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Abstract

Multi-agent systems (MAS) offer a tremendous potential to improve the
quality of modern society life. For instance, robot networks have been widely
used for providing services such as search and rescue missions, surveillance
and data collection, healthcare and entertainment. One challenge for MAS is
the design of control and coordination strategies that enable each agent to
perform operations safely and efficiently while achieving group or individual
motion objectives. This dissertation addresses this challenge by developing
different task-oriented control and coordination strategies for MAS.

The first part of the thesis is devoted to the control of MAS under co-
operative tasks. Firstly, we investigate the distributed control of multi-agent
consensus. Event-triggered control strategies are developed to reduce com-
munication burden. It is proven that consensus can be achieved with the pro-
posed strategies. Next, we tackle the problem of leader-follower multi-agent
target tracking, where the group of agents is assigned a set of dynamically ac-
tivated tasks, each of which has to be completed within a deadline. A dynamic
scheduling strategy is proposed and distributed control laws are designed re-
spectively for the leader and follower agents. It is shown that the proposed
control laws guarantee the satisfaction of each task.

In the second part of the thesis, we develop control and coordination
schemes for single- or multi-agent systems under temporal logic specifica-
tions. Firstly, the symbolic control of continuous-time uncertain nonlinear sys-
tems is studied. A new stability notion called approximate controlled globally
practically stable is introduced. Building on this notion, we provide for the
first time a behavioral relationship between the original continuous-time sys-
tem and its discrete state-space symbolic model. After that, we consider the
robust satisfiability check and online control synthesis of uncertain systems
under signal temporal logic specifications. A sufficient condition is obtained
for the robust satisfiability check of the uncertain systems. An online con-
trol synthesis algorithm is designed, which is shown to be sound for uncer-
tain systems and both sound and complete for deterministic systems. Finally,
the motion coordination of MAS is investigated, where each agent is assigned
a linear temporal logic specification. Based on the realistic assumptions that
each agent is subject to both state and input constraints and can have only
local view and local information, a provably safe and fully distributed multi-
agent motion coordination strategy is proposed.






Sammanfattning

Multiagentsystem (MAS) utlovar en enorm potential att forbéttra
kvaliteten pa det moderna samhallslivet. Till exempel har robotnatverk an-
vants i stor utstrackning for att tillhandahalla tjanster som sok- och raddning-
suppdrag, 6vervakning och datainsamling, vard och underhallning. En utman-
ing for MAS é&r utformningen av regler- och samordningsstrategier som gor
det mojligt for varje agent att utfora operationer sékert och effektivt samtidigt
som grupp- eller individuella rérelsemal uppnas. Denna avhandling behand-
lar denna utmaning genom att utveckla olika uppgiftsorienterade regler- och
samordningsstrategier for MAS.

Den forsta delen av avhandlingen 4dgnas at regleringen av MAS under
samarbetsuppgifter. For det férsta undersoks den distribuerade regleringen av
samarbete med flera agenter. Hindelsestyrda reglerstrategier utvecklas for att
uppné kommunikationsreduktion. Det 4r bevisat att konsensus kan uppnas
med de foreslagna strategierna. Darefter hanterar vi problemet med malf6ljn-
ing med flera agenter som ar antingen ledare eller f6ljare, dar gruppen av
agenter tilldelas en uppsattning dynamiskt aktiverade uppgifter, som var och
en maste slutféras inom en tidsfrist. En dynamisk schemalaggningsstrategi
foreslas. Darefter utformas distribuerade styrlagar for ledare och fdljare. Det
visas att de foreslagna styrlagarna garanterar att varje uppgift slutfors.

I den andra delen av avhandlingen utvecklar vi regler- och samord-
ningsmetoder for system med en eller flera agenter under tidslogiska speci-
fikationer. For det forsta studeras den symboliska regleringen av olinjéra sys-
tem med osédkerheter i kontinuerlig tid. Ett nytt stabilitetsbegrepp som kallas
approximativ reglerad globalt praktisk stabilitet introduceras. Baserat pa
dessa begrepp tillhandahaller vi for forsta gangen ett beteendemassigt forhal-
lande mellan det ursprungliga tidskontinuerliga systemet och dess diskreta
symboliska tillstindsmodell. Darefter beaktar vi den robusta l6sbarhetskon-
trollen och online-styrlagssyntesen av system med osdkerhet under signal-
temporallogiska specifikationer. Ett tillrackligt villkor erhalls f6r en robust
losbarhetskontroll av de osdkra systemen. Dessutom utformas en online-
styrlagssyntesalgoritm, som visas vara sund for osdkra system och bade
sund och komplett for deterministiska system. Slutligen undersoks rérelseko-
ordinering av MAS, dar varje agent tilldelas en linjir temporallogikspecifika-
tion. Baserat pa de realistiska antagandena att varje agent lyder under bade
tillstands- och insignalsbegransningar och endast kan ha lokal vy, foéreslas en
saker och helt distribuerad multi-agent-strategi fér samordning av rorelser.
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Chapter 1

Introduction

A multi-agent system (MAS) is a collection of agents cooperating or compet-
ing with each other in order to fulfill common or individual goals [1]. It is a
powerful model to describe a wide array of phenomena in nature, society, and
technology. This thesis is concerned with the task-oriented control and co-
ordination for MAS under communication constraints and/or state and input
constraints. The task-oriented design means that the design of the control and
the coordination strategy is dependent on the type of tasks, e.g., cooperative
or temporal logic, global or local, under consideration.

An agent in a MAS is defined as an autonomous entity that is endowed
with sensing and actuation capabilities. The identification of individual agents
depends on scenarios. Throughout this thesis, an agent can be exemplified as
a (mobile) robot, which a robot is modeled as a dynamical system.

The rest of this chapter is organized as follows. Section 1.1 dedicates to
discuss the motivations for the research work presented in this thesis. In Sec-
tion 1.2, we formulate the research questions that are addressed in the thesis.
Finally, Section 1.3 gives a detailed outline of the thesis and a list of publica-
tions that the thesis is based on.

1.1 Motivation

MAS offer a tremendous potential to improve the quality of modern society
life. For instance, robot networks have been widely used for providing services
such as search and rescue missions, surveillance and data collection, health-
care and entertainment. The deployment of connected automated cars have



Motivation 3

the potential to improve vehicle safety and energy efficiency of transporta-
tion systems [2]. Having made great progress in the development of MAS in
control, robotics, and computer science communities, many researchers have
recently shifted their focus to multi-agent control under more complex objec-
tives.

Cooperative control

Cooperative control is one of the most active research topics within the MAS.
It is concerned with a collection of agents, usually with limited sensing and
communication capabilities, all seeking to achieve a common objective. Due
to the broad applications in various fields, for instance, attitude alignment of
satellites [3], [4], robots formation and synchronization [5], [6], estimation
over sensor networks [7], and distributed computing [8], cooperative control
has gained great attention for the last decades.

Typical objectives of cooperative control include consensus [9], target
tracking [10], and formation [11]. One example is the space interferometry
mission [12], see Figure 1.1, where a fleet of networked satellites are required
to perform a sequence of formation maneuvers while maintaining relative at-
titude accurately. The communication pattern for the multiple satellite system
can be different. In [3], the formation keeping and attitude alignment for the
multiple satellites are achieved by local information exchange with adjacent
neighbors. In [13], a leader-follower approach is proposed, where each fol-
lower satellite tracks its leader’s position and attitude.

Consensus is the benchmark problem of multi-agent cooperative control,
in which agents are required to reach an agreement. At the early stage, con-
trol laws for multi-agent consensus require either continuous or high fre-
quency interaction between neighboring agents, which is not resource effi-
cient in terms of communication. This fact has motivated a recent interest in
event-triggered control (ETC) methodology. Different from continuous-time
and sampled-data control, where the states of each agent are transmitted con-
tinuously or at every sampling instant, the time instants in ETC (at which
the states are transmitted) is determined by a pre-defined triggering condi-
tion [14]. In this way, a substantial reduction of communication rate can be
achieved. Although the literature on ETC is rich, there are still some issues
to be investigated. On one hand, most of the existing ETC strategies require
the triggering condition to be monitored continuously, which results in ex-
cessive use of sensing and computational resources. On the other hand, ETC



4 Introduction

Figure 1.1: A fleet of satellites. Source: https://aerospaceamerica.aiaa.org, Pub-
lic domain.

for MAS is largely unexplored in the presence of communication constraint.
In this thesis, we aim at addressing the above mentioned issues by designing
resource-efficient communication and control strategies for MAS.

Leader-follower target tracking is more complex than consensus, in which
the leaders (agents with target information) is responsible for tracking the
target set/trajectory while the followers (agents without target information)
track its leader’s or adjacent neighbors’ states. In this way, both target tracking
and consensus/formation can be achieved by the MAS. Existing literature con-
cerning leader-follower multi-agent control has usually focused on the design
of control laws such that the objective is achieved in an asymptotical man-
ner. However, in practical applications, it is reasonable to require a task being
completed before a deadline. To the best of our knowledge, explicit time con-
straint is rarely considered in the context of MAS. In this thesis, we consider
time-constrained leader-follower target tracking for MAS.

Control and coordination under temporal logic specifications

Another topic that has grown significantly in importance in recent years is the
control and coordination of MAS such that each agent fulfills tasks given by
high-level specifications expressed as temporal logic formulas. This is own to
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the technical advancements in manufacturing, sensing, communication, and
digital processing, which empower the agents in more efficient decision mak-
ing and more accurate actuation. In addition, the rapid growth of robotic ap-
plications, e.g., autonomous vehicles [15] and service robotics [16], stimulates
the need for accomplishing more complex objectives such as nondeterminis-
tic, periodic, or sequential tasks. Temporal logics, such as linear temporal logic
(LTL) [17] and signal temporal logic (STL) [18], have shown in the last decade
capability in expressing such objectives for dynamical systems.

LTL focuses on the Boolean satisfaction of properties by given signals. It
is expressive enough to capture many important properties, e.g., safety (noth-
ing bad will ever happen) and liveness (something good will eventually hap-
pen), and more complex combinations of Boolean and temporal statements
[17]. Existing single-agent control approaches that use LTL mainly rely on a
finite abstraction of the system dynamics and a language equivalent automata
[19] representation of the LTL specification. The controller is synthesized by
solving a game over the product automata [20]-[22]. In this process, discrete
abstraction of the (infinite) continuous system plays a central role and the
resulting controller guarantees the satisfaction of the LTL formula for the ab-
stract finite system. However, to enforce the correctness of the controller for
the (original) infinite system, an equivalence or inclusion relation has to be
established between the abstract finite system and the infinite system.

STL is a more recently developed temporal logic, which allows the specifi-
cation of properties over dense-time. Due to a number of advantages, such as
explicitly treating real-valued signals [18], and admitting qualitative semantics
[23], control synthesis under STL specifications has gained popularity in the
last few years. Existing approaches that deal with the control synthesis under
STL specifications include: barrier function methods [24], [25], optimization
methods [26]-[28], sampling-based methods [29], and learning-based meth-
ods [30], [31]. We note that although various methods exist for the control
synthesis under STL specifications, guaranteeing robustness under uncertain-
ties is still a challenging problem.

In addition to single-agent control under temporal logic specifications, the
design of motion coordination strategy for MAS that enables each agent to per-
form operations safely and efficiently in a shared workspace is also of great
practical importance. One typical example is the intelligent transportation sys-
tem, where automated vehicles that are capable of sensing and navigation are
deployed, as seen in Figure 1.2. Each automated vehicle may be subject to a
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local high-level task, e.g., "first drive to A, then drive to B within 30 minutes,
and eventually always stay in C", which can be expressed as a temporal logic
formula. In addition, efficient coordination among them is required at, e.g.,
traffic intersections, to ensure that the global task, i.e., safety, is guaranteed.

Figure 1.2: Einride’s self-driving truck tested in public road in Sweden. Picture:
Einride

1.2 Problem Statement

This thesis is concerned with the control and coordination of MAS under co-
operative or temporal logic, global or local specifications. Based on the specifi-
cations under consideration, different control laws or algorithms are proposed.
In addition, various constraints, such as communication constraint, time con-
straint, and state and input constraints are taken into account. More specifi-
cally, we consider cooperative control tasks, such as consensus (Chapters 3, 4)
and leader-follower target tracking (Chapter 5), and temporal logic specifica-
tions, such as LTL (Chapters 6, 8) and STL (Chapter 7).

The overall thesis problem is broken down in the following four research
questions.

Communication-Efficient Multi-Agent Consensus

Both Chapters 3 and 4 are devoted to investigate the distributed control of
multi-agent consensus. Different from existing literature, asynchronous (pe-
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riodic) event-triggered communication and control strategies are proposed to
answer the following question:

Q1. How to design a distributed, resource-efficient communication and con-
trol strategy such that consensus of the MAS is achieved?

Leader-Follower Target Tracking under Online Task Scheduling

Chapter 5 generalizes the cooperative control task to multi-agent target track-
ing. The leader-follower communication framework is considered and the
MAS is subject to a sequence of deadline-constrained dynamically activated
tasks. Due to the dynamically activated nature of the task set, an online task
scheduling process is needed. In addition, the time constraint on the comple-
tion of each task poses new challenges for the distributed control synthesis.
The question answered in this chapter is:

Q2. How to jointly schedule the dynamically activated tasks and design dis-
tributed controllers such that each task is completed?

Robust Control under Temporal Logic Specifications

In Chapters 6 and 7, we consider the robust control of uncertain systems un-
der temporal logic specifications. As mentioned previously, although various
approaches exist for the control synthesis under temporal logic specifications,
guaranteeing robustness under uncertainties is still a challenging problem. In
this thesis, we tackle this problem by developing new tools. The question to
be addressed is:

Q3. Consider an uncertain system and a specification expressed as a tempo-
ral logic formula. How to do control synthesis such that the behaviors
of the system satisfy the given specification under all possible uncer-
tainties?

Distributed Motion Coordination under LTL Specifications

In Chapter 8, we extend the temporal logic control to the MAS. Consider a
group of agents working in a shared workspace, each of which is assigned an
LTL specification. We answer the following question:
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Q4. How to coordinate, in a distributed manner, the motion of the agents
such that the LTL specification of each gent is satisfied on the premise
that safety (no collision with obstacles in the workspace and no inter-
agent collision) is guaranteed?

1.3 Thesis Outline and Contributions

In Chapter 2, we introduce preliminaries that are used in the thesis. The top-
ics include in this chapter are: graph theory, system properties, transition sys-
tems, and temporal logics. The results that are mentioned in Chapter 2 are
then used directly in the rest of the thesis.

Chapter 3: Distributed Event-Triggered Consensus

Chapter 3 studies the distributed control of multi-agent consensus, where
an asynchronous ETC strategy is designed for linear MAS. Firstly, an event-
triggered communication scheme is designed for the communication between
neighbors. Under such a communication scheme, a distributed event-triggered
output feedback controller is further implemented for each agent. It is proven
that the consensus is achieved asymptotically. In addition, it is shown that
Zeno behavior is excluded.
The covered material is based on the following contribution.

« P.Yu, C. Fischione, and D. V. Dimarogonas, “Distributed event-triggered
communication and control of linear multi-agent systems under tactile
communication,” IEEE Transactions on Automatic Control, vol. 63, no.
11, pp: 3979-3985, 2018.

Chapter 4: Periodic Event-Triggered Consensus under Limited
Data Rate

Chapter 4 further addresses the distributed control of multi-agent consensus.
In order to relax the requirement of continuous sensing and computation in
ETC, a periodic event-triggered control (PETC) strategy is proposed. One of
the main difficulties for implementing PETC is to obtain an explicit formula for
the maximum allowable sampling period (MASP). To this end, an approach on
finding the MASP is proposed first. After that, an asynchronous PETC strategy
is formulated, a communication function and a control function are designed
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for each agent to determine respectively whether or not the sampled state and
control input should be transmitted at each sampling instant. Finally, the con-
straint of limited data rate is considered. An observer-based encoder-decoder
and a finite-level quantizer are designed respectively for the sensor-controller
communication and the controller-actuator communication such that certain
constraint on the data rate is satisfied. It is shown that exponential consensus
can be achieved under the PETC strategy.
The covered material is based on the following contributions.

« P. Yu and D. V. Dimarogonas, “Explicit computation of sampling period
in periodic event-triggered multi-agent control under limited data rate,”
IEEE Transactions on Control and Network Systems, vol. 6, no. 4, pp.
1366-1378, 2019.

« P.Yu and D. V. Dimarogonas, “Explicit computation of sampling period
in periodic event-triggered multi-agent control,” in 2018 American Con-
trol Conference (ACC), pp. 3038-3043, Milwaukee, WC, 2018.

Chapter 5: Leader-Follower Target Tracking under Time Con-
straint

In Chapter 5, we consider a leader-follower MAS subject to a sequence of dy-
namically activated tasks. Each task is associated with a relative deadline and
can be completed at several Quality-of-Satisfaction (QoSa) levels. By taking
into account the reward and cost of satisfying the tasks, a dynamic schedul-
ing strategy is proposed. Based on the dynamic plan, distributed control laws
are designed for the leader and follower agents, respectively. It is shown that
the proposed control laws guarantee the completion of each task at its desired
QoSa level.
The covered material is based on the following contributions.

« P. Yu and D. V. Dimarogonas, “Time-constrained leader-follower multi-
agent task scheduling and control synthesis,” IEEE Transactions on Con-
trol and Network Systems. (under review)

« P. Yu and D. V. Dimarogonas, “Time-constrained multi-agent task
scheduling based on prescribed performance control,” in 2018 IEEE 57th
Annual Conference on Decision and Control (CDC), pp. 2593-2598, Mi-
ami beach, 2018.
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Chapter 6: Symbolic Control of Continuous-Time Uncertain
Nonlinear Systems

In Chapter 6, we study the construction of symbolic models for continuous-
time uncertain nonlinear systems. A novel stability notion called 7n-
approximate controlled globally practically stable with respect to a set, and a
new simulation relation called robust approximate (bi)simulation relation are
proposed. It is shown that an uncertain system, under the condition that there
exists an admissible control interface such that the augmented system (com-
posed of the concrete system and its abstraction) can be made n-approximate
controlled globally practically stable with respect to the given set, robustly
approximately simulates its discrete state-space abstraction.
The covered material is based on the following contributions.

« P. Yu and D. V. Dimarogonas, “Robust approximately symbolic models
for a class of continuous-time uncertain nonlinear systems via a control
interface,” Automatica. (under review)

« P. Yu and D. V. Dimarogonas, “Approximately symbolic models for a
class of continuous-time nonlinear systems," in 2019 IEEE 58th Annual
Conference on Decision and Control (CDC), pp. 4349-4354, Nice, 2019.

Chapter 7: Robust Satisfiability Check and Control Synthesis un-
der STL Specifications

Chapter 7 focuses on the robust satisfiability check and online control synthe-
sis of uncertain discrete-time systems under STL specifications. Different from
existing techniques, we propose an approach based on STL, reachability anal-
ysis, and temporal logic trees. Firstly, a real-time version of STL semantics and
a tube-based temporal logic tree are proposed. We show that such a tree can
be constructed from every STL formula. Secondly, using the tube-based tem-
poral logic tree, a sufficient condition is obtained for the robust satisfiability
check of the uncertain system. When the underlying system is deterministic,
a necessary and sufficient condition for satisfiability is obtained. After that, an
online control synthesis algorithm is designed. It is shown that control syn-
thesis algorithm is sound for uncertain systems, and both sound and complete
for deterministic systems.
The covered material is based on the following contributions.
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« P. Yu, Y. Gao, K. H. Johansson, and D. V. Dimarogonas, “Robust satisfi-
ability check and online control synthesis for uncertain systems under
signal temporal logic specifications," Nonlinear Analysis: Hybrid Sys-
tems. (under review)

Chapter 8: Distributed Motion Coordination under LTL Specifi-
cations

Chapter 8 is concerned with the motion coordination of MAS moving in a
shared workspace, where each agent is assigned an LTL specification. Based
on the realistic assumptions that each agent is subject to both state and in-
put constraints and can have only local view and local information, a fully
distributed multi-agent motion coordination strategy is proposed. For each
agent, the motion coordination strategy consists of three layers. An offline
layer pre-computes the braking area in the workspace, the controlled transi-
tion system, and a so-called potential function. An initialization layer outputs
an initially safely satisfying trajectory. A coordination layer resolves conflicts
online. The online coordination layer is further decomposed into three steps.
Firstly, a conflict detection algorithm is implemented, which detects conflicts
with neighboring agents. Whenever conflicts are detected, a rule is designed
to assign dynamically a planning order to each pair of neighboring agents. Fi-
nally, a sampling-based algorithm is designed to generate local collision-free
trajectories for the agent which at the same time guarantees the feasibility of
the specification. Safety is proven to be guaranteed for all the agents at any
time.
The covered material is based on the following contributions.

« P. Yu and D. V. Dimarogonas, “Distributed motion coordination for
multi-robot systems under LTL specifications," IEEE Transactions on
Robotics. (under review)

« P. Yu and D. V. Dimarogonas, “A fully distributed motion coordination
strategy for multi-robot systems with local information," in American
Control Conference (ACC), 2020. Best Student Paper Award Finalist

Finally, in Chapter 9, we present a summary of the results and discuss
directions for future research.
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Contributions not included in this thesis

The following publications are not covered in this thesis, but are related to the
work presented here:

+ Y. Gao, P. Yu, D. V. Dimarogonas, K. H. Johansson, and L. Xie, “Robust
self-triggered control for time-varying and uncertain constrained sys-
tems via reachability analysis," Automatica , vol. 107, pp. 574-581, 2019.

« P. Yu, C. Fischione, and D. V. Dimarogonas, “Event-Triggered Output
Feedback Control for Linear Systems under Tactile Communication," in
2017 IEEE 56th Annual Conference on Decision and Control (CDC), pp.
5451-5456, Melbourne, 2017.

Contribution by the Author

The order of authors reflects their contribution to each paper. The first au-
thor has the most important contribution, while the author D.V. Dimarogonas
has taken the supervisory role. In all the listed publications, all the authors
were actively involved in formulating the problems, developing the solutions,
evaluating the results, and writing the paper.



Chapter 2

Preliminaries

In this chapter, we present the key definitions and results that will be used
throughout this thesis.

2.1 Class K, K, L functions

Before moving on, we first introduce the class of K, K, and KL functions.
A continuous function v : R>g — R is said to belong to class K if it is
strictly increasing and v(0) = 0. + is said to belong to class K, ify € K
and y(r) — oo as r — 00. A continuous function  : R>g X R>g — R>¢ is
said to belong to class KL if for each fixed s, the map 5(r, s) belongs to class
Koo with respect to r and, for each fixed r, the map (3(r, s) is decreasing with
respect to s and §(r,s) — 0 as s — oo.

2.2 Graph Theory

Let G = {V,&} be a graph with the set of nodes V = {1,2,..., N}, and
E=A(i,j) :i,j € V,j # i} being the set of edges. If (i, j) € &£, then node j
is called a neighbor of node ¢ and node j can receive information from node
i. The neighboring set of node i is denoted by N; = {j € V|(i,j) € £} and
Nt =N;U{i}.

A graph is called undirected if (i,j) € £ < (j,i) € £. A graph is called
directed if the condition (i,j) € £ < (j,7) € £ does not hold in general.
Given an edge e := (i,j) € &, i is called the head of ej and j is called
the tail of ej. A directed path from node i to node j is a sequence of ordered

13
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edges connecting ¢ and j, such that the head of each edge is equal to the tail
of the following edge. A graph is called connected if for every pair of nodes
(i,7), there exists a path which connects i and j. A directed graph contains
a directed spanning tree if there exists a node called the root such that there
exist directed paths from this node to every other node.

The adjacency matrix is denoted by A = (a;j) nx v and is given by a;; =
1,if (i,j) € &, otherwise a;; = 0. Let D = (d;;) nxn represent the degree
matrix which is a diagonal matrix with entries d;; = Z;V:L i @i Then the
Laplacian matrix of the graph G is defined as L = (I;;)nxn = D — A.

Let

L= (lij)(N=1)x(N—1)

log—li2 -+ lbn—lnN

(2.1)

Ino—liz -+ Innv—lnN

Lemma 2.1. [32] Denote the eigenvalues of Laplacian matrix L and the matrix
L, respectively by A1, \o, ..., AN and 1, o, ..., un—1, where 0 = |A\j| <
‘)\2‘ g g ‘)\N‘ and]/“] < |N2’ < < \,uN_ll. Then )\2 = ,ul,)\g =
B2, s AN = UN-1.

Lemma 2.2. [33] Suppose that the matrix A € R™*™ is Hurwitz. Then, for all
t > 0, it holds that ‘LeAtH < || Pal| HPgcheaAt , where P4 is a nonsingular
matrix such that P, APy = Ja with J4 being the Jordan canonical form of
A, ¢4 is a positive constant determined by A, and max;Re(\;(A)) < as < 0.

2.3 System Properties
Consider an autonomous system of the form

(t) = f(x(t)), (22)
where z(t) € R™.

Definition 2.1. A function f : R™ — R" is said to satisfy a global Lipschitz
condition if there exists a constant p such that

If(z1) = f(x2)|| < pllwr — 2|, Va1,22 € R".
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Definition 2.2. Let f be a function whose domain is the set X and whose image
is the set Y. Then f is invertible if there exists a function g with domain Y and
image X, with the property

fla)=y<=g(y) ==
That function g is called the inverse of f, and denoted by f~*.

Consider a continuous-time dynamical system, given by

w(t) = f(x(t), u(t)) (2.3)

where z(t) € R",u(t) € U C R™ are the state and control input at time ¢,
respectively. We assume that f : R" x U — R" is continuous in  and u, and
the vector field f is such that for any input in U, any initial condition g € R",
this differential equation has a unique solution.

Let U be the set of all measurable functions that take their values in U and
are defined on R>. A curve £ : [0, 7[— R" is said to be a solution/trajectory
of (2.3) if there exists an input signal © € U satisfying (2.3) for almost all
t € [0, 7[. We use £(z0,u, ) to denote the trajectory point reached at time ¢
under the input signal v € U from initial state x(.

Definition 2.3. [34] The system (2.3) is called forward complete (FC) if for every
initial condition xg € R" and every input signal u € U, the corresponding
solution is defined for allt > 0.

Definition 2.4. [35] The system (2.3) is called incrementally globally asymp-
totically stable (5-GAS) if it is FC and there exists a class KL function 3 such
that for any t € R>, any initial conditions xo, z(, € R", and any input signal
u€EU,

1€ (0, u,t) — &, £)| < B(llo — ], 1):

Definition 2.5. [35] The system (2.3) is called incrementally input-to-state sta-
ble (6-ISS) if there exists a class KL function 3 and a class Ko function k such
that for any t > 0, any initial conditions xo, z; € R", and any input signals
u, v €U,

Hf(CCO, u,t) - §(1’67U/7’5)H < /B(on - $6H,t) + K(HU - U’IHOO) (2.4)
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Definition 2.6. [36] The system (2.3) is called incrementally forward complete
(6-FC) if it is FC and there exist continuous functions 3 : R>g x R>9 — Rx>g
and k : R>og X R>g — R such that for every s € R>q, the functions ((-, s)
and k(+, s) belong to class K, and for any initial conditions x¢, x|, € R", any
T € R, and any input signals u,u’ € U, the following condition is satisfied
forallt €0, T):
1€ (z0, u, t) = &g, ', D) < Blllwo — I, ) + Kllu = vlloo, t). (25)
Lemma 2.3. Let V : [0,00) x R™ x R™ — R be a continuously differentiable
function such that
af(lz]l) < V(t,z,u) < o)
ov. oV
E + %f(t,x,u) < —WV(@%U)’ VHJ)H 2 > 07

YVt > 0 and Vx € R", where o, & are class Ko functions, u > 0,y > 0 are
constants. Then, the solution x(t) to the differential equation & = f(t,z,u)
exists and satisfies

lz(®)]l < B(lz(0)l], ) + o~ (a(u)),

where
Blr.t) = a~ (e "a(r))
is a class ICL function.

Proof. The proof follows from Lemma 4.4 and Theorem 4.18 of [37], and hence
omitted. O

Let ¢ : R>¢ — R be the solution to the following differential equation

¢ =—mi¢® —map —msz  $(0) = ¢o (2.6)
where ¢g > 0, m; > 0,7 = 1,2, 3. Then, one can compute that
%arctan (%) ., if dmimsg > ma?,
_ 4 .
¢ (0) = { g, if 4mymg = ma?,
%arctanh (#&) . ifdmims < ms?.

where

r =1/ |dmims — m3|.
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Lemma 2.4. There exists ¢9 > 0, such that ¢(t) > 0 for all 7 €
[0, T (m1, ma, m3)), where T (m1, mga, ms) is given by

2
r
2
mo’

2 arctanh (n%) , ifdmims < ma?.

T

: 2
arctan (ng) , ifdmims > ma”,

2

T (my,mg, ms3) := ifdmims = ma”,

Proof. 1t follows from the fact that ¢~'(0) increases as ¢ increases, and
T(ml, mao, mg) = lim¢0—>oo (1)71(0) Il

2.4 Transition Systems

Consider a continuous-time dynamical system, given by

{jj = f(x,u),

2.7
y:g(:(}), ( )

where z € X C R” is the state, u € U C R™ is the control input, f :
R™ x R™ — R"™ describes the dynamics, y € Y C RP is the output, and
g : R™ — RP is the output function.

A curve§ : [0,00) — R™ is said to be a trajectory of (2.7) if there exists an
input u € U satisfying £(t) = f(£(t), u(t)) for almost all ¢ € [0, 00). A curve
¢ : [0,00) — Rl is said to be an output trajectory of (2.7) if ((t) = g(&(t)) for
almost all ¢ € [0, 00), where £(t) is a trajectory of (2.7). We use £(&p, u, t) and
¢(Co,u, t) to denote the trajectory and output trajectory point reached at time
t under the input u € U from initial condition &y and (p, respectively.

The continuous-time system (2.7) can be represented as an (infinite) tran-
sition system 7 = (X, Xo, X, —, f, O, g), where

« X is the set of states,

o X9 C X is the set of initial states,

« X = U is the set of inputs,

e —: X x ¥ — 2% is the transition relation,

« O =Y is the set of observations, and
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« g is the observation map.

The transition relation 2’ €— (x,u) if and only if 2’ = &(x, u, 7), where £
is the trajectory of (2.7) and 7 > 0 is a chosen constant. For convenience,
2’ €= (x,u) will be denoted as z = 2.

2.5 Temporal Logics

2.5.1 Linear Temporal Logic

Let AP be a set of atomic propositions. Linear temporal logic (LTL) is based on
atomic propositions (state labels p € AP), Boolean connectors like negation
— and conjunction A, and two temporal operators X (“next") and U (“until"),
and is formed according to the following syntax [17]:

@ == T|pl=ple1 A pa|Xplp1Ups, (2.8)

where ¢, p1, 2 are LTL formulas. The Boolean connector disjunction V, and
temporal operators F (“eventually") and G (“always") can be derived as 1 V
w2 1= (=1 A =p2), Fo := TUp and G¢ := —F—¢. Formal definitions for
the LTL semantics and model checking can be found in [17].

Definition 2.7. [38] A nondeterministic Biichi automaton (NBA) is a tuple B =
(S, 80,247 .6, F), where

« S is a finite set of states,

« Sop C S is the set of initial states,
« 247 is the input alphabet,

e« §:8 x 24P — 25 is the transition function, and

« F' C S is the set of accepting states.

An infinite run s of a NBA is an infinite sequence of states s = sgps7 ...
generated by an infinite sequence of input alphabets o = oo ... € (247)¥,
where sg € Sp and sg11 € 0(sg,0%), Yk > 0. An infinite run s is called
accepting if Inf(s) N F # (), where Inf(s) is the set of states that appear in s
infinitely often. Given a state s € S, define

Post(s) :={s' € §:30 € 247 & € §(s,0)}. (2.9)
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Given an LTL formula ¢ over AP, there is a union of infinite words that satisfy
¢, that is,
words(y) = {o € (2'7)|o = ¢},

where =C (247)% x ¢ is the satisfaction relation [17].

Lemma 2.5. [19] Any LTL formula @ over AP can be algorithmically translated
into a NBA B, over the input alphabet 247 such that B, accepts all and only
those infinite runs over AP that satisfy .

Definition 2.8 (Controlled transition system). Given a transition system T =
(X, X0,2,—, f,0, g) and a set of atomic propositions AP, we define the con-
trolled transition system (CTS) T. = (X, Xo, AP,—, L), where

o Le.: X — 247 is q labelling function.

The labelling function L.(z) maps a state z to the finite set of AP which
are true at state . Given a state z € X, define

Post(z) :={r' € X : Ju e T,z 5 2'}. (2.10)

An infinite path of the CTS 7. is a sequence of states o = xgx1x2 . .. generated
by an infinite sequence of inputs ugujus . .. such that xy € Xy and xy, Lk,
xp41 for all k > 0. Its trace is the sequence of atomic propositions that are
true in the states along the path, i.e, Trace(g) := Lq(xo)Lc(x1) Le(z2) . . ..
The satisfaction relation g |= ¢ if and only if

Trace(g) € Words(yp).

Definition 2.9 (Product Biichi automaton [17]). Given a CTS T. =
(X, Xo, AP, —, L.) and a NBA B = (S, Sy, 247, 6, F), the product Biichi au-
tomaton (PBA) P = T. x B = (S,, Sop, 247, 6,, F,), where

e S, =X x5,

. Sojp = XO X S(),

dp C Sp xSy, defined by ((x, s), (2, s')) € 6y ifandonlyif 2’ € Post(z)
and s’ € Post(s),

. F,=(XxF)NS,.
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2.5.2 Signal Temporal Logic

Signal temporal logic (STL) [18] is a predicate logic consisting of predicates i,
which are defined through a predicate function g, : R" — R as

P2 L i gux) <o

The syntax of STL is given by

pu=Tp| 2@ | o1 Aps|piUrps, (2.11)

where ¢, 1, 2 are STL formulas and 1 is a closed or half-closed interval of R
of the form [a, b] or [a,b) with a,b € R>g U oo and a < b.

The validity of a STL formula ¢ with respect to a discrete-time signal x at
time tg, is defined inductively as follows [26]:

(x,tg) F u < gu(x(ty)) >0,
(. t) F o & ((z k) F o),
(x,tp) F o1 ANpa < (2, tr) F o1 A(x,tg) E @2,
(x,tk) F p1Upgpp2 & Tt € [tk +a,tp +b] st (x, )
F oo AVt € [tk,tk/], (w,tk//) E 1.

The signal @ = xgx1 . . . satisfies ¢, denoted by « F ¢ if (x, to) F .
Definition 2.10. [39] The time horizon ||¢|| of a STL formula ¢ is defined as
0, if¢=p
H¢1”7 if(b:_'(bl

max{||1[], [[¢2]]}, ifp=¢1 N 2
b+ max{|gu]], g2}, if ¢ = P1Ujqp¢2.

o]l =



Part 11

Distributed Control of
Multi-Agent Systems under
Cooperative Tasks

21



Chapter 3

Distributed Event-Triggered Con-
sensus

This chapter studies the distributed control of multi-agent consensus. An
asynchronous event-triggered control (ETC) strategy is proposed for linear
multi-agent systems (MAS) such that the rates of communication and con-
troller update are reduced. It is shown that asymptotical consensus can be
achieved as well as Zeno behavior is excluded.

3.1 Introduction

During the past decades, numerous contributions have been made in the re-
search of distributed cooperative control of MAS due to its wide applications
in various fields, for instance, robots formation and synchronization [5], [6],
estimation over sensor networks [7], and distributed computing [8]. Consen-
sus, as the benchmark problem, has been investigated intensively.

An important aspect in the implementation of distributed control is the de-
sign of communication and control strategy. At the early stage, control laws
for multi-agent consensus require either continuous or high frequency inter-
action between neighboring agents, which is not resource efficient in terms of
communication. This fact has resulted in a recent interest on ETC [14], [33],
[40]-[50]. Different from sampled-data control, where the states of each agent
are sampled and transmitted and the controller is updated at every sampling
instant, the time instants in ETC (at which the state or/and control input is
transmitted), is determined by a pre-defined triggering condition [14]. In this

22
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way, a substantial reduction of rate of communication may be achieved. The
possibility of reducing control costs and saving resources, makes ETC appeal-
ing for resource-limited control systems. Since the pioneering work reported
in paper [14], ETC has been widely studied in networked control systems and
MAS. In the context of MAS, it is found that the design of ETC strategy is more
challenging compared to single-agent-based networked control systems.

Motivated by [40], where the centralized and distributed event-triggered
consensus problem for single-integrator is studied, great efforts were devoted
to the ETC of MAS with single- and double-integrator dynamics [40], [42],
[43]. In [40], [43], the control input of each agent was required to be trig-
gered at its own communication instants as well as all its neighbors’, which
will result in an very frequent control update as the number of neighbors
is increasing. To cope with this problem, a combinational measurement ap-
proach to designing the event-triggered scheme is developed in [42]. However,
continuous communication between neighboring agents is required. Recently,
some researches have considered event-triggered consensus problem for gen-
eral linear MAS [33], [45]-[47], [49]. In [45], [46], continuous communication
of neighbors’ states are required to check the triggering conditions. In [47], an
additional constant is introduced in the threshold function to avoid continu-
ous communication, whereas only bounded consensus can be achieved rather
than complete consensus. Then, in [33], [49], the continuous requirement for
communication is relaxed by introducing additional assumptions [49] or by
using the matrix exponential function e* [33], nevertheless the continuous
controller update is still required.

Motivated by the above discussion, this chapter investigates the dis-
tributed ETC of linear MAS, where output feedback is considered. The con-
tributions are summarized as follows. A distributed asynchronous event-
triggered communication and control strategy is proposed, which is capable of
reducing both the rates of communication and controller update. It is shown
that consensus is achieved asymptotically. Furthermore, Zeno behavior is ex-
cluded.



24 Distributed Event-Triggered Consensus

3.2 Problem Formulation

Consider a MAS with N agents, and the dynamics of each agent is formulated
by
l‘l(t) = Axl(t) + Bui(t),

yilt) = Cay(t), i=1.2,....N, (3.1

where A € R"™", B € R"™™ and C' € R*" are constant matrices; x; €
R™, u; € R™ and y; € R! are agent i’s state, control input and measurement
output, respectively.

Assumption 3.1. The communication graph G formed by the group of agents
contains a directed spanning tree.

Assumption 3.2. [51] The matrix pair (A, B) is stabilizable. That is, the fol-
lowing algebraic Riccati equation (ARE)

ATP+ PA—PBR'BTP+Q =0 (3.2)
has a unique solution P = PT = 0 for any given matrices R = RT = 0 and
Q=QT ~0.

Assumption 3.3. The matrix pair (A, C) is detectable.

Definition 3.1. The consensus of the MAS (3.1) is said to be achieved asymp-
totically, if and only if for any initial condition,

lim [z (t) — 2 () = 0, Vi, j,i # .

t—00

An observer-based consensus protocol is proposed in [52], that is,
&i(t) =A2i(t) + Bui(t) + F(yi(t) — Cau(t)), (33)

and

ui(t) = —cK Y (i"i(t) - ij(t))a (3.4)

JEN;

where 4; € R" is the observer state, ¢ > 0 is the coupling gain, and F' € R"*!
and K € R™*" are the feedback gain matrices to be determined. Let the
gain matrix K = R~!BT P, where P is the unique solution of ARE (3.2) for
appropriately chosen R = R” = 0and Q = Q7 > 0.
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Figure 3.1: The structure of ETC for agent «.

It was proven in [52] that under Assumptions 3.1-3.3, consensus of the
MAS (3.1) is achieved with the controller (3.4) if and only if the coupling gain
¢ > 1/(2AR), where Ap = mins<;<ny Re()\;) and \; is the i-th eigenvalue of
the Laplacian matrix L.

However, in order to be implemented, the controller is required to access
the observer state continuously and update continuously. Although different
ETC strategies regarding consensus of linear MAS were proposed, either con-
tinuous communication [45], [46] or continuous controller update [33], [47]
is required. In this chapter, the problem under consideration is formulated as
follows.

Problem 3.1. Consider the MAS (3.1) with the observer (3.3). Design communi-
cation and controller update strategies for each agent i such that i) the require-
ment of continuous communication and controller update is relaxed and ii) the
consensus of the MAS (3.1) is achieved asymptotically.

3.3 Main Results

In this section, a distributed ETC strategy is proposed for the MAS (3.1). The
structure of the ETC for each agent ¢ is shown in Figure 3.1, where event gen-
erators are implemented in both the communication side and the controller
side. The proposed design procedure can be divided into two major stages.
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In the first stage, an event-triggered communication scheme is designed. Un-
der such a communication scheme, in the second stage, a distributed event-
triggered controller that depends only on the transmitted information of agent
itself and its neighbors is proposed. The following subsections detail this pro-
cedure.

3.3.1 Communication function

This subsection presents the design of the event-triggered communication
scheme. For each agent i, let tf,i, o; = 0,1,2,... be the increasing sequence
of communication time instants at which Z; is transmitted. Then, we define
the communication measurement error for agent ¢ as

ei(t) = AT )a (e ) — #i(t), tefth, 1),

g;) 7o

where the communication time instant tf,i is updated by

thoo=inf {t >t : f(te(t) >0}, (3.5)

where

f(toei (8) = lles (0)]| — Toe™ (3.6)
with Iy > 0, @ > 0 are constants to be determined. The condition f (¢, e;(t)) >
0 is called the communication function. Without loss of generality, we assume
L =0,Vi.
3.3.2 Control function

Before proceeding, the following notations are introduced. For each agent i,

Gi(t) is defined as
C"L(t) = eA(t_tgi)'%i(tfj‘i)7 t € [tffl? Z‘ri»l)

and QJZ (t) is defined as

; Alt—t2 ) . .5 — )
G(t)=e ( J)a;j(tg,j), t€[th ty,11).0 €N
The event-triggered controller for each agent ¢ is designed as

wit) = —cK Y (G(TE) — CU(TY), te [T Ti), (3.7)
JEN;
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where T}, k € N is the controller update time sequence of agent i. From the
above definitions, one has

Q(T,i) = eA(T’i_tgi)ii(tf;i), o; 2 arg min {T,f; — tf} ,

IENT} > ¢!
. . AlTi— J&- R . A . . . .
G(Tp) =e ( k tﬂ)xj(tff,), oj =arg min {T,zftf},V] eN;,
! ! IEN:T >t

where t’, , &;(t} ) and tz,j , T (t{,j), j € N, represent the latest communication
time instant and the latest received information of agent ¢ and its neighbors j
before T,ﬁ, respectively.

Let 2; (1) = D e (Gi(t) — C} (t)). Define the controller measurement er-
ror of agent ¢ as the combined state differences between the last triggering
instant Tli and the current time, which is

&)=Y (G(TH = ¢T)) = > (Glt) = ¢(1)
= Zz(T,z) — Zz(t)

Combining e; (¢) and ¢é;(t), the controller (3.7) can be rewritten as

u;(t) = —CK{ Z (&i(t) + ei(t) — (2,(t) + ¢;(t))) + éi(t)}. (3.9)

JEN;
Define the observation error of agent i as Z;(t) = x;(t) — Z;(t), let Z () =
(Z1(t),...,Zn (t)). Then the dynamics of the observation error system is

Z(t)=In®(A—-FQC))i(t),

which is globally asymptotically stable if and only if the matrix A — F'C'is
Hurwitz.

Let Z, e, € be the concatenated vectors of Z;, e;, &;, respectively. Then, the
dynamics of the observer (3.3) can be rewritten as

2(t) =(Iy ® A)i(t) — (cL ® BRTBTP) (&(t) + e(t))
— (cIy @ BRT'BTP) é(t) + (In ® FO) &(t).

Let &(t) = 2i(t) — #1(2),Vi and £(t) = (&1 (), &-n (1)), where
G n(t) 2 (& (t),... En (t) € RV=Dn 1t follows that & (t) = 0, and

(3.10)
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the vector £o_ n(t) satisfies
Eo N(t) =(In_1 ® A —cL® BRT'BTP)&;_y(t)
- (CEW ® BR—lBTP) e(t)

(3.11)
— (W @ BR™'BTP) é(t) + (W ® FO) &(t)
ZHfg_N(t) — Gle(t) - GQé(t) + G3@<t),
where
O=Iy19A-cL®BR'BTP,
G =cLW @ BR'BTP,
Gy =cW @ BR™'BTP,
Gs=WQ FC,
W =[-1n-1,In-1] € RW-DxN and L is defined in (2.1). It can be seen that

the observer (3.10) achieves consensus, if and only if lim;_, o &2 N (t) = 0.

Since Assumption 3.1 holds, it follows from Lemma 2.1 that L €
RV=1x(N=1) 5 3 full-rank matrix. Moreover, the eigenvalues of L have pos-
itive real parts. Choosing the coupling gain ¢ > 1/(2\p), it is proven in
[52] that the matrix II is Hurwitz. Thus, there exists a positive definite ma-
trix P = P satisfying the Lyapunov condition PII + II" P = —Q for any
given Q = QT =~ 0.

Now, we are ready to define the controller update time sequence. The con-
troller update time instants T} for each agent i are given by

Ti =inf{t > T} : g (& (t),z(t),t) >0}, (3.12)

where
9@ (t),z (t),t) = &) — (0 |z:(t)]| +ne™) (3.13)

with constants 0 < 6 < 1,7 = Amin (Q) /(1 + N\/i) HPGQ ),m>0,1=
max; {d;;} < N —1,and « defined in (3.6). The condition g (&; (t) , z;(t), t) >
0 is called the control function. Without loss of generality, we assume T; =
0, Vi.

From the definitions of z;(¢) and é;(t), one can see that only the discrete
communication time instants and the states transmitted at these communi-
cation time instants (determined by the communication function (3.6)) are re-
quired to implement the control function (3.13). When the controller measure-
ment error é; exceeds a certain threshold, that is, g (&;(1}), zi(T}),t) > 0, an
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event is triggered for agent i. Agent ¢ updates its controller using the latest
communication instants and the latest received states. Meanwhile, the con-
troller measurement error é; is reset to zero.

Remark 3.1. The communication function f(t,e;(t)) > 0 can be seen as a
trigger for communication and the control function g (é; (t), z;(t),t) > 0 can
be seen as a trigger for controller update. They work asynchronously. Note that no
communication is required at the controller update time instants for each agent,
which is different from the previous ETC strategies, where each agent updates its
controller and communicates with its neighbors at the same time.

Remark 3.2. It is worth to mention that except for the controller update time
instants, the control function g (é; (t) , z;(t), t) will also be reset at the commu-
nication instants of itself and its neighbors. Therefore, g (¢; (t) , zi(t),t) can be
discontinuous within two successive controller update instants, thereby resulting
in additional difficulties in proving the exclusion of Zeno behavior. Furthermore,
different from the control functions proposed in [42], [47], an extra term ne~ is
introduced in this chapter to exclude Zeno behavior.

3.3.3 Convergence result
Now, we are in the position to give the following result.

Theorem 3.1. Consider the MAS (3.1) with the observer (3.3), where the matrix
F' is chosen such that the matrix (A— F'C') is Hurwitz. Let the controller be given
in (3.7), where the coupling gain satisfies ¢ > 1/(2A\g). Suppose Assumptions
3.1-3.3 hold and that the communication function (3.6) and the control function
(3.13) are applied with

0 < a<min{((1 —0)Ain(Q) — a)/2Amax(P), —max;Re (\; (A — FC))},

where 0 < a < (1 — 0)Amin (Q). Then, consensus of the MAS (3.1) is achieved
asymptotically. Furthermore, Zeno behavior is excluded.

Proof. Consider the following Lyapunov function candidate
V(t) = &-n(t)" () Péa-n(t).
Differentiating V'(¢) along the trajectories of (3.11), one has

V(t)=—&_n0Q&_n(t) — 265 _N(t)PGre(t)

_ _ 3.14
2] N ()PGa(t) + 268 N (OPCaE(D).
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According to (3.5), one has [|e;(t)|] < Ipe™*,Vi, and thus |e(t)|| <
V' NIye . Besides, for agent i, an event for controller update is triggered
at T}, when g (& (t),z(t)) > 0. Thus, one has g (é; (t),z(t)) < 0 for
t € [T, T}, ). According to the definition of z;(t), one has

Il @ =] Y @) - )|

JEN;
<| 3 (@i = @) = @) - )|+ | X et) — e
JEN; JEN;
<Y Ua®I+IG@D + > Ule®)ll + lle; ).
JEN; JEN;

(3.15)
Letting 4 = Amin (Q) /(2 || PG>

}) one further has

N
le@I <> (Ol +ne™) < 05 (I + le(®)]]) + Nne*
1=1

<O0F €2~ ()| + (0310 + n) Ne™*".

Using the inequality 27y < az? + y?/a,Va > 0 several times, (3.14) can
then be rewritten as

V() <= duin (Q) lz-w () + 22 DIl | PG| e ()]
26wl | PG| e )] + 2 la-n(0) | [ PG5 ] 17 ()]

5 2
<= (1= 0)Ain (Q) — a) |Ea-n(B)II” + ~| PG| |2 O 316)
+ %(HPGlH To + || PGa|| (6310 +m))* N2e 20

< =281V () + Bae 2 4 B ||E (8)]?,
where
B1 = ((1 = 0)Amin (Q) — @) /2Amax (P)
B2 =2(|| PG1|| o + | PGa|| (6310 + ) *N?/a,
B3 =2| PGs|*/a.

Choosing a < (1 — 0)A\pin (Q), B is positive. Based on the comparison the-
orem in [37] and (3.16), one can get that the solution of V() satisfies

t
V () <e”21ty (0) +/ e 2009 By 4 By (s) ]| *)ds.
0
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Define C' = A— FC and let Pé and P(:fl be the matrices such that Pgl C PC' =

Jé, where Jé is the Jordan canonical form of the matrix C. Then, it follows
from Lemma 2.2 that for 0 < s < ¢,

o2 ge20 + gy (o)1)
2
Sﬁ2e—2ﬁ1(t—s)6—2as + B3 <Cé Hpé’H Hpgl H & (O)H) 6—261(15—8)62(1@3’
where max; Re()\;(C)) < aps < 0and cp is a positive constant with respect
to C. Let
a :V(0)+a2+a3,
ag = Bo/ 200 — 24,
az = B3(cel| PelllP5 N1 (0)11)%/ [2a6 + 261 -
Then, one can further have
V(t) < are 2Bt 4 goe20t 4 gge2tct,

Since 1 > 0,a > 0 and as < 0, one has lim; oV () = 0. From the
definition of V, one can see that V(¢t) = 0 if and only if ||{o—n(2)| = 0,
which is equivalent to ||Z;(t) — Z;(¢)|| = 0,V(i,j) € &. Besides, one has

lim_, ||Z(¢)|| = 0, which is equivalent to lim;_,~ ||z (t) — &;(t)]| = 0, Vi.
Therefore, consensus of the closed loop system (3.1) and (3.3) is achieved
asymptotically.

In the following, we will show that Zeno behavior is excluded. Firstly, the
communication function (3.6) is analyzed.
From the definition of £(¢), one has

1€ @) = [[€a—n B)]| < A/V (£)/Amin (P) = bre™ P + bye™" + bzee?,
whete by = \fax e (P), b2 = 12/ s (P} and by = s o (P).

Let u(t) be the column stack vector of u;(t). Then one has

I(In @ B)u ()]
<|(cL® BR'BTP)(& (t) + e (t))| + ||cIy ® BR™'B"P|| |lé(t)|
<c|[LIH|BRT'BY P (ll€ )] + lle ()]) + c [ BRT BT P|| le(t)l|

<die P + dye™ " + dyeet,
(3.17)
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where

= c(||L|| + 67) || BR™' BT P|| by,
ds = ¢ (|L|| Io + (0710 + ) || BR BT P||) VN + diba /b1,
= ¢(||L|| + 6v) ||[BR™*B" P|| bs.

Furthermore, one has Vt € [t} ) ),

& (1) =Ae 0D 3, (1) — (A#; () + Bui () + F (y; (t) — Cy (1))
:Aei (t) — Bui (t) — FC.%'Z (t)

and ||u; (¢)]] < [Ju(t)]]. Thus, [|é; ()| < kie Pt +koe™ 4+ kzect, where ky =
di, ko = dy + HAH Iy, 51|| ”FO” Hi’z (O)H Denote
the latest communication time of agent 4 by ¢, then the next communication
time will not occur before ||e; (t)|| = Ipe™**. Thus, alower bound on the inter-
communication time of the agent i, Vi i is given by 7; =t — t! that solves the

equation (kje~ BiEi 4 kye—oli 4 kgetch )1 = Ipe~®, which is equivalent to
(kle(_ﬂl"'aﬁ;’k + ko + kzge( ag+a)E; ) 7 = Ipe 7. (3.18)
Since 31 = (1 — O)duin(Q) — @)/2Amax(P), one has a <

min{f;, —max;Re(\;(C))}, then there exists a positive constant a < (1 and
—max;Re(\;(C)) > —ap > a > 0. Thus, it is concluded that the solution 7;
of (3.18) is not smaller than 7%, which is given by (k1 + ko + k3) 7" = Ipe™ "
for all agent ¢, which is strictly positive. Therefore, Zeno behavior is excluded
for the communication function (3.6).

Next, the control function (3.13) is analyzed. Note that the control func-
tion ¢ (-, -, ) is not necessary continuous within two consecutive' controller
update instants (as stated in Remark 3.2). Define f’; = Uje N t?,J,(Ti € Z
as the increasing sequence of communication time 1nstants of agent ¢ and its
neighbors, i.e, 0 = tl <t <th< , Vi. Let TZ = tZ U Tl;,l;: € Z, where

0="1T¢ < T} <Ti<---,Vi Then the set {T]z} can be seen as the jump set

of function g (&; (t), z;(t), t). Within two successive instants of le;’ one has

g (é; (t),z(t),t) is continuous. Define 7/ = T}, — T} as the time interval

between two neighboring controller update instants of agent ¢, then for each
€ [T}, T} ). one can get
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i)if T} € {ffn} and T}, € {ffn} onehas 7/ =T} | — T} > tAZOl,Z,H - fzn
Since Zeno behavior is excluded for the communication function (3.5), one has
that 7/ is strictly positive in this case;

i) if T}, € {fgi},T he1 ¢ {tAZUl} there must exist a 7 € Z such that
Ti, € (tl&:,tl&;ﬂ). if t; > 1 .y, one has T >t

which means T,i and T,i 1 are neighboring instants of le thus

— ffn Otherwise,
L, =
a;

g (€ (), z(t),t) is continuous for ¢ € [T}, T}, ). Taking the derivative of
éi(t) on t, one has ||&;(t)|| < [|Az®)| < mie Pt + mge® + mgetet,
where my = ||A|| ((+NVDb1, ma = || Al| ((+NV1)(by+VNIp), and ms =
1Al (I + N\/?)bg. Besides, from (3.13), one observes that the next controller
update time will not occur before ||é; (t)|| = ne™“’. Similar to the following
analysis of the communication function (3.6), one can get that 7/, Vi is greater
than or equal to the solution 7* of

s
g;°

(m1 +mo +ms) 7" = 776_06%*,
which is strictly positive;
iii) for the cases 7} ¢ {t.}, Ty € {ti}and T} ¢ {ti}, Ti, ¢ {#L}, one
can also get that 7/, Vi is strictly positive similar to the analysis of i) and ii).
Since there is a strictly positive lower bound on the neighboring controller
update time instants in all cases, one can conclude that Zeno behavior is ex-

cluded for the control function (3.13). O

3.4 Example

In this section, a numerical example is given to verify the theoretical results. A
network of 6 agents with communication graph G is shown in Figure 3.2. One
can calculate that A, = 1, then we choose ¢ = 1 > 1/(2Ap). The initial state
x;(0) of each agent i is chosen randomly from the box [—5, 5] x [—5, 5], and
the initial state of the observer #;(0) of each agent i is chosen to be [0, 0], Vi.
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Figure 3.2: Communication graph for the MAS.

The system matrices are chosen as

A:[(ﬁ 0%2}’3:[8:2]’02[1 0}

Given Q = 51y and R = 2y, one can get K = [0.6917, 1.8780] by solving
the ARE (3.2). The feedback gain matrix F is chosen as F' = [—0.5,2]% such
that A — FC is Hurwitz. Given Q = 55y _o, then one can get Apax(P) =
6.7513 by solving the Lyapunov function II” P + PII = —(Q. Choosing 0 =
0.4 and a = 0.001, one has 81 = 0.444. Then, we can choose o = 0.4 <
min{/;, —max;Re (A\; (A — FC))}.
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Figure 3.3: The evolution of x;1, z;2 under controller (3.7).
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Figure 3.5: The communication/controller update time instants of agent 1.

The simulation results for the multi-agent systems (3.1), (3.3) with con-
troller (3.7) are shown in Figures 3.3-3.5. The state trajectories are plotted in
Figure 3.3, where x;; and z;o are the state components of agent i. The evo-
lutions of controller (3.7) for each agent ¢ are plotted in Figure 3.4. As an ex-
ample, the communication/controller update time instants of agent 1 (labeled
as t./T}) and the inter-communication/controller update interval of agent 1
(labeled as A(tL)/A(T})) is presented in Figure 3.5. One can see that Zeno
behavior is excluded for both the communication and controller update. In
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Figure 3.6, the state trajectories under the controller (2) proposed in [33] are
depicted, and the evolutions of controller (2) are plotted in Figure 3.7.

5 T T 5 T
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agent2 0 agent2
agent3 agent3
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Figure 3.7: The evolution of controller (2) proposed in [33].

Table 3.1 summarises the simulation results for the controller (3.7) and the
controller (2) of [33]. The amount of communication times and controller up-
date times within the simulation time interval [0, 30] are given for each agent
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Table 3.1: The amount of communication times (CT) and controller update
times (UT)

CT [[CT[33]] UT
Time Interval || [0, 30] [0, 30] [0, 30]
Agent 1 44 46 129
Agent 2 41 37 52
Agent 3 45 45 97
Agent 4 32 29 50
Agent 5 30 29 49
Agent 6 40 30 50
Overall CT 232 216 -

and the overall communication times are calculated. Since the controller pro-
posed in [33] is updated continuously, the controller update times in [33] is co
for each agent, and thus the improvement in our case is straightforward. One
can see that during the time interval [0, 30], the overall communication times
of controller (8) are slightly more than that of controller (2) proposed in [33].
Therefore, it is concluded that the proposed distributed ETC strategy reduces
significantly the controller update times without significantly increasing the
communication times.

3.5 Summary

In this chapter, distributed ETC of linear MAS was investigated. Firstly, in
the communication side, an event-triggered communication scheme was pro-
posed for each agent. Then, in the control side, a distributed event-triggered
controller was implemented for each agent. It was proven that the consensus
of the MAS is achieved asymptotically. It was also shown that Zeno behavior
is excluded.



Chapter 4

Periodic Event-Triggered Consensus
under Limited Data Rate

Chapter 3 proposed an event-triggered control (ETC) strategy for multi-
agent consensus. In this chapter, a distributed periodic event-triggered con-
trol (PETC) strategy is developed for multi-agent systems (MAS), which fur-
ther relaxes the requirement of continuous sensing and computation in ETC
of Chapter 3. First, an approach on finding the maximum allowable sampling
period (MASP) is proposed. Then, an asynchronous PETC strategy is proposed
for the MAS. Finally, the constraint of limited data rate is taken into account.
It is shown that exponential consensus can be achieved in all the cases.

4.1 Introduction

In recent years, ETC has been proposed as an alternative to sample-data con-
trol (which will be called time-triggered control (TTC) in the following), and
various ETC strategies have been proposed for different kind of systems [14],
[33], [40]-[50]. It should be pointed out that, although the literature on ETC
is rich, limitations still remain and there are still some issues to be investi-
gated. On one hand, most of the existing ETC strategies require the triggering
condition to be monitored continuously[40]-[43], [47], [53] or partially con-
tinuously [49], [50], which may result in excessive use of sensing and com-
putational resources. On the other hand, different from TTC, in which the
devices (such as sensors, controllers and actuators) are activated only at the
discrete sampling instants, in the ETC mechanism, it is necessary for all de-

38
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vices to be activated all the time, which increases the energy consumption and
thus reduces the lifespan of those devices. To address these problems, PETC!
has been proposed as a solution [54]-[67].

In the area of PETC, most of the effort has been devoted to the stabilization
of a single agent system [54]-[61], while the cooperation in the multi-agent
case has not been considered to the same extent. Results on the design of PETC
strategy for MAS with single-integrator dynamics are presented in [62]-[64].
For MAS with general linear dynamics or Lipchitz nonlinear dynamics, some
recent results are reported in [65], [66] and [67], respectively. However, to the
best of our knowledge, except for single-integrator MAS, the computation of
MASP for MAS is typically not carried out [66] or given by solving a set of
linear matrix inequalities [65], [67] without resulting in an explicit formula.
We note that it is hard in general to find the explicit formula of MASP for
PETC of general linear and nonlinear MAS. An overview of recent advances
in ETC/PETC of MAS can be referred to the survey paper [68]. A comparison
between TTC, ETC, and PETC is given in Figure 4.1.

TTC
0 h 2h 3h 4h
| | | | 1
ETC
0 t1 t2 t3 ta
|
PETC L | | |

0 h 2h 3h 4h

Figure 4.1: Differences between TTC, ETC and PETC, where the arrows in
PETC represent the instants when the transmission actually happens.

Motivated by the above discussions, this chapter investigates PETC for
MAS. The contributions are as follows.
(i) An approach on finding the explicit formula of the MASP is presented.

(ii) Anasynchronous PETC strategy is formulated, where a communication
function and a control function are designed for each agent to determine

"PETC combines the idea of TTC and ETC, in which the triggering condition is monitored
periodically at the pre-defined discrete sampling time sequence, which allows to achieve a
balance between TTC and ETC.
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respectively whether or not the sampled state and control input should
be transmitted at each sampling instant.

(iii) The constraint of limited data rate is considered. An observer-based
encoder-decoder with finite-level quantization is designed for the
sensor-controller communication and a finite-level quantizer with scal-
ing is designed for the controller-actuator communication, such that
certain constraint on the data rate is satisfied.

4.2 Problem Formulation

Consider a MAS with N agents, and the dynamics of each agent is given by

() = @) + (), i=1,2,...,N, (1)
with
i(t) = > ig(ai(t) —wi(t), t € [t tig), (4.2)
JEN;

where x; € R™, 4; € R"™ are respectively the state and the control input of the
ith agent, f is a function representing the known nonlinearity of the system,
1;; is a control function to be designed, and ¢; = [h,l € N is the increasing
sampling sequence. Here, i > 0 is the sampling period, which is common to
all agents.

Assumption 4.1. The communication graph G formed by the group of agents
is undirected and connected.

Assumption 4.2. The function f is Lipschitz continuous with Lipschitz constant
p1 > 0and f(0) =0.

Remark 4.1. For the sake of simplicity, we analyze the nonlinear system (4.1).
We note that it is straightforward to extend the results presented in this chapter
to dynamical systems &;(t) = f(x;(t)) + Ax;(t) + Bt;(t) when the matrix pair
(A, B) is stablizable.

Definition 4.1. The function ¢ : R™ — R" is said to be in sector [l1, 3] if for
all ¢ € R™, one has

(a7 o(q) — l1a"q) (¢ ¢(q) — 2" q) < 0.
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Assumption 4.3. The functions ¢;; : R" — R",(i,j) € & are required to
satisfy the following conditions:

a) forany x;, x; € R"™, one has ;;(xj;) = —ji(xi;), where x;; = x; —xj;

b) there exists a constant K > 0 such that for any x;; € R", one has
:EZ;¢]Z(.TZJ) Z KCL‘Z;SU”, and

c) 1;j are globally Lipschitz continuous functions with Lipschitz constant
p2 > 0, that is, || (2") — i (2")|] < p2||l2’ — 2" for any 2/, 2" € R™, and
wij(o) =0,Y(i,j) € €.

According to item c), one has |vj;i(zi)|| < p2llwi;|| and thus
xile/in(xij) < pol|zij||*. Combining with item b), one can further have
K|zi]|* < :Uz;wﬂ(l'”) < pol|w;;||?. That is to say, the function 1;; is in
sector [K, p2],V(j,1) € €.

Let z(t) = Zfil x;(t)/N be the average state of all agents. Define the
state error between agent i and the average as &;(t) = z;(t) — Z(t), Vi and the

error vector as £(t) = (&1(t), ..., &n(1)).

Definition 4.2. Consensus of the MAS (4.1) is said to be achieved exponentially,
if there exist positive constants k, j such that the error vector satisfies

IE@)] < we™, 9t > 0.

The constant 1 is called the convergence rate and the constant k is called the
convergence coefficient.

In this chapter, the problem under consideration is formulated as follows.

Problem 4.1. Consider the MAS (4.1). Design PETC strategies for each agent i
such that the consensus of the MAS (4.1) is achieved exponentially.

4.3 Explicit Computation of MASP

In this section, an approach on finding the MASP is proposed. Before proceed-
ing, the following notations are introduced.
Define

yi(t) = xi(),

t (4.3)
yi(t) = yi(t) + t fyi(s))ds, te (t,ti),



42 Periodic Event-Triggered Consensus under Limited Data Rate

and u;(t) = >_ e, ¥ij(¥5(t) — yi(?)). The sampling-induced errors of agent
1 are defined as

ez, (t) = yi(t) — zi(t), ey, (t) = ;i(t) — wi(t), Vi. (4.4)

Then, one has ||z, (£;) || = 0 and ||e,, (¢;) || = 0 for all ¢;.
The control input (4.2) can then be rewritten as

Z Q;Z)z] x]l )+ 6:1331( ) + eui(t)7

JEN;
where ;i (t) = x;(t) — x;(t) and ey, () = ez, (t) — s, (t).
Since the graph G is undirected and v;; (J;J,) = —1;;(z;), one has
) 1 X
&i(t) =f(z:(t)) - > f@®) +ait), i=1,2,...,N, (4.5)
=1

where ;(t) can be equivalently rewritten as

a;(t) = Z Yij (gjl(t) + ez (t) + Cu; (t), (4.6)

JEN;

where fj,’ (t) = §j (t) - EZ (t)

One can see that the exponential consensus of the MAS (4.1) is achieved
if and only if the stability of the error system (4.5) is achieved exponentially.
Therefore, in the following, the stability of the error system (4.5) is investi-
gated.

Let &, e, e, be the concatenated vectors of §;, e, €4, , respectively, where
we dropped the time argument ¢ for notation convenience. Define ||z||" :=
d||z||/dt,Vz. Then, we get the following propositions.

Proposition 4.1. Let the function V : R>g — Rsq be V(2) = 22, then the
derivative of V(||€||) along the trajectory of (4.5) satidfies
. . 1 1
V(€D < =LIEN* + —*llexl® + —lleull?, (4.7)
aq al

where [, = 2KXo(L) —4p1 — 2a1, v = p2V 202 + 2Ni, [ = max;{d;;} <
N —1, a1 > 0, and \o(L) is the algebraic connectivity of the Laplacian matrix
L.
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Proof. The proof is provided in Appendix. O
Proposition 4.2. Forallt € [t;,1;41), the following inequalities hold
lexll” < 2411€] + (o1 + 27 [lex || + V2] eul], (4.8)
lewl” < V2p17lI€ll + V2p17]lel- (4.9)
Proof. The proof is provided in Appendix. t

Now, we provide an explicit computation of the MASP h* for the MAS
(4.1). Firstly, we introduce two auxiliary functions ¢1, ¢2. Let ¢1(7) : R>9 —

R and ¢2(7) : R>¢9 — R be such that

dor (T
QET( ) m1¢T (1) — magi (1) — ma,
doo (T
(ﬁi() — () — nada(r) — na,
T
where
473 A
m1:a712+a2, my = 2p1 + 4y + (L —2a1), m3 =7+ a,
2 2 2
9 . 2
ny = 1 51 + 701’ ng = L — 2ay, ”3:l+1
aj as az

(4.10)

(4.11)

(4.12)

for some as > 0. The constants L, a1, v in (4.12) are given in Proposition 4.1.

To state our main results, we further introduce the following function:

arctan (5) if dzz > 2,
T(x,y,2) = if 4xz = 32,

Zarctanh (%) . ifdxz < 42,

IR 3N

where
ri=/|dxz — y?|.

Then, the MASP h* is selected as

h* = min{T (my, ma,m3), T (n1,n2,n3)}.

(4.13)
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Theorem 4.1. Consider the MAS (4.1) with the control input (4.2), where the
sampling period h is chosen from h € (0, h*). Suppose Assumptions 4.1-4.3 hold
with K > 2p1/A2(L). Then, consensus of the MAS (4.1) is achieved exponen-
tially with convergence rate KAa(L) — 2p1 — 2a1 and convergence coefficient
1£(0) ], where ay € (0, (KX2(L) — 2p1)/2).

Proof. The proof is provided in Appendix. O

Remark 4.2. In this chapter, the communication graph is assumed to be undi-
rected. It is worth to point out that the results obtained are applicable to the case of
a directed graph with a spanning tree when a linear system model is considered.

Remark 4.3. Two constants, i.e., a1, as are introduced for the computation of
MASP. It can be seen that both the MASP and the convergence rate are related
to the constant ay. Moreover, a small value of a; means faster convergence,
however, the MASP will be smaller. Therefore, a1 can be used as a trade-off
between the rate of communication and the rate of convergence. In addition,
from (4.10) and (4.11), one can see that a small value of as means a bigger
T (my, ma, m3) and a smaller T (n1,na,n3), while a big value of as means a
smaller T (m1, ma, ms3) and a bigger T (n1,na, n3). Therefore, as can be used as
a trade-off between T (my, ma, m3) and T (n1, n2, n3) such that the maximum
MASP can be achieved. A way of tuning parameters ay, as is given as follows: i)
choose a1 such that the requirement of convergence performance is satisfied; and
ii) find ay such that T (my, ma, m3) = T (n1, n2, ng).

4.4 PETC

In Section 4.3, an approach on finding the MASP is proposed for TTC. To fur-
ther reduce the rates of communication and controller update, in this section,
an asynchronous PETC strategy is developed.

4.4.1 Communication and control functions

For each agent i, let tf,i, 0; € N be the increasing sequence of communication
time instants at which x; is transmitted and {,_ } be the set of communication
instants. On the sensor side, each agent implements an estimator of itself using
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the most recently transmitted data (%), that is,

Qz(tl) = f(gl(t))v le [talvtgz ) (4.14)
(2
For agent ¢, the communication error at the sampling instant ¢; is defined
as ey, (1) = 9i(t;) — wi(t;), and the communication time sequence t; is gen-
erated by
o1 = {ti > 8, : hu (11, ey, (1)) 2 0}, (4.15)

where
hi (ty, ey, (1)) = lley, (&[] — cre™ " (4.16)

with constants ¢; > 0, > 0. Without loss of generality, we assume t}) =
0, Vi.

From the definition of e, (¢;), one can see that only the sampled state ;(t;)
is required to implement the communication function (4.16) for each agent
i. At each t;, ||ey,(t;)]| is compared to a certain threshold, i.e., cie™*, and
the sampled state x;(t;) is transmitted if and only if ||e,, (¢;)|| is bigger than
or equal to that threshold. Moreover, one can see from (4.15) that the com-
munication function (4.16) is detected only at the sampling instants ¢;. Thus,
{tt.} € {t; = In},Vi.

On the control side, each agent implements estimators of itself §;(t) as
well as its neighbors ¢;(t) based on the received states, that is,

9;(t) = f(9;(1), te [taj7t?r +1);

o . _ (4.17)

The distributed event-triggered controller for agent ¢ is designed as

Z 1% (Tk)) te [Tli’TliJrl)’ (4.18)

JjeEN;

where T7, k € N is the controller update time sequence.
Define ¢;(t) = >_,cn; ¥ij (Q]( ) — ¥;(t)). Then the control error at sam-

pling instant ¢; is defined as €., (t;) = ¢i(T}) — qi(t;). Let {T}} be the set of
controller update instants, in Wthh Tk | is generated by

Tiyy = inf {tl > T hy (tl, & (tl)) > o} : (4.19)
l
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where

ha (théiu (h)) = ‘

with constant ¢y > 0. Without loss of generality, we assume T¢ = 0, Vi.
From the definition of ¢;(t), €/, (#;) and (4.17), one can see that only the

transmitted states of agent ¢ itself and its neighbors, i.e., z; (tg-j ),J € ./\/;-+ are
required to implement the control function (4.20) for each agent ¢. Moreover,
one can see from (4.19) that the control function (4.20) is detected only at the
sampling instants ¢;. Thus, {T}} € {t;, = lh},Vi.

e, (t) H — cpe (4.20)

4.4.2 Convergence result

Define éui (t) = qi(tl) — qz-(t),t S [tl, tl+1) and €y; (t) = gz(t) — yi(t), where
y; is defined in (4.3). Then, one has ey, (t;) = 9:(t;) — vi(t) = 9:(t1) — zs(t1).
For convenience, we extend the control error as piecewise constant signals as
e, (t)=¢é\ (t;),t € [ti, ti11). Combining the definition of e,, (¢) given in (4.4)
and &., (t), ey, (t), ey, (t), (4.18) can be rewritten as

U; = Z wij (xji + €z + eyjz‘) + éLi + éuw
JEN;

l (4.21)
=D Wii(&ji+ eay, +ey,) + 8, + e,
JEN;
where e,,, = e,, — e,,. Since the graph G is undirected and ;;(v;;) =
—;j(z45), one has Zf\;l U; = Zfil éfh,. Then, one can further have
. 1 Y 1 X
& =f(z;) — N;f(ari) + 4 — N;éi“' (4.22)

Let £, ez, ey, éfv €, be the concatenated vectors of &;, e,,, €y, éiw €y, Te-
spectively. Then, we get the following proposition.

Proposition 4.3. The derivative of V (||£||) along the trajectories of (4.22) sat-

isfies

Al
€y

. . 4 4 4
V(IED) < = LIEN? + =2llexll* + =~ lleyI* + —
al al al

2 2 .2
+ —léu]”
a1
(4.23)
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In addition, for allt € [t;,t;41), the following inequalities hold

Al
€y

lexll” < 3ylIEll + (o1 + 37 llexll + 3vlleyll + V3[léu] + V3
lewll” < V31 (€N + lleall + lleyl)-

)

Proof. The proof is similar to Propositions 4.1 and 4.2, and hence omitted. [J

Similar to Section 4.3, one can derive that the MASP for PETC is given by

h* = min{T (ry, g, ms), T (A1, hia, 7is) }, (4.24)
where
Ty = W+a2, g = 2p1 + 67+ (L —2ay1), 1 =4y + ag,
Ay = 372”3;‘” + 315%, fip = I — 2ay, g = Z+2.

(4.25)
Then, we can get the following result.

Theorem 4.2. Consider the MAS (4.1) with the control input (4.18), where the
sampling period h is chosen from h € (0, ﬁ*) Suppose Assumptions 4.1-4.3
hold with K > 2p1/X\o(L). The communication time sequence and the con-
troller update time sequence are given respectively by (4.15) and (4.19) with
a > KXo(L) — 2p1 — 2a1. Then, consensus of the MAS (4.1) is achieved expo-
nentially with convergence rate K \a(L) —2p1 —2a, and convergence coefficient

\/dy, where
KXMo(L)—2

a; € (O,—z( ) Pl)’

2

B1+ Ba

di = 0)|?
! £+ 20 — 2K Mo (L) + 4py + day’

4
p1 = NC%’Yz(CT+3(37+P%)>€2(p1+a)h,

1

4
B2 = Ncg(—+37>62ah.
ai

Proof. The proof is provided in Appendix. O
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Remark 4.4. In this chapter, the approach on finding the MASP is related to [69].
In [69], a sufficient condition is provided on the existence of an explicit formula
for MASP that guarantees the stabilization of a networked control system. In this
chapter, we consider the consensus of MAS in a networked control system frame-
work. We note that the technical difficulty of our approach lies in the design of the
asynchronous event-triggered communication and control strategy such that the
sufficient condition provided in [69] is satisfied. This problem is non-trivial since
we do not assume a passivity property on the nonlinear dynamics f. On the con-
trary, we overcome this problem by introducing estimators and suitably-designed
communication and control functions for sensor-controller communication and
controller-actuator communication, respectively.

4.5 PETC under Limited Data Rate

The results obtained in Section 4.4 are based on perfect communication. How-
ever, any real network has limited channel capacity, which means that only a
finite number of bits of information can be transmitted. Based on this obser-
vation, in this section, we further investigate PETC under limited data rate.

Before proceeding, the definition of a uniform quantizer is required. A
finite-level uniform quantizer is a map Qa as : R — R such that

Al%+3], if0<y<MA,

Qam (y) =< MA, ify > MA, (4.26)
—Qam(—y), ify<O0.

where A > 0is the quantization interval, and M is the number of quantization
levels. Note that as long as the quantizer is not saturated (|y| < MA), the
quantization error is always bounded by A /2, namely, |Qa a(y) — y| < A/2.

The above definition of the scalar-valued uniform quantizer can be easily

extended to its vector-valued counterpart. For any x = (z1,...,z,) € R",
define the vector uniform quantizer Qa as (x) : R™ — R™ tobe Qa u (z) =
(Qam(@1), ..., Qam(an)).

It is assumed that both sensor-controller communication and controller-
actuator communication are conducted via a network. Therefore, both state
quantization and input quantization are considered. The desired event-
triggered communication and control structure of agent ¢ is shown in Figure
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(T i; (t (¢
y pi(Ti) Actuator ai(t) Agent i |2 (t)
Q
% gl(Tk)Quantizer
w
L ‘Controller Sensor <
ui(Ty,) -
xi(tl)
Y
EG2 + Decoder Encoder + EG1
A
si(t].),5 € NiF /¢3i(tf;i)

Network

Figure 4.2: The structure of PETC for agent <.

4.2. Due to input quantization, the dynamics of agent ¢ is written as:
&i(t) = f(zi(t)) +ui(t), i=1,2,...,N, (4.27)

where 4; is the quantized control input with scaling, which will be specified
later.

4.5.1 Communication and control structure

Without loss of generality, we consider agent 7 and its neighbors j € AN to
illustrate the idea, and only show how information flows within agent ¢ (from
sensor to controller and from controller to actuator) and how agent ¢ obtains
information from agent j, j € N;.

Step 1: The sensor samples the state of agent ¢ at the sampling instants ¢;
(ti+1 —t; = h and h is the sampling period), and then the sampled state x;(¢;)
is sent to the event generator 1 (EG1), which determines whether or not the
sampled state should be transmitted. On the sensor side, agent < implements an
estimator of itself, which is given by (4.14). The communication time instants
tf,i are determined by

tho= igf {ti>th thi(tey (t1) >0Ut —th > Rh},  (4.28)
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where R is a positive integer, and hy(-,-) is defined in (4.16). Compared to
(4.15), a constraint on the maximum time interval between two successive
communications is enforced. It means that each agent can endure at most Rh
units of time without communication. The reason for this constraint comes
from the quantization error induced by the dynamic encoder-decoder, which
is defined below. The good news is that, in general, R can be chosen arbitrarily
large as long as it has a finite value.

Step 2: When the transmitted state xz(tﬁ,l) is generated, the encoder s; of
agent ¢ is activated:

where z;(t}) and s;(t.,.) are the input and the output of the encoder, respec-
tively. The function g; (t) > 0 is a scaling function which will be defined later.
In the above, Z;(t’. ) is the internal state of the encoder, and Q N M}(') is a
finite-level uniform quantizer defined in (4.26) with quantization interval A
and quantization level M. ‘

Step 3: After the signal s;(t%,),7 € N;" of agent i itself or its neighbors
j € N is received on the control side, the decoder c} will be activated:

§JZ: (tjfl) =0,

.
Gth,) =t )+ [ 7N ds + n(th)si(6,) G e AT
O']'—l

' (4.30)

where gj?(tf,j) is the output of the decoder. From (4.29) and (4.30), one has
i‘z(tfn) :gij(tfri)?vj 6A/i+' )

Step 4: The decoded states gji-(téj), j € N are sent to event generator 2

(EG2) to determine whether or not the controller is updated. Similar to Section

4.3, each agent implements estimators of itself ¢;(¢) as well as its neighbors
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7 (t) based on decoded states, that is,

ij(w = f(g](t))7 te [to']7to +1)

oo P » n (4.31)
9;(th;) = <j(t3,), G €N

Then, the controller for agent ¢ is designed as
Z @% (Tk)) te [Tli7Tli+1), (4.32)

JEN;

where 7T} is the controller update time sequence Let ¢(t) =
> jen; Yij(g;(t) — §i(t)). Redefine in this section el () = @(T}) — @i(t)
and é,,(t) = ¢;(t;) — Gi(t). Then, the controller update time sequence 7} is
determined by

Ti = inf {tl > Ti: hy (tl,égim)) >0Ut —t, > Rh}, (4.33)
)

where hs(-,-) is defined in (4.20). Similar to (4.28), an additional constraint
on the maximum time interval between two successive controller updates is
enforced.

Step 5: When the transmitted control input ﬂz(ka,) is generated, it is quan-
tized with scaling. That is,
N
(T5) ). (4.34)

pi(Ty) ZQA,MQ(gQ(Té)

The function Qa s, (+) is a finite-level uniform quantizer defined in (4.26) with
quantization interval A and quantization level My, and g2(t) > 0 is a scaling
function which will be defined later.

Now, the quantized control input in (4.27) is given by

i(t) = g2(THpi(T}), t € [T}, Th ). (4.35)

4.5.2 Convergence result

Define the state quantization induced errors of agent i as e (t) =<i(th ) —
i (). Let eg, (t) = §i(t) — 9i(t). Then one can get e, (%, ) = el (L) since
gi(th,) = <i(th.) and g;(th.) = a4(th, ) Define the control quant1zat1on in-
duced errors of agent 7 as eg (T}) = w;(T}) — @;(T}). For convenience, we



52 Periodic Event-Triggered Consensus under Limited Data Rate

extend the control error and the control quantization induced error respec-
tively as piecewise constant signals as é!, (t) = el (t;),t € [t;,t;41) and
e (8) = w(T}) — (T} t € [TLT},,)

Recall that ey, (t) = y;(t)—x ( )s ey (t) = 9i(t)—y;(t). Combining the def-
inition of e, (1), ey, (t), €y, (t), €, (t1), el (t) and e, (t), (4.35) can be rewritten
as

= i Gi(T{)) + el (t)

JEN;
= > Wi (05(Th) + ey (1) — 9:(T}) — el () + el (1)
JEN;
= D i(&ilt) + ey () + ey, (1) + €l (1) 4, (1) + eu, (1) + e (1).
jeEN;
(4.36)
Since the graph G is undirected and ;;(xj) = —ij(xi;), one has
SN =N 1 (€}, + €2 ). Then, one can further have
1 & 1 &
. Al u
& = N ; z;) + U — N ;(eui +e). (4.37)

Let ey, eq be the concatenated vectors of eg;s e q;» respectively. Then, we
get the followmg proposition.

Proposition 4.4. The derivative of V (||£||) along the trajectories of (4.37) sat-

isfies

) . 9 9 9 2
< _ 2, < 2 2, Y 2 2, 2 2.y
VA€ < - LIEI + 2lleal + 22l + 7]

6|l 4
+ —|le
ay

u

(4.38)

3 N 2 6 2
= olleal + ol
In addition, for allt € [t;,t;41), the following inequalities hold

ezl < 4YIIE]l + (p1 + 47) llexll + 4vlley |l + 4| el]]
é,

Al
lewll” < 2017 (IE] + llexll + eyl + [le2]]-

Proof. The proof is similar to Propositions 4.1 and 4.2, and hence omitted. []
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The MASP for PETC under limited data rate is given by

iL* - min{T(mlam27m3)aT(ﬁ17ﬁ27ﬁ3)}7 (439)
where
- 1673 + 4a . A -
m1:77a2 1—|—a2, mo = 2p1 + 8y + (L —2a1), m3 =97+ ag,
1
4v2p2 4+ 2 4~y p? . 4
fip = PLEAN L f 24y, A= ) 43
al a9 as
(4.40)

With the designed encoder-decoder (4.29), (4.30) and the control quantizer
(4.34), the following result is obtained.

Theorem 4.3. Consider the MAS (4.27) with the quantized control input (4.35),
where the sampling period h is chosen from h € (0, iL*) Suppose Assumptions
4.1-4.3 hold with K > 2p1/X2(L). The communication time sequence and the
controller update time sequence are given by (4.28) and (4.33) with o > 0, re-
spectively. Let the encoder-decoder be given by (4.29) and (4.30), and the scaling
functions g1(t) = cze™ " and gao(t) = cye " with constants cz > 0, ¢4 > 0,
and0 < n < min{KA2(L)—2p1—2a1, a}, whereay € (0,(KXo(L)—2p1)/2).
The quantization levels M} and My satisfy

a)h Rh h

M{ - max { Cle(/’ﬁ- o h(Ce"™™ + ¢ + cqr/nA/2)e" n @6(p1+n)Rh’

CgA 2
[z (O .
vy , Vi
(4.41)

and C

M, > 4.42
2 _C4A’ ( )

where C = ~v(\/da + VNey + vV NnesAetPOER 19 and ~ is defined in
Proposition 4.1. Then, consensus of the MAS (4.27) is achieved exponentially with
convergence rate n) and convergence coefficient \/do, where

B3 + Ba n k1
\204—2K)\2(L)+4p1+4a1] 2KA2(L) —4p1 —4ay —277’

Bs = Neciy? (3 + 44y + p?))ez(’”*”)h,
al

dy = €(0)%+
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6
B = NG+ ay)e,
L 53nc§A2€2(n+p1)Rh ﬁ4nciA2e2nRh
b 4c? 4c2
Proof. The proof is provided in Appendix. O

Remark 4.5. There is literature considering ETC of MAS under limited data
rate [70]-[73]. In [70], [71], MAS with single-integrator dynamics are consid-
ered, and ETC and self-triggered control are proposed, respectively. Discrete-time
MAS with general linear dynamics are studied in [72], while continuous-time
MAS with general linear dynamics are investigated in [73]. In both [72] and [73],
synchronous ETC strategy is designed. However, In this chapter, nonlinear MAS
with PETC strategy is instead considered. Moreover, to the best of our knowledge,
an asynchronous PETC strategy under limited date rate is proposed for the first
time.

Remark 4.6. In this chapter, three different communication and control strate-
gies, i.e., TTC, PETC, and PETC under limited data rate are considered and dif-
ferent triggering conditions are proposed, respectively. In TTC, a universal clock
is used to trigger both state and control input transmission. In PETC, despite of
a universal clock, communication and control conditions are further designed to
determine whether or not the state and the control input should be transmitted,
respectively. When limited data rate is considered for PETC, an additional clock
is required for both state transmission and controller update. The reason for in-
troducing this additional clock is to ensure that the quantization error is limited.

Remark 4.7. For TTC, the rate of communication (for both state and control
input) is determined by the sampling period h. However, for PETC, we note that
the rate of communication is not mainly determined by the sampling period h,
but the communication and control conditions (4.15) and (4.19). For PETC under
limited data rate, the rate of communication is determined by both the sampling
period h and the communication and control functions (4.28) and (4.33), since the
period of the additional clock is a constant times of h.

4.6 Example

In this section, a simulation example is provided to validate the effectiveness
of the theoretical results.
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Figure 4.3: Communication graph for the MAS.

Consider a MAS consisting of 4 single-link robot arms, the communication
graph among them is shown in Figure 4.3. The initial state x;(0) of each robot
arm 7 is chosen randomly from the box [—5; 5] X [—5; 5]. The dynamics of the
robot arm ¢ is described by (4.1), where

P (), 32, (1)) = ( ) |

— sin(x;,)

and x; = (xi1,2i2)T. Clearly, f(x;) is Lipschitz with a Lipschitz constant
p1 = 1. The control input for agent ¢ is designed as

() =2 (w5(t) — wi(t)), t€ [t ti),

JEN;

One can verify that Assumption 4.2 holds with K = 2 and py = 2. According
to Proposition 4.1, one can calculate L =4-2a1,7 = 4V2. Choosinga; = 0.8
such that I, — 2a1 =4 — 4a; = 0.8 > 0, then one can get h* = 3.18 x 1073,
The sampling period h is chosen as h = 3 x 1073, The simulation results for
TTC are shown in Figure 4.4, where the evolution of the states x;; and x;9 is
plotted.
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Xir

——agent1

agent3

——agent2 ||

agent4 4
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Xio
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agent4

——agent2| |
agent3| |

Figure 4.4: The evolution of z;1, ;2 under TTC.

Figure 4.5: The evolution of x;1, x;2 under PETC.

10
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Figure 4.6: The evolution of x;1, z;2 under PETC*.

For PETC and PETC under limited data rate (PETC*), the sampling period
hischosenas h = 1 x 1072, Given ¢; = ¢o = 4, then one can chose o = 2.01.
The simulation results for PETC are shown in Figure 4.5. Choosing R = 100,
and the parameters for the scaling functions g1,¢2 asc3 = ¢4 = 4andn =
1.8 < min{KXo(L) — 2p1 — 2ay, a}, the simulation results for PETC* are
plotted in Figure 4.6.

Table 4.1 summarises the communication times and controller update
times for each agent under the three cases. One can see that the introduc-
tion of communication and control functions significantly reduces the rates of
communication and controller update. One can also see that consensus of the
MAS can be achieved under data rate constraint.

Table 4.1: The amount of communication times (CT) and controller update
times (UT)

CT/UT TTC PETC || PETC*
agentl || 3333/3333 || 31/90 99/106
agent2 || 3333/3333 || 30/87 99/107
agent3 || 3333/3333 || 29/87 || 100/105
agent4 || 3333/3333 || 32/90 99/108
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x10* _®) x10° _©

—TTC
a5f ——PETC
——PETC*

Figure 4.7: The effects of tuning a; on the MASP, the communication times
and the controller update times.

Next, the effects of tuning parameter a; on the MASP and the total commu-
nication/controller update times are shown in Figure 4.7. From Figure 4.7(a),
one can see that the MASP increases as aj increases for all the three cases
and h* > h* > h* when choosing the same a;. From Figure 4.7(b) and
(c), one can see that for both TTC and PETC?, the communication/controller
update times are decreasing as the sampling period is increasing. However,
the communication/controller update times for PETC remain almost the same
no matter what the sampling period is. That is because the communica-
tion/controller update instants for PETC are mainly determined by the com-
munication/control conditions (which remain the same for all simulations).
We note that the relationship of the MASP for the three cases is h* > h* > h*.
However, the relationship of the total communication/controller update times
is PETC < PETC* < TTC, which again verifies that the introduction of com-
munication and control functions reduces significantly the rates of communi-
cation and controller update.

4.7 Summary

In this chapter, we considered the PETC of MAS. First, TTC was considered
and an approach on finding the MASP was established. Then, a PETC strategy
was formulated. Finally, the PETC strategy was investigated under the con-
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straint of limited data rate. It was proved that exponential consensus can be
achieved in all cases.

Appendix

Proof of Proposition 4.1

From (4.5), one has

. T N1 N . A)
,_dllgl _gré S (ﬂxz) % 3 f(ws) +

) _ _ _ =1
10 =g = Jal &
N
& (fm) - 1)+ f@) - & 3 1) +u) (443)
N ua»u
and thus N
&é < mllel” + Sl Dl +
Then,
al T : N 2, ;m N T
Zlfi (t)& 291”&‘“ + R ll&l Zl &l + &
/: 1= < 1= 1=
161 =" — = H (4.44)
TA

Differentiating V' (||£]|) along the trajectories of (4.44), one has

(el =2lel Nl < 2liel (zpl el + ”ﬂ) — apuel? + 26T
(4.45)

N
=apr 61 +2 €T (0+ 8+ eu, ).

=1
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where 6; = > v, ¥ij (§ji) and §; = djen; Yii (i + exy) — i
From Assumption 4.2, one has :rwwﬂ(:c”) > Kx Tij = K||z4j 1 Vi €
R"™, then

Z f 7/131 gm >K Z HEZ]H2_2K6T(L®I )6 (4,46)

(i,5)€€ (i,5)€€

According to the definition of &, one has 1%, ¢ = 0, and if the graph G is
connected, one has 7 (L @ I,) € > Ao (L) ||€]|* and Ay (L) > 0 [74]. Then,

1
Z§T5 525 Z ¢z] fyz Zg Z %z gz]
i=1 JEN; ] 1 1€N;
N
%Z &6 il&y) < —Kxa(L) [1€)1*.
i=1 JEN;

In addition, the function 1);;,¥(4, j) € & is globally Lipschitz, and then
one has

N o, N ,

P DD H D i+ eay) = Y biiEsn)

- o SN (4.47)

<p22(z Hexﬂ > ’
i=1  jEN;
where
N 9 N ,
ST Newnl)” <30 (@allewdl + 37 lew, )
i=1 jeN; i=1 je/\/-
< 21“22 el 423 )
i=1  jEN;

<2P|l€x\l2+2zl\|€xll2 (2% 4 2N1) [lex 1>
i=1

Using the inequality 22y < ax? + 1/ay?,Va > 0, (4.45) can be rewritten as
V([I€l) < = (2K X (L) — 4p1 — 2a1) [|€]°

1 . (4.48)
+ (P38 + 2N feul* + e
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for any a; > 0. O

Proof of Proposition 4.2

According to (4.4), one has é,, (t) = y;(t)—&:i(t) = f (vi(t))—f (zi(t))—w;(t),
which jumps at t = ¢;. Thus, for V¢ € [t;, t;11), one has that e, is continuous.
Similar to Proposition 4.1, one can get

Zezz()%() T
== _ e — M e ﬂ

(4.49)
Since

S 35 0,0 0]

i=1 jEN;

<a§jH§ij@z + e, (1) \\+2§jwm Ol

=1 jEN;

<23 (X lles®) + e 01) +23 e 01
=1

=1  jEN;
B {16+ (X o)} 23 few
i=1  jEN; JEN; i=1

<4p3(2f +20) (€)1 + lea 1) + 2 llea(DIP

then one has

la@®)| = <H@(t)\!2)5 <2y (€Ol + lea @) + V2 leu(®)l] . (450)

Substituting (4.50) into (4.49) yields (4.8).

Moreover, according to (4.4), one has Ve, (t) = V4, (t) —Viu,(t), where
0;(t) is a constant for all ¢ € [t;, ;1) and u;(t) jumps at ¢ = ¢;. Thus, for all
t € [ti,ti41), €y, is continuous and Ve, (t) = —V,u;(t). Then,

é%@w%w éﬂmmww
lea ()" = el =~ e < IVeu(t)]|. (4.51)
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According to Assumption 4.2, the function 1);; is locally Lipschitz, and then
one can further derive

w37 3 vt -]’

i=1 JEN;
N 1
:(Z D Vi (i — )" (95(1) — ?Ji(t))HQ) ’
i=1 jEN;
N 2 %
(3|3 e - rwen|)
i=1 jeN;
N 2 %
§P2P1(; ]%\:/ vi(t) — ?/j(t)H ) (4.52)
N 1
<o (30| #400) + ) — 2500 — e, ) )
i=1 jEN;
N 1
<o (32| 3 65t +ew, )] )
i=1  jeN;
N
<p2p1 (221 H Z S’LJ H + 22 H Z ex” H )
<vV2p1y (IO + lle= (D)
which corresponds to (4.9). O
Proof of Theorem 4.1
Define 7 : R>g — [0, k] as
T(t)=t—kh, telkh,(k+1)h), k=0,1,..., (4.53)

where h € (0, h*).
Let z := (&, ey, €y,). Define the Lyapunov function candidate as

Ra(z) = V([[€]) + allv%(f)V(HexH) + ;@(T)V(Heull)- (4.54)
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Since h < h*, by properly choosing ¢1(0), $2(0) > 0, one can conclude from
Lemma 2.4 that ¢;(7) > 0 and ¢2(7) > 0 for all 7 € [0, h]. Therefore, the
Lyapunov function R (z) is positive definite.

Taking the derivative of Ry (z) on V¢ € [t;, t;+1), one has

. . 1 . 1 /
Ri(2) =V (lI€]) + ;7?51(7)\\%\\2 + 2;7%(7) x|l [lea |
! ! (4.55)

1. 1
+ —o(7)lewll + 2—2(7) [leul| Vi fleu]] -
al al
Substituting (4.7), (4.8), (4.9) and (4.10), (4.11) into (4.55), one can further have
. A 1 1 1
Ri(2) < — Lj¢|* + ;VzllexHQ + —llewll? +2—781(7) lex | (YIIEN + lleull
1 ai ai
1
+ (p1+7)llexll + av(—mlﬁ(ﬂ — magi(7) — m3)|les ||
1
+ 2;1¢2(T)||6u|! (P17 lI€ll + prvleal])
1
+ ;1(—”19255(7) — n2¢2(7) — n3) e
=—(L-2 2 Lij_o 2
=—( a1) €]l al( a1)y¢1(7)| ezl

_ ai(ﬁ — 2a1)d2(7) ||ewl)
1

< — (L —2a1)Ry(2).
(4.56)
Since a; € (0,(KAy(L) — 2p1)/2), one has L — 2a; > 0, which implies
Ry(2) < 0,Vt € [t;,t;11) when ||€]| # 0. Based on the comparison theorem
in [37] and (4.56), one can get that the solution of R;(z) satisfies

Ry (2(t)) < e B2 Ry (2(1)), V1 € [t1,141).

Moreover, at the jump, ie, when t = ¢, one has [[£(¢)| = [&(t)].
lea ()1l = 0 < [lex(t1)]] and [lew ()] = 0 < [lew(ty)]|- That is to say, Ri(2)
is non-increasing during the jump. Then, one can further have R;(z(t)) <
e IR (2(0) = e E2Ug(0)|2, vt and thus [g(1)]] <

Ri(2(1)) < [|£(0) [l (E-200t/2 = ||g(0) [l (FA2(D)=21=2a1)t ¢, That is,
consensus of the nonlinear MAS (4.1) is achieved exponentially with conver-
gence rate K \o(L) — 2p; — 2a; and convergence coefficient ||£(0)]|. O
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Proof of Theorem 4.2
Define 7 : R>g — [0, h] as
7(t)=t—kh, telkh,(k+1)h), k=0,1,..., (4.57)

where h € (0, h*).
Let Z := (&, ey, €,). Define the Lyapunov function candidate

1 - 1 -
By(2) = VAIIEl) + 961DV (lec]) + 2DV (el (4.58)
where
di}f) = — 1163 (7) — a1 (7) — 1s, (4.59)
d¢;;+) = — 11G(F) — Nada(7) — i3, (4.59b)

and m;, ni, i = {1,2,3} are given in (4.25). Similar to Theorem 4.1, one can
guarantee that Ry(Z2) is positive definite by properly choosing ¢1(0), ¢2(0) >
0. Taking the derivative of Ro(Z) ont € [t;,t;11), one has

S (5) < (I N e Ay 2
Ro(2) < = (L = 2a0) Ra(2) + = ley P + —||ek || = Sleal
al al CL1
2 . N Lo
+ —962(7) lleall (37 lleyll + V3]|2L|) — S leul
aj ay
2V/3 i
+ 2 010u(7) e ey (4.60)

. R 4?2
< — (L —2a1)Ra(2) + <Jl +372(3y + p?)) ley]1?

4
_ 3 5 2‘
+(2 o) 1el
For Vt € [t;,t;4+1) and Vi, one has thati)if t; € {tf,i}, one has |le,, (t)|| = 0,
clse i) if 1 & {13}, one has ey (1)] < cre” ™4 and

ey, (DI =119:(t) — wi ()] =

[ (9i(s))ds — t [ (yi(s))ds

ts,
<e? (705 g (8,) — e Wy (1) |

=W ey, (1) |

(4.61)
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for t € (t;,t141). Thus, one has [|e,,|| < ciePrtemat < ¢jelrrta)he=at
and
HeyH < \/Ncle(ﬂl-‘roz)he—at’ Vit > 0. (4.62)

Besides, for Vt € [t;,#;41) and Vi, one also has that i) if ¢; € {T}}, one has
lew; (t1)]| = 0, else ii) if t; ¢ {T}}, one has ||ey, ()] < coe™ < cgee™ot
Then, one can get

L]l < VNeye e, vt > 0. (4.63)
Substituting (4.62) and (4.63) into (4.60) yields

Ra(2) < — (L — 2a1)Ra(2) + (B1 + Ba)e >, (4.64)

where (31, B2 are given in the statement of Theorem 4.2.
Furthermore, if one has « > KMo(L) — 2p; — 2a3, then based on the
comparison theorem and (4.64), one can get that the solution of Ry (2) satisfies

2 t
Ry (2) Se_(L—2a1)tR2 (2)4—/ e —(L—2a1)(t—s) ((B1+B2) —2at) 5
0

—(L—2a1)t
§d1€ ( al) )

where d; = [|£(0)]|2 + (81 + B2)/(2a — 2K Xo(L) + 4p1 —l— 4ay). Then, one
can further have [|£(t)|| < v/die~( (E=2a1)t/2 — | /@ e=(KA2(L)=2p1=2a1)t That
is, consensus of the nonlinear MAS (4.1) is achieved exponentially with con-
vergence rate K\o(L) — 2p1 — 2a; and convergence coefficient v/dj. g

Proof of Theorem 4.3

Firstly, we assume that the communication bandwidth is unlimited, that is,
the quantizer (4.26) will never be saturated and thus we have [|Q 5 M (z(t))—

z(t)|| < v/nA/2and ||Qa a, (u(t)) —u(t)]| < /nA/2forall z(t), u(t) € R®
and for all 4.
Define 7 : R>g — [0, h] as
7(t)=t—kh, telkh,(k+1)h), k=0,1,..., (4.65)

where h € (0, h*).
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Consider the Lyapunov function candidate

Rs(2) = V(|i€ll) + lewl(%)vurewm + ;&zﬁwréun), (4.66)

where
d¢;§_7~—) = - T?LME%(%) - 77~"L2§Z~51 (7~') —ms, (4.67a)
dqﬁ;f) = — 11¢3(7) — faga(F) — fia. (4.67b)

Similar to Theorem 4.2, one can get that the derivative of R3(2) on t €
[t1, t141) satisfies

. . R 6 R »
Rale) < = (B = 2a0)Ro(2) + o+ 40) (LI + 13l
a1
02 (4.68)
+ (D) el + P

According to (4.29), one has

|zi(th,) — &a(th,)

| wilth) — 2ty 1) — [ (i(s)ds
_gl(tfn)QA,M{ g1(ti.) -
. . t,
< otts) =it = [ 1@t
Calty) —alt ) = [ F@ds| g
~oilta) o) T
Vnlgi(th,)

5 .
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Combining (4.29) and (4.30), one further has

< VRalts)
— 2 .

— gcl(tz )

eq(to) = [|si(t5,) — zilts,)|| =

Besides, one has ¢t — t, < Rh,Vt € [t, ,t! ), then according to (4.28), one
can get

_ e (1)

leg (] < e [lef (¢,)
2

e (1)

From the definition of g1, one has g; (¢} ) = cze Mo = gttt <
czee= Then, one further has ||el, (t)|| < c3v/nAeTP)ERe=M /9 and
thus [|ef(t)|| < v/ Negy/nAelmtr)Bhe=nt /2 vt Similarly, one has

VnAga(T}) o VnAenthe=nt
2 - 2 ’

leg; (DI <
and thus ||e%(t)[| < v/ NncsAe"e /2, Vt. Then, (4.68) can be rewritten as

R3(2) < — (L — 3a1)Ra(2) + (B3 + Ba)e 2 + ke 2", (4.69)

where 33, 84, k1 are given in the statement of Theorem 4.3. Moreover, one has
n < min{K\a(L) — 2p1 — 4ay1/2,a}, thus R3(2) < doe 2" £ <
\/doe ™ for all t > 0. Therefore, one can conclude that consensus of the
nonlinear MAS (4.27) is achieved exponentially with convergence rate 7 and
convergence coefficient v/ds.

In the above, we assume that the communication bandwidth is unlimited
so that the quantizer (4.26) will never be saturated. In the following, we will
show that the state quantizer and the control quantizer will never be saturated
in the case of finite quantization levels M} and M, respectively, which implies
that the above results hold for the finite-level quantizer case as well. For agent
1, define

and
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Firstly, the state quantizer is analyzed. if o; = 0, one has

zi(0) H zi(0)

o= | il < 1%

IN

<o

where M is given in (4.41). ‘
if 05 > 1, define ¢;(t}. ) = &;(t, ;) + Li”l f (Zi(s))ds, then one has
v o;—1
wilty,) — hilty;) + i(ty;) — Gi(th,)

I (o0l = 91(t%,)

)

wi(th,) —si(th,) ||
91(t5,)

where g)l(tgj) is the value of ¢; before jumping, and it is used to distinguish
b

with ¢; (¢! ). According to the definition of ¢;(¢), one has
, . . to,
nlth) = du(t) =zttt ~ 1)+ [ (@i(s)) + ais)ds
ti —h
" (4.70)
it~ 0= [ ) ds
ti —

According to the definition of ey, (t;), one has ||z;(t;, — h) — §i(t;, — h)|| =

leg(th, — W)[IE £, —h € £}, lleg. (£, — B)|| = 0, otherwise, |le,, (£, —
h)|| < cre ™) Thus,
A A th,
vt — h) — Gt — h) + / ) = £ ) ds
th —

<eM" |[wi(ty, — h) = Gilty, — b

<c e(p1 +a)he*at§}i )

Moreover, @(t) = a(t, — h) is a constant vector for t € [t, — h,t} ).
Therefore,
2i(ts,) — Gite,)|| Scre® e 4 h|a(ty, — h)|

Sereler e ([ (th, — h)[| + ek, (&, = R)])).
(4.71)
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a)if t'. — h € {T}}, then one has
ai(th, —h) =Y big(G;(ts, — h) — Gi(th, — b))
JEN;

= > Wij(aj(th, — h) — @i(th, — h) + ey, (th, — h)
JEN;

— ey, (th, — h) + €l (th, — h) — el (th, — h)).
Let 4(t) be the column stack vector of 4;(¢). Then one has
| <7 ([l€ts, = W + [ley(ta, = W) + llef(t, = 2II)
v/ (n+p1)Rh ;
SV(\/LTQ—’— \/NCI + NnC3A2€ nrpP1 )e_n(tai_h) (472)

:Ce—Ti(tf;i—h)7

ai(t,, — h)|

where C'is given in the statement of Theorem 4.3.
Substituting (4.72) into (4.71), one can get

. . i A i
Jrlth) — )| € e (€4 SRR ) )

(4.73)
, where k' = arg minleN:T;Qg__h{tf,i — h — T}}. According to

b) ift:. — h ¢ {T}}, then one has |&;(t; —h)| <
a(tf,ifh)

coe

a), one can get

(T < O < b0,

Thus, ‘ _ _
;(ty, — h)H < CeBhe=te;=h) 4 ) p=alts;—h) (4.74)

Substituting (4.74) into (4.71), one can get
Ji(th,) = it || <erelerhemot

+h (CenRh +e2+ 64\/ﬁA> et =), (479
2
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In addition,
1:(657) — e )]
Gt )+ / f (@i(s))ds — di(t 1) — /
t t

7 1
o;—1 o;—1

<eP o o) |l (b)) — 24(t] )|

i

9

f (aa(s))ds

and [|z;(t;, _1) — 2i(t5, 1)l < 91(t;,_1)v/nA/2. Thus,
lyi(ts,) = st < e Rheze™ =) \/nA /2. (4.76)
Combining (4.73), (4.75), and (4.76), one has

crelPita)hg=ats; +h(Ce’7Rh+cQ+C4fA/2) n(th, —h)
—ntéi

X7 (o0)l <
cze

Pth “z_l)fA/Q

777 o,

+
c3€

<cle(p1+a)h +h (Ce”Rh +co + 64\/71A/2) enh
< o

+ ﬁAe(ann)Rh
2

<AM;.

e

Xi (k)| = : < AM,,
Il = | 2 :

Next, the control quantizer is analyzed. For all £ > 0, one has
a(Ty) ‘ < cem  C

< 4 -
‘_ R(TON ~ g2(T})  ca

where M> is given in (4.42). O




Chapter 5

Leader-Follower Target Tracking un-
der Time Constraint

Chapters 3 and 4 considered multi-agent control under a single cooperative
task, i.e., consensus, and the task only needs to be completed asymptotically
(there is no deadline). However, for many practical applications (e.g., robotics),
a group of agents are required to achieve a sequence of tasks. Moreover, each
task may be required to be completed within a deadline. Due to these con-
siderations, in this chapter, we investigate the leader-follower target tracking
problem for multi-agent systems (MAS). We assume that the leader-follower
MAS is subject to a sequence of tasks, each of which is activated dynamically
and has to be completed within a deadline. In addition, the reward and cost
of satisfying the sequence of tasks are taken into account. The objective is to
jointly schedule the dynamically activated tasks and design distributed control
laws such that the pre-defined objective function is maximized.

5.1 Introduction

Over the past decades, the research on multi-agent cooperative control has
been usually focused on achieving one single task, such as consensus [9], in
an asymptotic manner. In practice, a group of agents (robots) may encounter
the request of a sequence of tasks which are activated dynamically. Moreover,
deadline constraints on the completion of each task is a reasonable require-
ment, e.g., “visiting region A within 10 time units". Therefore, jointly schedul-
ing of deadline-constrained dynamically activated task sequences and design-

71
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ing distributed controllers for a group of agents is challenging.

In real-time systems, a task is usually characterized by a specific dead-
line. For such systems, many dynamic scheduling algorithms rely on Earliest
Deadline First (EDF) policies [75], [76] and their extensions [77], [78]. The
objective of these algorithms is to execute a set of tasks in order to meet the
most possible number of deadlines. Reward-based scheduling [79] represents
another class of dynamic scheduling algorithms, in which, the reward of a task
is associated with its execution time rather than the deadline. For example, in-
creasing reward with increasing service models [80] fall within the scope of
this framework. Different from EDF, reward-based scheduling is capable of
modeling tasks that are characterized not only by a deadline, but also by their
‘importance’. The performance of the algorithm is then evaluated by comput-
ing the cumulative reward gained on a task set.

In this chapter, we address the dynamic scheduling problem under the
framework of reward-based scheduling. In the increasing reward with increas-
ing service models, the reward of a task increases with the residual time! [80].
In our task model, we consider that a task can be completed at several Quality-
of-Satisfaction (QoSa) levels, and each QoSa level corresponds to a time inter-
val within which the task should be completed. However, the reward of a task
does not necessarily increase with the residual time. Apart from reward, the
cost of satisfying a set of tasks is further considered, which is defined as the
estimated total distance travelled by the group of agents. Based on the above
setting, a dynamic scheduling strategy is proposed to combine the ideas of
EDF and reward-based scheduling.

On the other hand, to guarantee that the desired performance (in terms of
reward and cost) can be achieved based on the dynamic scheduling strategy,
one has to ensure that each task is completed at the desired QoSa level. This
further requires that each task is completed at a specific time interval, e.g.,
“visiting region A within [6, 8] time units", and brings additional difficulties to
the control synthesis. To the best of our knowledge, this type of control design
problem under specific time constraints is rarely considered in the context of
MAS. In our previous work [81], multi-agent control under specific deadline
constraints was studied and a linear feedback controller was designed. Nev-
ertheless, the control design methods are not applicable when specific inter-
val constraints are presented. In [82], [83], multi-agent control under signal
temporal logic tasks was investigated and a barrier function based controller

"The amount of time between the completion time and the absolute deadline
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was proposed for each agent. However, the control policy requires the knowl-
edge of each agent of the task plan and the target regions. In this chapter, we
consider a leader-follower MAS, in which, only the leader agents know the
information of the target regions. Therefore, it is necessary that the group of
agents collaborate for the task completion. In this case, the fully distributed
control synthesis (each agent can only communicate with neighboring agents)
is challenging, particular under an explicit time interval constraint.

This chapter investigates the jointly design of task scheduling and dis-
tributed control law for leader-follower MAS subject to a sequence of dynam-
ically activated tasks. More specifically, each task is associated with a region
of interest, where the group of agents need to visit together within a deadline.
The main contributions are twofold.

(i) The notion of QoSa levels is introduced for completing each task. By
associating the reward of completing a set of tasks to the QoSa levels and
the cost to the estimated total travelling distance, a new task scheduling
problem is formulated and a dynamic scheduling strategy is proposed.

(ii) Under the condition that the information of the target regions is avail-
able only to the leader agents, distributed control laws are designed re-
spectively for the leader and follower agents. It is shown that the de-
signed control laws can guarantee the satisfaction of each task at the
desired QoSa level.

We note that the control design strategy is motivated by the funnel con-
trol [84] and the prescribed performance control [85] approaches, which have
been originally used to solve control problems with transient performance
constraints [84], [85] and recently applied to the multi-agent setting [86]-[88].
In this chapter, we propose for the first time a way to transform time interval
constraints into transient performance constraints under the leader-follower
MAS framework, and hence, funnel control and prescribed performance con-
trol can be applied.
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5.2 Problem Formulation

5.2.1 Leader-follower MAS

Consider a group of NV agents, each of which obeys the following second-order
dynamics

i(t) = vi(t),

z}i(t):ui(t), iZl,Q,...,N,

where z; € R" v; € R" and u; € U; C R" are the position, veloc-
ity and control input of agent i, respectively. Let z = (z1,...,2y5),v =
(v1,...,0n),u = (u1,...,un) be the stack vector of positions, velocities,
and inputs, respectively. The input of agent 7 is constrained to a set U;. With-
out loss of generality, we suppose that the first n;, n; < N agents are leaders.
Then, one can define the leader set Vp, := {1,2,...,n;} and the follower set
VF:{nl+1,...,N}.

The input of each agent is subject to the following constraint [ju;|| <
u;™, 1 € V, where uj"® > 0. Then, the input set Uj is given by

(5.1)

Up={u e R": |lul| <u™}ieV. (5.2)

It is assumed that the graph G formed by the leader-follower MAS is
undirected and connected. Denote by z = (Z1,...,Zp) the p-dimensional
stack vector of relative positions of pairs of agents that form an edge in G,
where p is the number of edges. The kth element of vector Z, denoted by
Ty = x5 = x; — x5,k € {1,2,..., p}, corresponds to an edge e;, = (4, j) in
the graph.

5.2.2 Task specification

For the group of agents, we assume the existence of a set of M & N tasks,
denoted by ¢ := {1, @2, ..., dar}. To be more specific, each task is associated
with a target region that the MAS has to visit within a deadline. To model the
dynamic task generation process, we need the notion of a task generation
signal. Let the set

Ty := {Tv, Th, ...} (5.3)

be the sequence of task generation times, where Ty < 17 < - - -. Without loss
of generality, we assume Ty = 0. Then, we define the function ¢ : 7, — 20
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as the task generation signal, which maps each task generation time 7}, to a
subset of tasks that are activated at 7},.
The task set ¢ is assumed to have the following features:

1. Tasks are preemptable? and activated dynamically;

2. Each task can be activated multiple times. However, a task can not be
activated again if the previous activated one is not completed.

Each task ¢;,l € {1,...,M} is defined as a tuple ¢ :=
(Xu, ar, di, Dy, Ay, ki, 1o, Ry), where

« X; C R"™: the target region associated with task ¢;;

+ a;: the set of activation times a; := {a; 1,a;2, ...} C Ty, ie., the subset
of task generation times at which the task ¢; is activated and becomes
ready to execute;

« d;: the relative deadline, which is a constant value for each task;

« Dy: the absolute deadline D; := {D; 1, D; 2, . . .}. For task ¢; that arrives
at ay € aj, Dy, is computed as Dy i, = a1 + dj;

« A;: the (actual) completion times A; := {A;1,A4;2,...}, where A;
corresponds to a; ;.. We note that each A; j, is determined online;

« k; € N: the number of QoSa levels for ¢;, which satisfies k; > 2;

o I;: the interval set [; := {Lj[k; — 1],...,L[1],;[0]}, where [ [l%],l% €
{0,1,...,k — 1} is the time interval corresponding to task ¢; and
QoSa level k. In addition, I; satisfies the following properties: i) [;[0] =
(dy, 00); i) UFLZ11; [m] = [0, dy]; iii) I;[ma] N [ma] = 0, ¥my # ma; and
iv) Vt1 € j[ma], ta € Lj[ma], my > mo implies t1 < to;

« R, : the reward set i := {Ri[k; — 1],..., R[1], R;[0]}, where
Ri[k],k € {0,1,...,k — 1} represents the reward that task ¢ con-
tributes if it is completed at QoSa level k.

Preemptable means that the execution of a uncompleted task can be temporarily halted
and later resumed.
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For the sake of notation simplicity, in the following, we use a;, D;, A; to
represent any a;, € a;, Dy € Dy, Ajr € A, respectively, when there is
no ambiguity. Note that when a; corresponds to a;, D, A; correspond to
Dy 1., Ay i, respectively. Then, we have the following definition.

Definition 5.1. Given the task ¢; and the activation time a;, we say that ¢; is
completed at time A; if
SUZ(AZ) e X;,Vi e V.

In addition, we say that ¢; is completed at QoSa level k € {0,1,... k — 1} if
the (actual) completion time

Ay € {ag+t|t € L[k}

Remark 5.1. Each task ¢; has at least two QoSa levels. From the properties i-iv)
of I and Definition 5.1, one can see that a QoSa level of bigger than or equal
to 1 means that the task is completed before the deadline, while QQoSa level 0
means that the deadline of the task is violated. In addition, a higher QoSa level
means that the task is completed faster. However, we note that the reward is not
necessarily higher for a higher QoSa level. It is assumed here that for each task
o1, hlk], Ri[k),Vk € {0,...,k — 1} are given a priori and are known to each
agent.

In the following, each target set X; will be over-approximated by its largest
inscribed ball, denote by X;. Let ¢; be the Chebyshev center of X;. Then, X
can be represented by

X :=Bla,m) ={y eR": |y — ¢|| < 7}, (5.4)

where 7; is the radius of X;. It is assumed that all target regions are com-
pact and have non-empty interiors, i.e., there exist rmin, "max > 0 such
that "min < 71 < Tmax, V0. In addition, the target regions are disjoint, i.e.,
X, N Xg, = 0,Vk1,ko € {1,...,M}, k1 # ko. Note that the problem of
finding the maximum inscribed ball can be solved offline by several iterative
algorithms, such as the one proposed in [89].

Remark 5.2. In this chapter, we consider that the task ¢; is completed once all
agents lie inside the target region X;. However, in practice, there might be a (set
of ) service(s) associated with ¢;, for which the group of agents can provide only
when being present in the region of interest X;. Hence, upon the visit to X, the
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group of agents may still need to accomplish services, such as loading or releasing
a cargo, etc. Note that in this chapter, we do not focus on how these services are
being provided at the target region, but rather aim at guaranteeing the necessary
preconditions for providing these services, i.e., being present at the target region.

5.2.3 Reward and cost of a given task set

In this chapter, we are interested in the quantitative reward and cost of satisfy-
ing the dynamically activated tasks. Let 7 € 2\ () be any subset of ¢ except {).
The index set associated with 7 is denoted by I,,. Let II,, be the set containing
all permutations of I, and 7 € II,, be 7 := (n[1],. .., 7[|L,]]).

Example 5.1. Let n = {¢1,¢s5,¢7}, then I, = {1,5,7} and 11, =
{(1,5,7),(1,7,5), (5,1,7), (5,7, 1), (7, 1,5), (7,5, 1) }. if = = (5,7,1) € II,,
thent[l] =5, w[2] =7, 73] = 1.

Denote by P, (n[0]7) = Py (w[0]w[1]. .. 7[[L,]]) = Xrjg) - - - Xy, ) @ path
generated by the task set 1 with the order of completion given by 7, where
7[0] := 0, X1g) is a collection of the agents’ initial states, which thus contains
finite number of elements and will be formally defined later.

1) Reward: The reward of the path P, (7[0]7) is given by

|y |

R(P Z Rolkerm), (5.5)

where
7r[l] e {o,... b — 1hi=1,..., L,

represents the QoSa level of task gbﬂm. Note that the QoSa levels are defined in
terms of the (actual) completion time and each task can be completed at differ-
ent QoSa levels (and thus return different rewards). Therefore, R(P, (7 [0]7))
is dependent on the time needed to complete each task.

2) Cost: Motivated by [90], the cost of the path P, (7[0]) is defined as the
(estimated) distance travelled by the group of agents. Let W (X, X;) € R>
be the transition cost from set X}, to X, which is given by

W( & ) — erxk HJJ—C]H, 1fk:07j6{1,,M}
o N(llek —¢jll),  ifk,je{l,...,M},k#j.
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Then, the cost of P, (7[0]7) is defined as:

[Ty -1

C(Py(n0]m)) = > W (K Xpos)- (5.6)
k=0

It is obvious that the completion of the tasks in 1 can be sched-
uled in different orders, which corresponds to different paths. Let P,, =
UweHn,kﬁ[l]e{O,...,kﬁ[l]71},161,...,|Hn\{PW(W[O]W)} be the set of all paths. In this
chapter, we want to maximize the reward as well as minimizing the cost.
Therefore, we propose the following objective function

J(Py) = max {SR(Py(7[0]7)) — (1 = )C(Py(x[0]7))},  (5.7)

];:.,r[l]E{O,...,kﬂ.[l]fl},
leqt Lyl

where ¢ € [0, 1] is a parameter used to balance between the reward and the
cost.

Example 5.2. Following Example 5.1, we assume that the number of QoSa levels
ki =3,ks =4,k; = 2. Thenky € {0,1,2}, ks € {0,1,2,3} and k7 € {0,1}.
Given one schedule m = (5,7, 1), we have R(P,(n[0]7)) = Rs[ks] + Ry[k7] +
Ri[k1] and C(Py(7[0]m)) = > cx, 2 — esl| + Nlles — erl| + Nller — ea],
where N is the total number of agents, Xo := {21(0),...,2n(0)}. Note that
the reward R(P,(m[0]m)) is further determined by the chosen QoSa level for each
task.

5.2.4 Problem

In this chapter, we consider that only the leader agents know the information
of the target regions. Moreover, it is further considered that each agent does
not know the identity (leader or follower) of its neighbors. Therefore, it is nec-
essary for the group of agents (both leader and follower agents) to coordinate
to complete the tasks.

Let 17(t) € 27 be a set of tasks that are active (being activated) at time ¢.
The purpose of this chapter is to maximize, in an online fashion, the objective
function (5.7) for the set of active tasks 7)(¢). Formally, the problem is stated
below.
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Task Generation

0:Ty—2°

x[k] = (B[], 5, Qx)
Dynamic Scheduling Control Synthesis
Ac(k), Xo(Ac(k))

Figure 5.1: The relation between dynamic scheduling and control synthesis.

Problem 5.1. Given the leader-follower MAS (5.1) and the task specifications
in Section 5.2.2, jointly schedule the dynamically activated tasks and design dis-
tributed (with only measurements of states of neighbors) control law u; for each
leader or follower agent i, such that J(IP, ) is maximized.

5.3 Solution

The proposed solution consists of two layers: i) an online dynamic scheduling
layer and ii) a (distributed) control synthesis layer which guarantees that the
group of agents (both leader and follower) arrive at their progressive target
regions at the corresponding QoSa levels at any time.

The relation between the two layers is depicted in Figure 5.1. The dy-
namic scheduling layer determines when and which task should be executed
at which QoSa level. Let x be the execution task sequence generated by the
scheduling layer, which records the sequence of tasks being executed. The
kth element of x, denoted by x[k], contains the information of the kth execu-
tion task. It is represented by a triple x[k] = (E[k], t&, Q), where E[k] € ¢
represents the kth execution task, t§ € Rx is the time that E[k] starts ex-
ecution, and Q) is the desired QoSa level of E[k], respectively. x[k] will be
used for the control synthesis. The (actual) completion time of the task E[k],
denoted by Ac(k), is determined online by the synthesized controller. Define
Xo(Ac(k)) :={z1(Ac(k)),...,zn(Ac(k))} as the set which contains the po-
sition information of the MAS at time Ac(k). As shown in Figure 5.1, once E[k]
is completed, the information Ac(k), Xo(Ac(k)) will be sent to the dynamic
scheduling layer for generating the next execution task.

The task plan is discrete while the state evolution of the MAS is contin-
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uous. Therefore, in the following, a hybrid system structure is proposed to
model the whole process.

5.3.1 Hybrid structure

As stated previously, the information of the target regions is known to only
the leader agents. Therefore, different control laws have to be synthesized for
the leader and follower agents, respectively. In addition, when there is no task
left to be executed, i.e., x[k] = 0, all agents will switch to idle mode. To cope
with these variations, we propose three different control modes for each agent
i

i) the leader mode: u; = uiead;
ii) the follower mode: u; = u£°1 ;
iii) the idle mode: u; = u;dle,
where uiead, uzf»"l and u;‘ﬂe will be defined later.

The execution task sequence Y is updated either at the task generation
time t = 7}, T; € T, or at the (actual) completion time Ac(k) of the current
execution task x[k] (ie., zi(Ac(k)) € Xypgp), Vi). Here, I(E[k]) returns the
index of task E[k]. If at Ac(k), there is no task to be executed next (i.e, E[k +
1] = 0), all agents will switch to idle mode. We note that x[k] = 0 if E[k] = 0.
Each x[k| determines uniquely a control law u; for each agent i, which is
denoted by uzdk].

To model the discrete behavior of the scheduling and the control law
switching, in the following, the hybrid system framework proposed in [91],
[92] is applied. An integer variable £ € N is introduced, which is initialized to
be 0. It remains constant during flows and it is incremented by 1 once a new

execution task is generated. In other words,

T=v A
’U:’U/X[k} ’U+:'U
F i1 G: g (5.8)
where uX* = (u)f[k], e ,u)]%[k]), and

ule, if x[k] = 0,

u;c[k] _ uﬁead, if x[k] #0andi € Vp, (5.9)
ufel, if x[k] # @ and i € Vp.

7
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The jump set D is given by two kinds of events, that is

D:={31€Tyst.t =T V z;(t) € XH(E[k]),Vi},

(5.10)
new tasks activated current task completed
and the flow set C is given by
C:=Rso x R"™W\ D, (5.11)

At jumps, the control input for each agent will be updated according to the
next execution task. The design strategy will be given in the later subsection.

Remark 5.3. The hybrid system (5.8) is introduced to model the discrete task
evolution and the continuous state evolution of the MAS (5.1). It will become
clear later in the control synthesis section that the control design for each agent
and the analysis are conducted on a single task x|[k]. We note that there is no
jump during the execution of x|k|. Therefore, the hybrid time domain (t, j) and
the solutions of hybrid systems on (t, j) are not introduced.

5.3.2 Dynamic scheduling algorithm

The dynamic scheduling process is shown in Figure 5.2, which consists of two
algorithms: Arrival and Completion.

Let W and R be the ordered wait and (temporarily) reject task set, re-
spectively. Define W[l| € ¢ and R[l] € ¢ as the Ith element of W and R,
respectively. The index set associated with W is denoted by Iy;r and the set
of permutations of Iy is denoted by Ilyy . In this chapter, it is assumed that
the cardinality (length) of the wait task set W is limited (for computation effi-
ciency), given by m. In particular, there are at most /m tasks maintained within
it. However, we note that there are extra positions in W, which can be occu-
pied instantaneously.

At the task generation time instant 77, the set of tasks §(7}) is activated.
Then, the algorithm Arrival, i.e., Algorithm 5.1, will be activated to determine
(among all active tasks) which task should be executed. Due to the fact that
the cardinality of the wait task set W is limited, one needs to check whether
there are enough spaces in W before scheduling. Otherwise, we first schedule
all the active tasks (including the current executing task F[k], the set of newly
activated tasks 0(7}) and all the tasks in W) according to the EDF policy. Then,
the first m tasks are kept in W while the remaining tasks are put into the
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1i,6(11) . x[k]
Wait Task >
W) Ac(k), Xo(Ac(k))
Full Recover
Reject Task
R)
Disposal

Figure 5.2: Dynamic scheduling process.

(temporarily) reject list R (lines 1-5). After this process, we (re)schedule the
tasks in IV using the optimization program P (W, Xo(1}), ;). The first task
in line, i.e., 7[1], is chosen as the next executing task, and the corresponding
desired QoSa level, is given by l;:ﬂ*m (lines 6-8).

Algorithm 5.1 Arrival
Input: E[k], W, R, T;,6(T;) and Xo (1) < {x1(Ty),...,zn(T7)}.
Output: E[k + 1], 16 Qpy1.

1 W« E[E|UWUT),

2. if [IW| > m + 1 then,

3: Schedule W according to the EDF policy,
¢ W W\{Wln+1],... W[WI|]},T < TU{W[mn+ 1],
5: end if

A~

6: Solve the optimization program P(W, Xo(T;),T;), which returns 7*, k=
(see (5.12)),

: E[k + 1] < 71'*[1], tlg—H 1, QkJrl — ]Aﬂﬂ*[l],

Wi « n*[i+1],i=1,...,|[W| -1

o 3

In line 6, the optimization program P (W, X, t) is given by:

[Ty | [Ty |—1
max. <Z Repp— (1 =) Z W (X X)) (5.12a)
mellw, b oy =0
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subject to
ke € 0,1, kg — 1}, (5.12b)
Repy := Ry gy (5.12¢)
Er [0] = Arfi] + drp) + €,€ >0, (5.12d)
Erpylkzp] = anpy +sup{laplkep]}s Fapy > 1, (5.12¢)
Eppylkrpny] > t + tmin(Xo, Xapp)), (5.12f)
B knpsn)] > Enpykrin] + tomin Kns Xepi1)):

I=1,...,|Iy| -1, (5.12g)

where /2771- = {];‘W[l], EW[Q], e ,]ACWHHW”}. In (5.12f) and (5.12g),

tmin (Xrp), Xrpg1)) = max 7316111}2 Tif (5.13a)
subject to

2;(0) = Xppli], vi(0) =0, 1=0, (5.13b)

2;(0) = crpp,vi(0) =0, 1>1, (5.13¢)

Ti = v, V5 = Uy, (5.13d)

zi(T)) € Xnpyys (5.13€)

representing the (estimated) minimal time required to drive the MAS from set
Xy to set Xy 4q] under the input constraints. Note that in (5.13b), 7[0] =
0 and Xjo)[i] = Xoli] is the ith element of set Xy, where Xy contains the
initial state of the group of agents. The optimal solution of P(W, Xo, ?) is given
by 7 = {7*[1],...,7"[|Iw|]} and k.~ = {kw*[1]> RN kW*HHWH}' In (5.12d)-

~

(5.12g), the notation Er;[ks;] represents the estimated completion time of
task ¢ at QoSa level l%ﬂ[l]. It is defined as a,[;) + dy [ + € for QoSa level
0 and a.p + sup{L [l%ﬁ[l]]} for QoSa level l%ﬂm > 1, as seen in (5.12d) and
(5.12e) respectively. The constant € is used to distinguish between £ ;[1] and
E;[0]. Conditions (5.12f) and (5.12g) mean that the estimated completed time
of the [ + 1th task in line must be bigger than the estimated completed time
of the [th task plus the minimal time required to move from X to X4
When the kth execution task is completed at time Ac(k), algorithm Com-
pletion (Algorithm 5.2), is activated to determine the next execution task. We
note that if the activating time and the completion time coincide, algorithm
Arrival will run first and then algorithm Completion is executed. As one can
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see in (5.12), the optimization program P (W, Xy, t) admits tasks with QoSa
level 0 as feasible solutions. Therefore, before rescheduling the wait list, one
needs to further inspect to ensure that tasks in the wait list 1¥ and the tem-
porarily reject list T are feasible at the current time Ac(k). All infeasible tasks,
ie,{¢1: ¢ € WUR, D; < Ac(k)} will be removed forever (line 1). After the
inspection, if there are empty positions in W, then tasks in R will be recovered
(lines 2-5). At this stage, if W = (), it means that there is no feasible task to
be executed next, and then all agents will switch to idle mode (lines 6-9). The
idle mode of an agent will be defined later. Otherwise, the wait list W will be
rescheduled according to (5.12), and the first task in W will be chosen as the
next execution task and removed from W (lines 10-13).

Algorithm 5.2 Completion

Input: W, R, Ac(k) and Xo(Ac(k)) < {z1(Ac(k)),...,zn(Ac(k))}.
Output: E[k + 1], tg“, Qps1-

1: Remove all infeasible tasks in W and R,

2: if R # (), then

3 Schedule R according to the EDF policy,

4 Move tasks from R to W, until either W is full or R is empty,
5. end if
6
7
8
9

. if W = (), then
Elk+1] + 0, t5" « 0, Q11 + 0,
All agents switch to idle mode,

: else
10: Solve program P(W, Xo(Ac(k)), Ac(k)), which returns 7*, k-,
11: Bl +1] < 7 1], tg7" < Ac(k), Qa1 ke
12: W < m*[l+1],l=1,...,]W|—1.
13: end if

Remark 5.4. In the optimization program (5.12), tasks with QoSa level 0 are
considered as feasible and kept in W or R for robustness considerations. The
reason is that in real-time execution, a task may be completed before its estimated
completion time, and in this case, the previous infeasible tasks (task with QoSa
level 0) may become feasible again.

Remark 5.5. The optimization program P(W, X, t) can be viewed as a two-
layer optimization problem. The first (outer) layer is a combinatorial opti-
mization problem, where the set of permutations of Ly, i.e, Iy needs to
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be computed. The second (inner) layer is a mixed integer linear program.
This is because for each m € llyy, the cost function (only nonlinear term)

L]}V:V(l_l W (X, Xrjp41]) is a constant. In general, finding a solution can be
difficult when the cardinality of the wait task set W' is large. To cope with this
issue, we assume that the cardinality of W is upper bounded by m. Moreover, we
note that the only integer constraint is (5.12b). Nevertheless, since the number of
QoSa levels, given by k). is finite for each task, each integer parameter l;:w[l] has
only a limited number of choices. Therefore, we conclude that the optimization
program P(W, X, t) can be solved efficiently since it is equivalent to solving a
finite number (< 1! Zleﬂw k) of linear programs.

Remark 5.6. The purpose of this chapter is to maximize the objective function
J(P, ). Therefore, fulfillment of all tasks is a soft constraint in view of the afore-
mentioned maximization. However, we note that by setting the absolute value of
the rejection penalty |R;[0]], VI, to be high enough (e.g., higher than the sum
of the highest rewards of all tasks being activated), one can verify that the pro-
posed dynamic scheduling algorithm is optimal in the sense that the miss ratio®
is minimized.

5.3.3 Control law synthesis

Given the information x[k] = (E[k],t&, Q}), the next step is to do control
synthesis. if x[k] = (), all agents will switch to the idle mode, and the control
law is given by

u;dle = — Z (.’Ez — .CC]) — ’UDV’L. € V
JEN;
Otherwise, we assume without loss of generality that

E[k] = &1, L[Qr] = (¢, 1], (5.14)

which means that the kth task being executed is ¢; and the time interval cor-
responding to QoSa level Q. of task ¢; is (¢, t]. Then, we have the following
proposition.

Proposition 5.1. Given the task ¢; and the starting time t§, ¢; is completed at
QoSa level QQy, if the conditions

*For a sequence of dynamically activated tasks, the miss ratio is defined as the number of
reject tasks divided by the total number of activated tasks [93].
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C1. Vt € [tk a; + 1], Fi € Vy, such that z;(t) ¢ X;; and
C2. 3t € (a;+ t,a; +t],Vi € V such that z;(t) € X
hold simultaneously, where a; is the activation time of ¢;.

Before presenting the control synthesis, the following assumption is
needed.

Assumption 5.1. Let there be given the leader-follower MAS (5.1) with the
leader set V1, and the target region X;,l € {1,..., M}, with its Chebyshev
center c;. There exist constants o, ds > 0 such that

« B(c,0) C X and

« z; € B(e,0),Vi € Vp and ||z; — || < dg,V(i,5) € &, imply z; €
X, Vi e V.

Remark 5.7. Assumption 5.1 is not conservative because i) the constants o, d
can be different for different target regions and ii) one feasible choice of o, ds for
Xpiso = r;/2,ds = r;/(2(N — 1)), where r; is the radius of the minimal
enclosing ball of X centered at ;.

In addition, the following definitions are introduced.

Definition 5.2. [85] A function p : R>o — R will be called a performance
function if p is bounded, nonnegative and non-increasing.

Definition 5.3. [85] A function S : R — R will be called a transformation
function if S is strictly increasing, injective and admitting an inverse.

In particular, we define two transformation functions S; and S as

Si(z) = m%), So(z) = ln(i A

).

For leader agent ¢ € V), we prescribe the norm of the tracking error
x;(t) — ¢; within the following bounds,

a;(t) < ||zi(t) — || < Bi(t), ie€Vr. (5.15)
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However, since the follower agents do not know where the target region is,
we prescribe the norm of the relative distance between neighboring agents
within the following bounds,

”xlj(t)H < 'Yi(t)a 1€ V’ (Za]) € 57 (5-16)

where «;(t), B;(t),~i(t) are performance functions to be defined.

The dynamic scheduling algorithm in Section IV-A ensures that a;+t > tlg.
However, it is possible that a; + ¢ < t’g. In this case, C1 of Proposition 5.1 is
meaningless, and one only needs to design performance functions such that C2
of Proposition 5.1 is satisfied. Nevertheless, in the other case, i.e., a; +t > th,
it is more complicated to design the performance functions since one needs
to ensure that both C1 and C2 are satisfied. Therefore, in the following, we
will present the design of the performance functions and the control synthesis
according to the two different cases, respectively.

Remark 5.8. Note that if at timetf, one has z;(tk) € X;,Vi € V, i.e., all agents
are already in the target region X; at tf, then according to the proposed dynamic
scheduling strategy, the algorithm Completion will be activated, and the group
of agents will proceed to the next task (no control action is needed).

Casel:a;+t < tlg

Define
o (t) =0, (5.17)
Bit) = Bige M 10, (5.18)
7i(t) = e Hi ) (5.19)
for t > t’g, where ;9 > max{Hxi(tlg) — al,ot, vio >

max{max;ecn; {||7:;(t§) ||}, ds}, and o,ds satisfy Assumption 5.1. In ad-
dition,

1 Bio
Kig = ————In 22 5.20
T @tttk o (520
1 .
pig = —————In 2, (5.21)

(al + t— tlg) ds
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Remark 5.9. The definitions of B;o, vio guarantee that the performance bounds
(5.15) and (5.16) are satisfied at the starting time t§. In addition, from (5.18) and
(5.20) one can get

|zi(a; + ) — all| < Bila + 1) = Bige ™ (1) — 5. Vi e V. (5.22)
Moreover, from (5.19) and (5.21) one can get
|lzij(ar + )| < yilag + 1) = yipe 1 @) = 4, (i, j) e €. (5.23)

According to Assumption 5.1, (5.22) and (5.23) together imply x;(a; + t) €
X, Vi € V. Therefore, C2 is satisfied.

Based on Remark 5.9, one can conclude that if for task ¢y,

i) the tracking error ||z; — ¢||, Vi € Vp, is evolving within the prescribed
performance bound (5.15), and

ii) the relative distance ||z;;||,V(, j) € £ is evolving within the prescribed
performance bound (5.16) for ¢ > t&,

then the task ¢; will be completed at the desired QoSa level Q.
Define the normalized errors as

_ i) = all _ Nzl

&i(t) = TR &ij(t) = PAOR (5.24)

respectively. Then, the corresponding sets
De = {&(1):&(1) € [0,1)) (5.25)
Dg, = {&;(t) : &) € [0, 1)} (5.26)

are equivalent to (5.15) and (5.16), respectively. The normalized errors &; and
&i; are transformed through the transformation function S7. We denote the
transformed error (;(&;) and €;;(&;5) by

Gi(&) == 51(&), €ij(&j) = S1(&j), (5.27)

respectively, where we drop the time argument ¢ for notation convenience.
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Let V.S, (gz) =051 (&)/8&, \VAS (flj) = 05; (@)/8&] The control laws

for the leader and follower agents are proposed respectively as:

1
u%ead - _ Z ?vsl(fij)gij(éij)nij

jjTNi l (5.28)
B Evsl(fi)@(fi)ni - K,
and ,
qu-ol = — Z fvsl (fij)ﬁij(fij)nij — K,v;, (5.29)
jeN; "

where n; = (z; — a)/||lzi — all,ni; = (2 — z;)/ ||z
control gain to be determined later. B o

Let & = &ij, & = €45,y = @i — ¢ Letalso € = (61(&1), .-+, 6p(&p)), € =
(C1(&1), ..., Cn(EN)) be the stack vector of the transformed errors and y =
(y1,--.,yn). Define the following function

Vi(y,v,&,C) :%[y v]{ { KZ iN ] ®I"} [ Z } (5.30)

17T7 17T =
- ~TH
+28 5+2C ¢,

, and Kj is a positive

where H € RV*N jsa diagonal matrix with entries h; (h; = 0if ¢ € V, and
h; = 0 otherwise), K € RV*VN jsa diagonal matrix with entries Kj;, and 0 is
a diagonal matrix with entries 6; = max{p; 1, ki 1}

Let V2 := Vi(y(th), v(tk), &(tk), {(tF) and © := S *(\/2V). Then, the
following holds.

Theorem 5.1. Consider the leader-follower MAS (5.1) and the kth execution
task x[k] given in (5.14). The control inputs for the leader and follower agents
are given by (5.28) and (5.29), respectively. Suppose Assumption 5.1 holds and
a; +t < tf. Assume that the control gain K; > max{(; 1, Ki1}, Vi, and the
input constraints for leader and follower agents satisfy

Wil 1 .
max -, 21/0 K; 21/0 - B; ’
b _<ds(1_@)+0(1—@) VI + Ki(y/2V) + 0iBi0), Vi€ VL

and

IV 1 .
B 1 Ki(1/2V? + 0 Bi0), )
! _ds(l—@)n(l—@)+ (1\/ 2V + 6,Bi0),Yi € Vi
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respectively. Then, i) the tracking error ||x; — ¢||,Vi € Vi and the relative dis-
tance ||x;;||, (¢, 7) € € will evolve respectively within the prescribed performance
bounds (5.15) and (5.16) for all t > tlg and ii) the input constraint for each agent
i, e, u;(t) € U;, Vi, will be satisfied for all t € [t’g, a; + t].

Proof. Since K; > max{uiyl,ﬁi,l} = 0;, i, one can derive that V (y, v, &, ()
is nonnegative for all y, v, £, C.
Differentiating (5.30) along the trajectories of (5.1), one has

Vi(y,v,8,¢) =y KOv + yT X 1+ 0Ty + T X (531)
5.31
+&Ts 4+ THE,

where
X[k u}fad, ifi e Vg
ulf-(’l, ifi € Vp.

Substituting (5.28) and (5.29) into (5.31), we obtain

1
Vily,v,&,C) = Zﬁzyl > ?Vsl(&j)ﬁij(&j)nij

JEN;
— ZH’% 5 VSI (&)Gi(&i)n;
1
- ZUZT Z —VS1(&ij)eij(&ij)nig

— i
=1 JeN: (5.32)

— Z vSl fz Cz(&) n;
— Z v v; + ZE” fz; VSl(f@])fw

+ Z hiGi(&)V S1(6:)&i-

i=1
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According to (5.24), one can get

&, = Ll s _ (e
Vi

Vi Yi
o 1w —allBi— |z —allf 1 ,
g.:— :7( y +,€.7 y),
=3 5; 3, yall” + w1 |yl

where —f3;/8; = ki1 and —%; /v = pi 1.
Due to symmetry, one has

Ozl _ Ollwigll _ 9l
8:1:25 81‘2 01‘]' ’
and from (5.1), we get
I ¢ 0 |isll
2 VSiEeEyllanl =33 3 VSi(sn)eu() iy
(3,5)€€ i=1 jeN;
Z Z VSi( fzg 81](&])11”
i=1 JEN;
In addition,
N
Zyz Z VSl §Z] EZ] 52] nZ] _Zy;f Z vsl fl] E’Lj glj)H ”
i=1 JEN; =1 JEN; yj
1
**Z Z VSI gzg €ij gz]) ”1'sz
i=1 jEN;
Then, (5.32) can be rewritten as
— M1
1% (y,v,6,() = — = Z Z ———=V81(&ij)ei (&ij) |z
i=1 jeN;
N — K
~ Z G () VS vl — (B — 0)0”
(5.33)

According to the definition of Sy, one can derive that V.51 (&;;)ei; (&) || ;|| >
0 and C,(fz)VSl(fz)HylH > 0. In addition, 0; — il = 0 and 0; — Ki1l = 0
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for all i. Therefore, one derives that Vl(

y,v,,¢) < 0, which in turn implies
Viy, v, & C) < Vily(tf), v(tf), &(¢5), C(5) =

V) and thus

‘Sl(gz” ‘Cz fz E S 2V07 i€V,
<|e

‘Sl(fmﬂ = ‘52] fZJ \/ 2V17 i,7)

for all ¢ > tf. Moreover, &;(t£),Vi € Vf, and &;;(tK),V(i, j) € £ are within the
regions (5.25) and (5.26), respectively. By using the inverse of S, we can bound

0 < &) < ST (V2VP) < Tand 0 < g5(t) < ST (V/2V]) < 1forall
t > t. In particular, &(t),Vi € Vp, and &;(t),V(i, ) € & will evolve within
the regions (5.25) and (5.26) for all ¢ > t’g. Since (5.25) and (5.26) are equivalent
to the prescribed performance bounds (5.15) and (5.16), respectively, item i) of
Theorem 5.1 holds.

Since &;(t), &;;(t) € [0,0) and the functions f3;, y; are monotonically de-
creasing, one has from (5.28) that

lead e 1 ‘ m
o1 <|3> 5 ISiE(0)es €500 + |5 TS GG E0)
+ Kot
[Nl 1 N
= (%’(tlg +t)(1-0) + 51(7518 +0)(1— @)> 2V10 + HKw(Z(t)H)
5.34

for t € [tf, a; + 1]. In addition,

2 2l w{[Kz W Jonf (1]

(il = O:llwll)?

M=

.
Il
—

(lvill = il — cil])?

'tnﬂz

I
_

1

=2

> (Jlvill — 0:Bio)*.

(2

I
—
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Then, one has
[vi(8)]| < \/2V2 + 6850, t € [th, a; + 1. (5.35)

Combining (5.34), (5.35) and v;(a; + t) = ds, Bi(a; + t) = o, one can further

g
ead M ‘/0 _B 2‘/D+913')

<ulX Vi € Vi, VYt € [t a; +1].

Similarly, one can also derive that |[u°!()|| < ul"®* Vi € Vp,Vt € [t a;+1].

i
Item ii) of Theorem 5.1 holds. O
Casell: a; +t > tlg
For a given set X, the indicator function is defined as
Iy (2) 1, if z€X
€Tr) =
* 0, if z¢X.
Then, the performance functions «;, 3;,; are defined as
0, t>t, ifIg (2i(ty)) =1,
a;(t) =30, t>a+t, if Iy ((t)) =0, (5.36)
e 2t e [th ay 1], if Tg, (2:(t5)) = 0

k
Bipe "2t =t) ¢ e [tk a; + 1]
Bi(t) = P (5.37)
Bi(t)e rialt-a=t ¢ g4 t,
e _ 1k k
Yioe m,z(t to)’ te [t ,qy +ﬂ
vit)y=<"" ey 0 (5.38)
ilt)e et s gy 4t
where
aio = ||lzi(t§) — all — A, (5.39a)
Bio = lli(t) — all + A, (5.39b)

vio > max { max{ 2 (t6)]1}, ds | (5.39)
JEN;
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and 0 < A; < ||2i(th) — ¢|| — 7, Vi € Vi In addition,

1 Qo

Fig = ———_In 20 5.40a
Ttk w (3402)
1 BioT
o — — 1 5.40b
1 YioT
9= —— 1] 5.40
2 (t—1) " dsaip’ (5.40c)

where 7; defined in (5.4) is the radius of X.

One can verify that the functions o, 3;, ; satisfy Definition 5.2. The func-
tion «; is designed to ensure condition C1. The functions (;,y; are designed
to ensure condition C2. However, for the special case z;(tk) € X,Vi € Vp,
i.e., all leader agents are already in the region X at the starting time ¢, it is
not always possible to satisfy C1.

Corollary 5.1. Suppose Assumption 5.1 holds and 3i € Vi, x;(tk) ¢ X,. The
performance functions «;, B; and ~y; defined in (5.36), (5.37) and (5.38) guarantee
that the conditions C1 and C2 are satisfied simultaneously.

Proof. Firstly, the definitions of g, B;0 and ;0 guarantee that the perfor-
mance bounds (5.15) and (5.16) are satisfied at the starting time tlg . From (5.36)
and (5.40a), one can derive that

lzi(a; + 1) — il > il + ) = azpe "2 (@H=t)

=7, YieV, A ]l;‘gl(fl,’i(tlg)) = 0.

Hence, C1 is satisfied.
From (5.37), (5.40b) and (5.38), (5.40c), one can derive that

|zi(a; + 1) — ¢l| < Bi(ag + ) = Bi(t)e 30 = 5, Vi e Vy,
and
l2ij(ar + )| < yilar +1) = vi(t)e 28 = g (i, §) € €,

respectively. According to Assumption 5.1, one can conclude that z;(a; + 1) €
X;, Vi € V. Hence, C2 is satisfied. O
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Let p;(t) := (Bi(t) + a;(t))/2 and 0;(¢t) := (B;(t) — ;(t))/2. Then, (5.15)

can be rewritten as
—0i(t) + pi(t) < [lzi(t) — all < pi(t) + (D). (5.41)
Define in this case the normalized error &;(t) as

_ i) = all = pi(t)

and ¢;; is defined the same as in (5.24). Then, the set
De, == {&(t) : &(1) € (—1,1)} (5.42)

is equivalent to (5.15) in this case. The normalized error §; is transformed
through the transformation function S2. We denote the transformed errors

Gi(&) and €55(&ij) by
Gi(&) == S2(&),  €ij(&r) == S1(&ij)s (5.43)

respectively.
Let VSQ(&) = 352(&)/8&, V5 (gu) =05 (&j)/a&] The control laws

for the leader and follower agents are proposed respectively as:

uft == 3" ;Vé& (&ij)eij (€ijmij
jleM- ‘ (5.44)
— = V8 (&)G(&)n; — K,

0

and 1
ul! = = Y " =V (&) (Gj)mi; — Kivs, (5.45)

JEN; i

where K is a positive control gain to be determined.
Let z = (y,v)”. Define the following function

1 I
) 5(zTGlszLéTs‘jL CTHO), t e [th,a + 1)
Va(2,8,¢) = (5.46)

1 o
Q(ZTG2Z ++ele+(THE), t>a +t
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where
Kro kK Kkrs kK
Glz[ 2 2]®In,G2=[ ’ 3]®In, (5.47)
ke In R In
and Ko, k3 € RVXN are diagonal matrices with entries x; 2 and &; 3, respec-

tively. The matrices H, K are defined in (5.30).
Denote V) := Va(z(tF), 2(tF), C(tK)). Let Vif = V) + Ef\;l (K,-\/sm -

Ki3|Ba 4 2|ki2 — ki3l Bio(\/2VY + Hz’,ﬁz’o)) and ©1 := S 1(\/2V5), O, :=
Sy '(\/2V5). Then, the following holds.

Theorem 5.2. Consider the leader-follower MAS (5.1) and the kth execution task

X |k] given in (5.14). The control inputs for the leader and follower agents are given
by (5.44) and (5.45), respectively. Suppose Assumption 5.1 holds, t > a; +t§, and
di € VL,a:Z(tO) ¢ X,. Assume that the control gain K; > max{r; 2, Ki3}, Vi,
the constant ;o in (5.39c) satisfies v;0 < dspe™ a(t— IE)/m,Vz, and the input
constraints for leader and follower agents satisfy

Wil
max > \/2 K; \/2 K, (i ,
u; _<ds(1—@1)+ (1—@2 V2—|— V2+ ﬁo VZEVL

and

u > W' \/2V2 + Ki(\/2Vy + KiBio), Vi € Vp,

respectively. Then, i) the tracking error ||x; — ¢;||,Vi € V[, and the relative dis-
tance ||x;;||, (¢, 7) € € will evolve respectively within the prescribed performance
bounds (5.15) and (5.16) for all t > tlg and ii) the input constraint for each agent
i, Le, u;(t) € U;, Vi, will be satisfied for all t € [t’g, a; + t].

Proof. Since K; > max{k; 2, ki 3}, Vi, one can derive G > 0, G2 > 0. There-
fore, Va(z, &, €) is nonnegative for all z, &, (.
Fort € [to, t], differentiating (5.46) along the trajectories of (5.1) and sub-
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stituting (5.44) and (5.45), one has

%,6,() = Zm 2wl Y ivsl(&j)fz‘j(&j)nij
JEN:
h
- Z Ri,2y¢T§V52(€i)€i(&)ni
_ Zv Z ” —V51(&j)ei (&ij)mi;

K3
=1 ]GN (548)

- ZU VS2 gz Cz(‘fz) n;

_ Z — /{ZQ U v; + Zem fz] vsl(&])ﬁ”

i=1
+ Z hiGi(&)V S2(&),
i=1
where )
¢, _ Uiy = sl
iy — )

Vi Yi

¢ 2 Ui —all = o — (s — el - )6
7 51 6Z

_ L (llwall" = pa)di — (lysll — pi)os
0 5;
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Similar to the proof of Theorem 5.1, one can further get

Va(z,6,C) = — fz S 52 =Yg, (6 ) (€) |

i= 1]6./\/ ’Y’L

— Z ﬁZQ G(&)VS2(&) (lyill — pi)

hipi(ki2 — pi
5> Wci@)vsz(&)
i=1 !

N
— (K; — kig)v] v;,
1

i=

where 5, = —%i/%, 5 = —6; /6; and p; = —p;/p;. In addition, according
to the definition of 7;(t), d;(t) and p;(t), one can derive that ¥;(t) = 0;(t) =
pi(t) = ko for all t € [tk t]. Therefore,

N
‘./Q(Zvév CT) <- Z(Kz - Hi,Q)U?vi < 07 V[tl&ﬂ (549)
=1

For ¢ > t, differentiating (5.46) along the trajectories of (5.1) and substi-
tuting (5.44) and (5.45), one has

Va(z,,C) = —fZZ““‘ Y981 (€35 )eis (66) |

i=1 jeN; i

—Z ““” &V S (il — pi)

(5.50)
hipi(Kis — pi
—Z—” i =) ) vsale)

_E _K13Uvza
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where 6;(t) = pi(t) = k3 for all £ > t. Then, one can further have

N A.
Va(2,6,() = - %Z 3 BB Vg (6g)eis ()l

i—1jen; i
N
§ : T
— (Kz — HZ'73)UZ- (7
=1

If one chooses Y9 < dsaie™ 3¢ /7 Vi, one can verify that 4; <
ki3, Vi. In addition, one has V.S1(&;5)ei;(&ij)l|zij]| > 0,V(4,75) € €. There-
fore,

Va(z,8,() <0, Vt>t. (5.51)

Combining (5.49) and (5.51), one can get that

Va(2, €, ) < max{Va(z(tf), £(t), C(£5)), Va(2(1), (1), (1))} < V5",

Thus
G(&)] < [C] < V2V, Vie VL
and
leij (§ig)| < lel < 2V, V(i) € €,

for all t > t§. Moreover, &(t5),Vi € Vp, and &;(tF),V(i,j) € & are within
the regions (5.42) and (5.26), respectively. By using the inverse of S7 and S5,
we can bound —1 < Sy (—+/2Vy) < &(t) < S 1 (\/2V5) < 1,Vi € Vi,
and 0 < &;(t) < S;'(\/2V5) < 1,Y(i,5) € € for t > tk. In particular,
&i(t),Vi € Vi and §;;(t),V(4,j) € € will evolve within the regions (5.42) and
(5.26) for all t > t’g.

The remainder of the proof is similar to that of Theorem 5.1 and hence
omitted. O

Remark 5.10. In the optimization program (5.12), we choose the estimated com-
pletion time for each QoSa level (except level 0) as the upper bound of the corre-
sponding time interval (see constraint (5.12e)), which guarantees the feasibility
of the plan. However, in real-time execution, a task may be completed before its
estimated completion time, allowing for other possibilities of execution. Due to
this reason, the obtained plan from the optimization program (5.12) may not be
optimal. We note that this is unavoidable since the (actual) completion time of
each task can not be foreseen at the scheduling time. Another reason that affects
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1 ) ——2
3 4

Figure 5.3: Communication graph for the MAS.

the optimality of the plan is the length of the waiting task set W, given by m. It
is pointed out in Remark 5.9 that the computational complexity of (5.12) grows
exponentially with respect to the length of W . Therefore, we aim to limit the size
of waiting task set W for computational efficiency.

5.4 Example

In this section, a numerical example illustrates the theoretical results. Consider
a group of 4 agents with n = 2, where communication graph G is shown in
Figure 5.3. The initial position z;(0) of each agent 7 is chosen randomly from
the box [0, 2] x [0, 2], and the initial velocity v;(0) of each agent i is [0, 0]7.

The task set ¢ consists of 6 tasks, each of which is associated with a target
region. For the sake of simplicity, it is assumed that each target region X;, [/ €
{1,...,6} has the shape of a ball, denoted by B(c;, r;), where ¢;, r; are the
center and radius of the ball, respectively. For each task, the corresponding
parameters (QoSa level and the corresponding time interval, reward, target
set, activation time set) are summarized in TABLE 5.1. In addition, we further
consider the general case that the group of leader and follower agents can
be different for different tasks. For each task, the set of leader agents is also
given in TABLE 5.1. One can see that 5 tasks ({¢1, ¢2, @3, ¢4, ¢g }) are activated
initially. In total, 11 tasks are activated.
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Table 5.1: Task specifications.

Task Tirr};zg‘;fgval Target set Leader set
QoSa |3 | 2 I 0

N éo’é] (260,10] glo,zo] gg,oo) B(10.8.1 | {L4)
D L (CE
b5 (1%’8] (280’14] %’OO) B((5,5),0.5) | {1,3}
s (2(;’6] f_f’lo] (2100’23] g?),oo) B((15,9),0.8) | {1,2,3,4}
65— (1%’10] gg"’o) B((5,10),1) | {1,4}
P - 20’15] g(S),oo) B((20,15),1) | {1,2,4}

Figure 5.4: The evolution of positions for each agent under the dynamic
scheduling strategy.
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leader agents in each task.

for each agent. Note that the performance bounds are presented only for the
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Figure 5.6: The evolution of the relative distances between neighboring agents
and performance bounds +; for each agent.

In the optimization program (5.12), the parameter ¢ is chosen as ¢ = 1 (the
reason for this choice is to make a fair comparison with the EDF policy in the
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following). Firstly, the dynamic scheduling strategy proposed In this chapter is
considered, where the cardinality of the waiting task set W is 4. The simulation
results are given in Figs. 5.4-5.6. Figure 5.4 shows the evolution of positions for
each agent with respect to time ¢, where x;; and x;2 are position components.
The 11 red circles (from left to right) represent the 11 target regions that being
reached, respectively. In Figure 5.5, the evolution of the tracking error ||z; —¢|
for each agent and the corresponding performance bounds o, 8;,¢ € Vr, are
depicted. In addition, the evolution of the relative distances ||z;;|| between
neighboring agents and the corresponding performance bounds +; are plotted
in Figure 5.6. One can see that the performance bounds are satisfied at any
time.

Secondly, we consider the dynamic scheduling strategy, but for the case
that there is no limit on |IV|. In this way, the true optimal schedule (i.e. consid-
ering all possible permutations of the waiting task set) can be obtained. Finally,
the EDF policy is used to schedule the same set of tasks. The simulation results
for the three different policies are summarized in TABLE 5.2. One can see that
the best total reward is obtained when the dynamic scheduling strategy with
no limit on || is implemented. However, we note that this strategy will re-
sult in a computational complexity problem when |W]| is large. The dynamic
scheduling strategy (with limit on |I¥]) can be seen as a compromise between
the reward and the computational efficiency. When the EDF policy is imple-
mented, the total reward is 120, which is the worst among the three policies.
This makes sense since the EDF policy involves only the deadline of each task.

Table 5.2: Results for dynamic scheduling strategy (DSS), dynamic scheduling
strategy with no limit on |W| (DSS*), and EDF policy.

Strategy | Task completion order | Total reward
DSS 2-1-3-6-5-1-4-5-2-4-6 155
DSS* 4-1-2-3-6-5-1-2-5-6-4 160
EDF 2-3-6-5-1-4-5-1-2-6-4 120

5.5 Summary

We proposed a dynamic task scheduling and distributed control synthesis
strategy for a leader-follower MAS whose goal was to complete a set of dy-
namically activated tasks. Each task is associated with a relative deadline and



104 Leader-Follower Target Tracking under Time Constraint

can be completed in several QoSa levels. By utilizing ideas from prescribed
performance control, we developed distributed control laws respectively for
the leader and the follower agents such that the satisfaction of tasks under
explicit deadline or time interval constraint is guaranteed.
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Chapter 6

Symbolic Control of Continuous-
Time Uncertain Nonlinear Systems

Discrete abstractions have become a standard approach to assist control syn-
thesis under complex specifications, e.g., linear temporal logic (LTL) specifi-
cations. To ensure the correctness of the solutions obtained from the abstract
system for the original (infinite) system, it is important to establish an equiv-
alence or inclusion relation between the abstract system and the original sys-
tem [94]. This chapter is concerned with the construction of symbolic models
for continuous-time uncertain nonlinear systems.

6.1 Introduction

In recent years, discrete abstractions have become one of the standard ap-
proaches for control synthesis in the context of complex dynamical systems
and specifications [95]. It allows one to leverage computational tools devel-
oped for discrete-event systems [96]-[98] and games on automata [99], [100]
to assist control synthesis for specifications difficult to enforce with conven-
tional control design methods, such as LTL specifications [17]. Moreover, if the
behaviors of the original system (referred to as the concrete system) and the
abstract system (obtained by, e.g., discretizing the state-space) can be formally
related by an inclusion or equivalence relation, the synthesized controller is
known to be correct by design [101].

For a long time, (bi)simulation relations were a central notion to deal with
complexity reduction [102], [103]. It was later pointed out in [104] that this

106
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kind of equivalence relation is often too strong. To this end, a new notion called
approximate (bi)simulation, which only asks for the closeness of observed be-
haviors, was introduced in [94]. Based on the notion of incremental (input-
to-state) stability [35], approximately bisimilar symbolic models were built
and extended to various systems [105], [106]. However, incremental (input-
to-state) stability is a strong property for dynamical control systems, which
makes its applicability restrictive. In [36], the authors relax the incremental
(input-to-state) stability requirement by only assuming Lipschitz continuous
and incremental forward completeness, and an approximate alternating sim-
ulation relation is established by over-approximating the behavior of the con-
crete system. However, as recently pointed out in [107], this approach may
result in a refinement complexity issue. To this end, a new simulation rela-
tion, called feedback refinement relation is proposed in [107].

Although continuous-time systems are extensively studied and various ab-
straction techniques are proposed in the existing literature, most techniques
for the construction of symbolic models require time-space discretization of
the continuous-time system, which constitute property satisfaction non-trivial
since closeness of the observed behaviors between the concrete system and its
abstraction is not guaranteed within neighboring discrete time instants. Re-
cently, different approaches have been proposed in the literature to deal with
this [108]-[110]. In [108], a disturbance simulation relation is introduced for
incrementally input-to-state stable nonlinear systems. In [109], [110], sym-
bolic control approaches are proposed for a class of sample-data nonlinear
systems, where property satisfaction of the continuous-time systems is guar-
anteed by equipping the finite abstractions with certain robustness margins
[109] or assume-guarantee contracts [110]. While almost all the results are
providing behavioral relationships between a time discretized version of the
original system and its symbolic model, in this chapter, we provide for the first
time a behavioral relationship between the original continuous-time system
and its symbolic model.

This chapter investigates the construction of symbolic models for
continuous-time uncertain nonlinear systems. It improves upon most of the
existing results in two aspects: 1) by not requiring time-space discretization
of the concrete system and 2) by being applicable to more general uncertain
nonlinear systems under input constraint. The main contributions are as fol-
lows.

(i) We propose a novel stability notion, called n-approximate controlled
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globally practically stable with respect to a given set 2. This is a prop-
erty defined on the augmented system (composed of the concrete sys-
tem and the abstract system) via an admissible control interface. We
show that the abstract system can be constructed without time-space
discretization. This is crucial for safety-critical applications, in which it
is necessary that the trajectories of the concrete system and the abstract
system are close enough at all time instants.

(i) We define a notion of robust approximate (bi)simulation relation. It is
shown that for an uncertain concrete system, the abstract system can
be constructed such that the concrete system robustly approximately
simulates the abstraction.

(iii) For the class of incrementally quadratic nonlinear systems, the system-
atic construction of the admissible control interfaces and robust approx-
imately symbolic models under a bounded input set is provided.

The introduction of the control interface is inspired by the hierarchical
control framework [111]-[114], in which an interface is built between a high
dimensional concrete system and a simplified low dimensional abstraction of
it. Both the concrete system and the abstract system are continuous (in state-
space) in [111]-[114]. In contrast, in this chapter, we propose to build a control
interface between the continuous-time concrete system and its discrete state-
space abstraction. Moreover, In this chapter we consider a bounded input set
(the input set considered in [111]-[114] is unbounded), which results in addi-
tional difficulty in constructing the interface.

6.2 Problem Formulation

Consider a continuous-time uncertain nonlinear system of the form

() = ft (), u(t)) +w(t),
- {yl@ = h(z1(1)), (6.1)

where z1(t) € R",y1(t) € RLu(t) € U C R™ w(t) € W C R" are the
state, output, control input, and external disturbance at time ¢, respectively.
The input and disturbance are constrained to sets U and W, respectively. We
assume that f : [0,00) x R” x U — R" is piecewise continuous in ¢, continu-
ous in 1 and u, and the vector field f is such that for any input in U and any
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initial condition z1(0) € R", this differential equation has a unique solution.
Throughout the chapter, we will refer to ¥ as the concrete system, that is the
system that we actually want to control.

Let U be the set of all measurable functions that take their values in U and
are defined on R>(. Similarly, one can define JV as the set of all measurable
functions that take their values in W and are defined on R>.

A curve & : [0,7[— R" is said to be a trajectory of ¥ if there ex-
ists an input signal v € U and a disturbance signal w € W satisfying
E(t) = f(t,€(t),u(t))+w(t) for almostall t € [0, 7[. A curve ¢ : [0, 7[— Rlis
said to be an output trajectory of ¥ if {(t) = h({(t)) for almost all ¢t € [0, 7,
where ¢ is a trajectory of . We use £(&p, u, w,t) to denote the trajectory
point reached at time ¢ under the input signal v € U and the disturbance
signal w € W from initial state &.

The deterministic system is defined as

Yy il(t) = f(taxl(t)vu(t))a
| w(®) = (1),

and £(&o, u, t) := &(&o, u, 0, t) denotes the trajectory of the deterministic sys-
tem (6.2). Note that (6.2) is the deterministic version of (6.1) with w(t) = 0.

By a minor modification of the statement of Definitions 2.3 and 2.4, one
can define forward complete (FC) and incrementally globally practically stable
(0-GPS) for uncertain systems.

(6.2)

Definition 6.1. The uncertain system (6.1) is called FC if for every initial con-
dition xg € R", every input signal u € U, and every disturbance signalw € W,
the corresponding solution is defined for allt € [0, c0).

Definition 6.2. The uncertain system (6.1) is called §-GPS if it is FC and there
exist a class KL function [3, and a K function k such that for anyt € R>,
any o, z(, € R", any disturbance signals w,w’ € W, and any u € U,

1€ (o, u, w, ) = &(xp, u, w', )| < B(lwo — ol £) + £(llw — wloo)-
In this chapter, the problem under consideration is formulated as follows.

Problem 6.1. For what kind of continuous-time uncertain nonlinear sys-
tem (6.1), can one build a discrete state-space abstraction such that the original
system and the abstract system are formally related by a simulation relation? In
addition, how to build such an abstraction?
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6.3 Abstraction and Stability Notion

In this chapter, the abstraction technique developed in [105] is applied, in
which the state-space R" is approximated by the lattice

n n 277 .
R ]n:{qeR|qi:ki%,kiez,z:1,...,n}, (6.3)

where 1 € R is a state-space discretization parameter. Define the associated
quantizer @y, : R" — [R"], as Qy(x) = qifand onlyif |z;—q;| < n/y/n,Vi =
1,...n. Then, one has ||z — Q,(z)|| < n,Vz € R".

The abstract system is obtained by applying the state abstraction (6.3) to
the deterministic system (6.2), which is given by

5 {W) = Qy(E(Qy(1(0)).v.1), o

y2(t) = h(z2(t)),

where z2(t) € [R"],),y2(t) € R, and v(t) € U’(t) represent the state, out-
put and control input of the abstract system, respectively. Note that the state
variable x2(t) is neither continuous nor differentiable due to the state-space
discretization. In addition, the map U’ : R>g — 2% denotes the possibly
time-varying input constraint for the abstract system, which is a design pa-
rameter that will be specified later.

Let Ry := {U’(t) : t € R>¢} be the range of the set-valued function U’.
Then, we define

u' = RO (6.5)

as the set of all functions of time from interval [0, c0), such that the value of
the function at a particular time instant ¢, is an element of U’(t).

A (hybrid) curve £ : [0, 00) — [R"],, is said to be a trajectory of ¥’ if there
exists v € U’ satisfying:

€'(t) = Qq(&(t)),Vt € [0, 00),

where £(t) = f(t,&(t),v(t)) and £(0) = £'(0). A curve ¢’ : [0,00) — R
is said to be an output trajectory of ¥’ if '(t) = h(&'(t)), for almost all ¢ €
[0, 00), where ¢’ is a trajectory of Y. With a little abuse of notation, we use
€' (&), v,t) to denote the trajectory point of ¥’ reached at time ¢ under the
input signal v € U’ from an initial condition & € [R"],.
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The control input u(t) of the concrete system (6.1) will be synthesized
hierarchically via the abstract system (6.4) with a control interface u, : R> X
R™ x R™ x [R"],, = R™, which is given by

’U,(t) = Uy (ta U(t)a xl(t% T2 (t)) (6~6)

Then, the augmented control system 3. is defined as

£1(t) = [t 21(1), uu(t, v(t), 21 (1), 22(t))) + w(?),
o) 22(t) = Qy(E(Qy(21(0)), v,1)),
ZH ) = a1, o7
y2(t) = h(za(t)),
and we denote by
z(t) = (z1(t), z2(t)) € X = {(2,2) : 2 e R", 2" € [R"],,},
y(t) = (1), 12(t) € Y :i={(2,2) : z e R, 7 e R},
. (6.8)
a(t) = (uo(t), v(t))

) eUt):={(z7):2€ U2 €U (t)},
)

(
yeW :={(z,7):2e W,z =0}

Note that 22(0) = @, (21(0)), and then one has ||21(0) — 22(0)|| = ||z1(0) —
Qn(21(0))|| < n,Vz1(0) € R™. Therefore, one can define

Xo = {(z1,22) € X||Jz1 — 22| < 0} (6.9)

as the set of initial states for 3..

To guarantee that the synthesized controller u(t) is applicable to the con-
crete system (6.1), it is necessary that u(t) = wu,(t,v(t),z1(t),x2(t)) €
U,Vt € [0, 00). Therefore, we propose the following definition.

Definition 6.3. The control interface u, : R>o x R™ x R" x [R"], — R™ is
called admissible if there exists an input map U’ : R>q — 28" that satisfies

i) U'(t) # 0,Vt € [0,00), and

i) u(t) = uv(t,zi(t),f(fo,uv,w,t),ﬁ'(fé,v,t)) e UVt €
[0, 00), (&0, €1) € Xo, Vo € U, Yw € W.

In this case, the input map U’ is called admissible to u,.
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The trajectory of 3 will be denoted by &. Moreover, we use & (&, @, W, t)
to denote the trajectory point of 3 reached at time ¢ under the input and dis-
turbance signals 4, w from initial state éo, where 1, w are defined in (6.8). The
diagonal set 2 C R?" is defined as:

Q={zeR™Iz € R": 2z = (z,z)}. (6.10)
Then, we introduce the following definition which is inspired by [115].

Definition 6.4. The augmented control system S is called n-approximate con-
trolled globally practically stable with respect to the set €2 (n-C-2-GPS) if it is
FC and there exist an admissible control interface u,, a KCL function (3, and Koo
functions y1, 2 such that Vt € [0, 00), Y&y € Xo, Vo(t) € U'(t), Vi (t) € W,

d(&(o, 0, 1), ) < B(d(€0,2),8) + 11(1) + 72 ([[ ] 00),

where i = (uy,v) and u, is given by the admissible control interface. Moreover,
Uy is called an interface for 3, associated to the n-C-Q2-GPS property.

Remark 6.1. According to Definitions 6.3-6.4, a general idea on determining
the admissible control interface and the associated input map U’ can be provided
as follows: firstly, ignore the input constraint for the concrete system (6.1) by
assuming that U = R™ (in this way, any control interface that maps to R
is admissible), and find one or several control interfaces u, such that S is -
C-Q-GPS. Secondly, taking the real input set U into account, refine the control
interfaces obtained in the previous step in a way that the admissible ones and the
associated input maps are kept.

Remark 6.2. We note that the notion of n-C-{2-GPS defined in Definition 6.4
is essentially different from the notion of §-ISS given in Definition 2.5 or §-FC
given in Definition 2.6. Both 0-ISS and §-FC are properties defined on the con-
crete system 3. while n-C-Q)-GPS is a property defined on the augmented control
system 3. Moreover, for concrete systems that are not §-ISS or §-FC, the n-C-2-
GPS property can still hold for the corresponding augmented systems (as shown
later in Section 6.5).

Proposition 6.1. Consider the augmented control system ) If 3 isn-C-Q-GPS,
then one has that Vt € [0, 00), V(x0, z) € Xo,Vw € W,

1€ (0, o, w, ) = &' (2, v, )| < Blllwo — 21, £) +71.(n) + v2(llwllo),

where (3,71, 2 are defined in Definition 6.4.
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Proof. The proof follows from the fact that d(x,Q) = ||z1 — z2||, V21, T2,
where © = (21, x9) [115]. O

Remark 6.3. Another difference between J-FC in [36] and n-C-Q2-GPS is that
the 3 function belongs to class K, in the Definition of §-FC while class KL in
Definition 6.4. In [36], the state error ||€(zo, u,t) — &(z(, w', t)|| is not bounded
by the initial state error || zo — x{ || because B(||zo — x{||, ) can go to infinity as
time goes to infinity. This causes the refinement issues. However, it is shown in
Definition 6.4 and Proposition 6.1 that by properly designing the admissible con-
trol interface u,, one can upper bound the state error ||{(xq, uy, t) — &(z(, v, )|
by a KL function B(||zg — x(||,t) (which vanishes as the time goes to infinity)
and a constant y1(n) (we consider the deterministic system here for comparison,
ie, w(t) = 0). Therefore, our approach has no refinement issues.

In the following, the Lyapunov function characterization of the stability
notion 1-C-€2-GPS is proposed, which is motivated by [111].

Definition 6.5. Consider the augmented control system S, a smooth function
V :]0,00) x R® x R™ — R>( and a control interface w,,. Function V is called a
1-C-Q-GPS Lyapunov function for S and u, is the associated control interface
if there exist Ko, functions o, &, 01, 02, and a constant . > 0 such that

i) Vo,2' € R,
a(llz(t) = 2'@)|) < V(t,2(t),2'(t) < alllz(t) —2"@)), (6.11)

ii) Vo, 2’ € R", Vou(t) € U'(t), and Vw € W,

g‘; {F(t (1), uo(t, v(t), 2(t), Qu(a' (1)) +w(t) }

ov p ov :
+ 5 (60, 0() + S (612

t
< —pV(tz(t),2' (1) + o1(n) + o2(||wl|o)-

Then, we can get the following theorem.

Theorem 6.1. Consider the augmented control system S and the diagonal set
Q. If i) S is FC, ii) there exists a 1-C-Q2-GPS Lyapunov function for S and with
Uy being the associated control interface, and iii) u, is admissible, then, Y is
1-C-Q-GPS and u,, is the interface for S, associated to the -C-Q2-GPS property.
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Proof. Let &(t)

13 £(Qy(21(0)),v,t) for short. Then, one has §(t) =
f(t,€(@1),v()) a

nd {(0) = @Qy(21(0)). In addition, one can get from (6.7) that
)

x2(t) = Qy(&(t)), YVt € [0, 00). (6.13)

Let V be the n-C-Q2-GPS Lyapunov function for % and u, the associated con-
trol interface. Then, one has (6.12) holds and thus

grl{f(t, 21 (t), wy (¢, v(t), 1(t), Qn(€(t)))) +w(t)}

8V ov
+ Gl .0 + G

< — V(61 (1),€(0)) + o1 () + o)
<~ By, m),60)

forall ||z1(t)—£(t)]| > o=t (201(n) + 202(||wl|so)) /i) - According to Lemma
2.3, one can further have

1 (8) = &Il <o (e % a(||21(0) — £(0)])))
+a~H(ala™ (201(n) + 202(|[wll)) /1))

Moreover, one has from (6.13) that ||z2(t) — £(2)]| = ||Qn(&£(2)) — £(@)]] < .
Thus,

(t) — 2o ()| <[lw1(t) = E@] + 1E() — 22(2)]]
<a~'(e” @(Ilﬂfl 0) — z2(0)[))
+a” (d(g (201(n) + 202(|[wlle0))/ 1)) + 1
(Ilwl( ) = z2(0)[]))
+g‘1(@( " (4o1(m))) + 1
+a N a(a™ (“oa(||wlo))/m)))-

Combining the fact that u, is admissible, one can conclude that 3 is 7-C-Q2-
GPS and w,, is the interface for 3, associated to the 1-C-Q2-GPS property. [J

6.4 Robust Approximate Simulation Relation

In this section, the construction of symbolic models for the concrete system
(6.1) is considered. Firstly, the notion of robust approximate (bi)simulation re-
lation is proposed.
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Definition 6.6. Consider the concrete system 3 in (6.1) and the abstract system
Y in (6.4). Let ¢ > 0 be a given precision and € > 0. We say that 3 robustly

approximately simulates Y’ with parameters (e, £), denoted by >’ jg’é) 3, if
i) V(i € [R™],, Jxo € R™ such that (xo, x() € Xo, and
i) Y(xo,xh) € Xo, Yo € U, Ju € U such that Vt > 0,

178 (0, u, w, ) — h(&' (20, v, 1)) < &,V : [Jwllos <&,

where U’ and X are defined in (6.5) and (6.9), respectively.
The systems . and Y are said to be robust approximate bisimilar with

parameters (¢, £), denoted by & %g’é) Yif % jf;’é) Y and ¥ jg’é) 3.

Remark 6.4. We note that the robust approximate (bi)simulation relation de-
fined in Definition 6.6 resembles the notion of disturbance (bi)simulation relation
given in [108], Definition 2. The difference lies in that our relation is defined for
continuous-time systems while in [108], the relation is defined for discrete-time
systems.

Before proceeding, we need the following additional assumption.

Assumption 6.1. The output function h : R™ — R! is globally Lipschitz con-
tinuous with Lipschitz constant p on the set X.. That is,

1A (1) = h(z2)[l < pllzr — w2l (21, 22) € X,

where X, = {(x1,72) : |lz1 — 22| < a'a(e)) + a7t ((01(5) +
maxwew{o2([|wlso)})/1) + €}, @, @, 01,09, i are defined in Definition 6.5,
W is the set of disturbance signals, and € is the desired precision.

Assumption 6.1 is not conservative since it only requires Lipschitz conti-
nuity within a neighborhood of x1, the radius of which is determined by the
desired precision . Note that the Lipschitz constant p is independent of ¢.
Then, we can get the following result.

Theorem 6.2. Consider the concrete system X in (6.1) and the abstract system
Y in (6.4). Let £ > 0 be a desired precision. Suppose Assumption 6.1 holds. As-
sume that there exists a n-C-{2-GPS Lyapunov function V' for the augmented
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system 33 and let u, be the associated control interface that is admissible. If fur-
thermore, one has that ||w||s < & 1= oy (pua(a " (ale/p)))/4),Yw € W;
then, ¥ <9 50 if

a~(am) +n+a <d (0‘_1 <40L(n))>)
< % —a! <a <a1 <LM2(”:)”OO)>>> ’

Proof. Item i) of Definition 6.6 holds trivially. In the following, we will prove
item ii).

Let there be given (zg,z() € Xo and an input signal v €
U'. Since the control interface w, is admissible, then one has u(t) =
Uy (t,0(t), &(z0, Uy, w, t), & (x5, v,t)) € U, ¥t € [0,00). Thus, u € U. Let
q(t) = &(z(,v,t)). Then, one has z2(t) = &'(xp,v,t) = Qn(q(t)),Vt €
[0,00). Let also z1(t) = &(zo,uy,w,t)), where u, is the admissible con-
trol interface. To prove item ii) of Definition 6.6, it is sufficient to prove that
1A (z1(2)) = h(z2(t)]| < &, VE € [0,00). .

Since V is a n-C-{2-GPS Lyapunov function for ¥, then (6.12) of Definition
6.5 holds. One has from Theorem 6.1 that

[l (2) — q(®)] <Ofl( t‘(\lxl(O) a(0)[))
“Ha(a™ (do1(n)/w))
“Hala™ (doa(llwlloo))/1)))-

In addition, [lz1(0) — g(0)]] = [1€(0) — €'(0)| = lzo — )| < n. Using (6.14)
one can further get

[z1(t) = 22 (D) < [lz1(t) = g + llg(t) — z2(2)]]
= [lz1(®) = g + lla(t) — @n(a®))]

(6.14)

_K
2

<e/p,
and thus ||h(x1(t)) — h(z2(t))|| < pllz1(t) —x2(t)|| < e.Item ii) of Definition
6.6 holds and thus ¥’ < (E 2> O

Corollary 6.1. Consider the concrete system X in (6.1), the abstract system '
in (6.4), and the desired precision € > (0. Assume that the concrete system ¥ is
d-GPS. Let uy(t,v(t), z1(t), z2(t)) = v(t),Vt > 0 be the admissible control
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interface with U’ (t) = U. Suppose Assumption 6.1 holds. If furthermore, one has
that |w|| e < & :=k~Y(e/p), Yw € W; then, 3/ ’E‘(SE’E) Y if

B(1,0) +1n < ; — k([[w]loo),

where (3, k are given in Definition 6.2.

Remark 6.5. The construction of symbolic models and the implementation of
the admissible control interface rely on the computation of the state-space ab-
straction and the abstract controller. For different systems, computational tools
have been developed for this purpose, e.g., PESSOA [116], SCOTS [117], and LTL-
Con [118].

Remark 6.6. One key step for the construction of symbolic models is to find an
admissible control interface. From Definition 6.3, one can see that for a control
interface u, to be admissible, the key factor is to find an input map U’ admissible
to u,. When the input set for the concrete system is unbounded, i.e, U = R™,
any control interface that maps to R™ is admissible. However, in practical appli-
cations, input saturations are common constraints. We note that when the input
set for the concrete system is bounded, it is not always possible to find an admis-
sible control interface. The good news is that, for a certain class of incrementally
quadratic nonlinear systems, we show in the next section that it is possible to
construct an admissible control interface w,, such that ¥ robustly approximately
simulates 3.

6.5 Incrementally Quadratic Nonlinear Systems

In this section, we consider a class of perturbed incrementally quadratic non-
linear systems [119], for which the systematic construction of the admissible
control interface and robust approximately symbolic models is possible. This
kind of nonlinear systems are very useful and include many commonly en-
countered nonlinearities, such as the global Lipschitz nonlinearity, as special
cases.

Consider the nonlinear time-varying system described by

. {:’c(t) =Aa(t) + Bu(®) + Ep(t, G+ Dip) +w(®), o

y(t) =Cz(t).
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where z € R" y € RLu € UCR" andw € W C R" are the
state, output, control input, and external disturbance, respectively, p : R> X
R — R represents the known continuous nonlinearity of the system, and
A,B,C, E,Cy, D, are constants matrices of appropriate dimensions.

Definition 6.7. [120] Given a function p : R>g X Rlr — Rle, g symmetric
matrix M € RUpHle)xUpHle) s cqlled an incremental multiplier matrix for p if
it satisfies the following incremental quadratic constraint for any qi, g2 € Rl»:

T
©—q ] [ ©—q 0. (6.16)

p(t, a2) — p(t, 1) p(t,q2) —p(t,q1) | ~
Remark 6.7. The incremental quadratic constraint (6.16) includes a broad class
of nonlinearities as special cases. For instance, the globally Lipschitz condition,
the sector bounded nonlinearity, and the positive real nonlinearity p* Sq > 0
for some symmetric, invertible matrix S. Some other nonlinearities that can be
expressed using the 6-QC were discussed in [119], [120], such as the case when
the Jacobian of p with respect to q is confined in a polytope or a cone.

Assumption 6.2. There exist matrices P = PT = 0, L and a scalar a > 0
such that the following matrix inequality

P(A+ BL) + (A+ BL)'P +2aP PE
ETP 0 617)
6.17
T
Cq Dq Cq Dq
+[o I }M[o | =0

is satisfied, where M = M is an incremental multiplier matrix for function p.

Remark 6.8. The matrix inequality (6.17) is not a linear matrix inequality.
Hence, one can not solve for P, L reliably via, e.g., the interior point method algo-
rithms. However, we note that parameterization methods, such as block diagonal
parameterization [120] can be utilized to transform (6.17) into Ricatti equations
and/or linear matrix inequalities under certain conditions. Moreover, we note that
several necessary and/or sufficient conditions have been provided in [119], [120]
to guarantee the existence of solutions to (6.17).

The abstract system obtained by applying the state-space discretization
(6.3) is given by

o {s@) =Qn(#(Qy(2(0)),v,1)), (6.18)

FC) =ce(),
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where #(t) = A& + Bu(t) + Ep(t, Cy& + Dyp) and v € U'(t).
According to Remark 6.1, we first ignore the input constraint for the

concrete system (6.15) by assuming that U = R". The control interface
Uy : Rsg x 28" x R™ x [R"],, — R™ is then designed as
ot 0(8), 2(8), £(8)) = v(t) + L (t) — £(1)), (619)

where L is the solution of (6.17). One can verify that u, is admissible by letting
U'(t) = R™,Vt € [0,00). Then, we get the following result.

Theorem 6.3. Consider the concrete system (6.15) with the input set U = R™
and the abstract system (6.18). The input u(t) of (6.15) is synthesized by the
control interface (6.19). Suppose that Assumption 6.2 holds and the disturbance

set W satisfies ||w]|oo < € = acy/Amin(P)/(2|lc||/ Amax(P)),YVw € W;

then, 3} jg’e) 31 if the state-space discretization parameter 1 satisfies

n<< . _zm||wnoo> y/ Amin(P)
SAICE eV hanP) ) o A (P) + fa2Aman(P) + 211 E

where L = LT BT PBL and P, L, « are the solution to (6.17).

Proof. Let 2(t) = #(Qy,(x(0)),v,t) and e(t) = &(t) — Z(t), then one has
lle(®)|| < n,Vt. Define §(t) = (t) — Z(t). Then, from (6.15) and (6.18) one has
)+

§(t) =A8(t) + BL(() + (1))
+ E(p(t, Cqz + Dgp) — p(t, CyZ + Dgp)) + w(t)
—A8(t) + BLe(t) + E®,(t, x, &) + w(t),

where A. = A+ BL and
O, (t,x,2) = p(t, Cqx + Dgp) — p(t, Cy@ + Dyp).

A~

Post and pre multiplying both sides of inequality (6.17) by (§(t), ®,(t, z, Z))
and its transpose and using condition (6.16) we obtain

67 Pé < —ad” P§ + 6T PBLe + 6" Puw.
Consider the following Lyapunov function candidate

V(t,x, &)= (x—2)T Pz — ).
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Then, one has A\pin(P)||z — #||2 < V(t,2,%) < Anax(P)||z — 2||?. Taking
the derivative of V on ¢, one has
V(t,z,z) =26TP§
< —2a8"P§ + 26T PBLe + 267 Pw

T 2 6.20
< —aV(t,,@) + | Llel® + S|Pl ¢

IN

. 2, 4 2
—aV(t,z,2) + ~||Llln* + = | P|l|w].
« «

Therefore, V (¢, x,4) is a valid 1-C-Q-GPS Lyapunov function for ¥; :=
(51, 5%), whete a(z) = Amin(P)2%, &(2) = Amax (P)2?, 01 (n) = 2| L7/
and o2 (||w|| o) = 2|| P||||w]|%,/cv. In addition, one can verify that Assumption
6.1 holds with p = ||C/|. Then, the conclusion follows from Theorem 6.2. [

Next, we will show how to find an input map U’ admissible to u, when
the real input set U is considered.

From Theorem 6.3, we have (6.20) holds. Then, using the comparison prin-
ciple, we can further get

V(t,2(t),£(t))

L 20 Eln* + 2] Pl

<e” 'V (t,2(0),%(0)) P

(1—e™)

[0}

w A 2/|L]1n* + 2/| Pl ]
CAmax(P)e”|z(0) — 2(0)||* + 2

2, 2\ L]l + 2|1 Pl [lw]*

S/\max(P)n 3
o
Then, one can further have
. V(t, z(t),£(t)) _
t)—z(t)|| <y ————=22 < K K
o) = (0] < | HEE D) < Ky + Ko,

where K = \/)\max(P) S Amin(P) + 2||Z]| / (02 Amin(P)),
KQ = \/2>\max(P)/(a2)\min(P))’ w = manGW{HwHOO}’ and

() = @I < l=(t) — 2@ + 2(2) — £ < (K1 + 1)n + Koo
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Define e,,(t) = u(t) — v(t). Then, one has
lew@®I = 1Lz (t) = E@DI < ILI((Ky + 1)y + Kaw). (6.21)

From (6.21), one can see that the norm of the relative error between u(t) and
v(t), e, ||ey(t)| is upper bounded, and the radius of the upper bound is de-
termined by 7 and w(due to the special form of control interface that was
designed in (6.19)). Let

U = {z € Uldist(z, F.(U)) < |L|| (K1 + 1)n + Kow) }, (6.22)

be the set of points in U, whose distance to the boundary of U is less than
| L||((K1 + 1)n + K2w). Then, by choosing

U'(t)=U\U,Vt € [0, 00),

one can guarantee that u(t) € U,Vu(t) € U'(t),Vt € [0,00). Moreover, we
note that when Y} is deterministic, i.e., w(t) = 0, one can always find U’ (t) #
0,Vt € [0, 00) for all int(U) # () since U'(t) — U when n — 0.

Note that when ¥; is deterministic, i.e., w(t) = 0, one can always find by
letting 17 be small enough since U’(t) — U when 1 — 0. That is to say, the
control interface u, given by (6.19) is admissible for any U, int(U) # (.

6.6 Examples

In this section, two simulation examples are provided to validate the effective-
ness of the theoretical results.

6.6.1 Example 1

Consider the (undisturbed) time-varying nonlinear system X given by

oy 1(t) = Azq(t) + 1 sin(z1(t)) + u(t), (6.23)

yi(t) = x1(t),

where 21, y1,u € R%, A = [0.15,0;0,0.05] is a constant matrix and the sinu-
soidal function sin(-) is defined element-wise. One can verify that (6.23) is not
d-ISS.
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Applying the state abstraction (6.3), then the abstract system can be writ-

ten as
5 {wz(t) = Qu(p(Qn(x1(0)), v,1)),
ya(t) = 22(t),
where ¢(t) = Ap(t) + sin(p(t))/(t + 1) + v(t) and v(t) € U'(t). Since
U = R?, one can choose the input map U’ as U’(t) = R?,Vt > 0, which is
admissible to any wu,,.
The control interface u, : R>g x R" x R™ x [R"],, — R"™ is designed as

(6.24)

wy(t, (), 1 (), 22(1) = v(t) + P R(an(t) — a(t)),  (6.25)
where P = I3, R = —5.415 are the solution to the following linear matrix
inequality

AU1+PA+2R+2QP])} {nh 0y,

<
P 0 O _h}_o

with a scalar &« = 3.7. Let ¢ = 0.5 be the desired precision. According to
Theorem 6.3, the desired precision € = 0.5 can be achieved by choosing the
state-space discretization parameter 1 = 0.18. The goal is to stabilize the sys-
tem X to a unit ball around the origin.

The simulation results are shown in Figs. 6.1-6.2. The trajectory x2 of ¥’
is obtained by applying a stabilization controller v(¢), and it is represented
by the red line in Figure 6.1 (x2 1, %22 are the two state components of x2).
The trajectory x; of ¥ is obtained via the control interface (6.25), and it is
represented by the blue line in Figure 6.1 (1,1, 71,2 are the two state compo-
nents of z1). The evolution of the output error ||y; — y2|| is depicted in Figure
6.2, and one can see that the desired precision 0.5 is satisfied at any time. The
evolution of the input components vy, v for the abstract system Y and the
input components u1, ue for the concrete system X is plotted in Figure 6.3,
respectively.
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Figure 6.1: Output trajectory of the concrete system Y5 (blue line) and output
trajectory of the abstract system X, (red line).
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Figure 6.2: The evolution of ||y — ¢||.
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Figure 6.3: The evolution of the inputs u and v.

In this example, the desired precision is € = 0.5 while the simulation result
in Figure 6.2 shows that the output error ||y; — y2|| is at most 0.25. This means
that the theoretical bound of 1y obtained using Theorem 6.3 can be conservative
(due to the use of Lyapunov-like function).

6.6.2 Example 2
Consider a mobile robot moving in R?, the dynamics of which is given by

(6.26)

i1 = Az + Bu + w,
222
Y1 =y,

where

02 03 10
A‘[0.5 0.5]’3_[0 1]‘

The input set U = [-5,5] x [=5,5] and the disturbance set W =
[—0.05,0.05] x [—0.05,0.05]. It is readily seen that 3 is not §-ISS.
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Figure 6.4: Output trajectories of the concrete system X5 (blue lines) for 100
realizations of disturbance signals and output trajectory of the abstract system
Y, (red line).

The problem is to drive the robot in the bounded workspace W shown in
Figure 6.4, where the three grey solid polygons O1, Oz, O3 represent obsta-
cles and the three green solid polygons S1, .52, .53 represent target regions.
The goal of the motion planning problem consists in visiting all the three
target regions S1, .S2, S3 infinitely many times while avoiding collision with
the obstacles. This specification can be represented by an LTL [17] formula
¢ =GW A G(—|(01 VvV Oy V Og)) A GF(Sl A Sy A 53)

Let the desired precision be € = 1. The control interface is designed as

ol 0(0),2(0), €)= v(t) — S BTP@(0) ~ €(1),  (627)
where P is the solution to the ARE

ATP+ PA—-PBBTP+I,=0.
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Figure 6.5: The evolution of ||y; — y2|| for 100 realizations of disturbance sig-
nals.
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Figure 6.6: The evolution of the inputs u (blue lines) for 100 realizations of
disturbance signals and v (red line).

According to Theorem 6.3, the desired precision € can be achieved by
choosing the state-space discretization parameter 17 = 0.15. Then, by further
choosing U’ (t) = [-3.5,3.5] x [—3.5,3.5], V¢ > 0, one can guarantee that the
control interface (6.27) is admissible. The abstract system (obtained by apply-
ing the state-space abstraction (6.3)) is denoted by X/, and the output of X is
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denoted by ys.

Using the LTL control synthesis toolbox LTLCon [118], we first synthe-
size a trajectory and the associated control policy for the abstract system X7,
which is shown by the red solid line in Figure 6.4. One can see that any trajec-
tory remaining within the distance 1 from this trajectory satisfies the problem
specification.

The output trajectory y; of X5 is obtained by applying the synthesized
input for the abstract system X}, via the control interface (6.27). Furthermore,
in order to validate robustness, we run 100 realizations of the disturbance tra-
jectories. The resulting trajectories for these 100 realizations are shown (by
the solid blue line) in Figure 6.4. One can see that all the trajectories satisfy
the goal of the motion planning problem. The evolution of the output error
ly1 — yo|| for the 100 realizations is depicted in Figure 6.5, and one can see
that the desired precision is preserved at any time. In addition, the evolution of
the input components v1, v2 for the abstract system X}, and the input compo-
nents uj, uy for the concrete system ¥, are plotted in Figure 6.6, respectively.
One can see that u € U (i.e, the input constraint is satisfied) at any time.

Similar to Example 1, the desired precision is € = 1 in this example while
the simulation result in Figure 6.5 shows that the output error ||y; — y2|| is at
most 0.25. This again means that the theoretical bound of 7 can be conserva-
tive.

6.7 Summary

This chapter involved the construction of discrete state-space symbolic mod-
els for continuous-time uncertain nonlinear systems. Firstly, a stability notion
called n-C-Q2-GPS and its Lyapunov function characterizations were proposed.
After that, a notion of robust approximate (bi)simulation relation was further
introduced. It was shown that every continuous-time uncertain concrete sys-
tem, under the condition that there exists an admissible control interface such
that the augmented system can be made n-C-(2-GPS, robustly approximately
simulates its discrete state-space abstraction.



Chapter 7

Robust Satisfiability Check and Con-
trol Synthesis under STL Specifica-
tions

Linear temporal logic (LTL) formulae are useful for expressing complex spec-
ifications for dynamical systems. For finite transition systems, automated-
based approaches are well-established for the model checking and control
synthesis under LTL specifications. When infinite systems is considered, we
showed in Chapter 6 that symbolic models can be constructed to assist con-
trol synthesis. Compared to LTL, signal temporal logic (STL) further allows
to specify desired quantitative temporal and spatial properties on the system,
which is beneficial for cyber-physical systems [121]. Nevertheless, the auto-
mated control synthesis under STL specifications has not been investigated to
the same extent. In this chapter, we study the online control synthesis of un-
certain systems under STL specifications, in which a new approach based on
STL, reachability analysis, and the notion of tube-based temporal logic trees
is proposed. In addition to the control synthesis problem, we also study the
robust satisfiability check problem, i.e., check whether or not there exists a
control policy such that the resulting trajectory of the underlying system sat-
isfies properties specified by the STL formula under all possible uncertainties.

7.1 Introduction

Rapid growth of robotic applications, such as autonomous vehicles and service
robots, has stimulated the need of new control synthesis approaches to safely

128
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accomplish more complex objectives such as nondeterministic, periodic, or se-
quential tasks. Temporal logics, such as linear temporal logic (LTL) [17] and
signal temporal logic (STL) [18], have shown capability in expressing such ob-
jectives for dynamical systems in the last decade. Various control approaches
have been developed accordingly.

LTL focuses on the Boolean satisfaction of properties by given signals. Ex-
isting control approaches that use LTL mainly rely on a finite abstraction of the
system dynamics and a language equivalent automata [19] representation of
the LTL specification. The controller is synthesized by solving a game over the
product automata [20], [21]. Other control approaches include optimization-
based [122], [123] and sampling-based methods [124], [125]. STL is a more
recently developed temporal logic, which allows the specification of proper-
ties over dense-time. Due to a number of advantages, such as explicitly treat-
ing real-valued signals [18], and admitting qualitative semantics [23], control
synthesis under STL specifications has gained popularity in the last few years.

Existing approaches that deal with control synthesis under STL specifica-
tions include barrier function [24], [25] and optimization methods [26]-[28].
Barrier function methods are mainly used for continuous-time systems. The
idea is to transfer the STL formula into one or several (time-varying) control
barrier functions, and then obtain feedback control laws by solving quadratic
programs [24], [25]. This method is computationally efficient. However, as
the existence and design of barrier functions are still open problems, it cur-
rently mainly applies to deterministic affine systems. Optimization methods
are mainly used for discrete-time systems. The idea is to encode STL formu-
las as mixed-integer constraints, and then the satisfying controller can be ob-
tained by solving a series of optimization problems [26], [27]. An extension
of the mixed-integer formulation is investigated for linear systems with addi-
tive bounded disturbances in [28], where the controller is obtained by solving
the optimization problem at each time step in a receding horizon fashion. The
mixed-integer programming approach is sound but not complete for uncer-
tain systems. Moreover, it deals with only bounded STL specifications. Other
control synthesis approaches include sampling-based [29] and learning-based
methods [30], [31].

We note that although various methods exist for the control synthesis un-
der STL specifications, guaranteeing robustness under uncertainties is still a
challenging problem. One core contribution of this chapter is on robust con-
trol synthesis for uncertain systems under STL specifications. In addition, we
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also study the satisfiability check problem, i.e., the problem to check whether
or not there exists a control policy such that the resulting trajectory of the un-
derlying system satisfies properties specified by the temporal logic formula.
To the best of our knowledge, the satisfiability check problem and its robust
variant for uncertain systems (i.e., check the existence of a control policy un-
der all possible uncertainties) under STL specifications have not been solved
so far.

Motivated by the above considerations, this chapter considers the ro-
bust satisfiability check and online control synthesis problems for uncertain
discrete-time systems under STL specifications. It is inspired by [126], where
relationships between temporal operators and reachable sets are developed,
and [127], where the notion of temporal logic tree (TLT) is proposed for LTL.
However, we note that it is far from straightforward to extend these results
to general STL formulas. The contributions of this chapter are summarized as
follows:

(i) A real-time version of satisfaction relation and a tube-based temporal
logic tree (tTLT) are proposed for STL formulas. A correspondence be-
tween STL formulas and tTLT is established via reachability analysis
on the underlying systems. An algorithm is proposed for the automated
construction of tTLT. Note that the tTLTs in this chapter are different
from the TLTs defined for LTL formulas in [127], due to the time con-
straints encoded in the STL formulas.

(i) We use the tTLT to address the STL robust satisfiability check problem.
A sufficient condition is obtained for uncertain systems. That is, the STL
robust satisfiability check can be replaced by a tTLT robust satisfiability
check. Moreover, when the underlying system is deterministic, a neces-
sary and sufficient condition is obtained for the satisfiability check.

(iii) We solve the STL control synthesis problem for uncertain systems. An
online control synthesis algorithm is proposed based on the constructed
tTLT from the STL formula. When the STL formula is robustly satisfiable
and the initial state of the system belongs to the initial root node of the
tTLT, it is proven that the trajectory generated by the proposed online
control synthesis algorithm satisfies the STL formula.
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7.2 Problem Formulation

7.2.1 Model description

Consider an uncertain discrete-time control system of the form

Tlt1 = f(xka ukvwk)v (71)

where xp = z(tx) € R up = u(ty) € Uywp == w(ty) € Wk € N
are the state, control input, and disturbance at time ¢, respectively. The time
sequence {t;} can be seen as a sequence of sampling instants, which satisfy
to < t1 < ---.The control input is constrained to a compact set U C R™ and
the disturbance is constrained to a compact set W C RE.

Definition 7.1. A control policy v = vy ...V ... is a sequence of maps
v : R® — U, Vk € N. Denote by U}, the set of all control policies that start
from time ty,.

Definition 7.2. A disturbance signalw = wowy . .. wg . . . is called admissible
if w,, € W,Vk € N. Denote by W, the set of all admissible disturbance signals
that start from time ty,.

The solution of (7.1) is defined as a discrete-time signal © := xpx; .. ..
We call x a trajectory of (7.1) if there exists a control policy v € U>( and a
disturbance signal w € W> satisfying (7.1), i.e,

g1 = f(ag, vi(xr), w), VK.

We use Ty, (1) to denote the trajectory point reached at time ¢; under the
control policy v and the disturbance w from initial state x( at time ;.
The deterministic system is defined by

Tpt1 = fa(or, ur) (7.2)

and x; (tx) denotes the solution at time ¢, of the deterministic system when
the control policy is v and the initial state is x¢ at time ;.

7.2.2 Reachability operators

The definitions of maximal and minimal reachable tube are given as follows.
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Definition 7.3. Consider the system (7.1), three sets {11,$22,C C R", and a
time interval [a, b|. The maximal reachable tube from Qy to Qo is defined as

RM(Ql,QQ,C, [a, b],k‘) = {xk S Ql | Jv € Z/lzk,vw S Wzk,
s.t. dtg € [max{a, tk}, b], CCZ;:U (tk/) € o,
Vi € [tk,tk/], $;];w<tk//) € C},tk S [0, b]
The set RM (1,95, C, [a,b], k) collects all states in §2; at time ¢;, from
which there exists a control policy v € U, that, despite the worst distur-
bance signals, drives the system to the target set {22 at some time instant

ty € [max{a, tx},b] while satisfying constraints defined by C prior to reach-
ing the target.

Definition 7.4. Consider the system (7.1), two sets 21,822 C R", and a time
interval [a, b]. The minimal reachable tube from 1 to Qo is defined as
R™(Qn, 2, 0,0 k) = {k € Q1 | W € Usy, Fw € Wiy,
s.t. Iy € [max{a, tx},b], x5 " () € Qg},tk € [0, ].
The set R™ (21, Q2, [a, b], k) collects all states in €2; at time ¢, from which
no matter what control policy v is applied, there exists a disturbance sig-
nal that drives the system to the target set {), at some time instant ¢;» €
[max{a,ty}, b]. In this definition, the constraint set C is redundant.
7.2.3 Problems
Before proceeding, the following definitions are required.

Definition 7.5. (Satisfiability) Consider the deterministic system (7.2) and the
STL formula ¢. We say ¢ is satisfiable from the initial state x( if there exists a
control policy v such that

x, F . (7.3)

Definition 7.6. (Robust satisfiability) Consider the uncertain system (7.1) and
the STL formula . We say o is robustly satisfiable from the initial state z¢ if
there exists a control policy v such that

x, " F o, Yw € Wso. (7.4)
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Given an STL formula ¢, let
S, := {xo € R"|yp is (robustly) satisfiable from z¢ } (7.5)

denote the set of initial states from which ¢ is (robustly) satisfiable. Then, one
has the following Lemma.

Lemma 7.1. [126] Consider the system (7.1) and the STL formulas @, @1, and
2. Then, one has

l) until: S@lu[a,b]@2 = RM(RTL, S54727 Sé@l? [a’a b]? 0)’

ii) always:Sg, ,p = R™(R™, S, [a,b],0).
The problems under consideration are now formulated as follows.

Problem 7.1 (Robust satisfiability check). Consider the system (7.1) and a task
specification expressed as an STL formula . For an initial state x, determine
whether the task specification o is robustly satisfiable or not.

Problem 7.2 (Online control synthesis). Consider the system (7.1) and a task
specification expressed as an STL formula . For an initial state x, find, if there
exists, a control policy v = vgvy ...V ... such that the resulting trajectory
T = Tox]...T ... satisfies .

7.3 Real-Time STL Semantics

In this section, a real-time version of STL semantics is proposed.

It has been proven in [28] that each STL formula has an equivalent STL
formula in positive normal form, i.e., negations only occur adjacent to predi-
cates. The syntax of the positive normal form STL is given by

=Tl ulerApa e Ves | prlips | Gre. (7.6)
Before proceeding, the following definition is required.

Definition 7.7 (Suffix and Completions). Given a discrete-time signal x =
Tox1 ..., we say that a partial signal s = s;s;41...,1 € N, is a suffix of the
signal x if Vk' > 1, sp = xps. The set of completions of a partial signal s,
denoted by C(s), is given by

C(s) :={x : sisasuffixof x}.
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Given a time instant ¢ and a time interval [a, b], denote by
tr + [CL, b] = [tk +a,t, + b]

The satisfaction relation of a partial signal s = s;5;41 . .. starting from time
instant ¢; is defined.

Definition 7.8. The real-time STL semantics are recursively defined by

(s,t)) = & gu(s(t)) = 0,1 = to,
(s,0) [=—p & (s, ) [x p),tr = to,

(s,0) [=p1Ape & (s,t) <1 A (s, t) [< g2,
t € to + [0, |1 A 2],

(s,t1) 1V & (s,0) [=x @1V (s, t) =2,
lp € to + [07 H§01 \ SOQH]?

(8,t1) X p1Ujapp2 & Tt € [max{to +a,t},to + 0]

s.t(8,tp) | =< 2 A Vign € [t
tk/], (S,tk//) ’X 1,4 € to + [0, b],

(s,t1) |= G[a,b]WI & Vi € [max{ty + a,t;},to + 0]
s.t. (s, ) | < 1, € to + [0, ).

The real-time satisfaction relation (s, ;) |< ¢ denotes that the partial
signal s is the suffix of a satisfying trajectory that starts from ¢y, i.e.,

(s,t1) |x ¢ <= Tz € C(s),(x,tg) F .

Note that when t; = ¢, the satisfaction relation (s, ;) |< ¢ degenerates to
(s,t1) F o

Definition 7.9. Consider the deterministic system (7.2) and the STL formula .
We say y is satisfiable from the state z;; at time ¢y, if there exists a control policy
v € U>y, such that

Definition 7.10. Consider the uncertain system (7.1) and the STL formula .
We say  is robustly satisfiable from the state x; at time ¢, if there exists a
control policy v € Uy, such that

v,w

(ka ,tk) |X p,Yw € WZk'
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Note that when t;, = to, Definitions 7.10 and 7.9 degenerate to Definitions
7.6 and 7.5, respectively. Given an STL formula ¢, let

Sy (tr) = {xr € R"|¢ is (robustly) satisfiable from z;, at t;,} (7.7)

denote the set of states from which ¢ is robustly satisfiable at ¢;. Then, we
have the following result.

Theorem 7.1. Consider the system (7.1), a predicate p, and STL formulas 1,
and 3. Then,

i) negation: S-,(tr,) = Sy (tx);
it) conjunction: Sy, ap, (t) € Sy, (tk) N Sy, (tk);
iii) disjunction: Sy, vy, (tr) 2 Sy, (tk) U Sy, (tk);

iv) until: Sle[a,b]w (tx) = RM(R™, SessSeis [a, b], k);

v) always: Sg[a’b]% (ty) = Rm(R”,Siw, [a, b], k),
whereS,, and S, are defined in (7.5).

Proof. Item i) is trivial. The proofs of items iv) and v) follow from Lemma 7.1
and Definitions 7.3, 7.4, and 7.8. In the following, we will prove items ii) and
ii).

Assume that x € Sy, Ap, (tk). According to Definition 7.8 and (7.7), one
has that there exists a control policy v € U>, such that

(" ) |= @1, Yw € Wop A (), k) [X @2, Vw € Wy

T

That is, z;, € Scpl (tk),wk € S@Q (tk) Thus, z; € Sgpl/\w2 (tk) = I €
S, (tk) N Sy, (tk). The other direction may not hold because it could hap-
pen that for a state xj, there exist two control policies v1,v2 € U>j such
that (z7, ", tx) |= o1, (@ tr) [< p2,Vw € Wsy (e, 2 € Sy, (t) N
Sy, (tr)). However, there is no control policy which ensures the robust satis-
faction of 1 A @9 at tg.

Assume now that z;, € S, (t), then one has that there exists a control
policy v € Usy, such that (x5, k) | < ¢1, Vw € Ws. Moreover, according
to STL syntax, one further has (x5, ;) |< ¢1 V 2, Vw € W>y. That is,
x € Sy, (tk) = Tk € Sy, v, (k). Similarly, one can also get x, € Sy, (1) =
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Tk € Sg v (tr). Therefore, 1, € Sy, (tr) U Se, (tk) = @k € Sg v, (k).
The other direction may not hold because it could happen that there exists no
state such that either ¢ or ¢y is robustly satisfiable from at ¢, i.e., Sy, () =
0, Sg,(tx) = 0 and thus Sy, (t5) U Sy, (tx) = 0. However, there exists a state
xy, from which there exists a control policy v € U, such that

(:I::iwl,tk) |X p1,Vw € Wi A (chin,tk) ‘X 2, Vws € WZk \ Wi,
where W C Ws. In this case, one has ) € Sy, v, (tk). O

Note that in item iii), j, € Sy, v, (tk) = @k € Sy, (tk) U Sy, (i) does
not hold due to the uncertainty caused by the disturbances. For deterministic
systems (7.2), we have the following result.

Corollary 7.1. Consider the deterministic system (7.2) and the STL formulas
©1, @2. Then, item i)-ii), iv)-v) of Theorem 7.1 hold and

Se1ves (tk) = Sy, (tk) U Se, (tk)-

7.4 Tube-Based Temporal Logic Tree

In our previous work [127], a notion of TLT is proposed for LTL formula. In
this chapter, STL formulas are considered and a tTLT is introduced.

Definition 7.11. A tTLT is a tree for which

« each node is either a tube node that maps from the nonnegative time
axis, i.e., R>q, to the subset of R", or an operator node that belongs to
{/\7 \/7 U17 GI};

« the root node and the leaf nodes are tube nodes;
« if a tube node is not a leaf node, its unique child is an operator node;
« the children of any operator node are tube nodes.

Definition 7.12. A complete path of a tTLT is a path that starts from the root
node and ends at a leaf node. Any subsequence of a complete path is called a
fragment of the complete path.

Then, the following result is obtained.
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Theorem 7.2. For the system (7.1) and every STL formula ¢ in positive nor-
mal form (7.6), a tTLT, denoted by 7T, can be constructed from ¢ through the
reachability operators RM and R™.

Proof. Firstly, we show that each predicate p and its negation —u have a cor-
responding tTLT. Given a predicate j, one has S, = {z¢ : gu(x9) > 0}. Then,
the tTLT 7, (or 7-,) has only one root node, which is given by S, (or g)
Following the similar idea, we can show that T (or _L) has a corresponding
tTLT that only has a root node, which is given by R (or ().

Then, we will prove that if the STL formulas ¢; and (3 have corresponding
tTLTs, respectively, then the STL formulas 1 A @2, 1 V @2, 91U4 52, and
Glq,51 have their corresponding tTLTs, respectively.

Case 1: Boolean operators A and V. Consider two STL formulas 1, 2
and their corresponding tTLTs 7y, 7,,. The root nodes of 7,7, are de-
noted by X, (t) and X, (t1), respectively. The tTLT T, gy (T ve,) can
be constructed by connecting X, (t;) and X, (t;) through the operator
node A (V) and taking the intersection (or union) of the two root nodes, i.e.,
X, () N X, (te) Xy, (tr) U Xy, (L)), to be the root node. An illustrative
diagram for ¢ A 2 is given in Figure 7.1.

(X, (81) N X ()

Figure 7.1: lllustrative diagram of construction tTLT for ¢ A 2.

Case 2: Until operator Uy, ;. Consider two STL formulas 1, 2 and their
corresponding tTLTs 7, ,7,,. The root nodes of 7,,,7,, are denoted by
Xy, (t) and X, (1), respectively. In addition, the leaf nodes of 7, are de-
noted by YJ, (), - - ,Ygl (tx), where N is the total number of leaf nodes of
7o, - The tTLT nlu[a,b] ©» can be constructed by the following steps: 1) replace

each leaf node Yfpl (t) by RM(R™, X, (o), Yfpl (t0), [a,b], k); 2) update T,
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from the leaf nodes to the root node with the new leaf nodes; and 3) con-
nect each leaf node of the updated 7, and the root node of 7,, i.e., X, (t1),
with the operator node Uy, ;). One illustrative diagram for U,y is given in
Figure 7.2.

Xm (fk)

Xm (tk) @

Xm(bc) ’
@ @D‘ é = {R“(R’*.Xm(mw;l(tu),[a,‘h],m] [RM(R%XJ%).Y;};(tu),[a.b]‘k)}

Figure 7.2: Illustrative diagram of construction tTLT for ¢1 U, 302

Case 3: Always operator G|, ). Consider an STL formula ¢; and its cor-
responding tTLT 7, . The root node of 7, is given by X, (¢;). The tTLT
’72;[% »ye1 can be constructed by connecting X, (tx) through the operator Gy, )

and making the tube R™(R", X, (t), [a, b], k) the root node. An illustrative
diagram for G, ) is given in Figure 7.3.

[Rm(Rm Xtm tO ) [av b]7 k)]

(
|
|

)
S

Figure 7.3: Illustrative diagram of construction tTLT for G, 1.

Xy, (te) @
-
()
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Based on Theorem 7.2, Algorithm 7.1 is designed for the construction of
tTLT 7. It takes the syntax tree! of the STL formula ¢ as input. For an STL
formula, the nodes of its syntax tree are either predicate or operator nodes. In
addition, all the leaf nodes are predicates and all other nodes are operators.

Algorithm 7.1 tTLTConstruction

Input: the syntax tree of STL formula .
Output: the tTLT 7.
1: for each leaf node p (or 1) of the syntax tree do,
2: Replace i (or =) by S, (or S-,),
3: end for
4: for each operator node of the syntax tree through a bottom-up traversal,
do
5: Construct 7, according to Theorem 7.2,
6: end for

Example 7.1. Consider the formula o = F, 4,1Ga, o)1 A2V [0y b 143, Where
wiyi = {1,2,3} are predicates. The syntax tree of ¢ is shown on the left-hand
side of Figure 7.4. The corresponding TLT for © (constructed using Algorithm 7.1)
is shown on the right-hand side of Figure 7.4, where

Xy(ty) = RM(R™,S,,, [az, b2, k),
X3(tr) = RM(RR> 143 #2v[a37b3] k),
Xo(ty) = RM(R™, X4(to),R", [a1, b1], k),
Xy (tr) = Xo(tr) N Xs(t).

Remark 7.1. Given an STL formula ¢ in positive normal form, let N denote the
number of Boolean operators and M the number of temporal operators contained
in @. Let T, be the tTLT corresponds to . Then, T, has at most 2N number of
complete paths. In addition, each complete path has at most 2(N + M) + 1
number of nodes, out of which at most N + M are non-root tube nodes. Thus,
one can conclude that T, contains at most AN (N + M) + 1 number of nodes,
out of which at most 2N (N + M) + 1 number of tube nodes.

'A syntax tree is a tree representation of the syntactic structure of the source code [128].
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Figure 7.4: Example 7.1: syntax tree (left) and tTLT (right) for ¢ =
F[a1,b1]G[a2,b2]H1 AN ILLQU[a37b3],LL3. Recall that F[a,b]‘ﬂ = TU[a’b]QD.

7.5 Robust Satisfiability Check

This section addresses robust satisfiability check as defined by Problem 7.1.
Before that, we need to define the satisfaction relation between a trajectory
and a tTLT.

7.5.1 Definitions

We first define the maximal temporal fragment (MTF) for a tTLT, which plays
an important role when simplifying the tTLT.

Definition 7.13. A MTF of a complete path of the tTLT is one of the following
types of fragment:

1) a fragment from the root node to the parent of the first Boolean operator
node (A orV);
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2) a fragment from one child of one Boolean operator node to the parent of
the next Boolean operator node;

3) a fragment from one child of the last Boolean operator node to the leaf
node.

One can conclude from Definition 7.13 that any MTF starts and ends with
a tube node and contains no Boolean operator nodes.

Definition 7.14. A time coding of (a complete path of) the tTLT is an assign-
ment of an activation time instant t,,,x; € N for each tube node X; of (the
complete path of) the tTLT.

Now, we further define the satisfaction relation between a trajectory «
and a complete path of the tTLT.

Definition 7.15. Consider a trajectory  := xgxy ... and a complete path p
of a tTLT encoded in the form of p = X001X10; ... @NfXNf, where Ny is the
number of operator nodes contained in the complete path, X; : R>og — 28" Vi €
{0,1,..., Ny} represent tube nodes, and ©,Vj € {1,..., Ny} represent oper-
ator nodes. We say x satisfies p, denoted by x = p, if there exists a time coding
for p such that

i) if©; € {A\,V}, thent., =t., |;
ii) if©; = Uy, thent,, €ty , + 1
iii) if ©; = Gy, then t,, = argmax; {ty € t,,_, +I}.
and
iv) o € Xi(tp—x,), Yk € [Kis Rig1],i=0,..., Ny — 1;
v) Thy, € XNf(t()).

Remark 7.2. From items i)-iii) of Definition 7.15, one has that t,,, < t,, <
e < tHNf. This means that if a trajectory x = p, it must visit each tube node
X; of the complete path p sequentially. In addition, we can further conclude from
items i)-v) that the trajectory « has to stay in each tube node X; for sufficiently
long time steps.

With Definition 7.15, the satisfaction relation between a trajectory « and
a tTLT can be defined as follows.
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Definition 7.16. Let there be given a trajectory x and a tTLT T,. We say x
satisfies T, denoted by © = T, if the output of Algorithm 7.2 is true.

Definition 7.17. (Robust satisfiable tTLT) The tTLT 7T, is called robust sat-
isfiable for the system (7.1) with initial state x if there exists a control policy
v € U>q such that Ty To, Vw € Wxo.

Algorithm 7.2 tTLTSatisfaction

Input: a trajectory  and a tTLT 7.
Output: true or false.
: Tg « Compression(T,),
set all tube nodes in 7:; with false,
: for each complete path of 7, do
if x satisfies the complete path then
set the leaf node of the corresponding complete path in 7. with

true,
else

set the leaf node of the corresponding complete path in 7. with

false,
end if

9: end for
10: Backtracking(T).

P

N

*®

Algorithm 7.3 Compression

Input: a tTLT 7.

Output: the compressed tree 75
1: for each complete path of 7., do
2: for each MTF, do

3: encode the MTF in the form of X105 ... 6Nf_1XNf,
4: replace the MTF with one tube node Uf\;fl X,

5: end for

6: end for

We further detail the Compression algorithm (Algorithm 7.3) and the Back-
tracking algorithm (Algorithm 7.4) in the following. Algorithm 7.3 aims at ob-
taining a simplified tree with Boolean operator nodes only. To do so, we first
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encode each MTF in the form of X; 07 . .. @Nf—lfo (line 3), and then replace
it with one tube node (line 4). Algorithm 7.4 takes the compressed tree 7.5 as
an input, and the output is the updated root node. This is done by updating
the parent of each Boolean operator node through a bottom-up traversal. In
Algorithm 7.4, PA(©) and CH,(0),CH2(O) represent the parent node and
the two children of © € {A, V}, respectively.

Algorithm 7.4 Backtracking

Input: a compressed tree 7.
Output: the root node of 7.7
1: for each Boolean operator node © of 7. through a bottom-up traversal,
do
if © = A, then
PA(O) < PA(O) vV (CH;(©) A CH2(0©)),
else
PA(©) «+— PA(O) V (CH1(©) V CH3(0©)),
end if

2
3
4:
5:
6
7: end for

Example 7.2. Let us continue with Example 7.1. The tTLT T, (right of Fig. 7.4)
contains 2 complete paths, i.e.,

p1 = Xl VAN XQU[al,bﬂX‘lG[a?vb?]Sm

and
P2 = X1 AX3Ujg; b3S s>

and 3 MTFs, i.e, X1, XQU[al,bl]X4G[a2,b2]Su1: and XgU[a37b3]Su3. Let

{tﬁl ? t/fQ’ tﬁ4? tﬁ5}

be the time coding of the complete path p1, where ., ,ty,,tx,, and t. are the
activation time instants of the tube nodes X1,X2,Xy, and X5 := S, respec-
tively. Then, we have according to Definition 7.15 that a trajectory x = p; if i)
tiy = tigs i)ty €ty + [a1, b1; iil) £, = avgmax, {ty € e, + [az, ba]}; iv)
xo € Xl(to), T € Xz(tk_,{2),vk S [FLQ,KJg], T € X4(tk_ﬁ3),Vk S [H3,1€4L
and v) x,;, € Xs.

The compressed tree T is shown in Fig. 7.5. If a trajectory x satisfies both of
the complete paths p1 and pa, the output of Algorithm 7.2 is true, otherwise, the
output is false. [J
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X (tx)

Xo(th) UXy(te) US,, Xs(ti) US,,
Figure 7.5: Example 7.2: compressed tree 7 7, where 7, is plotted in Figure 7.4.

7.5.2 Robust satisfiability check

Firstly, a sufficient condition is obtained for the robust satisfiability check of
the uncertain system (7.1).

Theorem 7.3. Let there be given the uncertain system (7.1) with initial state x
and an STL formula ¢. Let T, be the tTLT corresponding to . Then, one has that
 is robustly satisfiable for (7.1) if the tTLT T, is robustly satisfiable for (7.1).

Proof. From Definitions 7.6 and 7.17, one has that to prove Theorem 7.3, it is
equivalent to prove xz," = 7o, Vw € W>o = x5, E ¢, Yw € W(. Given
one instance of disturbance signal w, if one has a:;(;w = 7;, = a:g(’)w E o,
then it implies )/, = 7, Vw € W>o = x)" E @, Yw € W>q. Therefore, it
is sufficient to prove zz;" = T, = @z F .

In the following, we will first prove

) oy = Tp & w3y

pa A gz, pa Vop, gl g2, Glap s 1 A 023

F ¢ for T, predicates u, —p, and STL formulas

VW~ w

i) @iy = T, = x7," F ¢ for STL formula @1 V p9;

where the sub-formulas ¢1, @2 are assumed to contain no Boolean operators.
Case 1: For T, predicates p, =, and pq A po, 1 V e, it is easy to verify
that 7" = T, < x;" F ¢.
Case 2: ¢ = p1Upppe and ¢ = Gigyp1. We note that the proofs of
the two are similar, therefore, in the following, we only consider the case ¢ =
p1Uq p 2. The tTLT T, can be constructed via Algorithm 7.1, which is shown

in Figure 7.6.
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RM R",S,,,S,u.. [0, ],

5 (ven) 5 »

Figure 7.6: tTLTs 7,,,,7,,, and 7.

Assume that x;;" = 7, then one has from Definition 7.15 that Jt,;, €
to+a,b],zx, € Sy, andVk € [0, k1], 2 € RM(R™, S5, Sy, [a, 0], k) C Spys
which implies a:Z(’)w F . That is, :I:Z(’)w = T, = :I:Z(’)w E . Assume
now that ;" F . Then, one has from STL semantics that i) Ity €
to + [a, b],l‘k/ S S<p2 and ii) Vig» € [to,tk/],a}k// € S@l' Moreover, from
Definition 7.3, one has that i) and ii) together implies Vi € [to, tyr], v €
RM(R™,S,,,S,,, [a,b], k"). Therefore, :L'J;O Fo=xy =T,

Case 3: o = (1 Ao. Assume that ;)" = T, then one has from Definition
7.15 that 3" = Ty, and x5, = T,,. Moreover, since (1, 2 contain no
Boolean operators, then one can conclude from Case 2 that :L';(’)w =Ty =
xo" E ¢;,i = {1, 2}, which implies xz;"” E ¢1 A @o. That is, z7;" = T, =
27" E . The proof of the other direction is similar and hence omitted.

Case 4: p = ¢1 V 2. The proof of ;" = T, = @z, F  is similar to
Case 3. The other direction does not hold because for an uncertain system, it
is possible that there exists a trajectory xy;" such that &y, F ¢, however,
the initial state zg ¢ X7 (o) (due to item 111) of Theorem 7.1), where X7
denotes the root node of 7. In this case, zz;" does not satisfy 7.

The proof of z7;" = T, = xz;" E ¢ for STL formulas ©1U (4,52,
Gla,p P15 P1 A 2, and ¢1 V 2 (here, no assumption on ¢1, ) can be com-
pleted inductively by combining Cases 1, 2, 3 and 4. Therefore, the conclusion
follows. O

Toot

When the deterministic system (7.2) is considered, the above condition be-
comes a necessary and sufficient condition, as shown in the following corol-
lary.

Corollary 7.2. Let there be given the deterministic system (7.2) with initial state
xo and an STL formula . Let T, be the tTLT corresponding to ©. Then, one has
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that  is satisfiable for (7.2) if and only if the tTLT T, is satisfiable for (7.2).

Proof. For the deterministic system (7.2), one has from the proof of Theorem
7.3 that

i) g’ 2 T, & xz;” E ¢ for T, predicates y1, —yu, and STL formulas
pa A pz, pa Vope, U p 2, Gra g pns 91 A 92

holds. Next, we will prove
iii) &7y =T, < xzy F ¢ for STL formula ¢ V 2,

where the sub-formulas 1, @9 are assumed to contain no Boolean operators.

Let o = ¢1 V 2. The proof of 7, = T, = xz;" E ¢ is given in
Theorem 7.3. Assume now that mgo’” F ¢, then one has from STL semantics
that x5, F 1 or Ty, F o. Since 1, @2 contain no Boolean operators,
then one can conclude from item i) that zg* F ¢; = @z, = T, i = {1,2}.
Moreover, one has from Corollary 7.1 that S, v, (tr) = So, (t) U Sy, ().
Therefore, ino Fo= :1:" = o

The proof of x7;" = T, & xzy" F ¢ for STL formulas ©1U[q 002,
Gla,511> 1 A\ 2, and 1 V @2 (here, no assumption on 1, 2) can be com-
pleted inductively by combining items i) and iii). Therefore, the conclusion

follows. O

Given atTLT 7, denote by X_ , the root node of 7,. The conditions given
in Theorems 7.3 and Corollary 7.2 are in general difficult to check, therefore,
two necessary conditions are given in the following propositions.

Proposition 7.1. Let there be given the system (7.1) with initial state o and
an STL formula . Let T, be the tTLT corresponding to @. Then, T is robustly
satisfiable for (7.1) only if vy € X2 ,(t0).

Proof. 1t follows from Definitions 7.15 and 7.17 that if @ = 7, it must have
ZTo € Xroot( ) O

Similar necessary condition also holds for the deterministic systems.

Proposition 7.2. Let there be given the deterministic system (7.2) with initial
state xo and an STL formula . Let T, be the tTLT corresponding to . Then, ¢
is satisfiable for (7.2) only if xg € X}, ,,(t0).

Proof. Consider a predicate p and STL formulas ¢1, ¢2. Define



Online Control Synthesis 147

~

» Sc,, 0 (tr) = R™(R™, Sy (to), [a, 1], k).
From the construction of tTLT (Algorithm 7.1), one has that S@ (tg) =
Xﬁot(to). In addition, one can conclude from Corollary 7.1 that S, C S@(to),

where S, defined in (7.5) is the set of initial states from which ¢ is satisfiable.
Therefore, S,, C X}, (to). The conclusion follows. O

root

7.6 Online Control Synthesis

This section concerns online control synthesis as defined by Problem 7.2. From
Theorems 7.3 (Corollary 7.2), one can see that to guarantee the satisfaction of
the STL formula ¢, it is sufficient to find a control policy v that guarantees
the (robust) satisfaction of the corresponding tTLT 7. In the following, the
control synthesis algorithms are designed such that the tTLT 7, is satisfied
based on Definitions 7.15 and 7.16.

7.6.1 Definitions and notations

Before proceeding, the following definitions and notations are needed.

Definition 7.18. The time horizon |O| of an STL operator © is defined as

o] = {o, ife = {A v},

0, 1 (7.8)
b, lf@ S {U[a,b]7 G[a,b]}’

where b = argmax; {a <ty < b}.
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Definition 7.19. A fragment of the complete path of a tTLT is called a Boolean
fragment if it starts and ends with a tube node and contains only Boolean oper-
ator nodes. We say a tube node X; is reachable from X; by a Boolean fragment
if there exists a Boolean fragment that starts with X; and ends with X.

Definition 7.20. Ifeach node of a tree is either a set node that is a subset of U or
an operator node that belongs to {\,V, Uy, G}, then the tree is called a control
tree.

Each tube node X; of the tTLT 7, is characterized by the following two
parameters:

¢ t(X;): the activation time of X,
« th(X;): the time horizon of X;, i.e., the time that X is deactivated.

Denote by 7,(t) the resulting tree of 7, at time instant ¢. It is obtained by
fixing the value of each tube node X; according to the activation time ¢, (X;)
(i.e, T,(tx) contains either set nodes or operator nodes). Let S;(f;) be the
i-th set node of 7, (1), where S;(t;) corresponds to the tube node X;. The
relationship between S;(tx) and X; can be described as follows:

Si(te) = {Xi(to)v if t, < t,(X;), (7.9)

Xi(ty — ta(Xy)), iftr > ta(Xy).
Moreover, one has that
ta(Si(tr)) = ta(X5), t(Si(tr)) = tn(X;),Vk > 0.
At each time instant tj, 7., (t) is characterized by

« P(ty): the set which collects all the set nodes of 7 (tx), i.e, P(t;) =
U; Si(tk),

« O: the set which collects all the operator nodes of 7, (), which is time
invariant.

For a node N;(tx) € P(tx) U ©, define
« CH(NV;(tr)): the set of children of node N;(tx),

« PA(N;(tr)): the set of parents of node N;(ty),
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« Post(Ni(t)) := CH(CH(N; (t))),
« Pre(N;(ty)) := PA(PA(N; (t1,))).

Given a state-time pair (xg,?), define L : R™ x R>o — 2P(tr) as the
labelling function, given by

L(zg, tr) = {Si(tx) € P(tg) : xp € Si(tg), t < tn(Si(tx))}, (7.10)

which maps (zg,tx) to a subset of P(tj). Moreover, define the function
B : R" x R5g — 2P(tk) | which maps (zy,1;) to a set of valid set nodes
in P(ty). Function L(xy,t;) computes the subset of set nodes of P(t;) that
contains xj, at time ¢j, (without the consideration of history trajectory) while
function B(xy, ty) is further introduced to capture the fact that given the his-
tory trajectory, not all set nodes in L(xg, t;) are valid at time ¢;. A rule for
determining B(xg, tx) given L(xg, ) is detailed in Algorithm 7.7 in the next
subsection.

7.6.2 Online control synthesis

In the following, we will first present the online control synthesis algorithm
(and its sub-algorithms), and then an example is given to further explain how
each sub-algorithm works.

The online control synthesis algorithm is outlined in Algorithm 7.5. Before
implementation, an initialization process (line 1) is required, which is outlined
in Algorithm 7.6. Here, ¢, and ¢}, are two functions that map each tube node
X; to its activation time and time horizon, respectively. if ¢,(X;) or ¢, (X;) is
unknown for X;, its value will be set as t<i. Then, at each time instant ¢, a
feasible control set U(xy, ty) is synthesized (lines 2-11). This process contains
the following steps: 1) find the subset of set nodes in P(t;) that are valid at
time ¢y, i.e., B(xy, tx), via Algorithm 7.7 (line 2); 2) determine the activation
time of X;, whose corresponding set node S;(tx) € B(wk,tr) (if to(X;) is
unknown, ie., being visited for the first time, it is set as t; otherwise, i.e., being
visited before, it is unchanged) (lines 3-7); 3) calculate 7, (t51) via Algorithm
7.8 (line 8); 4) build a control tree 7, (t;) (Definition 7.20) via Algorithm 7.9
(line 9), compress it via Algorithm 7.3 (line 10), and then the feasible control
set U(xg, ) is given by backtracking the compressed control tree 7,°(¢;,) via
Algorithm 7.10 (line 11). If the obtained feasible control set U(xg, t) = 0, the
control synthesis process stops and returns NExis (lines 12-13); otherwise, the
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Algorithm 7.5 onlineControlSynthesis

Input: The tTLT 7, and (o, to).
Output: NExisor (v, x) withv = vgvy ... v, ... and @ = 2oz ... Tk - - ..
(ta,tn, Post(B(x_1,t_1))) « initialization(T,),
B(xg, ty) « trackingSetNode(Post(B(zk_1,tk-1))),
for each S; (tk) S B(:vk, tk), do

if t,(Si(tx)) =p<, then

ta(Xi) — t,

end if
end for
%(tk+1) — updatetTLT( (tk), ta, (xk.,tk)),
Tu(tr) bulldControlTree(ﬁD(tk), (@, tr)s To(ths1)),
TE(ty) < Compression(Ty (L)),
: U(xg, ty) < Backtracking™(TF),

R R AT A~ >

_
= O

12: if U(:Uk, tk) = (), then

13: stop and return NExis,

14: else

15: choose vy € U(xg, tx),

16: implement v, and measure xy 1,

17: Post(B(xk,tr))«postSet( B(xg, tr), ta, 7:0(15]@4_1)),
18: update k£ = k + 1 and go to line 2.

19: end if

control input v can be chosen as any element of U(x, t)) (one example is to
choose vy as min,,, cyy(z, +,)1 /171 }) (line 15). Then, we implement the chosen
Vi, measure xiy1 (line 16), and finally compute the subset of set nodes that
are possibly available at the next time instant ¢4, i.e., Post(B(zg, tx)), via
Algorithm 7.11 (line 17).
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Algorithm 7.6 initialization

Input: The tTLT 7.
Output: ¢,,t,, Post(B(z_1,t_1)).

1:
2:

10:
11:
12:

R R A

ta(XEr) < to, tn(Kg) < to + [CH(XE),
for each non-root and non-leaf tube node X; through a top-down traver-
sal, do
ta(Xi) D, th(XZ’) — th(Pre(Xi) + |CH(XZ)
end for
for each leaf node X;, do
ta(XZ‘) <D<, th(Xz‘) < 00,
end for
POSt(B(.%'_l, t_l)) — Xfoot(to),
for each X that is reachable from XY, ; by a Boolean fragment (see Defi-
nition 7.19), do
POSt(B(ﬂC_l, t_l)) — POSt(B(CC_l, t_l)) U Xj(to),
tq (Xj) « o,
end for

s

Algorithm 7.7 trackingSetNode

Input: Post(B(zg_1,tk-1)).
Output: B(zg, tx).

N YRy

Compute L(xg, tx) according to (7.10),
B(xg, ty) + L(xg, tg) NPost(B(xgp_1,tk—1)),
for each Si(tk) S B(J}k, tk) do,
if HSj(tk) € B(x, ty) st Sj(tk) = Post(.S;(tx)), then
B(wg,t) < B(xk, ) \ Si(tk),
end if
end for
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Algorithm 7.8 updatetTLT

Input: 7,(t;), t, and B(xy, ty).
Output: 7T, (t.11).

1:
2:

N TR w

for each set node S;(t1) of T, (t1), do
if S; (tk) S B(:Uk, tk) A ta( (tk)) + |CH( (tk))| > tp+1, then
Si(trs1) + Xi(thp1 — ta(Si(tr))),
else
Si(thr1) < Si(te),
end if

: end for

We further detail the Algorithms 7.6-7.11 in the following.

« Algorithm 7.6 calculates the functions t, and t; (lines 1-7) and
Post(B(z_1,t_1)) (lines 8-12).

« Algorithm 7.7 outlines the procedure of finding the subset of set nodes
in P(t)) that are valid at time ¢y, i.e., B(xg, tx). This is the most im-
portant step of the control synthesis, and it relates to Algorithm 7.11
postSet. Firstly, one needs to compute the subset of set nodes of P(t)
that contains xj at time ¢, i.e., L(xy,t;) (line 1). Then, one has from
Definition 7.15 that if a trajectory x satisfies one complete path of
the tTLT, it must i) visit each tube node of the complete path sequen-
tially and ii) stay in each tube node for sufficiently long time steps
(Remark 7.2). Based on these two requirements, Algorithm 7.11 is de-
signed to predict the subset of set nodes that are possibly available at
the next time instant, i.e, Post (B(xg_1, tx—1)). B(zk, t;) must belong
to L(xg,ty) and Post(B(xg_1,tx—1)) at the same time. Therefore, we
let B(xy,ty) < L(xg,tx) NPost(B(xg—_1,tk—1)) (line 2). The rest of
Algorithm 7.7 (lines 3-7) is to guarantee that B(zy, t;) contains at most
one set node for each complete path of 7, ().

« Algorithm 7.8 outlines the procedure of calculating 7, (tr+1), given
To(tr), ta and B(xy, ty). It is designed based on (7.9).

« Algorithm 7.9 outlines the procedure of building a control tree 7, (tx),
which is then used for control set synthesis. It is initialized as 7, (tx)
(line 1). Then, for those set nodes S;(t;) that belongs to B(zy, tx), it is
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replaced with the feasible control set (lines 2-8), otherwise, it is replaced
with 0 (lines 9-11).

« Algorithm 7.10 is similar to Algorithm 7.4, which outlines the procedure
of backtracking a compressed tree.

« Algorithm 7.11 outlines the procedure of finding the subset of set nodes
that are possibly available at the next time instant ;1 given B(xy, t),
tq and 7o (tg1). Itis designed based on Definition 7.15, where the three
cases (lines 4-8, 9-12, 13-16) correspond to items i)-iii) of Definition 7.15,
respectively. It guarantees that the resulting trajectory visits each tube
node of 7, sequentially and stays in each tube node for sufficiently long
time steps (as we discussed in Algorithm 7.7).

Algorithm 7.9 buildControlTree

Input: 7,(t;), B(xk, tr), and Ty (try1).
Output: A control tree Ty, ().
Initialize 7, (tx) as T (tr),
for each S;(t;) € B(zy,ty) do
if S;(tx) is a leaf node then,
Sl(tk) — U(Sz(tk)) =U,
else
Si(tk) < U(Si(te)) == {ur € U : fu(@p, up, wr) € Sitrt1),
Ywy € W},
end if
8: end for
9: for each S;(t;) ¢ B(xk,ti) do
10: S; (tk) — @,
11: end for

EANE A e

1
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Algorithm 7.10 Backtracking*

Input: a compressed tree 7.°(tx).
Output: the root node of 7,¢(x).
1: for each Boolean operator node © of 7,¢(¢x) through a bottom-up traver-
sal, do
2 if © = A, then
3 PA(O) + PA(O) U (CH;(©) N CHy(0)),
4: else
5 PA(O) < PA(O) U (CH;(©) U CH2(©)),
6 end if
7: end for

Algorithm 7.11 postSet

Input: B(l’k, tk), tq, and n(tk+1)~

Output: Post(B(zg,tx)).
1: Initialize Post(S;(tx)) = 0,V S;(tx) € B(xg, tk).
2: for each Sz(tk) € B(xk, tk), do
3: switch the children of S;(¢;) do

4: case CH(S;(tx)) € {A, V},

5: POSt(Si(tk)) < Sl'(tk+1>,

6: for each S;(t},) thatis reachable from S;(t;,) by a Boolean frag-
ment, do

7: POSt(Si(tk)) — POSt(Si(tk)) U Sj(thrl),

8: end for

9: case CH(S;(tx)) € {Upay }»

10: if ¢ > to(Pre(Si(tx)) + a}, then

11: POSt(Si(tk)) — Si(tk—H) U POSt(SZ'(t]H_l)),

12: end if

13: case CH(S;(t1)) € {Gjap}»

14: if t), > to(Pre(S;(ty)) + b}, then

15: POSt(SZ’(tk)) — Si(tk+1) U POSt(Si (tk+1)),

16: end if

17: end for

Next, an example is given to illustrate one iteration of the control synthesis
algorithm (Algorithm 7.5).
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Example 7.3. Consider the single integrator model & = u + w with a sampling
period of 1 second, then the resulting discrete-time system is given by

Tp41 = Tk + Up + Wk,

where 1, € R2w, € U == {u : |Jul]] < 1} C R2w, € W = {w :
l[w|| < 0.1} € R% Vk € N. The task specification  is given in Example 7.1,
i, © = Fla; 51)Glag,bo)tt1 A p2U ay 55 13, where [a1,b1] = [5,10], [az,be] =
[0,10], [as, bs] = [0,8], g, (z) = 1 = [, guy(2) =5 — ||z — [4,4]7]| and
Gus(x) =1 — ||z — [3,5]7||. Then, one has

Su = {zo : ||zo] < 1},
S, = {zo : [lzo — [4,4]"|| < 5}, and
Sus = {0 : |lzo — [3,5]%]] < 1}

The tTLT that corresponds to  is plotted in Figure 7.4. Using Definitions 7.3 and
7.4, one can calculate that

= {zg : |zl £0.9},

The initial state 7o = [0.5,0.8]%, for which x¢ € X7 ,(to). Firstly, an initial-

root
ization process is required, and one can get from Algorithm 7.6 that

th(X1) = 0,t5(X2) = 10,2,(X3) = 8,
th(X4) = 20, (Sy,) = 00, th(Sys) = o0,
and
Post(B(x_l, t_l)) = {Xl(to),XQ(tO), Xg(to)}.

Now, let us see how the feasible control set U(xq,to) is synthesized at time
instant tg.
1) Find B(xo,to) via Algorithm 7.7. First, L(xq, to) is computed according
to (7.10),
L(zo,t0) = {X4(to), X2(t0), X5(to), Xa(t0), Sy, }-

Then, after running lines 2-7, one has

B(z,t0) = {S2(to), Ss3(to)}-
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2) Determine the activation time. Initially, both t,(Xs) and t,(X3) are un-
known, therefore, t,(X2) = t,(X3) = to.

3) Update the TLT (thus obtain T, (t1)) via Algorithm 7.8. The output To,(t1)
is given by

Si(t1) = Xi(to), S2(t1) = Xa(t1),
S3(t1) = X3(t1), Sa(t1) = Xy (to),

and the leaf nodes S,,, andS,,, are unchanged.

4) Build the control tree T, (to), compress it to obtain T,S(to), and then get
U(xo, to). This process is illustrated in Figure 7.7, and U(xq, t9) = U(S2(tp)) N
U(S3(to))-

U(Sa(to)) U(Ss(to))
| | .

@ = }é\ = U(S2(to)) NU(Ss(to))
0 0 U(Ss(to)) U(Ss(to))
|

Figure 7.7: Left: T, (o), Middle: 7,°(to), Right: root node of 7,°(¢¢) after im-
plementing Algorithm 7.10, where U(S2(t0)) = U = {u : ||u]| < 1} and
U(S3(to)) =UN{u: |ju—[3.4,3.1)7|| <5}.

Since U(xo, to) # 0, the online control synthesis continues, and we can fur-
ther compute Post (B(xo, to)) via Algorithm 7.11, which gives

POSt(B($0, to)) = {Sg(tl), Sg(tl), SMS}‘

The following theorem and corollary show the applicability and correct-
ness of Algorithm 7.5.
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Theorem 7.4. Consider the system (7.1) with initial state xo and an STL formula
. Assume that  is robustly satisfiable for (7.1) and xo € T,o(to). Then, by
implementing the online control synthesis algorithm (Algorithm 7.5), one can
guarantee that

i) the control set U(xy, ty,) is nonempty for allk € N, and
ii) the resulting trajectory x E .

Proof. The proof follows from the construction of tTLT and Algorithms 7.5-
7.11. The existence of a controller vy at each time step ¢y, is guaranteed by
the definition of maximal and minimal reachable sets (Definitions 7.3 and 7.4),
and the construction of tTLT (Lemma 7.1, Theorem 7.1 and Algorithm 7.1).
Moreover, the design of Algorithms 7.5-7.11 guarantees that the resulting tra-
jectory x satisfies the tTLT 7, i.e., = T,, which implies  F ¢ as proven
in Theorem 7.3. O

Corollary 7.3. Consider the deterministic system (7.2) with initial state xo and
an STL formula . Assume that @ is satisfiable for (7.2). Then, by implementing
the online control synthesis algorithm (Algorithm 7.5), one can guarantee that

i) the control set U(xy, ty,) is nonempty for allk € N, and
ii) the resulting trajectory x = ¢.

Remark 7.3. It can be concluded from Theorem 7.4 and Corollary 7.3 that the
online control synthesis algorithm (Algorithm 7.5) is sound for uncertain systems,
and both sound and complete for deterministic systems.

Remark 7.4. The construction of tTLT relies on the computation of backward
reachable tubes. It can be performed offline in many applications and has been
widely studied in the existing literature [129], [130]. In addition, computational
tools have also been developed for different kinds of systems, e.g., the Hamilton-
Jacobi toolbox [131]. On the other hand, although the exact computation of back-
ward reachable set/tube is in general nontrivial for high-dimensional nonlinear
systems, efficient algorithms exist for linear systems with polygonal input and
disturbance sets [129].

Remark 7.5. The online control synthesis algorithm (Algorithm 7.5) contains 7
sub-algorithms, i.e., Algorithm 7.3 and Algorithms 7.6-7.11. The computational
complexity is determined by Algorithm 7.9, in which one-step feasible control sets
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need to be computed. The computational complexity of Algorithms 7.3, 7.6, 7.7,
7.8, 7.10, 7.11 is O(1). Note that in Algorithm 7.8, the computation of reachable
sets, which is required for set node update, is done offline when constructing the
tTLT

Remark 7.6. Different from the mixed-integer programming formulation for
STL control synthesis [26], [27], where an entire control policy has to be synthe-
sized at each time step, the control synthesis in our work is reactive in the sense
that only the control input at the current time step is generated at each time step.
In [28], a robust model predictive approach is proposed to control discrete-time
linear systems with additive bounded disturbances. In our work, we consider gen-
eral uncertain discrete-time systems and the recursive feasibility is guaranteed
when the STL formula o is robustly satisfiable and o € T,o,(to). Moreover, the
framework proposed is also capable of dealing with unbounded STL formulas (as
opposed to [26]-[28]).

7.7 Example

In this section, a simulation example illustrating the theoretical results is pro-
vided. This example will specify an overtaking task as an STL formula and
then show how to synthesize overtaking controller with safety guarantee. As
shown in Figure 7.8, we consider a scenario where an automated vehicle Veh;
plans to move to a target set S, within 80 seconds. Since there is a broken
vehicle Vehs in front of Veh; and there is another vehicle Vehs that moves in
an opposite direction in the other lane, Veh; must overtake Vehy for reaching
S, and avoid Vehj for safety.

<
0 H2

EPven: s Vehs ‘ > Sus
‘ .
0

< TR Veh; ¢
’n "

-9

120

Figure 7.8: Scenario illustration: an automated vehicle plans to reach a target
set S,,, while overtaking a broken vehicle Vehs in front of it in the same lane
and avoiding Vehs moving in an opposite direction in the other lane.
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We describe the dynamics of the vehicle Veh; as in [132]:

10 6 0 0
Tekr1=10 1 0 |zp+ | 0 0 | ugp+ wy, (7.11)
0 01 0 ¢
A B
where x5, = [p®(k),pY(k),v*(k)]T, up = [vY(k),a®(k)]T, and § is the sam-
pling period. The working space is X = {z € R? | [0,-5,-3]T < 2 <
[120, 5, 3]}, the control constraint set is U = {z € R? | [-1,—-1]T < 2z <
[1,1]7}, the disturbance set is W = {z € R? | [~0.05, —0.05, —0.05]7 <
z < [0.05,0.05,0.05]7}, and the target region is S,, = {z € R?
[115,-5,0.5]T < 2 < [120,0,0.5]7}.
We use S, = {z € R3 | [45, -5, —o0]T < 2 < [50,0,00]7} to denote
the state set that contains the occupancy of Vehy. We describe the dynamics
of the vehicle Vehs as

fk+1=[é (1)]1%4-[(05 g]ﬂk, (7.12)
hf—/ %/
A B

where x5, = [p®(k), pY(k)]T, a, = [0%(k), vY(k)]T, We assume that it moves
at a constant velocity i, = [0%, 0]7. The initial state of V3 is Zo = [p%,;, 2.5 .
Then, we have that its position of z-axis is pj, = pi,; + 0 x (k — 1) x v*. To
formulate the overtaking task, we define the following three sets as shown in
Figure 7.8:S,,, = {z € R3 | [0, -5, -3]T <2 < [35,0,3]7},S,, = {z e R?|
35, -5, =3]T < 2 < [60,5,3]7},and S, = {z € R? | [60, -5, -3]T < 2 <
[120,0,3]T}.

Let us choose the sampling period as § = 0.2s. To respect the time con-
straint and the input constraint for Veh;, we consider two possible solutions to
the previous reachability problem: (1) quick overtaking: overtake Vehs before
Vehs passes Vehs; (2) slow overtaking: wait until Vehs passes Vehy and then
overtake Vehs. The quick overtaking can be encoded into an STL formula:

¢1 = (13Up0,16) (114 A —2)Upo,15) 15U 0,30)Gjo,2141) A Go,goj ke, (7.13)

where S,,; = {z € R® | [p"(16),0, —oc]” < z < [p%(0),5,00]7}. Note that
S,; denotes the reachable set for the vehicle Vehs within the time interval
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[0, 16] seconds and 16 (that corresponds to the sampling index k& = 80) is the
maximal time instant that the vehicle Veh; can reach the set S, in the sprit
of 1. The slow overtaking can be encoded into an STL formula

o2 = (316,32 (14 A —12)U 0,151 145 U[0,30)Glo,2141) A Go,g0) 7, (7.14)

where S, = {z € R? | [-00,0, —00]T < 2 < [p*(16),5, 00]T }. Note that
S,, denotes the reachable set for the vehicle Vehs within the time interval
[16, +00) and 16 (that corresponds to the sampling index k& = 80) is the mini-
mal time instant that the vehicle Veh; can reach the set S;,, in the sprit of (3.
The overall specification is written as ¢ = ¢ V 2.

Xy
XT X3
X4 Xs Xg X3
1 1 L
TN N
(Up,e ) ‘:\(\;[tl.ﬁbj‘ ‘Q[IHE]‘ ‘:6”3‘33
[ T I !
X S X1 Sy
1 1
- ~
[ U051 ) (U151 )
\\I/ N
Xl XI]I
1 1
YA T\
[ U0 ) [ Uo0) )
T .
X XI]Z
1
o) :
[ Gpa ) [ Gpa )
N
! i
Sy S,

Figure 7.9: The constructed tTLT 7, where the left and right blue boxes are
the tTLTs 7, and 7,, respectively.

Using Algorithm 7.1, one can construct the tTLT for ¢ (see Figure 7.9),
where

X7(tk) = Xlz(tk) = Rm(X, Sim, [0, 2], k),
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Xo(te) = RM (X, X7(to), Syi5 [0, 30], k),
Xi1(tr) = RM (X, X12(to), Sus, [0, 30], k),
Xs(te) = RM (X, Xg(t0), Spuy N Spz, [0,15], ),
Xio(tr) = RM (X, X11(t0), Sy N Spss [0, 15], k),
Xy (tg) = RM (X, X5(t0), Sps, [0, 16], k),
Xo(tr) = RM(X,X10(t0), Sps, [16,32], k),
Xs(te) = R™(X, Syq, [0, 80], k),

Xis(ty) = R™(X, Sy, (0,80, k),

Xo(tr) = Xy(tr) N Xs(tr),

X3 (t) = Xo(t) N X13(tx), and

X1 (t) = Xo(t) UXs(ty).

Figure 7.10: Trajectories for one realization of disturbance signal in the fast
overtaking: (a) position trajectory; (b) velocity trajectory of x-axis; (c) control
trajectory of x-axis; (d) control trajectory of y-axis.
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Figure 7.11: Trajectories for one realization of disturbance signal in the slow
overtaking: (a) position trajectory; (b) velocity trajectory of x-axis; (c) control
trajectory of x-axis; (d) control trajectory of y-axis.

In the following, two simulation cases are considered and the online con-
trol synthesis algorithm is implemented.

In the fast overtaking, we choose the initial position pj,, = 95 and
the moving velocity v = —2 for the vehicle Vehs and the initial position
xg = [0.5,—2.5,2]7 for Veh;. By using the results for the satisfiability check,
the specification ¢ is robustly satisfiable while s is infeasible. Figure 7.10 (a)
shows the position trajectories, from which we can see that the whole specifi-
cation is completed. The blue region denotes the set S,,;. Figure 7.10 (b) shows
the velocity trajectory of v* and Figure 7.10 (c)-(d) show the corresponding
control inputs, where the dashed lines denote the control bounds. The cyan re-
gions represent the synthesized control sets and the blue lines are the control
trajectories.

In the slow overtaking, we choose the initial position p}, , = 80 and the
moving velocity #% = —3 for the vehicle Vehs and the same initial position
zo = [0.5,—2.5]7 for Veh;. In contrary to the fast overtaking, the specifica-
tion 9 is robustly satisfiable while ¢ is infeasible. Figure 7.11 (a) shows the
position trajectories, from which we can see that the whole specification is
completed. The blue region denotes the intersection between the set X and
the set S,,. Figure 7.11 (b) shows the velocity trajectory of v* and Figure 7.11
(c)—(d) show the corresponding control input trajectories of a® and vY.
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Figure 7.12: The position trajectories of z-axis along the time for both type of
overtaking STL tasks as defined in (7.13) and (7.14).

Ny

n)

Figure 7.13: State trajectories for 100 realizations of disturbance signals in the
fast overtaking.

Although the position trajectories in the two cases are similar as shown in
Figs. 7.10(a)-7.11(a), we highlight their difference through the evolution of the
position of z-axis along the time in Figure 7.12. We use k1, k2, and k3 (or ki,
K}, and ké ) to denote the minimal time instants that Veh; reaches the sets S,
S,5, and S, in the fast overtaking (or the slow overtaking), respectively. We
can see that these two position trajectories satisfy the time intervals encoded
in the (1 and 9, respectively. Furthermore, in order to show the robustness,
we run 100 realizations of the disturbance trajectories in the fast overtaking.
The position trajectories for such 100 realizations are shown in Figure 7.13.

Finally, we report the computation time of this example, which was run in
Matlab R2016a with MPT toolbox [133] on a Dell laptop with Windows 7, Intel
i7-6600U CPU2.80 GHz and 16.0 GB RAM. We perform reachability analysis
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for constructing the tTLT offline, which takes 59.10 seconds. For online control
synthesis, the minimal computation time at a single time step over 100 real-
izations is 0.23 seconds, while the maximal computation time is 1.07 seconds.
The average time of each time step is 0.31 seconds. We remark that the mixed-
integer formulation is difficult to implement in this example. This is because
the computational complexity of mixed-integer programming grows exponen-
tially with the horizon of the STL formula, which in this example reaches up
to 400 sampling instants, much longer than the horizons considered in the
simulation examples of [26]-[28].

7.8 Summary

In this chapter, an approach for the robust satisfiability check and online con-
trol synthesis of uncertain discrete-time systems under STL specifications was
proposed. Using the notion of tTLT, a sufficient condition was obtained for
the robust satisfiability check of the uncertain systems. Moreover, when the
underlying system is deterministic, a necessary and sufficient condition was
further obtained for the satisfiability check problem. An online control syn-
thesis algorithm was proposed and shown to be sound for uncertain systems,
and both sound and complete for deterministic systems.



Chapter 8

Distributed Motion Coordination
under LTL Specifications

Chapters 6 and 7 studied the robust control of uncertain systems under tem-
poral logic specifications. In this chapter, we further investigate the motion
coordination of multi-agent systems (MAS) under temporal logic specifica-
tions. We consider a group of agents working in a shared workspace, where
each agent is assigned a linear temporal logic (LTL) specification. The objec-
tive is to design a fully distributed motion coordination strategy, such that the
specification of each agent is satisfied on the premise that safety (no collision
with obstacles in the workspace and no inter-agent collision) is guaranteed.

8.1 Introduction

One challenge for MAS is the design of coordination strategies between
agents that enable them to perform operations safely and efficiently in a
shared workspace while achieving individual/group motion objectives. In re-
cent years, the attention paid to this problem has grown significantly due to
the emergence of new applications, such as smart transportation and service
robotics. The existing literature can be divided into two categories: path coor-
dination and motion coordination. The former category plans and coordinates
the entire paths of all the agents in advance (offline), while the latter category
focuses on decentralized and online approaches that allow agents to resolve

165
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conflicts online when one occurs! [134]. This chapter aims at developing a
fully distributed strategy for multi-agent motion coordination (MAMC) with
safety guarantees.

Depending on how the controller is synthesized for each agent, the lit-
erature concerning MAMC can be further classified into two types: the re-
active approach and the planner-based approach. Typical methods that gen-
erate reactive controllers consist of the potential-field approach [135], [136],
sliding mode control [137], [138] and control barrier functions [139], [140].
These reactive-style methods are fast and operate well in real-time and uncon-
strained situations. However, these methods are sensitive to deadlocks that are
caused by local minima. Moreover, procedures for setting control parameters
is not analyzed formally when explicit constraints on the system states and/or
inputs are presented [134]. Apart from the above, other reactive methods in-
clude the generalized roundabout policy [141] and a family of biologically in-
spired methods [142].

An early example of the planner-based method is the work of Azarm
and Schmidt [143], where a framework for online coordination of multiple
mobile agents was proposed. In this framework, MAMC was solved as a se-
quential trajectory planning problem, where priorities are assigned to agents
when conflicts are detected, and then a motion planning algorithm is imple-
mented to generate conflict-free paths. Based on this framework, various ap-
plications and different motion planning algorithms are investigated. Guo and
Parker [144] proposed a MAMC strategy based on the D* algorithm. In this
work, each agent has an independent goal position to reach and know all path
information. In [145], a distributed bidding algorithm was designed to coordi-
nate the movement of multiple agents, which focuses on area exploration. In
the work of Liu [146], conflict resolution at intersections was considered for
connected autonomous vehicles, where each vehicle is required to move along
a pre-planned path. A literature review on MAMC can be found in [147].

No matter which type of controllers is implemented, safety has always
been a crucial issue for MAMC. In addition, most of the above mentioned lit-
erature concerning MAMC considers relatively simple tasks for each agent
(e.g., an arrival task from initial state to goal state). However, as agents be-
come more capable, a recent trend in the area of agent motion planning is to
assign agents more complex, high-level tasks, such as temporal logic specifica-

'In some literature these two terms are used interchangeably. In this chapter, we try to
distinguish between the two as explained above.
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tions. In the last few years, multi-agent coordination under LTL specifications
has been considered [148]-[150]. In [148], [149], offline path coordination in-
stead of online motion coordination is investigated. In [150], online motion
coordination is studied for agents with single-integrator dynamics. However,
practical state and input constraints are not considered.

Motivated by the above observations, this chapter investigates the MAMC
problem for a group of mobile agents moving in a shared workspace, each of
which is assigned an LTL specification. Agents are assumed to have limited
sensing capabilities and constraints on both state and input are considered.
Conflicts are assumed to be local and can occur at arbitrary locations in the
workspace. To cope with these setups, a fully distributed MAMC strategy is
proposed. The contributions of this work can be summarized as follows.

(i) A framework for distributed MAMC under LTL specifications is pro-
posed for each agent, which consists of three layers: an offline pre-
computation layer, an initialization layer, and an online coordination
layer. The online coordination layer is further decomposed into three
steps. Firstly, conflicts are detected within the sensing area of each
agent. Once conflicts are detected, a rule is applied to assign dynam-
ically a planning order to each pair of neighboring agents. Finally, a
sampling-based algorithm is implemented for each agent that generates
a local collision-free trajectory which at the same time satisfies the LTL
specification.

(if) Safety is established by combining the planner-based controller with an
emergency braking controller.

(iii) As the motion coordination strategy is designed to be fully distributed
and each agent considers only local information of neighboring agents,
it is totally scalable in the sense that the computational complexity of the
strategy does not increase with the number of agents in the workspace
and the size of the workspace.
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8.2 Problem Formulation

8.2.1 Model description

Consider a MAS moving in a bounded workspace W C R?, the dynamics of
each agent is given by

&) = Fy(&1), wi(t),i €V (8.1)

where &;(t) := (z;(t),0;(t),v;(t)) € R? represents the state of agent 4, which
contains its position x;(t) in the workspace W, orientation 6;(t) € R and
velocity v;(t) € R at time ¢. The function F; : R* x R? — R* which describes
the state evolution of agent i is given by

Fy(&(8), ua(t)) = (cos(6,(6))vi(£), sin(6:(6) vi (1), wi(8), as(t))

and the input u;(t) is given by u;(t) := (w;(t), a;(t)), where w;(t) is the turn-
ing rate and a;(t) is the acceleration of agent 7 at time ¢.
The velocity and input of agent ¢ are subject to the hard constraints

‘Ui(t” < Ui, max; |Wz(t)| < Wi max |az(t)‘ < ai,maX7Vt (8'2)
where v; max, Wi max, @i,max > 0. Let

Ui = {(wi, a;) * |wi| < wimax, @i < @i max} (8.3)
Xz' = {(wi,é?i,vi) T x; € W, (92 S [—7T,7T], |Uz’ < Ui,max}-

Denote by &; : [0,00) — R? the trajectory of agent i with dynamics given
by (8.1). Then, we further define z; : [0,00) — R? as the position trajectory
of agent i, where z;(t) = proj,(&(t)),Vt € dom(&;). Given a time inter-
val [t1,t2],t1 < to, the corresponding trajectory and position trajectory are
denoted by &;([t1, t2]) and x;([t1, t2]), respectively. Denote by &;([t, c0)) and
x;([t,00)) the trajectory and the position trajectory of agent i from time ¢
onwards, respectively.

Supposing that the sensing radius of each agent is the same, denoted by
R > 0, then the communication graph formed by the group of agents is undi-
rected. The neighboring set of agent i at time ¢ is given by N;(t) = {j € V :
|lzi(t) — x;(t)|| < R,j # i}, sothat j € Nj(t) < i€ N,(t),Vi # j, V.
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8.2.2 Problem

The group of agents are working in a common workspace W C R?, which is
populated with a set of closed sets O;, corresponding to obstacles. Let O =
U;O;, then the free space F is denoted by F := W \ O.

Each agent ¢ is subject to its own specification (;, which is in the form
of an LTL_x formula that is defined over the workspace W. LTL_x [151] isa
known fragment of LTL, in which the X (“next") operator is not allowed. The
choice of LTL_x over LTL is motivated by the fact that LTL (given in (2.8))
increases expressivity (over LTL_x) only over words with a finite number of
repetitions of a symbol, and a word corresponding to a continuous signal will
never have a finite number of successive repetitions of a symbol.

Given a trajectory &;, the notation §; = ¢; means that the trajectory &;
satisfies the specification ;. Given the position z; of agent i, we refer to its
footprint ¢;(z;) as the set of points in W that are occupied by agent i in this
position. The objective of this chapter is to find, for each agent ¢, a trajectory §;
such that §; = ¢; on the premise that safety (no collisions with static obstacles
and no inter-agent collisions) is guaranteed. Let ¢g be the task activation time
of agent i. Then, the centralized and offline version of the MAMC problem is
formulated below:

find  {&([to, 00)) }iev (8.5a)
subject to

(8.1) and (8.2),Vi € V, (8.5b)

&i([to,00)) = @i, Vi €V, (8.5¢)

¢i(z;([to, 00)) C F,Vi € V, (8.5d)

Gi(xi(t)) N@j(x(t)) =0,Yi,j € V,i # j,Vt. (8.5€)

Constraint (8.5d) means that the footprint of each agent will not collide with
the static obstacles at any time. Constraint (8.5e) means that the footprint of
two different agents can not intersect at any time, thus guaranteeing no inter-
agent collision occurs. Note that in this chapter, it is assumed that each agent
is not aware of the existence of other agents. Therefore, centralized motion co-
ordination can not be conducted. Moreover, each agent has only local view and
local information, i.e., each agent considers only agents in its neighborhood
N (t) at each time ¢ and can have only local information of its neighbors. Un-
der these settings, the MAMC problem (8.5) is broken into local distributed
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motion coordination problems and solved online for individual agents. Let
zj([t, ;(¢)]) be the local position trajectory of agent j that is available to agent
i at time ¢, where t}(t) := miny~{z;(t') ¢ B(xi(t), R)}. Then, the (online)
motion coordination problem for agent ¢ is formulated as

find &;([t, 00)) (8.6a)
subject to

(8.1) and (8.2), (8.6b)

&i([to, t] U [t, 00)) = i, (8.6¢)

¢i(w;i([t,0))) C T, (8.6d)

di(xi(t)) N oy(x;(t) = 0,Y5 € Ni(t),vt' € [t,t5(t)], (8.6€)

where &;([to, t]) is the history trajectory.

8.3 Solution

The proposed solution to the motion coordination problem (8.6) consists of
three layers: 1) an offline pre-computation layer, 2) an initialization layer, and
3) an online coordination layer.

8.3.1 Structure of each agent

Before explaining the solution, the structure of each agent is presented (see
Figure 8.1). Each agent ¢ is equipped with five modules, the conflict detection
module, the planning order assignment module, the trajectory planning mod-
ule, the control module and the communication module. The first four modules
work sequentially while the communication module works in parallel with the
first four.

During online execution, agent ¢ tries to satisfy its specification safely by
resolving conflicts with other agents. This is done by following some mode
switching rules encoded into a finite state machine, see Figure 8.2. Each finite
state machine has the following three modes:

+ Free: agent ¢ moves as planned. This is the normal mode.

« Busy: agent i enters this mode when conflicts are detected. In this mode,
the planning order assignment module and the trajectory planning mod-
ule are activated.
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Figure 8.1: The structure of agent 4.

« Emerg: agent ¢ starts an emergency stop process.
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In Figure 8.2, the transitions between different modes of the finite state
machine are depicted. Initially, agent 7 is in Free mode. The conflict detection
module is activated when the online execution starts. Once conflict neighbors
(will be defined later) are detected, agent ¢ enters to Busy mode and the plan-
ning order assignment and the trajectory planning modules are activated to
solve the conflicts, otherwise, agent ¢ stays in Free mode. When agent ¢ is in
Busy mode, it switches back to Free mode if the trajectory planning module
returns a feasible solution, and the solution will be broadcasted to the agent’s

(™

Free

Figure 8.2: The three modes of agent i and the transitions among them.

Busy ——| Emerg
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neighboring area as well as sent to the controller for execution, otherwise
(e.g., no feasible plan is found), agent 7 switches to Emerg mode and a brak-
ing controller (defined later) is applied. Note that when agent ¢ switches to
Emerg mode, it will come to a stop but with power-on. This means that agent
1 will continue monitoring the environment and restart (switches back to Free
mode) when it is possible.

8.3.2 Offline pre-computation
Braking controller

As stated in the previous subsection, when agent ¢ enters Emerg mode, it
starts an emergency stop process. In this chapter, we consider bounded decel-
eration for the agents. Due to this, the notions of braking (position) trajectory
and braking area are needed for each agent. When agent ¢ switches to Emerg
mode, the maximum deceleration —a; max is applied to decelerate agent 7 to
zero velocity. The braking controller is designed as

Uy t .
<_wi,maX7 _ai,maxmét;> , if ‘Uz(t)’ #0,

0 . if ui(t)] = 0.

ubr(t) =

(2

(8.7)

Supposing that agent i starts to apply the braking controller u* at time
to and the velocity of agent i is v;(ty). Then, the time needed for agent i to
decelerate to zero velocity is given by

£ (uilto)) = 120

(8.8)

A3, max

Given initial state &;(to), denote by & ([to, to + t*(vi(to))]) the braking
trajectory of agent i, and then we have

P(t) = &i(&(to), us", t),t € [to,to + ¥ (vi(to))]. (8.9)

The braking position trajectory of agent 4, denoted by 2 ([to, to + t* (v;(t0))]),
is then given by

2} ([to, to + " (vi(to))]) := proja (& ([to, to +*(vi(to))]).  (8.10)
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Proposition 8.1. The braking position trajectory of agent i starting at position

x;,V; € R? can be over-approximated by the area

where
2Ui,max7ai,max7r/wi,max l:fvi,max > s
2 2 ’ @i max — Wimax
DSf _ \/a‘i,max+wi,max ’ ’
% Vi, max f Vi, max s

1 .
/2 2 ’ @5, max Wi, max
ai,max+wi,max ’ ’

(8.11)

That is, x';r([tg,to + t*(v)]) C ILi(2:), V&i(to) € {& € R* : projy(&) =

Proof. Given an initial state &;(to) = (zi(to), 0i(t0), vi(to)) and the braking
controller (8.7), the braking position trajectory =2 ([to, to+t*(vi(to))]) is given

by
2 (to 4 1)
t 0; ;
i+ [ (OO,
o \sin(b;(s))vi(s)
A3 maxVs; (tO)S
: COS(Gi(to) - Wi,maxs) (Ui(to) - 7)
|vi(to)|
=;(to) + 0 a; vi(to)s
sin 91 to) — Wimaxs) | vi(to) — —
(O(t0) = ) (1) = ST
1
i (tO) " a? max T w?max
*ai,maxsgn(vi (to))kz (to, t) — Wi,maxkl (tO) t)
—ai7mangn(Ui (to))kﬁl (to, t) + Wi,manQ (th t) ,
where

E1(to, t) =sin(0;(to) — wimaxt) (vi(to) — sgn(v;i(to))aimaxt)
— v;(to) sin(b;(to)),

ka(to, t) = cos(0;(to) — wimaxt)(vi(to) — sgn(vi(to))aimaxt)
— v;(to) cos(b;(to)), t € [0,t"(vi(to))]

and sgn(-) is a sign function.
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Let D = max,,cv, tefto,to-+t* (v:))] {1/« (¢) — zi(to)||} be the maximum
distance between z; (%) and points belong to the braking position trajectory
xli’r . Then, one can derive that D = fo. Thus, the conclusion follows. O

Workspace discretization

Suppose that a cell decomposition is given over the workspace W. The cell
decomposition is a partition of W into finite disjoint convex regions ® :=
{X1,..., Xn, } with W = Uf\ille. Given a point z € R?, define the map
Q:R? = 2%as

Qz) ={X; € ®:2 € X;}.

Let AP be the set of atomic propositions defined on W, then the cell decom-
position is required to satisfy

Lc(x) = LC($/)7VQ(‘T) = Q(LL’/)

That is, for all points that are contained in the same cell, the subset of AP
which is true at these points is the same. Let AP, be the set of atomic propo-
sitions specified by ¢;, where ¢; is the task specification of agent ¢. Then,
one has AP, C AP,Vi € V. We note that the required cell decomposition
can be computed exactly or approximately using many existing approaches
(Chapters 4-5 [152]).

Given a set S C R2, let

Q(5) = Ures@(z) = {X; € ©: X; NS # 0}, (8.12)

which represents the set of cells in ® that intersects with S.

Braking area

For each agent ¢ whose position is given by z; € W, define the braking area
of agent ¢ at z; as

bi(x;) = B(¢i(z:), DS, (8.13)

where ¢;(x;) is the footprint of agent 7 at position x;. Then, for each cell X; €
®, define the braking area of agent ¢ at cell X as

¢1(Xl) = UxieXl T/h(%) = USCZEXlB((ZS’L(xZ)?D;f)
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Each agent i will compute offline a map M; : & — 2%, where
M;i(Xy) == Q (¥i(X1)) , VX € ©. (8.14)

Intuitively, M; projects a cell X; into a set of cells that might be traversed by
the braking position trajectory of agent ¢ if agent ¢ starts an emergency stop
process inside Xj.

Product Biichi automaton (PBA) and potential function

Before proceeding, the following definitions and notations are required.
GivenaPBAP = T. x B = (Sp,SQp,ZAP,(Sp,Fp) and a state p € S,
define the projection operator pjy(p) : S, — X as a map from p to its first
component x € X. Given a state x € X, define the function fp : X — 25,
given by
Bp(z) ={seS:(x,s) € Sp}. (8.15)

as a map from x to the subset of Biichi states S that correspond to z. Denote
by D(p,p’) the set of all finite runs between state p € S, and p’ € S, ie,

D(p,p') == {p1p2-..pulp1 = 0,0 = pu; Pk, PE11) € 6p, Yk =1,-- ,n —
1;¥n > 2}. The state p’ is said to be reachable from p if D(p,p’) # 0. The

length of a finite run p = p1ps ... p, in P, denoted by Lg(p), is defined as

n—1
Lg(p) ==Y Ipix (pi+1) — pix(p)l-
i=1
For all p, p’ € S), the distance between p and p’ is defined as follows:

dp.p)) - {minpemmf) Ly(p), ED@A)A0 oo

0, otherwise.

The following definitions of self-reachable set and potential functions are
given in [153].

Definition 8.1. A set A C S), is called self-reachable if and only if all states in
A can reach a state in A, i.e,Vp € A,3p’ € A such that D(p,p’) # 0.

Definition 8.2. For a set B C S, a set C C B is called the maximal self-
reachable set of B if each self-reachable set A C B satisfies A C C.
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Definition 8.3 (Potential function of states in P). The potential function of a
state p € S, denoted by Vp(p) is defined as:

miny e {d(p,p)}, ifp ¢ Fy
0, otherwise,

Vp(p) = {

where FJ is the maximal self-reachable set of the set of accepting states F}, in P
and d(p, p') is defined in (8.16).

Definition 8.4 (Potential function of states in 7;). Let a statex € X and a set
M C Bp(x), where Bp(x) is defined in (8.15). The potential function of © with
respect to M, denoted by V1 (x, M) is defined as

Vre(@, M) = min{Ve((, )}

Remark 8.1. if Vi (x, M) < oo, it means that 3s € M such that starting from
(z, s), there exists a run that reaches a self-reachable accepting state of P.

Due to the continuity of the dynamics, the state and the input spaces,
the transition system that represents (8.1) is infinite for each agent 7. To
this end, a probabilistically complete sampling-based algorithm is proposed
in [154] to approximate (8.1) by a finite transition system. Given a sampling
interval 7, the finite transition system that represents (8.1) is denoted by
Ti = (Xi,XZQ, Ui, =i, Fi, W, h), where

« X; collects all sampling points in X; that are safe (with respect to the
static obstacles), i.e., 1;(proj,(z;)) C F,Vx; € X;),

- XY C X,
o —¢iC X x U x X5,

F; is given in (8.1), W is the workspace as well as the observation space, and
h(-) = projy(+) is the observation map. Here, X;, U; are the set of states and
inputs, which are defined in (8.3) and (8.4), respectively. The transition relation
(@i, ui, x}) €—c; holds if and only if «} = & (z;, u;, 75). Similarly to (2.10),
define

Post(z;) := {x} € X; : Ju; € Us, xi — i} (8.17)

Once 7; is obtained, one can construct the nondeterministic Biichi automa-
ton (NBA) B; := (S;, S?, 24P%; §;, F}) for the specification ; (Definition 2.7),
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the controlled transition system (CTS) 7. ; := ()AQ, X ?, AP,,, = ¢, Lc,;) (Def-
inition 2.8), and then form the PBA P; = 7.; x B; (Definition 2.9). After that,
the potential function for each state of P; can be computed according to Def-
inition 8.3.

Remark 8.2. The cell decomposition of the workspace satisfies L.(x) =
L.(2"),VQ(xz) = Q(a'). In addition, AP,, C AP,Yi € V. Therefore,
one has L¢;(x) = L¢;(2'),VQ(z) = Q(2'),Vi € V and thus Bp,(x) =
Bp,(x),¥Q(z) = Q(a'),¥i € V. Then, according to Definition 8.3, one can
get that if Vp,((, Bp,(x))) < oo, then Vp, ((2', Bp,(2))) < 00,Va' € Q(x).

8.3.3 Initialization

Before proceeding, the following definition is required.

Definition 8.5. We call that a trajectory &; of (8.1) safely satisfies an LTL for-
mula p; if i) & |= i and ii) Y;(z;) C F,Vx; € projy(&).

Denote by tg the task activation time of agent i. At ¢o, agent ¢ first finds a
trajectory £ that safely satisfy ;. The trajectory planning problem for a sin-
gle agent can be solved by many existing methods, such as the search/sampling
based method [155], [156], automata-based method [157], and optimization-
based method [158], [159]. We note that the initial trajectory planning is not
the focus of this work. For details about this process, we refer to interested
readers to corresponding literatures and the references therein.

The following assumption is needed to guarantee the feasibility of each
task specification ;.

Assumption 8.1. At time t(, there exists a trajectory £ that safely satisfy ¢;
for each agent i.

8.3.4 Online motion coordination

The initially planned trajectory of each agent does not consider the motion of
other agents. Moreover, each agent has only local view and local information
(about other agents). Therefore, motion coordination is required during on-
line implementation. Based on the sensing information (about the workspace)
and broadcasted information (from neighboring agents), each agent can detect
conflicts within its neighborhood and then conduct motion replanning such
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that conflicts are avoided. In this chapter, we consider that the conflict detec-
tion is conducted at a sequence of sampling instants {¢j }rcn for each agent 4,
where t;11 — t, = A.

Conflict detection

Before proceeding, the following notation is introduced. Given a position tra-
jectory x;([t1,t2]) and a cell X; € ®, the function I' : F(R>q,R?) x & —
2R>0 defined as

L(zi([t1,t2]), Xi) o= {t € [t t2] : 2i(t) € Xy}, (8.18)

gives the time interval that the position trajectory z;([¢1, t2]) occupies the
cell X;. B(x;(tx), R) represents the sensing area of agent i at time ¢; and
Q(B(zi(tx), R)) represents the set of cells that intersect with B(x;(tx), R).
Let

() = min{zi(t) & Blwi(t), R)}
be the first time that agent i leaves its sensing area B(z;(tx), R). Then, denote
by
Si(tr) = Q(@i([tr, t]' (1)) (8.19)
the set of cells traversed by agent ¢ within Q(B(z;(tx), R)) until it leaves it at

tzf !(t1,). Moreover, for each X; € S;(t;,), the braking area of agent i is given
by 1;(X;). Then, we define

Resi(X;) == M;(X)) (8.20)

as the set of reserved cells by agent ¢ in order to safely brake when agent i is
within Xj. According to (8.18), the time interval that agent ¢ occupies the cell
X; € Si(ty) is given by I'(z; ([, tfl(tk)]), X). In addition, by the continuity
of x;([tx,00)), one can conclude that T'(x;([tx, t{l(tk)]), X)) is given by one
or several disjoint time interval(s) of the form [a, b), a < b. Supposing that

T (it £ (1)), X1) = Uy [ar, ), (8.21)

where m is the number of disjoint intervals in T"(x; ([tg, tlﬂ (tx)]), X1)- Denote
by 7:(X;) the time interval that agent ¢ reserves the area Res;(X;). Then, it
can be over-approximated by

Z(Xl) = U;il[ab by + t (W,max))v (8.22)
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where t*(v; max) defined in (8.8) is the time needed for agent i to decelerate
from the maximum allowed velocity v; max to zero velocity.
Then, we have the following definitions.

Definition 8.6. We say that there is a spatial-temporal conflict between agent
i and j at time t,, if 3X; € Si(ty), Xy € Sj(tg) such that Res;(X;) N
RGSj(Xl/) + () and T;(X;) N E(Xl’) # .

Based on Definition 8.6, define the set of conflict neighbors of agent ¢ at
time ¢, denoted by N;(tx), as

-/\71(7519) :Z{j S M(tk) 31X, € Si(tk),Xl/ € Sj(tk) s.t.

(8.23)
Resi(X;) N Resj(Xl/) # 0 A Ti( X)) N E(Xl’) # @}

Then, we have the following Proposition.

Proposition 8.2. For agenti, if Ni(t},) = (), then one has
) ili(6) N (1) = 0,95 € Ni(ti), Vt € [t ] (1)

i) Gia(1)) N &y (5()) = 0,95 € Ni(ty), ¥t € [t 8] ()],

Proof. From (8.8), one can see that the braking time ¢*(v;) increases mono-
tonically with the absolute value of v;. Therefore, t*(v; max) is the maxi-
mum time required to stop for all possible velocities. In addition, according
to (8.14), (8.21) and (8.22), one has ¥;(x;(t)) C Res;(X;),Vz;(t) € X; and
T (2 ([t, t* (vi(t)]), X;) C Ti(X;),Vai(t) € X;. That is to say, Ni(tx) = 0
implies i).

Let ¢i(X;) = Ugex,®i(zi). Then, one has ¢;(X;) C  9i(X)).
The time interval that the footprint of agent ¢ occupies X; is given by
(i ([t, ¢ (t)]), X;) and T(ai ([, £ (t)]), X;) € Ti(X}). Thus, one can fur-
ther get that i) implies ii). O

Agent i switches to Busy mode if and only if the set of conflict neighbors
is non-empty (i.e., Nj(t) # 0). The conflict detection process is outlined in
Algorithm 8.1.
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Algorithm 8.1 conflictDetection

Input: S;(t), F(xj([tk7t;l(tk)]),Xl),VXl € S;(ty) for each j € N (ty).
Output: Set of conflict neighbors N (t,).
1: Initialize N(t) = 0.
2: Compute Res; (X)), T;(X;) for j € N7 (t), X; € S;(tr),
3: for j € M(tk) do
4: if 3X; € Si(ty), Xy € Sj(tk) s.t. Resi(Xl)ﬂRBSj(Xl/) # OAT;(X;)N
Ti(Xy) # () then

5: Ni(ty) = Ni(tk) U{s},
6: end if
7: end for

Remark 8.3. To implement Algorithm 8.1, each agent i needs only to broad-
cast to its neighboring area local information about its plan. To be more specific,
which cell (e.g., X;) within the sensing area B(x;(t;), R) is occupied by agent
i and when that happens (i.e., T'(x;([t, tlfl(tk)]), X)) Note that the orientation
and velocity information of each agent are not required to be broadcasted to the
neighbors.

Determine planning order

Based on the neighboring relation and conflict relation, the graph G(t;) =
{V, E(ty,) } formed by the group of agents is naturally divided into one or mul-
tiple connected subgraphs, and the motion planning is conducted in parallel
within each subgraph in a sequential manner. In order to do that, a planning
order needs to be decided for each connected subgraph. In this chapter, we
propose a simple rule to assign priorities between each pair of neighbors.

The number of neighbors and conflict neighbors of agent ¢ at time ¢;, are
given by |N;(t1,)| and |Nj(t1,)|, respectively. Then, we have the following def-
inition.

Definition 8.7. We say that agent ¢ has advantage over agent j at time 1y
if Nj(tx) # 0 and

1) [N;(t)| > [N;(te)[; OR )

2) INi(tr)| = [N(tr)] and [Ni(te)| > [N (tx)]-

Let Y;(t)) be the set of neighbors that have higher priority than agent i at
time . The planning order assignment process is outlined in Algorithm 8.2.
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For each neighbor j € N;(tx), if j is in Emerg mode (and thus will be
viewed as a static obstacle) or N;(ty) = (), then agent j has higher priority
(lines 3-5). Otherwise, agent j has higher priority in motion planning if agent
j has advantage over agent i (lines 6-8). However, for the special case, i.e.,
Ni(tr)| = |N;(tr)| and |N;(tr)] = |N;(tg)], neither agent i nor j has ad-
vantage over the other. In this case, the priority is determined by the initially
uniquely assigned priority score for each agent i (i.e., P # PJQ, Vi, 7). Denote

by P? the priority score of agent i. We say that agent i has priority over j
if P} > P (lines 9-11).

Algorithm 8.2 planningOrderAssignment
Input: ./\[j(tk),./\fj(tk), Pjo,j S '/\[i+ (tk)
Output: Set of higher priority neighbors Y;(tx).
1: Initialize yz(tk) = 0.
2: for j € N;(ty) do,
3. if j is in Emerg mode or Nj(t;) = () then,

4 Vi(tr) = Vilte) U J,
5 else
6: if j has advantage over ¢ then,
7: Vi(tr) = Vi(te) U 4,
8 else
9: if neither agent i nor j has advantage over the other and Pj0 >
Pi0 then,
10: Vi(tr) = Vilte) U J,
11: end if
12: end if
13: end if
14: end for

Proposition 8.3 (Deadlock-free in planning order assignment). The plan-
ning order assignment rule given in Algorithm 8.2 will result in no cycles, i.e.,
ﬂ{qm}f,K > 2 such that qp € Vg (tg) and gm—1 € Vg, (tr),Ym =
2,...,K.

Proof. Suppose that there exists a list of nodes {qm}{{ such that

1z € Vo (1), qm-1 € Yy, (1), Ym =2,... | K, (8.24)
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at some time ?;. Firstly, we argue that there will be no Emerg mode agent
in the circle. Without loss of generality, assume that agent ¢, m* &
{2,...,K — 1} is in Emerg mode. According to Algorithm 8.2, agent gy,
should have highest priority among all its neighbors, which means ¢, €
Vs 1 (t) and grx € Yy, . (t). This contradicts (8.24) and thus there will be
Emerg mode agent in the circle.

Since there is no Emerg mode agent in the circle, one can get from Al-
gorithm 8.2 that gm, € YV, (tr) = [N, (tr)| > [N, (t)|- Therefore,
(8.24) holds if and only if

‘Nq1 (ti)| = |Nq2(tk)| = |qu(tk)|' (8.25)

However, if (8.25) holds, the priority order will further be determined by
N, (tx). Following the similar procedure, we will get

N (t)| = NG (tr)] = - - [N ()] (8.26)

If both (8.25) and (8.26) hold, the priority order will be determined by the ini-
tially assigned priority score, which is unique for each agent. Therefore, there
will be no circles. O

Remark 8.4. The rationale behind the rule can be explained as follows. Since
the motion planning is conducted sequentially within each subgraph based on
the priority order obtained in Algorithm 8.2, then the total time required to com-
plete the motion planning is given by K O(dt), where O(dt) represents the time
complexity of one round of motion planning and K represents the number of
rounds (if multiple agents conduct motion planning in parallel, it is counted as
one round), which is determined by the priority assignment rule being used (e.g.,
if fixed priority is used, the number of rounds is K = N ). In our rule, we assign
the agent with more neighbors or more conflict neighbors the higher priority, and
in this way, we try to minimize the number of rounds needed.

Example 8.1. Consider a group of 7 agents, whose communication relation and
conflict relation (at time ti) are depicted in Figure 8.3. According to the pro-
posed planning order assignment rule, the motion planning can be completed in
3 rounds, where agents 1 and 3 are in the first round, agents 2, 4 and 7 are in the
second round, and agent 5 is in the third round. Note that no motion planning is
required for agent 6 since agent 6 has no conflict neighbor.
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Figure 8.3: Communication and conflict graph, where both the black and red
lines represent communication relation and the red lines represent conflict
relation.

Motion planning

Before starting to plan, agent ¢ needs to wait for the updated plan from the
set of neighbors that has higher priority than agent i (i.e, j € Y;(t;)) and
consider them as moving obstacles. For those neighbors j € Y;(t), denote
by {;r([tk, o0)) (correspondingly xj([tk, o0))) the updated trajectory (posi-

tion trajectory) of agent j at time ¢ and let t;c l+(tk) be the first time that
agent j leaves its sensing area B(x(t), R) according to the updated position
trajectory J:j([tk, 00)). Then, similar to (8.19), one can define

SF(tx) = Qa7 ([t 1))

as the updated set of cells traversed by agent j within Q(B(z;(tx), R)). For
each X; € Sj'." (tx), the time interval that agent j occupies the cell X; is given
by T(z] ([tk,t]'*]), X)). Suppose that T'(a] ([t,t]']), X1) = U4 [a, by),
where 77 is the number of disjoint intervals in F(xj ([tk, t; 1), X,). Denote by
7}+(X 1) the time interval that agent j reserves the area Res;(X;) according
to the updated position trajectory x;([tk, ?o)) Similarly to (8.22), it can be
over-approximated by 7;+ (X1) == Uy [ag, by + t*(vj,max))-

Then, the trajectory planning problem (TPP) can be formulated as follows:

find &;([ty, 00)), (8.27a)
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subject to
(8.1) and (8.2), (8.27b)
&i([to, tr] U [tk, 00)) = iy (8.27c)
Yi(projy(&i([tr, 00)))) C F, (8.27d)

i(projy(&i(t))) N Res;(X1) =0, t € T;F(Xy),

. " (8.27¢)
Vi € yi(tk),VXl S Sj (tk>

Constraints (8.27d) and (8.27¢) guarantee respectively that there will be no
agent-obstacle collisions and inter-agent collisions for agent .

When relatively simple specifications, e.g., reach-avoid type of tasks,
are considered, various existing optimization toolboxes, e.g., IPOPT [160],
ICLOCS2 [161], and algorithms, e.g., the configuration space-time search
[162], the Hamilton-Jacobian reachability-based trajectory planning [163], and
RRTY [164] can be utilized to solve (8.27). However, if the specifications are
complex LTL formulas, the constraint (8.27c) is not easy to be verified online
using the methods mentioned above (the PBA P; can be used to verify (8.27c),
however, it can not deal with the spatial-temporal collision avoidance con-
straint (8.27¢) at the same time). Recently, an on-line RRT-based algorithm is
proposed in [153] to generate local paths that guarantee the satisfaction of
the global specification. Motivated by this work, a local trajectory generation
algorithm is proposed in this chapter, which is outlined in Algorithm 8.3.

Before proceeding, the following notations are required. Denote by

NIi(tg) := {Res;(Xy), ;7 (X)), VX; € S (1), Vi € Viltr)}

the set with respect to agent ¢ which contains all local trajectory information of
higher priority neighbors at time ¢. Given a state s; € X, define the function
B; : X; — 2% as a map from a state s; € X; to a subset of valid Biichi states
which correspond to s; (i.e, Bi(s;)) € Bp,(si), where Bp,(s;) is defined in
(8.15)). Function B; is used to capture the fact that given a partial trajectory,
not all Biichi states in $p, are valid. At the task activation time ¢y, one has
Bi(&(to)) = Bp,(&i(to)). During the online implementation, B; (&;(tx)), tx >
to is updated by

Bi(&i(tk)) = Bp,(&i(te)) N{Bi(&i(tk-1)) U Post(B;(&i(tk-1)))} (8.28)

where
Post(Bi(&i(tk—1))) = Us,eB;(gi(ty_1)) POSE(si). (8.29)
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Algorithm 8.3 localTrajectoryGeneration

Input: fi(tk)7 Bz(fl (tk)), POSt(Bi(fi(tk))), Pi, Vpi, (O), and Nfl(tk)
Output: A local transition system 7'CL1 and a leaf node §if .
1: Initialize 7;’:; = (SZ-L, Sz‘L,Ov AP, L L.;) and ng = (), where SZL =

Si[,/O = fz(tk) and —>£i: @, St(ﬁi(tk)) =0.
2 fork=1,..., N"** do,
&s + generateSample(SA;(tx)),
&, < nearest(SE, &),
uf < arg min,, ey, {|

3
4

5: 1
6 & E(Enul,T),

7

8

9

gz(fm Us, TS) - gs

Bi(&r) < Bp, (&) N{Bi(§n) UP0Ost(Bi(8n))},
i B (6) £ 0 A Vi, (6, Bi(6)) < oo then,
O;(ty) <« updateObstacle(Q, N1;(tx), [St(&n)Ts, (St(&n) +

Dm)).

10: if dist(projy([&n, &), O4(ty)) > DS then,
1 SE e SFUle ) —Li=—E ule, 75 &),
12: St(&) < St(&,) + 1,

13: end if

14: end if

15: if projs(&r) ¢ B(proja(&i(fr)), i), then

16: k= N 41,

17: 5{ — &,

18: end if

19: end for

At each time instant ¢, Algorithm 8.3 takes the state of agent i, i.e, & (tf),
B;(&i(tx)),Post(B;(&i(tx))), the offline computed PBA P;, potential func-
tion Vp,, the set of static obstacles O, and the local trajectory information
of higher priority neighbors, i.e., NI;(tx) as input. The output is a local CTS
7'CLZ = (SE, Sz'L,m AP,,, —>£i, L. ;) that is constructed incrementally and a
leaf node fzf The root state of Tc{; is agent i’s state &(tx). The function
st : S — N maps a state # € S’ to the number of time steps needed to
reach the root state &; (¢ ). Initially, 7;ﬁ contains one state &;(tx) and 0 transi-

tions, e, st(&;(tx)) = 0, and the leaf node flf = () (line 1). In each iteration
(lines 2-19), a new state s is generated randomly from the set SA;(tx) us-
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ing the generateSample procedure (line 3), where S A;(tx) is the sampling area
around agent ¢, given by

SA;i(tg) :=={(z,0,v) : x € B(projy(&(tr)), R +n),
6 S [_77771-]7 ‘U’ S vi,max}7 (830)

where 7 > 0 is an offline chosen constant, which guarantees that there ex-
ists s € SA;(tg) such that projy(s) ¢ B(projs(&;i(tr)), R). This condition
is essential for checking the terminal condition (line 15). The nearest func-
tion (line 4) is a standard RRT primitive [156] which returns the nearest state
in SiL to the new sample ;. Then, one further finds, within the set of states
that are reachable from &, at time 75, the closest one to the new sample &;,
ie, & (line 6), and the corresponding input u is obtained (line 5). Here, 75 is
the sampling interval (the same one used for constructing the transition sys-
tem 7; in Section 8.3.2). Once &, is obtained, we further compute the subset
of valid Bichi states which correspond to &, i.e., B;(&,), according to (8.28)
(line 7). After that, if both conditions B;(&,) # 0 and V7, (&, Bi(§,)) < o0
are satisfied (which guarantees that there exists a path, starting from &, that
reaches a self-reachable accepting state of P;, recall Remark 8.1), obstacles
that appear during the time interval [st(&,)7s, (st(&,) + 1)7s] are added into
the workspace using the function updateObstacles (Algorithm 8.4). Finally, the

state &, is added into S¥ and the transition relation &, Ly &, is added into
—>£l if the distance between the line segment projs([£,, &,]) and the obstacles
is no less than the safe distance of agent ¢ (lines 10-11), and then the time step
needed for ¢, to reach the root state &; () is recorded (line 12). The algorithm
is terminated when the local sampling tree reaches the outside of the sensing
area of agent ¢, and the leaf node flf is then given by the corresponding state
& (line 15-18).
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Algorithm 8.4 updateObstacle

Input: O, NI;(t;) and a time interval [t, t2].
Output: O;(tg).

1: (O)Z(tk) + O,

2: for j € V;(ty,), do

3: for X; € S;_(tk), do

4 if 7,7(Xp) N [t + t1, g + t2] # 0, then

5 @z(tk) — @z<tk) U (R€Sj (Xl) N SAz<tk)),
6: end if

7 end for

8: end for

Remark 8.5. The complexity of one iteration of Algorithm 8.3 is the same as for
the standard RRT. The functions generateSample and nearest are standard RRT
primitives (one can refer to [156] for more details). The complexity of the upda-
teObstacle process (Algorithm 8.4) at time ty, is O(1) since |V;(tx)] < N — 1
and \Sj(tkﬂ < #B(z;(tr), R),Vj, where B(x;(ty), R) represents the num-
ber of cells contained in the sensing area Q(B(z;(t), R)). The computation of
dist(projy([€n, &), Qi(tr)) can be formulated as a convex optimization prob-
lem and solved in O(1) since there is a limited number of obstacles in S A;(ty,)
and each obstacle is of the form of a convex cell. Moreover, the calculations of
Bi(&) and V1, (&, Bi(&r)) are of the complexity of O(1) since Py, Vp, are
computed offline.

After the local CTS 7;LZ is obtained, we further need to find a path, starting

from the leaf node fzf , that reaches one of the maximal self-reachable accepting
states £}, of P;. Define

Pz’(fzf) = UsieBi(tfi)(gify 5;)

as the set of states in the PBA P; that correspond to ff . Then, the process is
outlined in Algorithm 8.5. Algorithm 8.5 takes the set Pl(ng ) and the the PBA
P; as input. It first finds the state p; in Pl(fzf ) that has the minimum potential
(line 1). Then, the function DijksTargets(P;, source, targets) (defined in [150])
computes a shortest path in P; from “source” state to one of the state belonging
to the set “targets" (line 2). The required path is then the projection of p, on
the state space of 7 ; (line 3).
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Algorithm 8.5 globalTrajectoryGenration
Input: Pl(fzf) and P;.
Output: a path p;.

1: p;‘k = minpiepi(g-lf){vﬁ(pi)}y

2: p; < DijksTargets(Pi, p;, I} ;)

3 pi = Pix,(Pi)s

Algorithm 8.6 motionCoordination

Input: (offline) M;(X;),VX; € ®, 7., Bi, Pi, and Vp,.
Output: Real-time plan & ([ty, 00)), tx > to.

1: Initialize: & ([tg,00))  « 0 Bi(&(to)  «  Bp,(&i(t)),
Post(B;(&i(to))) < UseBi(g(to))POSt(si), and agent i is in Free
mode.

2: while ¢ > 4 and (; is not completed do,

Compute B;(&;(tr)) and Post(B;(&(tx))) according to (8.28) and
(8.29),

@

4 N;(ty) < conflictDetection(),

5: if Ni(ty) # 0 then

6: agent ¢ switches to Busy mode,

7: Yi(t) < planningOrderAssignment(),

8: (7;%,5{ ) < localTrajectoryGeneration(),
9: if fzf # (), then

10: pi < globalTrajectoryGeneration(),
1 & ([tr, 00)) + DijksTargets(T2, &(t).£]) w i
12: agent ¢ switches to Free mode,

13: else

14: agent ¢ switches to Emerg mode,

15: Uj <— u?r,

16: & ([th, 00)) = &i(&iltr), ui, [0,00)),
17: end if

18: else

o € ([to0)) & ([t ),

20: end if

21: end while
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It is possible that after the maximum number of iterations (i.e., N;%),
there exists no local path that reaches the outside of the sensing area of agent ¢.
In this case, the TPP (8.27) is considered infeasible, agent ¢ switches to Emerg
mode and the braking controller (8.7) is applied. When agent i is in Emerg
mode, it will continue monitoring the environment (by updating ’7;%) Once a
feasible local path is found, it will switch back to Free mode. The whole mo-
tion coordination process is summarized in Algorithm 8.6, where the notation
DijksTargets(ﬁ%, &i(ty), {Zf) W p; (line 11) represents a path whose first path
segment is given by DijksTargets(ﬁﬁ-, &i(tr), fzf) and second path segment is
given by p;.

Now, we have the following result.

Theorem 8.1 (Safety). If the sensing radius of the agents satisfies R >
2 maxiGV{fo + Av; max |, where A is the conflict detection interval, then the re-
sulting real-time plan of Algorithm 8.6 guarantees that there will be no obstacle-
agent and inter-agent collisions for agent 1.

Proof. Ifthe TPP (8.27) is feasible (agent ¢ will be in Free mode after the trajec-
tory planning process), the local trajectory generation algorithm (Algorithm
8.3) and the global trajectory generation algorithm (Algorithm 8.5) guarantees
that the constraints (8.27d) and (8.27e) of (8.27) are satisfied. That is to say,
there will be no obstacle-agent and inter-agent collisions for agent . If the
TPP (8.27) is infeasible (agent ¢ will switch to Emerg mode), agent ¢ would
apply the braking controller u* until it stops. Since R > 2max;ep{DS' +
Av; max }, it guarantees that conflict between any pair of agents (i, ) will
be detected at the time that both agent ¢ and j are outside of the braking
area of the other. This means that there will be no inter-agent collision dur-
ing the emergency stop process. On the other hand, when constructing 7;,
one has 1;(projy(z;)) C F,Vz; € X;), ie, dist(z;,0) > D vz, € X,
Moreover, in the replanning process, it also requires that the distance between
projs([€n, &;]) and static obstacles @ is no less than D5 (line 10, Algorithm
8.3). Therefore, there will be no obstacle-agent collision during the emergency
stop process. Thus, no collision will occur for the whole process. O

Remark 8.6. The framework proposed in this chapter can be extended to MAS
where agents are of different dynamics. For example, if there exists a agent 1
whose dynamics is given by the single-integrator &; = w; with the input con-

straint ||u;|| < i max. The braking controller can be chosen as ul’(t) = 0 and



190 Distributed Motion Coordination under LTL Specifications

the safe distance fo = 0. If there exists a agent j whose dynamics is given by the
double-integrator &; = v;,0; = u; with the velocity constraint ||v;|| < vj max
and the input constraint ||u;|| < wjmax. The braking controller can be chosen as

(t )
(r) = {_uj’m" O (0] £ 0

0, otherwise

and the safe distance Djsf = 2 /(2 max)-

j,max

Remark 8.7. Due to the distributed fashion of the solution and the locally avail-
able information, the proposed motion coordination strategy is totally scalable in
the sense that the computational complexity of the solution is not increasing with
the number of agents. In addition, it is straightforward to extend the work to MAS
scenarios where unknown static obstacles and moving obstacles are presented.

Remark 8.8. The workspace discretization, the planning order assignment and
the over-approximation of the braking area influence the completeness (the abil-
ity to find a solution when one exists) of the proposed solution. To improve com-
pleteness, online refinement of the cell decomposition of the workspace, search the
space of the prioritization scheme (e.g., the randomized search approach with hill-
climbing [165]), and less-conservative approximation of the braking area (using
the real-time orientation and velocity information) can be utilized. The disad-
vantage is that the resulting approach will be computationally more complex.

8.4 Example

We illustrate the results on a MAS consisting of N = 7 agents. The velocity
and input constraints for agents i € {1,2,3,6, 7} are given by |v;| < 2m/s
and |w;| < 115rad/s, |a;] < 2m/s?, respectively. The velocity and input
constraints for agents i € {4,5} are given by |v;| < 1.5m/s and |w;| <
86rad/s, |a;] < 1.5m/s?, respectively. Then, one can get from (8.11) that
Dsf = 0.707m, Vi. The sensing radius of each agent is R = 5m and the conflict
detection period is A = 0.05s, then one has R > 2 maxieV{fo + Av; max }-
The common workspace for the group of agents is depicted in Figure 8.4,
where the gray areas represent the static obstacles, the colored triangles
represent the initial position and orentation of the agents, and the colored
rectangles, marked as X lf 0 =1,2,...,9, represent a set of target regions
in the workspace. Initially, v;(t9) = 0,Vi. A grid representation with grid
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size 0.5m is implemented as workspace discretization, one can verify that
Le(z) = Le(2)),VQ(x) = Q(2).

The specification for each agent is given respectively by ¢1 = G(W A
—0) A FGX!, o3 = G(W A —0) A FGXJ, 03 = G(W A -0) A FGXY,
w1 = G(W A -0) A FGX] V FGX{, o5 = G(W A -0) A FGX{, g6 =
G(W A —0) AFGXY, and 7 = G(W A -0) A FXJUFX].

Figure 8.4: The workspace for the group of agents.
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Figure 8.5: The position trajectories for each agent.

Figure 8.6: The evolution of the position trajectories with respect to time.
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The initially planned trajectories are depicted first for each agent, where
Figure 8.5 shows the position trajectories and Figure 8.6 shows the evolution
of the position trajectories with respect to time. One can see that the initially
planned trajectories satisfy the specification (; for each agent ¢. During online
implementation, conflicts are detected among agents (3, 6), (4, 5), (1, 3,6) and
(1,7) at time instants 19.4s, 22s,22.45s and 43.6s, respectively. Whenever
conflicts are detected, the planning order assignment module and the tra-
jectory planning module are activated to solve the conflicts. The real-time
moving trajectories for each agent are shown in Figs. 8.7-8.8, where Figure
8.7 shows the real-time position trajectories and Figure 8.8 shows the evolu-
tion of the position trajectories with respect to time. One can see that con-
flicts are resolved and each agent completes its specification eventually. A
video recording of the real-time implementation can be found here: https:

//www.youtube.com/watch?v=68mchYhrbhY.

Figure 8.7: The real-time position trajectories for each agent.
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Figure 8.8: The evolution of the real-time position trajectories with respect to
time.

Figure 8.9: The real-time evolution of velocity v; for each agent, where
Vimax = 2m/s, i € {1,2,3,6,7} and v; max = 1.5m/s,7 € {4,5}.
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Figure 8.10: The real-time evolution of inputs (a;,w;) for each agent, where
Gimax = 2m/s® wimax = 116rad/s,i € {1,2,3,6,7} and ajmax =
1.5m/s%, w; max = 86rad/s,i € {4,5}.

The real-time evolution of velocity v; and inputs (a;, w;) of each agent i
are plotted in Figure 8.9 and Figure 8.10, respectively. One can see that the
velocity constraints and the input constraints are satisfied by all agents at any
time. All the simulations were run in Matlab 2018b on a DELL laptop of 2.6GHz
using Intel Core i7.

8.5 Summary

In this chapter, the online MAMC problem for a group of agents moving in
a shared workspace was considered. Under the assumptions that each agent
has only local view and local information, and subject to both velocity and in-
put constraints, a fully distributed motion coordination strategy was proposed
for steering individual agents in a common workspace, where each agent is
assigned an LTL specification. It was shown that the proposed strategy can
guarantee collision-free motion of each agent.
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Chapter 9

Conclusions and Future Research

In this chapter, we conclude the results of this thesis and discuss possible di-
rections for future research.

9.1 Conclusions

This thesis presented results on task-oriented control and coordination of
MAS under varying constraints. The first three chapters (Chapters 3-5) were
concerned with cooperative control of MAS, in which communication con-
straint and time constraint were considered. Chapters 6-7 studied the control
of uncertain systems under temporal logic specifications, where input con-
straint was considered. Finally, the motion coordination was investigated for
MAS with local LTL specifications, where both the communication and the
state and input constraints were taken into account. This part of result was
presented in Chapter 8.

Chapter 3 studied the distributed ETC of multi-agent consensus. To re-
lax the requirements of continuous communication and controller update, an
asynchronous ETC strategy was proposed for the MAS. It was shown that
consensus is achieved asymptotically as well as Zeno behavior is excluded.

Chapter 4 proposed a resource-efficient PETC strategy for multi-agent
consensus. It was resource efficient in two aspects: 1) both the rate of com-
munication and controller updates were reduced (compared to TTC) and 2)
the requirements of continuous sensing and computing were relaxed (com-
pared to ETC). The design of the PETC strategy can be divided into three
major stages. In the first stage, an approach on finding the explicit formula
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for MASP was proposed. In the second stage, an asynchronous PETC strategy
was formulated. Finally, in the third stage, the constraint of limited data rate
was considered. It was shown that exponential consensus can be achieved in
all the cases.

Chapter 5 considered the target tracking for a leader-follower MAS. We
assumed that the leader-follower MAS is subject to a sequence of dynamically
activated tasks, each of which is associated with a relative deadline and can be
completed at several QoSa levels. By taking into account the reward and cost of
satisfying the tasks, a dynamic scheduling strategy was proposed. Based on the
dynamic plan, distributed control laws were designed accordingly for leader
and follower agents. It was shown that the proposed control laws guarantee
the satisfaction of each task at its desired QoS level.

Chapter 6 studied the construction of discrete state-space symbolic models
for continuous-time uncertain nonlinear systems. In this chapter, a novel sta-
bility notion called n-C-€2-GPS and its Lyapunov function characterization,
and a new relation called robust approximately (bi)simulation relation were
proposed. It was shown that an uncertain concrete system, under the condi-
tion that there exists an admissible control interface such that the augmented
system can be made n-C-Q2-GPS, robust approximately simulates its discrete
state-space abstraction.

Chapter 7 was concerned with the robust satisfiability check and online
control synthesis of uncertain discrete-time systems under STL specifications.
In this chapter, the notion of tTLT was proposed first. Using the tTLT, a suffi-
cient condition was obtained for the robust satisfiability check of the uncertain
systems. When the system is deterministic, a necessary and sufficient condi-
tion for satisfiability was further obtained. After that, an online control synthe-
sis algorithm was designed. The soundness of the algorithm was proven when
the system is uncertain while the completeness was further proven when the
underlying system is deterministic.

Chapter 8 investigated the motion coordination problem for MAS, where
each agent is assigned an LTL specification. The group of agents were moving
in a shared workspace, therefore coordination is essential for safety. Under
the assumptions that each agent has only local view and local information,
and subject to both state and input constraints, a fully distributed motion co-
ordination strategy was proposed for each agent. It was shown that safety is
guaranteed for all agents at any time.
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9.2 Future Research

There are several interesting research directions based on the work of this
thesis, which are discussed in this section.

Fundamental Tradeoff between Sensing, Computing, Commu-
nication, and Control

In Chapters 3-4, ETC and PETC strategies were proposed for MAS. It was
shown that there is a tradeoff between the rate of communication and per-
formance. In general, we see that the usage of sensing, computing, commu-
nication, and control resources are correlated with each other. However, how
to systematically tradeoff between them is still an open problem. To this re-
spect, proper metrics should be proposed to quantify the resource utilization
of sensing, computing, communication, and control.

Safe Learning and Control for Uncertain Systems

Chapters 6-7 focus on the robust control approaches for uncertain systems. It
is powerful as it provides theoretical guarantee on the property satisfaction,
e.g., safety, which is important for robotic systems. It will be interesting to
extend the current work to scenarios where the environment is unstructured
or the information about the system is partial known or even unknown. In
this respect, learning-based approaches, such as Gaussian process regression
[166] and policy improvement with integrals [167], are useful and important.
A central problem is how to integrate learning and control for ensuring safety
and mission completion (e.g., temporal logic specifications).

Efficient Coordination under STL specifications

In Chapter 8, we developed a distributed motion coordination strategy for
MAS under local LTL specifications. When considering STL specifications for
the MAS, the spatial and temporal constraints embedded in STL formula pose
new challenges for motion coordination. The tTLTs proposed in Chapter 7
is a powerful tool for the STL control synthesis. As a natural extension, it is
interesting to explore how to apply this tool to efficient MAMC under STL
specifications.
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Despite of what were discussed above, we are also interested in problems
such as efficient algorithms for online computation of reachable sets or tubes.
In addition, the experimental validation of the proposed strategies by real-
world systems will be pursued.
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