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𝑥ref
𝑖 [𝑘|𝑘]

̂𝑥𝑖[𝑘|𝑘]

𝑥𝑖[𝑘]

𝒞𝑖
𝒞𝑖

𝒫𝑖

Figure 10.2: Illustration of consistency constraints (10.13) (at 𝜅 = 𝑘) and (10.14).

tem 𝑖 at time-step 𝑘 as

𝐽 ∗
𝑖 (𝑥𝑖[𝑘]) = min

𝑥̂𝑖[𝑘|𝑘],𝑢̂𝑖[⋅|𝑘]
𝐽𝑖( ̂𝑥𝑖[⋅|𝑘], 𝑢̂𝑖[⋅|𝑘]) (10.15)

where

𝐽𝑖( ̂𝑥𝑖[⋅|𝑘], 𝑢̂𝑖[⋅|𝑘]) =
𝑘+𝑁−1

∑
𝜅=𝑘

𝑙𝑖( ̂𝑥𝑖[𝜅|𝑘], 𝑢̂𝑖[𝜅|𝑘]) + 𝐽𝑓
𝑖 ( ̂𝑥𝑖[𝑘 + 𝑁|𝑘])

𝑙𝑖( ̂𝑥𝑖[𝜅|𝑘], 𝑢̂𝑖[𝜅|𝑘]) = || ̂𝑥𝑖[𝜅|𝑘]−𝜉𝑖||2𝑄𝑖
+||𝑢̂𝑖[𝜅|𝑘]−𝑢𝜉𝑖

||2𝑅𝑖

with stage-cost-function 𝑙𝑖, a positive-definite terminal cost-function 𝐽𝑓
𝑖 , and

positive-definite matrices 𝑄𝑖, 𝑅𝑖. The local optimality criterion (10.15) is sub-
ject to

̂𝑥𝑖[𝑘|𝑘] ∈ 𝑥𝑖[𝑘] ⊕ (−𝒫𝑖) (10.16a)

̂𝑥𝑖[𝜅 + 1|𝑘] = ̂𝑓𝑖( ̂𝑥𝑖[𝜅|𝑘], 𝑢̂𝑖[𝜅|𝑘]) (10.16b)

̂𝑥𝑖[𝜅|𝑘] ∈ 𝑥ref
𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖 (10.16c)

𝑢̂𝑖[𝜅|𝑘] ∈ 𝒰𝑖 (10.16d)

̂𝑥𝑖[𝑘 + 𝑁|𝑘] ∈ 𝒳𝑓
𝑖 (10.16e)

for 𝜅 = 𝑘, … , 𝑘 + 𝑁 − 1 and some terminal set 𝒳𝑓
𝑖 to be further specified

below. We denote those trajectories ̂𝑥𝑖, 𝑢̂𝑖 that minimize (10.15) by ̂𝑥∗
𝑖 [⋅|𝑘] and

𝑢̂∗
𝑖 [⋅|𝑘]. Then, the control law for the 𝑖-th subsystem (10.1), for all 𝑘 ≥ 0, is

given by

𝑢MPC
𝑖 (𝑥𝑖[𝑘]) ∶= 𝑢̂MPC

𝑖 (𝑥𝑖[𝑘])+𝐾𝑖(𝑥𝑖[𝑘], ̂𝑥∗
𝑖 [𝑘|𝑘]) (10.17)
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where 𝑢̂MPC
𝑖 (𝑥𝑖[𝑘]) ∶= 𝑢̂∗

𝑖 [𝑘|𝑘] and 𝐾𝑖 is the auxiliary controller rendering 𝒫𝑖
an RPI set (cf. Assumption 10.2).

We impose the following slightly modified standard assumptions [47] on termi-
nal sets 𝒳𝑓

𝑖 and terminal cost 𝐽𝑓
𝑖 .

Assumption 10.3 (Terminal Constraints). For the terminal sets 𝒳𝑓
𝑖 , the ter-

minal cost function 𝐽𝑓
𝑖 ∶ 𝒳𝑓

𝑖 → ℝ≥0, and some state-feedback controller

𝑘𝑓
𝑖 (𝑥𝑖), 𝑖∈𝒱, we assume:

A10.3.1 for all 𝒳𝑓
𝑖 , 𝑖 ∈ 𝒱,

(i) 𝒳𝑓
𝑖 ⊆ 𝒳𝑖 ⊖ 𝒞𝑖, and

(ii) for all 𝑟 = 1, … , 𝑅𝑖, it holds 𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑗∈𝒩𝑖,𝑟
) ≤ 𝟎

for all 𝑥𝑖 ∈ 𝒳𝑓
𝑖 ⊕ 𝒞𝑖 and for all 𝑥𝑗 ∈ 𝒳𝑓

𝑗 ⊕ 𝒞𝑗,
𝑗 ∈ 𝒩𝑖,𝑟;

(terminal states satisfy uncoupled (i) and coupled state con-
straints (ii) in a 𝒞𝑖-neighborhood)

A10.3.2 𝑘𝑓
𝑖 (𝑥𝑖) ∈ 𝒰𝑖 for all 𝑥𝑖 ∈ 𝒳𝑓

𝑖 ; (input constraint satisfaction)

A10.3.3 ̂𝑓𝑖(𝑥𝑖, 𝑘𝑓
𝑖 (𝑥𝑖)) ∈ 𝒳𝑓

𝑖 for all 𝑥𝑖 ∈ 𝒳𝑓
𝑖 ; (set invariance)

A10.3.4 𝐽𝑓
𝑖 ( ̂𝑓(𝑥𝑖, 𝑘𝑓

𝑖 (𝑥𝑖))) + 𝑙𝑖(𝑥𝑖, 𝑘𝑓
𝑖 (𝑥𝑖)) ≤ 𝐽𝑓

𝑖 (𝑥𝑖) for all 𝑥𝑖 ∈ 𝒳𝑓
𝑖 .

. (terminal cost function is a local Lyapunov function)

10.3.2 Reference Trajectories and Consistency Constraints

The role of the consistency constraints is twofold: on the one hand, consistency
constraints shall ensure the satisfaction of all state constraints (both coupled
and uncoupled) by bounding the predicted nominal state trajectory ̂𝑥𝑖 to the
neighborhood of its reference trajectory 𝑥ref

𝑖 . On the other hand, consistency
constraints shall only restrict the evolution of nominal state trajectories in so
far such that the feasibility of the local optimization problem (10.15)-(10.16) is
preserved. To this end, we assume the following properties of reference trajec-
tories 𝑥ref

𝑖 , 𝑖 ∈ 𝒱, for given consistency constraint sets 𝒞𝑖, 𝑖 ∈ 𝒱.

Assumption 10.4 (Reference Trajectories). For 𝜅 = 𝑘, … , 𝑘+𝑁 −1, 𝑘 ≥ 0,
and reference states 𝑥ref

𝑖 [𝜅|𝑘], 𝑖∈𝒱,

A10.4.1 it holds that

ℎ𝑖(𝑥𝑖) ≤ 𝟎 ∀𝑥𝑖 ∈ 𝑥ref
𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖 (10.18)
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and for all 𝑟 = 1, … , 𝑅𝑖,

𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑗∈𝒩𝑖,𝑟
) ≤ 𝟎 ∀𝑥𝑖 ∈ 𝑥ref

𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖,
∀𝑥𝑗 ∈ 𝑥ref

𝑗 [𝜅|𝑘] ⊕ 𝒞𝑗, 𝑗 ∈ 𝒩𝑖,𝑟;
(10.19)

A10.4.2 and additionally, if 𝑘 > 0, it holds that

̂𝑥∗
𝑖 [𝜅|𝑘 − 1] ∈ 𝑥ref

𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖. (10.20)

The first part of Assumption 10.4 states that consistency constraints imply the
satisfaction of state constraints (10.3). The second part of Assumption 10.4
leads to recursive feasibility. In Section 10.4.2, we propose a method to deter-
mine the reference trajectories that satisfy Assumption 10.4.

At time 𝑘 = 0, we call a set of reference trajectories 𝑥ref
𝑖 [𝜅|0], 𝜅 = 0, … , 𝑁 ,

𝑖 ∈ 𝒱, and the corresponding input trajectories 𝑢ref
𝑖 [𝜅|0], 𝜅 = 0, … , 𝑁 − 1,

initially feasible if

𝑥ref
𝑖 [0|0] = 𝑥0,𝑖

𝑥ref
𝑖 [𝜅 + 1|0] = ̂𝑓𝑖(𝑥ref

𝑖 [𝜅|0], 𝑢ref
𝑖 [𝜅|0])

(10.21a)

ℎ𝑖(𝑥𝑖) ≤ 𝟎 ∀𝑥𝑖 ∈ 𝑥ref
𝑖 [𝜅|0] ⊕ 𝒞𝑖 (10.21b)

𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑗∈𝒩𝑖,𝑟
) ≤ 𝟎 ∀𝑥𝑖 ∈ 𝑥ref

𝑖 [𝜅|0] ⊕ 𝒞𝑖

∀𝑥𝑗 ∈ 𝑥ref
𝑗 [𝜅|0] ⊕ 𝒞𝑗, 𝑗 ∈ 𝒩𝑖,𝑟

∀𝑟 ∈ {1, … , 𝑅𝑖}
(10.21c)

𝑢ref
𝑖 [𝜅|0] ∈ 𝒰𝑖 (10.21d)

𝑥ref
𝑖 [𝑁|0] ∈ 𝒳𝑓

𝑖 (10.21e)

where 𝒳𝑓
𝑖 satisfies Assumption 10.3.

10.3.3 Guarantees of the Distributed MPC Problems

Now,we show that the local optimizationproblems always remain feasible given
that there exist initially feasible trajectories, and that the closed-loop system is
robustly asymptotically stable with respect to 𝜉𝑖, 𝑖 ∈ 𝒱. The dynamics of the
closed-loop system resulting from the application of 𝑢MPC

𝑖 defined in (10.17) are
given as

𝑥𝑖[𝑘 + 1] = 𝑓𝑖(𝑥𝑖[𝑘], 𝑢MPC
𝑖 (𝑥𝑖[𝑘]), 𝑤𝑖[𝑘]), 𝑖 ∈ 𝒱. (10.22)
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Theorem 10.2. Let Assumption 10.2, 10.3 and 10.4 hold, and let there be a
set of initially feasible reference trajectories 𝑥ref

𝑖 [⋅|0], 𝑖 ∈ 𝒱. Then for each
subsystem 𝑖 ∈ 𝒱, the local optimization problems (10.15) subject to (10.16)
are recursively feasible with respect to the closed-loop dynamics (10.22) for
any 𝑤𝑖[𝑘] ∈ 𝒲𝑖. Moreover, the closed-loop dynamics (10.22) are robustly
asymptotically stable with respect to 𝜉𝑖, 𝑖 ∈ 𝒱.

Proof. In a first step, we prove recursive feasibility. Thereafter robust asymp-
totic stability is proven.

Recursive Feasibility: We have to show that there exist feasible solutions to
the local optimization problems (10.15) subject to (10.16) for 𝑘 > 0 given that
there exist initially feasible reference trajectories at 𝑘 = 0. To this end, we
recursively construct candidate trajectories ̂𝑥c

𝑖[𝜅|𝑘] for 𝜅 = 𝑘, … , 𝑘 + 𝑁 and
𝑢̂c

𝑖[𝜅|𝑘] for 𝜅 = 𝑘, … , 𝑘 + 𝑁 − 1 that satisfy constraints (10.16).

Firstly, consider 𝑘=0 and choose candidate trajectories

̂𝑥c
𝑖[𝜅|0] = 𝑥ref

𝑖 [𝜅|0] for 𝜅 = 0, … , 𝑁,
𝑢̂c

𝑖[𝜅|0] = 𝑢ref
𝑖 [𝜅|0] for 𝜅 = 0, … , 𝑁 − 1,

for all 𝑖 ∈ 𝒱, where 𝑥ref
𝑖 [⋅|0] denotes an initially feasible reference trajectory

and 𝑢ref
𝑖 [⋅|0] its corresponding input trajectory which together satisfy (10.21).

Now, we show that ̂𝑥c
𝑖[⋅|0] and 𝑢̂c

𝑖[⋅|0] also satisfy (10.16).
Since 𝑥ref

𝑖 [⋅|0], 𝑢ref
𝑖 [⋅|0] satisfy (10.21a), it holds that

̂𝑥c
𝑖[0|0] = 𝑥ref

𝑖 [0|0] (10.21a)= 𝑥0,𝑖 = 𝑥𝑖[0]

and it follows that (10.16a) and (10.16b) are satisfied by ̂𝑥c
𝑖[⋅|0], 𝑢̂c

𝑖[⋅|0] for all
𝑖∈𝒱. Because ̂𝑥c

𝑖[⋅|0] = 𝑥ref
𝑖 [⋅|0] and 𝒞𝑖 is a closed neighborhood of the origin,

it follows that (10.16c) is also satisfied by ̂𝑥c
𝑖[⋅|0]. The satisfaction of (10.16d)-

(10.16e) trivially follows from (10.21d)-(10.21e). Thereby, we have shown that
there exist feasible solutions to the local optimization problem (10.15)-(10.16)
at 𝑘=0.
In the next step, we show that there exist feasible solutions for 𝑘 > 0 using
induction. Assume that for all 𝑖 ∈ 𝒱 at time-step 𝑘, there exist predicted nom-
inal state and input trajectories, namely ̂𝑥∗

𝑖 [⋅|𝑘] and 𝑢̂∗
𝑖 [⋅|𝑘], that solve (10.15)

subject to constraints (10.16) (induction hypothesis). As we have shown in the
previous paragraph, the induction hypothesis is initially fulfilled at 𝑘 = 0. We
now show that given the induction hypothesis holds, there also exist feasible
candidate trajectories ̂𝑥c

𝑖[⋅|𝑘 + 1], 𝑢̂c
𝑖[⋅|𝑘 + 1] for all 𝑖 ∈ 𝒱 at time 𝑘 + 1 (in-

duction step). Therefore, we construct for time-steps 𝑘 + 1, 𝑘 ≥ 0, and all
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subsystems 𝑖 ∈ 𝒱 candidate trajectories

̂𝑥c
𝑖[𝜅|𝑘+1] =

⎧{
⎨{⎩

̂𝑥∗
𝑖 [𝜅|𝑘] if 𝜅 = 𝑘+1, … , 𝑘+𝑁,
̂𝑓𝑖( ̂𝑥∗

𝑖 [𝑘+𝑁|𝑘], 𝑘𝑓
𝑖 ( ̂𝑥∗

𝑖 [𝑘+𝑁|𝑘]))
if 𝜅 = 𝑘+𝑁 +1,

(10.24a)

𝑢̂c
𝑖[𝜅|𝑘+1] = {𝑢̂∗

𝑖 [𝜅|𝑘] if 𝜅=𝑘+1, … , 𝑘+𝑁−1,
𝑘𝑓

𝑖 ( ̂𝑥∗
𝑖 [𝑘+𝑁|𝑘]) if 𝜅=𝑘+𝑁, (10.24b)

where 𝑘𝑓
𝑖 denotes the auxiliary controller associated with 𝒳𝑓

𝑖 and 𝐽𝑓
𝑖 as spec-

ified in Assumption 10.3. Now, we show that ̂𝑥c
𝑖[⋅|𝑘 + 1] and 𝑢̂c

𝑖[⋅|𝑘 + 1] sat-
isfy (10.16). At first, we obtain for the initial value of ̂𝑥c

𝑖[⋅|𝑘+1]

̂𝑥c
𝑖[𝑘+1|𝑘+1] = ̂𝑥∗

𝑖 [𝑘+1|𝑘] = ̂𝑓𝑖( ̂𝑥∗
𝑖 [𝑘|𝑘], 𝑢̂∗

𝑖 [𝑘|𝑘])
= ̂𝑓𝑖( ̂𝑥∗

𝑖 [𝑘|𝑘], 𝑢̂MPC
𝑖 (𝑥𝑖[𝑘]))

(10.7)= 𝑓𝑖(𝑥𝑖[𝑘], 𝑢MPC
𝑖 (𝑥𝑖[𝑘]), 𝑤𝑖[𝑘])−𝑝𝑖[𝑘+1]

(10.1)= 𝑥𝑖[𝑘+1] − 𝑝𝑖[𝑘+1] ∈ 𝑥𝑖[𝑘+1] ⊕ (−𝒫𝑖)
and (10.16a) is satisfied. As ̂𝑥∗

𝑖 [⋅|𝑘], 𝑢̂∗
𝑖 [⋅|𝑘] satisfy (10.16b) according to the

induction assumption, candidate trajectories (10.24) satisfy (10.16b) as well.
Due to Assumption 10.4.2, the candidate trajectory ̂𝑥c

𝑖[𝜅|𝑘+1] = ̂𝑥∗
𝑖 [𝜅|𝑘+1],

𝜅 = 𝑘, … , 𝑘+𝑁 −1, satisfies (10.16c) for all 𝑖 ∈ 𝒱. Besides, as 𝑢̂c
𝑖[𝜅|𝑘+1] =

𝑢̂∗
𝑖 [𝜅|𝑘], (10.16d) is trivially satisfied for 𝜅 = 𝑘+1, … , 𝑘+𝑁 −1. Moreover,

𝑢̂c
𝑖[𝑘+𝑁|𝑘+1] = 𝑘𝑓

𝑖 ( ̂𝑥∗
𝑖 [𝑘+𝑁|𝑘]) ∈ 𝒰𝑖 holds due to Assumption 10.3.2, which

applies because ̂𝑥∗
𝑖 [𝑘+𝑁|𝑘] ∈ 𝒳𝑓

𝑖 , and the satisfaction of (10.16d) also follows
for 𝜅 = 𝑘+𝑁 . Finally, it follows from Assumption 10.3.3 that

̂𝑥c
𝑖[𝑘+𝑁+1|𝑘+1]= ̂𝑓𝑖( ̂𝑥∗

𝑖 [𝑘+𝑁|𝑘], 𝑘𝑓
𝑖 ( ̂𝑥∗

𝑖 [𝑘+𝑁|𝑘]))∈𝒳𝑓
𝑖 .

Thus, (10.16e) is satisfied as well. Now, as the induction hypothesis is also ini-
tially fulfilled, it inductively follows that for all 𝑘 > 0 there exists a feasible
solution to the optimization problems (10.15)-(10.16), and we conclude recur-
sive feasibility.

Robust asymptotic stability: At first, we define the auxiliary cost function

𝑉𝑖(𝑥𝑖[𝑘]) ∶= min
𝑢̂𝑖[⋅|𝑘]

𝐽𝑖( ̂𝑥𝑖[⋅|𝑘], 𝑢̂𝑖[⋅|𝑘]) (10.25)

subject to ̂𝑥𝑖[𝑘|𝑘] = 𝑥𝑖[𝑘] (which implies (10.16a)) and (10.16b)–(10.16e); 𝐽𝑖 is
the same as in (10.15). Then, it holds

𝐽 ∗
𝑖 (𝑥𝑖[𝑘+1])= min

𝑧∈𝑥𝑖[𝑘+1]⊕(−𝒫𝑖)
𝑉𝑖(𝑧)≤𝑉𝑖( ̂𝑥∗

𝑖 [𝑘+1|𝑘]). (10.26)

255



CHAPTER 10. ROBUST CONSISTENCY CONSTRAINT-BASED DMPC

Note that here ̂𝑥∗
𝑖 [𝑘+1|𝑘] ∈ 𝑥𝑖[𝑘+1]⊕(−𝒫𝑖), and hence the inequality fol-

lows from the suboptimality of ̂𝑥∗
𝑖 [𝑘 + 1|𝑘] with respect to the minimization.

Using this preliminary result, we show in the remainder of the proof that 𝐽 ∗
𝑖 is

a Lyapunov function in terms of [267, Thm. 1].

By the positive definiteness of 𝑄𝑖, 𝑅𝑖, it holds for the stage cost function
𝑙𝑖(𝜉𝑖, 𝑢𝜉𝑖

) = 0 and 𝑙𝑖( ̂𝑥𝑖, 𝑢̂𝑖) > 0 for all ̂𝑥𝑖 ≠ 𝜉𝑖, 𝑢̂𝑖 ≠ 𝑢𝜉𝑖
. Thus, there exists a

class 𝒦 function 𝛼 such that 𝛼(0) = 0 and 0 < 𝛼(𝑑𝐻(𝑥𝑖, 𝜉𝑖 ⊕ 𝒫𝑖)) ≤ 𝐽 ∗
𝑖 (𝑥𝑖)

for all 𝑥𝑖 ∉ 𝜉 ⊕ 𝒫𝑖. This is because

𝐽 ∗
𝑖 (𝑥𝑖) ≥ min

𝑥̂𝑖[𝑘|𝑘]∈𝑥𝑖⊕(−𝒫𝑖)
𝑢̂𝑖[𝑘|𝑘]∈𝒰𝑖

𝑙𝑖( ̂𝑥𝑖[𝑘|𝑘], 𝑢̂𝑖[𝑘|𝑘])

≥ min
𝑥̂𝑖∈𝑥𝑖⊕(−𝒫𝑖)

|| ̂𝑥𝑖 − 𝜉𝑖||𝑄𝑖

≥ √𝜆min(𝑄𝑖) min
𝑥̂𝑖∈𝑥𝑖⊕(−𝒫𝑖)

|| ̂𝑥𝑖 − 𝜉𝑖||

= √𝜆min(𝑄𝑖) 𝑑𝐻(𝑥𝑖, 𝜉𝑖 ⊕ 𝒫𝑖)
and we identify 𝛼(𝑧) = √𝜆min(𝑄𝑖)𝑧, where 𝜆min(𝑄𝑖) denotes the smallest
eigenvalue of 𝑄𝑖. Moreover, for 𝑥𝑖[𝑘] ∈ 𝜉𝑖 ⊕ 𝒫𝑖, the unique optimal solution
to the local optimization problem (10.15)-(10.16) is ̂𝑥∗

𝑖 [𝑘|𝑘] = 𝜉𝑖, ̂𝑥∗
𝑖 [⋅|𝑘] ≡ 𝜉𝑖,

𝑢̂∗
𝑖 [⋅|𝑘] ≡ 𝑢𝜉𝑖

. Therefore, 𝐽 ∗
𝑖 (𝑥𝑖) = 0 for all 𝑥𝑖[𝑘] ∈ 𝜉𝑖 ⊕ 𝒫𝑖. Thus, by the

feasibility of (10.15)-(10.16) as shown in the recursive feasibility proof, there
exists a class 𝒦 function 𝛽 such that 𝐽 ∗

𝑖 (𝑥𝑖) ≤ 𝛽(𝑑𝐻(𝑥𝑖, 𝜉𝑖 ⊕ 𝒫𝑖)).
Next, we investigate the descent on 𝐽 ∗

𝑖 for the closed-loop system. At first, we
observe

𝐽 ∗
𝑖 (𝑥𝑖[𝑘+1])−𝐽 ∗

𝑖 (𝑥𝑖[𝑘])
(10.26)

≤ 𝑉𝑖( ̂𝑥∗
𝑖 [𝑘+1|𝑘])−𝐽 ∗

𝑖 (𝑥𝑖[𝑘])
≤ 𝐽𝑖( ̂𝑥c

𝑖[⋅|𝑘 + 1], 𝑢̂c
𝑖[⋅|𝑘 + 1]) − 𝐽 ∗

𝑖 (𝑥𝑖[𝑘]),
(10.27)

where the latter inequality follows from definition (10.25) and the suboptimal-
ity of the candidate trajectories. From this, we further derive

𝐽𝑖( ̂𝑥c
𝑖[⋅|𝑘 + 1], 𝑢̂c

𝑖[⋅|𝑘 + 1]) − 𝐽 ∗
𝑖 (𝑥𝑖[𝑘])

=
𝑘+𝑁
∑

𝜅=𝑘+1
𝑙𝑖( ̂𝑥c

𝑖[𝜅|𝑘+1], 𝑢̂c
𝑖[𝜅|𝑘+1])+𝐽𝑓

𝑖 ( ̂𝑥c
𝑖[𝑘+𝑁+1|𝑘+1])

−
𝑘+𝑁−1

∑
𝜅=𝑘

𝑙𝑖( ̂𝑥∗
𝑖 [𝜅|𝑘], 𝑢̂∗

𝑖 [𝜅|𝑘]) − 𝐽𝑓
𝑖 ( ̂𝑥∗

𝑖 [𝑘 + 𝑁|𝑘])

(10.24)= 𝑙𝑖( ̂𝑥∗
𝑖[𝑘+𝑁|𝑘], 𝑘𝑓

𝑖 ( ̂𝑥∗
𝑖[𝑘+𝑁|𝑘]))−𝑙𝑖( ̂𝑥∗

𝑖[𝑘|𝑘], 𝑢̂∗
𝑖[𝑘|𝑘])

+𝐽𝑓
𝑖 ( ̂𝑓𝑖( ̂𝑥∗

𝑖[𝑘+𝑁|𝑘], 𝑘𝑓
𝑖 ( ̂𝑥∗

𝑖[𝑘+𝑁|𝑘])))−𝐽𝑓
𝑖 ( ̂𝑥∗

𝑖[𝑘+𝑁|𝑘])
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Ass. 10.3.4
≤ −𝑙𝑖( ̂𝑥∗

𝑖 [𝑘|𝑘], 𝑢̂∗
𝑖 [𝑘|𝑘])

≤ −|| ̂𝑥∗
𝑖 [𝑘|𝑘]−𝜉𝑖||2𝑄𝑖

= −𝛾𝑉𝑖
(|| ̂𝑥∗

𝑖 [𝑘|𝑘]−𝜉𝑖||) (10.28)

where 𝛾𝑉𝑖
is a class 𝒦 function. Note that

|| ̂𝑥∗
𝑖 [𝑘|𝑘]−𝜉𝑖|| = 𝑑𝐻( ̂𝑥∗

𝑖 [𝑘|𝑘]+𝑝𝑖[𝑘|𝑘], 𝜉𝑖+𝑝𝑖[𝑘|𝑘])
≥ 𝑑𝐻( ̂𝑥∗

𝑖 [𝑘|𝑘]+𝑝𝑖[𝑘|𝑘], 𝜉𝑖⊕𝒫𝑖) = 𝑑𝐻(𝑥𝑖[𝑘], 𝜉𝑖⊕𝒫𝑖),
where𝑝𝑖[𝑘|𝑘] = 𝑥𝑖[𝑘]− ̂𝑥∗

𝑖 [𝑘|𝑘] ∈ 𝒫𝑖, which finally yields, togetherwith (10.27)-
(10.28),

𝐽 ∗
𝑖 (𝑥𝑖[𝑘+1])−𝐽 ∗

𝑖 (𝑥𝑖[𝑘])≤−𝛾𝑉𝑖
(𝑑𝐻(𝑥𝑖[𝑘], 𝜉𝑖⊕𝒫𝑖)) < 0

for all 𝑥𝑖[𝑘] ∉ 𝜉𝑖 ⊕ 𝒫𝑖. Thus, by [267, Thm. 1], we have shown that 𝐽 ∗
𝑖 is a

Lyapunov function. We further conclude the asymptotic stability of 𝜉𝑖 ⊕ 𝒫𝑖
under closed-loop dynamics (10.22), and equivalently the robust asymptotic
stability of 𝜉𝑖 for all 𝑖 ∈ 𝒱.

Next, we show that state and input trajectories of the closed-loop system (10.22)
satisfy all constraints.

Proposition 10.3. Let the same premises hold as in Theorem 10.2, i.e., let
Assumption 10.2, 10.3 and 10.4 hold, and let there be a set of initially feasible
reference trajectories 𝑥ref

𝑖∈𝒱[⋅|0]. Then for all 𝑖 ∈ 𝒱, the state trajectory 𝑥𝑖[𝑘],
𝑘 ≥ 0, of the closed-loop system (10.22) and the corresponding input trajec-
tory 𝑢𝑖[𝑘] = 𝑢MPC

𝑖 (𝑥𝑖[𝑘]), 𝑘 ≥ 0, satisfy state constraints (10.3) and input
constraints (10.4).

Proof. From Theorem 10.2, it follows that the local optimization problems are
recursively feasible and hence state and input trajectories 𝑥𝑖[𝑘] and 𝑢𝑖[𝑘] of the
closed-loop dynamics (10.22) are well-defined for 𝑘 ≥ 0. According to (10.17),
the input trajectory is given by

𝑢𝑖[𝑘] = 𝑢MPC
𝑖 (𝑥𝑖[𝑘]) = 𝑢̂∗

𝑖 [𝑘|𝑘] + 𝐾𝑖(𝑥𝑖[𝑘], ̂𝑥∗
𝑖 [𝑘|𝑘]),

where 𝑢̂∗
𝑖 [𝑘|𝑘] is such that (10.16d) holds, and by definition (10.10), we have

𝐾𝑖(⋅, ⋅) ∈ Δ𝒰𝑖. Then, it follows that

𝑢𝑖[𝑘] ∈ 𝒰𝑖 ⊕ Δ𝒰𝑖 = (𝒰𝑖 ⊖ Δ𝒰𝑖) ⊕ Δ𝒰𝑖
Lem. 10.1

⊆ 𝒰𝑖,
and input constraint (10.4) holds. Next, due to consistency constraint (10.16c)
and 𝑝𝑖[𝑘] = 𝑥𝑖[𝑘] − ̂𝑥𝑖[𝑘] ∈ 𝒫𝑖 (cf. (10.9)), it follows that for all 𝑖 ∈ 𝒱

𝑥𝑖[𝑘]= ̂𝑥𝑖[𝑘]+𝑝𝑖[𝑘]∈(𝑥ref
𝑖 [𝑘|𝑘]⊕𝒞𝑖) ⊕ 𝒫𝑖 =𝑥ref

𝑖 [𝑘|𝑘]⊕𝒞𝑖.
Then due to Assumption 10.4, the satisfaction of state constraints (10.3a) and
coupled state constraints (10.3b) follows from (10.18)-(10.19). .
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10.3.4 Discussion

If reference trajectories 𝑥ref
𝑖 and consistency constraint sets 𝒞𝑖 satisfy Assump-

tion 10.4.1, then state constraint satisfaction is implied via consistency con-
straint (10.16d). Therefore, no further state constraints apart from the con-
sistency constraint need to be considered in the local optimization problem
(10.15)-(10.16). Hence, the local optimization problems are subject to fewer
constraints compared to other DMPC schemes allowing for coupled state con-
straints, see [13,244–246].

Additionally, if the consistency constraint sets, namely𝒞𝑖, are chosen to be con-
vex, then the local optimization problems (10.15)-(10.16) may be convex even
if the original state constraints (10.3) are non-convex. In particular, this is the
case if dynamics (10.1) are linear and the input constraint sets 𝒰𝑖 convex; note
that linear dynamics give rise to convex 𝒫𝑖 and 𝒳𝑓

𝑖 . However, even if dynam-
ics (10.1) are nonlinear, the local optimization problems (10.15)-(10.16) approx-
imately constitute a convex problem for sufficiently small 𝒞𝑖. This is because
consistency constraint (10.16c) restricts the optimal solutions to a neighbor-
hood of a reference trajectory in which the system dynamics are approximately
linear.

Moreover, we do not require that reference trajectories 𝑥ref
𝑖∈𝒱[⋅|𝑘] satisfy any dy-

namics (cf. Assumption 10.4) after initialization, i.e., for 𝑘 > 0. This is in con-
trast to otherDMPC approaches employing consistency constraints [13,14,126].
Moreover, we allow that reference trajectories canbeupdated at every time step,
which allows for enhanced performance compared to algorithms with fixed ref-
erence trajectories (see performance comparison Section 10.5.3). We detail the
reference trajectory update in the next section.

10.4 Parallelized DMPC Algorithm

In the previous section, we have formulated local optimization problems for all
subsystems and assumptions that allow for their parallelized evaluation while
ensuring recursive feasibility. While the satisfaction of Assumption 10.1, 10.2,
10.3 needs to be ensured during the initialization, Assumption 10.4 is the only
assumption that needs to be taken into account online. In this section, we detail
the initialization procedure, present a recursive algorithm to update reference
trajectories such that Assumption 10.4 is satisfied, and state the overall DMPC
algorithm.

10.4.1 Initialization

In order to solve the local optimization problems, some parameters need to be
chosenoffline. Therefore, we suggest the following initializationprocedure:
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Step 1 (ProblemFormulation): Formulate the control problem such that neigh-
boring agents have those constraints that couple their states in common (As-
sumption 10.1). This canbe always achievedby adding coupled state constraints
to neighboring subsystems.

Step 2 (RPI sets): For each subsystem 𝑖 ∈ 𝒱, determine an RPI set 𝒫𝑖 and the
corresponding state-feedback controller𝐾𝑖. For each subsystem, the computa-
tions are independent of the other subsystems due to the decoupled dynamics.
Available methods are reviewed in Remark 10.1. The existence of 𝒫𝑖 and 𝐾𝑖,
𝑖 ∈ 𝒱, is assumed in Assumption 10.2.

Step 3 (Terminal constraints, stage cost function, and consistency constraint
set): For each subsystem 𝑖 ∈ 𝒱, choose symmetric positive-definite matrices
𝑄𝑖, 𝑅𝑖 and a stage cost function 𝑙𝑖(𝑥, 𝑢) = ||𝑥−𝜉𝑖||2𝑄𝑖

+||𝑢−𝑢𝜉𝑖
||2𝑅𝑖

. Thereafter,

determine terminal sets𝒳𝑓
𝑖 and corresponding terminal cost functions𝐽𝑓

𝑖 such
that Assumption 10.3 holds. To this end, we first construct auxiliary sets 𝒳𝑓

𝑖 ,𝑖 ∈ 𝒱, that satisfy Assumption 10.3.2-10.3.4. These can be computed indepen-
dently for each subsystem due to the decoupled dynamics. For systems whose
linearization is stabilizable, an approach using the discrete-time algebraic Ric-
cati equation can be chosen. Let

̂𝑓𝑖( ̂𝑥𝑖, 𝑢̂𝑖) = 𝐴𝑖 ̂𝑥𝑖 + 𝐵𝑖𝑢̂𝑖 + ̂𝑓 ′
𝑖 ( ̂𝑥𝑖, 𝑢̂𝑖)

for some matrices 𝐴𝑖, 𝐵𝑖 with respective dimensions and ̂𝑓 ′
𝑖 ∶ ℝ𝑛𝑖 × ℝ𝑚𝑖 →

ℝ𝑛𝑖 . By solving the discrete-time algebraic Riccati equation

𝑃𝑖 =𝐴𝑇
𝑖 𝑃𝑖𝐴𝑖 − (𝐴𝑇

𝑖 𝑃𝑖𝐵𝑖)(𝑅𝑖 + 𝐵𝑇
𝑖 𝑃𝑖𝐵𝑖)−1(𝐵𝑇

𝑖 𝑃𝑖𝐴𝑖) + 𝑄𝑖,
a positive definite matrix 𝑃𝑖 is obtained. Choose

𝑘𝑓
𝑖 (𝑥𝑖) = −(𝑅𝑖 + 𝐵𝑇

𝑖 𝑃𝑖𝐵𝑖)−1𝐵𝑇
𝑖 𝑃𝑖𝐴𝑖𝑥𝑖

and 𝐽𝑓
𝑖 (𝑥𝑖) = 𝜎𝑖𝑥𝑇

𝑖 𝑃𝑖𝑥𝑖 with a scalar 𝜎𝑖 ≥ 0. Then, there exists a suffi-
ciently small scalar ̃𝛾𝑖 ≥ 0 such that Assumption 10.3.2, 10.3.4 hold for all
𝑥𝑖 ∈ 𝒳𝑓

𝑖 = {𝑥|𝐽𝑓
𝑖 (𝑥) ≤ ̃𝛾𝑖} [237, Remark 5.15]. At last, choose 𝒞𝑖 as some

neighborhood of the origin and set 𝒞𝑖 = 𝒞𝑖 ⊕ 𝒫𝑖 (this choice might need to be
refined later). Then select in a centralized way2 𝒳𝑓

𝑖 = {𝑥|𝐽𝑓
𝑖 (𝑥) ≤ 𝛾𝑖} ⊆ 𝒳𝑓

𝑖
with a sufficiently small scalar 𝛾𝑖 ∈ [0, ̃𝛾𝑖] such that the constraints in Assump-
tion 10.3.1 hold for all 𝑖 ∈ 𝒳𝑓

𝑖 and all subsystems 𝑖 ∈ 𝒱. Note that Assump-
tion 10.3.3 is satisfied due to the choice of 𝒳𝑓

𝑖 as a superlevel set of 𝐽𝑓
𝑖 .

2Also a distributed computation of 𝛾𝑖∈𝒱 is possible. For example, each subsystem incre-
mentally increases 𝛾𝑖 and checks at each step constraint satisfaction. For each subsystem, the
largest 𝛾𝑖 is chosen that still satisfies the constraints. Alternatively, distributed iterative opti-
mization algorithms can be considered [268].
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Step 4 (Initially feasible reference trajectories): Determine initially feasible
reference trajectories 𝑥ref

𝑖 [⋅|0], 𝑖 ∈ 𝒱, that satisfy (10.21), e.g. by solving a cen-
tralized optimization problem subject to (10.21). If no such trajectories could
be found, choose a smaller set 𝒞𝑖. As long as 𝒞new

𝑖 ⊂ 𝒞𝑖, the previous design
steps do not need to be repeated.

Note that (10.21b)-(10.21c) can often be simplified. If ℎ𝑖, 𝑐𝑖,𝑟 are linear and
𝒞𝑖∈𝒱 are polytopes, then (10.21b)-(10.21c) can be expressed as linear algebraic
inequalities. Libraries for computations with polytopes are MPT3 (Matlab)
[269], Polyhedra (Julia) [270] and Polytope (Python) [271]. Alternatively, if
ℎ𝑖, 𝑐𝑖,𝑟 are nonlinear but still Lipschitz continuous, then there exist scalars 𝐻𝑖
and 𝐶𝑖,𝑟 such that3

|ℎ𝑖(𝑥′) − ℎ𝑖(𝑥″)| ≤ 𝐻𝑖||𝑥′ − 𝑥″||
|𝑐𝑖,𝑟(𝑦′) − 𝑐𝑖,𝑟(𝑦″)| ≤ 𝐶𝑖,𝑟||𝑦′ − 𝑦″||

where 𝑥′, 𝑥″ ∈ ℝ𝑛𝑖 and 𝑦′, 𝑦″ ∈ ⨉𝑗∈{𝑖}∪𝒩𝑖,𝑟𝑖
ℝ𝑛𝑗 . Define the maximal dis-

tance of any point in some compact set 𝒜 ⊂ ℝ𝑛 to some point 𝑥 ∈ ℝ𝑛 as
𝑑max(𝑥, 𝒜) ∶= sup𝑧∈𝒜 ||𝑥 − 𝑧||. Then, there exist scalars 𝜈ℎ𝑖

∶= 𝑑max(𝟎, 𝒞𝑖)
and 𝜈𝑐𝑖,𝑟

∶= 𝑑max(𝟎, ⨉𝑗∈{𝑖}∪𝒩𝑖,𝑟
𝒞𝑗), and it holds

sup
𝑥∈𝑥ref

𝑖 ⊕𝒞𝑖

|ℎ𝑖(𝑥ref
𝑖 [𝜅|0]) − ℎ𝑖(𝑥)| ≤ 𝐻𝑖𝜈ℎ𝑖

sup
𝑥∈ ⨉

𝑗∈{𝑖}∪𝒩𝑖,𝑟
𝑥ref

𝑗 ⊕𝒞𝑗

|𝑐𝑖,𝑟(𝑥ref
𝑗∈{𝑖}∪𝒩𝑖,𝑟

[𝜅|0])−𝑐𝑖,𝑟(𝑥)|≤𝐶𝑖,𝑟𝜈𝑐𝑖,𝑟
.

Thus, we can replace (10.21b)-(10.21c) by

ℎ𝑖(𝑥ref
𝑖 [𝜅|0])≤−𝐻𝑖𝜈ℎ𝑖

𝑐𝑖,𝑟(𝑥ref
𝑖 [𝜅|0], 𝑥ref

𝑗∈𝒩𝑖,𝑟
[𝜅|0])≤−𝐶𝑖,𝑟𝜈𝑐𝑖,𝑟

.

10.4.2 Online Determination of Reference Trajectories

In Assumption 10.4, general conditions are stated that allow for the parallelized
evaluation of the local optimization problems (10.15) subject to (10.16) while
preserving recursive feasibility (cf. Theorem10.2) and ensuring state constraint
satisfaction (cf. Proposition 10.3). Algorithms that ensure the satisfaction of
Assumption 10.4 are essential to the proposed DMPC scheme. The generality
of Assumption 10.4 allows for various such algorithms. In this section, we pro-
pose such an algorithm that updates a previous reference trajectory for each
subsystem 𝑖 ∈ 𝒱. The algorithm is distributed.

3For simplicity, ℎ𝑖 and 𝑐𝑖,𝑟 are assumed to be scalar. In the case of vectors, subsequent
calculations hold for row-wise evaluation.
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In particular, let each subsystem 𝑖 ∈ 𝒱 be initialized with a set of initially fea-
sible reference trajectories 𝑥ref

𝑖 [⋅|0]. Then for 𝑘 ≥ 0, each subsystem 𝑖 ∈ 𝒱
checks for all 𝜅 ∈ {𝑘 + 1, … , 𝑘 + 𝑁} separately if

ℎ𝑖(𝑥𝑖) ≤ 𝟎 ∀𝑥𝑖 ∈ ̂𝑥∗
𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖 (10.29)

and

𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑗∈𝒩𝑖,𝑟
) ≤ 𝟎 ∀𝑥𝑖 ∈ ̂𝑥∗

𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖,
∀𝑥𝑗 ∈ ( ̂𝑥∗

𝑗[𝜅|𝑘] ⊕ 𝒞𝑗) ∪ (𝑥ref
𝑗 [𝜅|𝑘] ⊕ 𝒞𝑗), 𝑗 ∈ 𝒩𝑖,𝑟

(10.30)

for all 𝑟 = 1, … , 𝑅𝑖.

Remark 10.3. From a practical point of view, (10.29)-(10.30) can be effi-
ciently evaluated analogously to Step 4 in the previous section. Following the
same reasoning, if ℎ𝑖, 𝑐𝑖,𝑟 are linear and 𝒞𝑖∈𝒱 are polytopes, then (10.29)-
(10.30) canbe expressed as linear algebraic inequalities. Alternatively, ifℎ𝑖, 𝑐𝑖,𝑟
are only Lipschitz continuous, then (10.29)-(10.30) can be replaced by

ℎ𝑖( ̂𝑥∗
𝑖 [𝜅|𝑘]) ≤ −𝐻𝑖𝜈ℎ𝑖

𝑐𝑖,𝑟( ̂𝑥∗
𝑖 [𝜅|𝑘], ̂𝑥∗

𝑗∈𝒩𝑖,𝑟
[𝜅|𝑘]) ≤ −𝐶𝑖,𝑟𝜈𝑐𝑖,𝑟

𝑐𝑖,𝑟( ̂𝑥∗
𝑖 [𝜅|𝑘], 𝑥ref

𝑗∈𝒩𝑖,𝑟
[𝜅|𝑘]) ≤ −𝐶𝑖,𝑟𝜈𝑐𝑖,𝑟

where 𝐻𝑖, 𝐶𝑖,𝑟, 𝜈ℎ𝑖
and 𝜈𝑐𝑖,𝑟

are as before. In other cases, the evaluation is

more elaborate. . △
Based on conditions (10.29)-(10.30), the updated reference trajectories are de-
fined for each subsystem 𝑖 ∈ 𝒱 and 𝜅 = 𝑘+1, … , 𝑘+𝑁 −1 as

𝑥ref
𝑖 [𝜅|𝑘+1] ∶={ ̂𝑥∗

𝑖 [𝜅|𝑘] if (10.29)-(10.30) hold for 𝜅,
𝑥ref

𝑖 [𝜅|𝑘] otherwise,
(10.31a)

𝑥ref
𝑖 [𝑘+𝑁|𝑘+1] ∶= ̂𝑥∗

𝑖 [𝑘+𝑁|𝑘]. (10.31b)

Intuitively, each subsystem attempts to change its previous reference state
𝑥ref

𝑖 [𝜅|𝑘] to the predicted state ̂𝑥∗
𝑖 [𝜅|𝑘] for any 𝜅. The reference states, how-

ever, are only changed if no state within a 𝒞𝑖-neighborhood of the predicted
state violates any of the state constraints (10.3) which is checked by conditions
(10.29) and (10.30). In condition (10.30) on the coupled state constraints, both
the predicted states ̂𝑥∗

𝑗∈𝒩𝑖,𝑟
and the previous reference states 𝑥ref

𝑗∈𝒩𝑖,𝑟
of the

neighboring subsystems are considered. This allows for the parallelized compu-
tation of reference trajectories. The reference trajectory update of subsystem 𝑖
for 𝑘 ≥ 0 is summarized in Algorithm 10.1. It guarantees the satisfaction of
Assumption 10.4 as stated by the following proposition.
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Algorithm 10.1 Reference Trajectory Update of Subsystem 𝑖
Input ̂𝑥∗

𝑖 [⋅|𝑘], ̂𝑥∗
𝑗∈𝒩𝑖

[⋅|𝑘], 𝑥ref
𝑖 [⋅|𝑘], 𝑥ref

𝑗∈𝒩𝑖
[⋅|𝑘]

Output 𝑥ref
𝑖 [⋅|𝑘 + 1]

1: for 𝜅 = 𝑘 + 1, … , 𝑘 + 𝑁 − 1 do
2: if (10.29) and (10.30) hold for all 𝑟 = 1, … , 𝑅𝑖 then
3: 𝑥ref

𝑖 [𝜅|𝑘+1] ∶= ̂𝑥∗
𝑖 [𝜅|𝑘];

4: else
5: 𝑥ref

𝑖 [𝜅|𝑘+1] ∶= 𝑥ref
𝑖 [𝜅|𝑘];

6: end if
7: end for
8: 𝑥ref

𝑖 [𝑘 + 𝑁|𝑘+1] ∶= ̂𝑥∗
𝑖 [𝑘 + 𝑁|𝑘];

Proposition 10.4. Let Assumption 10.1 and Assumption 10.3.1 be satisfied,
and let there be a set of initially feasible reference trajectories 𝑥ref

𝑖 [⋅|0], 𝑖 ∈ 𝒱.
Then for all 𝑖 ∈ 𝒱, reference trajectories 𝑥ref

𝑖 [⋅|0] and 𝑥ref
𝑖 [⋅|𝑘], 𝑘 > 0, recur-

sively defined in (10.31), satisfy Assumption 10.4 for all times 𝑘 ≥ 0.

Proof. Satisfaction of Assumption 10.4.1: At first, we show by induction that
𝑥ref

𝑖 [⋅|𝑘] satisfies Assumption 10.4.1 for all 𝑘 ≥ 0. Note that initially feasible
reference trajectories 𝑥ref

𝑖 [⋅|0] satisfy Assumption 10.4.1 for 𝑘=0 by definition.
Next, assuming that 𝑥ref

𝑖 [𝜅|𝑘], 𝜅 = 𝑘, … , 𝑘+𝑁−1, satisfies Assumption 10.4.1,
we show that also 𝑥ref

𝑖 [𝜅|𝑘+1], 𝜅 = 𝑘+1, … , 𝑘+𝑁 , satisfies Assumption 10.4.1.
We split the proof in two parts: at first, we show that 𝑥ref

𝑖 [𝜅|𝑘 +1], 𝜅 = 𝑘 +
1, … , 𝑘+𝑁−1, as defined in (10.31a) satisfies Assumption 10.4.1. Thereafter, we
show that also𝑥ref

𝑖 [𝑘+𝑁|𝑘+1] as defined in (10.31b) satisfies Assumption 10.4.1
for 𝜅 = 𝑘+𝑁 . From this, we can conclude, that 𝑥ref

𝑖 [⋅|𝑘+1] overall satisfies
Assumption 10.4.1 at time 𝑘+1.
Part 1: Consider 𝑥ref

𝑖 [𝜅|𝑘+1], 𝜅 = 𝑘+1, … , 𝑘+𝑁 −1, as defined in (10.31a).
Note that 𝑥ref

𝑖 [𝜅|𝑘+1] ∈ { ̂𝑥∗
𝑖 [𝜅|𝑘], 𝑥ref

𝑖 [𝜅|𝑘]} for all 𝑖 ∈ 𝒱. We consider two
cases:
Case 1: Let conditions (10.29)-(10.30) be satisfied. Then observe that (10.29)
is equivalent to (10.18). Moreover, as for any neighbor 𝑗 ∈ 𝒩𝑖, it holds that
𝑥ref

𝑗 [𝜅|𝑘 + 1] ∈ { ̂𝑥∗
𝑗[𝜅|𝑘], 𝑥ref

𝑗 [𝜅|𝑘]}, (10.30) implies (10.19). We conclude the
satisfaction of Assumption 10.4.1 in case 1.
Case 2: If conditions (10.29)-(10.30) are not satisfied for 𝜅, then 𝑥ref

𝑖 [𝜅|𝑘+1] =
𝑥ref

𝑖 [𝜅|𝑘]. As 𝑥ref
𝑖 [𝜅|𝑘] satisfies (10.18) at time-step 𝑘, it does so at 𝑘+1 since

(10.18) is time-invariant and does not depend on other subsystems. In order to
determine the satisfaction of (10.19), we assume at first that conditions (10.29)-
(10.30) are not satisfied at 𝜅 and any of the neighbors 𝑗 ∈ 𝒩𝑖. Then 𝑥ref

𝑗 [𝜅|𝑘+
1] = 𝑥ref

𝑗 [𝜅|𝑘] for all 𝑗 ∈ 𝒩𝑖, and the satisfaction of (10.19) trivially follows
from the previous time step 𝑘 when 𝑥ref

𝑗 [𝜅|𝑘] satisfies (10.19) by assumption.
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Next, assume that for all 𝑗 ∈ 𝒩𝑖, where𝒩𝑖 ⊆ 𝒩𝑖 is an arbitrary subset of𝒩𝑖,
conditions (10.29)-(10.30) are satisfied. Then, 𝑥ref

𝑗 [𝜅|𝑘+1] = ̂𝑥∗
𝑗[𝜅|𝑘] for all

𝑗 ∈ 𝒩𝑖. Let 𝑟 be any 𝑟 ∈ {1, … , 𝑅𝑖} and consider the coupled state constraint
𝑐𝑖,𝑟. By Assumption 10.1, there exist constraints 𝑐𝑗,𝑟′ , 𝑟′ ∈ {1, … , 𝑅𝑗}, for all
neighbors 𝑗 ∈ 𝒩𝑖,𝑟 of subsystem 𝑖 such that

𝑐𝑗,𝑟′(𝑥𝑗, 𝑥𝑗′∈𝒩𝑗,𝑟′ ) ≡ 𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑖′∈𝒩𝑖,𝑟
). (10.32)

For these 𝑐𝑗,𝑟′ , the satisfaction of (10.30) implies

𝑐𝑗,𝑟′(𝑥𝑗, 𝑥𝑗′∈𝒩𝑗,𝑟′ ) ≤ 𝟎 ∀𝑥𝑗 ∈ 𝑥ref
𝑗 [𝜅|𝑘+1] ⊕ 𝒞𝑗,

∀𝑥𝑗′ ∈ 𝑥ref
𝑗′ [𝜅|𝑘+1] ⊕ 𝒞𝑗′ , 𝑗′ ∈ 𝒩𝑗,𝑟′ .

Due to (10.32) and since 𝑖 ∈ 𝒩𝑗,𝑟′ , we can rewrite the latter equation as

𝑐𝑖,𝑟(𝑥𝑖, 𝑥𝑗∈𝒩𝑖,𝑟
) ≤ 𝟎 ∀𝑥𝑖 ∈ 𝑥ref

𝑖 [𝜅|𝑘+1] ⊕ 𝒞𝑖,
∀𝑥𝑗 ∈ 𝑥ref

𝑗 [𝜅|𝑘+1] ⊕ 𝒞𝑗, 𝑗 ∈ 𝒩𝑖,𝑟,

where𝒩𝑖,𝑟 = (𝒩𝑗,𝑟′∪{𝑗})∖{𝑖}. This is equal to (10.19) at time 𝑘+1. Thus, we
have shown that even in the case that conditions (10.29)-(10.30) are satisfied
for some of the neighbors of subsystem 𝑖, namely 𝑗 ∈ 𝒩𝑖, (10.19) still holds.
Thereby, Assumption 10.4.1 is also satisfied in case 2.

Part 2: Consider𝑥ref
𝑖 [𝜅|𝑘+1] at𝜅=𝑘+𝑁 , where𝑥ref

𝑖 [𝑘+𝑁|𝑘+1] ∶= ̂𝑥∗
𝑖 [𝑘+𝑁|𝑘]

by (10.31b). Since ̂𝑥∗
𝑖 [𝑘+𝑁|𝑘] ∈ 𝒳𝑓

𝑖 according to terminal constraint (10.16e),
the choice 𝑥ref

𝑖 [𝜅|𝑘+1] satisfies Assumption 10.4.1 due to Assumption 10.3.1.

Satisfaction of Assumption 10.4.2: At last, we show the satisfaction of Assump-
tion 10.4.2. To this end, we consider the two cases for 𝑥ref

𝑖 [𝜅|𝑘+1], 𝜅 = 𝑘+
1, … , 𝑘+𝑁 −1, from part 1 again. In case 1, if conditions (10.29)-(10.30) are
satisfied for 𝜅, then 𝑥ref

𝑖 [𝜅|𝑘+1] = ̂𝑥∗
𝑖 [𝜅|𝑘], which trivially implies (10.20). In

case 2, if conditions (10.29)-(10.30) are not satisfied, we have

̂𝑥∗
𝑖 [𝜅|𝑘]

(10.16c)
∈ 𝑥ref

𝑖 [𝜅|𝑘] ⊕ 𝒞𝑖 = 𝑥ref
𝑖 [𝜅|𝑘+1] ⊕ 𝒞𝑖,

which is equivalent to (10.20). For 𝑥ref
𝑖 [𝜅|𝑘 +1] at 𝜅=𝑘+𝑁 , (10.20) is trivially

satisfied. Altogether, we also conclude the satisfaction of Assumption 10.4.2.

Other strategies to update the reference trajectories are also possible; e.g., sets
𝒞𝑖 could be varied in addition.
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Algorithm 10.2 Distributed MPC Algorithm for Subsystem 𝑖
Input 𝜉𝑖, 𝒫𝑖, 𝒞𝑖, 𝐾𝑖, 𝑙𝑖, 𝐽𝑓

𝑖 , 𝒳𝑓
𝑖 , 𝑥ref

𝑖 [⋅|0]
1: 𝑘 ← 0;
2: while 𝑘 ≥ 0 do
3: measure 𝑥𝑖[𝑘];
4: solve (10.15) subject to (10.16);
5: communicate ̂𝑥∗

𝑖 [⋅|𝑘] to all neighbors 𝑗 ∈ 𝒩𝑖;
6: receive ̂𝑥∗

𝑗[⋅|𝑘], 𝑗 ∈ 𝒩𝑖;
7: apply 𝑢MPC

𝑖 as given in (10.17);
8: compute 𝑥ref

𝑖 [⋅|𝑘 + 1] with Algorithm 10.1;
9: communicate ̂𝑥ref

𝑖 [⋅|𝑘 + 1] to all neighbors 𝑗 ∈ 𝒩𝑖;
10: receive ̂𝑥ref

𝑗 [⋅|𝑘 + 1], 𝑗 ∈ 𝒩𝑖;
11: 𝑘 ← 𝑘 + 1;
12: end while

10.4.3 Distributed MPC Algorithm

The distributedMPC algorithm is initialized as detailed in Section 10.4.1. Then,
the distributed MPC algorithms as given in Algorithm 10.2 are executed in par-
allel by all subsystems 𝑖 ∈ 𝒱. Note that Algorithm 10.1 can be replaced by
any other algorithm that ensures the satisfaction of Assumption 10.4 for all
𝑘 ≥ 0.
Remark 10.4 (Iterative version). If Algorithm 10.2 is initialized with subop-
timal initially feasible reference trajectories, then an iterative version of the
proposed DMPC scheme can lead to an improved performance. Therefore, Al-
gorithm 10.2 is modified as follows: After solving local optimization problem
(10.15)-(10.16), a new reference trajectory 𝑥ref,+

𝑖 [𝜅|𝑘], 𝜅 = 𝑘, … , 𝑘+𝑁 −1, is
computed as

𝑥ref,+
𝑖 [𝜅|𝑘] ∶={ ̂𝑥∗

𝑖 [𝜅|𝑘] if (10.29)-(10.30) hold for 𝜅,
𝑥ref

𝑖 [𝜅|𝑘] otherwise.

Then, the local optimization problems are repeatedly solved. Depending on the
available computation time, this procedure can be repeated multiple times, be-
fore applying the last computed control input𝑢MPC

𝑖 [𝑘]. An example is presented
in Section 10.5. . △

Remark 10.5 (Dynamic couplings). The proposed approach is not directly
generalizable to systems with dynamic couplings. Themain challenges are two-
fold. Firstly, a parallelized non-iterative DMPC scheme presumably only yields
approximate asymptotic convergence to a neighborhood of the desired states,
which [126] alleges. Secondly, the heterogeneity in the subsystems’ constraints
hardens the update of the reference trajectories (to circumvent this, [13, 14]
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employ fixed reference trajectories). It is expected that further conditions that
account for this heterogeneity in the case of systems with bounded dynamic
couplings need to be invoked to ensure recursive feasibility. This however is a
non-trivial problem on its own and left for future research. For systems with
bounded dynamic couplings, however, the proposed DMPC scheme can be ex-
tended (though conservatively) along the lines of [272, Sec. 4.6]. . △

10.5 Simulation

In this section, we investigate the performance of the proposed algorithm with
respect to computation time and optimality. To this end, we consider mobile
robots subject to connectivity and collision avoidance constraints, which are of-
ten considered coupled state constraints in the literature [244,273,274].

In particular, we consider the kinematic model of three-wheeled omni-direc-
tional robots. The state of robot 𝑖 is given as 𝐱𝑖 ∶= [𝑥𝑖, 𝑦𝑖, 𝜓𝑖]𝑇 , where 𝑥𝑖, 𝑦𝑖
denote the position coordinates and 𝜓𝑖 the orientation; its position is defined
as 𝐱pos

𝑖 ∶=[𝑥𝑖, 𝑦𝑖]𝑇 . The dynamics of robot 𝑖 are given as

𝐱̇𝑖 = 𝑅(𝜓𝑖) (𝐵𝑇
𝑖 )−1 𝑟𝑖 𝑢𝑖 + 𝑤𝑖, (10.33)

where

𝑅(𝜓𝑖)=[
cos(𝜓𝑖) − sin(𝜓𝑖) 0
sin(𝜓𝑖) cos(𝜓𝑖) 0

0 0 1
], 𝐵𝑖 =[

0 cos(𝜋/6) − cos(𝜋/6)
−1 sin(𝜋/6) sin(𝜋/6)
𝑙𝑖 𝑙𝑖 𝑙𝑖

],

𝑙𝑖 = 0.2 is the radius of the robot body, 𝑟𝑖 = 0.02 the wheel radius, 𝑢𝑖 =
[𝑢𝑖,1, 𝑢𝑖,2, 𝑢𝑖,3]𝑇 the angular velocity of the wheels, and 𝑤𝑖 =
[𝑤𝑖,1, 𝑤𝑖,2, 𝑤𝑖,3]𝑇 ∈ 𝒲𝑖 ⊂ ℝ3 a bounded uniformly distributed disturbance.
The corresponding nominal dynamics are

̇𝐱̂𝑖 = 𝑅( ̂𝜓𝑖) (𝐵𝑇
𝑖 )−1 𝑟𝑖 𝑢̂𝑖, (10.34)

where 𝐱̂𝑖 ∶= [ ̂𝑥𝑖, ̂𝑦𝑖, ̂𝜓𝑖]𝑇 is the nominal state of robot 𝑖 and 𝑢̂𝑖 the nominal
input. The nominal position is defined as 𝐱̂pos

𝑖 ∶=[ ̂𝑥𝑖, ̂𝑦𝑖]𝑇 .

10.5.1 Controller Design

We follow the four initialization steps in Section 10.4.1 as presented next in
great detail. Let us consider three robots 𝒱 = {1, 2, 3} with nonlinear dynam-
ics (10.33), which shall move from an initial formation 𝑥0 to a target forma-
tion 𝜉. All robots 𝑖 ∈ 𝒱 are subject to connectivity constraints

||𝐱pos
𝑖 − 𝐱pos

𝑗 || ≤ 𝑑max, 𝑗 ∈ 𝒩𝑖 ∶= 𝒱 ∖ {𝑖} (10.35)

265



CHAPTER 10. ROBUST CONSISTENCY CONSTRAINT-BASED DMPC

with 𝑑max = 2.9, and input constraints ||𝑢𝑖||∞ ≤ 15, where || ⋅ ||∞ denotes
the maximum norm. It can be easily verified that the coupled state constraints
satisfy Assumption 10.1 by design (step 1). The continuous-time nominal dy-
namics (10.34) are discretized with time-step Δ𝑡 = 1/3 using a 4th-order
Runge-Kutta integration algorithm, where the nominal inputs are applied as
zero-order hold. The control input applied to the robots is

𝑢𝑖(𝑡) = 𝑢̂𝑖(𝑡) + 𝐾𝑖(𝐱𝑖(𝑡), 𝐱̂𝑖(𝑡)) (10.36)

with 𝑢̂𝑖(𝑡) = 𝑢̂MPC
𝑖 (𝐱𝑖[𝑘]), 𝑡 ∈ [𝑘 Δ𝑡, (𝑘+1)Δ𝑡).

Next, we construct RPI sets 𝒫𝑖, 𝑖 ∈ 𝒱 (step 2). To this end, we choose the
continuous-time auxiliary controller 𝐾𝑖 as

𝐾𝑖(𝐱𝑖(𝑡), 𝐱̂𝑖(𝑡)) = 𝐵𝑇
𝑖 𝑅(−𝜓𝑖) Λ𝑖 (𝐱𝑖(𝑡) − 𝐱̂𝑖(𝑡))

= 𝐵𝑇
𝑖 𝑅(−𝜓𝑖) Λ𝑖 𝑝𝑖(𝑡),

(10.37)

where Λ𝑖 ∈ ℝ3×3 is Hurwitz. Substituting (10.37) into (10.36), (10.36) into
(10.33), and computing ̇𝑝𝑖 = 𝐱̇𝑖 − ̇𝐱̂𝑖 yields

̇𝑝𝑖(𝑡) = Λ𝑖𝑝𝑖(𝑡) + 𝑤𝑖(𝑡). (10.38)

We choose Λ𝑖 = −diag(6, 6, 5.5) for all 𝑖 ∈ 𝒱. To numerically compute
the RPI set 𝒫𝑖, we exactly discretize the continuous-time deviation dynamics
(10.38) and obtain

𝑝𝑖[𝑘 + 1] = Λd
𝑖 𝑝𝑖[𝑘] + 𝑤𝑖[𝑘] (10.39)

with Λd
𝑖 = 𝑒Λ𝑖Δ𝑡, and 𝑤𝑖[𝑘] ∈ 𝒲𝑑

𝑖 ∶= ∫Δ𝑡
𝜏=0 𝑒Λ𝑖𝜏𝑑𝜏 𝒲𝑖. We assume that

𝒲𝑑
𝑖 = {𝑤𝑖 | |𝑤𝑖,1| < 0.1, |𝑤𝑖,2| < 0.1, |𝑤𝑖,3| < 𝜋/32}, or equivalently,

𝒲𝑖 = {𝑤𝑖 | |𝑤𝑖,1| < 0.6940, |𝑤𝑖,2| < 0.6940, |𝑤𝑖,3| < 0.6429}. Then, we
can compute 𝒫𝑖 as in [257]. The resulting RPI set 𝒫𝑖 is a box given as 𝒫𝑖 =
{𝑝𝑖 | |𝑝𝑖,1| < ̄𝑝𝑖,1 = 0.1157, |𝑝𝑖,2| < ̄𝑝𝑖,2 = 0.1157, |𝑝𝑖,3| < ̄𝑝𝑖,3 = 0.1169}.
An outer approximation of Δ𝒰𝑖 is computed in accordance with (10.10). Then,
Assumption 10.2 is satisfied. For required set computations, we use the MPT3
toolbox [269] for Matlab and YALMIP [275]. An illustration of 𝒫𝑖, the outer
approximation of Δ𝒰𝑖, the resulting tightened input constraint set 𝒰𝑖 and the
intermediate computation steps is shown in Figure 10.3.

Now, we choose the performancematrices as𝑄1 = diag(100, 100, 100),𝑄2 =
𝑄3 = diag(1, 1, 50),𝑅1 = diag(1, 1, 1),𝑅2 = 𝑅3 = diag(5, 5, 5), and consis-
tency constraint sets 𝒞𝑖 = {𝜁 ∈ ℝ3 | ||[𝜁1, 𝜁2]𝑇 || ≤

√
2 ̄𝑐𝑖} for all 𝑖 ∈ 𝒱 where

̄𝑐𝑖 = 0.125. Matrices 𝑄1 and 𝑅1 are chosen such that subsystem 1 tends faster
to its desired state than the other subsystems. Thereby, subsystem 1 attempts to
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𝜓𝑖

𝑦𝑖 𝑥𝑖
(a) 𝒫𝑖

𝜓𝑖

𝑦𝑖 𝑥𝑖

(b) ⋃𝜓𝑖∈ℝ(𝑅(−𝜓𝑖)Λ𝑖𝒫𝑖), i.e., rota-
tion of Λ𝑖𝒫𝑖 by arbitrary angle (red),
and outer approximation 𝒬𝑖 (dashed)

𝜓𝑖

𝑦𝑖 𝑥𝑖
(c) Outer approximation of Δ𝒰𝑖 ob-
tained as Δ𝒰̄𝑖 ≔ 𝐵𝑇

𝑖 𝒬𝑖

𝑢𝑖,3

𝑢𝑖,2 𝑢𝑖,1
(d) 𝒰𝑖 (dashed) and tightened input
constraint 𝒰𝑖 = 𝒰𝑖 ⊖ Δ𝒰̄𝑖 (red)

Figure 10.3: Illustration of (a) RPI set 𝒫𝑖, and the intermediate steps (b,c) to derive
the tightened input constraint set 𝒰𝑖.

violate the connectivity constraint, which is of interest in the performance anal-
ysis conducted later (Section 10.5.3). The terminal cost functions 𝐽𝑓

𝑖∈𝒱 and ter-

minal sets 𝒳𝑓
𝑖∈𝒱 are computed via the discrete-time algebraic Riccati equation

as outlined in Section 10.4.1, step 3, and Assumption 10.3.2-10.3.4 are satis-
fied. By choosing terminal sets𝒳𝑓

𝑖∈𝒱 sufficiently small, also Assumption 10.3.1
is satisfied.

At last, we determine initially feasible reference trajectories (step 4). Therefore,
observe that 𝑐𝑖𝑗(𝐱𝑖, 𝐱𝑗) = ||𝐱pos

𝑖 − 𝐱pos
𝑗 || − 𝑑max is Lipschitz continuous with

𝐶 = 1 for all 𝑖, 𝑗 ∈ 𝒱. Then following the discussion on Lipschitz continuous
constraints in Section 10.4.1, step 4, we can rewrite (10.21c) for all 𝑖, 𝑗 ∈ 𝒱
more conservatively as

𝑐𝑖𝑗(𝐱̂𝑖, 𝐱̂𝑗) = ||𝐱̂pos
𝑖 − 𝐱̂pos

𝑗 || − 𝑑max ≤ −𝜈𝑐𝑖𝑗
, (10.40)

where 𝜈𝑐𝑖𝑗
= 2(

√
2 ̄𝑐𝑖 + ̄𝑝 pos

𝑖 ) with ̄𝑝 pos
𝑖 ∶= ( ̄𝑝2

𝑖,1+ ̄𝑝2
𝑖,2)0.5 = 0.1636. By solv-

ing an optimization subject to (10.21), we compute initially feasible reference
trajectories 𝑥ref

𝑖 , 𝑖 ∈ 𝒱, where (10.21c) is implemented as (10.40). To conclude
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the controller design, we implement the local optimization problems (10.15)-
(10.16), where consistency constraint (10.16c) is implemented as a box con-
straint using the inner approximation𝒞𝑖 = {𝑥 ∈ ℝ3 | ||[𝑥1, 𝑥2]||∞ ≤ ̄𝑐𝑖} of𝒞𝑖.
Reference trajectories are updated at every time-step by Algorithm 10.1, which
ensures the satisfaction of Assumption 10.4 (cf. Proposition 10.4). Thereby,
the satisfaction of all assumptions is ensured by the controller design.

10.5.2 Simulation Results

The threemobile robots start in the initial formation𝐱0,1 = [−1, 0, 0]𝑇 ,𝐱0,2 =
[−3, 1, 7𝜋/4]𝑇 , 𝐱0,3 = [−3, −1, 𝜋/4]𝑇 , and move to the target formation
𝜉1 = [𝜉11, 0, 𝜋]𝑇 , 𝜉2 = [1, −1, 𝜋/4]𝑇 , 𝜉3 = [1, 1, 7𝜋/4]𝑇 , where
𝜉11 ∈ {1.5, 2.0, 2.5, 3.0}. Observe that for increasing 𝜉11, the inter-robot
distances in the target formation increase. The prediction time is chosen as
𝑇 = 12𝑠 and the prediction horizon as 𝑁 = 36.
For 𝜉11 = 2.5, the resulting trajectories are depicted inFigure 10.4. Figure 10.4a
shows how the actual state trajectories 𝐱𝑖[𝑘] oscillate around the nominal tra-
jectories 𝐱̂𝑖[𝑘|𝑘] due to the disturbances. For comparison, Figure 10.4b shows
the state trajectories in the absence of disturbances; for a detailed discussion
of this case, we refer to the previous chapter. Figure 10.5 shows that the actual
inter-robot distances satisfy the coupled state constraint (10.35).

10.5.3 Performance Analysis

In order to evaluate the performance of the proposed algorithm with respect to
computation time and actual cost, we compare it with two other robust DMPC
algorithms: (1) Algorithm 10.2 with fixed reference trajectories

𝑥ref
𝑖 [𝜅|𝑘 + 1] ∶= ̂𝑥𝑖[𝜅|𝑘] for 𝜅 = 𝑘 + 1, … , 𝑘 + 𝑁.

This choice of reference trajectories corresponds to the choice in [13]. (2) Se-
quential DMPC [244], which is based on [250, Sec. 2] and [245]. The DMPC
controllers are implemented using Casadi [193], Ipopt andMatlab; simulations
are performed on an Intel Core i5-10310U, 16GB RAM.

The simulation results for the relative actual costs and computational times are
summarized in Tables 10.1 and 10.2. For robot 𝑖, the actual cost is computed
over the simulated time interval as

𝐽𝑎
𝑖 =

𝑇sim

∑
𝜅=0

||𝐱̂𝑖[𝜅] − 𝜉𝑖||2𝑄𝑖
+ ||𝑢̂𝑖[𝜅] − 𝑢𝜉𝑖

||2𝑅𝑖

where 𝑇sim = 200; the 𝑖-th entry in each field of Table 10.1 is the actual cost 𝐽𝑎
𝑖

normedwith the actual cost 𝐽𝑎
𝑖 of the proposedDMPC. The presented numbers

are the average from 100 simulations.
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(a) Trajectories of the disturbed system with 𝑤𝑖 ∈ 𝒲𝑖. The
black dashed line denotes 𝐱̂𝑖[𝑘|𝑘], the colored dotted lines the
actual trajectories.
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(b) Trajectories of the undisturbed system, i.e., 𝑤𝑖 ≡ 0. The
markers denote the robots’ orientation. Nominal and actual tra-
jectories coincide.

Figure 10.4: Trajectories of robots for 𝜉11 = 2.5.
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time 𝑘
Figure 10.5: Actual inter-robot distance 𝑑𝑖𝑗 = ||𝐱̂pos

𝑖 − 𝐱̂pos
𝑗 || for 𝜉11 = 3.0. The

black line denotes 𝑑max = 2.9.
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(a) 𝜉11 = 1.5
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(b) 𝜉11 = 2.0
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(c) 𝜉11 = 2.5
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(d) 𝜉11 = 3.0

Figure 10.6: Nominal inter-robot distances. Distance ̂𝑑𝑖𝑗[𝑘|𝑘] = ||𝐱̂pos
𝑖 [𝑘|𝑘] −

𝐱̂pos
𝑗 [𝑘|𝑘]|| denotes the nominal distance between robot 𝑖 and 𝑗; the dashed line in-

dicates 𝑑max − 𝜈𝑐𝑖𝑗 .

𝝃𝟏𝟏 Proposed DMPC DMPC with fixed
reference

Sequential
DMPC [244]

1.5 1.00, 1.00, 1.00 0.93, 1.45, 1.45 1.91, 0.93, 0.94
2.0 1.00, 1.00, 1.00 1.02, 1.41, 1.37 1.75, 0.91, 0.90
2.5 1.00, 1.00, 1.00 1.07, 1.12, 1.14 1.37, 0.70, 0.72
3.0 1.00, 1.00, 1.00 1.07, 1.00, 1.02 1.04, 0.61, 0.63

Table 10.1: Relative actual costs for subsystems 1, 2 and 3.

𝝃𝟏𝟏 Proposed DMPC DMPC with fixed
reference

Sequential
DMPC [244]

1.5 0.0261 0.0255 0.1116
2.0 0.0267 0.0266 0.1155
2.5 0.0254 0.0253 0.1106
3.0 0.0265 0.0262 0.1157

Table 10.2: Average computational times for calculating the control inputs in sec-
onds.
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In Figure 10.6, the nominal inter-robot distances ̂𝑑𝑖𝑗 = ||𝐱̂pos
𝑖 − 𝐱̂pos

𝑗 || are
depicted for various 𝜉11. For the pair (𝐱̂pos

𝑖 , 𝐱̂pos
𝑗 ), (10.40) can be rewritten

as

̂𝑑𝑖𝑗 − 𝑑max ≤ −𝜈𝑐𝑖𝑗
, (10.41)

which is a condition on thenominal inter-robot distance. Intuitively, thismeans
that if the graph of ̂𝑑𝑖𝑗 exceeds the dashed line in Figure 10.6, then (10.41) is
violated. As a consequence, the reference state at the respective time is not
changed in order to prevent a potential violation of the coupled state constraints
(cf. Section 10.4.2).

This observation can be related to the relative actual costs in Table 10.1. The
closer the nominal distance gets to the dashed line or even exceeds it, the closer
is the performance of the proposed DMPC to that of the DMPC with fixed refer-
ence (cf. 𝜉11 = 3.0). However, if ̂𝑑𝑖𝑗 does not exceed the dashed line, the per-
formance of the proposed DMPC scheme is significantly improved compared
to that of the DMPCwith fixed reference, where the relative costs are up to 45%
higher (cf. 𝜉11 = 1.5, 2.0). Compared to sequential DMPC, the performance
of the proposed DMPC scheme also tends to be better in these cases. This indi-
cates that the parallelized evaluation of the local optimization problems can be
beneficial over a sequential one despite the need of a consistency constraint. In
particular, the proposed DMPC computes the control inputs more than 4 times
faster (Table 10.2) than sequential DMPC. This is due to the parallel evaluation
of the local optimization problems in the proposedDMPCand the reducednum-
ber of constraints. This ratio further improves in favor of the proposed DMPC
if more subsystems are added.

10.5.4 Collision Avoidance Constraints

Instead of (10.35), we now consider the collision avoidance constraint

||𝐱pos
𝑖 − 𝐱pos

𝑗 || ≥ 𝑑min, 𝑗 ∈ 𝒩𝑖 ∶= 𝒱 ∖ {𝑖}, (10.42)

where 𝑑min = 0.5. Therefore, we replace (10.40) by

𝑐𝑖𝑗(𝐱𝑖, 𝐱𝑗) = 𝑑min − ||𝐱pos
𝑖 − 𝐱pos

𝑗 || ≤ −𝜈𝑐𝑖𝑗
. (10.43)

We consider four mobile robots governed by (10.33) as before. The initial for-
mation is 𝑥0,1 = [0, 2, −𝜋/2]𝑇 , 𝑥0,2 = [−2, 0, 0]𝑇 , 𝑥0,3 = [0, −2, 𝜋/2]𝑇 ,
𝑥0,4 = [2, 0, 𝜋]𝑇 ; the target formation is 𝜉1 = [0, −2, −3𝜋/2]𝑇 , 𝜉2 =
[2, 0, −𝜋]𝑇 , 𝜉3 = [0, 2, −𝜋/2]𝑇 , 𝜉4 = [−2, 0, 0]𝑇 . Everything else remains un-
changed. We initialize the DMPC algorithms with reference trajectories, where
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Figure 10.7: Formation control problemwith collision avoidance constraints. Robots
1, 2, 3, 4 are denoted by blue, green, red, violet.

iterations Robot 1 Robot 2 Robot 3 Robot 4
Fixed ref. 5.2028 5.1523 5.1659 5.1530

1 2.4460 2.4502 2.4832 2.4474
4 1.7965 1.7948 1.7609 1.7633
6 1.4752 1.4779 1.5088 1.5011

Table 10.3: Actual cost𝐽𝑎
𝑖 (×104) in dependence of the number of iterations, average

of 100 simulations. Obtained for 𝑇sim = 100.
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the robots move clockwise to their target states on the opposite side of the for-
mation as depicted in Figure 10.7a. Because it is generally difficult to determine
optimal initially feasible reference trajectories in the presence of concave con-
straints, it can be beneficial to employ the iterative DMPC scheme as outlined
in Remark 10.4. As it can be seen from Table 10.3, the actual cost 𝐽𝑎

𝑖 reduces
with an increasing number of iterations. Figure 10.7 illustrates how the state
trajectories of the closed-loop system improve with an increasing number of
iterations. Observe that even though constraint (10.42) is non-convex, the lo-
cal optimization problems in our proposed approach are only subject to convex
state constraints. That is because the satisfaction of all state constraints is en-
sured by the consistency constraint, which is convex by choice.

10.6 Conclusion

We presented a robust DMPC algorithm that allows for the parallel evaluation
of the local optimization problems in the presence of coupled state constraints
and disturbances while it admits to alter and improve already established ref-
erence trajectories. For the case of dynamically decoupled systems subject to
coupled constraints, we thereby provide a novel DMPC scheme that allows for
a faster distributed control input computation compared to sequential DMPC
schemes. Theoretical guarantees on recursive feasibility and robust asymptotic
convergence are provided. Moreover, we briefly commented on an iterative ex-
tension of the algorithm. In the end, we demonstrated the algorithm’s applica-
bility and compared its performance to other DMPC algorithms.
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11 Conclusion and Future Research

We spanned in the thesis a broad range of topics reaching from the reactive han-
dling of time-varying constraints and CBF synthesis over spatio-temporal logic
and coordination to parallelized distributedMPC. All of these topics are related
to constrained control and employ forward invariant sets for the satisfaction of
time-varying constraints or coordination.

In this section, we summarize the results of the thesis, draw a conclusion and
suggest future research directions.

11.1 Summary and Conclusion

In the first part of the thesis, we developed a CBF-based framework for the
reactive handling of a broad class of time-varying constraints by decoupling the
design of time-varying CBFs into two parts. The first part is the construction of
a time-invariant value function — a specific type of CBF, termed shiftable CBF
— which, despite its time invariance, captures the system’s ability to react to
changes in the constraints. The second part is the design of a time-dependent
transformation that adapts this value function to the evolving constraints. This
separation allows time variations to be incorporated without redesigning the
underlying CBF encoding the state-constraint.

We initially focused on transformations corresponding to uniform shifts of the
time-invariant CBF. We then showed that this decoupled design approach ex-
tends to more general transformations for equivariant systems, where the ad-
missible time-varying transformations are closely tied to the symmetries under
which the systemdynamics are equivariant. This decoupling enables the CBF to
be designed independently of any specific time variation. As a consequence, the
resulting CBFs becomemore reactive and are able to adapt online to time varia-
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tions in the constraints in an ad hocmanner. This capability is especially benefi-
cial for systems operating in environments with obstacles that evolve over time
in an a priori unknown way. Once computed, a shiftable CBF can be reused
across a wide range of scenarios without the need for recomputation.

Moreover, we introduced a method for computing shiftable CBFs, which form
the foundation of the decoupled CBF design approach. Even though a small
number of methods already exist that allow for the computation of such CBFs,
our method allows to explicitly specify the required time-varying capability as
a design parameter. In addition, the approach is indifferent of the constraint
order and admits the computation of the CBF values in particular points with-
out without requiring computation over the entire state space. This feature is
particularly advantageous for leveraging equivariances in CBF construction. As
we showed, for equivariant systems the CBF can be inferred from its values on a
subset of the domain. Furthermore, we showed that additional CBFs encoding
new constraints can be even derived from already known and partially known
CBFs. This result establishes that a system’s dynamic capabilities, character-
ized with respect to a given constraint, can under suitable conditions be gen-
eralized and transferred to other constraint specifications. Consequently, the
computational effort required to derive CBFs for equivariant systems is sub-
stantially reduced, enabling the reuse of previously computed CBFs. An impor-
tant class of systems, where this is especially relevant, constitute vehicles and
mobile robots operating in dynamically changing and incrementally explored
environments, where the ability to compute and adapt CBFs online is essen-
tial.

Throughout the first part of the thesis, we considered nonsmooth CBFs defined
in the Dini sense. As argued, restricting attention to smooth CBFs can be overly
conservative when enforcing nonsmooth constraints (such as box constraints
for a single integrator) and, in some cases, smooth CBFs do not exist at all,
as is also the case for CLFs. Defining nonsmooth CBFs via Dini derivatives
rather than generalized gradients avoids Filippov solutions, reducing conserva-
tiveness in the analysis. Our Dini-based definition parallels the notion of CLFs
in the Dini sense, and its advantages become particularly apparent in the sec-
ond part of the thesis, where spatio-temporal logic constraints were encoded
using time-varying CBFs.

Following this, we developed in the second part of the thesis a systematic frame-
work for handling high-level control tasks in terms of spatio-temporal logic
specifications through CBF-based set-invariance controllers. By decomposing
the specification into a tree structure and applying a set of CBF construction
rules, we obtained a CBF tree representing a nonsmooth CBF in the Dini sense.
Our method explicitly allows for specifications including disjunctions, which
have been excluded in earlier works addressing a similar problem. We over-
came this limitation by employing CBFs in the Dini sense, which avoid the
problem of vanishing gradients encountered in approaches using a smoothed
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maximum-operator, or nonsmooth approaches based on themore conservative
generalized gradients. We also presented a practical method to evaluate Dini
derivatives in a quadratic program without resorting to numerical approxima-
tion.

With the third part of the thesis, we turned towards distributed systems. In
particular, we investigated the compositional design of state-coupled CBFs for
coordination as part of a case study on vehicle coordination. In the considered
decentralized controller, vehicles coordinate themselves implicitly via their ac-
tions and by adjusting their individual constraints. Simulation results demon-
strate that this approach enables effective decentralized coordination within
multi-agent systems. Extending this to a general design framework remains a
topic for future work. Since the continuously adjusted constraints effectively
act as time-varying constraints, the results from the first part of the thesis pro-
vide a solid foundation for such a generalization.

In the last part of the thesis, we proposed aparallelized distributedMPC scheme
for distributed systems subject to coupled state constraints. A key challenge
was maintaining consistency of the coupled constraints while evaluating local
MPC problems in parallel. We addressed this by introducing consistency con-
straints that bound each subsystem’s optimal state trajectory within a neigh-
borhood of its reference trajectory, both of which are known to neighboring
subsystems, making each subsystem’s behavior predictable. Unlike other ap-
proaches, our method updates the reference trajectory at every time step, im-
proving performance. Compared to sequential DMPC, it achieves significantly
faster computation times, largely independent of network connectivity and the
total number of subsystems, while also outperforming DMPC methods with
fixed reference trajectories and, in some cases, even sequential DMPC. Over-
all, the proposed scheme provides a computationally efficient and performant
alternative to sequential DMPC.

11.2 Future Research Directions

The first part of the thesis established a foundation for the compositional de-
sign of time-varying CBFs and for online CBF computation in equivariant sys-
tems. The second and third part developed two frameworks, where such com-
positional designmethodology is advantageous, and which suggest further gen-
eralization. The fourth part introduced a parallelized DMPC scheme that opens
additional directions beyond the CBF-based setting. Taken together, these con-
tributions suggest several promising directions for extension and integration,
which we outline in the sequel.
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Assume–Guarantee Reasoning for Compositional CBF Design

The controller design framework developed in Part I is naturally suited for in-
tegration with assume–guarantee contracts [122, 125]. Within such contracts,
each subsystem provides guarantees to its neighboring subsystems under spe-
cific assumptions, which are in turn ensured by those neighbors, leading to a
compositional reasoning structure. These guarantees can be practically pro-
vided through the satisfaction of time-varying constraints, which aligns exactly
with the control problem addressed by the decoupled CBF design framework
introduced in Part I of the thesis. In this way, our framework could extend
assume-guarantee reasoning to systems subject to input constraints or other-
wise degraded controllability properties. Similarly, the decentralized coordi-
nation approach based on state-coupled CBFs developed in Part III could be
formally generalized beyond the specific coordination task studied, providing
a systematic controller design for a broader class of multi-agent coordination
problems.

Extending CBF-Based STL Control with High-Level Planning

Our framework proposed in Part II for encoding STL specifications into CBFs
enables the direct handling of complex high-level tasks without relying on tra-
jectory planning or abstractions of the system dynamics as a transition system.
By operating directly at the control level, the approach preserves the degrees
of freedom from the task specification in contrast to trajectory planning and
avoids the combinatorial complexity associated with the search over abstracted
state spaces.

A natural direction for future work is to integrate our control framework with
high-level planning architectures, for instance those based on automata. In
such hierarchical setting, the proposed CBF-based approach could handle large
fragments of STL specifications, without requiring computational expensive
predictions, while a high-level planner resolves discrete decisions in specifica-
tions, where certain choices may lead to infeasibility. This combination would
complement the task handling directly on the control level with computation-
ally more expensive planning operations, extending the applicability of our
framework to handling an even broader class of spatio-temporal logic specifica-
tions. This would include the development of a task decomposition algorithm,
identifying those tasks that can be directly solved at the control level by our
framework, and tasks that require high-level planning.

Another relevant direction arises in regard of the time-varying functions used
for encoding the always and eventually operators in time-varying CBFs. Recall
that for input constrained systems, their rate of change is bounded by the ex-
tended class 𝒦𝑒 function associated with the time-invariant (shiftable) CBF,
see condition (3.14). Embedding these conditions into a mixed integer pro-
gramming framework could automate the construction of such time-varying
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functions. Such a formulation could take [215, Section 5.2.3] as a starting point,
where a mixed integer program is formulated for fragments excluding disjunc-
tions and input constraints.

Another promising direction is the extension to distributed systems. In this
respect, one could build upon a methodology similar to [99], which leverages
assume-guarantee contracts for systems subject to STL specifications but cur-
rently excludes disjunctions and input constraints. Our approach could poten-
tially overcome these limitations, enabling its applicability to more general set-
tings.

Extending CBFs in the Dini Sense for Robust Sampled Control

Although often unproblematic, the nonsmoothness of a CBF in the Dini sense
can, in certain cases, induce oscillations in sample-and-hold implementations,
particularly when the system follows a nonsmooth manifold corresponding to
the steepest ascent on the CBF. To resolve this, a variant of CBFs in the Dini
sense needs to be developed that accounts for such nonsmooth manifolds, ei-
ther by directly adjusting the CBF or the control input to avoid such oscillations.
Conceptually, the control law should steer the system along the nonsmooth
manifold, if its state is contained in a certain neighborhood around it, rather
than repeatedly crossing it. It might already suffice to treat points within a cer-
tain neighborhood of a nonsmooth point as if they were directly located on it,
and to correspondingly impose the auxiliary input constraints (7.17c) within
this neighborhood. These constraints could be incorporated into the quadratic
program in the samemanner as before; see Section 7.3.2 in Part II. A similar ap-
proach is taken in [94]. An alternative starting point could be the quadratic inf-
convolution approach for CLFs in the Dini sense [10, Sec. 8], or the analysis of
sliding-mode controllers under sample-and-hold implementations in [276].

Toward General Compatibility Conditions for Multiple CBFs

The compatibility of multiple CBFs is a long-standing open problem. Exist-
ing compatibility conditions are largely case-specific and lack generality. In
Chapter 5, we also derived a compatibility condition for a family of CBFs gen-
erated through equivariant transformations. Nevertheless, establishing condi-
tions that are both general and broadly applicable remains an open challenge.
Progress on this problem would directly benefit control methods that enforce
multiple CBF constraints simultaneously, as well as approaches for encoding
STL specifications involving conjunctions.

Future Directions in the CBF Synthesis

As an alternative to computing CBFs by solving an optimal control problem at
every state, as in Chapter 4, one may investigate iterative schemes based on
dynamic programming. Leveraging insights from Chapter 5 on equivariances
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in the CBF synthesis may lead to substantial simplifications in such iterative
implementation. Also in data-driven and learning-based approaches, equivari-
ances can be expected to lead to simplifications and reduce the amount of data
required for obtaining a valid CBF. Progress in these directions would benefit
the computationally efficient synthesis of shiftable CBFs, but also that of other
CBFs in general.

In these directions, some of the open questions are as follows. With respect to
iterative approaches based on dynamic programming, it remains to establish
a relationship between the subset of the state space over which the algorithm
iterates and the domain on which the resulting value function is guaranteed to
satisfy the CBF conditions. In the data-driven setting, it remains to be quanti-
fied how much equivariances can reduce the amount of data required to learn
a valid CBF.

Extensions of the Parallelized DMPC Scheme

The parallelized DMPC scheme presented in Part IV of the thesis is a computa-
tionally efficient and performant alternative to sequential DMPC. It could be ex-
tended to reference-tracking applications or adapted to operate without termi-
nal constraints. The latter, however, poses challenges, as terminal constraints
play a crucial role for extending reference trajectories and ensuring recursive
feasibility under state constraints, both of which is less straightforward in their
absence. Another promising direction is integrating the parallelized scheme
into MPC for STL, as explored in [95,277].
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