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Abstract

In chaos theory there are many different problems still unsolved. One of which is the

optimization of infinite time average functionals on manifolds. To try one of the different

tools to solve this problem we want to find stable manifolds in chaotic dynamical systems.

In this thesis we find different manifolds for the Lorenz system when using a time

dependent µ parameter and perform a sensitivity analysis on some of them. The existence

of these manifolds are motivated numerically with the help of the shadowing lemma and

extensive comparison of different numerical solvers.
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4 Numerical Solvers

Due to the difficulty in analytically solving systems like the Lorenz system this thesis

will heavily depend on numerical approximations and numerical analysis. Part of

it will therefore be to evaluate different numerical solvers through their respective

approximations of the system.

Given a solution u⃗(t) : [0, T ] ! Rd to a system of ordinary differential equations
d~u(t)

dt = f(u⃗(t), t), a discretization u⃗i = u⃗(ti) can be introduced for a given set of ti’s

S = fti = i �t j i = 0, 1, ...Ng, where �t = T
N . In this thesis we will denote a numerical

approximation of the trajectory by some solver at ti as eui � u⃗i. The collection of eui’s for

all i = 0, 1, ...N for a given approximation will be denoted as eu.

We will discuss five different numerical solvers in this thesis: Euler Forward (EF),

Runge-Kutta 4 (RK4), multi-step differential transformation method (MsDTM), Rodas5

(Ro5), and RadauIIA5 (Ra5). Rodas5 and RadauIIA5 are included in the Julia package

DifferentialEqualtions.jl and they were chosen since they are higher tolerance stiff

ODE solvers. The explicit methods Euler Forward, Runge-Kutta 4 and MsDTM were

chosen because of ease of implementation even though implicit methods would be more

appropriate for a chaotic system [2].

4.1 Euler Forward

Explicit solver of order 1. The scheme is

eui+1 = eui + �t f(eui, ti),

for i = 0, 1...N � 1 given that eu0 = u⃗0.

4.2 Runge-Kutta Method of order four (RK4)

The Runge-Kutta Methods are a family of ODE solvers where the Euler Forward method

is included. The Runge-Kutta method of order four is the four step method described

5



below,

ki
1 = f(ti, eui),

ki
2 = f(ti +

�t

2
, eui +

�t

2
ki

1),

ki
3 = f(ti +

�t

2
, eui +

�t

2
ki

2),

ki
4 = f(ti + �t, eui + �t ki

3),

eui+1 = eui +
�t

6
(ki

1 + 2ki
2 + 2ki

3 + ki
4),

for i = 0, 1...N � 1, given that eu0 = u⃗0. The Runge-Kutta method of order four has been

very popular due to its simplicity, ease of implementation, and the requirement of only a

single initial condition. The order four in RK4 means that the global error decreases by a

factor four for each halving of the step size [8].

4.3 Multi-step differential transformation method

Method using differential transformation technique. Scheme is

eui+1 = eui +
K�1X

k=0

1
k!

dkf

dtk (eui, ti)�tk+1, i = 0, ...N � 1

for i = 0, 1, ..., N�1 and some choice ofK given that eu0 = u⃗0. The choice ofK depends

on what order is desired.

4.4 Rodas5 and RadauIIA5

Rodas5 is a 5th order, A-stable Rosenbrock method built into Julia’s package

DifferentialEquations.jl. RadauIIA5 is an A-B-L stable, 5th order Runge-Kutta method

that is built into Julia’s package DifferentialEquations.jl [2]. More about A-B-L stability

can be found in the appendix.
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5 Numerical Methods

5.1 Numerical Solvers

We implement Euler-Forward, RK4 and MsDTM but use already implemented versions

of Rodas5 and RadauIIA5 from the Julia package DifferentialEquations.jl.

5.1.1 Implementation of MsDTM

The transformations that are used for the Lorenz system are shown in table 5.1.

Original function Transformation
f(t) = u(t)� v(t) F (k) = U(k)� V (k)

f(t) = αu(t) F (k) = αU(k)
f(t) = u(t)v(t) F (k) =

Pk
m=0 U(m)V (k �m)

Table 5.1: Differential transformations where U(k) = 1
k!

dku
dtk [6]

For the Lorenz system the differential transformation is

8
>>>><

>>>>:

X(k + 1) = 1
k+1 [θY (k)� θX(k)] ,

Y (k + 1) = 1
k+1

h
µX(k)�

Pk
m=0 X(m)Z(k �m)� Y (k)

i
,

Z(k + 1) = 1
k+1

hPk
m=0 X(m)Y (k �m)� βZ(k)

i
.

Using this transformation and notation, numerical solutions created by MsDTM will then

be on the form

eui(t) =

2

664

PK
k=0 Xi(k)�tk

PK
k=0 Yi(k)�tk

PK
k=0 Zi(k)�tk

3

775 .

5.2 Comparison of Numerical solvers

To select the numerical solver for the latter parts of the project, a comparison of the solvers

was conducted using four different approaches. In order to simplify the comparison,

the adaptive element of the solvers from the Julia package DifferentialEquations.jl was

disabled. The four comparison methods employed were:
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1. Deviation from fixed points: In this preliminary comparison, the solvers were

evaluated to assess their ability to remain at a fixed point. Starting from a given

fixed point, the solvers were tested to determine if they could maintain their position

within the fixed point over time.

2. Convergence for global stability: For a parameter set where the Lorenz system

exhibits a globally stable origin, the solvers’ tendency to converge to the origin

was compared.

3. Energy function analysis: Changes in a defined energy function over time were

examined for different parameter sets. By observing the solvers’ ability to

accurately capture these energy variations, a comparison could be made.

4. Correlation: The solvers were assessed by comparing their trajectories with a finely

estimated solution. Specifically, the angle between the trajectories generated by the

solvers and the quasi-true solution was examined.

By employing these four distinct evaluation methodologies, an analysis of the solvers was

conducted, aiding in the selection of the most suitable numerical solver for the subsequent

stages of the project.

5.2.1 Deviation from fixed points

With µ 2 (1, �(�+�+3)
����1 ) the Lorenz system has three fixed points [11]. Meaning that a real

solution to the system using any of these points as initial point will stay there as t ! 1.

The fixed points for a given value of µ are,

(0, 0, 0),

(
p

β(µ� 1),
p

β(µ� 1), µ� 1),

(�
p

β(µ� 1),�
p

β(µ� 1), µ� 1).

To examine howwell the numerical solvers can replicate this behaviour we can analyze the

numerical approximations of trajectories starting in the fixpoints. To get a good overview

we will analyze the results produced by Algorithm 1 presented below.
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that is bounded. A correlation measurement will be performed for the bounded perturbing

function.
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6 Results

First, we present the result pertaining to the numerical solvers, then, we present the

discovered manifolds and their stability.

6.1 Parameter selection

Unless otherwise specified, the default selection for the parameters θ and β will be θ = 10

and β = 8/3. These specific values were chosen due to their historical significance,

as they were the parameters employed by Lorenz in 1963. Additionally, this parameter

choice has remained widely adopted in subsequent studies, establishing it as a commonly

used set of parameters.

6.1.1 Energy

For the global stability case µ = 1/2, a starting radius for the initial conditions of r = 100

was chosen. For the strange attractor case µ = 28 and the radius from the origin was again

r = 100. For the fixed point case µ = 23.5 and a staring radius from the fixed point was

chosen to be r = 1. For all of these different cases an endtime of T = 50 and a timestep

of �t = 10�3 was used.

6.1.2 Correlation

To use the algorithm described in 5.2.4 to calculate correlation we want to define a set of

initial conditions. The set we use is a 3D grid P defined as

P = f(x, y, z) : x 2 X, y 2 Y, z 2 Zg, (2)

X = fx j xi+1 = xi + �x , i = 0, 1, ...Nxg,

Y = fy j yj+1 = yj + �y , j = 0, 1, ...Nyg,

Z = fz j zk+1 = zk + �z , k = 0, 1, ...Nzg.

We set x0 = y0 = �50, z0 = �30, �x = �y = �z = 10 and Nx = Ny = Nz = 11

These values are chosen since our analysis will be related to trajectories near the attractor

of the Lorenz system. Using these values the chosen set P creates a 3D grid which contains

the attractor. To be able to use the algorithm we also want to choose how we calculate the

13





Figure 6.1: Plot of the value of the energy function, defined in section 5.2.3, over time.
The parameter values are selected so that the origin is globally stable.

Energy of chaotic system

Figure 6.2: Plot of the value of the energy function, defined in section 5.2.3, over time.
The parameter values were selected such that the system is chaotic.
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Energy of fixed points

The energy for every solver oscillated rapidly when near the fixpoints, as seen in fig. .2

in the appendix, resulting in a graph which is hard to analyze. Therefore we chose to

visualize this result a bit differently.

Figure 6.3: Plot of the maximum value of the energy function, defined in section 5.2.3 for
each timeintervall of size 1. Initial condition close to a fixpoint of the system.

6.2.4 Correlation

These plots were obtained from the correlation scheme.
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(a) Euler Forward (b) MsDTM

(c) Runge-Kutta 4 (d) Rodas5

(e) RadauIIA5

Figure 6.4: The average correlation between the different numerical methods and non-
adaptive RadauIIA5 with its step-size�t = 10�5 for different k values as described in the
parameter selection section.

6.3 Finding manifolds and perturbing them

Under the parameter function µ(t) = µ0 + µ1 sinωt, several types of manifolds were

discovered. Among them, two were observed to be closed, while the remaining two

were open. For all manifolds µ0 = 19 and µ1 = 5. The frequencies ω varied however.

ω = 2π, 1, 0.001, 50 exhibited interesting manifolds. When adding an increasing function

µ0(t) = 100:02t all manifolds lost their shape but in various different ways.
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(a) (b)

Figure 6.5: In fig. 6.5aµ(t) = 19+5 sin 0.01t and the trajectory resembles a volcano. Over
time the trajectory converges to the fixed point. Initial condition u⃗(0) = (�7,�7, 15).
This manifold was only found for certain initial conditions. In fig. 6.5b the “Volcano”
demonstrates a doughnut-shaped behavior with an increasing parameter value of µ =
19 + 5 sin(0.01t) + 100:02t. As time progresses the trajectory finds the strange attractor.
The initial condition remains u⃗(0) = (�7,�7, 15) .

(a) (b)

Figure 6.6: A wrinkled napkin-like shape emerges when µ(t) = 19 + 5 sin 50t. As time
progresses, the trajectory gradually converges towards a fixed point. The napkin behavior
was observed for a range of higher frequencies. In fig. 6.6b the “wrinkled napkin” shoots
off, µ(t) = 19 + 5 sin 50t + 100:02t. As t!1 it finds the strange attractor.
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(a) (b)

Figure 6.7: In fig. 6.7a, the function for µ(t) is given as µ(t) = 19 + 5 sin(2πt). The
trajectory resembles the shape of an eight lying down. In fig. 6.7b, the shape of the eight,
is perturbed by the addition of another term to µ(t). The equation for µ(t) in this case
becomes µ(t) = 19 + 5 sin(2πt) + 100:02t.

(a) (b)

Figure 6.8: In fig. 6.8a, we can observe the trajectory exhibiting an elliptical shape
when µ(t) = 19 + 5 sin t. Initial condition u⃗(0) = (3.98538, 6.0273, 7.95332). In
fig. 6.8b, we witness the perturbation effect on the “ellipse”, caused by the additional
term µ(t) = 19 + 5 sin t + 100:02t.
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6.4 Sensitivity analysis of manifolds

The “eight” shape was chosen for a stability analysis. A bounded function µ0(t) = sin2 t

was chosen to test stability. For the bounded function amplitudes, ε, were 1, 1.5, 2, 2.5 and

3.

(a) (b) (c)

Figure 6.9: The blue trajectory in each subplot is the “eight” manifold given by µ(t) =
19 + 5 sin 2πt. In fig. 6.9a the orange trajectory has µ(t) = 19 + 5 sin 2πt + sin2 t. In
fig. 6.9b and fig. 6.9c µ(t) = 19 + 5 sin 2πt + 2 sin2 t and µ(t) = 19 + 5 sin 2πt + 3 sin2 t
respectively.
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Figure 6.10: The plot displays the correlation between a perturbed and unperturbed version
of the “eight” shape, µ(t) = 19 + 5 sin 2πt. The perturbation is caused by the function
µ0(t) = sin2 t. The range of ε values spans from 1 to 3. Regardless of the specific ε value,
the minimum bound for µ remains at 14, indicating that the system is consistently in a
chaotic state. However, as ε increases to 3, a deterioration in correlation becomes evident.
At this level, the upper bound of µ(t) reaches 27.
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7 Discussion

7.1 Comparison Numerical Solvers

7.1.1 Global stability

Among the numerical methods tested, Euler Forward, Runge-Kutta 4, and MsDTM

exhibited notably inferior performance compared to Rodas5 and RadauIIA5. The poor

performance of the Euler Forward method can be attributed the large second-order

derivative of the Lorenz system far from the origin, resulting in significant local truncation

errors. Runge-Kutta 4 and MsDTM, being higher-order methods, demonstrated improved

performance over Euler Forward. However, for distances from the origin larger than 103,

their reliability diminished. In contrast, RadauIIA5 and Rodas5 consistently performed

well even for larger time steps. Their superior performance can be attributed to their A-

stability and higher order compared to the other methods tested. Although RadauIIA5

and Rodas5 outperformed the rest in this particular test, it is worth noting that most of

the trajectories in this research project are not expected to deviate significantly from the

origin. Therefore, the convergence of Runge-Kutta 4 and MsDTM should suffice for our

purposes.

7.1.2 Energy

Energy of globally stable system

According to theory, when µ is set to a value less than 1, trajectories originating from

any initial condition should converge towards the origin. As we employed the squared

distance to the origin as our energy measure, we expected it to approach zero. In line

with our expectations, the energy values did approach zero for the various solvers when a

relatively small time step of�t = 0.001 and a radius of r = 250were used. Notably, when

examining the energies, it appeared that all solvers demonstrated exponential convergence

towards machine precision zero.

Energy of fixed points

Except for the Euler Forward solver, all the solvers exhibit a similar pattern of convergence

towards the fixed point. As seen in section 6.2.3 and fig. .1, these solvers demonstrate

oscillations with diminishing amplitude centered around a specific energy value. In

22



contrast, the Euler Forward solver does not converge; rather, it appears to diverge from

the energy value associated with the fixed point. This behavior can likely be attributed to

the Euler Forward method being a first-order method.

Energy of chaotic system

As observed in section 6.2.3, all the solvers demonstrate rapid convergence towards an

energy value below 103 to subsequently oscillate around it. When a trajectory becomes

trapped in the strange attractor, it remains confined within a bounded region while

continuously in motion. Consequently, the energy of such a trajectory tends to fluctuate

around a specific value. Considering that all solvers exhibit this characteristic behavior, it

is highly probable that they have converged towards the strange attractor.

7.1.3 Fixpoint stability

None of the solvers produced any significant deviation. In this test no significant

difference between the solvers was found.

7.1.4 Correlation

Upon examining the correlation plots in section 6.2.4 with the black-colored regions

indicating the correlation time, it is evident that Rodas5, RadauIIA5, and Runge-Kutta 4

exhibit the longest periods of correlation with the quasi-true solution. In contrast, the other

two solvers demonstrate comparatively poorer performance in terms of correlation.

All solvers achieve longer correlation times as the time steps decrease, with the exception

of Rodas5 at the smallest time step as seen in fig. 6.4d. Surprisingly, for this particular

time step, no improvement in correlation is observed compared to the previous step.

Furthermore, even with an even finer time step of 2 � 10�5, the correlation time does not

appear to improve as can be seen in fig. .2 in the appendix. This suggests the existence of

a limit on how long a solver can maintain correlation with the quasi-true solution.

We propose two possible explanations for this phenomenon. The first explanation is that

we may have reached the limitations of the quasi-true solution itself. Since the quasi-

true solution is also a numerical estimation, its accuracy diminishes over time. Once the

fine solution starts diverging from the true solution, assuming correlation with another

numerical solver would no longer be valid. The second explanation we propose involves

23



the error in the Rodas5 trajectory being errors arising from computer precision. In addition

to the errors introduced by the numerical scheme, there is a rounding error associated with

each step of the algorithm due to accuracy of the use of double precision memory. In

our calculations, the rounding error is approximately on the order of 10�16. This rounding

error accumulates at each time step, meaning that regardless of how small the error caused

by the scheme itself is, there is a nonzero lower limit to the overall error of the numerical

solution. Consequently, there may come a point in time where, for all methods, the

accumulated rounding errors cause the trajectory to consistently diverge from the true

solution. While the errors of the numerical methods should dominate for larger time steps,

for smaller time steps, the increased number of total steps amplifies the significance of

rounding errors [5].

Furthermore, in addition to considering correlation, the computational time required by

each method should also be taken into account. Although not precisely quantified, Rodas5

and RadauIIA5 require significantly more time to generate numerical solutions compared

to the other methods. Given that Runge-Kutta 4 performs well across all tests, it is chosen

as the preferred method for subsequent analyses in this thesis.

7.2 Finding manifolds and perturbing them

Four distinct manifolds were found showing that the parameter µ can be used to control

the system. When an increasing function µ0(t) = 100:02t was added, the manifolds

lost their original shape. The specific manner in which this transformation occurred

varied, making the study of their trajectory towards losing the manifold shape particularly

intriguing.

7.3 Sensitivity analysis of manifolds

When considering the “eight” shape with µ(t) = 19 + 5 sin(2πt), there exists a set of

functions µ(t) = 19 + 5 sin(2πt) + ε �µ0(t) that still preserve a similar manifold structure.

However, one could argue that the “eight” shape already bears resemblance to the strange

attractor, and if the system were to converge to the strange attractor at higher µ(t) values,

the correlation would remain strong. Notably, when ε = 3, the resulting plotted shape

more closely resembles the strange attractor than the original “eight” shape.
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8 Future Work

For future research, it would be worthwhile to explore a problem formulated in the

followingmanner. Consider a differential equation with an infinite-dimensional parameter

ϕ := ϕ(s) 2 X :

8
><

>:

d~u
dt = f(u⃗, ϕ(s)),

u⃗(0) = u⃗0.

Suppose our objective is to minimize a cost functional defined as

J (ϕ(s)) = lim
t!1

1
T

Z T

0
J (u⃗(t), ϕ(s)) dt,

where we are interested in finding solutions that lie on a specific manifold. To enforce

constrained optimization, we can utilize techniques based on adjoint-calculus. In this case,

we consider the problem:

min
�2X
J (ϕ)

subject to C(u⃗(ϕ), ϕ) = 0, where the constraint is defined by a manifoldM := fϕ 2 X :

C(x(ϕ), ϕ) = 0g.

Traditional optimization methods often struggle to handle the chaotic divergence of

trajectories, rendering standard gradient descent unsuitable. This is where the Shadowing

Lemma and the LLS (Local Linearization and Subspace) method come into play. By

employing these techniques, we can overcome these challenges and make progress in

solving the problem effectively. [5]

It is further interesting to continue exploring other manifolds and their respective

stability.
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Correlation of finer solution

Figure .1: Correlation using Rodas5 with a timestep corresponding to k=8

Energy plot of fixpoint

Figure .2: Caption
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Stabilities

To measure if a numerical solver is stable one studies the equation [3]:

dx

dt
= λx(t)

Where λ 2 C� = fλ 2 CjR(λ) < 0g. The solution to this system is x = e�t and x ! 0

as t ! 1. A numerical solver is A-stable if jxij < jxjj for each i > j where xi is the

numerical solution at t = ti. The solution is L-stable if λ 2 C� [ 1. A Runge-Kutta

method is B-stable if

hf(u)� f(û), u� ûi � 0 =) jju1 � û1jj � jju0 � û0jj

Where u1 and û1 are the numerical approximations of the Runge Kutta method after one

iteration with initial condition u0 and û0 and du
dt = f(u) [2].
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