KTH ROYAL INSTITUTE
{m} OF TECHNOLOGY
LT
EZKTHZ

& VETENSKAP %
o€ OCH KONST 9%

B

Doctoral Thesis in Computer Science

On Long Proofs of Simple Truths

KILIAN RISSE

Stockholm, Sweden 2022




On Long Proofs of Simple Truths

KILIAN RISSE

Academic Dissertation which, with due permission of the KTH Royal Institute of Technology,
is submitted for public defence for the Degree of Doctor of Philosophy on Thursday the 27th of
October 2022, at 2:00 p.m. in F3, Lindstedtsvigen 26, Stockholm

Doctoral Thesis in Computer Science
KTH Royal Institute of Technology
Stockholm, Sweden 2022



© Kilian Risse
© Per Austrin, Susanna F. de Rezende, Johan Hastad, Jakob Nordstrém, Dmitry Sokolov

ISBN 978-91-8040-354-2
TRITA-EECS-AVL-2022:55

Printed by: Universitetsservice US-AB, Sweden 2022



Abstract

Propositional proof complexity is the study of certificates of infeasibility. In
this thesis we consider several proof systems with limited deductive ability and
unconditionally show that they require long refutations of the feasibility of certain
Boolean formulas.

We show that the depth d Frege proof system, restricted to line size M, requires
proofs of length at least exp(n/(log M)O(d)) to refute the Tseitin contradiction
defined over the n X n grid graph, improving upon the recent result of Pitassi et
al. [PRT22]. Along the way we also sharpen the lower bound of Héstad [Has20]
on the depth d Frege refutation size for the same formula from exponential in
Q(nl/59d) to exponential in Q(nl/(Zd_l)).

We also consider the perfect matching formula defined over a sparse random
graph on an odd number of vertices n. We show that polynomial calculus over fields
of characteristic # 2 and sum of squares require size exponential in Q(n/log? n) to
refute said formula. For depth d Frege we show that there is a constant 4 > 0 such
that refutations of these formulas require size exp(Q(né/ 4)).

The perfect matching formula has a close sibling over bipartite graphs: the
graph pigeonhole principle. There are two methods to prove resolution refutation
size lower bounds for the pigeonhole principle. On the one hand there is the general
width-size tradeoff by Ben-Sasson and Wigderson [BW01] which can be used to
show resolution refutation size lower bounds in the setting where we have a sparse
bipartite graph with n holes and m < n? pigeons. On the other hand there is
the pseudo-width technique developed by Razborov [Raz04] that applies for any
number of pigeons, but requires the graph to be somewhat dense. We extend the
latter technique to also cover the previous setting and more: for example, it has been
open whether the functional pigeonhole principle defined over a random bipartite
graph of bounded degree and poly(n) > n? pigeons requires super-polynomial
size resolution refutations. We answer this and related questions.

Finally we also study the circuit tautology which claims that a Boolean function
has a circuit of size s computing it. For s = poly(n) we prove an essentially optimal
Sum of Squares degree lower bound of Q(s17¢) to refute this claim for any Boolean
function. Further, we show that for any 0 < o« < 1 there are Boolean functions on n
bits with circuit complexity larger than 2™ but the Sum of Squares proof system
requires size Z(ZQ(n ") to prove this. Lastly we show that these lower bounds can
also be extended to the monotone setting.






Sammanfattning

Propositionell beviskomplexitet dr studerar certifikat av icke-satisfierbarhet. Vi
betraktar bevissystem med begransad deduktiv formaga och bevisar ovillkorliga
undre granser for laingden pa vederldggningar av formlers satisferbarhet. Denna
avhandling bevisar flera nya sddana undre granser fér bevissystemen resolution,
polynomialkalkyl, kvadratsummor, och Frege-system av begransat djup.

Vi visar att Frege-systemet av djup d, begransat till rader av storlek M, kra-
ver minst bevis av langd minst exp(n/(log M)O(d)) for att motbevisa Tseitin-
kontradiktionen definierad 6ver n X n-rutnétet, vilket férbattrar ett nyligen visat
resultat av Pitassi et al. [PRT22]. Langs vdgen skdrper vi d&ven Hastads undre grans
[H4s20] for lingd for Frege av djup d fr samma formel frén exponentiell i Q(n1/59d)
till exponentiell i Q(nl/ (2d-1)y,

Vi betraktar ocksé formeln for perfekt matchning 6ver en gles slumpgraf med
ett udda antal horn n. Vi visar att polynomkalkyl 6ver kroppar med karaktaristik
# 2 och kvadratsummor kréver lingd exponentiell i Q(n/log? n) for att motbevisa
denna formel. For Frege av djup d visar vi att det finns en konstant 6 > 0 s att
vederldggningar av dessa formler kraver storlek exp(Q(n‘S/ d)).

Formeln f6r perfekt matchning har ett ndra syskon 6ver bipartita grafer: duvslags-
principen 6ver grafer. Det finns tvd metoder for att visa undre granser for refutations
for duvslagsprincipen. A ena sidan finns Ben-Sasson och Wigdersons [BWO01] ge-
nerella avvagning mellan bredd och storlek som kan anvéndas for att visa undre
grénser for resolution i fallet dér vi har en gles bipartit graf med n hal och m < n?
duvor. A andra sidan finns pseudo-bredd-tekniken utvecklad av Razborov [Raz04]
som kan appliceras for valfritt antal duvor, men kraver att grafen ar nagorlunda tat.
Vi utokar den senare tekniken till att &ven tdcka det forstnamnda fallet och mer: till
exempel har det varit 6ppet om den funktionella duvslagssprincipen definierad
over en slumpmassig bipartit graf med begransade gradtal och poly(n) > n? duvor
kraver motbevis av superpolynomisk storlek. Vi besvarar detta och relaterade fragor.

Slutligen studerar vi ocksa kretstautologin som hévdar att en Boolean funktion
har en krets av storlek s som berdknar den. Vi bevisar en vésentligen optimal undre
gréns for gradtal for kvadratsummor pa Q(s'~¢) for att motbevisa detta pastdende
for varje Boolesk funktion, fér s > poly(n). Vidare visar vi att det féralla 0 < o« < 1
finns Booleska funktioner pa n bitar med kretskomplexitet stérre an 2™ men dar
(200)

kvadratsummor kréver storlek 2 for att bevisa detta.
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Introduction

This chapter is a non-technical introduction to the thesis intended for
readers with little or no mathematical background. All notions informally
introduced in this chapter are revisited in Chapter 2.

1.1 Proofs

This thesis is about proofs and contains proofs proving properties of proofs.
But before talking more about proofs (and proofs about proofs) it might
be worthwhile to take a step back and think about what a proof really is —
after all it does seem to be a central concept of this thesis.

Broadly speaking, a proof is an object that, hopefully, convinces others
of some claim. Depending on the situation a proof may have very different
form: sometimes a paper from an authority may be sufficient, while in
other situations, like in court, a proof has to be convincing enough so that
the judge believes it “beyond reasonable doubt”. And even in mathematics
itself there are several notions of a proof. For example a proof published
in an article intended to convince other mathematicians of the validity of
a theorem is usually not very formal. Well-known steps may be skipped,
some statements may be left to prove by the reader and sometimes there
are even oversights by the authors. As such it is not surprising that, once
in a while, mathematicians make mistakes and therefore have to retract
articles.

Mathematicians could prevent this from happening — since the late 19th
century we know of proof systems that produce machine verifiable proofs.
These proofs are great to verify statements and make sure that they are
indeed correct. However, fully formalizing a proof is very time consuming,
they are usually not human readable and cannot convey the intuition of a
proof. As such these formal proofs are an interesting object to study but
not very useful to communicate proofs to other human beings.

The first formal proof system has been put forward by Frege [Fre79]
in 1879 and these systems have later been popularized in the 1920s by
Hilbert when he proposed his program to base mathematics on a solid
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foundation. Hilbert’s ultimate goal was to base mathematics on a logic basis:
he wanted to reprove all mathematical statements from a finite number
of assumptions (also known as axioms) such that (i) these assumptions do
not contradict each other, and (ii) all true statements can be proven from
these assumptions. This is a seemingly desirable goal if one believes that
mathematics describes universal truth.

However, this turns out to be impossible: in 1931 Godel [G6d31] proved
that strong enough proof systems, as studied by Hilbert and others, are
either self-contradicting or they cannot prove the statement that the system
itself can prove all correct statements. In other words, we cannot hope for
a single set of non-contradicting axioms A that can prove the statement
“all true consequences can be derived from A”. This theorem, known
as Godel’s incompleteness theorem, left Hilbert’s original program in
shambles.

On the upside, this led other mathematicians to study related problems
and ask more refined questions about the existence of proofs. We just
learned that we cannot prove everything. Can we at least determine what
statements can be proven? That is, given some statement P, can we decide
whether the claim P can be proven from our favorite set of axioms? Even
this turns out to be too much to ask for. But before discussing this we
should take a small detour explaining what we mean by “we can tell” that
a statement has a proof — what kind of machine are we allowed to use
to determine whether there is a proof of a statement? Mathematicians
put forward different formalisms in the 30s of the last century, one of
them being the Turing machine. This formal machine, proposed by Turing,
intends to be able to perform any task that could also be done “by pen and
paper”, or, in more modern terms, by an algorithm. In 1936 Turing [Tur37],
and independently Church [Chu36] using a different albeit equivalent
formalism, showed that no algorithm running in finite time can determine
whether a statement can be proven from a given set of axioms.

To summarize, there are correct statements with no proof and, even
worse, we cannot tell whether a given statement has a proof. Now, I cannot
blame you if your mind has started to wander and you find this a quite lofty
and dry discussion. So let me give you a very concrete real-life consequence.
We all use computers, smartphones or even smartwatches in our daily lives.
Would it not be great if we could write an algorithm that ensures that all
these devices never crash? No need to ever reboot your computer because
— reasons? Well, you may have guessed, this is unfortunately one of these
so-called undecidable statements. Bear this in mind the next time you
call your computer person — they are trying hard to solve an undecidable
problem. Have some patience, get a coffee, and, in the mean time, reboot
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Figure 1.1: A graph with two labeled nodes u and v

your computer.

But joking aside, it really seems like we have to give up on these
undecidable statements. Maybe there is more to discover in the set of
decidable statements? For example, do such statements always have small
proofs? Can small proofs be found efficiently? These, and related questions,
are the foundations of theoretical computer science.

1.2 Efficient Proofs

From now on we only study claims that are decidable, i.e., have a proof,
though it may be long. Let us start with a simple example of the kind of
statements that we want to consider. Suppose we are given a graph with
two labeled nodes u, v and the claim that these two nodes are connected
by a path of length 5. An illustration of an example graph can be found in
Figure 1.1.

Is this claim correct? Staring at the graph for a bit one can actually find
a path of length 5, as illustrated in Figure 1.2 on the following page. This
illustration is a pretty convincing proof — that was not so hard to prove.
What about the claim that there is no path of length at most 4 connecting u
to v? Can we convince ourselves that this holds? We could try to enumerate
all paths between u and v and check that there is no shorter path. This
would indeed give us a valid proof, but it seems cumbersome as there are
so many paths connecting u to v.

Let us try to create a more concise proof, as follows. Find all nodes at
distance at most one from u. This is not difficult: this is u and all neighbors
N(u) of u. Once we have found the nodes V; at distance at most 1 from u,



Chapter 1. Introduction

Figure 1.2: A path of length 5

we can now find all nodes at distance at most two from wu: these are the
nodes of Vi as well as the neighborhood N(V;) of it. Iterating this idea, we
see that v is not in the set of nodes V; at distance at most 4 from u. Thus
we proved the claim. This proof is illustrated in Figure 1.3 on the following
page.

Observe that this argument gives us an algorithm to determine the
length of the shortest path between u and v: simply run the described
procedure until v is, for the first time, in the set V; and report that the
shortest path between u and v is of distance i. Claims that have an efficient
algorithm, as the one just described, make up the class P. That is, P consists
of all claims that can be efficiently proven and, furthermore, this short proof
can also be found efficiently.

Let us consider a claim that we suspect is of a different nature: the
claim that a graph contains a cycle visiting every node exactly once (this
is known as a Hamiltonian cycle). If you have the stamina, you can stare
at the graph in Figure 1.1 for a while and you will notice that there is
indeed a Hamiltonian cycle — one example is highlighted in Figure 1.4 on
the following page. Again, this illustration is a short, efficient proof similar
to the proof of the existence of a path of length 5 in Figure 1.2. So far there
is no evidence that would justify calling this claim of a different nature.!
It gets more interesting if we consider the negation of the previous claim,
namely the claim that “there is no Hamiltonian cycle”. Suppose our graph
does not contain a Hamiltonian cycle. How would we prove this? Of
course there is the brute-force proof: enumerate each ordering of nodes

IHere we ignore the question whether such proofs can be found efficiently. We discuss
this question in detail later on.
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Figure 1.3: The nodes at distance 0,1,2,3,4 and 5 from u

and rule out that this ordering gives rise to a Hamiltonian cycle. If we
consider a graph on 28 nodes, as in Figure 1.1, then this brute-force proof
would consist of about 28! ~ 10’ many orderings. To get a feeling for this
number, suppose that we are really quick at checking orderings, say, we
can check a million orderings a second. In this case it would take us a mere
10'° years to check all orderings — as the universe is only about 10 years
old this is not an awfully useful proof.

If the naive proof of such a small graph is already this long, we have
to investigate whether there are more efficient proofs of this claim. So far
we have not succeeded in this endeavor and it is generally believed that
there are no proofs significantly shorter than our naive proof.? And this
is by far the only statement for which we do not have short proofs — there
is an entire cluster of statements that seem impossible to prove efficiently.
In order to discuss this in the language of theoretical computer science we
need to introduce two classes of statements.

The first class is called NP and consists of all statements that have an
efficient proof, e.g., “there is a Hamiltonian cycle” or “there is no path of
length 4”. The second class is coNP which consists of all statements whose
negation has an efficient proof: for example, “there is no Hamiltonian cycle”
or “there is no path of length 4”. Already from the given examples we
see that NP and coNP have certain statements in common. The big open
question is whether all claims of coNP are also in NP, or in words, whether
the negation of efficiently verifiable statements also have short proofs. It is
widely believed that this is not the case: it is believed that there are claims in

21t should be mentioned that there are slightly more efficient proofs. If a graph has n

nodes, then proofs can be made of length roughly 2™ instead of the n.! ~ 2™1°8™ length our
naive proof has.
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Figure 1.4: A Hamiltonian cycle

coNP, for example, “there is no Hamiltonian cycle”, that inherently require
long proofs.

This thesis continues a line of work that eventually hopes to separate
NP from coNP. The program, put forward by Cook and Reckhow [CR79],
suggests to study increasingly more powerful proof systems and prove that
these systems require long proofs for some claims in coNP. Starting with
“weak” proof systems, i.e., proof systems of limited deductive ability, we
hope to develop a toolbox of lower bound techniques that can be applied
to increasingly stronger proof systems. Apart from its intrinsic interest,
separating NP from coNP would have some interesting consequences. Let
us explain.

By definition we have that P is contained in NP, as all claims in P have
short proofs. Also, it is not so hard to convince yourself that a claim C is in
P if and only if the claim “not C” is also in P: as in the path example, we
can run the efficient algorithm that finds a proof of C. By definition, this
algorithm is complete, meaning that it always outputs a proof if one exists.
Thus running the efficient algorithm and obtaining no proof from it is itself
a short proof of the claim “not C”. As such we conclude that P lies in the
intersection of coNP and NP. Equivalently we can write this in symbols as
P € NP N coNP.

Now suppose that we can separate NP from coNP. We claim that
this implies that P is a strict subset of NP: because P is closed under
complementation but NP is not, there has to be some statement that is in

NP but not in P. To determine whether P = NP, or equivalently whether a
claim with a short proof also has an efficient algorithm that recovers the
short proof, is one of the seven millennium problems put forward in 2000
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by the Clay Mathematics Institute [CJWO06].

As previously mentioned, this thesis continues the program of Cook
and Reckhow with the eventual goal to separate NP from coNP. We
prove several new proof size lower bounds for different formulas and
proof systems. We achieve this by adapting and extending known lower
bound techniques, thereby expanding the current toolbox of lower bound
techniques for proof complexity. In Chapter 2 we cover the necessary
background to then discuss our contributions in Chapter 3. No formal
proofs are covered in the first part of the thesis. The proofs of the mentioned
theorems can be found in Part II which contains all the discussed papers.






Background

In the first section of this chapter we revisit some well-known notions from
complexity theory as well as some basic graph theory. In Section 2.2 we
introduce the relevant proof systems and in Section 2.3 the propositional
formulas that we intend to study.

2.1 Preliminaries

For an integer n € Nwe let [n] = {1, ...,n} denote the set of integers from
1 through n, and we let log n denote the logarithm of n to the base 2.

Letf, g : R — Rbe two functions. We write f(n) € O(g(n)), respectively
f(n) € Q(g(n)), if there is a constant ¢ and an ng such that for all n > ng
it holds that f(n) < c - g(n), respectively f(n) > c - g(n). We say that f
is poly-bounded if there is a constant ¢ such that f € O(n¢). We further
introduce the notation f(n) € o(g(n)) to mean that for all constants ¢ > 0
there is an ng such that f(n) < ¢ - g(n), for all n > ny.

Similarly we sometimes want to supress dependencies on constants and
write f(n, €) € O¢(g(n, €)), respectively f(n, €) € Q¢ (g(n, €)), to mean that
there exists a function c(¢) > 0 and a constant ng such that for all n > ng
it holds that f(n, €) < c(¢) - g(n, €), respectively f(n, e) > c(e) - g(n, ¢). Ina
similar vein we sometimes even want to suppress logarithmic dependencies:
we write f(n) € @(g(n)) to mean that there are constants ¢ and ng such
that for all n > ng it holds that f(n) < log®(n) - g(n), and f(n) € Q(g(n)) if
there are constants ¢ and ng such that f(n) > log®(n) - g(n), for all n > ny.

2.1.1 Graph Theory

Let us recall some standard graph terminology. A graph G = (V,E) is
a 2-tuple that consists of a set of vertices V = V(G) and a set of edges
E = E(G) € V XV, and a bipartite graph G = (U, V,E) is a 3-tuple that
consists of two disjoint vertex sets U and V, with V(G) = UU V, and an
edgesetE =E(G) C (UXV)U(VxU).

11
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We only consider simple and undirected graphs; all graphs contain no
self-loops, i.e., edges (u,u), and if (u,v) € E, then also (v,u) € E and we
may thus think of the edge set E as containing sets of size 2.

The neighborhood of a vertex u € V(G) is N(u) = {v | {u,v} € E}, the
neighborhood of a set of vertices U C V(G) is N(U) = | J, ¢y N(u) and for
sets U, W C V(G) the neighborhood of U in W is N(U, W) = N(U) N W.
We denote by deg(v) = |N(v)| the degree of a vertex v € V, by A(G) the
maximum degree, 6(G) the minimum degree and by d(G) the average
degree of G. For a set of vertices U C V(G) we let G[U] denote the graph
induced by U, i.e., G[U] = (U, Eyy), where E,, = {e € E(G) | e € U}.

A graph G = (V, E) on n vertices is an x-expander (has vertex expansion
) if for all sets U C V of size |U| < n/2 it holds that [N(U, V \ W)| > «|U].

The grid graph (more commonly torus) G = (V, E) of dimension n consists
of vertices V = {(1,j) | 0 < i,j < n} and the vertex (i,j) is connected by
edges to the four neighbors at distance 1, i.e., where one coordinate is
identical and the other changes by +1 modulo n.

We denote the uniform distribution over d-reqular graphs on n vertices by
G(n, d) and tacitly assume that nd is even. A graph G contains H as a
topological minor if there is an injective map o : V(H) — V(G) and for every
{u,v} € E(H) there is a path p,, € G from o(u) to o(v) that is pairwise
vertex-disjoint from all other paths except in the endpoints. The paths p..
are the edge embeddings of the minor.

2.1.2 Languages, Formulas and Circuits

An alphabet X is a finite set of symbols and we let Z* be the set of finite
length strings that can be formed over X. For a string w € Z* we let [w|
denote the length of w. A language L C X" is a set of finite length strings
over the alphabet £. We may usually assume that the alphabet is {0, 1} but
it is often convenient to work with larger alphabets.

Let us say that the depth of a string is the number of changes of symbols
in a string: the depth is 0 if the string s is empty, and otherwise, if
s = (s1,...,sk), then the depth is defined to be 1 + Depth(si, . . ., sk), where
iis the largest integer such that si_; = s;.

Formulas The language of DeMorgan formulas consists of all strings de-
fined recursively over the alphabet consisting of variables x, ..., xn, the
connectives V, A, =, the symbols T, L, and the brackets (, ) as follows.

1. The symbols T and L denote formulas,

2. any variable x; is a formula,

12
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3. if Fis a formula, then so is —F,
4. if F; and F; are formulas, then so are (F; A F;) and (F; V Fp).

We use X; as a shorthand for the formula —x; and call the formulas x; and
%i literals. A subformula of a formula F is a substring of F that is also a
formula and the size of a formula is the length of the string representing it.

We can think of a formula F as a binary tree Tr where each internal node
is either a node with 2 children and labeled with an V or an A or a node with
1 child labeled with —, and each leaf node is either labeled with a variable
or one of the symbols T or L. For a branch b in T, let L(b) = (¢4,..., &)
denote the string of internal labels encountered on b if traversed from root
to leaf. We define the depth of the branch b as Depth (L(b)), and the depth
of a formula F as the maximum depth of any branch in Tr.

An assignment is a mapping « : {x1,...,xn} — {TrRUE, FaLsE} that sets
each variable to either TruE or FaLse. We often identify True with 1 and
Favise with 0 and call a variable that may be TrUE or FaLsk a bit. A formula
F evaluates to TRUE under an assignment o if

1. Fis of the form T, or
2. Fis of the form x; and «(x;) = TRUE, or
3. Fis of the form =G and G does not evaluate to Trus under «, or

4. Fis of the form (G A G2) and both G; and G; evaluate to True under
&, Or

5. Fis of the form (G; V Gy) and at least one G; evaluates to True under
.

If F does not evaluate to TrRue under «, then we say that it evaluates to
Farse under o and write F(«), or «(F), to denote the (unique) value F
evaluates to under o. When writing formulas we usually ignore most
brackets. In particular we write x; V x2 V -+ V xn as a shorthand for
(x1 V(x2V (- (Xn-1 V Xn) - -) and similarly for A. A formula G is logically
implied by the formulas Fy,...,Fy, written as Fy,...,Fx |E G, if for all
assignments « such that o(Fy A - -+ A Fi) = TRUE it also holds that G(o) =
TRUE.

A formula F is satisfiable if there is an assignment « such that F(x) =
Trug, a formula F is unsatisfiable, or a contradiction, if F(x) = Farsk for all
assignments « and similarly a formula F is a tautology if F(«) = TruE under
all assignments. We denote the language that consists of all satisfiable
formulas by SAT, the language of unsatisfiable formulas by UNSAT and
the language of tautologies by TAUT.
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A disjunction of literals, e.g., C = (x3 V X4 V - -+ V X7), is called a clause,
the width of C, denoted by Width(C), is equal to the number of literals in C,
and a k-clause is any clause of width at most k. A formula F is in conjunctive
normal form (CNF) if it is a conjunction of clauses, i.e., of the form /\21 Csi,
where each Cj is a clause. The width of F, denoted by Width(F) is the
maximum width of any clause occurring, the formula F is a k-CNF if each
clause in F is a k-clause and F is of bounded width if there is a constant k
such that F is a k-CNF.

A Boolean function f : {0,1}™ — {0, 1} on n bits is represented by a
formula F over n variables if for all assignments « it holds that f(x) = F().

Proposition 2.1.1. Every Boolean function f : {0,1}™ — {0, 1} on n bits can be
represented as a CNF of size O(n - 2™).

Proof. We construct the CNF F as follows. For each assignment o such that
f(or) = FaLsg, we add the negation, written as a clause, of the unique n
variable conjunction that is satisfied by « to F. It is readily verified that
f(a) = F(x) for all assignements «. O

The language that consists of all satisfiable CNFs is denoted by CNF-SAT,
and we let the set of unsatisfiable CNFs be denoted by CNF-UNSAT.

Circuits Note that when defining formulas, we may be forced to write
down the exact same subformula several times. Circuits allow the re-use
of such subformulas, thus decreasing the size of the representation.

We define the language of Boolean circuits over the DeMorgan basis as
follows. A string C is a circuit if it is a sequence (F, ..., Fs) of DeMorgan
formulas over the variables x1,...,%Xn,Y1,...,Ys, where each F; is of the
following form:

1. one of the symbols T or L, or

2. xj, forj € [n], or

3. —wyj, forj < i, or

4. (yjoyx), forj,k <iando € {A,V}.

We determine whether a circuit C = (Fy, ..., Fs) evaluates to Trute under
an assignment o (to the variables x1, ..., xy) as follows. Starting withi =1
and o = o, we sequentially evaluate the formula F; under the assignment
ai-1, and extend «;_1 to the variable y; to obtain «; defined as

i (2) = xi-1(z),  ifz#yi,
' ai-1(F;), otherwise.

14
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We say that C evaluates to TRUE under o if a5(ys) = TruE and C evaluates
to FaLse otherwise. As for formulas we write C(x) to denote the unique
value that C evaluates to under o. Finally, we say that a Boolean function f
is represented by the circuit C, or computed by the circuit C, if C(o) = f(ex) for
all assignments «.

Note that we can view a circuit C as a directed acyclic graph: for each
i € [s] we have a node that is connected by an incoming edge to all nodes j
such that y; occurs in the formula F;. We label each internal node by the
function it computes, i.e. A, V, or =, and add an additional outgoing edge
from the node s. The depth of a circuit is defined analogously to formulas:
the depth of a source to sink path is Depth(L(p)), where the function L is
defined as for formulas, and the depth of the circuit is the maximum depth
of any source to sink path.

Let us recall that most Boolean functions require large circuits.

Theorem 2.1.2 ([Sha49]). Asymptotically almost surely as n — oo a random
Boolean function f : {0,1}™ — {0, 1} needs a circuit of size at least (2™ /logn).

2.1.3 The Complexity Classes P, P/poly, NP and coNP

Alanguage L C X" is computable in polynomial time if there is an algorithm
A that takes a poly-bounded number of steps in the input length, such
that A({) = 1 if and only if £ € L. We denote by P all languages that are
computable in polynomial time.

Similarly, we say that a language L € {0,1}" is in P/poly if there is a
polynomial p and a family of circuits (Cn)nen, each circuit Cy, of size at
most p(n), such that Cr,(«) = lifand only if x € LN {0, 1}™.

The class NP consists of all languages L C X} for which there is an
algorithm A, taking a poly-bounded number of steps in the input length,
such that for all { € L there is an x € X} such that |x| = poly(|¢|) and
A(L,x) = 1. The class coNP consists of all languages whose complement is
in NP, i.e., all languages L C I* such that the language L = £* \ Lis in NP.

A language L is complete for a class C if L is in C and for all other
problems L’ € C there is an algorithm A, taking a poly-bounded number
of steps in the input length, such that A(¢’) € Lif and only if ¢’ € L". It is
well-known that the languages SAT and CNF-SAT are NP-complete while
the languages TAUT, UNSAT and CNF-UNSAT are coNP-complete.

Note that P € NP N coNP. Literally the $1 million question is whether
P # NP [CJWO06]. It is widely believed that P is a proper subset of NP but
this statement seems to be out of reach for current techniques. A question of
similar flavor is whether NP # coNP. This is also open but widely believed

15



Chapter 2. Background

to be incomparable. Note that NP # coNP implies that P # NP, as P is
closed under the complement.

2.2 Proof Systems

The following definition is due to Cook and Reckhow [CR79]. A proof
system P for a language L C X is a language in ] X X} such that

1. P is poly-time computable, i.e., there is an algorithm A such that
A(L, ) = 1if and only if ({, w) € P, and A runs in time poly(|¢|, |7t|),

2. for each { € L there is a 7t € L} such that ({,7r) € P, and
3. forall € € X \ L and any 7 € L7 it holds that (¢, ) ¢ P.

A proof system is said to be complete if it satisfies Item 2, and sound if it
satisfies Item 3. Throughout the thesis we only consider complete and
sound proof systems. We say that 7 € L is a P proof of ¢ € L if ({,7r) € P.
The size of a proof mis |7, also denoted by Size(m), and the size of refuting
¢ in P is Sizep({) = min, Size(n), where the minimum ranges over all P
proofs of £. The proof system P for L is poly-bounded if there is a polynomial
p such that for all { € L it holds that Sizep({) < p(|¢|). A propositional proof
system is a proof system for the language CNF-UNSAT. Note that we could
also consider proof systems for TAUT but it is customary to work with
proof systems for CNF-UNSAT and we follow the crowd. A proof in a
propositional proof system is also called a refutation and we use these terms
interchangeably.

Proposition 2.2.1 ([CR79]). There is a poly-bounded propositional proof system
if and only if NP = coNP.

This proposition suggest the following program to separate NP from
coNP: prove for stronger and stronger proof systems that they are not
poly-bounded. In the past 30 years there has been a lot of work on proving
exponential lower bounds for “weak” propositional proof systems such
as resolution [Tse68; Hak85; BWO01; Raz04a; ABRWO04; I0SS16; ABAR+18;
AM19], bounded depth Frege [Ajt94; PBI93; KPW95; BP96; Ben(2; PRST16;
Has20], polynomial calculus [Raz98; BGIP01; BI10; AR03; MN15; LN17],
sum of squares [Gri01; MPW15; BHK+16; KMOW17; Potl7; AH19], or
cutting planes [Pud97; BPR97; FPPR17; HP17]. Ultimately the hope is that
we understand lower bound strategies well enough so that we can start
tackling “strong” propositional proof systems like Frege [Fre79], extended
Frege [CR79] or the ideal proof system [GP18].
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2.2. Proof Systems

For now we settle to prove lower bounds for “weak” proof systems
in order to extend the current toolbox of lower bound techniques. This
thesis fits in there and proves several new lower bounds by extending and
adapting lower bounds techniques to our needs.

Before defining the proof systems that we use throughout this thesis we
need a way to compare the strength of two proof systems. Let P C I} X I}
and Q C ] X I} be proof systems for a language L. We say that P poly-
simulates Q if there is a function f : Z; - ZE, computable in polynomial
time in the input length, such that for all { € L and 7 € X} it holds that
if (¢, 1) € Q, then ({,f(r)) € P. Put in words, the function f translates
Q-proofs of € to P-proofs of £ with at most a polynomial increase in size, for
all ¢ € L. It is readily seen that if Q is poly-bounded and P poly-simulates
Q, then P is poly-bounded as well.

Furthermore, some of the propositional proof systems are based on
(semi-)algebraic reasoning. As such we need to discuss how to translate a
CNF F = AT, Ci over n variables xy, ..., x into a system of polynomials
Pr. We define Pr over the 2n variables x1,...,Xn, X1, ..., X, and say that
the system is satisfied under an assignment « if and only if all polynomials
evaluate to zero under o. In order to enforce that each variable only takes
Boolean values, we add the Boolean axioms

y(1-y)
to Pr for each variable y. We also want to ensure that X; is the negation of
x¢ and thus also add the negation axioms
xi+xi—1

to Pr. Finally we add for each clause C; the following polynomial to Pr.
Assuming that the clause C; can be written as VJY‘:lvij , for the appropriate
literals vi;, we translate C; into the monomial

Wi

1_[\_’1)' ,

i=1
where we use the convention that Xx = xy. Assuming that the Boolean
axioms and the negation axioms are honored it should be evident that
above polynomial is equal to 0 if and only if one literal vy; is set to 1 and
thus the clause C; is satisfied. For a CNF F, let us denote by Deg(F) the
maximum degree of any polynomial occurring in $r.

2.2.1 Resolution

Resolution is arguably the most studied proof system and has been first
defined by Blake [Bla37] in the 30ies of the last century. Resolution is
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Chapter 2. Background

a propositional proof system with refutations of the following form. A
resolution refutation 7t of an unsatisfiable CNF F is a sequence of clauses
(Cq,...,Cr)such that Cp = L is the empty clause and each clause C; either
occurs in F or is derived from come clauses C; and Cy, for j, k < i, by the
resolution rule

BVx CVvx
BvC

The length of 7, denoted Length(m), is L and the width of 7 is the maximum
width of any clause occurring in 7t. We denote by Widthg(F) the minimum
width of any resolution refutation of F and, similarly, let Length,(F) =
min, Length(7t) where 7t ranges over all resolution refutations of F.

The most common way to prove resolution size lower bounds is by
proving a lower bound on the width required to refute a formula and
then applying the following width-length trade off due to Ben-Sasson and
Wigderson.

Theorem 2.2.2 ([BWO1]). For any CNF F over n variables it holds that

(Widthg (F) — Width(F))2 ))

Length(F) = exp (Q( m

Thus, assuming that the CNF F is of constant width, if we manage
to show a width lower bound linear in the number of variables, then we
obtain a 2™ length lower bound on any resolution refutation of F. It is
worth noting that this is essentially optimal as there is always a resolution
refutation of length 2™.

2.2.2 Bounded Depth Frege

Let us first define the more general Frege proof system that can derive
any consequence from a set of axioms. We then specialize the system to a
propositional proof system. A k-ary Frege rule is any rule of the form

A1 Aj . Ax
B

such that Ay, ..., Ax |= B. Let R be a set of Frege rules. A Frege proof of the
formula G from the formulas Fy, ..., Fy over R is a sequence of formulas
(Hi,...,Hy) such that Hy = G and each line H; is either equal to an axiom
F; or is derived from Hj,, ..., Hj,, forji,...,jx <1i, by a k-ary Frege rule in
R.

The width of a proof is the size of the largest formula occurring, the
length is the number of formulas in the proof and the depth of a proof is
the maximum depth of any formula appearing.
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2.2. Proof Systems

A Frege proof system FP is a finite set of Frege rules R that are im-
plicationally complete, i.e., if the formulas Fy,..., Fi, logically imply G,
then there is a Frege proof of G from the fromulas Fy, ..., Fr, over R. The
following theorem due to Reckhow states that any two Frege systems
poly-simulate each other.

Theorem 2.2.3 ([Rec75]). Any two Frege propositional proof systems poly-
simulate each other. Furthermore, the simulation preserves the depth of the proof
up to an additive constant, while the size of the proof increases by at most a
multiplicative constant.

Reckhow in fact proved a more general statement, which also allows
a certain freedom in the choice of the basis over which the formulas are
defined. We stick to the DeMorgan basis and this extension is thus not
central to the following discussion. The interested reader is encouraged to
consult [Kral9] for a more complete treatment.

As different Frege systems poly-simulate each other, we may consider
any such system. Fix an arbitrary Frege proof system %P as defined above.
We define the Frege propositional proof system % to be the language that
contains all tuples (F, ), where F = A", C; is an unsatisfiable CNF and 7t
is an &P proof of L from the formulas Cy, ..., Cn.

Similarly we define the depth d Frege refutational proof system F: it
is the language that contains all tuples (F, 7t) from % where 7 is of depth at
most d.

Note that by Theorem 2.2.3 there is a constant dy, such that forall d > do,
the proof systems % is complete. We only consider such d in this thesis.
Note that when the depth is reduced, then the size of a proof may blow up
substantially.

2.2.3 Polynomial Calculus

The polynomial calculus propositional proof system, introduced in [CEI96]
though we use the slightly stronger version introduced in [ABRW02], is
based on algebraic reasoning. A polynomial calculus refutation 7t of the
CNF F over a field F consists of an ordered sequence of polynomials
(p1,...,pr) such that py is the constant 1 polynomial and each polynomial
pi occurs either in P or is derived by one of the following two polynomial
calculus rules from p; and py, where j, k < i,

q1 qz2 q
o1 + B4z xq ’

for some variable x and constants &, 3 € F. We denote the polynomial
calculus propositional proof system over IF by PCp.
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The degree of 7t is the maximum degree of any polynomial that occurs
in 7w and the length of ris L. The degree of refuting F in PCy is denoted by
Degpc, (F) and defined as the minimum degree of any polynomial calculus
refutation over F of the CNF F. Finally, let us also define the monomial size
of a refutation, which simply counts the number of monomials occurring
in the proof and the monomial size of refuting F in PCr, denoted by
MSizepc; (F), is the minimum monomial size of any PCy refutation.

While for resolution we had a width-length trade off, for polynomial
calculus we have a degree-monomial-size trade off.This trade off in fact
predates the celebrated resolution trade off. Recall that Deg(F) denotes the
maximum degree of any polynomial occurring in Pr.

Theorem 2.2.4 ([CEI96; IPS99]). For any unsatisfying CNF F over n variables
and any field F it holds that

MSizepc; (F) = exp

(Degpc, (F) — Deg(F))?
of )) |

n

Let us remark that polynomial calculus over any field F simulates
resolution with respect to size as well as degree [ABRW02], i.e., a resolution
proof of size s and width w can be translated into a PCr proof of size O(s)
and degree O(w).

2.2.4 Sum of Squares

Sum of Squares (SoS) is a propositional proof system based on semi-
algebraic reasoning. In contrast to the other proof systems SoS is static
meaning that a proof is a single line. In fact, it is a single polynomial
identity.

A Sum of Squares (SoS) refutation of a CNF F consists of a sequence of
polynomials (r1,...,Tm,s1,...,s¢) such that

Z Tipi‘f‘ZS%:_l ,
]

ie[m] i€t

for Pr = {p1,...,Pm}- As for polynomial calculus one can define the
degree and monomial size of a refutation. For SoS there is also a degree-
monomial-size trade off.

Theorem 2.2.5 ([AH19]). For any unsatisfying CNF F over n variables it holds
that

— 2
MSizesos(F) = exp (Q((Degsos(F) Deg(F)) )) |

n
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It is not so hard to show that SoS poly-simulates resolution. Quite
surprisingly, Berkholz [Ber18] showed that SoS also poly-simulates PCp. It
should be mentioned that there is a separation for finite fields and this is
thus the best one could hope for.

2.3 Propositional Formulas

We are interested in several simple principles which, as we show in the
following, turn out to be hard for different proof systems.

2.3.1 Tseitin

The Tseitin formula is defined over a graph G = (V, E). At the heart of the
formula is the following idea: count the number of edges by a double sum
over the vertices and a sum over the edges incident to a single vertex

1
DIDIERLE
veV e:vee

where we divide by 2 as each edge is summed over twice. This implies in

particular that the sum
Z Z 1=2m

VEV evee

is equal to an even number. Moreover, if we associate each edge e with a
Boolean variable x., no matter the assignment o : {x. | e € E} — {0,1}

this sum is still even:
2, D, ) =2l ()] - @1)

veV evee

Suppose we are given a charge function t: V — {0, 1} that assigns each
vertex either a charge of 0 or 1 and, furthermore, that we enforce that at
each vertex v the incident edge variables sum to the charge t(v) modulo 2.
That is, for each vertex v € V we have the constraint

Z Xe =T(v) mod 2 . (2.2)

evee

All these constraints together imply that the double sum from Equation (2.1)

is equal to
Z Z Xe = ZT(V) mod 2 .

VEV e:veEe veV
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Thus if [t71(1)| is odd, then there is no satisfying assignment. This defines
the Tseitin contradiction: fix a charge function that assigns an odd charge
to the graph and claim that there is an assignment as described above.
The CNF associated with above system of equations modulo 2 is defined
as follows. For each vertex v € V and a fixed T note that the vertex axiom
of v (Axiom 2.2) can be used to define a Boolean function, mapping from
deg(v) many inputs to TruUE, FaLsg, depending on whether the constraint
is satisfied by a given assignment, identifying True with 1 and FaLsk with
0. By Proposition 2.1.1 we may obtain a CNF F,, . of size O(deg(v) - 24¢8(v))
that is satisfied if and only if the corresponding vertex axiom is satisfied.
Then, the CNF associated with the Tseitin contradiction is defined as

Tseitin(G, 1) = /\ For .
veV
Observe that this formula is of exponential size in the maximum degree of
the graph. As such this formula is usually only considered in combination
with graphs of constant degree.

2.3.2 Perfect Matching

The perfect matching formula is also defined over a graph G = (V, E). The
formula claims that there is a subset of edges M C E such that every edge
is in precisely one edge of M. In other words, we want a set M C E such
that for every vertex v € V it holds that

[{feeM|vee}=1.

A moment of reflection reveals that a matching always contains an even
number of vertices: every edge in M consists of two vertices, each of which
is in precisely one edge and hence there is an even number of vertices
matched. Thus if we start with a graph G defined over an odd number of
vertices, there cannot be a perfect matching in this graph. This defines the
perfect matching contradiction.

We have a variable per edge {x¢ | e € E} and for each vertex v € V we
add the following clauses to the CNF formula PM(G):

\/ Xe , and Xe VXer ,

evee

for any e, e’ € Esuch thatene’ = {v}.

2.3.3 Pigeonhole Principle

One encoding of the pigeonhole principle (PHP) is the perfect matching
formula PM(G) defined over a bipartite graph G = (U, V, E) with [U| > |V|.
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This is the strongest encoding of the principle: there are subformulas of
PM(G) that are contradictions. Let us define two subformulas of interest to
us.

Recall that we have a variable for each edge in the graph {x. | e € E}.
The ordinary pigeonhole principle PHP(G), for G = (U, V, E), has a clause

per vertexu € U
\/ xe 2.3)

e:ue€e

ensuring that the vertex u is matched to some vertex in the neighborhood,
and for any two distinct edges {u, v}, {u’,v} € E, wherev € Vand u,u’ € U,
we add the axiom

%e VRer . (2.4)

These axioms ensure that each vertex in V is matched to at most one vertex
in U. This is a contradiction if |U| > |V/|.

We can add further axioms, making the formula more and more
constrained and thus easier to refute. The functional pigeonhole prin-
ciple FPHP(G) is defined by also adding Axiom 2.4 for distinct edges
{u,v},{u,v'} € E, where u € Uand v,v' € V. Finally, we can recover the
perfect matching principle PM(G) by adding Axiom 2.3 for every vertex V.

2.3.4 The Truthtable Formula

The truthtable formula is a bit more involved to define. We want to encode
the claim that a Boolean function f : {0,1}™ — {0,1}, given as a binary
string of length 2™, has a circuit of size at most s. By Theorem 2.1.2
most Boolean functions require circuits of size (2™ /logn) and thus for
s < 2™ /logn, this formula is a contradiction for most Boolean functions f.

The formula Circuits(f) consists of two parts. The first part of the
formula defines a circuit, and the second part of the formula ensures that
the circuit encoded by the first part indeed computes f. In the following we
describe a polynomial encoding of the truthtable formula. This encoding
conveys enough of an idea for the following discussion and is already
cumbersome to explain — the CNF translation consists of even more axioms
and variables. For the formal encoding used in Paper C we recommend
the interested reader to consult Section C.2.3 as well as Section C.7.

Let us first describe the structure variables which are used in the first
part of the formula to describe the circuit.

Each of the s gates is indexed from 1 to s, with the output gate being
gate s. This labeling will be topological, in a sense that each gate v € [s]
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has no input from a gate u > v. Each gate v € [s] has three variables
isNeg(v), isOr(v) and isAnd(v) associated with it, indicating the operation
computed at v. Similarly, for a gate v € [s] and a wire a € {1,2} we
have variables isFromConst(v, a), isFromInput(v, a) and isFromGate(v, a)
indicating whether the input wire a of v is connected to a constant, a
variable or a gate.

Finally we have the variables indicating to what constant, variable or
gate an input wire is connected to: We have variables constantValue(v, a),
isInput(v, a, 1) and isGate(v, a,u), for a € {1,2}, i € [n] and u < v. The
corresponding variables indicate the constant value, the input x; or the
gate u that the input wire a of v is connected to — assuming a is indeed
connected to the corresponding kind.

The structure variables come along with a set of axioms that we refer to
as the structure axioms. The first axioms ensure that every wire is connected
to a single kind

isFfromConst(v, a) + isFromInput(v, a) + isfromGate(v,a) =1 Vv e [s] ,

and the second group of axioms makes sure that each gate is of precisely
one kind

isNeg(v) +1isOr(v) + isAnd(v) =1 Vv e [s] .

The final group of structure axioms ensures that the variables that indicate
to what input or gate a fixed wire is connected to always sum to one, except
at gate 1 as it cannot have any inputs from other gates

n

Z isInput(v,a,i) =1 Vve[s] , and
i=1
v-1
Z isGate(v,a,u) =1 Vve[s]\{1} .
u=1

This completes the description of the first part of the formula.

The second part of the formula is defined over the so-called evaluation
variables which describe what value is computed at each gate v on input
X=X, .., On.

Each gate has 3 - 2™ evaluation variables associated with it. These are
outy(v), indicating the Boolean value computed at gate v € [s] on input
a € {0,1}™, and the variables in (v, a) which indicate the value brought to
vertex v € [s] on wire a € {1,2} oninput « € {0, 1}™.

Note that we have ©O(s? + sn) structure variables and 3s2™ evaluation
variables, for a total of ©(s? + s2™) variables in Circuitg (f).
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The evaluation variables are accompanied by the evaluation axioms
ensuring that the evaluation variables indeed compute the intended values.
The first set of axioms ensures that the wires carry the value intended by the
structure axioms. If a wire is connected to a constant, then the evaluation
variable associated with that wire should always be equal to the constant

isFromConst(v, a) - (ing(v, a) — constantValue(v, a)) =0 ,
and similarly if a wire is connected to an input or a gate

isFromInput(v, a) - isInput(v, a, 1) - (ing(v, a) — o) =

0,
isFromGate(v, a) - isGate(v, a, u) - (in«(v, a) — outy(u)) =0

The final set of evaluation axioms makes sure that the output evaluation
variable of a gate is correctly related to the input evaluation variables:

isNeg(v) - outy(v) = isNeg(v) - ing (v, 1) ,
isOr(v) - outy (v) = isOr(v) - (1 — ing(v, 1) - ing(v,2)) ,
isAnd(v) - outy(v) = isAnd(v) - ing (v, 1) - ing (v, 2) .

Last but not least we have the axioms that ensure that the circuit outputs
the function specified by the truthtable

outy(s) = f(x) .
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Contributions

In this chapter we highlight the main results of the included papers. Each
paper is discussed in a separate section. The sections first give some context
how our results fit into the literature, followed by the main theorem and a
brief discussion about the employed proof techniques.

3.1 On Bounded Depth Frege Refutations of the Tseitin
Formula

Jouan HAstaD aND Kivian Rissk, “On Bounded Depth Proofs for Tseitin Formulas on the Grid;
Revisited”, accepted to FOCS'22 [HR22]

Paper A concerns bounded depth Frege refutations of the Tseitin contradic-
tion defined over grid graphs.

The study of bounded depth Frege refutations was initiated by Ajtai
[Ajt94] who proved that the PHP cannot be refuted in polynomial size for
any constant depth Frege system. This pioneering result was followed up
by several papers in the 1990s, first improving Ajtai’s result to hold up to
depth O(loglogn) [PBI93; KPWO95], and then extending it to the Tseitin
contradiction defined over complete [UF96], as well as expander graphs
[Ben02].

These developments followed previous work where the computational
power of the class of bounded depth circuits! was studied [Sip83; FSS584;
Yao85; Hds86; Raz88; Smo87]. It should not be surprising that it is simpler
to argue about the computational power of a single circuit rather than a
sequence of formulas forming a proof. This is exemplified by the lower
bounds achieved by the end of the 1990s: while the bounded depth Frege
lower bounds remained stuck at depth O(log logn), the results for circuit
size extended to almost logarithmic depth.

This gap was recently closed in two steps. First Pitassi et al. [PRST16]
obtained super-polynomial bounded depth Frege lower bounds up to depth

1As in the bounded depth setting there is no major difference between circuits and
formulas we gloss over the difference between these.
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o(y/logn) and then Héstad [Has20] managed to extend these results up to
depth @(101;1%), which matches the result for circuits up to constants.

All these previous bounded depth Frege lower bounds considered the
total size of a proof. The total size is composed of the length (number of
steps) of a refutation and the size of each line. For some proof systems, such
as resolution, each line is bounded in size and hence any super-polynomial
lower bound on proof size also implies a lower bound on the number of
proof steps. This is not necessarily true for bounded depth Frege — the line
size may grow and it is thus an interesting question to study the number
of lines required, given that each line is of bounded size.

This line of investigation was recently initiated by Pitassi et al. [PRT22].
They consider the Tseitin contradiction defined over the grid of size n x n
and showed that if each line of the refutation is limited to size M _and
depth d, then a Frege refutation must consist of at least exp(n/ 20(dylog M))
many lines. For most interesting values of M this greatly improves the
bounds implied by the results for total proof size of Hastad [Has20]. In
particular, if M is a polynomial, then the lower bounds are of the form
exp(n'=°W), as long as d = o(;/logn), in contrast to the total size lower
bounds of the form exp(n®(/d). Pitassi, Ramakrishnan, and Tan [PRT22]
rely on the restrictions introduced by Hastad [Has20] but analyze them
using the methods of Pitassi et al. [PRST16].

We study the same Tseitin contradiction on the grid but analyze the
restrictions using the machinery set up by Héstad [Has20]. This allows
us to improve the result of Pitassi et al. [PRT22] to obtain the lower bound
conjectured by them.

Theorem 3.1.1. For any Frege refutation of the Tseitin principle defined over the
n X n grid graph the following holds. If each line of the refutation is of size M and
depth d, then the length of the refutation is

oxp(—— ).
((log)° log M)

Along the way we also improve the parameters of the refutation size
lower bound due to Hastad [H&s20] from exponential in Q(n!/*4) to
exponential in Q(n!/2d-1),

Theorem 3.1.2. For d < O(lolgﬁ)gn) the following holds. Any depth-d Frege

refutation of the Tseitin contradiction defined on the 1. X n grid requires size
exp(Q(nl/@d*l)(logn)o(l))) .

We achieve the improvements on total size by revisiting Hastad’s original
proof and carefully eliminating some undesired dependencies on the depth
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in the switching lemma. This forces us to use slightly more general
restrictions for book-keeping but the over all proof remains unchanged.

We then use this improved proof of the switching lemma to obtain a
multi-switching lemma with which we are able to prove Theorem 3.1.1.
In order to prove the multi-switching lemma we need to analyze a new
combinatorial game played on the grid graph. Already Hastad [Has20]
needed to analyze such a combinatorial game. This new game is quite a bit
more complicated and requires an entirely new amortized analysis.

3.2 Average-Case Perfect Matching Lower Bounds

PEr AusTRIN AND KiL1aN Rissg, “Perfect Matching in Random Graphs is as Hard as Tseitin”,
SODA22, to appear in TheoretiCS [AR22a]

This paper studies the power (or lack thereof) of the SoS, PC and bounded
depth Frege proof systems when it comes to refuting the perfect matching
formula PM(G) defined over sparse random graphs G on an odd number of
vertices. Apart from being a natural and well-studied problem on its own,
the perfect matching formula is interesting because of its close relation
to two other widely studied families of formulas, namely the pigeonhole
principle (PHP) and the Tseitin formula.

While most variants of the PHP are hard for PC [Raz98; MN15], the
perfect matching variant is in fact easy to refute over any field [Rii93] and
in SoS all variants of the PHP are easy to refute [GHP02]. On the other
hand the Tseitin formula is (almost) always hard: for PCr over fields F of
characteristic distinct from 2 [BGIP01; AR03] and SoS [Gri01] these formulas
require linear degree if the underlying graph G is a good expander.?

Hence the perfect matching formula lies somewhere in between the
easy PHP formula and the hard Tseitin formula and it is natural to wonder
whether SoS or PC requires large degree to refute the perfect matching
formula over non-bipartite graphs.

This is well understood if the perfect matching principle is defined
over a complete graph on an odd nuber of vertices (also know as “MOD 2
principle”): the proof systems SoS and PC require degree Q(n), except for
PC defined over fields of characteristic 2 [BGIPO1; Gri01]. Less is known for
sparse graphs: Buss et al. [BGIP01] obtained worst-case lower bounds for
PC showing that there exist bounded degree graphs on n vertices requiring
Q(n) degree refutations. This is obtained by a reduction from Tseitin
formulas and while the work of Buss et al. predates the current interest in

2Observe that we cannot hope to prove degree lower bounds over fields of characteristic
2 as the constraints become linear and we can thus refute the Tseitin formula using Gaussian
elimination. As the perfect matching formula PM(G) implies the Tseitin formula, PC over
fields of characteristic 2 can easily refute PM(G), if G has an odd number of vertices.
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the SoS system, it is not hard to see that the same reduction yields a similar
Q(n) degree lower bound for SoS.

However, for random graphs G little is known about the hardness of
the perfect matching formula and, e.g., Razborov [Raz17] asked whether
it is true that the Lovasz-Schrijver hierarchy [LS91] (a proof system poly-
simulated by SoS) requires n® rounds to refute the perfect matching princi-
ple on a random sparse regular graph with high probability. We answer
this question by proving the following theorem.

Theorem 3.2.1. There is a constant dg such that for all constants d > dy the
following holds asymptotically almost surely for G ~ G(n, d).

1. Degpc, (PM(G)) = Q(n/logn) for any fixed field F with char(F) # 2.
2. Degg o (PM(G)) = Q(n/logn).

3. There is a & > 0 such that Sizez, (PM(G)) = exp(Q(n®/P)), for all
D < dlogn '
— loglogn

Using the known degree-monomial-size tradeoffs for Polynomial Cal-
culus [IPS99; CEI96] and Sum of Squares [AH19], the degree lower bounds
from Theorem 3.2.1 imply near-optimal monomial size lower bounds of
exp(Q(n/log”n)).

We obtain these lower bounds by a worst-case to average-case reduction.
We achieve this by using the embedding technique as introduced to proof
complexity by Pitassi et al. [PRST16]: for, say, the SoS lower bound, our
starting point is the Q(n) worst-case degree lower bound in sparse graphs,
and we then prove that these hard instances can be embedded in a random
d-regular graph in such a way that the hardness of refuting the formula is
preserved.

There are two main components to this argument. One of them is a new
graph embedding theorem which may be of independent interest. Very
loosely speaking, we show that any bounded-degree graph with O(n/logn)
edges can be embedded as a topological minor into any bounded-degree
a-expander on n vertices. But this does not quite suffice: for our application
we also need to be able to control the parities of the path lengths used in the
topological embedding. We show that as long as every large linear-sized
subgraph contains an odd cycle of length Q(1/«), this is indeed possible.
The following is a quite informal statement of our embedding theorem.

Theorem 3.2.2 (Informal). Let G be a constant degree o-expander on n vertices.
If H is a graph with at most (£~ edges and A(H) < o - d(G), then G contains

logn
H as a topological minor. Furthermore, if all large vertex induced subgraphs of
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G contain an odd cycle of length Q(1/«), then one can choose the parities of the
length of all the edge embeddings in the minor.

This generalizes various classical results of a similar flavor (e.g. [KR96;
KN19; CN19; Kri19]). See Paper B for a discussion comparing these (and
other) existing embedding results to Theorem 3.2.2.

To motivate the second component of our worst-case to average-case,
we need to look the reduction in a bit more detail. A quite naive attempt to
obtain average-case lower bounds from a sparse worst-case instance H on
n vertices is to topologically embed the worst-case instance into a random
regular graph G on O(nlogn) vertices using Theorem 3.2.2. One would
then like to argue that PM(G) is hard.

Suppose each path py, in the embedding of H in G corresponding
to some edge {u,v} € E(H) is of odd length. Then it is straightforward
to verify that the perfect matching formula defined over the embedding
is at least as hard to refute as the worst-case instance PM(H): map each
variable ye, for e € py,, alternatingly to x,, or X, such that the first
and last edges of p.,, are mapped to x,,, (using that p.,, is of odd length).
This simple projection maps the perfect matching formula defined over
the embedding of H to PM(H) and thus shows that the hardness of PM(H)
should be inherited.

But having such a worst-case instance as a topological minor is not
sufficient to conclude that PM(G) is hard. For instance G may contain an
isolated vertex and it is then trivial to refute PM(G). On the other hand if
we could guarantee that there is a perfect matching M in the subgraph of
G induced by the vertices not used in the embedding of H, we can conclude
that PM(G) is hard: hit the formula with the restriction corresponding to
the matching M and by the argument from the previous paragraph we are
basically left with the worst-case formula.

Thus if we can ensure that H is a topological minor of G with the two
additional properties that (i) every path used in the embedding of H has
odd length, and (ii) there exists a perfect matching in the subgraph of G
induced by the vertices not used in the embedding of H, then we obtain
average-case lower bounds for the perfect matching formula PM(G).

Let us elaborate a bit further on the properties required from the
topological minor of H in G. As mentioned previously, our embedding
theorem can ensure that all paths are of odd length. To ensure the second
property we in fact do not embed H directly into G but rather into a suitably
chosen vertex induced subgraph G[T] with the crucial property that for
any set of vertices U C T of odd cardinality the induced subgraph G[V \ U]
has a perfect matching. As the embedding of H will consist of an odd
number of vertices we then obtain property (ii) above. Since we now want

31



Chapter 3. Contributions

to apply Theorem 3.2.2 not to G but to G[T], we have to ensure that G[T]
satisfies all the conditions of that theorem. We prove what we refer to as
the Partition Lemma, which asserts that an induced subgraph G[T] exists
that satisfies both the perfect matching property described above, as well
as all conditions of Theorem 3.2.2. The proof of the Partition Lemma relies
primarily on the Lovész Local Lemma and spectral bounds to obtain the
desired properties.

3.3 The Circuit Tautology is Hard for Sum of Squares

Per AusTRIN AND KiL1aN Rissk, “The Minimum Circuit Size Problem is Hard for Sum of Squares”,
in submission [AR22b]

The minimum circuit size problem (MCSP), is central to complexity theory:
given the truthtable of a Boolean function f : {0,1}™ — {0,1} and a
parameter s, the MCSP problem asks whether there is a Boolean circuit
of size at most s computing f. The MCSP is clearly in NP: given a circuit
of size at most s we can easily check in time O(s - 2™) whether this circuit
computes f.

Despite decades of research it is not known whether the MCSP problem
is NP-hard. In fact establishing this has been shown to be a difficult itself
[KC00; MW15; Hir18]. As such it is an important goal to at least rule out
that certain classes of efficient algorithms solve the MCSP problem.

Despite the intrinsic motivation to study MCSP, there are further good
arguments from a proof complexity viewpoint to study this problem. For
starters, the MCSP problem is believed to be a source of hard formulas
even for strong proof systems. There are not many formulas that are
conjectured hard for strong proof systems and as such it is important to
at least establish this claim for weak proof systems. There are some lower
bounds for resolution [Raz04a; Raz04b], polynomial calculus [Raz98] and
resolution over low width CNFs [Raz15], but due to the meta complexity
flavor of this problem it seems difficult to prove strong lower bounds. It
is worth mentioning that it has been stated as an explicit open problem
[Raz22] to prove SoS degree lower bounds for the Circuits(f) formula.

Another proof complexity angle that motivates the study of this formula
is that it tells us how hard it is to prove circuit lower bounds: consider the
formula Circuit, (SAT), for s = n®(). Proving that a proof system cannot
refute this formula is essentially showing that this proof system cannot
efficiently refute that problems in NP possess polynomial size circuits, i.e.,
the proof system cannot efficiently prove NP £ P/poly.

The main result of this paper is an essentially optimal® degree lower

3There is an SoS refutation of degree s: see Section C.6 for details.
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bound for any Boolean function.

Theorem 3.3.1. For all ¢ > 0 there is a d = d(¢) such that the following holds.
Formn € N, all s > n% and any Boolean function f : {0,1}™ — {0, 1} on n bits,
SoS requires degree Q. (s'~¢) to refute Circuits(f).

From this lower bound one can also extract a monomial size lower
bound for a restricted class of circuits. Furthermore, it can also be shown
that SoS requires large degree to refute the claim that monotone slice
functions have small monotone circuits. For details on these results we
refer the interested reader to Paper C.

The idea of the proof is to restrict the structure part of the formula
Circuits(f) in such a manner that the remaining satisfying assignments
to the structure axioms (ignoring all other axioms) correspond to a well-
behaved class of circuits C. In a bit more detail we want that each circuit
Cy € C, where vy € {0,1}™, on input « € {0,1}™ computes C,(x) =
®ieN(wYi, for a bipartite graph G = ({0,1}™, [m], E).

Once we have this family of circuits C, SoS simply has to show that
none of the circuits in C compute the given truthtable, i.e., SoS has to show
that there isnoy € {0,1}™ such that

P vi=t,

ieN(ax)

for all @ € {0,1}™. But note that this is an xor constraint satisfaction
problem and Grigoriev [Gri01] proved that if G is a good expander, then
SoS requires linear degree in m to refute this. Thus by setting G to be a
good expander we obtain the desired degree lower bound. There are some
details to be filled in but this is the general gist of the argument.

3.4 The Sparse Weak Pigeonhole Principle is Hard for
Resolution

SusanNNA F. D REzeNDE, JakoB NOorRDSTROM, KiLIAN Rissg, AND DMITRY SokoLov,
“Exponential Resolution Lower Bounds for Weak Pigeonhole Principle and Perfect Matching Formulas
over Sparse Graphs”, CCC"20 [dRNRS20]

As previously mentioned, the main aim of proof complexity is to prove
superpolynomial lower bounds for stronger and stronger proof systems
to establish that NP # coNP. A slightly different strand of research has
been to study different combinatorial principles and investigate what kinds
of arguments are needed to efficiently establish these principles. This
quantifies, in a way, the mathematical “depth” of these statements in terms
of how strong a proof system is required to prove them.
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In this work we consider the resolution proof system and the pigeon-
hole principle (PHP). This is one of the simplest, and yet most useful,
combinatorial principles in mathematics and it has been widely studied
in proof complexity. We consider the somewhat unorthodox setting when
m is a super-polynomial function of n. This setting has been useful to
establish that resolution refutations of the claim NP ¢ P/poly are of doubly
exponential size in nO® [Raz04a; Raz04b] by a reduction from the weak
pigeonhole principle to the Circuits(f) formula.

These just mentioned lower bounds break with the general paradigm
of proving resolution lower bounds. As mentioned in Section 2.2.1, the
most common way to prove resolution refutation size lower bounds is to
prove a width lower bound to then apply the width-length trade off to
obtain a length (and thus size) lower bound. As the PHP can always be
refuted by a resolution proof of width at most linear in number of holes n,
independent of the number of pigeons m > n, we see that the width-length
tradeoff stops giving useful lower bounds once m > n?, as the number of
variables increase as we increase the number of pigeons. However, there
are resolution size lower bounds for the setting when there are m > n?
pigeons: these can be shown by the seemingly ad-hoc arguments due to
Raz [Raz04a] and subsequently Razborov [Raz04b].

A further peculiarity about the latter lower bounds is that they only
apply to fairly dense graphs (recall that the PHP is defined over a bipartite
graph G = (U, V, E)), while up to m < n? the lower bounds also hold for
constant degree graphs. As such it is natural to wonder whether (i) the
lower bounds for the setting m > n? can be strengthened to also holds for
sparse graphs, and (ii) whether there is a single framework in which all
these lower bounds can be proven.

We answer the latter in the affirmative and show how to generalize the
pseudo-width method, devised by Razborov [Raz01; Raz03; Raz04b] in a
series of 3 papers, to also apply in the sparse case.

Let us state three examples of the kind of lower bounds we obtain — the
full, formal statements can be found in Paper D. The first theorem is an
average-case lower bound for perfect matching formulas over a bipartite
graph with a slightly superpolynomial number of pigeons.

Theorem 3.4.1 (Informal). Let G be a randomly sampled bipartite graph with
n right vertices, m = n°U8™ left vertices, and left degree ©(log> m). Then
refuting the perfect matching formula over G in resolution requires length
exp(Q(n'=°W)) asymptotically almost surely.

Note that as the number of pigeons grow larger, it is clear that the left
degree also has to grow — otherwise the birthday paradox will yield a small
unsatisfiable subformula that can easily be refuted by brute force.
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If m increases further to weakly exponential, then randomly sampled
graphs no longer have good enough expansion for our techniques. However,
there are explicit constructions of unbalanced expanders for which we can
still get lower bounds.

Theorem 3.4.2 (Informal). There are explicitly constructible bipartite graphs G
with n right vertices, m = exp(O(n!/1°)) left vertices, and left degree © (log* m)
such that refuting PM(G) requires length exp(Q(n'/8=¢)) in resolution.

Finally, for functional pigeonhole principle formulas we can also prove
an exponential lower bound for constant left degree even if the number of
pigeons is a large polynomial.

Theorem 3.4.3 (Informal). Let G be a randomly sampled bipartite graph with
n right vertices, m = n* left vertices, and left degree ©((k/e)?). Then refuting
the functional pigeonhole principle formula over G in resolution requires length
exp(Q(n'~¢)) asymptotically almost surely.

As already mentioned, we heavily build on the pseudo-width technique
devised by Razborov. In order to handle sparse bipartite graphs, we join this
technique with the idea of a “closure”, as introduced to proof complexity
by [AR03; ABRWO04]. Consider a good bipartite expander G = (U, V, E).
Then, the closure of a set of vertices W is a set cl(W) 2 W of vertices such
that if we remove this set from G, then the resulting graph is still a fairly
good expander. The maybe at first somewhat surprising fact is that for the
correct setting of parameters, it can be shown that the size of the closure is
linearly related to the size of W.

This notion allows us to build a matching in an iterative fashion such
that the remainder of the graph is always a good expander and thus, by
Hall’s condition, can be extended to any small set of vertices — as if we were
on a complete bipartite graph. Combining this idea with the pseudo-width
technique turns out to be fairly involved and we recommend the interested
reader to consult the introduction of Paper D for a more detailed proof
overview.
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