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Vir1 =Y =Yk =Y = (Xga1 = X7) + 2P7, (Xps1 = X*) = P (Y — Y7):

or
Y=y = (1 =1+ )7'Pr+2(1+  )7'PrPr ~Pr)(Ye-y)
= (I =P, +2P1,Pr, =Pr,) (Yo —y*) + (Pr, —2P7,Pr ) (Vi - Y")
=Ms(yr-y");
where = (1+ )7'e[0;1). Notice that the mapping Mg with =0 coincides

with the criterion proposed in [46]. Moreover, the linear operator M g can be rewritten
as

M 8= PT2 F’T1 + PT2 F’T1 + (PT1 - 2PT2 PTl)
= PT2 PT1 + PT2 PT1 + (PT2 PT1 - PT2 PTl)

6.6.2 Spectral Properties of Mg

Proof (Proposition 6.3). Assuming 1 < g := dim(Ty) < p := dim(T3) < n, and that
p+ < n, using a technique proposed in [7], we can form a basis matrix D such that
the rst p columns span T;. We will, by the end of the proof, extend this to the case
when p+ g2 n. This means that we can express the projections as follows:

l, 0 0 0 cC2 CsS 0 0
CS &2 0 0
pr-n| 00 O b DT
0000 0 0 l.p 0
0 0 0 O 0 0 0 0
where C = diag(cos 1;cos o;::1;cos p), = diag(sin 1;sin o;:::;sin ,) and ; is

the ith principal angle between the subspaces T; and T,. Using Proposition 6.1, we
can express Mg as follows:

| +(1-2)C? -CS 0 0
1-2 )CS cz 0 0
M,-p| (°%) DT:
0 0 0 0
0 0 0 lupy
Moreover, given that d=dim Ty n Ty > 0, then
C =diag(1; 1; ::1;1; cOS g41; COS gea:iiiCOS 5)

S =diag(0; 0; :::;0; sin g41; sin geo:iisin )
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where 0 < cosfy.i <1 for 1 <k <p-d, or equivalently
1
oo 0 C5- 0 0
0 Cy 0 Sa

Cy = diag(cos0gs1, cosb4sa .. .cosby),

where

Sq = diag(sinfg41, sinfyio .. .sinb,).

This gives that

[ (1-8)I 0 0 0 0 0
0 BI+(1-2B)C?2 0 -CySs 0 0
0 0 1 0 0 0
Mg =D 9 D" (6.15)
0 (1-28)CsSs 0 C: 0 0
0 0 0 0 0 0
| 0 0 0 0 0 I |
Due to the block—diagonal property of the matrix given by (6.15), we have that
0 1 ig(Ms), if dim7y nTs =0,
cig(My) = { (v (e, ifdmTinT (6.16)
{0} u{1}u{l-pB}ueig(M;), ifdimTinTs>0,

where M, block corresponding to the positive principal angles:

A - BI+(1-2B)C? -C,S;
Tl (1-28)C,8, C?
To compute eig(M,), we consider the characteristic equation:
BI+(1-2B)C? -\ -CS

=0
(1-2B)CS C? - \I

By expanding block determinants via Shur complements (see e.g. [56][page 475]),
we obtain

|C? = \I|-|BI + (1 -2B)C?% = AT + C,Ss(C? = AI)™*(1-2B)C,S,| = 0.

Both determinants involve diagonal matrices, meaning that the left-hand side simplify
to

ﬁ (cos?6; — \)

i=d+1
p
x [T (B+(1-28)cos®0; — A+ cosf; sin0;(cos® 0; = \) ™" (1 - 23) cos 0, sin ;)
i=d+1

p
= [ (cos?6; = A\)(B+ (1-28)cos®6; = \) + (1 - 28) cos® §; sin” 6;.
i=d+1
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Therefore, to find the zeros to the characteristic polynomial we need to solve the
following equation for every 6;

0=(cos?0; = A\)(B+(1-28)cos®0; = \) + (1 - 28) cos® §; sin? b;

0=X% - A(B+ (1-28)cos?; + cos®6;) + Bcos® 6; + (1 - 23) cos™ 0;
+ (1 -2p) cos® §; sin? §;

0=\ = \(B+2(1-p)cos? ;) + (1 - 3) cos>6;.

The roots are given by:

1
A = g +(1-8)cos®6; « \/4(5 +2(1-p)cos?6;)2-(1-0)cos?b;
Notice that the expression under the square root can be simplified:
2
-t (1-p)Bcos®6; + (1 - )% cos*0; — (1 - B) cos®b;

= %2 +(1-pB)cos®0;(B+(1-)cos®0; — 1)

2
=t (1-B)%cos?h;(cos? 6; — 1)
2
= (1-3)? cos? 0; sin? 0;
1

= 4(ﬁ2 - (1-B)*sin® 29i).

This gives the following simplified equation for the roots

i = §+(1—[3)00320ii%\/52—(1—5)Qsin2201. (6.17)

If 32 - (1 - p)%sin®26; < 0, which happens when g < =22%_ the cigenvalue is

: T+sin 26; ’
complex-valued with
|Ail =+/1- Bcosb;.

sin20r_ then the square root of (6.17) is zero, giving the root:

1+sin20p "’

Moreover, if § =

B 9 cos b;
)\i = — 1- 91 =
2 + (1= f)cos sin 0; + cos 0;

If B = 50200 4 . with k>0, then 52 - (1 - )?sin®26; > 0 and the eigenvalue is

1+sin 20
real, and since g +(1-p)cos?6; >0 for 0 < 3 <1, the eigenvalue with the largest
magnitude is given by

)\:g+(1—5)005201+%\/ﬁQ—(l—ﬂ)QSin229i
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which establishes the three cases. Notice that the last eigenvalue, when expressed in
terms of k, is given by

cosb; K K2 ) .
Ni=———  + ¥ _kcos?l; + \/ + K sin@; cosb; — k2 cos? 6, sin? 6;
sinf; +cosl; 2 4
cos 0;

K K .
=21 4 —K00829i+\/(* - kcos?6;)? + Kksinb; cosb;
sinf; +cosl; 2 2

3 91 2
= .L B cos 20; + \/K cos? 20; + EsinQHi
sinf; + cosf; 2 4 2

From which it is clear that \; > cos6;/(sin; + cos8;) for k > 0, and equality holds if
and only k = 0.

For the first two cases, it is clear that |\;| < 1 since 6; > 0. For the third case, we
observe that

)\:§+(1—5)C0829i+\/ﬂj—(1745)2811122@'

<B+(1-p)cos?b;
= cos? 0; + B(1 - cos® 6;)
<L

As a consequence, all eigenvalues corresponding to M are within the unit circle,
and by considering (6.15), it is clear that the blocks corresponding to the eigenvalue
A =1 are diagonal, and hence it is semisimple. Similarly, if d > 0, then also 1 - is a
semisimple eigenvalue.

If p+q > n then there exists an n’ and m such that n’ = n+m > p+ q. By letting
17 =Ty x {0y} and T3 = T3 x {0y, }, we can apply the previous result directly Pr
and Pry instead, since dim 77 = p, dim T3 = ¢, and 17,7} € R™, and p+q < n’ by
construction. O

To facilitate proving Corollary 6.1, we will first prove the following Lemma:

Lemma 6.2. If 7/4 < 0 < 7/2 and sin20/(1 +sin20) < B < 1/2, then §/2 - (1 -
B)cos?0>0, and

g+(1—/6’)00529+%\/62—(1—6)25in229sﬁ.

Proof. For the first part, we notice that 3/2 - (1- ) cos? @ = 5(1/2 + cos? §) — cos? 6.
Since 1/2+cos? @ > 0, quantity is minimized when f3 is pushed to its smallest possible
value, hence:
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B/2-(1-B)cos®6 = 5(1/2 + cos® ) — cos> 0

sin26 1
> L(, +cos? 0) - cos? 0
1+sin26 "2
1
= m(sin@cosHJr2sin9(:os30—00520—2sin90053 )
sin
= Trsimog A(sin 6 — cos 0)
2
= T\/l;% cosfsin(0 - m/4)

>0

since /4 < § < w/2. For the second part, we rewrite the expression of the square
root as

8 8 ’
T (1-)%cos?#sin’ 0 :(2 - (1-p)cos? 9) - (1-B)%cos®§sin? 0

+B(1-pB)cos?0 - (1-5)%cos* b

:(S - (1-p)cos? 9) - (1-B)(1-28)cos* 8

As B <1/2, we have
2
%2 —(1-pB)*cos®fsin?6 < (g - (1-B)cos’ 9)

and since g - (1-)cos?8 >0, we have

§+(1—5)00820+\/ﬁ:—(1—5)200529511129

B

5+(1—5)C0829+§—(1—ﬁ)C0S29

=p

<

O

Proof (Corollary 6.1). Finding the subdominant eigenvalue boils down to finding
which eigenvalue within the unit circle is the largest in each respective range of 3.
We will go through the respective subinterval of 5 case by case.
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Case 1 and 2: 5 <sin20p/(1 +sin20p)

In this case, for principal angles fulfilling 6 < 6; < 7, the corresponding largest
eigenvalue fulfill the first Case of Proposition 6.3, since 8 < sin 20 /(1 +sin20p) <
sin 26;/(1 + sin 26;). Therefore, the magnitude of the corresponding eigenvalue \; is

given by
|A\il = /1= Bcosb; <\/1-BcosOp,

and hence, the eigenvalue corresponding to the Friedrich angle dominates over the
other eigenvalues in this interval. For principal angles in the interval w/4 < 0; < /2.
the corresponding eigenvalues can fulfill all Cases of Proposition 6.3. Indeed, if
Case 1 holds, the argument that the eigenvalue is smaller is completely analogous to
the case when 6; < w/4. If the other case applies, i.e., 8 > sin26;/(1 + sin 26;), then
the corresponding eigenvalue is

2 (1-43)2
Ai = 5+(1—6)C0829+\/B—(ﬂ)8in229
2 4 4
and Lemma 6.2 gives that \; < 8 <1/2. Since 0 < /4, then tanfr < 1, and

\V1-pPcosOp > cos Or

cosOf +sinfg

B 1

~ 1+tanfp
1

> —
2

>)\i-

Therefore, the eigenvalue corresponding to the Friedrich angle dominates all eigen-
values associated with the other principal angles. If dimT7 nT5 > 0, then 1 - (3 is an
eigenvalue. Notice that

(1-B)*-(1-B)cos*Op = (1-B)(1 - B~ cos® )

= (1-8)(sin®0r - B)
>0

if and only if 3 < sin? . Therefore 1 - 3 > /T - Bcosfp if and only if B < sin?fp.
Which proves Case i) and ) in Corollary 6.1.

Case 3 8 >sin20p/(1 +sin26r)

When Case 3 holds, the eigenvalue corresponding to 8 is given by (6.6). In particular,
it holds that

§+(1—B)COSQQF+\/B42—U?f)?SiHZQQFZ\/l—BCOSQF
>\/1-[cosb;
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so the eigenvalue corresponding to the Friedrich angle at least dominates over the
eigenvalues corresponding to principal angles that meet the conditions of Case 1, i.e.
;s such that sin26;/(1 +sin26;) > 8. If a positive principal angle instead fulfills
sin 260, /(1 + sin 26;) < 3, then the eigenvalue formula of Case 3 applies and since
0; > 0 we have that when 6; < w/4

§+(1 ) cos? b; +\/ﬂ2 (1- ﬁ)Qsm 220,
§+(1 B)cos? O + ﬂ2 (1_4ﬁ)2 sin? 20

Indeed, the eigenvalue associated with the Friedrichs angle as well, which establish
Case iii), which finishes the proof. O

6.6.3 General Sparsity-Promoting Regularizers

Recall that, when k > K, the correct sparsity pattern is identified, meaning that
zr = Pp xr. Moreover, since g, and hence also ¢g* is sparsity-promoting, then

Pr,prox -1 4« (p‘l[yk - pc]+) = ProX -1« (p_lPT1 (yr — ,oc)). In particular:
Tt = Prywrar = 0P, (yi — pe) = po Pryprox -1 g (p™ [k — pcl.)
= 0 Pr, (yx — pe) = poprox 1. (p~" Pr, (yi = pc))

giving the simplified DR-update when k > K:

Tre1 = 0Py (i — pe) = poprox - g« (p™ Pry (yi, - pc))
2ke1 = Px (22541 — yi) (6.18)

Yk+1 = Yk + Zk+1 — Tk+1-

Using a similar argument as the one used to prove Proposition 6.1, we establish
Propoposition 6.6.

Proof (Proposition 6.6). Write
2Tps1 — Yk = T+ That + N1,

where 7141 is a tangent vector to X, i.e. 7x+1 € T and ng4q1 is a normal to X, then
Py (2241 — Yi) = & + Tie1. Subtracting 2z* — y* from both sides gives:

2@pa1 —27) = (Y —y") = =(&" = y") + Tha1 + s

By noting that (z* —y*) is a normal to X, and projecting both sides onto Ty gives:

2Pr, (k41 —2") = Pr,(Yk - Y*) = Tk
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Now consider

a1 — 2" =0 Pr, (ye —y") - poprox - - (07" Pry (yi = pc))
+ POPIOX ;1 g (p7'Pr,(y" - pc))
=0Pr,(yk =y") = poPr, G(yk,y").
Moreover
Yeer =Y =Yk + P (2Thr1 = Yr) = T — Y~
=Yp =Y — (The1 = T7) + T

which gives:

Y1 =Y =y —y" — (g1 — ") + 2P, (g1 —27) = P, (yr — y™).
or
Yot =y =(I = P,y —y*) + (2P, = I)(2per — 2*)
=Mpg(yx —y") + po(Pr, = 2Pr, Pr, )G (yx, y").
O

Proof (Proposition 6.7). Write g(x) = ¥sg 9s(xs) with gs(xs) = |zs|, and ||, is
the semi-norm that only accounts for the indices s. Since the groups are disjoint, we
can rewrite the conjugate as g* = 3 ,g g5, where the individual conjugate functions
are given by g5 (ys) = t{)|.<1}(ys). Further, as g* is separable, so is its proximal
operator. Therefore, for any s € G

p‘l(PTl(y—pc))S, HPTl(y_pc)Hs <p

-1
TOX —1 % P —-pc)))s =
(prox 14 (07 Pry (y = pe))) {||pTl(§_pc)|| (Pr(y=pe))ss | Pr(y—p)l, > p

In particular, all sg € G such that Hx*HSO =0, are subsets of the sparsity pattern of
the solution, meaning that (Pp x)s, =0 for any x € R™. Therefore

(prox 14« (P Pr, (y = pe)))sy = 0
since g* is sparsity promoting, and
Gy )so =0, k2 K.

When deriving a linear approximation of G, we, therefore only have to consider
the groups s, € G such that |z*|, > 0. By the identification result, we have that
|zx[,, >0 for all &> K. This corresponds to

(Pry (yr = pc))s,) = (yx — pc)s, >0
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and [yx - pc|,, > p for all k> K. Thus

i 1
(prox g« (07" Pr, (yx = p€)))s, = . (Yk = pC)s, - (6.19)

el

Since the right-hand side is smooth with respect to y; when (yx — pc)s, >0, we can
apply the first order Taylor expansion of G(y,y*) about y*. Since G(y*,y*) =0, for
y — pc>0 we have

Gy )s. = Jsrs. (W)W =y")s, oy -v7,,)-
By differentiating the right-hand side of (6.19), we get

Js, 5. (y") = a;}I +esel, as, =y - pcls, s es, = a:(y* - pC)s, - (6.20)
Therefore, we can write
GQy.y") =JW )y -y") +o(ly-y"I)

where J; s(y*) =0 if s € G and |z*|, = 0. Conversely, if s € G and ||z*|, > 0, then
Js.s(y*) is given by (6.20). O

Proof (Theorem 6.2). Let p > K, we rewrite the update with a rest term ¢y:

Yee1 =Y = Mp g(yk —y") + ¢
=M ,(yk-1-y") + On + Mp gdr

k
k-p+1 x -
=My P (yp ") + 2 ME o
l=p
In particular, letting £ — oo gives:
G
Jfim 55 Mg = =Prisas , (9p = ")
—00 I=p
In particular, this gives that
S
Yre1 =Y = (Mg, = Prixars , ) (ke —y") + O — }LIEO ZZ’;ME;}@
S
= (Mp.g = Pruta, ) (yn = y") + x - (lim Mg S = D0 Mg on)

I=k+1
= (Mp.g ~ Prixars )Yk = y") + &k — Prixats , Ok + Prixasy , (Yre1 —¥™)

which gives that

(I = Prixnms,, ) (ko1 = ") = (Mpg = Prixaay ) (e —y") + (I = Prixag , ) Ok
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Under the assumption that Ppgix M, 1S convergent, and the convergent matrix is
Prixpg,,» we have that

(Mp,g = Prixmy., ) (I = Prixns , ) = Mp,g — Mg g Prixn,,
= Prixmg , + Prixyg , Prixig
= Mg 4 — Prixmg,

meaning that we can rewrite the update as follows:

(I = Prixnmy . ) (Yre1 —y") = (Mp g = Prixars, ) (I = Prixars , ) Uk —y7)
+ (I = Prixmg , ) Pk

By defining 9 = (I - Prixm,,, )yx and ¢, defined in the same manner, we get the
update:
Urs1 = (Mp g — Prixars , )Ur + o

Let A =Mpg g - Prixn,,, and 7€ (y(Mg4),1). Recall that |¢x| = o(|gk|), therefore
there exists a K, such when k > K., then

.
[éxl < 513kl (6.21)

Let L = max(K, K,.), and unroll the g, iterates from iteration L

k
Grar = A+ 3 A Gy
i=1

which gives that

k
[kl < 1ARHZL + 3 1A N gnsril-
=1

Since Mg 4 is assumed to be convergent to Ppix with any rate in (y(Mp,q),1),
including r we have that |A¥| < Cr* for some C > 0. Therefore

k
lgrs |l < Cr¥gel + | drspal + C 3 dherl-
=2

In particular, due to (6.21), we have

_ _ 1y -
[g1-2l < Crlgel +lec] < r(C+)loel,

_ _ 1 1 1, _
20l € 21| + I8l +rlor]) < 73(C+ S(C+ )+ Dl
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Continuing the procedure gives the following

[z ] <r*ar]gel

where ay, solves the recursion aq = C+1/2 and ag41 = C+1/2+ag /2. As 0 < ap <2C+1
for all k, we have

[Gksr] < (20 + )r¥ (gLl

Moreover, the distance to the set of fixed points is computed

dist(yr+r, Fix Mp ) = |yr+r — Prix s , (Yr+) |
= (I = Prixny , )Yr+Ll
= || Yr+L
< (2C + 1)r* |7,

Graph theoretical characterization of principal angles. In order to use
Lemma 6.1 to compute the principal angles between subspaces T and 75, we need
to form two orthonormal bases of T7 and T such that the eigenvalue computations
become tractable. The following bases will prove useful.

Lemma 6.3. Consider the subspaces Ty and T given by (6.10) Then dimTy =d; =
|€] and dim Ty = do = (m —1)(n - 1). Letting u; be the ith canonical basis vector of
R™, and v; be the jth canonical basis vector of R™, then a basis of Th is given by

{uw;‘}(i]‘)eg-

i J1 T
ri = - I:Tlia_laom—i—l] eR™,i=1,2,...m-1
i+1L¢
. 1 T
sj:,/L[flj,—l,on,j,l] eR", j=1,2,...n—1,
J+1lj

then {ris] }ije(m-1]x[n-1] forms an ortonormal basis for Ts.

By letting

Proof. Establishing the dimension and basis for T3 is trivial. For T, we have that
Ty = kerA where A : R™" —» R™" given by Ay = (y1,;7"1,,). Since rank A =
m+n-1,dmTy=mn—-(m+n-1)=(m-1)(n-1).

If i <4’, then
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Moreover

) 1
vl = #(_—mﬁl)
1+1\42
=1.

Therefore, r; are orthonormal, and so are s;, which is proven analogously. Moreover,
T 4T Co T . s STV Y = 8 6
Tilm =5;1, =0, which implies ris; € To: In addition tr((msj)(risj ) = 8ii0;5 1,

which establishes that {Tis;}ijé[m_l]x[n_l] forms an ortonormal basis for T5. O
By imposing and ordering the edges &, i.e. let £ = {(is, js) } se[d,], then for s € [dy],
(k,l)e[m-1]x[n-1], we let
Zski== <uzUjT77‘k81T>
= tr(uj, v, T%s] )
= (r)i, x (s1)j.

resulting in

0, is>k+1orjs>l+1,

ls]s

-1 ) )
Zski=1- jsi‘(kﬂ), is<k+1,j,=1+1,

_‘/13?1111)» is=k+1,js<l+1
1 . .
,/7“(“1)(“1)7 j<k+1l,5<l+1.

If we let ay = [(i(i+1))"/2]™:!, and b, = [(j(j+1))’1/2]?;ll, then for a fixed s € [d1],
the matrix generated by all but the first index of Z; j; is given by

M = [Zs k1] (ke 0)e[m=1]x[n-1]

0 0

@-DG.-D
1s])s

js_l . . T
0 - V Js a”LS al‘s bﬂs

To compute the SVD of Z, we need to find the eigenvalues of Z7Z. Equivalently,
we need the eigenvalues of the matrix C' € R%*%  determined by C;; = (M;, M;).
Before computing this, we note that:

Il
|
S

~.|®
&
T‘
=
L".v_'

mol ] 1 1
Q)= ), = — 6.22
{a:, a:) ok(kE+1) @ om ( )
nzl 1 1
b‘,b‘ = = - - — 623
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Therefore
(is—l)(js_l) s Js—1
(MS7MS> = . + — (bj:,7b]s) + . (ais7ais> + (bis7bis> <ajs7bjs>
1s]s s Js
is—1 s — 1
= (" o)) (B (b))

(- 2)(-2)

For the off-diagonal elements of C, we have to consider the following cases separately.

Case 1. First consider s,t € [m], and assume i, < i, and js < j;. In this case, it
will only be the lower-right subblock between is to n -1, and js to n— 1 that will
contribute to the inner product. This gives

(Zs—l)(js—l)\/
| s]s isjs(is —1)(js — 1)
_\/Zz_ 1\/1'5(2'5 7y (bies i) - th: 1\/jt(jt1— 7y (. ai.)

+ (ais ’ a’is ) (bJs ’ bjs )

1 1 1

=T - b';7b'g - aigvaig + aig7ai3 bs7b

i ZSM. i) js<k )+ {ai,,ai,) (bs,05,)
) (- 5)

=\\Giy, Qi) — — b‘t’blt -

(000 =) (i) -

_ 1

_mn

Case 2. Now assume iz < i3, and jg > j, then

_ s—1 Jt —
<MS,Mt) _\/ is ]f(Jt 1)\/ Jt G(Zs
s—1 Je—1
\/ \/ls(ls—l) oo bid \/ \/Jt(Jt—l) @ia: i)

+{ai,,a;,) (b,]tﬂ b; .

1 1 1
=T - b‘tablt - aig7a/is + a‘i,.aais b‘t)b‘{
e (i) = () () (D)
1 1
N (CAUSERS [ (CRAEES
s Jt
1

mn
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Case 3. If i; =i, but js < j;, then

YA ARy (ISt A Ny [ S
1s5]s Js(]s

VR
Js7 ]s s ]5(]5 _ 1) Qis, @

+ (a"ls ) als) <b.75 ) b

(28_1) Zs_ 1
:—T+ is <bjsvbj5)—j*s(az‘saais)+(aisaaisﬂbjsvbjs)
(@i + =) (103000 - =)
1g Js

1 1
(-1

n m
_1 1
_mn m

Due to symmetry, the remaining cases are completely analogous.
In conclusion, we have that

L-nt—m™t+(mn)?, ifs=t,

-m~t+ (mn) 7, if 5,1 share rows
Qsl = (MsaMl) = 1 -1 .

-n~"+ (mn)", if s,1 share col

+(mn)™L, otherwise.

Therefore, we can express the matrix as

1 1
Q I + 1d1 1(11 A1 - 7A2
m n

where (A1);; = 1 if edge ¢ and j share source, and otherwise it is zero. As is the
target counterpart. In particular, if m = n, then L. = Ay + Ay, where L. is the edge
Laplacian. In this case

1
Q I + ]-d1 1d1 7Le.
n
This establishes Proposition 6.4.

For Proposition 6.5, we first note that if the graph is maximally sparse, i.e.,
d=n, then L, =21, then

Q= (1——)I+ 1mlT

The eigenvalues of @ are 1 -1/m and 1 - 2/m, which corresponds to the eigenspaces
span{1l,,}, and {v: 1] v =0} respectively.
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Conversely, if the graph is maximally dense, i.e., d; = m?, then the eigenvalues of
L. are {0,m,2m}, corresponding to the eigenspaces {v: Ajv =0 and Agv =0},{v =
Aysy + Asgse, and 1751 = 1785 = 0}, and span(1,,2), respectively. Note that 1Tv =0
is contained in the first subspace. Therefore, it is straightforward to establish that
the eigenvalues of C' in this case are either 0 or 1.

Finally, if d-regular bipartite graphs, these results partially generalize, as L.1 =
2d1. As d; = md in this case, then

md 2d

01:1+—2——1:(1—i)1
m m m

meaning that (1 -d/m) is an eigenvalue.






Chapter 7

Conclusions and Future Outlook

This thesis developed new algorithms based on operator splitting for efficiently
solving optimal transport problems. The resulting framework, detailed in Chapters 3
and 4, is well-suited for modern accelerators such as GPUs and adapts readily to
various OT extensions. The methods are numerically robust, which ensures high
performance even when single-precision arithmetic is used. These contributions result
in fast and numerically stable solvers, supported by extensive empirical evaluations.

In addition, an asynchronous variant was introduced in Chapter 5 for trans-
portation problems using non-linear cost functions—a problem class with Gromov—
Wasserstein as a key example. This algorithm mitigates synchronization bottlenecks
while reusing gradients, which is particularly advantageous when gradient evalu-
ations dominate the overall runtime. A central contribution of this work is the
novel extension of theoretical guarantees based on operator-splitting theory for the
asynchronous setting.

Finally, Chapter 6 developed adaptive local convergence guarantees that incorpo-
rate the sparsity structure of OT solutions. Under mild assumptions, the algorithm
identifies the correct sparsity pattern in finitely many iterations, after which a faster
linear convergence rate follows. The local rate was then related to graph-theoretical
properties of the optimal solution, offering both refined theoretical insights into
asymptotic behavior, while suggesting principled strategies for stepsize selection.

Together, the contributions advance computational optimal transport using a
class of splitting algorithms with strong theoretical guarantees, numerical robustness,
and GPU efficiency. As demonstrated across a range of experiments, the proposed
frameworks can significantly speed up OT computations for real problems, paving
the way for new, large-scale OT applications.
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Future outlook

Resolving one research problem often opens the door to new questions, and the
contributions of this thesis are no exception. We therefore conclude by providing
several promising directions for future research.

Adapting dual stepsizes. As detailed in Chapter 3, the proposed algorithm
is readily extended to the primal-dual hybrid gradient (PHGD) framework, which
allows for decoupled dual stepsizes. To assess whether this extension yields substantial
improvements, it would be insightful to study how these additional stepsizes influence
the local guarantees detailed in Chapter 6. In [13], which is closely related to our
approach, the primal and dual stepsizes were adapted online via linesearch, which
would serve as an excellent baseline in such a study. These kinds of adaptations also
applied to three-operator splitting, with the adoption of primal-dual three-operator
splitting (PD30).

Tightness of three-operator splitting analysis. As the first analysis of its
kind, the analysis for the convex formulation of the asynchronous three-operator
splitting scheme has opened several important new research questions to address.
One of which is to assess whether the guarantees are tight or could be improved
upon. Moreover, for OT problems, additional assumptions can be posed, such as
the compactness of the transportation polytope. An implication of this is that
the gradient errors induced by the asynchrony are always bounded, which could
potentially improve the bounds further.

Stepsize selection for asynchronous three-operator splitting. The existing
guarantees for three-operator splitting, including those derived in this thesis, state
that the admissible stepsize is bounded by a quantity proportional to the inverse
of the Lipschitz constant. However, in this setting, the possibility of taking a large
stepsize does not necessarily imply that doing so is advantageous in practice. For OT
problems, if the Lipschitz constant is small, the cost will be approximately constant
over the transportation polytope. This suggests that the step size strategies adapted
for standard OT are likely preferable to the large stepsizes permitted by the general
three-operator splitting theory. Understanding the trade-off that governs this choice
is an important direction for future research.

Adaptations to Sturm’s formulation. There are many additional adaptations
of the algorithms presented in this thesis. One of which is Sturm’s formulation,
detailed in the introduction, which could take advantage of the decomposition
capabilities of, e.g., Douglas-Rachford or three-operator splitting. The main challenge
lies in the handling of the metric constraints on the metric coupling. By focusing on
specific classes of metrics, such as Euclidean metrics, possibly in low-dimensional
spaces, it might be possible to overcome this by using ideas from e.g. [35], or
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by choosing a specific preconditioner adapted for metrics. A tractable approach
of solving Sturm’s formulation would avoid the expensive gradient computations
associated with Gromov—Wasserstein, which in turn can lead to more scalable
approaches.

Extended non-convex analysis. The somewhat restrictive assumptions posed for
the non-convex asynchronous three-operator splitting limits its applicability beyond
indicator functions; it would be valuable to extend the analysis to a broader class of
functions. For instance, allowing for sparsity-promoting regularizers would enable
the adoption of group-lasso for Gromov—Wasserstein, a setting largely unexplored.
Such regularizers could be valuable in multi-omics alignment tasks, since they allow
us to incorporate label information in the alignments.
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