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Abstract

Additive manufacturing (AM) has largely improved design freedom compared with

traditional manufacturing processes such as casting and milling. The layer-by-layer

workflow makes it possible to produce objects with much more complex shapes and

structures. This feature is of particular interest for turbine blade manufacturing

since internal cooling channels with higher thermal efficiency can be achieved to

improve the overall efficiency of a gas turbine. One feature of AM, especially for Laser

Power Bed Fusion (LPBF) working on metal powders, is the relatively large surface

roughness (SR), which will affect both heat transfer and pressure loss. Its geometry

is also unique with the very randomly distributed spherical-shaped structures. This

randomness makes the correlations for heat transfer and pressure loss based on

sand grain roughness not applicable anymore. More in-depth research is needed to

investigate the roughness effects. In this study, the AM roughness is modelled by a

statistical distribution of spheres with different diameters using an upscale ratio of

77.4. An infrared (IR) camera was used to record the temperature distribution on the

rough plates subjected to heated airflow. Three Re in the turbulent region (15000,

20000, 25000) were tested and the data from the IR camera were used to calculate

the heat transfer coefficient (HTC) on the rough plate through a 3D finite element

calibration solver. The results of averaged HTC agree well with data of the real Inconel

939 AM channel from which the upscaled rough plates are modelled. Also, the general

patterns of HTC distributions matched the fluid dynamics analysis. Moreover, the

results of arranging smooth and rough plates together shows that the heat transfer

enhancement from SR is due to both the induced turbulent flows and the increased

surface area.
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Sammanfattning

Additiv tillverkning har i hºg grad fºrbªttrat designfriheten jªmfºrt med traditionella

tillverkningsprocesser som gjutning och frªsning. Att bygga lager fºr lager gºr

det mºjligt att tillverka fºrem¬l med mycket mer komplexa former och strukturer.

Denna egenskap ªr av sªrskilt intresse fºr tillverkning av turbinblad eftersom bªttre

interna kylkanaler kan uppn¬s fºr att fºrbªttra den totala verkningsgraden hos en

gasturbin. En egenskap hos additiv tillverkning ªr den relativt stora ytojªmnheten,

som p¬verkar b¬de vªrmeºverfºring och tryckfºrlust. Dess geometri ªr ocks¬

unik med mycket slumpmªssigt fºrdelade sfªriskt formade strukturerna. Denna

slumpmªssighet gºr att de korrelationer fºr vªrmeºverfºring och tryckfºrlust som

baseras p¬ sandkornens grovlek inte lªngre ªr tillªmpliga. Mer djupg¬ende forskning

behºvs fºr att undersºka grovhetseffekterna. I denhªr studienmodelleras den additiva

tillverkningens grovhet med en statistisk fºrdelning av sfªrer med olika diametrar

med ett uppskalningsfºrh¬llande p¬ 77,4. En infrarºd (IR) kamera anvªndes fºr

att registrera temperaturfºrdelningen p¬ de skrovliga plattorna som utsattes fºr ett

uppvªrmt luftflºde. Tre Re i det turbulenta omr¬det (15000, 20000, 25000) testades

och data fr¬n IR-kameran anvªndes fºr att berªkna vªrmeºverfºringskoefficienten

p¬ den grova plattan genom en 3D finita elementkalibreringslºsare. Resultaten av

den genomsnittliga vªrmeºverfºringskoefficienten stªmmer vªl ºverens med data

fr¬n den verkliga additivt tillverkade Inconel 939-kanalen fr¬n vilken de uppskalade

grova plattorna ªr modellerade.  ven de allmªnna mºnstren fºr fºrdelningen av

vªrmeºverfºringskoefficienter stªmmer ºverens med den fluiddynamiska analysen.

Dessutom visar resultaten av att arrangera slªta och grova plattor tillsammans att

vªrmeºverfºringsfºrbªttringen fr¬n ytjªmnhet beror p¬ b¬de de inducerade turbulenta

flºdena och den ºkade ytarean.
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Chapter 1

Introduction

In this chapter, the background of the project will first be presented. After that, the

motivation and a literature review of thework done by previous researchers in this area

are introduced. Then the research objectives of this project are described along with

the general methodology. Finally, the outline of this thesis is listed at the end.

1.1 Background

Additive Manufacturing (AM) is a revolutionary technology that allows the creation

of three-dimensional objects by adding material layer by layer [1]. It has gained

significant attention and is being applied in various industries, especially in aerospace

and automotive, due to its numerous advantages and potential applications. For

example, AM with metal powder can be used to fabricate very complex geometries

with high accuracy that are very difficult to achieve with traditional, subtractive

manufacturing processes such as casting, milling, lathing, etc [1, 2].

In turbomachinery, AM can be used to produce turbine blades with more complex

internal cooling channels, allowing much higher turbine inlet temperature and thus

improving the thermal efficiency[3]. Turbine machines have a wide application range.

They are used on modern airplanes for aviation and on rockets in the fuel injection

systems as turbopumps [4]. They are also used to generate electricity and heat

directly in many energy systems with combined heat and power plants. The wide

application range makes it more important to improve their thermal efficiency due

to the increasing energy demand globally.
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CHAPTER 1. INTRODUCTION

As the environmental impact of traditional energy sources becomesmore apparent, the

share of renewable energy sources such as wind energy, solar energy and hydro energy

has increased rapidly. However, due to the unstable nature of those energy sources,

it is hard to maintain the desired energy output from those renewable sources when

the production rate is low [5, 6]. Modern gas turbines can be a great complement to

renewable energy to mitigate production fluctuation due to their flexibility and high

thermal efficiency. And how to achieve an even higher efficiency to save money and

reduce emissions is always of interest. Thus, it is of great importance to understand

how to reach higher efficiency with the help of AM.

Along with the huge potential of AM also comes with its limitations that need to

be investigated carefully in order to maximize the benefits of this technology. One

major effect that needs to be considered is the surface roughness generated which

is rather significant compared with traditional manufacturing. Many aspects will

affect the surface roughness such as the printing techniques and parameters, material

selection, etc. The roughness will have a significant impact on the pressure loss and

heat transfer properties of internal flow channels[7, 8]. Generally, a higher roughness

level will cause larger pressure loss and enhance heat transfer, but how exactly they

are correlated still remains an open question. While it is desirable for internal cooling

channels to make use of the enhanced heat transfer from roughness, it should be

avoided for the external blade surfaces. For applications of AM in gas turbines, it

is important to find out how the heat transfer properties are affected since they will

directly influence the performance of the turbomachine.

1.2 Motivation & Literature Review

Many researchers have done remarkable work to find the correlation of surface

roughness with heat transfer and flow properties. The very first relative work in this

area was done by Darcy [9], where he proposed the relationship between head loss in

pipe flows and friction. The work leads to the famous Darcy-Weisbach equation after

further modification by Weisbach and it is still widely applicable today. This equation

introduced the Darcy friction factor fD and it has different behaviors in different flow

regimes (Reynolds number) and it also depends on the roughness level of the pipes. To

understand the relationship among them, Nikuradse [10] conducted very systematic

and extensive experimental research on pipes with uniform roughness produced by

2



CHAPTER 1. INTRODUCTION

glueing sieved sand grains as closely as possible on smooth pipes. This roughness

parameter is also referred to as the sand grain roughness ks. Then different Re and

different relative roughness were tested and the pressure loss was measured. After

that, Schlichting [11] conducted similar research but with different types of roughness

elements such as cones, rivets and spherical segments and tried to correlate them to

sand grain roughness. These results together with some other researchersô work [12,

13] were then summarized by Moody [14], and the famous Moody diagram which

relates fD, Re, and relative roughness ks/D was created.

The literature mentioned above focused more on the flow properties, i.e. pressure

drop in rough pipes. The heat transfer properties were studied in detail in a later stage

possibly due to the difficulty in high-precisionmeasurement and increased complexity

in the experiments [15]. One of the first research on heat transfer in rough pipes

was conducted by Cope in 1941 [16], in which he tested several pipes with artificially

roughed surfaces constructed by a series of pyramids. With water as the working fluid,

the results showed a larger heat transmission in rough pipes than smooth ones for

the same pressure drop, and the smooth pipes have a higher heat transfer efficiency

for equal power. Later, Dippery and Sabersky [15] conducted some experiments on

pipes with sand-grain type roughness in different Prandtl numbers by varying the bulk

temperature of the water. Their results showed that the increase of Heat transfer

coefficient (HTC) due to roughness can go up to 270%, but it is generally accompanied

by an even higher increase in friction coefficient. Nunner [17] used air as the working

fluid and conducted several experiments on roughened pipes with circumferential

rings and studied the heat transfer and pressure drop properties. He also tried to

establish a correlation of Nusselt number with the friction factor and Re based on

his results. Later on, Owen and Thomson [18] summarized those not-so-excessive

experimental results and made an attempt to express the relation of heat transfer

rate and roughness Reynolds number and Prandtl number. It should be noted that

the major focus of this type of research at that time was to improve the thermal

performance of nuclear reactors [19, 20], which explains why the artificial roughness

types are generally used.

Regarding the effect of AM roughness on heat transfer and flow properties, the relative

research has been more recent in the past decade. Ventola et al. [21] compared

the heat transfer coefficient of AM surfaces with a smooth surface in external flows.

They recorded a peak enhancement of 73% with 63% on average. For flows in closed

3



CHAPTER 1. INTRODUCTION

channels, Snyder et al. [22] and Stimpson et al.[7], conducted systematic experiments

on a set of couponswithmicrochannels built withDirectMetal Laser Sintering (DMLS)

technology. The former article focused on the effect of build direction on pressure

drop and heat transfer while the latter one found significant augmentation of pressure

drop and Nusselt number Nu in the rough channels compared with smooth ones and

they tried to find the relationship between Nu and fD. In another work[8], they also

provided a new correlation function of Nu, Re, fD, and Prandtl number Pr which has

a better accuracy in the turbulent region.

Apart from experimental research, several studies have also used Computational Fluid

Dynamics (CFD) to investigate AM roughness. Hanson et al. [23] used CFD to

compare with their experimental results. They used the Reynolds-averaged Navierï

Stokes (RANS) model to calculate up-scaled rough surfaces. By comparing the friction

factor and velocity profile of surfaces with different analog methods, they found the

limitations of RANS and the meshing difficulties in some cases.

Although a lot of research have been done in an attempt to reveal the effects of surface

roughness on flow and heat transfer properties, the relations are still not sufficiently

understood. There exists a large number of correlation functions proposed by different

researchers trying to find the relation among Nu, Re, fD, and Pr. Some of them work

better in one Re region and some in another. There are also many different opinions

on how to best characterize AM roughness and correlate it with sand grain roughness.

And many correlation functions have been proposed regarding this matter [24].

1.3 Research Objectives

As shown above, there are still many unsolved puzzles regarding the heat and flow

properties of rough pipe flows especially after the introduction of AM roughness. It

will be a crucial factor that needs to be considered in the design process of many

components such as the turbine blades with internal cooling channels. The Fluid

Dynamics Laboratory of Siemens Energy AB in Finsp¬ng, Sweden has been working

on this project for a long time. A quasi-Steady State Heat Transfer (qSSHT) rig has

been built to examine real AM channels and try to build the correlation among Nu, Re,

fD, and Pr, which has been carried out continuously for many years.

Apart from that, a rather new test rigwas constructed in 2022 called SurfaceRoughness

4



CHAPTER 1. INTRODUCTION

Heat Transfer (SRHT) rig to examine the heat transfer properties of upscaled rough

surfaces with the help of Infrared (IR) thermography. By examining upscaled surfaces,

a more microscopic picture can be drawn regarding the effects of the small spherical-

shaped roughness elements. This idea has already been implemented by other

researchers[23, 25]. Two masterôs thesis students have already worked on this rig.

They have verified the test rig through experiments with a smooth plate. Some tests

on an artificial roughplate built froma statistical distribution of different-sized spheres

have also been carried out [26]. This thesis work will be a continuation of the previous

work on SRHT rig and try to have a better understanding of how the heat transfer

is affected by the roughness elements through the implementation of a novel HTC

calibrationmethod to calculate the local HTC on the roughness elements. Many factors

can cause the enhancement in heat transfer such as the increased surface area and the

induced turbulence by the elements. So it is important to find out what are the roles of

these factors and which one requires the most attention.

1.4 General Methodology

To achieve the objectives mentioned earlier, the SRHT rig is adapted accordingly.

First of all, a new upscaled artificially roughened plate is designed by distributing

spheres with different diameters on a smooth plate with varied center heights. The

distribution parameters of the diameters and heights are obtained from the roughness

measurements and microscopic pictures of a real AM channel built with Inconel

939. A similar approach has been implemented by Clemenson et al. [25] where

they used randomly distributed hemispheres to build an up-scaled analog rough

surface of natural ice-accretion roughness. The upscale ratio is calculated from the

hydraulic diameters of the SRHT rig and the real AM channel. 5 identical plates are

manufactured by Stereolithography (SLA) and these rough plates are then embedded

inside the test section and an IR camerawill record the temperature profiles of different

positions along the streamwise direction. The temperature data are then used to

calculateHTC andNu in a 3Dheat transfer solver using Finite ElementMethod (FEM).

The overall averaged value will be compared with the data of the real AM channel as

a verification for each other. The local distribution of HTC and Nu is also valuable to

see how different shapes of the roughness elements play a role.

After that, the next step is to arrange rough and smooth plates together and try to
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CHAPTER 1. INTRODUCTION

separate the effect of increased surface area and the induced turbulent flow. For

example, to compare the smooth plate right behind a rough one and a smooth one at

the same position to see how much heat transfer is enhanced from the turbulent flow

induced by the rough plate. In this way, the contribution of different factors can be

identified. A detailed description of the methodology can be found in Chapter 3.

1.5 Outline

In Chapter 2, the theoretical background of this project is summarized including the

basic theories of heat transfer, boundary layer, gas turbine, AM, and IR thermography.

In Chapter 3, the methodology is described which covers the functionality of the test

rig, the modelling method of the rough surface, and the data processing methods. In

Chapter 4, the results of the experiments are presented along with some discussions.

And finally in Chapter 5, the conclusions are drawn together with some discussions of

future work within the scope of this project.

6



Chapter 2

Theoretical Background

This chapter summarizes all the relative theoretical concepts that are useful in this

thesis project.

2.1 Heat transfer

Heat transfer consists of three phenomena: conduction, convection, and radiation.

Every heat transfer process involves one ormore of them. In the following sections, the

general concepts of the three heat transfer modes and their application in this project

will be explained.

Figure 2.1.1: Three heat transfer phenomena in the cooling of a solid object.

2.1.1 Conduction

Conductive heat transfer is associated with the energy difference between adjacent

molecules in a system. The ones with higher energy will tend to transfer it to the

7



CHAPTER 2. THEORETICAL BACKGROUND

ones with lower energy. This process will take place for all phases of a substance,

solid, liquid, or gas, as long as there is a temperature gradient in the system. Another

mechanism of heat conduction is through free electrons, which is very significant for

pure metals [5].

Joseph Fourier first published his theory of heat conduction in 1822, in which he

states that the heat flux through conduction is proportional to the magnitude of the

temperature difference and opposite in sign [27]. A simplified one-dimensional form

can be expressed as

qx = �k
dT

dx
; (2.1)

where qx is the heat flux in x direction (W/m2), k is the thermal conductivity (W/m�K)
in x direction, which is determined by the material properties. Heat flux can also

be expressed as a vector, which leads to a more general form of heat conduction

equation

q = �krT: (2.2)

Here the heat conductivity k is assumed to be a constant, i.e. the material is

isotropic. However, it is very common for AM objects to be anisotropic [28]. The

conductivity through and across the printing direction can be different. It will also

vary with temperature and pressure (for gaseous substances) since it is a property of

the material.

2.1.2 Convection

Convection typically happens between a solid surface and the adjacent fluid. There are

two types of convection: natural convection and forced convection. The difference is in

the main cause of the fluid motion. In natural convection, the buoyancy force from the

density difference between the hot and cold fluids causes the fluid to flow whereas in

forced convection, there is an external force such as a fan or a pump causing the fluid

to flow across the surface [5].

Sir Issac Newton first published the famous Newtonôs law of cooling in 1701. The

equation is expressed as

8
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�G�L�I�I�H�U�H�Q�W �I�U�R�P �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�Wh �L�Q �O�D�W�H�U �V�H�F�W�L�R�Q�V������ �%�R�O�W�]�P�D�Q�Q �F�R�Q�V�W�D�Q�WkB ��
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�W�K�H �I�U�H�H �V�W�U�H�D�P �Y�H�O�R�F�L�W�\�>�����������@��

�,�Q �D�S�S�O�L�F�D�W�L�R�Q�� �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �I�O�R�Z �E�H�K�D�Y�L�R�X�U �R�I �W�K�H�%�/�� �Z�K�H�W�K�H�U �L�W
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� �L�V �W�K�H �N�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\ ���P2���V���� �7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �O�H�Q�J�W�Kx �L�V �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q

�W�K�H �S�R�L�Q�W �R�I �L�Q�W�H�U�H�V�W �W�R �W�K�H �S�R�L�Q�W �Z�K�H�U�H �W�K�H �I�O�R�Z �H�Q�W�H�U�V �W�K�H �S�O�D�W�H�� �6�R �D�Vx �L�Q�F�U�H�D�V�H�V�� �W�K�H
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�)�L�U�V�W�� �Z�H �Q�H�H�G �W�R �F�R�Q�V�L�G�H�U �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �P�R�P�H�Q�W�X�P �I�R�U �D �I�O�X�L�G �I�O�R�Z�� �7�K�H �H�T�X�D�W�L�R�Q
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@t+ �X� r �� �)�R�U �D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �O�D�P�L�Q�D�U �I�O�R�Z �L�Q �W�K�H �K�R�U�L�]�R�Q�W�D�O �G�L�U�H�F�W�L�R�Q �D�Q�G

�Q�H�J�O�H�F�W�L�Q�J �W�K�H �H�I�I�H�F�W �R�I �S�U�H�V�V�X�U�H �J�U�D�G�L�H�Q�W�� �Z�K�L�F�K �L�V �W�U�X�H �I�R�U �D �I�O�R�Z �R�Y�H�U �D �I�O�D�W �S�O�D�W�H�� �W�K�H
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�)�L�J�X�U�H ������������ �9�H�O�R�F�L�W�\ �E�R�X�Q�G�D�U�\ �O�D�\�H�U �R�Q �D �I�O�D�W �S�O�D�W�H �>�����@��

�H�T�X�D�W�L�R�Q �F�D�Q �E�H �V�L�P�S�O�L�I�L�H�G �W�R

Du
Dt

= � r 2u: ������������

�)�U�R�P �W�K�L�V �H�T�X�D�W�L�R�Q�� �W�K�H�%�/�W�K�L�F�N�Q�H�V�V� (x) �L�Q �W�K�H �O�D�P�L�Q�D�U �U�H�J�L�R�Q �F�D�Q �E�H �G�H�U�L�Y�H�G�>�����������@

�D�Q�G �H�[�S�U�H�V�V�H�G �D�V

� (x) = 4 :92
É

�x
U1

= 4:92
x

p
Rex

: ������������

�)�R�U �W�X�U�E�X�O�H�Q�W �I�O�R�Z�V�� �K�R�Z�H�Y�H�U�� �W�K�H �W�X�U�E�X�O�H�Q�W �I�O�X�F�W�X�D�W�L�R�Q�V �Q�H�H�G �W�R �E�H �F�R�Q�V�L�G�H�U�H�G��

�7�K�U�R�X�J�K �5�H�\�Q�R�O�G�V �G�H�F�R�P�S�R�V�L�W�L�R�Q�� �Z�H �F�D�Q �Z�U�L�W�Hu = �u + u0 �D�O�R�Q�J �Z�L�W�K �D�O�O �Y�H�O�R�F�L�W�\

�F�R�P�S�R�Q�H�Q�W�V�� �7�K�H�Q �Z�H �F�D�Q �R�E�W�D�L�Q �W�K�H �D�Y�H�U�D�J�H�G �1���6 �H�T�X�D�W�L�R�Q
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� u0v0): ������������

�7�K�H �O�D�V�W �W�H�U�P �L�V �F�D�O�O�H�G �5�H�\�Q�R�O�G�V �V�W�U�H�V�V �D�Q�G �L�W �F�D�Q �E�H �P�R�G�H�O�H�G �D�V

u0v0 = � � t
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; ������������

�Z�K�H�U�H� t �L�V �F�D�O�O�H�G �W�X�U�E�X�O�H�Q�W �Y�L�V�F�R�V�L�W�\ �D�Q�G �L�W �F�D�Q �E�H �I�X�U�W�K�H�U �P�R�G�H�O�O�H�G �W�K�U�R�X�J�K �P�L�[�L�Q�J

����
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�O�H�Q�J�W�K �W�K�H�R�U�\�>�����@�� �7�K�H�Q �H�T�X�D�W�L�R�Q���������F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

@�u
@t

+ (�u
@�u
@x

+ �v
@�u
@y

) =
@
@y

(� + � t )
@�u
@y

: ������������

�7�K�H�U�H �Z�L�O�O �E�H �V�H�Y�H�U�D�O �O�D�\�H�U�V �R�I �W�K�H �I�O�R�Z �W�K�D�W �Q�H�H�G �W�R �E�H �F�R�Q�V�L�G�H�U�H�G �Z�K�H�U�H �G�L�I�I�H�U�H�Q�W �N�L�Q�G�V

�R�I �Y�L�V�F�R�X�V �I�R�U�F�H �D�U�H �G�R�P�L�Q�D�Q�W�� �7�K�H �Z�D�O�O �V�K�H�D�U �V�W�U�H�V�V� w �L�V �L�Q�W�U�R�G�X�F�H�G �D�Q�G �L�W �L�V �G�H�I�L�Q�H�G

�D�V �W�K�H �V�K�H�D�U �V�W�U�H�V�V �P�H�D�V�X�U�H�G �D�W �W�K�H �Z�D�O�O

� w = � yx = � (� + � t )
@�u
@y

: ������������

�$�O�R�Q�J �Z�L�W�K �L�W�� �W�K�H �I�U�L�F�W�L�R�Q �Y�H�O�R�F�L�W�\u� �
p

� w / � �L�V �D�O�V�R �L�Q�W�U�R�G�X�F�H�G �D�Q�G �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G

�D�V �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �Y�H�O�R�F�L�W�\ �R�I �W�X�U�E�X�O�H�Q�W �I�O�X�F�W�X�D�W�L�R�Q�V �L�Q�%�/�>�����@�� �7�K�H�Q �W�K�H �G�L�V�W�D�Q�F�H �W�R

�W�K�H �Z�D�O�O �F�D�Q �E�H �Q�R�Q�G�L�P�H�Q�V�L�R�Q�D�O�L�]�H�G �W�R �W�K�H �Z�D�O�O �X�Q�L�Wy+ = u � y
� �� �$�Q�G �W�K�H �W�X�U�E�X�O�H�Q�W�%�/

�F�D�Q �E�H �G�L�Y�L�G�H�G �W�R �Y�L�V�F�R�X�V �V�X�E�O�D�\�H�U ��0 < y + � 5�� �Z�K�H�U�H� t �F�D�Q �E�H �Q�H�J�O�H�F�W�H�G�� �E�X�I�I�H�U �O�D�\�H�U

��5 < y + � �������� �O�R�J �O�D�\�H�U ��y+ > 30 �	 y � 0:2� �� �D�Q�G �R�X�W�H�U �O�D�\�H�U ��y > 0:2� �� �Z�K�H�U�H� �F�D�Q

�E�H �Q�H�J�O�H�F�W�H�G �I�R�U �W�K�H�V�H �W�Z�R �O�D�\�H�U�V�� �7�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �I�R�U �W�K�H �Y�L�V�F�R�X�V �V�X�E�O�D�\�H�U �D�Q�G �O�R�J

�O�D�\�H�U �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V

u
u�

=

8
><

>:

y+ ; 0 < y + � 5

1
� lny+ + B ; y+ > 30�	 y � 0:2�;

������������

�Z�K�H�U�H� = 0:41 �L�V �W�K�H �Y�R�Q �.�i�U�P�i�Q �F�R�Q�V�W�D�Q�W �D�Q�GB = 5:2�� �$�Q�G� (x) �I�R�U �W�X�U�E�X�O�H�Q�W

�U�H�J�L�R�Q�>�����@ �L�V

� (x) = 0 :37x(
U1 x

�
)� 1

5 = 0:37xRe
� 1

5
x : ������������

�)�R�U �D �I�O�R�Z �W�K�U�R�X�J�K �D �F�O�R�V�H�G �S�L�S�H�� �K�R�Z�H�Y�H�U�� �D�Q�R�W�K�H�U �F�K�D�U�D�F�W�H�U�L�V�W�L�F �O�H�Q�J�W�K�� �K�\�G�U�D�X�O�L�F

�G�L�D�P�H�W�H�UDh �L�V �X�V�H�G �D�Q�G

ReD h =
�U avDh

�
; ������������

�Z�K�H�U�HDh = 4A/ C�� A �L�V �W�K�H �F�U�R�V�V���V�H�F�W�L�R�Q�D�O �D�U�H�D �D�Q�GC �L�V �W�K�H �Z�H�W�W�H�G �S�H�U�L�P�H�W�H�U�� �)�R�U �D

�F�L�U�F�X�O�D�U �S�L�S�H��Dh �L�V �H�T�X�D�O �W�R �W�K�H �G�L�D�P�H�W�H�UD�� Dh �Z�R�U�N�V �D�V �D �J�H�Q�H�U�D�O�L�]�H�G �F�K�D�U�D�F�W�H�U�L�V�W�L�F

����
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�O�H�Q�J�W�K �I�R�U �D�O�O �V�K�D�S�H�V �R�I �F�U�R�V�V���V�H�F�W�L�R�Q�V�� �$�Q�GUav �L�V �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �L�Q �W�K�H �S�L�S�H �D�Q�G

�L�W �L�V �G�H�I�L�Q�H�G �D�V

Uav =

R
A �udA

�A
=

_m
�A

: ������������

�)�R�U �O�D�P�L�Q�D�U �I�O�R�Z�V�� �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �E�\ �W�K�H �+�D�J�H�Q���3�R�L�V�H�X�L�O�O�H

�H�T�X�D�W�L�R�Q�V�� �,�Q �D �F�L�U�F�X�O�D�U �S�L�S�H �Z�L�W�K �U�D�G�L�X�VR�� �D�W �D �S�R�L�Q�W �I�D�U �H�Q�R�X�J�K �I�U�R�P �W�K�H �H�Q�W�U�D�Q�F�H

�Z�K�H�U�H�%�/�L�V �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �D�Q�G �L�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �S�R�V�L�W�L�R�Q �L�Q �W�K�H �I�O�R�Z �G�L�U�H�F�W�L�R�Q�� �W�K�H

�Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �L�V

u(y) =
� p
4�l

(R2 � y2): ������������

�7�K�H �W�X�U�E�X�O�H�Q�W �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V �L�Q �S�L�S�H�V �Z�L�O�O �E�H �W�K�H �V�D�P�H �D�V �I�R�U �D �I�O�D�W �S�O�D�W�H��

���������� �7�K�H�U�P�D�O �E�R�X�Q�G�D�U�\ �O�D�\�H�U

�-�X�V�W �O�L�N�H �Y�H�O�R�F�L�W�\�� �W�K�H�U�H �Z�L�O�O �D�O�V�R �E�H �D �W�H�P�S�H�U�D�W�X�U�H �J�U�D�G�L�H�Q�W �Q�H�D�U �W�K�H �Z�D�O�O �Z�K�H�U�H �W�K�H �K�H�D�W

�L�V �W�U�D�Q�V�I�H�U�U�L�Q�J �E�H�W�Z�H�H�Q �W�K�H �Z�D�O�O �D�Q�G �I�O�X�L�G �I�O�R�Z �Z�K�H�Q �W�K�H�\ �K�D�Y�H �G�L�I�I�H�U�H�Q�W �W�H�P�S�H�U�D�W�X�U�H�V��

�7�R �S�U�H�G�L�F�W �W�K�H �W�H�P�S�H�U�D�W�X�U�H �S�U�R�I�L�O�H�� �Z�H �Q�H�H�G �W�R �D�Q�D�O�\�]�H �W�K�H �H�Q�H�U�J�\ �H�T�X�D�W�L�R�Q �R�I �W�K�H �I�O�R�Z��

�&�R�Q�V�L�G�H�U �D �F�R�Q�W�U�R�O �Y�R�O�X�P�HR �Z�L�W�K �V�X�U�I�D�F�HS �L�Q �D �I�O�X�L�G �I�O�R�Z �Z�L�W�K�R�X�W �D�Q�\ �K�H�D�W �V�R�X�U�F�H�� �W�K�H

�H�T�X�D�W�L�R�Q �R�I �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �H�Q�H�U�J�\ �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

d
dt

Z

R
� ûdR = �

Z

S
(� ĥ)�X� d�6�

Z

S
(� kr T) � d�6; ������������

�Z�K�H�U�H �W�K�H �W�H�U�P�V �I�U�R�P �O�H�I�W �W�R �U�L�J�K�W �U�H�S�U�H�V�H�Q�W �W�K�H �L�Q�W�H�U�Q�D�O �H�Q�H�U�J�\ �L�Q�F�U�H�D�V�H �U�D�W�H �L�QR��

�H�Q�W�K�D�O�S�\ �I�O�R�Z �R�X�W �R�IS�� �D�Q�G �K�H�D�W �F�R�Q�G�X�F�W�L�R�Q �U�D�W�H �W�K�U�R�X�J�KS�� �7�K�H �F�K�D�Q�J�H�V �R�I �S�R�W�H�Q�W�L�D�O

�D�Q�G �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�U�H �Q�H�J�O�H�F�W�H�G �D�V �Z�H�O�O �D�V �W�K�H �H�I�I�H�F�W �R�Q �W�H�P�S�H�U�D�W�X�U�H �L�Q�F�U�H�D�V�H �I�U�R�P

�Y�L�V�F�R�X�V �G�L�V�V�L�S�D�W�L�R�Q�� �%�\ �D�S�S�O�\�L�Q�J �*�D�X�V�V�¶�V �W�K�H�R�U�H�P�� �W�K�H �H�T�X�D�W�L�R�Q �F�D�Q �E�H �U�H�Z�U�L�W�W�H�Q

�D�V

Z

R

�
@(� û)

@t
+ r � (� ĥ�X) � r � kr T

�
dR = 0: ������������

�6�H�Y�H�U�D�O �V�L�P�S�O�L�I�L�F�D�W�L�R�Q�V �D�U�H �P�D�G�H �K�H�U�H �Z�K�L�F�K �D�S�S�O�\ �W�R �O�R�Z �0�D�F�K �I�O�R�Z �Z�L�W�K �V�P�D�O�O

�S�U�H�V�V�X�U�H �Y�D�U�L�D�W�L�R�Q�V�� �)�L�U�V�W�� �W�K�H �H�I�I�H�F�W �R�I �F�K�D�Q�J�H �R�I �S�U�H�V�V�X�U�H �L�V �Q�H�J�O�H�F�W�H�G�� �6�Rd(� û) =

����
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d(� ĥ) � dp � d(� ĥ)�� �$�Q�G �V�L�Q�F�Hd(ĥ) � cpdT�� �7�K�H �H�Q�H�U�J�\ �H�T�X�D�W�L�R�Q �F�D�Q �E�H �I�X�U�W�K�H�U

�V�L�P�S�O�L�I�L�H�G �W�R

�c p
DT
Dt

= kr 2T: ������������

�:�H �F�D�Q �H�D�V�L�O�\ �Q�R�W�L�F�H �W�K�H �J�U�H�D�W �U�H�V�H�P�E�O�D�Q�F�H �Z�L�W�K �H�T�X�D�W�L�R�Q���������� �%�\ �L�Q�W�U�R�G�X�F�L�Q�J �D�Q�R�W�K�H�U

�S�D�U�D�P�H�W�H�U �W�K�H�U�P�D�O �G�L�I�I�X�V�L�Y�L�W�\� = k/ �c p�� �W�K�H �H�Q�H�U�J�\ �H�T�X�D�W�L�R�Q �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

DT
Dt

= � r 2T: ������������

�+�H�U�H �Z�H �G�H�I�L�Q�H �D�Q�R�W�K�H�U �Y�H�U�\ �L�P�S�R�U�W�D�Q�W �G�L�P�H�Q�V�L�R�Q�O�H�V�V �S�D�U�D�P�H�W�H�U �F�D�O�O�H�G �3�U�D�Q�G�W�O

�Q�X�P�E�H�UPr

P r =
�
�

=
�c p

k
: ������������

�:�H �F�D�Q �Q�R�W�L�F�H �W�K�D�WPr �L�V �P�H�U�H�O�\ �D �S�D�U�D�P�H�W�H�U �E�D�V�H�G �R�Q �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V �D�Q�G �L�V

�L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �I�O�X�L�G �I�L�H�O�G�� �)�R�U �D�L�U �D�W �U�R�R�P �W�H�P�S�H�U�D�W�X�U�H��P r � 0:7 �D�Q�G �L�W

�Y�D�U�L�H�V �Y�H�U�\ �O�L�W�W�O�H �Z�L�W�K �W�H�P�S�H�U�D�W�X�U�H�� �7�K�X�V�� �W�K�H �W�K�H�U�P�D�O�%�/�Z�L�O�O �K�D�Y�H �Y�H�U�\ �V�L�P�L�O�D�U

�E�H�K�D�Y�L�R�X�U�V �D�V �P�R�P�H�Q�W�X�P�%�/�D�Q�G �R�Q�O�\ �G�L�I�I�H�U�V �E�\ �D �I�D�F�W�R�U �R�IP r�� �%�\ �X�V�L�Q�J �W�K�H �V�D�P�H

�5�H�\�Q�R�O�G�V �G�H�F�R�P�S�R�V�L�W�L�R�Q �D�V �L�Q �H�T�X�D�W�L�R�Q���������� �Z�H �F�D�Q �R�E�W�D�L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �W�H�P�S�H�U�D�W�X�U�H

�S�U�R�I�L�O�H

Tw � �T(y)
qw / ( �c pu� )

=

8
><

>:

�3�Uy+ 0 < y + � 5;

1
� �O�Qy+ + A(�3�U) y+ > 30�	 y � 0:2�:

������������

A �L�V �D �I�X�Q�F�W�L�R�Q �R�IP r �D�Q�G �Q�H�H�G�V �W�R �E�H �G�H�W�H�U�P�L�Q�H�G �E�\ �H�[�S�H�U�L�P�H�Q�W�V �R�U�&�R�P�S�X�W�D�W�L�R�Q�D�O

�)�O�X�L�G �'�\�Q�D�P�L�F�V ���&�)�'����

���������� �5�R�X�J�K�Q�H�V�V �F�R�Q�V�L�G�H�U�D�W�L�R�Q

�7�K�H�U�H �Z�L�O�O �E�H �I�U�L�F�W�L�R�Q �O�R�V�V�H�V �Z�K�H�Q �W�K�H �I�O�X�L�G �L�V �I�O�R�Z�L�Q�J �W�K�U�R�X�J�K �D �S�L�S�H�� �7�R �H�[�S�U�H�V�V �W�K�L�V

�I�U�L�F�W�L�R�Q�D�O �O�R�V�V�� �D �S�D�U�D�P�H�W�H�U �F�D�O�O�H�G �'�D�U�F�\���:�H�L�V�E�D�F�K �I�U�L�F�W�L�R�Q �I�D�F�W�R�Uf �L�V �L�Q�W�U�R�G�X�F�H�G �D�Q�G

�L�W �L�V �G�H�I�L�Q�H�G �W�K�U�R�X�J�K

����
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� p = f (L/ Dh)
�u 2

av

2
; ������������

�Z�K�H�U�H� p �L�V �W�K�H �K�H�D�G �O�R�V�V �D�O�R�Q�J �D �S�L�S�H �O�H�Q�J�W�KL�� �7�K�H �K�H�D�G �O�R�V�V �L�V �F�D�X�V�H�G �E�\ �W�K�H �Z�D�O�O

�V�K�H�D�U �V�W�U�H�V�V� w ��

� w =
�I�U�L�F�W�L�R�Q�D�O �I�R�U�F�H �R�Q �O�L�T�X�L�G

�V�X�U�I�D�F�H �D�U�H�D �R�I �S�L�S�H
=

� p[(� /4) D 2
h]

�D hL
=

� pDh

4L
: ������������

�6�R �W�K�H �I�U�L�F�W�L�R�Q �I�D�F�W�R�Uf �F�D�Q �D�O�V�R �E�H �H�[�S�U�H�V�V�H�G �D�V

f =
� w

�u 2
av/8

: ������������

�)�R�U �S�L�S�H�V �Z�L�W�K �U�R�X�J�K �V�X�U�I�D�F�H�V�� �W�K�H �U�R�X�J�K�Q�H�V�V �H�O�H�P�H�Q�W�V �P�D�\ �G�L�V�W�X�U�E �W�K�H�%�/�D�Q�G �D�I�I�H�F�W

�W�K�H �U�H�V�L�V�W�D�Q�F�H �E�H�K�D�Y�L�R�X�U�V�� �-�� �1�L�N�X�U�D�G�V�H�>�����@ �F�R�Q�G�X�F�W�H�G �Y�H�U�\ �W�K�R�U�R�X�J�K �D�Q�G �V�\�V�W�H�P�D�W�L�F

�H�[�S�H�U�L�P�H�Q�W�V �R�Q �F�L�U�F�X�O�D�U �S�L�S�H�V �F�R�Y�H�U�H�G �Z�L�W�K �V�L�H�Y�H�G �V�D�Q�G �J�U�D�L�Q�V �S�O�D�F�H�G �D�V �W�L�J�K�W�O�\ �D�V

�S�R�V�V�L�E�O�H�� �+�H�U�H �W�K�H �V�D�Q�G �J�U�D�L�Q �V�L�]�H �L�V �G�H�Q�R�W�H�G �D�Vks �D�Q�G �L�W �L�V �D�O�V�R �F�D�O�O�H�G �W�K�H �V�D�Q�G �J�U�D�L�Q

�U�R�X�J�K�Q�H�V�V�� �7�K�H �U�R�X�J�K�Q�H�V�V �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �L�V �G�H�I�L�Q�H�G �D�V

Res =
ksu�

�
= ReD h

ks

Dh

É
f
8

: ������������

ks
D h

�L�V �D�O�V�R �F�D�O�O�H�G �U�H�O�D�W�L�Y�H �U�R�X�J�K�Q�H�V�V��

�%�D�V�H�G �R�Q �W�K�H �Y�D�O�X�H �R�IRes�� �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �U�H�J�L�P�H�V �D�U�H �F�R�Q�V�L�G�H�U�H�G�>�����������@��

Res < 5 �K�\�G�U�D�X�O�L�F�D�O�O�\ �V�P�R�R�W�K; f = f (ReD h )

5 6 Res 6 70 �W�U�D�Q�V�L�W�L�R�Q�D�O�O�\ �U�R�X�J�K; f = f (
ks

Dh
; ReD h )

70 <Res �I�X�O�O�\ �U�R�X�J�K; f = f (
ks

Dh
)

������������

�7�K�H �U�H�O�D�W�L�R�Q �R�If �Z�L�W�K �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �D�Q�G �U�H�O�D�W�L�Y�H �U�R�X�J�K�Q�H�V�V �F�D�Q �E�H �U�H�D�G

�I�U�R�P �W�K�H �0�R�R�G�\ �G�L�D�J�U�D�P�>�����@ �R�U �F�D�O�F�X�O�D�W�H�G �L�P�S�O�L�F�L�W�O�\ �I�U�R�P �&�R�O�H�E�U�R�R�N�¶�V �H�T�X�D�W�L�R�Q �L�Q
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������ �*�D�V �W�X�U�E�L�Q�H

�)�L�J�X�U�H ������������ �6�W�U�X�F�W�X�U�H �R�I �D�Q �L�Q�G�X�V�W�U�L�D�O �J�D�V �W�X�U�E�L�Q�H �6�*�7���������>���� �@��

���������� �7�K�H�R�U�\

�7�K�H �Z�R�U�N�L�Q�J �S�U�L�Q�F�L�S�O�H�V �R�I �D�J�D�V �W�X�U�E�L�Q�H ���*�7�� �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �E�\ �W�K�H �%�U�D�\�W�R�Q �F�\�F�O�H�>���� �@

�D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������������

�)�L�J�X�U�H ������������ �$�*�7 �F�\�F�O�H�>���� �@��

�7�K�H�U�H �D�U�H �I�R�X�U �L�Q�W�H�U�Q�D�O�O�\ �U�H�Y�H�U�V�L�E�O�H �S�U�R�F�H�V�V�H�V �L�Q�Y�R�O�Y�H�G �L�Q �D�Q �L�G�H�D�O �%�U�D�\�W�R�Q �F�\�F�O�H��

����
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������ �,�V�H�Q�W�U�R�S�L�F �F�R�P�S�U�H�V�V�L�R�Q �L�Q �W�K�H �F�R�P�S�U�H�V�V�R�U��

������ �&�R�Q�V�W�D�Q�W���S�U�H�V�V�X�U�H �K�H�D�W �D�G�G�L�W�L�R�Q �L�Q �W�K�H �F�R�P�E�X�V�W�L�R�Q �F�K�D�P�E�H�U��

������ �,�V�H�Q�W�U�R�S�L�F �H�[�S�D�Q�V�L�R�Q �L�Q �W�K�H �W�X�U�E�L�Q�H��

������ �&�R�Q�V�W�D�Q�W���S�U�H�V�V�X�U�H �K�H�D�W �H�M�H�F�W�L�R�Q��

�7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�H�P�S�H�U�D�W�X�U�H �Y�V�� �H�Q�W�U�R�S�\ ���7���V�� �D�Q�G �S�U�H�V�V�X�U�H �Y�V�� �Y�R�O�X�P�H ���3���9��

�G�L�D�J�U�D�P�V �D�U�H �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������������ �)�R�U �D �U�H�D�O �%�U�D�\�W�R�Q �F�\�F�O�H�� �K�R�Z�H�Y�H�U�� �W�K�H �F�R�P�S�U�H�V�V�L�R�Q

�D�Q�G �H�[�S�D�Q�V�L�R�Q �F�D�Q�Q�R�W �E�H �L�V�H�Q�W�U�R�S�L�F �D�Q�G �V�R�P�H �O�R�V�V�H�V �Z�L�O�O �R�F�F�X�U��

�)�L�J�X�U�H ������������ �7�K�HT � s ���O�H�I�W�� �D�Q�GP � V ���U�L�J�K�W�� �G�L�D�J�U�D�P�V �R�I �D�Q �L�G�H�D�O �%�U�D�\�G�R�Q �F�\�F�O�H��

�7�R �D�Q�D�O�\�]�H �W�K�H �W�K�H�U�P�D�O �H�I�I�L�F�L�H�Q�F�\ �R�I �D�*�7�� �Z�H �Q�H�H�G �W�R �D�Q�D�O�\�]�H �W�K�H �H�Q�H�U�J�\ �E�D�O�D�Q�F�H �R�I �W�K�H

�V�\�V�W�H�P �I�L�U�V�W�� �7�K�H �W�R�W�D�O �Z�R�U�N �R�X�W�S�X�W �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �K�H�D�W

�W�U�D�Q�V�I�H�U �L�Q �D�Q�G �R�X�W �R�I �W�K�H �Z�R�U�N�L�Q�J �I�O�X�L�G��

wnet = qin � qout ; ������������

�Z�K�H�U�Hqin �D�Q�Gqout �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V

qin = h3 � h2 = cp(T3 � T2); ������������

qout = h4 � h1 = cp(T4 � T1): ������������

�7�K�H�Q �W�K�H �H�I�I�L�F�L�H�Q�F�\� �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V

����
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� =
wnet

qin
= 1 �

T4 � T1

T3 � T2
= 1 �

T1(T4/ T1 � 1)
T2(T3/ T2 � 1)

: ������������

�6�L�Q�F�H �S�U�R�F�H�V�V�H�V ������ �D�Q�G ������ �D�U�H �L�V�R�W�U�R�S�L�F�� �S�U�R�F�H�V�V�H�V ������ �D�Q�G ������ �D�U�H �L�V�R�E�D�W�L�F ��P2 = P3

�D�Q�GP4 = P1����

T2

T1
=

�
P2

P1

� (k� 1)/ k

=
�

P3

P4

� (k� 1)/ k

=
T3

T4
;

�Z�K�H�U�Hk �L�V �W�K�H �V�S�H�F�L�I�L�F �K�H�D�W �U�D�W�L�Rcp/ cv �� �6�R �W�K�H �H�I�I�L�F�L�H�Q�F�\ �F�D�Q �E�H �V�L�P�S�O�L�I�L�H�G �W�R�>���� �@

� = 1 �
�

T4

T3

�
= 1 �

�
P2

P1

� (k� 1)/ k

: ������������

���������� �7�X�U�E�L�Q�H �F�R�R�O�L�Q�J �W�H�F�K�Q�L�T�X�H�V

�$�V �V�K�R�Z�Q �L�Q �(�T������������ �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �D�*�7�L�V �O�L�P�L�W�H�G �E�\ �W�K�H�7�X�U�E�L�Q�H �H�Q�W�U�\ �W�H�P�S�H�U�D�W�X�U�H

���7�(�7�� �D�Q�G �D�O�V�R �W�K�H �S�U�H�V�V�X�U�H �U�D�W�L�Rrp �D�F�U�R�V�V �W�K�H �F�R�P�S�U�H�V�V�R�U�� �,�Q�F�U�H�D�V�L�Q�Jrp �Z�L�O�O �L�P�S�U�R�Y�H

�W�K�H �H�I�I�L�F�L�H�Q�F�\�� �E�X�W �L�W �L�V �Q�R�W �D�V �H�I�I�H�F�W�L�Y�H �D�V �L�Q�F�U�H�D�V�L�Q�J�7�(�7�E�H�F�D�X�V�H� �L�V �S�U�R�S�R�U�W�L�R�Q�D�O �W�Rrp

�Z�L�W�K �D�S�S�U�R�[�L�P�D�W�H�O�\ �D �S�R�Z�H�U �R�I �������� �,�W �Z�L�O�O �D�O�V�R �F�D�X�V�H �W�K�H �W�R�W�D�O �Z�R�U�N �R�X�W�S�X�W �W�R �G�H�F�U�H�D�V�H

�E�H�F�D�X�V�H �P�R�U�H �Z�R�U�N �L�V �Q�H�H�G�H�G �W�R �G�U�L�Y�H �W�K�H �F�R�P�S�U�H�V�V�R�U�� �6�R �W�K�H �P�D�M�R�U �I�R�F�X�V �L�Q �W�U�\�L�Q�J �W�R

�L�P�S�U�R�Y�H �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I�*�7 �L�V �R�Q �L�Q�F�U�H�D�V�L�Q�J �W�K�H�7�(�7��

�2�Y�H�U �W�K�H �S�D�V�W �V�H�Y�H�U�D�O �G�H�F�D�G�H�V���7�(�7�K�D�V �L�Q�F�U�H�D�V�H�G �I�U�R�P ������� �& �L�Q �W�K�H ���������V �W�R �P�R�U�H

�U�H�F�H�Q�W�O�\ ��������� �& �>���� �� ���� �@ �D�Q�G �L�V �V�W�L�O�O �L�Q�F�U�H�D�V�L�Q�J �W�R�G�D�\�� �,�W �K�D�V �D�O�U�H�D�G�\ �J�R�Q�H �I�D�U �D�E�R�Y�H

�W�K�H �P�H�O�W�L�Q�J �S�R�L�Q�W �R�I �P�R�V�W �W�U�D�G�L�W�L�R�Q�D�O �P�D�W�H�U�L�D�O�V�� �7�K�H�U�H �D�U�H �V�H�Y�H�U�D�O �D�S�S�U�R�D�F�K�H�V �W�R �V�R�O�Y�H

�W�K�L�V �S�U�R�E�O�H�P�� �2�Q�H �L�V �W�R �G�H�Y�H�O�R�S �Q�H�Z �V�X�S�H�U�D�O�O�R�\�V �V�X�F�K �D�V �,�Q�F�R�Q�H�O �W�K�D�W �F�D�Q �Z�L�W�K�V�W�D�Q�G

�K�L�J�K�H�U �W�H�P�S�H�U�D�W�X�U�H�V�� �$�Q�R�W�K�H�U �Z�D�\ �L�V �W�R �D�S�S�O�\ �W�K�H�U�P�D�O �E�D�U�U�L�H�U �F�R�D�W�L�Q�J�V �V�X�F�K �D�V �F�H�U�D�P�L�F

�F�R�D�W�L�Q�J�V �D�V �D �O�D�\�H�U �R�I �S�U�R�W�H�F�W�L�R�Q�� �7�K�H �I�R�F�X�V �R�I �W�K�L�V �V�W�X�G�\ �L�V �R�Q �W�K�H �W�K�L�U�G �Z�L�G�H�O�\

�X�V�H�G �P�H�W�K�R�G �Z�K�L�F�K �L�V �G�L�I�I�H�U�H�Q�W �F�R�R�O�L�Q�J �W�H�F�K�Q�L�T�X�H�V �W�R �O�R�Z�H�U �W�K�H �E�O�D�G�H�V �D�Q�G �Y�D�Q�H�V

�W�H�P�S�H�U�D�W�X�U�H �D�W �Z�R�U�N�� �,�Q �)�L�J�X�U�H������������ �V�H�Y�H�U�D�O �F�R�P�P�R�Q�O�\ �X�V�H�G �F�R�R�O�L�Q�J �W�H�F�K�Q�L�T�X�H�V �D�U�H

�V�K�R�Z�Q��

�7�K�H �F�R�R�O�L�Q�J �D�L�U �L�V �H�[�W�U�D�F�W�H�G �I�U�R�P �W�K�H �F�R�P�S�U�H�V�V�R�U �D�Q�G �I�H�G �L�Q�W�R �W�K�H �E�O�D�G�H�V �D�Q�G �Y�D�Q�H�V�� �7�K�H

�D�L�U �J�R�H�V �W�K�U�R�X�J�K �D �V�H�U�S�H�Q�W�L�Q�H���V�K�D�S�H�G �L�Q�W�H�U�Q�D�O �F�R�R�O�L�Q�J �F�K�D�Q�Q�H�O �L�Q �W�K�H �P�L�G�G�O�H �V�H�F�W�L�R�Q

�D�Q�G �L�W �L�V �X�V�X�D�O�O�\ �U�R�X�J�K�H�Q�H�G �Z�L�W�K �U�L�E �W�X�U�E�X�O�D�W�R�U�V �>���� �@�� �7�K�H�/�H�D�G�L�Q�J �H�G�J�H ���/�( �� �X�V�X�D�O�O�\

�V�X�I�I�H�U�V �W�K�H �V�W�U�R�Q�J�H�V�W �K�H�D�W �I�O�X�[�� �V�R �L�P�S�L�Q�J�H�P�H�Q�W �F�R�R�O�L�Q�J �L�V �X�V�H�G �Z�K�H�U�H �K�L�J�K���S�U�H�V�V�X�U�H

�F�R�R�O�L�Q�J �D�L�U �L�V �E�O�R�Z�Q �R�Q�W�R �W�K�H �L�Q�Q�H�U �V�X�U�I�D�F�H �R�I �W�K�H�/�( �� �7�K�H�U�H �D�U�H �D�O�V�R �P�D�Q�\ �V�P�D�O�O �K�R�O�H�V

����



�&�+�$�3�7�(�5 ���� �7�+�(�2�5�(�7�,�&�$�/ �%�$�&�.�*�5�2�8�1�'

�)�L�J�X�U�H ������������ �$ �V�F�K�H�P�H �R�I �F�R�P�P�R�Q�O�\ �X�V�H�G �W�X�U�E�L�Q�H �F�R�R�O�L�Q�J �W�H�F�K�Q�L�T�X�H�V �>���� �@��

�R�Q �W�K�H�/�( �V�R �W�K�H �D�L�U �F�D�Q �E�O�H�H�G �R�X�W �D�Q�G �I�R�U�P �D �F�R�R�O�L�Q�J �I�L�O�P �R�Q �W�K�H �R�X�W�H�U �V�X�U�I�D�F�H�� �,�W �L�V

�F�D�O�O�H�G �I�L�O�P �F�R�R�O�L�Q�J �Z�K�L�F�K �L�V �D�Q �H�[�W�H�U�Q�D�O �F�R�R�O�L�Q�J �P�H�W�K�R�G�� �2�Q �W�K�H �W�U�D�L�O�L�Q�J �H�G�J�H�� �S�L�Q���I�L�Q

�F�R�R�O�L�Q�J �L�V �X�V�H�G �G�X�H �W�R �V�S�D�F�H �F�R�Q�V�W�U�D�L�Q�W�V��

�+�R�Z�H�Y�H�U�� �W�K�H �G�H�V�L�J�Q �L�Q �)�L�J�X�U�H���������� �L�V �V�W�L�O�O �I�U�R�P �W�K�H �O�D�V�W �F�H�Q�W�X�U�\ �Z�K�H�Q �W�U�D�G�L�W�L�R�Q�D�O

�P�D�Q�X�I�D�F�W�X�U�L�Q�J �P�H�W�K�R�G�V �V�X�F�K �D�V �F�D�V�W�L�Q�J �Z�H�U�H �P�D�L�Q�V�W�U�H�D�P�� �$�Q�G �L�W �K�D�V �D�O�U�H�D�G�\ �P�D�Q�D�J�H�G
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�)�L�J�X�U�H ������������ �6�(�0 �P�L�F�U�R�J�U�D�S�K �R�I �D�Q �$�0 �V�X�U�I�D�F�H �E�X�L�O�G �I�U�R�P �,�Q�F�R �S�R�Z�G�H�U �X�V�L�Q�J
�6�/�0 �>�� �@��

�T�X�D�Q�W�L�I�\ �$�0 �U�R�X�J�K�Q�H�V�V�� �,�Q �W�K�L�V �V�W�X�G�\�� �W�K�H �� �P�R�V�W �F�R�P�P�R�Q�O�\ �X�V�H�G �S�D�U�D�P�H�W�H�U�V �D�U�H �X�V�H�G

�W�R �T�X�D�Q�W�L�I�\ �D�Q�G �F�R�P�S�D�U�H �G�L�I�I�H�U�H�Q�W �V�X�U�I�D�F�H�V�>������ ������ �@�� �7�K�H�L�U �G�H�V�F�U�L�S�W�L�R�Q�V �D�Q�G �G�H�I�L�Q�L�W�L�R�Q�V

�D�U�H �V�X�P�P�D�U�L�]�H�G �L�Q �7�D�E�O�H������������ �,�Q �W�K�H �I�R�U�P�X�O�D�V��� �U�H�S�U�H�V�H�Q�W�V �W�K�H �P�H�D�Q �O�L�Q�H �R�I �W�K�H

�S�U�R�I�L�O�H�� �,�W �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V� = 1
n

P n
i =1 zi �� �Z�K�H�U�Hzi �L�V �W�K�H �K�H�L�J�K�W �D�W �W�K�Hi �W�K �S�R�L�Q�W��

�7�D�E�O�H ������������ �6�X�P�P�D�U�\ �R�I �W�K�H �U�R�X�J�K�Q�H�V�V �S�D�U�D�P�H�W�H�U�V��

�3�D�U�D�P�H�W�H�U�'�H�V�F�U�L�S�W�L�R�Q �'�H�I�L�Q�L�W�L�R�Q

Sa �$�U�L�W�K�P�H�W�L�F �P�H�D�Q �U�R�X�J�K�Q�H�V�V
1
n

P n
i =1 jzi � � j

Sz
�0�D�[�L�P�X�P �S�H�D�N �W�R �Y�D�O�O�H�\ �K�H�L�J�K�W�� �Z�L�W�K�L�Q �D1

5
P 5

i =1 (zmax;i � zmin;i )�I�L�Y�H���V�D�P�S�O�L�Q�J �O�H�Q�J�W�K ���,�6�2 �V�W�D�Q�G�D�U�G��

Sq �5�R�R�W���P�H�D�Q���V�T�X�D�U�H �U�R�X�J�K�Q�H�V�V

Ê
1
n

P n
i =1 (zi � � )2

Ssk �6�N�H�Z�Q�H�V�V

s
1

nS3
q

P n
i =1 (zi � � )3

Sku �.�X�U�W�R�V�L�V

s
1

nS4
q

P n
i =1 (zi � � )4

�7�K�H �V�N�H�Z�Q�H�V�V �S�D�U�D�P�H�W�H�USsk �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �D �P�H�D�V�X�U�H �R�I �K�R�Z �V�\�P�P�H�W�U�L�F �W�K�H

�S�U�R�I�L�O�H �L�V�� �,�W �Z�L�O�O �E�H �D�I�I�H�F�W�H�G �E�\ �W�K�H �U�H�O�D�W�L�Y�H �Q�X�P�E�H�U�V �R�I �S�H�D�N�V �D�Q�G �Y�D�O�O�H�\�V �L�Q �W�K�H �S�U�R�I�L�O�H

�D�Q�G �L�W �F�D�Q �E�H �H�L�W�K�H�U �S�R�V�L�W�L�Y�H�� �]�H�U�R�� �R�U �Q�H�J�D�W�L�Y�H�� �7�K�H �N�X�U�W�R�V�L�V �S�D�U�D�P�H�W�H�USku �� �K�R�Z�H�Y�H�U��

�L�V �D�O�Z�D�\�V �S�R�V�L�W�L�Y�H �D�Q�G �L�W �F�D�Q �E�H �L�Q�W�H�U�S�U�H�W�H�G �D�V �W�K�H �V�K�D�U�S�Q�H�V�V �R�I �W�K�H �S�U�R�I�L�O�H�� �,�W�V �Y�D�O�X�H

�G�H�S�H�Q�G�V �R�Q �K�R�Z �P�D�Q�\ �K�L�J�K �S�H�D�N�V �D�Q�G �G�H�H�S �Y�D�O�O�H�\�V �W�K�H�U�H �D�U�H �L�Q �W�K�H �S�U�R�I�L�O�H �>���� �@�� �+�H�U�H��

�W�K�H �V�\�P�E�R�OS �L�V �X�V�H�G �W�R �G�H�Q�R�W�H �W�K�H�V�H �S�D�U�D�P�H�W�H�U�V �E�D�V�H�G �R�Q �W�K�H �F�R�P�S�O�H�W�H �����G�L�P�H�Q�V�L�R�Q�D�O

�V�X�U�I�D�F�H�� �,�Q �O�D�W�H�U �V�H�F�W�L�R�Q�V�� �K�R�Z�H�Y�H�U�� �W�K�H �V�\�P�E�R�OR �L�V �X�V�H�G �W�R �G�H�Q�R�W�H �W�K�H �S�D�U�D�P�H�W�H�U�V

����
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�F�D�O�F�X�O�D�W�H�G �I�U�R�P �����G�L�P�H�Q�V�L�R�Q�D�O �S�U�R�I�L�O�H�V �P�H�D�V�X�U�H�G �I�U�R�P �D �S�U�R�I�L�O�R�P�H�W�H�U �R�Q �U�H�D�O �$�0

�V�X�U�I�D�F�H�V�� �%�X�W �W�K�H�\ �V�K�D�U�H �W�K�H �V�D�P�H �G�H�I�L�Q�L�W�L�R�Q��

������ �,�Q�I�U�D�U�H�G �W�K�H�U�P�R�J�U�D�S�K�\

�,�5�W�K�H�U�P�R�J�U�D�S�K�\ �L�V �D �W�H�F�K�Q�R�O�R�J�\ �W�K�D�W �X�V�H�V �D �V�S�H�F�L�D�O �F�D�P�H�U�D �Z�L�W�K �,�5 �G�H�W�H�F�W�R�U�V �Z�K�L�F�K �F�D�Q

�G�H�W�H�F�W �W�K�H �U�D�G�L�D�W�H�G �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F �H�Q�H�U�J�\ �L�Q �W�K�H �L�Q�I�U�D�U�H�G �V�S�H�F�W�U�X�P �E�\ �D�Q �R�E�M�H�F�W �>���� ��

�����@�� �7�K�H �V�L�J�Q�D�O �L�V �W�K�H�Q �F�R�Q�Y�H�U�W�H�G �W�R �D �Y�L�G�H�R �V�L�J�Q�D�O �D�Q�G �W�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �R�E�M�H�F�W

�F�D�Q �E�H �R�E�W�D�L�Q�H�G�� �$�V �D �Q�R�Q���F�R�Q�W�D�F�W �W�H�P�S�H�U�D�W�X�U�H �P�H�D�V�X�U�L�Q�J �P�H�W�K�R�G�� �,�5 �W�K�H�U�P�R�J�U�D�S�K�\

�K�D�V �P�D�G�H �K�H�D�W �W�U�D�Q�V�I�H�U �P�H�D�V�X�U�H�P�H�Q�W�V �P�X�F�K �P�R�U�H �F�R�Q�Y�H�Q�L�H�Q�W �D�Q�G �U�H�O�L�D�E�O�H �H�Y�H�U �V�L�Q�F�H

�L�W�V �L�Q�W�U�R�G�X�F�W�L�R�Q �L�Q �W�K�H �H�D�U�O�\ ���������V�� �0�D�Q�\ �K�H�D�W �W�U�D�Q�V�I�H�U �U�H�V�H�D�U�F�K�H�V �D�U�H �F�R�Q�G�X�F�W�H�G

�L�Q �D �F�O�R�V�H�G �H�Q�Y�L�U�R�Q�P�H�Q�W�� �6�R �L�P�S�O�H�P�H�Q�W�L�Q�J �V�R�P�H �F�R�Q�W�D�F�W �W�H�P�S�H�U�D�W�X�U�H �P�H�D�V�X�U�H�P�H�Q�W

�G�H�Y�L�F�H�V �V�X�F�K �D�V �W�K�H�U�P�R�F�R�X�S�O�H�V �F�D�Q �E�H �G�L�I�I�L�F�X�O�W�� �$�Q�G �W�K�H�\ �P�D�\ �D�O�V�R �F�D�X�V�H �V�R�P�H �H�[�W�U�D

�H�I�I�H�F�W�V �R�Q �W�K�H �W�H�V�W �U�L�J �V�X�F�K �D�V �G�L�V�W�X�U�E�L�Q�J �W�K�H �I�O�R�Z �I�L�H�O�G�� �6�R �,�5 �F�D�P�H�U�D�V �F�D�Q �E�H �Y�H�U�\

�F�R�Q�Y�H�Q�L�H�Q�W �L�Q �P�D�Q�\ �F�D�V�H�V �W�R �G�H�W�H�F�W �W�K�H �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �G�H�V�L�U�H�G �R�E�M�H�F�W�V �V�L�Q�F�H

�L�W �K�D�V �Q�R �L�Q�W�H�U�I�H�U�H�Q�F�H �Z�L�W�K �W�K�H �H�[�S�H�U�L�P�H�Q�W�V��

�7�K�H �W�K�H�R�U�\ �E�H�K�L�Q�G �,�5 �W�K�H�U�P�R�J�U�D�S�K�\ �L�V �E�D�V�H�G �R�Q �W�K�H �U�D�G�L�D�W�L�R�Q �F�R�Q�F�H�S�W�V �Z�K�L�F�K �D�U�H

�V�X�P�P�D�U�L�]�H�G �L�Q �6�H�F�W�L�R�Q������������ �7�K�H �,�5 �G�H�W�H�F�W�R�U �Z�L�O�O �G�H�W�H�F�W �D �V�S�H�F�L�I�L�F �Z�L�Q�G�R�Z �R�I �W�K�H

�,�5 �E�D�Q�G�� �7�K�H�U�H �D�U�H �W�Z�R �U�D�Q�J�H�V �Z�L�W�K �J�R�R�G �W�U�D�Q�V�P�L�V�V�L�R�Q �L�Q �W�K�H �D�W�P�R�V�S�K�H�U�H�� �W�K�H �V�K�R�U�W��

�Z�D�Y�H �E�D�Q�G �E�H�W�Z�H�H�Q2 �D�Q�G5� �P �D�Q�G �W�K�H �O�R�Q�J���Z�D�Y�H �E�D�Q�G �E�H�W�Z�H�H�Q8 �D�Q�G14� �P �>���� �@�� �7�K�H

�F�K�R�L�F�H �R�I �W�K�H �Z�L�Q�G�R�Z �Z�L�O�O �G�H�S�H�Q�G �R�Q �P�D�Q�\ �G�L�I�I�H�U�H�Q�W �I�D�F�W�R�U�V �V�X�F�K �D�V �W�K�H �H�P�L�V�V�L�Y�L�W�\ �R�I �W�K�H

�V�X�U�I�D�F�H �D�Q�G �W�K�H �F�D�P�H�U�D �G�H�W�H�F�W�R�U �L�W�V�H�O�I�� �7�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �D �V�X�U�I�D�F�H �L�V �W�K�H�Q �F�D�O�F�X�O�D�W�H�G

�E�D�V�H�G �R�Q �3�O�D�Q�F�N�¶�V �O�D�Z �L�Q �(�T�������� �$ �P�R�U�H �G�H�W�D�L�O�H�G �G�H�V�F�U�L�S�W�L�R�Q �R�I �K�R�Z �W�K�H �,�5 �F�D�P�H�U�D �L�Q

�W�K�L�V �S�U�R�M�H�F�W �L�V �X�V�H�G �F�D�Q �E�H �I�R�X�Q�G �L�Q �6�H�F�W�L�R�Q��������

����
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�5�H�V�H�D�U�F�K �P�H�W�K�R�G�R�O�R�J�\

������ �:�R�U�N�L�Q�J �S�U�L�Q�F�L�S�O�H�V �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W

�)�L�J�X�U�H ������������ �&�$�' �P�R�G�H�O �D�Q�G �Z�R�U�N�L�Q�J �G�L�D�J�U�D�P �R�I �W�K�H �6�5�+�7 �U�L�J��

�$�V �E�U�L�H�I�O�\ �L�Q�W�U�R�G�X�F�H�G �L�Q �6�H�F�W�L�R�Q�������D�Q�G�������� �W�K�H �W�H�V�W �U�L�J �R�I �W�K�L�V �S�U�R�M�H�F�W �L�V �F�D�O�O�H�G �6�X�U�I�D�F�H

�5�R�X�J�K�Q�H�V�V �+�H�D�W �7�U�D�Q�V�I�H�U �U�L�J�� �$�&�$�' �P�R�G�H�O �D�O�R�Q�J �Z�L�W�K �W�K�H �Z�R�U�N�L�Q�J �G�L�D�J�U�D�P �L�V �V�K�R�Z�Q

�L�Q �)�L�J�X�U�H������������ �7�K�H �W�H�V�W �V�H�F�W�L�R�Q �L�Q�F�O�X�G�H�V �D �W�R�S �S�O�D�W�H�� �� �V�L�G�H �S�O�D�W�H�V�� �D�Q�G �D �E�R�W�W�R�P �F�D�U�U�L�H�U

�Z�L�W�K �� �L�G�H�Q�W�L�F�D�O �W�H�V�W �S�O�D�W�H�V �H�P�E�H�G�G�H�G�� �7�K�H �Z�K�R�O�H �W�H�V�W �V�H�F�W�L�R�Q �L�V815�P�P �L�Q �O�H�Q�J�W�K �D�Q�G

�W�K�H �U�H�F�W�D�Q�J�X�O�D�U �F�U�R�V�V���V�H�F�W�L�R�Q �K�D�V �D �K�\�G�U�D�X�O�L�F �G�L�D�P�H�W�H�UDh = 96:7 �P�P �D�Q�G �D�Q �D�U�H�D

A = 8:98 � 10� 3�P2�� �7�Z�R �W�\�S�H���. �W�K�H�U�P�R�F�R�X�S�O�H�V �D�U�H �S�R�V�L�W�L�R�Q�H�G �E�H�K�L�Q�G �W�K�H �K�D�W�F�K �D�Q�G

�D�I�W�H�U �W�K�H �E�H�Q�G �L�Q �W�K�H �R�X�W�O�H�W �U�H�V�S�H�F�W�L�Y�H�O�\ �W�R �U�H�F�R�U�G �W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H �D�W �W�K�H�V�H �W�Z�R

�O�R�F�D�W�L�R�Q�V�� �7�K�H �F�U�R�V�V���V�H�F�W�L�R�Q �R�I �W�K�H �K�D�W�F�K �L�V �V�O�L�J�K�W�O�\ �O�D�U�J�H�U �W�K�D�Q �W�K�H �W�H�V�W �V�H�F�W�L�R�Q�� �7�K�H�U�H

�L�V �D �V�W�H�S �D�S�S�U�R�[�L�P�D�W�H�O�\5 �P�P �W�D�O�O �Z�K�H�Q �W�K�H �D�L�U �H�Q�W�H�U�V �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �I�U�R�P �W�K�H �K�D�W�F�K��

����
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�Z�K�L�F�K �Z�L�O�O �G�L�V�W�X�U�E �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U�� �$�V �I�R�U �W�K�H �R�Q�H �D�W �W�K�H �R�X�W�O�H�W�� �W�K�H �E�H�Q�G �Z�L�O�O �D�O�V�R

�G�L�V�W�X�U�E �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U �V�R �W�K�H �D�L�U �D�W �W�K�H�V�H �W�Z�R �S�R�V�L�W�L�R�Q�V �L�V �E�R�W�K �P�L�[�H�G �D�Q�G �W�K�H

�W�H�P�S�H�U�D�W�X�U�H �D�W �W�K�H �F�H�Q�W�U�H �F�D�Q �E�H �X�V�H�G �W�R �D�S�S�U�R�[�L�P�D�W�H �W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H�� �7�K�H�Q

�W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H �R�I �H�D�F�K �Z�L�Q�G�R�Z �L�V �R�E�W�D�L�Q�H�G �W�K�U�R�X�J�K �O�L�Q�H�D�U �L�Q�W�H�U�S�R�O�D�W�L�R�Q�� �7�K�H

�J�D�V �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H �I�U�R�P �L�Q�O�H�W �W�R �R�X�W�O�H�W �L�V �D�U�R�X�Q�G4� �&��

�$�W �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W�� �W�K�H �K�D�W�F�K �L�V �F�O�R�V�H�G �D�Q�G �W�K�H �I�O�R�Z �Z�L�O�O �J�R �W�K�U�R�X�J�K
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�O�D�U�J�H���V�F�D�O�H �U�L�G�J�H�V �D�Q�G �Y�D�O�O�H�\�V �D�U�H �Q�R�W �F�R�Q�V�L�G�H�U�H�G �L�Q �W�K�L�V �P�R�G�H�O�O�L�Q�J �S�U�D�F�W�L�F�H �W�R �V�L�P�S�O�L�I�\

�W�K�H �S�U�R�E�O�H�P��

�$ �U�D�Q�G�R�P �Y�D�U�L�D�E�O�HX �W�K�D�W �V�D�W�L�V�I�L�H�V �D �J�D�P�P�D �G�L�V�W�U�L�E�X�W�L�R�Q �Z�L�W�K �V�K�D�S�H �S�D�U�D�P�H�W�H�Uk �D�Q�G

�V�F�D�O�H �S�D�U�D�P�H�W�H�U� �F�D�Q �E�H �G�H�Q�R�W�H�G �D�VX � �( k; � )�� �L�W�V�S�U�R�E�D�E�L�O�L�W�\ �G�H�Q�V�L�W�\ �I�X�Q�F�W�L�R�Q ���S�G�I��

�L�V

f (x; k; � ) =
xk� 1e� x / �

� k �( k)
; ����������

����
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�L�Q �Z�K�L�F�Kx > 0 �D�Q�Gk; � > 0�� �( k) �L�V �W�K�H �J�D�P�P�D �I�X�Q�F�W�L�R�Q �D�Wk �D�Q�G

�( k) =
Z 1

0
tk� 1e� tdt: ����������

�7�K�H �P�H�D�Q� �D�Q�G �Y�D�U�L�D�Q�F�H� 2 �R�I �D �J�D�P�P�D �G�L�V�W�U�L�E�X�W�L�R�Q �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �E�\ �L�W�V �V�K�D�S�H �D�Q�G

�V�F�D�O�H �S�D�U�D�P�H�W�H�U�Vk �D�Q�G� �D�V

� = k�; ����������

� 2 = k� 2: ����������

�7�R �P�R�G�H�O �W�K�H �G�L�D�P�H�W�H�U �G�L�V�W�U�L�E�X�W�L�R�Q �E�\ �W�K�H �J�D�P�P�D �G�L�V�W�U�L�E�X�W�L�R�Q�� �Z�H �Q�H�H�G �W�R �I�L�Q�G �W�K�H

�F�R�Q�Q�H�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �U�R�X�J�K�Q�H�V�V �S�D�U�D�P�H�W�H�U�V �D�Q�G �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �S�D�U�D�P�H�W�H�U�V�� �)�L�U�V�W

�R�I �D�O�O�� �D�Q �X�S�V�F�D�O�H �U�D�W�L�R �Q�H�H�G�V �W�R �E�H �G�H�W�H�U�P�L�Q�H�G�� �7�K�H �U�H�F�W�D�Q�J�X�O�D�U �F�U�R�V�V���V�H�F�W�L�R�Q �R�I �W�K�H

�W�H�V�W �U�L�J �K�D�V �D �K�H�L�J�K�W �R�I �������� �P �D�Q�G �D �Z�L�G�W�K �R�I ������ �P�� �,�W�V �� �F�R�U�Q�H�U�V �K�D�Y�H �F�L�U�F�X�O�D�U �E�O�H�Q�G�V

�Z�L�W�K �D �U�D�G�L�X�V �R�I �� �P�P�� �6�R �W�K�H �K�\�G�U�D�X�O�L�F �G�L�D�P�H�W�H�U �Z�L�W�K�R�X�W �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �U�R�X�J�K�Q�H�V�V �L�V

Dh = 96:7 �P�P�� �7�K�H �,�Q�F�R�Q�H�O ������ �$�0 �F�K�D�Q�Q�H�O �K�D�V �D �G�L�D�P�H�W�H�U �R�I �������� �P�P �D�O�V�R �Z�L�W�K�R�X�W

�F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �U�R�X�J�K�Q�H�V�V�� �6�R �W�R �P�D�W�F�K �W�K�H �K�\�G�U�D�X�O�L�F �G�L�D�P�H�W�H�U�V �R�I �W�K�H �U�H�D�O �F�K�D�Q�Q�H�O

�D�Q�G �X�S�V�F�D�O�H�G �P�R�G�H�O�� �W�K�H �X�S�V�F�D�O�H �U�D�W�L�R �R�I �W�K�H �U�R�X�J�K�Q�H�V�V �S�D�U�D�P�H�W�H�U�V �L�V �F�K�R�V�H�Q �W�R �E�H

r = 96:7/1:25 � 77:4�� �7�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�R�V�H �W�Z�R �V�H�W�V �R�I �S�D�U�D�P�H�W�H�U�V �L�V �G�H�I�L�Q�H�G

�D�V

� = 3:5Ra;up ; ����������

� = Rq;up: ����������

�7�K�L�V �U�H�O�D�W�L�R�Q �L�V �G�H�W�H�U�P�L�Q�H�G �P�R�U�H �L�Q �D �W�U�L�D�O���D�Q�G���H�U�U�R�U �P�D�Q�Q�H�U �L�Q �R�U�G�H�U �W�R �P�D�W�F�K

�W�K�H �U�R�X�J�K�Q�H�V�V �S�D�U�D�P�H�W�H�U�V �I�U�R�P �W�K�H �D�Q�D�O�R�J �V�X�U�I�D�F�H �W�R �W�K�H �X�S�V�F�D�O�H�G �R�Q�H�V �I�U�R�P

�P�H�D�V�X�U�H�P�H�Q�W�V �D�V �F�O�R�V�H�O�\ �D�V �S�R�V�V�L�E�O�H��Ra �L�V �F�K�R�V�H�Q �W�R �E�H �O�L�Q�H�D�U �Z�L�W�K� �E�H�F�D�X�V�H

�L�W �U�H�S�U�H�V�H�Q�W�V �W�K�H �P�H�D�Q �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �S�U�R�I�L�O�H�� �(�Y�H�Q �W�K�R�X�J�K �W�K�H�U�H �L�V �Q�R �H�[�S�O�L�F�L�W

�H�[�S�U�H�V�V�L�R�Q �W�K�D�W �F�D�Q �F�R�Q�Q�H�F�W �W�K�R�V�H �W�Z�R �S�D�U�D�P�H�W�H�U�V �G�X�H �W�R �W�K�H �U�D�Q�G�R�P �P�D�Q�Q�H�U �R�I �W�K�H

�V�S�K�H�U�H�V�¶ �G�L�V�W�U�L�E�X�W�L�R�Q�� �L�W �L�V �V�W�L�O�O �U�D�W�L�R�Q�D�O �W�R �J�X�H�V�V �W�K�D�W �W�K�H�\ �D�U�H �U�H�O�D�W�H�G �L�Q �D �F�H�U�W�D�L�Q

�Z�D�\��

����
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���D�� �+�L�V�W�R�J�U�D�P �R�I �W�K�H �V�S�K�H�U�H�V �F�D�S�W�X�U�H�G �I�U�R�P
�6�(�0 �S�L�F�W�X�U�H�V �>���� �@��

���E�� �7�K�H �D�G�D�S�W�H�G �J�D�P�P�D �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G
�K�L�V�W�R�J�U�D�P�V �R�I �V�S�K�H�U�H�V��

�)�L�J�X�U�H ������������ �'�L�V�W�U�L�E�X�W�L�R�Q�V �R�I �W�K�H �V�S�K�H�U�H�V��

�7�K�H �I�L�Q�D�O �J�D�P�P�D �G�L�V�W�U�L�E�X�W�L�R�Q �X�V�H�G �W�R �J�H�Q�H�U�D�W�H �W�K�H �G�L�D�P�H�W�H�U�V �R�I �W�K�H �V�S�K�H�U�H�V �L�V �V�K�R�Z�Q

�L�Q �)�L�J�X�U�H�����������E�� �7�K�H �R�U�L�J�L�Q�D�O �G�L�D�P�H�W�H�U�V �D�U�H �I�X�U�W�K�H�U �P�R�G�L�I�L�H�G �E�H�F�D�X�V�H �W�K�H �V�S�K�H�U�H�V �D�U�H

�Q�R�W �V�X�S�S�R�V�H�G �W�R �L�Q�W�H�U�V�H�F�W �Z�L�W�K �W�K�H �U�H�I�H�U�H�Q�F�H �S�R�L�Q�W�V �W�K�D�W �D�U�H �X�V�H�G �W�R �O�R�F�D�W�H �D�Q�G �F�R�U�U�H�F�W

�W�K�H �,�5 �L�P�D�J�H�V�� �D�Q�G �D�U�H �D�O�V�R �Q�R�W �V�X�S�S�R�V�H�G �W�R �J�R �R�Y�H�U �W�K�H �E�R�X�Q�G�D�U�\ �R�I �W�K�H �S�O�D�W�H�� �6�R �V�R�P�H

�R�I �W�K�H �O�D�U�J�H �G�L�D�P�H�W�H�U�V �E�H�F�R�P�H �V�P�D�O�O�H�U��

�7�K�H �G�H�Q�V�L�W�\ �R�I �W�K�H �V�S�K�H�U�H�V �L�V �D�O�V�R �E�D�V�H�G �R�Q �W�K�H �P�D�Q�X�D�O �V�H�O�H�F�W�L�R�Q �S�U�R�F�H�V�V�� �Z�K�L�F�K �J�D�Y�H �D

�W�R�W�D�O �F�R�X�Q�W�L�Q�J �R�I848�V�S�K�H�U�H�V �L�Q2:28�P�P2�� �7�K�H �G�H�Q�V�L�W�\ �L�V �I�L�U�V�W �V�F�D�O�H�G �G�R�Z�Q �E�\77:42 �W�R �E�H

0:062�V�S�K�H�U�H�V���P�P2 �V�L�Q�F�H �W�K�H �D�U�H�D �R�I �H�D�F�K �V�S�K�H�U�H �L�V �V�F�D�O�H�G �X�S �E�\ �W�K�D�W �U�D�W�L�R�� �$�Q�G �E�D�V�H�G

�R�Q �W�K�H �J�H�Q�H�U�D�W�L�R�Q �U�H�V�X�O�W�V�� �L�W �L�V �V�H�W �W�R �E�H �D �E�L�W �K�L�J�K�H�U �D�V0:088�V�S�K�H�U�H�V���P�P2�� �%�H�F�D�X�V�H

�V�R�P�H �V�S�K�H�U�H�V �Z�L�O�O �R�Y�H�U�O�D�S �Z�L�W�K �H�D�F�K �R�W�K�H�U �D�Q�G �F�D�Q �E�H �U�H�J�D�U�G�H�G �D�V �R�Q�H�� �7�K�Hx �D�Q�Gy

�S�R�V�L�W�L�R�Q�V �R�I �H�D�F�K �V�S�K�H�U�H �I�R�O�O�R�Z �D �X�Q�L�I�R�U�P �U�D�Q�G�R�P �I�X�Q�F�W�L�R�Q�� �7�K�H �G�H�S�W�K �R�I �H�D�F�K �V�S�K�H�U�H

�L�V �G�H�Q�R�W�H�G �E�\z/ D �� �Z�K�H�U�Hz �L�V �W�K�H �Y�H�U�W�L�F�D�O �S�R�V�L�W�L�R�Q �R�I �W�K�H �V�S�K�H�U�H �F�H�Q�W�U�H�� �,�W �L�V �J�H�Q�H�U�D�W�H�G

�I�U�R�P �D �Q�R�U�P�D�O �G�L�V�W�U�L�E�X�W�L�R�Qz/ D � N (0; 0:04)�� �Z�L�W�K� = 0 �D�Q�G� = 0:2�� �$�J�D�L�Q�� �W�K�H�V�H

�S�D�U�D�P�H�W�H�U�V �D�U�H �D�O�V�R �V�H�W �E�D�V�H�G �R�Q �W�U�L�D�O �D�Q�G �H�U�U�R�U�� �$�O�O �W�K�H �Y�D�O�X�H�V �D�U�H �F�R�Q�W�U�R�O�O�H�G �W�R �E�H

�Z�L�W�K�L�Q[� 0:45; 0:45] �W�R �P�D�N�H �V�X�U�H �W�K�D�W �W�K�H �V�S�K�H�U�H�V �D�U�H �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �S�O�D�W�H �E�X�W �Q�R�W

�F�R�P�S�O�H�W�H�O�\ �L�P�P�H�U�V�H�G�� �7�K�H �&�$�' �P�R�G�H�O �R�I �W�K�H �J�H�Q�H�U�D�W�H�G �D�Q�D�O�R�J �U�R�X�J�K �V�X�U�I�D�F�H �L�V �V�K�R�Z�Q

�L�Q �)�L�J�X�U�H������������

�7�K�H �S�O�D�W�H �L�V �W�K�H�Q �S�U�L�Q�W�H�G �X�V�L�Q�J �6�/�$ �Z�L�W�K �P�D�W�H�U�L�D�O�$�F�F�X�U�D �;�W�U�H�P�H �J�U�H�\�� �� �L�G�H�Q�W�L�F�D�O

�S�O�D�W�H�V �D�U�H �P�D�Q�X�I�D�F�W�X�U�H�G �W�R �E�H �H�P�E�H�G�G�H�G �L�Q�W�R �W�K�H �W�H�V�W �V�H�F�W�L�R�Q�� �7�K�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V

�L�V �V�H�W �D�V0:1 �P�P �W�R �J�X�D�U�D�Q�W�H�H �D �I�L�Q�H �V�X�U�I�D�F�H �I�L�Q�L�V�K�� �7�K�H �S�U�L�Q�W�H�G �S�O�D�W�H �L�V �V�K�R�Z�Q �L�Q

�)�L�J�X�U�H������������ �7�K�H �P�D�W�H�U�L�D�O �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\k �D�Q�G �K�H�D�W �F�D�S�D�F�L�W�\Cp

�D�U�H �O�L�V�W�H�G �L�Q �7�D�E�O�H������������ �1�R�W�H �W�K�D�Wkax �L�V �W�K�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �W�K�U�R�X�J�K �W�K�H �O�D�\�H�U�V �Z�K�L�F�K �L�V

����
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