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Abstract

This thesis contributes to the field of stochastic online learning problems, with
a collection of six papers each addressing unique aspects of online learning
and inference problems under specific structures. The first four papers focus
on exploration and inference problems, uncovering fundamental information-
theoretic limits and efficient algorithms under various structures. The last two
papers focus on maximizing rewards by efficiently leveraging these structures.

The first paper addresses the complex problem of learning to cluster
items based on binary user feedback for multiple questions. It establishes
information-theoretical error lower bounds for both uniform and adaptive
selection strategies under a fixed budget of rounds or users, and proposes
an adaptive algorithm that efficiently allocates the budget. The second pa-
per tackles the challenge of uncovering hidden communities in the Labeled
Stochastic Block Model using single-shot observations of labels. It introduces
a computationally efficient algorithm, Instance-Adaptive Clustering, which is
the first to match instance-specific lower bounds on the expected number of
misclassified items. The third paper delves into the best-arm identification or
simple regret minimization problem within a Bayesian setting. It takes into
consideration a prior distribution for the bandit problem and the expecta-
tion of simple regret with respect to that distribution, defining it as Bayesian
simple regret. It characterizes the rate of Bayesian simple regret assuming
certain continuity conditions on the prior, revealing that the leading term of
Bayesian simple regret stems from parameters where the gap between optimal
and suboptimal actions is less than /(log T')/T. The fourth paper contributes
to the fixed budget best-arm identification problem for two-arm bandits with
Bernoulli rewards. It demonstrates the optimality of uniform sampling, which
evenly samples the arms. It proves that no algorithm can outperform uni-
form sampling while being at least as good as uniform sampling for some
bandit instances. The fifth paper revisits the regret minimization problem in
sparse stochastic contextual linear bandits. It introduces a new algorithm,
the Thresholded Lasso Bandit, which estimates the linear reward function
and its sparse support, and then selects an arm based on these estimations.
The algorithm achieves superior regret upper bounds compared to previous
algorithms and numerically outperforms them. The sixth and final paper
provides a theoretical analysis of recommendation systems in an online set-
ting under unknown user-item preference probabilities and some structures.
It derives regret lower bounds based on various structural assumptions and
designs optimal algorithms that achieve these bounds. The analysis reveals
the relative weights of the different components of regret, providing valuable
insights into the efficient algorithms for online recommendation systems.

This thesis addresses the technical challenge of structured stochastic on-
line learning problems, providing new insights into the power and limitations
of adaptivity in these problems.
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Sammanfattning

Denna avhandling bidrar till omradet for stokastiska online inldrningsproblem,
med en samling av sex papper som var och en behandlar unika aspekter av
online inldarning och inferensproblem under specifika strukturer.

De forsta fyra pappren fokuserar pa utforskning och inferensproblem,
avslojar grundliggande informationsteoretiska grianser och effektiva algorit-
mer under olika strukturer. De tva sista pappren fokuserar pa att maximera
beloningar genom att effektivt utnyttja dessa strukturer. Det forsta papp-
ret behandlar det komplexa problemet att ldra sig att klustra objekt baserat
pa bindr anvindarfeedback for flera fragor. Det faststéller informationsteore-
tiska fel nedre granser fér bade uniform och adaptiv urvalsstrategier under
en fast budget av rundor eller anvéindare, och foreslar en adaptiv algoritm
som effektivt allokerar budgeten. Det andra pappret tar sig an utmaning-
en att avslgja dolda samhillen i den mérkta stokastiska blockmodellen med
enstaka observationer av etiketter. Det introducerar en berikningsmaéssigt ef-
fektiv algoritm, Instance-Adaptive Clustering, som &r den forsta att matcha
instansspecifika nedre grénser for det forvintade antalet felklassificerade ob-
jekt. Det tredje pappret graver djupt i problemet med bésta armidentifiering
eller enkel angerminimering inom en Bayesiansk miljo. Det tar hiansyn till en
fordelning fér banditproblemet och forvintan om enkel anger med avseende
pa den férdelningen, vilket definierar det som Bayesiansk enkel anger. Det ka-
rakteriserar hastigheten for Bayesiansk enkel anger under antagande av vissa
kontinuitetsvillkor pa det tidigare, vilket avslojar att den ledande termen for
Bayesiansk enkel anger kommer fran parametrar dar gapet mellan optima-
la och suboptimala handlingar dr mindre &n +/(logT)/T. Det fjirde pappret
bidrar till det fasta budget béista arm identifieringsproblemet fér tva-arm ban-
diter med Bernoulli beléningar. Det demonstrerar optimaliteten av uniform
provtagning, som jamnt provtar armarna. Det bevisar att ingen algoritm kan
overtriaffa uniform provtagning samtidigt som den &r minst lika bra som uni-
form provtagning for vissa banditinstanser. Det femte pappret aterbesdker
angerminimeringsproblemet i glesa stokastiska kontextuella linjéra banditer.
Det introducerar en ny algoritm, Thresholded Lasso Bandit, som uppskattar
den linjdra beloningsfunktionen och dess glesa stod, och sedan viljer en arm
baserat pa dessa uppskattningar. Algoritmen uppnar overldgsna anger Gvre
granser jamfort med tidigare algoritmer och overtréiffar dem numeriskt. Det
sjitte och sista pappret ger en teoretisk analys av rekommendationssystem
i en online miljo under okinda anvidndarobjekt preferens sannolikheter och
vissa strukturer. Det hiirleder anger nedre grinser baserat pa olika strukturel-
la antaganden och utformar optimala algoritmer som uppnéar dessa gréanser.
Analysen avsléjar de relativa vikterna av de olika komponenterna i anger,
vilket ger viardefulla insikter i effektiva algoritmer fér online rekommenda-
tionssystem.

Denna avhandling behandlar den tekniska utmaningen med strukture-
rade stokastiska onlineinldrningsproblem, och ger nya insikter i kraften och
begransningarna av anpassningsformaga i dessa problem.
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Chapter 1

Introduction

Reinforcement learning [68] is a critical element in sequential decision-making
within artificial intelligence and machine learning. Its applications are diverse,
used in areas such as poker Al [12], sequential recommendation systems [1,51,54],
advertisement creative selection |52], clinical treatment [969], and robot arm ma-
nipulation [45]. One of the characteristics and strengths of reinforcement learning
that enables these diverse applications is its adaptability. The algorithm can ad-
just to its environment while gathering data about it, even with limited prior
knowledge. This adaptability is particularly useful in real-world applications
where environmental knowledge is scarce, but data can be acquired with a rela-
tively cheap cost [56]. However, adaptivity raises a fundamental problem of the
trade-off between exploration and exploitation. Exploration aims to increase the
accuracy of environmental knowledge, while exploitation aims to maximize (or
minimize) the objective function, such as expected profit, based on the gathered
information.

Such a trade-off is evident even in the simplest instance of the reinforcement
learning problems, the multi-armed bandit problem. In the multi-armed bandit
problem, the goal is to maximize expected rewards [49,/67]. An agent sequen-
tially selects from a fixed set of actions, or ’arms’, with each action yielding a
reward sampled from a fixed, associated distribution. In each round, denoted as
t e [T] :={1,2,...,T}, the agent selects an action 4; € [K|. It then immedi-
ately receives a reward X; for that action. Each action k € [K] has an expected
reward of uy, and the rewards are assumed to be independently and identically
distributed over the rounds [T]. The agent’s selection is based on previous data
{A1,X1,A9, X5,...,As_1, X1}, indicating adaptability to the observed envi-
ronment. The agent’s objective is to maximize the total reward over all rounds,
despite being unaware of the reward distributions, including their means. If the
agent knew the values of (ux)rek], it could always choose A; € arg maXycx) Kk
for all rounds ¢ € [T]. This would maximize the total expected reward. However,
this strategy is not feasible due to environmental uncertainty. When the mean
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4 CHAPTER 1. INTRODUCTION

value of an arm is estimated from past data, it may significantly deviate from
the true mean value. Such uncertainty can be reduced by increasing the number
of times the arm is sampled, and confidence in that arm increases. However,
focusing excessively on one arm might lead to missing out on other potentially
best arms. This gives rise to a trade-off between exploration, which increases
confidence in the average values for actions, and exploitation, where the agent
chooses what it believes to be the best action.

For the multi-armed bandit problem, both the upper bound on the maxi-
mum reward achievable by an algorithm and the optimal algorithms to reach
this bound are well-established [15}/16,|47]. Furthermore, research on struc-
tured bandits [19,[20}[23]|48}[53L(71], infinite-armed bandits [11,/76], and the in-
corporation of additional information, such as context, has also seen significant
progress [2,/10}/18}31].

1.1 Pure Exploration

In reinforcement learning, there has been a focus on problems beyond the max-
imization of cumulative reward. One such problem is the pure exploration prob-
lem [2526//55], where the objective is to identify the best policy through adaptive
sampling. The success of this learning approach is closely linked to a thorough
understanding of the environment. In this context, the agent’s focus is solely on
exploration and not on exploitation. This problem is also known as the best-arm
identification problem [7,|13,|25] in the multi-armed bandit context. Here, the
goal is to identify the action with the highest mean, denoted as arg maxyeg] k-

Despite the absence of trade-offs making this problem seemingly simpler, it
has only recently been fully characterized in the fixed confidence setting [17.22,
29.(37,140,|74]. In the fixed-confidence best arm identification, the objective is to
find the best arm with as small a sample size as possible while ensuring the best
arm is identified with an accuracy below a given confidence value (see, e.g., [29,49)
for the detailed setting). There is also another setting for best arm identification,
known as the fixed budget setting. In this setting, given a certain number of
samples, the aim is to minimize the probability of incorrectly identifying the best
arm. While the setting appears simple, many aspects of this problem are still not
well-understood [3},211/401/41,/441/49/62,{73]. This difficulty could stem from the fact
that the accuracy of learning the most efficient exploration policies often rivals
the accuracy of learning about the environment itself [39]. These two learning
objectives are intertwined, making them difficult to separate. Current technical
tools and knowledge for their decoupling are extremely limited.

Therefore, a deeper understanding of pure exploration could not only open
up new application possibilities but also contribute to a better understanding of
algorithm design for reinforcement learning problems in general.
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1.2 Leveraging Structure

In reinforcement learning problems, it is essential to consider the structure of
the environment. Especially in complex problems, understanding this structure
and conducting learning based on it can lead to more efficient exploration. This
structure-based learning can significantly improve efficiency, enabling the discov-
ery and application of optimal policies faster than the algorithms that ignore the
structure [27}/61]. Even in cases where the number of states and actions is large or
uncountably infinite, considering the structure can be a means to make learning
possible.

Moreover, learning that takes into account the structure also provides a way
to understand and manage the uncertainty of the environment. This could po-
tentially maximize the utilization of information obtained in the learning process
and enhance robustness. As a result, the agent might be able to respond more
quickly and effectively to changes or non-stationarity in the environment.

Therefore, considering the structure of the environment can lead to the devel-
opment of efficient learning algorithms in reinforcement learning.

1.2.1 Leveraging Structure: Clustering

The clustered structure is one such example, where data naturally segregates into
distinct groups or clusters. Data points within the same cluster bear similarity,
while those from different clusters tend to be dissimilar. Clustering [64./66] is a
method employed to discover these cluster structures. It involves analyzing the
dataset and grouping data points based on their similarity, a process that falls
under unsupervised learning, as it doesn’t require pre-labeled data.

In the realm of reinforcement learning, we can optimize learning by under-
standing the clustered structure and clustering the environment’s states and the
agent’s actions. For instance, by categorizing similar states into one cluster, the
agent can learn the optimal action for each cluster. This approach effectively re-
duces the effective state and action spaces’ size, potentially enhancing the learning
efficiency [6},35L[79].

However, clustering comes with various challenges, such as determining the
appropriate similarity measure and the number of clusters. Such difficulties are
further compounded when trying to apply them to reinforcement learning prob-
lems.

1.2.2 Leveraging Structure: Sparsity

Another notable structure is the sparsity of features. This is particularly effec-
tive when dealing with high-dimensional feature maps in reinforcement learning
problems [32]|. By leveraging sparsity, the agent can disregard irrelevant features
and concentrate on significant features that contribute to rewards and decision-
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making. This approach can streamline the learning process and potentially en-
hance the agent’s performance.

Nevertheless, handling feature sparsity appropriately presents its own chal-
lenges. One such challenge involves correctly identifying and extracting features
that contribute to rewards and decision-making, which necessitates feature selec-
tion and dimension reduction techniques. It may also give rise to computational
issues [57}/59).

While high-dimensional linear regression methods (e.g., Lasso [14}70]) are
known in the supervised learning context, their applications to the online bandit
problem have been limited until recently [10]. Thus, considering structures like
feature sparsity is a critical aspect of reinforcement learning, but it also introduces
new challenges.

1.3 Overview of the Thesis

This thesis contributes to various aspects of structured stochastic online learn-
ing problems. Comprising six papers, each contributes to online learning and
inference problems within certain structures. The first four papers focus on pure
exploration or inference problems, revealing fundamental (information-theoretic)
limits and efficient algorithms under various structures. The final two papers, on
the other hand, concentrate on maximizing rewards by effectively utilizing these
structures. They derive information-theoretic limits and propose algorithms to
tackle these problems. The contributions of each paper are outlined as follows.
The first paper [4] tackles the problem of clustering items based on binary user
feedback from multiple questions. The paper establishes information-theoretical
error lower bounds for both uniform and adaptive selection strategies under a
fixed budget of rounds or users. An adaptive algorithm is also developed, which
efficiently allocates the budget. The second paper [5] tackles the problem of un-
covering hidden communities in the Labeled Stochastic Block Model [33] (LSBM)
using single-shot observations of labels. This paper introduces a computation-
ally efficient algorithm, Instance-Adaptive Clustering (IAC), which is the first
to match instance-specific lower bounds on the expected number of misclassified
items. The third paper, |43], delves into the best-arm identification or simple re-
gret minimization problem within a Bayesian setting. It takes into consideration
a prior distribution for the bandit problem and the expectation of simple regret
with respect to that distribution, defining it as Bayesian simple regret. Given
certain continuity conditions on the prior, it characterizes the rate of Bayesian
simple regret. The paper reveals that the primary terms of Bayesian simple regret
stem from parameters where the gap between optimal and suboptimal actions is
less than /(logT)/T. This contrasts with Bayesian regret minimization as dis-
cussed in [46]. The fourth paper, |[73], makes a contribution to the problem of
fixed budget best-arm identification for two-arm bandits with Bernoulli rewards.
It demonstrates the optimality of uniform sampling, which evenly samples the
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arms. Specifically, it proves that no algorithm can outperform uniform sampling
while being at least as good as it for certain bandit instances. The proof’s key in-
gredient lies in demonstrating that natural algorithms are consistent and stable.
This paper provides a partial solution to the open problems presented in [62].
The fifth paper, [2], revisits the regret minimization problem in sparse stochas-
tic contextual linear bandits. It introduces a new algorithm, the Thresholded
Lasso Bandit, which estimates the linear reward function and its sparse support
and then selects an arm based on these estimations. The algorithm achieves
superior regret upper bounds compared to previous algorithms and numerically
outperforms them. The sixth paper, [6], provides a theoretical analysis of rec-
ommendation systems in an online setting under unknown user-item preference
probabilities and some structures. With m users and n items, and the constraint
that an item cannot be recommended to the same user twice, the paper derives
regret lower bounds based on various structural assumptions and designs optimal
algorithms that achieve these bounds. The analysis reveals the relative weights of
the different components of regret: (i) the component from the constraint that an
item cannot be recommended to the same user twice, (ii) learning the statistical
parameters, and (iii) learning the structure.

1.4 Some Technical Challenges

The problems considered in this thesis involve several technical challenges, includ-
ing the derivation of lower bounds and theoretical analyses necessary for ensuring
optimality.

Lower bounds. The accompanying papers derived lower bounds or fundamen-
tal limits for the error probability [4,|5,/73], Bayesian simple regret [43], and
(cumulative) regret [6]. Furthermore, efficient and optimal algorithms for each
problem were derived [2}/4-6,143]. Regarding the lower bounds, all these deriva-
tions rely on the change-of-measure argument, as in [47], which are commonly
used to prove lower bounds in adaptive stochastic optimization problems. This
thesis addressed the technical challenge of applying the change-of-measure argu-
ment under these settings. These were challenging because separating errors in
statistical parameter estimation from the error probability is not straightforward.
Ideally, with known statistical parameters, lower bounds can be inferred from the
classical Large Deviation Principle [24,30]. However, the results are not easily
generalizable when the algorithm’s sampling rules are adaptive. The power of
adaptivity posed additional technical challenges. This thesis partially derived
the lower bounds on the error probability and Bayesian simple regret within a
fixed-budget setting [4-6,73|, for both adaptive and non-adaptive sampling rules.

In [4] and [5], the successful derivations of the lower bounds were achieved
by leveraging the fact that under a clustered structure, some information can be
transferred from other items. In this case, the problem can be treated as if the
statistical parameters were known, and the difficulty could be avoided by apply-
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ing a change-of-measure argument that focused only on the cluster assignment
error. In [73|, the proof was made possible by identifying that being stable is
necessary for any uniformly good algorithm. While the idea of imposing stability
on the algorithm to achieve decoupling was in several studies |36L[78], this paper
succeeded in achieving such decoupling for the fixed-budget best arm identifica-
tion problem. The results are extreme in the opposite direction to the clustering
case, suggesting that the error in learning the statistical parameter may be even
larger than the probability of misidentification of the best arm.

The derivation of the regret lower bounds under the existence of non-repetition
constraints in [6] presented difficulties, as the change-of-measure argument has to
be applied to the problem with some non-asymptotic nature. In [6], the behavior
of the algorithm in the two-armed bandit problem was analyzed, and the proof
was made possible by defining the relationship between the two-armed bandit
algorithm and the original algorithm as a simulation.

Algorithms and its analysis. Contributions were also in the algorithm designs
and its analysis. Regarding the optimal algorithms, guarantees for the clustering
algorithms in [4H6] were provided in expectation. Most clustering algorithms
with instance-specific analysis only offered high probability bounds, lacking a
bound in expectation [77]. This necessitated a redesign of the algorithms and
the establishment of precise bounds for each step of the proof [5]. Consequently,
this led to tighter regret analyses under clustered structures, as shown in [6].
In [5], an algorithm with a very small computational complexity was used, but
this created correlations and made the analysis harder. Lastly, [2] succeeded in
the tighter analyses by refining the idea of thresholded Lasso [80] and the regret
bound of [10}/60].



Chapter 2

Summaries of Papers

This chapter provides summaries of the papers, including brief introductions to
their respective models and research objectives.

Paper I: Optimal Clustering from Noisy Binary Feedback
Paper I is from the following draft.

e Kaito Ariu, Jungseul Ok, Alexandre Proutiere, Se-Young Yun, and “Optimal
Clustering from Noisy Binary Feedback,” arXiv preprint arXiv:1910.06002,
2019, submitted to Machine Learning.

Summary. Modern machine learning models heavily rely on large volumes of
labeled data. This process can be tedious and costly, as humans are the primary
source of labeling. Crowdsourcing platforms like Amazon Mechanical Turk and
reCAPTCHA simplify this task. They often convert complex labeling tasks into
binary questions, using user responses to label images. For instance, one can
classify bird images through a series of binary questions about the bird’s appear-
ance. However, the difficulty of images or questions can vary, leading to a higher
error rate in labeling. Therefore, to build a reliable labeling system, it’s crucial to
adaptively process human responses based on the difficulty of tasks. This paper
studies algorithms leading to designing such systems efficiently.

The following model with a set Z of n items is introduced. Z can be partitioned
into K disjoint clusters 77, ...,Zxk. For each item ¢ € Z, we denote the cluster
index as o(i). We assume users arrive at the system sequentially. Upon arrival,
the algorithm presents a list of w items with a yes or no question selected from a
set of L questions. We consider two types of algorithms: (i) one that selects the
item list and the question uniformly, and (ii) one that selects them adaptively.
The algorithm is given T € N as the total number of user arrivals. The parameters
p = (Pre)keir)eerr) € [0,115*F and h = (h;)iez € [0.5,1]" are used to model
the statistical property of the user feedback. When the t-th user arrives, she is
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asked a question ¢; € [L] with a set of w items W,;. The user then provides noisy
answers for each i € Wy. If i € T, the answer is X,;;, = +1 with probability
Qie, = hipre, + Ei;ﬁut, and —1 with probability 1 — g;¢,. The parameter h; can be
interpreted as the hardness of classifying the item 4. If the value of h; is closer
to 0.5, g, is close to 0.5, regardless of the item cluster of ¢ and question ¢;.
Conversely, if h; is close to 1, the value of ¢;,, will vary significantly depending
on the question ¢;, making clustering of ¢ easier. Under this model, the study’s
objective is to cluster the items with the smallest number of misclustered items.

Let for each k € [K], 7, = (Tre)eeqr) With rre = 2pre — 1. || - || denotes the £o-
norm, i.e., ||| = max; |z;|. The following assumptions on the model M = (p, h)
are made.

(Al) h, =min,er(2h; — 1) € (0,1), (A2) In>0,n<ppe<1-—mn.
px = Mgy MiNg< o1 llery — 7|l > 0.

With (A1), we exclude the items for which clustering is not feasible. On the other
hand, (A2) imposes uniformity on the statistical parameters.

A clustering algorithm is denoted as w. We define the clustering error rate of
an item ¢ € 7 as €7 (n,T), which is the probability that ¢ is misclassified under the
algorithm 7, number of items n, and total number of users 7. Here, £™ signifies
the set of items that are incorrectly classified by w. This set is constructed as
ET = UkE[K]Ik\S;r(k)7 where the output of 7 is given by (ST,...,Sk), and vis a
permutation of [K] that minimizes the number of items in Uye[x)Zp \S;r(k). We
say that an algorithm 7 is uniformly good if, for all M € Q and i € Z, the error
rate €7 (n,T) approaches zero as T tends to infinity, given that T = w(n). Let
KL(a,b) be the Kullback-Leibler divergence between Bernoulli distributions with
parameters a and b. We establish the following lower bound on the error rate of
the uniform sampling algorithm.

Theorem 1. For any uniform sampling algorithm, for any M € Q that fulfills
(A1) and (A2), as T — oo under T = w(n), for any item i, the following holds:

el (n,T) > exp <1;ZUD/I{,[(1)(1 + 0(1))) ,

1

where DY (i) = min min —
i (0) ko (i) ' €[(het+1)/2,1] L

Z KL(W prre + B Prre, qie) > 0.
¢

For the adaptive algorithm, it is not essential to provide a lower bound on
el (n,T), because the algorithm would be able to adapt to the hardness of each
item and optimize the overall error rate. Define such an overall error rate by
e™(n,T) = %ZiEI el (n,T). For any adaptive, uniformly good algorithm, when
T grows large, we obtain:

£™(n,T) > exp (—7:)15;‘4(1 + 0(1))) ,
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n
<A n 1 Tw A /-
where Dj, = max —T—log (n Eﬂ exp (—nDM(z,y)>> , (2.1)

yeY(n) w

Dyl y) = S (I]T;l;l o > (wie KL(gje, gie) + yie KL(gie, gs¢)) ,
Hea o1 e

and  Y(n) =< yel0,1]"*L: Z Yie =n

1€ Le[L]

In the above, the vector y represents the expected frequency of each question
being asked for each item. Therefore, maximizing over y in equation corre-
sponds to the best allocation that minimizes the overall error rate.

The paper presents a uniform sampling algorithm using a K-means algorithm
with the following performance guarantee.

Theorem 2. Suppose T = w(n) and T = o(n?), under the algorithm,

£, ) < oxp (~C2m 1214 ol1) )

where C > 0 is some universal constant and p. is a constant defined in (Al).

We further design an adaptive sampling algorithm that is inspired by the
lower bound. The algorithm consistently updates the estimates of model pa-
rameters and clusters. From these estimates, the algorithm further calculates
the lower bounds on the probabilities of incorrectly classifying each item. The
items it chooses are those with the highest lower bounds, indicating they are
most likely to be misclassified. Additionally, it chooses the question that would
be the most informative about these items. The numerical experiments indicate
that the adaptive algorithm significantly outperforms those with a uniform strat-
egy for selecting the tuple (item list, question), particularly when the items have
heterogeneous hardness parameters.

Contribution. The conceptualization and formulation of the model and problem
were collaboratively developed by the thesis author, A. Proutiere, and S. Yun.
The proof establishment was carried out by the thesis author, J. Ok, and S. Yun.
Both the thesis author and J. Ok conducted numerical experiments using syn-
thetic data. The thesis author conducted experiments with non-synthetic data.
All of the authors actively participated in the writing of the entire manuscript.

Paper II: Instance-Optimal Cluster Recovery in the Labeled
Stochastic Block Model

Paper II is from the following draft.
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e Kaito Ariu, Alexandre Proutiere, Se-Young Yun, “Instance-Optimal Clus-
ter Recovery in the Labeled Stochastic Block Model,” arXiv preprint arXiv:
2306.12968, 2023, submitted to Mathematics of Operations Research.

Summary. Community detection or clustering is the process of grouping similar
items from data, often represented by interactions between items, a concept ex-
tensively studied through the Stochastic Block Model (SBM) [34}58]. However,
the SBM may oversimplify real-world interactions, which can vary in nature, such
as ratings in recommender systems or proximity levels in social networks. The
Labeled Stochastic Block Model (LSBM) [33}/50,/77] addresses this by assigning
labels from an arbitrary collection to describe more complex interactions, like
negative edges or user ratings. This paper aims to develop a clustering algorithm
employing these labels to reconstruct item clusters, with the goal of minimizing
the expected number of misclassified items.

The LSBM is a model where the set Z of n items is randomly divided into
K distinct clusters Zy,...,Zx. The cluster of each item i is denoted as o(%),
and the vector o = (a1, e, ..., ax) represents the probabilities of items being in
each cluster. In this model, a1, ..., ax are positive constants and both K and «
remain unchanged as n increases. It is assumed, without loss of generality, that
a1 < ... < ak. For each edge (v,w) in Z; X Z;, the learner identifies the label
£ with probability p(i, 7, ¢), independently of the labels identified on other edges.
We write p = (p(4, 4,¢))i,je[k],ce[z]- The algorithm is provided with one-shot label
observations (one label for each edge) and is tasked with recovering the clusters
from these observations. The objective of the study is to recover these clusters
with minimal clustering errors. This task becomes particularly challenging in
sparse scenarios, a condition that our study specifically considers. In these sce-
narios, p = O((logn)/n) and pn — oo as n — oo, where p = max; j ¢>1p(4, 7, £)
is the maximum probability of observing a label different from 0.

The following assumptions are made. For all 4, j, k € [K]:

(i, 4, ¢)

S (20 (i, k, 0) = p(5 k, 0)))?
(A Vel Toens < and (A7) SAERSELTRS

where 7,e > 0 are some constants.

We denote PE*(E+1) as the set of all K x (L 4 1) matrices, where each row
represents a probability distribution. We define the divergence D(a,p) of the
parameter («, p) as follows:

D(ng) = ngﬁg]r}i#j DLJr(aﬂp(i)vp(j)) (22)

2,

with  Dpy (e, p(i),p(5))

K K
= min maX{Z akKL(y(k)vp(i,k)),ZakKL(y(k),p(j,k))} :
k=1

KX (L+1)
veP k=1
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where KL is the Kullback-Leibler divergence between two label distributions,
e, KL(y(k),p(i, k) = ZZL:O y(k, £) log p%kkeg) In the above definition, the term
Dy (a,p(i),p(4)) can be interpreted as the hardness of distinguishing whether
an item belongs to cluster ¢ or cluster j. Now, consider a clustering algorithm 7.
Let £™(n) denote the number of incorrectly classified items for a given clustering
algorithm =, and E[e"(n)] is its expected value. This quantity is defined up
to a permutation. Specifically, if 7 returns (fk)k, then €™(n) is computed as
the minimum over all permutations 6 of | Uy, Zj, \ Zo(k)|- We show the following
theorem that provides a lower bound on E[g™(n)].

Theorem 3. Under the assumptions (A1), (A2), s = o(n), and pn = w(1), for
any clustering algorithm m that satisfies the condition limsup,,_, . M <1, it

follows that:

D
lim inf 2 P) (@.p)

minf o 2 (2.3)

The proof, adapted from [77], is based on the change-of-measure argument from
online stochastic optimization [47]. The key contribution of this paper lies in
proposing an algorithm, referred to as Instance-Adaptive Clustering (IAC), that
achieves the lower bound. We make the following additional assumption.

(A3) np(j,i,£) > (np)” for all 4,5 and ¢ > 1, for some constant x > 0.

The performance guarantees of IAC are given as follows.

Theorem 4. Under the assumptions (A1), (A2), and (A3), if (a,p) satisfies (2.3)),
TAC misclassifies at most s items with high probability and in expectation, i.e.,

lim P[e™C(n) <s] =1

n— o0
and IAC
E
lim sup e (n)] <1.
n— oo S

IAC is a two-step algorithm that initially applies a spectral clustering algorithm
to provide rough estimates of the clusters and subsequently improves the cluster
assignment based on the likelihood. Notably, TAC is the first algorithm to match
the lower bound in expectation, unlike the existing instance-optimal algo-
rithm, which only provides a high probability guarantee |77]. Furthermore, IAC
is computationally efficient with a complexity of O(npolylog(n)). The proof of
this was made possible by providing detailed probability guarantees at each step
and developing analysis techniques even under the correlation in the likelihood-
based cluster improvement. As suggested in [28], the difficulties associated with
such proof could be circumvented by performing the initial clustering n times,



14 CHAPTER 2. SUMMARIES OF PAPERS

instead of just once. However, this approach would not achieve the computational
complexity of O(npolylog(n)).

Contribution. The research question was formulated through discussions be-
tween the thesis author and A. Proutiere. The author of the thesis contributed to
the algorithm design and performance guarantees. A. Proutiere and S. Yun pro-
vided some key ideas for the proof. The author of the thesis conducted numerical
experiments. The author of the thesis wrote the majority of the manuscript with
A. Proutiere contributing to certain parts.

Paper I1I: Rate-Optimal Bayesian Simple Regret in Best
Arm Identification

Paper III is from the following paper.

e Junpei Komiyama, Kaito Ariu, Masahiro Kato, and Chao Qin, “Rate-Optimal
Bayesian Simple Regret in Best Arm Identification,” Mathematics of Opera-
tions Research, 2023.

Summary. This paper considers the problem of finding the optimal action from
a set of K actions with a fixed sample size T'. In this setting, each action ¢, taken

from the set [K] ={1,2,..., K}, is associated with an unknown parameter p; €
[0,1]. We represent the collection of these parameters as g = (1, o, ..., iK) €
[0, 1]%. For each round t = 1,..., T, an adaptive algorithm selects an action I(t)

from the set [K]. The algorithm then immediately observes the reward X;)(t),
which follows a Bernoulli distribution with parameter p). After the reward
observation at round ¢ = T, the algorithm recommends an action J(T'). We
define ¢* = argmax; y; (assuming the uniqueness) and p* = p;« as the optimal
action and its associated mean, respectively. We denote “ii = max;x; ¢tj. In this
setting, we often consider the simple regret defined as follows:

Rou(T) = 1 — Eplpscn). (2.4)

which is the expected difference of the means between the optimal action and
the recommended action. In the instance-specific setting, the probability of error
becomes almost equivalent to simple regret as T' grows large. This is because
the probability of error decreases exponentially fast. The problem of minimizing
is referred to as simple regret minimization or best arm identification and
is extensively studied, e.g., [7,/13,38]. The definition of simple regret is
frequentist in the sense that the value of p is fixed as a non-random vector.
In this regard, we extend this concept by considering g as a random vector.
By computing the expectation of the frequentist regret, we introduce the term
Bagyesian simple regret, which is defined as:

Ru(T) = Epnnr Ry (1)), (2.5)
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where the expectation E g is taken over the prior distribution H on [0,1]%
The objective of this paper is to minimize the Bayesian simple regret .

We denote the parameters set excluding p; from p as py ;, which contains K —1
parameters. Similarly, when considering two indices 7, j € [K], we denote param-
eter set excluding p; and ju; from p as p;;, which contains K —2 parameters. We
define H\;(p\;) as the joint cumulative density function of the parameters in ;.
In addition, we define H;(u;|p;) as the conditional cumulative density function of
pi, given the parameter py,;. Similarly, we define H\;;(pe\;;) and Hyj(pq, g 5)
as the joint and conditional cumulative density functions. Let \i* be the second-
best arm. We made the following assumption that the derivatives of H;(p;|pey;)
and Hij;(pi, puj|p;5) exist and they are uniformly continuous:

Assumption 1. Conditional probability density functions h;(ui|p\;) and

hij(piy il pnig) exist, and they are uniformly continuous: for any € > 0 there evists

0 = 0(e) > 0 such that

Vlpi — N <6, = |hi(pilni) = hi(Xilpa)| < e,

Vi = Al g — A <6, = [hig (pis gl nig) — Pij (N Ajlng)| < e

We propose a novel algorithm called the Two-Stage Exploration (TSE). This
algorithm is composed of two distinct phases: the initial phase involves uniform
exploration, while the subsequent phase concentrates on the most promising arm
candidates identified during the first phase. We obtain a Bayesian simple regret
bound for TSE.

Theorem 5. Define T' = 2qT +(1—=¢)T. Under Assumption for any q > 0, the
Bayesian simple regret of TSE satisfies:

1
N M*ihiﬂ*iﬂidHiHi+0(>- 2.6
T,Z/Wl\ O () o () 26)

This theorem indicates that as ¢ — 0, the Bayesian simple regret bound for TSE
scales accordingly:

* * 1
)<+ Z/ M\z — 1) i (3 [ i ) H N (i) + 0 (T) :
Furthermore, we prove the following lower bound hold for any algorithm.

Theorem 6. Under Assumption[d] for any algorithm,

K
1

Ry / i) *iuidHiNi_O()~
g[wkl — 1) (B3 [ ) A H N (10 2) T
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Thus, we characterize the optimal rates of the Bayesian simple regret, up to a
factor of 4.8.

We discovered a key insight from the proof. The leading term of the Bayesian
simple regret originates from the region with a smaller gap: 1;—u3; = o(y/(logT)/T).
This contrasts with the result by [46], who proves that for an asymptotically op-
timal algorithm, the Bayesian (cumulative) regret scales as

(logT)? K ) 2

Contribution. All authors contributed to the formulation of the problem through
discussions. J. Komiyama was the main driver for the proof of the upper/lower
bounds. The author of the thesis contributed to some part of the proof. J.
Komiyama wrote a large part of the initial manuscript. All of the authors ac-
tively participated in the revision of the entire manuscript.

Paper IV: On Uniformly Optimal Algorithms for Best Arm
Identification in Two-Armed Bandits with Fixed Budget

Paper 1V is from the following draft.

e Po-An Wang, Kaito Ariu, and Alexandre Proutiere, “On Uniformly Optimal
Algorithms for Best Arm Identification in Two-Armed Bandits with Fixed
Budget,” arXiv preprint arXiv:2308.12000, 2023.

Summary. In this study, we examined the problem of identifying the best arm
with a fixed budget in two-arm bandits with stochastic Bernoulli rewards. An
agent pulls an arm sequentially to observe a randomly generated reward accord-
ing to the associated distribution. Initially, the expected rewards of the arms
are unknown. The agent has a predetermined budget of 7' € N samples. Af-
ter collecting these samples, the agent must recommend which arm they believe
has the highest average reward. For any k € {1,2}, ur € (0,1) represents the
unknown average reward of arm k. We define the parameter set of the mean
rewards as A = {p € (0,1)? : uy # po}. A strategy for identifying the best arm
with a fixed budget consists of a sampling rule and a decision rule. The sam-
pling rule determines which arm A; € {1,2} should be explored in round ¢, based
on previously observed rewards. The observed reward corresponding to this is
X: € {0,1}. F; symbolizes the o-algebra created by the set of random variables
{Ay,X1,..., A1, X1}, making A; measurable by F;. After T rounds, the de-
cision rule provides the agent’s answer 7 € {1,2}, which is measurable by Fr.
Our objective is to minimize the probability of misidentification, represented as,

pr=Pu i #1(p)],
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where 1(p) = 11y, 5,3 + 21¢,,>,,} denotes the best arm under p. Generally,
algorithms can adjust the ratio of arm pulls based on the observations. However,
an algorithm that operates by pulling arm 1 and arm 2 at a predetermined ratio,
regardless of the observational data, and recommends 7 as the highest empirical
average, is referred to as a static algorithm. While static algorithms do not
encompass all algorithms, they play a pivotal role in this study. Let z € (0,1)
denote the portion of the budget allocated to sample the second arm. For a static
algorithm parameterized by x, it pulls the first arm (1 — )T+ o(T") times and the
second arm zT + o(T") times. In particular, an algorithm that samples each arm
an equal number of times, where the portion x = 1/2, is referred to as uniform
sampling. Define

gz, ) = inf (1 —x)d(A, p1) + zd(A, p2), (2.7)

A€(0,1)

where d(a,b) represents the Kullback-Leibler divergence between two Bernoulli
distributions with means a and b respectively. [30] demonstrated that under the
static algorithm parameterized by z,

T 1

lim = .
T—oo log(1/pu,r)  g(z, p)

We first introduce a class of uniformly good algorithm from [62]:
Definition 1. An algorithm is uniformly good if
T 1
Vup € A, limsup < .
T—oo log(1/pr) = g(1/2, )

The uniformly good algorithms are no worse than uniform sampling for all pos-
sible bandit instances. The main result of this paper is that any uniformly good
algorithm cannot be a strictly better algorithm than uniform sampling. Formally:

Theorem 7. For any uniformly good algorithm,

T 1
Yue A, lim = :
K T—oo log(1/pu,r)  9(1/2, 1)

The key to the proof is to show that any uniformly good algorithm is consistent
and stable. They are defined as follows.

Definition 2. An algorithm is consistent if for all p € A, limp_,oc pu.7 = 0.

Definition 3. An algorithm is stable if for any a € (0,1), the following properties
hold:
(A) There exists {IA\M}22, C {A € A: X\ > o} such that A 2225 (a,a) and
1
lim lminf Eym)[w2(T)] = lim limsupEy ) [we(T)] = =.

n—oo T—o0 n—00 T_y50 2



18 CHAPTER 2. SUMMARIES OF PAPERS

n—

(B) There exists {m(™}>2, C {m € A:m < ma} such that 7™ =% (a,a) and

1
lim Iminf E ) fwe(T)] = lim limsup E ) [w2(T)] = <.

n—oo T—oo n—0 T 00 2

The definition of consistency is adopted from [40]. When the algorithm is stable,
it should exhibit continuous behavior (at least in terms of the ratio of arm draws)
and demonstrate symmetry across instances. The following theorem may confirm
the naturalness of the algorithm classes.

Theorem 8. A uniformly good algorithm is consistent and stable.

Furthermore, any consistent and stable algorithm has a performance equal to or
worse than that of uniform sampling, as stated in the following theorem:

Theorem 9. If an algorithm is consistent and stable, then

1
VY € A, liminf > .
T—oo log(1/pur) ~ 9(1/2, 1)

With Theorems [§ and [0} we are able to prove the main result.

This paper provides partial solutions to the open problems presented in [62].
Problem 1 in [62] is questioning whether the two following bounds can hold
simultaneously:

e Lower bound. There exist an algorithm class A and a function I'* : A — R
such that for any algorithm in A,

T
Ve A, liminf —— > T (p). 2.8
K T—o0 log(l/pu,T) (H) ( )

e Upper bound. There is a single algorithm in A satisfies

T
Y € A, limsup <T*(w). (2.9)

T—o0 IOg(l/pp,T)

Our Theorem [J] provides a solution to this open problem by defining A as the set
of consistent and stable algorithms, choosing

1
- 9(1/2.p)

and the uniform sampling algorithm has the performance matching this lower
bound.

Problem 2 in [62] is questioning the existence of a uniformly good algorithm
that strictly outperforms uniform sampling for certain bandit instances. However,
according to our Theorem [7] such algorithms do not exist.

()
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Contribution. P. Wang and the author of the thesis contributed to the problem
formulations through active discussion. P. Wang and the author of the thesis
established the proof. A. Proutiere offered some ideas for the direction of the
proof. The initial manuscript was primarily written by the author of the thesis
and P. Wang, with all authors actively contributing to subsequent revisions.

Paper V: Thresholded Lasso Bandit

Paper V is from the following paper.

e Kaito Ariu, Kenshi Abe, and Alexandre Proutiere, “Thresholded Lasso Ban-
dit,” In Proceedings of the 39th International Conference on Machine Learn-
ing (ICML), 2022.

Summary. This paper considers a high-dimensional contextual linear stochastic
bandit problem. At each round, denoted as ¢ € [T] = {1,...,T'}, the algorithm
receives a set of context vectors A; = {A;x € R : k € [K]}. The sets (Ay)i>1
form an independent and identically distributed random matrix sequence with
a distribution p4. For each round ¢, the algorithm sequentially chooses an arm
A; € A; and receives a random reward r;. Let F; be the o-algebra generated by
the random variables (A, A1,71,. .., Ai—1, As—1,7:-1, Ar), At is Fy-measurable.
The reward r; is assumed to be the inner product of A; and 6, plus a sub-
Gaussian random variable €, with variance proxy o? given F; and A,. We make
the assumption that 6 has at most sy < d non-zero elements. The decision-maker
is unaware of the set of non-zero elements and its cardinality sg. The objective
of the study is to design an algorithm that minimizes regret, which is defined as
follows:

T
Zmax (A, 0) —rt]
T

Z (A= Ap,0)

We use the following notation. The £y-norm of a vector 6 in R? is represented
as [|0]lo = Zz L 1{6; 7& O} essentially summing up the non-zero elements in the
vector. We use 3, = H ZS L AsA/ to denote the empirical Gram matrix, which
is constructed based on the arms chosen by a certain algorithm. For any B C [d],
we define 05 as (01.p,...,045)", where for each i in [d], 6, 5 = 0;1{i € B}.
We also define a submatrix A(B) € R™*IBl for each subset B within [d]. This
submatrix is part of the matrix A in R"*? and for A(B), we only include the
rows that exist in B. The symbol supp(z) represents the set of indices of non-zero
elements of = in R%. We also define 6,,;, as the smallest absolute value of §; on
the support, i.e., Omin = Min;egupp(g) |0i], Where the support of 6 is denoted by
S(0) = supp() = {i € [d] : 6; # 0}.
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The paper introduces the following assumptions. Some are adopted from [60].

Assumption 2 (Parameters). The reward function is defined by the parameter 0,
which is sparse. This means that |00 < so for some unknown sy (so does not
depend on d). Additionally, we assume that ||0]]1 < s1, and Omin > s2/50. Lastly,
we assume that the infinity-norm of the context vector is bounded: Vt, VA € Ay,
[Alloc < 54

Assumption 3 (Compatibility condition). For each M € R4 and S, C [d], the
compatibility constant (M, Sy) is defined as:

sox | Mz

¢2(M,Sp)= min {
( ) willesy 10 | ||z, I3

:||xsg||1s3xso|l}.

We assume that the expected gram matriz for the actions ¥ = % Zszl Ednpa [AkAH
has the following property:

¢*(2,5(0)) = ¢p,

where ¢g > 0 is some constant.

Assumption 4 (Relaxed symmetry [60]). For the distribution pa of A, there exists

a constant v > 1 such that for all A € REX4 such that pa(A) >0, pi“((fx) <v.

Assumption 5 (Balanced covariance [60]). For any permutation v of [K], for any
integer k € {2,..., K — 1} and a fized 0, there exists a constant Cy, > 1 such that

CoEanp [(Av(l)AI(U + A1) As 1))

~IL{<A,Y(1),6‘> <. . < <A7(K)30>}]

= Eanpa [A,y(k)A;r(k)]l{<A7<1),9> <...< <A7<K),9>}] .
Assumption 6 (Sparse positive definiteness). Define for each B C [d] ¥ =
= Zszl Eanpa [Ae(B)Ap(B) "], where Ay(B) € RIB! is a subvector from the el-
ements of Ay with indices in B. There exists a constant o > 0 such that for all
B cld],

|B| < s+ (4vCh/50)/d5 and S(0) C B

= min ’UTEBU > .
vERIBl:||v|l2=1

The parameters ¢o,v,Cy, are those of Assumptions[3, [4 and[3

Some theorems use the following margin condition, which controls the probability
that two arms yield very similar rewards. It is widely discussed in the classification
literature [8},72].
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Assumption 7 (Margin condition). There exists a constant Cy, > 0 such that for
all Kk >0,

Vk£E, Pacp,(0<[(Ay — Ap,0)] < k) < Crk.

Under this setting, we propose a Thresholded Lasso bandit (TH Lasso bandit)
that sequentially pulls the arm greedily and estimates 6 and its support. We
provide the following non-asymptotic regret upper bound of TH Lasso bandit

with the margin condition. Let 7 = [m%(?'ﬂ)(log s0)(loglog d)J, where Cy =
min { L ¢7§} We remark that 7 = O (s3(log so)(log d)(loglog d)).

27 512sq si vCly

Theorem 10. Assume that Assumptions[q —[6, [] hold.

(i) (TH Lasso Bandit with parameter-dependent input) There exist constants c1, ca,c3 >
0 depending on o,s4, s1, S2, ¢o, v, Cy, K, a, Cyyy, such that if we set \g = c1, for all

d > cy, for allT > 2:

R(T) <es (T + s0(log so)% logT + 3(2)) .

(i1) (TH Lasso Bandit with parameter-free input) There exist constants cq,c5 > 0
depending on o, s 4, 81, S2, ¢o, v, Ch, K, a, Cy, such that if we set A\g = 1/(loglog d)i ,
for alld > ¢y, for all T > 2,

R(T) <c¢s (T + so(log s)? log T + 3(2)) .

The definitions of ¢1-c5 are given in Appendiz of [2].

We also provide the following non-asymptotic regret upper bound of TH Lasso
bandit without the margin condition.

Theorem 11. Assume that Assumptions[d -[6] hold.

(i) (TH Lasso Bandit with parameter-dependent input) There exist constants c1, ca,cg >
0 depending on o, s4, 1, S2, ¢o, V, Cy, K, a such that if we set \g = c1, for alld > ca,
for all T > 2:

R(T) <es (T + (log so) v/ soT + 3(2)) .
(i) (TH Lasso Bandit with parameter-free input) There exist constants cq,c5 > 0

depending on 0,84, 81, S2, o, V, Ch, K, a such that if we set \g = 1/(loglog d)i n
TH Lasso Bandit, for all d > cq4, for all T > 2,

R(T) <5 (T + (log s0)v/soT + 3(2)) .

The definitions of ¢1-c5 are given in Appendiz of [2].
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Theorems|[I0]and [[T]achieve much lower regret than the existing algorithms. Their
scalings are log dlog T' (resp. log d++/T log(dT')) with (resp. without) the margin
condition. These guarantees are much lower compared with existing guarantees
[10,42,/60}|75). Moreover, we have numerically confirmed the superiority of our
algorithm for various problem instances.

Contribution. The author of the thesis and K. Abe introduced the model and
problem formulation through active discussion. The author of the thesis designed
the algorithm and established majority of the proof. K. Abe and A. Proutiere
provided some keys in the proof. K. Abe conducted numerical experiments with
synthetic and real-world data. The author of the thesis wrote the majority of the
manuscript, with all authors actively contributing to the revision of the draft.

Paper VI: Regret in Online Recommendation System

Paper VI is from the following paper.

e Kaito Ariu, Narae Ryu, Se-Young Yun, and Alexandre Proutiere, “Regret
in Online Recommendation Systems,” In Advances in Neural Information
Processing Systems (NeurIPS), 2020.

Summary. This paper conducts theoretical analyses of online recommendation
systems. We consider a system that includes a collection of items, labeled as
Z = [n] = {1,...,n}, and a group of users, labeled as U = [m]. For each
round, a randomly chosen user from U requires a recommendation. The decision-
maker, after observing the user’s identity, recommends an item to the user. An
important assumption is that a user cannot receive the same recommendation
twice, or doing so yields no reward. The user immediately provides a rating
for the recommended item, giving it a +1 if they like it or a 0 if they do not.
The decision-maker then observes this rating immediately. Specifically, in round
t € [T], the user u; is chosen randomly from U and needs a recommendation. If
item ¢ is recommended, the user u; = u will like the item with a probability of
piuw- We use a random variable Xj;,, to represent whether the user likes the item.
X, has a Bernoulli distribution with parameter p;,. Let 7 represent a sequential
item selection strategy or algorithm. Under the algorithm =, the item 7 is
presented to the ¢-th user. The choice 7] is dependent on past observations and
the identity of the ¢-th user, meaning ¢] is measurable with respect to F;*; where
Fiy = o(u, (us, i, Xiry,),s <t —1). The reward of an algorithm 7 is defined
as the expected number of positive ratings received over T' rounds: E[ZtT:l PiTu]-
Our goal is to develop an algorithm that maximizes this reward. Our primary
focus is on scenarios where the variables (m,n,T) grows large while adhering to
the constraints (i) m > n (which is usually the case in recommendation systems),
(ii) T = o(mn), and (iii) log(m) = o(n).

Let N, (T) represents the total number of recommendation for user u up to
round 7T'. We use the following fact from the literature on Balls and Bins process
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[63]: define @ = E[maxyecy No(T)], then

%(1 +o(1))if T = o(mlog(m)),

n =9 log(m)(d. +0(1)) if T = cmlog(m),
L(1+0(1)) if T =w(mlog(m)),

where ¢ and d. are positive constants. We also obtain a following tail bound for
N,.(T).

Lemma 1. Define

— 4lo e2T
N = mlog((m)) +—
log(™=5"™ +¢) ™M
Then,
— 1
E N,(T)- N} < ———
Yu e U, [max{0, N, (T) H < e m
For the success rates p = (piu)iez,ucu, three different types of structural

assumptions are made. For each model, regret lower bound and upper bound are
provided.

Model A. Clustered items and statistically identical users. In this model, p;,
depends only on the item index ¢. The items are partitioned into K clusters
Ti,... L. When an item ¢ is recommended for the first time, it is assigned to
cluster 7 with a probability of oy, independent of the cluster assignments of
other items. If i € Z, then p; = pr. We assume that both a = (ax)re[x] and
p = (Pr)ke|k] are initially unknown and do not depend on (n,m,T). Without loss
of generality, assume that p; > ps > p3 > ... > pr. The regret of an algorithm
m € II is defined as the difference between its reward and that of an Oracle
algorithm, which is aware of the item clusters and the parameters p. We define
the regret as if recommending items from Z; was always possible. The regret of

. T K
melliss RM(T) =Tp1 — >, E [Zk:l ]l{ifelk}pk} . Define Ay = p; — pi as
the difference in success rates between the best-performing item cluster and the
items in cluster Z;,. We then define the function:
1 — e—™Y(P1,Pk)

¢(k,m,p) = 81— )’

where v(p, ¢) = KL(p, q) +KL(q, p) and KL(p, q) = plog £ +(1 p)log =2 —. Given
that KL(p,q) < (p — ¢)?/q(1 — q), it can be demonstrated that as m grows large,
d(k,m,p) scales as 1n/(16A%) for small Ay, with n = ming px(1 — pr). We say
an algorithm 7 is uniformly good if the following hold: for any (p,a), R™(T) is

O(max{V/T, log7}) as T,m,n grow large with 7' = o(nm) and m > n.

m log(m) te )

We obtained the followmg‘ regret lower bounds.
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Theorem 12 (Regret lower bounds for Model A). Let w € II be any algorithm.
For all T > 1 such that m > ¢/A3 (c is some positive constant),

R™(T) > max{Run:(T), Ric(T)},

where Ry, (T) represents the regret due to the no-repetition constraint and Ric(T)
represents the regret due to the unknown item clusters. They are defined as follows:

R, (T) =N Z apApg
k£1

and

T
RiC(T) = a ZO[kQS(k,Wl,]?)Ak
k#1

Furthermore, for any uniformly good algorithm m,

Ay
R™(T) 2 Rep(T) =1og(T) Y o,
KA1 2KL(pkapl)

where Ry, (T) represents the regret due to the unknown success probabilities and we
write a 2 b if iminfr_, o, a/b > 1.

We propose ECT, an algorithm that is composed of three phases: (i) Exploration,
(ii) Clustering, and (iii) Test. In the exploration phase, samples are gathered
from a subset of randomly selected items to learn their success probabilities and
clusters. The clustering phase uses the gathered information to estimate each
item’s success probability and clusters the items using a variant of the K-means
algorithm. Lastly, in the test phase, items believed to be in the best cluster
are recommended, their success rates are continually updated, and items that
have less confidence to be in the best cluster are removed. ECT works without
breaking the no-repetition constraint for all of the phases. The following regret
guarantee is obtained.

Theorem 13 (Regret upper bound for Model A). We have,

K

RECT(Ty =0 <2N > Py = pr) + (log T)3> .

ar = (p1—p2)?

According to Theorem the regret of any algorithm 7 is at least Q(INV), and
particularly if 7 is uniformly good, regret is lower bounded as Q(max{N,log(T)}).
From Theorem if N is Q((logT)?), ECT exhibits optimal order, and otherwise,
it exhibits optimal order up to a factor of (logT)?. Furthermore, when Ri.(T)(=

Q(Azim)) is the largest part of the regret lower bound, the regret of ECT also

scales with Ag: RECT(T) = O(L-).

Agm
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Model B. Unclustered items and statistically identical users. In this model, p;,
depends only on the item i. When a new item ¢ is recommended for the first time,
its success rate p; is drawn from some distribution ¢ over [0, 1], independent of
the success rates of other items. ( is initially unknown and arbitrary, but for
simplicity, we assume it to be absolutely continuous with respect to the Lebesgue
measure. We adopt the following notion of satisficing regret [65): for a given

e >0,
T

RI(T ZE max{0, p1—- — piz }] -
t=1

Recommending items within the e-best items does not generate any satisficing
regret, and it is assumed that an Oracle policy can always recommend such items.
The satiscifing regret is caused by two factors: the no-repetition constraint and
learning the item’s success rate.

Theorem 14 (Regret lower bounds for Model B). Assume ((u) < C for all p €
[0, 1] with some positive constant C. Let m € II be an arbitrary algorithm. For all
T > 1 such that m > c/e? (for some constant ¢ > 1),

RI(T) = max{Rn.(T), Bi(T)},
where

Ry (T) = n/om (e — m)C(p)dp

and

(1-2)
T (1 - ﬁ)

m(T) = mmin{l, (1 + O)e} + 1/m’

We propose ET (Explore-and-Test) algorithm with two phases: (i) an exploration
phase that aims at estimating the threshold level p;_. and (ii) a test phase where
we apply to each item sequential tests to determine whether the item if above the
threshold. The following satisficing regret bound is obtained.

Theorem 15 (Regret upper bound for Model B). Assume that the following con-
dition 1is satisfied: (( ) < C for all € 10,1].

For anye > C the satisficing regret of ET is bounded as follows.

210gT’

—log(1/¢)loglog(m)  (logT)?
RET(TY=0 (N . + 0 ) .

When we take into account Theorem the satisficing regret of any algorithm
scales at least Q(g) Eonsequently, as per Theorem ET achieves the opti-
mality, at least when N = Q((logT)?).
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Model C. Clustered items and clustered users. In this model, both items and
users are clustered. Users are grouped into L clusters Uy, ..., U, and when a
user first arrives at the system, she is assigned to cluster U, with probability
B¢, independent of other users. There are K item clusters Zy,...Zx. When the
algorithm recommends an item 4 for the first time, it is assigned to cluster Zj
with probability aj as in Model A. Now, p;, = pre when ¢ € 7y, and u € U;. We
assume that an Oracle algorithm, aware of the item and user clusters and of the
parameters p, would only recommend items from cluster &k to a user in ¢,;. The
regret of an algorithm 7 € II is defined as:

T
RY(T)=T> Biprse — Y B> Lju,crty.ipez}Pre
0

t=1 k¢

We introduce the following notations. For any £ € [L], let Ay = Pik;e —Pre denote
the gap between the success rates of items from the top cluster Zy; and items
from cluster Z,. We introduce Ry = {r € [L] : kj # k}} to denote the set of user
clusters that have different best items. Define £ = {(£,¢') € [L]* : p¢ # Pry e}
the set of pairs of user clusters where the best item clusters differ. Additionally,
we introduce the functions:

1— e—m’Y(l)kZquz)

8 (1 _ e—V(Pk;bsz))

¢(k,l,m,p) =

and

1— 6—%7(1%;1471%2)

V(€ k,T,m,p) = o (1 B e%pw,pm) '

In contrast to Model A, the algorithm can exploit the user clusters. If £, # 0,
then there are multiple optimal item clusters depending on the users, and when
a user u first arrives, it is necessary to learn its cluster. This learning of the
user cluster induces at least a constant regret per user. We define the regret
component induced by learning the user cluster as follows.

ZkERz Ak[?/}(e, ka Ta map)
Ry (T) =m Z Be K
Le[L]

For specific values of p, we illustrate that this classification can even generate a
regret that scales as log(T/m) (per user). This occurs when £L(¢) = {¢' # ¢ :
ki # ki, prze = pry ¢} is not empty. In this case, it is impossible to distinguish
users from Uy and Uy by merely presenting items from Zg+ (the greedy choice for
users in Uy). The corresponding regret term is defined as follows.

R(T) = c(B,p)mlog(T/m)
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where

c(B,p) = ﬁrelfFZﬁz > Apene

) kk;
with

F={n>0:V0 Ve L), Z KL(pre, prer )nwe > 1}
ktky

The component of regret from the no-repetition constraint is defined similarly as
in Model A:

Rnr(T) = ﬁZﬁZ Z akAkZ~

¢ kg

Finally, an algorithm is uniformly good if for any user u, RT(N) = o(N®) as N
grows large for all a > 0, where R (N) represents regret under 7 for user u when
the user u has arrived N times. We obtain the following regret lower bounds.

Theorem 16 (Regret lower bounds for Model C). For any algorithm = € 11, for
all T > 2m such that m > ¢/ ming ¢ A2, with for some constant ¢ > 0,

R™(T) > max{Ru:(T), Ric(T), Ruc(T)}.
Additionally, when T = w(m), if 7 is uniformly good,
R™(T) 2 Ro(T) = c(B, p)mlog(T/m),

where

c(B,p) = élelthﬂ/ Z Apenge
¢ k#ky
with
F={n>0:¢ € L"), > KL(pre,pre)nre > 1}.
k#k}

When designing the algorithm, we need to take into account the inability to
control the user arrival process. Consequently, it is not straight forward to cluster
users as what we did for clustering the items. We propose an algorithm called
Explore-Cluster with Upper Confidence Sets (EC-UCS). The concept behind EC-
UCS is: we estimate the success rates (pie)r.¢ by using small subsets of items and
users. Then, based on these estimates, each user is optimistically assigned to an
Upper Confidence Set (UCS), a set of clusters that the user is likely to belong
to. As the number of requests made by a user increases, the user’s UCS shrinks
(similar to how the UCB index of an arm in bandit problems approaches its
average reward). This algorithm is composed of three main phases. The first
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phase involves collecting data to infer item clusters, and creating clusters based
on user responses to a randomly selected set of items. The second phase clusters
users, extracting clusters from a subset of the most recommended users. The final
phase makes recommendations based on estimated success probabilities, and in
cases where the user’s cluster is uncertain, exploration is conducted to select the
best cluster optimistically. Our analysis yields the following regret bound for
EC-UCS.

Theorem 17 (Regret upper bound for Model C). For any ¢, let oy be the permu-
tation of [K] such that ps,1ye > Po,(2)¢ = -+ = Poy(k)e- Let Sgr = {k € [K] < pre #

Pir}s Yer = Milges,, |[Poe—Prrl, 6 = ming(po, (10— Poy(2)¢): and ¢(x) = z/log (1/z).
Then, the following holds:

3
RFC-UOS(T) =0 (mZﬁz(I)ae(l)e — Doy (K)eE) (max <¢( K log K VK >

7 min(ye,,6)%)’ ming Sy

K2log K Klog N
T S My

®,, — * _ 2
rERNLL(0) OIprr — Py kESe, reLL(0) [Serllpre = Pir|

The EC-UCS algorithm’s regret aligns with our lower bound in terms of order.
Specifically, the algorithm achieves a regret that (i) scales with m whenever feasi-
ble, that is, when £1(¢) = ) for every ¢, and (ii) scales with m log(NN) otherwise.

Contribution. The author of the thesis formulated the problem through active
discussion with A. Proutiere. The author of the thesis, together with N. Ryu, and
S. Yun established the theoretical results. The author of the thesis also conducted
numerical experiments. All authors contributed to the writing and revision of the
manuscript.
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