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“There are years that ask questions and years that answer.”

Zora Neale Hurston
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Abstract

In this thesis, we develop and extend information-theoretic methods for
analyzing reinforcement learning, focussing particularly on bandit problems.
Our aim is to understand how learning algorithms manage the fundamental
trade-off between exploration and exploitation, and how information-theoretic
quantities such as entropy and mutual information can be used to characterize
and bound their performance. Building on the framework of Russo and Van
Roy, which relates Bayesian regret of an algorithm to its learning efficiency,
measured by the information ratio, we derive new results that broaden the
scope of this approach to more complex and structured learning settings.

The first part of the thesis revisits the analysis of linear bandits, a model in
which rewards depend linearly on the selected action via an unknown parameter.
While existing information-theoretic analyses provide general regret bounds,
they all assume finite action sets. We close this gap by introducing refined
analyses and show that near-optimal regret bounds can be obtained even for
infinite or continuous action spaces.

The second part of the thesis extends the information analysis framework
to more complex bandit models. In the contextual bandit setting, we build
on the lifted information ratio and extend its application to more general
reward classes. Additionally, we provide alternative proofs based on classical
information-theoretic tools. This new derivation reveals simplifies the analysis
and enables sharper guarantees for structured problems. We then study the
Thompson Sampling algorithm for logistic bandits, a widely used model for
binary rewards. We derive the first regret bounds that avoid exponential
dependence on the logistic slope parameter and are independent of the number
of actions, resolving a long standing open question in the field.

The third part of the thesis takes a step beyond bandit models and inves-
tigates how information-theoretic principles can be extended to more general
reinforcement learning problems. We study the theoretical performance limits
and learning guarantees of model-based reinforcement learning, establishing
a framework for analyzing its Bayesian regret. In parallel, we derive PAC-
Bayesian bounds for offline decision-making, including improved guarantees
for offline bandits that are parameter-free and achieve near-optimal rates.

Together, the contributions of this thesis provide a coherent extension of
information-theoretic analysis to a wide range of learning settings; from linear
to nonlinear, from discrete to continuous, and from bandits to reinforcement
learning.

Keywords: Reinforcement learning, Bandit problems, Information theory,
Regret analysis, Thompson Sampling, PAC-Bayes bounds.
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Sammanfattning

I denna avhandling utvecklar och utvidgar vi informationsteoretiska me-
toder för att analysera förstärkningsinlärning (eng: reinforcement learning),
med särskilt fokus på banditproblem (eng: bandits). Vårt mål är att förstå
hur inlärningsalgoritmer hanterar den grundläggande avvägningen mellan
utforskning (eng: exploration) och exploatering (eng: exploitation), och hur
informationsteoretiska storheter såsom entropi och ömsesidig information (eng:
mutual information) kan användas för att karakterisera och begränsa deras
prestanda. Med utgångspunkt i ramverket av Russo och Van Roy, som relaterar
en algoritms Bayesianska ånger (eng: Bayesian regret) till dess inlärningseffek-
tivitet mätt genom den så kallade informationskvoten (eng: information ratio),
härleder vi nya resultat som utvidgar detta angreppssätt till mer komplexa
och strukturerade inlärningsproblem.

Den första delen av avhandlingen återbesöker analysen av linjära ban-
diter, en modell där belöningar beror linjärt på den valda handlingen via
en okänd parameter. Även om befintliga informationsteoretiska analyser ger
generella ångergränser, förutsätter de alltid ett ändligt handlingsutrymme.
Vi fyller denna lucka genom att introducera förfinade analyser som visar att
nära-optimala ångergränser kan uppnås även för oändliga eller kontinuerliga
handlingsutrymmen.

Den andra delen av avhandlingen utvidgar det informationsteoretiska
analysramverket till mer komplexa bandit-modeller. I den kontextuella bandit-
miljön bygger vi vidare på den så kallade upplyfta informationskvoten (eng:
lifted information ratio) och visar hur denna kan tillämpas för ett bredare
spektrum av belöningsmodeller. Därtill tillhandahåller vi alternativa bevis
baserade på klassiska informationsteoretiska verktyg, vilket förenklar analysen
och möjliggör skarpare garantier för strukturerade problem. Vi studerar
därefter Thompson Sampling-algoritmen för logistiska banditer, en centralt
använd modell för binära belöningar. Här härleder vi de första ångergränserna
som undviker det tidigare nödvändiga exponentiella beroendet av den logistiska
lutningsparametern och som dessutom är oberoende av antalet handlingar,
vilket löser en länge öppen fråga i området.

Den tredje delen av avhandlingen går bortom bandit-modeller och under-
söker hur informationsteoretiska principer kan generaliseras till mer allmänna
problem inom förstärkningsinlärning. Vi analyserar teoretiska prestanda-
gränser och inlärningsgarantier för modellbaserad förstärkningsinlärning och
etablerar ett ramverk för att studera dess Bayesianska ånger. Parallellt här-
leder vi PAC-Bayesianska gränser för offline-beslutsfattande (eng: offline
decision-making), inklusive förbättrade garantier för offline banditer som är
parameterfria och uppnår nära-optimala konvergenshastigheter.

Sammantaget presenterar avhandlingen en sammanhängande och bred
utvidgning av informationsteoretisk analys till ett stort spektrum av inlärnings-
miljöer: från linjära till icke-linjära modeller, från diskreta till kontinuerliga
handlingsutrymmen, och från banditer till allmän förstärkningsinlärning.

Nyckelord: Förstärkningsinlärning, Banditproblem, Informationsteori,
Ångeranalys, Thompson Sampling, PAC-Bayesianska gränser.
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Popular Scientific Summary
“Life is like a box of chocolates. You never know what you’re gonna get,” said

Forrest Gump to a stranger while waiting for a bus. If Forrest had had more time
to elaborate, he probably would have explained that many of life’s challenges
are, in fact, sequential decision problems, situations in which we must make a
series of choices without knowing in advance how they will turn out. In these
situations, we constantly face a dilemma: should we explore unfamiliar options in
the hope of discovering something better, or exploit what we already know and
enjoy the best immediate benefit? Trying a new chocolate flavor or choosing a
familiar favorite may seem trivial, but finding balance between exploration and
exploitation is at the core of every system that must learn from experience while
acting under uncertainty. A content platform decides which video, post, or song
to recommend next, hoping to keep users engaged while trying to discover new
interests. A company developing a new drug must choose which treatment variant
to test on which patient group, learning from early trial results to guide later
decisions while minimizing risk. A chatbot tries different reasoning steps, algebraic
manipulations, geometric interpretations, numerical experiments, to figure out
how to solve a math problem, gradually learning which strategies tend to work in
which situations. All of these systems face the same challenge: they must make
decisions repeatedly, under uncertainty, and the only way to improve is by trying
out different actions and learning from experience. This is precisely the setting
studied in reinforcement learning, the field of artificial intelligence that seeks
to understand how an agent can learn to make good decisions through trial and error.

To study such decision problems formally, researchers in machine learning use
mathematical frameworks. The bandit problem provides the simplest setting: a
decision-maker repeatedly chooses among a fixed set of actions without affecting
the future outcomes. The challenge is to learn which actions are best through
experience, finding a balance between exploring unfamiliar options and exploiting
the ones that have performed well so far. Although simple, this setting captures the
essence of learning from evaluative feedback and serves as a foundation for more
complex forms of sequential decision-making. Reinforcement learning extends this
idea to situations where actions have long-term consequences. Here, each decision
influences not only the immediate reward but also the future situations the agent will
encounter. A self-driving car deciding when to change lanes, a robotic arm learning
to grasp and manipulate unfamiliar objects, or a trading system executing orders
while accounting for market impact are all examples of environments where actions
change the future state of the system. These agents must reason about cause and ef-
fect, anticipating how their current choices will shape future opportunities for reward.

A central question in both bandit and reinforcement learning settings is: how
quickly and effectively can a learning agent improve its decisions? To answer this,
researchers study a quantity called regret, which measures how much reward is lost



iv

by not knowing the optimal actions from the start. The lower the regret, the more
efficiently an algorithm learns.

This thesis contributes to our understanding of how learning algorithms can
achieve low regret by adopting an information-theoretic point of view. Originally
developed in the 1940s to study the limits of communication and coding, information
theory provides a rigorous mathematical language for quantifying uncertainty
and information gain. Its central idea is that information measures how much
uncertainty is reduced when new data is observed. In the context of learning
and decision-making, information theory offers rigorous tools for describing how
much knowledge agents acquire through interaction. By linking the regret of a
learning algorithm to the amount of information the agent accumulates over time,
information theory allows us to formalize the exploration-exploitation trade-off and
derive general regret guarantees.

Building on earlier works, the main technical contributions of the thesis extend
and deepen the information-theoretic analysis of reinforcement learning and bandits.
First, it refines existing analyses to handle settings with continuous or infinite
action spaces, where traditional approaches become ineffective. Second, the analysis
is expanded to structured models such as contextual, logistic, and generalized linear
bandits, where rewards may depend nonlinearly on actions or contexts. Finally, the
thesis takes a step beyond bandits, exploring how these ideas can be adapted to
reinforcement learning problems with evolving states and long-term dependencies,
and establishing general performance guarantees, including PAC-Bayesian bounds,
for model-based and offline learning.

Overall, the results presented in this thesis contribute to building a clearer
theoretical foundation for reinforcement learning and provide tools that may help
guide the development of future algorithms.
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CHAPTER 1

Introduction

Learning to solve sequential decision problems is a central challenge in artificial
intelligence. Reinforcement learning addresses this challenge by studying how
an agent can learn effective behavior through interaction with a system it can
observe and influence. At each step, the agent perceives its current situation, takes
an action, and receives feedback in the form of a reward. Over time, by acting,
observing, and adjusting its behavior, the agent seeks to maximize the total reward
it obtains [1–3].

To make these ideas concrete, consider a few familiar examples. A chess player
chooses a move not merely for its immediate tactical gain, but for the position it
may lead to several turns later. A trading execution algorithm must decide which
limit order to place, weighing the immediate benefit of fast execution against the
long-term cost of market impact. An online platform deciding which article to
recommend today must learn from whether the user clicks, and use that experience
to make better suggestions tomorrow. In each of these cases, decisions are not
isolated: they are part of an ongoing dialogue between an agent and its environment.
The agent must sense, act, and adapt, continually revising its behavior in light of
the consequences it experiences. The history of reinforcement learning is a story of
how these principles have been turned into powerful methods.

The roots of reinforcement learning trace back to optimal control and dynamic
programming, where the goal was to compute optimal decision rules for engineered
systems such as inventory management, sequential resource allocation, and robotic
control. In the late 1950s, Bellman [4] introduced the value function and the
Bellman equation, framing sequential decision making as a recursive optimization

3
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Figure 1.1: The first 37 moves from game 2 between AlphaGo and Lee Sedol in
2016, a game that AlphaGo ultimately won. The game of Go was long considered
out of reach for existing learning algorithms due to its immense search space and
the astronomical number of possible board positions.

over states and actions. This framework gave rise to policy and value iteration
algorithms [5, 6], but also revealed the curse of dimensionality: the computational
and memory requirements of dynamic programming grow exponentially with the
number of state variables. Moreover, classical dynamic programming assumes full
knowledge of the model, transition probabilities and reward functions must be
specified exactly, which limits its applicability in complex, uncertain environments.
These limitations motivated approximate and data-driven approaches [7].

A second line of work developed temporal-difference learning, where value
functions are learned directly from experience [8]. Combined with off-policy updates,
this led to Q-learning [9], demonstrating that effective control can be achieved
without an explicit model of the environment. With the advent of neural networks
as function approximators, reinforcement learning scaled to high-dimensional
problems. The breakthrough occurred with Deep Q-Networks, which coupled
Q-learning with convolutional networks to learn directly from pixels and achieve
human-level control on many Atari games [10]. Shortly after, policy-gradient and
actor–critic methods with deep function approximation broadened the toolbox for
continuous control and large action spaces. Landmark systems such as AlphaGo
(Figure 1.1) integrated deep learning, search, and reinforcement learning to achieve
superhuman performance in Go [11].

Today, reinforcement learning extends far beyond games and research
demonstrations. It is used in large-scale industrial systems to optimize content
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recommendations and digital advertising, guide adaptive experimentation in drug
development [12], support financial decision-making in portfolio management, and
enable autonomous control in robotics [13, 14], manufacturing, and transporta-
tion [15–17]. More recently, reinforcement learning has become central to the
post-training of large language models [18]. Reinforcement learning from human
feedback [19] aligns models with human preferences [20], while reinforcement
learning from verifiable rewards [21] uses objective signals, such as program
correctness, formal proof verification, or the success of multi-step reasoning, to
drive improvement. Together, these techniques are transforming large language
models from static conversational systems into adaptive agents capable of solving
complex tasks with minimal supervision.

Reinforcement learning can be distinguished by the type of feedback it receives
and by the way learning unfolds over time. Unlike supervised learning [22], where
each example specifies the correct action or label independently of what the model
predicts, reinforcement learning relies on evaluative feedback: the agent is told
only how good its actions were, not which action it should have taken. Learning
therefore proceeds by trial and error, and requires the agent to explore unfamiliar
actions to discover which ones lead to favorable outcomes. Moreover, the effects
of actions are often delayed: what the agent does now shapes the situations it
will encounter later and influences future opportunities for reward. Because its
own behavior determines the data it observes, the agent must learn not only from
experience but also through experience, continually balancing the need to gather
new information with the desire to exploit what it already knows (Figure 1.2).
Together, these features make reinforcement learning both more general and
more challenging than supervised learning, and they define it as the study of
how agents can acquire effective behavior through interaction with their environment.

A natural way to study this dilemma in isolation is through the multi-armed
bandit problem [23]. In this simplified setting, the agent repeatedly chooses among
a fixed set of actions, “arms”, each yielding uncertain rewards drawn from a
stationary distribution. There are no states or transitions to consider, and the
environment does not change in response to the agent’s choices. Despite this
simplicity, the bandit framework already captures the essence of decision-making
under uncertainty: the need to explore to learn which actions are good, and to
exploit that knowledge to maximize cumulative reward over time.

To evaluate how well an algorithm solves this dilemma, one measures its regret,
the expected difference between the cumulative reward of the algorithm and that of
an oracle that always selects the best possible action. Regret quantifies learning
efficiency: an algorithm with small regret learns quickly, while large regret indicates
inefficiency or poor exploration. The goal of bandit and reinforcement learning
algorithms is to minimize regret over time by efficiently balancing exploration and
exploitation.
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Figure 1.2: A mouse navigating a maze faces the exploration–exploitation dilemma:
it can explore further in search of more cheese, or exploit what it has already found.

Over the last decade, information theory has emerged as a powerful tool
for analyzing this trade-off. Originally developed by Claude Shannon [24] in
the late 1940s, information theory was designed to quantify the transmission of
messages over noisy communication channels. Its central idea is that information
measures the reduction of uncertainty, the more uncertain we are before observing
a signal, and the more certain we become afterward, the more information that
signal conveys. Although first conceived for communication systems, information
theory extends far beyond its original domain and provides rigorous tools for
reasoning about knowledge, uncertainty, and learning [25–29]. In the context
of reinforcement learning and bandit problems, it offers principled tools to
quantify the value of information, how much useful knowledge an agent gains
from each observation, and to relate this information gain to the agent’s performance.

A particularly influential application of this information-theoretic perspective
is the framework introduced by Russo and Van Roy [30–32]. Their analysis
formalizes the exploration–exploitation trade-off through the concept of the
information ratio, which relates the expected instantaneous regret to the amount
of information an agent acquires about the optimal action. The smaller this
ratio, the more efficiently the algorithm balances this trade-off. This simple but
powerful idea provides general regret bounds that hold for any algorithm with
bounded information ratio. One algorithm fits this framework particularly well,
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the Thompson Sampling algorithm [33], for which their analysis recovers classical
optimal rates for unstructured settings.

Building on this foundation, the present thesis aims to extend and refine the
information-theoretic analysis of reinforcement learning. While the original frame-
work captures the essence of information-efficient learning, some open questions
remain about how these ideas can be applied to richer models and continuous
domains. Our goal is to broaden the scope of the theory to settings where actions,
rewards, or contexts have additional structure, and to develop tools that reveal how
this structure can be exploited to achieve tighter regret guarantees.

Objective 1. We aim to extend information-theoretic analyses of the Thompson
Sampling algorithm to settings with infinite and/or continuous action and parameter
spaces.
The first objective of this thesis is to extend the information-theoretic analysis of
bandit problems to infinite and continuous action spaces, where classical entropy-
based analysis no longer yield meaningful bounds.

Objective 2. We are interested in applying information-theoretic analysis to
complex bandit problems.
A second objective of this thesis is to derive general information theoretic regret
bounds to more complex bandit settings, such as contextual, logistic, and generalized
linear bandits, where rewards may be depend on the actions through a nonlinear,
high-dimensional, or context-dependent function, and where direct application of
previous results often leads to bounds that either fail or degrade with problem
parameters.

Objective 3. We aim to extend information-theoretic analysis beyond bandits to
general reinforcement learning problems.
A final objective of this thesis is to take a step beyond bandit models and study
environments that evolve over time. We investigate how information-theoretic
tools can be adapted to characterize the fundamental performance limits of such
problems and to derive general learning guarantees, such as PAC-Bayesian bounds,
for model-based and offline reinforcement learning.

1.1 Structure of this thesis
This thesis is organized into three chapters that move from background and

motivation to core theoretical developments, and finally to conclusions and future
directions.

• Chapter 2: Background and Scope. This chapter introduces the reinforce-
ment learning and bandit frameworks and reviews the key information-theoretic
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concepts, mutual information, entropy, and the information ratio, that form
the basis of our analysis. It situates the thesis within the literature presents
the information-theoretic analysis of Russo and Van Roy [31], introduces the
Thompson Sampling algorithm, and formulates the research questions that
guide the subsequent chapters.

• Chapter 3: Key Contributions and Results. This chapter presents
the main theoretical contributions. It first completes the analysis of linear
bandits by extending rate–distortion arguments to infinite or continuous action
spaces and by introducing a chaining-based multi-resolution approximation
that achieves near-optimal regret. It then develops information-theoretic
bounds for more complex bandit models, including contextual, logistic, and
generalized linear bandits. Finally, it connects these techniques with PAC-
Bayesian methods and extends the analysis to reinforcement learning problems
with state dynamics.

• Chapter 4: Conclusions and Future Work. The final chapter summarizes
the main findings, discusses their implications for exploration strategy design,
and highlights remaining limitations. It concludes with open problems and
perspectives for future research on information-theoretic approaches to bandits
and reinforcement learning.



CHAPTER 2

Background and Scope

This chapter provides the conceptual and technical foundations for the
results presented in this thesis. We begin in Section 2.1 by outlining the
general framework of reinforcement learning, which formalizes how an agent
interacts with an environment, that is, the system whose state it observes and
influences through its actions, in order to learn effective behavior over time.
Within this framework, we then focus on a simpler but equally fundamental
setting, the multi-armed bandit problem. Bandit models capture the essence
of the exploration–exploitation dilemma while abstracting away the complexi-
ties of state transitions, making them a natural starting point for theoretical analysis.

To study the performance of learning algorithms, we will use information-
theoretic tools, introduced in Section 2.2, particularly the notions of entropy and
mutual information, which quantify respectively uncertainty and information gain.
Building on these tools, Section 2.3 reviews the information-theoretic framework
introduced by D. Russo and Van Roy [31], which relates the Bayesian regret of
a learning algorithm to the amount of information it gains through interaction
with the environment. This framework, based on the information ratio and closely
connected with the Thompson Sampling algorithm [33, 34], forms the foundation
for the analyses developed in the following chapters and motivates the research
questions addressed in this work.

Finally, Section 2.4 presents the scope and objectives of this thesis, summarizing
how the subsequent chapters build upon these foundational concepts to advance
the theoretical understanding of information-theoretic methods in reinforcement
learning and bandit problems.

9
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2.1 A Primer on Reinforcement Learning and Bandits
Reinforcement learning is a general framework for sequential decision-making

under uncertainty [2]. In its most abstract form, an agent interacts with an
environment over a sequence of rounds. At each time step, the agent selects
an action and the environment responds with an observation and a numerical
reward. The reward quantifies how desirable the outcome is in light of the agent’s
objectives. The goal is to choose actions over time to maximize the cumulative
reward, using information gathered from past interactions. The framework makes
minimal assumptions about how actions affect outcomes: the environment may be
stochastic, partially observable, or even nonstationary.

agent environment

action

observation
reward

Figure 2.1: Schematic illustration of the reinforcement learning framework. The
agent observes, acts, and receives feedback in the form of rewards.

This agent–environment interaction loop captures a wide range of real-world
problems. In robotics, actions are motor commands, observations are sensor
readings, and rewards measure task success [35, 36]. In recommendation systems,
actions correspond to content suggestions, outcomes are user responses, and rewards
quantify engagement [15, 37–39]. In operations research and logistics, actions
represent allocation decisions, outcomes reflect realized demand, and rewards
measure efficiency or profit [40, 41].

In this thesis, we focus on model-based reinforcement learning problems [1, 42].
We present in Section 2.1.1 the classical formulation of model-based reinforcement
learning as a Markov decision process. We then introduce contextual bandits
in Section 2.1.2, a setting in which each decision is informed by freshly sampled
contextual information but where the agent’s actions do not affect the environment.
Finally, in Section 2.1.3, we present the multi-armed bandit problem, the simplest
model in which the agent selects actions that directly generate rewards without any
additional dependencies.
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2.1.1 Model-Based Reinforcement Learning as an MDP
A widely studied subclass of reinforcement learning problems assumes that

interaction follows a Markov decision process (MDP) [4]. In an MDP, the environ-
ment maintains a latent state that captures all information relevant for predicting
future outcomes, so that the effects of an action depend only on the current state
and not on the past history. At each time step t, the agent observes a state St P S,
selects an action At P A according to a policy fi, receives a reward Rt P R, and the
environment transitions to a new state St`1. We denote the interaction history
available at the beginning of round t by Ht :“ tS1, A1, R1, . . . , St´1, At´1, Rt´1u.

The environment is characterized by an unknown parameter � P O that governs
both the reward and transition dynamics. The process begins with an initial
state drawn from the distribution PpS1 | �q, produces rewards according to the
reward kernel PpRt | St, At, �q, and evolves through the transition kernel PpSt`1 |

St, At, Rt, �q. Equivalently, one may write Rt “ RpSt, At, �q, where R : S ˆ A ˆ

O Ñ R is a stochastic process such that RpSt, At, �q has conditional distribution
PpRt | St, At, �q.

In the Bayesian setting, the environment parameter is a random variable � drawn
once from a known prior Pp�q and remains fixed throughout the interaction. In the
frequentist setting, ◊ P O is an arbitrary but unknown element of a known param-
eter set. Unless stated otherwise, we will adopt the Bayesian setting in the following.

Agent
policy: fi

history: Ht

Environment
parameter: � „ Pp�q

action:
At „ fip¨|Stq

reward: RpSt, At, �q

state: St`1 „ PSt`1|St,At,Rt,�

Figure 2.2: Agent–environment interaction in a parameterized MDP.

A policy fi maps each state St to a distribution over actions and is chosen on
the basis of the agent’s past observations. The agent’s objective is to find a policy
fi that maximizes the expected cumulative reward over T rounds,

max
fi

E
«

Tÿ

t“1
RpSt, At, �q

�
,

where the expectation is taken with respect to the joint distribution induced by the
policy, the stochastic transitions, and (in the Bayesian case) the prior over �.
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2.1.2 Contextual Bandits
The contextual bandit [43–48] model can be viewed as an MDP without state

transitions: a context is sampled independently at each round. At time t, the
agent observes a context Xt P X drawn from a distribution PX , selects an action
At P A, and receives a reward Rt P R that depends on the context, the selected
action, and on the environment parameters. The history available at round t is
Ht :“ tX1, A1, R1, . . . , Xt´1, At´1, Rt´1u. Here and throughout, we write the
reward as a stochastic function RpXt, At, �q to emphasize its dependence on the
context, the chosen action, and the unknown parameter.

Contextual bandits are useful in applications where decisions must adapt to
changing conditions [40]. For example, in content recommendation, the context
includes the user profile or recent activity and the agent must choose which content
to display next. Learning in this setting requires generalising across contexts and
identifying how actions perform in different situations.

Agent
policy: fi

history: Ht

Environment
parameter: � „ Pp�q

action:
At „ fip¨ | Xtq

reward: RpXt, At, �q

context: Xt`1 „ PX

Figure 2.3: Agent–environment interaction in a contextual bandit setting.

A policy fi maps each context x to a distribution over actions. The goal of the
agent is to sequentially select actions that maximize the total expected reward, or
equivalently, that minimize the total expected regret defined as:

ErRegretpT qs :“ E
«

Tÿ

t“1
RpXt, A‹

t
, �q ´ RpXt, At, �q

�
,

where A‹
t

denotes the optimal action for the observed context Xt and parameter �.
We define the optimal decision rule fi‹px, ◊q P arg max

aPA ErRpx, a, ◊qs so that we
may write A‹

t
“ fi‹pXt, �q

1. The expectation in the regret expression is taken over
the randomness in the contexts, rewards, the learner’s policy, and the prior over �.

1If multiple actions are optimal for a given px, ◊q P pX ˆ Oq, we arbitrarily fix the mapping to
one of the optimal actions. The function fi‹ is therefore well defined.
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2.1.3 The Bandit Problem
The multi-armed bandit setting [49] can be interpreted as a special case of

an MDP with no state. At each round t, the agent selects an action At P A and
receives a reward Rt P R that depends on the selected action and on the underlying
environment parameters �, so that we can write the reward as a stochastic function
RpAt, �q. The history available at round t is Ht :“ tA1, R1, . . . , At´1, Rt´1u.

The name multi-armed bandit originates from the classical gambling analogy by
Robbins [23] in which a player faces several slot machines (the one-armed bandits),
each associated with an unknown payoff distribution. The objective is to identify,
through repeated play, the machine with the highest expected payout.

A policy fi is a probability distribution over the action set A that depends on
the observed history Ht. The goal of the agent is to sequentially select actions
that maximize the total expected reward, or equivalently, that minimize the total
expected regret defined as

ErRegretpT qs :“ E
«

Tÿ

t“1
RpA‹, �q ´ RpAt, �q

�
,

where A‹ denotes the optimal action associated with the parameter �. We define
the optimal decision rule fi‹p◊q P arg max

aPA ErRpa, ◊qs so that we may write
A‹

“ fi‹p�q
2. The expectation in the regret expression averages over the randomness

of the rewards, the learner’s policy, and the prior over �.

2.1.4 Notation
Throughout the thesis, we write random variables with capital letters (e.g.,

X), their realizations with lowercase letters (e.g., x), and their outcome spaces in
calligraphic letters (e.g., X ).

Since the ‡-algebras generated by the history Ht will be used frequently, we
denote by

Etr¨s :“ Er¨ | Ht
s and Ptp¨q :“ Pp¨ | Ht

q

the conditional expectation and conditional probability given the history Ht.
We write IpX; Y q for mutual information between the random variables X and

Y , and for each t, we let ItpX; Y q denote the mutual information computed under
the posterior measure Ptp¨q “ Pp¨ | Ht

q, so that ItpX; Y q is a random variable whose
expectation over the history satisfies ErItpX; Y qs “ IpX; Y | Ht

q.
2Again, if multiple actions are optimal for a given parameter, we arbitrarily fix the mapping

for that parameter to one of the optimal actions. The function fi‹ is therefore well defined.
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2.2 Preliminaries on Information Theory
Information theory provides a mathematical language for reasoning about un-

certainty, information, and learning. Originally developed by Shannon to study
communication over noisy channels, it has since become a fundamental tool for
analyzing statistical and learning systems. In reinforcement learning and bandit
problems, information-theoretic quantities such as entropy and mutual information
allow us to formalize the value of information and to quantify how difficult it is for
an agent to learn an effective decision-making strategy. In this section, we review
these core notions.

Definition 2.1 (Entropy). Let Z be a random variable with distribution PZ and
density or mass function pZ . The entropy of Z is defined as

HpZq :“ ´E rlog pZpZqs .

Entropy measures the uncertainty associated with the random variable Z. If all
outcomes of Z are equally likely, the entropy is large, reflecting high uncertainty; if
one outcome occurs with certainty, the entropy is zero. It can be interpreted as the
expected number of bits required to describe a realization of Z, assuming an optimal
code based on its distribution. In learning problems, entropy often quantifies the
agent’s prior uncertainty about a latent quantity of interest, such as the best action
A‹ or the model parameters �.

When Z takes values in a finite set Z, its entropy is always bounded as

0 § HpZq § log |Z|,

with equality on the right if and only if Z is uniformly distributed on Z.

Definition 2.2 (Conditional entropy). Let Z and W be random variables with joint
distribution PZ,W and conditional distribution PZ|W . The conditional entropy of Z
given W is defined as

HpZ | W q :“ ´Erlog pZ|W pZ | W qs.

Conditional entropy measures the remaining uncertainty about Z once W is
known. Two fundamental properties summarize how entropy behaves under condi-
tioning and composition [50, Thm. 1.4 and 2.6].

Proposition 2.3 (Properties of entropy). Let Z, W, Z1, . . . , Zn be random variables.
Then:

• Conditioning reduces entropy: HpZ | W q § HpZq.

• Chain rule: HpZ1, . . . , Znq “
∞

n

i“1 HpZi | Z1, . . . , Zi´1q §
∞

n

i“1 HpZiq

The first property expresses that knowing more information can only reduce
uncertainty, while the second decomposes the total uncertainty of a collection of
variables into a sum of incremental uncertainties.
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Definition 2.4 (Relative entropy). Let P and Q be two probability distributions on
the same measurable space. The relative entropy (or Kullback–Leibler divergence)
of P with respect to Q is defined as

DKLpP }Qq :“ Ex„P

„
log

dP

dQ
pxq

⇢
,

whenever P ! Q, and `8 otherwise.

Relative entropy provides a quantification on how different two distributions
are and it plays a central role in defining other information-theoretic quantities.
It is always nonnegative and equals zero if and only if P “ Q almost surely [50,
Thm. 1.4]. From an operational viewpoint, it represents the expected penalty, in
extra bits, incurred when coding samples from P using a code optimized for Q [51].

Definition 2.5 (Mutual information). The mutual information between two random
variables X and Y is

IpX; Y q :“ HpXq ´ HpX | Y q “ DKL
`
PX,Y

››PX b PY

˘
.

Mutual information quantifies the expected reduction in uncertainty about X
after observing Y , or equivalently, how different the joint distribution PX,Y is from
the product of the marginals PX b PY .

Proposition 2.6 (Properties of mutual information). Let X, Y, Z, X1, . . . , Xn be
random variables. Then the following hold [50, Thms. 3.2, 3.7, 4.1]:

• Nonnegativity: IpX; Y q • 0, with equality iff X and Y are independent.

• More data, more information: IpX; Y, Zq • IpX; Y q.

• Data processing inequality: If X Ñ Y Ñ Z, then IpX; Y q • IpX; Zq.

• Chain rule: IpX; Z1, . . . , ZT q “
∞

T

t“1 IpX; Zt | Z1, . . . , Zt´1q.

Definition 2.7 (Conditional mutual information). Let X, Y, Z be random variables.
The conditional mutual information between X and Y given Z is defined as

IpX; Y | Zq “ HpX | Zq ´ HpX | Y, Zq.

Conditional mutual information measures how much knowing Y reduces uncer-
tainty about X when Z is already observed, typically in sequential decision problems,
Z will represent past observations.

Proposition 2.8 (Properties of conditional mutual information). Let X, Y, Z be
random variables. Then:

• If Z is independent of pX, Y q, then IpX; Y | Zq “ IpX; Y q [50, Thm. 3.7].

• IpX; Y q • IpX; fpY qq, with equality if f is invertible [50, Thm. 4.1].
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2.3 Information-Theoretic Analysis of Bandit Problems
Russo and Van Roy [31] introduced the first information-theoretic analysis of

Bayesian regret for bandit problems, which serves as the starting point for the
developments in this thesis. Their framework introduces the information ratio, a
quantity capturing the balance between exploration and exploitation. They show
that if an algorithm maintains an information ratio smaller than �, then its Bayesian
regret scales as O

´a
�T HpA‹q

¯
, relating the regret to both the prior uncertainty

about the optimal action and the efficiency with which information is acquired.

2.3.1 Information Ratio and General Regret Bound
The key idea of this framework is to quantify the exploration-exploitation trade-

off through the information ratio, which measures how much squared expected
regret an algorithm incurs per unit of information gained about the optimal action.

Definition 2.9 (Information Ratio). For each round t P t1, . . . , T u, the information
ratio is defined as the random variable

�t :“
Etr RpA‹, �q ´ RpAt, �q s

2

It

`
A‹; At, Rt

˘ ,

where Etr¨s denotes conditional expectation given the history Ht, and Itp¨ ; ¨q is
mutual information computed under the posterior measure Pp¨|Ht

q. The numerator
is the squared expected instantaneous regret, while the denominator measures the
information gained about the optimal action A‹ from observing the pair At, Rt.

The strength of this framework is that a bound on the average expected infor-
mation ratio3 directly implies a bound on the cumulative Bayesian regret.

Proposition 2.10 (Bayesian Regret Bound [31, Prop. 1]). For any algorithm, if
the average expected information ratio is bounded, 1

T

∞
T

t“1 Er�ts § �, then the
cumulative Bayesian regret after T steps satisfies

ErRegretpT qs §

a
� T HpA‹q,

where HpA‹
q denotes the prior entropy of the optimal action.

Proof. We begin by rewriting the Bayesian regret using the definition of the infor-
mation ratio:

ErRegretpT qs “

Tÿ

t“1
Er RpA‹, �q ´ RpAt, �q s “

Tÿ

t“1
E

”a
�t ItpA‹; pAt, Rtqq

ı
.

3The original proof of D. Russo and Van Roy [31, Proposition 1] requires a uniform bound,
�t § �, on the information ratio at every time step t P t1, . . . , T u. Our proof in Gouverneur et al.
[52] relaxes this assumption and shows that it is sufficient for the average expected information
ratio to be bounded.
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Applying Cauchy–Schwarz in expectation, Er

?

XY s §

a
ErXsErY s, we obtain

ErRegretpT qs §

Tÿ

t“1

a
Er�ts IpA‹; pAt, Rtq | Htq

piq
§

gffe
�T

Tÿ

t“1
IpA‹; pAt, Rtq | Htq

pjq
“

b
�T IpA‹; HT q

pkq
§

a
�T HpA‹q.

where (i) follows from the bound
∞

T

t“1 Er�ts § �T together with applying
Cauchy–Schwarz over the sum; (j) follows from the chain rule for mutual informa-
tion,

∞
T

t“1 IpA‹
; pAt, Rtq | Ht

q “ IpA‹
; HT

q; and (k) follows from the inequality
IpA‹

; HT
q § HpA‹

q.

This regret bound is remarkably general: it applies to any bandit algorithm
and any bandit model. To obtain concrete regret guarantees for a specific
algorithm, one must analyze its specific information ratio �t. One Bayesian
algorithm is particularly suited for such analysis, the Thompson Sampling algorithm.

2.3.2 Thompson Sampling
A natural algorithm to study within this framework is Thompson Sampling.

It works by selecting actions randomly based on their posterior probability of
being optimal. Specifically, at each time step t P t1, . . . , T u, the agent samples a
parameter estimate �̂t from the posterior distribution, conditioned on the history
Ht. The agent then selects the action that is optimal for the sampled parameter,
At “ fi‹p�̂tq, receives a reward Rt, and updates the history to Ht`1

“ Ht
YtÂt, Rtu.

The pseudocode for Thompson Sampling is given in Algorithm 1.

Algorithm 1 Thompson Sampling algorithm
1: Input: parameter prior Pp�q.
2: for t “ 1 to T do
3: Sample a parameter estimate �̂t „ Pp�|Ht

q.
4: Take the corresponding optimal action At “ fi‹p�̂tq.
5: Collect the reward Rt “ RpAt, �q.
6: Update the history Ht`1

“ Ht
Y tAt, Rtu.

7: end for
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Originally proposed by Thompson [33], the method has been rediscovered
multiple times over the decades and was reintroduced to the machine learning
community by Chapelle and L. Li [16] and Scott [53], who demonstrated its
excellent empirical performance in contextual bandit problems.

In the multi-armed bandit setting with a finite number of actions and bounded
rewards, D. Russo and Van Roy [31, Proposition 3] showed that the information
ratio of Thompson Sampling is uniformly bounded by the number of actions, which
in turns yields a bound on the Bayesian regret of order Op

a
|A|T logp|A|qq.

Proposition 2.11 (Worst-Case Bound). In a finite multi-armed bandit with |A|

actions and rewards in r´1, 1s, the information ratio of Thompson Sampling satisfies

�t § 2|A|.

Consequently,
ErRegretpT qs §

a
2|A| T HpA‹q.

Sketch of proof The proof proceeds in three main steps. First, under Thompson
Sampling, the action At chosen by the algorithm and the optimal action A‹ are
identically distributed conditional on the history. This symmetry allows the squared
instantaneous regret to be expressed as the squared expected difference between
two realizations of the same stochastic reward process RpA, �q: one where A and
� are jointly distributed and one where they are independent. Second, applying
the Cauchy–Schwarz inequality bounds this squared difference by |A| times the
expected variance of the mean reward conditioned on the optimal action A‹. Finally,
the Donsker-Varadhan variational inequality [54] relates this expected conditional
variance to the mutual information ItpA‹

; RpAt, �qq, yielding the bound �t § 2|A|.

The results of D. Russo and Van Roy [31] are elegant and remarkably general,
yet they leave some important questions open. First, the dependence on HpA‹

q

becomes problematic in continuous or infinite action spaces, where the entropy may
be unbounded. Second, the original analysis is essentially limited to the multi-armed
bandit setting, and its extension to contextual bandits requires additional ideas.
Finally, a natural direction is to understand the information ratio in bandit problems
with richer structure and to investigate how such structure can be reflected in the
resulting bounds.
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2.4 Scope of this Thesis
The goal of this thesis is to build on the framework of Russo and Van Roy [31]

and advance the information-theoretic analysis of reinforcement learning and
particularly, the study of bandit problems. Our objectives are formulated more
precisely through six research questions outlined below.

A first line of investigation concerns linear bandits. While existing analyses have
established regret bounds for Thompson Sampling in this setting, these results rely
on restrictive assumptions, such as finite action sets or well-behaved priors, and do
not apply to continuous or infinite action spaces. Our first question is therefore the
following:

Question 1: Can we remove existing limitations in information-theoretic analyses
of linear bandits and obtain tighter regret bounds, especially for infinite and
continuous action spaces?

A second objective is to move beyond the finite-armed and linear settings and
develop general information-theoretic regret bounds for broader classes of problems.
In particular, we are interested in contextual bandits with general reward models.
This motivates the second research question:

Question 2: Can we extend the information ratio regret analysis to contextual
bandits with general rewards?

As a concrete and practically relevant example, we focus in this thesis on the case
of logistic bandits, where the reward function depends on a linear combination of
features passed through a sigmoid link. Existing regret bounds for this setting often
scale poorly with the parameter of the model, the logistic slope. This motivates our
third question:

Question 3: Focusing on logistic bandits, can we improve existing regret bounds
that scale exponentially with the logistic slope parameter and depend on the number
of actions?

Beyond logistic rewards, a natural class of models that generalize linear and
logistic bandits are generalized linear bandits [55], where the expected reward is
given by a known link function applied to a inner product between the action and
parameter. These models cover a broad spectrum of applications but current regrets
bounds are not satisfactory [56, 19.4.7]. We therefore ask:



20 Background and Scope

Question 4: Can we extend the information-theoretic analysis to generalized
linear bandits?

A longer-term goal of this thesis is to understand whether the ideas developed in
the bandit setting can be extended to more general reinforcement learning problems,
where the agent interacts with an evolving environment and must plan over multiple
steps. This leads to the fifth question:

Question 5: Can we extend these ideas beyond bandits and propose a coherent
framework to study reinforcement learning?

Finally, we also explore how information-theoretic tools relate to PAC-Bayesian
theory [57–59], which provides generalization guarantees for randomized learn-
ing algorithms and provide theoretical insight to popular reinforcement learning
algorithms such as Trust Region Policy Optimization [60] and Proximal Policy
Optimization [61]. In particular, we investigate whether PAC-Bayesian methods can
be strengthened in the context of offline bandits. This motivates the final question:

Question 6: Can we strengthen PAC-Bayesian guarantees for offline bandits?

These questions define the research agenda of this thesis. In the following chapter,
we address each of them through a series of theoretical contributions, supported by
publications.



CHAPTER 3

Key Contributions & Results

This chapter presents the main contributions of the thesis, each advancing the
information-theoretic analysis of reinforcement learning problems. The results are
grouped thematically, reflecting a progression from foundational bandit models to
more complex settings, and ultimately toward reinforcement learning.

We begin by addressing linear bandits, where we refine existing regret analyses
on the performance of the Thompson Sampling algorithm and extend them to
infinite or continuous action spaces. We then move to more general bandit models,
such as contextual and logistic bandits, demonstrating that the information ratio
framework can accommodate contexts and nonlinearity. Finally, we explore how
these tools can be applied in the broader context of reinforcement learning, both in
the model based Bayesian setting and in offline learning with limited data.

3.1 Completing the Analysis of Linear Bandits
A central insight of the information–theoretic framework of Russo and Van

Roy [31] is that the Bayesian regret of a learning algorithm can be controlled in
terms of the entropy of the optimal action A‹. In completely unstructured settings,
this dependence reflects a genuine limitation. For example, in a bandit problem
with N unrelated actions, where exactly one yields reward 1 and all others yield 0,
the learner must identify the single good arm, and the uncertainty HpA‹

q precisely
captures the (worst-case) difficulty of this search.

21
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In practice, many bandit problems (most of the interesting ones) possess addi-
tional structure, and exact identification of the optimal action is not necessary to
achieve low regret. A particularly important example is the linear bandit problem.
In a d-dimensional linear bandit, both actions a P A and environment parameters
◊ P O are represented by feature vectors, that is A, O Ñ Rd, and the expected reward
is a bilinear function of these vectors, that is ErRpa, ◊qs “ xa, ◊y for all a P A and all
◊ P O. In this setting, similar actions are associated with similar expected rewards,
and learning a good approximation of the optimal action can suffice to achieve
small regret without perfectly identifying A‹. Dong and Van Roy [62] formalize this
intuition by constructing an approximation of the Thompson Sampling regret at
each time step by considering an approximation of the linear bandit problem on
a compressed parameter set OÁ. On this compressed linear bandit problem, they
construct �Á and �Á,t, the projections respectively of the parameter � and the
sampled parameter �t and carefully craft a deviation of the original Thompson
Sampling, which they name one-step compressed Thompson Sampling, such that

EtrRpA‹, �q ´ RpAt, �qs § Á ` EtrRpÃ‹
Á
, �q ´ RpÃt,Á, �qsloooooooooooooooomoooooooooooooooon

one-step compressed TS regret

,

where Ã‹
Á

and Ãt,Á are based respectively on �Á and �Á,t. They then show, that
for finite action and parameter spaces, the cumulative one-step compressed TS
regret can be controlled via the total information about the quantized parameter
�Á obtained by the original Thompson Sampling algorithm Hp�Á|HT `1

q and a
uniform bound �̃ on the one-step compressed information ratio defined as the ratio
between the squared one-step compressed TS regret and the information gained
about �Á by observing the pair RpÃt,Á, �q, Ãt,Á. For linear bandits with bounded
rewards, they prove that the one-step compressed TS regret can be controlled by
the dimension d of the problem. Summing over the approximation errors Á and
optimizing over the choice of Á, they obtain a near-optimal regret rate of order
Opd

a
T logpT qq. However, those results are limited to bandit problems with finite

action and environment parameter space.

3.1.1 Linear Bandits with Infinite Action Spaces (Paper A)
Paper A builds on the rate-distortion perspective introduced by Dong and Van

Roy [62] and extends the analysis to settings with infinite or continuous action
and parameter spaces. To simplify the exposure of our results, we adapt their
construction such that it depends on a statistic A‹

Á
, of the optimal action A‹

instead of a statistic �Á of the parameter �. We follow the main idea of their
rate-distortion analysis, that is, at each time step, we construct an approximation
of the instantaneous Thompson Sampling regret that can be controlled using an
information theoretic analysis. We develop new proof techniques to show that such a
construction can be achieved even with infinite and continuous action and parameter
spaces. We establish that, for any action space A and parameter space O, the
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cumulative Bayesian regret of Thompson Sampling satisfies

ErRegretpT qs §

b
�̃T HpA‹

Á
q ` ÁT,

where �̃ is an upper bound on the average expected one-step compressed Thompson
Sampling information ratio.

When the expected reward function is L-Lipschitz with respect to a metric space
pA, flq, we can set A‹

Á
to be the quantization of A‹ on an Á-net, and the entropy

HpA‹
Á
q can be related to the covering number of the action space. This yields the

bound
ErRegretpT qs §

b
�̃T log

`
N pA, fl, Á{Lq

˘
` ÁT,

which demonstrates that smoothness of expected rewards directly reduces the
complexity of the problem.

In particular, for d-dimensional linear bandits with bounded rewards, the one-
step compressed Thompson Sampling information ratio is bounded by the problem’s
dimension d. Then for problems with bounded rewards and where the action set
is a bounded subset of Rd, e.g. A Ñ Bdp0, 1q, we show that the Bayesian regret of
Thompson Sampling satisfies

ErRegretpT qs § 2d

gffeT log

˜
?

2 `
4

?

T

d

¸
.

This recovers the near-optimal rate O
`
d

a
T logpT q

˘
established in [62, Theo-

rem 2], and extends its applicability to general action and parameters spaces.

3.1.2 Chaining Analysis and Metric Entropy (Paper B)
While Paper A uses a single Thompson Sampling regret approximation scale

Á • 0, which we will denote EtrRegretpA‹
Á
qs :“ EtrRpÃ‹

Á
, �q ´ RpÃt,Á, �qs, Paper B

questions whether better bounds can be obtained by combining approximations at
multiple scales. Inspired by classical chaining techniques [63] and its applications
to the study of generalization error [64], Paper B decomposes the regret into a chain
of differences between “approximate learning” regrets of increasing resolution:

EtrRegretpA‹
qs “

8ÿ

k“1

´
EtrRegretpA‹

Ák
qs ´ EtrRegretpA‹

Ák´1 qs

¯
,

where tÁku
8
k“0 is a decreasing sequence with Á0 • diampAq and limkÑ8 Ák “ 0 such

that limkÑ8 EtrRegretpA‹
Ák

qs “ EtrRegretpA‹
qs and EtrRegretpA‹

Á0 qs “ 0.
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The idea of Paper B is to consider each incremental regret difference, which we
upper bounded using a chained information ratio, �t,k, and the entropy of successive
quantized versions of A‹

Ák
. Controlling those incremental regret difference, requires

the introduction of a modified Thompson Sampling algorithm, that we call 2-TS.
The only difference with the original algorithm is that the posterior distribution is
updated every two time steps. For bandit problems, the 2-TS expected cumulative
regret after T steps is bounded as

ErRegretpT qs §

8ÿ

k“k0`1

b
2 ¨ �̄k ¨ T ¨ HpA‹

k
, A‹

k´1q,

where A‹
k

is the kth-quantization of the optimal action A‹ with respect to pA, flq

and where for each k ° 0, �̄k is an upper bound on 1
T

∞
T

t“1 Er�t,ks.

For linear bandits, if the rewards form a separable sub-Gaussian process on
the metric space pA, flq, we can derive a regret bound that depends on the integral
entropy of the action space:

ErRegretpT qs § 12

?

dT

ª 8

0

a
2 logp|N pA, fl, Áq|q dÁ,

where |N pA, fl, Áq| is the covering number of the action space at scale Á • 0. The
requirement of the reward to form separable sub-Gaussian process is however very
restrictive and we have not found an application that is completely artificial.

3.2 Extending to More Complex Bandit Settings
The next papers extend the scope of the information-theoretic analysis beyond

linear bandits, addressing more complex bandit models where the optimal action
may vary over time or where the reward structure departs from the linear bandit
model. For each setting, we derive an improved information theoretic regret bound
valid for any algorithm. We then specialize those bounds to Thompson Sampling
algorithm and derive explicit regret rates via the analysis of a suitable information
ratio.

3.2.1 Generalizing the Analysis of Contextual Bandits (Paper C)
A key challenge in contextual bandit problens is that the optimal action changes

with the context, making the standard information ratio of D. Russo and Van Roy
[31] insufficient. The lifted information ratio adapts to this setting by measuring
the trade-off between regret and information gain about the environment parameter
� by observing the reward conditionally on the history and the observed context.
More precisely, the lifted information ratio at time t is defined as:

�t :“
Et rRpA‹

t
, �q ´ RpAt, �qs

2

Itp�; At, Rtq
,
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where A‹
t

denotes the optimal action in context Xt, and where importantly Etr¨s

denotes conditional expectation given the history Ht and the context Xt, and simi-
larly Itp¨ ; ¨q is mutual information computed under the posterior measure Pp¨|Ht, Xtq.

Paper C builds directly upon the recent work of Neu et al. [65], who employed the
concept of the lifted information ratio to analyze Thompson Sampling in contextual
bandit problems with binary rewards. We extend their analysis to be compatible
with any reward, and show that any algorithm that has a bounded average expected
lifted information ratio will enjoy a bounded cumulative regret. Specifically, we can
bound the cumulative Bayesian as

ErRegretpT qs §

a
�T Hp�q,

where � is an upper bound on the average expected lifted information ratio.

We then analyze the lifted information ratio of Thompson Sampling algorithm.
We establish a worst-case bound in terms of the cardinality of the action set |A|.
For d-dimensional linear bandits, we establish that the lifted information ratio can
be bounded by the dimension d. We then combine those results to the general
information-theoretic regret bound to derive specific regret rates for Thompson
Sampling. Our analysis generalizes the results of Neu et al. [65] from binary rewards
to sub-Gaussian and bounded rewards, and provides a simplified proof of the lifted
regret bound using standard information-theoretic arguments. In particular, our
proof of Theorem C.7 makes it explicit that if the mutual information can be
effectively approximated, then it is possible to derive regret bounds for bandit
problems with infinite or continuous action and parameter spaces. This result is
conceptually distinct from the compression-based analysis of Paper A and Paper
B that rely on constructing an approximation of the expected regret and will be
important for deriving improved regret bounds for logistic bandits presented in
Paper D.

3.2.2 Improving the Analysis of Logistic Bandits (Paper D)
The logistic bandit problem is a important example of a bandit model with

nonlinear rewards. This model is applicable to many industrial applications, such as
click-through rate prediction, spam email detection, and personalized advertisement
[16, 66]. In this setting, the agent receives binary rewards whose success probabilities
follows a logistic function of the inner product between the action a P A and an
unknown parameter ◊ P O:

P rRt “ 1s “
expp—xa, ◊yq

1 ` expp—xa, ◊yq
,

where — ° 0 is a scale parameter known to the agent.
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Previous regret bounds for logistic bandits, whether based on UCB [67] or
Thompson Sampling [30, 62, 65], scale either exponentially with the logistic slope —
or depend directly on the cardinality of the action space A. This dependences are un-
satisfactory and “it seems that there may be room for significant improvement” [56,
19.4.7]. In practice, the distinction between near-optimal and sub-optimal actions
gets more pronounced as — increases, which can make it easier to find near-optimal
actions. This gap between theoretical bounds and empirical observations was
already pointed out by McMahan and Streeter [68], who called for improved
regret analyses in the logistic bandit setting, a challenge that has long remained open.

Paper D resolves this issue by establishing logistic regret bounds for Thompson
Sampling algorithm that only scale logarithmically in —. We obtain this results
through two main contributions.

The first one is an improved general regret bound for logistic bandits. More
specifically, we establish that, for any algorithm, if the average expected information
ratio is bounded, 1

T

∞
T

t“1 Er�ts § �, for some � ° 0, then the cumulative regret is
bounded as

ErRegretpT qs §

b
�T

`
Hp�Áq `

1
2 Á2—2T

˘
,

where Hp�Áq is the entropy of � quantized at scale Á • 0 and �t is the ratio between
the squared regret at time t and the information gained about �, given the history.

Our second contribution focusses on the Thompson Sampling algorithm for
which we establish that the information ratio for logistic bandits is bounded
by dp4{–q

2 where d is the problem’s dimension and – “ min◊PO maxaPAxa, ◊y

is a minimax measure of the alignment between the action and parameter
spaces. Crucially, this bound is independent of the number of actions and of
the slope parameter —. Our first innovation is to control the information ratio
by relating both regret and information gain to the expected variance of the
regret, conditioned on the sampled parameter; lower bounding the information
gain using the regret variance instead of the regret expectation. Our second
innovation is to show that the limit case — Ñ 8 can serve as a uniform upper bound,
thereby simplifying the analysis. We believe the first innovation might be use-
ful to study the Thompson Sampling information ratio for generalized linear bandits.

Combining those two contributions, we obtain our main result: a bound on the
expected Thompson Sampling regret in Opd{–

a
T logp—T {dqq To the best of our

knowledge, this is the first regret bound for any logistic bandit algorithm that does
not scale exponentially with the logistic function’s parameter — or with the problem
dimension d and remains independent of the number of actions. Specifically, we
show that, for any — ° 0, and for all action and parameters inside the d-dimensional
Euclidean unit sphere, A, O Ñ Bdp0, 1q with minimax alignment constant – ° 0,
under the logistic bandit setting with logistic function „—pxq, the TS regret is
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bounded as

ErRegretpT qs §
4d

–

gffeT log

˜
3 ` 6—

c
T

2d

¸
.

Finally, we present specific settings where the dependence on – can be controlled.
For instance, when the action space fully encompasses the parameter space, O Ñ A,
the regret of Thompson Sampling scales as Õpd

?

T q.

An exciting direction for future work is to use the result in this paper to derive
regret bounds for logistic bandits in the frequentist setting. A promising way is
to apply our information-theoretic analysis to the optimistic information directed
sampling algorithm introduced by Neu et al. [69]. We believe that this approach
could lead to new and improved frequentist bounds for logistic bandits.

3.2.3 Extension to Generalized Linear Bandits
This subsection presents how the regret analysis techniques developed in Paper D

can be extended to the class of generalized linear bandits. A generalized linear bandit
model is a family of bandit problems based on the exponential family of distributions.
At each time step t P t1, . . . , T u, an agent selects an action At P A and observes
a reward Rt P R, drawn conditionally on At according to a distribution from the
exponential family with natural parameter xa, ◊y, where ◊ P O is an unknown
parameter vector. Formally, the distribution of the reward associated with an action
a P A and parameter ◊ P O is given by

PrRt “ rs “ expprxa, ◊y ´ bpxa, ◊yq ` cprqq ,

where b : R Ñ R is the log-partition function, which is convex, strictly increasing,
and twice differentiable, and c : R Ñ R is a known base measure. This class of
distributions has several useful properties. In particular, the conditional mean can
be written as

ErRt | a, ◊s “ µpxa, ◊yq “ b1
pxa, ◊yq ,

where µpxq “ b1
pxq is the mean function of the generalized linear model, often

referred to as the link function.

This formulation includes several standard bandit models as special cases.
For linear Gaussian bandits, the model corresponds to bpxa, ◊yq “

1
2 xa, ◊y

2 and
cprq “ ´

1
2 r2

´
1

2‡2 logp2fiq, where ‡2 is the noise variance. For logistic bandits,
where rewards are binary and follow a Bernoulli distribution with a logistic success
probability, the log-partition function is bpxa, ◊yq “ logp1 ` exa,◊y

q and the base
measure is cprq “ 0.
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Following [55, 67], we assume that the action space A and parameter space O
are bounded compact subsets of Rd. For convenience, and without loss of generality,
we use the convention that actions lie in the d-dimensional Euclidean unit ball
Bdp0, 1q and parameters lie in a Euclidean ball of radius S, that is, A Ñ Bdp0, 1q

and O Ñ Bdp0, Sq.

Then for any algorithm such that the average expected information ratio (as
defined in Paper D) is bounded by �, we can show that its regret is bounded in order
Op

a
�Td logpSCT {dqq. More specifically, we establish that its regret is controlled

by
ErRegretpT qs §

b
�Td logp3 ` 6S

a
2CT {dq,

where C :“ sup
xPr´S,Ss µ1

pxq be the supremum of µ1 over the natural parameters.

The proof follows exactly the same technique as the proof of Theorem D.4 as
relies on approximating the conditional mutual information Itp�; RpAt, �q, �̂tq

with Ip�Á; Rt | Ht, �̂tq where �Á is a quantization of �. The difference is that
it bounds the remainder by using the fact that, for exponential families with
log-partition function b, the KL divergence between distributions with natural pa-
rameter ÷ and ÷1 can be expressed as the Bregman divergence of b evaluated at p÷1, ÷q.

Proof. We start by rewriting the expected regret using the information ratio:

ErRegretpT qs “

Tÿ

t“1
ErRpA‹, �q ´ RpAt, �qs “

Tÿ

t“1
E

„b
�tItp�; RpAt, �q, �̂tq

⇢
.

Applying Cauchy-Schwarz for expectations, Er

?

X
?

Y s §

a
ErXsErY s, followed by

Cauchy-Schwarz over the sum, we obtain

ErRegretpT qs§

Tÿ

t“1

b
Er�tsIp�; RpAt, �q, �̂t|Htq§

gffe
�T

Tÿ

t“1
Ip�; RpAt, �q, �̂t|Htq,

(3.1)

where in the last step, we used that by assumption
∞

T

t“1 Etr�ts § �T . Then, by
the chain rule for mutual information [50, Theorem 3.7.b] we can write
Ip�; RpAt, �q, �̂t|H

t
q“Ip�; �̂t|H

t
q`Ip�; RpAt, �q|Ht, �̂tq“Ip�; RpAt, �q|Ht, �̂tq,

using that � and �̂t are independent given Ht, and that Ip�; �̂t|Ht
q “ 0.

Let P
Rt|Ht,�̂t,� and P

Rt|Ht,�̂t
denote the distribution of Rt conditioned respec-

tively on Ht, �̂t, � and Ht, �̂t. Then, we have that

Ip�; Rt|H
t, �̂tq “ E

Ht,�,�̂t

„
ERt„P

Rt|�̂t,�

„
log

P
Rt|�̂t,�pRtq

P
Rt|Ht,�̂t

pRtq

⇢⇢
, (3.2)
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where we used that P
Rt|Ht,�̂t,� “ P

Rt|�̂t,� since Rt is independent of Ht conditioned
on � and �̂. Now, we let OÁ be an Á-net for pO, Î¨Î2q with mapping q : O Ñ OÁ, and
define �Á :“ qp�q the quantized parameter. We introduce P

Rt|Ht,�̂t,�Á
to denote

the reward distribution given Ht, �̂t, �Á, which is obtained by averaging over all �
1

such that qp�
1
q “ �Á, that is P

Rt|Ht,�̂t,�Á
p¨q :“ E

”
P

Rt|�̂t,�1 p¨q

ˇ̌
ˇqp�1q“�Á

ı
.

Then, starting from the definition of conditional mutual information, we add
and subtract the log-probability logP

Rt|Ht,�̂t,�Á
pRtq inside the inner expectation

to obtain

p3.2q “ E
«
ERt„P

Rt|�̂t,�

«
log

P
Rt|Ht,�̂t,�Á

pRtq

P
Rt|Ht,�̂t

pRtq

�
` E

«
log

P
Rt|�̂t,�pRtq

P
Rt|Ht,�̂t,�Á

pRtq

��
.

Using the law of total expectation, the outer expectation over � may be replaced
by one over �Á, and the first term is exactly the conditional mutual information
Ip�Á; Rt | Ht, �̂tq. We recognize the second term as the expected KL divergence be-
tween the true reward distribution P

Rt|�̂t,� and the quantized posterior P
Rt|Ht,�̂t,�Á

,
which by convexity of the KL divergence is at most the average over the quantization:

E
”
DKLpP

Rt|�̂t,� } P
Rt|Ht,�̂t,�Á

q

ı
§ E

”
E

”
DKLpP

Rt|�̂t,� } P
Rt|�̂t,�1 q

ˇ̌
ˇqp�1q“�Á

ıı
.

Conditioned on � “ ◊, �
1

“ ◊1 and �̂t “ ◊̂t, the rewards are drawn from a
canonical exponential family with natural parameters ÷ “ xfi‹

p◊̂tq, ◊y and ÷1
“

xfi‹
p◊̂tq, ◊1

y, we have the exact identity

DKLpP
Rt|�̂t“◊̂t,�“◊

} P
Rt|�̂t“◊̂t,�1“◊1 q “ ERt„P

Rt|�̂t“◊̂t,�“◊

“
Rtp÷ ´ ÷1

q ´ bp÷q ` bp÷1
q
‰

“ bp÷1
q ´ bp÷q ´ b1

p÷qp÷1
´ ÷q,

which we recognize as the Bregman divergence of b evaluated at p÷1, ÷q. Note that
in the last equality we used that ErRt|÷s “ b1

p÷q. Since b is twice differentiable with
continuous first and second derivative, Taylor’s theorem gives, that for all x, y P R
with x § y, there exists an › P rx, ys such that

bpxq “ bpyq ` b1
pyqpx ´ yq `

1

2
b2

p›qpx ´ yq
2.

Then we have that

DKLpP
Rt|�̂t“◊̂t,�“◊

} P
Rt|�̂t“◊̂t,�1“◊1 q §

1

2
sup

|x|§S

b2
pxqp÷1

´ ÷q
2

§ 2CÁ2,

where we used that |÷1
´ ÷| § }fi‹

p�̂tq}}�
1
´ �} § }�

1
´ �Á} ` }�Á ´ �} § 2Á and

the fact that C “ sup|x|§S
b2

pxq as µ1
pxq “ b2

pxq. Taking expectations, the second
term in Eq. (3.2) is therefore at most 2CÁ2.
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Summing over t and applying the chain rule for conditional mutual information, we
obtain

Tÿ

t“1
Ip�Á; Rt | Ht, �̂tq “ Ip�Á; HT

q § Hp�Áq.

Collecting the 2CÁ2 and inserting the above bound into Eq. (3.1) yields

ErRegretpT qs §

a
�T pHp�Áq ` 2CÁ2T q,

which is the desired result. Then using that the cardinality of �Á can be contolled by
d logp1 ` 2S{Áq and setting Á “

b
d

2CT
and rearranging terms inside the logarithm

gives the desired result.

3.3 An Incursion into Reinforcement Learning Problems
The final part of this thesis takes a step beyond bandit models and investigates

more general reinforcement learning problems where the state of environment can
be influenced by the agent’s decision. Paper E marks the beginning of this broader
exploration by studying theoretical performance limits and learning guarantees in
model-based Bayesian reinforcement learning and while Paper F provides improved
PAC-Bayes guarantees for offline decision-making settings.

3.3.1 The Limits of Bayesian Reinforcement Learning (Paper E)
Paper E is inspired by the work of Xu and Raginsky [27], who introduced

a framework to study the best achievable performance of supervised learning
algorithms under a Bayesian setting. Following their approach, Paper E puts
aside computational constraints and instead focuses on the fundamental Bayesian
performance limits of model-based reinforcement learning. More precisely, we
introduce a theoretical framework for analyzing Markov decision processes under
Bayesian uncertainty, where the transition dynamics and reward functions are
governed by a latent parameter � drawn from a known prior. Within this setting,
we define the Bayesian cumulative reward (BCR) as the maximum expected return
achievable when the agent learns purely from its interaction history. We then
introduce the concept of the minimum Bayesian regret (MBR), defined as the
performance gap between the BCR and the optimal cumulative reward achievable if
the agent had access to the environment parameter.

A contribution of Paper E is to establish a data processing inequality for the
BCR, showing that any transformation of the agent’s knowledge can only decrease
the achievable cumulative reward. Using this result, we derive upper bounds on the
MBR based on information-theoretic divergences. Specifically, we provide bounds
involving relative entropy and Wasserstein distance, and analyze these bounds in the
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context of multi-armed bandits and online optimization with partial feedback. In the
latter case, we show that our bounds recover, from below, the information-theoretic
regret bounds of Russo and Van Roy [31]. These results are later used in [70, 71] to
derive minimax regret bounds.

3.3.2 Refining PAC-Bayesian Guarantees (Paper F)
In Paper F, we turn to the offline reinforcement learning setting, where the agent

must learn a good decision policy solely from a fixed dataset of logged interactions in
bandit problems, or loggged episode’s results in episodic RL. Based on this dataset,
the agent must select a fixed policy that yields high rewards in expectation. Since
the reward distribution is unknown, a common approach to evaluate policies using
importance-weighted empirical reward estimates. An important question to guide
the policy search is whether the empirical reward estimate is close to the true
expected reward. Probably Approximately Correct (PAC) theory provides answers to
this question by offering “in probability” guarantees on the difference between the
empirical estimate and the true expectation. PAC-Bayesian bounds generalize PAC
guarantees and account for the dependence of the learned policy on the observed
dataset [72–76]. This dependence is typically measured using the relative entropy
between a prior hypothesis and the learned hypothesis. The resulting bounds
have found practical applications, as they motivated the introduction of relative
entropy regularization methods. The idea is to search for a policy fi that maximizes
the expected reward estimate while imposing a penalty on the relative entropy
between fi and a prior policy µ. Examples of such methods include Relative Entropy
Policy Search [77], Trust Region Policy Optimization [60], and Proximal Policy
Optimization [61].

One problematic of the PAC-Bayes bounds derived in [57] and follow-up works
[59, 78, 79] is that they depend on a parameter ⁄ ° 0 that must be set before
observing the data and cannot be optimized based on the data. [59] attempts to
circumvent this difficulty deriving a bound that holds simultaneously for a grid of
parameters, but their approach fell short of obtaining a parameter-free bound with
optimal rate.

In Paper F, we improve on these previous results and derive parameter-free
PAC-Bayes bounds, achieving the optimal rate. We apply an optimization technique
for the “in probability” parameter ⁄ that works by discretizing the space of possible
events for the bounds and optimizing the parameter ⁄ conditioned on the event
before applying a union bound [28]. This method allows us to derive Bernstein- and
Hoeffding-type PAC-Bayesian bounds that achieve optimal rates.





CHAPTER 4

Conclusion & Future Work

This chapter concludes the thesis by summarizing its main contributions and
outlining several promising directions for future research. The first part of this
chapter, Section 4.1, synthesizes the main contributions made across linear bandits,
structured bandits, and reinforcement learning, highlighting how the developed
tools extend existing theory and open the way to new analyses. The second part,
Section 4.2, discusses several research avenues where information-theoretic ideas
may continue to provide insight.

4.1 Conclusion
In the first part of the thesis, we focused on completing the information-theoretic

analysis of linear bandits. Earlier results had already shown that one can control
regret by approximating the optimal action, but these guarantees were essentially
restricted to finite action and parameter sets. We extended this line of work to
infinite and continuous domains by adapting the regret approximation techniques
based on the one-step compressed Thompson Sampling algorithm and its associated
information ratio. This led to regret bounds that remain near-optimal while holding
for general metric action spaces. We then refined the analysis further using chaining
arguments, which decompose learning into a sequence of approximations at different
resolutions and yield bounds expressed in terms of the metric entropy of the action
space. Together, these results complete the information-theoretic study of linear
bandits beyond the finite-action setting.
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The second part of the thesis extends the information-theoretic analysis to
more complex bandit models, where rewards may depend on side information
or follow nonlinear structures. We first considered contextual bandits, extend-
ing the analysis based on the lifted information ratio, which measures regret
and information gain conditionally on the observed context. This approach
generalizes earlier results that were limited to binary rewards and establishes
regret bounds for problems with bounded or sub-Gaussian rewards. We then
addressed the logistic bandit problem, a prominent example of a nonlinear model,
and established regret bounds that depend only logarithmically on the slope
parameter and do not scale with the number of actions. These bounds overcome
long-standing limitations of earlier analyses, which either grew exponentially with
the logistic slope or scaled with the cardinality of the action or parameter space.
Finally, we took initial steps toward generalized linear bandits, highlighting how
information-based techniques can be adapted to richer reward models and offering a
path toward unified regret guarantees for a large class of structured bandit problems.

The final part of the thesis extends the information-theoretic viewpoint beyond
bandit models to more general reinforcement learning settings, where the agent’s
actions influence the evolution of the environment. In the model-based Bayesian
framework, we introduced formal definitions of the Bayesian cumulative reward and
the minimum Bayesian regret, capturing the best achievable performance when
learning is limited only by uncertainty about the environment. We established data
processing inequalities showing that any transformation of the agent’s information
can only decrease achievable performance, and derived upper bounds on the inherent
difficulty of reinforcement learning problems using relative entropy and other
divergence measures. In the offline setting, where policies must be learned from
fixed datasets, we developed parameter-free PAC-Bayesian bounds that achieve
optimal rates for evaluating and selecting policies. These results connect directly to
entropy-regularized policy search methods, providing a theoretical foundation for
algorithms such as trust-region and proximal policy optimization.

Beyond these specific results, the thesis highlights the elegance and versatility of
information-theoretic analysis as a tool for understanding and designing learning
algorithms. Information-theoretic regret bounds often take simple, interpretable
forms that reveal exactly which aspects of a problem make it hard, and how structure
can be exploited to make it easier. This clarity is not merely theoretical: it also
guides the construction of new algorithms. Methods such as Information Directed
Sampling and its optimistic variants are built by directly optimizing the trade-off
expressed in information-ratio bounds, selecting actions that promise the greatest
reduction in uncertainty per unit of regret. In this way, the theory provides both
insight and practical direction, showing that principled reasoning about information
acquisition can lead naturally to algorithms that are effective, robust, and aligned
with the fundamental limits of learning.
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4.2 Future Work
A promising direction for future research is the development of frequentist

regret guarantees using information-theoretic tools. While originally formulated for
Bayesian analysis, recent work has shown that these concepts can be adapted to
obtain worst-case performance bounds. For instance, Foster et al. [80] introduced
the Decision-Estimation Coefficient (DEC), a general framework using Hellinger
distance to characterize sample-efficient learning in stochastic settings. In a
parallel development, Zhang [81] proposed Feel-Good Thompson Sampling (FGTS),
which achieves frequentist guarantees by replacing the standard posterior with an
optimistic update. Building on these ideas, Neu et al. [69] recently introduced a
surrogate information ratio, providing a direct bridge between information-ratio
analysis and frequentist bounds. As the methods in this thesis align well with
this information-theoretic perspective, extending our analysis to incorporate these
Hellinger-based tools could potentially lead to improved frequentist guarantees for
structured bandit models.

A second direction for future work lies in strengthening the connections
between bandit theory and generalization theory in supervised learning [82, 83].
Information-theoretic ideas originally appeared in both areas around the same
time [84]: in bandits, to study exploration and regret, and in supervised learning, to
understand how well an algorithm generalizes by measuring how much information
it extracts or “memorizes” from the training data. Although some principles are
shared across these fields, the two research communities have developed their tools
in parallel and there may be unexplored opportunities to transfer techniques or
perspectives from one domain to the other. Exploring such links could lead to new
insights into both regret minimization and generalization.

A final and perhaps more ambitious direction is to extend information-directed
exploration beyond bandits to full reinforcement learning. In this thesis, we estab-
lished rigorous performance guarantees for algorithms that minimize the expected
information ratio in bandit and contextual bandit problems, and algorithms inspired
by this principle, such as Information Directed Sampling and its optimistic variants,
demonstrate strong empirical performance in these settings. Adapting these concepts
to reinforcement learning is non-trivial, as exploration influences not only immediate
rewards but also the future states in which information is gathered. Nevertheless,
even incremental progress toward information-aware reinforcement learning could
lead to the development of more effective and principled exploration strategies.
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