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Abstract

This project deals with two Goodwin models of circadian rythms and three reduced

models in understanding the Belousov-Zhabotinski models of chemical reaction. They

are examined and compared by applying dynamical systems theory and control theo-

retical tools. More precisely, stability analysis of equilibria and the Hopf bifurcations.

Moreover, we investigate the issues such as positivity and boundedness of the trajec-

tories. Some are carried out by mathematical analysis and some are carried out by

numerical simulations performed by Matlab. In particular, we provide a complete pa-

rameter description on stability of the Goodwin model in terms of the Hill number,

which seems non-addressed in the literature.
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Abstract

Detta projekt handlar om två Goodwin-modeller för cirkadiska rytmer och tre reduc-

erademodeller för att förstå Belousov-Zhabotinski-modellerna för kemiska reaktioner.

Deundersöks och jämförsmedhjälp av dynamiska systemteorier och kontrollteoretiska

verktyg. Närmare bestämt stabilitetsanalys av jämvikter ochHopf-bifurkationer. Dessu-

tom undersöker vi frågor som positivitet och begränsning av banorna. En del av dessa

undersökningar utförs genom matematisk analys och en del genom numeriska simu-

leringar som utförs med Matlab. I synnerhet ger vi en fullständig parameterbeskrivn-

ing av stabiliteten hos Goodwin-modellen i termer av Hilltal, som inte verkar ha be-

handlats i litteraturen.
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Chapter 1

Introduction

Biological reaction networks are present inmany different kinds in our body and can be

studied using different approaches. Indeed, severalmechanisms enables the activation

or inactivation of different enzymes, modifies processes that occurs in living cells ect.

Optimizing the procedure that leads to homeostasis of the considered biological system

is the key part of this project.

The designed reactions represent the relation between different biological entities and

can be mathematically studied using different control theoretic methods [1]. This re-

port will trace and compare the analysis of two different study cases : the Goodwin

model and the Belouzov-Zabotinski reaction model which are different types of oscil-

latory reactions.

Although those biochemical reactions coincide on the basis of oscillatory behavior,

there homeostasis and biochemical principle differ. The GM is a naturally timing body

rhythm whereas BZ reactions are indirectly modelling the breathing rhythm, coming

from Krebs cycle.

1.1 Background

The Goodwin model describes a negative feedback oscillator in cellular systems. The

circadian rhythm is taken as the case study of the Goodwin model. This is the internal

bodyprocess that regulates the sleep andwake cycle, guidedby cycles that repeats every

24 hours and are driven by a circadian clock. An other application of Goodwin model

that is worth tomention is theGoodwin economic cycle. Its name is given after Richard
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CHAPTER 1. INTRODUCTION

M.Goodwin. The economical aspect is however not considered since this thesis focuses

on the biological vue of the cycle.

The equations in the case of the simplified 3 variablesmodel are characterized as

Ẋ = k1f(Z)− k2X = f1(X,Y, Z)

Ẏ = k3X − k4Y = f2(X,Y, Z)

Ż = k5Y − k6Z = f3(X,Y, Z)

(1.1)

where

f(Z) =
kn
i

kn
i + Zn

is theHill function that enables to achieve the feedback loop. ki designs theHill thresh-

old. The variables X, Y , Z are interpreted respectively as the concentration of a given

messenger RNA, the corresponding protein and an inhibitor. The Belouzov-Zabotinski

+

+

+

X

Y

Z

input

input

input

output

output

output

mRNA

protein

inhibitor

force the inhibitor to mDNA synthesis via f(Z)

Figure 1.1.1: Process of the reaction : representation of the negative feedback loop of
the Goodwin model. Diagram reproduced from [5].

reaction is a chemical system that results in oscillations and patterns formations. This

is a system of several chemical reactions whose discovery was credited to Boris Be-

lousovwhen looking for an non-organicmodel of theKrebs cycle. Krebs cycle are series

of chemical reactions to release stored energy through oxidation, typically explained as

the breathing principle. Several models of this reaction will be studied: the Brussela-

tor (2Dmodel, theoreticalmodel), theOregonator (3Dmodel, simplest realisticmodel)

and the Györgyi-Field (GF) model (3D model, more complex realistic model).

The Brusselator is the easiest model used to study the stability behavior of the reac-

tion. This chemical model was introduced by Prigogine and Lefever in 1968 [9]. This
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CHAPTER 1. INTRODUCTION

hypothetical model is characterized by

A
k1−→ X

B +X
k2−→ Y +D

2X + Y
k3−→ 3X

X
k4−→ E

(1.2)

The concentrations that are varying are X = HBrO2 and Y = Br−. A and H are

constant concentrations where A = BrO−
3 and H = H+. E and D are constant con-

centrations that are not entering the reaction recurrently.

The Oregonator models the dynamics of Belouzov-Zhabotinski reaction in a realistic

but simplified way.

Different chemical experiments performed on the given raw materials leads to differ-

ences in product concentrations. The following reactions are respectively taken from

[9] and [3] and lead to two different ways of modeling the Oregonator.

A+ Y
k1−→ X + P

X + Y
k2−→ 2P

A+X
k3−→ 2X + Z

2X
k4−→ A+ P

Z
k5−→ fY

(1.3)

A+ Y
k1−→ X + P

X + Y
k2−→ 2P

A+X
k3−→ 2X + 2Z

2X
k4−→ A+ P

B + Z
k5−→ 1

2
fY

(1.4)

The different species concentrations includes X = HBrO2, Y = Br−, Z = Ce(IV ),

A = Br0−3 , B = CH2(COOH)2, P = HOBr, where the concentrations X, Y and Z are

varying, A, B and P are constant.

3



CHAPTER 1. INTRODUCTION

The GF model is a more complex realistic model of BZ reaction.

Y +X +H
k1−→ 2V

Y + A+ 2H
k2−→ V +X

2X
k3−→ V

1

2
X + A+H

k4−→ X + Z

X + Z
k5−→ 1

2
X

V + Z
k6−→ Y

Z +M
k7−→

(1.5)

The different variable concentrations areX = HBrO2, Y = Br−, Z = Ce(IV ) and V =

BrCH(COOH)2. The other reactants areA = BrO−
3 ,H = H+ andM = CH2(COOH)2.

This model is taken from [6].

In allmodels, ki are the rates of the reaction, whichmeans the speed atwhich the chem-

ical reaction occurs or differently speaking it is the rate at which the concentrations of

reactants and products change.

1.2 Problem

In order to study the mathematical behavior of different biochemical reactions, one

fist have to rewrite them in a mathematical way. The study of different biochemical

reactions may lead to different behaviors in terms of stability and bifurcation analysis.

Belouzov-Zhabotinski reaction can for instance lead to chaotic behaviors.

Some studies about stability and bifurcation analysis have already been found in the lit-

erature regardingGoodwinmodel [5]. This is still not the case forBelouzov-Zhabotinski

reaction.

Howdo the different biochemical systems differ analytically and numerically ? What

comparisons and conclusions is it possible to deduce in terms of the different stability

behaviors ?

Those questions will be answered using different control theoretical tools.

4



CHAPTER 1. INTRODUCTION

1.3 Goal

The goal of this project is to further understand the oscillatory reaction networks by

meanof comparison of twodifferent biochemical systems : Goodwinmodel andBelouzov-

Zhabotinski reaction.

1.4 Delimitations

Belousov-Zhabotinsky reaction is an oscillatory reaction, meaning that steady state

might not be easy to achieve. Moreover, the reactants and products of the reaction

can be represented in different ways, leading to different systems.

Simulations might be too demanding for some larger systems and the systemmight be

reduced in that case.

1.5 Outline

In chapter 2, the background of the project is presented. This includes the mathemat-

ical and numerical simulations background needed trough this project. The analytical

and numerical work and proofs performed on the two different systems are accessible

chapter 3, the results 4 and the conclusion 5.

5



Chapter 2

Theoretical Background

2.1 Mathematical background

In this section, the methods handling the study of the different models are presented.

Those methods gather different stability analysis comprising local and global stability

with respective applications of Hurwitz-Routh (HR) criterion (Theorem 2) and (Lya-

punov theorem 3). Stability analysis requires the computation of equilibrium, it is

worth to look into boundedness since it implies the existence of such equilibrium. Pos-

itivity of the trajectories is exploited in order to investigate boundedness.

Consider the system

ẋ = f(x), x ∈ Rn (2.1)

Positivity is utilized to check that the trajectories (variation of concentrations here)

belongs to the points of Rn
≥ (or positive orthant).

This is essential in biological and chemical reactions, in contrast to a general dynamical

or control system.

Theorem 1. The dynamical system ẋ = f(x)with f regular enough is positive if and

only if ∀k, fk(x1, ..., xk−1, 0, xk+1, ..., xn) ≥ 0, ∀xi ≥ 0, i ̸= k.

System reduction is utilized to make mathematical analysis more accessible and to

understand more complicated situations.

Method used for system reduction:

• Stoïchiometric matrix: matrix that relates the relation between reactants and

6



CHAPTER 2. THEORETICAL BACKGROUND

products

• Write the dynamical system coming from the Stoïchiometric matrix

• System reduction: rewrite the concentrations as

catalyser× concentration variable

and find the different rates values coming from the new system

The following approach is used to prove local stability of the dynamical system.

An equilibrium (or a fixed point) is the state satisfying f(x) = 0. For nonlinear systems,

the study of stability can be carried out by linearizing it at an equilibrium first, which

means by finding its Jacobian J at an equilibrium. The study of the linear system yields

to stability for the nonlinear system in case we have hyperbolic fixed point.

The characteristic polynomial of the Jacobian is

χ(λ) = det(λIn − J) = q0λ
n + q1λ

n + ...+ qn−1λ+ qn, q0 = 1

The Hurwitz matrices are defined as

Hi =


q1 q0 0 0 0 ... 0

q3 q2 q1 q0 0 ... 0

... ... ... ... ... ... ...

q2i−1 q2i−2 q2i−3 ... ... ... qi

 , i = 1, ..n

in which the (k, l)_th element is q2k−l if n ≥ 2k − l ≥ 0 and 0 otherwise.

Theorem2. Anequilibriumpoint of a continuousdynamical system is locally asymp-

totically stable if the Jacobian has all its eigenvalues in the left half complex plane,

which is equivalent to all the Hurwitz determinants are positive, i.e. det(Hi) > 0,

i = 1, ..., n.

For twodimensional systems,HRcriterion canbe reduced to a simplifiedmethod:

tr(J) < 0 and det(J) > 0.

7



CHAPTER 2. THEORETICAL BACKGROUND

The following condition depict the appearance of Hopf bifurcation if

tr(J) = 0 and ∆ < 0.

This enables to find the point when the fixed points looses stability. In our particular

case, the fixed points represent the points at which the concentration is either remain-

ing the same or going back to its original state under the reaction process.

From the theorem mentioned in [8], assume the above hold. Then there is a simple

Hopf bifurcation at x0 with respect to µ if :

1. qn(µ) = 1

2. detH1(µ0) > 0, detH2(µ0) > 0, ..., detHn−2(µ0) > 0

3. detHn−1(µ0) = 0 and
d
dµ

detHn−1(µ)|µ=µ0 ̸= 0

where the first condition only is checked, µ > 0 is the parameter in the system.

8



Chapter 3

Methodologies, Mathematical and
modeling work

3.1 Scientificmethodology, literature review and scope

analysis

The methodologies employed comprise contrasting scientific perspectives; conven-

tional view, best result view, epistemic view. Experimentation is also regarded as im-

portant and can include natural experiment, field experiment, laboratory experiment,

simulation experiment. It is then possible to repeat, reproduce, replicate the results

obtained.

In this project, for both reactions, differentmodels using different parameter precision

are studied. Replication and repetition of the proofs and experiments are performed.

In case of interpretation problems, the computations are performed several times an-

alytically and tested numerically by simulation experiments with Matlab.

Literature review was the first methodological step. The broad amount of papers that

I was recommended enabled me to skim and choose between several topics. The pre-

ferred papers are listed in the bibliography and have been chosen after reading the

selected papers and thinking about a topic where the control theoretical methods from

[1] can be applied.

BZ reaction is known as being an oscillatory reaction. It is thus interesting to study

the stability dynamic and control of this reaction by the mean of the methods listed in

9



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

[1].

Goodwin three variables model is fully inspected. The worked performed on Goodwin

larger ODE system is not included in this report for the sake of incomplete work about

it.

An analytical analysis with mathematical hypothesis and proofs is initially performed

for the different models of the reaction. Those theoretical results are then experi-

mented numerically using Matlab. After some trials, it is noted that the stability re-

search on BZ reaction might not be reachable. For this reason, an other trial is per-

formed on Goodwin reaction model [5], where results have already been proven. The

same experiments as the ones performed on Goodwin reaction model are then re-

trieved and carried out oncemore onBZ reaction in the goal of finding a stability for the

system. The cases where stability cannot be fully reached are reported and compared

within the models.

In this section, the different tools provided Chapter 2 are presented for the different

models by analytical and numerical analysis.

3.2 GM: The three variables GM

The 3 variables GM is introduced as

Ẋ = k1
kn
i

kn
i + Zn

− k2X

Ẏ = k3X − k4Y

Ż = k5Y − k6Z

(3.1)

This is a simplification of GM that is not biochemically feasible. Other more complex

models are mentioned in [5].

Positivity.

Proposition 1. The trajectories of the system (3.1) are positive.

Proof. Let

f1(X,Y, Z) = k1
kn
i

kn
i + Zn

− k2X, f2(X,Y, Z) = k3X − k4Y, f3(X,Y, Z) = k5Y − k6Z

10



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

Using Theorem 1 with f1, f2 and f3 regular enough

f1(0, Y, Z) = k1f(Z) = k1
kn
i

kn
i + Zn

> 0 since k1 > 0 and f(Z) > 0

f2(X, 0, Z) = k3X > 0 since k3 > 0 and X > 0

f3(X,Y, 0) = k5Y > 0 since k5 > 0 and Y > 0

By Theorem 1 the trajectories are positive.

Figure 3.2.1 illustrates the different trajectories that are indeed positive.

0 0.02 0.04 0.06

X(t)

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Y
(t

)

0 0.02 0.04 0.06

X(t)

1.5

2

2.5

3

Z
(t

)

0.1 0.2 0.3 0.4

Y(t)

1.5

2

2.5

3

Z
(t

)

Figure 3.2.1: Trajectories with k1 = 1, k2 = 0.1, k3 = 1, k4 = 0.1, k5 = 1, k6 = 0.1, ki = 1,
initial conditions

[
0 0.2 2.5

]
and Hill coefficient n = 8.

Reducing the number of parameters.

Proposition 2. The system (3.1) can be written as

ẋ =
1

1 + zn
− αx

ẏ = x− βy

ż = y − γz

(3.2)

with

α =
k2

3

 
k1k3

k5
ki

, β =
k4

3

 
k1k3

k5
ki

, γ =
k6

3

 
k1k3

k5
ki

and

x =
X

α1

, y =
Y

α3

, z =
Z

ki

11



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

Proof. Let z =
Z

ki
. Then

Ẋ = k1
1

1 + zn
− k2X

Ẏ = k3X − k4Y

Ż = k5Y − kik6z

Scale t = α1τ ,X = α2x, Y = α3y, α1, α2, α3 > 0, it gives

ẋ =
α1

α2

[
k1

1 + zn
− k2x

]
⇐⇒ ẋ =

α1

α2

k1
1 + zn

− α1k2x

ẏ =
α1

α3

[k3α2x− k4α3y] ⇐⇒ ẏ =
α1

α3

k3α2x− α1k4y

ż =
α1

ki
[k5α3y − k6kiz] ⇐⇒ ż =

α1k5α3

ki
y − k6α1z

Let α = α1k2, β = α1k4 and γ = α1k6 and find α1, α2, α3 such that

α1

α2

k1 = 1,
α1

α3

k3α2 = 1,
α1k5α3

ki
= 1

It yields

α1 =
1

3

 
k1k3

k5
ki

, α2 =
k1

3

 
k1k3

k5
ki

, α3 =
k3k1

3

 
(k1k3

k5
ki
)2

which gives the system (3.2).

Local stability: fixed points and simulations of system (3.1).

The linearized system of (3.1) is


Ẋ

Ẏ

Ż

 = J


X

Y

Z


12



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

where J denotes the Jacobian matrix, at an equilibrium

J =


−k2 0 ki

kn
i nZ

n−1

(kn
i + Zn)2

k3 −k4 0

0 k5 −k6


Since

k1
kn
i

kn
i + Zn

− k2X = 0

k3X − k4Y = 0

k5Y − k6Z = 0

the fixed points are analytically determined

Z(kn
i + Zn) =

kn
i k3k5k1
k4k6k2

Let n = 1, it gives

Z(ki + Z) =
kik3k5k1
k4k6k2

⇐⇒ Z2 + kiZ − kik3k5k1
k4k6k2

= 0

⇐⇒ Z =
1

2

[
−ki ±

 
k2
i + 4

kik3k5k1
k4k6k2

]

The listed equilibria are computed using Matlab and given in Table A.0.1 section 5 for

n = 10 exhibited in Appendix A.

There are n + 1 solutions to the equation above. However, most of them are complex

roots, which are not relevant. Only one fixed point is real and positive. Moreover, the

chemical process is approaching this equilibrium as illustrated in Figure 3.2.2a.

Local stability and Hopf bifurcation analysis.

Proposition 3. The equilibria of the system (3.2) has a unique positive equilibrium.

Proof. As in the above section for system (3.1). The system is linearized and the Jaco-

bian matrix is computed as an equilibrium.

13



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

(a) Numerical integration of the system
(1.1) with final time tfinal = 500 where k1 =
1, k2 = 0.1, k3 = 1, k4 = 0.1, k5 = 1,
k6 = 0.1, ki = 1, n = 10 and initial con-
ditionsX0 = Y0 = Z0 = 1. The solver used
for the numerical integration is ode23s.

Figure 3.2.2: Convergence of the dynamics to the equilibrium and hyperbolic fixed
points.

The linearization of this system gives the Jacobian matrix

J =


−α 0

nzn−1

(1 + zn)2

1 −β 0

0 1 −γ


Let g(z) = αβγz(1 + zn) − 1. Then g′(z) = αβγ(1 + (n + 1)zn) > 0. That is, g(z) is a

strictly increasing function. Note that g(0) = −1 < 0 and g(z) → ∞ as z → ∞. So

there is a unique positive solution to g(z) = 0.

Since the equilibria for the system (3.2) are given by

αβγz̄(1 + z̄n) = 1

there is a unique positive equilibrium.

Proposition 4. The positive equilibria is locally stable when n ≤ 8 ∀αβγ, or n > 8

for α, β, γ such that:

αz̄ = z̄(1 + z̄n).

Proof. Denote the equilibria found as (x̄, ȳ, z̄). From the Jacobian matrix computed at

14



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

the equilibrium point for equation (3.2), the characteristic polynomial is

χ(λ) = λ3 + λ2(α + β + γ︸ ︷︷ ︸
q1

) + λ(αβ + βγ + γα︸ ︷︷ ︸
q2

) + (αβγ +
nz̄n−1

(1 + z̄n)2︸ ︷︷ ︸
q3

)

= λ3 + q1λ
2 + q2λ+ q3

and the Hurwitz matrices are

H1 = q1, H2 =

q1 q0

q3 q2


Further,

detH2 = q1q2 − q3 = (α + β + γ)(αβ + βγ + γα)− αβγ − nz̄n−1

(1 + z̄n)2

= αβγ(α + β + γ)(
1

α
+

1

β
+

1

γ
)− αβγ − nz̄n−1

(1 + z̄n)2

= αβγ((α + β + γ)(
1

α
+

1

β
+

1

γ
)− 1)− nz̄n−1

(1 + z̄n)2

≥ 8αβγ − nz̄n−1

(1 + z̄n)2

Now we want to find the condition to ensure det(H2) > 0 since det(H1) = q1 > 0.

The last inequality provide that

8αβγ(1 + z̄n)2 − nz̄n−1 > 0 ⇐⇒ 8αβγz̄(1 + z̄n)︸ ︷︷ ︸
αβγz̄(1+z̄n)=1

(1 + z̄n)− nz̄z̄n−1 > 0

8(1 + z̄n)− nz̄n > 0 ⇐⇒ 8 + (8− n)z̄n > 0 =⇒ z̄n > − 8

8− n
=

8

n− 8

⇐⇒ z̄ > (
8

n− 8
)1/n, n > 8

This gives the scope for Hopf bifurcation as:

αz =

(
8

n− 8

)1/n

· n

n− 8

Next we show that det(H2) > 0 if n ≤ 8.

15
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Denote the Hill function as

h(z̄) =
1

1 + z̄n

and let

Φ = αβγ

h′(z̄) = − nz̄n−1

(1 + z̄n)2

with αβγz̄(1 + z̄n) = 1 it is obtained that

h′(z̄) = −nz̄n−1(z̄αβγ)2 = −nz̄n+1Φ2

= −nz̄((z̄n + 1)− 1)Φ2 = −nΦ + nz̄Φ2 = −nΦ(1− z̄Φ)

giving

detH2 ≥ 8Φ− nΦ(1− z̄Φ) = Φ(8− n(1− z̄Φ)) = Φ((8− n) + nz̄Φ) > 0

since Φ and z̄nΦ > 0, det(H2) is positive if

8− n > 0 ⇐⇒ n ≤ 8

The bifurcation point is apparent [8].

Figure 3.2.1 and Figure 3.2.3 demonstrate that the limit cycles exist. Figure 3.2.4a

show when stability occurs.

3.2.1 Boundedness

We prove the global stability of equilibrium and existence of limit cycle in this sec-

tion.

Consider the rectangular box with six faces

K = {(x, y, z) : 0 ≤ x ≤ βγA, 0 ≤ y ≤ γA, 0 ≤ z ≤ A}

with

A >
1

αβγ
(⋆)
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(c) Dynamics for n = 100.
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(d) Phase diagram for n = 2.
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(e) Phase diagram for n = 8.

Figure 3.2.3: Respective plots of dynamics and phase diagram for n = 2 (convergence
to the positive equilibrium), and phase diagram for n = 10 (limit cycle oscillations).
Here k1 = 1, k2 = 0.1, k3 = 1, k4 = 0.1, k5 = 1, k6 = 0.1, ki = 1 and initial conditions[
0 0.2 2.5

]
. The Hill threshold shows the value to which the inhibitor is converging

when n is increased. Figures reproduced from [5].
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occurs.
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Figure 3.2.4: Stability of Goodwinmodel depending on the variation of αβγ (right) and
Hopf bifurcation (left).

and the six faces are

x = 0, x = βγA, y = 0, y = γA, z = 0, z = A

17



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

We investigate the motion crossing these faces

On x = 0 ;
dx
dt

=
1

1 + zn
> 0

On x = βγA ;
dx
dt

=
1

1 + zn
− αβγA <

1

1 + zn
− 1 from (⋆) < 0

On y = 0 ;
dy
dt

= x > 0

On y = γA ;
dy
dt

= x− βγA < βγA− βγA = 0

On z = 0 ;
dz
dt

= y > 0

On z = A ;
dz
dt

= y − γA ≤ γA− γA = 0

Themotions point inwards across the faces ofK, therefore the trajectories of themodel

are bounded. Therefore when the equilibrium becomes unstable, the trajectories must

go to a limit cycle due to boundedness.

3.3 BZ reaction

3.3.1 Brusselator

The reaction (1.2) can be considered using its Stoïchiometric form as

Ẋ
Ẏ

 =

1 −1 1 −1

0 1 −1 0




k1A

k2BX

k3X
2Y

k4X


which gives the dynamical system

Ẋ = k1A− k2BX + k3X
2Y − k4X

Ẏ = k2BX − k3X
2Y

Positivity.

Proposition 5. The trajectories of the system are positive.

18



CHAPTER 3. METHODOLOGIES, MATHEMATICAL ANDMODELINGWORK

Proof. Define

f1(x, y) = a− (b+ 1)x+ x2y

f2(x, y) = bx− x2y

it lead to

f1(0, y) = a > 0 since a > 0

f2(x, 0) = bx > 0 since b > 0, x > 0

which proves that the trajectories are positive.

Proposition 6. The system can be converted to the dimensionless system of the

form:

ẋ = a− (b+ 1)x+ x2y

ẏ = bx− x2y
(3.3)

Proof. Letting τ = σt, x1 = α1X, x2 = α2Y , a = β1A, b = β2B gives

dx
dτ

=
α1k1
σβ1

a− k2
σβ2

bx− k4
σ
x+

k3
σα1α2

x2y

dy
dτ

=
α2k2
σα1β2

bx− k3
σα2

1

x2y

Set the new rate constants to one gives:

α1 = α2 =

 
k3
k4

, β1 =
k1
k4

 
k3
k4

, β2 =
k2
k4

, σ = k4

and system (3.3) is found.

Figure 3.3.1 shows plots of the dynamics of the Brusselator model for the initial condi-

tions given in [9]. Figure 3.3.2 is a reproduction of the same dynamics as the previous

figure with initial conditions x0 = y0 = 1. Those initial conditions will be the ones

introduced for the Oregonator and GF models.
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(c) Brusselator dynamics in stable regime.
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(d) Brusselator dynamics in unstable regime.

Figure 3.3.1: Numerical integration of the equation associated with the reduced dy-
namical system 3.3 in stable (b < 1 + a2) and unstable (b > 1 + a2) regimes with initial
conditions x0 = y0 = 0.1. Diagram reproduced from [9].

Local Stability and Hopf bifurcation.

Proposition 7. The equilibrium is given as (x, y) = (a,
b

a
), a ̸= 0 for the system (3.3).

Proof. The equilibrium is the roots of the following equations:

a− (b+ 1)x+ x2y = 0

bx− x2y = 0

Summing those equations leads to:

a− x = 0 ⇐⇒ x = a
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Figure 3.3.2: Numerical integration of the equation associated with the reduced dy-
namical system 3.3 in stable (b < 1 + a2) and unstable (b > 1 + a2) regimes with initial
conditions x0 = y0 = 1.

which lead to

y =
b

a

giving the equilibrium (x, y) = (a,
b

a
), a ̸= 0.

The study of local stability is done through linearization of the system (3.3) around the

equilibrium point. The Jacobian matrix is given by:

J =

−(b+ 1) + 2xy x2

b− 2xy −x2


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which leads to the following Jacobian at equilibrium

J =

b− 1 a2

−b −a2


Which gives the linear system Ẋ = JX.

From this Jacobian matrix, the characteristic polynomial is given by

χJ = λ2 − (b− a2 − 1)λ+ a2

where it is possible to write q0 = 1, q1 = a2 + 1− b, q2 = a2, q3 = 0.

The eigenvalues are thus specified as:

λ =
(a2 − b+ 1)±

√
(b− a2 − 1)2 − 4a2

2

and Hurwitz matrices given by:

H1 = q1 = 1, H2 =

q1 q0

q3 q2

 =

a2 + 1− b 1

0 a2



Proposition 8. The non-zero equilibrium point of the Brusselator is locally stable if

b < 1 + a2 and unstable if b > 1 + a2.

Proof. This is proven using HR criterion, i.e. the equilibrium point is locally stable if

and only if Hi > 0, i = 1, 2. det(H1) = 1 > 0 and detH2 = a2(a2 + 1 − b) > 0 which

is equivalent to b < 1 + a2 since a2 > 0 Thus, the equilibrium is locally stable when

b < 1 + a2 and unstable when b > 1 + a2.

Note that the Hurwitz determinants being positive are equivalent to

Tr(J) = b− a2 − 1 < 0 ⇐⇒ b < 1 + a2

det(J) = −(b− 1)a2 + ba2 = a2

Moreover, Hopf bifurcation occurs when b = 1 + a2.

Figure 3.3.3a shows the Hopf bifurcation. It is observed that the bifurcation occurs,
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indeed, when b = 1 + a2 = 10. And limit cycles when b > 1 + a2 as illustrated Figure

3.3.1a.
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1

2

(a) Hopf bifurcation for the two eigenvalues
λ1 and λ2 for a = 3 and different values for
b ∈ [1.5, 21].

3.3.2 Oregonator

The reactions for the simplified realistic model (1.3) are considered in the Stoïchiomet-

ric form as:


Ẋ

Ẏ

Ż

 =


1 −1 1 −2 0

−1 −1 0 0 f

0 0 1 0 −1





k1AY

k2XY

k3AX

k4X
2

k5Z




Ẋ

Ẏ

Ż

 =


1 −1 1 −2 0

−1 −1 0 0
f

2
0 0 2 0 −1





k1AY

k2XY

k3AX

k4X
2

k5Z



Reducing parameters.

Proposition 9. The first stoïchiometric system can be converted to the dimension-

less system of the form:

ϵẋ = qy − xy + (x− x2)

ϵ′ẏ = −qy − xy + fz

ż = x− z

(3.4)

with ϵ =
k5
k3A

, ϵ′ =
2k4k5
k2k3A

, q =
2k1k4
k2k3

and x =
X

α1

, y =
Y

α2

, z =
Z

α3

.
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Proof. Let t = στ , X = α1x, Y = α2y, Z = α3z. Consider the system associated with

the second Stoïchiometric matrix:

Ẋ = k1AY − k2XY + k3AX − 2k4X
2

Ẏ = −k1AY − k2XY +
1

2
fk5Z

Ż = 2k3AX − k5Z

and rewrite it with the above change of variables:

dx
dτ

=
k1Aα2σ

α1

y − k2α2σxy + k3Aσx− 2k4α1σx
2 (3.5)

dy
dτ

= −k1Aσy − k2α1σxy +
fk5α3σ

2α2

z (3.6)

dz
dτ

=
2k3Aσα1

α3

x− σk5z (3.7)

The new rate constants in front of similar concentrations are gather together so as to

reduce the system. First set the rate constants in (3.7) to one.

2k3Aσα1

α3

= 1 =⇒ α3 = 2k3Aσα1, σk5 = 1 =⇒ σ =
1

k5

Then in 3.5 set:

k3Aσ = 2k4α1σ =⇒ α1 =
k3A

2k4

It remains to find α2 that do not violate the dynamics, let f = 1 and in 3.6 set:

fk5α3σ

α2

= 1 =⇒ α2 =
fk5α3σ

2

which gives

α1 =
k3A

2k4
, α2 =

(k3A)
2

2k4k5
, α3 =

(k3A)
2

k4k5
, σ =

1

k5

The system is rewritten

dx
dτ

=
k1A

2k3
k2
5

y − k2(k3A)
2

2k4k2
5

xy +
k3A

k5
(x− x2)

dy
dτ

= −k1A

k5
y − k2k3A

2k4k5
xy + fz

dz
dτ

= x− z
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which can be simplified as

k5
k3A

dx
dτ

=
k1A

k5
y − k2k3A

2k4k5
xy + (x− x2)

2k4k5
k2k3A

dy
dτ

= −2k1k4
k2k3

y − xy + fz

dz
dτ

= x− z

If
k1A

k5
=

k2k3A

2k4k5
=⇒ k2k3A

2k4k5
= 1

then the system (3.4) is found with the given ϵ, ϵ′ and q.

Since ϵ′ ≪ ϵ, the pseudo steady state approximation for y can be written as

y ≈ fz

q + x

The system is then rewritten

ϵẋ = q
fz

q + x
− x

fz

q + x
+ x(1− x)

ż = x− z

(3.8)

Figure 3.3.4 displays the dynamics of the system (1.4).

Positivity.

Proposition 10. The trajectories of the Oregonator system are positive.

Proof. Denote

f1(x, y, z) =
q

ϵ
y − 1

ϵ
xy +

1

ϵ
x(1− x)

f2(x, y, z) = − q

ϵ′
y − 1

ϵ′
xy +

1

ϵ′
fz

f3(x, y, z) = x− z
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Figure 3.3.4: Numerical integration of the equation associated with the dynamical
system (1.4) using ode23s for the parameter values A = 0.06M , B = 0.02M , k1 =
1.28M−1s−1, k2 = 2.4 × 106M−1s−1, k3 = 33.6M−1s−1, k4 = 2400M−1s−1, k5 = 1M−1s−1

and f = 1, with initial conditions x0 = y0 = z0 = 1 and final time t = 1500, for the full
3 variables system. Graphs reproduced from [3].

this leads to

f1(0, y, z) =
ϵ

q
y > 0 since

ϵ

q
> 0, y > 0

f2(x, 0, z) =
f

ϵ′
z > 0 since

f

ϵ′
> 0, z > 0

f3(x, y, 0) = x > 0
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Figure 3.3.5: Numerical integration of the equation associated with the dynamical
system (1.4) using ode23s for the parameter values A = 0.06M , B = 0.02M , k1 =
1.28M−1s−1, k2 = 2.4 × 106M−1s−1, k3 = 33.6M−1s−1, k4 = 2400M−1s−1, k5 = 1M−1s−1

and f = 1, with initial conditions x0 = y0 = z0 = 1 and final time t = 1500, for the
reduced 3 variables system.
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Figure 3.3.6: Numerical integration of the equation associated with the dynamical
system (1.4) using ode23s for the parameter values A = 0.06M , B = 0.02M , k1 =
1.28M−1s−1, k2 = 2.4 × 106M−1s−1, k3 = 33.6M−1s−1, k4 = 2400M−1s−1, k5 = 1M−1s−1

and f = 1, with initial conditions x0 = y0 = z0 = 1 and final time t = 1500, for the
reduced 3 variables system.

Stability and Hopf bifurcation.

Proposition 11. The Oregonator system has 3 equilibrium points, and only one is

positive.

Proof. The equilibria are computed as

x = z

q
fz

q + x
− x

fz

q + x
+ x(1− x) = 0 (⋆)
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(⋆) =⇒ qfz − xfz + x(q + x)(1− x) = 0 since z = x

⇐⇒ −x3 + x2(1− q − f) + x(q + qf) = 0

⇐⇒ −x(x2 + x(1− q − f) + q(1 + f)) = 0

⇐⇒ x = 0 or x2 + x(1− q − f) + q(1 + f) = 0

⇐⇒ x = 0 or x =
(1− q − f)±

√
(1− q − f)2 + 4q(1 + f)

2

giving three equilibrium points

(x, z) = (0, 0)

(x, z) = (x+, z+)

(x, z) = (x−, z−)

where

x+ =
(1− q − f) +

√
(1− q − f)2 + 4q(1− f)

2
, x− =

(1− q − f)−
√
(1− q − f)2 + 4q(1− f)

2

Take f = 1, it implies

x = 0 or x =
−q ±

√
q2 + 8q

2

The Jacobian at the equilibrium points is computed as:

J =

∂f1
∂x

(x, z)
∂f1
∂z

(x, z)

1 −1


where

∂f1
∂x

(x, z) =
−2fz + (1− 2x)(q + x)

ϵ(q + x)

∂f1
∂z

(x, z) =
f(q − x)

ϵ(q + x)
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(a) Contour plot of the equilibrium
point for the above computed equilib-
rium x−.

Contour plot for the equilibrium 
(1-q-f)+sqrt(1-q-f)
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(b) Contour plot of the equilibrium
point for the above computed equilib-
rium x+.

(c) Mesh plot of the equilibrium point
for the above computed equilibrium
x−.

(d)Mesh plot of the equilibrium point
for the above computed equilibrium
x+.

Figure 3.3.7: Plots showing the positivity of the different equilibria computed above.
Those will be useful to study stability later on.

and where

f1(x, z) =
q

ϵ

fz

q + x
− 1

ϵ

fzx

q + x
+

1

ϵ
x(1− x)

f2(x, z) = x− z

This gives the Jacobian for the first equilibrium as:

J =

1

ϵ

f

ϵ
1 −1


with characteristic polynomial

λ2 + λ(1− 1

ϵ
)− (

1

ϵ
+

f

ϵ
)
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and eigenvalues

λ =
1

2

(
(
1

ϵ
− 1)±

…
(1− 1

ϵ
)2 +

4

ϵ
(1 + f)

)

This equilibrium is not stable since Tr(J) = −1

ϵ
< 0 but det(J) = −1

ϵ
(1 + f) < 0.

This means that (x, z) = (0, 0) is an unstable equilibrium.

The stability of the positive equilibrium is performed where (x, z) = (x+, z+), as

Tr(J) = −∂f1
∂x

(x, z) =
2fz − (1− 2x)(q + x)

ϵ(q + x)

det(J) = −
(
∂f1
∂x

(x, z) +
∂f1
∂z

(x, z)

)
= −

(
−2fz + (1− 2x)(q + x)

ϵ(q + x)
+

f(q − x)

ϵ(q + x)

)

and characteristic polynomial λ2 + (1− ∂f1
∂x

)λ− (
∂f1
∂x

+
∂f1
∂z

) with eigenvalues

λ = −1

2

[
(
∂f1
∂x

− 1)±
…

(1− ∂f1
∂x

)2 − 4(
∂f1
∂x

+
∂f1
∂z

)

]
(3.9)

Stabiblity analysis of equilibrium is evaluated using the same method as for the Brus-

selator system, meaning checking the stability for the different values of

tr(J) < 0 and det(J) > 0

This is done by Matlab by applying the global formula for the eigenvalues computed

(3.9) to the different equilibria. The stability region is shown Figure 3.3.8. Moreover,

Figure 3.3.8: Stability diagram with respectively q and ϵ, q and f as variables.

the simulation shows that the trajectories are bounded.
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(a) Hopf bifurcations with
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Chapter 4

Results and comparison

The different theoretical and analytical results are summarised in this section.

Goodwin model is represented as a negative feedback loop. The model studied is the

three dimensional model only. Other trials have been made on greater scale models

presented in [5] without following outcome. BZ reaction works on a totally different

chemical process and for a different biological cause. In otherwords, both reaction net-

works are evolving differently. Consequently, GM and BZ model cannot be compared

directly through their biological process. The comparison of thosemodels is performed

via mathematical proofs and simulations.

On theoretical aspect, stability is not proven for BZ reactions as it is for GM. This can be

explained owing that both biochemical reactions models a different chemical process,

leading to more consequent results in the stability of GM. What is more, Goodwin

reaction model produce limit cycle oscillations when the Hill coefficient is superior to

eight (n > 8). The Hill coefficient is telling how steep the response curve of the system

will be. The steepest curve is when this coefficient is big. In other words, the greater

theHill coefficient will be, the closest the response curve will tend to steady state.

To have a clear view on the dynamical behavior of the BZ reaction, its representation is

separated into three different models: Brusselator, Oregonator and GF models.

More detailed results are reported below.
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4.1 Positivity

Positivity of the derivatives is satisfied for all dynamical systems except for the GF

model. This means that the variation of concentrations are positive. This result is

consequent since it is required to study the stability of the oscillatory behavior of the

different dynamical systems.

4.2 Stability

Equilibria

The equilibria reckoned previously are presented in the table below. In the case of

Goodwin model, the number of equilibria depends on the Hill coefficient. Hill coeffi-

cient measures how steep the response curve is, meaning that when the Hill coefficient

increases, the response curve becomes steeper. The other equilibria are computed an-

alytically for the Brusselator and the Oregonator. The number of equilibria found for

the twomodels are however different. This could results in the fact that the Brusselator

model is a simplified replica of the BZ reaction system whereas Oregonator model is

more complex with three variable concentrations instead of two. The reduction of the

Oregonator system to a two variables system gives a second order equation, which also

implies the result found. No computations have been performed for the GFmodel that

allows a chaotic behavior.

Goodwin Brusselator Oregonator Györgyi-Field

1 real

positive equilibrium

See Table A.0.2

eq =
(
a,

b

a

)

1 positive equilibrium

eq1 = (0, 0)

eq2 = (x+, z+)

eq3 = (x−, z−)

3 equilibria

One positive

No computations performed
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4.2.1 Oscillatory behavior and Hopf bifurcation

Numerical and analytical results Hopf bifurcation

Goodwin

Stable for n ≤ 8

1. n < 8 : no limit circle oscillations

2. n > 8 : limit circle oscillations

=⇒more control of the flux Figure 4.1.4

α(n) =

(
8

n− 8

)1/n

· n

n− 8

Brusselator

Stable for b < 1 + a2

=⇒ oscillations appears when

b > 1 + a2 Figure 4.2.1

b = 1 + a2

Oregonator Unstable for 1 < f < 1 +
√
2 ⋆ Figure 3.6.8

Györgyi-Field Figure 4.2.8 No computations performed

⋆ where the computational results have been performed using Mathematica.

Those behaviors are observed Figure 3.3.6. There is indeed convergence when f ̸∈
(1, 1 +

√
2). The case of Ce(IV) concentration has been analyzed here.

Recall a state-of-the-art Goodwin model result. Stability occurs for n ≤ 8, which do

not explicitly implies that this cannot be satisfied for the case n > 8. This depends

on the choices of αβγ. Figure 3.2.4a represents the regions of respective stability and

instability for the different variations of αβγ. The bifurcation is converging to zero as

n → ∞, making the stability region for n > 8 plausible below the curve of α(n).
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Conclusions

The two models that are studied, although different in their structure and operation,

can be compared employing mathematical framework. The comparison within the

models gives different kinds of conclusions. The GM being modelled as a closed loop

system cannot be directly compared to BZ model in terms of biological or chemical

behavior. On a mathematical scale however, the different results of positivity, bound-

edness and stability analysis of those two models worth being compared.

The different tables displayed in the previous section 4 shows that even within the

same reaction studied, the different models of the dynamical system leads to different

results. Stability is evaluated analytically and numerically and reflect different results

owing the different reactionmodels. The numerical and analytical results are following

logically.

Control is not always possible to reachdepending on the studied reaction andmodel.

5.1 Discussion

5.1.1 Additional work

Boundedness of a biochemical reaction is investigatedusing polyhedral Lyapunov func-

tion and invariant sets. The sysnamycal system is rewritten as

ẋ = Sg(x) + g0
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The study of boundedness has a fundamental consequence which is the existence of an

equilibrium.

Different methods have been tried out to study boundedness of the different studied

models without success. Simplex method and BDC decomposition are the main tools

used. The different trials for Goodwin, Brusselator and Oregonator models are listed

below. The positivity and dynamics of the GF model case induce chaotic results that

needs further examination.

Goodwin model

The first approach that has been applied to study boundedness is the simplex method.

Thiswasnot concludedwith rational results, therefore not included in this report.

An otherway of proceeding is via BDCdecomposition analytically andnumericallywith

Matlab as described in [1].

Analytically, BDC decomposition of system (3.2) is performed by first defining

g1(z) =
1

1 + zn

g2(x) = x

g3(y) = y

g4(z) = z

and

α =

∣∣∣∣∂g2∂x
(x)

∣∣∣∣ = 1

β =

∣∣∣∣∂g3∂y
(y)

∣∣∣∣ = 1

γ =

∣∣∣∣∂g4∂z
(z)

∣∣∣∣ = 1

δ =

∣∣∣∣∂g1∂z
(z)

∣∣∣∣ = ∣∣∣∣− nzn−1

(1 + zn)2

∣∣∣∣
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Applying those notations to the reduced system (3.2) results in

Ẋ = Sg(x, y, z) + g0 =


1 −α 0 0

0 1 −β 0

0 0 1 −γ



g1(z)

g2(x)

g3(y)

g4(z)

+


0

0

0



Numerically, the matrix S and g, where g =


0 0 3

1 0 0

0 2 0

0 0 3

 are employed in the Matlab

code from [1]. It gives the vertices of the polyhedral set, see Table A.0.2 in Appendix A

and Figure 5.1.1. The function convhull displays the points in an anti-clockwise circle.

Figure 5.1.1: Vertices of the polyhedral set plotted using convhull (left), scatter (mid-
dle) and plot3 (right) in Matlab.

plot3 on the opposite plot the vertices by linking the points from the polyhedral set in

the optimal way.

Both numerical and analytical methods leads to the Jacobian matrix

J =


−α 0 − nzn−1

(1 + zn)2

1 −β 0

0 1 −γ



Brusselator

Boundedness is studied using the method found in [2]. Write

ẋ = a− f1(x) + f2(x, y)

ẏ = f3(x)− f2(x, y)
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where f1(x) = (b+ 1)x, f2(x, y) = x2y and f3(x) = bx.

Therefore

ẋ =

−1 1 0

0 −1 1

 g(x) +

a
0

 = Sg(x) + g0

Denote

α =

∣∣∣∣∂f1∂x

∣∣∣∣ = |−(b+ 1)| = b+ 1

β =

∣∣∣∣∂f2∂x

∣∣∣∣ = |2xy|

γ =

∣∣∣∣∂f2∂y

∣∣∣∣ = ∣∣x2
∣∣

δ =

∣∣∣∣∂f3∂x

∣∣∣∣ = |b| = b

The Jacobian matrix can be decomposed as

J =

∣∣∣∣∂f1∂x

∣∣∣∣
−1

0

[1 0
]
+

∣∣∣∣∂f2∂x

∣∣∣∣
1
0

[1 0
]
+

∣∣∣∣∂f2∂y

∣∣∣∣
 1

−1

[0 1
]

+

∣∣∣∣∂f3∂x

∣∣∣∣
0
1

[1 0
]
+

∣∣∣∣∂f2∂x

∣∣∣∣
 0

−1

[1 0
]
=

−(b+ 1) + 2xy x2

b− 2xy −x



=

−α + β γ

δ − β −γ

 =

−1 1 1 0

0 −1 −1 1



α 0 0 0

0 β 0 0

0 0 γ 0

0 0 0 γ




1 0

1 0

0 1

1 0

 = BDC

This result is implemented inMatlab using the code administrated by Guilia in [2] and

gives the vertices of the polyhedral set.

Numerical simulation is evaluated by rewriting

Ẋ = Sg(x, y) + g0 =

−1 1 0

0 −1 1




f1(x)

f2(x, y)

f3(x)

+


a

0

0


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2.5353 -2.5353 1.2677 -1.2677
0 0 1.2677 -1.2677

Table 5.1.1: Coordinates of the vertices of the polyhedral set

where g implemented in Matlab is computed as

g =


1 0

1 2

1 0



The table 5.1.1 depicts the vertices of the polyhedral set for the Brusselator that were

computed using the function polychemtest from the code in [2].

The Matlab implementation is done via the code administrated by Guilia in [2]. It is

firstly computed using the function polychemtest using B and C matrices computed

above. Then, the functions SSIM_general and generateBCmatrices are used in order

to compute B and C matrices. The matrices B and C computed both analytically and

numerically are similar.

The polyhedral vertices are plotted in order Figure 5.1.2a. It is observed that it does

not form a polyhedral and leads to no results since the condition on boundedness is

sufficient.

(a) Vertices of the polyhedral set linked in or-
der. The dots represents the different coordi-
nates from the table 5.1.1.
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5.1.2 Nullclines

As the above method does not lead to a bounded solution, the nullclines method is

performed instead.

To analyze the boundedness of the trajectories, wemake use of the geometric argument

for two dimensional system, i.e. to draw the vector fields through nullclines.

Proposition 12. The system (3.4), when q = 1 has the nullcline

x = 1 and z = x

Proof. Let q = 1.

x− z = 0

(1− x)x+
fz(q − x)

q + x
= 0 ⇐⇒ (1− x)(q + x)x+ fz(q − x) = 0

leads to

(1− x) (x(1 + x) + fz)︸ ︷︷ ︸
>0

= 0

x = 1

The positive equilibrium is locally stable at (1, 1) by checking the Jacobian matrix in

the previous computations. It is also globally stable as shown in the vector field repre-

sentation Figure 5.1.3a.

Here it is obtained that z =
−(1− x2)x

f(q − x)
> 0 ⇐⇒ 1 < x < q.

This result is state-of-the-new and could be worked on further.

Theorem3. Lyapunov global asymptotic stability theorem. Suppose there is a func-

tion V such that :

• V positive definite

• V̇ (x) < 0 ∀x ̸= 0, V̇ (0) = 0

If such function V exists, we call it Lyapunov function. This function can be thought
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(a) Nullcines of the Oregonator reduced
system for q = 1.

of as generalized energy function for the system.

The follwoing global stability trial is what is checked with this Theorem 3.

Global stability trial

Global stability however is slightly more complicated to obtain. Using theorem 3, try

to find a Lyapunov function that would fit the theorem.

The easiest way to start is to set V (x) =
1

2
(x2

1 + x2
2), which is positive definite

V (x) = xTPx

where P =

1

2
0

0
1

2

 is symmetric and positive definite as

det(P − λI) = (
1

2
− λ)2, =⇒ λ =

1

2
> 0

V (x) is considered physically as the energy function. This energy variation must de-

crease to zero in order to achieve stable regime. The energy variation is computed

as

V̇ (x) = x1ẋ1 + x2ẋ2

= x1(a− (b+ 1)x1 + x2
1x2) + x2(bx1 − x2

1x2)

= (a+ bx2)x1 − (b+ 1)x2
1

V̇ (0) = 0
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With the given quadratic V (x), it is not proven that V̇ (x) < 0, ∀x ̸= 0. Therefore this

cannot be used as Lyapunov function. An other way is to add a controller to control

the non-linearities of the system. This is shown in [7]. For this, a complementary term

is added to V , V (x) =
1

2
(x2

1 + x2
2) + b̃V2(x) where b̃ ≥ 0 and V2(x) controls the non-

linearities. This is realized differently in this thesis. Therefore, it remains to find the

controller that may lead to stability. Several approaches will be used.

Local stability through LQR

A trial using LQR is performed.

Control over the different dynamical systems or concentrations is not always achiev-

able. For the Brusselator, a control experiment has been performed for the reduced

system using LQR [4]. It has not been tried for the Oregonator system. It would have

not been consequent for GF model as this system behaves chaotically.

Global stability is hard to prove using Lyapunov global asymptotic theorem as shown

above. Thus, LQR can be a way to potentially find a control to the system. This control

is applied to the different concentrations instead of the derivatives since the concen-

trations differ and should be taken into account separately.

The system (3.4) is viewed as an infinite-horizon, continuous-time problem, written

as:

ẋ = a− (b+ 1)(x+ ux) + (x+ ux)
2(y + uy)

ẏ = b(x+ ux)− (x+ ux)
2(y + uy)

(5.1)

where control is added to the concentrations.

The cost function is given by

J =

∫ ∞

0

[xTQx+ uTRu]dt

and the minimization problem as

∀x, 0 = min
u

[xTQx+ uTRu+
∂J∗

∂x
(Ax+Bu)]

where the matrices A, B, Q and R are found by reducing the above system (5.1) to its

normal form.
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A goal is to find the optimal control feedback gain to stabilize the system. Let’s find the

gain u = −Kx for which the system can be controllable.

Proposition 13. The equilibrium point of the new system is chosen as (a,
b

a
, 0, 0)

which gives the matrices A and B similar to the Jacobian of system (3.3).

Proof. Check that (a,
b

a
, 0, 0) is indeed an equilibrium point of (5.1).

a− (b+ 1)(a+ 0) + (a+ 0)2(
b

a
+ 0) = ab− ab = 0

b(a+ 0)− (a+ 0)2(
b

a
+ 0) = ab− ab = 0

Thus it is an equilibrium point. The linearization of (5.1) is given with the Jacobian as

J =

−(b+ 1) + 2(x+ ux)(y + uy) (x+ ux)
2 −(b+ 1) + 2(x+ ux)(y + uy) (x+ ux)

2

b− 2(x+ ux)(y + uy) −(x+ ux)
2 b− 2(x+ ux)(y + uy) −(x+ ux)

2


and by substituting the equilibrium point it returns

J =

−(b+ 1) + 2a a2 −(b+ 1) + 2b a2

b− 2b −a2 b− 2b −a2


giving the state equation as

ẋ = Ax+Bu (5.2)

where

A = B =

−(b+ 1) + 2b a2

b− 2b −a2



Controllability of this new system (5.2) is satisfied since rank(
[
B AB

]
) = 2.

Write the direction of the poles as

u = −Kx

where u is the input vector, and x the state vector.
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Substitute in (5.1) gives

ẋ = Ax+B(−Kx)

= (A− BK)x

The system (5.1) therefore becomes

ẋ = (A− BK)x

x(0) = x0

(5.3)

where the solution is given by x(t) = e−(A−BK)tx0 and the gain matrix is written as

K =

k 0

0 k

, k ∈ R. NoteM = A− BK and compute

det(A− BK) = ((b− 1− a2)k − (b− 1− a2))(a2k2 − 2a2k + a2)

The possible eigenvalues (or poles) forM are

λ =
(k − 1)

2

[
−(1− b+ a2)±

»
(1− b+ a2)2 − 4a2)

]
The eigenvaluesmust benegative for stability to hold. Since−(1−b+a2)±

√
(1− b+ a2)2 − 4a2)

is constant it means that k < 1. This can also be observed Figure 5.1.4a.

The solver ode45 in Matlab is used on system (5.1) to plot the dynamics. A first ap-

proach consists in studying the dynamics when the starting point is the same as the

equilibrium point i.e. (0, 0) as in Figure 5.1.4b. In that case, the reaction does not

move. The second approach consists in moving the initial point from the equilibrium,

take x0 = xeq − 0.1 for instance, where xeq =
(
a

b

a

)
as computed above.

In the Matlab solver, the matrices Q and R are chosen to compute the optimal gain.

Figure 5.1.4a shows the different eigenvalues used for the choice of the gain matrix.

Figure 5.1.4c displays the trajectory of the system (5.1) from the starting point to equi-

librium point at unstable equilibrium (i.e. b > 1 + a2).

Remark 1. The system (5.1) at the equilibrium point (a,
b

a
, a,

b

a
) corresponds to the

system (3.3) switched to (0, 0).

Proof. Let switch the system (3.3) to (0, 0).
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Figure 5.1.4: Eigenvalues and equilibrium of the system (5.3) where Q =(
1000 0
0 1000

)
, R = I2 andK =

(
5 0
0 5

)
.

Let X =

x

y

 and set X1 = X − x0 where x0 is the equilibrium point of the system

(3.3), i.e. x0 =

(
a

b

a

)
. WriteX1 =

x1

y1

. It results in
x1 = x− a ⇐⇒ x = x1 + a

y1 = y − b

a
⇐⇒ y = x1 +

b

a

By plugging this result in system (3.3), the new system is revised as

ẋ1 = a− (b+ 1)(x1 + a) + (x1 + a)2(y1 +
b

a
)

ẏ1 = b(x1 + a)− (y1 + a)2(y1 +
b

a
)

(5.4)

which is the system (5.1) at (a,
b

a
, a,

b

a
).

The following proposition arise from the above remark :

Proposition 14. The equilibrium point of the new system (5.4) is the origin.

Proof. Take
(
x1 y1

)T
=
(
0 0

)
. Plug this equilibrium into the new system (5.4).

a− (b+ 1)a+ a2
b

a
= a− ba− a+ ba = 0

ba− b

a
a2 = 0
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Therefore the equilibrium point of the new system (5.4) is the origin.

Oregonator

Proposition 15. BDC decomposition coincides analytically and numerically.

Proof. Let

f1(x, y) = qy − xy + (x− x2)

f2(x, y) = −qy − xy

f3(z) = z

f4(x) = x

Therefore

ẋ =


1 0 0 0

0 1 f 0

0 0 −1 −1

 g(x) +


0

0

0

 = Sg(x) + g0

where

g(x) =


f1(x, y)

f2(x, y)

f3(z)

f4(x)


and for Matlab implementation

g =


1 2 0

1 2 0

0 0 3

1 0 0


46



CHAPTER 5. CONCLUSIONS

Let

α =

∣∣∣∣df1dx

∣∣∣∣ = |−y + 1− 2x|

β =

∣∣∣∣df1dy
∣∣∣∣ = |q − x|

γ =

∣∣∣∣df2dx

∣∣∣∣ = |−y|

δ =

∣∣∣∣df2dy
∣∣∣∣ = |−q − x|

ζ =

∣∣∣∣df3dz
∣∣∣∣ = |1|

η =

∣∣∣∣df4dx

∣∣∣∣ = |1|

The Jacobian matrix of the reduced system (3.4) is reckon as

J =


−y + 1− 2x q − x 0

−y −q − x f

1 0 −1

 =


α β 0

γ δ fζ

η 0 −ζ


The code Matlab from Guilia [2] gives the following BDC decomposition

BDC =


1 2 0

3 4 5

6 0 −5


where the values of α, β, γ, δ, ζ, η are computed using the different parameter for the

concentrations and rate constants displayed in [3].
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GF

The system (1.5) is rewritten using its stoïchiometric form as


Ẋ

Ẏ

Ż

V̇

 =


−1 0 −2 −1

2

1

2
0 0

−1 −1 0 0 0 1 0

0 0 0 1 −1 −1 −1

2 1 1 0 0 −1 0





k1HXY

k2AH
2Y

k3X
2

k4A
0.5H1.5(C − Z)X0.5

k5XZ

αk6ZV

βk7MZ


which leads to

Ẋ = −k1HXY + k2H
2AY − 2k3X

2 − 1

2
k4A

0.5H1.5(C − Z)X0.5 +
1

2
k5XZ

Ẏ = −k1HXY − k2AH
2Y + αk6ZV

Ż = k4A
0.5H1.5(C − Z)X0.5 − k5XZ − αk6ZV − βk7MZ

V̇ = 2k1HXY + k2AH
2Y + k3X

2 − αk6ZV

(5.5)

Positivity.

Proposition 16. The trajectories of the dynamic system (5.5) are not positive.

Proof. Let

f1(X,Y, Z, V ) = −k1HXY + k2H
2AY − 2k3X

2 − 1

2
k4A

0.5H1.5(C − Z)X0.5 +
1

2
k5XZ

f2(X,Y, Z, V ) = −k1HXY − k2AH
2Y + αk6ZV

f3(X,Y, Z, V ) = k4A
0.5H1.5(C − Z)X0.5 − k5XZ − αk6ZV − βk7MZ

f4(X,Y, Z, V ) = 2k1HXY + k2AH
2Y + k3X

2 − αk6ZV
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ForX,Y, Z, V > 0 and ki > 0, i = 1, ..., 7

f1(X, 0, 0, 0) = −2k3X
2 − 1

2
k4A

0.5H1.5CX0.5 < 0

f2(0, Y, 0, 0) = −k2AH
2Y < 0

f3(0, 0, Z, 0) = −βMZ < 0

f4(0, 0, 0, V ) = 0

The dynamics of (5.5) are represented Figures 5.1.5.

0 20 40 60 80 100
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0
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(x
)

(a) Dynamics of the concentration of
HBrO2 in log scale.
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0
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(b) Dynamics of the concentration of
Br− in log scale.
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(c) Dynamics of the concentration of
Ce(IV ) in log scale.
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1.2

1.4
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g

(v
)

(d) Dynamics of the concentration of
BrCH(COOH)2 in log scale.

Figure 5.1.5: Dynamics of the GF model system in log scale.

5.1.3 Future Work summary

BZ reaction is based on the study of Krebs cycle, that can be explained biologically by

the breathing mechanism (production of ATP). Krebs cycle is by definition unstable.

The only way to stop ATP production, thus stop the cycle would implies death. This
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explains the reason why BZ model has an oscillatory behavior. The work done on GM

is already found in some literature. However, the work done on BZ reaction needs

further researches to reach a non chaotic behavior of the system.

5.1.4 Final Words

Finally, the work performed through this project recall different theoretical methods

applied to two different biochemical reactions. Although the tools applied are similar,

the results may differ regarding the size of the modelled system, or in concrete terms

the biochemical process.
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x equilibrium
0.015762229577827604965686611443692 - 0.010127716139765701434286034783177i
0.015762229577827604965686611443692 + 0.010127716139765701434286034783177i
- 0.017981830362159894380445227999334 + 0.0052808778154143583242531169960644i
- 0.017981830362159894380445227999334 - 0.0052808778154143583242531169960644i
0.018734980059185306634862806007323
- 0.0026636584456754886898145823796699 - 0.018548347898760883976705785835436i
- 0.0026636584456754886898145823796699 + 0.018548347898760883976705785835436i
0.007786211288507875779873369590225 - 0.017042431080593834764930893079251i
0.007786211288507875779873369590225 + 0.017042431080593834764930893079251i
- 0.012270442088092750992731573658575 + 0.014164525523615464609478164526545i
- 0.012270442088092750992731573658575 - 0.014164525523615464609478164526545i
y equilibrium
0.15762229577827604965686611443692 - 0.10127716139765701434286034783177i
0.15762229577827604965686611443692 + 0.10127716139765701434286034783177i
- 0.17981830362159894380445227999334 + 0.052808778154143583242531169960644i
- 0.17981830362159894380445227999334 - 0.052808778154143583242531169960644i
0.18734980059185306634862806007323
- 0.026636584456754886898145823796699 - 0.18548347898760883976705785835436i
- 0.026636584456754886898145823796699 + 0.18548347898760883976705785835436i
0.07786211288507875779873369590225 - 0.17042431080593834764930893079251i
0.07786211288507875779873369590225 + 0.17042431080593834764930893079251i
- 0.12270442088092750992731573658575 + 0.14164525523615464609478164526545i
- 0.12270442088092750992731573658575 - 0.14164525523615464609478164526545i
z equilibrium
1.5762229577827604965686611443692 - 1.0127716139765701434286034783177i
1.5762229577827604965686611443692 + 1.0127716139765701434286034783177i
- 1.7981830362159894380445227999334 + 0.52808778154143583242531169960644i
- 1.7981830362159894380445227999334 - 0.52808778154143583242531169960644i
1.8734980059185306634862806007323
- 0.26636584456754886898145823796699 - 1.8548347898760883976705785835436i
- 0.26636584456754886898145823796699 + 1.8548347898760883976705785835436i
0.7786211288507875779873369590225 - 1.7042431080593834764930893079251i
0.7786211288507875779873369590225 + 1.7042431080593834764930893079251i
- 1.2270442088092750992731573658575 + 1.4164525523615464609478164526545i
- 1.2270442088092750992731573658575 - 1.4164525523615464609478164526545i

Table A.0.1: Eleven different equilibrium values computed for n = 10. The equilibria
are found for Goodwin model using Matlab.
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X = [0.6482 -0.6482 0.8958 -0.8958 0.9225 -0.9225 1.2749 -1.2749 1.3093 -1.3093
1.8094 -1.8094 1.9564 -1.9564 1.5855 -1.5855 2.7036 -2.7036 2.6123 -2.6123 2.7923
-2.7923 2.6406 -2.6406 2.3115 -2.3115 2.4595 -2.4595 0.6482 -0.6482 0.9225 -0.9225
0.4446 -0.4446 0.6482 -0.6482 0.4446 -0.4446]
Y = [0.3124 -0.3124 0.3124 -0.3124 0.4446 -0.4446 0.4446 -0.4446 0.6310 -0.6310
0.6310 -0.6310 0.9429 -0.9429 1.1854 -1.1854 0.9429 -0.9429 1.1854 -1.1854 1.3458
-1.3458 1.3030 -1.3030 1.7281 -1.7281 2.0593 -2.0593 2.3763 -2.3763 2.4595 -2.4595
2.9041 -2.9041 3.0022 -3.0022 2.8459 -2.8459]
Z = [2.7433 -2.7433 2.8379 -2.8379 2.9819 -2.9819 2.7641 -2.7641 2.9228 -2.9228
2.1135 -2.1135 2.4108 -2.4108 2.5780 -2.5780 0.4544 -0.4544 0.9925 -0.9925 0.6486
-0.6486 0.4544 -0.4544 1.4469 -1.4469 0.9925 -0.9925 2.0951 -2.0951 2.0593 -2.0593
1.4371 -1.4371 1.4469 -1.4469 0.9925 -0.9925]

Table A.0.2: Values of the vertices of the polyhedral set for boundedness of the Good-
win system.
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