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Abstract

This thesis concerns accurate and efficient numerical methods for
the simulation of fluid flow on the microscale, known as Stokes flow or
creeping flow. Such flows are important, for example, in understanding
the swimming of microorganisms, spreading of dust particles, as well
as in developing new nano-materials, and microfluidic devices that can
be used for on-the-fly analysis of blood samples, among other things.

Flow on the microscale is dominated by viscous forces, meaning
that a fluid such as water or air will behave as a very viscous fluid,
like e.g. honey. The equations governing the flow, known as the Stokes
equations, are linear PDEs, which permits the use of boundary in-
tegral methods (BIMs). In these methods, the PDE is reformulated
as a boundary integral equation, thus reducing the dimensionality of
the computational problem from three dimensions to two dimensions.
The boundary integral formulation is well-conditioned, so that high
accuracy can be achieved.

We consider two main challenges related to BIMs. The first chal-
lenge is that the integrals in the formulation contain integrands that
vary rapidly for evaluation points close to the boundary, and cannot be
accurately resolved using a standard method for numerical integration.
Therefore, special quadrature methods are needed. We consider two
such methods: quadrature by expansion (QBX) and the “line extrap-
olation/interpolation method” (also known as the Hedgehog method).
In particular, we consider these methods applied to simulations involv-
ing rigid rodlike particles and surrounding walls.

The second challenge is that discretizing the boundary integral
formulation leads to a dense linear system, which requires O(N?) op-
erations to solve iteratively, where N is the number of unknowns. This
becomes too expensive for large systems. A fast summation method,
such as the Spectral Ewald (SE) method considered in this thesis, re-
duces the number of operations required, for example to O(N log N).
The SE method can also be used for problems with periodic boundary
conditions in any number of the spatial directions (arbitrary periodic-
ity).

We also consider an application of these methods to a flow problem
involving an inertial spheroid in a parabolic flow profile, and analyze
the lateral drift of this spheroidal particle.

The numerical methods studied in this thesis enable fast and ac-
curate computer simulations of e.g. suspensions of rigid particles in
three-dimensional Stokes flow, including surrounding walls and arbi-
trary periodicity.

iii



iv

Sammanfattning

Denna avhandling behandlar noggranna och effektiva numeriska
metoder for att simulera stromning pa mikroskalan, kdnt som Stokes-
flode eller krypande flode. Sddana floden &r viktiga till exempel for
att férsta hur mikroorganismer simmar och stoftpartiklar sprider sig,
liksom for att utveckla nya nanomaterial samt mikrofluidiska enheter
for omedelbar blodanalys, bland annat.

Stromning pa mikroskalan domineras av viskosa krafter, vilket in-
nebéar att en fluid sasom vatten eller luft kommer att bete sig som en
mycket viskds fluid, som till exempel honung. De ekvationer som styr
stromningen kallas Stokes ekvationer och ar linjira PDE:er, vilket inne-
bar att randintegralmetoder kan anvindas. I dessa metoder omformu-
leras PDE:n som en randintegralekvation, sa att berdkningsproblemets
dimensionalitet minskar fran tre till tvd dimensioner. Randintegralfor-
muleringen &r vélkonditionerad, sa att hog noggrannhet kan uppnas.

Vi behandlar tva huvudsakliga utmaningar kopplade till randinte-
gralmetoder. Den forsta utmaningen &r att integralerna i formuleringen
innehaller integrander som varierar snabbt for evalueringspunkter néra
randen, och inte kan lésas upp noggrannt med en standardmetod for
numerisk integration. Déarmed behévs speciella kvadraturmetoder. Vi
betraktar tva sddana metoder: expansionskvadratur (eng. quadrature
by expansion) och ”linje-extrapolation/interpolation” (dven kdnt som
igelkottsmetoden, eng. Hedgehog method). Metoderna tillimpas spe-
cifikt pa stromningsproblem innehéllande stela stavlika partiklar och
omgivande viggar.

Den andra utmaningen ar att diskretiseringen av randintegralfor-
muleringen leder till ett titt linjirt system, som kriver O(N?) ope-
rationer att l0sa iterativt, dar N ar antalet okdnda. Detta blir alltfor
kostsamt for stora system. En snabb summeringsmetod, sasom den
spektrala Ewald-metoden som behandlas i denna avhandling, mins-
kar antalet operationer som krévs till exempelvis O(Nlog N). Den
spektrala Ewald-metoden kan dven anvidndas for problem med perio-
diska randvillkor i godtyckligt antal rumsriktningar.

Vi tillampar dven dessa metoder pa ett stromningsproblem med en
trog sfiroid i en parabolisk stréomningsprofil, och analyserar driften i
sidled hos denna sfaroidiska partikel.

De numeriska metoder som studeras i denna avhandling méjliggor
snabba och noggranna datorsimuleringar av exempelvis suspensioner
av stela partiklar i tredimensionellt Stokesflode, inklusive omgivande
vaggar och godtycklig periodicitet.



Popularvetenskaplig sammanfattning

Matematiska ekvationer kan anvindas for att beskriva en méangd
olika fenomen i var omvérld. I denna avhandling ligger fokus pa strom-
ningsmekaniska fenomen déar mikroskopiska partiklar eller droppar rér
sig i en vétska eller gas. Till exempel kan det handla om mikroorganis-
mer som simmar i havet, eller stoftpartiklar som sprider sig i atmosfa-
ren. Tillimpningar finns dven inom industrin (t.ex. tillverkning av nya
nanomaterial) och medicinen (t.ex. utveckling av portabla enheter for
att analysera blodprover och stilla diagnos utan utrymmeskravande
utrustning).

Sadana mikroskopiska stromningsfenomen kallas Stokesfloden och
domineras av viskosa krafter, vilket innebér att de beter sig som en
mycket trogflytande vétska. For en mikroorganism i havet ar det alltsa
som att simma i honung.

Ett mal kan vara att berdkna hur en méngd partiklar i en vétska
eller gas kommer rora sig. De matematiska ekvationer som beskriver
stromningen kan inte 16sas fér hand, utan maste forenklas och l6sas
med hjélp av datorer och numeriska metoder. En typ av metoder ut-
gar fran randintegraler, vilket innebér att ekvationerna léses pa par-
tiklarnas ytor istéllet for i hela vétskevolymen. Detta gor det latt att
hantera rorliga geometrier, till exempel partiklar som forflyttar sig.

En utmaning kopplad till randintegralmetoder &r att f& hog nog-
grannhet i berdkningarna da partiklar kommer nira varandra, eftersom
randintegralerna da blir svara att uppskatta. En annan utmaning gél-
ler att utfora berdkningarna effektivt, sa att en stor méngd partiklar
kan simuleras inom rimlig tid. Speciella metoder krévs for att hantera
dessa utmaningar. Syftet med detta avhandlingsarbete har varit att
utveckla sddana noggranna och effektiva metoder.
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Preface

This is a compilation thesis divided into two parts. Part I provides an intro-
duction to the subject and summarizes the work presented in the included
papers. Part II consists of six papers:

o Paper A (a conference paper) and Paper B (a journal paper) present an
extension to new geometries (flat walls, pipes, rodlike particles) of pre-
vious work [6] by Ludvig af Klinteberg (LK) and Anna-Karin Tornberg
(AKT) on the quadrature by expansion (QBX) method. Joar Bagge
(JB) contributed to the ideas, performed the derivations, implemented
the method for the new geometries, performed the numerical experi-
ments, and wrote the manuscript, under the supervision of AKT.

o Paper C (a journal paper) applies the QBX method developed by
LK and AKT to a problem in fundamental fluid mechanics, and is
a continuation of JB’s Master’s thesis work [11]. JB contributed to
the ideas and derivations, performed the numerical experiments, and
wrote a part of the manuscript, in collaboration with Tomas Rosén,
Fredrik Lundell and AKT.

o Paper D (a journal paper) concerns the extension of the Spectral Ewald
(SE) method, previously developed by Dag Lindbo, LK, Davood Saffar
Shamshirgar (DSS) and AKT, to arbitrary periodicity for electrostat-
ics. The first version of the manuscript was written by DSS and AKT.
JB further developed the paper in collaboration with AKT and DSS.
JB contributed to ideas, derivations, methods and implementations;
performed additional numerical experiments; and rewrote parts of the
manuscript.
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o Paper E (a preprint) extends the previously developed SE method
to arbitrary periodicity for Stokes flow, presenting work carried out
by JB under the supervision of AKT. JB contributed to the ideas,
derivations, methods and implementations; performed the numerical
experiments; and wrote the manuscript.

o Paper F is a technical note summarizing recent work on the Hedgehog
method for special quadrature carried out by JB under the supervi-
sion of AKT. JB contributed to the ideas, derivations, methods and
implementations; performed the numerical experiments; and wrote the
note.

The contributions of the included papers are also outlined throughout Part I,
highlighted as Paper X at the ends of Sections 2.1, 3.2, 4.3, 4.4 and 5.3,
and also summarized in Chapter 6.
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1 Overview

Mathematical equations can be used to describe a wide range of phenomena
in the world around us, from the behaviour of atoms and molecules, via
the flow of air around a train or airplane, to the motion of the planets and
the stars, and the evolution of the universe. Often, the mathematical laws
governing these phenomena are formulated as differential equations. The
solutions to these equations can in most cases not be found simply by pen
and paper using methods from calculus. Instead, one must use numerical
methods, which are based on approximations of the original equations. As
computers have grown increasingly powerful, scientists have been able to
study more and more complicated problems.

In this thesis, we consider the flow of fluids —i.e., liquids and gases — such
as water or air. More specifically, we consider microscale flows, i.e., flows
with a characteristic length scale somewhere between a micrometer and a
millimeter, roughly speaking.! On such a small scale, both air and water
behave as a viscous? fluid such as honey or glycerol (as will be made clear in
Chapter 2). This is the realm of bacteria, plankton, blood cells, pollen, dust
particles, and droplets (such as mist). Fluid flow on the microscale is known
as Stokes flow, and is characterized by viscous forces (due to the internal
friction of the fluid) dominating over inertial forces (due to the inertia® of the
fluid), corresponding to a vanishing Reynolds number in the Navier—Stokes

!The precise meaning of the words “microscale” and “macroscale” vary depending on
the context. In this thesis, “microscale” will be understood as roughly between 1 pm and
1 mm, while “macroscale” is larger than 1 mm.

2The wiscosity of a fluid is its “thickness”, or more formally, its resistance to defor-
mation. For instance, honey has a higher viscosity than water. Viscosity is caused by
internal friction in the fluid.

3 Inertia is the ability of an object to resist changes to its velocity, and is caused by
its mass.



2 Chapter 1. Overview

equations. The negligible inertia will, for example, make a microorganism
come to an abrupt halt if it suddenly stops swimming, unlike a human who
will “glide”.

The purpose of this thesis is to develop numerical methods that can be
used to perform computer simulations of Stokes flow, with a focus on con-
trollable accuracy and high computational efficiency. Being able to control
the accuracy of the methods is important for obtaining reliable simulations,
and accuracy requirements may vary depending on the application. A high
computational efficiency is necessary in order to enable large simulations of
three-dimensional problems with many particles, which is often needed in
applications. In this context, efficient methods save time and energy, and
may be needed for the computation to be feasible at all.

Typical simulation setup

| 1
| 1
| I
| 1
| I
| I
| 1
> “+> 6
| 1
| 1
| I
| 1
| I
| I
| 1
| I
| 1
| |

7 3
FI1GURE 1.1: Schematic of a typical simulation setup.

A typical situation that we might want to simulate is shown in Figure 1.1.
The important features in this setup are, referring to the numbers in the
figure:

1. The fluid itself is assumed to be incompressible and Newtonian*. The

“In a Newtonian fluid, the viscous stress is proportional to the strain rate, with the
constant of proportionality being the viscosity. For example, water and air can both be
considered to be Newtonian.



flow is assumed to be Stokes flow, i.e., at zero Reynolds number.

2. The fluid contains rigid particles, such as the rodlike particles shown
here. Typically, the goal of the simulation is to determine how the
particles will move over time, due to the influence of e.g. gravity or a
prescribed fluid flow.

3. The fluid domain may be bounded by rigid walls in some directions.

4. The particles may come quite close to each other, or to the walls.
These close interactions are challenging for numerical methods, and
special strategies are needed to handle them.

5. A background flow may be prescribed, i.e., a flow profile that should
hold in the absence of particles. This can be used e.g. to drive the
particle motion.

6. Periodic boundary conditions may be used in some (or all) spatial
directions. Imposing periodicity is a common way of simulating a large
collection of particles using limited computational resources.

7. In some (or all) spatial directions, the flow domain may be unbounded
and continue into infinity. We call these directions free, and if all
directions are free, we call the setup a free-space problem.

All simulations considered in this thesis are fully three-dimensional in space.
In this thesis, we consider a limited number of shapes for the particles and
walls, shown in Figure 1.2. For details, see §3 in Paper B. Note that a
spheroid is a sphere that has either been elongated (called prolate) or flat-
tened out (called oblate) along one axis; the spheroid in Figure 1.2 is prolate.

Numerical methods and the contribution of this thesis

In this thesis, we consider numerical methods based on boundary integral
equations for solving the equations of Stokes flow (which will be discussed
in Section 2.2). Boundary integral methods have an obvious advantage over
volume-based methods, namely that only the (two-dimensional) boundary
has to be discretized, instead of the entire (three-dimensional) fluid domain.
There are, however, challenges regarding the accuracy and speed of these
methods. The goal of this thesis is to develop special quadrature methods
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{ N { N
Flat wall
Rodlike Cylindrical pipe
. J . J
(a) Particles (b) Walls

FIGURE 1.2: The geometrical objects considered in the simulations in this thesis (in
Papers A-C & F). (Figure from Paper B, reproduced under the Creative Commons
Attribution License)

and fast summation methods, to enable accurate and efficient simulations
of three-dimensional Stokes flow using boundary integral methods. The in-
cluded papers detail the development and systematic testing of these meth-
ods. The specific challenges that are the main focus of this thesis are the
following:

e Accuracy: The integrals in the boundary integral formulation must
be discretized and computed using a quadrature method. These in-
tegrals involve integrands that are singular or nearly singular — i.e.,
sharply peaked, and increasingly so with decreasing distance between
the evaluation point and boundary — especially for the close inter-
actions shown in Figure 1.1 (point 4). They cannot be accurately
resolved using standard quadrature methods, and therefore, special
quadrature methods are needed to get a solution with high accu-
racy. Such methods are the topic of Chapter 4.

e Speed: The linear system that arises when discretizing a boundary
integral equation is typically dense, due to the nonlocal nature of the
operator. To solve the system efficiently, fast summation methods


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

are needed. Such methods are described in Chapter 5, with a focus
on methods that can be used for problems with both periodic and free
directions.

Significance and wider applicability

While the focus of this thesis is on the fundamental development of numer-
ical methods, and not primarily on their applications, it is important to
understand the target applications. Therefore, we will now briefly discuss
possible applications. The main types of applications where this work would
be useful are for microscale flow phenomena. The methods developed here
may form a part of the next generation simulation tools for such phenomena.
In the future, such tools could enable researchers to gain a deeper under-
standing of microscale flows and design new technology. A few examples of
possible applications are:

o Microfluidic devices [100, 101, 120] involve fluids passing through mi-
croscopic channels, and can be used e.g. for pregnancy testing [98];
detection of diseases such as COVID-19 [59], HIV [30] and cancer [9];
as well as gene sequencing [120]. Microfluidic devices may be manufac-
tured at a low cost, and permit on-the-fly analysis of samples, without
sending them to a central lab. This makes them especially suitable
for self-testing or point-of-care testing. They can be cost-effective and
environmentally friendly [98], and may be used in remote areas lacking
hospitals and labs [30, 101].

o Cellulose nanofibrils [83], which are extracted e.g. from wood, can
be used to create extremely strong macroscopic materials, surpassing
metals, alloys and glass fibers in strength. This may be used to create
sustainable and climate-friendly high-performance building materials.
The assembly of macroscale fibers from nanofibrils requires proper
alignment, which can be achieved using a microscopic flow-focusing
channel.

¢ In microbiology, there is an interest in understanding how microorgan-
isms, such as plankton and bacteria, swim and behave. These organ-
isms are of importance since they form the basis of the food chain in
the oceans [49]. There is also an interest in the possibility to harness
the power of collectively swimming microorganisms [109].
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Numerical methods and computer simulations can aid the design of new
technology, and are cheaper, faster and less energy-consuming than manu-
facturing physical prototypes.

The numerical methods described in this thesis can also be applied to
other fields of physics, such as electrostatics, molecular dynamics, or acoustic
and electromagnetic scattering.

Overview of Part 1

The remainder of Part I is structured as follows: Chapter 2 introduces the
physics, mathematics and numerical methods of Stokes flow, to establish a
proper background for what follows. In Chapter 3, the foundation of our
boundary integral method for Stokes flow is given, namely, the boundary
integral formulations. This chapter forms the basis for the rest of the thesis.

The remaining chapters outline the main topics and contributions of
the thesis — i.e., methods to handle the challenges of boundary integral
methods. Chapter 4 deals with accurate special quadrature methods, and
introduces the quadrature by expansion (QBX) method used in Papers A-C,
and also the Hedgehog method studied in Paper F. Chapter 5 discusses fast
summation methods and periodic problems, which are the topics of Papers
D-E. Finally, conclusions and an outlook are presented in Chapter 6.



2 Fluid flow on the microscale
— Stokes flow

This thesis deals with the topic of microhydrodynamics, i.e., the study of
fluid flow in a microscale setting. Such flows are dominated by viscous
forces, and are known as Stokes flow (or alternatively as “creeping flow”
or “linearized viscous flow”). In this chapter, we give an introduction to
Stokes flow from a physical, mathematical and numerical viewpoint. For
more details, the reader is referred to the books by Kim & Karrila [65] and
Pozrikidis [94].

2.1 Physics of Stokes flow

Stokes flow is dominated by wiscous forces (due to the internal friction of the
fluid), rather than inertial forces (due to the inertia of the fluid). The ratio
of inertial forces to viscous forces is called the Reynolds number. For Stokes
flow this number is close to zero. In essence, on a small enough length scale,
any fluid behaves like a viscous fluid such as honey or glycerol.!

The lack of inertia in Stokes flow leads to several interesting effects:

(i) The fluid adjusts instantly to the boundaries, and any change in the
flow pattern must come from changes at the boundaries (e.g. from one
of the boundaries moving).

'Most types of honey are Newtonian fluids, although some are non-Newtonian [41].
Pure glycerol is also a Newtonian fluid [19]. The viscosity of both honey and glycerol is
strongly dependent on temperature.
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(ii) The flow is reversible, meaning that if the external forcing is reversed,
the flow will be perfectly reversed. In a classical example of this, dye is
injected into a viscous fluid confined between two concentric cylinders.
As the inner cylinder is rotated, the dye appears to mix. If the inner
cylinder is then rotated in the opposite direction, the flow is reversed,
and the dye “unmixes”, returning to its original state!?

(iii) The flow is completely laminar, meaning that streamlines are smooth
and regular, and there is no turbulence. Furthermore, streamline pat-
terns around symmetric objects are symmetric, as shown in Figure 2.1.

(a) Stokes flow (b) Higher Reynolds number flow

FIGURE 2.1: Streamlines around a stationary object in Stokes flow (a), and in flow
at higher Reynolds number (b). The object can be thought of e.g. as a smooth
stone in a river. Note that the streamlines are left-right symmetric in (a), but not

in (b).

As a result of (ii) above, and the lack of turbulence, true mixing is
difficult to achieve on the microscale. Different strategies are required to
perform mixing on the microscale compared to the macroscale, and often
natural diffusion processes are utilized [112]. Swimming is also different
on the microscale, and microorganisms typically propel themselves forward
using thin appendages known as flagella (from the Latin word for “whip”)
[49]. If they stop swimming, they come to a halt instantly due to the lack
of inertia.

In Paper C, we performed numerical simulations of a situation in which
an inertial particle moves through an inertialess fluid.®> In other words, the
fluid flow itself is Stokes flow, but the particle inertia may induce effects
not seen in normal Stokes flow. (For instance, the motion is no longer

2The reader will find plenty of videos of this phenomenon by searching e.g. for
“reversibility of Stokes flow” on YouTube.
3The meaning of this is elaborated upon in Section 2.4, where this situation is case (ii).



2.2. The equations of fluid flow 9

reversible.) We found that inertial prolate spheroids have a sideways drift
in a parabolic flow, and that the magnitude of the drift depends on the
shape of the particle. On the other hand, spheres and oblate spheroids have
no such drift, due to their different pattern of motion. Thus, this new drift
mechanism could potentially allow for separation and filtering of particles
of different shapes.

2.2 The equations of fluid flow

Let us first introduce some notation for the geometry of the flow problem.
As shown in Figure 2.2, we let Dy = Dy(t) denote the domain occupied
by the fluid itself, which may vary with time as the boundaries (particles)
move. The union of all the rigid boundaries (i.e., the surfaces of particles
and walls) is denoted by I' = I'(¢). The periodic boundaries (where the
periodic boundary conditions are enforced) are denoted by II, and these are
fixed.

I

I

I

I

I

I

I
>
IT

|
|
|
|
|
|
|
>

it :

r

FIGURE 2.2: Notation for the geometry of the flow problem.

Derivation of the Stokes equations

Fluid flow is governed by the Navier—Stokes equations, which are a set of
partial differential equations (PDEs) based on the physical principles of
conservation of momentum (i.e., Newton’s second law, ma = F') and con-
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servation of mass. For an incompressible Newtonian fluid, the momentum
conservation equation is*

ou
P+ Vu=—Vp+uViu+f, (2.2.1)

and the mass conservation equation is simply
V.-u=0. (2.2.2)

Here, we assume that the density p and viscosity p of the fluid are known,
as well as any external body forces f = f(x), such as gravity, acting on the
fluid. (Note that f has the physical dimensions of force per unit volume.)

The Navier—Stokes equations (2.2.1)—(2.2.2) can be used to determine
the velocity w = u(x,t) and pressure p = p(x,t) of the fluid, as functions
of position « and time ¢. The equations hold for x € Dy(t), where Dy(t) is
the fluid domain as in Figure 2.2.

In hydrodynamics, it is common to introduce nondimensional quantities
to simplify equations and reduce the number of parameters. This can be
done in different ways, and the physical problem under consideration should
dictate which choices are made.

For instance, let us consider a small particle moving through a quiescent
fluid (i.e., a fluid at rest). In this case, there is a natural characteristic length
scale L (namely, the diameter of the particle) and a characteristic speed U
(the speed of the particle). We may then introduce the nondimensional
quantities

N T - u - t N p r f

T=7, =g t_f’ p—,u/—T, f_i,u/(LT)’ (2.2.3)
where nondimensional quantities are denoted by a tilde above the variable.
Here, T is a characteristic time scale. Unless a time scale is imposed using
external means (e.g. by a periodically varying background flow), a natural
choice is to let T'= L/U. Inserting the relations (2.2.3) into (2.2.1) allows
us to write down the momentum conservation equation on nondimensional

form, as
O o,
Reﬁ—i—Re(zrV)u:—Vp—kV u+ f, (2.2.4)
“Throughout this thesis, vectors are in boldface, i.e., & = (z1, za2,z3), w = (u1, U2, us)

o 0 8)

and so on, and the nabla operator is V = (—, _—
81‘1 8%2 61‘3
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where the nondimensional nabla operator is V = LV (since V has the
physical dimensions of inverse length). In (2.2.4), we have introduced the
Reynolds number
_ pLU
o
As mentioned above, the Reynolds number is the ratio of inertial forces to
viscous forces, and it is close to zero for Stokes flow. Letting Re — 0 in
(2.2.4), we get the momentum equation of Stokes flow, namely

Re (2.2.5)

~Vp+V3a+ f=o0. (2.2.6)
Returning to the dimensional (physical) quantities, this equation becomes
~Vp +uViu+ f=0. (2.2.7)

Equation (2.2.7) together with the mass equation (2.2.2) are the Stokes equa-
tions, which govern Stokes flow. Sometimes these equations are called the
steady Stokes equations to emphasize that they contain no time derivative.

Properties of the Stokes equations

To reiterate, the (steady) Stokes equations are

—Vp+ uViu + f=0,
{ b J (2.2.8)

V-u=0,

where p is the viscosity and f(x) is an external body force. The solution to
(2.2.8) consists of the velocity u = (u1,u2,u3) and pressure p at every point
of the fluid domain D¢(t). In this thesis, we are mainly interested in the
velocity field, since that is what is needed to determine the motion of the
fluid and any particles it contains. The pressure is needed to make (2.2.8) a
square system (four equations and four unknowns), but it is of no particular
interest to us.

If the force field is comservative, i.e., f = Vi for some potential ¢, we
can define p’ = p — ¢, and the momentum equation (2.2.7) turns into the
homogeneous equation

—Vp' 4 uV3u = 0. (2.2.9)

Note that the velocity w is the same in (2.2.7) and (2.2.9), i.e., it is not
affected by adding a conservative force field. Therefore, we will typically
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assume that we can set f = 0 in (2.2.8) so that the Stokes equations are
homogeneous.

When we took Re — 0 in the Navier—Stokes equations (2.2.4), the time
derivative as well as the nonlinear term (u - V)u disappeared. The lack of
a time derivative in the Stokes equations is connected to the instantaneity
and reversibility of Stokes flow mentioned in Section 2.1; the flow has no
“memory” of the past since it has no inertia.

The lack of a nonlinear term implies that the Stokes equations are linear,
unlike the Navier—Stokes equations. The linearity of the Stokes equations
makes them easier to analyze theoretically, and one can, for example, show
uniqueness of the solution (see for example [65, §2.2.1] or [94, §1.5]). Linear-
ity also implies the superposition principle: if we have two solutions (w1, p1)
and (ug, p2) to (2.2.8), with forcing terms f and f,, respectively, then their
sum (w1 +ug, p1 +p2) is also a solution to (2.2.8), with forcing term f; + f.

Boundary conditions and background flow

In order for (2.2.8) to have a unique solution, boundary conditions are
needed. In this thesis, we enforce three types of conditions:

(i) On the rigid boundary I'(¢) (i.e. on the surfaces of particles and walls),
no-slip boundary conditions are enforced. This means that the fluid
should have the same velocity as the boundary, i.e., w = ur on I'(¢).

(ii) On the periodic boundary II, periodic boundary conditions are en-
forced.

(iii) In the free directions, a far-field condition is needed at infinity. Typi-
cally, we require that u — 0 as || — oc.

Condition (iii) may seem restrictive, but it is still possible to model situations
where the flow field does not go to zero at infinity. We do this by introducing
a background flow, which is a given function upg(x). The background flow
must satisfy the Stokes equations (2.2.8), but need not satisfy the conditions
(i)—(iii) above. The idea is to solve for a perturbation us that satisfies (ii)
and (iii), such that the total field u = upg + us satisfies (i). In other words,
ug should:

 be a solution to the Stokes equations (2.2.8),
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o satisfy us = ur — upg on I'(%),
o satisfy periodic boundary conditions on the periodic boundary II, and
o satisfy us — 0 as |x| — oc.

Due to the superposition principle, the total field u = upg + us will also be
a solution to the Stokes equations.

2.3 Applicability of Stokes flow

Under what circumstances is it reasonable to assume that the Stokes model
(2.2.8) holds? In its derivation, we assumed that Re — 0. In reality, the
Reynolds number (2.2.5) will never be exactly zero. Is the model still rele-
vant for small, but nonzero, Reynolds numbers?

It has been shown that the difference between the Stokes solution and
the solution to the full Navier-Stokes equations is O(Re) in the vicinity of
a particle; this was shown for a sphere by Proudman & Pearson [96], and
for a particle of arbitrary shape by Brenner & Cox [21]. Furthermore, Kim
& Karrila [65, §1.2.3] show that when the boundaries of the problem move
(e.g. when simulating moving particles), an additional error proportional to
O(Re'/?) is introduced when using the steady Stokes equations (2.2.8).

As an example, let us consider a planktonic microorganism swimming in
water using flagella. Following [49], let us assume that the organism is of
size L = 10 pm and is swimming at U = 100 pm/s. Since water has density
p = 103kg/m? and viscosity u = 1073 Pa-s, the Reynolds number of the
flow around the organism will be Re = 1073, Assuming a modelling error of
(’)(Rel/Q) as mentioned above, the error would then be around 1073/2, i.e.,
around 3 %.

As another example, we consider stirring honey with a thin stick, such as
a toothpick. Honey has a density similar to that of water, and the viscosity
may range from around 2 Pa-s to 40 Pa-s, depending on water content. Let us
assume that g = 10 Pa-s, and that the stick has characteristic size L = 1 mm.
To get the same Reynolds number as in the example above, i.e., 1073, we
would have to move the stick with speed U = 1cm/s. Again, the modelling
error would be around 3 %.

Both of the above examples are situations in which the Stokes model will
give a reasonably good approximation of reality. Of course, the smaller the
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Reynolds number, the better the approximation. In general, the Reynolds
number (2.2.5) will become smaller if the length scale L or speed U becomes
smaller, or if the fluid has a lower density p or higher viscosity u.

2.4 Particle suspensions; resistance and mobility
problems

We are interested in simulating rigid particles suspended in a Stokesian fluid,
e.g. as in Figure 2.2. Typically, we seek the motion of these particles over
time. Thus, we must be able to compute the velocities of the particles. We
distinguish between two cases:

(i) the particles, like the fluid, have no inertia; and
(ii) the particles, unlike the fluid, have inertia.

In case (i), the particles have no “memory” of the past and will instantly
adjust their velocities to any forces currently acting on them. In case (ii),
the inertia of the particles causes them to adjust more slowly, and they can
continue to move even when no force is acting on them (like a skater sliding
on ice).

A particle moving through a Stokesian fluid will experience a drag force
F4, which is due to the viscosity of the fluid (i.e., friction from the fluid
against the particle surface). This drag, which is also called viscous resis-
tance, is proportional to the relative velocity U of the particle to the fluid:
F4q = —pkU, where p is the viscosity of the fluid and & is a positive co-
efficient which depends on the shape of the particle. For instance, for a
sphere of radius R, the coefficient has the value £ = 67 R, a fact known as
Stokes’ law [65, §1.1]. For most particle shapes, the coefficient is not known
analytically, but must be computed numerically.

For an inertial particle, i.e., case (ii), the drag force F4 adds to any
external force F¢ (such as gravity), so that the total force acting on the
particle is F = Fq + F.. The acceleration a of the particle can then be
computed using Newton’s second law ma = F and used to update the
velocity U of the particle. This situation, in which U (the currect velocity
of the particle) is known and Fq (the drag) is to be computed, is known as
a resistance problem.
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On the other hand, for an inertialess particle, i.e., case (i), the total force
F on the particle must be zero since m = 0 (no inertia) in Newton’s second
law, and the particle will adjust its velocity instantly to ensure that it is so.
Thus, Fy = —F, is known, and we must compute the particle velocity U
such that F'y = —ukU holds. This situation, which is the opposite of the
one in the previous paragraph, is known as a mobility problem.

In general, the rotational motion of the particle also affects the drag, and
we may collect the velocity U and angular velocity w of a particle into a
combined vector U = (Uy, Us, Us, w1, wa,ws). In the same way, we combine
the force Fgq and torque T4 due to drag into a vector Fy. Then, there is a
linear relation between U and Fg:

F, = RU, (2.4.1)

where the matrix R is known as the resistance matriz. The inverse of the
resistance matrix is the mobility matric M = R™!. These matrices depend
on the shape of the particle, and in general, numerical methods must be
used to compute them. (More details can be found e.g. in [65, §5].)

When the fluid contains N particles, the vectors U and Fq must be ex-
tended with the velocities and force-torques of all particles, such that they
have 6N elements each. The resistance matrix (and mobility matrix) will
then have size 6N x 6N, and its entries depend on the position and orien-
tation (and shape) of each particle. However, in practice it is not necessary
to compute the matrix explicitly to solve the resistance (or mobility) prob-
lem, and it would typically be needlessly computationally expensive to do
so. Instead, the computation U ~ Fq (or its inverse) is done using the
numerical method, without constructing the matrix. We will return to this
in Section 3.2, and details are found in Paper B.

2.5 Numerical methods for Stokes flow

In this section, we give an overview of numerical methods for Stokes flow,
with a focus on problems containing rigid particles in three-dimensional
space.

For certain particle shapes, there exists specialized methods for solving
the resistance and mobility problems, and thus computing the motion of
the particles. For spherical particles, Stokesian dynamics [20, 108, 124] can
be used, which is based on a truncated multipole expansion with analytical
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formulas available for spheres. A similar method, also based on a multipole
expansion, is the force-coupling method, which is applicable to spherical [80]
and ellipsoidal [74] particles. These methods typically have low accuracy.

For particles of arbitrary shape, the multiblob method [12, 35, 111] can
be used, in which the particle is discretized using a collection of spherical
“blobs” which are restricted to move collectively as a rigid body. While the
method is simple and versatile, its accuracy is relatively low [12], although
it can be improved by optimizing the placement of the spheres [23].

For a more accurate treatment of particles of arbitrary shape, and com-
plicated geometries in general, one must solve the governing PDEs, i.e., the
Stokes equations (2.2.8), to determine the fluid flow around the particles.
Numerical methods for solving the PDEs can be divided into volume meth-
ods and boundary integral methods, described in more detail in the following
subsections.

Volume methods

In volume methods, the PDEs are discretized on a three-dimensional grid
in space. The grid may be structured or unstructured, and it may either be
fitted to the geometry of the particles (known as conforming), or unfitted
(nonconforming). Volume methods are often based on e.g. finite differences
(FD), finite elements (FE) or finite volumes (FV) [126]. There are also spec-
tral methods [27], based e.g. on the Fourier or Chebyshev basis functions.

An example of a fitted (conforming) method is the arbitrary La-
grangian—FEulerian (ALE) method, which is based on an unstructured grid
and the FE method. The ALE method has e.g. been used to simulate
sedimentation of spheres [56] and ellipsoids [114]. Since the grid is fitted to
the geometry, the no-slip boundary conditions can be accurately represented.
However, as the particles move, the grid must be updated in every time
step in order to stay fitted to the geometry. Regenerating the grid from
scratch (known as remeshing) at every time step would incur a prohibitively
large computational cost, especially if many moving particles are simulated.
Therefore, modern ALE methods usually include algorithms for updating
the grid efficiently [56, 69, 104]. Nevertheless, remeshing is still needed at
regular intervals as the geometry moves.

Unfitted (nonconforming) methods are sometimes called “fictitious-
domain” methods or “domain-embedding” methods, since the actual — com-
plicated — domain is “embedded” into a simpler domain. They use a fixed
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simple background grid which is not adapted to the moving geometry, mean-
ing that the boundary will not coincide with the grid points. Therefore, the
boundary conditions must be enforced indirectly. Many different methods
exist, for example:

o The immersed boundary method [91, 92, 84] uses a regularized Dirac
delta distribution to transfer data between the fixed background grid
and the moving particle grids. The method has been used to simulate
sedimenting particles [118, 22, 63, 66].

o The distributed Lagrange multiplier method [46, 107] introduces a La-
grange multiplier field in the particle domain, to enforce rigid-body
motion within the particle. The eXtended FE method [85, 44, 33] also
uses Lagrange multipliers, but only on the particle boundary itself.

o The cut FE method (CutFEM) [25, 106, 62, 43] is based on Nitsche’s
method [88], which adds penalty terms and stabilization terms to
weakly enforce the boundary conditions.

o The lattice-Boltzmann method [28, 8] is not based directly on the
PDEs, but rather on an approximation of them involving fictive “fluid
particles” moving on a lattice, with ideas from statistical mechanics. It
can also be used to simulate suspensions of solid particles, with bound-
ary conditions handled using a “bounce-back” rule [97, 105, 57] (i.e.,
the “fluid particles” bounce off the solid particles), or the immersed
boundary method [128].

The advantages and disadvantages of volume methods compared to bound-
ary integral methods will be discussed in a separate subsection further below.

Boundary integral methods

In boundary integral methods, the PDEs are reformulated as integral equa-
tions over the boundary of the fluid domain (details are given in Chapter 3),
i.e., over the surfaces of particles and walls. Thus, only the boundary I'(¢) is
discretized, using a two-dimensional grid; this makes it easy to treat moving
boundaries and means that, for rigid particles, no remeshing at all is needed.
The discretization can be done in different ways, leading to different types
of methods:
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In collocation or Galerkin-type methods [10, §3] [94, §6] [68, §13], the
solution to the integral equation is expressed in terms of basis functions
on e.g. a triangulation of the boundary, similar to a two-dimensional FE
method. This is a common approach in boundary element methods (BEMs)
[75, 95, 54]. These methods are able to treat complicated geometries, but
the order of accuracy can be limited, depending on the order of the elements.

In Nystrom methods [10, §4] [68, §12.2], the integral equation is enforced
at the quadrature nodes which are used to discretize the integrals. This
method is typically used for smooth, parametric surfaces, where it can be
combined with high-order quadrature rules to reach a high order of accuracy.
A selection of recent works relevant to particle suspensions are: [61, 115,
17, 2, 32, 77, 76]. The Nystrom method is the one used in this thesis, in
Papers B-C, and we will return to it in Section 3.2 and later.

The methods above generally assume that an explicit representation of
the boundary exists, such as a parametrization or triangulation. However,
it should be mentioned that boundary integral methods can also be used
for implicitly defined boundaries (e.g. using a level-set method); for more
details, see e.g. [58].

Regardless of the method of discretization, the solution to the boundary
integral equation is defined only on the boundary T'(¢) of the fluid domain.
The solution to the Stokes equations (2.2.8), e.g. the velocity field, can
be computed at any point in the volume Dy () in a postprocessing step,
by evaluating an extra integral per evaluation point. If only the particle
velocities are needed, this postprocessing step is not necessary.

Comparison between volume and boundary integral methods

Applicability and accuracy. Boundary integral methods (BIMs) are
possible to use for the Stokes equations (2.2.8), since they are linear PDEs.
BIMs cannot be used directly for the Navier—Stokes equations (2.2.1)-(2.2.2),
which are nonlinear. There is, however, ongoing research into extending the
applicability of BIMs to the full Navier—Stokes equations, see e.g. [3]. Vol-
ume methods, on the other hand, can generally be applied to linear and
nonlinear PDEs alike, and are thus more widely applicable than BIMs.

For problems on unbounded domains, e.g. solving an exterior flow prob-
lem in free space, such as the flow around an obstacle or a set of particles,
BIMs have a distinct advantage since only the boundary of the fluid domain
— e.g. the particle surfaces — needs to be discretized, and this boundary is
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finite. For volume methods, the domain must be truncated, and artificial
boundary conditions imposed.

As was mentioned above, volume methods typically have a limited order
of accuracy, not least due to the way the boundary conditions are imposed (in
particular for unfitted methods). The same is often true of BEMs. Nystrom
methods, on the other hand, can be implemented with high order accuracy,
at least when the boundary is smooth. The accuracy of any BIM hinges on
the accuracy of the quadrature rule used to discretize the integral equations.
This is one of the challenges with BIMs, since the integrals contain singular
functions which require specialized quadrature rules, as will be seen later.

Finally, BIMs have an advantage in that the condition number of the
linear system that results after discretization of the integral equations — at
least under certain conditions® — remains bounded as the grid size is refined
[10, p. 113] [68, p. 282]. This is in contrast to volume methods based on e.g.
FD and FE, for which the condition number typically grows as the grid is
refined [81].

Computational complexity.® For a volume method with grid spacing
h, the number of degrees of freedom will be Ny = O(h~3) since the grid
is three-dimensional. The matrix of the resulting linear system is typically
sparse, and the system can then be solved in O(Ny) = O(h~3) operations.

BIMs, due to their reduction of the computational domain from three to
two dimensions, require only Ng = O(h~2) degrees of freedom for a surface
grid of spacing h. However, the matrix of the linear system is typically dense,
and so naive Gaussian elimination would require O(N3) = O(h~°) opera-
tions. Fortunately, due to its bounded condition number, the system can be
solved iteratively using e.g. GMRES [99] in a bounded number of iterations
Niter [26], reducing the computational cost to O(NiterN3) = O(Niterh ™).
Using a fast summation method (see Section 5.1), the matrix—vector product
can be reduced from O(N3) to O(Nglog Ng), or even O(Ng), operations,
with a constant that depends on the accuracy requirement.” Thus, the total
cost would become O(Nier Ng) = O(Niterh™2), with Niger independent of h.

SMore specifically, the statement holds for Fredholm integral equations of the second
kind, to be introduced in Section 3.2.

5This discussion is inspired by [2, §3.1] and [58, §1.1].

"An alternative to an iterative solver may be to use a fast direct solver [82, 79, 113],
which can also reduce the cost of solving the linear system to O(Ng) operations.
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Evaluating the solution at an arbitrary point in space requires a postpro-
cessing step for BIMs, consisting of evaluating an extra integral. For Neya
evaluation points, the naive postprocessing cost would be O(Ngya1h™2), but
using a fast summation method the cost can be reduced to O(Ngyal + h~2).
The total cost for a BIM is then O(Neva1+Niterh_2), which is asymptotically
better than the result O(h=3) for volume methods, as long as Ny, does not
scale as h™ or worse.

Finally, we note that while remeshing may be needed for fitted volume
methods, it is generally not necessary for unfitted volume methods, nor for
BIMs.

Challenges in boundary integral methods

We finish this chapter by outlining two of the major challenges in using
boundary integral methods to simulate Stokes flow with rigid particles. Both
of these are areas of active research, and have been studied as part of the
thesis work. The main contributions of this thesis will be described in Chap-
ters 4 and 5.

e In dense suspensions, the particles will tend to come very close to each
other, and to the walls. As will become apparent in Chapter 3, the
boundary integrals contain functions with singularities, which become
hard to resolve using standard quadrature methods when particles are
very close to each other. Special quadrature methods are needed to
accurately compute the integrals, and this is the topic of Chapter 4.

e As mentioned above, fast summation methods are necessary to make
boundary integral methods computationally competitive. The Spec-
tral Ewald method is a type of fast summation method that can be
used for both periodic and free-space problems, and it is the main
topic of Chapter 5.



3 Boundary integral formulations
of Stokes flow

In this chapter, we will introduce the basis for boundary integral methods for
Stokes flow, namely the boundary integral formulation. We start by intro-
ducing the fundamental solutions (Green’s functions) of Stokes flow, which
are at the core of the formulation. Then we continue by introducing the
boundary integrals, and discuss different alternative formulations. Finally,
we outline a solution procedure, i.e., how the boundary integral formulation
can be used to compute relevant quantities of Stokes flow.

The discussions in this chapter will focus on computations in free space;
the topic of periodic problems is deferred until Chapter 5.

3.1 Fundamental solutions of Stokes flow

Let us, for the remainder of this chapter — and indeed for the rest of Part I
— consider the Stokes equations (2.2.8) with p = 1, which is the same as
nondimensionalizing the equations (but without putting a tilde above all
quantities as in (2.2.3)).

The fundamental solutions of Stokes flow represent different physical
quantities of the Stokesian flow induced by a point force. Thus, let the
forcing term in (2.2.8) be given by a point force f(x) = f*6(x — x*). Here,
f* is a constant vector (the force) and a* is the location of the point force;
d(x) is the Dirac delta distribution. Equation (2.2.8) should hold in the
whole of R3, with the condition that the velocity goes to zero as |z| — co.
Then, we have the following fundamental solutions, i.e., solutions to (2.2.8)
under the aforementioned assumptions (for details and derivations, see e.g.

21
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(94, §2.2] or [65, §2.4.1)):

e The velocity field is given by

1
u(x) = —S(x — z*) f*, (3.1.1)
8T
where S(r) is a matrix field (i.e., an order 2 tensor field) known as
the stokeslet (or sometimes the Oseen tensor).! The entries Sj; of the
stokeslet are given by
5jl riry

Sjl(’l“) =+

= 2L (3.1.2)
[ |rf?

where the indices j and [ range over the set {1,2,3}, and ¢j; is the
Kronecker delta, defined by d;; = 1 if j = and ¢;; = 0 otherwise.

At times, we will use index notation and write (3.1.1) as?

]' *
uj(x) = —SﬂSjl(cc — ") fT. (3.1.3)
e The pressure field is given by
p(x) = S II(x —x*) - f* (3.1.4)
& , 1.

where II(r) is a vector field with the components

I(r) = 2 2. (3.1.5)

'The terminology varies between authors; Kim & Karrila [65] refer to S as the “Oseen
tensor”, while §/87 is the “Oseen—Burgers tensor”, and the term “stokeslet” is reserved
for the solution w itself, i.e., (3.1.1). However, Pozrikidis [94] refers to S as the “stokeslet”,
or alternatively as the “Oseen—Burgers tensor”. In this thesis, “stokeslet” will refer to the
tensor S.

2In this thesis, Einstein’s summation convention is used, meaning that repeated indices
are implicitly summed over {1,2,3}. For instance, S;; f;' should be understood as

3
Z Sifl
=1
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e The vorticity field, i.e., w = V X u, is given by

w@ﬁiiﬂ@—mﬂﬂ, (3.1.6)

where the rotlet has the entries
T'm

Here, €, is the Levi-Civita symbol (also known as the antisymmetric
symbol, or alternating symbol).

e The stress field is given by

o) = o Tyin(@ — 2*) 15, (3.18)

where the stresslet has the entries

rirr
Tiim(r) = — J|r‘5m. (3.1.9)

Here, o;; is the stress tensor, which for a Newtonian fluid is given by
[94, §1.2]

(Perhaps the fundamental solution for the pressure, II, ought to be called
the “pressurelet” to fit into the naming scheme, but this name does not seem
to be used in the literature.)

Not only does the rotlet describe the vorticity field due to a point force,
as seen in (3.1.6), but it can also be used to describe the velocity field due
to a point torque, i.e.,

w(@) = —Qa — ) (3.1.11)
8 ’
where 7* is the torque (see e.g. [94, §2.5] or [65, §2.5]).% This velocity field
is also a solution to the Stokes equations.

3Equation (3.1.11) can be derived by writing the torque as a force couple, utilizing
(3.1.1), and taking the limit as the separation of the two forces goes to zero. For details,
see [65, p. 29].
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The stresslet can also produce a velocity field that solves the Stokes
equations. Such a field is given by*

uj(x) = Tjpm (& — %) cp)),, (3.1.12)

where ¢* is any constant matrix (see e.g. [94, §3.2]). Below, we will always
use source terms of the form ¢j,, = ¢yn;, for constant vectors g* and n*.
The typical flow fields generated by a stokeslet (3.1.1), rotlet (3.1.11) and
stresslet (3.1.12) are shown in Figure 3.1.

(a) stokeslet (b) rotlet (c) stresslet

FIGURE 3.1: Typical flow fields generated by the stokeslet, rotlet and stresslet: (a)
shows (3.1.1) with f* = (1,0,0), (b) shows (3.1.11) with 7* = (0,0,1), and (c)
shows (3.1.12) with ¢}, = ¢/ny, and ¢* = (1,0,0), n* = (0,1,0). All plots show
the velocity field in the xjxs-plane, with * marked by a black star *.

Relations between the fundamental solutions

The rotlet and stresslet can be related to derivatives of the stokeslet. For
instance, from the relation w = V x u, (3.1.1) and (3.1.6), we see that the
rotlet satisfies

1
Q(r) = §V x S(r), (3.1.13)
or in index notation
1 0
le(r) = iejmnaTSnl(r)- (3.1.14)

“We could include a factor 1/8 in the right-hand side of (3.1.12), but since ¢}, has
not been given any physical interpretation here, we choose to absorb the factor 1/8w into
- This will make our notation agree with that in Papers A-C & E.
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For the stresslet, the relation (3.1.10) implies that

0 0

Tjim (1) = =1L ()01, + %Sﬂ(r) + %Smj(r). (3.1.15)

All of the fundamental solutions of Stokes flow can also be related to the
fundamental solutions of electrostatics, namely the harmonic kernel H(r)
and biharmonic kernel B(r), defined below, and this will turn out to be
useful both in the context of special quadrature methods (Chapter 4) and
fast summation methods (Chapter 5). The harmonic kernel

H(r) (3.1.16)

I

is the solution to the Poisson equation —V2H (r) = 4wd(r), while the bihar-
monic kernel

B(r) = |r| (3.1.17)

is the solution to the biharmonic equation —V*B(r) = 87d(r). (Also note
that H = %VQB .) The relations are as follows:

« The stokeslet (3.1.2) satisfies®
Sjl('l") = (5ﬂ — ijl) H(r), (3.1.18)

and
Su(r) = (61 = V; V1) B(r). (3.1.19)

The latter relation was noted for example by Beenakker [18] and Claeys
[31, App. E, p. 113], and is especially useful since it is easy to represent
in Fourier space (we will return to this in Section 5.3).

o The pressure fundamental solution, or “pressurelet”, (3.1.5) satisfies

IL(r) = =2V;H(r). (3.1.20)

o The rotlet (3.1.7) satisfies

Qi (r) = —€jim VmH(r). (3.1.21)

Here and below, we use the notation V; = % for brevity.
J



26 Chapter 3. Boundary integral formulations of Stokes flow

o For the stresslet (3.1.9), Tornberg & Greengard [117] noted that
lem(r) = [(5]'1 — ijl) Vo + (0tm — ™m Vi) Vj] H(r), (3.1.22)
and Fan et al. [40] noted that

Tjim(r) = [(6jlvm + 6mi Vi + 6 V) V2 — 2vjvlvm} B(r).
(3.1.23)

3.2 Boundary integral formulations

In this section, we let V' be any volume bounded by a closed surface I with
outward-pointing unit normal n, as shown in Figure 3.2. We may think of
V' as the volume occupied by a particle, and I' as the surface of the particle,
but it could also be an arbitrary volume. In the end, I' will be selected as
the union of all particle and wall surfaces, as it was in Figure 2.2.

| I

| I

| Dy |

| I

r I

n o« i
U O A

v It | |

™ g |

| FI

(a) (b)

FIGURE 3.2: Notation for the boundary integral formulation: (a) An arbitrary vol-
ume V with boundary I'; (b) In the end, I" will be the union of all rigid boundaries.

The direct formulation

The boundary integral formulations for Stokes flow can be motivated by
the Lorenz reciprocal identity, which states that for any two nonsingular
solutions w and u to the Stokes equation (2.2.8), with accompanying stress
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tensors o and & (defined through (3.1.10)), respectively, the relation
Viujoj = Viuoj. (3.2.1)

holds [94, §1.4]. Inserting the fundamental solutions (3.1.1) and (3.1.8) in
place of w and &, respectively, into (3.2.1), we get

e N1Sim(x — x%)oj(x) = f,Viuj(@)Tjim(x — x7). (3.2.2)

This relation holds everywhere except at @ = x*, where the solutions are
singular. Removing the arbitrary constant vector f* and integrating the
remaining relation over any volume V' (not including x*) bounded by a
closed surface I', then using the divergence theorem, we find [94, §2.3]

/F nu(y)Sim(y — =)o (y) dS(y) = /F n(y)u; (Y) Tjim (y — ) dS(y),
(3.2.3)
where m is the unit normal of I' pointing out of V. In (3.2.3), we have
renamed the integration variable from « to y, in order to keep the notation
here consistent with Papers A-F.
Based on (3.2.3), we define two integral operators, namely

%WW@=/SMw—wwwﬁﬁ@% (32.)

/ i (® — )01 (1) () dS (), (3.2.5)

where ¢ and g are functions defined on I', and the kernels S;; and T}, are
as in (3.1.2) and (3.1.9), respectively. We call S; the single layer potential
and D; the double layer potential.® Using the fact that ¢; = ojmny is the
surface force exerted on I', we can now write (3.2.3) as

Slpl(@”) = —Dlul(z"), (3.2.6)
where we have used the properties S(—r) = S(r) and Sj;; = S of the
stokeslet (3.1.2), and T(—r) = —T(r) and Ty,j; = Tjm of the stresslet
(3.1.9).

5These names are borrowed from electrostatics, where the corresponding integrals rep-
resent the electrostatic potential from a distribution of charges, and dipoles, respectively.
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Equation (3.2.6) is valid for any x* outside of the selected volume V.
For a point z* inside the volume V', one can show that [94, §2.3]"

—8ru(x*) + S[p|(x*) = —D[u|(x*). (3.2.7)

As x* approaches the boundary I', the double layer potential D has different
limits depending on which side of the boundary x* comes from [94, §4.3],
namely

lim Dlqg](x £ en) = Dlq|(x) F 4rq(x), xel, (3.2.8)

e—0t

where D[q](x) on the boundary is an improper integral (known as the prin-
cipal value integral), since the integrand is singular (the stresslet is singular).
Recall here that the normal vector n points out of V. For a point * € T,
we thus get

—4ru(z*) + S[p](x*) = —Dlu)(z*). (3.2.9)

Note that (3.2.6), (3.2.7) and (3.2.9) can be summarized as (we now drop
the star on a*)

0, if x is outside V,
Slel(x) + Dlul(x) = < 4nu(x), ifxison T, (3.2.10)

8ru(x), if x is inside V.

Note that the jump comes only from the double layer potential D; the single
layer potential is continuous across I'.

The boundary integral formulation represented by (3.2.10) is called the
direct formulation, and leads to the boundary integral equation (3.2.9). It
is useful for instance for interior Dirichlet problems, i.e., when u = g is
known on I' and one seeks the solution w inside V. Then, (3.2.9) can be
solved for ¢ on I', and subsequently u inside V' can be computed from
(3.2.10). However, as it stands, (3.2.10) cannot represent a nonzero exterior
flow. This limitation can be removed by considering indirect, or generalized,
formulations.

"The reader comparing our (3.2.7) with equation (2.3.11) in [94] will find that there
is a difference in signs. This is because we have selected the normal vector n to be
outward-pointing, while [94] makes the opposite choice. One should also keep in mind
that T(y —x) = — T(xz — y) when comparing equations.
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Indirect (generalized) formulations

Indirect formulations are based on noting that the single layer potential
(3.2.4) and double layer potential (3.2.5), considered separately, are perfectly
fine solution to the Stokes equations, for arbitrary functions ¢ and g. Thus,
we can choose any of the following representations:

« Single layer representation: u(x) = S[p](x)
o Double layer representation: u(x) = D[q](x)
o Mixed representation: u(x) = aS|q](x)+SD]q|(x) for given «, 5 € R.

Not all formulations lead to a well-conditioned linear system, and the choice
of formulation will typically depend on the type of problem (interior or
exterior, Dirichlet or Neumann boundary conditions, etc). In this thesis, we
consider exterior problems with no-slip boundary conditions, and the double
layer representation is then a suitable choice, as it is relatively simple and
leads to a well-conditioned system.

Unfortunately, the double layer representation is “incomplete”; in the
sense that it cannot represent all kinds of Stokes flows. In fact, it can only
represent flows that exert no net force or torque on I'.® This is related to the
presence of a nontrivial nullspace in the double layer operator, i.e., there are
nonzero functions g that result in a zero flow field D[q|(x). For this reason,
a “completion” term V(x) due to Power & Miranda [93] is added to the
formulation. This term consists of a number of stokeslets and rotlets, which
can represent nonzero forces f(® and torques 7(® (c.f. (3.1.1) and (3.1.11)):

Vi)=Y o (S - a)f + Qe - o)), (3212

where (@) is an arbitrary point outside of the fluid domain (e.g. inside a
particle).

8The net force exerted on T' by the fluid is given by [94, §1.2]

Fj:/tpj dS:/sz’rleS, (3.2.11)
r r

where o is the stress tensor associated with the flow. Using (3.1.10) and the divergence
theorem, the net force can also be expressed as F; = fv(—Vjp+ V2u;)dV = — fv f3dV;
compare with (2.2.8) with p = 1.

The net torque on I' is consequently 7 = fr T X pdS.
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The completed double layer formulation is thus
u(z) = Dlq)(z) + V(z), (3.2.13)

with D as in (3.2.5) and V as in (3.2.12). Letting @ approach I' leads to
the boundary integral equation

u(x) = Dlq](x) — 4rq(x) + V(x), xel. (3.2.14)

In this equation, g(x) — called the double layer density — is the unknown.
There are two cases (c.f. Section 2.4):

(i) For the mobility problem, the force and torque on each particle are
known, so the completion term V is known. The left-hand side of
(3.2.14), i.e., the motion of the particles, is unknown. To close the
system, the rigid body motion of the particles is coupled to q. For
details, see §2.1.2 in Paper B.

(ii) For the resistance problem, the velocities of the particles are known,
so the left-hand side of (3.2.14) is known. The resulting forces and
torques on the particles, i.e., f(o‘) and 7(®, are unknown. They are
coupled to q according to the formulas in §2.1.1 in Paper B.

In both cases, the integral equation (3.2.14) becomes a Fredholm integral
equation of the second kind, meaning that it is of the form [10, §1.1.4]

N(@) - [ K@ y)ay)dy = (o), (3.2.15)

where A\ # 0, K(x,y) and g(z) are given and ¢(z) is unknown.” As men-
tioned in Section 2.5, the discretization of this kind of integral equations
leads to a linear system which remains well-conditioned as the discretiza-
tion is refined [10, p. 113] [68, p. 282].

In the preparatory work for Paper B, it was discovered that a single
completion source (force f (@) and torque T(O‘)) per particle was not sufficient
for particles of high aspect ratio (elongated particles). The reason is that it

9Note that the jump term 4mwq(zx) in (3.2.14), which comes from the double layer
potential, is crucial in making (3.2.14) a Fredholm integral equation of the second kind.
Without this term, it would be an equation of the first kind [10, §1.1.5], which does not
have quite as nice properties.
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leads to a completion term V, and a solution q(x), that varies rapidly along
the boundary and therefore becomes hard to resolve (for details, see §7.2.1
in Paper B). Our solution was to place multiple completion sources along
the centerline of the particle, in a similar fashion as [61]. The completion
sources should be placed symmetrically about the center of the particle,
since otherwise the point forces would introduce a torque about the center.

3.3 Solution procedure

To solve a resistance or mobility problem involving rigid particles in Stokes
flow, the following steps are needed:

1. Solve the boundary integral equation (3.2.14) to determine the double
layer density q(x) on the surfaces of particles and walls, T

The integral equation looks different depending on whether it is a
resistance or mobility problem being solved. In both cases:

e We solve the integral equation iteratively using GMRES, meaning
that a current guess for q(x) will be available in each iteration,
so that (3.2.14) can be evaluated.

o The double layer potential D[q|(x), which is given by (3.2.5) and
appears in (3.2.14), must be computed using a quadrature rule.
Since the stresslet kernel Tj,,, given by (3.1.9), is singular on I',
special quadrature is needed (Chapter 4).

o We use the Nystrom method, meaning that (3.2.14) is enforced
at the quadrature nodes.

2. Once g(z) is known, it can be used to:

o compute the forces and torques acting on each particle (for the
resistance problem), or the velocity of each particle (for the mo-
bility problem), using the relations from Paper B, §2.1.1-2.1.2;

o evaluate the flow field u(x) at any point, using (3.2.13). Special

quadrature may be needed also here, if « is close to the boundary.

3. Update the position and orientation of each particle using the equa-
tions of motion for a rigid body (see e.g. [11, §3]).
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The steps above must be done in each time step. The discretization of the
boundary integrals is done using high-order quadrature rules, such as the
trapezoidal rule (which has spectral accuracy for periodic integrands) and
Gauss—Legendre quadrature. Details are found in §3 of Paper B.

Fast summation methods (Chapter 5) can be used both in step 1 (to
evaluate the integral equation at the quadrature nodes) and in step 2 (to
evaluate the flow field at any point).



4 Special quadrature methods

Quadrature methods, i.e., methods for numerically approximating integrals,
are needed to discretize and compute the integrals appearing in the boundary
integral formulation, such as the double layer potential given by (3.2.5).
Since the stresslet kernel Tj;,,, (3.1.9) in this integral is singular at r = 0,
special quadrature methods are needed to accurately compute the integral.

This chapter starts with a motivation of why standard quadrature meth-
ods, such as the trapezoidal rule or Gauss—Legendre quadrature, are not
sufficient when evaluating integrals with singular or nearly singular (rapidly
varying) integrands, in Section 4.1. Then, in Section 4.2, we give an overview
of available special quadrature methods, with a focus on methods applica-
ble to three-dimensional simulations. Two special quadrature methods are
given special attention: the quadrature by expansion (QBX) method, which
is used in Papers A—C, is described in Section 4.3, and the Hedgehog method,
which is studied in Paper F, appears in Section 4.4.

4.1 The need for special quadrature methods

A one-dimensional toy example

Let us first consider a one-dimensional example to illustrate why special
quadrature methods are needed. Say that we are interested in computing
the integral

(4.1.1)

1 1
I(l‘):/lmdya

where z > 0 is a parameter. (The symbols z and y here are chosen to reflect
their roles in the double layer potential (3.2.5).) The integral in question

33
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does, of course, have a closed-form expression — this is a toy example, after
all — and it is given by

I(z) =4 (Vo +1- V). (4.1.2)

Note that this value is well-defined for any = > 0. In particular, for x = 0
the value of the integral becomes I(0) = 4.

The integrand of the integral (4.1.1), i.e., f(y) = 1/y/x + |y|, is shown
as a function of y for some different values of the parameter x in Figure 4.1.

fly)

-1.0 -0.5 0.0 0.5 1.0

FIGURE 4.1: Plot of the integrand of (4.1.1).

For x = 0, the integrand becomes 1/+/]y|, which is singular at the point
y = 0; for this reason, we call x = 0 the singular case. Nevertheless, as
we saw from (4.1.2), the improper integral corresponding to this case has a
well-defined value, namely 1(0) = 4.

For z > 0, the integrand is not singular anywhere (although in this
example it is not differentiable at y = 0). However, for small but nonzero
x, the integrand is very peaked, as seen e.g. for x = 0.01 in Figure 4.1. We
call this case (small but nonzero x) the nearly singular case.

Both the singular and nearly singular cases are challenging for a standard
quadrature rule, since the integrand is very peaked and rapidly varying with
sharp gradients in both cases, and therefore hard to resolve. (The singular
case has the additional difficulty that the integrand cannot be evaluated at
y = 0, but this is easily avoided by not placing a quadrature node at that
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point.) To illustrate this, let us introduce a standard quadrature rule for
computing the integral. Since the integrand is not differentiable at y = 0,
we will split the integration interval into two pieces, [—1,0] and [0, 1], and
apply an N/2-point Gauss—Legendre quadrature rule on each subinterval.
This means that, in total, we will have N quadrature nodes {y;} with cor-
responding quadrature weights {w;}, and the integral is approximated as

N

i=1
The quadrature error decreases exponentially as N — oo for piecewise
smooth integrands, assuming they are well resolved. This is illustrated for
the integral f_ll cos(y) dy in Figure 4.2.

(a) Integrand for N =10 (b) Quadrature error
1.0 A 1072
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FIGURE 4.2: (a) Gauss—Legendre quadrature nodes y; and integrand values f(y;),
for N =10 nodes. (b) Quadrature error |Iy —I| as a function of N. The integrand

is f(y) = cos(y).

The corresponding plots for our test integral (4.1.1), i.e., with the inte-
grand f(y) = 1/\/x + |y|, are shown in Figure 4.3. For large values of z, the
integrand is well resolved using relatively few quadrature nodes, and the er-
ror decreases exponentially as N — oo, similar to the cos(y) case. However,
for both the singular and nearly singular cases, the integrand becomes hard
to resolve, and the quadrature error decays very slowly as IV increases. As
can be seen e.g. for z = 0 or z = 0.01 in Figure 4.3 (b), simply increasing
N is not a viable strategy to reduce the error. Instead, special quadrature
methods are needed.

Note that, when computing higher-dimensional integrals, we use a tenso-
rial quadrature rule, i.e. a one-dimensional quadrature rule such as (4.1.3) is
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(a) Integrand for N =10 (b) Quadrature error
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FIGURE 4.3: (a) Gauss—Legendre quadrature nodes y; and integrand values f(y;),
for N =10 nodes. (b) Quadrature error |Iy —I| as a function of N. The integrand

is f(y) =1/v/x + |yl

employed along each coordinate direction. In this context, equation (4.1.3)
may represent e.g. either Gauss—Legendre quadrature or the trapezoidal rule.
If then N quadrature nodes are used in each direction, we need in total
O(N9) points for a d-dimensional integral. Recall that the boundary inte-
gral formulation reduces the computational dimension by one. Thus, for the
three-dimensional case considered below, d would be two.

The three-dimensional case

Equipped with some understanding from the one-dimensional toy example,
we are now ready to consider the evaluation of the double layer potential
(3.2.5) in a three-dimensional flow problem. Let us for clarity reproduce the
aforementioned equation here:

Djlql(x) = /Flem(m — ) q(y)nm(y) dS(y). (3.2.5)

We consider as an example I' to be the surface of a rodlike particle, dis-
cretized using a combination of Gauss—Legendre quadrature and the trape-
zoidal rule (as in Paper B). The trapezoidal rule is used in the azimuthal
(circular) direction of the rod since it is spectrally accurate for periodic in-
tegrands. Gauss—Legendre is used in the other (axial) direction, where the
parametrization goes from one tip to the other and is thus not periodic. For
details, see §3.1 of Paper B. The standard quadrature rule for the particle
given by this discretization will be called the direct quadrature.
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(a) Direct quadrature (b) Upsampling
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FIGURE 4.4: Quadrature error when evaluating the double layer potential around
a rodlike particle (a) using direct quadrature, and (b) using direct quadrature with
upsampling.

The quadrature error when using direct quadrature to evaluate (3.2.5)
is shown in Figure 4.4 (a). Note that the singular case corresponds to an
evaluation point  on the particle surface I' (since then x = y for some
point y € T'), while the nearly singular case corresponds to the point x
being close to, but not on, I' (since then | — y| can become small, but
remains nonzero). The singular case occurs when solving the boundary
integral equation (step 1 in Section 3.3), since we will then evaluate the
layer potential at the quadrature nodes. The nearly singular case occurs
e.g. if we want to evaluate the flow field very close to a particle or wall (in
step 2 in Section 3.3), or if two particles are very close to each other when
solving the boundary integral equation (close interactions).

In this context, the double layer density q in (3.2.5) is not known an-
alytically, but only as values on the particle grid. These values can be
interpolated onto a refined grid upon which the layer potential is computed
with direct quadrature, a procedure known as upsampling. This would
be similar to increasing N in the one-dimensional toy example, and the re-
sult of doing this is shown in Figure 4.4 (b). Recall that the computational
work in this three-dimensional case scales as O(N?), where N is the number
of grid points along each direction on the surface. Upsampling moves the
error contours closer to the particle surface, but as in the one-dimensional
example, it is not very effective for evaluation points very close to the par-
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ticle surface. For those points, special quadrature methods are needed to
accurately compute the layer potential.

4.2 Overview of special quadrature methods

We here give a short overview of existing special quadrature methods. This
section is to a large extent a summary of §1.1 in Paper B.

For problems in two-dimensional space (in which I" would be a curve
rather than a surface), there exist time-tested special quadrature methods
such as the one by Helsing & Ojala [53], which is accurate and efficient.
This method has been used e.g. for simulations of clean [89] and surfactant-
covered [90] drops, and vesicles [13]. However, this method is based on
complex analysis and does not easily generalize to three-dimensional prob-
lems.

For three-dimensional problems — which are our main interest in this
thesis — there is no universally established method, and the development of
new special quadrature methods is still an active research topic. A number
of existing methods exist, some of which are applicable only to the singular
case (on the surface I'), and some to both the singular and nearly singular
cases. Some examples are:

o Using a rotated grid with the north pole at the singularity. This allows
the singularity to be resolved analytically, either locally by means of
a “floating” partition of unity [24, 132, 133], or globally [5, 64]. The
global approach is more accurate, since no partition of unity needs
to be resolved, but it is more computationally expensive since it uses
data on the whole particle grid.

e Regularizing the kernel so that standard quadrature rules can be used,
and then applying correction terms [16, 115, 17, 116]. The accuracy is
typically somewhat limited by the approximations.

e Corrected quadrature rules are based on modifying the weights of some
standard quadrature rule, often the trapezoidal rule, close to the sin-
gularity in order to increase the accuracy [7, 78, 127, 58|.

o Quadrature by expansion (QBX) introduced by Klockner et al. [67]
and Barnett [14]. It is based on a local spherical harmonics expansion
of the layer potential, akin to a Taylor expansion. Many variations
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of the method have appeared. For a more detailed overview, see §1.1
in Paper B. In general, the method can be combined with high-order
quadrature rules to achieve high accuracy. It can be computationally
expensive. The method will be described further in Section 4.3.

o The Hedgehog method (also called “line extrapolation/interpolation
method”) is based on polynomial extrapolation or interpolation along
a line [132, 86]. The method has been used e.g. to simulate drops
[110] and vesicles [77, 76] in Stokes flow. It will be described further
in Section 4.4.

4.3 Quadrature by expansion (QBX)

The QBX method was implemented for the computation of the Stokes double
layer potential (3.2.5) for rigid spheroidal particles by Klinteberg & Tornberg
[6]. The method is based on expressing the kernel of the integral operator
in terms of a local spherical harmonics expansion. Since no such expansion
is readily available for the stresslet kernel T}, (3.1.9) of the double layer
potential itself, the relation (3.1.22) between the stresslet and the harmonic
kernel H(r) = 1/|r| is used, together with the so-called Laplace expansion

2l 1‘77 x + l Y ¥y o

Here, (74,0, ¢,) and (ry, 60y, p,) are spherical coordinates of the points x
and y, respectively, with respect to some chosen expansion center c, as
shown in Figure 4.5. The point ¢ can be any point, as long as it is not too
close to the boundary I'. Furthermore, ¥;™ in (4.3.1) is the (normalized)
spherical harmonics function of degree [ and order m, defined for |m| <[ by
[37]

2041 (L= |m[)! Ljm| 0
Y™ (0, 0) = P cos @) e™ 4.3.2
where P/ is the associated Legendre function of degree [ and order m. For
more details on the QBX formulation, see §4 in Paper B.

Note that in (4.3.1), the point y is a point on I', so it is known in advance
and its contribution could be precomputed. As a simplified example, let us
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consider the Laplace single layer potential v(x) = [ H(x — y)q(y) dS(y),
which by plugging in (4.3.1) can be expressed as the local expansion

00 l
v@) =3 3 LY (0, 0.k g) (4.3.3)

=0 m=—1
Here, the coefficients &} [q] of the expansion are

47 1

k"[q] = 20A+1Jr FY["(Q% ey)a(y) dS(y). (4.3.4)

Knowing I" and the density ¢(y) on I', the coefficients k;"[¢] can be com-
puted, and then the expansion (4.3.3) can be evaluated at any point & within
the ball shown in Figure 4.5.
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FIGURE 4.5: The points «, y and the expansion center ¢ associated with (4.3.1).
The expansion is valid for & within the ball of radius rqex = minyer|y—c|. (Figure
from Paper B, reproduced under the Creative Commons Attribution License)

In order to accelerate the evaluation time for QBX, [6] introduced a pre-
computation scheme, allowing the expansion coefficients (and also the layer
potential at the grid points) to be computed efficiently given the density.
The precomputation scheme utilizes some symmetries of the particle, and
will, in principle, work for any axisymmetric and mirror symmetric particle
shape. (In addition to the spheroids implemented in [6], the precomputation
is also used for the rodlike particles introduced in Paper B.)

The QBX method previously implemented for spheroids in [6] is extended
in Papers A-B. The contributions of these papers are:

e Paper A presents an extension of the method to rigid flat walls dis-
cretized with rectangular Gauss—Legendre patches. For singular and
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nearly singular evaluation, QBX is used for the nine patches closest
to the evaluation point, while direct quadrature is used for all other
patches. The precomputation scheme of [6] is adapted, using the sym-
metries of the rectangular patches.

The accuracy of the method is tested both in the singular (on-surface)
and nearly singular (off-surface) cases, and compared with direct quad-
rature with upsampling in the latter case. It is shown that QBX can
achieve high accuracy arbitrarily close to the wall (and on the wall);
see Figure 3.8 in Paper A.

o Paper B further extends the method to rigid cylindrical pipes (dis-
cretized using patches) and rodlike particles. The rodlike particles are
constructed to be fully smooth, and the effect of smoothness on the
convergence of the local expansions is studied. The precomputation
scheme is adapted to the new geometries.

A scheme in which QBX is combined with upsampled direct quadra-
ture is devised, so that QBX is used closest to the boundary I', up-
sampled direct quadrature is used at intermediate distances to I', and
standard direct quadrature is used when the evaluation point is suffi-
ciently far away. This allows the parameters of the QBX method to
be selected for higher computational efficiency.

A parameter selection strategy, designed to ensure that the method as
a whole is within a given error tolerance, is presented and thoroughly
tested. It is shown that the error is controlled by the given tolerance,
as long as the double layer density is well resolved.

Different aspects of the method are tested, e.g. its accuracy and com-
putational complexity. A stresslet identity for the cylindrical pipe and
a pair of plane walls is derived, and used to test the accuracy of the
method.

4.4 The Hedgehog method

In the Hedgehog method, the layer potential, e.g. the double layer poten-
tial (3.2.5), is sampled in a number of points away from the boundary T,
where it can be evaluated accurately using direct quadrature (possibly with
upsampling). The sample points are selected along a line, and a polynomial
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interpolant is constructed along this line, and used to approximate the layer
potential closer to the boundary. The method is illustrated in Figure 4.6.
Here, the potential is sampled in Ney points in the sampling interval [, (]
along the line, and the polynomial approximant is to be evaluated in the
target interval [0, t*].

arget interval Sampling interval

FIGURE 4.6: Illustration of the Hedgehog method and its parameters. In this
figure, the sample points are equidistant, but they could be selected according to a
different distribution.

If the potential value is available by virtue of some other special method
(e.g. QBX) at the point ¢t = 0, i.e., where the line touches the boundary
surface I', this point can be included when constructing the approximant.
The problem of approximating the potential in the target interval is then an
interpolation problem. If the value at t = 0 is not available, the problem is
one of extrapolation. The interpolation and extrapolation cases share many
features, but one would expect the accuracy in the target interval to become
higher when the point at ¢t = 0 is included.

The parameters of the Hedgehog method as described here are then as
follows:

e The number of sample points N, which is NV = Ngy in the extrapola-
tion case, and N = Nt + 1 in the interpolation case.

e The endpoints a and S of the sampling interval, as well as the choice
of distribution of the sample points.

(For a fixed distribution, this is two free parameters, o and §. How-
ever, one could also consider every sample point as a free parameter
of its own. In this case, we would have Ny free parameters here!)
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If equidistant sample points with spacing h are used, as in Figure 4.6,
the right endpoint 8 of the sampling interval can be computed as
B = a+ (Next — 1)h. One can then consider the parameters o and h
instead of v and S.

e The upsampling factor x, which is used when sampling the layer po-
tential in the points in the sampling interval.

e The length t* of the target interval does not affect the method as such,
but it controls the region where the method is evaluated.

(For most of Paper F, we set for simplicity a = ¢* such that there is
no gap between the target and sampling intervals.)

In Paper F, this method is studied for a test case consisting of two rigid
rodlike particles in Stokes flow. A more detailed description of the method
can be found in §2-§4 in Paper F. The contributions of the paper are as
follows:

o Rational approximation is considered as an alternative to the polyno-
mial approximation previously used in the Hedgehog method. We use
a variant of the adaptive Antoulas—Anderson (AAA) algorithm [87]
for rational approximation. Spurious poles can pose a problem when
using rational approximation, and we discuss ways of dealing with
this. We find that rational approximation can reduce the error of the
Hedgehog method by about one order of magnitude compared with
polynomial approximation, without increasing the computational cost
of the method significantly.

o We investigate how much the interpolation case reduces the error of
the method compared with the extrapolation case. We find that, in
this test case, the error is about one order of magnitude lower for
interpolation.

e The accuracy of the Hedgehog method is investigated by varying its
parameters for the test case considered here. Strategies for selecting
the parameters and estimating the error are discussed.

MIf the surface T is discretized using G grid points, upsampling means that the double
layer density q, cf. (3.2.5), is interpolated onto a refined grid consisting of x>G points.
Direct quadrature is then used on this refined grid.
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e The computational cost of the method is discussed and compared with
QBX. We find that the Hedgehog method should be able to com-
pete with QBX, although further investigation and more test cases
are needed.

For the case of polynomial approximation, we analyze the error contributions
of the Hedgehog method, and use this to compute optimal distributions of
sample points for a specific case.



5 Fast summation methods
and periodic problems

In the numerical method described in Section 3.3, the boundary integral
equation (3.2.14) is discretized using N grid points on the boundary T,
and it is enforced in those same N points. This leads to a linear system
of size 3N x 3N, which is dense since the double layer potential D[q](x)
has a slow decay as |z| — oo (it decays like |z|72), i.e., all points influ-
ence each other. The system is solved iteratively, and in every iteration a
dense matrix—vector product is computed, requiring O(N?) operations. This
matrix—vector product can be accelerated using fast summation methods, so
that only O(Nlog N), or even O(N), operations are needed. This chapter
begins with an overview of fast summation methods, in Section 5.1.

The fast summation method that is studied in Papers D-E, i.e., the
Spectral Ewald (SE) method, is especially well suited for periodic problems,
and therefore periodic problems are also introduced in this chapter, in Sec-
tion 5.2. The SE method is then outlined in Section 5.3, together with a
summary of the contributions of Papers D-E.

5.1 Overview of fast summation methods

The goal of a fast summation method is to compute a sum of the form

N
w@n) =Y G(@n —Y,)a(y,) (5.1.1)
n=1

in M evaluation points (targets) {@,,}, where {y,} is a set of N source
points with strengths {g(y,,)}. The kernel G(-) describes the propagation
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from source to target, and it may be a tensor, e.g. one of the fundamental
solutions (Green’s functions) of Stokes flow (i.e., the stokeslet, rotlet or
stresslet). Indeed, discretizing the double layer potential (3.2.5) will yield a
sum of the form of (5.1.1).

Evaluating the sum (5.1.1) directly will require O(M N) operations. If
we assume that the evaluation points coincide with the source points, then
M = N and O(N?) operations are required to evaluate the sum. A fast
summation method reduces this complexity by introducing approximations.

The fast multipole method (FMM) [47, 48] works by expanding the kernel
G in a multipole (far-field) expansion, which allows several source points to
be aggregated into a single expansion. In fact, the expansions are very
similar to the expansions used in QBX, and are also based on the Laplace
expansion (4.3.1). However, in the multipole expansion, the source points
y,, are close to the expansion center and the target points x,, are far away,
so their roles are swapped compared to (4.3.1), and the multipole expansion
of (5.1.1) with G(r) = H(r) = 1/|r| becomes

o) l
1 m m
u(z) :Z Z FYZ (0, )" gl (5.1.2)
=0 m=—1"%
with coefficients
4 X
) = 5 S 7Y O o )a(w). (5.13)
n=1

A hierarchical (octree) algorithm based only on multipole expansions will
have complexity O(N log N). The FMM also uses local expansions (of ex-
actly the same type as the QBX expansions in Section 4.3) as well as oper-
ators to convert from multipole to local expansions, and to translate expan-
sions. This allows the FMM to reduce the complexity further to O(N).

The original FMM is kernel-specific, and new expansions must be formu-
lated for each new kernel G; formulations for Stokes flow include [45, 123,
117]. More recently there have also appeared kernel-independent versions of
the FMM [131, 130, 129, 125], although these can be expected to be slightly
slower than a kernel-specific FMM, as shown in [131].

Another class of methods are based on Fwald summation [39], and typ-
ically achieve complexity O(N log N) through the fast Fourier transform
(FFT). For example, Particle-Mesh-Ewald (PME) methods [34, 38, 36, 103]
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do this by introducing a uniform grid (“mesh”) in space, and interpolate be-
tween the source (and target) points and the uniform grid using a window
function. Any PME method has the following five steps:

(i) Gridding: Source data is interpolated from the (arbitrarily located)
source points onto the uniform grid, using a convolution with the win-
dow function.

(ii) FFT: A fast Fourier transform is applied to the data on the uniform
grid, to go to Fourier space.

(iii) Scaling: The data is multiplied by the Fourier transform of the ker-
nel, which essentially corresponds to computing the original sum, here
represented by (5.1.1), in Fourier space.!

(iv) IFFT: An inverse FFT is applied, to go back to real space.

(v) Gathering: The result is interpolated back from the uniform grid to
the desired target points, again using a convolution with the window
function.

PME methods mainly differ in the choice of window function. The Spectral
Fwald (SE) method [70, 72, 4] is a PME method with spectral accuracy,
and will be described in more detail in Section 5.3. A related method is the
Positively Split Ewald (PSE) method [42], used in Stokesian dynamics. For
a more detailed discussion on different fast Ewald summation methods, see
§I in Paper D and §1 in Paper E.

An important difference between the FMM and e.g. the SE method is
that the FMM is spatially adaptive [29], allowing the hierarchical tree struc-
ture to be refined more in areas where the point density is higher. By con-
trast, the SE method is limited to a uniform spatial grid due to the use of
the FFT. For this reason, the SE method is not optimal when the point
distribution is highly nonuniform, as noted e.g. in [4] and Papers D-E. In
particular, see §VIL.D and Figure 16 in Paper D for a comparison.

n the scaling step, the data is also multiplied by other factors to undo the convolu-
tions applied in the gridding and gathering steps, but here we give only a basic overview
of the steps. Details can be found e.g. in §3 in Paper E.
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5.2 Periodic problems

In a periodic problem, one or more of the spatial directions are periodic.
Some representative examples are shown in Figure 5.1: (a) shows particles
in an unbounded fluid, periodic in all three directions — we call this triply
periodic (or fully periodic) and shorten it as 3P; (b) shows particles next
to a flat wall, periodic in the two directions parallel to the wall — we call
this doubly periodic, shortened as 2/P; (c¢) shows particles in a pipe, periodic
in the direction along the axis of the pipe — we call this singly periodic, or
in short 1P. Finally, a problem which has no periodic directions is called
free-space and shortened as 0P.

()

FIGURE 5.1: Examples of periodic problems: (a) particles in a fluid without walls,
(b) particles next to a large flat wall, (c¢) particles in a long pipe. The arrows
indicate periodic directions.

The box shown for each of (a), (b) and (c) in Figure 5.1 is called the
primary cell and corresponds to the computation domain. The periodic
boundary conditions enforced on certain faces of the primary cell can be
interpreted as a periodic replication of the primary cell, as shown in Fig-
ure 5.2. The figure only shows a limited number of the replicas (also called
periodic images); in reality, there are an infinite amount of replicas forming
a lattice. Following Paper E, this lattice is defined by

{(p1L1,p2L2,p3L3) : p; € Z}, if D =3,
p1L L2,0):p; €7 if D=2

PDP _ {Oi lap2 2 ) pz S }, 1 , (521)
{(P1L1,0,0) : p; € Z}, if D=1,
{(0,0,0)}, if D=0,
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(a)

N
N

-
q
yy

FIGURE 5.2: Tllustration of periodic replication of the primary cell, in (a) the triply
periodic (3P) case, and (b) the singly periodic (1P) case.

where D denotes the number of periodic directions, and (L1, Lo, L3) are the
side lengths of the primary cell. Note that, without loss of generality, we
have assumed in (5.2.1) that the first D directions are the periodic ones.

The periodic equivalent of the completed double layer formulation (3.2.13)
introduced in Section 3.2 is found by periodically replicating the double layer
potential D[g](x) and completion term V(x), defined by (3.2.5) and (3.2.12),
respectively, i.e.,

DPP[q = > Dlql(z+p), (5.2.2)
pEPpp

VPP (@)= Y V(@+p). (5.2.3)
pEPpp

The resulting periodic formulation is
uPP (x) = DPP[q](x) + VPP (), (5.2.4)
and the corresponding boundary integral equation becomes
uP? (x) = DPP[q](x) — 4rq(x) + VPP (x), xel. (5.2.5)

Note that (5.2.2) contains periodic sums of the stresslet T}, and (5.2.3)
contains periodic sums of the stokeslet Sj and rotlet €2;. Due to the slow
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decay of these kernels, the periodic sums cannot be summed directly. An
Ewald decomposition will split each of the periodic sums into a real-space
part (that converges fast and can be summed directly) and a Fourier-space
part (that converges fast in Fourier space). The SE method computes the
latter of these. We return to this in Section 5.3.

It should be noted here that the SE method was first developed for
3P problems [70, 72, 5, 1], but has since been extended to 2P problems
[71, 73], 1P problems [102] and OP problems [4]. Papers D-E complete
this development by unifying the SE framework for all periodicities and
all kernels considered here (harmonic, stokeslet, stresslet, rotlet). The SE
method is still most efficient in the 3P case, and introducing free directions
will lead to an increase in the runtime.

The FMM, on the other hand, is easiest to formulate and most efficient in
the OP case. It has also been extended to periodic cases, typically based on
Ewald-like sums to handle the periodic interactions. Prominent examples are
[60, §3.5], where a periodic summation of multipole basis functions is used to
compute the periodic far-field contributions in a kernel-specific FMM, and
[130], which is based on similar ideas but in the kernel-independent context.

5.3 The Spectral Ewald method

For simplicity, we will here outline the SE method for a specific case, namely
for the stokeslet sum in the 1P case. The general case for the Stokes kernels
is presented in Paper E.

In the following, we first write down the periodic sum that is to be
computed, and then introduce the Ewald decomposition of it, which is the
basis for any Ewald summation method. Then, we outline the specifics of the
SE method itself, and finally summarize the contributions of Papers D-E.

The periodic sum and Ewald decomposition

The periodic sum of stokeslets, which appears e.g. in (5.2.3), in this case of
periodicity in one direction has the general form

0P =Y Y Sl al +p)

o pePp

=33 S(@—= + (11L1,0,0) ), (5.3.1)

o p1EL
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where we have ignored the factor 1/8w. This periodic sum is not absolutely
convergent (unless the forces £(*) sum to zero), due to the slow decay of
the stokeslet. To make sense of it, an Ewald decomposition of the stokeslet
is made, which splits the sum into a real-space part and a Fourier-space
part, as mentioned in Section 5.2. The decomposition used here for the
stokoslet is due to Hasimoto [50]. One way to derive the decomposition is
through a convolution with a screening function ~(r;§), which depends on
a decomposition parameter £. The Hasimoto screening function is given by
[55]

5
lri€) = €% (D o2 (5.3.2)
The derivations are simplified by using the relation between the stokeslet

and the biharmonic kernel, i.e., (3.1.19). This relation can be represented
as Sji(r) = K;B(r), where the differential operator Kj; is given by

Kj = 6;V* - V;V,. (5.3.3)
The decomposition of the stokeslet is then given as
Si(r) = Sji(r) + Sj(r), (5.3.4)
where
Sk =Kj|B *vg] (5.3.5)
Sji = Kju[B = (6 — vm)], (5.3.6)

where §(r) is the Dirac delta distribution and * denotes convolution. Insert-
ing (5.3.4) into (5.3.1) leads to a decomposition of the periodic sum itself.

An explicit expression for S]P}(T; €) can be written down; see equation (29)
in Paper E. This function has a very fast decay as |r| — oo, and therefore
the real-space part of (5.3.1) can be summed directly. The Fourier-space
part, which is

o' PP (@6 =37 > $" (@ — 2! + (51L1,0,0):€) £, (5.3.7)

a p1EZ

is converted into an expression in Fourier space using the Poisson summation
formula; it becomes

(a) ol (x—a(®)
v!PF(x;6) = o %22 > / S (k; €) £(@e* === drey g,
@ krekt
(5.3.8)
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where k = (k1,k2,K3), k1 is a discrete wavenumber belonging to the set
K! = (2m/L1)Z, and k2, k3 are continuous wavenumbers belonging to R.
The analytic expression for the Fourier transform §F(kz,§) of §¥ is avail-
able; see equation (35) in Paper E. The presence of the screening function
makes SF decay fast as |k| — oo, which makes the Fourier-space sum (5.3.8)
convergent. It could be summed directly, but this would require O(N?) op-
erations. In the SE method, FFTs are used to reduce the amount of work
to O(Nlog N).

It should be noted that for the k; = O term, the integral in (5.3.8)
involves a singular integrand, and this case is handled by introducing a
modified stokeslet kernel (§3.1 in Paper E). For small but nonzero values of
k1, the integrand is nearly singular and peaked, which is handled by adaptive
upsampling in an adaptive FFT (AFT), see §3.4 in Paper E.

Spectral Ewald: The fast method for the Fourier-space sum

The five steps of the fast method, (i)—(v), were introduced in Section 5.1.
The window function is a crucial part of the method, and it is introduced
into (5.3.8) by insertion of the identity @w(@) 2@ = 1, where @w(k) is the
Fourier transform of the window function w(r). The first factor @ in the
identity is used in the gridding step, the factor (@)~2 is used in the scaling
step, and the final w is used in the gathering step. For details, see equations
(71)—(75) and also equations (136)—(140) in Paper E.

The window function in the SE method is written as a tensor product
w(r) = wo(r1)we(re)wo(rs) of a one-dimensional function wy : R — R. In
the original formulations of the SE method, e.g. [70, 4], the window function
was a truncated Gaussian. One of the novelties of Papers D-E is the use
of a new window function, namely a piecewise polynomial approximation of
the Kaiser—Bessel window

Io(By/1 = (r/aw)?) " <a
wokB(r) = Io(B) Y (5.3.9)
0, 7| > @y,

where Iy(+) is the modified Bessel function of the first kind and order 0, and
8 > 0 is a shape parameter. Here, a,, is the halfwidth of the support of the
window function, as shown in Figure 5.3.

The window function is discretized using P points and related to the
spacing h of the uniform grid via Ph = 2a,,. The shape parameter 5 can be
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FIGURE 5.3: Plot of the Kaiser—Bessel window function given by (5.3.9).

related to P by balancing different error contributions (§V.B.2 in Paper D).
The piecewise polynomial approximation of the window function wykg is
chosen such that the accuracy associated with the exact Kaiser—Bessel win-
dow is retained (§IV.E and §VI in Paper D). It is the smoothness of the
window function, and the fact that its support size P can be adjusted sepa-
rately from the grid spacing h (since a,, is not fixed), that is responsible for
the spectral accuracy of the SE method.

Paper contributions

Papers D-E both present a unified framework for the SE method in ar-
bitrary periodicity, for different kernels; Paper D deals with electrostatics
(the harmonic kernel), while Paper E deals with Stokes flow (the stokeslet,
stresslet and rotlet). The contributions of these papers are:

o In Paper D, DSS and AKT introduced modified kernels (based on
Vico et al. [119]) to treat the singular integration in problems with
free directions; they also introduced an adaptive FFT (AFT) in the
1P and 2P cases, reducing the runtime substantially. The runtime of
the algorithm was tested in different periodicities. In the first version
of the paper, a new window function based on [15] was tested.

JB and AKT replaced the new window function by a piecewise polyno-
mial approximation of the Kaiser—Bessel window function (PKB win-
dow), which has a more optimal bandwidth, and reduces the support
and therefore runtime significantly compared to the old Gaussian win-
dow. A parameter selection procedure was introduced and tested, two
different methods for force computation were compared, and the run-
time of the SE method was compared with that of the FMM.
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e Paper E includes many of the features introduced in Paper D, such
as the PKB window and the AFT. New modified kernels are derived,
together with new improved truncation error estimates; this improves
the performance in the 0P case compared to [4], and makes the trun-
cation error independent of periodicity. Analytical formulas for valida-
tion are derived, and the parameter selection procedure from Paper D
is adapted. In the numerical results, we show that the method has
complexity O(N log N), that the pointwise error is well behaved, and
we study how the runtime depends on the error tolerance and window
function.



6 Conclusions and outlook

In this thesis, we have studied and developed numerical methods for accurate
special quadrature and fast summation, that can be applied in the context
of boundary integral methods for Stokes flow. These methods can be used
to perform fast and accurate computer simulations of suspensions of rigid
particles in three-dimensional Stokes flow.

In Papers A—B, the special quadrature method known as quadrature by
expansion (QBX), previously implemented for rigid spheroids in Stokes flow
in [6], was extended to rodlike particles, flat walls and cylindrical pipes.
The precomputation scheme which was adapted from [6] assumes that the
geometrical objects are rigid and that symmetries can be used to reduce the
amount of precomputations needed. A strategy for selecting the parameters
of the method, such that a given error tolerance is met, was designed and
systematically tested.

During the development of Paper B, it was discovered that if the rodlike
particle geometry were to be made up by a cylinder with spherical caps,
the local expansions in QBX would converge very slowly, since the geometry
would have a discontinuous second derivative. We chose to avoid this by re-
designing the caps to be smoothly connected to the cylinder. An alternative
to this could likely be to dyadically refine the grid close to the discontinu-
ity as in [67], possibly using recursively compressed inverse preconditioning
(RCIP) [51, 52] to avoid introducing more degrees of freedom.

It was also found that the completion sources (point forces and torques)
that are placed inside the particles in the boundary integral formulation
must be spread out along the extent of the particle, for example along its
centerline, to maintain high accuracy. Otherwise, the solution becomes hard
to resolve on the grid. Similar findings were made in [61] for spheroids and
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helical particles.

In Paper C, the QBX method from [6] was applied to simulate a problem
in fundamental fluid mechanics, namely a single inertial spheroid moving
through Stokes flow. It was found that a prolate spheroid drifts sideways
in a parabolic flow, while an oblate spheroid does not. The magnitude of
the sideways drift was compared with the settling due to gravity. This work
was carried out partially in parallel with the work on Papers A-B.

The goal of Papers D-E was to extend the Spectral Ewald (SE) method
to arbitrary periodicity for electrostatic problems and Stokes flow, so that
efficient simulations can be performed with periodic boundary conditions
in any number of the spatial directions. We also implemented various im-
provements to the SE method, such as a more optimal window function, new
modified kernels for singular integration, and parameter selection based on
new error estimates.

Our implementation of QBX relies on the precomputation scheme from
[6], which is feasible for rigid particles with axisymmetry. For deformable
geometries, or geometries without symmetries, this precomputation would
not be possible. An alternative would be to build QBX into a fast multi-
pole method (FMM) framework, such as in e.g. [121, 122]. Another option
would be to use a different special quadrature method, such as the Hedgehog
method studied in Paper F. This method is based on extrapolation or inter-
polation along a line, and in the paper, we studied rational approximation
as an alternative to polynomial approximation when doing this extrapo-
lation /interpolation. We investigated how much the error is reduced when
using rational approximation compared with polynomial approximation, and
also how much the error is reduced when using interpolation instead of ex-
trapolation. The accuracy and computational cost of the Hedgehog method
were compared with those of QBX. Strategies for selecting the parameters
of the Hedgehog method and estimating its error were also discussed, al-
though there is certainly room for further improvement and development in
this regard.

During the work with Paper F, it was discovered that spurious poles may
end up close to the evaluation point when doing rational approximation.
These poles disturb the result, increase the error, and make it very hard
to predict the error level of the method in a robust way. Therefore, a few
methods to deal with spurious poles, and make the results more robust, are
discussed in Paper F.
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Possible future directions

There are some natural improvements and challenges that could be consid-
ered for our current implementation of QBX for rigid rodlike particles and
walls:

e The particles could be discretized using patches, in the same way that
the walls are, which would allow for a more local application of QBX
(or Hedgehog, for that matter), with smaller memory requirements
and lower computation times. Work in this direction is currently on-
going within the research group. This would make it possible to do
simulations using much longer particles (high aspect ratios), which is
of interest in applications such as [83].

o The discretization of walls (and particles) is currently not adaptive.
Implementing adaptive discretization would increase the flexibility and
allow for local grid refinement.

« It may be possible to develop a fast direct solver for the fixed geometry
(i.e., walls), that could be used e.g. in time-dependent simulations to
speed up the solve.

e In close interactions, the peaked stresslet kernel in e.g. the double
layer potential is only half of the problem, since the layer density
(i.e., the quantity being solved for) may itself also become peaked
and hard to resolve. Special quadrature only addresses the first issue
(peaked kernel), but not the second (peaked density). An adaptive
discretization would of course help in this situation, but one could
also seek other strategies to avoid increasing the grid resolution.

Another interesting development would be to include drops and bubbles,
which are common in microfluidics applications, into the framework, which
would allow simulations involving both drops, rigid particles and walls in-
teracting. The formulation for drops could be based on [110], which studied
surfactant-covered drops using a boundary integral method and the Hedge-
hog method (but without walls or rigid particles). Similar simulations have
been performed in two dimensions, e.g. in [90].

For the SE method, there is also some room for improvement. Certain
aspects of the parameter selection could be improved by further analysis of
the errors in the method. The software package published together with
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Paper E could also be further optimized, and e.g. implemented purely in C
instead of relying on Matlab.

Of course, it would be of interest to apply the new unified SE imple-
mentation to particulate Stokes flow with e.g. one or two periodic directions
— such as rigid particles in a pipe or close to a flat wall — which was the
motivation behind developing the method in the first place. Combining
the SE method with the Hedgehog method is then a natural next step.
The Hedgehog method has the advantage that it can be applied directly to
the real-space part of the Ewald sum, which our current implementation of
QBX cannot. Work in this direction could enable fast and accurate three-
dimensional simulations of drops, particles and walls in arbitrary periodicity.

Finally, work on Paper F will continue with the goal to publish it in a
journal. The parameter selection strategy for the Hedgehog method will then
be further developed, possibly employing estimates of the direct quadrature
error to select the parameters. The method will be tested on more ex-
amples, and we will continue to investigate the possibility to replace QBX
in the nearly singular (off-surface) case with the Hedgehog method, in the
framework developed in Paper B.
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