





Appendix A
Proofs for Chapter 3

Here, we present the proofs of Theorems 2 and 3.

A.1 Proof of Theorem 2

We now consider mean square stability of the system described in  (3.6)
without setting (k) = 0. We thus consider mean square stability in the
sense of De nition 1.

The state correlation matrix for system  (3.6) satis es the difference
equation [224]

L
M(k +1) = AoM (K)Ag + EoWE] + 3 Z.Z(A“ZM (K)AT + EiWEiT>:
=1
(A1)

The noise covariance W and the matrices Ey and E; are constant,
thus, we introduce W := EoWEJ + YL, 2E;WET to simplify nota-

=1 1
tion. We further de ne the linearmap (X )= AoXAQ + Y1, 2AXAT,
then (A.1) simpli es to
Mk+1)= ( M(k)+ W: (A.2)
With that, we can state the following result:

Lemma 4. If the system (3.6) with (k) = 0 VK is MSS according to
Definition 2, the system defined in (3.6) is MSS according to Definition 1.

Proof. We rst write (A.2) in explicit form,

k1

MK)= FM©)+ Y ‘(W) (A.3)

=0
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216 Proofs for Chapter 3

where I'* denotes the repeated composition of I with itself and I'’ means
identity. Now taking the limit & — oo yields

k—1 k—1
lim M(k) = lim T*(M(0))+ lim Y T*(W) = lim » T*(W —I(W))
k—o0 k—o0 k—o0 part e
=0by Lemma 1
k—1 k
= lim (er?(W) - ZF’L‘(W)) = TO(W) — lim TF(W) = W,
=0

k—o0 ‘
=1

where W is the solution to W = W —I'(W), which exists as the linear map
I' is stable (cf. [224, p. 132]) and was used after the second equal sign. The
argument limy,_, ., I*(M(0)) = 0 follows as I'*(M(0)) exactly describes
the the state correlation matrix in the noise-free case. As we assume
the noise-free system to be MSS, lim,_,, I'¥*(M(0)) = 0 directly follows
from Definition 2. Definition 2 further requires the state correlation
matrix to vanish for any initial z(0) and thus M (0). Therefore, we can
set M (0) = W and lim_, ., I'*(W) will also vanish. O

That is, by proving mean square stability of the noise-free system,
we also have the stability guarantee for the perturbed system.

We can now use Lemma 4 to prove Theorem 2. For this we rewrite (3.8)
to include noise

z(k+1) A 0 B 0 x(k)
zk+1)| [64A (1-0)A 0 B z(k)
ulk+1)] | 0 ¢FA (1—¢)I ¢FB u(k)
a(k+1) 0 FA 0 FB (k)
2(k+1) A(k) z(k) (A5)
10
0 6 v(k)
1o o (w(k))
0 0
—_—
E(k) e(k)

We employ the same transformation for § and ¢ as in Theorem 1. The
random variables v(k) and w(k) are i.i.d., zero-mean Gaussian random
variables with finite variance (X, respectively ¥,,c.s). Thus, all prop-
erties of (3.6) are satisfied, and Lemma 4 yields the stability result.
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A.2 Proof of Theorem 3

To prove Theorem 3, we will employ the following stability result for
switched systems:

Lemma 5 ([234]). Consider the discrete-time switched system i1 =
Jote)(xk), o(k) € Fand let 0 < a < 1, > 1 be given constants. Suppose
that there exists a Lyapunov function candidate V() = {V,(x),0(k) €
F} satisfying the following properties:

AV, (wk) = Voy(Tr41) — Vo) (Tr) < —aVouy(zr) Yk € [k, k]
(A.6a)
Vd(kz)(xkz) < MVU(szl)(mkz)' (A.6b)

Then the system is globally exponentially stable for any switching signal
with the average dwell time

. Inp
> 7 = el .
Ta > T cell[ (1 — a)} (A.7)

where ceil(a) is a function rounding a € R to the nearest integer greater
than or equal to a.

We will now show that this result can be applied to the system
defined in (3.2)—(3.5) and guarantees mean square stability. To this end,
we rewrite (A.5) to include switching,

x(k +1) Ag(k) 0 Ba(k) 0 x(k:)
i‘(k + 1) _ HAO'(’C) (1 - H)Ag(k) 0 Bg(k) .i(k)
u(k +1) 0 PFo)y Aoy (1 =) ¢For)Bo) | | ulk)
ﬁ(k) + 1) 0 Fo(k)Aﬂ(k) 0 Fo(k)Ba(k) ﬂ(k)
2(k+1) Aq iy (k) z(k)
1 0
0 0| (v(k)
1o o (w(k)> (A.8)
0 0
—_———— ——
E(k) e(k)

According to Definitions 1 and 2, for mean square stability we care
about the evolution of the state correlation matrix. The state correlation
matrix behaves deterministically, as can be seen from (A.1). We can
thus leverage the result from Lemma 5, which is valid for general,
deterministic switched systems.
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As Theorem 1 holds, there exists a monotonically decreasing Lya-
punov function for every subsystem (i.e., realization of fla(k) (k)) (cf. [224,
p- 132]). For a monotonically decreasing function, we can always derive
an « that fulfills (A.6a). Moreover, as we have a finite number of modes,
we can find a p fulfilling (A.6b) for all possible switching combinations.
Then we can, by Lemma 5, prove that limy_, ., M (k) = 0 for the noise-free
system, which by Theorem 2 implies stability of the system (A.8).



Appendix B
Proofs for Chapter 4

Here, we present the proofs of Lemmas 2 and 3.

B.1 Proof of Lemma 2

Because i(k) = @(k) for y(k) = 1 from (4.9), the remote error e(k) is
identical to the KF error é(k) = x(k) — #(k). From KF theory [244, p. 41],
it is known that the conditional and unconditional error distributions
are identical, namely

fe(k)) = f(e(R)|Y(k),U(k)) = N(é(k); 0, P(k)). (B.1)

That is, the error distribution is independent of any measurement data.
Therefore, we also have f(e(k+M)|YV(k),U(k)) = f(é(k+M)|V(k), U(k)) =
f(é(k + M)) (see [310, Proof of Lem. 2] for a formal argument), from
which the claim follows with (B.1).

B.2 Proof of Lemma 3

We first establish, for any M > 0,

M
Bk + M) = AMg(k) + > AMMBE(k+m - 1)

m=1

M
+ Z AM= (k4 m)z(k +m) (B.2)

m=1

M
B(k+ M|k) = AMa(k) + > AMTmBE(k +m - 1)

m=1
M—-1
+ 3" G(M —m — 1)L(k +m)z(k +m) (B.3)
m=1
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220 Proofs for Chapter 4

with z(k) := y(k) — Ci(k|k — 1) the KF innovation, L(k) the KF gain,
and G(m) as in (4.22¢), through proof by induction. For M = 0, (B.2)
and (B.3) hold trivially with z(k) = Z(k) and &(k|k) = Z(k), respectively.
Induction assumption (IA): assume (B.2) and (B.3) hold for M. Show
they are then also true for M + 1. We have from the KF iterations:

Bk +M+1) = Az(k+ M) + Bu(k+ M) + L(k+ M +1)z(k + M + 1)
=Aé(k+ M)+ B&(k+ M)+ L(k+M + 1)2(k+ M +1)
(by (4.6))
M+1
= AMHa(k) + Y AMPITBE(k+m — 1)
m=1
M+1
+ > AMFE Lk +m)z(k +m)  (from IA (B.2))

m=1

and

#(k + M + 1|k) = A2(k + M|k) + Bu(k + M)
= A#(k + M|k) + BF#(k + M) + BE(k + M)

= (A+ BF) (AMj:(k) + 3 AM M BE(k 4+ m - 1)) + Be(k + M)

m=1

M
+ BF( S AM Lk M)z(k+ M)) (from TA (B.2), (B.3))

m=1
M+1
— AJ\4+1§:(1€) + Z AM+17mB€(k +m— 1)
m=1
M
+ Y G(M —m)L(k + M)z(k + M) (by def. of G(m)).
m=1

Hence, (B.2) and (B.3) are true for M + 1, which completes the induction.

Next, we analyze the error e(k + M) for the case y(k + M) = 0 (no
communication). To ease the presentation, we introduce the auxiliary
variable e"¢(k) := e(k)|(x)=o0-

Case (i): First, we note that k£ > x(k — 1) implies «(k — 1) = £(k)
because x(k — 1), the last nonzero element of T'(k + m — 1), is in the past,
and the identity thus follows from the definition of ¢(k). It follows further
that all triggering decisions following v(¢) = 1 are 0 until v(k +m — 1)
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(otherwise (¢) would not be the last element in I'(k + m — 1)). Hence,
we have the communication pattern y(¢) =1 and y(/ + 1) =vy({ +2) =
=7k+m—1)=0.
Let A := M + k — (. From

A
e"(k+ M) =a(k+ M) — Z TMBEW +m —1)

m=1

it follows that the conditional distribution (4.19) is Gaussian. It thus
suffices to consider mean and variance in the following.
For the conditional mean, we have

Ele™(k + M)|Y(k), U (k)]

A
= E[z(k + M)|Y(k),U(k)] Z A-mBe(l+m—1), (B.A4)
and
Efz(k + M)|Y(k),U(K)] = E [E[z(k + M)|Y(k), Uk + M)]| Y (k), U(k)]
=E[z2(k + M|k)| Y (k) U(k )]
M
Mk Z “mB¢(k+m—1)  (B.5)

where we used the tower property of conditional expectation, (4.3), and
(B.3) with the fact that the KF innovation sequence z(k) is zero-mean
and uncorrelated. Using (B.5) with (B.4), we obtain

Ele “C(k+M)|y( ), U(k)] = AM (k) — A" “2(0))

X
k—¢
+ Y AM mBe(k+m -1 ARTMBE(WU +m — 1
mzl &( ) — 2 &( ) B.6)
M+k—2¢
- > AMEEEmBE( 4 m - 1)
m=k—0+1
k—¢
= AM (:%(k;) AR — ST AR MBE( b — 1)) (B.7)
m=1

which proves (4.20). The first and third sum in (B.6) can be seen to be
identical by substituting m with m + k — £.
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Employing the tower property for the conditional variance, we get

Varle™(k + M)|Y(k),U(k)]
=E [ Var[e™(k + M)|Y(k),U(k + M)Hy(k‘),u(k)]
+ Var [E[e™(k + M)|Y(k),U(k + M)]|Y(k), U (k)]
=E[P(k + Mk)|Y(k),U(k)] + Var[Z(k + M|k)|Y(k), U (k)]
= P(k + M|k) + Var[#(k + M{k)|[Y(k), U(K)].

Furthermore, Var[@(k + M|k)|Y(k),U(k)] = E(k, M) follows from (B.3),
z(k) being uncorrelated, and

Var[z(k + M)|Y(k),U(k)]
= Var[CAé(k+m — 1) + Cv(k +m — 1) + w(k + M)|V(k),U(k)]

= P(k+ M)

as defined in (4.22b). This completes the proof for Case (7).

Case (ii): We use « = k(k — 1) to simplify notation. By definition of
k, we have k < M +k —1, and hence k < x < M +k — 1. That is, a
triggering will happen now or before the end of the horizon M + k. At
the triggering instant «, we have from (4.9), e(x) = z(x) — Z(x). Hence,
the distribution of the error at time x is known irrespective of past and
future data. Following the same arguments as in the proof of Lemma 2,
we have f(e(rx)|V(k),U(k)) = f(e(r)|[Y(r),U(K)) = N(e(k); 0, P(k)).

From the definition of x, we know that there is no further communi-
cation happening until M + k — 1. Thus, we can iterate (4.9) with v = 0.
Using the same reasoning as in Case (i), we have

A

" (k+ M) =e"(k+A) =a(k+ A) - A%(k) = Y A*"Bt(k+m—1)

m=1
and thus
Ele™(k + A)[Y(k), U (k)]

A
=Efz(k+ A)V(K), U(K)] — A%3(r) = Y A2 BE(k +m — 1)

m=1

A
=E[i(k+ Alr)|[V(k),U(K)] — A%&(k) = Y AS™BE(k+m—1) =0

m=1
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where the last equality follows from (B.3) and z(k) being zero-mean.
Similarly, for the variance, we obtain

Var[e"(rk + A)[Y(k),U (k)] = E[P(k + Alr)|V(k), U (k)]
+ Var[z(k + A|r)|V(k),U(K)]
= P(k + Al|g) + Var[z(k + Al)|V(k),U (k)]
= P(k+ Alk) + E(k, A).






Appendix C
Proofs for Chapter 6

Here, we provide the proof of Theorem 4. We start with some prelimi-
naries that will be needed to ensure that the estimation errors é;(k) and
¢;; are well-behaved, what lets us conclude MSB of the overall system.

C.1 Preliminaries

To study the behavior of the estimation error, we employ the concept
of f-ergodicity. Generally, a stochastic process as (6.1) is said to be
ergodic if its sample average and time average coincide. The notion of
f-ergodicity is used in the context of Markov chains. Intuitively, if a
process is f-ergodic, the Markov chain is stationary, and the process
itself converges to an invariant finite-variance measure over the entire
state-space. More formally:

Definition 9 ([311, Ch. 10]). Let the Markov chain ® = (®(0), ®(1), ...)
evolve in the state-space X, which is equipped with some known o-algebra
B(X). The Markov chain ® is said to be positive Harris recurrent (PHR)

if
1. a non-trivial measure v(B) > 0 exists for a set B € B such that for
all ®(0) € X, P(®(k) € B,k < o0) =1 holds.

2. ® admits a unique invariant probability measure.

Definition 10 ( [311, Ch. 14]). Let f > 1 be a real-valued function in
R". A Markov chain ® is said to be f-ergodic, if

1. ®is PHR with unique invariant measure T,
2. the expectation w(f) = [ f(®(k))n(d®(k)) is finite,

3. limgy 00 || P*(®(0), -)—7|| = O for every initial value ®(0) € X, where
Ivll; = supjg<¢lv(g)]-

225



226 Proofs for Chapter 6

We further define a drift function:

Definition 11 ([97]). Let V : R" — R>, and ® be a Markov chain. For
any measurable function V, the drift AV (-) is

AV(®(k)) = E[V(®(k + 1)) | S(k)] - V(B (k), ©1
with ®(k) € R™
We can then establish f-ergodicity.

Theorem 8 (f-Norm Ergodic Theorem [311, Ch. 15]). Suppose that the
Markov chain ® is i-irreducible and aperiodic and let f(®(k)) > 1 a real-
valued function in R"™. If a small set D and a non-negative real-valued
function V exist such that AV (®(k)) < —f(®(k)), for every ®(k) € R"\D,
and AV < oo for (k) € D, the Markov chain ® is f-ergodic.

The Markov chain defined through the dynamical system (6.1) is both
aperiodic and i-irreducible. This is the case since the noise distribution
v; (k) is assumed to be absolutely continuous with an everywhere-positive
density function. Thus, every subset of the state space X is reachable
within one time-step. Here, 1 is a non-trivial measure on R". Further,
all compact subsets of an LTI system are small sets [311, Ch. 5].

C.2 Stochastic Stability

Equipped with the concepts from the previous section, we now present
the stability proof. For this, we first show that the Markov chain induced
by the estimation errors é;(k) and é;; is f-ergodic and then show that
this implies MSB of the overall system.

For analyzing the ergodicity of the error Markov chain we start with
defining the function V' as the sum of all squared Mahalanobis distances
from the equilibrium, i.e.,

N

N
VEw) =S la®mIZ+ S e ®l ©.2)
1=0

0,§=0,i#j

Ideally, we would now seek to guarantee AV (é(k)) to be negative at
every time step to invoke f-ergodicity. However, for an event-triggered
strategy and a lossy communication channel, this is not possible. We
may have rounds in which none of the agents seeks to communicate as
all their errors are low enough. Also, we may have agents that want
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to communicate but messages being lost. In both cases, the drift may
become positive. Thus, we modify the drift definition from (C.1),

AV (e(k), K) = E[V(e(k + K)) | é(k)] — V(&(k)). (C.3)

As discussed in [311, Ch. 19], Theorem 8 can also be used to show f-
ergodicity for such modified drift definitions. Here, we choose K =
ceil(2V/L¢), where ceil is a function rounding its argument to the next
higher integer. The incentive of this is to have an interval that allows
each agent to communicate once. Since agents announce their communi-
cation needs in advance and only learn about whether they received a
slot in the round they receive it, an agent might be awarded two slots in
a row. To also allow for communication of all agents in such cases, we
take two times the minimum interval.

In the absence of message loss, we have é;(k) = é;;(k) for all k£ and j.
In the following, we, thus, first derive bounds for é;(k) and then show
how we deal with errors due to message loss. Note that the estimation
error é;(k + K) can be written as a function of é;(k),

K
éi(k+ K) = A" Fe;(k) TT (1 = 7i(n)i(n))
ke X (C.4)
+ 3 AN (K =) [T 4 =v)eir),
n==k r=n+2

where A = A + BF};.
We now seek to upper bound the expected squared Mahalanobis
distance of é;(k). Generally, such bounds can be derived as follows:

Lemma 6. We can upper bound E[||é;(k + 1)Hi1 | éi(k)] in case of no
communication by

112
Elles(k + DI | &) < || 4] stk + T(za). (C.5)
Proof. Following (C.4), we have
~ 2
Ellesth + VI3 | &:(0) = B[ des(k) + vi(k) | etk €6)

Leveraging that the noise has zero mean and using the Cauchy-Schwarz
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inequality, we arrive at
E[| de. (k) +vi(k)H; | & (k)]
= & Aei(h)|| 1 e(k)]+ Elur (k)3
< ] Bl 1 et + 1e(7150)
= Al tectmi, + ez 0

We now prove f-ergodicity of the Markov chain induced by é;.

Theorem 9. Consider the setting from Theorem 4. Then, for any 6 € R,
the Markov chain é;(k) = [é1(k), ..., ex(k)]T is f-ergodic.

Proof. We let the dynamical system evolve over the time interval [k, k +
K] and study all possible outcomes. For this, we partition the agents in
mutual exclusive subsets:

¢1 The agent has or has not transmitted over [k, k + K] and we have
lei(k + K = 1)y <6

¢o The agent has transmitted successfully at least once over [k, k + K]
and we have ||é;(k + K — 1)”12\/1 > 0;

c¢s The agent has never been assigned a slot over [k, k + K] and we
have ||é;(k + K —1)|3; > o.

We now derive upper bounds for all cases. For case c;, we know that the
estimation error at the last time instant was smaller than the threshold
0. Thus, we can use this and Lemma 6 to arrive at

Efllés(k + K)IIZ, | &k <ﬂMH+ﬂI) .7

For case c, assume that the last transmission instant was at k& = r.
Thus, we know that at £ = r the error was reset to 0 and obtain

(C.8)

Elléi(k + Ky | &:(k)] < ZTr

For case 3, we consider two subcases:
c3a Over [k, k + K], for at least one &’ we had ||é;(K)[|3; < &;

can, Over [k, k + K], we had ||&;(k')||3; > & for all &'.
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For case c3,, assume that k = r was the last time we had ||&;(k')|3; < 0.
Then, we have, again using Lemma 6,

Ellles(k + )l | ealh)] < o]| 4| a9

K-1
+ ) Te(IL)

For case c3,, we have agents whose error was above the threshold §
in every time-step but never got a slot. As the scheduling rule always
awards resources to the agents with the highest error, we can upper
bound the error of agents in c3;, with the worst-case error of the agents
1 co,

Ellle(k + Kl | k) < maxElJes(k + K) 5 [ k). (€.10)
The drift can now be upper bounded as

AV(E(k),K) < > Eflleitk+ Ky | é(k)] = V(e(k)

i€c1,C2,C3

<Z(HAH T ) S L

i€cy 1€ECe N=T;

+ }: <5HAKT2-+§§§1&uﬁ)liKnﬂE>

+ max ( Z Tr(I z> —V(eé(k))
= (= V(e(k), (C.11)

1€C3h
where ( represents all bounded terms stemming from cases ¢y, ¢z, and
cs. We can then define f(é(k)) = eV (é(k)) — ¢, with e € (0,1] and find a
small set D and an € such that f(é(k)) > 1 and AV (é(k), K) < —f, which
proves f-ergodicity according to Theorem 8 in the absence of message
loss. Finding a small set D such that f(é(k)) > 1 is possible since V' (é(k)
grows as é(k) grows, while ¢ is independent of é; (k). O

2

AKn

Remark 7. In this case, f-ergodicity guarantees that the Markov chain
¢, visits compact subsets D at most every K time steps. The boundaries of
D can be explicitly computed and influenced by, e.g., Lo. This can be used
to derive adjustable performance bounds. For a more detailed discussion,
we refer the reader to [97].

With this, we have shown f-ergodicity of ¢;(k). However, there might,
due to message loss, still be a divergence between é;(k) and é,;(k), i.e.,
the estimates that other agents have about agent 7’s state.
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Corollary 3. Consider the setting from Theorem 4. Then, the Markov
chain é_[é1(k),...,éix,é21,. .., ex(k)]T is f-ergodic under i.i.d. message
loss.

Proof. If messages are delivered successfully, we have é;; = ¢, and
f-ergodicity follows from Theorem 9. If messages are lost, we follow
the strategy of [256] and extend the horizon until the next successful
message transmission of agent i. That is, we consider £k — k + K + m*
instead of k — k + K. We then have

Eflleq (k + K +m*)|2, | &5 (k)] < Tr(L,). (C.12)

Thus, for any finite m*, the Markov chain is f-ergodic. Now, consider the
case m — oo without a single message being transmitted successfully.
Due to the i.i.d. property of message loss, the probability of losing m,
messages in a row is (1 — p.)™<. Thus, we have

E[és;(k + K +m)|ly; | &5(k))] < (C.13)

5 Ktm—1 9
(1 poy™ <||éij<k>||i4HAK+mHQ 3 ) \AK“HQ)-
k

The variable m. here denotes the amount of times agent i tried to
transmit its state in the interval £ — k + K + m. Agent ¢ competes for a
slot, if ||é;(k)||,; > ¢ for some k and if it gets a slot the error is reset. Thus,
the time at which é;(k) exceeds the threshold ¢ can be interpreted as a
stopping time, which has finite expected value [312, Sec. 2]. Therefore,
agent ¢ will infinitely often compete for slots as m — oco. The same holds
for all other agents, and since we assume homogeneous agents, each will
be assigned the same amount of slots as m — oo due to the law of large
numbers. In conclusion, we have m. — oo as m — oco. As we further

have HAHQ < 1 and p. > 0 (cf. the assumptions stated at the beginning
of Section 6.5.2), (C.13) goes to zero as m* goes to infinity. O

Remark 8. Under additional assumptions, the results can be extended
to systems for which HAH > 1. In that case, it needs to be ensured that

2
the probability of successfully delivering a packet grows faster than the
estimation error.

With this, we can now prove stability of the overall system. For MSB
following Definition 4, we need E[||z(k) ||§] to be bounded. The individual
system without estimation error is exponentially stable, i.e., its second
moment would go to 0 at an exponential rate. The second moment of
the estimation error can be upper bounded, independent of the state of
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the system, and also the noise variance is constant and independent of
the system’s state. That is, we essentially have an exponentially stable
system with a constant disturbance. Thus, also the second moment of
the system’s state is bounded [313, Ch. 7.6d].






Appendix D
Proofs for Chapter 9

In this chapter, we provide the proof of Theorem 7.

D.1 Proof of Theorem 7

An LTT system with Gaussian noise follows a normal distribution, whose
mean is given by

tp—1
x(ty) = A*x(0) + > A'Bu(ty — 1 —1) (D.1)

=0

and whose variance only depends on time and the variance of v(t;) [314,
Sec. 3.7], which we assume to be constant. For such systems, we will first
show that if (D.1) obeys the controllability conditions stated by Kalman,
the system is also controllable according to Definitions 6 and 8.

Lemma 7. The system (9.6) is completely e-controllable in distribution if
the deterministic part obeys the controllability condition stated in [272].

Proof. The expected value (D.1) represents the deterministic part of the
system. Thus, according to [272], we can steer (D.1) to any point in the
state space. The variance only depends on the number of time steps.
Since we can steer the linear system to any point x4, in the state space
in any amount of time steps, we can ensure that all trajectories are of
equal length. Then, the distribution of the final state has mean g
and a variance that depends on the chosen number of time steps. The
probability of ||x; — ; des ||§ being larger than ¢ is given by the cumulative
distribution function of the normal distribution. O

We can now prove Theorem 7. Since the variance of (9.6) solely
depends on the number of time steps, which is equal for all experiments,
distributions can only be different because of their means. We start
with experiments that are designed according to (9.2a). In this case, for
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distributions to be equal, and, thus, for variables to be non-causal, we
need

€; (At"‘il(()) + kz_: AY(Bu(ty, —1 — z)) =

i=0

tr—1
e (A‘%H(O) + Z AY(Bu(ty — 1 — z‘)),

=0

where e¢; € R" is the unit vector (i.e., a vector with zeros and a single 1
at the ith entry). Since input trajectories are equal, this boils down to

eiAtk’fI(O) ES BjAtk fH(O).

Essentially this means that the component ij of A** needs to be 0. This is
clearly the case, if there is no influence of z; on z;, i.e., in case variables
are non-causal, we have MMD = 0. The event of component ij of A
being 0 by chance, even though z; has a causal influence on z;, has
probability 0. Thus, we have that variables are non-causal if MMD = 0.

For experiments that are designed according to (9.2b), initial states
are equal and, in case variables are non-causal, we have

tr—1 tr—1
e; Y A(Bul(tp —1—i)=e; »  A'(Bu(tp —1—4).

=0 =0

Similar as before, we have equal distributions and, thus, MMD = 0
if entries in the A’B matrices relating z; and u; are 0, i.e., if there is
no causal influence. The other direction holds since the event of the
relevant entries being 0 by chance has probability 0.
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