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Time, space and control: deep-learning applications to
turbulent flows

Luca Guastoni

FLOW, Engineering Mechanics, KTH Royal Institute of Technology
SE–100 44 Stockholm, Sweden

Abstract
In the present thesis, the application of deep learning and deep reinforcement
learning to turbulent-flow simulations is investigated. Deep-learning models are
trained to perform temporal and spatial predictions, while deep reinforcement
learning is applied to a flow-control problem, namely the reduction of drag in
an open channel flow.

Long short-term memory (LSTM, Hochreiter & Schmidhuber 1997) networks
and Koopman non-linear forcing (KNF) models are optimized to perform
temporal predictions in two reduced-order-models of turbulence, namely the
nine-equations model proposed by Moehlis et al. (2004) and a truncated proper
orthogonal decomposition (POD) of a minimal channel flow (Jiménez & Moin
1991). In the first application, both models are able to produce accurate short-
term predictions. Furthermore, the predicted system trajectories are statistically
correct. KNF models outperform LSTM networks in short-term predictions,
with a much lower training computational cost. In the second task, only LSTMs
can be trained successfully, predicting trajectories that are statistically accurate.

Spatial predictions are performed in two turbulent flows: an open channel
flow and a boundary-layer flow. Fully-convolutional networks (FCNs) are used
to predict two-dimensional velocity-fluctuation fields at a given wall-normal
location using wall measurements (and vice versa). Thanks to the non-linear
nature of these models, they provide a better reconstruction performance than
optimal linear methods like extended POD (Borée 2003).

Finally, we show the potential of deep reinforcement learning in discovering
new control strategies for turbulent flows. By framing the fluid-dynamics
problem as a multi-agent reinforcement-learning environment and by training
the agents using a location-invariant deep deterministic policy-gradient (DDPG)
algorithm, we are able to learn a control strategy that achieves a remarkable
30% drag reduction, improving over existing strategies by about 10 percentage
points.

Key words: turbulence, deep learning, deep reinforcement learning, flow
control.
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Tid, rum och kontroll: djupinlärningsapplikationer för tur-
bulenta flöden

Luca Guastoni

FLOW, Institutionen för Mekanik, Kungliga Tekniska högskolan,
SE-100 44 Stockholm, Sverige

Sammanfattning
I den förinställda avhandlingen undersöks tillämpningen av djupinlärning och
djupförstärkningsinlärning p̊a turbulenta flödessimuleringar. Modeller för djup-
inlärning tränas för att utföra tids- och rumsförutsägelser, medan djupför-
stärkningsinlärning tillämpas p̊a ett flödeskontrollproblem, nämligen minskning-
en av motst̊andet i ett öppet kanalflöde.

Long short-term memory (LSTM, Hochreiter & Schmidhuber 1997) nätverk
och Koopman non-linear forcing (KNF) modeller optimeras för att utföra
tidsförutsägelser i tv̊a turbulensmodeller med reducerad ordning, nämligen
nio-ekvationsmodellen som föreslagits av Moehlis et al. (2004) och en trunkerad
proper orthogonal decomposition (POD) av en minimal kanalströmning (Jiménez
& Moin 1991). I den första applikationen kan b̊ada modellerna producera kor-
rekta korttidsförutsägelser, dessutom är de förutsagda trajektorierna statistiskt
korrekta. KNF-modeller överträffar LSTM-nätverk i kortsiktiga förutsägelser,
med en mycket lägre utbildningsberäkningskostnad. I den andra uppgiften
kan endast LSTM nätverken tränas framg̊angsrikt, med trajektorier som är
statistiskt korrekta.

Spatiala förutsägelser utförs i tv̊a turbulenta flöden, ett öppet kanalflöde
och en gränsskikt. Fully-convolutional networks (FCN) används för att förutsäga
tv̊adimensionella hastighetsfluktuationsfält vid givet avst̊and fr̊an väggen med
hjälp av väggmätningar (och vice versa). Tack vare deras icke-linjär karaktär
ger dessa modeller bättre rekonstruktionsprestanda än optimala linjära metoder
som extended POD (Borée 2003).

Slutligen visar vi potentialen med djup förstärkningsinlärning för att upp-
täcka nya kontrollstrategier i turbulenta flöden. Genom att inrama strömnings-
mekaniska problemet som en förstärknings-inlärningsmiljö med flera agenter och
genom att träna agenterna med hjälp av en positionsinvariant deep deterministic
policy gradient (DDPG) algoritm, kan vi lära oss en kontrollstrategi som uppn̊ar
en anmärkningsvärd 30% minskning av luftmotst̊andet, vilket jämfört med
existerande strategier är en förbättring med cirka 10 procentenheter.

Nyckelord: turbulens, djupinlärning, djupförstärkningsinlärning, flödeskontroll.
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Preface

This thesis describes different applications of deep learning and deep reinforce-
ment learning to turbulent-flow simulations. The goals of these applications are
temporal predictions, spatial reconstructions or flow control. In the first part,
we describe the numerical simulations that have been performed, as well as
the data-driven tools that have been tested for each application. A theoretical
introduction to the tools that have been used to compare the performance
of the different models is also provided. Since we can identify three different
applications, the papers in the second part are organized by topic, rather than
following the chronological order of publication. Note that paper 6 does not
belong to any of the deep-learning applications mentioned before; however, the
simulation was initially performed to sample the data for spatial predictions,
hence the paper is included in that group. The publications in the second
part are adjusted to comply with the present thesis format for consistency, but
their contents have not been altered as compared with their original counterparts.

Cover: Representation (with artistic license) of a fully-connected neural network
in a fluid flow. Simulation performed by Pol Suarez.
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Part I

Overview and summary





Chapter 1

Introduction

Turbulence defines the complex motion of a fluid, characterized by sudden
changes in velocity and pressure. Even if the fluid motion can be described
analytically by a deterministic system of equations (named after Claude-Louis
Navier and George Gabriel Stokes), it can exhibit chaotic behaviour, resulting
from the non-linear terms in these equations. The onset of the chaotic behavior
in fluid flows is related to the Reynolds number Re, which represents the relative
importance of inertial and viscous forces. The different mechanisms that lead
to turbulence are not reviewed here, instead, we focus only on fully-developed
turbulent flows (even though we do try to re-laminarize them in chapter 5).

To date, a complete analytical treatment of the turbulent flow has proven
to be very difficult, if not impossible (Benzi & Vulpiani 2022). Hence, we resort
to experimental and numerical investigations to infer the fundamental physical
mechanisms underlying turbulence. The very first studies relied on experimental
evidence like the one described by Reynolds (1883). Even the Kolmogorov theory
of turbulence (Kolmogorov 1941) was considered purely phenomenological by
his own author (Sinai 2003). The direct numerical simulation (DNS) by Kim
et al. (1987) showed that the flow physics could be accurately reproduced with
numerical tools, and since then DNSs have become a fundamental turbulence
research tool.

Turbulence characterizes fluid flows in a wide range of circumstances, both
in nature and in engineering applications. Its widespread occurrence and impor-
tance in natural and industrial processes determine a strong interdisciplinary
interest, and it is studied in different contexts, ranging from aviation to medical
devices, from astrophysics to geophysics. At the same time, the study of turbu-
lence integrates elements from a number of different research fields, including
statistical mechanics and applied mathematics. With a syncretistic approach,
methods and practices from other fields have been applied to turbulence research
and refined in an effort to obtain new insights into the physics of turbulent
flows. As an example, a large part of the progress in the understanding of
turbulence is related to the application and development of numerical methods
for fluid-flow simulations, as well as the methods designed to analyse the data
produced with these computations.
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Figure 1.1: Publications on Physical Review Fluids or Physical Review Letters
about fluid dynamics mentioning either ‘machine learning’ or ‘deep learning’
in the title or abstract. The axis on the right indicates the percentage with
respect to the overall number of published manuscripts about fluid dynamics in
these journals each year.

In recent years, machine-learning (ML) and more specifically deep-learning
(DL) techniques have emerged as effective tools to perform classification and
regression tasks, leveraging large amounts of data. Thanks to the intrinsic non-
linearity and domain-agnostic nature of these algorithms, they have been applied
to different domains and problems, allowing the development of novel data-driven
solutions for natural language processing (NLP), computer vision and robotics.
More recently, these techniques have also been applied in natural sciences and in
this thesis we explore the use of deep learning and deep reinforcement learning
in turbulent-flow simulations. This work is part of a larger effort from the
research community, as testified by the increasing number of publications on this
topic (figure 1.1). There are different areas in which ML and DL can be used to
enhance CFD, as reviewed by Vinuesa & Brunton (2022). Here, three different
yet connected application domains are explored: time, space and control.

Deep neural networks are trained to perform different types of predictions
in chaotic or turbulent systems. Turbulence is a phenomenon with non-trivial
features in both time and space, for this reason, we analyse the two problems
separately using specific tools for each case, as described in chapters 3 and 4,
respectively. The deep-learning models used for temporal and spatial predictions
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are all trained using a supervised-learning approach. For each input sample,
the corresponding correct output (also called ground truth) is provided. The
(mean-squared) difference between the model output and the ground truth is
calculated and the learnable parameters of the models are optimized using their
gradient with respect to the error.

When deep learning is combined with reinforcement learning, the same
network models can be used for flow-control purposes, by training them to
approximate quantities of interest in the reinforcement-learning framework
described in chapter 5. Differently from the deep-learning algorithms used for
prediction, the discovery of novel control strategies with DRL is not supervised,
meaning that no ground truth is provided and the agent interacts with the
system to be controlled, identifying by trial and error the best-performing
actuation strategies. Note that it should not be considered unsupervised either,
since unsupervised learning algorithms focus only on discovering a hidden
structure in the data (Sutton & Barto 2018). Most of the applications of
machine-learning-based techniques to flow control are very recent, but they
have shown promising results in progressively more complex settings (Vignon
et al. 2023), towards applications of great economical and environmental impact
such as the control around wings (Vinuesa et al. 2022).

Thesis structure. After this introduction, the remainder of part I of the thesis
provides a description of the numerical simulations and the three deep-learning
and deep-reinforcement learning applications investigated. Chapter 2 introduces
the numerical methods used to simulate the turbulent flows and the cases from
which the datasets for training and testing are sampled. Chapter 3 compares
the different architectures used for temporal predictions, while chapter 4 is
devoted to the description of the models used for spatial reconstructions. In
this latter chapter, the implications of training choices such as the definition of
the loss function are also discussed. (Deep) reinforcement learning is introduced
in chapter 5, along with the details of its application to reduce the drag in
wall-bounded turbulent flows. Concluding remarks and future directions are
outlined in chapter 6. Part II includes the papers submitted to or published in
peer-reviewed journals, organized by topic.



Chapter 2

Numerical simulations

Training and test datasets need to be provided in order to optimize the neural-
network models. Nowadays it is possible to leverage existing datasets made
available by other researchers, most notably the John Hopkins datasets (Li
et al. 2008) and TurbRot (Biferale et al. 2020). One important advantage of
this approach is that it facilitates the reproducibility of the results. However,
this comes at the cost of lower flexibility in terms of sampling frequency and
sampled quantities. Depending on the application, the required datasets might
not be available or sufficiently large. In these cases, the dataset generation
represents the initial part of the work, during which a numerical experiment is
set up to sample inputs and outputs for the model (in our supervised-learning
scenario). When the dataset is not readily available, the outcome of the
numerical simulation has its own scientific value beyond the mere accumulation
of samples (see Paper 6).

In some studies (see Paper 1 and Paper 2) we used a reduced-order model
for turbulent flows, namely the nine-equations model by Moehlis et al. (2004).
In this case, the integration of the equation is performed with a multi-step
Runge–Kutta scheme, which is relatively computationally inexpensive. In all
the other works, we performed direct numerical simulations (DNSs) to sample
the necessary data. In these simulations, the governing equations are integrated
without resorting to any turbulence modelling or filtering, and the temporal
and spatial resolutions need to be sufficient to simulate all the relevant time
and lengthscales.

In all our simulations, we consider an incompressible flow. Its evolution
is governed by the Navier–Stokes equations, which can be written in a non-
dimensional form as:

∇ · u = 0, (2.1)

∂u

∂t
+ (u · ∇)u+∇P =

1

Re
∇2u. (2.2)

Under the assumption of an incompressible flow these two equations are decou-
pled from the energy equation, hence the pressure P just acts as a Lagrange
multiplier to enforce the incompressibility constraint.

4



2. Numerical simulations 5

We considered wall-bounded flows in relatively simple geometries. This
allowed us to use an established pseudo-spectral method to solve the Navier–
Stokes equations. In particular, we used SIMSON (Chevalier et al. 2007), an
efficient and parallelized implementation of the numerical method. The flow
is simulated in domain Ω of size Lx × Ly × Lz, where x, y and z indicate the
streamwise, wall-normal and spanwise directions. The corresponding velocity
components are denoted by (u, v, w).

The numerical method does not solve directly for the three velocity com-
ponents. Following the approach that was first proposed by Kim et al. (1987),
the continuity and the momentum equations, (2.1) and (2.2) respectively, are
replaced with two scalar equations. The change of variables allows for the
projection of the momentum equation into a divergence-free space, eliminating
the need for the Lagrange multiplier P . The resulting equations are a function
of the wall-normal component of the vorticity η and the wall-normal component
of the velocity v: 




∂∇2v

∂t
= hv +

1

Re
∇2∇2v

∂η

∂t
= hη +

1

Re
∇2η,

(2.3)

with:

hv =
∂

∂y

[
∂

∂x
(u · ∇u) + ∂

∂z
(u · ∇w)

]
−
(
∂2

∂2x
+

∂2

∂2z

)
(u · ∇v) , (2.4)

and:

hη =
∂

∂x
(u · ∇w)− ∂

∂z
(u · ∇u). (2.5)

Once v and η are known, the wall-parallel velocity components are subse-
quently computed by using the definition of η and the continuity equation (2.1):





∂u

∂x
+
∂w

∂z
= −∂v

∂y

∂u

∂z
− ∂w

∂x
= η.

(2.6)

Periodic boundary conditions are considered in the streamwise and spanwise
directions. This implies that the equations can be discretized using a truncated
Fourier-series expansion in the wall-parallel directions. Chebyshev polynomials
are used in the wall-normal direction. Throughout this thesis, Nx and Nz

indicate the number of modes used in the streamwise and spanwise directions,
while Ny refers to the highest order of polynomials included in the Chebyshev
series expansion. The time advancement is performed in a semi-implicit way,
using a third-order Runge–Kutta method for the nonlinear terms and a second-
order Crank–Nicolson algorithm for the linear ones.

In this thesis, we consider three different wall-bounded flows: standard
channel flow, open channel flow and boundary-layer flow. In all cases, we
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Figure 2.1: Computational domain and frame of reference for the DNS of a
turbulent open channel flow. From Guastoni et al. (2021).

consider a Dirichlet condition on the lower boundary. This way, it is possible to
impose an arbitrary velocity distribution:

v|y=0 = vwall(x, z, t). (2.7)

Note that vwall can be set to zero, obtaining a no-slip condition to simulate the
wall. Alternatively, a non-zero velocity distribution can be chosen, in order to
simulate blowing and suction at the wall. The other boundary condition in the
wall-normal direction depends on the flow case being simulated.

2.1. Channel flows

Among wall-bounded flows, channel flows are one of the simplest examples
of internal flows, along with pipe flows. As mentioned before, we consider
periodic boundary conditions in the spanwise direction. Provided that Lz is
large enough, a channel flow is equivalent to the flow in a duct with an infinite
aspect ratio (Pope 2000). The flow can be simulated considering two walls at
the top and bottom boundaries of the domain. We refer to this case as standard
channel flow. This setting is commonly chosen in literature and it has been the
reference case for fundamental turbulence research in the last decades.

Alternatively, it is possible to impose a symmetry condition at the top
boundary, while keeping a wall at the bottom. When these boundary conditions
are chosen, an open channel flow is simulated, as depicted in figure 2.1. This
can be considered to be equivalent to the lower half of a standard channel flow,
even though the different boundary conditions affect the flow close to the top
boundary. In wall-bounded flows, the presence of an additional wall significantly
affects the flow. In standard channel flows, the effect of each wall can extend
beyond the centerline of the channel (Lozano-Durán et al. 2012). For this, open
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Figure 2.2: Comparison of first- and second-order statistics between the standard
channel flow and the open channel flow.

channel flows are more suitable to analyze the effect of an individual wall on
the fluid flow. On the other hand, the domain size limits the maximum size
of the turbulent structures that can develop in the flow, and the open-channel
simulations lack the larger structures that can be observed in the standard
channel flow.

The channel flow simulations are performed at Reτ = 180 and Reτ = 550,
as specified in each study. This Reynolds number is based on the friction
velocity uτ and the characteristic length δ. The friction velocity is defined as
uτ =

√
τw/ρ, where τw is the wall-shear stress and ρ is the fluid density. The

characteristic length is the semi-height of the domain (Ly/2) in the standard
channel flow or the height Ly in the open channel flow.

In both the standard and open channel, the flow is statistically independent
of x and z. The differences between the two channel-flow configurations are
evident when the statistics of the fully-developed flows are compared (figure 2.2).
The mean streamwise velocity ⟨u⟩ is averaged in time and the homogeneous
directions. The fluctuation intensity for each velocity component is defined as
ui,RMS =

√
⟨(ui − ⟨ui⟩)2⟩. Note that ‘+’ denotes the scaling in terms of either
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the friction velocity uτ or the viscous length ℓ∗ = ν/uτ (where ν is the fluid
kinematic viscosity). The mean profile of the velocity is largely unaffected by
the choice of the channel-flow simulation. On the one hand, the streamwise
and spanwise fluctuation intensities differ only in the vicinity of the channel
centerline. On the other hand, the wall-normal fluctuations are the most
affected, since the boundary condition imposed at the upper wall is related to
the wall-normal derivative of the velocity v.

As mentioned before, the size of the domain plays an important role in the
turbulent features that can be simulated. The cost of the simulations grows
very quickly with the Reynolds number if all the physically-relevant features
of the flow have to be resolved. For this, the choice of domain size is a result
of the trade-off between the largest simulated turbulent structures and the
overall computational cost. One approach to minimize the computational cost
is described by Jiménez & Moin (1991). The domain size is limited to the
minimal flow unit in which a self-sustained turbulent flow is possible. In this
computational box, only a single low-speed streak is simulated. The small scales
in the minimal flow unit are adequately represented since the resolution in
a smaller box is correspondingly better in a smaller domain, when the same
number of points is considered (Jiménez & Moin 1991). When comparing
the statistics with those of a channel flow computed in a larger domain, the
statistical moments are in good agreement in the near-wall region, while large
discrepancies can be observed in the outer layer. This approach can also be
advantageous when the number of simulations is large, for instance when the
fluid solver is coupled with a reinforcement-learning algorithm, as described in
Paper 9.

2.2. Turbulent boundary layer

The other flow case we considered is a turbulent boundary layer, which is an
example of external flow. Differently from channel flows, the boundary layer is
a spatially-developing flow, hence all the quantities that characterize the flow
exhibit a dependence on the streamwise coordinate. For example, the reference
length δ is the boundary-layer thickness and it increases with x.

Also in this case, the boundary conditions need to be defined. The flow
is periodic in the spanwise direction. Since the boundary layer is a spatially-
developing flow, a fringe forcing at the outlet region is necessary to impose
periodic boundary conditions also in the streamwise direction. This allows us
to use the same numerical method used for channel flows. The fringe forcing is
defined as:

f = λ(x)(U − u), (2.8)

where λ(x) is a smooth top-hat function that is non-zero only in the fringe region
and U(x, y) is a base flow, for instance, the Falkner–Skan–Cooke (FSC) flow.
The turbulent-boundary-layer simulations in this thesis are performed with a
no-slip boundary condition at the wall. On the upper boundary, a Neumann
boundary condition is imposed, in order to approximate an undisturbed flow
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at an infinite distance from the lower boundary. In particular, the boundary
condition is defined as

∂u

∂y

∣∣∣∣
y=yL

=
∂U
∂y

∣∣∣∣
y=yL

, (2.9)

where U(x, y) is the same base flow used for the fringe forcing.

Our work involving boundary-layer simulations is mainly targeting non-
intrusive sensing as detailed in chapter 4. To this end, different passive scalars
were simulated and sampled from the turbulent-boundary-layer DNS. Passive
scalars do not alter the velocity flow field but they are advected and diffused
following the governing equation:

∂θ

∂t
= −u · ∇θ + 1

Re Pr
∇2θ + fθ, (2.10)

where Pr is the Prandtl number and fθ represents the fringe forcing applied to
enforce periodic boundary conditions in the streamwise direction. For all the
passive scalars, Dirichlet boundary conditions are imposed at the wall:

θ|y=0 = 0, (2.11)

and at the upper boundary:
θ|y=yL

= 1. (2.12)

A linear profile is considered for the scalars at the inlet.

The highest Prandtl number considered in this simulation is Pr = 6. To
date, no turbulent-boundary-layer simulation with scalars at such a high Prandtl
is available in the literature. Therefore, the statistical characterization of the
scalar flow field in a turbulent boundary layer is reported in Paper 6.



Chapter 3

Time: recurrent networks and Koopman
non-linear forcing framework

The first application of deep-learning techniques we consider is the prediction
of the temporal evolution of a system. The objective of these applications is to
predict accurately the short-term behaviour, while reproducing correctly the
long-term statistics of the system. Natural systems are characterized by a wide
range of spatio-temporal scales and identifying the dynamics at all these scales
is a first step to predict the future behaviour of the system. For this, different
approaches for this have been proposed in the recent years (including SINDy,
Brunton et al. 2016), however, knowing the underlying equations that govern
the dynamics might not be sufficient to perform accurate predictions, as the
system may be high dimensional and/or may exhibit chaotic behaviour. Besides
classical approaches such as Kalman filtering (Kalman 1960) and its extensions
for nonlinear applications (Einicke & White 1999; Julier & Uhlmann 1997), in
the last years, the availability of large datasets fostered the development of
data-driven prediction techniques. The performance of machine-learning models
like multilayer perceptrons (MLP, Rumelhart et al. 1985) has been assessed,
however, better results can be obtained by models that can take advantage of
the sequential nature of time series data, like the recurrent neural networks
(RNNs) described in section 3.1. During the training, these models develop an
internal representation of the dynamics that can be later used to produce new
state-space trajectories.

Even if the training of recurrent neural networks can be performed directly
on the system variables, it can be challenging for the model to capture all rela-
tions between the different variables, if a high-dimensional system is considered.
To address this issue, one approach is to perform dimensionality reduction.
Data-driven techniques like proper orthogonal decomposition (POD) provide a
set of functions (or modes) that define a linear reduced-order representation
of the system, based on the information available in the sampled data. The
corresponding time coefficients are also computed to reconstruct the original
data. Training a neural-network model to predict the time coefficients of a
limited number of active modes is simpler as the decomposition takes care of
extracting the most important features from the data, as shown in Paper 3.
Furthermore, this approach is less computationally expensive.

10
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Alternatively, the same data can be used to derive a model of the system
dynamics, by projecting the variables into a different manifold. For instance,
Koopman theory allows for the representation of nonlinear dynamics in terms of
an infinite-dimensional linear operator. In practice, the system dynamics are pro-
jected onto a finite-dimensional space in which the dynamics are approximately
linear. Once this operator is known, the future state of the system is com-
puted by applying the operator on the current system state, without the need
to train neural networks for the predictions. These dimensionality-reduction
approaches have been subsequently modified in order to model the non-linear
interactions in the system dynamics. In particular, Paper 2 and Paper 3
analyze the performance of a Koopman framework in which non-linearities are
modelled as external forcing (Khodkar & Hassanzadeh 2021, also described in
section 3.2). One of the main advantages of the Koopman framework is that its
theoretical foundation can be connected to classical approaches for the analysis
of dynamical systems (Brunton et al. 2022).

It is worth noting that a reduced-order representation of the data can also
be obtained by training an autoencoder network (Kramer 1991). This network
architecture consists of two parts, an encoder and a decoder. The encoder maps
the high-dimensional inputs into a low-dimensional latent space. The decoder
reconstructs the input starting from the low-order representation. Note that the
learnt representations are inherently non-linear, hence potentially more than
linear dimensionality-reduction techniques (e.g. POD). Autoencoders can be
combined with recurrent neural networks: the encoder acts as a learnt feature
extractor and the recurrent network is trained to predict temporal sequences in
the latent space. The two networks are trained at the same time, in order to
optimize the reduced-order representation for the sequence prediction in the
latent space.

The prediction of sequential data is relevant in several physical applications,
but also in natural language processing (NLP). Several deep-learning models
have been developed for translation and text generation over the years. The
first sequence-to-sequence models for translation were based on feed-forward
recurrent neural networks, but they could only be used on fixed-length sequences.
This limitation was removed with the introduction of models based on autoen-
coders and recurrent neural networks (Cho et al. 2014), however, the input
sentence is still encoded in a fixed-length vector and this can become a limiting
factor when long sentences have to be translated. To address this issue, an
attention mechanism was added to the models (Bahdanau et al. 2014). Given
the recurrent nature of these models, the training of the network is difficult to
parallelize and the scalability with respect to the size of the training dataset is
negatively affected. For this reason, the research in the latest years focussed on
transformers (Vaswani et al. 2017). These networks scale much better than the
previous models since they are based only on attention mechanisms. While we
did not test this architecture for the prediction of time series in fluid mechan-
ics, we mention it for completeness, given its importance in machine learning
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applications. This architecture can be adapted to perform spatial predictions
and reconstructions, as detailed in chapter 4.

3.1. Recurrent neural networks

Recurrent neural networks are neural networks that are specifically designed
to learn from sequential data. They are equipped with feedback connections
that are able to store representations of the latest inputs χχχt in their internal
state ht and use this information to compute the output ζζζt. Recurrent neural
networks can be described using the following equations:

{
ht = fh(χχχt,ht−1, ζζζt−1; θh)

ζζζt = fζζζ(ht; θζζζ),
(3.1)

where fh and fζζζ can be non-linear functions if they include activation functions
such as hyperbolic tangent tanh or the rectified linear unit (ReLU, Nair & Hinton
2010). Here θh and θζζζ indicate the learnable parameters of the two functions,
respectively. Different architectures are specified based on the definition of the
internal state function fh and output function fζζζ .

The feedback connections in the network architecture allow for predicting
time series, however, the learning algorithm needs to be adapted to take the
feedback connections into account. Neural networks are usually trained using
backpropagation algorithms, and in order to train recurrent neural networks,
backpropagation-through-time is used. The loss function to minimize is:

L =
1

T

T∑

i=1

l(yi, ζζζi), (3.2)

where T is the length of the considered sequence and l(yi, ζζζi) is the loss computed
at the i-th timestep. In order to update the model parameters it is necessary to
compute the gradient with respect to θh and θζζζ . In particular, the first gradient
can be expanded as:

∂L
∂θh

=
1

T

T∑

i=1

∂l(yi, ζζζi)

∂θh

=
1

T

T∑

i=1

∂l(yi, ζζζi)

∂ζζζi

∂fζζζ(hi; θζζζ)

∂hi

∂hi

∂θh
, (3.3)

here the term ∂hi/∂θh needs to be recursively computed backward in time,
since hi is a function of hi−1. Typically the backpropagation is not performed
over the entire sequence, but only on the given number of timesteps. In this
case, the algorithm is referred to as truncated back-propagation through time.
Note that this choice affects the length of the sequence that is used by the RNN
to make its next prediction.

Different recurrent architectures have been used to predict the temporal
evolution of different dynamical systems with clear performance improvements
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Figure 3.1: Long short-term memory network cell, adapted from Olah (2015).

over simple feed-forward neural networks, as shown in Paper 1. In particular,
we focused on long short-term memory (LSTM) networks, which are designed to
relieve the problem of vanishing gradients in vanilla recurrent neural networks.
This is done by introducing different paths for the input and hidden state at the
previous timestep to affect the output and the current hidden state, as shown
in figure 3.1. These signal paths are called gates. The equations of the LSTM,
as defined by Hochreiter & Schmidhuber (1997), are:

ft = σ(Wf [χχχt, ζζζt−1] + bf )

it = σ(Wi[χχχt, ζζζt−1] + bi)

C̃t = tanh(Wf [χχχt, ζζζt−1] + bf )

Ct = ft ⊗Ct−1 + it ⊗ C̃t

ot = σ(Wo[χχχt, ζζζt−1] + bo)

ζζζt = ot ⊗ tanh(Ct−1),

(3.4)

where ⊗ indicates the Hadamard product and σ is a sigmoid activation function.
Note that it, ot and ft represent the input, output and forget gates, respectively.
The output ζζζt corresponds to the hidden state ht, and Ct is the LSTM cell
state. In this network architecture, both the cell state and the hidden state (or
output) from the previous timestep are used to compute the new LSTM states.
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Our approach to recurrent-neural-networks training is to provide a sequence
of length p (χχχ0, . . . ,χχχp−1) to the network to compute the following data point
ζζζp. Note that ζζζp = χχχp if the prediction target is the future state of the system
described by χχχ, however, the output can also be a different variable if we aim to
predict a temporal signal based on another one, for example, the velocity within
the flow field, using wall-pressure measurements as input. Depending on the
application, the inference procedure might differ from the one used for training.
At inference time, after the first prediction step, the ground-truth value for χχχp is
not available, hence the predicted value χ̂χχp from the previous evaluation of the
recurrent network needs to be used as part of the input. With this autoregressive
approach, an error whose magnitude depends on the prediction error during the
training is introduced. Such an error can play an important role in dynamical
systems that exhibit chaotic behaviour. In these systems, a small perturbation
of the system state can lead, over time, to a completely different trajectory in
the state space. The accumulation of errors due to sequential evaluations of the
network can then determine the prediction of a different trajectory.

In order to address this issue, it is also possible to modify the training
to mimic the inference procedure. In this case, np successive predictions are
performed for each training step: given the initial ground-truth temporal se-
quence of length p, the network evaluation yields χ̂χχp. This value is concatenated
with the temporal sequence and the last p data points are used to perform
the prediction χ̂χχp+1. This procedure is repeated np times and it increases the
robustness of the model to the uncertainty in the input sequence, as shown
in Paper 2. This approach has some affinity with training a neural-network
model with noisy data. Noise can be used as means to train models that are
robust with respect to data inaccuracy or uncertainty. The main difference is
that the performance of the models is usually degraded when noisy data are
used. In this case, the higher medium-term accuracy is instead improved thanks
to the similarity between the training and inference procedure. Note, however,
that remedies like the one just described can only delay the inevitable increase
of the error in the predictions obtained with autoregressive models.

3.2. Non-linear dimensionality reduction: Koopman non-linear
forcing

Koopman-operator theory was first introduced by Koopman (1931). We consider
a time-discrete, non-linear dynamical system described by the operator F :

xt+1 = F(xt), (3.5)

where x is defined in the state spaceM⊆ Rn. We introduce a linear, infinite-
dimensional operator K, called Koopman operator, which enables describing
the system dynamics. The Koopman operator does not act directly on the
state variables x, instead, it is applied on functions of the state space called
observables g(x). With this approach, it is possible to write the evolution of
the system as:

g(xt+1) = Kg(xt) = g(F(xt)). (3.6)
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The formulation of the theory in terms of system observables can be used to
define a data-driven approach to the linearization of a dynamical system.

Since the Koopman operator is infinite-dimensional, it is necessary to
approximate it with a suitable finite-dimensional representation. The first
step in this direction can be performed by applying a modal decomposition
to the operator, as proposed by Mezić (2005). The resulting infinite sum
of Koopman modes does represent exactly the operator. Alternatively, it is
possible to approximate the operator with a truncated sum of relevant modes.
Dynamic mode decomposition (DMD) was first proposed by Schmid (2010)
as a means to identify fluid structures based on snapshots sampled from the
flow. The connection between DMD and the Koopman operator was first
reported by Rowley et al. (2009), describing how DMD represents a data-driven
algorithm to compute the Koopman modes. The DMD algorithm provides the
linear operator A that best approximates the temporal evolution of the system
state:

xt+1 = Axt. (3.7)

Crucially, not only DMD provides a set of (non-orthogonal) modes, but also a
linear model that describes the evolution of the modes over time, which can be
used to perform predictions in time.

Several extensions have been proposed in an effort to model the nonlinear
dynamics, both for the Koopman operator and DMD. Early attempts (Carleman
1932) investigated the possibility to define the observables in Koopman theory
as the state variables x and their higher powers xn. Note, however, that the
dynamics of the higher powers of x contain even higher powers of x. This
recurrence leads to an infinite-dimensional system, preventing the construction
of a finite-dimensional representation of the operator. Furthermore, the resulting
infinite-dimensional system is not equivalent to the initial nonlinear system, as
the former admits solutions that are not solutions of the finite system (Steeb
1981). In DMD, linear measurements can be complemented with nonlinear func-
tions of the measurements (extended DMD, Williams et al. 2015). Alternatively,
nonlinear effects can be modelled as an external forcing (Koopman nonlinear
forcing or KNF, Khodkar & Hassanzadeh 2021), as shown in Paper 2 and
Paper 3. In this case, the resulting model is:

xm+1 = Axm +Bfm, (3.8)

where fm represents a library of candidate nonlinear functions, such as polyno-
mials or trigonometric functions. The identification of the nonlinear dynamics
in the data is performed with the SINDy algorithm (Brunton et al. 2016). Note
that the computation of A is based on the Hankel-DMD algorithm proposed
in Brunton et al. (2017), as detailed in Paper 2.

The main difference with respect to RNNs is that all the dataset is pro-
cessed at once when computing the model matrices. The size of the dataset is
limited by the amount of data that we are able to process at the same time.
The computation of the matrices in KNF is more computationally-efficient
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since neural networks process the entire dataset several times during training.
Different tools work better in different scenarios: as detailed in Paper 2, the
KNF framework performs better than RNNs on data from the nine-equations
model. By contrast, LSTM networks perform better in the prediction of the
temporal coefficients of POD modes in a channel flow (see Paper 3).



Chapter 4

Space: convolutional networks and transformers

Since the early works of Taylor (1935), spatial correlations have been used
as a tool to develop theories and models of turbulence. Space (and time)
correlations have been studied first in experiments and later in numerical
simulations (Biferale et al. 2011). Kim et al. (1987) extensively compared the
spatial correlations of the different velocity components with experimental data
to validate their first DNS. We define the spatial correlation of two quantities
as:

Rij(x, r, t) = ⟨ui(x+ r, t)uj(x, t)⟩, (4.1)

where r = (δx, δy, δz) indicates the spatial distance for which the correlation is
being computed. Note that the correlations do not depend on the position x in
the homogeneous directions. The correlation of the different quantities sharply
decreases when ∥r∥ increases, as shown in several research works (including
Nakagawa & Nezu 1981, for open-channel flows). By leveraging the spatial
correlation between two variables, it is possible to create a model that predicts
one variable based on the knowledge of the spatial distribution of the other.

Our objective is to carry out non-intrusive sensing of the flow by predicting
the flow field using measurements of different flow quantities at the wall as
inputs. This is motivated by the fact that these wall measurements can be
obtained without perturbing the flow, whereas placing probes within the flow
can be more complicated and, in full-scale high-Reynolds-number applications,
even technologically unfeasible. When designing the neural-network model
to perform non-intrusive sensing, the correlation function between input and
output variables (e.g. the wall-shear stress and the velocity away from the
wall, Marusic & Heuer 2007) suggests the use of neural-network layers that
can extract localized features of the flow. At the same time, we consider
flows that are homogeneous at least in one direction, hence a model that
embeds the translational equivariance of the input and output fields is desirable.
Both requirements can be satisfied by using convolutional layers, as detailed in
Paper 5. These layers represent the fundamental building block of convolutional
neural networks (CNNs, LeCun et al. 1989), that have also been used in other
fluid-dynamics applications such as the design of closure models in large-eddy
simulations (LESs, Beck et al. 2019) or flow control (Park & Choi 2020).

17
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The use of convolution-based neural network models for non-intrusive sens-
ing was first tested on the fields sampled from an open-channel-flow simulation.
The velocity fluctuations at a given wall-normal location are predicted based
on the streamwise and spanwise components of the wall-shear stress and the
wall pressure. The prediction of two-dimensional fluctuation velocity fields
from wall-measurement fields of the same dimensionality motivates the use of
fully-convolutional-network (FCN) architectures. The main difference between
the FCN architecture and CNN architecture is that the former does not include
any fully-connected layer. Depending on the predicted output, we define two
different architectures, named FCN and FCN-POD. In the first case, the network
directly predicts the output field, whereas in the second case, we first apply
proper orthogonal decomposition (POD) on the training dataset to obtain a set
of orthonormal basis functions ϕi(x), so that the flow field can be represented
as a linear combination of these functions:

u(x, t) ≈
Nm∑

i=1

ψi(t)σiϕi(x), (4.2)

where Nm is the total number of POD modes and σi is the root-squared
energy contribution to the i-th mode. The FCN-POD model is trained to
predict the temporal POD coefficients ψi(t). On the one hand, the initial
decomposition of the flow fields allows the FCN-POD model to leverage the
information stored in the spatial modes to perform the prediction. On the
other hand, the number of POD modes required to reconstruct all the energy
in the flow field is very large and many modes have a relatively small energy
contribution. To address this, one approach is to reconstruct only a portion of
the overall energy by using a limited number of modes. Alternatively, the flow
field can be divided into smaller subdomains, which share the same orthogonal
basis decomposition but have different temporal coefficients. In this second
approach, the energy associated with the structures larger than the subdomain
is included in the first, most-energetic mode. These limitations of the spatial
representation can negatively affect the FCN-POD overall performance, even
if the temporal coefficients are correctly predicted, as shown in Paper 5.
While the FCN model does not suffer from these drawbacks, reconstructing
the flow field based on the information at the wall becomes progressively
more difficult as the distance between the flow field and the wall increases.
Furthermore, the use of the FCN architecture allows the strict enforcement of
periodic boundary conditions, applying periodic padding to the input fields in
the corresponding directions. This is not possible with the FCN-POD model.
A more comprehensive comparison of the performance of the two architectures
is reported in Paper 5.

The FCN architecture has been tested both for predictions in an open
channel flow and turbulent boundary layer. In the latter case, the output flow
field is predicted using different input fields. Based on the input data, three
types of predictions are defined: type-I predictions consider the streamwise and
spanwise wall-shear-stress components, as well as the wall-pressure fields as
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inputs. In type-II predictions, the streamwise wall-shear stress is substituted
with the heat flux field of a passive scalar. In type-III predictions, only the
heat-flux field is considered as input. The objective of the study described in
Paper 7 is to test progressively more difficult scenarios, using fewer wall inputs,
which are also less correlated with the target field. Type-III predictions are
designed to replicate an experimental scenario in which only the wall heat-flux
field is sampled. Furthermore, it should be noted that the predictions in the
turbulent boundary layer are more challenging than the ones performed in the
open channel because the boundary layer is a spatially-developing flow.

The FCN architecture has been tested also for the opposite task, which
consists of predicting the wall-shear stress based on the flow field at a given
distance from the wall, as reported in Paper 8. This task is more challenging
for the FCN network than non-intrusive sensing since convolution operations
are equivalent to filters applied to the input data. Therefore, it is difficult for
the network to predict the high-frequency content in the target fields at the
wall.

Note that the use of convolutional layers has another important limitation,
independently from the learning task. In fact, these layers assume a fixed
spacing between the input points that are convolved. This limits the possibility
to use a previously-trained neural network on other data (also known as transfer
learning, Pan & Yang 2009). The training of a neural network can be effectively
sped up by initializing it with the learnable parameters of a network trained
on another flow-field dataset provided that the physical spacing (e.g. ∆x+

and ∆z+) between the input points is approximately the same. Within these
constraints, transfer learning has been applied to the training at different
wall-normal locations (Paper 4) and different Reynolds numbers (Paper 5).

Other deep-learning models have been tested for spatial predictions and
reconstructions; for instance, the term generative adversarial networks (GANs,
Goodfellow et al. 2014) indicates two networks that are trained concurrently: a
generative network (or generator) predicts the output and a discriminative net-
work needs to determine whether the output belongs to the generator distribution
or the reference (ground-truth) distribution. When two convolution-based net-
works are trained in this framework, the generator network provides statistically-
accurate results in a variety of tasks such as super-resolution (Güemes et al.
2021) and gap reconstructions (Buzzicotti et al. 2021).

In all our spatial-prediction studies, the assessment of the prediction perfor-
mance is based on the instantaneous predictions and the accuracy in reproducing
the statistical moments of the velocity field, as detailed in section 4.1. Further-
more, the energy distributions of the DNS and predicted fields are compared
using power-spectral densities of the velocity components, which represent
the spectral decompositions of the corresponding autocorrelation functions,
as described in section 4.2. Finally, convolutional networks are not the only
architecture that can be used for spatial predictions. Thanks to their scala-
bility, transformers have started to be trained for computer-vision tasks like
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image recognition and segmentation. Section 4.3 describes how the original
architecture, designed for signal transduction, can be modified to work on
two-dimensional flow fields.

4.1. Mean-squared error and the statistics

The training of the neural network for the prediction and reconstruction of
spatial fields is based on the minimization of the mean-squared error between
the prediction and the target. Depending on the approach, the target can
be the flow field (in the FCN case), or the temporal coefficients obtained by
the projection of the field on an orthonormal basis of spatial functions (in the
FCN-POD case). There are two important implications related to this choice of
the loss function: the first is related to the information reconstructed by the
network when the mean-squared error of the predictions is minimized, and the
second is related to the performance of the model when it is analyzed from a
statistical perspective.

Implication I: when the mean-squared error is used a loss function, the
network learns first the large-scale features, and then progressively optimizes
the tunable parameters to minimize the error at finer and finer scales (Xu et al.
2019). This depends on the definition of the MSE: if we are computing the error
in the velocity fields, this quantity is equivalent to the energy missing from the
predicted fields. Larger scales contain more energy and their reconstruction has
a larger contribution to the overall error. Furthermore, the error is averaged
in the different spatial directions. This affects the quality of the predictions in
spatially-developing flows if no weighting is introduced. As shown in figure 4.1,
the error is space-dependent: it is higher at the extrema and lower at the
center of the field. More accurate predictions can be obtained if a smaller
streamwise-location (and corresponding Reynolds number) range is considered.

Implication II: even if the trained networks are optimized to reconstruct
the instantaneous behaviour of the flow, it is desirable that the statistical
properties of the flow are correctly predicted for statistically-stationary flows.
This could be addressed by adding the individual statistical moments to the loss
function, however, this approach has three main drawbacks: first, the inclusion of
a specific statistical quantity does not guarantee a higher accuracy for the other
statistics. Second, the loss is a scalar quantity, so the relative importance of the
different terms has to be tuned by performing several, independent training runs.
Third, the loss is computed on every mini-batch in order to update the model
parameters, hence the statistical quantities in the loss need to be computed as
well. The typical size of the batch does not allow the computation of converged
statistics, preventing the comparison with the flow statistics computed on the
entire training dataset. This problem becomes more relevant, for progressively
higher statistical moments included in the loss definition. For these reasons,
our approach for spatial predictions is to focus on the instantaneous accuracy
of the predictions, while the statistical accuracy is only assessed a-posteriori
on the test dataset. In our works, we consider the prediction of the velocity
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Figure 4.1: MSE in the predictions as a function of the streamwise location
for type-III predictions at y+ = 30. FD indicates the full-domain samples
(larger streamwise range), while HD indicates half-domain samples. The curve
represents the average over the spanwise direction and the samples in the test
dataset. From Guastoni et al. (2022)

fluctuations as the target for the neural-network models, hence we calculate the
error in the fluctuation intensities for the different velocity components, defined
as:

E+
RMS(u) =

∣∣∣u+RMS,Pred − u+RMS,DNS

∣∣∣
u+RMS,DNS

, (4.3)

for the streamwise component, and similarly for the other two components.
Here, the subscripts ‘DNS’ and ‘Pred’ refer to the reference and predicted
profiles, respectively.

4.2. Spectra

Further insight into the prediction accuracy can be gained by looking at the
energy distribution at different lengthscales. To this end, the pre-multiplied
power-spectral densities of the different quantities can be computed and analyzed.
The power spectrum describes the energy associated with each Fourier mode.
For the open channel, since the flow is homogeneous in both wall-parallel
directions, it is defined as:

Pij(kx, kz) = F(ui)F∗(uj), (4.4)
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Figure 4.2: Pre-multiplied two-dimensional power-spectral densities for type-I
predictions at y+ = 30. The three columns represent kzkxϕuu (left), kzkxϕvv
(center), kzkxϕww (right). The contour levels contain 10%, 50% and 90% of the
maximum DNS power-spectral density. Shaded contours refer to the reference
data, while contour lines refer to the FCN with 6 layers (dashed) and with 31
layers (solid), respectively. Adapted from Paper 7.

where F(·) is the two-dimensional Fourier transform and ∗ indicates the complex
conjugate. The power-spectral density is defined as:

ϕij(kx, kz) =
Pij

dkxdkz
or

ψij(λx, λz) =
Pij

dλxdλz
= ϕij

(
k2xk

2
z

2π

)
,

(4.5)

since dλi = 2π/dki. Note that the power-spectral density is related to the
correlation function in equation (4.1), since ϕij is the Fourier transform of Rij .
Note that in spatially-developing-flow simulations, only the spanwise direction
is homogeneous. The power spectral density is then computed as a function of
λz and the period λt using the Welch method (Welch 1967) to approximate the
Fourier transform of a non-periodic signal. Note that λt and λx can be related
by the Taylor’s frozen turbulence hypothesis (Taylor 1935).

In non-intrusive sensing applications, the amount of energy in the predicted
fields is lower than that in the ground-truth fields, and the difference becomes
more pronounced the farther the target field is from the wall. The pre-multiplied
spectra provide information about how the predicted energy is distributed in
the wavelength space. The power-spectral density of the predictions is related
to the FCN architecture. Figure 4.2 compares the predictions of two networks
that have approximately the same number of learnable parameters, but they
are organized in a different number of convolutional layers. The higher is the
depth of the network, the higher is the compositional capability of the FCN,
i.e. the ability to combine simple features identified by the previous layers into
more and more complex ones. This translates into better predictions of the
larger-scale features.
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Figure 4.3: Transformer architecture, adapted from Vaswani et al. (2017).

4.3. Transformers for spatial predictions

Transformers were first introduced for NLP, and since then they have found
application in both computer-vision tasks and time series forecasting (Lim &
Zohren 2021). The transformer architecture was initially designed for sequence
transduction (e.g. language translation), hence it requires a source sequence
and a target sequence. The architecture consists of two parts, an encoder
and a decoder, as shown in figure 4.3, which is reminiscent of the autoencoder
neural-network architecture. The encoder receives as input the source sequence,
whereas the decoder receives the target sequence as input, shifted to the right
with respect to the output. In the figure, FFN indicates a feed-forward neural
network, consisting of a dense layer with a ReLU activation function, followed
by a second dense layer.



24 4. Space: convolutional networks and transformers

Both the encoder and the decoder include layers devoted to the computation
of attention. The implementation of attention mechanisms without resorting to
convolutional or recurrent layers allows the transformer model to scale better,
enabling the training on much larger datasets. Attention in transformers is
defined as a scaled dot-product:

A(Q,K,V) = softmax

(
QKT

√
n

)
V. (4.6)

Here Q ∈ Rni×n, K ∈ Rni×n and V ∈ Rni×nv are termed queries, keys and
values, respectively. n is the query and key dimension, while nv is the value
dimension. ni indicates the number of input elements. Depending on the inputs,
different types of attention can be defined:

• Encoder self-attention: Q, K and V are computed based on the
input sequence.

• Decoder self-attention: it takes the target sequence as input. In this
case, the attention computation is masked, meaning that position i can
be influenced only by positions j ≤ i.
• Encoder/decoder attention: Both the encoded (K, V) and the

decoded sequences (Q) are considered.

Both the attention and the FFN layers are equipped with residual connections.
Layer normalization is performed after the addition of the original and processed
input of the layer.

After their introduction for language translation, transformers were adapted
to image-recognition tasks with minimal modifications. The vision trans-
former (ViT, Dosovitskiy et al. 2020) has two main implementation differences
with respect to the original transformer model. The first difference is in the
way the input is processed before being passed to the encoder (also called tok-
enization): the input image is divided into two-dimensional patches, which are
then flattened and linearly projected into a D-dimensional vector, before being
fed to the first attention layer. Second, since there is no target sequence, the
decoder part of the network is removed, similarly to the BERT model (Devlin
et al. 2018) used in language modelling. Alternatively, it is possible to use only
the decoder part of the original transformer model, as in generative pre-trained
transformers (GPTs, Radford & Narasimhan 2018). Furthermore, additional
small modifications are introduced, for instance, layer normalization is per-
formed before the multi-head attention and feed-forward layers, and residual
connections are added without layer normalization.

4.3.1. Use case: generation of wall-parallel turbulent flow fields using GPT
models1

Large language models (LLM) are very large transformer models that have
shown impressive results in the generation of text. The network architecture

1Work in collaboration with Federico Baldassarre (main contributor), Ricardo Vinuesa and

Hossein Azizpour
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is domain agnostic and it can also be used for the generation of images (Chen
et al. 2020). A similar approach can find application in fluid-dynamics problems,
for instance, in the generation of turbulent velocity fields. This can help reduce
the computational cost of a spatially-evolving flow simulation by providing
suitable inlet conditions, as reported by Yousif et al. (2022). Here we describe
a preliminary exploration of the possibility to generate two-dimensional wall-
parallel flow fields from an open-channel flow simulation. Before generating the
new fields, a reduced-order representation is learned using a vector-quantized
variational autoencoder (VQ-VAE, van den Oord et al. 2017). Hierarchical
autoencoders (Fukami et al. 2020) and β-variational autoencoders (Eivazi et al.
2022) have also been used to learn reduced-order representations of flow fields.
The use of discrete codes instead of a high-dimensional continuous latent space
is more computationally-efficient and avoids the posterior collapse (Lucas et al.
2019). Note that, in our approach, we do not learn a representation of the entire
flow field at once, instead we divide the input image in patches of size 8× 8, in
a way that reminds ViT input-processing. In order to produce new samples, we
train an auto-regressive GPT model (implemented as GPT-NeoX, Black et al.
2022) starting from the latent-space representation. The transformer learns
the conditional probability of the codes in the quantized latent space, given
the previous ones in raster order (left-to-right, top-to-bottom). After training,
three different parameters can be tuned for sampling:

• Temperature T : higher temperature implies a higher variety in the
samples, lower temperature generates fields that are closer to the ones
used for training.

• Top k: the generator picks among the top Nk tokens with the highest
probability. Note that Nk ≤ Nk, where Nk represents the number of
tokens used for latent-space representation. In our experiments Nk =
256.
• Top p: the generator picks among the tokens whose probabilities add

up to Np (Np ≤ 1).

We analyze the turbulent fields sampled using T = 2.0, Nk = 16 and Np = 0.8.
The fields sampled from a DNS simulation and generated by the network can be
qualitatively compared in figure 4.4. Even if the transformer is able to generate
fields that are visually accurate and that do not show visual artifacts, the
amount of energy in the individual components has a different distribution when
compared to the DNS fields. A more quantitative analysis can be performed by
observing the spectra in figure 4.5: the energy in the streamwise component
is distributed over a wider range of wavelengths, both in the streamwise and
spanwise directions. The wall-normal component shows the worse energy
reconstruction, with all the energy concentrated within a limited range of
scales, whereas the power-spectral density in the spanwise component is in good
agreement with the one of the DNS data.

On the one hand, these first results highlight the potential of these archi-
tectures to generate synthetic turbulence data, on the other hand, they confirm
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Figure 4.4: Comparison of the flow fields obtained by sampling a DNS (first
two columns from the left) and the ones generated by the transformer (last two
columns from the left). The rows represent the streamwise (top), wall-normal
(middle) and spanwise (bottom) velocity components.
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Figure 4.5: Pre-multiplied two-dimensional power-spectral densities of the
generated fields. The three columns represent kzkxϕuu (left), kzkxϕvv (center),
kzkxϕww (right). The progressively-darker contour levels contain 10%, 50% and
90% of the maximum DNS power-spectral density. Shaded contours refer to
the reference data, while contour lines refer to the generated data.

the importance of a comprehensive quantitative analysis in order to verify that
the physical features of the flow are correctly reproduced.



Chapter 5

Control: deep reinforcement learning

The possibility to manipulate a fluid flow to modify its physical characteristics
has been the objective of intense research efforts for a very long time. Brunton
& Noack (2015) discuss the use of fletching on the backs of arrows as an early
example of flow-control device. Fletching is a passive-control system as it
does not require external energy for its operation. By contrast, active systems
rely on powered actuators to control the flow. Passive-control systems are
simpler to deploy, however, active-control strategies are typically more efficient
and we focus mostly on this latter category. Active-flow-control solutions
can be further divided into open-loop or closed-loop strategies. The former
operate independently from the instantaneous system dynamics, based on pre-
determined control patterns, while the latter adjust the actuation according
to the controlled-system state. In order to design closed-loop active-control
systems, sensors need to be positioned to measure the relevant flow properties.
A system model might be required to characterize the flow, based on the limited
information provided by the sensors. Furthermore, the physical mechanisms
that we aim to manipulate need to be identified and the actuators to perform
such a manipulation need to be designed. A large number of research works have
focused on one or more of these aspects, however, several modern engineering
applications are characterized by turbulent flows and the possibility to control
such flows is hindered by their stochastic and non-linear nature.

Data-driven methods like genetic programming (GP, Banzhaf et al. 1998)
and deep reinforcement learning (DRL, Sutton & Barto 2018) can be used to
automatize the steps of the control design process, such as the sensors place-
ment (Paris et al. 2021) and the discovery of control mechanisms (Rabault et al.
2019; Gautier et al. 2015), both in numerical and experimental settings (Benard
et al. 2016). Paper 9 focuses on the use of DRL to discover novel drag-reduction
strategies in turbulent flows; the reinforcement-learning (RL) framework and
algorithms are introduced in sections 5.1 and 5.2, respectively.

The application of RL and DRL in fluid mechanics is not as developed as
traditional supervised learning. In fact, only recently researchers have started
utilizing these algorithms to solve flow control problems. The applications
range from drag reduction (Rabault et al. 2019) to mesh optimization (Lorsung
& Barati Farimani 2023), from the maximization of the efficiency of agents

27
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AgentEnvironment

state st

action at

reward rt

Figure 5.1: The reinforcement-learning framework

swimming in a turbulent flow (Biferale et al. 2019; Verma et al. 2018) to
turbulence modelling (Novati et al. 2021; Kurz et al. 2023).

The first application of DRL for drag reduction is the work by Rabault
et al. (2019), in which the flow around a cylinder is modified by means of two
actuators, perpendicular to the main direction of the flow, with the objective to
reduce the overall drag. The Reynolds number based on the mean streamwise
velocity and the cylinder diameter is Re = 100. Despite its apparent simplicity,
this two-dimensional flow case has become a benchmark for other DRL control
studies (Tang et al. 2020; Ren et al. 2021), including the work by Varela et al.
(2022), which highlights the non-trivial dependency of the optimal drag-reduction
policy on the Reynolds number, as well as the possibility to identify different
Reynolds-dependent strategies using DRL. The problem of reducing the drag of
the flow around a cylinder has a fundamental character and its solution provides
phenomenological and implementation insights that can be used for other flow
cases. Given the interdisciplinary nature of flow control, the availability of such
benchmarks helps extend the use of novel control design techniques like DRL by
providing a quantitative performance comparison with other control solutions.
In our work, the proposed benchmark is an open channel flow, that shares many
physical features with the standard channel flow, reference case for numerical
turbulence research since the work by Kim et al. (1987).

5.1. Reinforcement learning fundamentals

Reinforcement learning is a mathematical framework introduced by Sutton
(1988) which is used solve Markov decision processes (MDPs). In this framework,
the learning is based on the interaction of an agent with an environment. The
latter is described by its state st ∈ S at any given time t. At each step, the agent
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performs an action at ∈ A in the environment, which evolves to a different state
based on a given transition function P (st+1|st, at). Then the agent receives an
instantaneous reward rt = R(st, at, st+1). The information exchanged between
the environment and the agent is summarized in figure 5.1. A sequence of states
and actions defines a trajectory τ = (s0, a0, s1, a1, . . . ), even though the term
episode can also be interchangably used to refer to a trajectory. The objective of
reinforcement learning is to define a policy function π : S → A, that maximizes
the expected return E[R(τ)], with R(τ) defined as:

R(τ) =

T∑

t=0

γtrt. (5.1)

Here γ ≤ 1 is a discount factor to prioritize rewards that are closer in time, and
T is the length of the trajectory τ . Typically, if T is finite γ = 1, otherwise γ < 1.
The expected return is computed as an average over all possible trajectories. In
the most general case, the transition function P and the policy function π are
stochastic. Hence, in order to formulate an equation for the expected return,
we first need to define the trajectory probability:

P (τ |π) = P (s0)
T−1∏

t=0

P (st+1|st, at)π(at|st), (5.2)

where P (s0) is the probability distribution of the initial state. The expected
return is then:

E[R(τ)] =
∫

τ

P (τ |π)R(τ)dτ. (5.3)

The expected return provides a value indication when conditioned on a
specific state or state-action pair. In particular, we can define a state value
function:

V π(s) = E[R(τ)|s0 = s], (5.4)

as the expected return when the initial state is s and the agent acts according
to a policy π. Similarly, the action-value function is defined as:

Qπ(s, a) = E[R(τ)|s0 = s, a0 = a]. (5.5)

In this case, the first action that is taken is a and then the agent acts according
to the policy π. Note that a does not have to be sampled from the policy π.
The policy π∗ that maximizes Q(s, a) is called optimal policy. Importantly, by
knowing the optimal Q-function Q∗(s, a), it is possible to choose the optimal
action for a given state:

a∗(s) = argmax
a

Q∗(s, a). (5.6)

For this, several RL algorithms include the approximation of the Q-function, as
further detailed in section 5.2.
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5.2. Deep-reinforcement-learning algorithms

Different DRL algorithms can be used to design the control policy. Here only
model-free DRL algorithms are reviewed since current research and applications
focus on these algorithms, however, there exist model-based algorithms as well.
The latter category of algorithms leverages a model of the environment to
choose the next action and also to analyze different possible scenarios and plan
in advance the next sequence of actions. An existing environment model can be
used or it can be learned during the agent training. Model-based algorithms
have a higher sample efficiency than model-free algorithms, meaning that they
require fewer interactions with the environment during training in order to reach
a comparable level of performance. Note, however, that the policies learnt with
these algorithms may take advantage of limitations of the environment model,
providing a worse performance when deployed in the actual environment.

Model-free DRL algorithms can be classified based on the quantity that is
being approximated during the agent training. A first group of algorithms is
based on equation (5.6): the agent learns an approximation Q(s, a|θQ) of the
optimal action-value function Q∗, where θQ are the learnable parameters. Then
the actions are chosen with the maximization of the Q-function:

a(s) = argmax
a

Q(s, a|θQ). (5.7)

One example of Q-learning is deep Q-networks (DQN, Mnih et al. 2013). A
second group of algorithms learns directly a policy µ(s), parameterized with
θµ. One example is the policy-gradient algorithm (Williams 1992). Typically,
policy learning is performed on-policy, meaning that the policy updates are
computed based on interactions collected using the most recent policy. By
contrast, Q-learning methods are off-policy algorithms, and the optimization
takes advantage of any interaction available, independently from the policy used
to choose the action. This characteristic makes Q-learning algorithms more
sample-efficient, however, they are typically less stable because the optimization
is not targeting directly a function that computes the actions to perform, based
on the current state. It is also possible to combine the two approaches: proximal
policy optimization (PPO, Schulman et al. 2017) and deep deterministic policy
gradient (DDPG, Lillicrap et al. 2015) are included in this category. The
former learns a stochastic policy and it has been used for previous flow-control
applications (Belus et al. 2019). We apply the latter to our turbulent-flow-
control problem. DDPG is an off-policy algorithm, which concurrently learns
both a policy function and a Q-function. For this, a critic neural network
Q(s, a|θQ) and an actor neural network are trained µ(s|θµ). θQ and θµ represent
the learnable parameters of the two networks, respectively. The training is
performed according to algorithm 1. In this algorithm, a replay buffer B is
used to store the transitions (si, ai, ri, si+1). The updates of the learnable
parameters are performed on mini-batches randomly sampled from the replay
buffer. Furthermore, duplicates of both the actor and critic network are used
and we refer to them as target networks. Smaller updates are applied to the
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learnable parameters of the target networks at each iteration. Using them to
compute the targets yi (see algorithm 1) stabilizes the learning process.

Algorithm 1: DDPG algorithm

Initialize critic network Q(s, a|θQ) and actor µ(s|θµ).
Initialize replay buffer B
Initialize target network Q′ and µ′ with weights θQ

′ ← θQ, θµ
′ ← θµ

for episode = 1, N do
Receive initial observation state s1
for t = 1, T do

Select action at = clip(µ(st|θµ) + ϵ, amin, amax), with ϵ ∼ N
Execute action at and observe reward rt and observe new state st+1

Store transition (st, at, rt, st+1) in B
Randomly sample a minibatch of B transitions (si, ai, ri, si+1) from B
Compute targets:

yi = ri + γQ′(si+1, µ
′(si+1|θµ

′
)|θQ′

)

Update critic by minimizing the loss:

L =
1

B

∑

i

(yi −Q(si, ai|θQ))2

Update the actor policy using the sampled policy gradient:

∇θµJ ≈ 1

B

∑

i

∇aQ(s, a|θQ)|s=si,a=µ(si)∇θµµ(s|θµ)|si

Update the target networks:

θQ
′ ← ρθQ + (1− ρ)θQ′

θµ
′ ← ρθµ + (1− ρ)θµ′

end for
end for

5.3. Turbulent drag reduction as a reinforcement-learning
problem

The algorithms described in section 5.2 can be applied to flow-control problems.
For this, it is necessary to formulate them as reinforcement-learning problems,
defining state observations, agent actions, and rewards. In Paper 9, we apply
DRL to find strategies to reduce the turbulent drag in an open channel flow.

The agent computes the next action based on the observation of the current
state of the environment. Typically, the observation is only a partial represen-
tation of the state; in our case the agent receives the velocity fluctuations in
the streamwise and wall-normal directions at a given distance from the wall
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(y+ = 15). Note that the agent knowledge of the environment is limited by the
observation provided, hence this choice implicitly defines a prior on the features
of the flow state that can be leveraged by the control system. As an example,
a sensing plane farther away from the wall will reduce the capability of the
agent to characterize and control the near-wall turbulent structures. Classical
approaches rely on the observation of the velocity fluctuations (Choi et al. 1994),
however other quantities can be sampled as well (e.g. the vorticity, Buzzicotti
et al. 2020).

In our drag-reduction problem, a wall-normal velocity distribution is applied
at the wall to control the flow. The actions are usually chosen within a
prescribed range. It is important to highlight that the next action value can be
significantly different from the current one and a sudden variation can cause
numerical-stability problems. In order to prevent this issue, a smooth (linear or
exponential) transition between the two action values can be implemented.

In Paper 9 we define the reward as the percentage reduction of the wall-
shear stress, averaged over the entire wall. The instantaneous reward signal may
not be sufficiently informative because of the stochastic nature of turbulence.
Spatial averaging helps filter out the high-frequency content of the reward
signal. Furthermore, a temporal averaging based on a moving window can
also be implemented, further regularizing the signal. In this case, the size
of the averaging window is a hyperparameter of the reinforcement-learning
problem. Note that the actuation frequency is an additional hyperparameter of
the problem, as it imposes a lower bound to the timescale of the phenomena
that can be controlled by the agent.

5.3.1. Quadrant analysis

Once a control strategy has been devised, different tools can be used to analyze
the controlled flow. Here we describe quadrant analysis, which was used in
Paper 9 to compare the flow controlled with opposition control (Choi et al.
1994) and with a DRL policy. Quadrant analysis was first introduced by Wallace
et al. (1972) to analyze experimental data and propose a categorization of the
different contributions to the Reynolds shear stresses. The streamwise and
wall-normal fluctuations are divided into four categories, based on the sign of
the fluctuations: Q1 (+u′,+v′), Q2 (−u′,+v′), Q3 (−u′,−v′), and Q4 (+u′,−v′).
Note that the fluctuations are not evenly-distributed among the quadrants
in wall-bounded turbulence, as shown in figure 5.2. Q2 and Q4 events are
associated with motions that can be observed in turbulent flows, denoted as
ejections and sweeps, respectively. Near the wall, there is a predominance of
Q4 events over Q2 motions, and farther from the wall the opposite is observed.
Q1 and Q3 events are called outward and inward interactions respectively, and
they are comparatively less frequent. Q2 and Q4 motions are gradient-type
interactions, since they are indicative of vertical momentum fluxes related to
fluid motions up (Q2) and down (Q4) the mean-velocity gradient with smaller
(Q2) or larger (Q4) streamwise momentum than average. Q1 and Q3 are instead
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Figure 5.2: Joint probability distribution function P (u′, v′) at y+ = 15 in a
turbulent open channel flow with Reτ = 180. A darker colour corresponds to a
higher probability.

called counter-gradient-type interactions. Quadrant analysis is very effective
in revealing the connection between the distribution of the fluctuations and
the turbulent features that characterize the flow. Therefore, we will use it to
identify how the flow physics is affected by the different control strategies.



Chapter 6

Conclusions and outlook

In this thesis, several possible deep-learning and deep-reinforcement-learning
applications are analyzed. Whether they are used for temporal predictions
or spatial reconstructions, neural-network models have shown the ability to
outperform other existing methods. One reason for this is the non-linear nature
of these models, which allows them to provide more expressive representations
of the input-output relations that they approximate.

Historically, turbulence research relied on robust, yet mathematically-simple
models for prediction, reconstruction and control. Neural networks have a
very large number of parameters, and larger models typically can generalize
better (Novak et al. 2018). This counter-intuitive property allows us to train very
large models without the need to estimate the number of learnable parameters
(or model complexity) for a specific task. Despite the encouraging results, we
have not explored the full potential of these data-driven models for turbulence
prediction and control. Here we review some future research directions for the
different applications.

Temporal predictions. The temporal evolution of different chaotic sys-
tems can be reproduced in a statistically-consistent manner using recurrent
neural networks or KNF. It is worth noting that, while turbulent motions are
chaotic, not all chaotic motions are turbulent. Recurrent neural networks provide
promising results in the prediction of data-driven reduced-order models of tur-
bulence; however, turbulence has a unique statistical characterization (Biferale
et al. 2004) that is very difficult to model or reproduce. The ability of neural
networks or other data-driven models to generate temporal trajectories with
correct multi-time and multi-scale statistics still needs to be assessed.

The possibility to train a model to learn and reproduce the essential nature
of turbulence is an important and appealing endeavour, however, neural networks
can find application in the generation of other temporally-correlated data for
turbulence simulations. For instance, Yousif et al. (2022) trained a transformer
network, along with a super-resolution GAN, to generate inflow data for spatially-
developing turbulent-boundary-layer simulations.

Spatial predictions. Convolution-based models can accurately reconstruct
turbulent velocity flow fields starting from wall measurements and vice versa,
thanks to the inductive biases in the network architecture. These non-linear
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neural-network models outperform optimal linear models such as extended
POD (Borée 2003), or equivalently, linear-stochastic estimation (Adrian 1988).
In this thesis, the FCN models are trained and tested only on flow fields sampled
from DNSs. However, these models have great potential for experimental and
engineering applications, allowing the turbulent-flow characterization without
the need of probing the flow in an intrusive way. Experimental data are subject
to noise and typically have a much lower resolution than DNS data. The effect
of such experimental limitations needs to be assessed before the deployment of
these techniques in realistic scenarios.

Note that we consider for our predictions only two-dimensional fields. If
three-dimensional quantities need to be predicted, physical constraints should
be enforced directly in the predictions. For instance, predicting v and η instead
of the velocity components allows us to enforce the incompressibility condition,
while simultaneously reducing the number of outputs for the network. Further
in the direction of increasing the complexity of the predictions, the combination
of space and time predictions with a single neural-network model is another
appealing research direction. One possible approach is to treat time as an
additional dimension of the data and apply convolution operations both in space
and time. Alternatively, it is possible to take advantage of the characteristics of
temporal data by using specific layers such as convolutional LSTMs (Shi et al.
2015), used in weather forecasting.

DRL in fluid mechanics. The application of DRL in fluid mechanics is in
a comparatively early stage with respect to that of deep learning. Our research
represents only a first step towards the design of turbulent-flow control systems
with these tools. The discovery of a drag-reducing policy that outperforms
opposition control should be regarded as a first proof-of-concept of the potential
of these techniques. It is worth noting that the reported DRL policy is only one
of the different strategies learnt during the interaction of the agent with the flow.
Policies that obtain similar rewards may rely on different physical mechanisms.
Similarly to other approaches to the discovery of control strategies (Duriez et al.
2017), the analysis of these policies can provide insights on the way the flow
features that are affected by the control, thus advancing our understanding
of turbulence dynamics and how to manipulate it. Considering DRL not only
as a control technique but also as a research tool can be regarded as part of
the paradigm shift from ‘understanding→modeling→ control’ to ‘control→
modeling→understanding’ hinted by Noack (2019).

The extension of the numerical application of DRL to higher Reynolds
numbers represents the next step towards the deployment of DRL-based solu-
tions in engineering applications, such as drag reduction or separation control
on wings (Vinuesa et al. 2022). As highlighted by Marusic et al. (2021), the
best-performing drag-reduction strategies can exhibit a Reynolds-number de-
pendency. Even if DRL algorithms are able to identify different strategies at
different Reynolds numbers (Varela et al. 2022), the computational cost of the
learning at a high Reynolds number is prohibitively high. While the refinement
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of the numerical methods and the improvement of DRL-CFD interfaces can
help to accelerate the agent training, alternative learning approaches may offer
more effective solutions. For instance, Linot et al. (2023) trained a DRL agent
using a reduced-order model of the flow case to be controlled. This solution is
computationally efficient, but it shares some of the drawbacks of model-based
DRL, described in chapter 5. Alternatively, different DRL algorithms, charac-
terized by a higher sample efficiency, can be tested. One example is offline RL
proposed by Levine et al. (2020), however, the possibility to sample efficiently
all the different flow behaviour and configurations needs to be investigated.
RL agents are trained to maximize the expected return E[R(τ)], which implies
approximating the instantaneous reward function R : S2×A → R. The use of a
multi-agent approach, with several agents sharing the same policy and operating
locally, can drastically improve the learning time (as shown in Paper 9), while
enforcing physical properties such as the translational invariance of the policy.

The studies gathered in this thesis represent first, exploratory steps in the ap-
plication of deep-learning and deep-reinforcement-learning models to turbulent-
flow simulations. Despite the fact that turbulence is a three-dimensional phe-
nomenon that exhibits temporal and spatial dependencies, we only considered
these aspects separately. Furthermore, our models were trained to perform
in flows with specific parameters (e.g. the Reynolds number). As of today,
there is no established methodology to predict the model behaviour in differ-
ent flow settings. Training and testing the models in new conditions require
sampling new simulations, which become more and more expensive as we get
closer to real-world engineering applications. This simulation cost can only
partially be reduced using techniques like transfer learning. For this, the range
of applicability of these techniques is still to be assessed.

While deep learning and deep reinforcement learning will not replace the
simulation of turbulent flows altogether, they are able to provide non-linear
models that can improve our ability to predict and simulate fluid flows. Fluid
dynamics has high importance in strategic fields like energy production, terres-
trial and airborne transportation and the attitude towards novel approaches is
rather prudent (Spalart & McLean 2011). The implementation of new solutions
for these fields involves strong robustness requirements, which can be met by
including physical constraints in the neural-network-models response, but also
adding a quantification of the uncertainty in the predictions.

Numerical approaches to data analysis (DMD) and system identification
(SINDy) have been developed to solve fluid-dynamics problems and then ex-
tended to other fields and disciplines. By contrast, deep learning and deep
reinforcement learning have first developed solutions for natural-language pro-
cessing, computer vision and robotics, and we are currently exploring their
application to fluid dynamics. These applications present unique challenges for
these data-driven models, which need to be adapted to enforce physical con-
straints and deliver physically-accurate predictions. The refinement of existing
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methods and the development of new models can lead to further advancements
that can be mutually beneficial for both fields, machine learning and fluid
dynamics.
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Chen, M., Radford, A., Child, R., Wu, J., Jun, H., Luan, D. & Sutskever, I.
2020 Generative pretraining from pixels. In Proceedings of the 37th International
Conference on Machine Learning (ed. H. D. III & A. Singh), Proceedings of
Machine Learning Research, vol. 119, pp. 1691–1703. PMLR.

Chevalier, M., Schlatter, P., Lundbladh, A. & Henningson, D. 2007 A
pseudospectral solver for incompressible boundary layer flows. Tech. Rep.. TRITA-
MEK 2007:07. KTH Mechanics, Stockholm, Sweden.
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Papers





Summary of the papers

Paper 1

Predictions of turbulent shear flows using deep neural networks

In this work, the possibility to predict the temporal evolution of turbulent flows
using neural networks is explored. In particular, a nine-equation shear-flow
model is used to generate the training and test data. Two different neural-
network types are considered: the multilayer perceptron (MLP) and the long
short-term memory (LSTM) network. Different architectures for each type are
trained, varying the number of layers, number of units per layer, dimension of
the input, weight initialization and activation functions. LSTM networks are
better-suited to analyze sequential data, hence they perform better than all the
tested MLP networks. LSTM can correctly reproduce the temporal evolution of
the model, both in terms of turbulence statistics and of the dynamical behavior
of the system (characterized by Poincaré maps and Lyapunov exponents).

Paper 2

Recurrent neural networks and Koopman-based frameworks for temporal predic-
tions in a low-order model of turbulence

The capabilities of recurrent neural networks and Koopman-based frameworks
are assessed in the prediction of temporal dynamics of the low-order model
of near-wall turbulence by Moehlis et al. (New J. Phys. 6, 56, 2004). Two
different data-driven models are considered: long-short-term memory (LSTM)
networks and a newly-developed Koopman-based framework called Koopman
with nonlinear forcing (KNF). Both can predict the long-term behaviour of the
dynamical system with relative errors in the statistics (mean and the fluctua-
tions) below 1%. The KNF framework outperforms the LSTM network when
it comes to short-term predictions and the model tuning requires significantly
less computational power. Since the LSTM training is performed on the in-
stantaneous predictions, the model is not optimized to reproduce the statistics
of the dynamical system. By using a train-stopping criterion based on the
computed statistics, it is possible to achieve excellent statistical reconstruction
with minimal loss of accuracy in the instantaneous predictions.
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Paper 3

Predicting the temporal dynamics of turbulent channels through deep learning

Two data-driven models, a long short-term memory (LSTM) network and a
Koopman non-linear forcing model, are optimized to reproduce the temporal
evolution of a minimal turbulent channel flow. We first obtain a data-driven
model based on a modal decomposition in the Fourier domain (which we denote
as FFT-POD) of the time series sampled from the flow. LSTM and KNF
models are trained to predict the temporal dynamics of the minimal-channel-
flow modes. Tests with different configurations highlight the limits of the KNF
method compared to the LSTM, given the complexity of the flow under study.
Long-term predictions with LSTM networks show excellent agreement from
the statistical point of view, with errors below 2% for the best models with
respect to the reference. The chaotic behaviour of the trained LSTM models
is compared with that of the original simulation using Lyapounov exponents,
while the dynamic behaviour is analyzed using Poincaré maps.

Paper 4

Prediction of wall-bounded turbulence from wall quantities using convolutional
neural networks

A fully-convolutional neural-network (FCN) model is used to predict the stream-
wise velocity fields at several wall-normal locations by taking as input the
streamwise and spanwise wall-shear-stress planes in a turbulent open channel
flow. For each sampled wall-normal location (y+ = 15, 30, 50), we trained
different networks to predict the wall-parallel flow field, using the data sampled
from a direct numerical simulation at friction Reynolds number Reτ = 180.
Thanks to their non-linearity, the neural networks outperform the linear methods
existing in literature, both in terms of instantaneous accuracy and turbulence
statistics. When a higher time step between the samples ∆t+s is considered, the
prediction accuracy increases at all the considered wall-normal locations, as long
as the network capacity is sufficient to generalize over the dataset. Training
time can be effectively reduced, by a factor of 4, via a transfer-learning method
that initializes the network parameters using the optimized parameters of a
previously-trained network.

Paper 5

Convolutional-network models to predict wall-bounded turbulence from wall quan-
tities

Two models based on convolutional neural networks are trained to predict the
two-dimensional instantaneous velocity-fluctuation fields at different wall-normal
locations in a turbulent open-channel flow, using the wall-shear-stress compo-
nents and the wall pressure as inputs. The first model is a fully-convolutional
neural network (FCN) which directly predicts the fluctuations, while the second
one reconstructs the flow fields using a linear combination of orthonormal basis
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functions, obtained through proper orthogonal decomposition (POD), hence
named FCN-POD. Both models are trained using data from direct numerical
simulations (DNS) at friction Reynolds numbers Reτ = 180 and 550. Being
able to predict the nonlinear interactions in the flow, both models show better
predictions than the extended proper orthogonal decomposition (EPOD), which
establishes a linear relation between input and output fields. The performance
of the models is compared based on predictions of the instantaneous fluctuation
fields, turbulence statistics and power-spectral densities. Transfer learning can
be used for the FCN model, using the model parameters learned from Reτ = 180
dataset to initialize those of the model that is trained on the Reτ = 550 dataset.
After training the initialized model at the new Reτ , our results indicate the
possibility to match the reference-model performance up to y+ = 50, with as
little as 25% of the original training data.

Paper 6

Direct numerical simulation of a zero-pressure-gradient thermal turbulent bound-
ary layer up to Pr = 6

In this paper, we report the analysis of a direct numerical simulation (DNS) of
an incompressible zero-pressure-gradient turbulent boundary layer is performed
with the Reynolds number based on momentum thickness Reθ up to 1080. Four
passive scalars, characterized by the Prandtl numbers Pr = 1, 2, 4, 6, are simu-
lated with constant Dirichlet boundary conditions. To the best of our knowledge,
the present DNS dataset provides the thermal boundary layer with the highest
Prandtl number available in the DNS literature. Turbulence statistics for the
flow and thermal fields are computed and compared with available numerical
simulations at similar Reynolds numbers. The mean flow and temperature pro-
files, root-mean squared (RMS) velocity and temperature fluctuations, turbulent
heat flux, turbulent Prandtl number and higher-order statistics agree well with
the numerical data reported in the literature. Furthermore, the pre-multiplied
two-dimensional spectra of the velocity and of the passive scalars are computed,
providing a quantitative description of the energy distribution at the different
lengthscales for various wall-normal locations. The energy distribution of the
heat-flux fields at the wall is concentrated on longer temporal structures and
exhibits a different footprint at the wall, with increasing Prandtl number.

Paper 7

Fully-convolutional networks for velocity-field predictions based on the wall heat
flux in turbulent boundary layers

The effectiveness of fully-convolutional neural networks (FCNs) in predicting the
instantaneous state of a fully-developed turbulent flow at different wall-normal
locations using wall-measured quantities has been analyzed in Guastoni et
al. (2021). In that study, wall-shear-stress distributions were used as inputs
and they can be challenging to measure in experiments. To address this
issue, we introduce a model that utilizes the heat-flux field at the wall from a
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passive scalar as input. The study considered four different Prandtl numbers
Pr = ν/α = (1, 2, 4, 6), where the thermal diffusivity and kinematic viscosity
of the scalar quantity are represented by α and ν, respectively. The fields are
sampled from the DNS of a turbulent boundary layer, since accurate heat-flux
measurements can be performed in experimental settings. This study represents
the first step towards the implementation of a non-intrusive sensing approach
for the flow in practical applications, for instance for flow control.

Paper 8

Predicting the wall-shear stress and wall pressure through convolutional neural
networks

In this study, we assess the capability of convolution-based neural networks
to predict the wall quantities in a turbulent open channel flow, starting from
measurements above the wall. Two different fully-convolutional networks are
tested, called FCN and R-Net (the latter takes the name from the residual
connections that are present in the network architecture). At Reτ = 550, both
FCN and R-Net can take advantage of the self-similarity in the logarithmic
region of the flow and predict the velocity-fluctuation fields at y+ = 50 using
the velocity-fluctuation fields at y+ = 100 as input with about 10% error in
prediction of streamwise-fluctuation intensity. R-Net models perform better than
the FCN models when trained to predict the wall-shear-stress and wall-pressure
fields using the velocity-fluctuation fields. At y+ = 50, R-Net predictions have
an error around 10% in the fluctuations intensity at both Reτ = 180 and 550.
These results are an encouraging starting point to develop neural-network-based
approaches for modelling turbulence near the wall in numerical simulations,
especially in the context of wall-modeled large-eddy simulations (WMLESs).

Paper 9

Deep reinforcement learning for turbulent drag reduction in channel flows

The control of turbulent fluid flows represents a problem in several engineering
applications. The chaotic, high-dimensional, non-linear nature of turbulence
hinders the possibility to design robust and effective control strategies. In this
work, we apply deep reinforcement learning to a three-dimensional turbulent
open-channel flow, a canonical-flow example that is often used as a study case
in turbulence, aiming to reduce the friction drag in the flow. By casting the
fluid-dynamics problem as a multi-agent reinforcement-learning environment
and by training the agents using a location-invariant deep deterministic policy
gradient algorithm, we are able to obtain a control strategy that achieves a
remarkable 43% and 30% drag reduction in a minimal and a larger channel (at
a friction Reynolds number of 180), respectively, outperforming the classical
opposition control by around 20 and 10 percentage points, respectively.


