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Abstract

In this thesis we are going to discuss polycons and their adjoint curves. We will
define polycons as a type of polygon that allows for boundary curves of degree 2. The
ultimate purpose of the thesis is to prove the existence of the adjoint curves of polycons
and, given some assumptions on the intersection points between the boundary curves
of the polycon, we will also prove that its adjoint curve is unique.
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1 Introduction

This paper largely builds upon the first five chapters of Eugene Wachspress’ book
Rational Bases and Generalized Barycentrics U with the purpose of in a more concise
manner define the adjoint curve of a polycon and prove its existence and uniqueness.
The inspiration for this came largely from the conjecture posed by Wachspress in
the article The Case of the Vanishing Denominator, where he states ”"A crucial
conjecture in the development of basis functions for regular algebraic elements is that
this adjoint has no point in the element.”

2 The Projective Plane

We will use the notation K for an arbitrary field. For the most part in this paper we
will be working in the projective plane P?(K) which will be defined in this section,
along with algebraic curves.

2.1 Projective Coordinates

The projective plane introduces an extra variable, w, such that a point p € P?(K)
has coordinates (w,x,y) and w is either 1 or 0. Any point (x,y) in the affine plane
translates to the point (1,x,y) in the projective plane. The points in the projective
plane where w = 0 are defined as the absolute line and correspond to infinity in the
affine plane. A polynomial P € K[z, y]

P(z,y) = Y aiz'y’
i+j<n
of degree n then gets homogenized to
Plw,x,y) = Z aiw" T Ity
i+j<n
This means that for any non-zero g € K,

P(gw,gz,9y) = > ai;(gw)" " (gz) (9y)’ = g"P(w,z,y),
i+j<n



meaning that the point (gw, gz, gy) is in the zero locus of P if and only if (w,z,y)
is in the zero locus of P. Which is the reason that we can set w = 1 at every point
(z,y) in the affine plane and define the absolute line as the points where w = 0.

2.2 The Absolute Line

In the affine plane two distinct lines intersect at most once, zero times if they are
parallel. However, two distinct lines in the projective plane always intersect exactly
once and parallel lines intersect on the absolute line. To show this we let L; and Lo
be the parallel lines where

Li=ax+by+cw=0
Lo :=ax + by + cow =0,

c1 # co. It is trivial to realize that the only solution for this system is where w = 0,
on the absolute line, more specifically at the point (0,b, —a), or since we can scale
any point by a constant, (0,1, —%), if b # 0. We can further easily show that all lines
parallel to Ly, and Lo will in fact intersect at this same point.

3 Polycons

3.1 Curves

To define a polycon, we will first have to define curves and their properties in the
affine and projective plane.

Definition 3.1 (Algebraic curve). Let P(x,y) € K]z, y], then the algebraic curve
V(P) is the zero locus V(P) = {p € K?|P(p) = 0} of P.

Remark. A projective curve specifically refers to the zero locus in P (K) of a homo-
geneous polynomial P(w,z,y).

The degree of a curve is the same as the degree of the polynomial that describes it.
For the polycons, we will mostly be dealing with curves of degree 1 or 2, which will
be referred to as lines for curves of degree 1 and conics for curves of degree 2.

Definition 3.2. Let P(z,y) € K[z, y]. The curve V(P) is said to be irreducible if
and only if P is irreducible.

Definition 3.3. Let P(z,y) € K[z, y] be reducible and let P;(x,y) be the irreducible
factors of P(z,y). The components of the curve V(P) are then the curves V(P;).

Remark. A curve being irreducible means that the curve has only one component.

Definition 3.4. Let P,Q, R € K]z, y]. We say that P is congruent to @ modulo R,
in symbols P = @ mod R, if there is a constant b € K such that P(p) = bQ(p) for
every p € V(R).

The points on a curve are mostly what is called simple or regular points, which is
defined as

Definition 3.5. Let P, and P, be the x and y derivatives of the polynomial P,
respectively. A point p on the curve V(P) is a simple, or regular, point if either P, (p)
or P,(p) is non-zero. In the case where both derivatives are equal to zero, p is called
a singular, or multiple, point.



An intuitive way to determine if a point is a singular, or multiple, point on a curve is
that if the curve passes through the point more than once, or if it suddenly changes
direction at the point, see Figure [I} If the curve passes through the point smoothly
and only once it is a simple point.
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) Transversal intersection b) Tangential intersection (¢) Cusp

Figure 1: Examples of multiple points

3.2 Polycons in the Affine Plane

A polycon is similar to a polygon in that it is made up of sides, or edges, and vertices.
The edges are segments of curves in the plane that together with the vertices create
a bounded area of the plane. The difference is the curves that contain the edges of a
polygon are all lines while for a polycon they can be either lines or conics. For the
purpose of this paper we pose the restriction that any two edges of a polycon may
not be contained within the same curve.

(a) 6-sided polygon (b) 4-sided polycon

Figure 2: Examples of a polygon and a polycon.

3.3 Polycons in the Complex Plane

Going from the real plane into the complex plane we run into the problem of there
not being a well-defined inside or outside of a polycon, which also persists in the
projective plane. We will therefore define a polycon as a set of edges and vertices.

Definition 3.6 (Polycon). A polycon P with s edge curves, E;, and vertices, v;, is
defined as

P= {('U,L) s (Ez) | 1= 1,2, S, U € E,_1N Ei» FEy = Es}

Where FE; is an irreducible line or conic for all t = 1,2, ..., s



Let d; = deg E;, s; be the number of linear edges and s, be the number of conic edges,
then the order m of P is defined as

m = idi = 57 + 2s,.
i=1

3.4 Residual Points

We are interested in how many intersection points there are between the edge curves of
a polycon. To find this, we will formulate Bezout’s theorem and one useful corollary.

Theorem 3.7 (Bezout). Let F and G be curves in P?(C) that do not share a com-
ponent, then the number of intersection points between F' and G in the projective
plane, counted with multiplicities, is equal to the product of the degrees of F' and G.

Corollary 3.8. Let F' and G be curves in P?(C) that do not share a component,
then the number of intersection points between F and G in the projective plane, not
counting multiplicities, is at most equal to the product of the degrees of F' and G,
with equality if all intersection points are simple on both curves and the intersections
are transversal.

In the next section we will discuss intersection multiplicities in more detail.

Let P be a polycon of order m, with E; being the ith irreducible edge curve of
P. For the purpose of this thesis we will work under the assumption that all intersec-
tions between F; and E;, where 7 # j, are transversal and that at most 2 edge curves
intersect at any point. Let I be the set of all intersection points between pairwise
different edge curves of P and I, = {v1, va, ..., vs} be the set of vertices of the polycon.
Then I, = I'\ I, is the set of all intersections between pairwise different edge curves
that are not vertices; these are called residual points. Using Corollary we can
count the residual points (see Lemma 4 2)).
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(a) Tangential line and Transversal line and
conic. conic. ) Line and line.

Figure 3: Different types of intersections containing lines.

3.5 Intersection multiplicity

In this thesis we will make an informal, intuitive definition of intersection multiplicity.
There is a more in depth and formal definition in William Fulton’s book Algebraic
Curvedd. The notation used for the intersection multiplicity at a point p between



curves F and G is I(p, F - G).

If two curves F, G intersect at a point p, then looking in a neighborhood of that
point, if we deform the curves slightly there might appear more intersection points.
The intersection multiplicity I(p, F' - G) is equal to the maximum amount of inter-
section points between F' and G that can appear after this deformation. Examples
of this are if one of the curves passes through p multiple times, making it a multiple
point on that curve, or if the curves share a tangent at the intersection point.

In the first case, let F' be the curve zy = 0 and G be the curve x — y = 0, as shown
in Figure then the only intersection point is p = (1,0,0). However if we slightly
deform one of the curves, say G’ is © — y + ew = 0, then there are 2 intersection
points between F' and G’ being (1, —¢,0) and (1,0, €). The third intersection point
that appears is not an intersection between F' and G’ but rather a multiple point on F.
Hence the intersection multiplicity of the point p between F' and G is I(p, F' - G) = 2.
The other example is if there is a tangential intersection between two curves. Let
F be 22 —yw = 0 and G be y = 0, as shown in Figure The only intersection
point is p = (1,0, 0). Deform the curves so that G’ is y — ew = 0. Then there will be
two intersection points being (1, =4/, €) and the intersection multiplicity of the point
p=(1,0,0) between F and G will be I(p, F - G) = 2.
Fixy=0 Fixy=0

Gix-y=0 Gix-y=-1
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(a) Original curves (b) Deformed curves

Figure 4: Example with three lines through the same point.

(a) Original curves (b) Deformed curves

Figure 5: Example with tangential intersection.



4 Adjoint Curves

We will first need to give our definition of what the adjoint curve is

Definition 4.1 (Adjoint curve). Let P be a polycon as defined in Def. of order
m. Then the adjoint curve of P is a projective curve @ of degree m — 3 that passes
through all residual points of P.

4.1 Proof of Existence

To show that there exists an adjoint curve ) that passes through all residual points
of P we need to determine how many residual points there are.

Lemma 4.2. The number of residual points of P is equal to M

Proof. Let P have s; linear sides and s. conic sides. According to Theorem and
with the assumption that all intersection points on P are transversal and contain only
2 curves, each linear edge curve will then have s; — 14 2s, intersection points with the
other edge curves. Similarly, each conic edge curve will have 4(s.—1)+2s; intersection
points with the other edge curves. Not counting the vertices yields that adding the
amount of residual points on each linear side gives us s;(s; — 3 + 2s.) residual points
and doing the same for each conic side gives us s.(4(s. — 1) 4+ 2s; — 2) residual points.
Since each intersection point is now counted twice, the number of residual points on
P is half of this;

51(s1 — 3+ 2sc) + 5c(4(sc — 1) +251 —2)  sp(s1 — 34 25.) +25.(2(s. — 1) + 5, — 1)
2 B 2
(51 +25.) (51 4+25. —3)  m(m —3)
2 2

Theorem 4.3. For any polycon P there exists an adjoint curve Q.

Proof. A polynomial P(w,z,y) € K[w,z,y] of degree n is written as

P(w,x,y) E aiw" T Ity
i+j<n

We break up P(w,z,y) into sums of terms of the same degree in x and y

P(w,z,y) Z (Za i)ﬂw"_kxk_iyi) .

k=0

This yields k terms of degree k — 1 meaning that the number of coefficients of P is

K+ 1)m+2)  nP+3n+42 n(n + 3)
k = = — 1 + .
kzzl 2 2 2

Given that the curves V(P) and V(¢gP) are the same for any non-zero g € K, we can
scale the polynomial so that one of the non-zero coefficients of the terms of degree n



is equal to 1. The number of coefficients left to choose is then w Given w

points p;, we create a system of equations
P(p1)=0
P(pg) = 0

P(pn(n2+3)) =0.

These equations are linear in the coefficients of P. We have the same number of

equations as unknowns, meaning that there is always at least one solution for P. Let
m(m—3) n(n+3)

n =m — 3 and P be a polycon of order m, we then have 5 = ——— residual
points and there is at least one curve @ of degree m — 3 that passes through all of
those points. This @ is then an adjoint curve of P. O

Figure 6: Adjoint of a 5-sided polycon of order 7.

4.2 Proof of Uniqueness

We have now proven that there will exist an adjoint curve @ that fulfills our criteria.
To show that it is unique, given our assumptions, we will need to make use of another
effect of Bezout’s theorem.

Corollary 4.4. For every edge E; and every adjoint @) of P, all points p in Q N E;
are residual points of P and have intersection multiplicity I(p, @ - E;) = 1.

Proof. Let d; be the degree of the edge E;. In the case of i = 1, Corollary [3.8] yields
that @ intersects E7 in at most d; (m — 3) points, with equality if all intersections are
transversal and () passes through each point only once. This is the same amount of
residual points on E1, being s;+2s.—3 = m—3 for d; = 1 and 2(s;+2s.—3) = 2(m—3)
for d; = 2. By definition @) passes through all residual points, meaning that there are
dq(m — 3) distinct intersection points between @) and F;. By Theorem [3.7| this means
that () does not intersect E; at any other point than the residual points, unless F; is
a component of @), which leads to @ passing through vertex vy and thus intersecting



FE5. Since @ already intersects Fs in all residual points on Fy, Theorem says that
@ must contain Es and therefore pass through vs, intersecting Fs in another point.
Continuing this way yields that ¢ will contain all edges of P and will then be of
degree m and not be an adjoint of P according to the definition. O

Theorem 4.5 (Noether (Easiest setting)). Let F,G, H € K[w, z, y] be homogeneous
polynomials such that the projective curves V(F') and V(G) do not have a common
component. Furthermore, let deg G = deg H > deg F' and let every point p in the
intersection of V(F') and V(G) be a simple point of V(F) with I(p, H-F) > I(p,G-F).
Then there is a homogeneous polynomial A € K[w, z,y] with deg A = deg H — deg F’
and a constant b € K such that H = AF + bG.

Corollary 4.6. Let F, G, H € K[w, z, y] be homogeneous polynomials. Assume that
F is irreducible and neither divides G nor H. Moreover, let V(F)NV(G) = V(F)N
V(H) and assume that every point p in that intersection is a simple point on V(F')
with I(p, F-G) = I(p, F - H). Then G = H mod F.

Proof. V(F)NV(G) = V(F)NV(H) means that deg H = deg G. The conditions of
theorem ?7? are fulfilled since all intersections are simple points on V(F), thus there is
a homogeneous polynomial A € K[w, z, y] with deg A = deg H —deg F' and a constant
b € K such that H = AF + bG. On the curve V(F) that yields H = bG and thus
H =G mod F. O

Theorem 4.7. The adjoint curve of a polycon P is unique.

Proof. Assume there are two adjoint curves V (Q1) and V (Q2) of P. Then their
defining polynomials can be scaled so that Qi(v2) = Q2(v2), meaning that ve €
V (Q1 — Q2) . Note that the curve V (Q1 — Q2) is also an adjoint curve of P. By
Corollary [£:4] it cannot contain vs; a contradiction. The adjoint curve of P is unique.
the curve Q1 — Q2 = 0 at vs. According to corollary @ Q1 — Q2 will then contain all
edges of P, however Q1 — Q2 will still be of at most degree m — 3 meaning that for
@1 — Q2 = 0 on all edges of P (1 — (2 must be the zero polynomial and the adjoint
is unique under the assumptions made. O

>

X

\]

Figure 7: Adjoint of a 4-sided polycon of order 5.
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4.3 In Cases of Multiple points

We have now proven that under specific circumstances the adjoint is in fact unique.
However, if there were to be special cases where for example more than two of the
edge curves pass through the same point or one of the residual points being at a
tangential intersection between two edges, this proof would not hold.

You could, however use the same argument as when intersection multiplicity was de-
fined in Section [3.5] that if there are one or more multiple intersection point between
edges you could deform the curves to a point where there would only be intersections
like those we assumed in our proof and there would be a unique adjoint. If we then
defined a map that, from a polycon gives us the adjoint and show that it is continuous,
we could take the limit of when the residual points coalesce into one and that way
show that the adjoint would still in fact be unique.

5 Wachspress Conjecture

Referring back to the start of this thesis and the conjecture that was stated, ” A crucial
conjecture in the development of basis functions for regular algebraic elements is that
this adjoint has no point in the element.” What Wachspress here refers to as algebraic
elements are, in this paper, the polycons and what he means by regular is in short that
none of the residual points are on the boundary of the polycon. For a polygon this
means exactly that the polygon is convex, and for a polycon it means that none of the
residual points are between two vertices on an edge curve, and that all of the vertices
are transversal intersections. In the case that we have a regular polycon it is now
easy to show that the adjoint of that polycon would not pass through the boundary
of the polycon, since the only way that would happen is if the adjoint intersects one
of the edge curves on the edge section. By Corollary [£.4] the adjoint only intersects
the edge curves at the residual point and being a regular polycon, the residual points
are not on the edges of the polycon, thus the adjoint will not have a point on the
boundary of the polycon. However, it is not clear from this argument whether the
adjoint curve can pass through the interior of the polycon. Wachspress conjectured
that this cannot happen, but a proof has yet to be found.

Figure 8: Example of adjoint curve of a regular polycon.
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