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Abstract

The explosive growth of distributed data generation — spanning data centers, sensor
networks, massive 10T, and edge learning places an unsustainable burden on modern in-
frastructure, where the energy and latency costs of moving raw data often outstrip those
of processing it. While analog over-the-air computation (OAC) promises a solution by
exploiting the natural superposition of wireless waveforms to aggregate data in-channel,
it remains fragile against noise and fundamentally incompatible with the ubiquitous
digital hardware that powers all modern communication systems.

This thesis introduces a digital-native framework that unifies communication and
computation at the physical layer. Rather than treating channel interference as an
obstacle, we engineer the geometry of digital constellations so that the superposition
of signals directly yields the desired function value. This paradigm shift transforms
the communication link from a passive data pipe into an active computational engine,
applicable to any multiple-access channel—whether wired or wireless—without requiring
the decoding of individual inputs.

We generalize this framework along three axes to ensure scalability and reliability
across diverse network environments. First, we develop noise-aware constellation de-
signs that optimize inter-symbol geometry for non-Gaussian and heavy-tailed interfer-
ence, ensuring robustness beyond standard Euclidean metrics. Second, we introduce a
sampling-based reduction strategy that leverages the symmetry of aggregation functions
to cut design complexity by orders of magnitude, enabling deployment in massive-scale
networks. Third, we extend the framework to vector-valued computation, utilizing spa-
tial degrees of freedom to perform complex, multi-dimensional aggregations in a single
transmission shot without relying on perfect channel state information.

Finally, to bridge the gap to immediate deployment, we present a closed-form alge-
braic coding scheme for exact summation. The proposed solution integrates seamlessly
with standard quadrature amplitude modulation, eliminating the need for complex op-
timization and olering a plug-and-play solution for digital aggregation. We validate
these contributions through the lens of Federated Edge Learning, demonstrating that
computation-by-communication is not only feasible using standard digital protocols but
significantly outperforms traditional orthogonal transmission. Collectively, these works
prove that computation-by-communication is not only feasible on digitally modulated
signals but superior to analog alternatives, paving the way for the next generation
of compute-aware networks, enabling energy e Lcieht, scalable, and robust intelligence
across any digital infrastructure.






Sammanfattning

Den explosiva tillvaxten av distribuerad datagenerering — som spanner dver datacen-
ter, sensornatverk, massiv 10T och edge learning — lagger en ohallbar bérda pa modern
infrastruktur, dar energi- och latenskostnaderna for att flytta radata ofta éverstiger kost-
naderna for att bearbeta den. Aven om analog over-the-air-berakning (OAC) lovar en
l6sning genom att utnyttja den naturliga superpositionen av tradlésa vagformer for att
aggregera data direkt i kanalen, forblir tekniken kanslig for brus och fundamentalt in-
kompatibel med den allmant forekommande digitala hardvara som driver alla moderna
kommunikationssystem.

Denna avhandling introducerar ett i grunden digitalt ramverk som férenar kommu-
nikation och berdkning pa det fysiska lagret. Istallet for att betrakta kanalinterferens
som ett hinder, utformar vi geometrin hos digitala konstellationer sa att signalernas
superposition direkt ger det 6nskade funktionsvardet. Detta paradigmskifte omvandlar
kommunikationsléanken fran en passiv datakanal till en aktiv berédkningsmotor, tillamp-
bar pa alla fleranvandarkanaler — oavsett om de ar tradbundna eller tradlésa — utan att
krava avkodning av individuella indata.

Vi generaliserar detta ramverk langs tre axlar for att sakerstalla skalbarhet och till-
forlitlighet i olika natverksmiljoer. For det forsta utvecklar vi brusmedvetna konstel-
lationsdesigner som optimerar intersymbolgeometrin for icke-gaussisk och tungsvansad
interferens, vilket garanterar robusthet bortom standardmaéssiga euklidiska matt. For det
andra introducerar vi en samplingsbaserad reduktionsstrategi som utnyttjar symmetrin
hos aggregationsfunktioner for att minska designkomplexiteten med flera storleksord-
ningar, vilket mojliggér implementering i natverk av massiv skala. For det tredje utvid-
gar vi ramverket till vektorvard berdkning, genom att utnyttja rumsliga frinetsgrader for
att utféra komplexa, flerdimensionella aggregationer i en enda sdndning, utan att forlita
oss pa perfekt kanaltillstdndsinformation.

Slutligen, for att 6verbrygga klyftan till omedelbar tilldmpning, presenterar vi ett al-
gebraiskt kodningsschema i sluten form for exakt summering. Den foreslagna I6sningen
integreras somlést med standardiserad kvadraturamplitudmodulering, vilket eliminerar
behovet av komplex optimering och erbjuder en ”plug-and-play”-l6sning for digital ag-
gregation. Vi validerar dessa bidrag genom perspektivet av federerat edge-larande och
visar att berdkning-genom-kommunikation inte bara ar genomférbart med standardise-
rade digitala protokoll, utan &ven signifikant 6vertra [ad traditionell ortogonal 6verforing.
Sammantaget bevisar dessa arbeten att berdkning-genom-kommunikation inte bara ar
genomforbart pa digitalt modulerade signaler utan &ven overlagset analoga alternativ.
Detta banar vag for nasta generations berdkningsmedvetna natverk och mojliggor ener-
gie [eHtiv, skalbar och robust intelligens éver all digital infrastruktur.






Acknowledgements

This thesis is the result of the support and contributions of many individuals and orga-
nizations.

I am deeply grateful to my supervisor, Prof. Carlo Fischione. His guidance and
support were instrumental, beginning even before the o [cial start of my Ph.D. His
assistance in arranging the necessary logistics ensured a smooth transition to Sweden
upon my arrival. Over the past five years, his unwavering availability and support have
profoundly influenced this work. It was always clear that Carlo cared not only about
the high quality of research but also about the future of my career. His advice was
consistently invaluable. The Ph.D. journey presented its share of challenges. During
di Ccullt moments, and especially when navigating my own overzealous decisions, his
patience and adept guidance were crucial, helping me to overcome obstacles and make
sound choices. Ultimately, his professionalism, enthusiasm, generosity, and exceptional
mentorship have shaped my development as an independent researcher in ways that
words cannot repay and express.

I thank my co-supervisor, Asst. Prof. José Mairton for sustained guidance, incisive
feedback, and meticulous comments that materially improved the results; several contri-
butions arose directly from his suggestions. | also thank my master’s supervisor, Prof.
Arash Amini, who first taught me how to conduct research and write academic papers.

I am grateful to Prof. Deniz Giindiz for hosting me at Imperial College London.
Despite a demanding schedule, he provided careful readings, constructive comments,
and warm hospitality. My time there was further enriched by Mohammad, who o [erkd
invaluable help, as well as Edoardo, Szymon, Anastasiia, Vivian, Andriy, and Greg, who
created a supportive and enjoyable environment.

I would like to thank Prof. Sennur Ulukus for acting as the opponent, Prof. Jon
Crowcroft, Prof. Angela Yingjun Zhang, Dr. Sebastian Cammerer for participating in
the grading committee, and Prof. Emil Bjérnson for acting as quality reviewer for this
thesis, Prof. Viktoria Fodor for acting as chair of the defense.

I appreciate my colleagues and friends in the WASP community—especially Ali
Dadras, Alireza Mahmoudi, Freidoon, Amandine, Hoomaan or Human, Mehrdad, and
Shivam—for their enduring friendship and support. | also wish to thank the members
of the theater group initiated by Mohammad Javad, including Armin, Ayat, Alireza,
Marjan, Saeed, Farzaneh, Shahla, and Maryam, for the enjoyable and memorable times
we shared. Furthermore, | extend special thanks to my friends Mohammadreza Seidi,
Zeinab, and Ali for their help upon my arrival in Sweden, and to Fatemeh for her uplifting
and energetic conversations, her consistent presence at fikas, and the support provided
in managing housing arrangements during my research visit abroad.

I gratefully acknowledge the financial support provided by the Wallenberg Al, Au-
tonomous Systems and Software Program and the Ericsson Research Foundation, which
made my studies and research visits possible.

I thank my past and present colleagues at NSE for fostering such a collegial atmo-



sphere. In particular, I thank Henrik for our many interesting discussions, especially the
times we spent talking about random things. | truly learned a lot from his optimistic
perspectives and unfailing kindness; Oscar for his mature and supportive behavior during
critical moments; Yacine for his training companionship and his secret growth algorithm;
Aws Al-Zargawee for memorable stories and historical insights; Seyed Mohammad Azimi-
abarghouyi for inspiring a highly sustainable lifestyle and helping me with relocation;
and Jaume for his tips and tricks, and managing housing arrangements during my re-
search visit abroad. | am also grateful to the wider NSE group, including Hansi, Elias,
Niloofar, Xiojing, Sandor, Rémi, Jakob, Kiaras, Giuseppe, Viktor, Yang, Emre, Afsaneh,
Seif, Kim, Ezzeldin, Mauricio, Muhammad Zeshan, Amirreza, Huy, Feridun, Lamia, Si-
mon, Ayoub, Leon, Ashish, Engla, and Dan. | also thank the graphic team—Krishnendu,
Milica, and Xin—for their consultation regarding the thesis cover colors.

Finally, I thank my family—my mom and dad, and my siblings Ali, Amir, Hamed,
and Fatemeh—for their love and unwavering support throughout my life and studies.

e Drrrronites

Stockholm, December 3, 2025

Vi



Contents

1 Introduction
1.1 Problem Formulation . . . . . . .. .. .. .. ... ... ..
1.2 Contributions of the Thesis . . . . . . . ... ... .. ... .......
1.3 Contributions not Covered inthe Thesis . . . ... ... .. .......

2 Theoretical Background
2.1 Communication Model . . . . . . ... ...
2.2 Over-the-Air Computation . . . . . . ... .. ... ... ...

3 Fundamental Limits
3.1 Introduction . . . . . . . ..
3.2 System Model and Method Formulation . . . ... ... .........
3.3 Computation over Noiseless MACs . . . . . . .. .. ... ... .....
3.5 Modulation Selection for Noisy MACs . . . . . . .. .. ... .......
3.10 Numerical Experiments . . . . . . . . . . . . ...
3.11 Summary ... e e e e

4 Generalization |: Distance Metric
4.1 Literature Review . . . . . . . . . .
4.2 Resolving Constellation Points Overlaps . . . .. .. ... ... .....
4.3 Constellation Design Criteria . . . . . . . . . .. ... ... .. .....
4.8 Performance Evaluation . ... .. ... ... ... .. ... .. ...,
4.9 SUMMAry . . . . e e e e

5 Generalization Il: Sampling
5.1 Why Do We Need Sampling for Aggregation? . . .. .. ... ......
5.2 Communication Model . . . . ... ... ... ... ...
5.3 Pyramid Sampling for Symmetric Functions . . . . ... ... ... ...
5.7 Performance Evaluation . . .. ... ... ... ... ... .. ......
5.8 Summary . ... e

6 Generalization I11: Vector Computation
6.1 Literature Review . . . . . . . . . . . e
6.2 Outline of the Chapter . . . . . ... .. ... ... .. ... .......
6.3 System Model and Problem Formulation . . . ... ... .........
6.5 Statistical Channel Compensation . . . . . . ... .. ... ........
6.11 VEcCCowmP for Multiple Function Computation . . . . . . ... ... ...
6.15 Numerical Experiments . . . . . . . . . . . .. ... ..

Vii

o b WO

12
12
16

23
23
26
29
31
39
42

44
44
45
48
55
59

60
60
62
63
76
79



6.16 Summary . . ... ... ....

A Simple Algebraic Solution

7.1 Outline of the Chapter . . . . .

7.2 System Model . . ... ... ..

7.3 Encoding and Decoding Methods
7.9 SumMCoMP Coding: Performance

Analysis . .. ... ... ... .....

7.11 Towards Optimal Constellation Diagram . . . . . .. ... ... .....

7.17 Extensions . . . . . . . .. ...
7.18 Numerical Results . . . . . . ..
7.19 Summary .. ... ... .. ..

Application to Federated Edge Learning

8.1 Literature Review . . . . . . ..
8.2 Digital Federated Learning . . .
8.3 System Model . . ... ... ..

8.6 ChannelCompFed: Encoding and Decoding . . . . . .. ... .....
8.9 Theoretical Convergence Analysis . . . . . . ... .. .. ... ......

8.12 Numerical Experiments . . . . .
8.13 Summary . . ... ... ....

Conclusion and Future Works
9.1 Future Works . . ... .....

viii

96
96
98
100
108
110
118
123
127

129
130
130
131
135
137
141
145

147



List of Figures

1.1 Estimated Electricity Usage . . . . . . . . . . . .. . ... .. .. ....
1.2 OAC versus Standard Orthogonal Communication Protocols . . . . . . .
1.3 Smoke-Signal-Inspired Pattern Mapping for Digital OAC . . . . . . . ..

w

2.1
2.2
2.3
2.4
2.5

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

4.1
4.2
4.3
4.4
4.5
4.6

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5.10

MAC Model for Narrow-band Single-path Fading . . . ... ... ...
P2P Modulation versus ChannelComp Digital OAC . . . . . ... . ..
AirComp versus Standard Orthogonal Communication . .. ... ...
The Evolution of OAC Problems . . . . . ... ... ... .......
Radar Summary of the Thesis . . . . . . ... ... .. ... ......

ChannelComp: Superposition Model and Tabular Decoding . . . . .
Superposition of the Constellation Points for QPSK . . . . . . .. ...
Constellation of BPSK: Sum versus Product Mapping . . . . .. .. ..
Counterexample: Symmetry and Range Criteria . . . . . ... ... ..
ChannelComp: Splitting Ambiguous Constellation Points . . . . . . .
Modulation Constellation for Two Nodes and 3-bit. . . . . . . ... ..
Modulation Constellation for Fading Channel . . . . .. ... ... ..
G-ChannelComp, AirComp, and OFDMA for Digital Input . . . . .
G-ChannelComp, AirComp, and OFDMA for Analog Input . . . . .
E-ChannelComp, AirComp, and OFDMA Over Fading Channel . . . .

Superimposed Constellation Diagrams for Two Modulation Formats . . .
Comparison of Arctan with Absolute Function . . . . .. .. .. .. ..
Constellation of Dilerent Metric for the Sum Function . . .. ... ..
Constellation of Dilerent Metric for the Product Function . . . . . ..
Distribution-Aware Constellation Designs over AWGN . . . . . . .. ..
Distribution-aware Constellation Designs over Heavy-tailed Channel . . .

Block Diagram of the Communication Model . . . . .. ... ... ...
Sub-sampled Constellation Diagram . . . . . . .. .. .. ... .....
Computation Error and Computational Complexity Trade-o[1. . . . .
Performance Comparison for Dilerent Sampling Orders . . . . . . . ..
Illustration of the Induced Constellation Diagram . . . . ... .. ...
Sampling Scheme For Computing the Product Function . . . . . . . ..
MAE of the Majority-based Sampling . . . . . ... ... ........
MAE for Majority-based Digital OAC . . . . . . . .. .. .. ... ...
Constellation Diagrams Under Full-enumeration . . . . .. .. ... ..
MSE versus Per-node SNR for the Sum and Product Functions . . . . .

13
15
17
21
22

26
27
28
30
32
38
39
40
41
42

47
53
56
57
58
59



5.11

6.1
6.2
6.3
6.4

7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
7.10
7.11
7.12
7.13
7.14

8.1
8.2
8.3
8.4
8.5
8.6

MSE versus Per-node SNR for the Product and Max Functions . . . . . . 79

MIMO Setup with Multiple Transmitters . . . . . . . ... ... ..... 82
NMSE Performance of VECCOMP versus the Number of Receiver Antennas 92
NMSE Performance of VECCOMP versus the Number of Transmitting Nodes 93

Performance Comparison Between VECCoOMP, MIMO OAC . . . . . . .. 94
Block Diagram of the Complete Transmission Process . . . . . .. .. .. 98
The Schematic of Encoding Procedure . . . ... ... ... ....... 101
SumComp Coded Hexagonal QAM . . . . . . . .. .. ... ... .... 103
Gray code vs SumComp code for QAM . . . . . . . . .. ... ... ... 104
Examples of encoded constellation diagrams by SumComp code . . . . . 111
Plotof Goptg . . . . . . ... . 112
The Actual Approximation Error and the Tail-based Bound . . . . . .. 115
Ratio of the Optimal Scales over Dilerknt Signal-to-noise Ratio . . . . . 117
Examples of Hybrid Digital-analog Modulation . . . . .. ... ... .. 121
Optimal Spacingsfor N 3 . . . . .. . .. ... ... ... ... .... 122
Summation MSE: Monte Carlo versus Analysis QAM . . . . . .. .. .. 124
MAE for Mean/Norm: QAM/PAM . . . . . . . . . . ... ... ..... 124
Comparison of SumComp, ChannelComp, AirComp, and OFDMA . . 125
MSE: Optimized versus Equal Distances for Optimal SumComp . . . . . 127
Diagram of Federated Edge Learning . . . . . ... ... ... ...... 132
The Communication Model for Federated Learning . . . . ... ... .. 134
MSE versus Number of Antenna at the Receiver . . . . . . . .. ... .. 142
Average Gradient Estimation. . . . . . .. ... .. ... ... ... ... 143
Accuracy of the MNIST Task versus the Communication Rounds . . . . 144
Comparison of Latency Reduction in Federated Learning Problem . . . . 145



List of Tables

2.1 Examples for Nomographic Functions . . . . . . ... ... ... ..... 19
3.1 Digital OAC Methods . . . . . . . . . . . 24
4.1 Distribution-Aware Distance Metrics . . . . . . . .. ... ... 55
5.1 Normalized Sampling Error . . . . . .. .. ... ... 65
5.2 Comparison of Sampling Schemes for Dilerent Levels . . . . .. ... .. 71

Xi



List of Acronyms

AM
ASK
AWGN
BOP
BPSK
CcP
CsSli
ED

ES
FEEL
FL

FM
FSK
GND
i.i.d.
loT
LLM
LTV
MAC
MAE
MAP
MIMO
ML
MSE
NMSE
OAC
OBDA
OFDM
OFDMA
PAM
PSD

Amplitude Modulation
Amplitude-Shift Keying

Additive White Gaussian Noise

Basic Operation

Binary Phase-Shift Keying
Computation Point

Channel State Information

Edge Device

Edge Server

Federated Edge Learning

Federated Learning

Frequency Modulation

Frequency-Shift Keying

Generalized Normal Distribution
Independent and Identically Distributed
Internet of Things

Large Language Models

Linear Time-Varying

Multiple Access Channel

Mean Absolute Error

Maximum A Posteriori

Multiple Input Multiple Output
Maximum Likelihood

Mean Squared Error

Normalized Mean Squared Error
Over-the-Air Computation

One-bit Broadband Digital Aggregation
Orthogonal Frequency Division Multiplexing
Orthogonal Frequency Division Multiple Access
Pulse Amplitude Modulation

Positive Semidefinite

Xii



QAM
QPSK
SDP
SGD
SNR

Quadrature Amplitude Modulation
Quadrature Phase-Shift Keying
Semidefinite Programming
Stochastic Gradient Descent
Signal-to-Noise Ratio

Xiii



Xiv



CHAPTER 1

Introduction

Cellular phones will absolutely not replace local wire systems.

— Marty Cooper, the father of the cell phone, 1981

on-demand intelligence from a futuristic vision into an everyday expectation.

Users now rely on real-time translation, immersive media generation, and per-
sonalized assistants—all of which demand inference from models with hundreds of billions
of parameters, delivered within milliseconds.

Meeting this demand, however, comes at a steep cost. Indeed, the surge in algo-
rithmic sophistication imposes a substantial burden on computational infrastructure.
Training a single state-of-the-art model can emit tens of tons of CO,, equivalent to the
lifetime emissions of hundreds of automobiles or the annual output of a mid-sized city [1],
[2]. Simultaneously, global deployment demands multi-gigabit-per-second links that in-
terconnect geographically distributed graphics processing unit (GPU) clusters, straining
backbone networks beyond their initial design [3] (see Figure 1.1). Furthermore, com-
munication networks comprising wireless access, fixed-line backbones, and data centers
are projected to account for approximately 30% of total electricity demand in the com-
munications sector [4].

Although considerable e [arit has been devoted to accelerating matrix multiplications,
tensor cores, and bespoke application-specific integrated circuits, this emphasis often
overlooks a critical contributor to power draw: inter-node communication. In contempo-
rary distributed training regimes, as much as 30% of a cluster’s power budget is consumed
by the transmission of activations, gradients, and parameters over high-throughput links
rather than by pure computation. Even a modest 10% reduction in communication
overhead could translate into a 2%-3% decrease in end-to-end energy consumption—an
economy comparable to reducing the duration of a training run by several days.

R apid advances in transformer-based large language models (LLMs) have turned

Challenge 1. Current communication protocols struggle to sustain scalability and e [=—1
ciency in distributed computing platforms such as data centers.

The main challenge arises from the fact that today’s communication protocols are
natively designed for delivering data, not for computing with it. Yet, in modern data
centers and emerging 6G systems, the dominant tra Lcphattern is no longer human-centric
information exchange but machine-centric aggregation—where the goal is to combine
distributed updates, sensor readings, or gradients into a single function value [5]. To
support this shift, communication infrastructures must evolve from data-oriented designs
into compute-oriented protocols that embed computation directly into the transmission
process.

To address this challenge, Over-the-Air computation (OAC) has emerged as a com-
pelling approach within Internet of Things (IoT) and wireless systems for performing
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Figure 1.1: Estimated electricity use by large data center operators and technology companies [9], which
presents company-specific estimates of energy consumption and emissions, including both reported and
author-estimated data for major co-location, cloud, and telecoms operators in the US and China.

in-channel aggregation. The wireless medium naturally sums concurrent transmissions
by mapping local values to analog amplitudes, converting interference from an obstacle
into a functional asset. In both sensor networks and learning at the edge, analog OAC
protocols have demonstrated marked improvements in spectral e [ciehcy and energy
savings [6], [7], [8].

Integrating OAC algorithms—originally developed for wireless systems—into dis-
tributed infrastructures, such as data centers, can significantly reduce energy consump-
tion while enabling ultra-high-speed data exchange between critical components, such
as GPUs and CPUs!. By exploiting the wireless medium itself to perform in-channel
aggregation, OAC substantially reduces the power required for data shuttling, thereby
enhancing overall energy e Lciehcy (see Figure 1.2).

However, existing OAC schemes are largely analog-based, which makes them fragile
and narrow in scope. They demand nanosecond-level synchronization, o [edlimited error-
correction, and are fundamentally mismatched with the digital modulation schemes that
dominate today’s infrastructures—from smartphones and base stations to cloud data
centers. Since modern networks are inherently digital, relying on analog OAC would
severely limit applicability. Furthermore, such analog approaches are restricted to sim-
ple function classes (e.g., sums or weighted averages) and only approximate more general
desired functions? rather than computing them exactly. This gap motivates the devel-
opment of digital OAC, which retains the aggregation benefits of OAC while remaining
fully compatible with ubiquitous digital communication hardware.

Challenge 2. Traditional OAC o Lerk e [cieht in-channel aggregation, but its reliance
on analog modulation makes it incompatible with existing digital communication infras-
tructures.

Several studies have recently explored digital realizations of OAC, including one-
bit broadband aggregation, frequency-shift-keying-based majority voting, and various

1Central processing units.
2In this context, the computable function classes are often restricted to so-called nomographic func-

tions, i.e., functions that can be represented in the form fps;,...,sxq @ ,'f 1 Okpskq  for some

inner functions ¢ and an outer function Y. While sums and weighted averages naturally fall into this
class, many general functions cannot be expressed exactly in this form.
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Figure 1.2: Multiple users share time, frequency, and code resources to superimpose transmitted signals,
enabling direct recovery of a desired function at the receiver and thereby unifying communication with
computation over a multiple access channel.

numeral-system or OFDM?3-based designs [10], [11], [12], [13], [14], [15], [16]. Collectively,
these works illustrate the potential of embedding aggregation within digital modulation
frameworks while attempting to overcome the robustness issues inherent in analog OAC.

However, the limitations of these digital OAC approaches remain significant. Existing
methods are generally restricted to narrow function classes (e.g., sum or sign functions),
rely on simple modulation formats (BPSK or FSK), and often incur excessive bandwidth
usage when scaled to finer quantization levels. More fundamentally, they fall short of
supporting the broader range of nomographic or general nonlinear functions required in
distributed learning and consensus, thereby enforcing analog-style computation within
digital infrastructures. As a result, despite promising advances, digital OAC in its current
form remains ine Lcieht and poorly aligned with modern high-throughput communication
systems [17], [18], [19], [20], [21].

Challenge 3. Existing digital methods are limited in the range of computable functions
and exhibit poor e [ciehcy in terms of bandwidth usage and modulation flexibility.

In the next section, we formulate the problem setup for digital OAC. This formu-
lation provides the system model and mathematical framework needed to capture the
integration of computation and communication at the physical layer. Building on this
foundation, we later introduce our digital-native paradigm that eliminates hando [s1re-
duces energy consumption, and meets the ultra-low latency demands of next-generation
artificial intelligence workloads.

1.1 Problem Formulation

In many distributed systems—from sensor networks to data centers—the primary com-
munication task is aggregating local values, such as sums or products. A common ab-
straction is the star topology, where multiple transmitters communicate with a single
access point responsible for computing the aggregate. Hence, we consider a star network

30rthogonal frequency division multiplexing.



4 1 Introduction

with K transmitters and one access point, which we refer to as the computation point
(CP). Node k holds a real/discrete value sx P S R. Each node applies an encoder
Ex : S Xk C to produce the complex symbol X,  Expskq, with x, P Xy. All nodes
transmit simultaneously over a multiple-access channel (MAC); the CP receives

S
r he Xk Z, (1.2)
k1

with complex channel gains h,, and AWGN z  CNp0, 02q. The CP applies a decoder
T :C  Ys to estimate the desired fpsy,...,sk(, where f : SK  Y¢ and SK represents
the Cartesian product of K input alphabets S, i.e., the full domain of all possible input
tuples across devices.

Given function f, channel statistics, and power/constellation constraints, the main
goal is to design encoders tEu ; and decoder T to minimize the computation error,
e.g., mean squared error (MSE):

ménT Ezsohe [CIFpsy,...,skq, T r st Es. |Expskd|>—"Px, @K, (1.2)

where the first expectation is over psy,..., sk, theuf ;, and z, and (], q is an error
function. Also, Py denotes the available average power budget at node k. Under the
assumption that digital encoder—decoder pairs exist that can minimize computational
error and enable the reliable computation of T over the MAC in a single channel use, we
can analyze the fundamental limits of such designs.

Solving the problem in (1.2) is not obvious. This thesis investigates encoder—decoder
constructions under practical assumptions and constraints to approximate or obtain
optimal solutions to this problem. This thesis asks:

RQ. Can we unlock the aggregation benefits of analog OAC while achieving robustness,
enlarging the class of computable functions, and maintaining compatibility with digital
modulation?

We provide constructive designs for encoder-decoder pairs, tE,uf ; and T, and char-
acterize the conditions under which exact computation is feasible and we further develop
robust solutions that remain e [edtive in the presence of noise and fading, and that are
in some cases optimal in the sense of minimizing computation error under practical
constraints.

1.2 Contributions of the Thesis

In this thesis, we challenge existing norms in wireless communications and introduce a
groundbreaking computing approach, termed ChannelComp. This innovative method
is engineered to be fully compatible with current digital communication systems, such as
those in smartphones and 10T devices. We conduct a detailed analysis of the functions
ChannelComp can compute and explore how it enables digital modulation schemes to
perform computations, addressing a significant gap in prior work. We also formulate a
feasibility optimization problem, a mathematical framework that identifies the optimal
modulation scheme for digital OAC of arbitrary functions. We introduce pre-coders that
adapt existing digital modulation schemes for function computation over the MAC, al-
lowing seamless integration with current systems. Compared to the OAC method, which
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Figure 1.3: Similar to the smoke signal systems historically employed by Native American tribes—where
the timing and form of smoke plumes convey predefined messages—we adopt the same underlying
principle for the digital OAC problem. In our framework, the collection of simultaneously superposed
signal patterns, rather than any individual waveform, is interpreted by mapping it to the output values of
the desired function, thereby assigning meaningful information to otherwise arbitrary symbol constructs.

is restricted to analog modulations, ChannelComp exhibits broader computational ca-
pabilities. Moreover, it is designed to manage numerous devices simultaneously, adhering
to stringent computation time constraints, showcasing its potential as a robust solution
for the future.

1.2.1 Fundamental Limits

In Chapter 3, we reveal a simple yet transformative shift in how we think about wireless
aggregation: rather than treating digital constellations as immutable “bit-carriers” whose
over-the-air sum must somehow be decoded back into every device’s data before any
computation, we instead design the entire constellation diagram so that the very act of
superposition directly yields the desired function. In terms of the formal problem (1.2),
this corresponds to constructing encoder—decoder pairs tEcul ;, T such that the channel
superposition r becomes a reliable surrogate for fpsy,...,Sk(. The results establish the
feasibility boundaries of exact computation and quantify the regimes where inexact but
optimal solutions are necessary.

At the heart of this approach is the idea that we do not have to recover each node’s
value at the receiver—we only need to recover the function of them. Concretely, we let
each transmitter’s encoder choose its digital symbols not from some o [=the-shelf grid,
but from a bespoke set of points whose pairwise sums (or weighted sums under fading
and power control)

K
r hk Xk Z (13)
k 1

fall exactly where we want them. Then, the receiver simply looks up which function
output corresponds to the received point—no per-device decoding, no error-correction
chains, no analog approximations of nonlinear operations.

This tabular assignment of superposed symbols to function values provides an intu-
itive and, to the best of our knowledge, fundamentally new perspective within communi-
cation theory. As illustrated in Figure 1.3, the key idea is not that the individual wave-
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form shapes carry inherent meaning, but that their superpositions are mapped—much
like smoke signals—to predefined outcomes of the desired function. This allows us to
require that every input tuple maps to a unique constellation point, while also ensuring
that points corresponding to function values that di[ed more are placed farther apart.
A single o [ind design step, cast as a margin-maximization, arranges the constellation so
that additive noise introduces only minimal distortion. In practice, this improves com-
putation accuracy by orders of magnitude compared with both analog and naive digital
schemes.

In short, by embracing the channel’s superposition as an opportunity to compute
rather than an obstacle to separate transmissions, Chapter 3 lays out how to engineer
constellation geometry—through a single o [ind design step—so that interference itself
becomes a high-fidelity, low-latency computing resource. Chapter 3 is based on the
following publications and patents:

[J1] S. Razavikia, J. M. Barros da Silva Jr., C. Fischione, “ChannelComp: a general
method for computation by communications,”|[EEE Trans. Commun., vol. 72, pp.
692-706, 2024.

[C1] S. Razavikia, J. M. Barros da Silva Jr., C. Fischione, “Computing functions Over-
the-Air using digital modulations,”Proc. IEEE International Conf. Commun.,
Rome, Italy, 2023, pp. 5780-5786.

[P1] S. Razavikia, C. Fischione, J. M. Barros da Silva Jr., “Channel computation,”
European Patent Application EP4544749A1, filed Feb. 24, 2023, and published
Apr. 30, 2025.

[P2] S. Razavikia, C. Fischione, J. M. Barros da Silva Jr., “Channel computation,”US
Patent, no. 18/878,793, filed Feb. 24, 2024.

[R1] S. Razavikia, “ChannelComp: A general framework for computing by digital com-
munication,”Licentiate Thesis, KTH, Royal Institute of Technology, Nov. 2023.

1.2.2 Generalization: Distance, Sampling, Diversity

Building on the formulation in (1.2), this part of the thesis investigates how the en-
coder—decoder design can be generalized to improve robustness and scalability. Since
the optimization problem is sensitive to both the choice of error function [pl, g, that
is, the distance metric between the received signal used for computation and the de-
sired function value, as well as the channel distribution, we explore alternative distance
metrics, sampling reductions, and vector extensions. These generalizations, presented in
Chapters 4 through 6, o[erl practical solutions to the central question of whether digital
modulation can maintain OAC’s aggregation benefits under realistic channel and system
constraints.

In Chapter 4, the key insight is that symbol spacing should not be uniform under all
circumstances, but should instead reflect how the channel’s noise distribution confuses
distinct constellation points. To this end, we reformulate the modulation problem as
one of maximizing the minimum “distance” between any two superimposed constellation
points, measured in a way that matches the noise tails. Under this max—-min viewpoint,
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every distinct pair of function outputs is guaranteed to lie on constellation points sep-
arated by a margin proportional to the dilerknce in their function values, preventing
destructive overlaps even in the worst noise realizations. Finally, we tackle heavy-tailed
scenarios—Cauchy or a-stable noise—where the noise variance is infinite, and Cherno [
style bounds fail. Notably, we show that the standard ChannelComp distance choice
in Chapter 3 is recovered as a special case for channels with heavy-tailed noise.

Chapter 5 addresses the explosive growth in the number of distance constraints when
designing constellations for K devices, each quantized to q levels. We observe that
most aggregation functions of practical interest, such as sums, products, maxima, or
order-statistics, depend only on the histogram of quantized values rather than on the
whole permutation of the K-tuple. Exploiting this inherent symmetry, we group all
input combinations that share the same histogram fingerprint. By further noting that
many functions are insensitive to which specific devices contribute duplicate values, we
introduce a parameter p representing the minimum multiplicity required for symmetry
reduction. This reduces the constraint count from Opg¥q to OpgX P g when designing a
constellation diagram to perform the computation over the MAC. Numerical experiments
demonstrate orders-of-magnitude reduction in o [ind design complexity, with negligible
loss in aggregation fidelity.

In Chapter 6, we extend the digital OAC paradigm to multiple-input multiple-output
settings under only statistical channel knowledge. Each transmitter, equipped with N
antennas, applies a fixed beamforming vector, while the receiver, with N, antennas, uses
a linear combiner to collect the superposed signals. Without instantaneous channel state
information (CSI) at the transmitters, we replace per-realization interference cancellation
with an optimization over the channel covariance matrices. Simulations in realistic fading
channels, such as Rician with spatial correlation, show that the resulting architecture
achieves comparable aggregation accuracy to schemes with perfect CSI, while eliminating
pilot overhead and sequential decoding. This makes it ideally suited for low-latency,
high-reliability edge inference, distributed learning, and 10T deployments.

This group of chapters is based on the following papers:

[J2] S. Razavikia, C. Fischione, “On designing modulation for digital Over-the-Air
computation Part I: Optimizing the distances,”Under review for IEEE Trans. Sig-
nal Process.

[C2] S. Razavikia, C. Fischione, “Designing modulation for approximate digital Over-
the-Air computation,”is submitted to Proc. IEEE Wireless Communications and
Networking Conf., 2026.

[J3] S. Razavikia, C. Fischione, “On designing modulation for digital Over-the-Air
computation Part I1: Sampling theory,”Under review for IEEE Trans. Signal Pro-
Cess.

[J4] S. Razavikia, C. Fischione, “A study of majority-vote decoding for digital Over-
the-Air computation,”Under review for IEEE Commun. Lett.

[J5] S. Razavikia, J. M. Barros da Silva Jr., C. Fischione, “VecComp: Vector com-
puting via MIMO digital Over-the-Air computation,”under review IEEE Trans.
Wireless Commun. (After major revision).
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1.2.3 A Simple Algebraic Solution

While the general problem in (1.2) is computationally demanding, this chapter shows
that for the specific but fundamental case of the sum function, the thesis question admits
a clean algebraic answer. By restricting T to the sum, we derive the SumComp scheme,
which yields closed-form encoder tExuf ; and decoder T mappings.

In Chapter 7, we demonstrate that by specializing ChannelComp to the simple
sum, a fully closed-form coding scheme—SumComp—can be derived, which casts digi-
tal OAC sum as basic operations in the ring of integers. This restriction to the sum is
powerful: it not only yields an explicit, algebraic transmitter design and receiver lookup
rule, thus removing the need for o [ind optimization or numerical solvers, but it also im-
mediately extends to any nomographic function built on sums. Crucially, the SumComp
construction aligns naturally with the quadrature amplitude modulation (QAM) fam-
ily of modulations, allowing existing hardware and demodulators to be reused without
modification.

Beyond just presenting the construction, we develop exact expressions for both the
mean square error and the mean absolute error of the OAC sum in terms of the scheme’s
scaling and modular parameters. Optimizing those parameters analytically across all
signal-to-noise ratio (SNR) regimes yields a minimum-MSE design within our proposed
class of constellations, guaranteeing the best possible fidelity for digital OAC sum. Nu-
merical and simulation results confirm that SumComp achieves the theoretical per-
formance bound for digitized aggregation, matching or exceeding analog-based OAC
methods at moderate to high SNR, while preserving the ultra-low latency and single
transmission that define ChannelComp’s promise for next-generation distributed sens-
ing and learning. Chapter 7 is grouped based on the following papers:

[J6] S. Razavikia, J. M. Barros da Silva Jr., C. Fischione, “SumComp: Coding for
digital Over-the-Air computation via the ring of integers,”|[EEE Trans. Commun.,
vol. 73, no. 2, pp. 752-767, Feb. 2025.

[J7] S. Razavikia, D. Gundiz, and C. Fischione, “Towards optimal constellation de-
sign for digital Over-the-Air computation,”Under review for IEEE Trans. Inf.
Theory.

[C3] S. Razavikia, D. Gunduz, and C. Fischione, “Optimal QAM constellation for
Over-the-Air computation in the presence of heavy-tailed channel noise,”is sub-
mitted to the Proc. IEEE Int. Conf. Acoust., Speech, Signal Process. 2026.

1.2.4 Application to Federated Edge Learning

Finally, this chapter applies the proposed designs to distributed learning, thereby con-
necting the abstract problem (1.2) to a concrete system-level question: Can digital OAC
enable reliable model aggregation at scale in a single-channel use? The results confirm
that the encoder—decoder designs developed in earlier chapters can be directly mapped
to federated learning, a widely adopted distributed training paradigm, and in partic-
ular to federated edge learning (FEEL), which emphasizes deployment in bandwidth-
and latency-constrained wireless environments. This provides a constructive answer to
the thesis question in a real-world application, with practical relevance to tasks such as
image classification in mobile and 10T systems.
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In Chapter 8, we extend the Channel Comp framework to federated edge learning by
leveraging the closed-form SumComp scheme with standard g-QAM constellations as an
aggregation mechanism over a fading MAC. Each edge device maps its local model update
onto a QAM symbol using the SumComp scaling and modular parameters, and transmits
simultaneously without requiring any knowledge of its instantaneous channel state. At
the server, a multi-antenna receiver estimates only the sum of the channel coe Lciehts per
antenna, rather than each device’s channel individually. It directly decodes the aggregate
update via a single lookup.

We derive a probabilistic lower bound on the number of receive antennas N, needed
to suppress fading-induced distortion below any target MSE level, showing that N,
Op1{o?q receive antennas su [celo ensure reliable aggregation under noise variance o2.
These results validate a fully digital FEEL architecture that reuses existing radio hard-
ware and QAM demodulators, enabling ultra-low-latency model aggregation in wireless
edge deployments.

Chapter 8 is grouped based on the following papers:

[J8] S. Razavikia, J. M. Barros da Silva Jr., C. Fischione, “Blind federated learning
via over-the-Air g-QAM,”IEEE Trans. Wireless Commun., vol. 23, no. 12, pp.
19570-19586, Dec. 2024.

[C4] S. Razavikia, J. A. Peris, J. M. Barros da Silva Jr., C. Fischione, “Blind asyn-
chronous over-the-Air federated edge learning,”|IEEE GC Wkshps, Rio de Janeiro,
Brazil, 2022, pp. 1834-1839.

1.3 Contributions not Covered in the Thesis

In addition to the manuscripts listed above, | have worked on other topics and published
other manuscripts during my PhD studies. The following publications are not covered
in the thesis but contain related materials and applications:

[C5] M. Bokaei, S. Razavikia, A. Amini, and S. Rini, “Two-snapshot DOA estimation
via Hankel-structured matrix completion,”Proc. IEEE Int. Conf. Acoust., Speech,
Signal Process., Singapore, Singapore, 2022, pp. 5018-5022.

[C6] M. Bokaei, S. Razavikia, A. Amini, and S. Rini, “Single-snapshot DOA estimation
via weighted Hankel-structured matrix completion,”IEEE Eur. Signal Process.
Conf., Belgrade, Serbia, 2022, pp. 1756-1760.

[J9] M. Seidi, S. Razavikia, S. Daei, and J. Oberhammer, “A novel demixing algorithm
for joint target detection and impulsive noise suppression,”IEEE Commun. Lett.,
Nov. 2022, vol. 26, no. 11, pp. 2750-2754.

[C7] S. Daei, S. Razavikia, M. Kountoris, M. Skoglund, G. Fodor, C. Fischione, “Blind
asynchronized goal-oriented detection for massive connectivity,”IEEE WiOpt Con-
ference, Singapore, Singapore, 2023, pp. 167-174.

[C8] S. Razavikia, S. Daei, C. Fischione, M. Skoglund, G. Fodor, “O [-the-grid blind
deconvolution and remixing using atomic minimization,”Proc. IEEE Global Com-
mun. Conf., Kuala Lumpur, Malaysia, 2023, pp. 7604-7610.



10 1 Introduction

[C9] H. Hellstrom, S. Razavikia, V. Fodor, C. Fischione, “Optimal receive filter de-
sign for misaligned Over-the-Air computation,”IEEE GC Wkshps, Kuala Lumpur,
Malaysia, 2023, pp. 1529-1535.

[C10] S. Hussein, S. Razavikia, S. Daei, C. Fischione, “Communication-e Lcieht dis-
tributed computing via matrix factorization,”IEEE Asilomar Conference on Sig-
nals, Systems, and Computers, 2024, pp. 1453-1460.

[J10] M. Bokaei, S. Razavikia, A. Amini, and S. Rini, “Harmonic retrieval using
weighted lifted-structure low-rank matrix completion,”Signal Process., vol. 216,
pp. 109253, 2024.

[J11] S. Razavikia, M. Bokaei, A. Amini, S. Rini, C. Fischione, “DOA estimation via
optimal weighted low-rank matrix completion,”|EEE Trans. Veh. Technol., 2025.

[J12] O. Stenhammar, S. Razavikia, G. Fodor, C. Fischione, “Geographical clustering
for predictive quality of service of connected vehicles,”IEEE Trans. Veh. Technol.,
vol. 74, no. 11, pp. 18049-18064, Nov. 2025.

[J13] S. Daei, S. Razavikia, M. Skoglund, G. Fodor, C. Fischione, “Timely and painless
breakups: O [=the-grid blind message recovery and users’ demixing,”|EEE Trans.
Inf. Theory, vol. 71, no. 7, pp. 5226-5257, July 2025.

[J14] X. Yan, S. Razavikia, C. Fischione, “ReMAC: Digital multiple access computing
by repeated transmissions,”in IEEE Trans. Commun., vol. 73, no. 10, pp. 8965 -
8979, Oct. 2025.

[J15] A. Pérez-Neira, M. Martinez-Gost, A. Sahin, S. Razavikia, C. Fischione, Kaibin
Huang, “Waveforms for computing Over-the-Air,”IEEE Signal Processing Mag.,
vol. 42, no. 2, pp. 57-77, March 2025.

[J16] X. Yan, S. Razavikia, C. Fischione, “Multi-symbol digital AirComp via modu-
lation design and power adaptation,”under review for the IEEE Commun. Lett.
(After revision)

[C11] X. Yan, S. Razavikia, C. Fischione, “A novel channel coding scheme for digital
multiple access computing,”Proc. IEEE International Conf. Commun., Denver,
CO, USA, 2024, pp. 3851-3857.
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CHAPTER 2

Theoretical Background

The fundamental problem of communication is that of reproducing at one point either exactly
or approximately a message selected at another point.

— Claude E. Shannon, 1948

Section 2.1, the standard communication system is presented, including general

signal models for a linear time-varying (LTV) channel and both analog and
digital modulations. Next, in Section 2.2, we explore OAC using analog modulation and
review the existing digital OAC schemes.

A brief theoretical background relevant to this thesis is provided in this chapter. In

2.1 Communication Model

This section formalizes the input/output model for multipath channels. We demonstrate
that multipath e [edts can be accommodated within an LTV system. After sampling the
continuous-time channel for a simple point-to-point communication system, we develop
a baseband representation that transitions into a discrete-time model. The model is
further enhanced by incorporating additive noise. Indeed, transmitting a pulse over a
multipath channel results in a received signal sequence, each component corresponding
to either line-of-sight or distinct multipath scatterers [22].

A pronounced delay spread in the channel can significantly distort the received signal.
Minimal delay spread results in minimal time spreading, while extensive spread induces
significant distortion. The multipath channel’s variability arises from transmitter or
receiver mobility, causing shifts in reflector positions and multipath patterns. Although
transmitting from a moving source produces variable signal components, these alterations
span a longer timeframe than fading from static scatterers. Our study progresses from
a general time-varying response to a more focused analysis of narrowband fading.

LTV channels are primarily characterized by multipath propagation and the Doppler
eledt. For an LTV channel h P CP with P discrete paths, each path p is associated
with a unique time delay T, and a Doppler shift vy, where v, is the frequency displace-
ment induced by relative motion between transmitter and receiver at path p. Let the
transmitted signal be xptq, then the received signal vptg can be represented in baseband
as [23]:

P
vptq hpxpt — Tpqel?™»t  zptg, (2.1)
p 1

where h, symbolizes the complex attenuation factor of the p-th path. Also, zptq is a
complex additive white Gaussian noise (AWGN) process that is distributed according
to CNp0,02q. The expression in (2.1) characterizes the impact of P discrete specular

12
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Figure 2.1: An illustration of the mathematical model of the MAC for the narrow-band fading model
with a single multipath component.

scatterers (ideal point scatterers). Neglecting the noise term, this expression can be
generalized to a continuum of scatterers as [24], [J9]

vptg ShpT, vaxpt  Tael?™idtdy, 2.2)

where the weight function Sypt,vq is denoted as the (delay-Doppler) spreading function
for the LTV channel h. This function provides insight into the spread of the transmitted
signal across time and frequency axes. At a specific delay-Doppler coordinate pt, vg, the
value of Shpt, vgq encapsulates the total complex attenuation and reflectivity of scatterers
related to paths with delay t and Doppler v. This function also details the influence of
the modified version xpt  tqel?™* of the transmitted signal on the resultant signal vptg.
Note that (2.1) is a special case of (2.2) by choosing the following spreading function:

P
ShpT, Vg - hpdpt  Tpdpy Vg0, (2.3)
p 1

where dp q denotes the Dirac delta. For a narrowband fading model, the multipath
components are non-resolvable, which are combined into a single multipath component
withdelay T T Tp, an amplitude, and a phase corresponding to the sum of
the diLerknt components. The amplitude of this summed signal will typically undergo
fast variations due to the constructive and destructive combining of the non-resolvable
multipath components [22]. Therefore, by neglecting the e [edt of the Doppler shift, for
a narrowband signal xptq with static (non-moving) nodes, the received signal vptq over
the fading channel becomes

vptg hxpt Tq zptg, (2.4)

where h P C indicates the path loss e [edts and T P r0, TrhaxS models the delay created by
the channel, wherein T.x shows the maximum possible delay incurred by the channel.

2.1.1 Multiple Access Channel

If multiple devices communicate simultaneously over the same frequency band, the base-
band representation of the received signal can be modeled using the MAC. Consider a



14 2 Theoretical Background

network with K nodes that can reach a server over a shared wireless channel. Let us de-
note the fading coe Lcieht hy P C for node k and the transmitted signal by the same node
as Xgptg. Assuming time—frequency synchronization across nodes, the complex baseband
signal received at the server is described by the MAC model:

K
vptq hexkpt ™ zptg. (2.5)
k 1

Ignoring the noise, the server obtains the weighted sum of the transmitted signal if all

the nodes simultaneously and synchronously transmit their signals so that T, K,
i.e.,
K
vptq hi X pta. (2.6)
k 1

Here, xyptq is a bandpass signal with bandwidth By around its carrier frequency fy.
To communicate the information with the server, node k modulates its information
message sk with signal x,ptq for transmitting over the MAC (see Figure 2.1). In standard
communication systems, we aim to recover the individual information transmitted by
the nodes from the received signal vptg. In the next section, we briefly overview the
modulation procedure.

2.1.2 Digital and Analog Modulations

The transmission media serve as filters, dilerkntially attenuating various frequencies.
To combat this, it is advantageous to realign a signal’s spectrum to frequencies that
are less prone to significant attenuation. Certain media can notably distort digital sig-
nals, prompting the need for analog transmission using sinusoidal carriers. Furthermore,
utilizing higher frequencies can enable smaller antenna and transceiver designs. When
processing the signal, many circuits are optimized for specific frequency ranges. When
these circuits handle diverse frequency bands, shifting the spectrum to an intermediate
or optimal frequency is a good strategy. In all these situations, the process of modulation
becomes an indispensable tool. Indeed, the modulation process alters the frequency and
bandwidth of the message signal by utilizing a carrier signal capable of transmitting at
a rate substantially higher than the baseband message signal.

In analog modulation, the characteristics of the modulated sinusoid (such as ampli-
tude, frequency, or phase) can take a continuum of values depending on the source of
information. The two common forms of analog modulation are amplitude modulation
(AM) and frequency modulation (FM), a specific form of more general angle modulation.
In particular, let s P R be the message of the transmitter node, the AM modulated signal
Xptq is given by

xptg scosp2nf.t @0, @ P r0,2mq, 2.7)

where f. and @, show the frequency and phase of the carrier signal, respectively. In analog
modulation, since the input value is taken from a continuum of values, the received signal
is always associated with certain error levels depending on the channel noise variance.
In the case of digital signals, the information is in the form of a finite set of dis-
crete symbols, which are called an alphabet. Indeed, s belongs to a finite set F; with
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Figure 2.2: Digital modulation mechanism in standard digital point-to-point communication. The
function Epq encodes the real input data s P R to the complex domain with x P C. Tabular T pq

maps the complex value y to the desired function, which can be the identity function for standard
communication.

a maximum of q possible values. In this scenario, we use digital modulation for com-
munication. Considering a binary alphabet, we have two distinct symbols: 0 and 1,
with information being a sequence of these symbols. A binary digital signal depicts
the “zero symbol”using a distinct waveform with a duration of Ts seconds. Similarly,
the “one symbol”is symbolized by another waveform, generally of the same T duration.
Consequently, transmission occurs at one bit every T seconds.

Given that each message, selected from a finite set, corresponds to specific ampli-
tude, frequency, or phase values, we can deduce a discrete set of carriers linked to
specific attributes from an alphabet. In particular, when utilizing BPSK modulation
to communicate the value of the node across an AWGN channel, the scalar s P R is
initially quantized to q discrete levels and subsequently modulated with a carrier. In the
context of BPSK, the scalar s undergoes one-bit quantization to § P t0, 1u, leading to
the relationship § s e, where e; symbolizes the quantization error. This symbol is
modulated using the basis signal x from Eq. (2.7) as
H

E cosp2nf.t mg, § 1,

E pSq ~
E cosp2nf.tq, § O.

(2.8)

The bandpass notation allows us to represent a signal by only its amplitude and phase.
We expand a general form of the cosine function in (2.8) as follows:

xptq  Ecosp2nfct &g Repsedg cosp2ntcty  Rsigdy sinp2nf.ty,
E]_Z Ez:

E,cosp2nf.tq E,sinp2nf.tg. (2.9)

The given formula portrays a bandpass signal xptg, in which both E; and E, function as
its orthogonal components. In the signal space, xptq is analogous to a complex number
x P C, with E; and E; defining its real and imaginary segments, respectively. This
complex value, X, can be viewed in the polar domain characterized by amplitude E and
phase ¢, representing a single bit of data (refer to Figure 2.2). The user transmitting
log,pqq bits over a channel implies that x encompasses q complex values. Hence, the
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modulated signal, xptq, can be depicted as a complex vector X P C% 1, where x; denotes
its i-th element. Additionally, the norm of the signal xptq, within the interval ra, bs is
defined [22]:
»y 102
Ixpta} [xptg|?dt . (2.10)
a

Throughout this thesis, we use X for showing the set of the constellation point, and its
i-th point is written as xP,

In later sections, these notations will be important for analyzing the orthogonality
and independence of complex signals.

2.2 Over-the-Air Computation

OAC'’s principal notion capitalizes on the wireless channel’s superposition attribute for
computing the requisite function [25]. Due to the desirability of superposition, OAC
leverages interference, compelling all devices to transmit concurrently over the same ra-
dio resources, thus realizing non-orthogonal communication. In contrast to conventional
orthogonal communication systems over MACs, OAC’s potential throughput enhance-
ment is nearly directly proportional to the device count [26], resulting in significant
performance improvements in real-world applications.

2.2.1 AirComp: Analog Over-the-Air

Analog OAC (AirComp) considers applications where a function of the messages is de-
sired rather than the individual messages themselves. Consider a communication network
with a CP and K nodes. The CP aims to compute a desired function fps;,s,,...,Sk(
whose input s P Sk R is a value owned at the k-th node. We note that specific
functions can be computed through standard communication methods. Typically, nodes
convey their messages sk by allocating orthogonal radio resources distinctively for each
node using a multiple access strategy, e.g., a straightforward instance being orthogonal
frequency division multiple access (OFDMA). In OFDMA, each node gets a unique fre-
quency band, allowing for sequential message transmission. Transmissions are largely
devoid of interference through orthogonal allocation, facilitating sy message reconstruc-
tion at the receiver end. Once acquired, the receiver internally processes the desired
function fpsq where s: rsy,...,Sks’ P RK is the vector of the messages sys.

For function computation, using orthogonal communication might be seen as overkill
(see Figure 2.3). Since individual messages si are discarded post fpsq computation, re-
serving orthogonal radio resources solely for their reconstruction seems pointless. Rather,
the aim is to compute the desired function leveraging the inherent superposition capabil-
ity of the wireless channel, as expressed by Eq. (2.6). To illustrate, consider the networks
operating over an ideal MAC where hy 1 for all kK PrKsand z 0. Then, using an
AM narrowband modulated signal sgptq for node k, Eqg. (2.6) at time slot T, becomes

K K
vpTq skEccosp2nf,T @0 O Sk, (2.11)
k 1 k 1

where a. : Eccosp2nf.,T  ¢.9. For any a, 0, the received signal v gives us the
sum function, i.e., fpsq fflsk by dividing v with constant a.. Without loss of
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Figure 2.3: When contrasting the radio resource allocation in OFDMA with AirComp in a wireless setup
with K devices, AirComp’s key advantage emerges. Due to its comprehensive radio resource sharing
capability, AirComp boasts a spectrum utilization improved by K. This enhancement can diminish
bandwidth usage, reduce communication duration, or achieve synergy.

generality and for the sake of simplicity, let o, 1. This approach mirrors analog
amplitude modulation, with devices encoding their messages sk through signal power.
Consequently, a single block of radio resources conveys the sum, in contrast to the K
blocks needed for orthogonal communications. This e [ciehcy can lead to bandwidth
savings and decreased latency, as depicted in Figure 2.3.

Remark 2.3. Several practical impairments are not captured in the OAC model of
(2.11). Typical examples include synchronization o [Seks, carrier frequency mismatch,
multipath propagation, imperfect CSI at the CP, and deviations from the assumed noise
statistics [J15]. These factors may introduce phase and amplitude distortions in the
aggregated waveform and thus degrade the accuracy of the computation. In this thesis,
such imperfections are regarded as manageable, allowing the analysis to concentrate on
modulation design and, more broadly, on a joint source—channel coding framework. Nev-
ertheless, it is worth noting that multiple methods—such as non-coherent aggregation
[11], blind deconvolution [C4], [C8], [J13], and waveform design [C9] can alleviate or
overcome these non-idealities.

Beyond just the sum function, various functions can be computed using tailored
pre- and post-processing functions. Pre-processing functions ¢y : R C transform
the messages into transmitted values, given by Xy  ¢xpskq. Subsequently, the post-
processing ¢ : C R is applied to the received value v to yield the desired function
as:

K

Vou o Oupsid (2.12)

k 1

Using the AirComp formulation, we can compute a broad spectrum of functions that
belong to the class of Nomographic functions. A function is termed a Nomographic
function if it adheres to the following definition:
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Definition 2.1. [Nomographic function [6]]. Let S, for K ¥ 2, be a compact metric
space. A function f : SX R for which there exist pre-processing functions ¢, : S R
for k P rKs and post-processing function ¢ : R R such that f can be represented by

K

fpsy,...,skq W - orpsky (2.13)

k 1

is called a Nomographic function.

The compactness condition in Definition 2.1 ensures the commutability of continuous
functions. The notation FpEq represents the set of all functionsf : E R within a closed
unitinterval E  R. Additionally, C°pEq signifies the set of continuous functions that map
to real values and have E as their domain. It is pertinent to note that N and N °pEXq
define the space of Nomographic functions and the space of Nomographic functions
constrained by the continuity of both pre- and post-processing functions, respectively.
We note two crucial theorems from Sprecher and Buck:

Theorem 2.1. [Sprecher’65[27]]. Every function f P C°EXq can be represented with
real, monotonically increasing pre-processing functions and possibly a discontinuous post-
processing function.

Theorem 2.2. [Buck’79[28]]. Every function f P FpEXq is Nomographic (i.e., NpEXq
FpEXqg.

However, if continuous pre- and post-processing functions are sought for an arbi-
trary function f, Theorem 2.2 does not apply. Instead, one might approximate a de-
sired function with Nomographic functions!. An example under Definition 2.1 is the
geometric mean on EX, which can be approximated with ¢xpsq  Inps  1{poplad and
Ppsq  expps{Kq where poplgl § 0. For a detailed overview of Nomographic functions
and associated properties, we recommend [6], [30], [31]. A few examples of Nomographic
functions and their associated pre- and post-processing functions can be found in Ta-
ble 2.1.

2.3.1 Orthogonal Coded Over-the-Air

In this section, we study methods that employ variants of source and channel coding for
the OAC problem. This approach was first introduced in [26], where the authors used the
linearity properties of the nested lattice codes and computation over Gaussian channels
in finite fields. Following nested lattice coding for Gaussian channels, [18] introduces a
digital OAC scheme to enhance the computation reliability of functions within a real-
valued AWGN channel.

In particular, to calculate the sum function, i.e., f « 1Sk, the process is initiated
by quantizing the input symbol s, and mapping it into a positive integer px P t0,1,...,qu
where  denotes the quantization level. Next, the integers px are converted to the base-a

1We note that the Kolmogorov—Arnold representation theorem ensures that any continuous multivari-
ate function can be expressed as a superposition of univariate functions and addition [29]. However, the
result is non-constructive and does not, in general, provide a decomposition in the strict Nomographic
form Qp | dkpskaq for arbitrary functions.
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Table 2.1: Examples for Nomographic Functions

| Case | fpsy,....skq | dkpsq | wpsy |
Arithmetic Mean L;sk s S
— 1

Geometric Mean p kK skqK | logps poi exp ps{Kq
Weighted Sum WSk WicS s
1 1
p-norm P kK SRQP psqP sP
1

Maximum maxXy Sk gpopla! S Poptdl

Total Number of Nodes K 1 S

numeral system, where a: Kpg 19 1. For the n-th symbol, the input integer pxrns
is encoded into message gkrns as follows

gkrns :  ppkrnsge, o: Kpg 19 1. (2.14)

The chosen value of a eliminates a potential carry digit for the superposed messages.
Afterward, for a given orthogonal bandwidth B and N number of functions, a nested
lattice code is constructed from ZJ to R® for a prime p ¥ o™, where

Zy' Foooomandn (2.15)

N times

Using the generator matrix G P RB N for any B j N, the N messages derived are used
to compute the codeword c, P RB. Mathematically, we have

e Gok, (2.16)

where g, :  rgkrls, ..., gxrNss' is the vector of N encoded messages of node k.
Next, the CP receives the summation of the code-words, i.e.,

K
Y Ck Z, (2. 17)
k 1

where z is receiver noise that the system unavoidably experiences. Note that transmit-
ting the N elements of the vector gk occurs over B orthogonal resources. To decode the
received signal y, the CP processes two main stages. First, a Euclidean nearest neighbor
decoder is employed to obtain the superposed message V : « Ck corresponding to the
linearity of the code. Then, having the invertible generator matrix G, we can write

S S K
g: G G' ¢ GG g Ok. (2.18)
k 1 k 1 k 1
Finally, the superposed message is expressed in base a, yielding the sum of the quanti-
zation outcomes, symbolized as p | pxrls |, pkr2s « PN S
The strategy identified as orthogonal coded OAC leverages B orthogonal commu-
nication resources. Even though digital OAC methods consume a greater amount of
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resources, making them not as spectrally e [cieht compared to AirComp methods, they
find their application predominantly in straightforward digital modulations, such as am-
plitude shift keying. It is essential to note that integrating more complex modulation
techniques, e.g., QAM and other high-order modulations, into a digital OAC framework
presents a significant challenge, as it does not o [era straightforward pathway for coher-
ent implementation. In fact, implementing OAC using standard digital communication
results in a meaningless overlapping of the digital signals by the superposition property
of the radio waves.

2.3.2 Related Works on Analog Over-the-Air

The principal objective of this thesis is to propose novel computation methods for a
fully digital OAC architecture, including an analysis of its advantages and limitations.
This section provides a synopsis of existing methods and resolutions to the analog OAC
computation methods with partial digital components, followed by a brief introduction
to the problem’s formalism.

In network architectures with K nodes, digital modulation schemes are employed to
compute the function fps,, ..., Sk over the input variables s;,...,Sk. This challenges
the utilization of analog OAC. Note that the computational processes are constrained
to only one shared communication resource. Consequently, all nodes synchronize in
frequency, time slot, and coding schema for communication with the CP. Specifically,
each node k transmits its respective signal sy through a digitally modulated signal x,
generated by a digital encoder denoted as Ey, for all k in the set rKs.

Upon concurrent transmission from all nodes, the CP receives the resultant signal vy,
which can be expressed as:

K K

yptg  xuptq  zptq | Expskptqq  zptg. (2.19)
k 1 k 1

Here, zptq signifies a complex baseband AWGN with CNp0, 62g. The ultimate objective
is to compute the desired function T based on the received signal y. A pivotal aspect
to note is the induction of a novel constellation diagram due to the aggregation of Xy
signals. Specifically, Eq. (2.19) culminates in a unique constellation diagram for the
vector ¥, kontingent upon both the aggregate number of nodes K and the modulation
schemes employed for each xy. It merits attention that this emergent constellation
diagram deviates from the original diagram associated with the individual transmitting
nodes at the receiver.

However, specialized instances of the function £ have been investigated [10]. For ex-
ample, [10] presents strategies for digital aggregation, such as one-bit broadband digital
aggregation (OBDA), which is restricted to binary phase-shift keying (BPSK) or quadra-
ture phase-shift keying (QPSK). The desired function in this work aims to resolve the
signSGD optimization [35] and has been formalized as ¥  signp | signpsiqq. Subse-
guent adaptations of OBDA have been proposed, focusing on joint channel decoding and
aggregation decoding mechanisms specifically tailored for digital OAC. Moreover, non-
coherent communication approaches for single and multi-cell configurations, employing
pulse-position modulation and FSK, are explored in [11], [13], [14]. Nevertheless, the
previously mentioned OBDA investigations are confined to specific function types or
particular machine learning training algorithms. Additionally, alternative schemes [36]
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Figure 2.4: The evolution of OAC problems from theoretical models to real-world scenarios.

adopt multiple communication resources, such as time and frequency, for function com-
putation, diverging from the principles of digital OAC. Lastly, [37] discusses a method-
ology for estimating weighted sums using binary components of symbols transformed
into BPSK representations, emphasizing the relevance of linearity in the decomposition
process for weighted sum estimation. The cornerstone observation is the locational shift
of the retrieved symbol into a non-standard pulse-amplitude modulation (PAM) domain
post-superposition. The evolution of OAC problem formulations from theory to practice
is summarized in Figure 2.4.

The existing digital aggregation methods enforce analog AirComp over digital com-
munication. Such enforcement is e [edtive in very few and specific cases of digital modu-
lation, where it appears highly ine Lcieht regarding communication resource usage, such
as satellite communications [19], integrated communication and sensing [C8], unmanned
aerial vehicles [20], and distributed consensus [21]. These limitations reveal the lack of a
systematic foundation for digital OAC, motivating the thesis to study the fundamental
limits of digital computation over multiple-access channels.

Figure 2.5 depicts the thesis’s proposed solutions across six simple axes and sets the
roadmap. For network scalability, the function is computed in a single-shot MAC trans-
mission, so the cost does not grow with the number of devices; this also preserves spectral
e [ciehcy, and in the MIMO setting, the same idea holds via receive beamforming (Chap-
ter 6). Computation generality moves from scalar functions in Chapters 3-4 to vector
functions using joint beamforming and constellation design in Chapter 6. Hardware
compatibility is maintained with standard digital modulations and o [=the-shelf radios
throughout the thesis. Noise resilience improves with distance-based decoding, antenna
averaging, and eledtive use of in-phase and quadrature components throughout the
chapters. Finally, low complexity results from sampling and closed-form formulas pro-
posed in Chapters 5 and 7-8, respectively. Taken together, these advances contribute to
more sustainable large-scale deployments by reducing energy expenditure in distributed
platforms.

The ordinal scores (1 5) in the radar diagram are assigned based on relative perfor-
mance comparisons derived from the analytical results presented throughout the thesis.
Specifically, in assessing spectral e LCciehcy, the score reflects the number of orthogonal
transmissions required to compute a scalar function; schemes achieving single-shot com-
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Figure 2.5: Capability radar summarizing the thesis contributions. The polygons depict ChannelComp
and its extensions/generalizations developed in this thesis, evaluated on six axes: network scalability,
computation generality, spectral e Lciehcy, hardware compatibility, noise resilience, and low-complexity
design. The dashed polygon represents prior analog AirComp literature. Scores are ordinal (1-5); higher
is better, and on low-complexity design a higher score denotes lower design/decoding complexity.

putation receive higher scores, while methods relying on multiple orthogonal resources
score lower. Noise resilience is evaluated through the per-transmission MSE and the
distortion introduced by the underlying constellation-diagram design. Low-complexity
design reflects the computational complexity required to construct the encoder and de-
coder, as well as the computational cost of running the encoding and decoding proce-
dures. Finally, network scalability also accounts for how these computational demands
grow with network size, since excessively complex encoder/decoder designs can hinder
deployment in large-scale systems. Accordingly, each polygon conveys the relative po-
sition of a given framework with respect to these criteria, based on the theoretical and
algorithmic evidence presented in the thesis.



CHAPTER 3

Fundamental Limits

Research is to see what everybody has seen and think what nobody has thought.

— Albert Szent-Gyorgyi, 1957

Learning, and real-time analytics—compel aggregation and processing near the

data source rather than uploading raw measurements [5]. Concurrently, the loT
device count is projected to surpass 180 billion by 2030, shifting wireless networks from
human-centric tra [c b massive machine-type communications [38]. Transmitting per-
device measurements at this scale would overload radio access and computing infrastruc-
tures, causing high latency, excessive energy use, and poor spectral e [ciehcy. Therefore,
computation must be integrated into the communication layer to mitigate the burden
on the network core.

Zero-latency demands in 6G-era applications—edge computing, Federated (Edge)

3.1 Introduction

AirComp addresses this need by exploiting the wireless channel’s natural superposition
property: when multiple devices transmit simultaneously, their waveforms add up “in
the air,” and a suitably designed receiver can recover a function (e.g., sum or average)
of all inputs directly—without decoding each device’s data individually [17], [26]. By
merging communication and computation, AirComp dramatically reduces the number of
channel uses required for aggregation, lowers the per-device transmit energy, and shrinks
the end-to-end latency. Moreover, because the receiver observes only a function of the
inputs, AirComp can olerl privacy benefits and improve scalability by allowing many
devices to transmit concurrently.

However, most practical radios today are digital: they rely on discrete constella-
tions, forward-error-correction, and tightly integrated synchronization modules. Purely
analog AirComp schemes, while conceptually elegant, require specialized hardware and
are vulnerable to noise, fading, and phase misalignment. Attempting to force analog-
style operations on digital radios often leads to complex, ine [cieht hybrid designs that
undermine the very gains AirComp promises.

This chapter investigates the fundamental question: Which aggregation functions
can be computed purely using a digital wireless system over the MAC, and what are
the corresponding performance limits? To answer this question, we first survey OAC
work, highlighting the reliance on analog hardware or function-specific coding over dig-
ital links. We then frame the high-level problem of digital OAC: identifying which
finite-valued functions can be computed on standard constellations, understanding the
noise and channel constraints, and ensuring single-slot aggregation for low latency. By
presenting this overview, we lay the groundwork for the design methodology detailed
in later sections, which shows how purely digital radios can recover broad classes of

23
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Table 3.1: Digital OAC Methods for a Network with K Nodes.

| Methods | BW | Modulation scheme | Function |
ChannelComp (Ours) 1 Any digital modulation Any
AirComp[17] 1 Analog amplitude modulation | Nomographic
OFDMA K Any digital modulation Any
OBDA [10] 1 BPSK and QPSK Sign
OBDA-FSK [11] 2 FSK Sign
OAC-Balanced [49] log, q PAM Mean

functions directly from the air, paving the way for scalable, low-latency 10T networks
without custom analog hardware.

3.1.1 Literature Review

Two di Lerent AirComp approaches exist in the literature: the coded digital AirComp [39],
[40] and the uncoded analog aggregation [26], [41]. The coded approaches use the lin-
earity of nested lattice codes to encode the input data for obtaining computation over
Gaussian channels [18], [42]. Analog AirComp has been widely studied and progressed
from dilerknt points of view, such as information theory [26], signal processing [17],
transceiver design [43], CSI acquisition [44], or synchronization issues [25]. Compared
with standard schemes, the analog technique AirComp can dramatically reduce the re-
quired communication resources, particularly in distributed learning, where it has also
attracted growing attention for federated edge learning systems [45], [46].

Although AirComp is a promising concept for data aggregation in communication
systems (e.g., federated edge learning), it entirely depends on analog communication,
which is di [Ccult to make reliable due to channel impairments [15]. Furthermore, Air-
Comp needs analog hardware systems to utilize analog modulations, which is a drawback
due to the limited number of current wireless devices that support analog modulations.
Accordingly, digital modulation is deemed more advantageous due to its outstanding
properties in channel correction, source, and channel coding, as well as its widespread
adoption. This, however, is believed to be extremely di Ccullt due to the overlapping
of digitally modulated signals returning, in general, meaningless or incomprehensible
signals for function computation [34], [47], [48].

Recently, there have been some attempts to devise digital aggregation methods, e.g.,
OBDA [10] and the other majority vote-based frequency-shift keying (FSK) [11]. More-
over, in [12], a phase asynchronous OFDM-based version of OBDA has been proposed by
designing joint channel decoding and aggregation decoders tailored for digital AirComp.
Further, AirComp’s non-coherent communication solution for single and multi-cell using
pulse-position modulation and FSK has been studied in [11], [13], [14]. All the aforemen-
tioned OBDA studies are limited to specific functions (sign or sum function) or specific
ML training procedures (signSGD problem [35] for computing majority vote). Note that
[15] has proposed to utilize the balanced number systems to compute the sum function
while incurring higher bandwidth usage than the standard OBDA method due to allocat-
ing frequency for transmitting every quantized level. Similarly, another encoding-based
numeral system is proposed in [16], where the decimal representation of the input bits is
mapped to a PAM symbol to achieve a processing gain. The most representative meth-
ods of the AirComp literature are summarized in Table 3.1, including their bandwidth
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usage, computation, and which functions can be computed.

Consequently, unlike function computations in the AirComp method, existing at-
tempts to use digital modulations with AirComp cannot compute larger classes of func-
tions beyond Nomographic functions [18], [30] and are unsuitable for general digital
modulations beyond the simple BPSK or FSK. Indeed, the existing digital aggregation
methods enforce analog AirComp over digital communication. Such enforcement works
in very few, and particular cases of digital modulations where it appears highly inef-
ficient regarding communication resource usage, such as satellite communications [19],
unmanned aerial vehicles [20], and distributed consensus [21].

In this chapter, we propose a new channel computation method termed Channel-
Comp that is fully compatible with existing digital communication systems, such as
those currently available on any smartphone or 10T system. We investigate the broad
set of functions that ChannelComp can compute, and we show how ChannelComp
enables digital modulation schemes to perform computations over the MAC.

3.1.2 Fundamental Limits in Digital OAC

How do we design or adapt modulations to perform a valid computation over the MAC?
We answer this question by proposing the ChannelComp method. ChannelComp
is @ new method that enables o [-the-shelf digital radios to compute functions over the
MAC without relying on analog waveforms. Instead of forcing analog-style modulations
onto digital hardware, ChannelComp works directly with familiar constellations (e.g.,
QPSK, 16-QAM, FSK). Each transmitter applies a simple precoder to its digital symbols
so that, when all signals interfere at the receiver, the combined soft-decision metric
corresponds exactly to the desired function (sum, max, product, or any finite-valued
mapping). Because every step remains in the digital domain, we can reuse the forward-
error-correction, synchronization, and demodulation blocks already built into 4G/5G or
Wi-Fi chipsets—no new hardware is required.

At its core, ChannelComp asks: “Given a desired function over a finite input
alphabet, can we tweak existing constellations so the receiver’s decoding rule outputs
that function exactly?” Formally, this becomes a feasibility problem over the modulation
parameters. Although finding an exact solution is NP-hard in general, we derive a convex
relaxation that CVX or similar solvers can tackle e [ciehtly. Indeed, ChannelComp
is an o [ind modulation-selection framework that jointly designs transmitter precoders
and receiver decision thresholds to guarantee exact, error-tolerant function recovery over
realistic multipath channels. Because all devices transmit simultaneously—relying on
interference rather than avoiding it—ChannelComp completes each aggregation in a
single slot, o[ering lower latency than traditional analog-based AirComp.

Moreover, whereas analog AirComp typically resorts to smooth approximations (e.g.,
log-sum-exp) when computing non-linear functions like the maximum, ChannelComp
recovers those functions exactly (so long as inputs come from a finite set) by mapping
each possible input tuple to a unique joint constellation point.

In simulations over fading channels, ChannelComp achieves more than a 10 dB re-
duction in mean squared error compared to analog AirComp, all using the same spectrum
and standard digital radios. Because it imposes no new transceiver hardware, delivers
exact outputs, and runs in a single shot, ChannelComp unlocks fast, scalable aggre-
gation for large-scale 10T or federated learning systems without overwhelming existing
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Figure 3.1: The proposed ChannelComp method. Here s, 8k, Xk are the input, quantized, and
modulated values at node k in the network, respectively. The edge server, or computation point,
receives r l’f 1 hkpkxk  z by the superposition nature of waves. Here, z denotes the noise at the
receiver, and hy represents the channel attenuation between node k and the CP server. The tabular
mapping T prq maps (or decodes) the value of r into the value of the function f corresponding to the
function’s inputs xy’s. The scheme can also apply to analog modulations.

spectrum resources.

The rest of the chapter is organized as follows: in Section 3.2, we explain the system
model and present the ChannelComp method. Then, we investigate the fundamental
limits of the ChannelComp computation over the MAC in Section 3.3. Next, based on
our obtained fundamental limits, we characterize in Section 3.5 how to select the digital
modulation formats for computing the desired function over the MAC with AWGN and
fading e[edts over the wireless channel. We further describe the receiver architecture
for ChannelComp in Section 3.9.1. We present the numerical results and the perfor-
mance comparison between ChannelComp, AirComp, and the traditional OFDMA in
Section 3.10. Finally, we conclude the chapter in Section 3.11.

3.2 System Model and Method Formulation

Consider a communication network with a CP and K nodes. The nodes communicate
with the CP through a shared communication channel. The CP aims to compute the
desired function fpsy,sy,...,Sk(q whose input sy P R is a value owned by node k. In
particular, we assume that the nodes transmit the values sk via digital communications.
In such digital communication systems, all the nodes transmit their values over the MAC
to compute the function f at the CP.

To perform a digital transmission, the usual procedure, illustrated in Figure 3.1, is
as follows: each value sy is quantized into a scalar Sx : Qpskq P Sk with g possible
values, where Qp ¢ denotes a scalar quantizer and S is the g-ary input alphabet at node
k. The parameter q corresponds to the number of quantization levels and is equal to 2°,
with b denoting the number of quantization bits. Then, the resulting quantized value is
mapped to a digitally modulated symbol X, using encoder Eyp g, i.€., Xk  ExpSkq P Xk.
The signal xi is what node k transmits over the communication channel. Since all the
nodes transmit simultaneously® and over the same frequency or codes, the CP receives

11t is assumed that the synchronization among all the nodes and the CP is perfect. However, the
existing techniques of AirComp for solving imperfect synchronization, e.g., [C4], can be applied to our
system model due to its similarity to the AirComp model.
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Figure 3.2: QPSK for 2 bit quantization and two nodes K 2. On the left, there are two constellations
(each per node); on the right, the resulting constellation at the CP, a deformation of the originals under
a noise-free channel.

the sum of all x’s, over the MAC during one time slot [C1], i.e.,

K
r hkpeXk  Z, (3.1)
k 1

where the superposition nature of electromagnetic waves physically generates r, hy de-
notes the channel coe [cieht between node k and the CP, pi is the transmit power used
by node k, and z is the receiver noise that the receivers unavoidably experience. Fol-
lowing standard practice in digital communications, we model z as circularly symmetric
complex AWGN with zero mean and variance g2. To compute the function f, we need
to use a mapping (Tabular mapping) T prq based on the resultant constellation diagram
of signal r (see Figure 3.1). Note that this system model is identical to the AirComp
system model over the MAC [17], except for digital modulation instead of analog modu-
lation, to communicate, and for the trivial tabular mapping. Hence, this system model
facilitates low-latency communication for a large number of nodes, as demonstrated by
[34]. Moreover, the ChannelComp system model can perform general function compu-
tations faster than AirComp, as the measured value obtained via tabular mapping T p g
corresponds exactly to the computation result, whereas the desired value in AirComp
requires post-coders for computation [18].

Note that each digital value x, is selected from a finite q possible outputs of Qp g,
thereby the received signal r has finite constellation points in the absence of AWGN. The
sum in (3.1) induces a specific constellation diagram of r that depends on the number
of nodes K and on which modulations have been used for each x,. Note that such a
resulting constellation diagram is a deformation of the original constellation diagram of
the transmitting nodes. Figure 3.2 shows this deformation for the case of using QPSK for
two nodes, i.e., K 2. Recall that our goal is to compute the desired function ¥. Then,
the mapping T prg must be determined so that its output approaches the value of f as
closely as possible. Mathematically, at time t, the modulation vectors Xy, ...,Xx P X¢,
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Figure 3.3: The sum and product computation using the BPSK modulation. The correspondence
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defined function. The corresponding values for the summation and product functions are represented
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where X¢ : X; ... Xk, withthemap T can be found from the following optimization

- 2
T ,E;,...,Ex argmin fpsy,...,sxq T r 3.2

T .E1,...y Ex S1yeens Sk PS

where S : S; Sk denotes the domain of the target function f. Since each Sy
is a finite alphabet, the image of T is restricted to a finite set Y¢ R. To illustrate
optimization problem (3.2), let us consider a simple case with BPSK modulation where
the scalar value sy is one-bit quantized to §x P t0, 1u (see Figure 3.3). Then, we have
Sk Sk €k, Where ex denotes the quantization error at node k. Hence, the resultant
modulated symbol is

#

Xk ExpSkq (3.3)

Here, A, is the amplitude of the carrier signal?.

Then, assuming a noiseless MAC, the received signal by the CP experiences a con-
stellation formed by the sum of r kKlEkpskq. For computing the sum function
fpsi,S,0 S1 Sz, the tabular T is a simple map that assigns values of the constellation
diagram of r to the corresponding output of T, i.e.,

Tpt 2uqg O, T.ptOug 1, Typt2ug 2, 3.4)
see Figure 3.3. Similarly, for the product function fpsq s;S,, we can check that this
function can be computed by using the following tabular map T,

Topt 2uqg 0, ToptOug O, Topt2ug 1. (3.5)

2We let Ep q be any modulation, whether it has an analog or digital carrier, or if the input of the
data is digital or analog. For the digital carriers, such as PAM and pulse position modulation, we can
encode and decode the digital data for each symbol over time. For the analog data, the quantization
step (see Figure 3.1) allows us to perform the ChannelComp method for either analog modulation,
such as AM, PM, and FM, or digital modulation, such as ASK, PSK, FSK, and QAM.
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This example is shown in Figure 3.3 using blue color. Therefore, we are able to compute
a binary sum and product over the noiseless MAC. As long as the input data are finite
points, the resultant overlapped signal would lead to finite constellation points, which
lets the desired function  be computed by designing the proper Tabular mapping T to
map the finite constellation points to the output of the function f. In this regime, the
communication system does not need to be changed, and the only requirement is to add
a quantizer to the transmitter and a Tabular mapping to the receiver side.

However, if we increase the order of modulation, e.g., to QAM 16, the constellation
points shaped by nodes cannot be uniquely mapped to either the sum or product function.
Moreover, even for a low-order modulation such as BPSK, computing the simple function
fpsi,s,0 s1 2S; is not possible (without errors). In the following section, we overcome
this limitation and propose a method to adapt modulations to compute any function.

From the previous examples, the question is: which functions are computable using
the ChannelComp communication architecture? Therefore, in the next section, we
investigate the characteristics of the modulation and the desired function f.

3.3 Computation over Noiseless MACs

In this section, we introduce the basic ideas of ChannelComp, and we give some
preliminary results for noiseless MACs, symmetric functions, and the special case where
all the nodes use an identical modulation. Based on these results, in the next section,
we present ChannelComp for general functions, not necessarily symmetric, and for the
case where the nodes can use di Lerent modulations.

In the following, we establish the important result that when identical modulation
encoders are used, i.e., Epq : Expgand S : S for all k P rKs, it restricts the
degrees of freedom in Equation (3.1). Consequently, this limits the class of functions
that can be computed over the MAC. Hence, utilizing identical modulation enforces a
class of functions T with specific features (symmetry). Indeed, let us define the symmetric
function below.

Definition 3.1 (Symmetric Functions). Let fps;, Sy, ...,Sk( be a K-variate function
with domain SX, where s, P S for k P rKs. then f is a symmetric function if

fpsy,...,skq  Fpmpsyq, ..., TIPSk M, (3.6)
for all permutations m: t1,...,Ku ti,...,Ku.

Afterwards, we provide the necessary condition on the function f to compute it by
ChannelComp uniquely by using an appropriate tabular mapping T , in the following
proposition.

Proposition 3.1 (Necessary condition). Let all nodes use an identical encoder E : S

C to encode their value to the identical constellation diagram. Then, function f can
be computed perfectly by the constellation diagram of l'flEpskq if £ is a symmetric
function as in Definition 3.1.

Proof. To prove that f must be symmetric, we simply use contradiction. In particular, we
assume that K 2, and that fpsy, s,q is an asymmetric function, i.e., fpa,bq fpb,aqg
where a,b P S?. Then, for a case where s; a and s, b, we have X5 and X, as
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Figure 3.4: QPSK counterexample with K 2 and 2-bit quantization. Left: identical, symmetric
per-node constellations. Right: the resulting noiseless superposition constellation at the CP. Despite
symmetry and identical modulations, di[erent function outputs map to the same superposition point,
so the decoder cannot uniquely recover . Therefore, symmetry alone is insu [cieht, and even when the
cardinality condition |Xs| ¥ |Y¢| holds, it does not guarantee computability of f.

modulated signals and X, X, is received by the CP. For the reverse scenario, i.e., s; b
and s, a the CP also observes X, Xx,. Therefore, we have the same constellation
point for di Lerent values of the asymmetric function f, and it is impossible to assign the
same vector X, X, to the two dilerknt values of fpa,bg and fpb,ag. We note that the
existence of such identical modulation E has been shown in [50, Theorem 2]. O

Corollary 1. The condition in Proposition 3.1 becomes su [cieht for function £ with
binary domain, i.e., sk P t0, 1u. Hence, any symmetric function ¥ with binary domains
can be computed perfectly via one-bit communication.

Remark 3.4. In Proposition 3.1, we do not make assumptions on the modulation and
the domain. Therefore, the proposition is valid for arbitrary modulation with di [erknt
bits for each node as long as the modulations are identical.

To see why the condition in Proposition 3.1 is not su Lcieht in general, one can check
a simple product function fps;,s,q  $1Sp, Where the nodes use the QAM modulation
with two bits. Then, some of the function’s outputs T overlap with their constellation
points. Figure 3.4 shows this case in detail, where Ep g is the QAM modulation, and
S1S, Is a symmetric function concerning s; and s,. This function cannot be computed
because a conflict occurs on points 2 and 0.

To give more insights, consider the quantity ff 1 Epskq as a function that maps the
gk points in the domain of a function Eo a lower number of constellation points over the
MAC. Let X : l'f 1 Xk o Xk P Xy~ denote the set of all superimposed constellation
points. Then, we establish in the following Proposition 3.2 the lower and upper bounds
on the cardinality of Xg when using identical modulation.
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Proposition 3.2. Let X, be the range set of summation kK 1 Xk, Where X, P X C and
X is a constellation with q distinct points, identical for all k P rKs. Then, Xs is lower
and upper bounded by

1

10K X Kq ! 3.7)

1

Proof. This can be shown by mapping the constellation points to a simple ball and bin
combinatorial problem. For the complete arguments, see [J1, Appendix A]. m

The upper and lower bounds in Proposition 3.2 characterize the admissible range size
of symmetric functions that can be represented by the superimposed constellation. As a
result, if the range of the desired function f is greater than the number of the constellation
points, i.e., |Y¢| § |Xs|, it is impossible to cover the overall range of function f.

Based on the above results, using identical modulation among all the nodes restricts
us to computing only the symmetric functions. To go beyond symmetric functions, we
need to change the modulations to compute any class of functions. In the following sec-
tion, we propose a method to adapt or design the modulations under di Lerkent scenarios
to obtain a reliable function computation over the MAC.

3.5 Modulation Selection for Noisy MACs

We start this section by introducing a general notation to model the case where each
node can use any modulation, not necessarily identical among the nodes. Moreover, this
section assumes that the channel is subject to fading and that the receiver experiences
noise. We propose a feasibility check that allows us to design which modulation is needed
at each node for a correct computation, which we term as G-ChannelComp solution
algorithm, where G stands for “general”. We then introduce a method for adapting the
power and phases of existing modulations to ensure correct computation, which we term
the E-ChannelComp solution algorithm, where E stands for “equal”. We conclude the
section by giving the general architecture of ChannelComp.

Following the power control adopted in the AirComp literature [51], i.e., selecting the
transmit power as the inverse of the channel, which is explicitly given by px  h, {|h«|?,
we rewrite (3.1) as follows®

r Xk Z. (3.8)

Therefore, the received signal by the CP, i.e., r, isequal to |, X, which has finite constel-
lation points. Using the complex/real vector representation of each Xy for digital/analog
modulation, we can represent all the possible constellation points as:

r: AxPCM 1 X IXy,...,XkS', (3.9)

3The use of this power control is done for analytical simplicity. A more general power selection can
also be introduced. The optimization problems we formulate and solve in this section can be easily
extended to include such general power controls. We give an example of this in Section 3.8.1 with the
optimization problem in (3.21).
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Figure 3.5: This figure gives the main idea of ChannelComp. It reports the domain S¥, the range
of the summation Xs returned by a noise-free channel, and the desired function Y¢ on left, middle, and
right, respectively. Two di[erknt points (blue lines) in the domain of function f create a constellation
point r, while the function’s output for these two points is the same and equal to *29. However, for
rn: the corresponding values of the function are diLerknt £P™Md frm'a, Accordingly, we cannot assign
the point r: to these points (red lines) unless we enforce a splitting of r,: by a proper selection of the
modulations.

where AP t0, 1M N (N : K qgand M : @) is a binary matrix that selects all
the possible cases of nodes to send their bits, and the vector x P CN 1 consists of all K
blocks of complex vectors, where block k, i.e., Xk, is @ modulation of the corresponding
node k. Also, the vector r P CM 1 denotes the constellation points over the MAC.

Now, equipped with the definitions in (3.9), we can establish the conditions to ensure
the correctness and viability of computation via wireless transmission and formulate the
modulation vector x to adhere to these established conditions.

3.5.1 Modulation Design with Channel Inversion

To compute the function fps,, ..., Skq whose input corresponds to the modulated sig-
nals xi,...,Xx P X¢, we need to make sure that the employed modulations allow such
computation with adequate accuracy. As mentioned after Proposition 3.2, one necessary
condition under which perfect computation can be possible is related to the range of the
function, Y¢, and the range of the summation over the channel, Xs. Indeed, the number
of constellation points at the receiver CP has to be greater than the range of the func-
tion T, i.e., |Xs| ¥ |Y¢|. To illustrate that this condition is necessary but not su [cieht,
we can consider the function T to be s;s,, for s;,s, P 10,1, 2, 3u, where the signals are
modulated using QPSK. In Figure 3.4, we illustrated the range points of the function f
and summation over the MAC, i.e., ,'f 1 Xk While we have [Xs|] 9§ 7 |Y¢], the
function f cannot be computed by this modulation because of the overlapping on point
pdnd 6.

Furthermore, the sum |, x, must cover the entire range of function f. In fact, for
i P rMs, let P9 be an output of function f for a certain value of inputs s1,s;..., Sk,
where all si’s have the same q possible values. Then, if 9 is dilerent from P9,
the corresponding constellation point r; must not be the same as r; for i  j, see
Figure 3.5. Hence, to verify if given modulation signals are suitable for computing the
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desired function T, we pose the following problem:
P, findx st if f" f1%aer; 1, IXBE1, (3.10)

where @pi, jq P rMs?. Recall that x P CN ! is the complex modulation vector, and rMs?
means rMs rMs. Problem Py is a feasibility problem that seeks a point satisfying non-
convex and non-smooth constraints, and it may admit infinitely many feasible vectors x.
In practice, however, channel noise necessitates a solution that is also robust to pertur-
bations. Accordingly, we replace Problem P; with a smooth, margin-based reformulation
that enforces a minimum separation proportional to the function values:

P, maxA st |r > ¥ AIFP 920 121, (3.11)
X

for @pi, jq P rMs?, with larger A j 0 yielding greater noise tolerance while preserving the
mapping. Note that for any su [ciehtly small A, the solution to Problem P, equals the
solution to Problem P,.

Remark 3.6. Problem P, not only satisfies the constraints of Problem P,, but also
designs the transmit constellation points for achieving an acceptable computation error
in noisy communications. The reason is that the right side of the constraints represents
computation error, which, due to noise, results in a higher computation error. This, in
turn, enforces a larger distance between constellation points and consumes more energy.
In other words, the distances among constellation points are penalized based on possible
computation errors.

Remark 3.7. The constraints in Problem P, are compatible with digital or analog mod-
ulation, where vector X must be a complex or real vector, respectively. Also, the obtained
modulation can compute a larger class of functions than Nomographic functions. The
solution to Problem P, for the special case of the sum function, i.e., f | Sk, results
in AirComp. Indeed, for the computation of Nomographic functions, pre-coder and post-
coder functions are utilized in the AirComp method [17], which can also be incorporated
at the beginning and end of our system model illustrated in Figure 3.1.

To determine how small A must be such that the solution to Problem P, is equal to
the solution to Problem P4, we have the following Proposition.

Proposition 3.3. Let A * ¥ max; joprmsz [FP FP92. Then, Problem P is feasible, and
thus there exists a modulation vector X satisfying the constraints.

Proof. See [J1, Appendix B]. ]
If we rewrite Problem P, in terms of variable X, we have

P, maxA st |pa; a;q"X|? ¥ AIFP FAO20 13T, (3.12)
X

for all pi,jg P rMs?,i  j. Problem P, is now a quadratically constrained quadratic
programming problem with non-convex constraints. From the literature [52], we know
that Problem P, is NP-hard in general. Toward overcoming the non-convex constraints,
we can use the lifting trick [53], in which we recast the constraints (3.12) as
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Algorithm 1 Approximated G-ChannelComp (solution to P,)

1: Input: Function fpsy,...,Sk(q, 0

2. SetN  gK, M gk

3: Output: Modulation vector x P CN

4: procedure Dual-primal DC(tfP M)

5 fort—1,2,...,do

6: Compute Eigendecomposition Xt 1 UAUH

7: Set G uyu! where u; is the first column of matrix U
8

9

ComputeQ G puXt!?
Obtain X' argmin L}X}2 xX,In Qy
XPC

10 Compute 8 E}XTE xX4H Iy Qy
11; if |&—75 then

12: X Xt

13: break

14: end if

15: end for
16: end procedure

P, maxA st tracepxx"B;;q ¥ vij, tracepxx'g—1, (3.13)
;X

whereyi; |[FP9 P92 for all pi,jgPrMs% i jand Bi; pai ajgpai  a;q'. Note
that problem (3.13) is equivalent to problem (3.11), and thus we denote problem (3.13)
as P,. Now, if we consider xx" as a matrix X P CN N, then problem (3.13) can be
reformulated as

max As.t. tracerB{jq¥vi,j, tracepXg—1, X " 0, rankpXq 1, (3.14)

in which the inequality X = 0 means that the matrix X is symmetric positive semi-
definite (PSD). Constraints (3.14) are linear and convex with respect to matrix X, except
for the non-convex rank. One possible way to handle such a tricky rank constraint is to
relax problem (3.14) by dropping the rank-one constraint in (3.14) [52], which leads to

P;  maxA st tracepX B{';q ¥ i j, tracepXg—1, X " 0. (3.15)

Problem P3 is a semi-definite programming problem that can be solved using CVX [54].
Moreover, we term the solution algorithm to problem P; as the G-ChannelComp
method. Afterward, if X , as the solution to Problem P3, results to be a rank one
matrix, X , the optimal modulation vector solution to Problem P, can be obtained via
Cholesky decomposition of X [55]. Otherwise, if the solution to P3; does not give a
rank-one matrix, we can recover a suboptimal solution to Problem P, by the Gaussian
randomization method [55]. The Gaussian randomization method has a guaranteed op-
timality gap [56]. The suboptimality of Problem P3; may occur when the dimension of
the optimization variables becomes large, i.e., N ** 1, which means K ** 1 orq "" 1. To
overcome such a drawback, the rank-one constraint can be replaced by another equiv-
alent function which would be successively solved using the primal and dual problems,
see [57]. Particularly, the rank-one constraint can be translated to tracepXq }X},.
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Consequently, we can replace the rank-one constraint in (3.14) with a penalty term as
follows

P} m)!n tracepXq }X}, s.t tracerB{jq¥)\yi,j,
X = 0, tracepXg—1. (3.16)

As Problem P2 remains non-convex, the optimization can be solved using the di [erence
of convex programming [57]. The dilerence of convex algorithm for Problem P} is
presented in Algorithm 1. Finally, to enforce the tightened power budget, after solving
P for a small enough A, we increase the value of A until the solution is not optimal, i.e.,

A
Py r;\l:a%( P. (3.17)

The relaxation in P3 disregards the rank constraint in P, and can occasionally result in
a suboptimal solution, as our manuscript acknowledges. However, when the solution to
P; (denoted as X) is a rank-one matrix, it is considered optimal and not suboptimal
with respect to problem P,. In fact, P3 has the potential to provide optimal solutions to
P, under certain conditions, particularly when g (level of quantization) or K (number
of nodes) are small. The reason is that Pz is a relaxation of P,, and if a relaxed problem
gives an optimal solution that is feasible to the original problem P, (that is defined as a
subset of P3), then it is also optimal to problem P,. Thus, the rank-one X from P; is
the optimal solution to P,.

To counter the potential suboptimality of P3, we propose P4, aiming to ensure a
low-rank solution as much as possible. This approach is designed to verify the feasibility
of rank-one constraints accurately and encourage rank-one solutions. As such, if the
solution is a rank-one matrix, it can be regarded as an optimal solution satisfying the
constraints of P4. The main advantage of using P, is its ability to reach the stationary
point solution, albeit with higher iteration and complexity than P3;. However, since P,
is not a convex problem, the uniqueness of the solution cannot be guaranteed.

Remark 3.8. Optimization Problem P, presented in (3.16) must be solved only once and
o [inel at the CP. To compute the solution, the CP only needs to know which function
T is in use and how many nodes are present. Once the CP solves optimization Problem
P4 and sends the encoder Eyp q to the nodes, node k can utilize its modulation vector
Xk to communicate and compute the intended function f over the MAC. Therefore, no
optimization needs to be solved during computation over the wireless channel, and the
modulation and encoder blocks are integrated.

3.8.1 Adapting Phase and Power of Existing Modulations

To this point, we have established a method for designing the modulation vector for com-
putation over the MAC. However, altering the nodes’ modulation formats may sometimes
be di Cculit. In situations where the modulation formats are fixed, we show that it is pos-
sible to alter the power and phase of each modulation vector to reshape the constellation
diagram and ensure correct and feasible function computation. In order to do so, we do
not assume a power control as in AirComp that enforces channel inversion in (3.9), but
we introduce a general power control. Consequently, the received signal at the CP is

K
n hipkXk 2, (3.18)
k 1
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where py P C determines the power and the phase for node k, hy is the channel coe [cieht
from node k to the CP, and z P C denotes circularly symmetric AWGN noise with zero
mean and variance o2. To alleviate the notation, let us define vectorsp :  rp,...,pks’ P
Ckandh: rhy,...,hgs" P CK. Also, we need to define the operator H, : C<  CN N
as follows

Hqphq: diagphgb I, diag hilg, ..., hcly , (3.19)

where b denotes Kronecker product and I, represents the q ¢ identity matrix. Then,
the constellation points induced by x can be represented as

A TaRbsdiaamsiRbinddods P T (3.20)

where ¥ Iy, T, ...,Tus’ P CM denotes the constellation points in the presence of
fading, and 1, stands for a vector of size ¢ 1 whose elements are one. Also, X is the
given modulation whose elements can be either complex-valued (digital modulation) or
real-valued (analog modulation).

Accordingly, by incorporating the constraints in (3.12), we propose the following
optimization problem to find the minimum modulation powers p for achieving a correct
computation without changing the modulation formats:

Ps min }pY; st [pai &g Cpl® ¥yij, @pi,jaPrMs”. (3.21)
p

Problem Ps is a quadratically constrained quadratic programming problem and is dif-
ficult to solve. Therefore, by following similar steps from (3.13) to (3.15), we can pose
the following relaxed version of Problem Ps:

P ppfgin _tracepPq  s.t. tracepP Cilia¥vi;, P 70, (3.22)
where Ci; : Cpai ajgpai @;q"CT. Similar to Problem Pj, the solution to Problem
Pe, denoted as P , can give p as an optimal solution to Ps by using Cholesky decompo-
sition or a suboptimal solution by applying the Gaussian randomization method. Finally,
the k-th element of p is used to determine the power and phase allocation for node K,
leading to improved accuracy in OACs. Moreover, we term the solution algorithm to
Problem Pg as E-ChannelComp.

Remark 3.9. Due to the dependence of Problem Pg on the channel coe LCciehts (hy) in
the case of a fast-fading channel, solving the optimization problem every time the chan-
nel changes can be computationally expensive. One alternative solution is separating
the channel compensation and modulation adaptation steps. This means that the opti-
mization problem in (3.22) only needs to be solved once for a given set of modulations
and function f, similar to the approach in (3.16). However, this approach may be less
power-e [cieht compared to the output of the optimization problem in (3.22).

In the next section, we describe the decoder of ChannelComp.
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3.9.1 Receiver Architecture in CHANNELCOMP

After solving optimization problem P3; or Pg at the CP, the modulation vector X is
determined. Then, the CP broadcasts the whole modulation vector x to the nodes, and
node Kk uses x, for the communication. Afterward, the CP needs to determine the decoder
T pq based on the obtained modulation vectors x,s. The decoder can be determined
straightforwardly as long as the solution to either Problem P4 or Pg is feasible. In
particular, we can use the maximum likelihood (ML) estimator for the decoder and
design the decision boundaries based on the deformed constellation points at the CP.
Next, using the Tabular mapping T p g on r yields the desired value of the function f.
More precisely, let us define g; : ff 1 Xk, the constellation point corresponding to the
function P9, Then, the problem is to find which g;’s values were transmitted while we
have received r. Hence, using the ML estimator, we have

fria argmax Prpr|g;g, (3.23)
1
L - - - -
where Prprigiq  1{ 2moZexp  }r gi}3{202 follows a Gaussian distribution. Next,
because logp q is strictly increasing on p0, 8q, thus, maximizing Prpr | giq is equivalent

to maximizing log Prpr | gig; the latter removes positive constants and the exponential,
yielding

9 argmin}r g} (3.24)

The last expression generates a Voronoi diagram of the set of all possible constellation
points tgi,...,gmu with the corresponding Voronoi cells tVy,...,Vuu [58]. Therefore,

the desired value is given by f ;V' L T PM9rq, where
# -
: a9, g PV;j, .
T Ppgq : 9r Vi j P rMs. (3.25)
0, otherwise.

In the case where we cannot satisfy the computation condition in (3.10), there may be
points in which 7 and "' 9 have the same constellation point g;. In other words, these
points have the same Voronoi cell, or V;  V; 1, and the decision rule can be replaced
by their mean:

£Pig Fpi 1g

T piquq T pi 1quq 2 v g P Vi1Vi 1,

) (3.26)
0, otherwise.

To illustrate, consider one simple BPSK example from Figure 3.3 where there are
K 2 nodes for computing the sum function, f1ps;,s,q S; S and product function,
fopsi,S20  S1S,. Let T, and T, be the tabular maps corresponding to functions f; and
T,, respectively. Then, for function f; the resultant constellation points are restricted to
the set t 2,0,2u, consequently, it gives the following Voronoi cells,

V,: tg|[pgd—" 1u, (3.273)
Vo: tg| 1 [pgd—lu, (3.27b)
Vi : tg|[pgd § 1u. (3.27¢)
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Figure 3.6: Constellation diagram of the modulation vector for K 2 nodes with ¢ 8 (3 bits). The
axes show the real and imaginary values corresponding to the baseband components.

Hence, by substituting (3.27) into (3.25), we can obtain Ty : ? 1Tlp'q for function f;
as follows
$
&0, [g— 1,
i Tipgg - 1, 1 [pgd—1, (3.28)
%o il

Similarly for the T,, we have

H
0 g ’ (3.29)
1, [pgd i 1.

Note that the encoder and decoder in ChannelComp have a similar overhead to
those in AirComp. This is because we only map the input and output using the mod-
ulation vectors obtained from Problem P4. The main complexity comes from solving
optimization in (3.15). This optimization must be done o Lind once before setting up
the communication system. Note that thanks to the tailored modulation by Chan-
nelComp, the communication latency does not depend on the number of nodes K;
accordingly, ChannelComp can handle a massive number of devices with a low-latency.

In the following section, we assess the performance of ChannelComp numerically.

T2pgq
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Numerical Experiments
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Figure 3.7: The resultant modulation vector of (3.22) for computing the product function fpsq K Sk

with K 4 nodes and quantization q 4, when the nodes use QPSK modulation. Figures 3.7a and 3.7b
show the modulation each node should use, in the case of ideal and fading channels, respectively. The x-
and y-axis of the plot illustrate the real and imaginary parts of the baseband components, respectively.

3.10 Numerical Experiments

Here, we evaluate the performance of G-ChannelComp (solution to Problem R),
which designs the modulation among the nodes, and E-ChannelComp (solution to
Problem Pg), which adapts phase and power of modulations for the nodes, for sev-
eral functions with di erent numbers of nodes. We compare the performance of G-
ChannelComp and E-ChannelComp on the following two settings: 1) standard dig-

ital transmission using orthogonal frequency division multiple access (OFDMA), where
each node uses a dierent frequency channel; and 2) the AirComp method [17]. In
the last subsection, we repeat the comparison of ChannelComp with AirComp and
OFDMA methods in the presence of fading.

3.10.1 Performance Evaluation of CHANNELCOMP

In the rst numerical experiment, we solve the optimization problem (3.15), i.e., (G-
ChannelComp) Problem P 3, for four dierent functions: sum, product, max, and
fractional function. We consider K 2 nodes and q 8 quantization levels.

The resultant modulation vectors are depicted in Figure 3.6. Figure 3.6 shows the
resultant modulation vectors for the rst three functions, i.e., sum, product, and max
(symmetric functions), and the last fractional function results in di erent modulation
vectors. In the case of the sum function, it turns out that the PAM modulation is the
resultant modulation vector (see Figure 3.6(a)). Note that, in Chapter 4, we will show
that the PAM modulation is the optimal modulation for computing the sum over the
communication channel.

In the second experiment, we evaluate the performance of E-ChannelComp for
adapting the modulations as in problem (3.22), i.e., Problemd for the product function
fpsq 1, S« with K 4 using QPSK modulation, i.e., ¢ 4 and x r1;j; 1;js 7.
Moreover, to understand the e ect of channel fading on the output of Problem £
we repeat the experiment for fading channels whose coe cients are generated with a
Gaussian distribution h, CNpO; 1q.
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Figure 3.8: Performance comparison between G-ChannelComp, AirComp, and OFDMA in terms
of NMSE error averaged over N 100, when values of the function to be computed are originally

quantized. Such ipput values are the input value,& t0;1;:::;7u and the desired functions are

4 = 4 4
fq k1 Skif2 k1 Sk, fa max s, and fy K1 St

Figure 3.7 shows the resultant modulations whose power and phases are given by the
solution to problem (3.22) for the ideal and fading channels in Figures 3.7a and 3.7b,
respectively. We observe that if the fading channel is not considered, E-ChannelComp
needs to adapt the power and phase of the modulations to avoid the destructive over-
lapping occurring over the MAC. Conversely, in the presence of fading, the channel
coe cients can alter the powers and phase of the modulations obtained at the receiver,
resulting in a more power-e cient manner than standard OFDMA over the MAC. Specif-
ically, in Figure 3.7a, node 2 needs to reduce its power to satisfy the computation con-
straints in (3.22). At the same time, a low value of h suggests not compensating for the
channel e ect and allocating more power to this node.

3.10.2 Comparison to AirComp

We compare G-ChannelComp to OFDMA and AirComp, which are analog and mostly
intended for sum and product functions. Hence, we compare G-ChannelComp, Air-
Comp, and OFDMA using these functions in di erent scenarios where the input data
has either continuous or discrete values. Speci cally, we consider the function's input
values originally quantized in the rst scenario. Thus, the input values are naturally
associated with digital values modulated over the AWGN channel. In other words, we
consider the sum function f v, Sk, Where § P t0;1;2;:::;8u over a network with
K 4 nodes. For a fair comparison, the peak of modulated signals' amplitude of G-
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Figure 3.9: Performance comparison between G-ChannelComp, AirComp, and OFDMA in terms of
NMSE error for computing the summation function f 31 sk with the continuous input values sy
in the interval r0; 7s, averaged over N 100.

ChannelComp is set to be the same as the maximum power for AirComp, which is
the maximum value of the input value or 8. Furthermore, to characterize the computa-
tion error in G-ChannelComp, AirComp, and OFDMA, we use the normalized mean
square error (NMSE) metric, which is de ned as NMSE : ij [P PN G P
where N, denotes the number of Monte Carlo trials, P denotes the value of the desired
function we wish to compute, and"}p‘q is the j-th estimated value of P for j P rNs.

Figure 3.8a shows the NMSE for di erent SNRs, de ned as SNR : 20logph¥ Q.
We note that G-ChannelComp has a similar performance to AirComp for comput-
ing the sum function at the low SNR (below 5dB), but as the SNR increases, G-
ChannelComp outperforms AirComp. For the product function, G-ChannelComp
shows approximately a 10 dB improvement compared to the other methods, even in low
SNR,scenarios. We repeat this experiment for the maximum f max s and quadratic
f <, s functions in Figure 3.8b.

We observe that G-ChannelComp exhibits superior performance compared to the
other methods for both functions under examination, thanks to the constructive over-
lapping of constellation points of all the nodes. Furthermore, it is notable that AirComp
cannot accurately compute the maximum function even in low SNR scenarios, likely due
to its approximation techniques applied to the maximum functiorf. For the quadratic
function, the results suggest that G-ChannelComp outperforms both other methods
across a wide range of SNR, with a particularly noticeable advantage in low SNR sce-
narios.

In the next experiment reported in Figure 3.9, we generate continuous uniform ran-
dom values § Ur0;7s. Afterward, for G-ChannelComp, these values are quantized
with g 4 and g 16 levels (or equivalently 2 and 4 bits) and transmitted over the
MAC. Figure 3.9 shows that the quantization noise level for low noise cases saturates the
performance of G-ChannelComp. However, increasing the number of bits can mitigate
this issue. The improved performance observed for AirComp can be attributed to the
fact that it does not employ quantization, thus resulting in a transmitted signal with a
lower noise level and preserving the signal's quality. Moreover, when the noise variance

4AirComp approximates the maximum using the log sum function. Indeed, fps;:::;skq
logp El exppsaqq maxg sk [6] where we need to set Epg : exppskq and T pyq : logpyq as
encoders and Tabular mapping, respectively. However, ChannelComp computes the exact value for
such a function in a noise-free communication by solving an optimization in Problem RB.
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Figure 3.10: Performance comparison between E-ChannelComp, AirComp, and OFDMA in terms of
NMSE versus the SNR values in the presence of fading channels. We considered K 2, and 4 nodes,
and computing the max function using QPSK in 3.10. The channel coe cients are generated by the
Gaussian distribution, i.e., hy NpO; 1q.

is very high (SNR less than 3 dB), OFDMA performs better than G-ChannelComp
in the sum function, which is due to the input values having a limited domai(x,s are
between 0 and 7).

The results of this subsection show that the designed modulation by the general
method, G-ChannelComp, outperforms the other approaches, specically for non-
sum functions. G-ChannelComp and AirComp achieve similar performance for the
sum function because AirComp can be regarded as a special case of G-ChannelComp
(Remark 3.7).

3.10.3 E-CHANNELCOMP with QAM Modulations

For the last experiment, we analyze the e ect of fading channels on the performance
using QPSK modulation for computing the max function of K 4 nodes and K
2, i.e.,, f  max ys¢. Figure 3.10 shows that E-ChannelComp can achieve better
NMSE performance than AirComp in high SNR scenarios, while it performs similarly to
OFDMA in low SNR scenarios. We note that the deterioration of E-ChannelComp
performance in this experiment comes from the fact that QPSK modulation is not the
optimal modulation for computing the max function (see Figure 3.6). We have also
performed the experiment for the product function and observed similar trends that can
be found in [J1].

We observe that E-ChannelComp enables existing modulation to compute func-
tions over the MAC; however, the performance drops compared to the designed modu-
lation by G-ChannelComp.

3.11 Summary

In this chapter, we presented a novel OAC principle and method, termed Channel-
Comp, which utilizes digital or analog modulation to compute functions over MACs.

SWhen the noise variance is very large, the receiver observes boundary values of the input domain
with high probability. For OFDMA, this implies that the estimated symbol is most often 0 or 7, so
for K 4 nodes the sum estimate typically concentrates around 14. In contrast, G-ChannelComp
estimates the sum directly; since x P t0;:::;7u, the resulting sum estimate is with high probability
either 0 or 28, which yields a larger estimation error.
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Our proposed method can compute a much broader class of functions than AirComp,
which is restricted to analog modulations. ChannelComp can handle massive devices
simultaneously, ensuring strict computation time constraints.

We also proposed an o ine modulation selection method based on optimizing a feasi-
bility function and a tabular mapping capable of computing functions using digital mod-
ulation. We showed how to adapt existing digital modulation schemes to compute the
desired function over the MAC. The simulation results showed that ChannelComp out-
performs analog AirComp and OFDMA methods in terms of normalized mean squared
error with a notable improvement of approximately 10dB in computation error.



CHAPTER 4

Generalization |: Distance Metric

When you can measure what you are speaking about, and express it in humbers, you know
something about it; but when you cannot express it in numbers, your knowledge is of a meager
and unsatisfactory kind.

Lord Kelvin, 1889

framework developed in Chapter 3, in this chapter we extend ChannelComp

by making constellation design explicitly noise-aware, so that the spacing of
digital symbols aligns with how likely a particular noise realization is to cause a com-
putational error. Such noise models are not merely of theoretical interest: Gaussian
noise arises in thermal-limited links; while heavy-tailed distributions are widely used for
modeling impulsive disturbances in urban wireless environments, power-line communi-
cations, and device-to-device links subject to bursty interference [59]. These practical
settings motivate a uni ed approach to constellation design that adapts to the tails of
the channel noise distributions.

Instead of using a Euclidean metric, we introduce a distance-based optimization that
adapts to the channel's tail behavior Gaussian, Laplace, generalized Normal, or heavy-
tailed distribution, such as Cauchy and Lomax. Constellation points are then placed to
minimize the probability that additive noise pushes a received symbol across the decision
boundary into the wrong functional output. Speci cally, we formulate modulation design
as a max min problem: choose transmitter precoders and receiver decision regions to
minimize the worst-case function-error probability over the noisy MAC. For Gaussian
or sub-Gaussian noise in its low-variance regime, we prove that this worst-case (max-
error) objective coincides with minimizing the MSE. Thus, our framework ensures that
a similar constellation geometry arises naturally, regardless of whether one is concerned
with average or worst-case performance.

In simulations that compute both sums and products over fading channels, these
noise-aware constellations yield lower error rates than both naive digital schemes and
traditional analog AirComp. The result is a fully digital OAC architecture that jointly
optimizes modulation, quantization, and decoding based on the function's structure and
the channel statistics, delivering robust, low-latency aggregation even under heavy-tailed
interference.

A dvancing, and building on the modulation design and function computation

4.1 Literature Review

In classical digital communication, constellation design has long been a fundamental
problem [60], [61], [62], with cubic, circular, and rectangular geometries widely adopted
in communication standards [63]. These designs are typically shaped to optimize er-
ror probability, spectral e ciency, or power constraints [64]. Depending on the noise
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characteristics, the design may favor dense packing for capacity (e.g., equiprobable sig-
naling under Gaussian noise [65]) or adapt to distortion e ects, such as phase noise or
non-Gaussian interference [66].

Design criteria generally aim to minimize symbol error rates [67] or maximize mu-
tual information. In particular, warping techniques are e ective at high variance of
the noise to approach capacity, while uniformly spaced constellations are more suitable
in low-variance of the channel noise (high-SNR) regimes [68]. Additionally, channel-
aware designs incorporating transmitter-side CSI have emerged in spatial modulation
contexts [69].

In the context of digital OAC, these classical geometrical insights motivate the design
of modulation schemes that account for both the desired function's structure and the
channel noise statistics. Unlike classical systems where minimizing bit errors is su cient,
in OAC, the constellation must also avoid overlaps in the superimposed signal domain,
which directly translates to computation ambiguity [J1]. Thus, we reinterpret constel-
lation design as a noise-aware optimization problem over the complex set (in-phase and
guadrature components), guided by function computation.

The rest of this chapter is organized as follows. Section 4.2 presents the system model
and formulates the overlaps among the superimposed constellation points over the MAC.
Section 4.3 provides the noise-aware modulation design criterion. Simulation results are
presented in Section 4.8. Finally, Section 4.9 provides a summary and concludes the
chapter.

4.2 Resolving Constellation Points Overlaps

In this chapter, we adopt the identical system model previously established in Chapter 3,

where we consider a network where multiple nodes transmit modulated signals over a
shared medium, leveraging the principles of the OAC. We recall that the received signal
by the CP is given by

r Epsq Z (4.1)

k1

where z denotes the receiver noise. In this chapter, the main goal is to devise proper
criteria for designing the encoders #p g to e ciently compute the desired function f at
the CP by harnessing the superposition in (4.1).

Next, to present the problem formulation for the constellation overlaps, let us repre-
sent the encoder p q as a piecewise mapping for a given input s P, $e.,

q
Epsq ~ xP9.rss; @-aPS; Prgs; (4.2)
t1

where ,rs as 1 is a discrete delta function with one ats a - and zero elsewhere,
and X9 P C is a complex coe cient of encoder E, which also equals the constellation
point © of node k. In this regard, Ep q acts as a simple lookup table, where it maps
input s to the constellation point x° 9. Thus, to compute the desired function f, we
need to obtain all the coe cients x? s to avoid the overlaps among the output values
of the functions over the MAC. In fact, let Y; and § be the range and domain sets of
the function f, where & : S 4 S k. Also, let | € S ; be a certain combination of
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the input values s;s,:::;S« which correspond to the output value P9, Then, if f Pd
is di erent from f P9, the corresponding constellation point i : .p; XP4 must not be
the same as y for i j. Hence, to verify if given modulation signals are suitable for
computing the desired function f, we pose the following problem:

P, nd x;sttf P9 f PAORr, r; Xp2al; (4.3)

for all pi;jg P rM<, where every element pi;jq is selected a8¥ f P9 and x P CI! is
the complex modulation vector involving all the constellation points, i.e.,

X:orx P& xPagt: (4.4)

in which xP9 means “-th possible constellation point for * P rgs. To replace the non-
smooth overlap-avoidance constraints in (4.3), Chapter 3 introduced a Lipschitz-smooth
surrogate in (3.11). We reformulate (3.11) in a more general form as

P, max ; st Dcpri;rygq¥ |f P9 f P92 }x}3o1; (4.5)
X

for all pi;jg P rM<, where | O is a scaling factor representing the proportionality
between the distances. Also, P represents a distance function over complex values.
Indeed, the solution to Problem B equals the solution to Problem R [J1]. Therefore,
the problem of nding the encoder to avoid destructive overlaps reduces to optimizing
the complex vector x that satis es the constraints in Problem B. Another interesting
property of the constraints in (4.5) is that they are scrutinizing for an encoding that
mimics the Lipschitz smoothness of the desired function over the complex plane C.

However, such a replacement in (4.5) imposes a challenge in nding a proper choice
for the distance, which we discuss in the sequel.

4.2.1 Distance Choice

The main question is to nd a proper choice of distance function P to obtain the
minimum computation error. One might contend that Problem B could instead be posed
with an objective that directly minimizes the average computation error, for example,

min E |T prq fpsq;::iiiscqf: (4.6)

However, optimizing solely for average error may permit certain pairs pi;jq with large
function di erences to collapse in the same constellation points, thereby creating overlaps
that persist even in the areas, where the noise variance is low, and cause an irreducible
error oor. In contrast, by enforcing the constraint in (4.5), we guarantee a strict separa-
tion of all distinct function outputs, preventing destructive overlaps. Moreover, selecting
D¢ to re ect the true geometry of the modulation space allows us to balance overlap
avoidance with minimization of computation error, yielding robust performance across
all di erent levels of the channel noise variances. Speci cally, in Chapter 3, we proposed
the following distance functions:

Dcpri;riq |ri r | @rr; PC: (4.7)

With this choice, we forced the constellation points far apart from each other, pro-
portional to the corresponding di erences of function values. Essentially, the spacing
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Figure 4.1: Superimposed constellation diagrams for two modulation formats. Sub gure (a) shows the
superposition of two PAM-4 signals with adjacent ideal points separated by a distance d. In contrast,
sub gure (b) displays the superposition of two skewegl QAM-4 si}gnals, where the e ective Euclidean

distances between signal points are increased (e.g., d, 2d, and = 3d). The skewed QAM-4 arrange-

ment achieves an overall larger inter-point distance, enhancing the noise margin relative to the PAM-4
con guration.

between the constellation points mirrors the relative magnitude of the function values.
For instance, considering the desired function f as the sum function, the optimization
problem in (4.5) would give us PAM as an optimal constellation diagram. In particular,
f Pd for the sum function can be written as

K
fPa ° P qa;; q r0;1;:::;q 1s TP Z% (4.8)
k1
where a P Rlis a binary vector that selects possible cases i of nodes to sending their data
to compute fP9. Based on the modulation vector x de ned in (4.4), the constellation
ri isgiven by r x a ; for all i. Then, to satisfy the condition in (4.5), one can set
X ‘g which leads to the following

Dcpri;rid d "pa a jgpa a ;jq'q |f P9 f P9

for all pi;jg P rM<. By adjusting , we can satisfy the power constraint as well. This
essentially suggests PAM as a solution to (4.5). However, it is not di cult to see that the
QAM modulation can perform much better than PAM (at least for the scenarios where
the channel noise variance is low), as re ected by the simulation results in [J6] (Chapter 7
of the thesis). In Figure 4.1, we illustrate the superposition of two constellation diagrams
for PAM-4 and QAM-4 under the sum function. By preserving a more power-e cient
constellation arrangement, QAM increases the distance among adjacent points compared
with PAM, thereby reducing computational errors.

This discrepancy raises the question of why ChannelComp suggests such an inef-
cient (suboptimal) solution for computing the sum. Here, we answer this question by
considering the channel noise distributions. Indeed, we argue that the problem comes
from the chosen Euclidean distance in (4.7) of Chapter 3, which ignores the distribution
of the channel noise, e.g., Normal distribution. While one might attribute the ine ciency
to the inherent NP-hardness of the optimization problem in (4.5), we emphasize that
this is not the case for the sum function, for which we have demonstrated the optimality
of PAM modulation in this work. Hence, we must replace Euclidean distance with a
more appropriate noise-aware distance to improve the performance.
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4.3 Constellation Design Criteria

In this section, we show how minimizing the computation error over a noisy channel
impacts the distance choice and leads to di erent distance choices when designing the
modulation. Moreover, we extend the scheme for di erent channel noise distributions
over the MAC.

4.3.1 Computation by Minimizing Maximum Error

The end goal of the modulation design for the OAC is reliable communication and
computation over the noisy channel. Hence, we need to design the constellation diagram
of the modulation to minimize the computation error as much as possible. As argued
earlier, the channel noise distribution needs to be considered to quantify the computation
error. Consider the MSE of computing the function f over the channel, i.e.,

M M
MSEpfq: Etff  f12u = i Prpr Nrjqlfi f % (4.9)
i iij

where M : |Y ¢] is the cardinality of the range of function f, Prpr N r jq denotes the
probability of detecting r; instead of , (symbol misdetection), and ; represents the prior
probability of transmitting a signal r; to compute f;. Under the uniform distribution
assumption on the prior probability, the average computation error can be bounded from
below and above by its maximum computation error, i.e.,

I\j max @ MSEpfqe M ax; (4.10)
where max  max i; Prpr; N riqlfi f ,-|2. Therefore, for a given size of the constel-
lation diagram M, the computation error vanishes if and only if the ax vanishes,
ie., lim o MSEpfg 0. Hence, our approach minimizes the maximum computa-
tion error at the CP to achieve more reliable computation. Although one could in-
stead design the constellation by directly minimizing the MSE, such a criterion o ers
no explicit guarantee against symbol overlap. By contrast, our maximum-error mini-
mization inherently enforces point separation. Moreover, as shown at the end of this
section, the proposed method yields a solution that asymptotically converges to the
classical MSE-optimal design under low-variance noise, when the channel is subject to
sub-exponential channel noise distributions. Particularly, for the probability of the error
of computing P9 instead of P9, we can de ne the computation error between them as

i © Prpr Nrjqg|fPa f Pi9). Accordingly, to design the constellation diagram, we pose
the following optimization problem

R argmin max ; st Jx}3o1; (4.11)
x

for all pi; jg P rM<. The key challenge in solving (4.11) lies in the nonlinearity of PrpN

r;q, which depends on both the channel noise statistics and the modulation geometry.
In subsequent subsections, we establish connections between (4.11) and the generalized
constellation design Problem B, showing how channel-aware distance metrics naturally
emerge from the channel noise distribution. These insights lead to optimized, noise-
tailored constellations that enhance computational reliability over noisy MACs.
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4.3.2 AWGN Channel

To solve the min-max optimization problem in (4.11), one must evaluate the probability
of symbol misdetection, i.e., PrarN r jq, which is generally intractable in closed form.
This di culty arises because the geometry of the constellation points is unknown be-
fore determining the constellation diagram. Consequently, the corresponding decision
boundaries are also unavailable, preventing accurate computation of the misdetection
probabilities. In the presence of AWGN, a common technique is to upper bound this
probability using the union bound [70]:

Prpr ryqaQ 2 20l (4.12)

where Qpxq denotes the Gaussian Q-function de ned by [71]:

» )

2
Qpxq exppt?{2qdt{ 2:
X

We use the Q function as a surrogate function to replace a simple upper bound with the
generally intractable cost function Prpr N r id. The rationale is that as the Q-function
decreases, the probability of error PrprN r jq shall also diminish. However, solving
optimization problems involving the Q function remains challenging; one well-known
way to upper bound the Gaussian Q-function is to use the Cherno upper bound [72],
i.e., Qpxq © e *© accordingly*. Hence, using the Cherno bound, the objective function
is upper-bounded as follows.

: _ rir 12
minmax |f P9 f a2 e ~a7; sitt 2o
¥]

Next, because all the terms are strictly positive, by taking the logarithm of the objective
function, we obtain

min max 824 Irirjl%s st Xial; (4.13)
where i : In |fP9 f P9 for pi;jg P rM€. Finally, we can turn the min-max
optimization in (4.13) into the following quadratic optimization problem in terms of the
modulation vector X, i.e.,

mint's:t t'¥8 2 5 |r i 1% @pija Xg e 1; (4.14)
or equivalently,
max tsit: |ry r I¥8 2 t @pi;jq X} 5a1: (4.15)

The optimization problem in (4.15) is quadratically constrained in terms of modulation
vector x and can be solved by relaxation techniques.

More accurate approximations than the Cherno bound are also proposed in [73] as the Chiani
bound. However, in our optimization problem, the Chiani bound can make the situation more compli-
cated.
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To connect the constraints in (4.15) to Problem B, we change the variable
exp pt{4 2q and rewrite the optimization in (4.15) as follows

max sit: elfir il %y |f Pla f P92 13207, (4.16)

for all pi;jg P rM<. By comparing the minimization in (4.16) and constrains of Prob-
lem P, in (4.5), we can see that it suggests that P belong to exponential family of
functions, i.e.,

Dcpri;rjq expplri r |4 %q; ;@tr; PC: (4.17)

The proposed distance in (4.17) captures the channel noise distribution characteristics
for a computation over a noisy MAC.

Remark 4.4. The channel noise variance ? signi cantly in uences the constellation
design in (4.15). In the low-variance regime ¢ N 0), the term 8 2 ;; becomes neg-
ligible, and the optimization prioritizes maximizing the minimum distance |r r |3,
resulting in equidistant constellation points akin to traditional communication systems
focused on bit error rates. Conversely, in the high-variance regime?(" 1), the term

8 2 i; 8 Z2lInp|ffaf P9 dominates, aligning constellation points with the logarithmic
di erences in function values, emphasizing computational accuracy.

Remark 4.5. An immediate observation from the formulation in (4.15) is that, al-
though the exact optimal solution remains unknown, one can anticipate that QAM-based
constellations may o er more favorable performance than PAM in the low-noise regime
( 2 N 0). QAM more e ectively maximizes the minimum pairwise Euclidean distance
Iri r ;]? under the power constraint, thereby reducing symbol confusion probability. Con-
sequently, incorporating the noise-aware objective in (4.15) implicitly favors QAM-like
geometries that yield enhanced robustness in additive white Gaussian noise.

45.1 Extension to Generalized Normal Distribution

So far, we have assumed an AWGN channel with a Gaussian distribution, yielding the
exponential distance metric R px;; Xoq expp|x: X »2|*{4 g in (4.15). Here, we extend
the channel noise distribution to a generalized Normal distribution (GND), characterized

by the density p, pzq 7oirq EXP £ where O isthe shape parameter, O

is the scale, and is the gamma function [74]. This distribution encompasses Gaussian
(  2) and Laplace ( 1) as special cases, enabling the modeling of diverse channel
noise pro les.

We reconsider the error probability Prpr N r g to extend our framework. This
probability depends on |f r ;| and for GND noise. The right tail probability for
z i O is given by [74]

» 8

Prpri Nrquo
Pri R T4 2p{a rp

e' du; (4.18)

where the substitution u z{ has been applied. A standard inequality (see [75]) gives
» 8

e' dum 1
, z
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Settingz |r; r ;[{, the tail probability can be bounded by
1 Irir gl
e
2pi{q|ri r[*
By substituting into (4.11) and following similar steps, the objective becomes:

Prpri Nrjq® . @pi;jq:

) [fPia f PiG2 rir . 201 410
min max —— ;ositt Ixpsel; :
X i ||"i r J| 1 } }2 ( )
This suggests a generalized distance metric:
rr
Dcpri;rig ri rj|* exp i vl (4.20)

This adaptation highlights the impact of the channel noise tail on constellation design,
controlled by .

Remark 4.6. The upper bound on the error probability in (4.18) relies on the symme-
try of the GND distribution. Speci cally, the ML detector under GND noise reduces to
the minimum-distance decoder, as the distribution is symmetric about its mean. Con-
sequently, the likelihood is maximized when the received symbol is closest in Euclidean
distance to a constellation point, making the decision boundary between any two neigh-
boring symbols their midpoint. This property holds for Gaussian ( 2) and Laplace
(1) cases and justi es using Euclidean distances in bounding error probabilities for
symmetric channel noise distributions.

The previous two cases AWGN (Gaussian, 2) and generalized Normal distribu-
tions (with arbitrary j 0) are in fact subclasses of a broader family of noise models
known as sub-exponential distributions.

De nition 4.1 (Sub-exponential). Recall that a random variable 2 SEp ¢ follows a
sub-exponential distribution with variance parameter if

t
Prp|z| ¥tge 2e ; t¥0: (4.21)

Note that De nition 4.1 captures distributions with exponentially decaying tails,
including Gaussian ( 2) and Laplace ( 1) as special cases. We adopt the sub-
exponential noise model to unify earlier results and to show that, in the low-variance
regime, minimizing the worst-case error and the MSE become asymptotically equivalent.

Proposition 4.1. For a communication system in (4.1), let the channel noise z SEp q
and ij pxq be the pairwise computation error as in (4.11), x be the modulation vector,
and the two design objectives

JusePX; @ i i PX0; JnaPX; Q0 max i pxq; (4.22)
Let x and x, be as follows.
X arg mn JusePX; 9; Xg arg min Jnapx; Q: (4.23)
el el

Then, as N 0 , every accumulation point of tx u,, lies in the set of minimizers of

Jmax-
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Proof. The proof is provided in [J2, Appendix A]. O

Proposition 4.1 shows that the design criterion based on minimizing the MSE under
sub-exponential channel noise is equivalent to employing a max-min constellation opti-
mization when the channel noise variance is low. In this regime, the rapid tail decay
of the sub-exponential distribution leads to dominant errors occurring between nearest-
neighbor constellation points (maximum error). Consequently, maximizing the minimum
pairwise separation mitigates these dominant errors and reduces the overall computation
error.

Remark 4.7. In [C2], the MSE minimization problem in (4.23) is also addressed using
a projected gradient descent algorithm. The numerical results indicate that the resulting
constellation diagrams exhibit a similar structure dictated by the underlying channel noise
distribution. Hence, constellations obtained via MSE minimization and those from worst-
case minimization yield comparable performance in terms of computation error.

4.7.1 Extension to Heavy-Tailed Noise

While the generalized normal distribution accommodates a range of tail behaviors, heavy-
tailed noise, prevalent in certain wireless channels, requires further adaptation due to its
slow-decaying tails. In practical wireless environments and interference-limited scenarios,
the noise exhibits heavy-tailed behavior [59]. Consider a Cauchy distribution for the
noise, with density

.
1 p?cf

where j O is the scale parameter. Unlike Gaussian or GND noise, the Cauchy distri-
bution's moment-generating function is unde ned, rendering the Cherno bound inap-
plicable. Instead, we directly analyze the tail probability. For a transmitted signal i
and detected signal y j r ;, the error probability is given by [76]

Pz pPzq (4.24)

ril 1
o — arctan
2 |r,- r i|

Prpr, NrjqePr Zj I (4.25)
Since the heavy-tailed distributions of interest do not admit a nite variance, metrics
relying on second-order moments are not meaningful. For the Cauchy distribution, which
corresponds to 1, all moments with ¥ 1 diverge, whereas fractional moments with

1 remain nite. Consequently, restricting the computation error exponentto 1
ensures that ;;  Prpr N riq|fP@ f P9 is a well-de ned and bounded performance
criterion. Moreover, employing 1 yields robustness against large deviations by
penalizing them less severely than quadratic error measures, which is consistent with the
properties of heavy-tailed noise. Hence, by replacing the upper bound on the probability

of the error in (4.25) into the computation error ;; , the optimization becomes:

. 1 .
min max —|f P4 f P9 arctan sttt Ix}sal:
|

2
[rj 1l

Reformulating to maximize the minimum distance adjusted by function di erences, we
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Figure 4.2: Comparison of the functions y |x| (blue) andy arctan ! 1{|x] (red) on the interval
r 20; 20s.

obtain:

¥Hf PO f P9 )} 2o (4.26)

. 4 1 2
max t; s:t: arctan
X Irj 1l
for all pi;jg. The inverse-arctangent constraint is highly nonlinear, which makes solving
the optimization in (4.26) challenging. To obtain a tractable surrogate, we use the
absolute value function as a lower bound, i.e.,

arctan® p1{|x|q ¥ |x|; (4.27)

which becomes increasingly tight as the input argument x grows, i.e., x N 8; we have
arctan® p1{|x|]g |x|. Figure 4.2 depicts the absolute function and inverse-arctangent,
depicting this dominance and the asymptotic tightness of the absolute-value lower bound.
Therefore, by enforcing the simpler linear lower bound on the constraint, we obtain
the following conservative but tractable optimization problem.
Irj 1l

max t; sit: 27¥t|f P f P9 - @pi;jgq Ix§ = 1;

yielding a distance metric Q:pri;rjq ¢ . |ri r j|*,wherec : p2q A isa positive
constant. For broader heavy-tailed noise, such as stable distributions with tail decay

PrpZjag C a ( 2),whereC O is the tail constant that depends only on 2,
the error probability scales as |r r j| , generalizing the metric to

Depri;rig |ri r |t (4.28)

This inverse power-law metric underscores the need for signi cantly larger constellation
separations as tail heaviness increases, contrasting with the exponential metrics of lighter-
tailed noise.

To capture the ChannelComp distance in Chapter 3, we need to model the channel
noise z as a Lomax distributiof with tail index 1 and scale ~j 0, i.e.,

2
Pz pPzq % 1 '%' . zZPR: (4.29)

2The tail can be obtained by using Markov's inequality. For large enough x, one can show C

2pgsinp {2qf .
3Pareto Type-ll distribution
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For u j 0, the one-sided tail satis es

1

PrpZjug - 1 g~  — (4.30)
With nearest-neighbor detection between;rand r;, an error toward r; requires Z i
2l hence
|rj r il 2 - 2~ :

2~ Irj 1l
Indeed, by selecting 2, we obtain a 1{|r; r ;|* decay of the pairwise error, and
(4.11) (4.31) give

PrpriNrjq o 1 (4.31)

fpia f pia?
Ej @ 2~———; (4.32)
i r
for all pi;jg P rM<. Minimizing the maximum risk in (4.11) is then becomes equivalent
(up to the constant 2~ to maximizing a global margin t j O such that each pair pi;jq
respects a squared-distance constraint proportional to the squared function gap.

min t st tr, r2 ¥ 2~fPaf P ha2p7;

for all pi;jg P rM<. Then, by de ning variable  2~t, we convert the minimization
to a maximization problem, i.e.,

max stor rc ¥ fPaf PA% 132g7q: (4.33)
X,

The formulation (4.33) delivers the desired square on both sides proposed by Channel-
Comp in (3.11).

Up to this point, we have revisited the distance criteria and studied the impact of
the channel noise distribution on the choice of distance under the assumption of perfect
fading compensation, neglecting any fading phenomena. In Subsection 4.7.2, we relax
this assumption by introducing a stochastic fading model and demonstrate how random
channel variations reshape both the optimization constraints and the resulting distance
metric.

4.7.2 Stochastic Fading Channel

In many wireless scenarios, channel coe cientsigcan be estimated and used imperfectly
during communication. However, in some cases, direct channel estimation is infeasible.
Instead, we may characterize the channel statistically by modeling its distribution. A
widely adopted model is Rician fading, which captures environments with a dominant
line-of-sight component. Without such a component, the model reduces to Rayleigh
fading.

When h, becomes a random variable, the optimization problem associated with
the digital OAC becomes stochastic. A common approach is to replace the channel-

CK be the random channel vector. Then, the resultant constellation point iis expressed
as

ri h "Bix;, @iPrMs; (4.34)
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Table 4.1: Distribution-Aware Distance Metrics Used in P,

Noise Distribution Distance Metric D cpri;rzq
AWGN (Gaussian) exp 'rfiﬂz
Laplace expplr. r 2|q
ChannelComp Iry r o
Heavy-Tailed, 2 Iry r o

where B; P t0;14‘9 is a binary selection matrix indicating the combination of the
constellation points from the modulation vector x which results in . The di erence
between any two constellation points irand r; can be written as

Iri r > x "By hh B x; (4.35)
whereBj; B ; B ;. Taking the expectation yields

E |r| r J|2 E XHBi;j hhHB.—l':J'X ,
x "B Erhh "Bl x x "B K B x; (4.36)

where K : Erhh Hs P 'K is the channel covariance matrix, with entries y.:
Erh¢hy:s. Hence, the e ect of fading can be incorporated by replacing;Ain Section 4.3
with B7; K B!, leaving the rest of the optimization framework unchanged. This substi-
tution ensures that the resulting modulation scheme is optimized in expectation. Note,
however, that the computed function value is not guaranteed to be exact in each real-

ization but is statistically reliable on average.

4.8 Performance Evaluation

In this section, we evaluate the performance of the proposed distances in Section 4.3
over the noisy MAC with di erent noise distributions. We also study the impact of the
various distances on the modulation design for computing speci ¢ functions. Moreover,
we empirically compare the computation performance of this designed modulation in
terms of the MSE. Throughout this section, to evaluate the performance, we use the
MSE metric, which is de ned as MSE : [ [fP9  fP9%{N; where N, denotes the
number of Monte Carlo trials, fP@ denotes the value of the desired function we wish to
compute, andf¥? is the j-th estimated value of P for j P rNss.

4.8.1 Distribution-Aware Modulation Design

We provide the modulation design by solving the optimization problem funder various
channel noise models discussed in Section 4.3. Speci cally, we solve Problemfd?
K 2 number of nodes and q 32 order of the modulation for di erent distances
listed in Table 4.1. Figures 4.3a 4.3d and 4.4a,4.4d illustrate the resulting constellation
diagrams for computing the sum function f « Sk and product function f « Sk
respectively.

The design is guided by distribution-aware distance metrics listed in Table 4.1. For
instance, under the AWGN model, the proposed method favors a more compact constel-
lation diagram than the other distances for both the sum and product functions. On the
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Figure 4.3: Figure 4.3a-4.3d depict constellation diagrams for computing fpsq El sk with K 2
nodes and g 32 (5 bits). Each sub gure corresponds to a di erent distance function.

other hand, ChannelComp's diagram tends to set the constellation points far apart, as
it is more suitable for uniform or heavy-tailed distributions to minimize the computation
error. Laplace and AWGN-based distances both provide similar constellation diagrams,
which arises from the fact that both employ exponentially spaced constellation points
as derived in (4.17) and (4.20), whereas, for ChannelComp and Cauchy noise with

2 (since the metric is MSE here), the design adapts to heavier-tailed behavior using
polynomial and power-law distances, respectively. These tailored constellations ensure
that the pairwise distances between constellation points align with the noise distribution,
e ectively minimizing computation error.

4.8.2 Computing Over AWGN

For the, second experiment, we consider two desired functions: (i) the sum function
fpsq « Sk and (ii) the max function fpsq max sk, where each function is computed
over a network of K 12 nodes. Each node is assigned 4 bits per sample, resulting in
g 16 possible quantization levels. The constellation diagram is obtained by solving
the SDP relaxation for Problem B with di erent distances listed in Table 4.1. We note
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Figure 4.4. Figure 4.4a-4.4d shows the constellation diagrams for computing fpsq El sk with

K 2 nodes and q 32 (5 bits). Each sub gure corresponds to a di erent distance function.

that to handle computational complexity for solving the optimization Problem B, we
use the sampling strategy proposed in [J3] for p 3. The computation is performed
over the noisy channel as in (4.1) where z CNpO0;?q for a range of P r0;5s. The
performance of the obtained constellations is then evaluated via“lMonte Carlo trials
in terms of MSE.

Figures 4.5a and 4.5b present the simulation results for the sum and max func-
tions, respectively. For the sum function, in the high noise variance regimej 1), the
exponential distance metric derived under the AWGN assumption shows superior perfor-
mance compared to other methods, while the Euclidean metric used by ChannelComp
yields the poorest results. Conversely, in the low noise variance regime ( 1), the
performance ranking is reversed: the Euclidean metric employed by ChannelComp
outperforms the others, and the exponential metrics perform suboptimally. This behav-
ior is primarily attributed to the upper bound expression in (4.12), where the decision
boundaries of the superimposed constellation, i.e.,, sx, points for the sum function
become nearly vertical. This geometry indicates that only a single access dimension sig-
ni cantly contributes to the decision process. While the exponential metric increases the
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Figure 4.5: MSE performance for distribution-aware constellation designs over a noisy MAC with Gaus-
sian channel noise distribution. Figure 4.5a and 4.5b present results for the sum and product functions,
respectively. The gures are depicted for 1¢ Monte Carlo trial simulations on a network of K 12
nodes with modulation of order g 16.

Euclidean separation between constellation points, it neglects the structure of the actual
decision regions. As a result, the e ective separation along the true decision boundaries
is diminished. Hence, for accurate performance characterization, distance metrics should
be evaluated along the real or imaginary axes, aligned with the orientation of the decision
regions.

For the max function computation in Figure 4.5b, we observe a consistent trend,
where AWGN and Laplace-based metrics show superior performance and less MSE com-
pared to the other distance metric designs, across di erent variances of the channel
noise.

Overall, these results con rm that careful constellation design incorporating an ap-
propriate distance metric through weight functions can substantially enhance the reli-
ability of function computation over the AWGN channel.

4.8.3 Computing Over Heavy-Tailed Distributions

For the nal experiment, we evaluate the robustness of the proposed design under heavy-
tailed noise models, explicitly using the Cauchy distribution with varying scale param-
eters . This setting captures the presence of substantial impulsive interference and
models environments where the noise has in nite variance, posing signi cant challenges
for reliable computation. o

In this experiment, the desired functions are the arithmetic mean , s {K and the
geometric mean p , sxd, with K 6 nodes and q 16 quantization levels per
sample, and solve the optimization problem P using the distance metric derived for
Cauchy noise in Section 4.7.1. The function computations are carried over noisy MAC,
wherez z, z ,jPC; z;z, CauchypO; {2q for a wide range of P r0;1s.

The results, presented in Figure 4.6a and Figure 4.6b, show that the Cauchy-aware
constellation design signi cantly outperforms the other constellation diagrams over a
wide range of . In particular, the performance gain becomes more pronounced as the
tail of the noise distribution becomes heavier (i.e., larger ). Indeed, we observe a
similar trend for arithmetic and geometric mean functions, where ChannelComp and
Heavy-Tailed outperform the other schemes thanks to the distribution-aware design.

These ndings highlight that the proposed design scheme for the constellation dia-
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Figure 4.6: MSE performance for distribution-aware constellation designs over a noisy MAC with
Cauchy distribution. Figure 4.6a presents results for the Arithmetic mean function, and Figure 4.6b for
the Geometric mean function, obtained from 5 103 Monte Carlo simulations on a network of 6 nodes
with modulation of order g 16. The curves compare designs employing AWGN and Laplace distance
metrics characterized by exponential constellation spacing with those based on ChannelComp and
heavy-tail metrics.

gram, according to the tails of the channel noise distributions, is e ective for low-variance
noise channel regions. The constellation diagram performs computations based on the
channel conditions. Indeed, this emphasizes the value of tailoring the constellation ge-
ometry to the statistical structure of the channel noise.

4.9 Summary

In this chapter, we revisited the design of modulation schemes for digital OAC and sub-
stantially generalized the ChannelComp framework to achieve robust function evalu-
ation over noisy MACs. We formulated constellation design as a max min optimization
problem that explicitly incorporates the underlying channel noise distribution through
tailored distance metrics. Our analysis reveals that minimizing the maximum computa-
tion error yields distinct constellation geometries each tailored to speci ¢c channel noise
distributions, such as Gaussian, Laplace, or heavy-tailed distributions by enforcing ap-
propriate symbol-to-function-value spacings. We further uncover a connection between
the ChannelComp formulation and heavy-tailed noise behaviors. The simulation re-
sults showed that the proposed digital scheme outperforms both analog and existing
digital baselines across low- and high-variance noise regimes, enabling practical, scalable
OAC for emerging wireless applications such as federated edge learning and IoT.

While the proposed optimization framework achieves strong performance, solving the
underlying constellation design problem remains computationally demanding due to the
large number of pairwise constraints and high constellation orders. This motivates the
next chapter, where we tackle the computational burden of modulation optimization by
introducing sampling over constraints by exploiting symmetry in the desired function.
These strategies e ectively alleviate the complexity inherent in digital encoder design
while retaining the reliability bene ts established in this chapter.



CHAPTER 5

Generalization Il: Sampling

All models are wrong, but some are useful.

George Edward Pelham Box, 1976

ter 4 departs from bit-error minimization and adopts a max min formulation

that aligns the minimum Euclidean separation of superimposed constellation
points with the squared di erence of their corresponding function outputs. To specify
node-transmit constellations, we revisit the optimization framework of [J1], i.e.,

V iewing digital OAC through the lens of noise-aware constellation design, Chap-

max s.t. Dcpr;rjq¥ fP9f piq . X}3a1; (5.1)
X;

where x P C? collects the g constellation points and 9 denotes the function value as-
sociated with the received point fi;. We then tailored the distance among the induced
constellation points Dcpri; rjg to the distribution of the noise, which yields robust con-
stellation diagrams for Gaussian, Laplace, and heavy-tailed noise distributions. In this
chapter, we examine the computational complexity aspect of the modulation design in
(5.1) and propose a sampling strategy to reduce computational cost while preserving
computational accuracy.

5.1 Why Do We Need Sampling for Aggregation?

IEEE 754 2019 [77] species each oating-point format by a xed precision b, corre-
sponding to the number of bits in the signi cand (including the implicit leading bit in
normalized numbers), which yields q 2 distinct signi cand patterns per exponent
value. Each real number s P R is mapped to the nearest representable oating-point
value $ P F via rounding, typically under the round-to-nearest mode, introducing a
maximum error of one-half unit in the last place [77], [78]. If one were to evaluate a

possible input combinations for example, when K 100 and b 16, p2 16¢1%° 10 48,
However, such cardinality makes exhaustive computation and unquantized storage in-
feasible. In practice, this is not needed because the output of the function must be
guantized as well to the same g-level grid, so that only Opqq distinct function outputs
remain. Although this might entail severe precision loss, the extremely large value of
g ensures that the rounding error remains negligible in most practical scenarios. These
principles underlie every digital computation: limited precision mandates quantization,
and sampling is essential to constrain complexity, bound error, and enable feasible ag-
gregation in large-scale computer networks and edge computing [79].

Recent digital OAC schemes leverage sampling and quantization to manage both
complexity and precision. The one-bit broadband digital aggregation quantizes each lo-
cal update to its sign (two-level sampling) and aggregates via majority voting, thereby

60
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bounding quantization error to one bit per device [10]. Majority-vote frequency-shift
keying quantizes received energy on orthogonal tones, sacri cing phase for robust, non-
coherent detection at the cost of one tone per level [36]. Type-based multiple access
allocates an orthogonal resource to each quantized output, sampling histogram counts
for unbiased averaging but incurring high bandwidth per level [80]. Vector quantization

in federated learning maps high-dimensional gradients to shared codebook centroids, con-
trolling distortion via codebook resolution but assuming device counts are much smaller
than codebook size [81].

5.1.1 Outline of the Chapter

In this chapter, we address the exponential growth in complexity that arises when design-
ing constellations for digital over-the-air computing by introducing a pyramid sampling
approach. Rather than enumerating all possible outputs of a symmetric aggregation
function across K transmitters which would require OpgX g constellation points we
select a carefully chosen subset of representative output values. Speci cally, given a
sampling level p (with 1 & p & K), pyramid sampling restricts attention to those tuples

in which at least p transmitters share the same pre-processed symbol value. By doing
so, the design complexity falls from Ogfgg to O P, while incurring only a con-
trollable increase in the worst-case computation error. As the sampling level p increases,
one must handle more design constraints thus slightly raising computational load but

this also tightens the approximation so that the resulting modulation better matches the
full-enumeration design.

When p K, all K users are required to agree on the same value, which leads to the
special case known as majority-based sampling. In this scenario, only g consensus points
remain, and there is no risk of destructive overlaps among constellation points, even if
one increases the modulation order dramatically (e.g.1¢q). Because each consensus
output corresponds uniquely to a single aggregated value, majority-based sampling natu-
rally admits any existing digital modulation, such as QAM, hexagonal QAM, PSK, ASK,
or BPSK, to perform function computation over the MAC. In practice, this simple yet
powerful approach often outperforms all prior digital-OAC schemes, since it eliminates
the need to guard against overlapping constellation regions while still preserving exact
function recovery for the selected consensus cases.

Through numerical experiments covering sum, product, and other symmetric func-
tions under various channel noise models we demonstrate that choosing a moderate
sampling level (for example, p tK{2u or p K 1) achieves nearly the same error as
the exhaustive Oplj g design, yet with exponentially fewer constraints. In other words,
by trading a marginal increase in function-error probability for a massive reduction in
optimization size, pyramid and majority-based sampling render high order digital OAC
feasible even when K is large, e.g., K ¥ 100, as network coding for many-core GPU [82].
Consequently, this approach paves the way for scalable digital over-the-air computing in
large-scale edge networks by combining spectral e ciency with practical implementation
on o -the-shelf radios.

The remainder of this chapter is organized as follows. Section 5.2 introduces the
communication model. Section 5.3 presents the quantization-based sampling framework
and its complexity accuracy trade-o s. Section 5.3 develops landmark selection rules and
details both pyramid and hard majority-based sampling methods. Section 5.7 provides
numerical simulations, and Section 5.8 concludes with directions for future work.
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Source

Modulation
Encoding

Quantization Encoding

Modulation Tabular
Decoding Mapper

Sampling

£ %&?wﬁp% g

Figure 5.1: Block diagram of the communication model. Each node k encodes its valugsvia source
encoding 'kp g, quantization Qp g, and modulation Ep q to generatg x The signals are weighted by
px and transmitted over the MAC with channel coe cients h . At the CP, the received signal r is
processed by a decoder Dp q and a tabular mapper T p g to estimate the function outﬂﬁtFinaIIy, the

estimated output fis quantized (sampled) by Qpp q to yieldf™P Yfp, where p denotes the quantization

levels. The encoding operators tgU, and the decoding operator D enable e cient computation via
communication. In this chapter, we focus on studying the impact of the quantizer Qp g and sampler
Qpp g, and the tabular operator T p g, which are depicted by color code brown.

5.2 Communication Model

Here, we follow a slightly di erent communication model compared with Chapters 3
and 4. The communication model, illustrated in Figure 5.1, comprises the following key
stages:

1) Source Encoding and Quantization: Each node k holds a scalarB R, which is
mapped by a source encoderp g into a real codeword,c This is then quantized to q
levels via a quantizer Q, yielding

& Q "«pxq P&

where & denotes the set of alphabet for node k with g distinct values, where we assume
to have the same cardinality as the level of the modulation, i.e., |§ q.

2)Digital Modulation and Superposition: The symboleis modulated by a common
encoder E : §N C into a complex signal x, P X with jx j2 @ 1 for k P rKs. All nodes
transmit simultaneously over the MAC:

K
r 0 pchexe z; (5.2)
k1

where h is the channel gain, z CNpO; 2q, and g h {jh«j? implements channel-
inversion power control. Hence, under ideal inversion

K

5

r Epsq z: (5.3)

k1

In Chapter 4, we focused on designing the E p g given the distribution of the channel noise
z. In this chapter, we study the impact of sampling and quantization on the constellation
design, which is given in the next step in the communication model.



63 Pyramid Sampling for Symmetric Functions

3)Decoding and dabular Mapping: The CP applies a maximum-likelihood decoder
Dp q to estimate x « Xk, then uses a tabular mapper T : C NYtoobtainf~ T x,
which is nally subsampled by Q, to produce the discrete outputf"P Y?P, where Y
denotes the set of all possible output values for function f after sampling with order of
p. In practice, the tabular mapper T and Q act as one operator together, which directly
maps the estimated values x to the restricted range of the function f, Y

The overall communication model is depicted in Figure 5.1. The main contribution
of Chapter 5 revolves around the idea of how to perform the sampling and quantization
step after the received signal r, such that we can still computéwith adequate accuracy.
Moreover, this could help reduce the computational complexity cost for designing the
encoder E in Step 2. The following section discusses the challenges and criteria in
designing the decoder T p q and how they can be addressed.

5.3 Pyramid Sampling for Symmetric Functions

The applicability of the proposed pyramid sampling technique is restricted to the sym-
metric function. This consequently limits the scope of the overall computational frame-
work to the class of aggregation functions de ned below.

De nition 5.1. Lets PR for K ¥ 2, and g : R* PN R be symmetric functions, i.e.,
gps;:::;Sq gppsiqg;:::; P qq; (5.4)

for all possible permutations by :t1;:::;Ku bN t1;:::;Ku. Then we call the function
f : R PN R an aggregation function, de ned as

f gp' 1pS0;:::;" kP qQ; (5.5)
where ' (pxq : R PN R.

We note that the presented form in (5.5) is more general than the class of functions
that AirComp can handle (Nomographic functions in De nition 2.1). Some examples of
these aggregation functions are listed below:

o

T Forgpys:;iiiiykQ: El Yk , the aggregation function becomes a Nomographic
function.
+
" Forgpysi;iii;vkdQ: kKl Yk , the aggregation function becomes a multiplica-

tive Nomographic function.
T Ift ( isidentity, i.e., ' kpsq S @ k, then f becomes a general symmetric function.

" Forgpyi;iiiivkq maXeprksty kU , the aggregation function represents a max-
aggregation function, which is particularly useful in applications such as anomaly
detection [83] and distributed decision making.

These functions are particularly relevant in applications such as sensor networks [84]
and distributed learning [46], where aggregating distributed data e ciently is essential.

Moreover, for the sake of simplicity, we assume that the input values come from the
same alphabet, i.e., § ::: S k S. By invoking this symmetry, we can decompose
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Figure 5.2: Quantization for g 4 with a sampling order p 2. The gure illustrates the discretization

of the constellation space into four levels by employing a sampling order p 2, highlighting the resulting
grid structure (red points) derived from the Minkowski sum of the transmitted symbols (black and
points).

SK and then applying g as a post-processing map. Accordingly, we can de ne our
sampling on the histogram of the input vector [50]. This pyramid sampling on the
histogram considers a subset of all constraints in (5.1) to be included for the design of
modulation, which overall reduces the number of constraints to Opg where p denotes
the sampling order (pyramid level). More speci cally, for a symmetric function g with
quantized input values § P S, we can de ne its input domain as a histogram. More
precisely, let us consider a symmetric function, under the quantized input domain, i.e.,
g:SK W Y g» Where |S| q and for some positive integer g P Z Without loss of

hy tk|sx jjkPrKsu ;

where | | indicates the cardinality of the set. Also, the validity of histograms mandates the
equality between the number of nodes and the sum of histogram bins, i.e.jﬁ‘o1 h, K.
Hence, one may equivalently view g : PN R; where

thPN §:° h Ku; (5.6)
j
is set of all possible histogram vectors, wheregNenotes the set of nonnegative integers,
i.e., No NYtOu. Note that the cardinality of is K;‘i , which grows as Opfft q.
Then, based on this given histogram, we de ne the pyramid sampling on this histogram
in the following de nition.
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Table 5.1: Normalized Sampling Error ppq for Common Symmetric Functions

Function gpsq Lipschitz- 8 norm | ppg
Arithmetic Mean 1x S 1 p
Ky K K
Max maxts U 1 Kﬂ
X I{K 1
Geometric Mean Sk pq 1q pp?< q
k1

De nition 5.2 (Level-p Pyramid Sampling). Let g : S ¥ PN R be a symmetric function,
where |S| ¢ and K is a positive integer indicating the number of input arguments.
Also, let be the set of all possible histogram vectors, de ned in (5.6). For a positive

h ph I";:::;hglqpl\‘g:_’ h? K; h JPPtO;p;Zp;:::;Ku(; (5.7)

where ; indicates the whole input domain, i.e., 1

It is not dicult to check that j  j K(‘;f , which for xed K and p scales as
OpdP! gas q N 8. According to the de nition of p IN (5.7), the minimum variation
among its elements is p. We depict an example of the pyramid sampling foe in

Figure 5.2. To illustrate, we provide the following example.

Example 5.1. Consider the symmetric product function gps;s,q s 1Sy, de ned over
the alphabet S 10;1;2;3u with K 2 and q 4. The histogram domain is

3
h phohihshsgPN:™ by 2 (; (5.8)
jo
which has cardinality *; ! > 10, and g can be written as

gphy;hy;hyhsg 00 1 M 2 e 3 ha

where plg; hy;hy;hsg P . Next, the level-p 2 sampling on gives us the following
subsampled histogram.

2 p2;0; 0; 0g; p0; 2; 0; 0g; pO; 0; 2; Og; pO; 0;(0;2q (5.9

2
whose size is 5:11 g 4. By symmetry the value of g depends only on the

histogram h and can be written as
gp2;0;0;0g O; gp0;2;0;0q 1; gp0;0;2;0g 4; gp0;0;0;2q 9:

Consequently, designing or constraining g on, requires only four points instead of ten,
which reduces the number of constraints by a factor of 2:5.
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Then, by merging the sampling operator @ g and tabular mapping operator T p q
in Figure 5.1, we introduce a pyramid sampling operator,I: Q ,T that samples the
function output from , by a given sampling order p, i.e., let J be the projection
(sampling) operator

T,:g bPWgQg g ; (5.10)

P

sothatg : , N Y 5, where Y , Y 4 is the range of function g retaining only those
histogram-elements in ,. Since the function g : N R is symmetric, it is not di cult
to see that for the case when p 1, we have ; , and the operator becomes the

identity, i.e.,

g Tipgq lpgg; 1 S K (5.11)

Also, forp K,weget  tKe :j 0;:::;q 1u, which has size q, yielding the
coarsest quantization. In particular, sampling on ¢ yields q levels, i.e.,

0 Tkpgq: (5.12)

While such sub-sampling from§ toq ( «j q'! Kgi ) is quite coarse and loses

a lot of information, the key advantage is that now we can set g to be so high that
the error is negligible. Then, to quantify the computational complexity of designing the
modulation, we consider the log of the cardinality of ¥, i.e.,

ppqg : Iogijgqu; p P rKs: (5.13)

Note that we always have [¥| = | | for a general symmetric function g. For xed K
and p, the upper bound logp|,|q scales as OppK p 1qglogqq as q increases. Also, ppq
scales inversely with sampling order-p and we have

0= ppqgelogp| 1l9; p P rKs; (5.14)

where zero can be attained for a constant function, i.e., g c, for c P R. For a general
symmetric function, ppq logp| ,|d, for p P rKs. To capture the computation error
induced by this sampling scheme, we de ne the normalized sampling error below:

1 . . _
ppq : KTanrm:'rL gphg gph'g; pPrKs: (5.15)

This metric implies worst-case sampling error. For instance, suppose g is L-Lipschitz
under the g norm on histograms. Then, it directly gives us

IIE plge ppge pKg L; pPrKs: (5.16)
We also listed the values of ppq for di erent symmetric functions in Table 5.1. Therefore,
given the subsampled histogram ,, we have a trade-o between complexity for the pair
of p; q depending on the sampling order p, since increasing p results in lower complexity
, and higher computational error .

In Figure 5.3, we plot the normalized computational costs, i.e., ppg{log{|, against
ppg for g P t4;32;64;128u with K 100. As p{K increases even modestly, ppq drops
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ppa{logp| 1lg

ppq

Figure 5.3: Trade-o curves between the worst-case approximation error ppg and the enumeration
complexity ppq for sampling orders q P t4;32;64u, with K 100 and Lipschitz constant L 1.
Allowing larger errors yields dramatic reductions in combinatorial complexity.

sharply. Further error allowance yields little extra reduction in complexity. Larger q
begins at higher complexity but also decays faster, o ering exibility in balancing cost
Versus accuracy.

We note that if the input values sc come form a compact set, e.g.,xSP r0; 1s for
k P rKs, then, ppq for an L-Lipschitz function g can be upper bounded by Lp{q. This
implies that we can reduce the normalized sampling error by increasing g. Accordingly,
a higher order of sampling p can be employed, and then the error can be computed
and reduced with a higher level of input quantization q. To enable a fair comparison,
consider three computation settings: (i) a baseline with full quantization at resolution‘g
denoted 1, with no sampling; and (ii) a sampled approach with sampling order K, where
the e ective quantization is ¢ q ¥, denoted . (iii) an intermediate con guration
with sampling order K and quantization at resolution q K. Settings (i) and (ii) incur
comparable computational costs in the design of the modulation vector, whereas settings
(i) and (iii) o er similar levels of computational accuracy. The following proposition
formalizes this comparison.

Proposition 5.1. Let g : N R be symmetric and L-Lipschitz under the ° g norm on
histograms of K inputs drawn from r0O; 1s, each quantized into q levels. Let ppg and ppq
be as in (5.13) and (5.15). Then, consider the following three scenarios:

" Let the level of the modulation be g, and sampling order p 1, and denote by
and ¢ the sampling error and computational cost, respectively.

" Let p; and p. be the sampling error and computational cost for the case, where
gf is the level of the modulation and sampling order p K.

" Let p, and p, be the sampling error and computational cost for the case, where
g K is the level of the modulation and sampling order p K.

Then, we have

_ K . K . : 1
Pl L P . P2 9. P2 5 = . (5.17a)
q c pg 1qlogpKq c c ql

for K" q.

Proof. See [J3, Appendix B], for the proof. m
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Figure 5.4: MSE versus input quantization level q P t2;4;:::;32u for the sum and product functions
over K 5 inputs at Figures 5.4a and 5.4b, respectively. Here, Figure 5.4 compares three schemes:
p 1 with order g (ChannelComp), p K with order g K (P,1),and p K with order gK (P,2). The
MSE is computed by Monte Carlo simulation (2 10 2 samples in r0; 18) and plotted on a logarithmic
scale to highlight the error decay achieved by increasing the sampling/modulation level.

In Figure 5.4, we consider only the computation aspect of Proposition 5.1. In par-
ticular, Figure 5.4 presents the Monte Carlo estimated MSE for the sum and product
functions with K 5 inputs, comparing three sampling schemes: 1) sampling of or-
der p 1 with quantization levels g (C), p K with quantization level g ¥ (P,1), and
sampling of order p K with quantization level of g K (P,2). Over 2 10 3 random
samples in r0; 135 the high-level scheme () drives the MSE down by up to two orders of
magnitude relative to simple input quantization (p 1), while the intermediate scheme
(gK) delivers a proportional error reduction. We note that these results assume an ideal
communication channel and do not account for channel noise.

5.3.1 Resolving Overlaps for

To avoid overlaps among the constellation points induced by the set,, we must ensure
that each pair of constellation points in the set satis es the distance constraint in (5.1).
Regarding the overlaps, we have the following proposition.

Proposition 5.2. For p P t1;:::;Ku, let p be the sampling set for the symmetric
function g with sampling operator [ as de ned in (5.10). To avoid any overlaps among
the constellation points of § T,pgq, it is su cient that the superimposed constellation
points satisfy the following condition

Dcpri; r;g¥ max |gpg% gpsPf; (5.18)

psPid;sPid gP il

for any plq p. Here, pri;r;q are the constellation points corresponding to the input values
sP9 and sP9, respectively.
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Proof. For the p* p, this becomes identical to [J1, Lemma 1]. Therefore, (5.18) avoids
overlaps among the points in ,. For pta p, we have , € by de nition in (5.7).
Accordingly, satisfying (5.18) for g p, also prevents destructive overlaps among the
points . O

Based on Proposition 5.2, if we solve the optimization problem in (5.1) fory, the
resultant constellation points would also support a lower resolution p: with p* ¥ p,
although not the reverse. Essentially, we have to increase the cardinality subset (lowering
the value of p) and ensure satisfaction of all the constraints in (5.18).

However, in the case of limited computational resources, we can slightly mitigate
this issue by capturing some redundancy in this sampling set. For instance, the changes
along a linear trajectory are proportional to each other with a factor that depends on
the choice of distance R (e.g., blue lines in Figure 5.5). Hence, we can only consider
the maximum of them. Speci cally, for every pair pi; jq of the transmitted constellation
points, we de ne the subsetS™as the collection of output pairs induced by a transition
in p node's input from state i to state j. In contrast, the remaining nodes maintain
their respective values. Formally, for two quantized input value vectors cld® S¢ with

! )

SI™ pee’y:|meieyl pand @k P g ely; pe g pijg (5.19)
for pi;jg P rgs rgs and p P rl; ;Ks. These sets capture a subset of sets(see
Figure 5.5), i.e., for p ¥ 1, we have

K o
SHENS (5.20)
Pl pijqg

Then, the constraints in (5.18) for each pair pi;jg, we can be rewritten as

Dcpri;rig¥ _max - max |gmq gpsif; (5.21)
Prp;2p;::i;Ks ps-;quFSqu

maximum overlaps among the constellation points along a linear trajectory.
Regarding the cardinality of the union of the setsS™} we have the following lemma.

Lemma 1. Let SPPd El SfPfor pi;jg P rgs rgs, whereSE™ as de ned in (5.19).
Then, the cardinality of S;; is given by
Kqgl

1Si; | q ., pi;jgPrgs rgs: (5.22)

Proof. For the proof, see [J3, Appendix A]. m

Consequently, we reduce the number of all constraints corresponding to a linear
trajectory in the optimization problem in (5.1) by a factor of 1{|S;; | (only the maximum
one is included in the optimization problem).

We observe that the constraints in (5.21) alone do not guarantee the absence of
overlap. To illustrate this, consider the constellation diagram in Figure 5.5, where the
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Figure 5.5: lllustration of the induced constellation diagram of | xx for g 3;K 2. The MAC
produces six constellation points tri;ry;:::;rgu, where the constraints in (5.21) enforce separation
along the solid blue edges, preventing overlaps among the primary constellation points. The red dashed
lines indicate unconstrained edges, which may lead to occasional overlaps between the pairg trsu,
tr 3;r4u, and tro; rgu.

MAC vyields six points try;r,;:::;rgu. Constraint (5.21) enforces minimum distances
only for the pairs linked by solid blue lines, while the red dashed-line pairs rrsu,

tr 3;r4uU, and try; rgu remain unconstrained and may therefore coincide. In practice, such
coincidences are rare, since the solid-line constraints typically su ce; preventing them
would require a non-regular mapping g. Indeed, for such a case, the only mapping
that produces an overlap is the pathological example in Example 5.2 , which forces the
following values.

Example 5.2. Consider g 3 and K 2. Lettr 4;r,;:::;reu € C denote the received
constellation points at the CP. For any mapping of the form in (5.23), the pairs tf; rsu,
tr 3;rau, and try; rgu may overlap, yielding ambiguous assignments.

gp0;0q Tprqg b; gp0;1q gpl;0gq Tprg & (5.23a)
gp0;29 gp2;0g Tpeq a; gpl;2q gp2;1q Tprsq 2a; (5.23b)
gpl;1q Tpeq b; gp2;2q Toprsq b; (5.23c)

for two nonzero real-valued numbers a; b P R with a b, thereby assigning two di erent
values to the same point.

However, such a function is not usually encountered in standard over-the-air compu-
tation literature and lacks practical signi cance. Moreover, after sampling reduces the
constellation to trq;r3; rgu, No overlaps remain.

Remark 5.4. Following similar steps as in Section 4.2.1 of Chapter 4, for the case of
Euclidean distance, it is not di cult to show that the solution to the optimization problem

in (5.1) is invariant to the value of p. Indeed, regardless of the value of p, we always get
the PAM modulation as the optimal solution.

5.4.1 Majority-Based Sampling Without Overlaps

In this subsection, we study a special case of the proposed sampling scheme, where
the sampling order is p K, resulting in a majority-based sampling scheme with set

k . Indeed, a salient feature of this high-order sampling strategy is to prevent overlap
among the constellation points over the MAC, provided each node selects its symbols
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Table 5.2: Comparison of Sampling Schemes for Di erent Levels p and Alphabets g

p q Desired function g Operator J Method
1 any q symmetry g T ChannelComp [J1]

1 p K anyq symmetry g T, Pyramid Sampling
K 2 gpsq £ . s T«pgq signg OBDA [10]

K
i2 gpsq Q & s T,.pxq argmingex & & X a Balanced-vote [15]

from a set of q distinct constellation points. Consequently, the problem of signal over-
lap at the receiver is inherently avoided. Moreover, The constellation points induced
by k have the same shape as the individual node constellation diagram, except that
everything is scaled by a factor K. This feature helps us design the modulation with
much less computation and in a more straightforward way. We highlight that any digital
modulation format QAM, hexagonal QAM, PSK, etc. can be used without overlap
concerns. Raising the modulation level g further improves computation accuracy by
reducing quantization error. Moreover, by tailoring the constellation design to the spe-
ci c aggregation function, we can fully exploit the advantages of digital OAC, achieving
maximum performance gain under channel noise and implementation constraints.

Specically, Let S ts PP ::::sP99 denote the discrete alphabet generated by
the quantizer Qp g, and let X tx P& xP2%::::xPdq be the corresponding constellation,
where E : S N X is a one-to-one mapping with ¢ x P9 for all i j. For s

K
Mpsq: argmax ~ 1ts, s Pau; (5.24)

SPAPS |
i.e., the majority operator Mpsq returns the alphabet element that appears most fre-

of the corresponding function values; this has negligible impact on the analysis and can
be implemented in various equivalent ways. Next, the subsampled functidninduced
by majority-based sampling is de ned as

fpsq fps;:::;sq; s: MpsqP S: (5.25)

Under this scheme, from the receiver's perspective, the OAC problem over the MAC
reduces to an e ective point-to-point communication problem on the g consensus sym-
bols: all transmitters jointly vote for one symbols, and the receiver observes the corre-
sponding superimposed constellation point.

We next formalize the geometry of the resulting received constellation.
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Proposition 5.3. Let Xy be the set of received constellation points obtained from
majority-based sampling,

! K )
X¢: rr  Epqs Mpsq sPS :
k1

Then, for any bijective encoder E : R PN C, the elementsXqf are pairwise distinct, and
the received constellation is a scaled version of the original per-node constellation, i.e.,
Xk KX.

Proof. By construction, for anys P S and any consensus input s with,s s for all k,
the transmitted symbols satisfy % E sq for all k. The corresponding received point
(ignoring noise and channel inversion) is

K K

5

rsq x«  Epq KEpsQ:

k1 k1

Hence
|

! ) )
Xe o rir Ema;s Mpsq; @s P S¢ ;
ri |[ri KEpgs Mpsq;@sPS K ;
! )
rjr kxx EpgP X;sPS ;
)

K KPX  KX:

Since all ¥'9 P Xk are distinct constellation points, the scaled constellation KX contains
no overlaps. We note that E is one-to-one, and scaling by the nonzero factor K preserves
distinctness, so fori j, Kx P9 Kx P, O

In Figure 5.6, we depict an example for this sampling scheme, for ¢ 4 and the
desired function is the product function fps;s,q s 1S, where §;s, P t0; 1; 2; 3u. Since
we only consider the corner points of the superimposed constellation diagram, the over-
laps at the center points between the output 2 and 0 would not a ect the computation
procedure at the cost of losing accuracy.

Remark 5.5. We note that the one-bit OAC scheme in [10] corresponds to the special
case of this majority sampling scheme when q 2 and the desired function g is the
arithmetic mean function with S t1;1u. Moreover, if the quantization codebook

is considered a balanced number system, then for the averaging function, this scheme
becomes similar to the majority vote computation scheme proposed in [15] with the desired
function to be the arithmetic mean function. However, instead of the frequency, the voting
happens over the set of constellation points.

In Table 5.2, we provide an overview of the sampling regimes full enumeration at
p 1, intermediate pyramid sampling for 1 p K, and majority-based sampling at
p K by listing the desired function g, the corresponding operator T j,, and the method
used.
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Figure 5.6: lllustration of the sampling scheme for g 4 computing the product function fps 1;s2q
S1S2, With s3;s, P 10;1; 2; 3u. Only the corner points of the superimposed constellation are employed;
overlaps at the centre between output symbols 2 and 0 are ignored, simplifying the computation at
the expense of reduced accuracy.

o

For the case where the function g is arithmetic mean function, i.e., gpsq E s{K, it
is interesting that this case can be translated as a standard point-to-point communication
scheme, where the role of nodes is to vote for the consensus constellation point to transmit
over the MAC. Precisely, the output of the & pggqpsq becomes the input valueg B

i; tk:e iU jmax;; tk:e ju ;
Mpsq o (526)

- 1j; if a tie occurs among r points;

All transmitters utilize a common codebook X (for the constellation), which is also known
to the CP. Importantly, the role of the transmitters is limited to collectively determining
which symbol from the codebook is to be transmitted; in fact, a single transmitter
can transmit the consensus constellation points on behalf of all others without a ecting
the correctness of the computation at the receiver. From the CP's perspective, the
communication appears indistinguishable from standard point-to-point transmission.

Since the communication over the MAC is reduced to standard point-to-point com-
munication, one can use all the existing schemes for designing the constellation diagram
in the literature and obtain the optimum constellation diagram based on some crite-
ria [85], [86]. For instance, following Shannon Kotelnikov map, we can use spiral-like
curves to transmit the information, which is optimal for analog coding over an AWGN
channel [87].

5.5.1 Sampling Error of Majority-Based Sampling

Regardless of channel impact, majority-based decoding inherently introduces a compu-
tation error. In what follows, we show that for a smooth function, this error admits
an upper bound whose magnitude depends primarily on the function's Lipschitz conti-
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nuity and the concentration of the majority symbol. To formalize this, let us de ne a
coordinate-wise Lipschitz smooth function below.

De nition 5.3. Assume function f : S ¥ N R is coordinate-wise Lipschitz: there exist

for allk P rks, wheret |sy s i|forallsy s }PS.

The next theorem establishes a probabilistic upper bound on the mean absolute error
(MAE) between the desired function and the majority-voted subsampled outputs.

1, the expected deviation between fpsq and its majority-value approximation satis es

d

1 0:46Inpqgq.

E |fpsq fpsq| @K LDs 1 a K (5.27)

o

whereDs : E yxypsf|Xx y|s, L: LK.

Proof. For the proof, see [J4, Appendix A]. ]

When S is the equal-spacing grid on r0; 1s ang sUnifpSq, we haveDs 1{3. Let-
ting g N 8 in Theorem 5.1 yields a bound of order KL{3. Hence, the quantization level
g does not change the order of the computation error; the dominant factors are the Lip-
schitz smoothness of f and the number of transmitters K. We note that Theorem 5.1 is
broadly applicable: beyond the i.i.d assumption on S, no further assumption is required.
Similar bounds hold for non-uniform inputs by replacind®s with Dp : E xyp r|X Yy|s.
When P concentrates on a subset of S (e.g., discretized Gaussian- or exponential-like
laws), majority-based output is more likely to align with the function output, which
tightens the bound as high-probability symbols dominate the aggregate and reduce the
sampling error.

We present the empirical MAE versus the analytical upper bound derived in Theo-
rem 5.1 for the case of K 100 and the sum function as the desired computation, as
illustrated in Figure 5.7. It can be observed that the analytical upper bound is tight
and closely follows the empirical results. In Figure 5.7b, we evaluate the performance
for a xed quantization level g 100 while varying the number of transmitters K. The
analytical results continue to accurately approximate the empirical error across di erent
network sizes.

To analyze the channel error induced by noise, it is necessary to specify the transmit
constellation geometry. Since deriving analytical bounds for arbitrary constellations
is often intractable due to irregular decision regions, we focus on square QAM. The
regular lattice structure of square QAM facilitates accurate closed-form approximations
of the nearest-neighbor error probability using the Gaussian Q-function. Speci cally, we
consider QAM of order q p2a 192, for a positive integer a, where the constellation
set is de ned as

X X g X1 (5.28)
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Figure 5.7: Empirical MAE for computing the sum function using majority-based sampling, compared
with the analytical bound derived in Theorem 5.1. Each empirical point is obtained by averaging 10
Monte Carlo trials under uniform source symbols & Pr0; 1s. (a) MAE versus the quantization level q for
xed K 100. (b) MAE versus the number of transmitters K for xed q 100. In both plots, solid
lines correspond to the empirical results, while dashed lines depict the analytical bound.

where

Xp taja 1;:::;0;:::;a 1;au; (5.29a)
X, taijpa 1qi;:::;0;:::;pa 1lqi;aiu: (5.29b)

With this constellation and majority-based decoding, the post-sampling error for sum
computation is bounded above as stated in Theorem 5.2.

Theorem 5.2. Consider a network with K transmitters, each sending ¢ Epsxq P X
for sy P S over the noisy MAC with z CNpO; ?g. Let fpsq denote the subsampled
desired function andfpsq be its decoded version from the received signal. Assume: (i)
f is coordinate-wise Lipschitz on & with constants L, and S is bounded with diameter
Ds @ sup yps X Y[; (i)) X is a square g-QAM,constellation as in (5.28) with nearest-
neighbor spacing d and half-side length a pg 1g{2 (so q p2a 1q 2); (iii) the
superimposed constellation points are approximately uniform over X, and decision errors
are dominated by nearest-neighbor confusions. Then, for ! Kd{2 , the MAE satis es

Kd
N 2 .
E |fpsq fpsq Ameaq_KD s: (5.30)
where Lnax : « L{K, Qp g denotes the standard Gaussian tail function, and Cpaq

is a scalar factor depending on the modulation structure. For g-QAM, it is given by

Cpaq 16a° 8a.

Proof. For the proof, see [J4, Appendix B]. O
Using the Cherno bound Qpxq @ %ex 2 Theorem 5.2 implies that the MAE is

Kd
0 eP2 TKD s . Hence, the dominant decay rate is exponential in the e ective signal-
to-noise ratio pKd{ g> and does not depend on the quantization/modulation order q
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Figure 5.8: MAE versus (log log) for majority-based digital OAC of the sum under square g-QAM
g 25,d 1, for KPt10;20u and ML detection on y r{K. Solid lines depicts the numerical
evaluation for the MAE, and dashed lines depicts the upper bound by Theorem 5.2 with @ 1.

(which only a ects constant factors via Cpaq). Moreover, increasing K improves relia-
bility exponentially, re ecting coherent averaging across the superposed transmissions.

Similar to the previous subsection, we present the empirical evaluation of the ana-
lytical upper bound derived in Theorem 5.2, where the MAE is depicted as a function
of in Figure 5.8. Although the analytical upper bound is not tight for high variance
regions " 1, it exhibits a similar trend and maintains the same order-wise behavior
as the empirical results. The results correspond to the modulation order of g 25 and
K P t10; 20u.

Remark 5.6. The upper bound in Theorem 5.2 can be readily extended to an arbitrary
constellation diagram by appropriately adjusting the modulation-dependent factor Cpaq
and the encoder mapping E p g. However, this generality comes at the cost of looseness un-
der high noise variance, as the bound relies on the pairwise error approximation. Another
limitation arises from the assumption of a uniformly distributed superimposed constel-
lation; considering non-uniform distributions or a maximum a posteriori estimator can
yield tighter performance.

The results in Theorems 5.1 and 5.2 jointly indicate that the smoothness and the
number of input arguments of the desired function fundamentally limit the accuracy
of majority-based digital OAC. In particular, functions with smaller coordinate-wise
Lipschitz constants such as mean yield minimal distortion, while highly nonlinear
functions (e.g., products or exponentials) amplify input deviations and produce larger
approximation errors. Physical-layer parameters such as modulation order, quantization,
or constellation geometry only scale the error by constant factors and have a negligible
impact on the asymptotic behavior. Thus, the e ectiveness of the majority-based de-
coding is inherently tied to the smoothness and symmetry of the desired function.

5.7 Performance Evaluation

This section presents a comprehensive set of numerical experiments to validate and
compare the proposed constellation design and sampling strategies for di erent sampling
levels and modulation. First, we investigate how pyramid sampling orders p a ect the
output of the SDP optimization design and the resulting constellations for di erent
aggregation functions. Next, we assess the end-to-end accuracy of the majority-sampling
scheme across multiple quantization sizes q P t16; 32; 64u and modulation formats under
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Figure 5.9: Constellation diagrams under full-enumeration and pyramid sampling orders p P t1;2; 4; 8u
for the sum and product mappings. Figures 5.9a to 5.9d correspond to sum function with sampling
order p P t1;2; 3;4u, Figures 5.9e to 5.9h correspond to prod function with the same sampling orders
p Pt1;2;3;4u.

AWGN. Finally, we directly compare the SDP-designed ChannelComp constellations

against the majority-sampling proposed in Proposition 5.3 for the sum, product, and
max functions, highlighting the trade-o s between design complexity and computation
accuracy. Throughout this section, we measure performance via the MSE, i.e., MSEpfq

J.Nf fpsjq f’} 2{Ns; where fpsq is the true function on the continuous input and"}
its reconstruction, and N; is the number of Monte Carlo trials.

5.7.1 Pyramid Sampling Levels

This experiment examines the impact of the sampling order p and the corresponding
sampling set  on the solution of the max min SDP in (5.1), as well as on the resulting
constellation diagrams for the desired functions;f max £, sc and f, :fl sk. We
x the quantization level size to q 8 and the dimensionality to K 16, and adopt the
Euclidean distance metric for @ in the SDP. The optimization is performed under four
pyramid-shaped sampling regimes, namely p P t1;2;4;8u. The resultant constellation
plots are depicted in Figure 5.9.

As predicted by Remark 5.4, the solution for the sum-based criterion always yields
a PAM constellation, independent of p. In contrast, the product-based criterion Fig-
ures 5.9e-5.9h exhibits no point collisions when p 1; 2, corresponding to the full index
set ;. With increasing p, the rst two constellation points (indexed by & 1;2)
progressively converge until they coincide entirely at p 8. Notably, j sj Opq 2q
and j ,j Opq *®qg. Thus, increasing the sampling order yields a dramatic reduction in
computational complexity dropping from Opq g to Opdq at the expense of a single
overlap, while preserving the overall geometric structure of the constellation.
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Figure 5.10: MSE versus per-node SNR for the'p sk : and max, s, functions under extreme-point
decoding with uniform quantization levels q P t16; 32;64u. Each curve corresponds to one modulation
format rectangular QAM, one-dimensional PAM, or a hexagonal lattice normalized to unit average
power. At high SNR, the error oors re ect the uniform-quantizer distortion due to  , while at low
SNR, the gap between QAM, hexagonal, and PAM illustrates their relative robustness to AWGN.

5.7.2 Majority-Based Sampling with Di erent Modulation

To evaluate the end-to-end accuracy of the extreme-point decoding under both quanti-
zation and AWGN, we draw Ny 10 ° independent samples s UpO; 1s, shared across
K 50 nodes. Each sample is uniformly quantized into g P t16;32;64u levels with
midpoints m; pi 0:5q9{q; i 1t0;:::;q 1lu. Then it is mapped to one of three
unit-power constellations (rectangular QAM, PAM, or hexagonal) of level q. The K
transmitted symbols are summed, corrupted by complex AWGN at per-node SNR from
0 dB to 20 dB, and demodulated by selecting the nearest scaled point K x. From the
recovered midpoint m we form the estimate$; p =, st and fy max y sy.

Figure 5.10 plots MSE versus SNR for each desired function. At high SNR, all
curves saturate at the uniform-quantizer distortion, which decreases as q increases. At
low SNR, AWGN-induced decoding errors dominate; rectangular QAM yields the lowest
error due to its larger minimum distance, followed by hexagonal and then PAM. The
geometric mean function exhibits the steepest MSE growth, since errors firare am-
pli ed by the Kth power, whereas the max function grows more moderately (with max
tracking the quantization MSE directly and sum scaling by K). These results con rm
that su ciently ne quantization and constellation geometry jointly govern the overall
computation accuracy.

5.7.3 CHANNELCOMP versus Majority-Based Sampling

This experiment evaluates the SDP-designed constellations from Section §.3 under strict
computational and channel constraints. For each desired function f P t,; maxu,
continuous inputs & P p0;1s are quantized into those quantization levels, mapped to
the optimized symbols from (5.1). To obtain the constellation diagram, we consider two
scenarios: one where we solve the max min SDP to place ¢4 and K 10, and the
other where ¢ 1024 and K 2, resulting in similar computational cost. In both
cases, we perform the transmission with K 10 nodes. Each node transmits over a
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Figure 5.11: MSE versus per-node SNR for thei « Sk; and max, Sk functions under two strategies.
Scenario 1 employs an SDP-designed constellation of size q 4 over K 10 users, while Scenario 2 uses
an SDP-designed constellation of size q 1024 (designed in the optimization Problem P for K 2,

i.e., p 5)with K 10 replicas and extreme-point decoding.

complex AWGN channel with per-node SNR swept from 0 dB to 20 dB. ML decoding
then recovers each transmitted level.

Figure 5.11 depicts the end-to-end distortion for all three functions, showing that in
high SNR regions, the high resolution level schemg qutperforms the low resolution
scheme. The max function for the low-resolution scheme rapidly reaches its quanti-
zation oors at moderate SNR, whereas the product mapping incurs larger errors at
low SNR. Overall, the second scenario, where we perform the quantization at a much
higher level, results in signi cantly lower computational error, which is characterized by
Proposition 5.1.

5.8 Summary

In this chapter, we revisited the problem of digital OAC and signi cantly extended
the ChannelComp framework to robust and e cient function computation over noisy
MACs. We proposed a sampling strategy and a constraint-reduction approach based on
symmetry and Lipschitz continuity to mitigate the computational complexity inherent

in digital encoder design. The proposed pyramid sampling exposes a tunable complex-
ity accuracy trade-o : increasing the sampling order p cuts the design complexity from
Opd g toward OgfP?  while raising the quantization/computation error ppg an ef-

fect that diminishes as g grows (Proposition 5.1). Overall, pyramid sampling in Chapter 5
plus noise-aware constellation design in Chapter 4 provides a scalable, robust pathway
to accurate function computation over noisy MACSs.



CHAPTER 6

Generalization Il1: Vector Computation

The whole is greater than the sum of its parts.

Avristotle

tional technology for enhancing transceiver performance [88]. Multiple antennas at

both the transmitter and receiver increase spectral e ciency, expand coverage, and
improve link reliability. In conventional OAC with single-antenna transmitters, only
one function can be computed per resource unit (e.g., bandwidth or time). In principle,
MIMO should enable OAC to process multiple functions simultaneously such as matrix
operations via spatial multiplexing; however, current OAC implementations do not yet
deliver this capability. This gap motivates our study of MIMO-based OAC in the MAC.
By exploiting spatial degrees of freedom, MIMO OAC can perform several computations
in parallel and reduce errors through diversity, thereby shortening in-network aggrega-
tion time to meet low-latency requirements under mobility and enabling matrix-centric
workloads in machine learning and distributed computing.

I n modern wireless networks, multiple-input multiple-output (MIMO) is a founda-

6.1 Literature Review

Towards boosting the reliability of OAC, the works in [38], [89] introduce zero-forcing
beamforming, which mitigates interference in analog OAC systems. In contrast, [90]
proposes hybrid beamforming for massive MIMO OAC, leveraging spatial diversity to
enhance computational accuracy. A signi cant advancement is presented in [91], which
formulates an optimal transceiver beamforming design for multi-antenna transmitters
and receivers. Similarly, [92] studies OAC in cell-free MIMO systems, analyzing the
impact of network cooperation on computational e ciency. These studies demonstrate
the potential of MIMO to improve OAC performance but remain constrained to analog
transmission, which is inherently susceptible to noise accumulation. Furthermore, their
beamforming designs presume perfect CSI at both transmitters and receiver ends and
impose stringent synchronization requirements.

Most existing OAC frameworks are designed to compute scalar functions, typically
Nomographic functions that can be expressed as summations of local components. While
e ective for applications such as federated learning [46] and distributed sensing [38], these
methods are not directly applicable to more general vector function computations, such
as nonlinear activation functions in neural network architecture.

This chapter aims to extend ChannelComp's capabilities by incorporating vector-
valued computations through MIMO design. By integrating multiple antennas at both
transmitters and receivers, we can process higher-dimensional data streams simultane-
ously, increasing spectral e ciency and enhancing the accuracy of over-the-air compu-
tations.

80
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6.2 Outline of the Chapter

In this chapter, we propose VecComp, an extension of ChannelComp that enables the
computation of matrix-based functions over a nite set through fading MACs. By lever-
aging MIMO, VecComp achieves reliable communication and high spectral e ciency
with low latency, supporting both matrix- and vector-based function computation at a
high rate. Importantly, VecComp's design removes the requirement for each network
node to know the CSI, starkly contrasting traditional OAC schemes [93]. In conven-
tional wireless fading MACs, each transmitter must adjust its power or precoding based
on instantaneous CSI so that signals sum coherently at the receiver. Instead, VecComp
harnesses multiple antennas at the receiver to mitigate fading e ects, allowing nodes to
transmit without CSI knowledge, simplifying implementation and reducing delay.

We analyze VecComp's theoretical performance by determining how many receive
antennas are needed to average the channel's fading variations e ectively. By exploiting
receiver-side diversity and beamforming, VecComp decouples channel compensation
from function computation: the MIMO receiver rst projects the received signals onto
orthogonal spatial dimensions to nullify fading, then applies a digital aggregation rule
to recover the desired vector outputs. As a result, VecComp's complexity grows only
linearly with the number of vector functions being computed, since each additional re-
ceive antenna provides another independent observation of the same aggregated symbols.
Moreover, we quantify the impact of spatially correlated fading channels on computa-
tion accuracy and demonstrate that our beamforming strategy e ectively counters these
degradations, even under realistic correlation models.

From a theoretical standpoint, we derive a probabilistic lower bound on the number
of receive antennas Nrequired to guarantee a target error tolerance . Speci cally, we
show that N, Opl{ 2q su ces for VecComp to achieve a worst-case computation error
below with high probability, thereby providing a concrete guideline for system designers.
Numerical simulations con rm these bounds and further illustrate that increasing Ncan
reduce the overall computation error by up to 75% in typical fading scenarios.

Because VecComp remains fully digital compatible with any existing modulation
such as QAM or PSK it can be integrated directly into modern wireless networks,
including cellular systems, loT deployments, and edge-computing infrastructures. By
eliminating transmitter-side CSI requirements, exploiting MIMO diversity, and o ering
provable guarantees on error reduction, VecComp paves the way for scalable, high-
dimensional over-the-air computation in next-generation wireless environments.

The rest of the chapter is organized as follows: in Section 6.3, we explain the sys-
tem model, including the signal models. Next, we give the problem formulation and
the methodology for performing the computation over the MAC in Section 6.5. In Sec-
tion 6.11, we introduce the proposed VecComp method for computing multiple func-
tions over the MAC. Then, we evaluate the performance of VecComp in terms of MSE
over fading and noisy channels in Section 6.15. Finally, we conclude the chapter in
Section 6.16.
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Figure 6.1: MIMO Setup with K transmitters, where there are N ; transmitter antenna at nodes and N;
receivers antenna at the CP. Node k uses a beamforming matrix P CVt & to transmit the signal X i
derived from the encoded source signalsvia the encoder kp gq. The signal passes through the channel
matrix H ¢ and is combined with the additive noise, z, thus representing the aggregated received signal.
The received signal is then processed by the beamforming matrix U to produce the nal output y.

6.3 System Model and Problem Formulation
6.3.1 System Model for MIMO

We have a communication network involving a CP with N receive antennas. Also, there
are K nodes with N; transmit antennas. The nodes communicate with the CP using
a shared communication channel. We consider that node k owns valueR Fy, where
Q denotes the number of elements inside the input domain se,yF The objective of

with L outputs. Note that L must be lower than the number of receiver and transmitter
antennas, i.e., L @ mintN,; N.u'. In the notable case of L 1, the computation prob-
lem would be reduced to the ChannelComp [J1] scalar function problem. Therefore,
this chapter extends the computation problem to a vector function instead of a scalar
function, using beamformers at transmitters and receivers to decrease distortion. As an
illustrative example, we present the following a ne function f for the given input vector
sPFS,

fpsq As bPR ' (6.1)

where AP RK :b P R. Here, element k of the input vector, g, corresponds to data
of node k, for k P rKs; and element ~ of the output vector, rfs corresponds to the data
received by antenna " at the receiver, accordingly.

Throughout the digital transmission process, the valuegsat node k is mapped to L
di erent digitally modulated signal x . via the encoder E:p q such that - E .- pxq,
for * P rLs. Let Vi, P CNtt  be the transmit beamforming matrix at node k and let U P
CNrL  be the receiver beamforming matrix (see Figure 6.1). Then, the nodes transmit
their respective x values, where % X 1;:::;Xk:S' P C-, using beamforming matrix

1This condition is unavoidable for perfect recovery of |, xx over MAC because it is a fundamental
limitation dictated by MIMO linear algebra, regardless of the x values. Nevertheless, by adopting
wideband transmission over multiple time slots or frequency bands [J14], it is possible to increase the
number of computational streams beyond the constraints imposed by the per-device antenna count.
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Vi over MAC to compute the function f at the CP. In particular, assuming symbol-
level synchronization, all users transmit their symbol vectors simultaneously using their
arrays. Then, the received signal received by the CP over the MAC is given by

y uH’ :1 |_,\||thka z (6.2)
where z P C'" denotes the AWGN vector at receiver with i.i.d. distribution from
CNpO; 2Iy,q, and He P C¥* N« denotes the MIMO channel matrix for the link from
node k to the CP, whose entries are generated i.i.d from complex Normal distribution,
i.e. He CNpO; Z.1n,g. The distortion of the received vector concerning the desired
function vector due to the MIMO channel and noise is suppressed using transmit and
receive beamforming. In other words, joint beam formation attempts to combine K
symbol vectors in the CP coherently. To compute the function f, we use an operator T
to map the resultant constellation diagram of signal y to the range of the function f,

Note that each component within the y constellation diagram is in uenced by three
processes: the summation given in (6.2), the number of the nodes K, and the selected
modulations for each x. Nevertheless, other factors also impact the constellation dia-
gram of y, such as the transmitter beamforming ¥ and the receiver beamforming matrix
U. Consequently, the resulting constellation diagram represents a transformation of the
transmitting nodes' original constellation diagram, denoted as x modulated by the
receiver beamforming matrix U operations.

Remark 6.4. Several non-idealities must be considered in practical implementations of
VECCOMP, including synchronization errors, carrier frequency o set, multipath fading,
channel estimation inaccuracies at the CP, and non-Gaussian noise distribution [J15].
These factors can impact the accuracy of OAC by introducing phase and amplitude mis-
alignments in the aggregated signal. However, various technigues, such as non-coherent
aggregation [11], [C4], retransmission strategy [J14], and bit slicing [94], can mitigate
these e ects. VECCOMP exhibits inherent robustness against such errors due to its
beamforming-based design and the randomization introduced in the transmission pro-
cess. The randomized beamforming technique, which will be discussed in Section 6.5.1,
ensures that small synchronization mismatches do not destructively a ect the computa-
tion accuracy, making VECCOMP a practical and resilient solution for real-world wireless
computation systems.

6.4.1 Problem Formulation

If we can appropriately choose the modulation vectorsx:::; Xk, the mapping.T pyq
can be determined based on the diagram of the resultant constellation points by, Xk
such that its output approximates the value of function f. Hence, to obtain the sought

. 2 2
Po: min fpsq T vy s.t.M

9 P max; 6.3
U;ViioVi XXk SPS 2 N, max:» ( )

for k P rKs; where R, is the per-node power budget, andSis the domain of function
f. The bilinear product V (xx and nonlinear operators E make Problem R non-convex
and highly challenging. To solve this problem, we use a separation scheme to design
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beamforming matrices at the transmitter and receiver, thus helping to compensate for
the communication channel's fading and noise e ects. Subsequently, we propose the
encoders Eaccording to the decoder T to perform the vector computation through OAC

in digital MIMO communications. In the next section, we proceed with the methodology
for the fading channel compensation.

6.5 Statistical Channel Compensation

In this section, we design the beamforming matrices for a scenario where the transmitter
nodes are unaware of the CSI. Consequently, we use the zero-forcing technique at the CP
and consider the asymptotic massive MIMO phenomena for compensating the channel
e ects. Then, we analyze the e ciency of such a fading channel compensation in terms
of the mean square of the computation error.

6.5.1 CSl-Unaware Fading Compensation via Beamforming

Without loss of generality, we assume the modulated signals are normalized, i.e., }%

1; for k P rKs. Consequently, from the power constraints in (6.3), the norm of the
beamforming matrix Vf is constrained by the power budget R.x, such that }V} =
PmaxN¢ for all k P rKs. To compensate for the fading e ect, all the nodes generate the
beamforming matrices V's according to a given distribution K, obeying the isotropy and
incoherence properties discussed shortly. Assume that the CP has access to the perfect
CSI and the beamforming matrices for all the K nedes, i.e., Hand V for k P rKs.
Regardless of distributions ks, the CP canset U ¢, V,"H F{N,, which yields the
following equation:

1. 1 K 1.
y = VIAHPH Vix,e = VAEHdH WV = VH Pz (6.4)
k1 kikLkk 1 k1
where we de ne N N; as the normalizing factor. Then, we can rewrite (6.4) as
follows:

Y Y sig Y inter Y noises (6.5)
where the signal terms belong to € and are given by
Ysig - 1 :1 GRGxy; (6.6a)
YVinter ik GG X; (6.6b)
Voose! :1 Glz: (6.6¢)

Here, G, : H Vx P C't is a random matrix whose distribution conditioned on
Vi follows CNpO; E,;k kg, where ﬁ;k denotes the variance of matrix H, and ¢ :
ErV, Vs P RL is the covariance matrix of \¢ according to distribution Fy. To reduce
the variance of the interference term e, and increase the power of signal termgyy,
we consider the distribution K to obey the isotropy and independence properties [J13],
[95]. Speci cally, we assume that the distribution of ¥s generated from k satisfy the
following properties:

Isotropy property : ErV,"'Vks 2l Vi F & @k; (6.7)
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Independence property : ErY'Vias 0 ; Via F i1 (6.8)

for k;k*P rKs; k k % Therefore, \{'s are independent and isotropic random matrices
and Gy follows CNpO; &, Z2,1.q. Note that the power constraints in (6.3) give a lower
bound on the power budget, i.e., Rax ¥ maxy 3;k.

6.5.1.1 Uncorrelated Fading Channels

For massive MIMO systems, i.e., NN; N 8, the high-dimensional distributions of
matrices H}'H  asymptotically follow the Marchenko-Pastur law distribution [96], thus
leading to Bai-Yin laws [97], [98] for the extreme eigenvalue of the matrix fH , with
Wishart distribution. Speci cally, as the dimensions N;N; increase to in nity while
the aspect ratio N{N, is kept xed, the following relations between the maximum and
minimum eigenvalues of the matrix H'H , hold [97], [98]:

a
mnPHCHA PNe o Ned s (6.9)
maXpH||<_|H kd pN r th r21;k; (6.9b)

for k P rKs. Moreover, the eigenvalues of Gaussian matricesyHbased on Wigner's
semicircle law yield the following results on the largest eigenvalues, also known as Tracy-
Widom law [99]:

. a__ a__
maxPHKG N p N, Niq fy; K PrKs: (6.10)

Note that when N{N, N O for a relatively large number of antennas at the CP, i.e.,
N, " 1, we obtain the following properties [100]:

N 0;@ k:k'PrKs; k k* (6.11a)
H HH
kN < 20y @KPIKs; (6.11b)
r
H H
Nkz 0:@ k P IKs; (6.11c)
r

where 2, denotes the path loss from node k to the CP. Note that the large-scale fading
coe cients are assumed to be node-dependent, but the same for di erent antennas at
the same node [101]. Therefore, we have the following remark.

Remark 6.6. In a high dimensional regime where transmitters and the receiver possess
a large number of antennas, i.e., NN; " 1, (6.9b) and (6.10) sfate that the eigenval-
ues of matrices H'H ({N, and H/iH \ concentrate around p1 ~ N¢{Nq 2, and zero,
respectively for k k'and k k %k;k'P rKs. Therefore, by setting’ N{N, 0, we
can asymptotically reduce the uctuations around the expected values p1N¢{Nq 2,
which removes the e ects of small-scale fading from the wireless channels.

By substituting (6.11) into (6.4), the term yiyr asymptotically goes to zero and we
obtain
N, K

y o RV ik (6.12)
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Using the isotropy property of beamforming matrices, then ¥V, 2, NI .. Also, to
compensate for the large-scale fading, we sef, 1{ 2, for all k P rKs. Hence, we
denote the approximate received symbols as

K
k1

X (6.13)

o
Hence, we can recover the sum signaly, xy over the fading channel.

Remark 6.7. We note that the proposed beamforming scheme performs well as long as
the channel matrices for all nodes are statistically independent, without requiring speci ¢
assumptions regarding the distributions of the beamforming matrices. However, isotropic
and independent properties help reduce the variance of the error term rapidly. Also, we
note that our CSl-unaware fading compensation targets small-scale (fast) fading, which
is hard to estimate and varies rapidly. Large-scale factors (pathloss/shadowing) are
assumed to be known at the transmitters and handled via power control.

6.7.0.1 Correlated Fading Channels

Due to the isotropic and independent properties of the distribution of the generated,g,
the interference term yr remains zero even in the case that the channel of di erent
nodes are correlated, i.e., HiH O for all k;k 1P rKs. Indeed, in the case where the
channel of di erent nodes are correlated, the massive MIMO system gives usiH
N, il n, Where 1 is the correlation factor between the channels for users k and k
for k k % and pk;Kq P rk?s. Hence, yer becomes

Vimer N v i o Vi Viexc (6.14)
Then, thanks to the independence property of distribution E from (6.8), we have
ViV 0, which leads to

s K

Yinter N r k;k10 K1 Xk 0: (6.15)

Therefore, the correlated channel e ects are asymptotically diminished by employing a
large number of antennas at the receiver and transmitter.

Remark 6.8. During the fading compensation, only the CP needs to access the CSI for
generating U from Hy and V,'s. Nodes do not need to communicate their beamforming
matrix Vi every round. Instead, they can share their random seed for generating the
matrix V. from the distribution F, with the CP to avoid the communication overhead
for large metrics \k's. In this case, every node only sends a scalar to CP at the beginning
of the computation procedure. We emphasize that nodes must generaté.id. according

to a speci c distribution to ensure statistical fading compensation.

Remark 6.9. Within the massive MIMO framework, averaging small-scale fading ef-
fects yields a more stable sum-channel estimation, rendering it less prone to errors.
Specically, if H, CN O; ﬁ;kl n, and, under the isotropy condition stated in (6.7),

U CNpO; | 2, 2,{N2lI\,q; where 2, represents the variance of M. Furthermore,
because the nodes can compensate for large-scale fading, the distribution simpli es to
U CNpO;K{N ?2ly,q: Consequently, the receiver beamforming matrix approximates an
identity matrix, thereby simplifying its estimation.
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Nonetheless, an open question remains: what is the minimum number of receiver
antennas required to achieve a desired level of computation accuracy due to fading error?
In the next section, we conduct a non-asymptotic analysis to elucidate the relationship
between the receiver antenna count and the computation accuracy due to channel fading
and noise error.

6.9.1 How Well Can We Compensate for the Channel E ect?

The previous section discussed the asymptotic elimination of channel e ects, including
fading and noise, for a su ciently large number of receiver antennas N\ Despite this,
practical constraints exist on the maximum number of antennas that can be implemented.
While including additional antennas improves system capacity, it simultaneously intro-
duces greater complexity. Together with the industry, we must determine an optimal
antenna count that balances the advantages of increased capacity with the associated
complexity.

Therefore, an in-depth examination of how the system capacity uctuates with the
increment in antennas in massive MIMO systems is needed. To this end, we propose
a non-asymptotic analysis of the computation error due to the channel fading. In the
following theorem, we establish a probabilistic upper bound on the MSE.

Theorem 6.1. Assume a communication network with K nodes equipped with trans-
mittes antennas and the CP with N receive antennas. Let us de ne the aggregated signal
r: El Xk P C-, which is generated by the transmitted signal of node ky xover the
fading channel with coe cients Hy CNpO; ﬁ;kl n, 0, and beamforming matrices
which satisfy the isotropy and independence properties from (6.7) and (6.8), respectively,
for k P rKs. Also, let us denote by y the received signal at the CP as in (6.12). Then,

the error norm between the estimated value 6f y{ and r is upper bounded by , i.e.,
oo (6.16)
in which Ny ¥ maxt 2;Lu and N; ful lls the lower bound

'Lk 2, 2KpL 1g )

N, ¥ max . 5 Lo (6.17)
with probability no less than 1 , where ; K Xl and KL X3 are
positive constants.

Proof. The proof is provided in [J5, Appendix A]. m

The important takeaway from Theorem 6.1 is that the number of receiver antennas,
N,, has an inverse relation concerning the computation error variance?, i.e., N;
Op ? g. Additionally, the error variance, 2, does not grow exponentially with K; it
only enters through i; , and a logarithmic factor. However, the number of antennas
at the receiver needs to increase linearly with the number of nodes K. We note that the
tolerance is application-driven. We rst need to choose based on the application (e.g.,
distributed learning, sensing networks) and then set piNN.q according to Theorem 6.1.

It is also worth noting that Theorem 6.1 explicitly enforces a lower bound on the
number of transmitter antennas, i.e., N ¥ f. An alternative formulation can remove
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this direct constraint on N; and instead place a joint lower bound on the product NN;.
This leads to the following corollary.

Corollary 2. Under the same conditions as Theorem 6.1, the computation error bound
in (6.16) holds provided that N and N; jointly satisfy

|
NrNt ' f 2 ZZCO
¥m
LK ax 2

with probability at least 1 , where cq j 1 is a constant.

oKpL 19 )

In o (6.18)

Corollary 2 emphasizes that the product of transmitter and receiver antennas is
proportional to the ratio 2{ 2. In other words, for a xed error tolerance , higher
channel noise variance requires more antenna resources in aggregate. Conversely, in
higher-SNR regimes (smaller 2), the same error tolerance can be maintained with fewer
antennas.

Remark 6.10. Note that the provided analysis in Theorem 6.1 can be extended for any
sub-Gaussian channel noise z. In the case of heavy-tailed distributions for the channel
noise, to mitigate the in uence of outliers, we need to consider more advanced tech-
niques, such as M-estimator [102], a Bayesian framework for designing beamforming
matrices [103].

While Theorem 6.1 guarantees }r 1}, o withN , Op 2 g, performance degrades
when N; is small an inherent cost of our CSl-unaware transmitter design. In practice,
comparable error targets can be approached with modest arrays by (i) reducing the
number of functions L, (ii) averaging across additional time/frequency rounds, and (iii)
employing stronger channel coding. If transmitter-side CSI were available (as in CSI-
aware OAC[104]), pre-equalization could compensate channel e ects and mitigate small-
array loss.

6.11 VecCowmp for Multiple Function Computation

So far, we have designed beamforming matrices to compensate for the e ect of the
channel in performing function computation. In this section, we introduce the VecComp
approach for computing matrix functions by designing the encoderg&and decoder T .
VecComp has two distinct setups:

" Exact Setup: the channel e ects are entirely compensated through the beam-
forming technique outlined in the previous section.

" Inexact Setup: the received signal is contaminated with a certain error tolerance,
e.g., 0.

6.11.1 VEcCowmP: Function Computation in Exact Setup

In the exact setup, we assume that the received signal by the CP is error-free, i.e.,

r: v, Xk. The CP applies the tabular function T : C- PN R on the induced signal

r to compute the desired function fpsg P R function, i.e.,

5

K
T ., &psa fpsq; (6.19)
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where Ekpsq : rEklp&q;::"E(Lps(q§ Because the encoding operatorygsq acts
element-wise on the input sg\alarks we decompose the tabular function T into a sets of
L di erent maps as T prq . T-prg, in which, every T : C PN R maps the element
" of received vector y to output of function fpsq as

, Bepsg fopsiiiiisa: (6.20)

We must guarantee that the employed encoders.Eand tabular functions T- for nodes
can accurately compute the desired function to hold the equality in (6.20). In other
words, for any distinct value in the range of the functien fpsq, there must exist a
corresponding distinct constellation point in the diagram of El E«psg. This condition
can be expressed in the following proposition.

Proposition 6.1. For * P rLs, let f P pe the i-th output of the function f for given values
of input $P% 5% :::; X9 P F for i P rMs, where M denotes the number of possible values
of the function f,. Further, rPfipc represents the corresponding constellation points to
P9 je., rP™ K E-p2. Then, using the set of encoders B g and the tabular
functions T-pq for ° P rLs, the computation in (6.20) is correctly performed over the
MAC if and only if we have the following:

if £P9 f P9 then P9 r P%  @pisjq P rivis &zl

A
Given feasibility of the computation over the MAC, there exists a map T Pl T- such
that T El E«psgq fpsq, i.e., the desired function f can be correctly computed.

Proof. Let us consider ¢ f P9 d .. Then, regardless of the values®f and r®9, we
can de ne a tabular map T- such that T-pr™q T -pr®q d .. Therefore, this shows
that we need distinct constellation points only for distinct output values of the function
f- as stated in the proposition. m

The induced diagram of the constellation point i at antenna " in terms of the trans-
mitted modulation vectors of the nodes can be expressed as

rP xa Xy (6.22)

where X- : rX ;i X ST P C¢ whose rX.xs X |- denotes g-th constellation
points owned by node k at antenna °, for pg;kq P rQs rKs. Also, @ is a binary
vector whose elements are determin_ed such that it selects all the constellation points
corresponding to the function value £,

Based on the Proposition 6.1, to have a valid computation over the MAC for the
desired function fpsq : Fg PN R, we pose the following optimization problem

PP nd X - st P r P @pijgP ; IX}2 o1 (6.23)

where , rM 2s whose every element pi;jq is selected a¥f f P9 and P is the
allocated power to all node's modulation vectors. For the constraints in (6.23) on valid
computation, we use the given notation in (6.22) as

Xa,i; Xy Xa Xy,
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Algorithm 2 Find Non-orthogonal Vector
1. procedure NonOrth(v ~ 1;:::;Vm)

2: Reorder vectors v;:::;vy such that tv,;:::;vgu K v; are orthogonal and
tVi1 ;i Vvmu My are not

3: Recursively, y : NonOrthpv 5;::: ; Vifl

4: max Xxvylvv'{, iPtk 1;::::mu 1

5: XD v 1 yreturn x

6: end procedure

Xa; a j; Xy 0
x 9;X-y 0; @pi;jqP : (6.24)
The last not equal term can be equivalently written as X M " for pi;jg P . Let us

denesetA :t 9;pi;jg P u, which involves all vectors . Then, Problem P*%
can be equivalently written as

PP nd X - st x~;X'y 0@~ PA ;}X }ol: (6.25)

Problem P"™is a feasibility problem to nd a point that satis es the constraints, and
the solution is not unique. Indeed, B% nds a vector not perpendicular to a given set

of vectors in A . One possible way to obtain a solution for Problem Piis given by
Algorithm 2. The following proposition guarantees the feasibility of Algorithm 2.

Proposition 6.2. Let Y- NonOrthpA - g P X Dbe the output from Algorithm 2. Then,

X pY X-of, where }¥-}2 } X°}2 and X> P NpA q, is a solution to
Problem P
Proof. The proof is provided in [J5, Appendix B]. O

Given the proposed solution in Proposition 6.2, we can design the encoders as nonlin-
ear operators that map the input value s to the set of the obtained constellation points.
In particular, we de ne set & involving all possible values of gP Ry, and Xy involves
all the values of column k of{"- for * P rLs . Then, B becomes the bijective function
that maps the elements of §to the elements of set X, i.e., B : S, PN X% and

B s PPN @pqqPrLs rQs: (6.26)

Similarly, having access to the encgders, the tabular function T can be determined
uniquely. Indeed, we dene set X : =, X, and de ne W! as the range of function
f-psq for * P rLs. Then, the tabular function Tp q : X PN W is determined as the map

T 7 RPN fpg™ ™y, @ PrLs: (6.27)
k1
A

LT

Consequently, we gef” :
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Algorithm 3 Design the Modulation Vectors

1: Input: Function fps 1;:::;s«(Q

2: SetM QK

3: Output: Modulation vectors tX -u-,

4: procedure Optimization(tf P '}’;"Zr;f;lq)

5: for in parallel "D 1;2;:::;L do

6: Obtain W- by solving (6.29)

7: Cholesky decomposition for W L -L"
8: SetX- L -

9: end for

10:

end procedure

Remark 6.12. So far, we have provided a mechanism to compute a multivariate function
fpsq P R in a distributed manner for a network consisting of K nodes and the CP,

e, T :fl Ecxpxq fpsqg. Giving the desired function fpsq, the CP computes the

modulation constellationsX'- from Proposition 6.2. Then, the CP shares the encoder
E«p q to node k for k P rKs. Subsequently, node k build the encodeaid employs its
modulation vector %, for computing the function fpsq.

6.12.1 VECCoMP: Function Computation for Inexact Setup

Let e be the uncompensated error over the MAC, the CP receives: r e where

}e}, @ . For O, solutions to Problem P poa may result in high computation error

even for a small value of . To ensure the robustness of the solution to the error, we need

to modify the constraints for Problem P%in (6.25) to capture the computation errors.
Indeed, the angle between Xand vectors " for pi;jg P must be dependent on the

value of the corresponding computation error, i.e., f{* f P9. Accordingly, we replace

them with a smoother condition, such as:

PP max  E stk UiXyP¥E i X Bel (6.28)

for all pi;jg P, where ; : [f P* f P92 penalize the distance between zero with
di erent weight proportional to the computation error |f % f P9, To circumvent the

non-convexity of pPid following a similar strategy as in Chapter 3, we can reach the
following relaxed convex optimization problem,

pPad max E st xBY :W-y ¥ E; tracepWqr1; W- © 0 (6.29)

E;jO;

The optimization problem denoted as B*%s formulated as an SDP. To solve this problem,
the CVX toolbox is used [54], yielding the optimal weight matrix W . Subsequently,
the optimal solution X - is computed through the Cholesky factorization of W [55],
speci cally when W. resulted in a rank-one matrix. The overall procedure is summarized
in Algorithm 3.

It is worth noting that the modulation design in (6.29) extends directly to the T-
retransmission (time-slot) setting in Remark 6.7. Concretely, replace Wby its best
rank-T approximation WALE (e.g., retain the top T eigenvalues/vectors of W), and
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Figure 6.2: NMSE performance of VecComp as a function of the number of receiver antennas, I,
for varying computation dimensions L. The setup assumes N L and SNR 20; dB, with simulation
results averaged over 19 Monte Carlo trials. The gure illustrates the improvement in computation
robustness and fading resilience as Nincreases from 10 to 50, highlighting the e ect of antenna scaling
on VecComp's ability to accurately compute the sum function in a fading environment.

factorize W"T%to obtain the T-slot encoder. This construction is optimal for the T -slot
design objective [J16] and improves reliability through retransmissions, thereby enabling
a controllable reliability latency tradeo [J16].

Remark 6.13. Optimal solutions to each instance of Problem B* where * P rLs, enable
the computation of the desired function fpsqg over the fading MAC. Upon attaining -X
the encoders Eare systematically constructed for all K nodes, following the methodology
outlined in Eq. (6.26). For the decoding sets ‘T a Voronoi diagram is generated based
on the complete set of feasible constellation points, employing a ML estimator [J1], [58].
Subsequently, decoder-Tis then de ned as a tabular function mapping points within the
resultant Voronoi cells to the corresponding output of-psq, for each ~ P rLs.

Remark 6.14. In VECCOMP, increasing the number of nodes K raises both optimization
complexity and antenna requirements. For instance, sum-function constraints grow as
OpK?2q in (6.29), enabling more complex computations at the cost of heavier optimization.
Meanwhile, (6.17) shows the receiver antennas must scale as ®pLK{ ?q to preserve
error tolerance . Thus, designers must trade o node count against available antennas
to balance e ciency and reliability.

In the following section, we assess the performance of the proposed VecComp
method for the computation of the matrix function over the fading MAC.

6.15 Numerical Experiments

We divide this section into three parts to evaluate VecComp's performance for fading
compensation and vector computation tasks over di erent numbers of nodes, antennas,
and noise levels. In the rst part, we analyze the performance of the proposed beam-
forming technique to compensate for the fading e ect. Next, we analyze VecComp's
performance for computing various functions with multiple orders of modulations and
several nodes over the noisy MAC. Finally, we evaluate the computation performance
over di erent noise levels. It is important to note that for scalar function computation,
ChannelComp's performance has previously been benchmarked against other state-of-
the-art digital methods in [J1], [J6]. To maintain focus on VecComp's primary objec-
tive, which is achieving reliable vector computation in fading environments, we mainly
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Figure 6.3: NMSE performance of VecComp as a function of the number of transmitting nodes, K,
for di erent receiver antenna con gurations. The simulation is conducted with Ny 4, L 4, and
SNR 5 dB, with results averaged over 10* Monte Carlo trials.

concentrate on function computation and channel compensation within the VecComp
framework.

6.15.1 Number of Antennas

In this subsection, we explore how the number of antennas impacts VecComp's ability
to compensate for fading e ects and accurately compute the sum function. The nodes
compute the sum function over fading MAC, where channel coe cients are generated
randomly according to a complex Gaussian distribution, i.e., @ CNpO0; 2l y,q with

2 1. For beamforming vectors, we generated them by ¥ CNpO;! | g to ensure that
they satisfy the isotropic properties. We also consider scenarios where the number of
nodes K 100, the number of transmitter antennas N L, and the number of receiver
antennas varies, studying con gurations ranging from N 10to N , 50 to determine
the e ect of antenna scaling on normalized MSE (NMSE) performance. The simula-
tion results averaged over 0Monte Carlo trials with SNRs equal to 20 dB. Figure 6.2
illustrates how the increase in receiver antenna \from 10 to 50, improves computa-
tion robustness and fading resilience across various numbers of computed functions L.
Moreover, the increased number of functions for computation L leads to lower NMSE. In
particular, by increasing the number of antennas from N 10 to N , 50, we observe
a reduction of around 75% in NMSE.

6.15.2 Number of Nodes

In this subsection, we assess the e ect of varying the number of transmitting nodes on
the performance of VecComp. The experiment considers a variable number of nodes,
K, ranging from 4 to 32 in increments of 4, while xing the number of transmitter
antennas at N 4 and the beamforming dimension at L 4. Consistent with the
previous analysis, channel matrices are generated ag HCNpO; 2Iy,gq with 2 1,
and beamforming matrices are drawn from ¥ CNpO;Il | q, normalized to satisfy the
power constraints. The combined received signal, resulting from the superposition of
contributions from all nodes and subject to additive noise, is processed to yield the
NMSE as the performance metric.

Figure 6.3 illustrates that the NMSE remains approximately constant as K increases,
which is consistent with the prior experiment where increasing the number of antennas re-
duced the overall error. Although the MSE increases with the number of nodes owing
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Figure 6.4: Performance comparison between VecComp, MIMO OAC, and wide-band MIMO in terms
of NMSE error averaged gver N 100, where input values are given ky sx t0;1;:::;7u and the
desired functions are | K Sk, f2 k SK{K, f 3 max i sk, and f4 K sﬁ.
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to the higher aggregate power in } , X} this e ect is counterbalanced by the cor-
responding increase in the norm of the sum of transmitted symbols as elucidated by
Remark 6.14. Consequently, the NMSE, de ned as the MSE normalized by }, x«}?,
remains invariant to K. This result underscores the robustness of the VecComp scheme
in accommodating a high number of nodes.

6.15.3 Complex Modulations

We assess the impact of VecComp's designed modulation on the aggregated function
computation performance over the noisy MAC compared to the following methods: 1)
analog MIMO scheme [89], where nodes use analog modulation for transmission, and
2) wideband MIMO scheme, where each node transmits over a distinct communication
channel and uses multiple antennas to compute multiple functions at the CP. Note
that we are only comparing the computation aspect of the mentioned scheme here, as
there is no fading. Four distinct functions, L 4, are considered: the product, mean,
maximum, and sum-of-squares, each realized via a dedicated modulation vector obtained
from (6.29). The NMSE is computed over a range of SNR values from 5 dB to 25 dB.

Figure 6.4 illustrates the NMSE performance for the three methods as a function of
SNR. The results demonstrate that, as the SNR increases, the aggregated NMSE decays
monotonically. Moreover, VecComp shows superior performance thanks to the designed
modulation for each desired function, which which yields about a 10 dB NMSE gain in
the low-SNR region. Furthermore, the analog MIMO scheme cannot accurately compute
the maximum function, even at high SNR scenarios, due to its approximation techniques
for computing the maximum and product functions.

6.16 Summary

This chapter introduced VecComp, an extension of the ChannelComp methodology
that leverages MIMO technology to enable robust vector-based computations over fad-
ing channels. Our analysis established a non-asymptotic upper bound on the MSE of
VecComp, supporting its theoretical e cacy in mitigating fading e ects. Numerical
experiments con rmed that VecComp e ectively balances computation accuracy and
resilience across various modulation orders and SNR levels. Speci cally, the scaling of
receiver antennas and modulation order demonstrated the adaptability of VecComp
in achieving computational reliability in data-centric applications requiring vector-based
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computations.

Furthermore, VecComp's versatility makes it applicable to a wide range of practical
scenarios. This capability is particularly relevant in distributed machine learning and
loT systems, where uplink communication constitutes a critical bottleneck [105]. Instead
of transmitting raw data, each device k encodes its local vector sriginating from
learning or sensing pipelines into channel symbols. The receiver, equipped with CSI,
can then form one-shot linear estimates fpsq of the desired function while remaining
compatible with conventional channel coding, quantization, and MIMO techniques.

These ndings indicate that VecComp is a promising solution for enhancing com-
putational and communication reliability in digital OAC vector function computations,
marking a step toward scalable, reliable, and e cient distributed data processing.

Across Chapters 4 6, three extensions of ChannelComp were introduced, address-
ing distance metrics, sampling strategies, and vector computation. These represent only
a subset of possible directions, and further generalizations remain open for exploration.
It is worth noting that other possible extensions of ChannelComp have been studied in
[J14], [J16], [C11] for performing the computation over multiple channel uses, although
those developments are not covered in the thesis.



CHAPTER 7
A Simple Algebraic Solution

The height of sophistication is simplicity.

Clare Boothe Luce, 1931

designing the modulation, while its principal virtue is broad generality. There-
fore, in this Chapter, we present a major advancement of the coding scheme for
the ChannelComp method while preserving the advantages of low latency and spectral
e ciency inherent to analog AirComp and ChannelComp. This enhancement to the
coding scheme addresses the limitations of analog AirComp's feasibility and Channel-
Comp coding's complexity, ensuring full integration with existing digital communication
systems.

Recall that ChannelComp represents the constellation points of the modulated
signal x with a vector x P C1, where q represents the order of modulation. Channel-
Comp includes constraints that must be met by vector x to enable valid computation
over the MAC. Given these constraints, ChannelComp presents the modulation design
method as a feasibility problem to determine the digital modulation vector x that en-
sures a correct computation over the MAC. The resulting digital modulation allows the
computation of the desired function using a tabular map. However, this optimization
approach has high complexity when the modulation order q is exceedingly high or when
the number of nodes K is high [C1].

In response to the complexity of ChannelComp's modulation design, we propose a
new coding scheme with lower complexity that maintains full compatibility with Chan-
nelComp and existing digital communication systems. We refer to such a coding scheme
as SumComp, which supports digital modulation techniques, such as QPSK, multi-level
QAM (e.g., 4, 16, 64), hexagonal QAM, and PAM. SumComp is an original coding
scheme that can be incorporated into the ChannelComp framework to reduce the
modulation complexity design optimization problem, as originally introduced in [J1].

K ey limitation of ChannelComp's coding scheme is the computational cost of

7.1 Outline of the Chapter

In this chapter, we introduce SumComp, a novel coding scheme that leverages a ring
of integers to simplify the modulation design for digital OAC sum. Instead of solving a
complex optimization, as required by ChannelComp for arbitrary functions, we focus
on computing the arithmetic sum, which can then be extended to a broader class of
Nomographic functions via appropriate pre- and post-coders. SumComp represents
each transmitter's 1D input as a point on a conceptual 2D integer grid: by mapping
scalar values onto integer coordinates, the receiver can recover the sum simply by
interpreting the two-dimensional aggregate. Although this grid structure resembles a
lattice, SumComp di ers fundamentally from conventional lattice codes: rather than

96
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preserving input dimensionality (n-D to n-D), SumComp expands dimension (1D to
2D) so that the grid associations, rather than the raw symbol values, carry the desired
sum information.

Because each transmitter's 1D value is mapped directly onto a ring of integers, Sum-
Comp yields a closed-form encoding procedure that avoids any optimization step. This
makes it the rst joint source-channel coding scheme for digital over-the-air computa-
tion: the 1D source symbol is directly encoded into a 2D constellation point (phase and
guadrature) designed for summation over a MAC. As a result, SumComp can be imple-
mented on virtually any digital modulation QPSK, 4{16{64-QAM, hexagonal QAM,
PSK, or ASK by simply selecting the appropriate integer ring and scaling to the con-
stellation's dynamic range.

We derive an exact expression for the MSE when computing the arithmetic sum un-
der SumComp, and we further bound the MAE for a family of Nomographic functions.
These theoretical results show that, despite its low complexity, SumComp achieves near-
optimal accuracy. In particular, unlike prior optimization-driven schemes (e.g., Chan-
nelComp), SumComp requires no iterative solver to produce its modulation vectors.

Finally, numerical experiments con rm that SumComp matches or exceeds the per-
formance of ChannelComp and signi cantly outperforms analog AirComp across arith-
metic and geometric mean functions and SNR regimes. In high-SNR settings, SumComp
achieves approximately a 10 dB improvement in MSE over competing digital schemes
when summing or multiplying inputs, demonstrating that its simple ring-based encoding
can deliver both practical implementability and superior computational accuracy.

The rest of the chapter is organized as follows: in Section 7.2, we explain the system
model, including the problem statement and the signal model. Next, we describe in
detail the architecture of the encoder and decoder of the proposed SumComp coding
in Section 7.3. In Section 7.9, we analyze the performance of the SumComp encoder
for the sum function and the class of Nomographic functions in terms of MSE and
MAE, respectively, and provide theoretical upper bounds for the MSE and MAE metrics.
In Section 7.11, building on the MSE derived in the previous section, we determine
the encoder parameters that minimize the MSE under both maximum-likelihood and
maximum a posteriori decoding. We present the numerical results for the theoretical
bounds and the performance analysis between SumComp coding, the original coding
proposed in ChannelComp, AirComp, and the traditional OFDMA communication in
Section 7.18. Finally, we conclude the chapter in Section 7.19.

7.1.1 Notation

We denote a nite set by §, where g denotes the number of elements in the set. Moreover,
we denote by Z, R, and C the integer, real, and complex number sets, respectively. Let

be a non-zero complex number. We de ne thering Zrsas Zrs ta b|a;bP Zu.
Then, we denote by G the Gaussian integer set that is Zris, i.e., a Gaussian integer
z a biP G, is a complex number whose real and imaginary parts are integer values,
ta bila;b P Zu. Moreover, let qu and @ be integers relatively prime integers or co-prime,
i.e., their greatest common divisor is gcdppg.q 1. Then, by Bézout's identity, there
exist integers ;and ,suchthatq ; g, » 1.

We use lowercase letters x for scalar and calligraphic notation X to represent opera-

tors. For a complex scalar x P C, <pxqg and =pxq denote the real and imaginary parts of
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Source Channel Modulation
Encoding Encoding DeMapper

Modulation Channel Source
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encoders kp q and decoder D. The modulated signals 1x Xz;:::Xk are then transmitted over the
MAC, leading to r contaminated by the noise z. The received signal is r, which undergoes quantization
Qp g. Then, it is passed through an inverse function & to obtain g P G, which is nally decoded by

the decoder Dp q and processed by function p q to yield the estimated functiofi The dashed boxes
denote the Encoding region E and the Decoding region D. In a standard communication system, ',
E, and G correspond to source coding, channel encoding, and modulation mapper blocks, respectively.
Similarly, ,D, G ! correspond to source decoding, channel decoding, and demodulation mapper blocks,
respectively.

X, respectively. Moreover, we use E € R as the closed unit interval. FpAq denotes the
space of every function f : A PN R for some topological space A. MoreovéipAx) denotes
the space of real-valued continuous functions with domain A. Furthermore, CN pGp
denotes a circularly symmetric complex normal distribution, wherein the real and imag-
inary terms are each distributed according to a normal distribution with variance 2,
i.e., NpO; ?{2q.

7.2 System Model

The system model is identical to the one on ChannelComp in Chapter 3, except that we

introduce an improved coding scheme and restrict ourselves to Nomographic functions.
We study a network composed of K nodes and a computational server, termed the CP,
connected through a common communication channel. This architecture is leveraged

unique input s, P §, which needs to transmit their § values via digital communication.
In this system, nodes simultaneously transmit over the MAC to enable the computation
of f at the CP.

In this digital transmission scenario, each input;gP §, undergoes an encoding block
through E¢p g to produce a digitally modulated signal x with xx E ypsq P X%, where
xx P C is a complex value whose real and imaginary parts correspond to in-phase and
guadrature components. Each node k then transmitspover the communication channel
(see Figure 7.1).

Due to the synchronous transmission of all nodes over identical frequencies or codes,
the CP obtains the sum of all x's through the MAC within a single time slot, as
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represented below.

K
r hepexk 2P C (7.1)
k1

Here, r represents the superimposed electromagnetic waveg,réfers to the channel co-

e cient between node k and the CP, g indicates node k's transmission power, and z
is the inherent receiver noise. The receiver noise, z, is typically modeled as an addi-
tive white Gaussian noise process with zero-mean and varianc& which is circularly
symmetric, i.e., z CNpO; 2q. Following the power control universally adopted in the
OAC literature [106], we select the transmit power as the inverse of the channel, i.e.,
p« h {|h«|? for k P rKs. Hence, Eq. (7.1) simpli es to

>K
r Xk Z: (7.2)
k1

In the following, we use Eq. (7.2) without losing generality.
Finally, the estimation of the desired function f can be obtained via a proper decoding
scheme D at the CP, i.e.,

f: Dprq f: (7.3)

Notably, this system model parallels the AirComp and ChannelComp [C1] system
models over the MAC, with the only di erence being the digital modulation. Thus, this
model supports low-latency communication across numerous nodes, as evidenced by [34].
Furthermore, the encoding and constellation mapping schemes are jointly designed for
the OAC problem.

The goal of this chapter is to devise the encoderseq and the decoder Dpq to
e ciently compute the desired function f at the CP by harnessing the superposition in
(7.2). The main challenges are as follows:

" In the absence of noise, the received signal r by the CP has a reshaped nite
constellation diagram, i.e., it is a deformation of the original constellation diagram
of the transmitting nodes X% for k P rKs. Then, decoding the desired function f
from overlapped constellation signals becomes challenging [J1].

" The superposition of channel input symbols is corrupted by the Gaussian noise.

" ldentifying a set of encoders Ep q and the decoder Dp q for general function com-
putation, like in ChannelComp, is non-trivial. Thus, we limit the function to
the speci ¢ class of Nomographic functions for closed-form computation.

" Direct design of the encoders kp g and corresponding decoder is intricate. A
modular approach is adopted for separate design (refer to Figure 7.1).

In the next section, we propose an architecture for the encoder E p g and decoder Dp q
in detail.



100 7 A Simple Algebraic Solution

7.3 Encoding and Decoding Methods

This section describes how to design the encoder and decoder of our proposed coding
scheme, termed SumComp. Before proceeding, we need to brie y recap some necessary
de nitions and mathematical background provided in the sequel that helps the reader
understand the results of this Chapter.

7.3.1 Motivation

Here, we consider a class of Nomographic functions as de ned in De nition 2.1. Com-
pactness in De nition 2.1 is essential: by the Sprecher Buck result, requiring continuous
pre- and post-processing for arbitrary continuous f invalidates Theorem 2.2. One then
resorts to approximation; e.g., the geometric mean on“Eadmits a Nomographic ap-
proximation with * «psq Ins 1{p opg and psq expps{Kq for popq j 0. For
background, see [6], [30], [31].

To compute the Nomographic functions, each valug,sP E is rst encoded to the
corresponding pre-processing functiony' to produce the output value ¢ : ' ¢pxq P R.
Because the Gaussian MAC (7.2) is a nite capacity channel, communicating the real c
over such a channel with in nite precision is impossible. Hence, we have to rst quantize
Cc to nite precision value with g di erent levels, i.e., g P §, for k P rKs. Without loss of
generality, we assume the range of's is uniformly quantized so that § can be mapped
to Z4 uniquely using a bijective map*. Next, adding the post-processing function p q
at the end of the decoding scheme, we are able to compute the desired Nomographic
function f (see Figure 7.1).

In the subsequent phase, there is a requirement to map the e Z, onto constellation
points x, P Z2 in preparation for transmission. Under typical communication scenarios,
Gray coding can map the q potential values oficto the constellation points X%, e.g.,
QAM modulation of order q. Subsequently, x is transmitted via the MAC to compute
the function f. However, as demonstrated in [J6, Figure 2], the utilization of Gray code
in highsorder modulation induces destructive interference in the resulting constellation
points ., Xx. This ultimately leads to an inability to compute the function f from r
using a decoding scheme D, implyintj\ f for any given D. In the following section,
we introduce the working principle of the SumComp encoder and how it can solve
destructive overlaps.

7.3.2 SUuMCoMP Encoder

To encode the constellation points of the modulation x to avoid overlaps, we rst
introduce an encoding scheme that maps any points from Z to a set of points (line) in
a general integer ring Zrs. Then, we show that the induced sets of points belong to
a group set under the addition operator. Therefore, the resultant superposition of the
constellation points results in a new set of points that belongs to the same set and can be
uniquely computed by the summation. Note that the integer set Zr s helps us to express
a general two-dimensional modulation with in-phase and quadrature components.

As outlined in the system model section, the computation of general functions through

1Since the domain of & is compact, consequently, the range of the preprocessing functiony' is a
compact interval. Moreover, the union of these intervals becomes compact as well. As a result, every
value in the range of ¢'s has a unique dyadic expansion and can be approximated by terminating the
dyadic expansion [18].
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Figure 7.2: The complete encoding procedure. The output of preprocessing functionc,cP Z; is rst
encoded to Gaussian integers G using the encoder Ep q. Then, using ®e map the output value to a
general ring of integers Zr s. Finally, node k selects subset 4 of Zr s as the nal constellation points
to transmit over the MAC.

OAC processing poses challenges. A modular approach is employed to circumvent these
challenges, speci cally targeting Nomographic functions. This approach simpli es the
computational process by allowing for the independent computation of pre-processing
and post-processing functions, thus reducing the requirement to compute the sum func-
tion over the air.

Several key factors must be considered regarding the design of an encoder for the
sum function. The symmetric nature of the sum function permits the utilization of the
same encoder across all nodes, represented gs & Ep g. While it is not necessary,
the epcoder's ability to,operate as an additive map o ers considerable bene ts, ensuring

that El Epgg E ,*fl sk . Consequently, the objective is to identify a mapping

E : Z PN G that enables the output,g: Eps(q, in conjunction with the input value &,
to form an additive group.

We de ne encoder operator k., : Z PN G with xed co-prime integers pgaq for
given input integer value m P Z as

& : EqePpmg m 1 kg, pm > kg 10iPG; (7.4)

fork P Z, where ; and , areintegerssuchthatl o 1 g »;they are obtained
using the extended Euclidean algorithm [85]. The encoder functiog.Ep q is de ned in
terms of q and @; integers ; and , that satisfy Bézout's identity for g, and ¢; and

k which varies over all integers. The encoder is an isomorphism map that makes the
integer numbers in Z and lines in the Gaussian integer ring G isomorphic.

Remark 7.4. The encoder Eg ., serves the purpose of channel coding within communi-
cation systems, introducing redundancy by mapping input value points to multiple points
(or a line). This added redundancy contributes to the system's resilience against chan-
nel noise and facilitates error control, e ectively expanding the bandwidth, as elucidated
by [107].

Remark 7.5. Due to the additive map E; .q,, it is possible to apply the standard channel
codes, e.g., non-binary LDPC, and error correction schemes to the SUMCOMP codes to
combat the synchronization errors [108]. Furthermore, for the sample-level synchroniza-
tion, it is possible to design the matched Iter to mitigate the error, as studied in [C9],
[109].

Next, for the sake of generality, we map the encoded valug opto a general ring of
integers Zr s using an operator G: G PN Zrs for P C. Indeed, for a given g a bi,
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we have
x G pa big a bi; abPZzZ: (7.5)

Then, it is clear that the linear map G is an isomorphism from G to the ring of inte-
gers Zrs. Now, we can de ne the constellation points as a nite subset of generated
points in Zr s. Speci cally, let X denote the constellation points generated through the
modulation scheme applied to our source messaggs for k P rKs. To have a nite
set of constellation points, we need to restrict the generated lines by encodertg a
given grid subset € Zr s with cardinality | 4| ¥ q, for k P rKs. Mathematically, this
relationship is formulated as follows:

X 1G  Eyqpoal cPZuX g (7.6)

This implies that the constellation points can be any arbitrary subset of in nitely gen-
erated points by E from c P Z; (see Figure 7.2). Consider a point in the domain ¢
represented as a discrete line in the complex domain G. These corresponding pointsgn Z
and G share the same color in Figure 7.2. The mapping @en translates these discrete
lines into the ring of integers, denoted by Zr s. Finally, a nite subset of these points
can be selected to constitute a constellation diagram X (black points in Figure 7.2).

Remark 7.6. Equation (7.6) is su ciently general to encompass a broad class of digital
modulation by selecting an apt grid subset,. Two degrees of freedom are evident.
Firstly, G permits exible grid generation by adjusting P C. Secondly, the subse,
allows for diverse modulation selections through various grid subsets.

Remark 7.7. It is important to clarify that while X employs a ring of integers Zrs,
SuMCoMP coding signi cantly di ers from traditional lattice coding approaches. Unlike
traditional lattice codes, where grid values carry inherent meaning, SUMCOMP emphasizes
the association of these values as determined by the encoggg,E Thus, the relationship
among grid values, rather than the values themselves, are of primary importance in our
scheme. This fundamental shift from value-centric to association-centric encoding [J1]
distinguishes SUMCoOMP from conventional lattice-based methods.

In the following, we discuss some examples of the encoder scheme.

Example 7.1. For QAM with order g, which is a perfect square number, the subset 4 is
simply the Cartesian product of t1;:::" qu with itself. Next, we setg "gandq 1

and G |, where | is the identity operator. In particular, the SumComp encoders

E«p q become &, : Z, PN G. For input ¢ P Z, we have

X tE 1?qpcq| ¢ P au; (7.7)
2 Yl o Yol o
E’qpbcq: c q 2= q qu q iPG:

q

The map is bijective. For instance, the encoded values of QAM with order q 16 are
depicted in Figure 7.4.
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Figure 7.3: SumComp coded Hexagonal QAM of order 8 for two di erent choices of pg aq. In Fig-
ure 7.3a, pg; q p2;3qg shows that the input value s can have integer values between 0 and 8, except
for 4. Adding the value 4 requires new constellation points on one of the gray constellation points
in the dashed lines, avoiding overlaps. In Figure 7.3b, the SumComp coded Hexagonal QAM 8 with
pa;kq pl;2q shows that the input value s can have integer values between 0 and 5. Here, the
numbers 4 and 1 are repeated. Replacing the numbers 4 or 1 with any other numbers results in overlaps
among the constellation points. Note that for the repeated constellation points, every node needs to
select one of the constellation points for transmission.

Example 7.2. For PAM modulation with order g, which is an odd number, the subset
qgisdenedas 4 ttq{2u;:::;0;:::;tqf2uuwithg, 1,9, g, and G; I. The
SumComp encoder Ep q : Z PN z becomes

X tE 14pcql cP du; Epcq: c tg{2u; (7.8)
and the decoder Qpxq : X PN Zis de ned as
m: D goxq: <pxq Ktg{2u; @ xP X: (7.9)

It is worth mentioning that the subset , does not need to be rectangular, and any
subset of the generated two-dimensional grid by the encoder E p g can be selected. This
can be illustrated by Figure 7.3, where we depict the SumComp coded constellation
diagram with two di erent choices of pg; qoq for Hexagonal QAM modulation. In Fig-

4 requires new constellation points in the dashed lines on one of the Gray constellation
points to avoid overlaps. Therefore, we need to either increase the modulation order or
change the choice of pppq in Figure 7.3b. For the case of papg p1l;2q, the input do-

given constellation diagram (subset ), the encoder E can be a non-surjective mapping.
For instance, in Figure 7.3b, the value 1 is assigned to two di erent constellation points.
Each node must select only one of the repeated constellation points for transmission to
ensure a bijective mapping.

The constellation diagrams presented in Examples 7.1 and 7.2 are not optimized
for energy e ciency due to their asymmetry about the origin. However, adjusting the
entire constellation diagram with a complex constant can provide symmetry and improve
energy e ciency.

Remark 7.8. Note that the encoder's output, Ep g, can undergo a shift by any complex
scalar, 1 P C, and multiplication with , P C. Consequently, the decoder, JD must
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Figure 7.4: Gray code vs SumComp code for QAM 16 modulation with pg; q p1;4q.

adjust the received value by multiplying,{| 2| and then subtracting K ; to maintain the
integrity of the computation process, thereby ensuring the successful computation of the
sum function.

Note that for computing the function f over the MAC, we must show that the constel-
lation points are closed under addition. To this end, the assigned values to constellation
point x P X by encoder kp g form an additive group, which we call the SumComp
modulation group. Consequently, additive MAC cannot make destructive overlaps as it
happens with the Gray code (see Figure 7.4). In particular, we de ne the SumComp
modulation group in De nition 7.1.

De nition 7.1. For a given ring of integers Zr s, the SumComp modulation set S ..,
is de ned with a precode operator Gand xed co-prime integers g; ¢ P Z as follows
[

- )
Suq: PCxqlxPZrs; cPZc <pG' pxqgg =pG * pxqag ; (7.10)

where Gt is an isomorphism that maps points of the ring of integers Zr s back to the
Gaussian integer set G.

In the following, we prove that S, .., is a group under the addition.

1,02

Proposition 7.1. The SumMCoMP modulation set S .., is an additive group.

02
Proof. For the proof, see [J6, Appendix A]. O

Note that S .,, is a group whose elements are the values of the input signal c with its
corresponding constellation points x. Proposition 7.1 proves that,3, is a group under
addition, which means that the summation |, ¢ with corresponding pair |, xi also
belongs to §«,- As a result, using a proper isomorphic decoding scheme D, we assign

KX to f « S« and compute the desired sum function.

The next section explains the overall decoding procedure to compute the function f.
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7.8.1 SuMCoMmP Decoder

After transmitting x 's by nodes, the point r in Zr s deviates due to channel noise and
no longer belongs to the same integer grid. To map r P C back to the grid Zr s, we use
the associated quantizer operator to the ring of integers Zr s denoted by QC bN Zr s
and de ned as

Qpqg argmin} x} 2 (7.11)
xPZr s
where Q assigns every P C to the nearest point, with respect to the Euclidean distance,
the ring of integers Zrs. Hence, using Q we note that x Q prg P Zrs lies on the
ring Zrs. Then, the recovered point x from Zr s is mapped to the Gaussian integer
G using the inverse operator G . Indeed, for a given x P Zr s point from Q. the
decoder 0, .4, is also de ned as

¢: D 4.,PG" pxqq <pG' pxqag =pG ' pxqqg ;¢ P Z; (7.12)

where x Q p q is the output of the quantizer Q . Therefore, by de ning the decoding
block as operator D : D 4.,G* Q that acts on the received signal at the receiver,
the overall decoding procedure can be expressed as follows:

f* Dprqg : Dy G PQprq : (7.13)

Next, we verify that the pair of pE; Dq accurately reproduces the original input. For the
noiseless scenario, i.e., r |, X, we can check thatf Dp ; xxq. Speci cally, we
can write

s K

1
D K1 Xk DQl:Q2 G

s K

X ;
k1 K

5

K 1 )
DCIlJQZ K1 G PXq )

K K

< GG = &G
k1 k1
5 K
. <P%Od =pg kae ;
.'ﬁK ."K
Cx "kpsxq f; (7.14)
k1 k1

where the rst equality comes from the fact that without noise, the quantizer operator Q
acts as an identity operator. Moreover, the second equality is because of the linearity of
the operator G. In the presence of noise, the decoded function results in error afndf.

In the next section, we analyze the impact of the noise on the SumComp coding in terms
of mean square and absolute error for di erent functions with various hyperparameters
as q, ¢, and .

7.8.2 Decoding Using Maximum Likelihood Estimator

We provide the details of the quantizer operator Q using the ML estimator for case
1. To estimate the function value f'from the received signal r, we rst need to map
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r P C back to the superimposed symbol grid, which includes two-dimensional rectangular
grid constellation points of size N« N .x, where N.x  pg 1gK 1;N ok « Nic-
We de ne the set Y containing all constellation points with cardinality |Y| N g, where
Nk N 1x N 2x. Then, we can use the ML estimator, i.e., D : CbN'Y,

Qiprg argmax gprlyq; (7.15)
Yj PY
where gpr|yq denotes the conditional channel transition probability, i.e.,

, 27
gprlyq exp LS {5

due to the Gaussian distribution of the channel noise [J1]. Since the real and imagi-
nary components of the noise z are independent, we can treat each component inde-
pendently and decouple the estimator into two independent tasks. Consequently, the
expression in (7.15) generates detection regions for the set of all possible constellation

Ve tyPRIg YI<pyid ¥g YI<pymQq;@ ¥ P Yu;
V™ ity PRIg YI=pY;q ¥g Y|=pymd ;@ ¥% P Yu;

foriPrNyxs andj P rN;x s. Accordingly, the detection regions become

! )
Vi¢ yPRly= d21 <py 19 ; (7.16a)
! )
VB yPRY¥<pyw,q o ; (7.16b)
!
VEe y PRIy <pyiale £ (7.160)
foriPt2;3;:::;N.x 1u, and
|
Im ' d2 — ) .
Vi yPRIly= = =py.q; (7.17a)
! )
d
Vi, YPRIy¥=pyy, q ; : (7.17b)
|
- d
V™ yPRIy =pyjal= 3 (7.17¢)
forj Pt2;3;:::;N2ox  1u. Then, the estimated value is given by
N1k N2.k
f <pyiqly, p<prqq =py; 1y, p=praq i, (7.18)
i1 i1

where 1y, is the indicator function, i.e.,
#

1, PV,
1Viprq : ’ r (]

] (7.19)
0; otherwise:
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Hence, the desired function value is obtained by

f* Dprq: <pfq q=prg: (7.20)

We note that the factor q appears because the imaginary component encodeinche
decomposition s c¢; ¢ ,q, and must be scaled to recover s.

In the next subsection, we extend the decoding procedure to the case where prior
information about the superimposed symbols is available.

7.8.3 Decoding Using Maximum a Posteriori (MAP) Estimator

Here, we use the MAP criterion to estimate the received signal r for the decoder D
because the superimposed symbols may not be equiprobable at the CP due to aggregation
over the MAC. Accordingly, we consider the estimator D below:

Quprq arg rgYax P aprly g; (7.21)
Yj

where p Prty y ;uis the prior probability that the transmitted constellation point
over the MAC is y P Y, and gpr|lyq denotes the conditional channel transition proba-
bility. Similar to the ML estimator, the expression in (7.21) generates detection regions
for the set of all possible constellation points, and r is estimated by

N}l;K I\iZ;K
r <pyidlyze <prq =Py qlyim =prq ; (7.22)

i1 i1
where 1y, is the indicator function. We note that the boundaries of the detection regions
depend on the prior distribution of aggregated symbols. For uniformly i.i.d. generated
symbols, it has been shown that the distribution of aggregated symbols becomes a lattice
distribution [94, Lemma 1]. For su ciently large K " 1, the local limit theorem [110]
suggests the following approximation by a normal distribution Np; §q with

pg 1gK{2 and ¢ pg? 1gK{12,i.e.,

$
'& exp ij2 yq
Prt<pyq y ju 2 gy , fory; PY; (7.23)
0,
0 0; otherwise:

Similarly, for the imaginary component, the prior distribution is approximated by a
normal distribution with a mean ,pn. 1q{2 and variance ,prf 1q{12. With this
distribution, the detection regions \*¢ and lem become identical to (7.16) and (7.17), re-
spectively, except that d and d, are replaced by d and d, , where : pl 2{Kq [94,
Proposition 1]. Notably, the prior distribution skews the decision boundaries by biasing
them toward constellation points with higher prior probabilities. That is, the bound-
ary shifts asymmetrically, resulting in a narrower region around low-probability points
and a wider one around high-probability points. Also, for ?{K ! 1 that is, either
K"1or 2!1the decision boundaries converge to the midpoints between adjacent
constellation points.

Given this decoding procedure, we can now optimize the modulation diagram under
such decision boundaries, which is presented in Section 7.11.
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7.9 SumCowmp Coding: Performance Analysis

In this section, we analyze the SumComp coding in terms of desired function recovery
from f It is clear that the analysis depends strongly on the desired function and, thus,

on the post-processing function , which is generally nonlinear. A uni ed error analysis

is, therefore, very complicated and has to be done separately for every individual f.
Consequently, we rst focus on the simple, but important, special case of the arithmetic
sum with helpful results on the error. Then, we extend the results to a larger class of
Nomographic functions where the post-processing function is a uniformly continuous

function.

7.9.1 MSE and MAE Analysis

To analyze the computation error, we use the classical MSE and MAE, which are de ned,
respectively, as

MSEFfy: E |f f’rz(; (7.24)
MAEpft: E |f f’r(; (7.25)

where the expectation is calculated over the randomness of the noi§®, Dprq is
the estimpated value of the sum function at the receiver, and f is the true value, i.e.,

f fl ' kp%q . For the case where the desired function is the arithmetic sum

case, or equivalently, 'p&q s for k PrKs and pgqg g. Then, we have the following
result regarding the MSE.

Proposition 7.2. Consider a communication netwokk with K nodes where the nodes use
the SumMComP encoder E to compute the sum f | si, where & R Z; over the noisy
MAC with CNpO; 2g. Assuming the induced constellation points by, sy has uniform
distribution over r0; nK 1s, the MSE of the computation errors of using the constellation
points set X with ¢ rN 1. S N 2 s for two positive integers Ng ;Nox P Z , is given
by

MSEFY q 2p0:5;N1kq q3p|{2;N 2k Q; (7.26)

where q;, and are coprime integers and complex numbers for the ring of integers
Zr s, respectively. Also, px;Mq is

M1

p;Mg 2~ a0Q p2m 1gx © mi2m 1 3mpl mq 1 : (7.27)
m1l M
where Qpxq is the Gaussian Q function.
Proof. For the proof, see [J6, Appendix B]. ]

Proposition 7.2 delineates that MSE comprises two components, each in uenced by
the selection of g or . Modifying g, or @ inversely a ects the counterpart and alters
one of the error components. Additionally, a reduction in gor @ elevates ; or »,
correspondingly. The optimal selection of ,qor @, contingent upon the chosen , can
achieve minimal MSE.
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Remark 7.10. Assuming a uniform distribution across the constellation points induced
by s« the MSE specied in (7.26) represents the expected error value. Furthermore,
when {Kqg! 1, where K denotes the number of nodes and g the modulation order, the
MSE provided in (7.26) holds, regardless of the prior distribution of sor the specic
constellation points.

Then, the obtained analytical expression of the MSE can be extended to a class of
uniformly continuous functions [111] de ned as follows.

De nition 7.2. A function :S PN R is called a uniformly continuous function if there
exists a strictly increasing concave function w: r0;8g PN r0; 8q with w pOg 0 such
that, for all real x;y P S, we have

| pxq pyalrw px yla; (7.28)
where w is called the modulus of continuity of .

Some examples of these functions are listed below:

" For L-Lipschitz function : R PN R, the modulus function w becomes w : x PN
LX.

" If is a Holder continuous with pC; q for P p0;1s, i.e., for all x;y in the domain
of , we have | pxq pyq| & C|x Y] , then w reads to x PN Cx.

" When is an increasing concave function, then w becomes trivial, i.e., w : x PN x.

In the following, we have an upper bound on the MAE for the Nomographic function
with a uniformly continuous post-processing function .

Proposition 7.3. Consider a communicatjon network with K nodes, where node k uses
the encoder k to compute the sum f ,*fl ' kP&Q , and is a uniformly continuous

function oyer the noisy MAC with CNpO0;2g. Also, assume the induced constellation
points by |, s¢ have uniform distribution over rO;nK 1s. Then, the MAE of the
computation errors when utilizing the constellation points from the set X withg, as in
Proposition 7.2, is con ned within the following upper bound

MAEpfgaw pg 1 g2 2; (7.29)

where w signi es the modulus of continuity of , and ; and , are given by

s Mi1 1 2 1 p2‘1 1q )
1 2 o i 1 M, Q > ; (7.30a)
s M2l 12 2 p2‘2 lQ| I
2 1 7.30b
22 v Q5 (7.30b)
Proof. For the proof, see [J6, Appendix C]. ]

Di erent from Proposition 7.2, Proposition 7.3 establishes that the MAE off is
subject to an upper limit rather than an average value. Nevertheless, this upper bound
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elucidates a compromise between the selections @fapd . The relationship of this
upper bound with g and @ varies according to the chosen wfunction, potentially
exhibiting linear, quadratic, or other forms of dependency. This di ers from the quadratic
relationship identi ed in the MSE scenario.

Corollary 3. Consider that is Holder continuous with pC; gq. Then, for any Nomo-
graphic function f with post-processing p g, the MAE is upper bounded by

MAEpfg e Cld: 1 g2 2 ; (7.31)
where P p0;1s.
To illustrate, we take a few examples here.

Example 7.3. (Maximum) The maximum function f max Sx can be approximated
with' «pxq exppskgand pxq Inpxg. Then, pxq is a concave and strictly increasing
function. Therefore, w is the identity function. However, if we bound the min of x by
a factor , i.e., © X, then the logarithmic function becomes Lipschitz continuous with

1{. Therefore, we have

MAEpfgn 21 922 (7.32)

Example 7.4. (Arithmetic mean) Let function f be the arithmetic mean function, i.e.,
El sk{K. Then' (psg sk and pxg Xx{K which is a concave and strictly increasing

function. As a result, w is 1{K, i.e.,

MAEpfY o W: (7.33)

Exargple 7.5. (Euclidean norm) Let the desired fugction be the Euclidean norm, i.e.,
f s? 11 s % where'ypxq sZand pxq  X. Hence, is Holder continuous
with  0:5, and consequently, it yields

a
MAEpfge o 1 g2 2l (7.34)

7.11 Towards Optimal Constellation Diagram

The goal of this section is to design an optimal pair of encoding functionyfcq and
decoding function Dp q that jointly minimize the MSE between the true function value
f and its estimate f at the CP. Speci cally, let us de ne the MSE

MSEF)fq E ¢.us0 2 z fps ;i sq (7.35)

Boood@o%g%gmoooogoooébbon
e

where the expectation is over the randomness of the input values; s.:;sx and the
channel noise z. Hence, we aim to determinegpf; Dp qq such that the expected squared

rErql_iQ MSEp’;\fq; s.t; |Eqpskq|2 aP; @sPZy; QcPZ: (7.36)
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Figure 7.5: Examples of encoded constellation diagrams §psq for various combinations of modulation
order Q and in-phase and quadrature levels q and n, respectively. Each diagram represents the mapping
of the input symbol s P t0;1;:::;9 n 1u to a multidimensional coordinate space, illustrating how
constellation points are arranged. Figure 7.5a shows q 3;n 2; 7.5b depicts g 2;n 4; and 7.5c
illustrates g 4;n 4 using a 16-QAM constellation with labeled spacing parameters d ; and d,.

The solution to this optimization problem depends on the structure of the encodery, E
and the decoder D at the CP, described in the sequel.

For computing the sum function, we require that Epsq and its input value s form an
additive group for computing the sum function. In this regard, for any number s P,
consider the base-q quotient remainder decomposition

S C1 C2(; (7.37)

where pg;c,qP Z, ¢, s g ts{quand e ts{qu. We propose the encoding function
Eqp q for node k as follows:

EpsQ: C10; Cothi ;s d;do PR @gP Zy,; (7.38)

where i is the imaginary unit, the parameters gand d, are positive real values that spec-

ify the spacing between constellation points along the real and imaginary axes. Constant
k P C shifts the constellation to the origin, thereby enforcing symmetry with respect to

the origin and improving average power e ciency. At the receiver, the aggregate o set
« k Is subtracted before decoding.

The encoding function in (7.38) extends the SumComp code proposed in [J6] to a
general two-dimensional grid parameterized by pdl,q. This encoding scheme maps a
one-dimensional input value g onto a two-dimensional complex plane (i.e., constellation
points), where the real and imaginary parts correspond to the in-phase and quadrature
components of the modulated signal, respectively.

Remark 7.12. In (7.38), the decomposition of s into only two integer components is
deliberate, corresponding to the in-phase and quadrature components in complex baseband
modulation. The proposed framework naturally extends to N-dimensional mappings, as
discussed in subsection 7.17.3.

Remark 7.13. The formulation in (7.38) assumes an integer base q for simplicity.
However, the framework can be extended by expressing s as a linear combination of two
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Figure 7.6: Plot of Gg ptq in (7.43) with parameters K 6, q 4, and n 16, yieldng N ;x 19 and
N2k 91. The interval t P r 0:5; 0:5s is highlighted.

bases, i.e., s ci1 C >, Where @ and ¢ are co-prime integers. Under this formulation,
the base g can be interpreted as a rational number whose ratio is given by g{gg. In

this case, the encoding structure remains the same the transmitter still maps;cand

c; onto the real and imaginary axes, respectively but the coe cients pg;, c,q must be
computed according to the generalized decomposition rule described in subsection 7.3.2.

The encoding function divides the integer input into discrete segments and assigns
each segment a corresponding complex value in the constellation plane. The average
power of such a two-dimensional grid can be expressed as [22]:

o 1 ng 1 .,
Es, |Eqpsaf o & T ® (7.39)

where Q. g n  for k P rKs. Figure 7.5 depicts the coded modulation diagram using
the encoder in (7.38) for q P t2; 3; 4u with di erent values of n.

7.13.1 Optimal Modulation Diagram for ML Estimator

The solution to (7.36) under the ML estimator depends on the SNR level, de ned as
: P{ 2. We determine the exact optimal values dand d,, corresponding to a given
SNR . These optimal parameters are characterized as the unique positive roots of

speci ¢ polynomials, which are de ned below.

Recall that N;.x  Kpg 1g 1 and N ,x Kpn 1q 1 denote the e ective
dimensions of the superimposed constellation grid, both strictly greater than three. We
then de ne the following auxiliary polynomials used in the derivation of d and d,:

Nik 1
PNpllf pxq: m€ ™pl 2 ox%q; QP tl;2u; (7.40a)
m1l
Nik 1
szq . } 3 ) mXx2. . .
Ny PXQ im € ;1P t1;2u; (7.40Db)
X m1l
where the coe cients are given by ;» p2m 1g 2m 1  3MEEML. and
p2m 1g%{4. Then, we de ne the positive threshold ; as
Pt 1ox I pn®lay {. .
L GF}ZXZ PEY Nux ¥9; (7.41)
P2 P2 Npg @8 Nox ¥ 10;

12 12
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where px;y1q and px;y.q are positive roots of the following polynomials:

P P 0i Q%P Pua PGPt %y i O (7.422)
PO pya 0 q?Pi2 pyg P S pxed; %y iO: (7.42b)
Next, we de ne the auxiliary function Cg‘ ptq as
Nik 1 m 2p0:5tq Nok 1 24 m 2pt0:5q
N 5 e,) lp 3 q % 2 .
t I T . . : 7.43
@Pa e L ETOE (7.43)

for t P r0;0:5q, 2 pG 1lg{pn? 1q approximat%‘Iy provides the relag‘ive scaling be-
tween the modulation parameters g and n, and ; 12 {pf 1q; - 12 {pn? 1q.
The function C-g‘ptq in (7.43) captures the equilibrium between the real and imaginary
components of the aggregated constellation points at the CP. It also explicitly incorpo-
rates key system parameters such as K, g, and n, with the scaling factor accounting for
the asymmetry between the two-dimensional grid (see Figure 7.6). This function plays
a key role in establishing the optimality conditions.

We are now ready to present the main optimality theorem.

Theorem 7.1. For a network with K transmitters using an encoding function E, de ned
in (7.39), with modulation order Q g n,letN 1k : Kpg 1g 1;N .,k : Kpn 1g 1
and Npx 2N 1« {3u;N2x 2N ,«{3u. Then, under an ML decoder, the optimal
encoder parameters gdand d, are uniquely determined as follows. Let aand b be the
unique positive roots of § and Gy, respectively, i.e.,

Gypag 0; Ggpbg O: (7.44)
For any SNR , 32 N 1.« ; N2k @ 8, the optimal parameters d and d, are given by
? ?__
d, 1 05 a ; d, > 05 a ; (7.45)

where denotes the channel noise standard deviation. For;lN ¥ 9or N« @ 8; Nk ¥
10, the optimal parameters are instead given by

? ?

d; 1 05 b ; d, > 05 b ; ¥ (7.46)

where ; is the threshold de ned in (7.41).

Proof. Proof is provided at [J7, Appendix A]. ]

We can approximate the boundaries for su ciently large N.x and N, , which leads
to the following corollary.

Corollary 4. For N 1.« ;N2x ¥ 30, the SNR threshold ; can be approximated by
1:5n{K 2. Accordingly, the optimal parameters ¢ and d, are given by

[— ? 1:5n
d, 1 05 b ; d, > 05 b ; W: (7.47)
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Theorem 7.1 indicates that the optimal encoder parameters depend explicitly on the
SNR. For ¥ 4, the optimal pair pd;;d,q is determined by the unique positive root
of either CiQV or C% In contrast, in the low-SNR regime ( & ), the optimal in-phase
component d tends toward zero, as the high noise variance dominates the received signal.
Moreover, for a large number of transmitters (K " 1), the threshold , approaches zero,
i.e., 1 0. In this asymptotic regime, the positive root of Gg remains the unique
optimal solution.

Remark 7.14. We note that the threshold ; is very small and decreases rapidly as the
number of transmitters K increases. Even for a small network with K 2 and n 2,
we obtain ; 1:25dB.

Until now, the optimality conditions were established under the assumption that the
induced constellation points at the MAC are equiprobable, without considering the prior
distribution of the constellation diagram. In the following subsection, we extend this
analysis to determine the optimal constellation design when the prior distribution of the
constellation points is known.

7.14.1 Optimal Modulation Diagram for MAP

In this section, we incorporate the prior distribution of the induced constellation points
to determine the optimal constellation diagram for each transmitter node. Assuming
the normal approximation in (7.23) for the prior distribution, we derive a closed-form
expression for the MSE and identify the parameters that minimize it.

Before presenting the main result, we de ne the auxiliary function Kptq for any
t P r0; 0:5q as

2q e _m 2p0:5 tq 2n ng m  5pt0:5q

Hoptg : . :
QP ™05 1 " 95

ml

t P r0; 1{2q; (7.48)

ml

where recall ,, p2m 1qg 2{4 for all m. Then, we provide the main result regarding the
optimal constellation diagram under the MAP decoder.

Theorem 7.2. Let d ; and d, denote the distances between constellation points along the
in-phase and quadrature components, respectively, for a modulation order Q q n.
Assuming the normal approximation in (7.23) for the prior distribution of the constel-
lation points, the optimal constellation parameters that minimize the MSE under MAP
decoding are given by

2 0
d - 1 05 a ; d, - , 05 a ; (7.49)

where is the standard deviation of the channel noise, 1 %K, and a is the
unique positive root of the polynomial ldptq de ned in (7.48), i.e.,

Hqopaq O:

Proof. The proof is provided in [J7, Appendix B]. m

Remark 7.15. An important insight from Theorem 7.2 is that the MAP and ML so-
lutions become identical as the number of transmitters increases, i.e., as K N 8. In



115 Towards Optimal Constellation Diagram

sy

Actual error t 0:1

102

Magnitude

15 | ]
10 = = = Upper bound t 0:1
Actual error t 0:3
= = = Upper bound t 0:3
1032 I R | Lo | L1 [ Lo 10 L1 L1 L1 L1 L1
2 4 6 8 10 12 14 16 18 20 22
(dB)

Figure 7.7: Comparison of the actual approximation error and the nal tail-based bound by Lemma 2 as
functions of fort 0:1andt 0:3. Solid curves denote the computed error; dashed curves denote the
analytical bound. The magnitude is plotted on a logarithmic scale. Parameters: K 2,andq n 4.

a massive-size network, we have 1, 1m 2m, and 1 0. Consequently,
Gg ptq N Hoptq, implying that the optimal parameters ppd,q obtained from (7.46) and
(7.49) coincide. This result aligns with the classical Bernstein von Mises phenomenon
for Gaussian white noise [112].

Thus far, we have established the conditions under which the optimal parameters
can be uniquely determined by numerically solving the systems of equations in (7.44)
and (7.48). However, due to the strong nonlinearity in the low-SNR region, obtaining
a closed-form analytical solution is challenging. In the following subsection, we demon-
strate that a closed-form solution can indeed be derived in the high-SNR regime.

7.15.1 Closed-form Solution for High SNR Regime

For su ciently high SNR, the optimization problem in (7.36) admits a closed-form so-
lution, regardless of the prior distribution. In this regime, the exponential terms in
both Gg‘ ptg and Hyptq vanish, leading to the approximation g;ptq H optq. To ob-
tain an analytical expression, we further consider the case Wher% Bq is dominated
by its rst exponential term, and the contributions of higher-order terms are negligible.
Accordingly, for su ciently large , we can approximate

L@ 1 ;P05tg _ 1 2pt0:5q
Nptq Foptq: 25" 2 215 * 7. 7.50
G ptg F optq 0E ¢ q = (7.50)
?7 ~ ~
Since 1; .9 it follows that ; > N8 as N 8. Under the approximation in

(7.50), the optimal solution to (7.44) can be obtained in closed form for su ciently high
SNR, as stated in the following lemma.

Lemma 2. Let F optq be the approximation of@qu in (7.50), the following bound holds

16 p0:5tq 16 p0:5tq

Fopt GNpt " 363 3 a e 3pd?ig . qu 32 1q (7.51)
QP 2o P " p& 19p05 tq  pr? 1gp0:5 tq '
! )
Moreover, for ¥ 1{10max ¢?{p0:5 tg;n?{p0:5 tgq , the bound simpli es to
N 49 1 q°
|[Fqptg Gqptg| = 18€ (7.52)

05 t 05 t
for t P r0; 1{2q.
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Proof. The proof is provided in [J7, Appendix H]. O

Figure 7.7 illustrates the actual approx,;mation error alongside the upper bound de-
rived in Lemma 2. The error decays as O mintg;nu * e {mnta *n’u " and thus van-

ishes rapidly in the high-SNR regime. This fast decay explains why the dashed curves
in Figure 7.7 provide tight uniform upper bounds on the actual error (solid curves) even
for moderate SNR values, i.e., A1l.

Proposition 7.4. Let a  denote the unique positive root of &, i.e.,

Fopaqg O: (7.53)
?__ ?
Then, the approximated optimal parameters,d 1 05 a andd, > 05 a
are expressed in closed form as
i 3 P i 3
e 2W, ¢ 5 e 2W, ¢ 25
dl 1 > 5 ; d2 > 1 > > ; (7543)
1 2 1 2

2 2 2
1 2 1 2

where ~ € ~ 5 q%pNikNax N 1k g{pNik Naxw N 2xQ, ¢ ~2%e —, and Wepq
denotes the generalized Lambert function, de ned as the solution to

N

CX

e”™ a opx r i1gpx rq; (7.55)

for some nonzero 1;r, O.

Proof. The proof is provided at [J7, Appendix I]. O

The closed-form expressions in (7.54) provide explicit high-SNR approximations for
d, and d, in terms of the generalized Lambert function Wo g, which captures the depen-
dence on both the SNR and the modulation parameter Q. Practical computation of
W p g can be performed via its series expansion [113], [L14]. Moreover, these closed-form
expressions provide e ective initialization points for numerical methods used to solve the
general nonlinear system in (7.44).

To characterize the asymptotic behavior of the ratio g{d, derived from (7.54), we
consider the high-SNR regime ( N 8). In this case, three asymptotic con gurations of

pg; ng can be analyzed:
d

©@ 2 wha jim &

d; > 2 % wlhgq N8 d,

2

- 1 (7.56)
2 1

where Wp q is a monotonic variant of the Lambert function parameterized by pn; q; Kq,
satisfying limgs wlp q 2. The convergence rate depends on the three parameters
pn; g; Kg. Equation (7.56) shows that, as N 8, the optimal constellation approaches
a rectangle with an aspect ratio of g{n, since the total spans along the in-phase and
guadrature axes are ¢ and @n, respectively.

To illustrate this behavior, Figure 7.8 depicts pgd,q as functions of for three
constellation con gurations, pq;nq tp6;4q;p4;6q;p4;4qu. As increases, the optimal
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Figure 7.8: Ratio of the optimal scales d{d, versus the parameter for two array sizes. (a) K 2,
showing curves for pg;nq p6;4q; p4; 4q; p4; 6q that asymptotically converge to 1. (b) K 10, showing
equal-dimension cases pq;nq p4;4q; p6; 6q; p8; 8q with the unity asymptote.

ratio d,{d, converges toward unity, consistent with (7.56). In the high-SNR limit, the
impact of Gaussian noise becomes negligible, and the symmetry in the constellation
parameters naturally emerges. Moreover, Figure 7.8b showgd} for equal-dimension
constellations, pq; nq tp4;4q;p6;6q; p8; 8qu. These curves demonstrate that larger pq; nq
pairs delay convergence to unity, as higher-dimensional constellations exhibit stronger
noise sensitivity at moderate SNR. Hence, a larger initial quadrature span reduces errors

in this regime.

Remark 7.16. Similarly to the massive network regime, in the high-SNR region, the
MAP and ML solutions converge to the closed-form result in Proposition 7.4. As K
0, it follows that 1, and the exponential terms in both Hgptq and @ptq decay
rapidly, yielding Hqptq Gg ptg F optg. This equivalence implies that the ML and
MAP decoders attain identical MSE performance at high SNR. Therefore, the closed-form
solution for pd;d,q presented in Proposition 7.4 coincides with the solutions obtained
from the systems of equations in (7.46) and (7.36).

7.16.1 Complexity Analysis

In this subsection, we compare the complexity of SumComp coding to the coding scheme
proposed in ChannelComp in terms of the number of basic operations (BOPS) to show
the obtained reduction in the cost. Indeed, ChannelComp [J1] employs a coding
approach based on an optimization problem, where the input is a vector comprising
the constellation points of the modulation diagram for all nodes, thereby enabling the
derivation of the encoder k for each node. Also, the decoder D is then determined as a
tabular function that maps the resultant constellations to the output co-domain of the
function f.

In the sequel, we analyze the complexity of the encoder and decoder. Consider
that the input vector is of size q K, where g denotes the quantization levels and
K is the number of nodes in the network. The complexity of solving a semide nite
programming optimization in ChannelComp is Opmaxtn; mu #n%°q [55], [115], in which
n is the dimension of the input variable, i.e., g K, and m is the number of constraints,
which is at most m o g“pl gKq{2. As a result, the computational complexity to
nd a valid modulation vector in ChannelComp is at most Opq %°K %5¢8K q, or simply
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"
Op K8 %% g, for computing a general function. Moreover, for the case of symmetric
functions, the modulation vectors are the same for all K nodes, which implies thatn q.
Further, the number of constraints becomes at most m © Kgi exppK g 1g[J1].
Therefore, the overall computational complexity reduces to OpgetPXald q.

For analyzing the complexity of the decoder part, we need to know the number of
constellation points, which depends on the output of the optimization problem and can
not be determined beforehand. Hence, it is challenging to consider an exact number.
However, the number of constellation points can reach at most ¢di erent values. In
this case, using a linear search for the tabular function, ChannelComp can decode the
received signal at most in Optg BOPs [116].

However, SumComp coding o ers an optimization-free approach. To analyze the
complexity of the encoder E, including the composite operator GE' , we need to ana-
lyze each operator separately. Similarly, we should consider a similar approach for the
decoder D with its sub-operators. The following proposition establishes the complexity
of a class of Nomographic functions.

Proposition 7.5. For a given function f 1 kPXQ , where 'y : R PN ra;as

and : ra;as PN rb:;bs. Also, consider that the m-th derivation of ', and “-th
derivation of exists and are bounded by factors Eand D, respectively. The complexity
of the encoders for computing the desired function f over a network with K nodes and
the CP is given by

X Inp-xd-
#BOPs O 7 2 4 ; (7.57)

ki W p2aeq Inp;E2dlq

and for the decoder by

|np qu
#BOPs O z 7 ; (7.58)

W p2beq Inp;2i-q

for " 1 and Wp q denotes the Lambert W function.

Proof. For the proof, see [J6, Appendix D]. O

From Proposition 7.5, we note that the computational complexity of the encoder
and the decoder of the SumComp coding are approximately OpK Inpgqqg and Opln pqqq,
respectively.

Therefore, given the complexity of the SumComp coding and the original coding in
ChannelComp, we can conclude that the SumComp coding has an order of magnitude
less computation costs than the coding included in ChannelComp, speci cally when

q" 1.

7.17 Extensions

In this section, we consider two extensions for the SumComp. We provide a brief
discussion on how to generalize the proposed framework to an N-dimensional grid and
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alternative noise distributions such as the Cauchy distribution. This can help extend
the proposed framework to compute over multiple communication resources, such as
frequency or time.

7.17.1 Heavy-tailed Noise Distribution

In practical wireless environments, the AWGN assumption may be overly idealistic, par-
ticularly in interference-limited scenarios where the noise exhibits heavy-tailed behav-
ior [59]. To better capture these conditions, we extend the framework by modeling the
additive noise z as Cauchy distributed. Speci cally, we model z as a centered Cauchy
random variable characterized by a scale parameter . We note that the centered Cauchy
distribution does not possess a mean value.

Note that although the Cauchy distribution has heavy tails and lacks a nite second
moment, the input data is digitally represented and undergoes hard decoding at the
receiver. As aresult, the MSE becomes nite [117]. Hence, we consider the corresponding
optimization problem

dpd 19  d3pr? 1q
12 12

Cr}ln_idn Jopd; doq; St P; (7.59)

1,U2

where ,: E |f f}2 , P denotes power budget and pq; nq are the number of in-phase
and quadrature levels. The probability density function of a Cauchy stable distribution
around its location is given by

fpxq i 0; (7.60)

p 2 x 2
where is the scale parameter. While this replacement modi es the analytical expres-
sions for error probability, it does not alter the ML decision regions due to the symmetry
of the Cauchy distribution about its location.

In [C3], we derive modi ed optimality conditions for the constellation design in the
Cauchy distribution. In the high-SNR regime, a series expansion of the Cauchy char-
acteristic function for small arguments yields a nonlinear system that determines the
optimal inter-point distances. Let @ pd;d.q denote the modi ed optimality function
under Cauchy noise. Then, for su ciently large SNR ( | 1), the optimal constella-
tion parameters d and d, for the ML decoder are obtained as the unique solution to
&, pd;d.q 0; where G, ptq is de ned as

Nik 1 Nok 1
5

2
N ot ) 1;m 2 q° 2m ;
G Pl 05 tpl o, 2005 tqq ., 05 tpl o 2p05 iqq

m1l

where the parameters 1.m, 2m, m, 1,and ; are de ned identically to the Gaussian
case except for replacing? by . For general scenarios, the optimal parameters follow
the same piecewise structure as in (7.46), but with modi ed SNR thresholds denoted by

1. Due to the heavier tails of the Cauchy distribution, these thresholds are lower than
in the Gaussian case, meaning that nonlinear e ects appear at smaller SNR values.

In particular, the rst threshold ; can be obtained by solving

1k 2 pré 1o 2
P 12Q( 1 P 12(1/ L. Pl?lii p.q O; quﬁji p/1q Piji X1Q;
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where,
Nik 1
N . 3p2m 19?2
P,ﬁf‘l pXq : Lim , 1 SPem 207, :
' mi 1 p2m4lq 2X2 4
Nik 1 _
PO pxq - 5, 1P tl;2u:

This extension broadens the applicability of the proposed encoding framework to more
realistic wireless settings where heavy-tailed interference dominates. Future research will
focus on quantifying the performance trade-o s and potential enhancements o ered by

this approach under various classes of heavy-tailed noise distributions.

7.17.2 Computation Over the Real Domain

Here, we consider the case where the input variablg kes in a subset of the real domain,
i.e., s« P G, Rforall k PrKs. In this setting, the previously proposed encoder operator
E p g is no longer directly applicable, sincg $s continuous rather than discrete. This
limitation arises because ;s can take in nitely many values in R, whereas conventional
digital modulation schemes in the complex domain rely on a nite set of constellation
points. To overcome this challenge, we introduce a hybrid digital analog modulation
scheme that maps real-valued inputs onto a continuous curve in the complex plane [118].

Let G r0;as, where a n q for two positive parameters pq; ng. The interval G

subinterval corresponds to a discrete level represented along the imaginary axis, while
the value within each subinterval is transmitted by analog amplitude modulation along
the real axis. In this way, the scheme combines a digital PAM to select the subinterval
index i ts{qu with an analog modulation to transmit the residual component s gts{qu.
More precisely, for any s P G, the proposed hybrid encoder is de ned as

Eqpsq: s qts{qu d; ts{qud i K; s P r0; as; (7.61)

where d represents the amplitude scaling for the analog component, ang determines

the spacing between the digital constellation points along the imaginary axis. This for-

mulation enables continuous-valued inputs to be transmitted e ciently while preserving

the digital constellation structure. Figure 7.9 illustrates the structure of the proposed

hybrid encoding scheme for pg; nq P tp3; 3q; p4;4qu and G r0;9s and G r0; 16s.
The average transmit power of this constellation is given by

pn 1gp2n 1q .
5 :

E |Eqpsaf  |d 1I212 Id o (7.62)

As shown in Sections 7.8.2 and 7.8.3, the real and imaginary components decouple and
are detected independently along orthogonal axes. The receiver output estimate is given

by

f* Dprq: Repfg qlmpry; (7.63)
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Figure 7.9: Examples of hybrid digital analog modulation constellations Eqpsq for pg; nq P tp3; 3q; p4; 4qu,
with G r0;9s and G r0; 16s.

where the ML and MAP decoding rules are as de ned in (7.15) (7.20). Along the
analog (real) axis, the ML decision rule behaves almost linearly except for truncation at
the boundaries, i.e.,

$
& 0; Reprq ;
Reprg meedf_; oReprgmKgd (7.64)
®Ka:  ReprgigKd, ;
where « k» On the digital (imaginary) axis, the ML decision corresponds to a

nearest-neighbor slicing on a one-dimensional PAM grid with spacing énd Nk

Kpn 1q 1 constellation points, as described in Section 7.8.2. For the imaginary
component, both the decoding procedure and the corresponding MSE expressions remain
identical to those derived previously. Moreover, we note that the sum is still decodable
as the real part axis is just a linear operator.

To determine the optimal modulation parameters for the hybrid scheme, the same
analytical framework used in [J7, Appendix A] can be applied. The key di erence lies
in the treatment of the analog component, where the derivation must explicitly account
for the truncation boundaries in the real domain. The proposed hybrid modulation
framework can thus be regarded as a generalization of analog OAC schemes found in
the literature. Notably, given the optimal parameter pair pd; d.q, the proposed hybrid
approach can outperform purely analog modulation, which can be viewed as a special
case of this generalized scheme.

7.17.3 Generalization to Higher Dimensions

Thus far, we have derived the optimal parameters for a two-dimensional constellation
grid, corresponding to the in-phase and quadrature components of digital modulation
used for sum computation over the MAC. However, the proposed framework naturally
extends to higher dimensions, allowing computation over multiple communication re-
sources. Indeed, the optimization method is not restricted to a two-dimensional grid
and can be generalized to an N-dimensional grid, where each dimension represents a
communication resource such as a time slot or a frequency band.
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Figure 7.10: Optimal spacings d;d,;ds versus (dB) for N 3, K 10,q 4, and P 1, obtained
via (7.69).

sources. Let a number ¢ P rO; 1s be represented as
,N
c Gq

il

il

XC; qy; (7.65)

N-dimensional grid. For simplicity, we assume square constellations such that QQ
g q for all k P rKs. The average power of the resulting N-dimensional constellation is
then given by
¢ 1 2
d}s: 7.66

1o 1db2 (7.66)
Since each dimension corresponds to an independent channel use, the noise variance
may di er across dimensions. Let zdenote the noise component on dimension i, with
z, NpO; iqforiP rNs, where ? is the variance of noise along dimension i. Then, the
corresponding MSE of the N-dimensional constellation is expressed as

Ec }Eq pcags

N

MSEfdg ~ d* ipdq; (7.67)
il

where ipxq N1 mQpp2m 1gx{ iqwith ,:2m 1  3®ML_ The gptimal

. ! Kpq 1q 1
design problem is thus formulated as

N
s 12P
min g ipdg; }d}p ———: (7.68)
o ¢ 1
where P is the total power budget. For simplicity, we assume that the power is uniform
across all dimensions. When N 2, n, and ; N, the above formulation

reduces to the two-dimensional constellation design derived in Section 7.11.

Applying the Lagrangian formulation to (7.68) and enforcing the rst-order optimal-
ity conditions yields the following nonlinear system:

di dis

i il

0; @iPtL;:::;N 1u; }} 3 r % (7.69)
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where gpx;yq is de ned in [J7, Equation 58] for Nk N 2k  Kpg 1q 1,r

12P{pg 1q with d, & d, =© a dy. Solving the nonlinear system in (7.69)
may yield multiple optimal or suboptimal solutions. To ensure uniqueness, the implicit
function gypX;yq can be replaced by its convexi ed approximationy@x; yqd, de ned in
[J7, Equation 64] , resulting in the modi ed system

O Oi1

i il

0; @iPtL;:::;N 1u; }d} 3 r 2 (7.70)

The solution to (7.70) is guaranteed to be unique for su ciently large r, corresponding
to the high-SNR regime. Here, gis derived by removing the negative coe cients from
0y, Which can be interpreted as a convex relaxation of the original problem. However,
characterizing the exact SNR conditions that ensure uniqueness in the low-SNR regime
remains an open problem for future investigation. The simulation results in Figure 7.10
illustrate that, as increases, the optimal spacings dd,; d; converge to equal values
(each 1{3 of the total power), consistent with Figure 7.8.

In the next section, we evaluate the performance of the SumComp coding for com-
puting di erent functions and compare it with the other methods, such as AirComp and
the coding in ChannelComp.

7.18 Numerical Results

In this section, we assess the performance of the SumComp coding under various digital
modulation schemes and corroborate the theoretical analysis through numerical results.
In particular, we rst evaluate the performance of SumComp coding with standard dig-
ital modulations, such as QAM and PAM, with di erent orders for computing the sum
function in terms of the MSE metric. Moreover, we compare the output of empirical
results from the simulation with the theoretical results from Section 7.9. We repeat this
comparison for computing various functions in the class of Nomographic functions in
terms of the MAE metric. Afterward, we assess the performance of SumComp cod-
ing compared to the other existing methods. More precisely, the performance of the
SumComp coding is compared to three di erent methods:

" ChannelComp original encoding: the optimization-based coding scheme pro-
posed in [J1] and Chapter 3, which uses an optimization problem to obtain the
digital modulation vectors.

" AirComp method: the traditional AirComp method [17], [18], where nodes use
analog modulation for communication.

" Standard digital transmission: this scenario implements the computation method
that relies on the naive OFDMA. This method ensures that each node is allocated
unique frequency channels and prevents potential communication interference with
more bandwidth consumption.

Note that our comparison is limited to state-of-the-art coherent AirComp methods. Non-
coherent methods, while viable, demand signi cantly higher communication resources
compared to coherent counterparts, due to the absence of channel compensation.

Note that we use times sign, star, triangle, square, and pentagon markers to show
the analytical results, whereas we use plus signs, reverse triangles, diamonds, reverse
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Figure 7.11: Monte Carlo numerical evaluation of the MSE of computing the summation function for
5 10 “ trials versus the analytical results from Proposition 7.2 for digital modulation. Figures 7.11
show both empirical and analytical MSE for QAM modulations of order q t16;64;256u
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Figure 7.12: Monte Carlo evaluation of MAE of computing the mean and square norm function for
5 10 “ trials versus analytical results (Proposition 7.3) for digital modulation. This gure shows
both empirical and analytical MAE for QAM modulations and PAM modulations of order q 64 in
computing the arithmetic mean function.

pentagons, and circle markers for the empirical results. Also, warm colors are reserved
for QAM modulation, and cool colors are used for PAM modulation.

7.18.1 SuMComP Coding with QAM Modulation

First, we analyze the performance of Eencoders and D decoder for computing the sum
function f K s over the MAC with K 100 nodes. The input data are generated
in the same order as the modulations, i.e.xsP Z; for k P rKs, where q is the order of
modulation. We consider two cases: nodes use QAM with q t16;64;256u; and PAM
with q t16; 32; 64u over Gaussian channel for di erent levels of SNR, which is de ned
as SNR : 10logp px [Xi|*{g %g. We consider 5 10" Monte Carlo trials.

In Figure 7.11, we show the performance of the SumComp coding in terms of the MSE
when employed in di erent orders of QAM modulation. We also depict the analytical
value of MSE in Proposition 7.2 for comparison with the outage of empirical error values.
Figure 7.11 shows the empirical MSE of the QAM of order g where q P t16; 64; 256u with
the triangle, pentagon, and circle markers, respectively. We note that the analytical
MSE predicts well the average empirical error, as depicted in Figure 7.11. Moreover, by
increasing the order of the modulations, the MSE values are higher over all ranges of
SNR, which is expected because higher possible error values can occur due to the large

size of the input set Z. This observation is also consistent with the analytical value of
the MSE in Proposition 7.2.
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Figure 7.13: Performance comparison between SumComp coding, ChannelComp, AirComp, and
OFDMA in terms of NMSE averaged over Ns 5 10 “ Monte Carlo trials, when values of the function
to be computed are originally quantized. The input values are setto § t1;2;:::;64u for the arith-

metic mean, and & t1;:::;8u for the geometric mean functions. Speci cally, the desired functions
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7.18.2 SuMComP Coding for Nomographic Function

We consider Nomographic functions and check the performance of the SumComp coding
for two cases: the arithmetic mean and square sum functions (square Euclidean norm),
as given in Examples 7.4 and 7.5, respectively. The computation is performed over a
Gaussian MAC for K 100 nodes. In the case of the arithmetic mean, the input data of
node k, i.e., &, is uniformly randomly generated from Z, where q is set to be 64 for both
PAM and QAM modulations. Then, in the next case, we repeat the experiment with
QAM modulation with low and high order modulation, i.e., ¢ 64 and 256. Moreover,

G 'PS kP 4.

Figure 7.12 shows the performance of the SumComp coding for computing the arith-
metic mean function in terms of MAE for di erent SNR values. In Figure 7.12, the
MAE of computing arithmetic mean functions is depicted for di erent SNRs for nodes
using either QAM or PAM modulations. We observe that the proposed upper bound in
Proposition 7.3 approximates well the behavior of MAE curves, and the empirical re-
sults are consistent with Proposition 7.3. Notably, QAM outperforms PAM thanks to its
power-e cient constellation diagram. Indeed, the mean energy per transmitted symbol
of PAM and QAM of order g is pg4 19A {12 and pq 1gAs*{6, respectively, where A
denotes the distance between the constellation points. Thus, the constellation diagram
of QAM can approximately provide 10logpg 19{2 SNR gain for the estimation of the
received signal compared to PAM.
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7.18.3 SUMCOMP vs CANNELCOMP, AirComp, and OFDMA

Now, we compare the SumComp coding with three methods: ChannelComp, AirComp,

and OFDMA methods. The functions to compute are the arithmetic mean and geometric

mean in terms of the normalized MSE (NMSE) metric, which is de ned as NMSE :
J.Nf If;  fj14Ns|f;|; where N, denotes the number of Monte Carlo trials, f denotes

the value of the desired function we wish to compute, anf} is the estimated value of
f; for j P rNss.

Figure 7.13a shows the NMSE for computing the arithmetic mean function. We note
that SumComp coding outperforms all the other methods for computing the sum func-
tion even at the low SNR regime (less than 0 dB). Speci cally, for SNR around 5 dB,
SumComp coding shows at least a 15 dB improvement compared to the other meth-
ods. This signi cant improvement in the performance of SumComp coding is mainly
attributed to the power-e cient constellation diagram of QAM compared to PAM. We
note that the apparent similarity in performance between ChannelComp and AirComp
in this gure is noteworthy. This resemblance arises from the speci ¢ characteristics of
the sum function used in these scenarios. In the case of ChannelComp, the scheme em-
ploys the PAM modulation, while AirComp utilizes the analog AM modulation. However,
when the input data for AirComp is discretized, the analog AM modulation e ectively
becomes PAM, thus aligning it with the ChannelComp method.

We repeat this experiment for the geometric mean in Figure 7.13b. We observe
that SumComp coding exhibits superior performance compared to ChannelComp and
AirComp in the high SNR regime. In particular, for SNR greater than 12 dB, SumComp
coding NMSE has superiority over ChannelComp and AirComp, and it keeps increasing
the performance for higher SNR until we observe more than 10 dB improvement at SNRs
around 19 dB. Moreover, ChannelComp and OFDMA work better than the other
methods for the low SNR regime.

Therefore, the results show that SumComp coding performs better in NMSE than
other methods from the literature in computing the arithmetic and geometric mean,
owing to the bene cial intersection of all nodes' constellation points and power-e cient
QAM modulation. Additionally, the results imply that SumComp coding exceeds the
conventional AirComp approach across a broad range of SNR values, exhibiting notable
superiority, particularly in the high SNR regime, compared to both ChannelComp and
AirComp. We note that additional experiments reported in [J6] and [J7] corroborate
these observations.

7.18.4 Optimal Constellation Diagram Performance

1) K 20 nodes with pq;ng P tp4; 4q; p6; 4q; p4; 6qu to illustrate the e ect of the aspect
ratio n{q. 2) K 10 nodes with pg;nqgq P tp4;4q; p6;6qu to highlight the impact of
constellation size. In each case, we compgre the optimized solution;pdq against the
standard equal-distance choice,;d d , 12{prt q 2 2q used in the SumComp
code [J6]. Across a broad SNR range, the optimized design yields lower MSE than
the QAM-style grid. As grows large, all curves converge, since Gaussian distortion
becomes negligible and both optimal solutions coincide. We note that the optimized
constellations overall provide around 4 dB improvement in the MSE over a wide range
of SNR. Finally, when n q 4, the optimized design achieves the best performance of
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Figure 7.14: Monte Carlo evaluation of the MSE for the summation function over 5 10“ independent

trials: (a) K 20; and (b) K 10. Solid curves denote the optimized distance parameters pd ;;d,q

gbtained by Theorem 7.1, whereas dashed curves correspond to the equal-distance choige dl »
12{pr¢ q 2 2qg.

all con gurations, owing to its balanced parameterization.

7.19 Summary

In conclusion, this study identi ed the potential to enhance the ChannelComp coding
procedure by merging communication and computation, but the inherent complexity
poses challenges concerning its broad optimization applicability. To mitigate these chal-
lenges, we introduced the SumComp coding, an innovative and straightforward coding
scheme based on the ring of integers that allows for the implementation of digital modu-
lations. The SumComp coding exhibited remarkable compatibility across several digital
modulations, such as QAM and PAM, to name a few. In addition, we analyzed the
MSE for SumComp coding in the computation of the arithmetic mean function and
established an upper bound on the MAE for various Nomographic functions.

Moreover, we addressed the design of optimal digital modulation constellations for
over-the-air computation over multiple-access channels. Leveraging the SumComp cod-
ing, we formulated a power-constrained optimization problem to minimize the mean
squared error in function computation. The resulting optimality conditions led to a sys-
tem of nonlinear equations whose uniqueness was established via a rigorous geometric
analysis. A closed-form solution based on the generalized Lambert function was derived
in high signal-to-noise ratio regimes, o ering enhanced analytical insight. Furthermore,
the framework was extended to incorporate non-uniform prior distributions and to sup-
port multidimensional modulation schemes. Numerical experiments demonstrate that
the optimized constellations yield superior computational accuracy and robustness com-
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pared to standard modulation schemes, such as QAM.

An important conclusion from this chapter is the demonstrable superiority of Sum-
Comp coding over traditional AirComp methods. The empirical results substantiated
this claim and implied signi cant advancement in digital modulation for AirComp.
Speci cally, for computing arithmetic and geometric mean in numerical results, Sum-
Comp coding shows around 10 dB improvements in normalized MSE for low-noise sce-
narios. The proposed methodology of SumComp coding not only overcomes the com-
putational complexity of the original coding scheme of ChannelComp but also paves
the way for further exploration of digital wireless computation.



CHAPTER 8
Application to Federated Edge Learning

No one can whistle a symphony. It takes an orchestra to play it.

Halford Edward Luccock, (1885-1960)

in sensing and machine learning technologies, has facilitated the easy acquisition of

mobile data for training machine learning models. Despite this, the heterogeneous
and decentralized nature of such data poses a signi cant challenge. This is particularly
evident if one wants to guarantee the optimal performance of models trained locally
on individual devices when applied to data from other devices. One potential solution
is to centralize data from various devices in a cloud repository for collaborative model
training. However, this strategy is often impractical due to substantial communication
costs, data privacy issues, and di erent device hardware speci cations [119].

An alternative approach gaining traction is FL, wherein a central node aggregates
local models from numerous devices to formulate a more re ned global model while
maintaining data privacy by keeping datasets localized on respective devices. In this
scenario, the edge server (ES) oversees the progression of the global model [120], [121].
Devices compute local model updates utilizing their respective data and send them to
the ES, aggregating these updates to enhance the global model. This methodology has
been further developed into FEEL, integrating FL with edge computing to reduce com-
munication overhead by facilitating the transmission of models to an ES for aggregation
into a cohesive model [122].

However, this approach has limitations. As the number of devices engaged in FEEL
increases, or as the dimensions of local gradients expand, the wireless resources at the
network, such as bandwidth and time, may become strained [123]. To mitigate this,
OAC has been proposed [34]. This technique concurrently allocates resources to all users,
utilizing the waveform superposition of wireless signals [J15]. Furthermore, traditionally,
OAC employs precise analog signal precoding to facilitate the computation of specic
functions over the communication channel, such as arithmetic means or weighted sums,
thereby enhancing the e ciency of resource utilization in the wireless channel [7], [18].
However, most previous studies have focused on analog modulations for OAC and FEEL.
Digital modulations would be more favorable due to their widespread use and error-
correction coding capabilities.

Here, we aim to design a new FEEL scheme, where the edge device uses digital mod-
ulation instead of the traditional analog modulation for communication via the OAC
technique. Adopting digital modulation in OAC and retaining the bene ts of the ana-
log approach allows us to move one step towards deploying OAC with current wireless
technologies and to address the FEEL challenges, such as communication costs and data
privacy, without waiting for the (perhaps economically unlikely) reintroduction of analog
communications.

I n recent years, the surge in mobile device utilization, coupled with advancements

129
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8.1 Literature Review

Recent developments in the FEEL framework have led to the exploration of advanced
signal processing techniques, such as beamforming at the ES, equipped with multiple
antennas, which aim to enhance the quality of the estimated signal used in global model
updates. Notably, research has been conducted to maximize the number of devices
participating in each communication round of training through the implementation of
beamforming at the ES [45]. Additionally, innovative nonlinear estimation methods have
been developed to precisely recover the sum of updates transmitted by devices, leveraging
the inherent sparsity of these updates [46], [124]. Recent studies have also addressed time
synchronization errors, with particular emphasis on formulating misaligned OAC into
an atomic norm minimization problem to develop synchronization-free estimators [C4],
[C9], [125]. Moreover, [11], [46], [126], [127], study the FEEL problem over wireless
fading MACs.

As we discussed in the previous chapters, through our results in [J1], [C1], [J6], [C11],
the ChannelComp framework established a digital-native approach for computation
over the MAC. Building on these foundations, in this chapter, we extend the scheme to
digital federated learning, showing how the proposed design enables e cient and reliable
model aggregation while remaining fully compatible with standard digital communication
systems.

8.2 Digital Federated Learning

In this chapter, we propose a novel and general digital framework for FEEL, termed
ChannelCompFed, which leverages OAC over a wireless fading MAC using q-QAM
modulations. The ChannelCompFed methodology is crafted to implement digital
OAC, thereby preserving the spectral e ciency intrinsic to digital systems. A signi cant
feature of ChannelCompFed is that edge devices do not require CSI, which marks a
clear deviation from conventional OAC over wireless fading MACs, where each trans-
mitter adapts its signal to the instantaneous channel state to ensure power alignment at
the ES.

ChannelCompFed strategically integrates multiple antennas at the ES to mitigate
the fading phenomena inherent in wireless channels, thus enhancing its operational ca-
pabilities. ChannelCompFed builds on the concept proposed in Chapter 3, a fully
digital OAC method where constellation points at the receiver are su ciently spaced to
allow the function computation. Moreover, ChannelCompFed adopts SumComp, the
digital coding scheme proposed in Chapter 7, facilitating computations over the MAC
and promoting ultra-low latency communication while retaining the bene ts of digital
modulations. Contrary to the uncoded approaches presented in [126], [127], Chan-
nelCompFed utilizes high-order QAM to amplify the communication rate, thereby
enhancing communication reliability and fostering superior gradient estimation, which
in turn accelerates convergence during the learning process. We highlight that, unlike the
ChannelComp method that designs new modulation diagrams for computing general
functions, ChannelCompFed uses a closed-form coding scheme tailored to high-order
QAM to compute the mean function critical for FEEL.

Furthermore, we establish the theoretical performance of the proposed scheme. We
conduct a meticulous analysis to determine the optimal number of antennas at the ES
necessary to counteract the wireless channel's fading e ectively. We theoretically ana-
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lyze the function computation's MSE for noisy and fading scenarios, considering QAM
modulations of arbitrary order. To complement our theoretical insights, we prove the
convergence of ChannelCompFed, thus providing a theoretical guarantee that veri es
its performance e cacy. We illustrate these theoretical propositions through numerical
experiments designed to evaluate ChannelCompFed's pro ciency using the MNIST
and CIFAR-10 datasets as benchmarks.

The remainder of this chapter is organized as follows. Section 8.3 presents the learning
and communication models for the proposed OAC system. In Section 8.9, we introduce
the ChannelCompFed framework and establish its performance in terms of MSE and
convergence rate for the FL problem. Then, we provide the numerical experiments to
assess the performance of the proposed scheme in Section 8.12, followed by the concluding
remarks in Section 8.13.

8.2.1 Notations

The scalars are represented by lowercase letters, such as x, whereas vectors are denoted
by lowercase boldface letters, x. The transpose of a vector x is indicated by x and

its Hermitian is represented by X'. Given two arbitrary vectors, a and b, the notation

xa; by represents the inner product ta. When referring to a vector x, }x} denotes its

"2 norm. In the context of sets, if S is a set, its cardinality is denoted by |S|. For an

8.3 System Model

In this section, we provide the learning and communication models used in both the
uplink and the downlink.

8.3.1 Learning Model

In the FEEL framework [120], [122], [128], our system model operates within a distributed
learning scenario involving K edge devices together with an ES to train a shared global
model, w, without sharing their private data. In this regard, each device k holds a
distinct local training dataset, labeled as [, where |Dx| is the number of samples in
edge device k. The local loss function used by edge device k is denoted Rpwd,
where w P R' represents the model parameters with size N. In the centralized learning
approach, the ES utilizes the data across all devices, i.e., D : |, Dy, and then
undertakes the training of the global model by minimizing the empirical loss function in
a distributed fashion:
in L 1. D.IL . . . _

w argrwln pwq argrvrvnn ] I<| kIL kpwq argmrpln D] o i pwa;
where Lpwq denotes the global loss function of the model vector w, angpwq is the
empirical loss function calculated for the j-th data sample of the dataset D.

In a bid to ensure privacy, the FL approach has been proposed [122]. In FL, each
device employs its local dataset | for conducting stochastic gradient descent (SGD)
for the minimization of the local loss function Lpwqg. Moreover, let wpmg P R and
g«pmg P R denote the local model parameters and gradient estimation of device k at
the m-th communication round, respectively. Speci cally, in communication round m,
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Figure 8.1: Diagram of federated edge learning where we assume to perform over-the-air computation by
the digital modulation QAM. Here, arrow lines (blue color) show the downlink transmission, where the
ES sends the updated global model in Eq. (8.2) back to the edge device. The red lines show the uplink
phase, where device k transmits the parameters of the trained model with its local data using g-QAM
modulated signal s in Eq. (8.3) to the server ES. Also, K represents the whole encoding procedure in
Section 8.3 that maps elements of the gradients ,gto a q-QAM modulated signal for transmission.

device k computes gomq gradient over its local data set Pas

5

1 S .
9PMA 15T e, M1 PWPMAG: (8.1)
Next, each device's local model updatg,gmq is sent to the ES. On receipt of the gradient,
the ES calculates the global model of the gradient gpmq across all K devices as:

s K
gpmq i 1 9kPmMa: (8.2)

Finally, the ES then updates the current global model by wpm 1g wpmqg gpmq
where represents the learning rate. Afterward, the updated global model is broadcast
back to the edge devices, and the process repeats until a convergence criterion, such as
the maximum number of communication rounds or convergence to a local minimum, has
been reached. We note that in Eq. (8.2), the ES requires only the aggregation of local
estimates gpmg and not individual gradients from each edge device. Therefore, OAC-
based FEEL can be designed so that the per-round communication latency is independent
of the number of edge devices K. This is a bene t of FEEL compared to the traditional
multiplexing methods, such as time multiplexing and frequency multiplexing, in which
the per-round communication latency and bandwidth increase linearly with the number
of edge devices, respectively. The overall learning procedure is depicted in Figure 8.1.

To alleviate the notation, we omit the index m from gpmg and represent the gradient
at each communication round as g because the communication protocol remains constant
across the communication rounds.

8.3.2 Communication Model

We assume that the ES is equipped with Ntransmit/receive antennas, and every edge
device has a single transmit/receive antenna. In each communication round, the edge
device k needs to transmit its gradient g by the g-QAM modulated signal % P C to
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the ES over a broadband MAC. To manage frequency-selective fading and inter-symbol
interference, OFDMA is employed, i.e., fractionating the bandwidth B into N orthogonal
subchannels'.

In particular, to perform a digital transmission, the procedure is the following: ele-
ment n of the gradient vector of edge device kgis quantized into a scalar, §§: Q pdq,
with g possible values for n P rNs, where {0 q is the quantizer and q is the number of
guantization levels. Then, the resultant vector is mapped into the digitally modulated
signal ! using the encoder Ep g, i.e., ¥ E ¢pg{g. To prevent the transmission power
from in uencing the learning rate [130], we normalize and denormalize the modulated
signals, ', using a pre-processing function, y, and a post-processing function, , at
edge device k and the ES, respectively. Speci cally, edge device k rst encod@sinto
Sk using a pre-processing functiony as follows:

Dy |X
st xR (8.3)

where is a normalization factor chosen such that the per-device average transmit power
satis es (8.4), Xk : IX k1 XenS P QY and ¢ rs a;iiisen' S P CY where recall
that D is dataset of device k. For a more realistic approach, we consider that the average
transmission power of every edge device is limited by a prede ned positive valug,.k.
With the given transmitted symbols in Eg. (8.3), we can de ne the power constraints as
follows:

E }sk}? 8P pax; @ k P rKs: (8.4)
Consequently, we have ¥ Er|Dy|?}X «}?s{Pmax, Which means that

¥ max tEr|D « |23 k}2SU{Pnax :

Note that a higher reduces the transmitted power, diminishing the SNR and impairing
performance. However, the exact values of lower bounds are unavailable in practical
scenarios due to the unknown magnitude of gradients beforehand. Consequently, the
lower bounds must be approximated and chosen slightly above the lower bounds to
ensure the power constraint in (8.4) holds.

In the uplink transmission step, all the nodes transmit simultaneoushpover the same
subchannel. Afterwards, the ES receives the summation of all's over the MAC during
one-time slot [C1], i.e.,

y" o :1 hisl z "; nPINs; (8.5)
where y" is physically generated by the superposition of electromagnetic waves in the
wireless channels. Moreover, the n-th element ofthP C\r denotes the channel co-
e cient between node k and the ES at n-th sub-channel and is distributed according

1For the ease of explanation, we assume that the number of orthogonal subchannels, N, equals the
size of the model parameters vector w, i.e., N dimpwqg. However, extension to an arbitrary N humber
is straightforward, and one can divide the number of model parameters into the number of available
communication resources, such as subchannels and time slots, and perform multiple transmissions over
di erent subchannels and time slots [127], [129].

2All nodes and the ES are presumed to achieve perfect synchronization. However, in cases of syn-
chronization imperfections, analog OAC strategies [C4], [C9], can be implemented.
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an encoder, Ep g, and the pre-processing function, '. Then, all edge devices transmit the modulated
signals 4, s5;:::sg over the MAC resulting in the received vector y", which is degraded by the noise
z" and the wireless channel e ects . The received signal by N antennas is y', which undergoes
a receiver beamforming vector, ', at the ES. Then, the resultant signal is passed through the post-
processing function to obtain n-th element of the received vector r, i.e., r". Finally, r " is decoded by
the decoder Qup g to yield the estimated function §'.

to CNpO; 21y, q; the term 2" represents the AWGN, which is distributed according to
CNpO; 2ly,gq. Moreover, dierent entries of H and z" can be correlated while the
vectors are independent and identically distributed (i.i.d.) across ES antennas and sub-
channels of edge devices.

Next, the ES applies the receiver beamforming vector"uP C\r to the received signal
y", and it yields

n

& xu"yy :1 xu";hgsgy xu ";z"y: (8.6)

Now, we need to set the beamforming vector'uto reduce the in uence of the distortion

caused by noise %z and improve the performange of OAC. To this end, following the

blind transceiver design [126], [127], we sef'u El AN, 2, which yields

Kohmz o xh; Y Xoxhp;zy

Sy Kl
r21Nr 2Nr f21Nr

n
) K
kikikk 1 h k1

(8.7)

k1l

Next, let us consider that H and h{; are statistically independent. Then, for a large
number of antennas, N " 1, the signal terms approach to [131]

RPN & (8.8a)

3In case H} and h{, are correlated, the second term corresponds to an interference error that does
not disappear and induces bias error. Let Z,: be the covariance between channels of node k and-k
Regardless of 8., the performance of OAC is degraded proportionally to the ratio of E;k { 2. Suppose
the normalized covariance matrix of the nodes' channel deviates from the identity matrix. In that
case, the error subsequently increases, i.e.Z, : 2 then the expected value of the induces biasg,

increases, whereé, : E;kl;kk i E1Sp{ & for n P rNs. To better capture the statistical behavior of
the error, we need to analyze the random variables in the interference terms. Regardless of the statistical
dependence of p and hy;, [J8, Lemma 3] shows how fast the tails of the random variable in interference
deviate from their expected values.



135 ChannelCompFed: Encoding and Decoding

xhg; hay{N, O; (8.8b)
xhi; z"y{N, O; (8.8¢c)

where 2 is the variance of channel coe cients. Then, by substituting Egs. (8.8) into
Eq. (8.7), we obtain
s K
§" 1 sy; NPrINs: (8.9)
Next, the ES applies the post-processing function of on the received vectdrto de-
normalize it as,
?

rp $q Wig: (8.10)

k1 |Dk|
Finally, the ES uses the decoder D to obtain the global gradient descent direction,
i.e., @ Dprg. This communication architecture is summarized in Figure 8.2. Note
that in (8.9), it is assumed that a large enough N can counteract the e ects of fading
and channel noise. The details and analysis of how many antennas are needed for this
approximation are discussed in Section 8.9.

Remark 8.4. The approximation in (8.9) is a fundamental aspect of our proposed
blind transceiver scheme, which aligns with the principles underlying Massive MIMO
systems [131].

Remark 8.5. The ES needs to estimate the receiver beamforming vector u. However,
estimating the accumulative channel gains from all nodes towards each antenna hinders
the estimation of individual channel gains p. In other words, this approach reduces the
channel estimation overhead, a more noticeable decrease with an increase in the number
of devices K or the number of ES antennas,N Indeed, this ovethead is invariant with
respect to K. Moreover, given that ] CNpO; Zly,q, the sum El hy is zero-mean
complex Gaussian with covariance proportional toy| . Under the chosen normalization,

u" remains zero-mean complex Gaussian with an isotropic covariance matrix whose vari-
ance decreases with N Consequently, for su ciently large N,, i.e., N, " 1, the e ective
receive beamforming tends towards an identity-like direction, which facilitates its estima-

tion.

In the next section, we propose the architecture of the encodeg Bnd decoder D in
detail.

8.6 ChannelCompFed: Encoding and Decoding

The core concept of ChannelCompFed involves integrating ChannelComp with

FEEL to enhance communication e ciency via digital modulation. To this end, we must
design the digital encoders and decoders of the system model to provide a low-latency ag-
gregation for the FEEL problem (diagram depicted in Figure 8.2). This section explains
the necessary coding and decoding schemes for its implementation.
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8.6.1 Encoder and Decoder

This subsection describes how to design the encoder and decoder of ChannelCompFed.
For ease of explanation, we consider the scenario where the number of antennas at ES,
N, is large enough to compensate for the channel e ects, and local datasets are assumed
to have uniform sizes, i.e., || |[D{K for k P rKs. With this consideration, Eq. (8.10)
becomes

1. K
K k1

where and 'y are set to 1{K and the identity, respectively. Note that x; is a dig-
itally modulated signal, and the superposition of several digitally modulated signals
does not necessarily result in valid constellation points. Indeed, the constellation points
of digital modulations may overlap, so we cannot uniquely assign function outputs to
all points [C1]. For example, using Gray code for the QAM modulation leads to an
incomprehensible constellation diagram [J6]. To overcome this limitation, we propose
to use the non-overlapping coding idea of ChannelComp [J1] and the speci ¢ coding
scheme SumComp in [J6].

To encode every value of the gradientigof node k, we use QAM of order g, which
represents the quantization level. Without loss of generality, we let the quantized ele-

n

r Xp; NPINs; (8.11)

Then, we propose the encoderyf g : Z PN C for scalar g P Z as follows
X ,\ 12°
Epgas: g 2 ° 92°

Y
b] 12°
rEgpgas 92 5 (8.12h)

(8.12a)

where b 0:5log, pgq and rgpggsis equivalent to the modulo operation, and rgpgags

is the same as the oor division operation. Then, node k transmitspx rE 4pgas
jrEqpgags P C for n P rNs over the MAC. Conversely, at the receiver, to decode the
average global stochastic gradient, i.e., g, we propose the decodgr. @ PN Z as

2> 1
Dapxq : Rp<pxqq 2° Rp=pxqq 2} 5 (8.13)
where x P C and Rp q is the round up to half function, i.e.,
Rpzq rz 0:5s 0:5: (8.14)

Note that this decoding function works assuming that g is an integer; otherwise, the

and encoding functions [ and E, are identity operators with respect to g, i.e.,

1 s K
Do, EPEq: (8.15)

9 D g Epgq K
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Proof. For the proof, see [J8, Appendix A]. O
By applying Proposition 8.1 on each element of the gradient vector g, we obtain the
guantized version of the global moded : fl ok{K as follows:
1 s K
0 Da , EPeq ¢ (8.16)

Therefore, we can successfully compute the average over the MAC with the aforemen-
tioned coding scheme.

Remark 8.7. The encoding and decoding framework, characterized by equations (8.12)
and (8.13), o ers several advantages over existing schemes. It ensures a unique and
non-overlapping representation of aggregated signals, which is critical for accurate OAC
computation. The scheme is robust to signal distortion and noise, enhancing the reli-
ability of gradient aggregation. It facilitates e cient utilization of the communication
channel, optimizing the bandwidth and energy consumption, i.e., there is no need to use
orthogonal communication resources to avoid destructive overlaps.

Remark 8.8. Note that due to the quantization of the parameter model at edge device
kK, gx, the global model g becomes also quantized with a ner gril o K due to
averaging. In the case of a massive number of devices K " 1, the e ect of quantization
for the global model with jis negligible compared to the local model grid g. As re ected
in Proposition 8.2, the quantization error decreases by a factor of 1{K. As a result,
quantized SGD performs similarly to the vanilla SGD algorithm for a su ciently large
gt This indicates that, unlike the approach in [10], the ChannelCompFed framework

is algorithm agnostic, meaning it does not depend on the choice of the learning algorithm
and can be readily applied to any general distributed learning method.

The proposed coding scheme promotes high-rate communication via OAC employing
high-order QAM modulation, achieving a more e ective constellation diagram than its
analog equivalent. Note that the computational complexity of ChannelCompFed is
almost identical to the analog scheme. Indeed, ChannelCompFed uses the SumComp
coding scheme for the communication scheme, whose complexity is analytically studied
as detailed in [J6]. The next subsection analyzes ChannelCompFed under the pro-
posed coding scheme, covering MSE, the required number of antennas, and convergence
guarantees.

8.9 Theoretical Convergence Analysis

Here, we present the convergence analysis of the FEEL problem using the Channel-
CompFed framework for both the noisy and fading MAC. We divide this section into
two parts; rst, we analyze the MSE on the gradient over the noisy MAC in the following
subsection. Then, we provide a probabilistic upper bound on the gradient estimation
error in the presence of fading as a function of the number of required antennas.

8.9.1 MSE Analysis

To provide the convergence rate of the proposed ChannelCompFed scheme, we need an
upper bound on the MSE of induced errors over the MAC. In Proposition 8.2, we propose
an upper bound for describing the MSE in the AWGN channel where the beamforming
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vectors have fully compensated the fading e ect. In particular, the received signal at the
ES is only contaminated by the channel noise, i.e.,
s K
8" 1 st 2" nPrINs; (8.17)
where the variance of the noise"zs reduced by the number of antennas, i.e..?{N;. In
(8.17), we remove the fading e ect as re ected in (8.5).

Proposition 8.2. Consider a communication network avith K nodes where each de-
vice uses the encoder E to compute the averaging g , gk{K, where gy is the local
gradient of the k-th edge device over the noisy MAC with CNp6lt y,q. Assume gra-
dient values are generated uniformly at random with maximum absolute valug, i.e.,

o Up g; g¢d for n P rNs. Then, the MSE of the computation errors using QAM
modulation of order q 22° (perfect square number), where 2b is the number of bits, is
given by

Er}g g}zsa iWGN 5;q; (818)
where
N g

2 2 c
3Kg?’

N
AWGN - @pl qde; g - (8.19)

in which ¢ is the estimated global gradient received in Eq. (8.16), andis de ned as

?
.o?1 3321 p2° 1g N;
g 2 o 21 5 Q 2. ; (8.20)
and Qp g denotes the Q-function.
Proof. The proof is provided in [J8, Appendix B]. O

Proposition 8.2 shows a trade-o : increasing the modulation order reduces the quan-
tization term S;q but a ects the noise contribution through g . Increasing N reduces
the overall error via the Q-function term.

8.9.2 Number of Antennas for Convergence

We recall that in Section 8.3.2, the received signal at the ES experiences fading while
the ES can cancel the e ects of fading using a large number of antennas. NFrom the
law of large numbers, we know that when NN 8, the interference and the noise terms

in Eq. (8.8) asymptotically vanish. Consequently, the estimated value of the gradiet
approaches the actual value, i.e., g. Therefore, we provide a probabilistic lower bound
for the number of antennas N in the ¢ estimation error. In particular, we prove in
Theorem 8.1 that for large values of Nand with high probability, the estimation error

of ¢ is bounded.
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Theorem 8.1. Consider a communication network with K edge devices and an ES as
the server equipped with Nantennas. Let the complex signallsP CV be the transmitted
signal by the edge device k over the fading channel with coe cient8,land let y" be the
received signal at ES for the n-th sub-channel. Then, the absolute di erence betweén s
and its estimated value, ', as well as the expected value of the di erence, is bounded,
ie.,

8" s "| o ; (8.21)
n n 4K n = o
Erig" s "|s®o ?NTCnp In p6Kqq; (8.22)

r

where ¢ 1{ h{ ; and , is a positive constant, and N ful lls the following lower
bound:

2K 2
N, ¥ 8 QC}; In oK ; (8.23)
with probability no less than 1
Proof. The proof is provided in [J8, Appendix C]. ]

Proposition 8.3. Letg P C N be the global gradient averaged by the ESpe the estimated
gradient of g : K with g Up 4 4g for n P rNs, andg be the quantized
value of g. Then, with probability no less than 1 , the error of the estimated gradient,
@, as well as the MSE o8}, are bounded by scalar2,, i.e.,

g 019 fads (8.24)
Er}g g}zsa fzad S;q; (8-25)
where
N 2 0
2 116 — ™5 2|np6Kq %q; (8.26)
fad Nr(ﬁﬂn
if the number of antennas, N, is greater than
16 2. N K
N, ¥ 20 malNdy, O (8.27)
fadCrznin

where max : max p n, Cmin © MIN , Gy, and g is the order of modulations.

Proof. The proof is provided in [J8, Appendix G]. ]

As re ected in Proposition 8.3, the number of antennas N has an inverse relation
with respect to the variance of error, 74. Contrary to 3Zyen . g dO€S not improve
with the number of edge devices in the network. This is due to the choice of as the
sum of random channel coe cients of K edge devices. Due to the variance of channel
coe cients, 2, the added randomness makes it challenging to concentrate on the mean
because we are averaging over the number of antennas, not the number of edge devices.
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8.9.3 Convergence Analysis

In this subsection, we analyze the convergence of the ChannelCompFed in terms of the
optimality gap for noisy and fading channels. First, we need to present our assumptions
on the loss function and the gradients, which are standard in the literature [10], [15],
[35].

Assumption 1. (Unhiased average local stochastic gradients) The average stochas-
tic gradient vector |, 6xpma{K is an unbiased estimate of the global gradient vector

gpmg, i.e., Er , «pma{Ks gpmg.

Assumption 2. (Smoothness) The gradient of the loss function Lpwq is di erentiable
and Lipschitz continuous with a non-negative constant L on R This means that for
any two vectors w and v, the following inequalities are satis ed and equivalent:

Lowg Lpva xrlpwaw vyle  Shw v} > (8.28)
yLpwq rLpvqg} e L}w v} (8.29)

Assumption 3. (Gradient Divergence) The variance of the local gradient g  at edge
device k with respect to the global gradients g has a bounded variance as

Elgk 9} > @ ; kPrKs: (8.30)

Note that local gradients do not need to be unbiased estimations of global gradients,
and Assumptions 1 and 3 align with scenarios of heterogeneous data distribution where
the aggregate of local gradients remains unbiased.

Assumption 4. (Unbiased quantization) Let us denote the aggregated gradient with
OAC asg g e ¢ where g is the error due to the quantization. Then, the following
upper bound on g is satis ed:

2
. 2. g 2a-
Ereqs O; q- N 7K ¥ Erje ¢}°s; (8.31)
where 4 denotes the maximum value for a gradient element across the whole training
procedure, i.e., ¢: mMax nm |g¢pPMQ].

Finally, using Assumptions 1-4 and the obtained upper bound on the estimated gra-
dient from Theorem 8.1 and Proposition 8.2, we can prove the convergence of the Chan-
nelCompFed scheme for the class of non-convex cost functions as follows.

Proposition 8.4. Consider a learning rate . Moreover, consider that Assumptions 1-
4, Theorem 8.1, and Proposition 8.2 hold. Then, , the proposed distributed training
scheme, termed ChannelCompFed, convergences to a stationary point after performing
T communication rounds, with the following convergence rate
Lowplagg L 5  ,
L L p ch qq ; (832)
Tpl =q .

1

E 5 T F Q
T JOPMA

o

where “. {K with | dened in Eqg. (8.30) and % : Erfjgpmgq @pmag¥s.
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Proof. The proof is provided in [J8, Appendix H]. O

Remark 8.10. Note that 3 is the error of gradient estimation caused by the non-
idealities of the communication channel. For the case of the noisy and fading MAG,
can be upper bounded byi,cy from Eg. (8.19) and 2, from Eq. (8.26), respectively.

Remark 8.11. In practical wireless systems, electromagnetic interference follows heavy-
tailed distributions [59] and [132]. The symmetric -stable distribution can encapsulate
the statistical behavior of such interference. The e ect of such distribution in distributed
learning through OAC has been studied in [133]. Indeed, it can be shown that the conver-
gence trajectory is reduced by the order of Op1{T g, where the parameter is the tail
index. An inversely proportional relationship exists between and the heaviness of the
interference distribution's tail, with a small resulting in a slow convergence rate for the
learning algorithm. However, it is noteworthy that despite the corruption of the aggre-
gated gradient by random channel fading and heavy-tailed interference with potentially
in nite variance, gradient descent model training employing a decreasing learning rate
can converge to the global optimum regardless of the loss function or the algorithm [133].

In the next section, we evaluate the numerical performance of ChannelCompFed
with respect to the impact of the error on the MSE for di erent numbers of antennas
and evaluate the learning performance of the ChannelCompFed scheme for distributed
learning.

8.12 Numerical Experiments

In this section, we initially conduct a numerical examination of the MSE analysis. Sub-
sequently, we assess the e ciency of the digital ChannelCompFed in terms of learning
accuracy and latency over the number of antennas and various modulation orders for
homogeneous and heterogeneous data distribution.

8.12.1 MSE Analysis

First, we analyze the performance of the ES in removing the fading e ects for estimating
the summation value $ ffl sty in Eq. (8.9), which results in the estimation of
gradient ¢ over the fading MAC with K 200 nodes. The transmitted signal by device

k, sg, is generated uniformly at random between 0 and 1, i.e.y s Ur0; 1s for k P rKs
and any sub-channel n P rNs. Then, the channel coe cient is generated randomly with
Normal distribution, i.e., hy CNpO; 2ly,gq with 2 1 for k P rKs, aligning with
standard assumptions in the literature, such as [127]. We also generate the channel's
noise with the same distribution, i.e., CNpO;\, q. We repeat the experiment over 100
Monte Carlo trials.

In Figure 8.3, we show the estimation performance of Eq. (8.9) in terms of the
MSE for di erent numbers of antennas at the ES. We also depict both the proposed
probabilistic upper bound on the value of the error [8 s "| and MSE, from Theorem 8.1,
for comparison with the outage of empirical error values. Furthermore, we show the MSE
of estimating the global gradient over the noisy MAC using ChannelCompFed encoder
and decoders in (8.16) and analytical results from Proposition 8.2 for di erent numbers
of antennas, N. Note that the experiments are done for 100 Monte Carlo trials while
only 10 trials are depicted in Figure 8.3.
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Figure 8.3: Monte Carlo numerical evaluation of the summation function, for 10 trials versus the
analytical results from Theorem 8.1 for  0:01 over di erent numbers of antennas, N ;. The channel
coe cients and channel noise generated by CNpO;nl N, g and CNpO; ;I N, g, respectively, are

2 1. Figure 8.3a shows the empirical MSE of §", analytical upper bound on the error in (8.21), and
expected value in (8.22) from Theorem 8.1, for K 200 edge devices. Figure 8.3b shows the empirical
and analytical upper bound on the MSE of gradient§ from Proposition 8.3, for K 20 edge devices
whose elements of their gradients, g, generated uniformly at random from Ur 2; 2s.

Figure 8.3a shows the empirical MSE, the analytical upper bound of MSE, and the
analytical upper bound on the absolute error [§s "| with the down-side triangle marker,
dashed line, and up-side triangle marker, respectively. Also, the circles in Figure 8.3a
represent the absolute value of the estimation error from a single realization of the Monte
Carlo trial.

Similarly, we show the empirical MSE, the analytical upper bound of MSE, and the
error for the estimated global gradient§ with N 100 and K 20 in Figure 8.3b.

We note that the upper bound on the MSE is well approximated by the true value,
which means it predicts the outage of the empirical error well. Moreover, by increasing
the number of antennas N, the MSE decreases, which is expected due to Theorem 8.1.
This observation is consistent with the theoretical approximation of the MSE in Propo-
sition 8.3.

Finally, we compute the average performance under the quantization gradient and
performance under the true gradient in (8.18). To this end, we generate edge device
gradients g uniformly at random from Ur0; 32s for two cases of K 50 and K 400
edge devices. Then, the gradient's continuous values are quantized by q 256 levels and
transmitted by QAM 64 over the noisy MAC in (8.17). Also, the number of parameters is
settobe N 104. This experiment is repeated by changing the distribution of gradients
to Ur0; 64s to see the e ects of 4 on the quantization error.

Figure 8.4 shows Monte Carlo numerical evaluation of the average gradient esti-
mation in (8.18) with true gradient for 1000 trials versus the analytical results from
Proposition 8.2. As noted by Remark 8.8, by increasing the number of edge devices
K, the quantization error decreases, and ChannelCompFed performs almost equally
to vanilla SGD. Moreover, the computation error is positively related to the maximum
value for a gradient element, and increasing the maximum value of the gradient results
in a higher error. This observation is consistent with the theoretical approximation of
the MSE in Proposition 8.2.
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Figure 8.4: Monte Carlo numerical evaluation of the average gradient estimation in (8.18) with true
gradient, for 100 trials versus the analytical results from Proposition 7.2. Here, we consider q 256
and N 10 4 for two cases of K 50 and K 400 edge devices. The gradients gx generated uniformly
at random from Ur0; 64s and Ur0; 32s.

8.12.2 Federated Edge Learning

We assess the performance of the proposed digital blind FEEL scheme, i.e., edge devices
have no access to the CSI, in terms of the learning accuracy with respect to the test
dataset. We analyze two scenarios: rst, including the impact of the number of anten-
nas on the convergence in both homogeneous and heterogeneous data distributions for
the FEEL; second, to show the level of improvement for various orders of digital modu-
lations. The machine learning task is image classi cation for the MNIST [134] dataset
and CIFAR-10 [135]. We use the ADAM optimizer [136] to train a convolutional neural
network, and the size of the local mini-batch is set to be 128. In the training process,
edge devices run 3 epochs per communication round for T 100 global communication
rounds.

The FEEL network structure follows the communication model presented in Sec-
tion 8.3.2 with K 20 edge devices. The channel coe cients and noise for all sub-
channels are generated according tofhCNpO; 2Iy,qand 22 CNpO; 2ly,q.

For the homogeneous data distribution, the training dataset is randomly distributed
into K disjoint local datasets, each assigned to an edge device. The local datasets consist
of samples with the same labels assigned to each edge device to model heterogeneous
data distributions.

The architecture is designed for image classi cation tasks and comprises two 2D
convolutional layers with 20 and 40 Iters, both utilizing a 7 7 kernel and RelLU
activation. These are followed by 2 2 max-pooling layers. Subsequently, we have a
fully connected layer with 2560 units and ReLU activation. A dropout layer with a rate
of 0:2 is included for regularization. The output layer is fully connected with 10 units
and employs a softmax activation function. The model employs sparse categorical cross-
entropy as the loss function. The total number of parameters is N 5;086;010. Note
that this architecture is used for both datasets, and the only di erence is the size of the
input layer, which is 28 28 for the MNIST and 32 32 for the CIFAR-10 datasets,
respectively.

The performance of the proposed digital scheme is compared to the baseline (error-
free) and blind FEEL scheme proposed in [127]. In the error-free scheme, there is no
noise or fading; therefore, the ES receives perfect copies of the model updates. Moreover,
the analog FEEL scheme follows similar communication in Eq. (8.7) while using analog
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Figure 8.5: Accuracy of the MNIST task as a function of the communication rounds for K 20

edge devices and heterogeneous data distribution across edge devices. Figures 8.5a and 8.5b show the

accuracy of FEEL versus the number of communication rounds for two low variances of the noise, i.e.,
21 and the high variance of the noise, i.e., 2 10, respectively.

amplitude modulation instead of the SumComp in our scheme.

In Figure 8.5, we analyze the impact of the number of antennas on the performance
of the ChannelCompFed for di erent orders of QAM and various levels of noise and
fading. Figure 8.5a shows the test accuracy over the communication rounds for various
numbers of antennas at the ES, N t10; 20; 100u, and QAM orders, q t64;256u. Note
that increasing the number of antennas makes the convergence faster and helps the nal
models to reach higher accuracy, as expected according to Proposition 8.4. Furthermore,
increasing the order of modulations from 64 to 256 improves the learning performance,
resulting in higher model accuracy after the total communication rounds. Figure 8.5b
shows a similar curve for high noise scenarios, now witd 10 and number of antennas
selected from N t10; 100; 800u. Due to the high variance of the channel noise, the ES
needs to employ both a larger number of antennas and a higher order of modulation to
reduce the e ect of fading and noise. This behavior is noticeable because the ES fails to
obtain a good accuracy (at least 60%) for N 10 or q 64. In this case, to compensate
for the e ects of fading and high noise variance, we require employing more antennas
(N, ¥ 800) and QAM with g ¥ 256.

The experiments reveal two distinct ndings. In the rst scenario, for the noise
scenario with variance on the level of the fading channels, ChannelCompFed works
well provided that ES employs either a high number of antennas, (N or high order
modulation . However, for a high noise scenario, with 10 times the variance of the
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Figure 8.6: Comparison of latency reduction in FEEL: This gure illustrates the latency reduction
achieved by ChannelComFed, analog FEEL, and OFDMA in federated learning tasks, considering a
broadband communication setting characterized by a bandwidth of B 1 kHz.

fading channel, there is a necessity for high-order modulations coupled with a substantial
number of antennas. This event is correctly captured by Theorem 8.1 and Proposition 8.3
in terms of scalar g.

Figure 8.6 illustrates the communication latency of ChannelCompFed in compar-
ison to analog and orthogonal communication methods for broadband communication
with a bandwidth of B 1 kHz. The division of the number of model parameters N
by B results in communication rounds taking place across rN{Bs time slots. We employ
the OFDMA technique for orthogonal communication, allocating a sub-channel to each
edge device for model parameter transmission. As expected, both the analog scheme
and ChannelCompFed achieve signi cantly lower latency (10 ° times) compared to
the conventional orthogonal OFDMA approach. Note that latency is computed based
on the rate-distortion function for a fading channel in [107], and the detailed analysis is
provided in [J8, Appendix I].

We observe that our proposed ChannelCompFed scheme enables existing modu-
lation to train the model over the MAC with similar learning performance for di erent
numbers of antennas, while retaining the bene ts of the analog scheme, such as spectral
e ciency and low latency communication.

8.13 Summary

In this chapter, we investigated FEEL over a fading MAC. To alleviate the communica-
tion burden, we considered our novel digital OAC scheme, termed ChannelCompFed,
utilizing QAM modulations. The proposed method is algorithm agnostic and enables an
ultra low-latency communication strategy for e cient FEEL implementation.

Our approach utilizes multiple antennas at the ES to mitigate the detrimental e ects
of fading inherent in wireless channels. Our theoretical analysis rigorously determined
the number of antennas required at the ES to mitigate fading e ects e ectively, shedding
light on key system design considerations.

We extended our study to derive the MSE of our proposed scheme under noisy and
fading MAC conditions. Capitalizing on the obtained MSE expressions, we proved the
convergence rate for a non-convex loss function, o ering insights into the algorithm's
behavior under noisy and fading scenarios.

Our numerical results corroborate the theoretical conclusions concerning MSE and
the convergence properties of the digital FEEL framework. These results demonstrate
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that an enhanced estimation of average local model updates is achievable by augmenting
the antenna number at the ES and employing higher-order QAM, thereby improving
model accuracy by up to 60%.

In conclusion, the ChannelCompFed transforms the fundamental challenge of
FEEL the massive number of participating devices that typically create a communica-
tion bottleneck into a performance advantage. Owing to the proposed quantization and
coding design, the quantization error and channel estimation overhead are substantially
reduced as the number of devices increases, reinforcing the algorithm-agnostic nature of
the method.

Overall, this chapter presented a practical and analytically grounded framework for
realizing FEEL over fading MACs, supported by both rigorous theoretical analysis and
empirical evidence, demonstrating its promise as an e cient and scalable solution for
distributed learning in wireless edge networks.



CHAPTER 9

Conclusion and Future Works

The future belongs to those who believe in the beauty of their dreams.

Eleanor Roosevelt (1884 1962)

Comp, a framework that embeds arbitrary nite-valued functions into the phys-

ical layer of multiple-access channels. The overarching question was whether the
aggregation gains of OAC can be achieved while preserving robustness, error control,
and the compatibility of digital modulation.

We demonstrated that digital superposition can be engineered to compute functions
directly. The thesis began with a simple principle in communication theory, used several
centuries ago attributed to Aeneas Tacticus (4th century BCE) in which messages be-
tween Sicily and Carthage (modern Tunisia) were conveyed by associating water levels
with (possibly complex) messages [137]. The levels by themselves carried no meaning; the
agreed mapping provided semantics. Following this principle, in Chapter 3, we assigned
function outputs to superimposed signals and designed the transmitted constellation
points so that the function can be computed perfectly. We termed this framework Chan-
nelComp, since the channel acted as the computational medium for arbitrary functions.
ChannelComp posed the design as the optimization problem in (1.2), thereby elim-
inating per-node decoding and reducing function-computation error. In essence, while
analog OAC relies on continuous waveform interactions binding computation to chan-
nel physics the digital formulation abstracts this dependency. Computation is instead
governed by an engineered mapping between discrete constellation geometries and func-
tion outcomes, rendering the process programmable, adaptable, and extendable to a
broad class of functions. The proposed scheme also contributes to sustainability in dis-
tributed computing and wireless communication. By jointly optimizing communication
and computation at the physical layer, ChannelComp achieves signi cant improve-
ments in power e ciency and spectral utilization. This reduction in energy expenditure
during model aggregation and data transmission promotes more sustainable operation of
large-scale distributed learning platforms, data centers, and high-performance computing
infrastructures. Consequently, ChannelComp not only advances the theory of digital
OAC but also provides a step toward environmentally responsible and energy-e cient
computing architectures.

After establishing the formulation and the fundamental limits, we generalized the
framework for robustness and scalability. Because performance depended critically on
the computation error function “p ; qthe distance comparing the received and target
values and on the channel-noise distribution, Chapters 4 6 developed noise-aware dis-
tance choices, sampling reductions, and vector extensions that preserved OAC's aggre-
gation bene ts under realistic constraints. Given a channel noise distribution, Chapter 4
replaced the baseline metric with tail-sensitive alternatives that were more e ective in

Q dvancing beyond conventional modulation, this thesis introduced Channel-
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the high-SNR regime. To address complexity from numerous constraints, Chapter 5
proposed a pyramid sampling scheme that traded computational cost for a controlled
increase in computation error. Chapter 6 further extended the method to vector (multi-
function) computation using antenna diversity.

The design nonetheless faced genuine complexity barriers. Some arose intrinsically
from the desired function (degree of freedom); others stemmed from the generality of
the formulation, which per Chapter 3 led to a quadratically constrained quadratic
program. Because the formulation was broad enough to cover arbitrary functions, it also
suggested e ciency gains for speci ¢ desired functions. In other words, a single uni-
versally optimal design across functions appeared unlikely; xing the function often ad-
mitted highly e cient sometimes closed-form solutions. Guided by these arguments,
Chapter 7 narrowed the focus to sum computation, yielding a closed-form encoder and
removing the need to solve a large optimization. We referred to this scheme as Sum-
Comp, an alternative to Gray coding that enabled e cient sum computation over the
MAC. Beyond the closed-form construction, we derived exact expressions for the mean-
square error and mean-absolute error of the SumComp in terms of scaling and modular
parameters, and we optimized these parameters across SNR to obtain a minimum-MSE
design within the proposed constellation class.

Finally, Chapter 8 extended the ChannelComp framework to federated edge learn-
ing by leveraging the closed-form SumComp scheme with standard q-QAM over a fading
MAC. A key insight from this study is that the proposed design converts the primary
challenge of FEEL the large number of participating devices that induce a communi-
cation bottleneck into a performance gain. Through the tailored SumComp coding
and beamforming, both the quantization error and channel estimation overhead dimin-
ish as the number of devices increases, thereby enhancing scalability and reinforcing the
algorithm-agnostic nature of the proposed approach.

Allin all, in contrast to analog systems, where interference is merely tolerated, Chan-
nelComp designs interference. The geometry of the superposed constellation is pur-
posely con gured so that interference contributes constructively to computation. What
traditionally represented distortion becomes an engineered computational mechanism.
Moreover, the adoption of digital modulation harmonizes OAC with existing communi-
cation infrastructures transceivers, synchronization protocols, and error-control mech-
anisms transforming OAC from a laboratory prototype into a deployable component
of practical systems such as Wi-Fi, 5G, and 6G networks.

The broader implication is that communication systems should be function-native.
The design objective shifts from message delivery to function delivery, suggesting a coher-
ent methodology that extends beyond modulation to waveform design, channel coding,
and source coding under task-aware criteria. Because current general-purpose protocols
are not tailored to such objectives, application-speci ¢ designs can deliver clear system-
level gains.

In summary, the thesis redesigns the communications system for computational pur-
poses: it provides a constructive, digital, and scalable pathway for delivering physical-
layer functions as computational platform functions. This perspective advances the
broader applicability of computation-aware networking.
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9.1 Future Works

In this section, we propose some potential topics for future research that the community
may nd interesting and that we wish to pursue. Herein, we compile these directions

and propose a few additional ones that may be of interest. The key points are listed as
follows:

" Randomized Sampling: To reduce the computational burden in Chapter 5, we
proposed a pyramid sampling that trades computational cost for performance. To
further mitigate the exponential combinatorial cost, one may adopt randomized
rather than deterministic sampling. For example, [138] employs random sampling
to obtain polynomial-time solutions for certain NP-hard problems, which appears
to be a promising direction for deeper study.

"~ Criteria for Modulation Design: Throughout the thesis, we proposed several cri-
teria for modulation design. However, the nal optimization in Chapter 4 relies
on multiple approximations, leading to suboptimal solutions. An open problem is
to identify an equivalent, tractable formulation that yields the optimal minimum
MSE solution.

" Optimum g and n: In Chapter 7, we derived the optimal constellation diagram for
computing the sum function, given a modulation with g n constellation points,
the SNR, and the number of nodes K. A remaining question is whether one
can determine the optimal pair pqg;ng for a given SNR that minimizes the error
probability.

A

Analog Coding for Optimal Hybrid Modulations: At the end of Chapter 7, we
extend the digital modulation framework originally de ned over nite input al-
phabets to continuous real-valued inputs, thereby reformulating the problem to
derive an optimal hybrid modulation scheme rather than relying on a single mod-
ulation mode. Using the same methodology, the corresponding optimal hybrid
constellation diagram can be determined.

However, the proposed scheme achieves optimality with respect to a given numer-
ical decomposition in (7.37). Recent analog approaches in the literature [139],
[140] have investigated optimal representations and decompositions of real num-
bers, which could potentially be integrated into the proposed framework. Explor-
ing the connection between these analog methods and their applicability to OAC
represents a compelling direction for future research.

" Design under General Noise Distributions: In Chapter 4, we considered several
families of noise distributions. The next step is to generalize the scheme to broader
classes of distributions with tighter approximations. In this regard, it may be
bene cial to reformulate the design in terms of characteristic functions rather than
probability density functions.

" Multiple Communication Resources: In Chapter 3, we studied a one-shot commu-
nication setting in which all nodes transmit their values once. In [J14], [J16], we
extended the setting in Chapter 3 to multiple communication resources. This ap-
proach can be applied to other chapters, and its performance should be evaluated.
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For instance, in Chapter 4 we adopt a max min criterion; alternatively, one can
examine the maximum and minimum error across time/resources and incorporate
di erent per-slot criteria. Other combinations are also possible.

" Designing Through Neural Networks: ChannelComp method primarily solves
explicit optimization problems. A natural alternative is to leverage neural networks
to learn the design. Stochastic gradient methods are well studied for nonconvex
optimization, and employing them to learn suitable constellation diagrams is a
rational and potentially e ective approach.

~ Joint Constellation and Waveform: Throughout the thesis, waveforms are consid-
ered to be an ideal pulse with no out-of-band leakage or intersymbol interference.
In [141], the authors proposed optimized waveforms for the analog OAC problem.
An interesting problem is studying the joint optimization of the constellation and
waveform for computational problems using digital techniques.

~ Hardware-Impaired Regimes: Modeling nonlinearity, quantization, and phase noise
in the function domain; designing compensation codes; and characterizing per-
formance limits under coarse DAC/ADC resolution are important directions for
robust implementation.

Like light escaping darkness, each insight appears only to reveal the next unanswered question.

ChatGPT 2025
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