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Abstract

Quantum computing is an emerging field with potential applications in machine
learning. This research project aimed to compare the performance of a quantum
kernel to that of a classical kernel in machine learning binary classification tasks.
Two Support Vector Machines, a popular classification model, was implemented
for the respective Variational Quantum kernel and the classical Radial Basis
Function kernel and tested on the same sets of artificial quantum-based testing
data. The results show that the quantum kernel significantly outperformed the
classical kernel for the specific type of data and parameters used in the study.
The findings suggest that quantum kernels have the potential to improve machine
learning performance for certain types of problems, such as search engines and
self-driving vehicles. Further research is, however, needed to confirm their utility

in general situations.
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Sammanfattning

Kvantberidkning ar ett vixande forskningsomriade med mojliga tillimpningar
inom maskininlarning. I detta forskningsprojekt jamfordes prestandan hos en
klassisk karna
med den hos en kvantkarna i binir klassificering for maskininlarninguppgifter,
och implikationerna av resultaten diskuterades. Genom att implementera tva
stodvektormaskiner, en popular klassifikationsmodell, for respektive variabel
kvantkarna och klassisk radiell basfunktionskarna kunde vi direkt testa bada
kiarnorna pa samma uppsattning av artificiella kvant-baserad testdata. Resultaten
visar pa betydande prestandafordelar for kvantkarnan jamfort med den klassiska
karnan nar det giller denna specifika typ av data och de parametrar som
anvandes i var studie. Vi drar slutsatsen att kvantkarnor inom maskininlarning
har potential att 6vertraffa klassiska karnor, men att mer forskning kravs for
att faststdlla om detta har niagon nytta i allminna situationer. Om det finns
betydande prestandafordelar kan det finnas manga tillampningar, till exempel for

sokmotorer och sjalvkorande fordon.

Nyckelord

Maskininlarning, Kvantberakning, Karnor, Stodvektormaskin
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1 Introduction

In recent years, the field of quantum computing has seen a lot of progress.
With the active development of powerful quantum computers, there has been
growing interest in finding suitable applications for the possibilities that quantum
computing may allow. Some powerful quantum computing algorithms have
existed for decades, such as Shor’s Algorithm (1994), which can be used to quickly
(relative to classical computers) find prime factors of large integers [1]. While
never fully implemented, algorithms like Shor’s Algorithm has spurred interest
and development within the area of quantum computing. This rise in interest
has also read to more applications being theorised and developed. One of the
interest areas which has become more popular in later years has been quantum

computing’s applications within machine learning.

Machine learning is an old field, stretching back to the early days of computation.
The idea that a machine potentially could learn and think is both interesting
and would have many beneficial applications. Already being used for such
things as search engines, personal recommendations, voice recognition and self
driving vehicles, machine learning has a lot of applications that humans today can
only theorise about. Within the area of machine learning, quantum computers
have been theorised to potentially outperform normal computers under certain

circumstances.

One specific application where quantum computers could potentially assist in
machine learning would be in its use of kernels for classifying data. Within
machine learning, classifying data is important since it allows the computer to
discern between different types of data through their inherent attributes. The
kernel helps in this by efficiently calculating the similarity or distance between
datapoints in a transformed feature space. With the help of quantum computing,
it is thought that the calculation ability of these kernels could become even more

effective [2].



1.1 Research Question

The study’s purpose is to investigate the potential advantages of quantum kernels
over classical kernels in machine learning classifiers. Specifically, the study seeks

to answer the following questions:

« How does the performance of a classical kernel compare to quantum kernel

classifiers in binary classification tasks?

« What are the implications of the results for the potential use of quantum

computing in machine learning?

1.2 Scope

The study was focused on binary classification and the kernel classifiers was
restricted to two implementations of support vector machines (SVM): a classical
SVM using a Radial Basis Function (RBF) kernel and a Quantum-Classical SVM
hybrid with a Variational Quantum Kernel. These kernels were chosen due to their
importance in their respective fields, as the RBF kernel is a widely used kernel
in classical SVMs and the VQK is one of the most promising variant of quantum
kernels. Therefore, a comparison between the established RBF kernel and the

emerging VQK should provide valuable insights.

The experiments’ datasets were all locally generated synthetic datasets. These
were generated using simulated quantum circuits to produce quantum-based data
that would be fully linearly separable in the quantum feature space. The chosen
parameters for the performance evaluation were: accuracy, precision, recall, F1-
score and AUC, based on information in [3]. The results of this comparison
provide a deeper understanding of the advantages and disadvantages of classical

and quantum kernels in binary classification tasks.

1.3 Relevance

As described in the intro, machine learning is already quite a developed field. Over
time, it has gotten integrated into many of the services people use every day, such
as search engines. By combining this technology with quantum computing, we

aim to see if there is any potential benefits within this intersection of technology.
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These benefits could potentially be used to create more powerful machine learning

algorithms and lead to more efficient machine learning systems.

1.4 Approach

Two SVMs will be implemented using the SVM class from the Scikit-learn software
library [4] and trained on datasets generated by the Qiskit software libraries [5]
ad_hoc_data function, split into training and test sets. One SVM will use a
classical RBF kernel while the other will use a VQK, both of which will be optimized
for each classification task using the training datasets. The trained SVMs will then
be used to classify the test datasets and the results of these classification tasks will

be used as the foundation for the comparison.

1.5 Delimitations

This study had several limitations that needed to be considered when interpreting
the results. Firstly, the datasets were all synthetic, meaning they were all
generated locally, to guarantee that all the datasets were fully separable by
the quantum feature map. The study’s results might therefore not be directly

comparable to real-world data.

Secondly, the result could not measure the time usage of the different algorithms.
This is since quantum algorithms naturally take far longer on simulated hardware
compared to actual quantum hardware. What this means is that measuring the
time usage would only matter when quantum kernels are simulated which is not

a viable or expected use case.

Finally, the study did not utilize any advanced preprocessing on the study’s
data, which is a technique that can potentially improve the overall quality of a
classification model’s results. While this may have expedited the implementation
of the classification model, it is important to note that a more advanced

preprocessing stage may have led to a different outcome than ours.



1.6 Outline

This paper is split into six sections: 1 Introduction, 2 Background, 3 Method, 4
Results, 5 Discussion and 6 Conclusions. The introduction , as its name suggests,
introduces the reader to the project and states the research questions. The
Background section explains the fundamentals of the research area for the reader
and mentions some relevant research that inspired the project. The Method
section explains the approach used to gather the necessary results for the research
questions, and includes explanations of the chosen evaluation metrics. The
Results section illustrates the results from the method using tables and graphs
and the Discussion contains the interpretations of these results, what implications
they have, and how this research can be built upon. The final section, Conclusion,
summarizes the entire paper and ends with some final words. Following this are
appendices, which includes data and figures that are important but did not fit in

the paper.



2 Background

This section provides an overview of the key concepts and theories relevant to the
study’s research. The focus is on machine learning, specifically the fundamental
principles behind SVMs and kernels, as well as quantum computing and how it
can be implemented into the mentioned classification algorithms. Additionally, it
also contains a literature review subsection of similar research studies, detailing

their usage for this study’s research purposes.

2.1 Machine Learning

Machine learning is a rising subfield in statistics focused on the systematic
study of algorithms that can learn and improve from experience without being
explicitly programmed. This field primarily involves two types of learning
experiences: supervised and unsupervised learning. In supervised learning,
the algorithm is given full information about each datapoint’s attributes and
its associated response, while in unsupervised learning, the algorithm is given
only the attributes. The goal of both of these approaches is to create a model
that can accurately predict the response for new, unseen datapoints. Depending
on the type of the response variable, the algorithm can belong to one of two
groups: regression problems, which involve predicting a continuous response, or

classification problems, which involve predicting a categorical response [3].

There are a wide variety of statistical learning algorithms used in machine
learning, such as support vector machines and neural networks, and selecting the
best approach for a given problem is vital [6]. The optimal approach can be found
by testing different models on the data and using evaluation techniques, such as
cross-validation and hyperparameter tuning, to construct a comparison between

the models and the best suited model can thus be found.

2.2 Support Vector Machines

Support vector machines are a widely used machine learning technique that can
be used for binary classification tasks. For classification, the fundamental concept

behind SVMs is to separate datapoints from the input space {(7;, y;) : 7; € RV y; =



+1};=1..a) into two half-spaces, one for each class, using a hyperplane [7]. Of all
the possible separating hyperplanes, the maximal margin hyperplane is chosen,
which refers to the separating hyperplane with the biggest margin. The margin,
which is defined as the distance between the nearest point in each class to the
hyperplane in the input space, can be expressed as o where « is the hyperplane’s
normal vector [8]. Therefore the optimal hyperplane can also be expressed as the
hyperplane with the smallest magnitude of «, subject to the inequality constraint
y; (W - ¥; + b) > 1, where b is the bias term, meaning that no misclassifications on

the input data are allowed.

However, many datasets are non-separable and thus many SVMs utilize a ’soft-
margin’, which adds positive slack variables & (¢ = 1,..., M), one for each
datapoint, that relaxes the inequality constraint. To control the trade-off between
maximizing the margin for correctly classified points and allowing for some
misclassifications, a regularization parameter C' is introduced. This parameter
limits the sum of all slack variables Zf.” & and can thus be used to control the
tolerated error levels. The final hyperplane is obtained as the solution to this
minimization problem, subject to the constraint y;(Z; - @ + b) > 1 — & and
& > 0:

Lp(@,€,b, A, R) = +CZ& Zazylw Fi+b)—1+&) Zu@ (1

l\DI»—

where R is the vector of the Lagrange multipliers used to enforce the positivity
of the slack variables ¢; [9]. This primal formulation Lp is quite complex;
Therefore, the dual maximization problem (Lp) is commonly solved in SVMs
instead. The dual formulation relies solely on the constraints imposed by the
Lagrange multipliers used for the margin enforcement and the inner products
between the datapoint pairs [10]. The dual is thus easier to solve and has the

following formulation:

Z a; — 3 Z Q; @jyzijz ZL‘] (2)

’L_]l

subject to the constraints Zf‘i Loy, =0and 0 < o < C'[10],



2.21 Non-linear decision boundary

However, there are cases where the decision boundary is not linear, and thus
a separating hyperplane in the input space cannot be found. To overcome this
limitation, SVMs use a high-dimensional map ® to transform all the datapoints
to a high-dimensional feature space, allowing the separation of non-linear, non-
separable data in the input space, as demonstrated in 2.1. However, calculating
the inner product of feature vectors in a high-dimensional feature space can be
computationally expensive for high-dimensional data sets [11]. To address this
issue, SVMs use kernels k(z;,Z;), functions that calculates the inner product
between a pair of datapoints #; and 7, in the feature space without actually
transforming them to the feature space [11]. There are various types of kernels
that are suitable for different data sets, and more information on kernels can be
found in Section 2.3. With the implementation of kernels, the final formulation
of the dual optimization problem is as follows, subject to the same constraints as
before [10]:

M M

Lp(A) = a;— % > aiagyiyk(E, T) (3)
=1

4,j=1

X — HX)

£

Original Input Space Feature Space

Figure 2.1: The figure shows how applying a map ¢ to transform the datapoints to
a feature space enables the separation of non-separable data in the input space.
Image sourced from [12].



2.2.2 Hyperplane Construction and Usage

A common algorithm used to solve the dual optimization problem described by
Eq. (3) is the Sequential Minimal Optimization, which iteratively solves the
problem by solving two Lagrange multipliers at a time. After solving the dual
optimization problem, the parameters of the hyperplane can be computed using
only the datapoints with non-zero Lagrangian multipliers, known as ’support
vectors’. These support vectors are datapoints located either on the margin or
on the wrong side of it [7]. The support vectors only make up a small subset of
all datapoints, and therefore the computation of « and b is very efficient. These
variables can then be used to construct the maximal margin hyperplane, which

can be used to classify new, unseen datapoints using the indicator function:
N,
y(ii) = sign(D _ aiyik(5;, i) +b) (4)
=1
where s; are the support vectors and « is an unseen datapoint [10]. If the new

point is above the hyperplane, its predicted class is +1; Otherwise, the new point’s

predicted class is —1, as illustrated in fig 2.2.

15
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Figure 2.2: The figure demonstrates how the SVM predicts new, unseen
datapoints located in the blue area as +1, and those in the purple area as —1. Image
sourced from [13].



2.3 Kernels

Kernels are positive definite functions that can be expanded in a uniformly
convergent series of eigenfunctions «; and eigenvalues );. This expansion is
defined as k(z,y) = >_;° Miwi(x);(y), which correspond to a dot product (¢(z;) -
¢(z;) in the range of ¢ : © — (VA91(x), vV Aatba(z), ...) where ¢ is a mapping to
a high-dimensional feature space [14]. Mercer’s conditions specify the necessary
properties that a kernel must have for this expansion to be valid, and kernels that
satisfy these conditions are called Mercer’s kernels [10]. The eigenfunctions ;
are the basis functions of the reproducing kernel Hilbert space (RKHS) and are
dependant on the utilized Mercer kernel. In this space, all necessary computations
for the inner product takes place [11]. The Mercer’s kernels’ ability to compute the
inner product of the datapoints pairs in the RKHS, thus circumventing the need
to know and use the high-dimensional mapping ¢, is called the ’kernel trick’, and

its usage can quicken the computation process.

There are various types of Mercer’s kernels, such as polynomial kernels, linear
kernels, etc. The one used in this study is a radial basis function (RBF) kernel,
which is a Mercer kernel that utilizes an infinite-dimensional feature map. The

~llz—ylI?

RBF kernel is defined as k(x,y) = e 22~ [10] and computes the exponential

of the negative squared Euclidean distance between two datapoints. The kernel
coefficient o controls the smoothness of the decision boundary, with larger values
resulting in smoother and more generalized decision boundaries. By satisfying
Mercer’s conditions, even though the data is mapped to an infinite-dimensional
feature space, the kernel can use the kernel trick and efficiently compute the inner
products of all the datapoint pairs in the RKHS space, spanned by the unique basis
functions of the RBF kernel. The use of a RBF kernel in a SVM results in a non-

M ageap(TT))

linear decision boundary of the form f (%) = sign(}_;~, cuexp , where u

is an unseen, unlabeled datapoint [9].

2.4 Quantum Computing

Quantum computing is a field of computing that is used to harness the abilities
of quantum mechanics to make computing certain kinds of problems faster and

more efficient than classical computers[15]. Classical computers, the ones most



commonly seen in this day and age, use bits to calculate whatever the user wants
the computer to calculate. These bits can only be 0 or 1, off or on, at any
specific time. This means the result of the calculations are deterministic but can
also be slow since only one possibility can be calculated at a time. Quantum
computers instead use physical phenomena and quantum mechanics to allow
for some computations to be performed much more efficiently than in classical

computers[15].

2.4.1 Quantum Bits

A quantum bit (commonly known as a qubit) is, similar to a bit in classical
computing, the fundamental building block of quantum computing [15]. The
possible states for a qubit is |0) and |1) which correspond to the 0 and 1 states
of a classical bit. However, instead of having a state of either 0 or 1 at any time,
qubits can be in many different state at once. This is due to a phenomenon called

superposition.

Superposition is a property of microscopically small objects to be in several states
at the same time [15]. Instead of existing in one place or another, it is said to be
in a “Superposition”. Superposition also applies to other properties of an object,
meaning it is not limited to only spatial position. The object is, however, only
in Superposition when it is not being observed. When one attempts to measure

the state of a superposition, this superposition collapses into one singular state.

[15].

Through superposition, the qubit can form linear combinations of states:

[¥) = al0) + 5|1) (5)

where « and 3 are complex numbers [16]. When measured, however, only a state
of |0) and |1) can be found since the superposition collapses and the quantum state
only provides severely restricted information. This means the measurements of
qubits are inherently probabilistic, since only the probability of the superposition
collapsing into a specific state could be considered without measuring it [2]. The

probabilities of either |0) or |1) being measured would be based on the « and  in

10



the linear combination, with the probability of |0) being measured being |«|* and
|1) being measured being |3|? where |«|*> + |3|> = 1. Because of this, a qubit can be
represented as a vector of length one in a two dimensional complex vector space,
a Hilbert space, meaning a single qubit can store a theoretically infinite amount
of information. This is in stark contrast to the either 1 or 0 a classical bit can
contain. Both kinds of bits will only ever be measured as 1 (|1)) or o (|0)), though.
The ability to harness these qubits and their superposition is what gives quantum

computing its edge over classical computers in certain regards[16].

Qubits work both in singular and in multiples, with each extra qubit allowing for
an exponential amount of extra information to be held. For each extra qubit,
the amount of states is doubled, e.g. the total amount of states is 2" where n is
the number of qubits. For each extra qubit, the linear combination is extended
by two more variables. The total probability equation for a two qubit system
would thus be |a|* + |3]2 + |y]? + |[6]> = 1. When working with pairs of qubits,
a commonly utilized state is the “Bell state” which means two linked qubits will
always have the same state if one of them is measured. This is a form of quantum
entanglement and can be used to transfer information over theoretically infinite

distances [16].

2.4.2 Quantum Gates

Quantum gates are the quantum analogue to logic gates and allows for the
manipulation of qubits. Since qubits are a linear combination of states instead
of a distinct state, it is not possible to directly modify the end state, because
all quantum mechanics follow linear behaviour. Instead, gates are utilized to
manipulate the linear combinations through transformations (often visualized
through matrices). Since the sum of the probability of all outcomes of the
measurement of a system of qubits must be 1, all transformation of this linear
combination must be unitary. Due to this fact, all quantum gates are also
reversible (which means that one always has the ability to know the input if one
know the output and the transformation). Outside of this, there are no known
limitations on the transformation, which allows for powerful manipulation of one

or several qubits [16].

11



2.4.3 Computation of quantum information

Quantum computation is the act of calculating information using quantum
computers. The foundation of these quantum computers are quantum circuits,
which can with the help of quantum gates change the quantum states in qubits and
harness this information for computational goals. These circuits can be designed
to perform quantum algorithms that compute information in a classical or a novel
quantum way. They are a collection of quantum gates that work together to
produce quantum information and compute results from input information. They
have, however, some limitations compared to a classical computational circuit,
namely that they cannot use any feedback information (occurrences where newer
bits influence previous bits), there can not be any non-reversible operations, and
there can not be any copying of qubits. These circuits can be designed to perform

specific tasks and are used to perform quantum algorithms [16].

An extension of quantum circuits are the variational quantum circuits, quantum-
classical circuit hybrids where some of the circuit’s parameters are classically
tunable. The circuit can therefore be trained on a classical computer by optimizing
it iteratively to minimize a predetermined loss function. For this optimization
process, a gradient-based optimization method is commonly used. This allows for
variational quantum circuits to have smaller circuit depths compared to normal
quantum circuits and are therefore less impacted by noise. They also become more

flexible and can be used in all quantum computing tasks [17].

2.5 Quantum-Classical SVM Hybrid

A quantum-classical SVM hybrid is a classical SVM that utilizes some aspects
of quantum computing [18]. The approach used in this study was the usage of
quantum kernels instead of classical kernels. This hybrid variant of a SVM still
computes the separating hyperplane in the same fashion as a classical SVM, the
only difference being that the kernel value is computed on a quantum computer,

or simulated in a quantum space on a classical computer.

12



2.51 Quantum Embedding Kernels

Quantum Embedding Kernels are very similar to classical kernels as they both
compute the inner product between datapoints, with the key difference being that
quantum kernels calculates this inner product in a Hilbert space. The datapoints
from the input space are first mapped to their corresponding quantum state using
a quantum feature map . This map ¢ can be defined using a quantum circuit

Uy (%) as follows:

(7)) = Uy(7) |0)" (6)

where n is the number of qubits needed to represent the datapoint in binary form
[19]. The kernel value for a particular datapoint pair is then computed from
the overlaps of the pair’s quantum states, which is calculated according to the

following equation:
R T5) = | (@) |[0()) [P = 1 (0" UL(@) Uy () [07) 7

However, due to possible noise, the embedded quantum state is not always pure.
Therefore, the Hilbert-Schmidt inner product is often used instead, but Eq. (7)
suffices as the study focuses on a noiseless environment, see Section 1.5 for more

information.

2.5.2 Variational Quantum Kernels

Variational Quantum Kernels can be seen as extensions of quantum embedding
kernels that employ a variational quantum circuit as its quantum feature mabp,
meaning that some of the feature map’s parameters can be optimized according
to a loss function [20]. This optimization allows for the creation of a custom
made kernel specifically suited for the desired classification task. A common loss
function is the kernel alignment technique that maximises the kernel alignment
- the similarity between the current kernel % and ideal kernel %;4.,;. The kernel
alignment is maximised as a high value of the kernel alignment indicates the
existence of a data separation with a low generalization error [21]. In classification
tasks, the ideal kernel matrix can be defined as K4..; = yy’, wherey = (71, ..., )

and [ is the amount of training datapoints. The kernel alignment can then be

13



computed according to the following equation:

K, Kigea TK
A(K, Kige) = i Biteatly YR ®)

\/<K7 K>F <Kidea17 Kideal)p a ZHKHF

Here, ||K||F is the Frobenius norm and (Kj4eq, Kidear)  is the Frobenius inner

product between the two matrices, computed as [21]:

l l

(K1, Ka)p =) ) Ki(T0, 7)) Ka(T3, 7)) (9)

i=1 j=1

2.6 Related Work

There have been several scientific papers written about the implementation of
quantum computing in machine learning. Here are some research papers that

were key to this paper.

2.6.1 An introduction to quantum machine learning

In this review article by Maria Schuld, Ilya Sinayskiy, and Francesco Petruccione,
published in 2015, prior research around quantum machine learning and its parts
are presented. It discusses the different ways quantum machine learning can be
implemented, notably either through finding dedicated quantum algorithms or
through using the inherent probabilistic qualities of quantum theory to get better
results for stochastic problems. It discusses the fact that both machine learning
and quantum knowledge are both well explored but the union of these two fields
still has not come far. The paper also provides information which indicates that
quantum kernels and SVMs are faster at evaluating inner products in machine
learning training vector spaces. It concludes with optimism around the subject
and stating that further developments in the field may lead to great technological
leaps [2].

2.6.2 Quantum Support Vector Machine for Big Data Classification

This research article written by Patrick Rebentrost, Masoud Mohseni, and Seth
Lloyd, was published in 2014 and theorises about Support Vector Machine and

their potential benefits. Through mathematical reasoning, the authors show that

14



an SVM can be implemented through quantum mechanics and that it could be
beneficial future quantum “big data” processors. It presents how a quantum
implementation could lead to a speed-up with varying strength depending on the
input data. The data privacy brought forward by this solution to the SVM problem

is also presented, though this is not much of interest to our paper [7].

2.6.3 Kernel methods in Quantum Machine Learning

Riccardo Mengoni and Alessandra Di Pierro’s review article, published in 2019,
discusses many different usages of quantum computing for kernel methods. The
focus is on Classical-Quantum algorithms which are classical algorithms which
use quantum computation to attain a speedup. The article states advantages and
drawbacks of some different ways of handling this issue, with the authors splitting
up the current day research into two different categories. The ways this article
summarizes quantum kernels and their use in SVMs is of particular use to our
thesis since it is very related. The article also has a very well structured table of
research for other research papers in this field, some of which are of great use to

a thesis like this one [22].

2.6.4 Supervised learning with quantum-enhanced feature spaces

In this research letter by Vojtéch Havlicek (et al.), published in 2019, a quantum-
enhanced feature space is used to experimentally implement a pair of quantum
algorithms. These quantum algorithms are used to construct classifiers. The two
different methods of implementing the classifier are used to explore potential
application of quantum computers within machine learning. The authors
experimentally implement these methods and test their function to a successful
result. The conclusion of the experiments are that for a quantum advantage to
formally exist a feature map that is difficult to estimate classically would be an
important factor. They also bring forth the issue with noise and how it can have a

severe effect on the success of a hybrid classical-quantum algorithm [19].
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2.6.5 Quantum machine learning in feature Hilbert spaces

The research article Quantum machine learning in feature Hilbert spaces
authored by Maria Schuld and Nathan Killoran, published in 2019, introduces
the similarities between the base building blocks of quantum computing and
machine learning, and a way of harnessing this to produce efficient quantum
machine learning through quantum kernels is theorized. Two forms of quantum
kernels for machine learning classifiers are proposed and illustrated through
math and simulations. Quantum states inside feature spaces are used to evaluate
these kernel functions, and the small scale simulations provided ”interesting
results”[23]. It also proceeds to discuss the fact that this kind of research is still in

its infancy and that there is much more to research about pertaining to this subject

[23].
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3 Method

The method section of this study provides a detailed explanation of the
methodologies employed to answer the research questions. This includes the
reasoning behind why certain variables and algorithms were used, as well as

explanations for fundamental theory behind each step.

3.1 Methodology

To conduct this study, a project was developed in the Python 3.9 programming
language, using mainly the Scikit-learn ([4]) and Qiskit ([5]) software libraries.
The project implements two SVMs using a classical and quantum kernel,
respectively, as described in Section 3.4. The SVM implementations were
tested on classical hardware, with the quantum kernel being simulated using the
simulation method detailed in Section 3.2. To ensure the performance of both
SVMs were comparable, both classifiers were trained and tested on the same
datasets, which are described in more detail in Section 3.3. An overview of the
process is illustrated in the flow chart in Figure 3.1 and the Python code used
can be seen in the quantum-classical-evaluation GitHub repository [24]. The

specifics are explained in detail in the following subsections.
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Figure 3.1: A flowchart of the used pipeline split into three parts: kernel training,
SVM training and prediction. In the kernel training section, a VQK and RBF
kernel is constructed and their trainable parameters are optimised for the training
dataset. The optimised kernels are then used in their respective SVMs to generate
the support vectors. The support vector classifier then uses these support vectors
to predict the class of the test datapoints and assigns them their predicted labels.

To evaluate the classifiers, functions from Scikit-learn will be employed to
compute certain parameters from the test data predictions, such as accuracy and
precision, and Yellowbrick ([25]) will be used to plot these parameters in a clear
way. The chosen parameters to base the evaluation on are collected in Table 3.3,
with further explanations about the chosen parameters in Section 3.5, and are

inspired by the work of Peter Flach [3].

3.2 Simulation of Quantum computer

All quantum computing in the program was run entirely using the Qiskit library’s
quantum simulators, not quantum hardware. The reasoning being that quantum
hardware would be both difficult to access and lead to large amounts of noise
that would make the comparison more difficult. To produce simulated quantum
results on classical hardware, the statevectors were computed algebraically
through the use of 2" size complex vector matrices. By calculating the Schrodinger
wave function of the simulated statevectors in the qubits, and transforming
the values as the algorithms are performed, the values of the statevectors are
attained. Though this can quickly gets very memory expensive, the low amount
of qubits used in the project meant at largest a 3 by 3 matrix was used and the
computation time was therefore reasonable. Due to this, statevector quantum

simulation became an effective way to perform quantum computations on a
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classical computer in a noiseless setting [26].

3.3 Generating the data

The data used for this study was artificially generated by the ad_hoc_data function
from the Qiskit software library, inspired by the work in Havlicek et. al. [19].
This function generates synthetic datasets using simulated quantum circuits while
allowing for a great deal of customization in regards to the dataset properties,
which were used to create datasets with different sizes and training to test
datapoint ratios, these ratios can be seen in Table 3.1. These datasets had the
additional benefit of inherently being linearly separable by the VQK, and not
requiring any advanced reprocessing so they could be used immediately upon
creation by both types of kernels. It was decided to generate this data with 3
features since more would have lead to an exponential increases in memory use
and simulation time from the quantum simulations. The generated data can be

seen in A.

Table 3.1: Table showing the amount of datapoints used for a run, as well as its
training and testing split. The table also shows the number of repetitions a dataset
with this setup was run and evaluated.

Data Amount | Training Testing Repetitions
100 8o 20 5
90 80 10 1
80 60 20 2
8o 40 40 1
50 40 10 2

3.4 Implementing The Classifiers

The SVM classifier used in this study was imported from the Scikit-learn library,
which utilizes Sequential Minimal Optimization to solve the dual optimization
problem and was set to use a soft-margin. This SVM implementation was chosen
due to its compatibility with numerous Scikit-learn functions and other libraries,
as well as its ability to handle custom-made kernels. The implemented kernels

were also constructed using libraries. The VQK was built and trained using Qiskit

19



functions and objects while the RBF kernel was a pre-built kernel in Scikit-learn
with customizable parameters. The entire implementation process is illustrated

in pseudo-code in Alg.(1) with the training process detailed in Section 3.4.1.

Algorithm 1 Overview of the method employed in this study to evaluate and
compare two SVMs with a VQK and RBF kernel, respectively.

for dataset € Datasets do
X_train,y_train, X_test,y_test < train_test_split(dataset)

#fm = feature map,tp = trainable parameters#

fm,tp < create_trainable_fm(len(Xtrain))
quantum_kernel < QuantumKernel(fm,tp)

cb_gkt = QKT Callback()

spsa_opt = SPSA(cb_gkt.callback)

gkt = QuantumKernelTrainer(quantum_kernel, spsa_opt)
qka_results = qkt. fit(X _train,y_train)
optimized_quantum_kernel < qka_results.quantum_kernel
quantum_SV M <+ SV C(optimized_quantum_kernel)

grid < GridSearchCV (SVC(RBF))
grid. fit(X _train,y_train)
rof_SV M < grid.best_estimator_

quantum_res < eval(quantumSV M, X _test,y_test)
rbf_res < eval(rbf_SV M, X _test,y_test)
save(quantum_res,rbf_res)

end for
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3.4.1 Training the kernels

The training process revolved around hyperparameter tuning for the kernels
employed in the SVMs for the given dataset. For the classical SVM, cross-
validation was performed to find close to optimal values for the C' and ¢ variables
in the RBF kernel. As seen in Alg.1, the cross-validation was made using Scikit’s
GridSearchCV function with Scikit’s cross-validation strategy StratifiedKFold,
which splits the training data into K equally large folds while preserving the class
distribution. The GridSearchCV then takes K iterations and in each iteration, a
new fold is used as the validation set and the rest are used to train the classifier,
which will then be tested on the current iteration’s validation set as seen in Fig 3.2.
After all iterations have been completed, the optimal parameters can be computed
from the results. This approach is useful in cases where the sample data is quite
small, which is the case for this study, since the data usage is very efficient as the
data folds can be used multiple times. The chosen value for K was 10 since it is
a standard value for the amount of folds in cross-validation. The training on the
RBF kernel was done to make for a fairer comparison to the variable quantum

kernel that gets an optimized feature map.

All Data

Training data Test data

Fold1 || Fald2 |FOId3 Fold4  Folds | ™\

Splitl | Fald 1 | Fald 2 Fold 3 Fold 4 Fald &

split2 | Feld1 || Fold2 || Fold3 | Folda  Falds

> Finding Parameters

Spliit4 | Fald 1 | Fold 2 Fold 3 Fold 4 Fold &

|
|
Split 3 Fold1| Fold 2 |Fuld3 Foldd = Fold5
|
|

Spit5 | Fold1 || Fold2 | Fold3 | Folda | Folds |/

Figure 3.2: The figure demonstrates how Qiskit’s StratifiedKFold cross-
validation strategy works when K = 5. Image sourced from L Jian, et. al. ([27]).
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For the VQK, a kernel with a trainable feature map was constructed and trained to
find the optimal feature map for the given dataset. The feature map consists of a
layer of RY gates followed up by a ZZFeatureMap, as seen in Figure 3.3, where the
RY gates’ rotation angle is a variable and can thus be optimized. The kernel used
was Qiskit’s TrainableFidelityQuantumKernel, which computes the overlap of
two quantum states defined by the given encoding feature map, and it was trained
using Qiskit’s QuantumKernelTrainer function. The QuantumKernelTrainer was
set to use the Quantum Kernel Alignment technique which iteratively trains the
VQK, gradually converging to the kernel with the largest margin - the ideal kernel.
This technique was performed by utilizing Qiskit’s optimizer strategy SPSA to
find the optimal rotation angle that gave the smallest hinge loss value, which is

computed from the following equation:

L(y, f(z)) = maz(0,1 —y - f(x)) (10)

where y is the true label, f(x) is the predicted label and the max function is used to

only penalize miscalculations.

1.
q_0: -| Ry(B[o]) H@

q_1: -| Ry(e[e]) Hl ZZFeatureMap (x[e],x[1],x[2]1)

a_2: {1 rRy(elel) Hz2
e L I |

Trainable parameters: 0, ['e[8]']

Figure 3.3: Figure demonstrating the structure of the trainable feature map.

3.5 Evaluating The Classifiers

To evaluate the performance of the classifiers, a number of evaluation metrics

were chosen and the chosen metrics are described in Table 3.3.

The performance of the RBF SVM and Quantum-Classical SVM Hybrid were
evaluated on the same testing dataset for each of the benchmark datasets. The
Yellowbrick ([25]) software library, which builds upon scikit-learn, was used to
calculate and display the results of the experiments. To compare the two kernels,

the results from each SVM were displayed in a classification report, a receiver

22



operating characteristic (ROC) curve, a confusion matrix, and a precision recall

curve. These all provide information about specific performance in the classifiers.

In our results mainly the data from the classification reports and the ROC curves

were considered as they showed the most comparable data, though all of the

plots and matrices can be found in the quantum-classical-evaluation GitHub

repository [24].

3.5.1 Classification Report

The classification report, calculated and displayed by a ClassificationReport

class from Yellowbrick, displayed several important metrics for each class in the

classifier. It displayed a value and heatmap for four attributes:

Table 3.2: Attributes in the classification report.

Attribute

Purpose

Precision

Recall

F1-score

Support

Used to see what proportion of positive
identifications that were correct. A model
with no false positives has a precision of
1.00, a model with only false positives has
a precision of 0.00.

Used to see what proportion of positive
identifications that actually were made. A
model with no false negatives has a recall
of 1.00, a model with only false negatives
has a recall of 0.00.

The harmonic mean of precision and
recall. Scores are between 0.00 and 1.00
and are based on the scores of precision
and recall.

The amount of samples the class

contains.
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3.5.2 Receiver Operating Characteristic Curve / Area Under Curve

The reciever operating characteristic curve, calculated and displayed by a ROCAUC
class from Yellowbrick, displayed two very connected metrics about the classifier.
It was used to measure the classifiers predictive quality by calculating the tradeoff
between its specificity and sensitivity. The area under this curve was also
calculated and is a measure of the relationship between true and false positives,
called the AUC. Generally, the higher the value the better the model.

3.5.3 Confusion Matrix

The confusion matrix, calculated and displayed by a ConfusionMatrix class
from Yellowbrick, displayed the true and false positives and negatives found
by the classification algorithm. It was used to display numerically how many
classifications the algorithm got right. The information from this matrix was used

to calculate the accuracy of the model.

3.5.4 Precision Recall Curve

The precision-recall curve, calculated and displayed by a PrecisionRecallCurve
class from Yellowbrick, displayed the tradeoff between precision and recall in a
curve where the axis are the two metrics. It did this for different thresholds. A tall

curve was desirable for both high precision and high recall.
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3.5.5 Compiled table of evaluated metrics

Table 3.3: Evaluated parameters, inspired by the work of Peter Flach [3].

Attribute

Purpose

Accuracy

Precision

Recall

F1i-score

AUC

The ratio of correct answers over total
answers.

Used to see what proportion of positive
identifications that were correct. A model
with no false positives has a precision of
1.00, a model with only false positives has
a precision of 0.00.

Used to see what proportion of positive
identifications that actually were made. A
model with no false negatives has a recall
of 1.00, a model with only false negatives
has a recall of 0.00.

The harmonic mean of precision and
recall. Scores are between 0.00 and 1.00
with 1.00 being the best, and the scores
are based on precision and recall.

AUC (Area under curve) is the area under
a ROC (Reciever operating characteristic)
curve. It is an aggregate measure
of the performance of the classifier by
computing the relationship between true

and false positives.
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4 Results

The following are the collected results from executions of our method. The
results are split into one section concerning the VQK (Section 4.1) and one section
concerning the RBF kernel (Section 4.2). Each section begins with a table of
general data collected from a number of processes with different parameters,
followed by a smaller subset of runs with the same parameters presented with
further resulting data. These sections are followed by a section containing both
results put together in comparison tables and figures. The amount of training and
testing data is structured as n/m where n is for training and m is for testing. The

splits can also be seen in Table 3.1.

4.1 Variational Quantum Kernel

Table 4.1: Results for separate runs in 3 dimensions on the VQK

Data Precision Recall Fi1-Score Accuracy AUC
Averages | 0.76 0.74  0.73 0.72 0.83
80/20 0.70 0.68 0.67 0.68 0.81
80/20 0.80 0.80 0.80 0.80 0.91
80/20 0.78 0.78 0.78 0.53 0.85
80/20 0.80 0.78 0.77 0.78 0.86
80/20 0.80 0.80 0.80 0.80 0.77
80/10 0.74 0.70  0.69 0.70 0.85
60/20 0.80 0.78 0.77 0.78 0.84
60/20 0.68 0.68 0.68 0.65 0.77
40/40 0.91 0.90 0.90 0.90 0.97
40/10 0.81 0.70 0.67 0.70 0.91
40/10 0.56 0.55 0.55 0.55 0.59
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Table 4.2: Results for 80/20 runs in 3 dimensions on the VQK

80/20 Precision Recall Fi-Score Accuracy AUC
Averages | 0.77 0.77 0.76 0.72 0.84
Run 1 0.70 0.68 0.67 0.68 0.81
Run 2 0.80 0.80 0.80 0.80 0.91
Run 3 0.78 0.78 0.78 0.53 0.85
Run 4 0.80 0.78 0.77 0.78 0.86
Run 5 0.80 0.80 0.80 0.80 0.77
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Figure 4.1: The ROC curve for the five runs of the VQK with 80/20 data split. The
exact value for the AUC is in Table 4.2.
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4.2 RBF Kernel

Table 4.3: Results for separate runs in 3 dimensions on the RBF kernel.

Data Precision Recall Fi1-Score Accuracy AUC
Averages | 0.54 0.53 0.49 0.53 0.54
80/20 0.75 0.68 0.65 0.68 0.77
80/20 0.60 0.60 0.60 0.60 0.56
80/20 0.53 0.53 0.53 0.53 0.53
80/20 0.42 0.43 0.42 0.42 0.53
80/20 0.50 0.50 0.46 0.50 0.45
80/10 0.76 0.55 0.44 0.50 0.56
60/20 0.50 0.50 0.46 0.50 0.59
60/20 0.55 0.55 0.55 0.55 0.53
40/40 0.59 0.56 0.53 0.56 0.6

40/10 0.45 0.45 0.44 0.45 0.37
40/10 0.25 0.50 0.34 0.50 0.42




Table 4.4: Results for 80/20 runs in 3 dimensions on the RBF kernel

80/20 Precision Recall Fi-Score Accuracy AUC
Averages | 0.56 0.55 0.53 0.55 0.57
Run 1 0.75 0.68 0.65 0.68 0.77
Run 2 0.60 0.60 0.60 0.60 0.56
Run 3 0.53 0.53 0.53 0.53 0.53
Run 4 0.42 0.43 0.42 0.42 0.53
Run 5 0.50 0.50 0.46 0.50 0.45
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Figure 4.2: The ROC curve for the five runs of the RBF kernel with 80/20 data
split. The exact value for the AUC is in Table 4.4.
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4.3 Comparison

The following section contains values from both kernels when put directly head to
head. This means that for every value, the resulting score is computed using the
equation quantum_score — rbf_score. In Table 4.3, a positive value means the
VQK has the edge whilst a negative value means the RBF kernel has the edge. The
kernels have been assigned colours, with the VQK being red and the RBF kernel

being blue, for visual clarity.

Table 4.5: Difference in results between both kernels for separate runs in 3
dimensions. The kernels have assigned colours, with the VQK being red and the
RBF being blue, and the stronger the colour, the bigger the advantage.

Data Precision Recall Fi1-Score Accuracy AUC

Averages 0.19

80/20 -0.05 0.00 0.02 0.00 0.04

80/20 0.20 0.20  0.20 0.20

80/20 0.00
80/20
80/20
80/10
60/20
60/20
40/40
40/10
40/10
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Table 4.6: Difference between the VQK and RBF kernel in 80/20 runs in 3
dimensions. The kernels have assigned colours, with the VQK being red and the
RBF being blue, and the stronger the colour, the bigger the advantage.

80/20 Precision Recall Fi-Score Accuracy AUC
Averages | 0.21 0.22

Run 1 —0.05 0.00

Run 2

Run 3

Run 4

Run 5
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Figure 4.3: The ROC curve for the five runs of both with 80/20 data split. The
exact value for the AUC is in Table 4.6.
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5 Discussion

5.1 Summary of results

In general, the results in Table 4.5 present a clear picture of the quantum kernel
(VQK) being superior to the classical (RBF) kernel in most performance metrics
on the specific data used in this research paper. Only in a few cases, namely the
precision of the first 80/20 run and the 80/10 run, does the performance of the
classical kernel surpass that of the quantum kernel. Due to how other runs with
the same parameters show a result more similar to the average, these few cases

can be counted as outliers in our results.

In most cases, the improvement of the quantum kernel over the classical kernel
are quite noticeable. On average, only the accuracy of the quantum kernel has a
less than 0.20 unit advantage over the classical kernels. This lead is 0.19 units,
however, so the average advantage is still considerably high. When looking at the
comparison numbers for the five 80/20 runs in Table 4.6, we can see that the
largest advantage between the averages of the two kernels is the quantum kernel’s
0.84 units of AUC, which is 0.27 units higher than the classical kernel’s 0.57 units
in the same statistic. This lead can also be visualized in Figure 4.3, where the
ROC curves of the quantum kernel runs generally being more optimal than the
ROC curves of the classical kernel. As the position and slope of this curve directly
affects the AUC value, this chart visualizes the reason for the large discrepancy

between the AUC value between the quantum and classical kernels.

5.2 Interpretation of results

If the results seen in Table 4.5 would be taken at face value, it would seem obvious
that the quantum kernel performs better than the classical kernel within the tested
metrics. It is, however, not entirely possible to directly translate the results into
general or real world use. What our research proves is that when using SVMs
with these specific kernels optimised in this one way to classify this specific kind
of quantum data, there is quite a large performance gain possible by using a
simulated quantum kernel over a classical kernel. It is nonetheless important

to consider other factors related to our research that were not possible to test
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due to the simulated nature of our methodology. For one, we did not consider
the time needed to train the kernels as this would be slower on a simulated
quantum computer compared to actual physical hardware, due to all the necessary
calculations for the simulation. There is also the issue of noise that would appear
if the model was run on a real quantum computer - something that we did not
include in our results since we only researched the potential of the kernel in a
simulated noiseless environment. These factors could affect the standing of the
quantum kernel over the classical kernel. There is also the limitations and sources

of errors we discuss in further detail in Section 5.4.

What the research proves, however, is that there are potential scenarios where
a quantum kernel can match and exceed the general performance of a classical
kernel. When using our SVMs to classify the generated data, the quantum kernel
outperforms the classical kernel, indicating that there may be other scenarios too
where this can be the case. It tells us that it is worth to continue research on this
novel topic since if there is potential benefits within artificial datasets, there may

be some within real data too.

When it comes to previous research, our results support earlier findings. The
papers presented in Section 2.6 are generally optimistic about the potential
performance increases that can be had from quantum kernels, and our findings
support these claims. For example, our research corroborates with the
information in [7] (which is summarized in Section 2.6.2) that the speedup could
depend on the input data. It also aligns with [19], summarized in Section 2.6.4,
in considering that quantum kernels can produce a quantum advantage, at least

when not considering noise.

5.3 Implication of the research

It is difficult, if not impossible, to know the true implication of what quantum
machine learning could mean for technology in the future. However, since we
found a potential performance advantage in the use of quantum kernels over
classical kernels, we could theorise about what such a performance increase could

imply.

For now, the development of a truly superior quantum algorithm would not affect
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the world too much. The field of quantum computing is still in its late infancy
and there is just not enough quantum computers with the kind of performance
required to utilize this research at a larger scale. Things are changing, however,
and with time comes more plentiful and more powerful quantum computers.
The development of a superior algorithm for machine learning classification
could definitely spur interest within the industry to put even more investments
into developments in the quantum computing field. This could have numerous
benefits, as it could allow for even more exciting and usable applications to be
discovered. Since the conducted research also only utilizes three qubits, there is
a possibility that this could be used even on the most basic variants of any newly

developed quantum hardware.

If quantum computing is developed enough for general users to be able to utilize
the performance increase it offers, the implication of a quantum advantage in
machine learning classifiers would be immense. A large amount of machine
learning performed in this day and age is based upon classifying and labeling
data, something that could achieve better performance with the help of quantum
computers. This could mean better performing search engines, personal
recommendations, voice recognition, self driving vehicles and more. It would
not only provide better predictions but possibly even make the whole endeavour
more environmentally sustainable through lower power use. This is assuming that
future quantum computers are on par with modern classical computers when it

comes to power efficiency.

5.4 Limitations and sources of errors

The limitations of the research and results gathered are very connected to and
often the same as the sources of errors. The most major limitation presented
throughout the research was the type of data used for the testing. The synthetic
datasets generated by the ad_hoc_data function were easy to handle and work
with, and performed well in our scenarios. The fact that the data was artificially
generated from a single source does, however, limit the inferences we can pull
from the research results. It gives a potential edge to the quantum kernel due

to the quantum nature of its generation and the fact that the generation method
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guarantees the data to be linearly separable by a quantum kernel. Thus, the

implications from our results may not demonstrate the whole truth.

Additionally, the amount of time available limited our ability to generate
more substantial amounts of results. Every execution of the program took
a considerable amount of time for the quantum-classical SVM hybrid, which
increased exponentially with the size of the datasets. Therefore, it was not possible
for us to test and compare our models on large datasets and thus we restricted
ourselves to datasets with a maximum size of 100 datapoints. This means that the
results in this paper only give a rough pointer to the real world performance, since
getting the proper value would require substantial amounts of runs with datasets

of varying sizes.

Furthermore, our study focused on comparing quantum and classical kernels in
SVMs and the kernel usage was restricted to only two kinds: the classical RBF
kernel and the VQK. It is therefore important to note that while our findings
did indicate a potential advantage of quantum kernels over classical kernels, the
same might not be true for other classification models or even other SVMs using

different kernels.

Finally, potential errors and limitations spring from the optimisation of the
kernels. The time and effort required to optimize the kernels to a point of
diminishing returns would have been too immense and out of the possible scope
for our research, but the results may have suffered due to this. It is possible that
the considerable performance difference between the VQK and the RBF kernel is
due to the different ways these kernels were optimised. This may have lead to us
optimising the kernels in an uneven way, with the quantum kernel receiving more
attention than the classical one, leading to the performance of the quantum kernel

outweighing that of the classical kernel.
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5.5 Future research

Due to the methodology used in this research and the results we gathered, there is
a lot of potential for future research that would build upon the researched subject.
Listing all potential facets of research would be impossible, so here is a curated

list of suggestions that the authors of this paper have thought about:

« Attempt the comparison with different kinds of input data, both real data
and other forms of computationally generated data, to reduce the risk of the

data being biased to one of the kernels.

« Repeat the comparison with kernels that have been fully optimised and data

that has been preprocessed to get a fairer comparison.

« Extend the research to test with more than three features and two classes

and see how that affects the performance.

« Compare different kinds of quantum kernels with different kinds of classical

kernels to get a more general idea of performance differences.

« Evaluate quantum and classical kernels in other classification models that

utilizes kernels to investigate the generalizability of the study’s results.

 Perform the research on actual quantum hardware to compare performance
when considering time and noise to figure out if the performance gain is

utilizable.
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6 Conclusions

In recent years, the field of quantum computing has seen a lot of progress.
Through our research of quantum machine learning kernels, we have gotten a
taste of that progress, and in a way become a part of it. Through the usage of
specialized software libraries and qubit simulation, a classical and a quantum
kernel have been compared. Although the research had quite a lot of limitations,
we have still gotten an idea of how the performance of a classical kernel compares
to a quantum kernel within binary classification tasks. We have seen how, at
least within specific parameters, quantum kernels can have a significant lead over
classical kernels when judging from some common classification metrics. We
see that with the setup used in this paper, the quantum kernel consistently has
the same or higher performance than the classical kernel. We also discussed
how these results could be improved upon to give a more general analysis on
the performance difference between the kernels, for example using real datasets

instead of generated ones and by using physical quantum hardware.

Through extended discussion, we also theorised about the implications of the
results regarding the potential use of quantum computing in machine learning.
We have realized that a proven effective use of quantum computers within
machine learning would both increase the performance of available machine
learning algorithms, while also helping to spur on the increasingly active field
of quantum computing. This could assist in the development of machine
learning applications, such as search engines and self driving cars, but further
research is needed to figure out how viable it may be. This is why we have
recommended potential future topics to research, such as examining whether the
way we generated the data strongly affected the performance, and inspecting other
affecting factors like time and noise when it comes to doing the calculations on

actual quantum hardware.
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6.1 Final Words

While the performed work did not produce any groundbreaking results, the
experiment is still interesting and further proves that quantum algorithms for
machine learning may be viable in the future. Our results are in line with
previous research which supports our findings, but further research is required

to conclusively prove the quantum advantage, if it exists.
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Appendices

A Dataset visualisations

Visualizations of the datasets used for the tests.

Ad-hoc Data

Figure A.1: Dataset used in the first run with a 40/10 split.
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Figure A.2: Dataset used in the second run with a 40/10 split.
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Figure A.3: Dataset used in the run with a 40/40 split.
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Figure A.4: Dataset used in the first run with a 60/20 split.
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Figure A.5: Dataset used in the second run with a 60/20 split.
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Figure A.6: Dataset used in the run with a 80/10 split.
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Figure A.7: Dataset used in the first run with a 80/20 split.

45



Ad-hoc Data

y’ ° .t T 6
Ne @ .
[ e b T 5
) . . '
»® ! *e T 4
* PIpS o. "—y (¢ L3 3
- .
1/.:“ ! -~ 2
> & - 1
. b L
¥ b
¥ ) . . =. o .. by _“‘ 0
L ] 2 > F-
* - 6
. y 5
F ’ . 4
0 1 # y 3
2 - w 2
3 4 - 1
5
6 0

Figure A.8: Dataset used in the second run with a 80/20 split.
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Figure A.9: Dataset used in the third run with a 80/20 split.
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Figure A.10: Dataset used in the fourth run with a 80/20 split.
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Figure A.11: Dataset used in the fifth run with a 80/20 split.
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