interval [Ryr, R,), i.e., hi(R) # ha(R)
for all R € [Ryp, R).

Next, note that hy(0) = 0 and hi(R) — oo as R — 1log, :5’ . Since hy(R) is
Ny
)

2
increasing, there is a unique point Ry, € [0, 5 logy =) such that hy(R) = ho(R),
N1

ie.,
o2 92—2Rcrg,
Ni

= 4.129
03D o327 2eror — 012\,1 ’ ( )
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above which the h;(R) dominates ho(R). Solving for R..,, we obtain

2 D
1 UY(l_g]le)

RCTOl = 5 10g2 T (4130)
Ny

Analogously, Rer,, € [Rr, Ry + 3 log, %) given as in (4.125]) is the unique
N1 N3
intersection point of ha(R) and hg(R), above which the ho(R) dominates ho(R), as
2
ha(Ry) = 0 while ho(R) — oo when R — Ry, + 1 log, ﬁ As the solution of
N- N
the equation ha(R) = ho(R), Rero, also satisfies s

2

_ 2 _ oN,

b= UNI (1 0'%2_2(RC"‘02_RL) _ 0.12\/ ) (4131)
2

Discussion
In this part we discuss some additional properties of the three functions and tran-
sitions points. We note that we have R.,,, > Ry because from R; > 0 it follows
that 0322 — 03 > 221 (0% — 0} ) = 22263 . Additionally, again because we
have Ry, > 0 it follows that h;(0) =0 > h2(0) as

2
Ny > 02 (4.132)

292R;, _
o524 oN,

a%/(l —

Thus for 0 < R < min{R,, R¢r,,}, h1(R) > he(R). Furthermore, we observe that
when R < min{R.,,,, R,} the following holds

2

1 oy
R> 3 log, o2 HRFD) g2 (4.133)

Therefore, the constraint (4.4d), can be omitted in this case. If the interval (Rc,,,, Ry )
is not empty then the reverse inequality holds on it and the constraint can
be omitted.

The following relation is helpful to relate Case IT and Case V in the later paragraph.

g
o3 (1 —272eror) = g2 (1 — 272 Ferop—RL)y — 52 N (4.134)

Importantly, when D — 0, we observe that as R — R, either h;(R) or ha(R)
goes to oco. Hence at least one of the point R..,, or R, lies in the interval

2 2
IXIN,

(R, R,). If D — —%~%, then R, goes to 0 and hence might lie outside the
Y.
interval Ry, < R < R,. In this case R, is always inside.
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45

35

25

0.7

(a) Case 1: Reryp, < Ry and Rr < Rerg; < Rery,. We can see
that when Ry < R < Rery,, ho(R) dominates over hi(R) and
h2(R). hi(R) is the dominant component when Rer,, < R <
Rery,. When Rery, < R < R, then ho(R) dominates the other
two functions.

45

o
T
L
L

3.5

25

(b) Case 2: Reryp, < Ry and Rery, > Rery,. In this case ho(R)
dominates over the other two functions when Ry, < R < Rergs-
For R € [Rergy, Ry), h2(R) is the dominant component

Figure 4.1: Two cases when D varies for fixed Ry.
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Figure 4.2: Case 3: R, > R, and R, > Rr. In this case for Ry, < R < Ry,
ho(R) is the dominant component, while for R, < R < R, h1(R) is the dominant
component.

4.8.D  Achievability

From Fig. [I1] and Fig. [£.2] we see that different constraints will be active in the
outer bound depending on the identification rate R. In the achievability we will
therefore distinguish between different cases and select the parameters accordingly.
In Table 4.1| we provide an overview about the different cases as well as information
about the marginal distributions of U and V' that are encountered in the following.

Fix a value of D and Ry, where 0 < D < % and 0 < Rp, < R,(Rp).
Y

The case Rer,, < Ry:
We consider first that R.,,, < R, which implies that both h1(Rcy,,) and ho(Rer,,)
are defined, i.e., R.r,, lies in both domains of hy(R) and hy(R). Note also that

Rer,, > Ry, holds, of. (E.128).

a) Rerg; < Rery, ¢ In cases T and IT we need to truncate the corresponding interval
if necessary so that the condition R > Ry, holds.

o Case I Reryy < R < Repyy, i€, h1(R) is the dominant component in the
outerbound since hy(R) > ho(R) when R > R, and hi(R) > ha(R) when
R < Rerp,. Let X =V 4+ Ny where V and Ny are independent Gaussian
random variables with o2 = 0%(1 — 272%). Note that 02 < 0% since
R < R,. V should be understood as the output of the test channel py|x,
cf. |CT12, p. 311]. Then, let V = U + N/ where U and N are independent
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Gaussian random variables such that o = 0% (1 — 272(F=EL)) We also
observe that a% > 0if R > R;. We note that

2728 (0222 — 02y > 0% or 0f (1-272F) > g% (1—272 - RL)) - (4.135)

since R < Repp,. This means that o < of. Similarly, U is the output
of the test channel py|y. By our choice of U and V the relation U —
V— X —Y — Z holds. We next examine whether the chosen random
variables satisfy the constraints corresponding to the fixed parameters. The
condition I(Z;U) = R — Ry is satisfied by the chosen U. Furthermore,
I(Y;V) = R due to the choice of V. This means that the choice of U and
V' does not violate the constraint

R <min{I(Z;U)+ Ry, I(Y;V)}. (4.136)
Next we calculate
R(X|V,Y) = R(Y|X) + R(X|V) = h(Y|V)

1 (0% —o¥)ok,\ 1 0%, 02272 5%,
= 5 10g2 27'('60_2—2 = 5 10g2 2me 02 W

y — Oy Y

)1
< 3 log,(2meD) (4.137)

where (%) is valid due to (4.129)) as R > R, , i.e., the distortion level D is
attainable using the MMSE decoder. Now, plugging the random variable
U into the first expression in the achievable region we obtain

2

1 ox
Ry 2 I(X;U) = 510g2 022-2(R—FR1) _ (Ulz\h +O—]2V2)' (4.138)

Moreover, we have

1 03(0-12\[ 0.2 2—2R
I(X:;V|)Y)==1 LY
( ) | ) 20g2( 0_% 0_]2\71012/2,21{_0_12\[1)
1 0.2 272R
=1 S, Sl 4.1
g 082 03272k — o3}, (4.139)
Since
I(X;U)—l—I(X;V\U,Y) :I(Y;U)+I(X;U,V|Y)
= I(Y;U) —|—I(X;V|Y), (4.140)

is valid where the first equality holds since U — X — Y, we obtain that

. 2 1 52 9-2R
S - Y - ——X=
Ry + Ry > B log, 032 2(F-R) g2 ") logy 03272 — o2
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2 9—2R
052

209-9R _ 2
0y 2 N,

1
Ri+Ry;—R> 5 log, (4.141)

which matches the outerbound. When R = R we can simply choose U
to be a Gaussian random variable which is independent of everything else.
As discussed previously in (4.133)), since R < R,,,, the first constraint in

(4.141)) can be omitted.

The other cases can be matched similarly using the same principle. Since this
results in lengthy derivations with limited new insights, we provide the remaining

proof in Appendix [£.B]

4.A Proof of Lemma

For notational brevity we suppress the superscript d in Bfl in the rest of this subsec-
tion. It is sufficient to prove the lemma for Ry = I(X;U)+46, Ry = I(X; V|U)+54
and 2"7v < M < M = 22"Rv We first expand the left-hand side of (£.18) ag*2°)

Pr{(X",U"u),V"(j,m ¢ B, w}

= [xtampe{ ), VG  Buta"), i1 fao (1.142)

The second term inside the integral can be decomposed as

M
Pr{(U"(jW"(j,m ¢ By, (z"), \w} W Pr{W" (), V(5. 1) ¢ Bu(a™), VI}
j=1

(®) M
O fer(©n ), v a.0) ¢ B M (4.143)

where (a) is valid due to the independence of tuples (U" (), (V™(4, l))z> for all

j
j. (b) holds due to the iid of the codebook. Note that

B,(z") =92 = Pr{(U"(1),V"(L,1)) ¢ B,(z"), Vi} = 1. (4.144)
Otherwise, we define

Cn(z™) = {u" | u" € AF(U|z"), and {v": v" € B,(z",u")} # &}
Co(a™) =UM\Cp(2™) = R"\Cp(2™). (4.145)

4-20Note that herein dz™ is a friendly notation for dA®", i.e., we are considering the product of
Lebesgue measures.
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For brevity we also define 7, = fcc(xn)p}}(u")du" when B, (z") # @. Then, for
each =™ such that B, (z™) # @ the following holds

Pr{(U"(1),V"(1,1)) & Bn(z"), Vi}

k[ PV § By ), WU () = "
Cp (™)

L
e [ PV £ B i) ) e e

where (b) holds due to the iid of the codebook. Moreover, for u™ € C,(z"),

Pr{V"(1,1) ¢ B, (2", v™)|U™(1) = u"}
=1-Pr{V"(1,1) € By(z™,u™)|U™(1) = u"}

=1- / Py (" u")dv"™. (4.147)
B (z™,u™)

From the definition of B,, for each v™ € B,,(z™, u™) we have

p@\U(vnlun) 9—n(h(V|U)+28) i -
Py x (@ lur,an) = 27nhVIUX)=29) : )

This implies that for u™ € C,,(z™) we have the following inequality
Pr{V"(1,1) ¢ B,(z",u™)|U"(1) = u"}

<1- 9—n(I(X;V|U)+49) /B ( )p%UX(U"W”,a:")dU". (4149)

Therefore, for u™ € C,,(z™) the second integrand of the second integral in (4.146) is
bounded as

{Pr{V"(1,1) ¢ Bu(«",u")|U" (1) = u"}*

L
< (1 - 27n(I(X;V|U)+46)/ p7&|UX(v”|u”,x”)dv”>
By (™ ,u™)

(%)
<1-— / Py x (0" u", 2™ )dv™ 4 exp (- LQ’”(I(X;V‘U)H&))
B, (z™,u™)

S1- [ Bt exp(-2), (4.150)
By (z™,u™)

where (c¢) follows from the definition of L. In (%) we use the following inequality
[CT12, Lemma 10.5.3]
(I—zy)"<l—a+e ¥ (4.151)
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where 0 < 2,y <1, and n > 0. Thus, when B, (z") # &,
Pr{(U"(1),V"(1,1)) ¢ Bn(z"™), Vi}

<7+ / pir(u™) (1 - / pyox (@ u" 2™)dv™ + exp(—2"6)>du"
Cp (™) By (xz™,u™)

=1+ exp(—2”5)/ prr(u”)du™
C"(a:")

R o R T
Cn(zn) Bn (I" ,’LL")

(d)
<1+ exp(*2n5) — 27 nI(X;U)+39) / P$U|X(Un, u”|x™)du"dv™
By (z™)
=1+ exp(—2"%) — 2 U3 pr(n Y1) € B, (™) X" = 2"}, (4.152)
where (d) follows since for u™ € C,,(z™) we have
pr(}(un) 9—n(h(U)+9)
pg‘x(un|xn) = 9—n(h(U|X)-26)

27n(I(X;U)+36)' (4153)
Finally, putting the analysis together we obtain
el (U7 V.0 ¢ 8,0, it}

M
< (1 +exp(—270) — 27 HEUIEIPL{(U V™) € B, (a™)| X" = x"}>

—n(I(X; Pr{(U", V") € B,(z")| X" = 2"}V
_ __ond\\M . n(I(X;U)+30)
(14 exp(—2"%)) <1 2 T+ oxp(—270)

—

*)
< (14 exp(=2")M

Pr{(U™, V™) € B, (z™)|X"™ = 2"}
S

+ eXp(M2n(I(X;U)+35))>

_ Pr{(U", V") € B, (a")| X" =a"}
1+ exp(—2m9)

<1+ exp(—Q”‘s))M <1 + eXp(_ans))’

(4.154)

where (*) has the same explanation as before. From equation (4.144) we observe
that the bound in (4.154)) holds as well for the case B, (z") = &. Furthermore, note
that

(1 +exp(=2"NM -1 (4.155)
as n — oo which will be pointed out in the following. Define 8 = 2™ which implies
that M = 22n(I(X5U)+30) — go where o = ZW > 0. Alsoas n — o0, 8 — oo.
It suffices to show that

ﬂlim BoIn(1+e Py =0, (4.156)
— 00
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which can be concluded from L’Hospital’s rule. Next, we average over z" which
gives us

Pr{(X”,U”o),vn(j,z)) ¢ 5, w,z}

< (1 + exp(—2"9))M <1 + exp(—2"%) — Pr{(llj: g;()_(gif) B"}>. (4.157)
The fact that
Pr{(U™, V", X™") € B,} — 1, (4.158)
follows from
Pr{(U™, V", X") e AZJ(UVX)} — 1, asn — oo, (4.159)
and . In conclusion we obtain
Pr{(X”, Um(4),V*(4,0) ¢ By, Vj,l} — 0, as n — oo. (4.160)

4.B Achievability in Theorem

The case Rer,, < R,:
a’) RCT‘(]l S RC’I”lQ

e Case II: 0 < R < Rery,, ho(R) dominates both hi(R) and ho(R). Let V
and Ny be independent Gaussian random variables such that X =V + Ny
where 0 = 0% (1 — 272Rero1). Since R, < R, we also have 0%, < 0%.
Additionally, let U and V| be independent Gaussian random variables such
that V = U + N}, where 07 = 0%(1 — 272(B=E2))_ Note that o7 > 0, if
R > Ry. Furthermore, we also observe that o7 < o% since o7 (R) is a
increasing function of R, and 03 (Rery, ) < 0 holds because Rery, < Rery,-
We also have the Markov chain U —V — X —Y — Z. Moreover

R— Ry =I1(Z;U), R< Rery, = I(Y;V). (4.161)
Additionally
1 o2 0227 2Reror — g% 1
h(X[V,Y) = 3 log, <27re 02; ST ) = 51082 2meD, (4.162)

which implies that the distortion level is matched. Hence the chosen ran-
dom variables satisfy the constraints for fixed parameters. The rate con-
straint for R; is given as in . The other sum rate constraints can be
calculated as

1 O'%/ 1 O'E(U]zvl
Rl + R2 2 5 10g2 O_%Q*Z(R*RL) — 0-]2\7 + 5 10g2 O'2Y7D’
2
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2 2
OxON,

5 .
oy D

1
Ri+Ry;—R> 5 10g2 (4163)
which again match with the outerbound. If R = R we can choose U to

be a Gaussian and independent of everything else. Similarly, the first sum
rate constraint in the above region can be removed, cf. .

Case III: R, > R > R.y,, > Ry, then hy(R) dominates the other functions
since ha(R) > hi(R) > ho(R) on this interval. We also observe by the
following contradiction that we have R.r,, > Rery,, i-€., Rerg, lies inside
the interval [Rr, R,). Assume otherwise that R..,, > Rer,,, then we have
the following chain

hO(Rcrog) = hQ(Rcrgg) > h2(Rcr12) - hl(Rcrlg) > hl(Rcrm) - hO(RCTm)a

which is a contradiction. Furthermore, note that as I' = £h(R) the third
constraint (4.4c) becomes redundant due to (4.4b)) as

2

1 ' L
R+ Ry > 3 log, 0%272(R7RL) — 0'I2v2 + §h2(R)

2
1 0%

=21 .
2 %52 522 — (02 1 0% )

(4.164)

Additionally, since R > R.,,, we have

PRI ) < o,
2

1 1 o
= —ha(R) < =1 A 4.1
R+ 3 2(R) < 5 1082 022 2B-F) (g2 403 ) (4.165)

which implies that the fourth constraint Ry + Ro > R + I' also becomes
irrelevant, cf. also . Since this is a degenerate case, we use the region
for achieving the corresponding outer bound. Let X = U+ Ny where
U and Ny are independent Gaussian random variables, where o7, = 0% (1 —
272(F=R1)) We observe that 0% < 0% since R < R,. The Markov chain
U— X -Y — Z is satisfied. Additionally, the condition I(Z;U) = R — Ry,
is satisfied by the chosen U. Since R > R.,,,, we have 0%, > 0% (1 —272F),
cf. (4.135). This implies that I(Y;U) > R. Next,

hMX|U,Y) RRERL)

1 1
3 log, (2meoy;, ) + 3 log, 2me(0%2 oX, T ox,))

1
~3 log, 2me(c %2~ 2(H-RL) _ o)

1 1 2 7,

3 0gy 2meay, | 1 — 0_%2—2(R—RL) — 012\[2
(4.131)
log, 2meD, (4.166)

N
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since R > R¢p,, > Rerg,, 1-€., the distortion level D is achievable. The last
constraint (4.4b)) follows by the choice of the auxiliary random variable U.
We note again that in this case, the second layer is not necessary, hence

binning can be omitted. A similar behavior is observed in [TG14, Section
Iv].

b) If Rery, > Rery, then Repy, > Reryy > Rerp, > Rp. Suppose that we have
Rergs < Rery, then the following meaningful chain of expressions, i.e., all involv-
ing terms are defined, shows the contradiction

hO(RCT(m) = hQ(Rsz) < hz(RCle) = hl(RCTn) < hl(RCTm) = hO(RCTm)'

Therefore the inequality R.,, > Rer,, holds.

Combining with our discussion in Subsection we have Rerg, € [Rery,, RL+
2

1log, vafﬁ) For R, > R > Rcy,,, we have ho(R) > hi(R). Additionally,

as R — R, either hi(R) or ha(R) tend to co. This implies that he(R) goes to
oo and intersects ho(R) before hi(R). Hence, both relations Rer,, > Rer,, and
Rery, € [Rerys, Ry) follow.

o CaseIV:If Ry > R > Rcy,, then ho(R) dominates the outerbound. Since
R > R.,,, the two constraints and are again redundant. U
is selected as in Case III. We note that the requirements I(Y;U) > R and
h(X|U,Y) < % log, 2meD are still fulfilled since R > Repg, > Rery, -

e Case V: If R, < R < Rg,, then ho(R) dominates the outerbound,
since not only ho(R) = ho(Rergy,) = h2(Rergy) = h1(Rerg, ), but also both
h1(Rergy) = hi(R) and ho(Rery,) = ho(R) hold. Let V and Ny be inde-
pendent Gaussian random variables such that X = V + Ny where o =
03 (1 — 272 Berx=R1))y = g2 (1 — 272Reror ), of. (£.134). Additionally, let U
and N be independent Gaussian random variables such that V' =U + N}
where 02 = 0% (1 —272(B=E1)) and 02, > 0if R > Ry. Note that 0% < 0%,
since R < Rep,,. Again we have the relation U — V — X — Y — Z. Next,

_ 1 2 012V1
MX|IV)Y) = 3 log, 2meoy, <1 T 29 (R Ri) g2
Z N2
. 1
3 log, 2meD, (4.167)

which implies that the distortion level is matched. The choice of U and V'

also leads to I(U; Z) = R — Ry, and from (4.167)), cf. also (4.134]),

1

I(Y; V) = ; log, 022 2(Rergy—R1) _ %,
2
1 -2
= 5 log, 03— = Ry, > R. (4.168)
UNl
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Lastly, the other constraints are calculated as

) o2 1 %03,
Ri+Ry> =1 > 3108 5%
1+ fig 2 5 1082 022 2(R—Rr) _ 012\[2 * g 082 oy D
1. ok
R Ry R> 11 1 4.169
1+ I =35 082 02D’ ( )

which matches the outerbound. If R = R}, we select U to be independent of
the other random variables. When Ry < R < Repyy, (Rer, < R < Rery,),
the first (second) constraint in the above region can be removed.

The case Rer, > Ry:

Since Rer,, > Ry, hi(R) > ha(R) holds for all Ry < R < R,. If Ry, > Ry,
then the following argument shows that R.,,, lies in the interval [Rr, R,). If Ry,
is outside the interval [Ry,R,) then both hi(R) and ho(R) lie below ho(R) in
[Rr, Ry). However this is not possible since hi(R) or both hi(R) and hs(R) tend
to oo as R — R,,. Therefore, we need to consider the following subcases:

o Case VI: If R.,, < R < Ry, then h;(R) dominates the outerbound. We
select U and V as in Case I in the previous discussion. We note that (4.135)
still holds since R < R, < Reyy,.

o Case VII: If R, < R < Rgy,,, then ho(R) is the dominating component in the
outerbound. U and V are chosen identically as in Case II. 07 < o is valid
since Repy, < Ry < Ry,

Case VIII: If R, < Ry, then h;(R) dominates the other functions on [Ry, R).
So the construction can be done similarly as in Case I as R < R.;,, always holds.

4.C On the closedness of Rgg

Assume that the sequence of tuples (R, R1.m» R2,m, BL,m, Dm)men € Ras tends
to (R, Ry, Ra, R, D) as m — oo w.r.t. f-distance. This implicitly means that
neither Ry nor Ry is co. From the definition of Rgs we only need to show that
we always have R < R,(Rr) and D > 0, where due to the definition R, (Rp)
depends on Rp. We show this by a proof by contradiction. Suppose that we have
R = R,(Rr) or D = 0. For an arbitrary but fixed € > 0, there exists mg(e) € N
such that Vm > my(e)

Dy <D+é€ Ry>R—¢ and Ry, — Rpm > R— Ry, — €. (4.170)

This implies that

2

1 oy
Rim + Ram 2 5 log, 022 2(Fr—Fr )

2
- 0%,
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2

1 ok ok,
+2maX{10g2 W,hl(R—E%hQ(R_E)}. (4171)

Taking m — oo, substituting D = 0 or R = R,(Ry) into the right-hand side of
(4.171)), and then taking ¢ — 0 we see the violation since if D = 0 the first term
in the maximization tends to oo whereas if R = R,(Rpr) one of the two latter

terms in the maximization goes to co which contradicts R;, Re < oo. Therefore
(R, Ry, Rz, Rr,, D) € Rgs.






Uncertainty

ONSIDER a forensic system where biometric information such as facial features,

height, fingerprint etc. are taken and stored into a database. As before com-
pression of this information is desirable to reduce storage burdens. However, the
system is required to work properly given some uncertainties. For example users’
data distribution might be uncertain due to (ethnic) background information. Fur-
thermore, the observation sequence might be observed through an uncertain chan-
nel.

We study several models for uncertainties in this chapter. Inspired by the classic
work in the compound and arbitrary varying channels [BBT59; BBT60; [Ahl78], we
first study scenarios where users’ data distribution and channel belong to some sets
enumerated by states. Then assume that the state distributions are available, we
study the identification system in mixture scenarios.

5.1 Identification problem: compound setting

In this section we consider the setting where users’ data are generated iid from an
unknown distribution that belongs to a set. Assume that Py is a member of

P = {Pxjs—s | s € S}, (5.1)

which is a set of probability measures on the same measurable space (X, F). We
can think that nature selects s € & which we do not know. Given an underlying
state s € S the corresponding users’ data sequences (z"(i))M, are generated from

P%”S:S. Furthermore, the observational channel is from the set

Pc = {PY|X,7‘ | T E T}, (52)

85
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where Py |x . is a shorthand notation for Py |y 7—,. Throughout this setting both
S and T are ﬁnitdﬂ Denote the corresponding set of “marginal” distributions on
Y by, cf. notation convention,

Py = {PY | Py = PY|X,TPX|S:.97 for some (T7 5)}5 (53)

i.e., we allow different combinations of channels and input distributions resulting
in the same (marginal) output distribution however no input distribution results
in the same output distribution with different channels. We enumerate elements of
Py by Py, where k € [1:|Py]].

Definition 5.1 An identification scheme consists of an enrollment mapping
Gt X" = My (5.4)

which compresses the users’ information and stores it in a database, and an iden-
tification mapping

Vs Y x MM s WU {e}, (5.5)

which identifies the true user from the observation and the stored information in
the database. Herein e is used to indicate an error event. Note that both mappings
are deterministic.

For a given pair (s, 7) the corresponding probability of error is given as

Pr{W £W[S=sT=r}=>_ %/dP%},T(y”Ix"(w))

M
x [T dPse (X" @) 1{w # n(y", (én(a" ()L}

Definition 5.2 A compression-identification rate pair (R., R;) is achievable if for
every ¢ > 0 there exists a pair of aforementioned mappings (¢, 1) such that

1 1
ﬁlog|M1|<Rc+5, Elog|W|>Ri—6
sup Pr{WW # W|S = s,T =7} < 6. (5.6)

T,8

for all n > ng(d). The set of all achievable rate pair is denoted by Rs.

5-10ur model, which includes two types of uncertainties, source via Px|s—s and channel via
Py |x,T7=-, is a special case of the general source model {P%y}ses- In the finite scenario, we

can turn the general model into a source model (5.1)) on a super alphabet X = [1 : |S||X]|] and a
fixed channel Py, ¢ as follows. For & € X, then PYlX(y|§:) = Piif|X(y|j) where & = (1 — 1)|X| 4+ j
with j € [1: |X]] and ¢ € [1 : |S|]. Similarly, we define PXlS:i(f) = PL(j) if 2 = (i — 1)|X| + j,
otherwise P)?\S:z‘(“%) =0.
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Definition 5.3 If X and Y are discrete random variables which take values on
finite alphabets X and ), we define R,. to be the union over the set of distribution
{Py|x,5=s}s on [U]| < |X| 4 |T| of the rate pairs (R., R;) for which we have

R. > max I[(X;U|S = s)
R; <min I(Y;U|S =s,T =1). (5.7)

Otherwise, if X and Y are continuous random variables where P can be represented
by a set of density functions px|s— and P, can be represented by the set of condi-
tional density functions py|x , then R is defined similarly as the closure of
over the set of test channel PU|X,S=s-

Theorem 5.1 For given sets P and P,, the region R is achievable, i.e.,

R C R (5.8)
Furthermore, if further X and Y are finite then we have

Roe = Ree- (5.9)

The full proof of Theorem is given in Appendix

Due to the uncertainty caused by the underlying states of the users’ data and the
observation channel, it is intuitive to estimate these parameters. The estimation
can be done due to the concentration effects at large block length. In the proof of
Theorem [5.1] we use the following supporting lemma. Lemma [5.1|says that as long
as elements in the set of the users’ data distributions P are well-separated then
with high probability we can estimate its underlying state correctly.

Lemma 5.1 Assume that the alphabet X is a Polish space, specifically, a finite
set with discrete metric or R with Fuclidean distance, and F is the corresponding
o-algebra generated by open sets. Assume that the distributions Px|s—s are distinct
foralls € S, i.c., Vs € S we have d(Px|s—s, Px|s=s') # 0 where d is any metric on
the space of probability measures. Then there exists a classifier T : X™ — S U {e},
where e denotes an error, such that if X™ ~ P%Tg:s then

Pr(T(X") =s|S=s)—1, asn — oo. (5.10)

The proof of Lemma is given in Appendix
Since the channel state is also unknown, we can also use Lemma to estimate
the unknown parameter k. Then, if we can estimate the state s of the true user
correctly then by using x and s we know for sure the value of 7. Since all users
in the system have the same underlying state we can use S* = Tx(X"(1)) as an
estimate of the true state of users’ data sequence.

5-2We require that the corresponding entropy and mutual information are finite.
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Remark 5.1 We note that Lemma only mentions the existence of such a
mapping. The Prohorov distancﬂ which is used in the existence proof, is complex
to calculate even in the discrete scenario. There are several alternative candidates
for such a mapping. For the finite alphabet case we can use the total variational
distance and define the corresponding decision region as

" i
AX = {a" | |Por = Pxjsellrv < 5}, Vs €6, (5.11)

where Pyn is the n-type of the sequence ™ and fx is the minimum total variation
distance between any two distribution in P. Note that

1 N(z|z™)
[ Pxn — Pxjs=sllTv = 5 Z — Px|s=s(z) (5.12)
TEX
where N (z|z™) is the number of occurrences of z in 2". From the weak law of large

numbers we know that for any € > 0
Pr{|N(z|z")/n — Px|s=s(x)| > €} — 0, as n — oo, (5.13)

which implies that Pr(X™ ¢ AX|S =s) — 1.

Alternatively, under regularity conditions such as for any two generic probability
measures P and @ in P one has D(P||@) < +oo where D(:|-) is the relative entropy,
we can form a classifier by using the binary hypothesis testing approach. This can
be used as a workaround for the continuous case. Namely, fix an e > 0 and a § > 0
sufficiently small. Let P; be the first elements in P according to some enumerations,
then for any other probability measure () there exists a set Ag C X™ such that
PP"(Ag) > 1—6 and Q¥"(Ag) > 1 — e~D(AQ)=¢) » 1 _§ for sufficiently large
n by Stein’s lemma, cf. Theorem [2.2] The decision region for P; is readily formed
by the intersection of such Ag. The process continues with the second element and
SO on.

Ezxzample:

Let X be a zero mean Gaussian random variable with unknown variance which
belongs to the set {o%,03}. Without loss of generality we assume that 0 < 0% < o3.
The AWGN observation channel is modeled by

Y=X+N, N~N(,0%). (5.14)

It can be seen that the compression-identification rate region R4 is given by

1 o?
R.> Zlogy ———2t —
=5 082 oy 2720 — g%

5:3Given two probability measures P and Q on a Polish space (X, d) the Prohorov distance is
defined as dpi (P, Q) = inf{e | P(A) < Q(A¢) +¢, Q(A) < Q(A)+e, for all Borel sets A}, where
A€ is the e-neighbor of A.
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1
0 < R; < 5 logy(1+07/0%), (5.15)

where 03, = 0{+0%.. The achievability follows from Theorem 5.1 with test channels
puix,1 and py|x 2 such that conditioning on each state we can write

X=U+N, (5.16)

where U and N’ are independent Gaussian random variables. More specifically, the
distribution of U conditioning on the first state is given by Py = N (0, 032/1(1 —
272f4)). Similarly we have Py = N'(0,0%, (1 —272f)). The converse holds due
to the entropy power inequality. The example illustrates that our scheme needs to
adapt to the worst state.

5.2 Identification problem: arbitrarily varying settings

5.2.A Independent individual states

We now consider the scenario where each user i € W has its own state s; € S.
Then the corresponding data sequence is generated independently from Pf?fé:si-
Compared to the setting of Theorem 5.1} the underlying state can be different from
user to user. The observation channel is assumed to be given as Py |x such that no
two input distributions result in the same output distribution.

This scenario differs from the one given in Section [5.1] Herein the users’ data
are independent from each other, whereas in the setting in Section they are
independent only given S. Note that in both cases, without conditioning on S = s
(or S; = s) each user’s data are not iid generated. The definition of an identifi-
cation scheme is identical as before. Similarly, we have the following definition of
achievability.

Definition 5.4 A pair (R., R;) is achievable if for every § > 0 there exists a
compression-identification pair of mappings (¢, %,) such that

1 1
Elog|M1|<Rc+5, E10g|W|>Ri—5,
sup  Pr{W # W|(S)!; = (i)} <6,

(Si)iAiIESM
for all n > ng(d8). The set of all achievable pairs is denoted by R;;s.

Note that the number of constraints in the current setting grows exponentially
with the block length n. With abuse of notation, when |7] = 1 in the setting in
Section i.e., the observation channel is given, we also denote by R, the set of
rate pairs (R., R;) defined as in Definition The result for the current setting is
summarized in the following theorem.
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Theorem 5.2 Given the channel Py|x and the set of distributions P, we have
Riis = ’ﬁ«sca (517)

when both X and Y are finite. In case both X and Y are continuous, in which the
observation channel is characterized by a conditional density function py|x and P
is the set of density functions, then we have Rg. C Riss-

In the proof of Theorem we use the same enrollment scheme as the one in
Theorem [5.1] with a more careful analysis. The full proof is given in the Appendix
EC

Since the underlying state can be different from user to user, the processing
unit can only estimate reliably the state of the true user based on the observation
sequence y" from the known observation channel Py .

5.2.B A connection to Wyner-Ahlswede-Kdorner network

It can be seen from the proofs of Theorem [5.1] and Theorem [5.2] that the same ran-
dom coding arguments lead to identical optimal compression-identification trade-off
in both settings when the observation channel is known. We show in this subsection
that there exists a class of codes which leads to identical optimal performances in
both settings. Moreover, this class includes those codes which were obtained by the
random coding argument in the previous theorems.

We establish herein a connection between the certain identification problem
and the lossless source coding with coded side information, which sheds some light
on the reasons why the expression holds. Recall that a code for Wyner-
Ahlswede-Korner network, called a WAK-code, |[AK75], [WynT75| for the pair of
discrete memoryless sources (X", Y") ~ Pf?;ﬁ consists of three mappings,

Gin: X" = My, o V" — My,
¢n: ./\/ll X MQ — y” (518)

A pair (Ry, Ry) is achievable if it fulfills the following constraints for every § > 0

1
EIOg|Mi| < Rp+9, k=12,
and Pr{Y" #£Y"} < g, (5.19)

for all n > no(d). The set of all achievable rate pairs is denoted by Rwak. The
region Rwaxk is characterized by the following conditions

R1 > I(X,U), R2 > H(Y|U)7
U—X-Y, [U<|X|+1. (5.20)

If |S| = |T| = 1 then both settings in Theorem and Theorem collapse to
the same setup. We denote the corresponding region by Rip. From the trade-off
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characterized in Theorem and the trade-off given in it is immediate that
(R, R;) € Rip if and only if (R., H(Y) — R;) € Rwaxk. This observation was also
noticed in [TCO8| Section IIL.E]. In both problems R; characterizes the number of
confused (coded) codewords that the system can tolerate.

In fact, the two networks are closely related which is shown by the following
proposition. It states that given an arbitrarily achievable scheme for the WAK-
setting we can construct a corresponding achievable code for the identification set-
ting with the corresponding rate pair.

Proposition 5.1 Assume that (R1, Re) € Rwak, where Ry < H(Y) then there
exists an tdentification scheme based on the corresponding WAK-code such that
(Rl,H(Y) - RQ) s 1n R]D.

A dual statement that given an achievable compression-identification rate pair
(Re, R;) there exists a corresponding WAK-code such that (R, H(Y)—R;) € Rwak
is given in Proposition in Section In a recent work [ZVO19] we apply
Proposition [5.1] to transform a polar code for the WAK-problem to a polar code for
the identification system.

Proof. Fix 6 > 0 and v > 0. Suppose that (R, Re) € Rwak then there exists a
code (¢1n, Pan, ¥y) for the WAK network such that

1
ﬁ10g|Mk| <Rp+9, k=12

and Pr{Y™ #Y"} < §, (5.21)
for all n > ng(d). We define for each m; € M the correctly decodable set
Bml = {yn | yn = ¢n(m17¢2,n(yn))}~ (522)

We note that since the cardinality of the range of ¢9, is bounded by | M|, then
|Bm1| < ‘Mg‘ for all m; € M;.

We take ¢1, as the enrollment mapping for the identification setting. The
corresponding enrolled index is denoted by j; for all ¢ € W. The identification
mapping is defined based on the sets {B;}ica, as follows. We look for a unique
index @ such that y™ € B;,. Otherwise, if there is none or there is more than one
such indices, we declare an error. For every w € VW we then have

Pr{W # w|W =w}
<Pr{Y" ¢ B;,|W =w}+Pr{Y" ¢ AT|W =w}
+Pr{3w #w, Y" € B, ,,Y" € ALW = w}, (5.23)
where A7 is the weakly typical set based on Py. The first term in corresponds

to the error expression of the WAK problem and is independent of w. For each
w’ # w we have

Pr{Y" €B,;, Y" e AW =w}=> P, > Py

Jw! yne-A:,Lmij/
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< e MHO)=N M, (5.24)
Therefore we have
Pr{W £ w|W = w} < Py (error)
+Pr{Y" ¢ A"} + M|Mj|e " H) =), (5.25)

where Y™ ~ Pg’". Since %log |Ms| < Ro+6 for all n > ng(d). Therefore if we take
M = e H(Y)=E2=27=9) then the last term in (5.25)) goes to 0 as n — co. Therefore

Pr{W # W} < 34, (5.26)
for all n > ny(6,7). This shows that (R, H(Y) — Rs) is an achievable rate pair for
the identification setting. The conclusion follows. O

The bound in , where the last term is caused by the presence of mul-
tiple users in the system, can be extended to both settings in Theorem and
Theorem [5.2] as follows. For simplicity we consider that in both settings the ob-
servation channel is known. Let {(¢1n,s, P2n,s» ¥n,s)}ses be an arbitrary set of
mappings for the WAK-problems where the corresponding joint distributions are
{Py|x X Px|3=s}ses- A code for the setting of Theoremis constructed as follows.
In the enrollment phase we first estimate the state §; and use the corresponding
mapping ¢i,,s, to compress the data of the i-th user. In the identification phase
the processing unit estimates the underlying state s’ and uses the corresponding set
Biny,s = {y" | Yy = Un o (M1, P2n.s (y™))} as the decision region. Then we obtain
the following upper bound for the setting in Theorem

Pr{W # w|W = w, (5:)1L,}
< Pwak (error|S = s,,) + P(estimation error)

+Pr{V]} ¢ A"} + M| My |e " HI5=00)=7m), (5.27)
where f’urf ~ P)sz)ré:sw and A7, is the corresponding weakly typical set. The last

term in is valid since conditioning on underlying states the independence still
holds. A similar upper bound can be shown for the setting in Theorem [5.1] spe-
cialized to the known observation channel case. From the expression we can
conclude that two important reasons for the expression are vanishing estima-
tion error and the mutual independence of users’ data conditioning on underlying
states.

5.2.C A general identification-compression trade-off

Consider the setting in Section [5.2.A] with an additional assumption that the distri-
bution of states Ps with P; = Pg(s) > 0, Vs € S is known. Then the corresponding
distribution of each user’s data sequence is given by

Pxn(z") = Z PSP;%”S:S(JJL). (5.28)
SES
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In other words, the user’s data distribution is a mixture of iid components. Sim-
ilarly, users’ data are mutually independent and the observation channel Py |x is
known. Additionally, we consider only finite alphabets X and ) in this subsection.
Roughly speaking, we are interested in what the largest identification rate R; given
a compression rate R, is such that

lim Pr{W # W} =0. (5.29)

Before providing a definite answer for the above question, we make a digression
and consider a general problem where the underlying processes are not necessarily
memoryless. Assume that users’ data are generated independently from the same
distribution Px~» on a finite alphabet X,,, which is not necessary a discrete memo-
ryless source. The observation channel is given by Pyn|xn», where Pyn|xn_zn is a
probability distribution on a finite alphabet )),,, which is not necessary a discrete
memoryless channel. To study this general problem we use the following definition,
which is slightly different from the previous oneﬂ

Definition 5.5 A rate pair (R, R;) is achievable if there exists a pair of identification-
compression mappings (¢, ¥, ) such that

1 1
lim sup — log | M| < R, lirginfﬁ log M > R;,

n—oo N

lim Pr{W # W} =0. (5.30)
Let Rgen denote the closure of all achievable rate pairs (R., R;).

To characterize Rgen we need the following quantities. For a joint discrete
process (X,Y) such that (X", Y™) ~ Pxnyn, the spectral sup-mutual information
(inf-mutual information) rate [Han03] is defined respectively as

— 1 P n n Yn X’I’L
I(X;Y) = p-limsup — log M

nooo M Py« (Y™)
_inf{a|nlgn;OPr{; 1og1W a} _0},
I(X;Y) = p-lim gfilogW
= sup {a| nILII;OPr[;IOgW < a} = O},

5-4The achievability in Definition requires a fixed sequence of mappings (¢n,¥n) for a rate
pair (Re, R;) which is different from the one in Definition [5.2]that allows for each § > 0 a different
set of mappings (¢n(0),%n(d)). Since the notion of spectral sup-mutual information, inf-mutual
information heavily depends on a fixed sequence of random variables, it is more convenient to use
Definition @ when dealing with these quantities.
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Theorem 5.3 R, is the closure of the set of all pairs (Re, R;) such that

R. > I(X;U)
R, < I(Y:U), (5.31)

for some general process U = {U™}2 ;. U™ takes values in a finite alphabet U,
such that there exists M > 0 for which %log |U,| < M, ¥Yn. Additionally, for each
n, U"— X" — Y™ holds.

Proof of Theorem

Achievability:

Choose a general source U where U" takes values in a finite alphabet U, such that
(X™, Y™, U") ~ Pyn xn X Pxnyn. The condition *log|U,| < M ensures that the
right-hand sides in are finite, cf. the analysis in [Han03| p.46-47] and [Han03,
Theorem 3.5.2]. Given v > 0 we first define the set

Py (y™u™)

l10
n 8T Pya(y)

Tn = {(y",un)

> I(Y;U) — v}-
Then, we define the set B,, as follows
B, = {(z",u") | Pr{(Y",u") ¢ To| X" = 2"} < 6,/%}

where 0, = Pr{(Y",U") ¢ T,} — 0 as n — cc.

Generate a codebook for 2"%¢ sequence U™ (m), m € [1 : 2"F¢] where U™ (m) ~ Pyn
and R, = I(X;U) + 2v. In the enrollment phase for the i-th user we look for
an index m; such that (X" U"(i)) € B, and store it in the database. In the
identification phase we look for a unique @ such that (Y™, U"(Jy)) € T,,. The rest
of the achievability part follows similarly as in the proof of Theorem [5.1} Hence we
omit it.

Converse:

Assume that the identification-compression rate pair (R;, R.) is achievable. Then,
there exists a pair of identification-compression mappings (¢, ) such that for
every v > 0 we have

|IMy| < e Fety) pf > en(Bim) (5.32)

for all n > ng(). Define U™ = ¢,,(X™) which takes values on U,,. From (5.32)) it
can be seen that for all n, * log [Uy,| is upper bounded by a (large enough) constant
and U™ — X™ — Y™ holds. It can be then shown that

R.+2y > I(X;U) (5.33)

along the lines of arguments in [Han03, p.342]. To show the other inequality we use
the following lemma which appears in a general form in [ZTM17, Lemma 9]. The
proof of Lemma [5.2]is given in Appendix for completeness.
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Lemma 5.2 Given an arbitrary v > 0, for all sufficiently large n we have
Pr{W # W}

1 dPgny (gn
ZPr{log Yrn(Xn)
n d(P{/n X P¢"(Xn))

(Yn7¢n(Xn)) S RZ - 2’)/} - ein,‘/a

where (Y™, X™) ~ Pynxn.
Using Lemma and taking n to co we observe that
R; < I(Y;U). (5.34)

Finally takingfs;gl v — 0 we obtain the claim. O
We now turn back to the question posed at the beginning of this subsection. We
use Definition [5.5] as the definition of achievability and denote R, as the closure
of all achievable rate pairs in our mixture setting. Define

Ruax(Re) = sup{R; | (Ri, R¢) € Rz }- (5.35)
The following theorem provides the characterization for the mixture model.

Theorem 5.4 For a given compression rate R, the supremum of the achievable
identification rate, according to Definition[5.5, is given by
Rax(R:) = min max I(Y;U|S = s)

S€S Py|x,s5=s: US| X[+1
I(X;U|S=s)<R.

= min6°(Re), (5.36)
which is independent of Ps.

Theorem [5.4] rediscovers a familiar fact that for a mixture model, the optimal trade-
off does not depend on the mixing probability distribution, here Pg, cf. for example
[Han03, Theorem 1.4.2, Theorem 5.10.1, Theorem 3.3.1].

Proof of Theorem|5.4

We first show that
Riax(Re) > min 6°(R,).

seS

By the achievability proof of Theorem there exists a sequence of mappings
(¢n, ) such that when R. > max, I(X;U|S = s) and R; < ming I(Y;U|S = s)
where |U| < |X| 41 then for every € > 0 we have

sup Pr{W # W|(S)M, = ()M} <e, (5.37)
(Si)ﬁ\il

5-5Since the pair of mappings (én,1n) is fixed beforehand, taking the limit does not change the
value of the right-hand side.
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for all n > ng(e). This implies that for every € > 0 we have
Pr{W # W} <e, ¥n > ng(e). (5.38)

Take a sequence €, — 0. Let (¢x,n, Yr,n) be the corresponding sequences of map-
pings such that is satisfied with ¢ for the aforementioned (R., R;). We
construct a sequence of mappings (¢, ¥,) such that if ng(ex) < n < ng(ex+1) then
On = ¢p.n and ¥, = Yy, . This leads to

1 1
p log IM1| < Ro+ex, - logM > R; — ¢,
Pr{W # W} < e, (5.39)
which further implies that (R¢, R;) € Rmiz. Hence, since R, is closed,

Rpax(Re) > sup min I[(Y;U|S = s)
{Py|x,s=s}tses: UI<|X]+1 ¢
max, [(X;U|S=s)<R.
™ i sup I(Y;U|S =5s)
$ Pyix,s=s: U|<|X]+1
I(X;U|S=s)<R.

= msin 0°(Re). (5.40)

) holds since in the optimization domain the constraint on Pyx g—, does not
p UlX,S

depend on the others {PU|X,S:S,}S/¢5E
Now we show the converse direction, i.e.,

Riax(R.) < min6°(R,).

It suffices to consider all achievable pairs (Re, R;). Let (¢y,,%y) be a pair of map-
pings such that (R., R;) is achievable. Similarly, let ng(y) be such that (5.32) is
satisfied for all n > ng(7y). Since

wan(xn)(y”? Pn(z")) = Z PSPXS/"qbn(X”)(ynv Pn(z")), (5.41)

we obtain that I(Y;U) = min, I°(Y, $n(X)), cf. [Han03| Lemma 3.3.2], where the
superscript s denotes the evaluation w.r.t. the distribution

P)S’an(X”)(ynvml) = Z P?&(y”lw")P%’ézs(x")

T P () =my

5-6In more details, denote the corresponding values for the left-hand and right-hand side by Qopt
and Bopt, respectively. Both quantities are finite. The inequality aopt < Bopt is straightforward
since the domain is relaxed. Given e > 0 there exists for each s € S a conditional distribution
PU‘X75:S such that I(X;U|S = s) < R and I(Y;U|S = s) > Bopt — €. Since the collection
{pU|X,S:s}S€S is in the optimizing domain of the left-hand side we obtain aopt > Bopt — €. Since
€ is arbitrary, the reverse direction holds.
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We then have
R; <min I’(Y; ¢, (X)). (5.42)

Next we use the following well-known relation [Han03| Theorem 3.5.2] that the
spectral-inf mutual information rate is less than or equal to the inf-mutual infor-
mation rate

I°(Y; ¢,(X)) < liminf lIS(Y";qi)n(X”)), Vs € S. (5.43)

n—oo N

For a given s € S let (ns) be a subsequence of indices such that the subsequence
(n%kIS(Y"S’k; $n, . (X™=+))) converges to the corresponding lim inf-limit. Then for
all ng . > ng k() > no(y) we have

L 1
liminf —1°(Y™; " X)) < Is Y”s,k; . KT
mint 1 (7 60(X1) € T G, (X74)
(a) T n
< sup I3(Y"5; gy (X70)) 4y
bn, ¢ [My|<ensh(Retn Tlsk
1
Ssip s PV, (X7)
Ny (M| <en(Bet) n
b
where
¢(R)=  m VU5 = s). o)

= ax
Pyix,s=s: UIL|X]+1
I(X;U|S=s)<R.

(a) is valid due to (5.32)) as nsx > no(7y). (b) holds due to the entropy characteri-
zation |[AC86, Theorem 2]. Therefore we end up with

R; <min6°(R. +7v) + 7. (5.46)

Taking v — 0 we obtain R; < min, 0°(R.) as 0°(R,..) is continuous for R. > 0. In
case that R. = 0, it can be seen that R; = 0 (for example along the line of using
Fano’s inequalitym. The converse direction is hence shown.

Remark 5.2 If we select the conditional distribution Py xn~ such that

no,ny __ Qn
Pxngn (2™ u") = > PiPE s,
seES

57This can be seen as follows. We have n(R — ) < H(W) < I(Y™,J; W) + HW|Y™,J) <
(Y™, W|J) + nen, < I(Y"™; Jw, W) + nen, = I(Y™; Jw|W) + nen, < n(Re + v + €n). The third
inequality holds due to Fano’s inequality and the fact that J is independent of W. The equality is
valid since Y™ is independent of W. Alternatively, due to the data processing inequality we have
0°(R¢) < Rc. This implies further that 0°(R.) is a right-continuous function at R. = 0.
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where U™ takes values on the Cartesian product set U™ with [U| < |X|+ 1 then it
can be seen that, cf. [Han03, Lemma 5.10.1] that I(X; U) = max, I*(X;U|S = s)
and I(Y; U) = minges I*(Y;U|S = s). Therefore also follows from Theorem
-3l An advantage of this approach is that we do not need to assume that the distri-
butions Py |s—, are all different as in the proof of Theorem However the latter
approach does not use the underlying distribution {Ps}scs in the construction.

Remark 5.3 Since 6°(R,) is a concave function of R. [AC86, Lemma 1], Ryax(R.)
is a concave in R.. Therefore the region R, cf. R, is convex.

Generalized mixture models

In the following we generalize the mixture setting in two directions. We keep using
Definition [5.5] for the achievability. In the first generalization, the distribution of
users’ data is kept as in ([5.28]). The observation channel is modeled as

Pyujxn =Y PPEY (5.47)
TET

where 7T is a finite set.

Theorem 5.5 R,. characterizes the compression-identification trade-off for the

model given by (5.28)) and ([5.47))

Proof. By choosing the conditional distribution Pyn|x» as in Remark Theorem
tells us that the set of all rate pairs (R., R;) such that

R.>max I(X;U|S =s), R, <minI(Y;U|S =s,T =1), (5.48)

where PYXU‘S:S,T:T = PY‘X,T X PX|S:S X PU|X,S:s with |Z/l| S |X‘ + |T| is achiev-
able.
Additionally, it can be seen that for all sufficiently large n we have

Rt > TH(G(XM|S = 5) > I (X" 6, (X")) (5.49)

Using similar steps as in the converse proof for Theorem [5.4] we obtain the corre-
sponding inequality for each pair (s, 7)

1. 1 )
Ri < lim inf 7Ié,T(Y’I’L; (bn(Xn)) < 71577(Y7L5,T,k;¢ns . k(XmTk)) +, (5.50)
n—oo 1 N 7k ”
for all ng .k > nsrr(y). We can then apply the same single-letterizing steps as
in the converse proof of Theorem [5.1] to show that (R. + v, R; — 7) is inside the
region defined by (5.48)), cf. Rs.. This implies R4, characterizes the compression-
identification trade-off. Additionally, applying a similar line of reasoning as in
Footnote [5.6] we obtain that
Rpax(Re) = ma min [(Y;U|S =s,T=1)

= X
{Py|x,s=s}ses: [UISIX|+|T]| 7
max, I(X;U|S=s)<R.
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= min max min I(Y;U|S = s, T =7) (5.51)
SES Py|x,s5=s: UISIX[+H[T| T
I(X;U|S=s)<Rc

as the multiple mutual information terms {I(Y;U|S = s,T = 7)};e7 share the
same Py|x 5—s- O

In the second direction we generalize (5.28)) by

— QXn
Pxn =Y PPgl_, (5.52)
seS

to allow S to be a countably infinite alphabet and P; > 0 for all s € S. The
observation channel Py |x is fixed. Denote the closure of all achievable rate pairs by
Renum and define Ryax(Re) = sup{R;|(R¢, R;) € Renum}. The following theorem
characterizes Rmax(R:) for the setting given by

Theorem 5.6

Runax(Re) = inf 6 (R.), (5.53)

where 0°(R.) is defined in (5.45]).

Proof. Let U be a discrete process where U™ takes values on the Cartesian prod-
uct set U™ such that Pxnyn = ) g Pstfglszs. Following the proof of [Han03,
Lemma 3.3.2] we obtain that I(X;U) = sup,cg [(X;U|S = s).

Applying the above calculation to the result of Theorem we obtain that®8

Riyax(R:) > sup inf I(Y;U|S = s) (5.54)
{Py|x,s=s}ses: UI<|X[+1 5
sup, I(X;U|S=s)<R.

= Slgfg 0°(R.). (5.55)

Similarly, given an achievable rate pair (R, R;) we obtain for the reverse direction
the expression . Since +y is arbitrarily we see that R; < 6%(R..) for all s € S.
Let (Re, R;) € Renum be any rate pair, then there exists a sequence of achievable
rate pairs (Re, R; ) such that R., — R, and R; , — R; as k — oo. Using the
given bound we obtain

R; =limsup R; ; < limsup inf 0°(R. )

k— o0 k—oco SES
< inf limsup 0°(R. x) = inf 6°(R.). (5.56)
SES koo s€S

Therefore Ruyax(Re) < infges 6°(R,). O
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5.2.D A connection e-achievable regions

We now show a dual statement to Proposition[5.1] For simplicity we cheat a bit by
again using Definition for Rip.

Proposition 5.2 Assume that (R;, R.) € Rip is achievable, where Rip is now de-
fined according to Definition[5.5. Then there exists a WAK-code which corresponds
to the identification-compression scheme such that (Re, H(Y) — R;) is in Rwaxk-

Proof. Given a pair of compression-identification mappings (¢, ¥, ) such that the
rate pair (R;, R.) is achievable. We construct a code for the WAK-problem as
follows. For notation clarity, we denote the sources in the WAK problem by
(X", Y") ~ PZy. Randomly assign each sequence y™ to a bin B(msg) where
ma € [1: e"f2]. Define the decoding set D,,(m1) as

Pynig, (xn)(y"|ma)
Pyn (y”)

1
— log
n

Dp(my) = {y"

> R — 27}, (5.57)

We define a decoder for the WAK-problem as follows. If §" is a unique sequence
such that §" € B(mz) N Dy (m1) N AL, where A7} is the weakly typical set, then §"
is output as the reconstruction sequence. Let M; and M, be the encoded messages
at Encoder 1 and 2. Applying Lemma [5.2] we obtain

Pr{Y" ¢ D, (M) N AL} < Pr{W # W}+e " + Pr{V" ¢ A"}, (5.58)
for all n > n*(y). Furthermore, we have
Pr{3j" #Y", §" € B(Mz) N Dy (M) N A”}
< Z Pyng,(xm(y",mi)

(m1,y™)
X ZPr{Mg =mo|Y" =y"} Z Pr{g" € B(ms)}
mao g"eD,L(ml)mAg

< e—nRzen(H(Y)—Ri+3’Y)’ (559)

where the last inequality holds due to (5.138)). Therefore the rate pair (R., H(Y) —
R;) is achievable for the WAK-problem. O

Given € € [0,1). We recall the definitions of e-achievability of both WAK-problem
and ID-problem in the table on the top of the next page.

We first have the following observation which is a strong converse w.r.t. the iden-
tification rate, see also [YY16] for another strong converse statement.

Proposition 5.3 Given ¢ > 0 if (R.,R;) € Rip, then R, < I(Y; X).
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e R\
Rwaxk,e is the closure of (Ry, R2) s.t. Rip, is the closure of (R, R;) s.t.
. 1
limsup — log [ My < Ry, k = 1,2 lim sup - log My | < R,
n—oo TN n—soo N
. rn n 1
lim sup Pr{Y™ # Y"} <¢, liminf = log W] > Ri,
n—oo M
lim sup Pr{W # W} < e.
n—oo
- J

Proof. Suppose that (R, R;) € Rip, with R; = I(X;Y) 4+ 3 for some v > 0. It
suffices to consider the uncompressed scenario. By Lemma [5.2]and the weak law of
large numbers we obtain for any identification mapping

Pr{W # W} =1, asn — oo, (5.60)
a contradiction to (R, R;) € Rip.c- O

The following theorem generalizes the results from Propositions [5.1] and [5.2}
Theorem 5.7 Given (R,, Ry) € R3 with R, < H(Y),
(Ra, Rb) S RWAK,s = (Ra, H(Y) — Rb) S RID,e, Ve € [O, 1). (5.61)

Theorem and Proposition imply that for each € > 0, Rip . corresponds to
the sub—regior@ of Rwak, with Ry < H(Y). Hence a strong converse for the
WAK-problem is equivalent to a strong converse for the identification problem.

Proof. (<) follows from the proof of Proposition

(=): Consider an achievable pair of (R,, Ry) € Rwak, with the corresponding
mapping (d1n, dan, ¥y). Similarly as in the proof of Proposition given v,6 > 0,
there exists ng(d) such that for all n > ng(9)

M < entRrtd), (5.62)

In inequality (5.25) if we take M = e(H()=F=2v=9) then the last term in (5.25))
goes to 0, as n — 0o. Therefore
lim sup Pr{W # W} <, (5.63)
n—roo

and hence (R, H(Y) — R, — 2y — §) € Rip,e. Since v, are arbitrary, the forward
direction follows. O

Remark 5.4 In Appendix we present a strong converse proof for the ID-
problem for both discrete and Gaussian settings. The arguments therein resemble
the ones used in the strong converse proof of the WAK problem |[AGK76, Theorem

58The RwAK,e also includes all tuples (R1, R2) with Ry > H(Y').
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5.2.F  Arbitrarily varying observation channel

Consider the following scenario where X and ) are also finite. We assume that the
data is generated iid according to Px where Px (z) > 0 for all € X and enrolled
into the database. An observer obtains the observation 4™ from one user in the
system which is arbitrarily corrupted and wants to search for the true user. Denote
by

Pe=A{Py|x,s(|-,s)|s €S} (5.64)
the set of possible channel distributions. For simplicity@ we also assume that
Py|x,s >n >0 for all z,y,s. Assume that the observation channel is given for a
state sequence s™ by

n

Pyujxn an(y"[2") = [ [ P(yilai s0), V™ (5.65)
=1

Accordingly, the average error expression for a given enrollment-identification map-
ping pair (én,1,) and a state sequence s™ is given by

e(s", b, Un) = Pr{W # W|s"}
= 3 S PG ) P " 1)

X Pynjxcn oo (Y18 )X (s (um,(52) 2 )} (5.66)
Definition 5.6 A pair (R, R;) is achievable if for every § > 0 there exist mappings
(¢n, ¥n) such that
1 1
Elog|M1|<Rc+5, Elog|W|>Ri—6,

and sup e(s", dp,¥n) <0, (5.67)
smesSn

for all n > ng(d). The set of all achievable pairs is denoted by Rape-

Denote by P, the convex closure of P,, i.e., the set of all conditional distributions
P on Y given X such that

P(y|z) = P.Pyixs(ylz. 5), (5.68)
sES

where {P,,s € S} is a distribution on S. Furthermore, for each P € P. the
corresponding achievable compression-identification rate region is given by

Rp = {(RC,R» | Re > I(X;U),R; < I(Y;U),

59This technical assumption allows us to avoid terms of the form alog0 where a > 0 when
taking limit as in [CK11, Eq. 12.19].
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Rwu%awzﬁmeﬂw%waAMSzw+@.

The following proposition provides an outer bound for the achievable rate region.

Proposition 5.4 R,,. C mpeﬁc Rp.

The proof of Proposition [5.4] is given in Appendix An inner bound for the
achievable rate region is given in the following proposition.

Proposition 5.5 If users’ data sequence are uncompressed in the database then

Ri < inf _ I(Px,Py‘X). (569)
Py x €Pe

The proof of Propositionis identical to the proof of [CK11} Lemma 12.10] hence
omitted since the average error probability (over random codewords X" (m) ~ PE")
therein can be also viewed as the identification error probability in our setting.
Propositions [5.4] and [5.5] establish the following result.

Corollary 5.1 The mazimum achievable identification rate, identification capacity,
for the given model is given by

Py |x €P.

Remark 5.5 The expression is similar to the (transmission) capacity of the
arbitrarily varying channel P, achieved using random codes. The only difference
is that in our setting the channel input distribution Py is fixed. It will be clear
from the proof of Proposition 5.5 that there is no need for a randomness elimination
procedure to achieve the identification capacity as in [Ahl78]. In other words, C' can
be achieved in the current setting using deterministic mappings. We believe that
the randomness in the users’ data and the deterministic mappings help to simulate
as random code for the corresponding observation channel.

5.A Proof of Lemma

Let d be a metric on the set of probability measures M1 (X') that induces the weak*
topology, for example the Prohorov metric, and define

tx = min d(Px|s=s, Px|s=s")- (5.71)

As |S] is finite, tx > 0. For each z™ the empirical distribution is denoted by Pyn,
which is given by

Pl )= 236, ) (572)
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where A € F, and ¢, is the corresponding Dirac measure. Define
AX = [ | d(Pyr, Pyjs—s) < %X}, Vs e S. (5.73)
By the triangular inequality we see that the sets AX are disjoint. The corresponding
classifier is given by
T(a") s {‘9 ifam € AT (5.74)

e otherwise

Furthermore we also see that, if the elements of X™ are generated iid from the
distribution Px|s—, then

Pr(X" ¢ AX|S =5) = 0, asn — oo (5.75)

due to [Mit15, Theorem 4.4].

5.B Proof of Theorem |5.1

Achievability

Let Tx be a classifier for s and Ty be a classifier for x from Lemma [5.1]

Let U be a random variabl@ such that given S = s and X = z it is distributed
according to the law Pyjx—; s—s. Also fix a 6 > 0. For each s € S generate
2" sequences u"(my) ~ Pys—s, ms € [1 : €], where Py is the marginal
corresponding to Pyx|s—,. Hence, we have a total |S lenFe codeword sequences
which are used to enroll all users’ data.

For each s € S and 7 € 7 assume that the tuple

(X", Y™, U") ~ (Pux|s=s X Pyix.)®".

Denote As = A} (Pxy|s=s), where the latter is the weakly typical se@ Note
that
Pr{(X",U") ¢ A,|S = s} — 0, as n — oc. (5.76)

Moreover, define

Gs,r(x",y", u" (5.77)

)= Xy um) A3 (Pyora) )

then 6, sr = E[qu,T()A(",}A’",U")\S =s,T=7] =0, as n = 0o, due to the weak
law of large numbers. Define, hence,

By, = {(z"u") | E[¢s - (z", V" u") | X" = 2", 8 =5, T = 7] <oL/2},  (5.78)

n,sT

5.10\We can choose for each s a different random variable Us. Herein we abuse the notation for
brevity.

5'11{PU\X:%S:5}555 must be chosen such that the corresponding entropy terms (discrete or
continuous) exist.
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and accordingly, let Ay = AN N, Bs,-- By Markov’s inequality we have

E STXnvffna n == ,T:
[Qﬁ(, ( gg”s S 7] :571/527— —0,VreT, (5.79)
5 )

n,sT

Pr{B; |5 = s} <

so that A
Pr{A;|S=s} — 1, asn — oo. (5.80)

Enrollment: For each user i, we first let §; = T'x (z™(4)). Assume that §; € S. Then
we search for a codeword such that

(2" (), u"(ms, ;) € As,. (5.81)

We then store the corresponding pair of (8;,mg, ;) as j; in the database. Note that
when either §; = e or mg, ; = e, i.e., there does not exist a codeword such that the
above condition is satisfied, the corresponding stored index is e.

Identification: The processing unit first assigns the observation y™ to one of |Py|
states or e. We denote the corresponding state by k* = Ty (y™). We use s* = §
as an estimate of the state of users’ data. If k* is not compatible with s*, i.e., if
K*=eor s* =eor

P7: Py = Py x,» Px|s—s> (5.82)
the processing center aborts the operations and declares an error. Otherwise, denote
the corresponding channel index by 7. We then search for a unique @ such that

(ynvun(m&mﬁ))) € ‘Ag(PYUHs*)v (583)

where Pyyz4+ is the marginal of Py x + X Px|s—s+ X Py|x,5=s+- An error is de-
clared if there does not exist any such index or there is more than one.

Analysis: Let S'W, M S W S* and T be the corresponding random variables in-
duced by the enrollment and identification processes. Without loss of generality we
condition on the event W =1, S = s and T = 7. If W # 1 then at least one of the
following events occurs

Ees = {Tx(X"(1)) # s} U{Ty (Y") # r}
gno,sc = {(Yn7 Un(Méhl)) ¢ A(TSL(PYU\TS*)}
522,80 = {Elw/ 7£ 1 | (an Un(MS'w/,w’)) € Ag(PYUﬁ“S*)}'

We define the following events

53:u = {(Xn(1)7Un(mé,1)) ¢ fls,VmS,l}
& ={(Y",U"(M;,1)) ¢ A3 (Pyujr=r,s=s)}- (5.84)

Then

Pr{W #£W|W =1,8§=5T=r}
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S Pr{€es Unose UEs25e|lW =1,8=5,T =7}
<Pr{€W =1,8=5T=r1}

+ Pr{&€ N&nosc|W =1,8 =, T =7}

+Pr{E, NE>25[W=1,8=5T=r} (5.85)

From the previous analysis we know that

Pr{Tx(X"(1)) # s|S =s} =0,
and, Pr{Ty (Y") #x|W =1,T =7,5 = s} = 0, (5.86)

as n — co. Hence Pr{&€|W =1,5 =s,T =7} — 0 as n — oo. The second term
in (5.85)) is upper bounded further as in ((5.87)). The last inequality holds since W
is independent of users’ data sequences, the codebook and the states.

Pr{&€,N&osclW=1,8=sT=r}

< Pr{€g, n{(X"(1),U" (Mg, ,)) ¢ Ag YW =1,8 =T =7}

+Pr{&, N{(X"(1),U" (Mg, ;) € Ag } NEno sl W =1,8 =5,T =1}

< Pr{&|S = s} + Pr{{(X"(1),U"(M,1)) € A} NE}S =5, W =1,T =1}

ta(s,T)

(5.87)
For a given state s € S

Pr{&€,.|S = s} <Pr{(X",U") ¢ A,|S = s}
+ Pr[u(X™;0"|S = 5) > nR, —7|S = s] + e~ =P 5 0,
asn — oo if y =nd/2 and R, > I(X;U|S = s) +J. The inequality follows from
the non-asymptotic covering lemma [Verl2], cf. also Lemma This implies that
Pr{&.|S =5} +0, Vs €S, (5.88)
if
R. > max I(X;U|S = s) + 0. (5.89)

The constraint (5.89)) can be viewed as a sufficient condition such that the encoding
succeeds with high probability regardless of the unknown state.
Now we look at the term t5(s, 7) which can be bounded as

wen =/ [ aPgr, (y"a")
As Ag(PY\U,Ts‘un)c

X dPX’"(1)U’”(Ms,1)\SW(xn7un|s> 1) < 5711,/357 (590)
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since A, C B . Thus, ta(s,7) — 0 as n — oo.
Define
52 - {Elw/ 7é 1 ‘ (Yna Un(MS'w,,w/)) € Ag(PYU\TS)}'

Then the (conditional) probability of the event £, N E>2 5. can be bounded as
Pr{€,N&>25c|S =8, W =1T =7} <Pr{&|S=s,T=7,W=1}. (591)
We have
Pr{&|S=s,T=1,W=1}
<M Pr{(Y",U"(Mg, ,)) € A3 (Pyujrs)|T = 7,5 = s,W =1}
—en [ f AP o (0 Ponar, 15 (015)
S (Pyu,rslu™)

< enRiefn(I(Y;U|T:T,S:s)736). (592)

Therefore
Pr{&|T=7,5=s,W=1}—-0,VseS (5.93)

asn — o0 if R; < ming I(Y;U|T =71,5 = s) — 39.
In summary, if n > ng(9) then

sup Pr{WW # W|T = 7,8 = s} <,

which implies that the rate pair

(max I(X;U|S = s),minI(Y;U|S =5,T =71))
is in Rge.

Converse for the discrete case

Assume that the pair (R, R;) is achievable, i.e., for every § > 0 there exists an
identification scheme such that

1 1
510g|M1|<RC+6, Elog|W|>Ri—5,
Pr{W £ W|S =sT=r1} <86, Vs, (5.94)

for all n > ng(§). Similarly as in Chapter [2| we abbreviate (J;)M, as J where
Ji = ¢n(X™(7)) for all ¢ € [1: M]. Then by Fano’s inequality we obtain

HW|Y™, J,S=3sT=r7)<log2+dlog|W|, V(s,7) €S x T. (5.95)

Define 4
U = (Jw, W, X""Y (W), Vi € [1:n]. (5.96)
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Due to the memoryless property of the observation channel we have

Py, x,(wyu|s=s,1=r = Py;|x,(w),r=r X Px,(w)|s=s X Pv,|x,(w),5=s
= Py|x,r X Px|s=s X Py, |x;(w),5=s; Vi € [L:7]. (5.97)

We start bounding the compression rate. For each pair (s,7) € S x T we have
(a)
n(R.+96) > H(Jw|W,S =s) > [(X"(W); Jw|W,S = s)
=I(X"(W); Jw,W|S = s)

2 iI(Xi(W)§ Jw, W, X"HW)|S = s)
_ zn:I(Xi(W);in = 3). (5.98)
i=1

(a) is valid since X log|M;| < R + 6 holds. In (b) we use the following property,
Pr{X"(W) € B|S = s} = Pf?fg:s(lﬁ),

in particular if B = By X - -- x B,, then the independence follows. Also for each pair

(s,7) €S XT

n(R; —0) < HW|S =s,T=r1)
=IY", J;W|S=s,T=7)+HW|Y",J,S=s,T=r1)

(c)
<IY"W|S=s8,T=7,J)+ 6, <IY" W, J|S=8,T=7)4n

—
=

n
DIV W, IS = 5.7 =7) + 6, 2 S IV W, Jw YU S = 5,7 = 7) + 6,

=1

—~

[M]=

f ,
<Y IV W, Jw, XTYW)|S =5, T =17) + 6,

1

<.
Il

I(Yi;UilS = 8, T = 7T) + 6n, (5.99)

-

Il
=

?

where §,, = log2 + dlog [W|. (¢) is true since W is independent of (T, S, J). (d) is
valid since
(V" ) (W.S.T) ~ ()M o (5.100)

(e) is valid since conditioning on 7' = 7 and S = s, Y; are independent. Finally (f)
holds since conditioning on T' = 7 we have the Markov chain

YiTl - XYW — (Y, W, Jw, S), Vie [1: M]. (5.101)
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Let @ be a uniform random variable on [1 : n] which is independent of everything.
Define further U = (Ug, Q). Then we obtain, V(s,7) € S x T

R.+ 6> I(Xo(W);U|S = s)
(Ri —0)(1—=06) <I(Yo(W);U|S=sT=r1)+0. (5.102)

Note that

Py, xqwyv|s=s,1=r = Py|x7 X Px|s=s X Py|xow),5=s- (5.103)

Since each conditional distribution Py x,w),s=s acts independently, we can upper
bound the cardinality’ | of U by |X| + |T| by following [EK11, Appendix C] as
each Pyix,w),s=s affects |T| terms H(Yg|U,S = s,T = 7). This implies that
(R, + 0,(R; — 0)(1 — §) — 0) € Rye. Hence taking § — 0 we obtain the desired
conclusion.

5.C Proof of Theorem |5.2

Achievability
As in the proof of Theorem we generate a codebook for all users which consists
of |S|e™®e codewords. The definitions of the sets A,, Bs and A, are similar as in

Section [5.} i.e.,

By = {(z",u") | E[gs(a", V", u™)| X" = 2", 8 = 5] < 5,/2}.

where d)s(x",y",u”) = X{(y"7“")¢A§'(PYU\S:S)} and As = ./43 N BS.

Enrollment: For each user i € [1 : M] we first assign 2™ (i) to one of the label using
the classifier T'x if it is possible. The resulted label is denoted by 8; = Tx (z"(1)).
Assuming that there is no error, then we proceed as before to look for an index
mg,,; such that

(2" (i), u"(ms, ;) € As,. (5.104)

Then myg, ; is stored in the database in the corresponding position. Note that in
this case storing §; does not help.

Identification: Given the observation sequence y", the processing unit first searches
for a suitable label by using the classifier Ty if it is possible. We denote this label
by &', ie., s’ = Ty (y™). If there is no error, then the processing unit looks for a
unique index w such that

(yn, u"(mgww)) S .A:;L(PYU‘S:S/). (5105)

512The bounding procedure may result in different random variables Us and test channels
Py|xo(w),s=s for different s.
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If there is more than one of such @ or there is none the system declares an error.
Analysis: For a given sequence of states (s;),, we define &,,(w), Esa(w), Ex(w),
Ey (w), Epu(w), E1(w) and E(w) similarly as

Ees(w) = {Tx (X" (w)) # suw} U{Ty (Y") # suw},
Epu(w {(X™(w), U™ (ms,, w)) & Aswv Vs, w}
Ei(w) ={(Y",U"(Ms,,w)) & A5 (Pyu|s=s.)}s

{(y™ U™ (Mg, ) ¢ A5 (Pyujs=s)},

(w)
(w) =
(w) =
Ea(w) = (B w0 | (VU0 ) & AR Prorss,)).
(w) =
(w) = {Fu/ #w]| (Y"7U”<Mgw,,w,>> € A3 (Pyujs—si)}. (5.106)

We need to be careful in this scenario since the symmetry w.r.t. W when condition-
ing on a state sequence does not hold. Assume that (S;)M, = (s;)M, and W = w,
if W 2 w then the following event occurs

Ees(W) U Epo(w) U Esa(w).
First, we observe that
Pr{&es(w)|(S)M, = (s:),, W = w} = Pr{€es(w)|Sw = 50, W = w}.  (5.107)
From Lemma [5.1] there exists an nq (e, s,,) such that if n > ni(e, s,,) then
Pr{Tx(X™(w)) # $u|Sw = $uw, W =w} < e. (5.108)

Since s,, can be any element of the finite set S, there are only |S| possible values

for the left-hand side as w varies, due to the assumption that X" (i) ~ Pf?"g ot

Therefore, if we take ni(€) = maxses ni(e, s) then for n > ny(e)
Pr{Tx (X" (w)) # sw|Sw = 8w, W =w} <€, Vs, €S, Vw e [1: M].  (5.109)
Similarly the exists an na(e) such that if n > ny(e) holds then
Pr{Ty (Y") # $u|Sw = $uw, W =w} <€, Vs, €S, Yw € [1: M]. (5.110)

Next, we bound the conditional probability of the event £S5 (w) N Eno(w) as in
(5111).

Pr{€¢,(w) N Eno(w)|(Si)iy = (50)iy, W = w}

< Pr{&u(w)|(S)idy = (s0)iLy, W = }

+ Pr{{(X"(w), U" (M. ew,w) € Ao, } N E(w)|(S)XE, = (s0) Ly, W = w}

= Pr{€su(w)[Sw = 50, W = w} + ta2(w, (s:)1L,)- (5.111)
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The first term can be bounded as, given W = w and S, = sy,

Pr{€,u(w)|Sw = 8w, W = w}
< Pr{(f(", U") ¢ .flsw|5 = Sw}
+ Pr[L(X”; U"\S = $y) > nR. — 7|S = sw] +em P < €, (5.112)

for n > ns(e, d, sy) if we take v = nd/2 and
R. > I(X;U|S = s4) + 4. (5.113)
Consequently, if we take n > n3(e, §) = maxses n3(e, d, s) and
R. > I?Eagcl(X;U|S: s)+4
then
Pr{&€u(w)|Sw = 8w, W =w} <€, Vs, € S, Yw € [1: M]. (5.114)

Lastly, we have

bty = [ f ARG la")
As iy AL (Py U, 5=s, [u™)¢

X dPxn(1yun (M., o)|sw (@™ u" sy, w)
<62 <e (5.115)

if n > ny(e, sy). Hence taking n > ny(e) = maxses na(e, s) we obtain
ta(w, (s:)M,) <€, Vs, €S, Yw € [1: M]. (5.116)
Next, we have
Pr{€5,(w) N E2(w)|(Si) Ly = (si)ily, W = w}
< Pe{&(w)[W = w, (S, = (s),}. (5.117)
The right-hand side of (5.117]) can be bounded further as follows
Pr{&(w)|W = w, (S;){L, = (si)iL,}
< Z PI‘{(Y”, UH(MSw,ywl)) € Ag(PYU\S:sw)}Sw’ = S, Sw = Su, W = ’(U}

w! #w

Z // dpl@\%:sw(yn) X dPU"(MS , w ) Swr (un|sw’)

w!'#w A?(PY\U,S:sw Jum) w

< Z eI (Y;U|S=51)-30) < eni o= n(I(Y;U[S=5.,)—38) ¢, (5.118)

w!#w
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if Ry < I(Y;U|S = s4) — 36 for n > ns(€,d, s). The second inequality holds due
to the property of weak typicality, which is independent of n. Hence if we take
R; <minges I(Y;U|S = s) — 30 and n > ns5(e,0) = maxses ns(e, d, s) then

Pr{&(w)|W = w, ()M, = (s)M,} <€, Vs, €S, w € [1: M]. (5.119)
In summary, by taking n > max{n;(e, §)}?_; and

R, >m€a§<I(X;U|S:s)+5,

R; < Hélg I(Y;U|S = s) — 34, (5.120)
then
Pr{W # W|(S)M, = (s,)M,} < 6e, (5.121)

for every tuple (s;)M,. This implies the achievable conclusion of Theorem

Converse for the discrete case
We show in the following that: Any achievable compression-identification rate pair
for the setting in Theorem is also achievable for the one in Theorem ie.,

The converse follows since
7ésc g Riis g Rsc = ﬁso (5123)

Let (¢n,%n) be an identification scheme for the setting of Theorem Consider
the case that s; = s for all ¢ € [1 : M]. Then expanding the error expression
conditioning on (S;)M, = sM we obtain

Pr{W # W|(8:)}L, = s™}

=57 2 [ B @) < TPl @pa( TT i) )

(3

= Pr{W # W|S = s}, (5.124)

where the last term in ([5.124]) is the error expression of the setting in Theorem
and

Do = {(y", (Gi)iL1) | ¥nly™s (Gi)iLy) # w}. (5.125)

Hence
. -12
sugPr{W;éW|S s} pPF{W#WK ) =M}
sE

< sup  Pr{W #W|(S )z 1—(81)1 1<, (5.126)
(si)M esM

for all n > ng(9) if (¢n,,) is an achievable identification scheme for the current
setting. This implies that R;;s C Rsc.



Proof of Lemma |5_2| 113

5.D Proof of Lemma

Proof. Define the set

. 1. dPynygy w(y"|juw,w) }
A= nv w, W —lo = >Rz_2 .
{(y J )‘n g APy (y") v

(5.127)
Due to the symmetry as all users’ data follows the same underlying distribution
Pxn the Radon-Nikodym derivative in the definition of A does not depend on w

APy, (xn . .
and equals to % Hence, the first term in the statement of Lemma is

given by Pr{(Y", Jw, W) € A°}. Additionally, as W = t, (Y™, (J;)M,) we have
Pr{W =W} < Pr{W =W, (Y", Jw, W) € A°} + Pr{(Y", Jw, W) € A}. (5.128)
Next,

Pr{W =W, (Y", Jw, W) € A%}

M
. . 1
=3 Y dPrusw W e w)dP(G)E) 5
w=1 - (y" ()M )
Pn(y", (G ?il):w
(Y" s Jow,w) EAC
x) M, on(Ri—2v)
<Y 2 dPeMAP(G)L)
w=l1 (™ G)M):
Yo (Y™, (5:) 1L ) =w
**
< e Z P((G)M 1Pw[U{y Uy, GOM,) = w}

(71)
<e ™, (5.129)

where (%) is valid due to the definition of A and (xx) holds for all n > ng(7y), cf.
(5.32). The conclusion of the lemma follows. O

5.E A Strong Converse Proof

We present herein a strong converse proof for the discrete setting in the case that
both the source distribution Px and the channel Py |x are known. The argu-
ments are transferred immediately to the Gaussian case. In the discrete setting our
proof is weaker than in [ZTM17] where the authors show the exponential strong
converse. We begin with some definitions and important tools. The definition of
e-achievability is already given in Section we restate it here for convenience.
Given an € € [0,1).
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Definition 5.7 A rate pair (R, R;) is e-achievable if there exists a pair of identification-
compression mappings (¢, ¥, ) such that

lim sup — log\./\/ll\ <R,, hmlnfflogM > R;,

n—oo

and limsup Pr{W # W} <e. (5.130)

n—oo

Let Rip,. be the closure of all e-achievable rate pairs (R., R;).

Our proof follows essentially the same arguments as in [Liul8, Theorem 4.4.1]
and [AGK76, Theorem 3], where the former uses the following theorem:

Theorem 5.8 [LHV17, Theorem 9], (Liul8, Theorem 4.3.1] Consider Px a prob-
ability measure on a finite set X, v a probability measure on Y and Py|x. Let

Bx = 1/min, Px(z) € [1,00), a = sup, | 422 € [1,00). Let c € (0,00),
7,9 € (0,1), and n > 30x log ‘5 L. We can choose some set Cp, with P¥"[Cp] > 1-4,
such that for pu, = Pf?”|c we have

10g pn [2™ : Pyn|xnzgn (f) > n] — clogv®"(f)
1

< nd*(Px, Py|x,v,c) + Av/n + clog — (5.131)
n

for an@ [ € Hpo (V") where

A = log(a°B5™ W+2CW (5.132)

d* is defined a" 14|

d*(PXaPY\le/vC)

= sup  {cD(Qywl|lv|Qu) — D(Qxwl||Px|Qu)}-
Qux:Qx=Px

We first examine the discrete case. Let (R., R;) be an e-achievable pair. Then,
there exists a pair of mappings (¢, ¥,) such that (5.130) are satisfied. Let v > 0
be such that € + 3y < 1. From Lemma we know that for all n > ng(y) we have

dPY'n.¢ (X™) }
" Y™, 6n(X™) < Ry — 2
d(PYn X P¢n(X"))( ¢ ( )) v

= Pr{(Y", 6u(X")) € AS .}, (5.133)

1
€+ 2y > Pr{log
n

5 137—[[0 1](Y™) is the set of measurable (hence integrable) mappings f: Y™ — [0, 1].
14The conventlon is that co — co = —o0.
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where for notational clarity A, , corresponds to the set A in (6.98]). Moreover,
we denote by A% (Y) the weakly typical set w.r.t Py and threshold . Then for
n > ni(vy) we have

Pr{(Y", ¢n(X")) € A1n, Y" € A3} > 1 —€— 3. (5.134)
For simplicity we define € = € + 3. For each m; € M; we define the following set
By, ={y" | (¥",m1) € A1, y" € Ay} (5.135)

The inequality can be rewritten as
P [Pynixn By, (xm]] = 1—¢& (5.136)

Choose € € (¢,1) and 6 = C;j. Then by Markov’s inequality we have

€
7/.

m

Additionally, we obtain

1> Pr{Y" € By, [én(X™) = my} = / APy, (X mn (4)

my

> n(Fi=27) / dPZ"(y") > e Bi=37=h()yol(B,, ), Ymy € My,  (5.138)
B

miq

where vol(-) denotes the number of sequences in the discrete casdr;_rgl, which implies
that vol(B,,) < 2(h()+37=Fi) for all m; € M;. We choose v as the uniform
distribution on Y. Let ¢ € (0,00), n = 1 — €. By Theorem we then can find a
measure U, such that

~

" €
and
logpn{z™ | Pyn|xn=en(f) >n} — clogv®"(f)
< nd*(Px, Py|x,v,c) + O(v/n), (5.140)

for any integrable f with range [0, 1]. Further calculation indicates that

*(Px, Pyixovic) = sup {—ch(Y|U) = I(X;U)} + clog|Y)
U.U-X-Y
I(X;U)<oo

5-15With abuse of notation, we use h(Y’) to denote both the discrete entropy and the differential
entropy in this section.
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= max {—ch(Y|U) = I(X;U)} +clog|V|  (5.141)
[U|<|X]+1

due to the support lemma [CK11, Lemma 15.4]. Since there are |M;| possible
values of m it follows that there must exists m* such that

)
A2 | Pynixonegn [Be] > 1) > . 5.142
Moreover we also have
VO (B ) < Y|P FI— R, (5.143)
Combining ((5.141)), (5.142) and (5.143) with f = x5,. we obtain that
—log M| —en(—log|Y| +h(Y) + 3y — R;)
< n((ﬂ}né}g{ Y{—ch(Y|U) —I(X;0)} + clog |y|> + O(v/n). (5.144)
UI<|X|+1
which implies that
1
_ . > i . — . i
R.—cR;+ (14 3¢)y > U:UIEIH—Y{HX’ U)—cl(Y;U)} + O(\/ﬁ)
[U]<]X]+1
1
= ol —|. 5.145
ro+0(=) (5.145)
Taking n — oo we see that
(Re+7,Ri = 37) € [J{Ra — cRy 2 f(0)} & Rup, (5.146)
c>0

where (%) follows from the hyper plane characterization of a closed convex set,
which leads to Rip,c € Rip.

In the Gaussian case, assume that Px = N(0,0%) and Py|x—, = N(z,1),
then by doing the same steps, with v in this case the Lebesgue measure, we obtain
using |Liul8| Theorem 4.3.2]. Since v is the Lebesgue measure, we have
V(By«) = vol(Bp,« ). Additionally,

d*(Px, Py|x,v,c) = sup {—ch(Y|U) - I(X;U)}

U.U-X-Y
I(X;U)<oo
(%) 1 2
< sup { _< log 2me3 — = log IX }, (5.147)
1<f<1+0% 2 2 "p-1
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where () follows by first putting h(Y|U) = % log 2mef and then using the entropy
power inequality. Therefore we obtain,

R.—cR; + (1+3c)y

g
> inf dlog —— X
- 0g/3<1gg1(1+g§() 2{ ©8 (6% +1)e P -1 Cﬁ}
0 if0<c<latfB=0
1
= 5{ logo%(c—1) ifc>1 : (5.148)

—clog(okx +1)(1 —1/c)} at B =1log(c% +1)(1—1/c)
Compared with the characterization in ((5.15]), we observe that
(Re+7v,Ri — 37) € Rip. (5.149)

Therefore, we have Rip,c € Rip.

On (*): The inclusion (5 {Ra — cRy > f(c)} 2 Rip is quite straightforward.
Since Rip is a closed convex subset of R% if (z,y) € R% and (z,y) ¢ Rip then
there exists a vector (a,b) € R? such that

ax + by < aRi 4+ bRo, V(Rl, R2> € Rip. (5150)

Since (0,0) € Rip, we see that either a or b must be negative. If a < 0, then
plugging (R;,0) in the above inequality we obtain the violation for sufficiently
large R;. Hence, we have a > 0 and b < 0. We can normalize further to obtain

x—cy < Ry — CRQ, V(Rh Rz) € Rip, (5.151)

where ¢ = —b/a > 0. The minimum of the right-hand side, which is attained by a
point (R, R3) € Rip, is f(c). Therefore if (z,y) ¢ Rip then (z,y) ¢ (1,501 Ra —
cRy > f(c)}, which implies that (), o{Ra — cRy > f(c)} € Rip.

5.F Proof of Proposition

Let S be any random variable on S and let Py € P, be the corresponding induced
distribution. The corresponding multi-letter extension is denoted by S™. The
corresponding channel is given by

Pg(y"|z") =EP(y"[z", S"). (5.152)

Assume that the rate pair (R, R;) is achievable in the setting with an arbitrarily
varying observation channel with the corresponding pair of mappings (¢, ¥,). If
we use the same enrollment mapping ¢, and identification mapping ), for the
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discrete memoryless observation channel Pg with the source distribution Px then
we have

Prp AW # W} =E[e(S", ¢, tn)] < sup e(s”, ¢n,1hn) <6, (5.153)
smesSn

for all n > ng(8). This implies that for any p € Ps
Rave € Ry, (5.154)

which leads to the conclusion of Proposition [5.4]



Equivalence

EMBERSHIP testing has not been actively considered in existing works on iden-

tification systems. It is often assumed that the observation sequence is related
to the data inside the system. In this work we put our attention to this important
problem. Assume a database that stores compressed versions of data sequences
of M users (2"(m))M_,. An observation sequence y" is provided to a processing
center which has access to these compressed data sequences. The processing center
performs a screening step and returns Yes/No when y™ is related to one of the user/
independent of all users in the system. We call the first case hypothesis Hy and

the second case hypothesis Hj.

Other hypothesis testing problems related to the identification problem include
[Vol+10; Sch02; Moul0]. In [Vol4+10] the hypothesis H; was tested against M
other hypotheses in the binary setting where the focus was to minimize the overall
identification error under a specific decision rule. In [Sch02] the author considered
the M-ary hypothesis testing problem with fixed M and studied the large deviation
regime. In [MoulQ] the decision rule was based on a decoding metric using the
hashed data and observation sequences at different lengths. The exponents of the
probability of miss and the expected number of incorrect items on the list were
provided for a fixed hashed function. Error exponent aspects of the probability
of estimating the correct user in the identification systems have been studied in
[YY16; DD11; [Merl7].

In this chapter we first study the exponent of the probability of the second
kind of error E*(R, R.) provided that the probability of the first kind is vanishing.
Next, we show that the lower bound is tight in the strong converse sense if R is less
than the threshold value Rp,.x(R.). In-between we show the equivalence between
the single-user hypothesis testing problem studied by Ahlswede and Csiszar, the
Wyner-Ahlswede-Korner problem and the identification problem.

119
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6.1 A Lower Bound of E*(R, R,)

We begin with some notational conventions. We use I, (+;+) to indicate that the
mutual information is evaluated w.r.t. the distribution related to Hy. Additionally,
we use the (-) notation, e.g. &, Ay, to emphasize that the single-user scenario, i.e.
M =1, is considered.

We assume that the database consists of M users with lim,, . %logM = R.
i.e., the number of users grows with the block length n at rate R. We consider
mainly in this work the discrete scenario where alphabets X and ) are finite. For
each i the corresponding data sequence z"(4) is generated iid from the distribution
Px. Under Hy the joint distribution of the sequence y™ and sequences (z"(m))M_;
is given by

Moy M
PHO = Z MPyan(i) X H lPXH(k)’ (61)
=1 k=1,k#1
i.e., the sequence y” is related to one randomly chosen user in the system, where

Pynxny = P}@& X Pxn(;). The joint distribution under H; is given by

M
]DH1 = P}G?n X HPX"(i)’ (62)

i=1
i.e., the sequence y" is not related to the information in the database. Note that
under both hypotheses the users’ data sequences are mutually independent. Ad-
ditionally, the joint distributions Py, and Pjp, are not product distributions of iid
random variables since the number of components M grows with n. We can also
view Pp, as the result of mixing M general random processes uniformly where the
distributions at instance n are given by Pynxn(j) X Hﬁil,k# Pxnry, i € [1: M].
Definition 6.1 A testing scheme consists of a compression mapping which enrolls
the users’ data sequences into the database according to

b X" — My, (6.3)
and a decision mapping which outputs whether Hy or H; is deemed true
Y V" x MM {0,1}. (6.4)
The acceptance region is defined accordingly as

A ={(y", (@"(@0)i21) | ¥n(y", (G)idy) = 0}, (6.5)

where j; = ¢ (2" (7)) € My, for all i € [1: M]. An error of the first (second) type
occurs when y™ is related to (independent from) one unknown user (all users) in
the system but the testing scheme declares otherwise. The probability of first and
second type of error, also called false alarm and miss detection probabilities, are
given respectively as

Qp = PHO (‘Afy,)7 Bn = PH1 (An) (66)
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Definition 6.2 An error exponent F of type II is achievable given (R, R,.) if there
exist enrollment and decision mappings (qbn, ¥y, ) such that

lim «, =0, limsup — log|./\/11| <R,

n—0o0 n— o0
1
li f log— > E. 6.7
Rt e g, (67)
We define
E*(R,R.) = sup{FE | E is achievable given (R, R.)}. (6.8)

E*(R, R.) serves as an upper bound on the performance of testing schemes at the
given compression rate R, i.e., the best scheme with (R, R.) will not achieve a
better error exponent.

The single-user testing against independence setting studied by |[AC86] corresponds
to the case M =1 in our scenario. Although both settings involve compression at
rate R, the motivating application contexts are, however, different. In [AC86] R.
represents the communication rate from a remote sensor to aid the decision making
at a processing center. Herein, R, represents stored information of each user in the
database.

Remark 6.1 A straightforward observation when the compression is at zero-rate,
i.e., the compression alphabet is of sub-exponential size, is

E*(R,0) =0, VR. (6.9)

To see this result we look at I(Y™;(J;)M,) under Hy where J; = ¢, (X"(i)), Vi €
[1 : M]. Let W be the hidden random variable that characterizes the uniformly
chosen user in the hypothesis Hy which is independent of users’ sequences, i.e.,

Py (4", (x”(i))ﬁwl» W =w)

P?;;y z"(w)) [] P (@"( (6.10)
1w

M

From ([6.10) it can be inferred that

T (Y™ () 2) < Ty Y™ W, (J0)1L) = T, (Y™ W, Jw)
= Ig,(Y"; Jw|W) < log | M|

When the compression is done at zero-rate then we have that nH(Y) = n(H(Y) —
1/nlog |My]) < HY™|(J;)M,) < nH(Y) since 1/nlog| M| tends to 0 as n — oc.
This implies roughly that Y™ is asymptotically independent of (J;)M,. As the
(marginal) distributions of Y™ and (J;), from both Py, and Py, are identical, the
likelihood that we can distinguish both hypotheses from each other is low asymp-
totically. Since the probability of the first kind of error a,, — 0, the probability of
the second kind of error is bounded away from 0 due to the indistinguishability, cf.

Theorem for a rigorous discussion.



122 Equivalence

Given a compression rate R. we define the following functions

Rmax(Re) = max I(Y;U)
U=-X-Y, [U|<|X|+1,
I(X;U)<R.
O(R, R.) = Ruax(Re) — R, 010 < R < Ruax(R.). (6.11)

Different interpretations of Ryax(R.) appear in previous works. In [AC86] Ryax(R.)
is the maximum error exponent of type II for the single-user testing against inde-
pendence problem. In [Tun09] Ruy.x(R.) characterizes the number of users that
can be identified with vanishing probability of error given the compression rate R..
As mentioned in the problem description, the distribution of each user’s data se-
quence is Pf?" in both hypotheses. We also observe further symmetric properties
in both distributions. Namely, in both distributions all users’ data have the same
marginal distribution. Furthermore, the channels are also identical across all users:
Py|x in Hp and Py in H;. The symmetry suggests us to build a testing scheme for
our multi-user setting from a generic single-user testing scheme in which the same
compression mapping is used to enroll each user’s sequence into the database. We
then have the following lower bound on E*(R, R,.).

Theorem 6.1 Given a single-user hypothesis testing scheme (¢n,vy) with proba-
bilities of errors ay, and f3,, there exists a testing scheme (¢, 1), using the same
compression mapping ¢, for the multi-user case that achieves the following multi-
user probabilities of error

ap < Oy, B < BnM (612)

Consequently, given that the condition 0 < R < Rumax(Rc.) is satisfied, then the
multi-user error exponent is lowered bounded by

E*(R,R.) > 0(R, R.). (6.13)

Given a compression rate R, if the achieved error exponent by the single-user

scheme, F, is less than R, then the bound for the probability of error of type II in
our multi-user setting in Theorem is loose. In other words, we need to design
the decision mapping 1, for the single-user hypothesis testing scheme such that
F is larger than R if it is possibldgzl so that the corresponding multi-user error
exponent would be positive.
It is difficult to apply the same trick using Stein’s Lemma as in the proof of [AC86)
Theorem 1] mainly as the number of components M in both distributions grows
with n. For notational brevity, in the sequel we abbreviate Ruyax(Re) as Rmax,
(X™(i)){L as X™ and (¢ (X"(0)))}; as ¢n(X").

6-1Fven in the case that Rmax(Rc) > R holds we can not use any single-user testing scheme
with an error exponent E' < R to produce a positive error exponent in the multi-user case.



A Lower Bound of E*(R, R,) 123

Proof. Let A,, be the acceptance region for the single-user scenario corresponding
to (én,¥n). For each user i € [1 : M] the compression mapping ¢, maps the
data sequence z"(7) into an index that is stored in the database. We define the
acceptance region for the multi-user case as follows

A, = {(y",x") | (y",z"(i)) € A, for some i € [1: M]}. (6.14)

The probability of the first type of error in the multi-user scenario is upper bounded
as

ap = Pynxn{A;} =Y Proxnw{ A, w}

(%) e @10y _
SZPY"X"(w)W{Anaw} = Qp.

The inequality (x) holds since {(y™,x™)|(y", 2" (w)) € A,} C A,. Moreover, the
probability of the second type of error is upper bounded as

ﬁn = PY" X PX"{An}
<Y Pyn x Pxugy{An} = MB,, (6.15)

where the inequality is valid since A, C Uf\il{(y”,xnﬂ(y",x"(z)) € A,} holds.
The existence of testing schemes that achieve the exponent Rpax(R.) — 7 for the
single-user scenario where v > 0 is well-known, cf. |AC86; Han87|. Hence, this
proves the theorem. O

In the following, we investigate some cases where the lower bound is actually
tight.

Proposition 6.1 Assume that the compression is lossless, i.e., R. > H(X), then
the lower bound (R, R.) is tight, i.e. the mazimum exponent for the second type
of error is given by

Ej=1(Y;X) - R, for R<I(Y;X). (6.16)

Proof. Denote the losslessly compressed sequences by (Xln)f\il abbreviated in the
following as X™. For a given n we have

(@)
Dn:D(PYan”PYn XPXn) Z D(PYTLX”HPYWL XPATL)
® P, (An) P, (A7)
> Piy(An) log =10 20) | pyy (48 ) log o)

> _(1 - an) IOg Bn - h2(an) (617)
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where hy(+) is the binary entropy function. (a) follows due to the data-processing
inequality with the channel P nixn X idyn. (b) holds due to the log-sum inequality
[CT12, Theorem 2.7.1]. Note that we actually have

Dy = Iy, (Y™ X") =nH(Y) — H(Y"X")
)

—~
3]

nH(Y) — HY"™W,X") = HW) + HW|Y™,X")

2 1Y X) — log M + H(W|Y™, X"). (6.18)

The equality in (¢) holds since W is independent of the users’ sequences X™. Define
the deterministic mapping f,: Y™ x X"™ — WU {e} as follows. If there exists a
unique index @ such that (y",z"()) € T*(Pxy) then we set f,,(y", (z(i))M,) to
w. If there is more than one such index or there is none then the corresponding
value of f,, is e. Then as R < I(Y; X) we have [WKLO03]

Pry, {W # W} = 0asn — oo. (6.19)
Therefore, by Fano’s inequality we obtain
HW|Y™ X™) < ney, (6.20)

where €, — 0 as n — co. Hence combining both expressions (6.17)) and (6.18]), the
following bound holds for all n

—(1— ay)log By — ha(an) < nI(X;Y) —log M + ne,. (6.21)

Hence, with a,, — 0 as n — oo we obtain

1 1
FE <liminf —log — < I(X;Y) — R. 6.22
< iminf g - < 10GY) (6.22)
The proof of Proposition [6.1] is complete. O

Remark 6.2 Note that in the case of no compression our setting is an instance of
hypothesis testing for the mixed source problem. When M is a constant, we obtain
a similar result as in [Han03| Example 4.1.1]. Therefore, Proposition 1 states that
allowing the mixing coefficients, herein 1/M in Pp,, to depend on n can lead to a
non-trivial reduction in the error exponent of type II.

Another scenario where the lower bound is tight is given in the following propo-
sition, which is a slight generalization of the Ahlswede-Csiszar result on testing
against independence |[AC86, Theorem 2].

Proposition 6.2 Assume that R = 0, i.e., the number of users in the database
grows sub-exponentially, then we obtain

E*(0,R.) = 0(0, R,) = Ruax(Ry). (6.23)
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Proof. Similarly as in the proof of Proposition [6.1] we use the log-sum inequality
to obtain the following relation

D(Pynd)n(xn)HPYn X P¢n(Xn)) > —(1—ap)log By — ha(ay).

We can upper bound the left-hand side using the monotonicity of divergence so
that we obtain

D(Pyng, xmywl|[Pyn X Py, (xny X Py)
2 —(1 —an)log Bn — ha(an).
The left-hand side is equal to
HY") = HY"|¢n(X"), W) =nH(Y) = HY"|[Jw, W)
— n(H(Y) — H(Yo|U)) (6.24)

where we first define U; = (Jiw, Y™ !) and then U = (Ug,Q) in which Q is a
uniform random variable on [1 : n] that is independent of everything else. For any
0 > 0 the compression rate can be readily bounded (for all sufficiently large n) as

Ro+6>1(Xq:U). (6.25)

Using the standard cardinality bounding technique [EK11, Appendix C] we can

find an “equivalent” U, which takes values on U such that [t/| < |X|+ 1, and a
probability kernel Py, preserving H(Yo|U) = H(Y|U) and H(Xq|U) = H(X|U)
where Pgy = Pxy. Hence

—(1 = ay)log By — ha(an) < nRmax(Re + ). (6.26)
As a,; — 0 when n — oo, we get
E < Rpax(R. +96), Vo > 0. (6.27)

Taking 6 — 0, we obtain that E < 6(0, R.) for R = 0 since Rpax(R.) is continuous
in R.. 0

Remark 6.3 Note that the term D(Pyng, (xn)||Py» X Py, (xn)) in the proof of
Proposition [6.2] can be expanded as
D(PY"qﬁn(X")HPY" X Pd,n(xn)) = TLH(Y) — H(Y"\d)n(X”), W)
—HW)+ HWI[Y™, ¢,,(X")).
Using the same arguments from (6.24) onwards, we also obtain the conclusion of

Proposition [6.2] Hence, a central theme in the proofs for the two aforementioned
propositions is that

H(WI|Y™, ¢,(X"™)) = ne,, where e, = 0 asn — oo. (6.28)
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In the first case, this holds due to the fact that we can construct a decoding function
by the identification problem. In the second case, the approximation is valid since
the alphabet W has sub-exponential size. If we restrict the compression mappings
to the following set

B(R, R.) = {(¢n) | there exists a sequence of () such that

1
lim sup — log || < R,
n

n— oo

lim Pryzy {0 (Y™, 60 (X™)) £ W} =0}, (6.29)

then by following essentially the same steps as in the proofs of Proposition [6.1
and we can show, cf. Appendix that the restricted error exponent is
characterized by Ef(R,R.) = 6(R,R.) when R < Ryax(R.). In other words,
is a sufficient condition for the tightness of the lower bound. It will be clear
later that is also the necessary condition, cf. Remark

6.2 Characterization via Strong Converse

We first establish the strong relation between the single-user HT and the WAK
problem. Then we close the lower bound on the optimal error exponent E*(R, R.)
in the previous section via strong converse proofs. Finally, we show the equivalence
of the single-user HT and the identification problem.

6.2.A Equivalence between single-user HT and WAK problems

Assume that in both problems the source is given by XY™ ~ Pf?;ﬁ. We briefly re-
cap the definition of a WAK-code. It consists of two encoding mappings ¢1,,: X" —
M1, ¢a,: V' — Ms and a decoding function ,,: M1 x My — V™. The WAK

problem aims to control Pr{Y™ # Y™}, where Y" = v, (¢1,(X"), 2, (Y™)). We
present in the following an equivalent relation between a WAK-code and a single-
user HT scheme.

Theorem 6.2 Fiz an arbitrary v > 0. Given a WAK-code (¢1n, dan, ¥n), we can
construct a single-user testing scheme (¢1n,,) such that the corresponding error
probabilities of type I and II are given by

an < Pwax{error} 4+ Pr{Y" ¢ ALY
B < e HT)=M | My, (6.30)

where A% is the weakly typical set w.r.t Py. Conversely, given a testing scheme
(¢n,n) for the single-user hypothesis testing problem there exists a WAK-code

(Pny Bhy, Wh,) such that
en(H(Y)+2»y—E)

PHY™ £ V") < @ " EVf, 4PV ¢ A+
2

(6.31)
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where E is a free parameter that satisfies H(Y) > E— 2.

The proof of Theorem is similar to the ones of Proposition and Propo-
sition [5.2 in Chapter [f] and is given in the following.

Proof. WAK = Single-user HT: For a given m; € My, define the following correctly
decodable set of the WAK-code

Dy ={y" | y" = tn(ma, d2n(y")), y" € AT} (6.32)

Then, it is clear that for all m; € My we have |D,,,| < |[Ma| as ¢a, can
only take at most |Ms| values. A decision region for the single-user HT, based on
V" x My, is defined with a slight abuse of notation as

An = (Dm, x {ma}) C Y™ x M;. (6.33)

The validity of A, i.e., the existence of a decision mapping 1, in Definition
follows from the fact that we have full access to the sequence y™ when making
a decision. We use the mapping ¢1,, as the compression mapping for X in the
single-user HT problem. From the probability of type I of error is bounded
by

Gn = Pyug,,(xm) (A7)
S PWAK{GI“I‘OI‘} + PI‘{Y” ¢ A:}, (634)

and the probability of type II of error is bounded above by

B = Pyo X Py, (xm)(An) =) Py, (n)(m1) Pyn (Dimy)

mi
<Y P, () (M) | Dy, [ e HE) D)
miy
< e_"(H(?)_7)|M2|. .

WAK <« Single-user HT: Let E be arbitrary such that £ — v < H(Y). Given a

single-user HT testing scheme (¢, 1,), we define the set

P?n\%()?n)(yﬂml)
Pyn(y™)

D, (m1) plays the role of the conditional typical set in the standard proof of the

WAK setting, cf. |CT12|,[EK11]. We use the mapping ¢, as the compression
mapping for X" in the WAK-problem. From the definition of D,,(m) we obtain

Pr{Y" ¢ Dp(én(X"))}

1
Dp(m1) = {y" —log

> EV} NAZ. (6.36)
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(%) - _ _
< ap +e"ETB, + Pr{y" ¢ A7}, (6.37)

where (x) follows from [Han03, Lemma 4.1.2]. Furthermore, we have |D,(m1)| <

en(H(Y)+2’Y*E) for all m since

1> Pyy, (xn)(Dn(mi)|ma)
= Y Pragxn@"m) = Y Ppa(yh)e"®

y"EDn(ml) y"E’D"(ml)

> D, (my)|e " HO ) gn(B=), (6.38)

Let mgy be a uniformly random bin index of y™ and B(msz) be the set of all such
y™. The decoder decides that §™ is the reconstructed sequence if it is the unique
sequence such that g™ € B(msg) N D, (mq), where my and ms are sent messages
from Encoder 1 and 2. It then follows that

Pr{Y" # Y"} < Pr{Y" ¢ B(My) N Dy (¢(X™))}
+Pr{35" £ Y™, 5" € Du(¢n(X")) N B(M,)}

Pr{I™ ¢ Du(6a(XM)) + Pr{3F" £ V7, 57 € Du(6(X™) 0 B(Ma))

(b) n(H(Y)+2y—E)

< ap " BN, 4 Pr{Y" ¢ AT} + © yon
2

(6.39)

(a) is valid since Y™ € B(Mj). The inequality (b) holds since each §" is assigned
independently to a bin with probability 1/|Ms| and the number of such §" is
bounded by e*(H)+27=E) " ¢f, . The existence of deterministic mappings
@h,, and 9!, follows immediately by the random coding argument. O

Remark 6.4 We discuss herein briefly the effect of a randomized test for the single-
user HT. Let T': M x Y™ — [0, 1] represent the probability that Hy is chosen given
(mq,y™). The corresponding probabilities of errors of type I and II are

Gn =D Prug xm)(™" dn@™)(1 = T(¢n(z"),y™)),

ym,xn

Br= Pru(y")Py, xn)(0n(a )T (dn(a"),y"). (6.40)

yn xn

Then Theorem is still valid since (x) in (6.37) holds due to [PW17, Lemma
12.2].

As a consequence of Theorem [6.2] we show in the following a relation between
e-achievable rate regions. We recap the relevant definitions again in the following.
Fix an € € [0, 1).
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Definition 6.3 Let the e-achievable rate region for the WAK problem Rwaxk,c be
the closure of all (Ry, Rz2) such that there exists a WAK-code (¢1,,, 2n, ¥ ) which
satisfies

1 ~ _
limsup —log |M;| < R;, i =1,2, and limsupPr{Y" #Y"} <e. (6.41)
n—soo N n—o00

Define the minimum e-achievable compression rate of Y™ for a given compression
rate Ry of X" as R} ((R:1) = inf{Ry | (R, R2) € RwaK,c}-

Note that since Rwaxk, is a closed set, the inf{-} operation in the definition of
5..(R1) can be replaced by the min{-} operation. As (Ri, H(Y)) € Rwak,e,
Ve € [0,1), R5 (Ry) is finite. Additionally, let us define the following:

Definition 6.4 Let the e-achievable rate region for the single-user HT problem
Rut,e be the closure of all (R, E) such that there exists a single-user testing
scheme (¢, ¥, ) which satisfies

1 1 1
limsup — log |M;]| < R, limsup &, < ¢, and liminf — log — > E. (6.42)
n—oo TN n— o0 n—oo N ﬂn

Define the mazimum e-achievable error exponent for a given compression rate R,

of X™ as EX(R.) =sup{F | (R¢, E) € Rur,}-

We observe further that EX(R.) < I(X;Y) since the later is the error exponent
of uncompressed data. Additionally E¥(R.) > 0 also holds since (R.,0) € Rur,e,
Ve € [0,1).

The following result provides an alternative view on the proof of the strong converse
for the single-user testing against independence problem.

Theorem 6.3 For all R, > 0 and for all € € [0,1) we have

Proof. Given a v > 0 and € > 0, there exists a WAK-code (¢1,, Pan, ¥n) which
satisfies all the conditions in Definition |6.3| for the rate pair (R, + 7, R5 (R.) +7).

This implies that for all sufficiently large n we have |Ms| < e"F2.:(F)+27) By the
first part of Theorem [6.2} the corresponding testing scheme satisfies
1 1 -
limsup &, <€, liminf —log =— > H(Y) — 3y — R} (R.).
n—00 n—oo 1 Bn ’
This implies that (R, +v, H(Y) —3y— R} ((R.)) € Rur,. Since y > 0 is arbitrary
and Ry, is closed by definition, we obtain E*(R.) > H(Y) — 5.c(Re).
Conversely, given v > 0 and ¢ > 0 there exists a testing scheme (¢,,,1,) such
that (R, + v, EX¥(R.) — ) is e-achievable according to Definition i.e., for all
sufficiently large n we have

B, < (B (B)-2),
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Choosing E = E*(R.)—2v and | M| = en(H)+57=EX(Re)) we obtain by the second
part of Theorem [6.2] that

lim sup Pr{)ﬁf" #£Y"} <e, (6.44)

n—oo
which implies that (R, + v, H(Y) + 57 — E(R.)) € Rwak,e. Since v is arbitrary
and Rwak,c is also closed by definition, therefore we obtain R3 (R.) < H(Y) —
B (R.). 0

Another important consequence of Theorem [6.2] which states an equivalence of
exponentially strong converse statements, is given as follows.

Theorem 6.4 The following statements are equivalent:

1. For any code which satisfies

lim sup — log\/\/l | < R, and, hmsup log\/\/l2| < Ry, (6.45)

n—oo

in the WAK problem, if (R., R2) ¢ Rwaxk,o, then Pr{Y" # )A/"} — 1 expo-
nentially fast at a positive convergence rate.

2. For any single-user HT scheme with

1
lim sup — log M| < R, and, hm mf —log 5. 2 > E, (6.46)

n—roo n n

if (Re, E) ¢ Rur,o, then oy, — 1 exponentially fast at a positive convergence
rate.

Proof. Assume that the first statement holds. It suffices to show the second state-
ment when E < H(Y). Let (¢n,¥n) be a hypothesis testing scheme such that
limsup,, ., > ~logM < R, and lim inf,, oo + = logﬁ% > E where (R.,E) ¢ Rur,o-
Let v > 0 be small enough such that (R.,H(Y) + 4y — E) ¢ Rwak,0- By the
second part of Theorem there exists a WAK-code (¢, ¢4,,, 1)) such that with
E=E—~and |M,| = (Y)+47=E) we have

Pr{f/" #Y"} <4207 +Pr{Y" ¢ A2} (6.47)

Since the weakly typical set A7 includes the strongly typical set 7 for a fixed,
positive, and small enough €, the last term goes to 0 exponentially with a conver-
gence rate of at least 2¢2. By the assumption Pr{Y" = }A’"} goes to 0 exponentially
at a rate of 7 > 0, we then have a,, — 1 exponentially at a rate of min{n,~, 2¢2}.

Conversely, assume that the second statement holds. Let (¢1,, don, ) be a
WAK-code such that

lim sup — log|./\/11| <R,, hmsup log|./\/l2| < Ro, (6.48)

n—roo
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where (R, R2) ¢ Rwak,- Let v > 0 be small enough such that (R., H(Y) —
2y — R2) ¢ Rur,. By the first part of Theorem the constructed testing
scheme satisfies lim inf X log i > H(Y) — 2y — Ry. The corresponding false alarm
probability «,, hence goes to 1 exponentially at a rate of £ > 0, or Pwag{error} — 1
exponentially at a rate of min{¢, 2¢?}. O

Remark 6.5 Note that the following two conditions are needed for proof of Theo-
remsand Pyn = Pg" to ensure that 2~ "HX)+7) < py.,, (y") < 2 n(H(Y)=7),
(R1, H(Y)) € Rwak,e as well as Pr{Y™ ¢ A%} — 0, and E*(R,) is upper bounded
by H(Y). We present now a simple example on finite alphabets without the iid
assumption of the joint distribution where these two conditions are still active.
Hence, Theorem is still valid. Let P; xy and P> xy be distributions which
belong to the set {Qxy | @x = Px, Qy = Py} such that D(P;, xy||Px x Py) <
D(P, xy||Px x Py). Let the source distribution of the WAK problem and the
distribution under Hy in the HT problem be Pxny» = QPS);Y +(1- a)Pf}éY
where a € (0,1). The distribution under H; is still P¢™ x PZ"™. The process
governed by Pxnyn is stationary but nonergodic, cf. |[Han03|, Fig. 1.5] for an il-
lustration of its information-spectrum. The maximum error exponent of type II in
the uncompressed case is given by [Han03 Example 4.2.1]

D(Pyxy||Px x Py) if0<e<a
D(Pyxy||Px x Py) whena<e<1 '

E¢ (log |X]) = {
Note that E¥(log|X|) < H(Y) holds. The strong converse however does not hold.

6.2.B  Soft-covering implies strong converse

We now get back to our multi-user setting. Applying the blowing up approach from
[ACS86| to study the e-achievable error exponent is challenging, since both distri-
butions are not product distributions of iid random variables. We instead employ
the information spectrum approach on top of the result by Ahlswede and Csiszar
to show the converse. Similar to Definition we have the following definition.

Definition 6.5 Let € € [0,1) be an arbitrarily given constant. An error exponent
E of type II is e-achievable given (R, R.) if there exist compression and decision
mappings (¢n, ¥,) such that

n— 0o n—oo M

1 1 1
limsup v, <€, limsup — log |M;]| < R, and liminf — log — > E. (6.49)
n—oo N Bn

We define E* (R, R.) = sup{E | E is e-achievable given (R, R.)}.

We first present a lemma that relates our multi-user setting to the single-user
setting. It says that when the likelihood ratio test is considered the probability of
type I of error in our multi-user setting is greater than or equal to the one of the
single-user setting due to the presence of multiple users.
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Lemma 6.1 For any compression sequence (¢,), and E,'y > 0, we have for all
sufficiently large n

Pyn (Y™ (X .
Pr{llog Yo, (xm) (Y™, on(X")) S E}
n Pyn X P¢n(X")<Yn7 (bn(Xn))

< Pr{L(Y"; Gn(X™)) > log M + n(E — 7)} + O(exp(—nkE)), (6.50)

where the left-hand side of (6.50)) is evaluated with (Y™, X") ~ Py, as given in
Py, (xmy (Y [on(2™))

Py (y™)
Proof. We denote the LHS of (6.50) by L, (E,~) and suppress the dependency on

A~

(E,7) in the proof for notation brevity. Given a compressed tuple ¢, (x™) of users’
data sequences, we define the following (conditional) distribution on Y™

Uy"; on(a™)) = log

M
» n 1 n n(;
Py g xm) (y") = MZPY"WH(X")@/ [P (2" (7)))-
=1

We observe that under hypothesis Hy the induced joint distribution of (Y, ¢,,(X"™))
can be reformulated as

M
Py, (", 60(x")) = Prty 6,y (") % [ ] P,y (0027 (0))- (6.51)
i=1

The corresponding induced joint distribution under hypothesis H1, Pp, 4., is equal
to

M
Pyn(y™) < [ Po.xm) (dnla™(K))). (6.52)
Therefore, since (Y™, X") ~ Py, we can rewrite L, as

Py g0 (X)

k=1
L, =Eg, (xn) [Pr{Pyn(Y”) > ¢n(X")H

=Ky, (x) Fo(Pry.6, (x| | Pyn). (6.53)

Herein we have

R (PIQ) = Pr{ G5(x) > u}

where X ~ P is the excess relative information metric with threshold n, n = e"¥, as

defined irFEI [LCV17]. For each tuple ¢, (x™), which is a realization of ¢, (X"), we

~ 6-2The metric is denoted therein by F,(P||Q). We use a slightly different notation herein, since
(-) has been employed to denote the single-user case.



Characterization via Strong Converse 133

can view PH07¢n(xn) as the output distribution induced by selecting one sequence
in the tuple uniformly at random and feeding it into the input of the channel
Pynjg, (xny- The soft-covering lemma for the F}, metric in [LCV17, Theorem 24]
states that

Eyg, (x) Fy (Prg 6, xm)| | Py)
_ _ 1 _ _
< Pr[u(Y™; ¢,(X™)) > log(Mo)] + ;PI‘[L(Y”; ¢n(X™)) > log M — 7]

exp(—T)
—_— 6.54
rE el (650
where herein o, v > 0 are arbitrarily satisfying n—1 > v+o, 7 € Rand (Y, X") ~
PZ%. If we take, 7 = —nE, 0 = n/4 — 1 and v = n/4, then we obtain

E¢n,(X")F’l7(pHo,¢n(X") |PY7L)

< Pr{L(Y"; dn(X™)) > log M + nE + log(1/4 — 1/77))}
+ 8exp(—nk). (6.55)
The conclusion of the lemma follows. O

Roughly speaking, to provide a strong converse statement we aim to drive L,
to 0 as n — oo. It can be seen that if E is greater than the spectral-sup mutual
information of (Y™, ¢,(X")) then L, goes to 0. However, the bound is hard to
characterize in a single letter form. The following corollary shows that there exists
a sequence (L, ) which goes to 0. It will be shown later that the conclusion is
sufficient for proving a strong converse statement.

Corollary 6.1 Given a compression sequence (¢,) such that

1
lim sup — log |M;] < R..
n

n— oo

If E= Ruax — R4 3y where R < Ryax and v > 0 s arbitrary, then there exists a
subsequence (ng)32, such that

lim L, (E,v) = 0. (6.56)

k—o0

Proof. Tt suffices to show that there exists a subsequence (nj) such that the first
term in the RHS of (6.50]) converges to 0.
Define the following acceptance region for the single-user hypothesis testing problem

A= {0700 1575607) > nE . (6.57)
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where E = Ruax + 7. Then it can be seen that

Bn = PYH X qun()?")(jn)
=Y BBy e (Gale™)

(y™,bn(z))EA,

<e Z Pyng (xm)(y"”, dn(a™))
(Y™, (27)) €A

<e "E (6.58)

thus liminf,, %log BL > F. Since F > Rpmax by the strong converse result of
Ahlswede and Csiszar [AC86| Theorem 3] we have

lim sup &, = 1, where &,, = Pyn(bn()gn)(fl%). (6.59)

n—oo

Then there exists a subsequence (ny)72 ; such that

k— o0

lim &, =1 lim Pynk%(;{nk)(ﬂnk) =0. (6.60)
Additionally, for all sufficiently large n we have
E—~v+ % logM > E
which implies further that
Pyuy, (xny(An) = Pr{e(Y"; ¢,(X")) > log M + n(E -}

By Lemma and we then obtain
lim L,, (E,~)=0. (6.61)

k—o0

O

We now summarize the above analysis in the following theorem, which is the
strong converse statement.

Theorem 6.5 The strong converse holds, i.e., for all e, 0 < e <1,
EX(R,R.) =0(R,R.) = Ruax — R, if R < Ruax- (6.62)

It is interesting to note that Theorem shows the tightness of E*(R, R,) for
R < Rpax. It is not clear whether the same statement can be reached with the
methods in Section Although, the linear dependency of EX(R, R.) on R when
R < Rp.x is interesting, we do not have a clear explanation for this behaviour.
However, we believe that it holds due to the specific symmetry of the setting where
the processes are mixed uniformly in Pp,. The proof of Theorem uses a similar
idea as the strong converse proof of Stein’s Lemma in Chapter
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Proof. Suppose that there exists a sequence of compression mappings (¢,) and a
sequence of decision mappings (¢,,) such that

lim sup o, < €, lim sup 1 log|M;| < R., and liminf 1 log 1 > FE. (6.63)
n— 00 n—oo N n—oo N /Bn

Given v > 0 small enough such that € + vy < 1, then for all sufficiently large n we

have a,, < ¢+~ and 8, < e ™F=7) Select E = Rpax — R+ 3y and let (ng) be

the corresponding subsequence such that holds. Then by applying Lemma

c.f. also [PW17, Section 13.1], we have

- Pyn n
1— o, —e"fp, §Pr{1log Yrén(Xn)

IV XY) yn g (X)) > B,
n Pyn XP¢71(X")( ¢ ( )) }

A

holds for any n. Since, the RHS is actually L, (F,~) as defined in proof of Lemma
[6-1] we obtain for all sufficiently large ny, the following

l—e—vy— e B enn(B—) < Ly,

A 1
= F-F+~y>—log(l—e—~vy—1L,,)
ng

= Rmax—R+4’72E ’Qg Rmax_RZE
= Rpax — R 2> E:(R7 Rc) (664)

The last inequality holds since F is an arbitrarily e-achievable exponent. The
conclusion follows since Rpax — R < EX(R, R.) when R < Rpax by Theorem
Note that the upper bound still holds even if we define E* (R, R.) on the closure of
e-achievable region of (R, F). O

Due to the presence of multiple users in our setting, it is natural to ask for the
behavior of errors of type I and IT when the number of users exceeds the identifiable
threshold, i.e., R > Ryax- We provide some partial information for their behaviors
in the following theorem.

Theorem 6.6 Given a sequence of compression mappings (¢,) such that

1
lim sup - log [M;1]| < R..

n— oo

Consider the case R = Ryax(R.)+7 where vy > 0 is arbitrary, then for any sequence
of decision mappings (y,), the following holds

lim sup(a, + Bn) > 1. (6.65)

n—o0

Moreover, in case of no compression, i.e., correspondingly R = I(X;Y) + v, we
obtain lim, o (an + Bn) = 1.
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We interpret the result of Theorem via the receiver operating characteristic
curve as follows. In the design process, one aims to attain the highest detection
probability for a given false alarm level. Theorem [6.5] states that the detection
probability can be driven to 1 as long as the number of users is below Ryax(Rc)
and the false alarm level is strictly below 1. However, Theorem [6.6] says that
when the number of users in the system exceeds Rpax(R.), the performance of any
decision rule is not significantly better than a random guess.

Proof. From ([6.51)) and (6.52)), the variational distance between Py, 4, and Py, 4,
is given by

1Pty 6, = Pry g v = B, xm) || Prig,on ) = Py gy

By the soft-covering lemma |Cuf13, Corollary VII.2], [Hay06, Lemma 2|, we obtain
that

| Pro.¢. — Pry,en llTv

<pd L ymio, (X)) > R 7 1\/€H(Rmx+7/2) 6.66
S rr EL( ,(bn( ))> max+§ +§ T ( . )

From the definition of the total variational distance we obtain
1 —ay — Bl < sup | Pty ¢, (A) — Py, (A)]|
= | PHo.p,, — Py, |V (6.67)

Let A,, be defined as in (6.57) with E = Ry +7/2 instead. Then by using (6.66))
we obtain

- < . [@60)
< S S =
lim inf Pyoy, (xn)(An) 0, (6.68)

which implies limsup,,_, . (ay, + Br) > 1. In case of no compression we replace the
lim inf,,_,(-) operation by the lim, . (-) operation and use the weak law of large
numbers in the last step. O

Combining the results of Theorem and Theorem [6.6| we obtain E*(R, R.) =
max{Rmax(R:) — R,0}. We observe an information loss in the sense that when
R > Rpax(R.) a compression scheme ¢,, can achieve a positive error exponent in
the single-user case while our multi-user error exponent is zero. Along the flow of
Section [6.2.A] we establish in the following a reverse statement of Theorem [6.1]

Proposition 6.3 Fix E and v > 0. Given a multi-user testing scheme (¢n, V)
with probabilities of errors (au,, Br) there exists a single-user testing scheme (¢p,, Y1)
such that the corresponding probabilities of errors are given by

ay < oy + e”EBn + (’)(exp(—nE))
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_ A o1
< emME-Y) 6.69
fn < e U (6.69)

for all sufficiently large n.

Similarly to the discussion after Theorem [6.1] the above bounds are loose when
R > Rpax(Re).

Proof. Define a single-user decision region as

A ={(y" dala™) | (y™; d(a™)) > log M +n(E —7)}. (6.70)

By Lemma [6.1] we obtain

A

> Pyn%()gn)(/{fl) — 8exp(—nFE) = &, — 8exp(—nkE). (6.71)

Similar to (6.58)), by the change of measure we also have

efn(EAf'\/)

Bn < —; (6.72)

O

Theorem and Proposition indicate that when R < Rpax(R.) the same,
close to optimal, compression mapping ¢,, can be used for the single-user HT and
multi-user HT settings to achieve the e-achievable performances. This mapping
can also be used for the WAK setting according to Theorem [6.2 The relation
about e-achievable performance for the WAK and the identification problem is
given in Theorem We summarize these relations in Fig. where the solid
arrow indicates a constructive transformation while the dashed arrow indicates a
non-constructive transformation. The constructive transformations between the
single-user HT against independence and the identification problem is shown in the
next subsection.

Theorem 6.7
Theorem Theorem [6.2] Theorem [6.1]
ID S —————__ SWAK —_______7 I-HTZ—/—/—M-HT
Theorem Theorem Proposition [6.3]
Theorem 6.7

Figure 6.1: Reusability of the same compression mapping across settings.
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6.2.C  Equivalence between single-user HT and Identification

We establish herein the equivalence between the single-user hypothesis testing
against independence and the identification problem. In both settings we allow the
compression of the sequence 4. Two hypotheses in the HT problem are Hy: Pxnyn,
Hi: Px» x Pyn~. Note that we do not assume either Pxnyn» = Pg?{}, or X and )Y are
finite. However, it should be assumed that X and ) are nice enough, for example
Polish spaces. With abuse of terminology and notation we will redefine some terms
and notations in the subsequent development.

A testing scheme consists of two compression mappings (¢1,,, ¢2,,) and a decision
mapping v, where

Gin: X" = My, dop: Y — Moy
’(ﬂn: M1 X Mg — {O, 1}. (673)

The acceptance region can be defined similarly as in . The probabilities of type
I and II errors @, and /3, can also be determined accordingly. For the iid case, this
setup was discussed briefly in |[AC86), for which a single-letter characterization for
the optimal achievable error exponent of type II of error is still challenging.

Similarly, the joint distribution of the users’ information, the observation and
the randomly selected index in the ID problem is given as

Pynxnw (y", x", w) = %PYHXH (y"]z" (w)) x HPX” (" (k). (6.74)
k

An identification scheme consists of two compression mappings (¢1,, P2,) and a
decoding mapping 1,, where

Gin: X" — My, don: V" — My, and ¢, : MY x My — WU {e}. (6.75)

In the identification problem one wants to control the probability of incorrect identi-
fication Pr{W # W}, where W = t,,(¢1,,(X™), d2n (Y™)). This setting was studied
in [WOO08] when Pxnyn = PYy., where inner bounds and outer bounds on the
achievable rate region were derived. A connection between the achievable regions
of these two problems has been drawn recently in [PPM16| via the entropy charac-
terization.

We first establish the following useful lemma, which is a generalization of Lemma

Lemma 6.2 For a given v > 0 and a given identification scheme (d1n, Pan, ¥n),
we have

Pr{W # W} > Pr{L(czsgn(Y"); $1n(X™)) <log M — m} —e ",
where again (Y™, X™) ~ Pynxn and

P Yy n X
(2 (y"): G1a(a")) = log 22N (G (47), 01, (@), (6.76)
¢2n(Yn)
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It can be seen that the first term on the right-hand side of Lemma is the
corresponding false alarm probability when testing Hy : Pxnyn versus Hy : Pxn X
Py« using the log-likelihood ratio test with the corresponding threshold log M —n-y.
The proof of Lemma [6.2] is presented in Appendix [6.B] Using Lemma [6.2] we can
establish an analogue of Theorem [6.2] as follows.

Theorem 6.7 Fiz an arbitraryy > 0. Given an identification scheme (¢1n, dan, ¥n),
we can construct a single-user HT scheme (¢1p, pan, ¥),) such that the correspond-
ing error probabilities of type I and II are given by

o — ny
an <Pr{W £W}+e ™, and B, < eﬁ (6.77)
Conwversely, given a testing scheme (¢1n, an, ¥n) for the single-user HT problem,
we can construct an identification scheme (d1n, Pan,¥l,) such that
Pr{W # W} < a, + Mp,. (6.78)

Proof. 1D = Single-user HT: From a given identification scheme (1, don, ¥n) we
use the same pair of mappings ($1,, P2, ) to compress information in the single-user
HT. From the interpretation of the Lemma [6.2] given above, it is natural to define
an acceptance region for the single-user HT setup as

/_ln = {(¢1n(3€”>7 ¢2n(yn)) | L(¢2n(yn); (bln(xn)) > 1OgM - ”7} (679)

The probability of type I of error is then given by
On =Py (xnygmn ) (AS) SPH{W £ Wh+e™, (6.80)

where the inequality follows from Lemma [6.2] By the change of measure we also

obtain
_ ny

[
B = Py, (xm) X Py @y (An) < 7 (6.81)

ID <« Single-user HT: Given a testing scheme (¢1,,, dan, 1n) of the single-user HT,
let A, be the acceptance region. We use the mapping ¢1,, to compress each user’s
information and store it into a database and the mapping ¢o, to compress the
observation sequence y" in the identification setting. We define the decoding rule
as follows. We search for a unique @ such that

(P2n(y"), P1n(2"(W))) € Ap. (6.82)

If there exists none or there is more than one of such index, we output e. Define
the following error events

&1 = {(¢2a(Y"), 01n (X" (W))) & A}
&= {30 £ W | ($2(Y"), o1n(X" (1)) € An}. (6.83)
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Then
Pr{W # W} < Pr{&} + Pr{&}. (6.84)

The probability of the first event is given as
Pr{&1} = Py, (ynygn, (xn) (An) = @n. (6.85)

The probability of the second event is upper bounded as

Pr{&} < Z Z o (v ) [ Wew X Py, (7 () (An)

w w;éw
B Z % g Py, ) X Py, (xm) (An)
< M. (6.86)
Hence the reverse direction follows. .

We are now ready to present a connection between e-achievable rate regions of
the two settings. For that purpose we need some additional definitions, which we
briefly state in the following. For an arbitrary but fixed € € [0,1), define Rip .
to be the closure of all tuples (R, Ro, R) such that there exists an identification
scheme (¢1,, Pan, ¥r) which satisfies

lim sup — 10g|/\/l | <Rii=1,2,

n—oo
lim mf logM > R, limsup Pr{iWV # W} <e. (6.87)
n—00 n—00

Then, we can define the e-identification capacity for a given compression rate pair
(Rl, Rg) as R:(Rl, Rz) = sup{R | (Rl, Rs, R) € RID,E}'
Further, define Ryt to be the closure of all tuples (Rq, Rz, E) such that there
exists a single-user HT scheme (¢1,, ¢2n, ¥y ) such that

lim sup — log\/\/l | <R;, i=1,2,

n—oo
1
limsup &, < ¢, lim 1nf log— > E. (6.88)
n—00 n—oo 1 Bn

Similarly we define the maximum e- achievable error exponent for a given compres-
sion rate pair (Ry, R2) as EX(Ry, R2) = sup{E | (R1,R2, E) € Rur.}-

Theorem 6.8 For all € € [0,1) and for all (R1, R) € R2, the following equality
holds E:(Rl, Rg) = R:(Rl, RQ)
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Proof. Assume that both quantities are finite. Given v > 0 there exists an iden-
tification scheme (@1, Pan,¥rn) such that all conditions in are satisfied for
(R1 + 7, R2 + v, R:(R1, R2) — ). This implies that for all sufficiently large n we
have M > e™(F(F1,2)=2%) " Then by the first part of Theorem [6.7| the probabilities
of error of the corresponding single-user HT scheme are bounded by

1 1
lim sup &, < e, liminf — log N > R:(Ry, Ra) — 37. (6.89)

n—00 n—oo 1 n

This implies that Ef(Ry, R2) > R:(R1, R2), by taking v — 0.
Conversely, there exists a single-user testing scheme (@1, Pan,n) such that all
conditions in (6.88)) are satisfied for (Ry ++, Ry +7, £ (R1, R2) — 7). This implies

that for all sufficiently large n we have 8, < e~"(Fc(F1,R2)=27) ' By choosing M =
en(E:(R17R2)737) we obtain

limsup Pr{W # W} <, (6.90)
n—oo
which implies that (R + 7, R2 + v, EX(R1, R2) — 37) € Rip,.. Hence, we have
E*(R1, Ry) < RX(R1, Ra).

Next, if Ef(Ry, R2) = oo for some pair (R1, R2) € R3 and € > 0, then we can
modify the proof as follows: Let {E,,}2°_; be a sequence such that F,, < co,Vm,
and E,, — oo as m — oo. Then we replace E’(Ry,Re) with E,, in the last
paragraph to get (R1, R2, Ep,) € Rip,.. This holds for any m, hence R} (R1, R2) =
oo as well. The case R} (R;, Ry) = oo can be handled similarly. O

Remark 6.6 It follows from [Han03, Theorem 3.5.2] that I(¢1,(X), ¢an(Y)) <
min{ Ry, Ro} 4+ holds where v > 0 is arbitrary. Therefore, Lemmaimplies that
R!(R1, Ry) < min{Ry, R2} + . Hence both R}(R1, Rs) and E*(Ry, Ry) are finite
and equal each other.

Remark 6.7 As the consequence of Theorem the strong converse for the
Gaussian ID setting presented in Appendix implies a strong converse proof
of the HT against independence for the iid Gaussian with one side compression
scenario. Note further that we can replace ny in Lemma with v/ny. Hence,
we could establish a second-order relation between these two settings as follows. If
in the first part of Theorem we have M > e™(B+S5/vn) then we obtain Bn <
e~ (B+(S=)/v) If in the second part of Theorem we have 3, < e~ E+5/Vn)
then we can choose M = e*(E+(5=7)/vn),

Remark 6.8 Let (¢, 1, ) be a multi-user testing scheme which achieves a positive
error exponent £ > 0 when R < Ryax(R.). The scheme exists since F(R, R.) =
Ryax(R.) — R is positive. Then by choosing v < E < E in Proposition We
obtain a single-user testing scheme (¢, ) such that a, — 0 and B goes to 0 at
arate £+ R. Applying Theorem ﬁwe obtain an identification mapping ’(/NJn such
that R

Pr{W # W} < a, +e " 0. (6.91)

Hence the relation ¢, € B(R, R.) holds, i.e. (6.29) is also the necessary condition.
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6.A Supplementary arguments for Remark

Since R < Rpyax there exists for any 6 > 0 a conditional distribution Py x such
that R, > I(X;U) and max{R, Ryax — 0} < I(Y;U) < Rpax hold. We are going
to show that I(Y;U) — R is an achievable exponent of the second type of error and
the probability of identifying W erroneously goes to zero as n goes to co.
Codebook: Generate e™%< codewords u™(m) iid according to the marginal distribu-
tion Py.

Enrollment: For each user 4, we look for a codeword u™(m;) such that

(2" (i), u"(mi)) € T (Pxuv),
where 7 denotes the strongly typical set, and store m; as j; into the database.

Acceptance region & Decoding mapping: A, is defined (for a given codebook) as
the set

A ={(y" (" (0)1Ly) | (", u"(ji) € T (Pyv) for some i}. (6.92)

To obtain 1, we define the decoding rule as follows: We declare w to be the output

of 1y, if it is the unique index such that (y",u"(js)) € T*(Pyy). If there is none

or more than one such index then the output of ¥, is a fixed error indicator symbol

e. The analysis of the probabilities of errors of type I, Il and decoding error can be
proceeded similarly as in the proof of Theorem and as in [Tun09]. We obtain

Ej(R,R.) > 0(R, R,). (6.93)

To show the other direction, i.e., E5(R, R.) < §(R, R.), we note that from the weak
converse

I(Y"™; ¢ (X™) > —(1 — ap) log B — ha(aw,). (6.94)
The left-hand side can be expressed further as
nH(Y) = HY"|W,¢n(X")) — HW|pn(X")) + HWIY™, 6,(X")),  (6.95)

where the underlying probability distribution is induced by the hypothesis Hj.
Since (¢,,) belong to B(R, R.), we obtain that

HWIY™, ¢n(X")) < ney, (6.96)
due to Fano’s inequality where €, — 0 as n — oo. Therefore, we obtain
—(1 — ay)log By, — ha(aw) <nHY) - HY™W,Jw) —log M + ne,.  (6.97)

The rest follows from the proof of Proposition (6.2
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6.B Proof of Lemma

Define the set

A= {(920(y"), 1n (2" (W), w) | U(d2n(y"); b1n (2™ (w))) > log M —ny}.  (6.98)

Note that the first term on the right-hand side in the statement of Lemma [6.2] is

given by
Pr{(¢2.,(Y"), o1 (X" (W)), W) € A}, (6.99)

cf. the joint distribution in (6.74). Additionally, as W = b, (don (Y™), ¢1,(X™)) we
have

Pr{W = W} < Pr{W = W, (¢2n(Y™), o1, (X" (W)), W) € A°}
+ Pr{(¢2n(Y"), ¢1n (X" (W), W) € A}. (6.100)

We can bound the first term in the above inequality as

Pr{W = W, (¢2,(Y™), $1,(X"(W)), W) € A}

M
=) > Py v fonn (i (G20 (0™ b1n (2™ (w))

w=1 (2n (¥™),p1n(x™)):
P ((P2n (y™), 010 (x™))=w
(P2n(y™),P1n (z"™ (w)),w)EA®

. 1
x P¢1n(x")(¢1n(x l))M

(%) M Me—™7 ., .
= Z M Z P¢2n(?")(¢2“(y ))P¢1H(X“)<¢ln<x ))
w=1 (2n(y"),P1n(x™)):
Y ((P2n(Y™), P10 (x™))=w

=™ Y Pyyxy(d1a(x™))
¢1n(xn)

X Pqﬁgn(f/") |:U {¢2n(yn) wn(¢2n(yn)a ¢1n(xn)) - U}}
<e ™ (6.101)

— )

where (%) is valid due to the definition of A. The conclusion of the lemma follows.






Conclusion

N this thesis we investigated several aspects of identification systems: reducing
I processing complexity with a hierarchical architecture; relaxing the assumption
on the joint distribution; and examining whether the observation is related to the
system or not. We studied and provided fundamental characterizations on the
performances in each case. Our study filled some gaps between the initial models
and practice. Still, some additional work could be done to refine the theory.

The results presented in this thesis are mostly in terms of mutual information,
entropy of auxiliary random variables. Computing these results for practical pur-
poses are generally difficult since we still face the challenge to solve the numerical
(non-convex) optimization problem. Therefore we need some approximation pro-
cedures, algorithms for such quantities.

The relation between the single-user HT problem and the ID problem is quite in-
teresting. To go further we could try to establish the (preferably closed) distributed
hypothesis testing regions when compression of both 2™ and y™ is considered. The
task is very challenging for the discrete case as it has been open for a long time.
We however think that something could be done for the Gaussian case since the
problem can be perhaps related to the Gaussian distributed source coding problem.

Finally, we can change some more assumptions to make the models more prac-
tical. Take for a simple example that our sequence z"(i) are images of small size
100 x 100 pixels. The block length is then 10*. Even with a very small identifi-
cation rate of 0.01 bits the number of supported users would be ~ 103°, a huge
number. This implies that in reality we possibly operate far below the identifica-
tion capacity given a compression rate. Furthermore, discussing search complexity
in a system with such huge number of users, is also problematic. An interesting
question therefore could be: Given a number of users M, a block length n and
a joint distribution Pxy what is the optimal error probability? Herein M is not
necessary an exponential function of n.
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“I gotta stop somewhere. I'll leave you something to imagine.”
Richard Feynman
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